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❆ ❝✐ê♥❝✐❛ ♠♦❞❡r♥❛ ❛✐♥❞❛ ♥ã♦

♣r♦❞✉③✐✉ ✉♠ ♠❡❞✐❝❛♠❡♥t♦

tr❛♥q✉✐❧✐③❛❞♦r tã♦ ❡✜❝❛③ ❝♦♠♦ ♦

sã♦ ✉♠❛s ♣♦✉❝❛s ♣❛❧❛✈r❛s ❜♦❛s✳

❙✐❣♠✉♥❞ ❋r❡✉❞

✐✐✐



❆❣r❛❞❡❝✐♠❡♥t♦s

❙♦❜r❡t✉❞♦✱ à ❉❡✉s ♣♦r t✉❞♦ ♦ q✉❡ t❡♥❤♦ ❡♠ ♠✐♥❤❛ ✈✐❞❛✱ ♣♦r ✉♠❛ ❢❛♠í❧✐❛
♠❛r❛✈✐❧❤♦s❛ ❡ ♣❡❧❛s ♦♣♦rt✉♥✐❞❛❞❡s ❛♣r❡s❡♥t❛❞❛s ❡♠ ♠❡✉ ❝❛♠✐♥❤♦✳

❆♦s ♠❡✉s ♣❛✐s ❘♦s❛ ▼❛r✐♥❛ ❡ ❖r❧❛♥❞♦✱ ♣❡❧♦ ❛♠♦r✱ ❛♣♦✐♦✱ ✈❛❧♦r❡s ❡ t♦❞♦s
❡♥s✐♥❛♠❡♥t♦s q✉❡ ♠❡ ✜③❡r❛♠ ✉♠❛ ♣❡ss♦❛ ♠❡❧❤♦r✳ P❡❧♦ ❛♣♦✐♦ ❡ ❛❝♦♠♣❛♥❤❛♠❡♥t♦
❞❛s ♠✐♥❤❛s ♣r✐♠❡✐r❛s ❝♦♥q✉✐st❛s ❛té ❤♦❥❡✱ s❡♥❞♦ ✈♦❝ês ♠✐♥❤❛ ♣r✐♥❝✐♣❛❧ ♠♦t✐✈❛çã♦✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ❊❞✐r ❏✳ ❋❡rr❡✐r❛ ▲❡✐t❡✱ ♣❡❧♦ ✐♥❝❡♥t✐✈♦ ❞❡s❞❡ ♦ ❝♦♠❡ç♦✱ ♣♦r
s✉❛ ❞✐s♣♦s✐çã♦✱ ❝♦♥s❡❧❤♦s✱ ❝♦♥✜❛♥ç❛ ❡ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ♣❛r❛ ♠❡ ❛❥✉❞❛r ♥❛s ❝♦rr❡çõ❡s
❞❡ ♠❡✉s ❡rr♦s ❞✉r❛♥t❡ ❛ ❡❧❛❜♦r❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

❆♦s ♠❡✉s ✐r♠ã♦s✿ ❈r✐s✱ ❏✉❛♥✱ ❑❛t❤❡r✐♥❡ ❡ ▲✐s❜❡t❤✱ ♣❡❧♦ ❝❛r✐♥❤♦ ❡ ❛♣♦✐♦ ❞❡
s❡♠♣r❡ ♣❛r❛ ❝♦♠✐❣♦✳

❆♦ ♠❡✉ ♥❛♠♦r❛❞♦✱ ♣♦r ❛❝r❡❞✐t❛r s❡♠♣r❡ ❡♠ ♠✐♠✱ q✉❡ ❡st❡✈❡ ❛♣♦✐❛♥❞♦✲♠❡ ❡
✐♥❝❡♥t✐✈❛♥❞♦✲♠❡ ♣❛r❛ ♥ã♦ ❞❡s✐st✐r✳ P♦rq✉❡ ♠❡ ❢❛③ ✈❡r ✉♠ ❧❛❞♦ ❜♦♠ ❡♠ t♦❞❛s ❛s
❝♦✐s❛s ❞❛ ✈✐❞❛✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❆✲❯❋❱✱ ♦s q✉❛✐s ♠❡ ❞❡r❛♠ ❛s ❢❡rr❛♠❡♥✲
t❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡ ❞❡ ❛❧❣✉♠❛ ♦✉ ♦✉tr❛ ♠❛♥❡✐r❛ ❝♦♥tr✐❜✉ír❡♠
♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦ ❡ ♣❡❧♦s s❡r✈✐ç♦s ♣r❡st❛❞♦s✳

❈♦r❞✐❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ❛
r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳

✐✈



❙✉♠ár✐♦

❘❡s✉♠♦

❆❜str❛❝t

■♥tr♦❞✉çã♦ ✶

✶ Pr❡❧✐♠✐♥❛r❡s ✹

✶✳✶ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ❊s♣❛ç♦s Lp(Ω) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✸ ❊s♣❛ç♦s ❞❡ ❍ö❧❞❡r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✹ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ W k,p(Ω) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✺ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❋r❛❝✐♦♥ár✐♦s W s,p(Ω) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✻ P♦♥t♦s ❈rít✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
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❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s ❋✉t✉r❛s ✻✻

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✻✼
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❘❡s✉♠♦

❙❆◆❚❖❙ ❉❆▼■❆◆✱ ❍❡②❞② ▼❡❧❝❤♦r❛✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱
❢❡✈❡r❡✐r♦ ❞❡ ✷✵✶✾✳ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♣❛r❛ s✐st❡♠❛s ❡❧í♣t✐❝♦s ♥ã♦ ❧✐✲
♥❡❛r❡s✳ ❖r✐❡♥t❛❞♦r✿ ❊❞✐r ❏ú♥✐♦r ❋❡rr❡✐r❛ ▲❡✐t❡✳

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ s✐st❡♠❛s ❡❧í♣✲

t✐❝♦s ❞❛ ❢♦r♠❛✿











−∆u = |v|p−1v em Ω

−∆v = f(u) em Ω

u = 0, v = 0 sobre ∂Ω

♦♥❞❡ p > 0✱ Ω ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ ❧✐♠✐t❛❞♦ ❞❡ RN ✱ N ≥ 2✱ ❡ f : R → R ✉♠❛

❢✉♥çã♦ ❝♦♥tí♥✉❛ q✉❡ s❛t✐s❢❛③ ❝♦♥❞✐çõ❡s ❛♣r♦♣r✐❛❞❛s ✭♣♦r ❡①❡♠♣❧♦ f(s) = s2es✮✳
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❙❆◆❚❖❙ ❉❆▼■❆◆✱ ❍❡②❞② ▼❡❧❝❤♦r❛✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱
❋❡❜r✉❛r②✱ ✷✵✶✾✳ ❊①✐st❡♥❝❡ ♦❢ s♦❧✉t✐♦♥s ❢♦r ♥♦♥❧✐♥❡❛r ❡❧❧✐♣t✐❝ s②st❡♠s ✳ ❆❞✲
✈✐s❡r✿ ❊❞✐r ❏ú♥✐♦r ❋❡rr❡✐r❛ ▲❡✐t❡✳

■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ ❢♦r ❡❧❧✐♣t✐❝ s②st❡♠s ♦❢

t❤❡ ❢♦r♠✿











−∆u = |v|p−1v in Ω

−∆v = f(u) in Ω

u = 0, v = 0 on ∂Ω

✇❤❡r❡ p > 0✱ Ω ✐s ❛ s♠♦♦t❤ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ ♦❢ RN ✱ N ≥ 2✱ ❛♥❞ f : R → R ✐s ❛

❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣ ❛♣♣r♦♣r✐❛t❡ ❝♦♥❞✐t✐♦♥s ✭❢♦r ❡①❛♠♣❧❡ f(s) = s2es✮✳
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■♥tr♦❞✉çã♦

◆❡st❡ tr❛❜❛❧❤♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❛❧❣✉♠❛s q✉❡stõ❡s r❡❧❛❝✐♦♥❛❞❛s ❛ s✐s✲
t❡♠❛s q✉❡ tê♠ ♦ s❡❣✉✐♥t❡ ♠♦❞❡❧♦ ❝♦♠♦ ♣r♦tót✐♣♦✿







−∆u = |v|p−1v em Ω
−∆v = f(u) em Ω
u = 0, v = 0 sobre ∂Ω

✭✶✮

♦♥❞❡ p > 0✱ Ω ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ ❧✐♠✐t❛❞♦ ❞❡ RN ✱ N ≥ 2✱ ❡ f : R → R ✉♠❛
❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ s❡♠ r❡str✐çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦✳

❖ ♣r♦❜❧❡♠❛ (1) ❢♦✐ ❛♠♣❧❛♠❡♥t❡ ✐♥✈❡st✐❣❛❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ❞✉r❛♥t❡ ❛s três ú❧t✐✲
♠❛s ❞é❝❛❞❛s✳ P❛r❛ f(s) = |s|q−1s ❛s ♥♦çõ❡s ❞❡ s✉❜❧✐♥❡❛r✐❞❛❞❡✱ s✉♣❡r❧✐♥❡❛r✐❞❛❞❡
❡ ❝r✐t✐❝❛❧✐❞❛❞❡ ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ❡♠ ❬✾❪✱ ❬✶✼❪✱ ❬✶✽❪ ❡ ❬✷✷❪✳ ◆♦t❡ q✉❡✱ ♦ ❝♦♠♣♦r✲
t❛♠❡♥t♦ ❞❡ (1) é s✉♣❡r❧✐♥❡❛r q✉❛♥❞♦ pq > 1✱ s✉❜❧✐♥❡❛r q✉❛♥❞♦ pq < 1 ❡ ❝rít✐❝♦
✭s✉♣❡r❝rít✐❝♦✱ s✉❜❝rít✐❝♦✮ q✉❛♥❞♦ N ≥ 3 ❡ (p, q) ❡stá s♦❜r❡ ✭❛❝✐♠❛✱ ❛❜❛✐①♦✮ ❛
❤✐♣ér❜♦❧❡ ❝rít✐❝❛

1

p+ 1
+

1

q + 1
=
N − 2

N
.

❖ ❝❛s♦ s✉♣❡r❧✐♥❡❛r ❡ s✉❜❝rít✐❝♦ ❢♦✐ ❝♦♠♣❧❡t❛♠❡♥t❡ ❡st✉❞❛❞♦ ❡♠ ❬✻❪✱ ❬✶✶❪ ❡
❬✶✸❪✱ ♦♥❞❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ♣♦s✐t✐✈❛ é ❡♥❝♦♥tr❛❞❛✳
❖ ❝❛s♦ s✉❜❧✐♥❡❛r ❢♦✐ ❡st✉❞❛❞♦ ❡♠ ❬✾❪✱ ♦♥❞❡ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦
❝❧áss✐❝❛ ♣♦s✐t✐✈❛ é ♦❜t✐❞❛✳ ❆❣♦r❛✱ ❢♦✐ ❡st❛❜❡❧❡❝✐❞❛ ❡♠ ❬✶✼❪ ❡♠ ❞♦♠í♥✐♦s ❡str❡❧❛❞♦s✱
❛ ✐♥❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❝❧áss✐❝❛s ♣♦s✐t✐✈❛s ♥♦ ❝❛s♦ s✉♣❡r❝rít✐❝♦✳ ❋✐♥❛❧♠❡♥t❡✱
q✉❛♥❞♦ pq = 1✱ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ é r❡ss♦♥❛♥t❡ ❡ ♦ ♣r♦❜❧❡♠❛ ❞♦ ❛✉t♦✈❛❧♦r
❝♦rr❡s♣♦♥❞❡♥t❡ ❢♦✐ ❛❜♦r❞❛❞♦ ❡♠ ❬✶✾❪✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ♦ ❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛ ❡ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s
♣❛r❛ ♦ s✐st❡♠❛ ✭✶✮ ❝♦♥❢♦r♠❡ ❡st❛❜❡❧❡❝✐❞♦ ♥♦ ❛rt✐❣♦ ❬✶✵❪ ❞❡ ❋✐❣✉❡✐r❡❞♦ ❡ ❘✉❢✱ ❞❡
✷✵✵✹✳ P❛r❛ ✐st♦✱ ♣r❡❝✐s❛r❡♠♦s ❞❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✿

❉❡✜♥✐çã♦ ✵✳✶✳ ❉✐③❡♠♦s q✉❡ ♦ ♣❛r (u, v) ∈ Ep×Eq✱ ♣❛r❛ 1 < q <∞✱ é s♦❧✉çã♦

❢r❛❝❛ ❞♦ s✐st❡♠❛ ✭✶✮ s❡ u ❡ v s❛t✐s❢❛③❡♠











∫

Ω

∇u∇φdx =

∫

Ω

|v|p−1vφdx, ∀ φ ∈ C∞
0 (Ω)

∫

Ω

∇ψ∇vdx =

∫

Ω

f(u)ψdx, ∀ ψ ∈ C∞
0 (Ω)

♦♥❞❡ Ep = W 2, p+1
p (Ω) ∩W 1, p+1

p

0 (Ω) ❡ Eq = W 2,q(Ω) ∩W 1,q
0 (Ω)✳

✶



✷

❉❡✜♥✐çã♦ ✵✳✷✳ ❉✐③❡♠♦s q✉❡ ♦ ♣❛r (u, v) é s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ s✐st❡♠❛ (1) s❡
u, v ∈ C2(Ω) ∩ C0(Ω) ❡ s❛t✐s❢❛③❡♠ ♦ s✐st❡♠❛ ✭✶✮ ♣♦♥t✉❛❧♠❡♥t❡✳

❖ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ♣♦❞❡ s❡r ❡♥✉♥❝✐❛❞♦ ❝♦♠♦ s❡❣✉❡✳

❚❡♦r❡♠❛ ✵✳✸✳ ❙✉♣♦♥❤❛ q✉❡

✶✳

{

0 < p, se N = 2
0 < p < 2

N−2
, se N ≥ 3

;

✷✳ f ∈ C(R) ❡ ❞❡✜♥❛ F (s) =

∫ s

0

f(t)dt❀

✭❛✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s θ >

{

2, se p ≥ 1
1 + 1

p
, se p < 1

❡ s0 ≥ 0 t❛✐s q✉❡

0 < θF (s) ≤ f(s)s✱ ∀|s| ≥ s0❀

✭❜✮ ❡ ♣❛r❛ s ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ③❡r♦✿ f(s) =

{

o(s), se p ≥ 1

o(s
1
p ), se p < 1

.

❊♥tã♦ ♦ s✐st❡♠❛ (1) ❛❞♠✐t❡ s♦❧✉çã♦ ❢r❛❝❛ ♥ã♦ tr✐✈✐❛❧✳

❖❜s❡r✈❛çã♦ ✵✳✹✳ ◆♦t❡ q✉❡ s❡ f > 0 ❡♠ R✱ ❡♥tã♦ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦✱ ❛s
s♦❧✉çõ❡s ♦❜t✐❞❛s ♥♦ ❚❡♦r❡♠❛ ✵✳✸ sã♦ ♣♦s✐t✐✈❛s✳ ❆❧é♠ ❞✐ss♦✱ s❡ f ∈ Cα(R)✱ ♣❛r❛
❛❧❣✉♠ α ∈ (0, 1)✱ ❡♥tã♦ ♦ s✐st❡♠❛ (1) ♣♦ss✉✐ s♦❧✉çã♦ ❝❧áss✐❝❛✳

❊st❡ tr❛❜❛❧❤♦ ❡stá s✉❜❞✐✈✐❞✐❞♦ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

◆♦ ❝❛♣ít✉❧♦ ✶✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡ ❢♦r♠❛ s✉❝✐♥t❛ ❛s ♣r✐♥❝✐♣❛✐s ❢❡rr❛♠❡♥t❛s ♣❛r❛
♦ ❡st✉❞♦ ❞♦ ❝❛♣ít✉❧♦ s❡❣✉✐♥t❡✳ P♦r ❡①❡♠♣❧♦✱ ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❞❡ ❆♥á❧✐s❡
❋✉♥❝✐♦♥❛❧✱ r❡s✉❧t❛❞♦s ❞❡ ✐♠❡rsõ❡s ❝♦♠♣❛❝t❛ ❡ ❝♦♥tí♥✉❛✱ ❡ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s q✉❡
✐r❡♠♦s tr❛❜❛❧❤❛r✱ ❝♦♠♦ ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s Ck(Ω) ❡ Ck(Ω), ❡s♣❛ç♦s ❞❡ ❍ö❧❞❡r
Ck,α(Ω) ❡ Ck,α(Ω), ❡s♣❛ç♦s Lp(Ω), ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ W k,p(Ω) ❡ ♦s ❡s♣❛ç♦s ❞❡
❙♦❜♦❧❡✈ ❋r❛❝✐♦♥ár✐♦ W s,p(Ω)✳ ▼❛✐s ❛✐♥❞❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s
s♦❜r❡ ❛ t❡♦r✐❛ ❡❧í♣t✐❝❛ ❡ t❛♠❜é♠ s♦❜r❡ ♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✳ ❆s
♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ❞❡st❡ ❝❛♣ít✉❧♦ sã♦ ❇✐❡③✉♥❡r ❬✶❪✱ ❇♦t❡❧❤♦✱ P❡❧❡❣r✐♥♦ ❡ ❚❡✐①❡✐r❛
❬✹❪✱ ❇r❡③✐s ❬✺❪✱ ❉❡♠❡♥❣❡❧ ❡ ❉❡♠❡♥❣❡❧ ❬✼❪ ❡ ●✐❧❜❛r❣ ❡ ❚r✉❞✐♥❣❡r ❬✶✷❪✳

◆♦ ❝❛♣ít✉❧♦ ✷✱ ❛❜♦r❞❛r❡♠♦s ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✵✳✸✳ ❯♠❛ ♠❛♥❡✐r❛ ❞❡ ❡♥✲
❝♦♥tr❛r s♦❧✉çõ❡s ❞❡ ✭✶✮ é ♣r♦❝✉r❛r ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦
s✐st❡♠❛ ✭✶✮✳

❖ ❢✉♥❝✐♦♥❛❧ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❡st❡ s✐st❡♠❛ é ❞❛❞♦ ♣♦r✿

Φ(u, v) =

∫

Ω

∇u∇vdx− 1

p+ 1

∫

Ω

|v|pdx−
∫

Ω

F (u)dx

♥♦ ❡s♣❛ç♦ (H1
0 (Ω))

2. ❆ ♣❛rt❡ q✉❛❞rát✐❝❛ ❞♦ ❢✉♥❝✐♦♥❛❧ Φ✱ ✐st♦ é✱

∫

Ω

∇u∇vdx,

✷



✸

é ♣♦s✐t✐✈❛ s♦❜r❡ ♦ s✉❜❡s♣❛ç♦ {(u, u) ∈ (H1
0 (Ω))

2} ❡ ♥❡❣❛t✐✈❛ s♦❜r❡ ♦ s✉❜❡s♣❛ç♦
{(u,−u) ∈ (H1

0 (Ω))
2} ❞❡ (H1

0 (Ω))
2. ❆ss✐♠✱ ♦ s✐st❡♠❛ ✭✶✮ é ❝❤❛♠❛❞♦ ❢♦rt❡♠❡♥t❡

✐♥❞❡✜♥✐❞♦✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ Φ ❡st❡❥❛ ❜❡♠ ❞❡✜♥✐❞♦ ❡ s❡❥❛ ❞❡
❝❧❛ss❡ C1, é ♣r❡❝✐s♦ ✐♠♣♦r r❡str✐çõ❡s ♠✉✐t♦ ❢♦rt❡s s♦❜r❡ F ✳ ❆ss✐♠✱ ❢❛r❡♠♦s ✉♠❛
r❡❢♦r♠✉❧❛çã♦ ✈❛r✐❛❝✐♦♥❛❧ ❛❞❡q✉❛❞❛✳ P❛r❛ ✐st♦✱ ✈❛♠♦s ❞✐✈✐❞✐r ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛
✵✳✸ ❡♠ ❞✉❛s ♣❛rt❡s✳

P❛r❛ ♦ ❝❛s♦ p > 1 (N = 2) ❡ 1 < p < 2 (N = 3)✱ ❡♥❝♦♥tr❛♠♦s ❡s♣❛ç♦s
❢r❛❝✐♦♥ár✐♦s E = Et(Ω)×Es(Ω) ❡ ♦♣❡r❛❞♦r❡s As ❡ At ❛❞❡q✉❛❞♦s ♣❛r❛ ❞❡✜♥✐r♠♦s
♦ ❢✉♥❝✐♦♥❛❧

I(u, v) =

∫

Ω

AtuAsvdx− 1

p+ 1

∫

Ω

|v|pdx−
∫

Ω

F (u)dx

❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ✭✶✮✳ ◆❡ss❡ s❡♥t✐❞♦✱ é ♥❡❝❡ssár✐♦ ❡st❛❜❡❧❡❝❡r ♦s r❡s✉❧t❛❞♦s
❞❡ ✐♠❡rsã♦ ❞♦ ❡s♣❛ç♦ E ❡♠ C(Ω) × Lp+1(Ω)✳ ❆❞❡♠❛✐s✱ ♣❛r❛ ❡♥❝♦♥tr❛r ♣♦♥t♦s
❝rít✐❝♦s✱ ✉s❛r❡♠♦s ✉♠ ❚❡♦r❡♠❛ ❞❡ ▲✐ ❡ ❲✐❧❧❡♠ ❬✶✺❪✱ ❞❡ ✶✾✾✺✳

P❛r❛ ♦ ❝❛s♦ 0 < p ≤ 1 (N = 2, 3) ❡ 0 < p < 2
N−2

(N ≥ 4)✱ ❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛
❢♦r♥❡❝❡r ♦s r❡s✉❧t❛❞♦s ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ é ❞❛❞❛ ♣♦r✿ ✐s♦❧❛♥❞♦ v ♥❛ ♣r✐♠❡✐r❛
❡q✉❛çã♦ ❞♦ s✐st❡♠❛ (1) ❡ s✉❜st✐t✉✐♥❞♦ ♥❛ s❡❣✉♥❞❛ ❡q✉❛çã♦✱ t❡♠♦s q✉❡

{

−∆
(

| −∆u| 1p−1(−∆u)
)

= f(u) em Ω

u = −∆u = 0 sobre ∂Ω
. ✭✷✮

❱❡r❡♠♦s q✉❡ ❛s s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ (1) s❡rã♦ ❞❛❞❛s ♣♦r (u, v), ♦♥❞❡ u é s♦❧✉çã♦
❞♦ ♣r♦❜❧❡♠❛ (2) ❡

v := | −∆u| 1p−1(−∆u).

P❛r❛ ❡♥❝♦♥tr❛r ❛s s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ (2) ❜✉s❝❛♠♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥✲
❝✐♦♥❛❧ I ∈ C1(Ep,R) ❞❛❞♦ ♣♦r

I(u) =
p

p+ 1

∫

Ω

| −∆u|
p+1
p dx− 1

q + 1

∫

Ω

F (u)dx

q✉❡ é ♦❜t✐❞♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ❡ ♣❡❧❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛
❡ ❝♦♠♣❛❝t❛ Ep →֒ C(Ω). ❚❛✐s r❡s✉❧t❛❞♦s ❞❡ ✐♠❡rsã♦ sã♦ ❞❡ ❡①tr❡♠❛ ✐♠♣♦rtâ♥❝✐❛✱
✉♠❛ ✈❡③ q✉❡ ❛ ❢✉♥çã♦ r❡❛❧ f ♥ã♦ ♣♦ss✉✐ ♥❡♥❤✉♠ t✐♣♦ ❞❡ r❡str✐çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦✳

❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ✉s❛♥❞♦ ❝r✐tér✐♦s ❞❡ r❡❣✉❧❛r✐❞❛❞❡✱ ❝♦♥❝❧✉✐r❡♠♦s ❛ ❡①✐stê♥❝✐❛
❞❡ s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❛r❛ ♦ s✐st❡♠❛ ✭✶✮✳

❈♦♠♦ ❛♣❧✐❝❛çã♦✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❝❧áss✐❝❛ ♣♦s✐t✐✈❛ ♣❛r❛ ♦
s❡❣✉✐♥t❡ s✐st❡♠❛







−∆u = |v|p−1v em Ω
−∆v = u2eu em Ω
u = 0, v = 0 sobre ∂Ω

✭✸✮

♦♥❞❡
1

2
< p <

2

N − 2
, s❡ N ≥ 3 ❡

1

2
< p, s❡ N = 2.

✸



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s r❡✈❡r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦
❡st✉❞♦ ❞♦ ❝❛♣ít✉❧♦ s❡❣✉✐♥t❡✳

✶✳✶ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❞❡✜♥✐r ❡ ❛♣r❡s❡♥t❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❆♥á❧✐s❡ ❋✉♥❝✐♦✲
♥❛❧✳ P❛r❛ ♠❛✐♦r❡s ❞❡t❛❧❤❡s✱ ❝♦♥s✉❧t❛r ❇♦t❡❧❤♦✱ P❡❧❡❣r✐♥♦ ❡ ❚❡✐①❡✐r❛ ❬✹❪✱ ❡ ❇r❡③✐s
❬✺❪✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❯♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X q✉❡ é t❛♠❜é♠ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠✲
♣❧❡t♦ ❝♦♠ ❛ ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ♣❡❧❛ ♥♦r♠❛ é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❉❡✜♥✐çã♦ ✶✳✷✳ ❯♠ ❡s♣❛ç♦ ❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ H q✉❡ é ❝♦♠♣❧❡t♦ ❝♦♠ ❛ ♠étr✐❝❛
✐♥❞✉③✐❞❛ ♣❡❧♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

Pr♦♣♦s✐çã♦ ✶✳✸✳ ✭▲❡✐ ❞♦ P❛r❛❧❡❧♦❣r❛♠♦✮ ❙❡❥❛ H ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ✉♠
♣r♦❞✉t♦ ✐♥t❡r♥♦✳ ❊♥tã♦

‖x+ y‖2 + ‖x− y‖2 = 2(‖x‖2 + ‖y‖2)✱ ∀ x, y ∈ H✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇♦t❡❧❤♦✱ P❡❧❡❣r✐♥♦ ❡ ❚❡✐①❡✐r❛ ❬❬✹❪✱ Pr♦♣♦s✐çã♦ ✺✳✶✳✼❪✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❙❡❥❛♠ (X, ‖.‖X) ❡ (Y, ‖.‖Y ) ❡s♣❛ç♦s ♥♦r♠❛❞♦s s♦❜r❡ R✳

(i) ❉✐③❡♠♦s q✉❡ T : X → Y é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✱ s❡ T ❢♦r ❧✐♥❡❛r✱ ✐st♦ é✿

• T (x+ y) = T (x) + T (y) ♣❛r❛ q✉❛✐sq✉❡r x, y ∈ X ❡

• T (ax) = aT (x) ♣❛r❛ t♦❞♦ a ∈ R ❡ q✉❛❧q✉❡r x ∈ X✳

(ii) ❉✐③❡♠♦s q✉❡ T : X → Y é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❝♦♥tí♥✉♦✱ s❡ ❛❧é♠ ❞❡ T s❡r
❧✐♥❡❛r T t❛♠❜é♠ ❢♦r ❝♦♥tí♥✉♦✱ ✐st♦ é✱ ♣❛r❛ t♦❞♦s x0 ∈ X ❡ ε > 0 ❡①✐st❡
δ > 0 t❛❧ q✉❡ ‖T (x)− T (x0)‖Y < ε s❡♠♣r❡ q✉❡ x ∈ X ❡ ‖x− x0‖X < δ.

✹



✺

❉❡✜♥✐çã♦ ✶✳✺✳ (i) ❯♠❛ ❢✉♥çã♦ f : M → N ❡♥tr❡ ❡s♣❛ç♦s ♠étr✐❝♦s é ✉♠❛
✐♠❡rsã♦ ✐s♦♠étr✐❝❛ s❡

dN(f(x), f(y)) = dM(x, y), ∀x, y ∈M.

(ii) ❯♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❡s♣❛ç♦s ♥♦r♠❛❞♦s X ❡ Y é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❧✐♥❡❛r
T : X → Y ✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ X ❡ Y sã♦ ✐s♦♠♦r❢♦s✳ ❙❡ ❛❧é♠ ❞✐ss♦✱
❢♦r ✉♠❛ ✐s♦♠❡tr✐❛✱ ✐st♦ é✱ ‖T (x)‖ = ‖x‖, ♣❛r❛ t♦❞♦ x ∈ X, ❞✐③❡♠♦s q✉❡ T
é ✉♠ ✐s♦♠♦r✜s♠♦ ✐s♦♠étr✐❝♦ ❡ q✉❡ X ❡ Y sã♦ ✐s♦♠♦r❢♦s ✐s♦♠❡tr✐❝❛♠❡♥t❡✳

❚❡♦r❡♠❛ ✶✳✻✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ♥♦r♠❛❞♦s ❡ T : X → Y ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✳
❊♥tã♦ sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭❛✮ T é ❧✐♣s❝❤✐t③✐❛♥♦✳

✭❜✮ T é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉♦✳

✭❝✮ T é ❝♦♥tí♥✉♦✳

✭❞✮ T é ❝♦♥tí♥✉♦ ❡♠ ❛❧❣✉♠ ♣♦♥t♦ ❞❡ X.

✭❡✮ T é ❝♦♥tí♥✉♦ ♥❛ ♦r✐❣❡♠✳

✭❢✮ sup{‖T (x)‖ : x ∈ X e ‖x‖ ≤ 1} <∞.

✭❣✮ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C ≥ 0 t❛❧ q✉❡ ‖T (x)‖ ≤ C‖x‖ ♣❛r❛ t♦❞♦ x ∈ X.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇♦t❡❧❤♦✱ P❡❧❡❣r✐♥♦ ❡ ❚❡✐①❡✐r❛ ❬❬✹❪✱ ❚❡♦r❡♠❛ ✷✳✶✳✶❪✳

❉❡✜♥✐çã♦ ✶✳✼✳ ❙❡❥❛♠ (X, ‖.‖) ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ s♦❜r❡ ♦ ❝♦r♣♦ R. ❉✐③❡♠♦s
q✉❡ ϕ : X → R é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❝♦♥tí♥✉♦ s❡ ϕ ❢♦r ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦✳ ❆❧é♠
❞✐ss♦✱ ❝❤❛♠❛♠♦s

X ′ = L(X,R) = {ϕ : X → R;ϕ é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦}

❞❡ ❡s♣❛ç♦ ❞✉❛❧ ❞❡ X✳

❚❡♦r❡♠❛ ✶✳✽✳ ❙❡❥❛ (X, ‖.‖) ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ q✉❛❧q✉❡r✳ ❊♥tã♦ X ′ é ✉♠ ❡s♣❛ç♦
❞❡ ❇❛♥❛❝❤✱ ❝♦♠ ❛ ♥♦r♠❛

‖ϕ‖ = sup{|ϕ(x)| : x ∈ X, ‖x‖ ≤ 1}.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇♦t❡❧❤♦✱ P❡❧❡❣r✐♥♦ ❡ ❚❡✐①❡✐r❛ ❬❬✹❪✱ Pr♦♣♦s✐çã♦ ✷✳✶✳✹ ❡ ❈♦r♦✲
❧ár✐♦ ✷✳✶✳✺❪✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❯♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ X q✉❡ ❝♦♥té♠ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❡♥✉♠❡rá✈❡❧
❡ ❞❡♥s♦ é ❞✐t♦ s❡♣❛rá✈❡❧✳

Pr♦♣♦s✐çã♦ ✶✳✶✵✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ s❡♣❛rá✈❡❧ ❡ Y ⊂ X✳ ❊♥tã♦ Y é
s❡♣❛rá✈❡❧

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇r❡③✐s ❬❬✺❪✱ Pr♦♣♦s✐çã♦ ✸✳✷✺❪✳

✺



✻

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❙❡❥❛ (X, ‖.‖) ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳ ❉❡✜♥✐♠♦s ♦ ❜✐❞✉❛❧ ❞❡ X
♣♦r X ′′ = L(X ′,R) = {ψ : X ′ → R;ψ é ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❝♦♥tí♥✉♦ }.

❚❡♦r❡♠❛ ✶✳✶✷✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ q✉❛❧q✉❡r✳ ❊♥tã♦ X ′′ é ✉♠ ❡s♣❛ç♦
❞❡ ❇❛♥❛❝❤✱ ❝♦♠ ❛ ♥♦r♠❛

‖ψ‖ = sup{|ψ(ϕ)| : ϕ ∈ X ′ ❡ ‖ϕ‖ ≤ 1}.

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡ X ′′ = (X ′)′. ❈♦♠♦X ′ é ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✱ ♣♦✐s ‖ϕ‖ =
sup{|ϕ(x)| : x ∈ X, ‖x‖ ≤ 1} ❞❡✜♥❡ ✉♠❛ ♥♦r♠❛ ❡♠ X ′, ♦❜t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛
1.8 q✉❡ X ′′ = (X ′)′ é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ❝♦♠ ❛ ♥♦r♠❛

‖ψ‖ = sup{|ψ(ϕ)| : ϕ ∈ X ′ ❡ ‖ϕ‖ ≤ 1}.

Pr♦♣♦s✐çã♦ ✶✳✶✸✳ P❛r❛ t♦❞♦ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X, ♦ ♦♣❡r❛❞♦r ❧✐♥❡❛r

JX : X → X ′′, JX(x)(ϕ) = ϕ(x) ♣❛r❛ t♦❞♦ x ∈ X ❡ ϕ ∈ X ′

é ✉♠❛ ✐s♦♠❡tr✐❛ ❧✐♥❡❛r✱ ❝❤❛♠❛❞♦ ❞❡ ♠❡r❣✉❧❤♦ ❝❛♥ô♥✐❝♦ ❞❡ X ❡♠ X ′′. ❊♠ ♣❛rt✐✲
❝✉❧❛r✱ X é ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐s♦♠♦r❢♦ ❛ JX(X) ⊂ X ′′.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇♦t❡❧❤♦✱ P❡❧❡❣r✐♥♦ ❡ ❚❡✐①❡✐r❛ ❬❬✹❪✱ Pr♦♣♦s✐çã♦ ✹✳✸✳✶❪✳

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❯♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ X ♣❛r❛ ♦ q✉❛❧ ♦ ♠❡r❣✉❧❤♦ ❝❛♥ô♥✐❝♦ JX :
X → X ′′ é s♦❜r❡❥❡t♦r é ❝❤❛♠❛❞♦ ❡s♣❛ç♦ r❡✢❡①✐✈♦✳

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✳ ❙❡❥❛ (ϕ)ϕ∈X′ ✉♠❛ ❝♦❧❡çã♦ ❞❡
❢✉♥❝✐♦♥❛✐s ϕ : X → R. ❆ t♦♣♦❧♦❣✐❛ ❡♠ X ❣❡r❛❞❛ ♣❡❧♦s ❢✉♥❝✐♦♥❛✐s ϕ ∈ X ′ é
❝❤❛♠❛❞❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❡♠ X.

◆♦t❛çã♦✿ ❉❡♥♦t❛♠♦s ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ♣♦r σ(X,X ′) ❡ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♥❡ss❛
t♦♣♦❧♦❣✐❛✱ ❝❤❛♠❛❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛✱ ♣♦r xn ⇀ x.

Pr♦♣♦s✐çã♦ ✶✳✶✻✳ ❙❡❥❛ ✉♠❛ s❡q✉ê♥❝✐❛ (xn)n∈N ❡♠ X✳ ❊♥tã♦

✭✐✮ [xn ⇀ x ❡♠ σ(X,X ′)] ⇔ [f(xn) → f(x), ∀f ∈ X ′]✳

✭✐✐✮ ❙❡ xn → x ✱ ❡♥tã♦ xn ⇀ x ❡♠ σ(X,X ′)✳

✭✐✐✐✮ ❙❡ xn ⇀ x ❡♠ σ(X,X ′)✱ ❡♥tã♦ (‖un‖)n∈N é ❧✐♠✐t❛❞❛ ❡ ‖un‖ ≤ lim inf ‖xn‖✳

✭✐✈✮ ❙❡ xn ⇀ x ❡♠ σ(X,X ′) ❡ fn → f ❡♠ X ′✱ ❡♥tã♦ fn(xn) → f(x) ❡♠ R✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇r❡③✐s ❬❬✺❪✱ Pr♦♣♦s✐çã♦ ✸✳✺❪✳

❈♦r♦❧ár✐♦ ✶✳✶✼✳ ❙❡ X é r❡✢❡①✐✈♦✱ ❡♥tã♦ t♦❞♦ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❞❡ X é r❡✢❡①✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇♦t❡❧❤♦✱ P❡❧❡❣r✐♥♦ ❡ ❚❡✐①❡✐r❛ ❬❬✹❪✱ ❈♦r♦❧ár✐♦ ✻✳✹✳✻❪✳

✻



✼

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ X é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦
s❡ ♣❛r❛ t♦❞♦ ǫ > 0✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡

x, y ∈ X✱ ||x|| ≤ 1✱ ||y|| ≤ 1 ❡ ||x− y|| > ǫ⇒ ||x+y
2
|| < 1− δ.

❚❡♦r❡♠❛ ✶✳✶✾ ✭▼✐❧♠❛♥✲P❡tt✐s✮✳ ❚♦❞♦ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦
X é r❡✢❡①✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇r❡③✐s ❬❬✺❪✱ ❚❡♦r❡♠❛ ✸✳✸✶❪✳

Pr♦♣♦s✐çã♦ ✶✳✷✵✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦ ❡ (xn)n∈N
✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ X t❛❧ q✉❡ xn ⇀ x ❡

lim sup ‖xn‖ ≤ ‖x‖✳

❊♥tã♦ xn → x✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇r❡③✐s ❬❬✺❪✱ Pr♦♣♦s✐çã♦ ✸✳✸✷❪✳

❚❡♦r❡♠❛ ✶✳✷✶✳ ❊♠ ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦✱ t♦❞❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ t❡♠ s✉❜s❡q✉ê♥✲
❝✐❛ ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇♦t❡❧❤♦✱ P❡❧❡❣r✐♥♦ ❡ ❚❡✐①❡✐r❛ ❬❬✹❪✱ ❚❡♦r❡♠❛ ✻✳✺✳✹❪✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❯♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r T : X → Y ❡♥tr❡ ❡s♣❛ç♦s ♥♦r♠❛❞♦s é ❞✐t♦
❝♦♠♣❛❝t♦ s❡ T (BX) é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ Y, ✐st♦ é✱ T (BX) é ❝♦♠♣❛❝t♦
❡♠ Y. ❆q✉✐ ❞❡♥♦t❛♠♦s BX = {x ∈ X : ‖x‖ ≤ 1}.

Pr♦♣♦s✐çã♦ ✶✳✷✸✳ ❙❡❥❛♠ X ❡ Y ❡s♣❛ç♦s ♥♦r♠❛❞♦s ❡ T : X → Y ✉♠ ♦♣❡r❛❞♦r
❧✐♥❡❛r ❡ ❝♦♥tí♥✉♦✳

(i) ❙❡ T é ❝♦♠♣❛❝t♦✱ ❡♥tã♦ ✈❛❧❡ ❛ ✐♠♣❧✐❝❛çã♦✱

xn ⇀ x em X =⇒ T (xn) → T (x) em Y. ✭✶✳✶✮

(ii) ❙❡ X é r❡✢❡①✐✈♦✱ ❡♥tã♦ T é ❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ✈❛❧❡ (1.1).

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇♦t❡❧❤♦✱ P❡❧❡❣r✐♥♦ ❡ ❚❡✐①❡✐r❛ ❬❬✹❪✱ Pr♦♣♦s✐çã♦ ✼✳✷✳✽❪✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❙❡❥❛♠ X ❡ Y ❞♦✐s ❡s♣❛ç♦s ♥♦r♠❛❞♦s t❛✐s q✉❡ X ⊂ Y.

✭❛✮ ❉✐③❡♠♦s q✉❡ X ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ Y s❡ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡
id : X → Y ❢♦r ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❝♦♥tí♥✉♦✳ ❊ ❞❡♥♦t❛♠♦s ♣♦r X →֒ Y.

✭❜✮ ❉✐③❡♠♦s q✉❡ X ❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠ Y s❡ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡
id : X → Y ❢♦r ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❝♦♠♣❛❝t♦✳ ❊ ❞❡♥♦t❛♠♦s ♣♦r X →֒→ Y ✳

✼



✽

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ f : U ⊂ X → R ✉♠❛ ❢✉♥çã♦
r❡❛❧✱ ♦♥❞❡ U é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ X✳ ❙❡❥❛ x ∈ U ❡ ∆ ✉♠ s✉❜❡s♣❛ç♦
❧✐♥❡❛r ❞❡ X✳ ❆ ❢✉♥çã♦ f é ∆✲❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ x✱ s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r
f ′
∆(x) : ∆ → R t❛❧ q✉❡

f ′
∆(x)(h) = lim

t→0

f(x+ th)− f(x)

t
✱ ♣❛r❛ t♦❞❛ ❞✐r❡çã♦ h ∈ ∆

❡ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ h ∈ ∆✱ ❛ ❛♣❧✐❝❛çã♦ x 7→ f ′
∆(x)(h) é ❝♦♥tí♥✉❛✳ ❆ ❢✉♥çã♦ f é

❞✐t❛ ∆✲❞✐❢❡r❡♥❝✐á✈❡❧ s❡ é ∆✲❞✐❢❡r❡♥❝✐á✈❡❧ ♣❛r❛ q✉❛❧q✉❡r ♣♦♥t♦ x ∈ U ✳

❙❡ X = ∆ ❡ f ′
∆(x) é ❝♦♥tí♥✉❛ ❡♠ X ♣❛r❛ t♦❞♦ x ∈ X✱ ❡♥tã♦ f é ●ât❡❛✉①

❞✐❢❡r❡♥❝✐á✈❡❧✳

✶✳✷ ❊s♣❛ç♦s Lp(Ω)

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ❞♦s ❡s♣❛✲
ç♦s Lp(Ω)✱ 1 ≤ p ≤ ∞✱ q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳

❙❡❥❛ Ω ⊂ Rn ✉♠ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧✳ ❉❡♥♦t❛♠♦s ♣♦r L1(Ω) ♦ ❡s♣❛ç♦ ❞❛s
❢✉♥çõ❡s ❞❡ Ω ❡♠ R ✐♥t❡❣rá✈❡✐s✳

❉❡✜♥✐çã♦ ✶✳✷✻✳ ❙❡❥❛ p ∈ R✱ ❝♦♠ 1 < p <∞✳ ❉❡✜♥✐♠♦s✿

Lp(Ω) = {f : Ω → R; f é ♠❡♥s✉rá✈❡❧ ❡ |f |p ∈ L1(Ω)}

❞♦t❛❞♦ ❞❛ ♥♦r♠❛

||f ||Lp =

(
∫

Ω

|f |pdx
)

1
p

.

❉❡✜♥✐çã♦ ✶✳✷✼✳ ❉❡✜♥✐♠♦s✿

L∞(Ω) = {f : Ω → R; f é ♠❡♥s✉rá✈❡❧ ❡ ∃C > 0 : |f(x)| < C q✳t✳♣ ❡♠ Ω}

❞♦t❛❞♦ ❞❛ ♥♦r♠❛

||f ||L∞ = inf{C : |f(x)| < C q✳t✳♣ ❡♠ Ω}✳

◆♦t❛çã♦✿ ❙❡❥❛ 1 ≤ p ≤ ∞✱ ❞❡♥♦t❛r❡♠♦s q ❝♦♠♦ ♦ ❝♦♥❥✉❣❛❞♦ ❞❡ p ♦ ♥ú♠❡r♦✱
t❛❧ q✉❡✿

1

p
+

1

q
= 1.

✽



✾

❚❡♦r❡♠❛ ✶✳✷✽ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✮✳ ❆ss✉♠❛ q✉❡ f ∈ Lp(Ω) ❡ g ∈ Lq(Ω)
❝♦♠ 1 ≤ p ≤ ∞ ❡ q ♦ ❝♦♥❥✉❣❛❞♦ ❞❡ p✳ ❊♥tã♦ fg ∈ L1(Ω) ❡

∫

Ω

|fg|dx ≤ ||f ||Lp ||g||Lq .

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇r❡③✐s ❬❬✺❪✱ ❚❡♦r❡♠❛ ✹✳✻❪✳

❚❡♦r❡♠❛ ✶✳✷✾✳ Lp(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ s❡ 1 ≤ p ≤ ∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇r❡③✐s ❬❬✺❪✱ ❚❡♦r❡♠❛ ✹✳✽❪✳

❚❡♦r❡♠❛ ✶✳✸✵✳ Lp(Ω) é ✉♠ ❡s♣❛ç♦ r❡✢❡①✐✈♦ s❡ 1 < p <∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇r❡③✐s ❬❬✺❪✱ ❚❡♦r❡♠❛ ✹✳✶✵❪✳

❚❡♦r❡♠❛ ✶✳✸✶✳ ❙❡❥❛ (fn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ Lp(Ω) ❡ s❡❥❛ f ∈ Lp(Ω) t❛❧ q✉❡
||fn − f ||Lp → 0✳ ❊♥tã♦ ❡①✐st❡ (fnk

)k∈N ❡ ✉♠❛ ❢✉♥çã♦ h ∈ Lp(Ω) t❛✐s q✉❡

✶✳ fnk
(x) → f(x) q✳t✳♣ ❡♠ Ω❀

✷✳ |fnk
(x)| ≤ h(x) q✳t✳♣ ❡♠ Ω✱ ∀k ∈ N✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇r❡③✐s ❬❬✺❪✱ ❚❡♦r❡♠❛ ✹✳✾❪✳

❉❡✜♥✐çã♦ ✶✳✸✷✳ ❙❡❥❛ 1 ≤ p <∞ ❞❡✜♥✐♠♦s✿

Lp
loc(Ω) = {f : Ω → R é ♠❡♥s✉rá✈❡❧ ✿

∫

K

|f(x)|pdx <∞✱ ♣❛r❛ t♦❞♦ K ⊂ Ω

❝♦♠♣❛❝t♦⑥✳

❚❡♦r❡♠❛ ✶✳✸✸✳ ❖ ❡s♣❛ç♦ Lp(Ω) é s❡♣❛rá✈❡❧ s❡ 1 ≤ p <∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇r❡③✐s ❬❬✺❪✱ ❚❡♦r❡♠❛ ✹✳✶✸❪✳

❚❡♦r❡♠❛ ✶✳✸✹ ✭❚❡♦r❡♠❛ ❞❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡③✮✳ ❙❡❥❛♠ 0 < p < ∞✱ q ♦
❝♦♥❥✉❣❛❞♦ ❞❡ p ❡ ϕ ∈ (Lp(Ω))′✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ u ∈ Lq(Ω) t❛❧
q✉❡

ϕ(f) =

∫

Ω

ufdx ✱ ∀f ∈ Lp(Ω)✳

❆❧é♠ ❞✐ss♦✱ ‖u‖Lq = ‖ϕ‖(Lp)′✱ ♦✉ s❡❥❛✱ (Lp(Ω))′ = Lq(Ω) ♥♦ s❡♥t✐❞♦ q✉❡ ❡st❡s
❡s♣❛ç♦s sã♦ ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐s♦♠♦r❢♦s✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇r❡③✐s ❬❬✺❪✱ ❚❡♦r❡♠❛ ✹✳✶✶❪✳

❚❡♦r❡♠❛ ✶✳✸✺ ✭❊❣♦r♦✈✮✳ ❆ss✉♠❛ q✉❡ |Ω| < ∞✳ ❙❡❥❛ (fn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛
❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s✱ t❛✐s q✉❡ fn(x) → f(x) q✳t✳♣✳ ✭❝♦♠ |f(x)| < ∞ q✳t✳♣✳✮✳
❊♥tã♦ ♣❛r❛ t♦❞♦ δ > 0✱ ❡①✐st❡ A ⊂ Ω ♠❡♥s✉rá✈❡❧ t❛❧ q✉❡ |A| < δ ❡ fn → f
❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ Ω\A✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇r❡③✐s ❬❬✺❪✱ ❚❡♦r❡♠❛ ✹✳✷✾❪✳

✾



✶✵

✶✳✸ ❊s♣❛ç♦s ❞❡ ❍ö❧❞❡r

◆❡st❛ s❡çã♦✱ ❞❡s❝r❡✈❡r❡♠♦s ❛s ♥♦t❛çõ❡s ❡ ❞❡✜♥✐çõ❡s ❞♦s ❡s♣❛ç♦s ❞❡ ❍ö❧❞❡r
q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❉❡✜♥✐r❡♠♦s ❛ s❡❣✉✐r ♦s ❡s♣❛ç♦s ❞❡
❍ö❧❞❡r q✉❡ s❡rã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❙❡❥❛ Ω ⊂ Rn

✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✳

❯s❛r❡♠♦s ❛ ♥♦t❛çã♦ ❞❡ ♠✉❧t✐✲í♥❞✐❝❡ ♣❛r❛ ❞❡♥♦t❛r ❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧

Dγf(x) =
∂|γ|f

∂xγ11 ∂x
γ2
2 ...∂x

γn
n
(x),

♦♥❞❡ γ = (γ1, γ2, ..., γn) ∈ Nn ❡ |γ| = γ1 + γ2 + ...+ γn✳

❉❡✜♥✐çã♦ ✶✳✸✻✳ P❛r❛ k ≥ 0 ✉♠ ✐♥t❡✐r♦✳ ❉❡✜♥✐♠♦s

Ck(Ω) = {f : Ω → R : Dγf é ❝♦♥tí♥✉❛ ❡♠ Ω✱ ∀|γ| ≤ k}✳

❉❡♥♦t❛r❡♠♦s C0(Ω) = C(Ω)✳

❉❡✜♥✐çã♦ ✶✳✸✼✳ ❙❡❥❛ f : Ω → R ❝♦♥tí♥✉❛✳ ❉❡✜♥✐♠♦s ♦ s✉♣♦rt❡ ❞❡ f ❝♦♠♦ ♦
❝♦♥❥✉♥t♦

supp(f) = {x ∈ Ω; f(x) 6= 0}✳

❙❡ supp(f) ❢♦r ✉♠ ❝♦♠♣❛❝t♦ ❡♠ Ω✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡ f ♣♦ss✉✐ s✉♣♦rt❡ ❝♦♠✲
♣❛❝t♦✳ ❉❡♥♦t❛♠♦s ♣♦r C0(Ω) ❛♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡♠ Ω ❝♦♠ s✉♣♦rt❡
❝♦♠♣❛❝t♦✳

❉❡✜♥✐çã♦ ✶✳✸✽✳ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s f ∈ Ck(Ω) ❡ q✉❡ t❡♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦
é ❞❡♥♦t❛❞♦ ♣♦r Ck

0 (Ω) ✭♦✉ C∞
0 (Ω) s❡ k = ∞✮✳

❈♦r♦❧ár✐♦ ✶✳✸✾✳ ❙❡❥❛ Ω ⊂ Rn ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❡ s❡❥❛ u ∈ L1
loc(Ω) t❛❧ q✉❡

∫

Ω

ufdx = 0, ∀f ∈ C∞
0 (Ω).

❊♥tã♦ u = 0 q✳t✳♣✳ ❡♠ Ω✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇r❡③✐s ❬❬✺❪✱ ❈♦r♦❧ár✐♦ ✹✳✷✹❪✳

❉❡✜♥✐çã♦ ✶✳✹✵✳ P❛r❛ t♦❞♦ k ≥ 0 ✐♥t❡✐r♦ ❡ 0 < α ≤ 1✱ ♦s ❡s♣❛ç♦s ❞❡ ❍ö❧❞❡r sã♦
❞❡✜♥✐❞♦s ❝♦♠♦✿

Ck,α(Ω) = {f ∈ Ck(Ω) : Dγf ∈ Cα(Ω)✱ ∀|γ| ≤ k},

♦♥❞❡ Cα(Ω) é ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❍ö❧❞❡r ❝♦♥tí♥✉❛s✱ ✐st♦ é✱ ❛s ❢✉♥çõ❡s f : Ω → R

t❛✐s q✉❡

✶✵



✶✶

sup
x,y∈Ω;x 6=y

|f(x)−f(y)|
|x−y|α

<∞.

◆ã♦ ♣♦❞❡♠♦s ❛❞♦t❛r ❛ ♥♦r♠❛ ❞♦ sup ♣❛r❛ tr❛♥s❢♦r♠❛r Ck(Ω) ❡♠ ✉♠ ❡s♣❛ç♦
♥♦r♠❛❞♦✳ ▼❛s✱ ❧❡♠❜r❛♥❞♦ q✉❡ ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛ ❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛
❡♠ Ω t❡♠ ✉♠❛ ú♥✐❝❛ ❡①t❡♥sã♦ ❝♦♥tí♥✉❛ ❧✐♠✐t❛❞❛ ❡♠ Ω✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ s❡❣✉✐♥t❡
❡s♣❛ç♦✳

❉❡✜♥✐çã♦ ✶✳✹✶✳ P❛r❛ t♦❞♦ k ≥ 0 ✐♥t❡✐r♦✱ ❞❡✜♥✐♠♦s

Ck(Ω) = {f ∈ Ck(Ω) : Dγf é ❧✐♠✐t❛❞❛ ❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠
Ω, ∀|γ| ≤ k}

❞♦t❛❞❛ ❞❛ ♥♦r♠❛

||f ||Ck = max
|α|≤k

||Dαf ||L∞ .

❙✐♠✐❧❛r♠❡♥t❡✱ ❞❡✜♥✐♠♦s

Ck,α(Ω) = {f ∈ Ck(Ω) : Dγf ∈ Cα(Ω)✱ ∀|γ| ≤ k}

❡ tr❛♥s❢♦r♠❛♠♦s Ck,α(Ω) ❡♠ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ ❞❡✜♥✐♥❞♦

||f ||Ck,α = ||f ||Ck +max
|γ|≤k

[Dγf ]Cα ,

♦♥❞❡

[Dγf ]Cα = sup
x,y∈Ω;x 6=y

|Dγf(x)−Dγf(y)|
|x− y|α .

Pr♦♣♦s✐çã♦ ✶✳✹✷✳ Ck,α(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇✐❡③✉♥❡r ❬❬✷❪✱ ♣r♦♣♦s✐çã♦ ✶✳✷✶❪✳

❚❡♦r❡♠❛ ✶✳✹✸✳ ❙❡❥❛ Ω ⊂ Rn ❛❜❡rt♦✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ k ❡ ♣❛r❛ t♦❞♦s 0 < α <
β ≤ 1 ✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ✐♠❡rsõ❡s✿

Ck+1(Ω) →֒ Ck(Ω), ✭✶✳✷✮

Ck,α(Ω) →֒ Ck(Ω), ✭✶✳✸✮

Ck,β(Ω) →֒ Ck,α(Ω). ✭✶✳✹✮

❙❡ Ω é ❧✐♠✐t❛❞♦✱ ❡♥tã♦ ❛s ❞✉❛s ú❧t✐♠❛s ✐♠❡rsõ❡s sã♦ ❝♦♠♣❛❝t❛s✳
❙❡ Ω é ❝♦♥✈❡①♦✱ ✈❛❧❡♠ ❞✉❛s ✐♠❡rsõ❡s ❛❞✐❝✐♦♥❛✐s✿

Ck+1(Ω) →֒ Ck,1(Ω), ✭✶✳✺✮

Ck+1(Ω) →֒ Ck,α(Ω) ✭✶✳✻✮

s❡♥❞♦ ❛ ú❧t✐♠❛ ❝♦♠♣❛❝t❛ s❡ Ω ❢♦r t❛♠❜é♠ ❧✐♠✐t❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇✐❡③✉♥❡r ❬❬✶❪✱ ❚❡♦r❡♠❛ ✾✳✻❪✳

✶✶



✶✷

✶✳✹ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ W k,p(Ω)

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ♥♦t❛çõ❡s ❡ r❡s✉❧t❛❞♦s s♦❜ ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✱
♦s q✉❛✐s s❡rã♦ ❞❡✜♥✐❞♦s✱ ♥♦ q✉❡ s❡❣✉❡✳ P❛r❛ t❛✐s ❞❡✜♥✐çõ❡s Ω ⊂ Rn é ✉♠ ❝♦♥❥✉♥t♦
❛❜❡rt♦✳

❉❡✜♥✐çã♦ ✶✳✹✹✳ ❉✐③❡♠♦s q✉❡ u ∈ L1
loc(Ω) é ❦✲✈❡③❡s ❢r❛❝❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱

s❡ ♣❛r❛ ❝❛❞❛ α ∈ Nn ❝♦♠ |α| = α1 +α2 + ...+αn = k ❡①✐st❡ vα ∈ L1
loc(Ω)✱ t❛❧ q✉❡

∫

Ω

uDαϕdx = (−1)|α|
∫

Ω

vαϕdx✱ ∀ϕ ∈ C∞
0 (Ω),

♦♥❞❡ vα é ❞❡♥♦t❛❞❛ ♣♦r Dαu✳

❉❡✜♥✐çã♦ ✶✳✹✺✳ W k(Ω) = {u ∈ L1
loc(Ω) : u é ♠✲✈❡③❡s ❢r❛❝❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧

❝♦♠ 1 ≤ m ≤ k}.

❖❜s❡r✈❛çã♦ ✶✳✹✻✳ Ck(Ω) ( W k(Ω).

❊①❡♠♣❧♦ ✶✳✹✼✳ ❙❡❥❛♠ Ω = (−1, 1) ❡ u(x) = |x|✳ ❊♥tã♦ u ∈ W 1(Ω)✱ ♠❛s
u /∈ C1(Ω)✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ u é ❝♦♥tí♥✉❛✱ ❡♥tã♦ u ∈ L1(Ω)✳

❆ss✐♠✱ u ∈ L1
loc(Ω)✳ ▲♦❣♦✱ ♣❛r❛ t♦❞♦ ϕ ∈ C∞

0 (Ω)✱ t❡♠♦s

∫ 1

−1

u(x)ϕ′(x)dx = −
∫ 0

−1

xϕ′(x)dx+

∫ 1

0

xϕ′(x)dx

=

∫ 0

−1

ϕ(x)dx−
∫ 1

0

ϕ(x)dx

= −
(
∫ 0

−1

(−1)ϕ(x)dx+

∫ 1

0

ϕ(x)dx

)

.

▲♦❣♦✱

∫ 1

−1

u(x)ϕ′(x)dx = −
∫ 1

−1

v(x)ϕ(x)dx,

♦♥❞❡

v(x) =

{

−1 , se x ∈ (−1, 0)
1 , se x ∈ (0, 1)

❉❛í✱ Du = v✳ ❆ss✐♠✱ u ∈ W 1(Ω)✳ ◆♦t❡ q✉❡ u′ ♥ã♦ é ❝♦♥tí♥✉❛ ❡♠ 0✳ ▲♦❣♦
u /∈ C1(Ω)✳

❉❡✜♥✐çã♦ ✶✳✹✽✳ ❙❡❥❛♠ 1 ≤ p ≤ ∞ ❡ k ≥ 0 ✉♠ ✐♥t❡✐r♦✳ ❉❡✜♥✐♠♦s

W k,p(Ω) = {u ∈ W k(Ω) : Dαu ∈ Lp(Ω)❀ ♣❛r❛ t♦❞♦ 0 ≤ |α| ≤ k}.

✶✷



✶✸

❚❛❧ ❝♦♥❥✉♥t♦ é ❝❤❛♠❛❞♦ ❞❡ ❊s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈✳ ❊ss❡ é ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✱
♠✉♥✐❞♦ ❞❛ ♥♦r♠❛

||u||Wk,p =
∑

0≤|α|≤k

||Dαu||Lp ,

q✉❛♥❞♦ 1 ≤ p <∞✱ ❡ ❞❛ ♥♦r♠❛

||u||Wk,∞ = max
0≤|α|≤k

||Dαu||L∞ ,

q✉❛♥❞♦ p = ∞✳

❉❡✜♥✐♠♦s ❛✐♥❞❛✿

W k,p
0 (Ω) = C∞

0 (Ω)
Wk,p(Ω)

.

❖❜s❡r✈❛çã♦ ✶✳✹✾✳ ◆♦t❡ q✉❡ ❞❛s ❞❡✜♥✐çõ❡s ❞❡ W k,p
0 (Ω) ❡ W k,p(Ω)✱ ♣❛r❛ t♦❞♦

p ≥ 1 ❡ k ≥ 0 ✐♥t❡✐r♦✱ t❡♠♦s q✉❡✿

C∞
0 (Ω) ⊂ W k,p

0 (Ω) ⊂ W k,p(Ω) ⊂ Lp(Ω).

❚❡♦r❡♠❛ ✶✳✺✵✳ W k,p(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ s❡ 1 ≤ p ≤ ∞✱ s❡♣❛rá✈❡❧ s❡
1 ≤ p <∞✱ ❡ r❡✢❡①✐✈♦ ❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦ s❡ 1 < p <∞✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (um)m∈N ⊂ W k,p(Ω) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✳ ❊♥tã♦ ♣❛r❛
❝❛❞❛ |α| ≤ k✱ (Dαum)m∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ Lp(Ω)✳

❉❡ ❢❛t♦✱ ♣❛r❛ t♦❞♦ ǫ > 0✱ ❡①✐st❡ n0 ∈ N ❡ n,m ≥ n0 t❡♠♦s

||Dαun −Dαum||Lp ≤ ||un − um||Wk,p < ǫ✳

❈♦♠♦ Lp(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ t❡♠♦s ♣❛r❛ ❝❛❞❛ |α| ≤ k✱ ❡①✐st❡ vα ∈
Lp(Ω) t❛❧ q✉❡ Dαum → vα✳

P♦r ♦✉tr♦ ❧❛❞♦✱ (um)m∈N ⊂ L1
loc(Ω)✳ ❊♥tã♦ ❡①✐st❡ u ∈ L1

loc(Ω) t❛❧ q✉❡ um → u✱
q✉❛♥❞♦ m→ ∞✳

P❛r❛ ❝♦♥❝❧✉✐r q✉❡ W k,p(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ❜❛st❛ ♣r♦✈❛r q✉❡ Dαu =
vα ∈ Lp(Ω)✳

❉❡ ❢❛t♦✱ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ ϕ ∈ C∞
0 (Ω)

∫

Ω

u(Dαϕ)dx = lim
m→∞

∫

Ω

um(D
αϕ)dx = lim

m→∞
(−1)|α|

∫

Ω

(Dαum)ϕdx

= (−1)|α|
∫

Ω

vαϕdx.

▲♦❣♦✱ vα = Dαu ❡✱ ♣♦rt❛♥t♦✱ u ∈ W k,p(Ω)✳ P❛r❛ ♣r♦✈❛r ♦ r❡st♦ ❞❡ ♣r♦♣r✐❡❞❛✲
❞❡s✱ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦

✶✸
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T : W k,p(Ω) −→
∏

0≤|α|≤k

Lp(Ω)

❞❛❞❛ ♣♦r T (u) = (Dαu)0≤|α|≤k✳ ◆♦t❡ q✉❡ T é ✐s♦♠❡tr✐❛ ❧✐♥❡❛r✳

▼♦str❛r❡♠♦s q✉❡ T (W k,p(Ω)) é ❢❡❝❤❛❞♦ ❡♠
∏

0≤|α|≤k

Lp(Ω)✳

❉❡ ❢❛t♦✱ s❡❥❛

Dαum → vα ∈
∏

0≤|α|≤k

Lp(Ω)

q✉❛♥❞♦ m → ∞✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❢r❛❝❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ t❡♠♦s✱ ♣❛r❛ t♦❞♦
ϕ ∈ C∞

0 (Ω)

∫

Ω

Dαumϕdx = (−1)n
∫

Ω

umD
αϕdx✳ (1)

P♦r ♦✉tr♦ ❧❛❞♦✱

||um − un||Wk,p = ||T (um)− T (un)|| ∏

0≤|α|≤k

Lp → 0✳

❆ss✐♠✱ (um)m∈N é ❝❛✉❝❤② ❡♠ W k,p(Ω)✳ ❈♦♠♦ W k,p(Ω) é ❇❛♥❛❝❤ t❡♠♦s

um → u ❡♠ W k,p(Ω)✳

❉❛í✱ q✉❛♥❞♦ m→ ∞ ❡♠ (1) t❡♠♦s

∫

Ω

vαϕdx = (−1)n
∫

Ω

uDαϕdx✳

▲♦❣♦✱ vα = Dαu ♣❛r❛ t♦❞♦ 0 ≤ |α| ≤ k✳

❈♦♠♦ ♦ ♣r♦❞✉t♦ ✜♥✐t♦ ❞❡ s✉❜❡s♣❛ç♦s ❢❡❝❤❛❞♦s ❞❡ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ s❡♣❛rá✲
✈❡✐s ✭r❡s♣✳ r❡✢❡①✐✈♦s✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦s✮ sã♦ s❡♣❛rá✈❡✐s ✭r❡s♣✳ r❡✢❡①✐✈♦s✱
✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦s✮✱ ❝♦♥❝❧✉í♠♦s q✉❡ W k,p(Ω) ∼= T (W k,p(Ω)) é s❡♣❛rá✈❡❧
✭r❡s♣✳ r❡✢❡①✐✈♦✱ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦✮✳

❈♦r♦❧ár✐♦ ✶✳✺✶✳ (W k,2(Ω), ||.||Wk,2) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✱ ♥❛ ✈❡r❞❛❞❡ é ✉♠
❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✳

❉❡♠♦♥str❛çã♦✳ ❉✐r❡t♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✺✵ ❡ ❞♦ ❢❛t♦ q✉❡ L2(Ω) é ❍✐❧❜❡rt✳

❉❡✜♥✐çã♦ ✶✳✺✷✳ ❯♠❛ ❢✉♥çã♦ s✉❛✈✐③❛♥t❡ é ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ϕ ∈ C∞
0 (Rn)

❝♦♠ suppϕ = B1(0) ❡ s❛t✐s❢❛③❡♥❞♦
∫

Rn ϕ(x)dx = 1✳

❉❡✜♥✐çã♦ ✶✳✺✸✳ ❈♦♥s✐❞❡r❡ u ∈ L1
loc(R

n)✳ ❉❛❞♦ ǫ > 0✱ ❛ r❡❣✉❧❛r✐③❛çã♦ uǫ ❞❡ u
é ❞❡✜♥✐❞❛ ❝♦♠♦ s❡♥❞❛ ❛ ❝♦♥✈♦❧✉çã♦

✶✹



✶✺

uǫ(x) =
1
ǫn

∫

Rn

ϕ

(

x− y

ǫ

)

u(y)dy✳

Pr♦♣♦s✐çã♦ ✶✳✺✹ ✭❘❡❣r❛ ❞❡ ▲❡✐❜♥✐t③✮✳ ❙❡ φ ∈ C∞
0 (Ω) ❡ u ∈ W k,p(Ω)✱ ❡♥tã♦

φu ∈ W k,p(Ω)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇✐❡③✉♥❡r ❬❬✶❪✱ Pr♦♣♦s✐çã♦ ✶✶✳✶✻❪✳

❖❜s❡r✈❛çã♦ ✶✳✺✺✳ ❊s♣❛ç♦s ❧♦❝❛✐s W k,p
loc (Ω) ♣♦❞❡♠ s❡r ❞❡✜♥✐❞♦s ❝♦♠♦ ❛q✉❡❧❡s

❡s♣❛ç♦s ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ❢✉♥çõ❡s q✉❡ ♣❡rt❡♥❝❡♠ ❛♦ ❡s♣❛ç♦ W k,p(Ω′) ♣❛r❛ t♦❞♦
Ω′ ⊂⊂ Ω✱ ♦✉ s❡❥❛✱ Ω′ é ❝♦♠♣❛❝t♦ ❡♠ Ω✳

▲❡♠❛ ✶✳✺✻✳ ❙❡ u ∈ W k,p(Ω)✱ ❡♥tã♦ uǫ → u ❡♠ W k,p
loc (Ω)✱ ✐st♦ é✱ uǫ → u ❡♠

W k,p(Ω′) ♣❛r❛ t♦❞♦ Ω′ ⊂⊂ Ω✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇✐❡③✉♥❡r ❬❬✶❪✱ ▲❡♠❛ ✶✶✳✶✼❪✳

❚❡♦r❡♠❛ ✶✳✺✼ ✭▼❡②❡r✮✳ P❛r❛ 1 ≤ p < ∞, C∞(Ω) ∩ W k,p(Ω) é ❞❡♥s♦ ❡♠
W k,p(Ω)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Ωn = {x ∈ Ω : dist(x, ∂Ω) > 1
n
} ∩ Bn(0)✳

◆♦t❡ q✉❡ Ωn ⊂ Ωn+1 ❡
∞
⋃

n=1

Ωn = Ω✳ ❈♦♥s✐❞❡r❡ {Ωi+1\Ωi−1}∞i=0 ❝♦❜r✐♠❡♥t♦ ❞❡ Ω✳

❙❡❥❛ (φi)
∞
i=1 ✉♠❛ ♣❛rt✐çã♦ ❞❛ ✉♥✐❞❛❞❡ s✉❜♦r❞✐♥❛❞❛ à ❞✐t❛ ❝♦❜❡rt✉r❛✱ ✐st♦ é✿

φi ∈ C∞
0 (Ωi+1\Ωi−1) ❡

∞
∑

i=1

φi = 1✳

❙❡❥❛♠ u ∈ W k,p(Ω) ❡ ǫ > 0✳ ❈♦♠♦ φi ∈ C∞
0 (Ω)✱ ♣❡❧❛ r❡❣r❛ ❞❡ ▲❡✐❜♥✐③✱ t❡♠♦s

φiu ∈ W k,p(Ω)✳
P❡❧♦ ▲❡♠❛ 1.56✱ ♣❛r❛ ❝❛❞❛ 1 ≤ i <∞✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ǫi t❛❧ q✉❡ supp(φiu)ǫi ⊂
Ωi+1\Ωi−1 ❡

||(φiu)ǫi − φiu||Wk,p < ǫ
2i
✳

❈♦♥s✐❞❡r❡ v =
∞
∑

i=1

(φiu)ǫi ∈ C∞(Ω) ∩W k,p(Ω)✳ ❊♥tã♦

||v − u||Wk,p = ||
∞
∑

i=1

(φiu)ǫi −
∞
∑

i=1

φiu||Wk,p

= ||
∞
∑

i=1

[(φi)ǫi − φiu]||Wk,p

≤
∞
∑

i=1

||(φu)ǫi − φiu||Wk,p ≤
∞
∑

i=1

ǫ

2i
= ǫ.

❆ss✐♠✱ ||v − u||Wk,p < ǫ✳ P♦rt❛♥t♦✱ C∞(Ω) ∩W k,p(Ω) é ❞❡♥s♦ ❡♠ W k,p(Ω)✳

✶✺



✶✻

❈♦r♦❧ár✐♦ ✶✳✺✽✳ W k,p
0 (Rn) = W k,p(Rn)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇✐❡③✉♥❡r ❬❬✶❪✱ ❈♦r♦❧ár✐♦ ✶✶✳✷✶❪✳

❊①❡♠♣❧♦ ✶✳✺✾✳ ❙❡❥❛ Ω = (−1, 1)\{0}✳ ❆ ❢✉♥çã♦

u(x) =

{

1 , se x ∈ (0, 1)
0 , se x ∈ (−1, 0)

♣❡rt❡♥❝❡ ❛ W 1,2(Ω) ✭s✉❛ ❞❡r✐✈❛❞❛ ❢r❛❝❛ ❞❡ ♦r❞❡♠ ✶ é ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛✮✱ ♠❛s
❡❧❛ ♥ã♦ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛ ♣♦r ❡❧❡♠❡♥t♦s ❞❡ C∞(Ω)✳ ❉❡ ❢❛t♦✱ s❡ ϕ ∈ C∞

0 (Ω)✱
❡♥tã♦

∫ 1

−1

u(x)ϕ′(x)dx =

∫ 0

−1

u(x)ϕ′(x)dx+

∫ 1

0

u(x)ϕ′(x)dx

=

∫ 1

0

ϕ′(x)dx

= lim
b→1,a→0

∫ b

a

ϕ′(x)dx

= lim
b→1,a→0

[ϕ(b)− ϕ(a)] = 0,

♣♦✐s ϕ = 0 ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ∂Ω✳ ❆ss✐♠✱ Du = 0 ∈ L2(Ω)✳ P♦rt❛♥t♦✱ u ∈
W 1,2(Ω)✳

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ (un)n∈N ⊂ C∞(Ω)∩W 1,2(Ω) t❛❧ q✉❡ un → u ❡♠ W 1,2(Ω)✳
P❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ♥♦r♠❛ ❡♠ W 1,2(Ω)✱ t❡♠♦s q✉❡ un → u ❡♠ L2(Ω)✳ ▲♦❣♦✱ ♣❡❧♦
❚❡♦r❡♠❛ ✶✳✸✶ ❡①✐st❡ (unk

)k∈N t❛❧ q✉❡

unk
(x) → u(x) q✳t✳♣✳ ❡♠ Ω✳

▲♦❣♦✱ ❥á q✉❡ |Ω| < ∞ ❡ (unk
)k∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s✱ ♣❡❧♦

❚❡♦r❡♠❛ ❞❡ ❊❣♦r♦✈ t❡♠♦s

∀δ > 0✱ ∃A ⊂ Ω ♠❡♥s✉rá✈❡❧ t❛❧ q✉❡ |A| < δ ❡ unk
→ u ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ Ω\A✳

❚♦♠❛♥❞♦ δ = 1
2
✱ ❝♦♥❝❧✉í♠♦s q✉❡ u é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ Ω\A ✭♣♦✐s✱ é

❧✐♠✐t❡ ❞❡ ❢✉♥çõ❡s ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛s✮✳ ▼❛s ✐ss♦ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s u ♥ã♦
é ❝♦♥tí♥✉❛ ❡♠ Ω\A ❡✱ ♣♦rt❛♥t♦✱ ♥ã♦ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ Ω\A✳

❆❣♦r❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ❞❡ ✐♠❡rsõ❡s ❝♦♥tí✲
♥✉❛s ❞♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ❛♦ ❧♦♥❣♦ ❞❛s s❡❣✉✐♥t❡s s❡çõ❡s✳

❉❡✜♥✐çã♦ ✶✳✻✵✳ ❉❛❞♦ x ∈ Rn✱ ❡s❝r❡✈❡✲s❡ x = (x′, xn) ❝♦♠ x′ ∈ Rn−1✳ ❉❡✜♥✐✲
♠♦s✿

Rn
+ = {x : xn > 0};
Q = {x : ‖x‖ < 1};
Q+ = Q ∩ Rn

+;

Q0 = {x : xn = 0, ‖x‖ < 1}.
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❉✐③❡♠♦s q✉❡ ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ Ω ⊂ Rn é ❞❡ ❝❧❛ss❡ C1✱ s❡ ♣❛r❛ t♦❞♦ x ∈ ∂Ω✱
❡①✐st❡ ✉♠❛ ❜♦❧❛ U = B(x) ❡♠ Rn ❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❥❡t✐✈❛ ψ : Q −→ U t❛❧ q✉❡

ψ ∈ C1(Q), ψ−1 ∈ C1(U), ψ−1(Ω ∩ U) ⊂ Q+ ❡ ψ−1(U ∩ ∂Ω) ⊂ Q0.

❙❡ ψ ∈ Ck,α(Q) ❡ ψ−1 ∈ Ck,α(U)✱ 0 ≤ α ≤ 1✱ ❞✐③❡♠♦s q✉❡ Ω é ❞❡ ❝❧❛ss❡ Ck,α✳ ❊♠
♣❛rt✐❝✉❧❛r✱ s❡ ψ ∈ C0,1(Q) ❡ ψ−1 ∈ C0,1(U) ❞✐③❡♠♦s q✉❡ Ω é ✉♠ ❛❜❡rt♦ ▲✐♣s❝❤✐t③✳

R2

R2

Ω◗

✲✶

✶

✶✲✶

◗◗

ψ

①

❯

Q+
U ∩ ∂Ω

Q0

U ∩ Ω

Ω

❋✐❣✉r❛ ✶

❚❡♦r❡♠❛ ✶✳✻✶✳ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❞❡ ❝❧❛ss❡ C1✳ ❙❡ u ∈ W k,p(Ω) ∩ C(Ω)✱ ❡♥tã♦
u ∈ W 1,p

0 (Ω) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ u = 0 s♦❜r❡ ∂Ω.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇✐❡③✉♥❡r ❬❬✶❪✱ ❚❡♦r❡♠❛ ✶✶✳✷✹❪✳

❚❡♦r❡♠❛ ✶✳✻✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●❛❣❧✐❛r❞♦✲◆✐r❡♥❜❡r❣✲❙♦❜♦❧❡✈✮✳ ❙❡❥❛ Ω ⊂ Rn

✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ ❧✐♠✐t❛❞♦ ❡ ❞❡ ❝❧❛ss❡ C1✳ ❙❡ 1 ≤ p < n✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛
❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ u ∈ C1

0(Ω) t❡♠♦s✿

(
∫

Ω

|u|
np

n−pdx

)
n−p

np

≤ C

(
∫

Ω

|Du|pdx
)

1
p

.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇✐❡③✉♥❡r ❬❬✶❪✱ ▲❡♠❛ ✶✶✳✷✼❪✳

❚❡♦r❡♠❛ ✶✳✻✸✳ ❙❡❥❛ p ≥ 1✳ ❊♥tã♦✿

✶✳ ❙❡ kp < n✱ t❡♠♦s W k,p(Rn) →֒ Lq(Rn)✱ ∀q ∈ [p, p∗k]✱
1
p∗
k

= 1
p
− k

n
❝♦♠

p∗k =
np

n−kp
❀

✷✳ ❙❡ kp = n✱ t❡♠♦s W k,p(Rn) →֒ Lq(Rn), ∀q ∈ [p,∞)❀

✸✳ ❙❡❥❛ kp > n✳

✶✼



✶✽

✭❛✮ ❙❡ k − n
p
6∈ N✱ ❡♥tã♦

W k,p(Rn) →֒ Cm,α(Rn),

♦♥❞❡ m = [k − n
p
] ❡ α = k − n

p
−m;

✭❜✮ ❙❡ k − n
p
∈ N✱ ❡♥tã♦

W k,p(Rn) →֒ Cm−1(Rn),

♦♥❞❡ m = k − n
p
✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❉❡♠❡♥❣❡❧ ❡ ❉❡♠❡♥❣❡❧ ❬❬✼❪✱ ❚❡♦r❡♠❛ ✷✳✸✶❪✳

❚❡♦r❡♠❛ ✶✳✻✹✳ ❙❡❥❛♠ Ω ⊂ Rn ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡ C1 ❡ p ≥ 1✳ ❊♥tã♦✿

✶✳ ❙❡ kp < n✱ ❡♥tã♦ W k,p(Ω) →֒ Lq(Ω)✱ ∀q ∈ [p, p∗k]✱
1
p∗
k

= 1
p
− k

n
❝♦♠ p∗k =

np
n−kp

✳

✷✳ ❙❡ kp = n✱ ❡♥tã♦ W k,p(Ω) →֒ Lq(Ω)✱ ∀q ∈ [p,∞)✳

✸✳ ❙❡ kp > n✱ ❡♥tã♦

W k,p(Ω) →֒ Cm,α(Ω)

♣❛r❛ t♦❞♦ 0 ≤ m ≤ k − n
p
✱ ♦♥❞❡ 0 < α < [n

p
] + 1− n

p
, s❡ n

p
6∈ N ❡ 0 < α < 1

s❡ n
p
∈ N✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇✐❡③✉♥❡r ❬❬✶❪✱ ❚❡♦r❡♠❛ ✶✶✳✸✸✱ ❚❡♦r❡♠❛ ✶✶✳✸✼ ❡ ❚❡♦r❡♠❛
✶✶✳✹✺❪✳

Pr♦♣♦s✐çã♦ ✶✳✻✺ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✮✳ ❙❡❥❛ Ω ⊂ Rn ✉♠ ❛❜❡rt♦ ❡ ❧✐♠✐✲
t❛❞♦✳ ❙❡ 1 ≤ p < n✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ c(n, p,Ω) = c > 0 t❛❧ q✉❡✿

||u||Lp ≤ c||Du||Lp ♣❛r❛ t♦❞♦ u ∈ W 1,p
0 (Ω) ✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇✐❡③✉♥❡r ❬❬✶❪✱ ❈♦r♦❧ár✐♦ ✶✶✳✺✽❪✳

❋✐♥❛❧♠❡♥t❡✱ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞❡ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ♣❛r❛ ♦ ❡s♣❛ç♦
❞❡ ❙♦❜♦❧❡✈ q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ❛♦ ❧♦♥❣♦ ❞❛s s❡❣✉✐♥t❡s s❡çõ❡s✳

❚❡♦r❡♠❛ ✶✳✻✻ ✭❘❡❧❧✐❝❤✲❑♦♥❞r❛❦❤♦✈✮✳ ❙❡❥❛ Ω ⊂ Rn ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡
C1✱ kp < n ❡ p ≥ 1✳ ❊♥tã♦

W k,p(Ω) →֒→ Lq(Ω)✱ ∀q ∈ [1, p∗)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❇✐❡③✉♥❡r ❬❬✶❪✱ ❚❡♦r❡♠❛ ✶✶✳✹✾❪✳

✶✽



✶✾

✶✳✺ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❋r❛❝✐♦♥ár✐♦s W s,p(Ω)

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡✜♥✐çõ❡s ❡ ♥♦çõ❡s ♣r❡❧✐♠✐♥❛r❡s ❞♦s ❡s♣❛ç♦s ❞❡
❙♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦s✱ ❛ss✉♠✐♥❞♦ ❝❡rt❛ r❡❣✉❧❛r✐❞❛❞❡ ♣❛r❛ ♦ ❞♦♠í♥✐♦ Ω ⊂ Rn✳ ❆♣r❡✲
s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ❝♦♠♦ ♦s ❚❡♦r❡♠❛s ❞❡ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ❡ ❝♦♠✲
♣❛❝t❛✱ q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❙❡❥❛♠ Ω ⊂ Rn ❛❜❡rt♦ ❡
0 < s < 1✳

❉❡✜♥✐çã♦ ✶✳✻✼✳ P❛r❛ p > 1 ❝♦♠ n ≥ 1✱ ❞❡✜♥✐♠♦s ♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈
❢r❛❝✐♦♥ár✐♦s W s,p(Ω) ❝♦♠♦✿

W s,p(Ω) =

{

u ∈ Lp(Ω) :
|u(x)− u(y)|
|x− y|np+s

∈ Lp(Ω× Ω)

}

.

❖s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦s sã♦ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ ✐♥t❡r♠❡❞✐ár✐♦s ❡♥tr❡
Lp(Ω) ❡ W 1,p(Ω) ✐♥❞✉③✐❞♦ ❝♦♠ ❛ ♥♦r♠❛

||u||W s,p :=

(
∫

Ω

|u|pdx+
∫

Ω

∫

Ω

|u(x)− u(y)|p
|x− y|n+sp

dxdy

)
1
p

,

♦♥❞❡

[u]W s,p :=

(
∫

Ω

∫

Ω

|u(x)− u(y)|p
|x− y|n+sp

dxdy

)
1
p

é ❝❤❛♠❛❞♦ s❡♠✐♥♦r♠❛ ❞❡ ●❛❣❧✐❛r❞♦ ❞❡ u✳

Pr♦♣♦s✐çã♦ ✶✳✻✽✳ ❖ ❡s♣❛ç♦ C∞
0 (Rn) é ❞❡♥s♦ ❡♠ W s,p(Rn)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❉❡♠❡♥❣❡❧ ❡ ❉❡♠❡♥❣❡❧ ❬❬✼❪✱ Pr♦♣♦s✐çã♦ ✹✳✷✼❪✳

❱❛♠♦s ❛❞♦t❛r ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✿

Ck
b (Ω) := Ck(Ω)✳

❯♠❛ ❞❡✜♥✐çã♦ ❛♥á❧♦❣❛ ♣❛r❛ ♦s ❡s♣❛ç♦s ❞❡ ❍ö❧❞❡r é ❞❛❞❛ ♣♦r

C0,λ
b (Ω) = {ϕ ∈ C0

b (Ω) : ∃C > 0; |ϕ(x)− ϕ(y)| ≤ C|x− y|λ, ∀(x, y) ∈ Ω2}.

◗✉❛♥❞♦ λ = 1✱ s❡✉s ❡❧❡♠❡♥t♦s sã♦ ❝❤❛♠❛❞♦s ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡ ▲✐♣s❝❤✐t③✳
▼❛✐s ❣❡r❛❧♠❡♥t❡✿

Ck,λ
b (Ω) = {ϕ ∈ Ck

b (Ω) : ∃C > 0; |Dαϕ(x)−Dαϕ(y)| ≤ C|x− y|λ, ∀|α| =
k, ∀(x, y) ∈ Ω2}.

✶✾



✷✵

❚❡♦r❡♠❛ ✶✳✻✾✳ ❙❡❥❛ 0 < s < 1 ❡ p > 1✳

✶✳ ❙❡ sp < n✱ ❡♥tã♦ W s,p(Rn) →֒ Lq(Rn) ♣❛r❛ t♦❞♦ q ≤ np
n−sp

❀

✷✳ ❙❡ sp = n✱ ❡♥tã♦ W s,p(Rn) →֒ Lq(Rn) ♣❛r❛ t♦❞♦ q <∞❀

✸✳ ❙❡ sp > n✱ ❡♥tã♦ W s,p(Rn) →֒ L∞(Rn) ❡✱ ♠❛✐s✱ ♣r❡❝✐s❛♠❡♥t❡✱

W s,p(Rn) →֒ C
0,s−n

p

b (Rn)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❉❡♠❡♥❣❡❧ ❡ ❉❡♠❡♥❣❡❧ ❬❬✼❪✱ ❚❡♦r❡♠❛ ✹✳✹✼❪✳

❉❡✜♥✐çã♦ ✶✳✼✵✳ ❉✐③❡♠♦s q✉❡ Ω ❛❞♠✐t❡ ✉♠❛ (s, p)✲❡①t❡♥sã♦✱ s❡ ❡①✐st❡ ✉♠ ♦♣❡✲
r❛❞♦r ❧✐♥❡❛r ❝♦♥tí♥✉♦

T : W s,p(Ω) −→ W s,p(Rn)

❞❛❞♦ ♣♦r T (u) = u✱ t❛❧ q✉❡

∀x ∈ Ω, u ∈ W s,p(Ω); Tu(x) = u(x)✳

Pr♦♣♦s✐çã♦ ✶✳✼✶✳ ❙❡❥❛ 0 < s < 1 ❡ p > 1✳ ❙❡❥❛ Ω ⊂ Rn ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ q✉❡
❛❞♠✐t❡ ✉♠❛ (s, p)✲ ❡①t❡♥sã♦✳ ❊♥tã♦ C∞

0 (Ω) é ❞❡♥s♦ ❡♠ W s,p(Ω)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❉❡♠❡♥❣❡❧ ❡ ❉❡♠❡♥❣❡❧ ❬❬✼❪✳ Pr♦♣♦s✐çã♦ ✹✳✺✷❪✳

❈♦r♦❧ár✐♦ ✶✳✼✷✳ ❙❡❥❛ 0 < s < 1 ❡ p > 1✳ ❙❡❥❛ Ω ⊂ Rn ❛❜❡rt♦ ❡ ▲✐♣s❝❤✐t③✳

✶✳ ❙❡ sp < n✱ ❡♥tã♦ W s,p(Ω) →֒ Lq(Ω) ♣❛r❛ t♦❞♦ q ≤ np
n−sp

❀

✷✳ ❙❡ sp = n✱ ❡♥tã♦ W s,p(Ω) →֒ Lq(Ω) ♣❛r❛ t♦❞♦ q <∞❀

✸✳ ❙❡ sp > n✱ ❡♥tã♦ W s,p(Ω) →֒ L∞(Ω) ❡✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱

W s,p(Ω) →֒ C
0,s−n

p

b (Ω)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❉❡♠❡♥❣❡❧ ❡ ❉❡♠❡♥❣❡❧ ❬❬✼❪✱ ❈♦r♦❧ár✐♦ ✹✳✺✸❪✳

❚❡♦r❡♠❛ ✶✳✼✸✳ ❙❡❥❛ Ω ⊂ Rn ❛❜❡rt♦✱ ▲✐♣s❝❤✐t③ ❡ ❧✐♠✐t❛❞♦✳ ❙❡❥❛♠ 0 < s < 1✱
p > 1 ❡ n ≥ 1✳

✶✳ ❙❡ sp < n✱ ❡♥tã♦ W s,p(Ω) →֒→ Lq(Ω) ♣❛r❛ t♦❞♦ q < np
n−sp

❀

✷✳ ❙❡ sp = n✱ ❡♥tã♦ W s,p(Ω) →֒→ Lq(Ω) ♣❛r❛ t♦❞♦ q <∞❀

✸✳ ❙❡ sp > n✱ ❡♥tã♦ W s,p(Ω) →֒→ C0,λ
b (Ω) ♣❛r❛ λ < s− n

p
✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❉❡♠❡♥❣❡❧ ❡ ❉❡♠❡♥❣❡❧ ❬❱❡❥❛ ❬✼❪✱ ❚❡♦r❡♠❛ ✹✳✺✹❪✳

✷✵



✷✶

❉❡✜♥✐çã♦ ✶✳✼✹✳ ❙❡❥❛ s ∈ R\N ❝♦♠ s > 1✳ ❉❡✜♥✐♠♦s

W s,p(Ω) = {u ∈ W [s],p(Ω) : Dαu ∈ W s−[s],p(Ω), ∀α, |α| = [s]},

♦♥❞❡ [s] é ♦ ♠❛✐♦r ✐♥t❡✐r♦ ♠❡♥♦r q✉❡ s✱ α ❞❡♥♦t❛ ❛ ♥✲✉♣❧❛ (α1, · · · , αn) ∈ Nn ❡
|α| ❞❡♥♦t❛ ❛ s♦♠❛ α1 + · · ·+ αn✳

❖ ❡s♣❛ç♦ W s,p(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦ ❞♦t❛❞♦ ❞❛ ♥♦r♠❛

‖u‖W s,p =
(

‖u‖p
W [s],p + [u]p

W s−[s],p

)
1
p ✳

❖❜s❡r✈❛çã♦ ✶✳✼✺✳ ❙❡ s = k é ✉♠ ✐♥t❡✐r♦✱ ♦ ❡s♣❛ç♦ W s,p(Ω) ❝♦✐♥❝✐❞❡ ❝♦♠ ♦
❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ W k,p(Ω)✳

▲❡♠❛ ✶✳✼✻✳ ❙❡❥❛ p ≥ 1 ❡ s, s′ > 1✳ ❙❡❥❛ Ω ⊂ Rn ❛❜❡rt♦ ❧✐♣s❝❤✐t③✳ ❊♥tã♦✱ s❡
s ≤ s′✱ t❡♠♦s

W s′,p(Ω) ⊆ W s,p(Ω)✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❉✐ ◆❡③③❛✱ P❛❧❛t✉❝❝✐ ❡ ❱❛❧❞✐♥♦❝✐ ❬❬✷✵❪✱ ❈♦r♦❧ár✐♦ ✷✳✸❪✳

Pr♦♣♦s✐çã♦ ✶✳✼✼✳ ❙❡❥❛ Ω ⊂ Rn ❛❜❡rt♦ ❡ ▲✐♣s❝❤✐t③✳ P❛r❛ s > 0 ❡ p ≥ 1✱ t❡♠♦s
q✉❡✿

✶✳ ❙❡ p <∞✱ W s,p(Ω) é s❡♣❛rá✈❡❧✳

✷✳ ❙❡ 1 < p <∞✱ W s,p(Ω) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦ ✭❡✱ ♣♦rt❛♥t♦✱ r❡✢❡①✐✈♦✮✳

❚❡♦r❡♠❛ ✶✳✼✽ ✭❚❡♦r❡♠❛ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ ❞❡ ❙♦❜♦❧❡✈✮✳ ❙❡❥❛ Ω ⊂ Rn ❛❜❡rt♦
❡ ▲✐♣s❝❤✐t③✳ ❙❡❥❛♠ s > 0✱ p ≥ 1 ❡ n ≥ 1✳

✶✳ ❙❡ sp < n✱ ❡♥tã♦ W s,p(Ω) →֒ Lq(Ω) ♣❛r❛ t♦❞♦ q ≤ np
n−sp

❀

✷✳ ❙❡ sp = n✱ ❡♥tã♦ W s,p(Ω) →֒ Lq(Ω) ♣❛r❛ t♦❞♦ q <∞❀

✸✳ P❛r❛ sp > n✱ t❡♠♦s q✉❡✿

• ❙❡ s− n
p
/∈ N✱ ❡♥tã♦ W s,p(Ω) →֒ C

[s−n
p
],s−n

p
−[s−n

p
]

b (Ω)❀

• ❙❡ s− n
p
∈ N✱ ❡♥tã♦ W s,p(Ω) →֒ C

s−n
p
−1,λ

b (Ω) ♣❛r❛ t♦❞♦ λ < 1✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

❈❛s♦ ✶✿ sp < n✳ ❋❛r❡♠♦s ❛ ♣r♦✈❛ ♣♦r ✐♥❞✉çã♦ ❡♠ [s]✳ ❙❡ [s] = 0✱ ♣❡❧♦
❈♦r♦❧ár✐♦ ✶✳✼✷✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❆ss✉♠✐♥❞♦ q✉❡ ♦ ❚❡♦r❡♠❛ ❡stá ♣r♦✈❛❞♦ ♣❛r❛ [s] = m−1✱ ❝♦♠m ≥ 1✳ ❙✉♣♦♥❤❛
q✉❡ [s] = m ❡ s❡❥❛ u ∈ W s,p(Ω)✳ ❊♥tã♦✱ Dβu ∈ W s−1,p(Ω)✱ ♦♥❞❡ β = (0, ..., 1, ..., 0)
❝♦♠ 1 ♥❛ ♣♦s✐çã♦ 1 ≤ i ≤ n✳ ❉❡ ❢❛t♦✱

✷✶



✷✷

Dβu ∈ W s−1,p(Ω) ⇐⇒ Dα(Dβu) ∈ W s−1−(m−1),p(Ω), ∀|α| = m− 1✱

♦♥❞❡ [s− 1] = m− 1✳ ◆♦t❡ q✉❡

Dα+βu = Dα(Dβu)

❡ s❡ |α| = m− 1 ❡ |β| = 1✱ t❡♠♦s q✉❡ |α + β| = m✳

❆ss✐♠✱

Dα(Dβu) = Dα+βu ∈ W s−m,p(Ω) = W s−1−(m−1),p(Ω), ∀|α + β| = m,

♣♦✐s u ∈ W s,p(Ω)✳

P♦r ❞❡✜♥✐çã♦✱ u ∈ W [s],p(Ω)✳ P♦rt❛♥t♦✱ ❝♦♠♦ (s−1)p < sp < n ❡ ♣❡❧❛ ❤✐♣ót❡s❡
❞❡ ✐♥❞✉çã♦✱ t❡♠♦s q✉❡

W s−1,p(Ω) →֒ Lq(Ω), ∀q ≤ np
n−(s−1)p

✳

❊♥tã♦✱ Dβu ∈ Lq(Ω)✱ ♣❛r❛ t♦❞♦ q ≤ np
n−(s−1)p

❡ ❝♦♠♦ u ∈ W [s],p(Ω) ❡ [s]p ≤
sp < n✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✻✹✱ t❡♠♦s u ∈ Lq(Ω)✱ ♣❛r❛ t♦❞♦ q ≤ np

n−[s]p
✳

❖❜s❡r✈❡ q✉❡

n− (s− 1)p ≤ n ❡ s− 1 ≤ [s] ✐♠♣❧✐❝❛♠ q✉❡ p ≤ np
n−(s−1)p

≤ np
n−[s]p

.

▲♦❣♦✱

Dβu ∈ Lr(Ω) ❡ u ∈ Lr(Ω) ❝♦♠ r = np
n−(s−1)p

✳

❯s❛♥❞♦ ♦s ❢❛t♦s ❛♥t❡r✐♦r❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡ u ∈ W 1,r(Ω)✳

❖❜s❡r✈❡ q✉❡ sp < n⇔ r < n✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✻✹✱ t❡♠♦s q✉❡

u ∈ Lq(Ω), ∀q ≤ nr
n−r

✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ q = nr
n−r

✱ t❡♠♦s q✉❡

u ∈ L
nr
n−r (Ω) = L

np

n−sp (Ω) ⊂ Lq(Ω), ∀q ≤ np
n−sp

✳

❈❛s♦ ✷✿ sp = n✳ ◆♦t❡ q✉❡✱ [s]p < n ❡ (s − 1)p < n✳ ❙❡ u ∈ W s,p(Ω)✱ ♣❡❧♦
r❛❝✐♦❝í♥✐♦ ❛♥t❡r✐♦r✱ t❡♠♦s u ∈ W 1,r(Ω) ❝♦♠ r = np

n−(s−1)p
= n✳

P♦rt❛♥t♦✱ r = n ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✻✹✱ t❡♠♦s

W 1,r(Ω) →֒ Lq(Ω) ♣❛r❛ t♦❞♦ q <∞✳

▲♦❣♦✱

✷✷



✷✸

W s,p(Ω) →֒ Lq(Ω) ♣❛r❛ t♦❞♦ q <∞✳

❈❛s♦ ✸✿ sp > n✳ ❙❡ s− n
p
/∈ N✳ ❙❡❥❛ j ✉♠ ✐♥t❡✐r♦ s❛t✐s❢❛③❡♥❞♦ s− 1− n

p
< j <

s− n
p
✳

▲♦❣♦✱ s❡ u ∈ W s,p(Ω)✱ ❡♥tã♦ v = Dβu ∈ W s−j,p(Ω)✱ ♦♥❞❡ β = (0, ..., j, ..., 0)
❝♦♠ j ♥❛ ♣♦s✐çã♦ 1 ≤ i ≤ n✳ ❉❡ ❢❛t♦✱

Dβu ∈ W s−j,p(Ω) ⇔ Dα(Dβu) ∈ W s−j−[s−j],p(Ω), ∀|α| = [s− j].

❖❜s❡r✈❡ q✉❡✱

Dα(Dβu) = Dα+βu

❡ |α| = [s− j] = [s]− [j] ✐♠♣❧✐❝❛ q✉❡ |α + β| = [s]✳ ❉❛í✱

Dα(Dβu) = Dα+βu ∈ ws−[s],p(Ω) = W s−j−[s−j],p(Ω),

♣♦✐s u ∈ W s,p(Ω)✳

❆❣♦r❛✱ ♣❡❧♦ ▲❡♠❛ ✶✳✼✻✱

v = Dβu ∈ W s−j,p(Ω) ⊆ W s−j−1,p(Ω)

❡✱ ♣❡❧♦ ❈❛s♦ ✶✱ Dγv ∈ W s−j−1,p(Ω)✱ ♦♥❞❡ γ = (0, ..., 1, ..., 0) ❝♦♠ 1 ♥❛ ♣♦s✐çã♦
1 ≤ i ≤ n✳ ❊♥tã♦✱ v,Dγv ∈ W s−j−1,p(Ω)✳

❆ ❡q✉❛çã♦ (s− j − 1)p < n ✐♠♣❧✐❝❛ q✉❡✱ ♣❡❧♦ ❈❛s♦ ✶✱

W s−j−1,p(Ω) →֒ Lq(Ω), ∀q ≤ np
n−(s−j−1)p

✳

❊♠ ♣❛rt✐❝✉❧❛r✱

W s−j−1,p(Ω) →֒ Lr(Ω) ❝♦♠ r = np
n−(s−j−1)p

✳

❆ss✐♠✱ v,Dγv ∈ Lr(Ω)✳ ▲♦❣♦✱ ♣❡❧♦ ♠♦str❛❞♦ ♥♦ ❈❛s♦ ✶✱ v ∈ W 1,r(Ω)✳ ◆♦t❡
q✉❡ j < s− n

p
✐♠♣❧✐❝❛ q✉❡ r > n✳

❆ss✐♠✱ v ∈ C
0,1−n

r

b (Ω) = C
0,s−n

p
−j

b (Ω)✳ ❉❡ ❢❛t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✻✹✱ t❡♠♦s

W 1,r(Ω) →֒ Cm,θ(Ω)

♣❛r❛ t♦❞♦ 0 ≤ m < 1− n
r
✱ ♦♥❞❡

0 < θ < [n
r
] + 1− n

r
, s❡ n

r
6∈ N✱

0 < θ < 1 s❡ n
r
∈ N.

✷✸



✷✹

❖❜s❡r✈❡ q✉❡✱ Cm,θ(Ω) = Cm,θ
b (Ω). ❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ m = 0 ❡ θ = 1 − n

r

t❡♠♦s v ∈ C
0,1−n

r

b (Ω)✳ ❈♦♠♦ r = np
n−(s−j−1)p

✱ t❡♠♦s q✉❡ v ∈ C
0,s−n

p
−j

b (Ω)✳

❙❛❜❡♠♦s q✉❡ v = Dβu ∈ C
0,s−n

p
−j

b (Ω)✳ ❊♥tã♦✱

∃C > 0, ∀(x, y) ∈ Ω× Ω, |Dβu(x)−Dβu(y)| ≤ C|x− y|s−n
p
−j✳

P♦rt❛♥t♦✱

u ∈ C
[s−n

p
],s−n

p
−[s−n

p
]

b (Ω)✳

❙❡ s − n
p
= j ∈ N✱ ❡♥tã♦ u ∈ W s,p(Ω)✳ ▲♦❣♦✱ Dβu ∈ W s−j,p(Ω)✱ ♦♥❞❡ β =

(0, ..., 1, ..., 0) ❝♦♠ 1 ♥❛ j✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ 1 ≤ j ≤ n✳

❆❧é♠ ❞✐ss♦✱ Dβ−γu ∈ W s−(j−1),p(Ω) ✐♠♣❧✐❝❛ Dβ−γu ∈ W s−j,p(Ω)✱ ♦♥❞❡ γ =
(0, ..., 1, 0, ..., 0) ❝♦♠ 1 ♥❛ i✲és✐♠❛ ❝♦♦r❞❡♥❛❞❛ 1 ≤ i ≤ n✳ ▲♦❣♦✱

Dβ−γu,Dβu ∈ W s−j,p(Ω) = W
n
p
,p(Ω).

❉❛í✱ ❞❡❞✉③✐♠♦s q✉❡

Dβ−γu ∈ W 1,q(Ω), ∀q <∞.

❉❡ ❢❛t♦✱ ♦❜s❡r✈❡ q✉❡ Dγ(Dβ−γ)u = Dβu✳ P❡❧♦ ❈❛s♦ ✷✱ t❡♠♦s

Dβu ∈ W
n
p
,p(Ω) →֒ Lq(Ω), ∀q <∞.

❊♥tã♦✱

Dβu ∈ Lq(Ω), ∀q <∞✳

❆ss✐♠✱

Dβ−γu ∈ W 1,q(Ω), ∀q <∞✳

P♦rt❛♥t♦✱ Dβ−γu ∈ C0,λ
b (Ω)✱ ♣❛r❛ t♦❞♦ λ < 1✳ ❉❡ ❢❛t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✻✹✱

♣❛r❛ q > n✱ t❡♠♦s

Dβ−γu ∈ W 1,q(Ω) →֒ Cm,θ(Ω) = Cm,θ
b (Ω)

♣❛r❛ t♦❞♦ 0 ≤ m < 1− n
q
❡

0 < θ < [n
q
] + 1− n

q
✱ s❡ n

q
6∈ N✱

0 < θ < 1✱ s❡ n
q
∈ N.

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ m = 0 ❡ θ = λ < 1✱ t❡♠♦s

✷✹



✷✺

W 1,q(Ω) →֒ C0,λ
b (Ω).

❆ss✐♠✱ Dβ−γu ∈ C0,λ
b (Ω)✳ P♦rt❛♥t♦✱ ♣❡❧♦ ♠❡s♠♦ r❛❝✐♦❝í♥✐♦ ❝♦♠♦ ♥♦ ❈❛s♦

❛♥t❡r✐♦r✱

u ∈ Cs−n
p
−1,λ(Ω) ♣❛r❛ t♦❞♦ λ < 1✳

■st♦ ❝♦♥❝❧✉✐ ❛ ♣r♦✈❛✳

❚❡♦r❡♠❛ ✶✳✼✾ ✭❚❡♦r❡♠❛ ❞❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❞❡ ❙♦❜♦❧❡✈✮✳ ❙❡❥❛ Ω ⊂ Rn ❛❜❡rt♦✱
▲✐♣s❝❤✐t③ ❡ ❧✐♠✐t❛❞♦✳ ❙❡❥❛♠ s > 0✱ p ≥ 1 ❡ n ≥ 1✳

✶✳ ❙❡ sp < n✱ ❡♥tã♦ W s,p(Ω) →֒→ Lq(Ω) ♣❛r❛ t♦❞♦ q < np
n−sp

❀

✷✳ ❙❡ sp = n✱ ❡♥tã♦ W s,p(Ω) →֒→ Lq(Ω) ♣❛r❛ t♦❞♦ q <∞❀

✸✳ P❛r❛ sp > n✱ t❡♠♦s✿

• ❙❡ s − n
p
/∈ N✱ ❡♥tã♦ W s,p(Ω) →֒→ C

[s−n
p
],λ

b (Ω) ♣❛r❛ t♦❞♦ λ < s − n
p
−

[s− n
p
]❀

• ❙❡ s− n
p
∈ N✱ ❡♥tã♦ W s,p(Ω) →֒→ C

s−n
p
−1,λ

b (Ω) ♣❛r❛ t♦❞♦ λ < 1✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❉❡♠❡♥❣❡❧ ❡ ❉❡♠❡♥❣❡❧ ❬❬✼❪✱ ❚❡♦r❡♠❛ ✹✳✺✽❪✳

❖❜s❡r✈❛çã♦ ✶✳✽✵✳ ◆♦s ❝❛s♦s (0 < p ≤ 1)(N = 2, 3) ❡ 0 < p < 2
N−2

(N ≥ 4)

t❡♠♦s q✉❡ W 2, p+1
p (Ω) →֒→ Cb(Ω)✳ ❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡

1
p
> N−2

2
⇒ p+1

p
> N

2
⇒ 2

(

p+ 1

p

)

> N

✈❛❧❡ ♣❛r❛ t♦❞♦ N ≥ 2✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✼✾✱ t❡♠♦s✿

• ❙❡ 2− pN
p+1

/∈ N✱ ❡♥tã♦ W 2, p+1
p (Ω) →֒→ C

[2− pN

p+1 ],2−
pN

p+1
−[2− pN

p+1 ]
b (Ω)✳

• ❙❡ 2− pN
p+1

∈ N✱ ❡♥tã♦ W 2, p+1
p (Ω) →֒→ C

2− pN

p+1
−1,λ

b (Ω)✱ ♣❛r❛ t♦❞♦ λ < 1✳

▼❛s✱

C
[2− pN

p+1 ],2−
pN

p+1
−[2− pN

p+1 ]
b (Ω) ⊂ Cb(Ω)

❡

C
2− pN

p+1
−1,λ

b (Ω) ⊂ Cb(Ω),

♣❛r❛ t♦❞♦ λ < 1✳

❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ W 2, p+1
p (Ω) →֒→ Cb(Ω) = C(Ω)✳

✷✺



✷✻

❚❡♦r❡♠❛ ✶✳✽✶ ✭❚❡♦r❡♠❛ ❞❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ❞❡ ❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✮✳ ❙❡❥❛
Ω ⊂ Rn ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ ❧✐♠✐t❛❞♦✳ ❙❡❥❛♠ s > 0✱ p ≥ 1 ❡ n ≥ 1✳ ❊♥tã♦✿

✶✳ W s,p(Ω) →֒→ Cµ
b (Ω) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s− n

p
> µ✳

✷✳ W s1,p(Ω) →֒→ W s2,q(Ω) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ q ≥ p, s1 − n
p
> s2 − n

q
✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ◗✐♥ ❬❬✷✶❪✱ ❚❡♦r❡♠❛ ✶✳✶✳✶✻❪✳

✶✳✻ P♦♥t♦s ❈rít✐❝♦s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ❞❡ ❣r❛♥❞❡ r❡❧❡✲
✈â♥❝✐❛ ♣❛r❛ ♦ tr❛❜❛❧❤♦ ❛ s❡❣✉✐r✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❝♦♥s✉❧t❛r ❊✈❛♥s ❬✽❪ ❡ ❏❛❜r✐
❬✶✹❪✳

❙❡❥❛♠ H ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ I : H → R ✉♠ ❢✉♥❝✐♦♥❛❧ ♥ã♦ ❧✐♥❡❛r ❡♠ H✳

❉❡✜♥✐çã♦ ✶✳✽✷✳ ❉✐③❡♠♦s q✉❡ I ∈ C1(H,R) s❡ ❡①✐st❡ I ′(u)✱ ∀u ∈ H ❡ ❛❧é♠
❞✐ss♦ I ′ : H → H ′ é ❝♦♥t✐♥✉♦✳

❉❡✜♥✐çã♦ ✶✳✽✸✳ ❉✐③❡♠♦s q✉❡

✭✐✮ u ∈ H é ✉♠ ♣♦♥t♦ ❝rít✐❝♦✱ s❡ I ′(u) = 0❀

✭✐✐✮ c ∈ R é ✉♠ ✈❛❧♦r ❝rít✐❝♦✱ s❡ Kc := {u ∈ H : I(u) = c; I ′(u) = 0} 6= ∅✳

❉❡✜♥✐çã♦ ✶✳✽✹ ✭P❛❧❛✐s✲❙♠❛❧❡ ✭P❙✮✮✳ ❖ ❢✉♥❝✐♦♥❛❧ I ∈ C1(H,R) s❛t✐s❢❛③ ❛ ❝♦♥✲
❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡✱ s❡ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ (un)

∞
n=1 ⊂ H t❛❧ q✉❡

✭✐✮ I(un) é ❧✐♠✐t❛❞❛❀

✭✐✐✮ I ′(un) → 0 ❡♠ H ′✱

❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡ ❡♠ H✳

❚❡♦r❡♠❛ ✶✳✽✺ ✭❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ♠♦♥t❛♥❤❛✮✳ ❙❡❥❛ I ∈ C1(H,R) s❛t✐s❢❛✲
③❡♥❞♦ ✭P❙✮✳ ❙✉♣♦♥❤❛ q✉❡✿

✭✐✮ I(0) = 0❀

✭✐✐✮ ❊①✐st❡♠ ❝♦♥st❛♥t❡s r, a > 0 t❛✐s q✉❡

I(u) ≥ a✱ s❡ ‖u‖ = r❀

✭✐✐✐✮ ❊①✐st❡ v ∈ H t❛❧ q✉❡ ‖v‖ > r✱ I(v) ≤ 0✳

❊♥tã♦

✷✻



✷✼

c = inf
g∈Γ

max
0≤t≤1

I(g(t))

é ✉♠ ✈❛❧♦r ❝rít✐❝♦ ❞❡ I✱ ♦♥❞❡ Γ := {g ∈ C([0, 1], H) : g(0) = 0; g(1) = v}✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❊✈❛♥s ❬❬✽❪✱❚❡♦r❡♠❛ ✷❪✳

✶✳✼ ❯♠ ♣♦✉❝♦ s♦❜r❡ ❛ t❡♦r✐❛ ❡❧í♣t✐❝❛

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s s♦❜r❡ ♣r♦❜❧❡♠❛s ❡♥✈♦❧✲
✈❡♥❞♦ ♦♣❡r❛❞♦r❡s ❡❧í♣t✐❝♦s✱ ♦ q✉❛❧ s❡rá ❞❡✜♥✐❞♦ ♥♦ q✉❡ s❡❣✉❡✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s
❝♦♥s✉❧t❛r ●✐❧❜❛r❣ ❡ ❚r✉❞✐♥❣❡r ❬✶✷❪✳ ❙❡❥❛ L ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠
❞❛ ❢♦r♠❛✿

Lu =
n
∑

i,j=1

aijDiju+
n
∑

i=1

biDiu+ cu, ✭✶✳✼✮

♦♥❞❡ aij = aij(x), bi = bi(x), c = c(x), Diju =
∂2u

∂xi∂xj
, Diu =

∂u

∂xi
.

❉❡✜♥✐çã♦ ✶✳✽✻✳ ❉✐③❡♠♦s q✉❡ ♦ ♦♣❡r❛❞♦r L ❞❡✜♥✐❞♦ ❡♠ (1.7) é ❡❧í♣t✐❝♦ ♥♦
♣♦♥t♦ x ∈ Ω✱ s❡ ❛ ♠❛tr✐③ ❞♦s ❝♦❡✜❝✐❡♥t❡s (aij(x)) é ♣♦s✐t✐✈❛✱ ✐st♦ é✱ s❡ λ(x),Λ(x)
❞❡♥♦t❛♠ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦ ❛✉t♦✈❛❧♦r ♠í♥✐♠♦ ❡ ♠á①✐♠♦ ❞❡ (aij(x)) ❡♥tã♦

0 < λ(x)‖ξ‖2 ≤
n
∑

i,j=1

aij(x)ξiξj ≤ Λ(x)‖ξ‖2 ∀x ∈ Ω, ξ ∈ Rn\{0},

♦♥❞❡ ‖ξ‖2 = ξ21 + ξ22 + ...+ ξ2n.

❖ ♦♣❡r❛❞♦r é ❞✐t♦ ❡❧í♣t✐❝♦ ❡♠ Ω s❡ ♦ ❢♦r ❡♠ ❝❛❞❛ ♣♦♥t♦ x ∈ Ω. ❆❣♦r❛✱ ❞✐③❡♠♦s
q✉❡ ♦ ♦♣❡r❛❞♦r L é ❡str✐t❛♠❡♥t❡ ❡❧í♣t✐❝♦ ❡♠ Ω s❡ ❡①✐st❡ λ0 > 0 ✭λ0 ♥ã♦ ❞❡♣❡♥❞❡

❞❡ x✮ t❛❧ q✉❡ λ ≥ λ0 > 0. ❆❧é♠ ❞✐ss♦✱ s❡
Λ

λ
é ❧✐♠✐t❛❞♦ ❡♠ Ω, ❡♥tã♦ L é ❞✐t♦

✉♥✐❢♦r♠❡♠❡♥t❡ ❡❧í♣t✐❝♦✳

❚❡♦r❡♠❛ ✶✳✽✼✳ ✭Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦ ❋♦rt❡✮ ❙❡❥❛ Ω ⊂ Rn ✉♠ ❛❜❡rt♦✳ ❙❡❥❛ L
✉♠ ♦♣❡r❛❞♦r ✉♥✐❢♦r♠❡♠❡♥t❡ ❡❧í♣t✐❝♦ t❛❧ q✉❡ c = 0. ❙✉♣♦♥❤❛ q✉❡ u s❛t✐s❢❛③ Lu ≥ 0
(Lu ≤ 0) ❡♠ Ω. ❙❡ u ❛t✐♥❣❡ ♦ s❡✉ ♠á①✐♠♦ ✭♠í♥✐♠♦✮ ♥♦ ✐♥t❡r✐♦r ❞❡ Ω, ❡♥tã♦ u é
❝♦♥st❛♥t❡✳

❙❡ c ≤ 0 ❡ u ❛t✐♥❣❡ ✉♠ ♠á①✐♠♦ ♥ã♦✲♥❡❣❛t✐✈♦ ✭♠í♥✐♠♦ ♥ã♦✲♣♦s✐t✐✈♦✮ ♥♦ ✐♥t❡✲
r✐♦r ❞❡ Ω, ❡♥tã♦ u é ❝♦♥st❛♥t❡✳

■♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ s✐♥❛❧ ❞❡ c, s❡ u ❛t✐♥❣❡ ✉♠ ♠á①✐♠♦ ✐❣✉❛❧ ❛ 0 ✭♠í♥✐♠♦
✐❣✉❛❧ ❛ 0✮ ♥♦ ✐♥t❡r✐♦r ❞❡ Ω, ❡♥tã♦ u é ❝♦♥st❛♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ●✐❧❜❛r❣ ❡ ❚r✉❞✐♥❣❡r ❬❬✶✷❪✱ ❚❡♦r❡♠❛ ✸✳✺❪✳

✷✼



✷✽

❈♦r♦❧ár✐♦ ✶✳✽✽✳ ✭Pr♦♣r✐❡❞❛❞❡ ❞❡ Pr❡s❡r✈❛çã♦ ❞❡ P♦s✐t✐✈✐❞❛❞❡✮ ❙❡❥❛ Ω ⊂ Rn

❧✐♠✐t❛❞♦✳ ❙❡❥❛ L ✉♠ ♦♣❡r❛❞♦r ✉♥✐❢♦r♠❡♠❡♥t❡ ❡❧í♣t✐❝♦ ❝♦♠ c ≤ 0✳ ❙❡ u ∈ C2(Ω)∩
C(Ω) s❛t✐s❢❛③

{

−Lu ≥ 0 em Ω
u ≥ 0 sobre ∂Ω

❡♥tã♦ u(x) > 0 ♣❛r❛ x ∈ Ω ♦✉ u ≡ 0✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❙✇❡❡rs ❬❬✷✸❪✱ ❈♦r♦❧ár✐♦ ✷✳✺❪✳

❚❡♦r❡♠❛ ✶✳✽✾✳ ❙❡❥❛♠ Ω ⊂ Rn ✉♠ ❞♦♠í♥✐♦ ❞❡ ❝❧❛ss❡ C1,1 ❡ L ✉♠ ♦♣❡r❛❞♦r
❡str✐t❛♠❡♥t❡ ❡❧í♣t✐❝♦ ❡♠ Ω ❝♦♠ ❝♦❡✜❝✐❡♥t❡s aij ∈ C(Ω), bi, c ∈ L∞, ❝♦♠ i, j =
1, ..., n ❡ c ≤ 0. ❊♥tã♦✱ s❡ h ∈ Lp(Ω) ❡ ϕ ∈ W 2,p(Ω), ❝♦♠ 1 < p <∞, ♦ ♣r♦❜❧❡♠❛
❞❡ ❉✐r✐❝❤❧❡t Lu = h ❡♠ Ω, u−ϕ ∈ W 1,p

0 (Ω) t❡♠ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ u ∈ W 2,p(Ω).

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ●✐❧❜❛r❣ ❡ ❚r✉❞✐♥❣❡r ❬❬✶✷❪✱ ❚❡♦r❡♠❛ ✾✳✶✺❪✳

▲❡♠❛ ✶✳✾✵✳ ❙❡❥❛ L ✉♠ ♦♣❡r❛❞♦r q✉❡ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✶✳✽✾✳
❊♥tã♦✱ ❡①✐st❡ C ✭✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ u✮ t❛❧ q✉❡

‖u‖W 2,p(Ω) ≤ C‖∆u‖Lp(Ω)

♣❛r❛ t♦❞♦ u ∈ W 2,p(Ω) ∩W 1,p
0 (Ω), 1 < p <∞✳

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ●✐❧❜❛r❣ ❡ ❚r✉❞✐♥❣❡r ❬❬✶✷❪✱ ▲❡♠❛ ✾✳✶✼❪✳

❚❡♦r❡♠❛ ✶✳✾✶✳ ❙❡❥❛ u ∈ W 2,p
loc (Ω) s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❡❧í♣t✐❝❛ Lu = f ✱ ♥✉♠

❞♦♠í♥✐♦ Ω✱ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❞❡ L ♣❡rt❡♥❝❡♥❞♦ ❛ Ck−1,1(Ω) (Ck−1,α(Ω))✱ f ∈
W k,q

loc (Ω) (C
k−1,α(Ω)) ❝♦♠ 1 < p, q <∞✱ k ≥ 1 ❡ 0 < α < 1✳ ❊♥tã♦✱

u ∈ W k+2,q
loc (Ω) (Ck+1,α(Ω)).

❆❧é♠ ❞✐ss♦✱ s❡ Ω ∈ Ck+1,1 (Ck+1,α)✱ L é ❡str✐t❛♠❡♥t❡ ❡❧í♣t✐❝♦ ❡♠ Ω ❝♦♠ ❝♦❡✜❝✐✲
❡♥t❡s ❡♠ Ck−1,1(Ω) (Ck−1,α(Ω)) ❡ f ∈ W k,q(Ω) (Ck−1,α(Ω)) ❡♥tã♦✱

u ∈ W k+2,q(Ω) (Ck+1,α(Ω)).

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ●✐❧❜❛r❣ ❡ ❚r✉❞✐♥❣❡r ❬❬✶✷❪✱ ❚❡♦r❡♠❛ ✾✳✶✾❪✳

❚❡♦r❡♠❛ ✶✳✾✷✳ ✭❚❡♦r❡♠❛ ❞❡ ❑❡❧❧♦❣❣✮ ❙❡❥❛ Ω ⊂ Rn ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❞❡ ❝❧❛ss❡
C2,α ❝♦♠ 0 < α < 1✳ ❙❡❥❛♠ f ∈ Cα(Ω) ❡ g ∈ C2,α(Ω)✳ ❊♥tã♦✱ ♦ ♣r♦❜❧❡♠❛ ❞❡
❉✐r✐❝❤❧❡t ♣❛r❛ ❡q✉❛çã♦ ❞❡ P♦✐ss♦♥

{

∆u = f em Ω
u = g sobre ∂Ω.

♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ u ❞❡ ❝❧❛ss❡ C2,α(Ω)✳

✷✽



✷✾

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ●✐❧❜❛r❣ ❡ ❚r✉❞✐♥❣❡r ❬❬✶✷❪✱ ❈♦r♦❧ár✐♦ ✹✳✶✹❪✳

❉❡✜♥✐çã♦ ✶✳✾✸✳ ✭◆♦t❛çã♦ ♦ ♣❡q✉❡♥❛ ❞❡ ▲❛♥❞❛✉✮ ❙❡❥❛♠ f, g ❢✉♥çõ❡s r❡❛✐s✱ ❞❡✲
✜♥✐❞❛s ♥✉♠ ♠❡s♠♦ s✉❝♦♥❥✉♥t♦ ❞❡ R, ❡s❝r❡✈❡♠♦s

f = o(g) q✉❛♥❞♦ x→ x0

s❡

lim
x→x0

|f(x)|
|g(x)| = 0.

❖❜s❡r✈❛çã♦ ✶✳✾✹✳ ❙❡❥❛ f : R → R ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ❞❡✜♥❛ F (s) =
∫ s

0
f(t)dt. ❙✉♣♦♥❤❛♠♦s q✉❡ f ❡ F s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ✷✭❛✮ ❞♦ ❚❡♦r❡♠❛ ✵✳✸✱

❡♥tã♦ ❡①✐st❡♠ ❝♦♥st❛♥t❡s c, d1 > 0 t❛✐s q✉❡

F (s) ≥ c|s|θ − d1.

❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ ❏❛❜r✐ ❬❬✶✹❪✱ ❖❜s❡r✈❛çã♦ ✼✳✺❪✳

✷✾



❈❛♣ít✉❧♦ ✷

❙✐st❡♠❛s ❡❧í♣t✐❝♦s ♥ã♦ ❧✐♥❡❛r❡s

✷✳✶ ❖ ❝❛s♦ p > 1

◆❡st❛ s❡çã♦✱ ❝♦♥s✐❞❡r❡♠♦s Ω ✉♠ ❞♦♠í♥✐♦ ▲✐♣s❝❤✐t③ ❡ ❧✐♠✐t❛❞♦ ❞❡ RN ❡ 1 <
p < 2

N−2
✱ ✐st♦ é✱ N = 2, 3✳

❖ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ♦❜t❡r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ s✐st❡♠❛
✭✶✮✱ ✉t✐❧✐③❛♥❞♦ ❛s ✐❞❡✐❛s ❞❛❞❛s ♣♦r ❋✐❣✉❡✐r❡❞♦ ❡ ❘✉❢ ❬✶✵❪ ❡ ❍✉❧s❤♦✛ ❡ ✈❛♥ ❞❡r
❱♦rst ❬✶✸❪✳ ❊st❛❜❡❧❡❝❡r❡♠♦s ✉♠❛ ❡str✉t✉r❛ ✈❛r✐❛❝✐♦♥❛❧ ❛♣r♦♣r✐❛❞❛ ♣❛r❛ ❡st✉❞❛r
♦ s✐st❡♠❛ ✭✶✮✳ P❛r❛ ✐st♦✱ ✉s❛r❡♠♦s ♦s ❡s♣❛ç♦s ❢r❛❝✐♦♥ár✐♦s Es(Ω)✳

❈♦♥s✐❞❡r❡ ♦ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦

−∆ : H2(Ω) ∩H1
0 (Ω) ⊂ L2(Ω) −→ L2(Ω)✳

❙❡❥❛ en ✉♠❛ ❛✉t♦❢✉♥çã♦ ❞❡ −∆ ❞❛❞❛ ♣♦r

{

−∆en = λnen em Ω
en = 0 sobre ∂Ω

,

♦♥❞❡ λn é ♦ ❛✉t♦✈❛❧♦r ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❡ en✱ 0 < λ1 ≤ λ2 ≤ λ3 ≤ · · · ≤ → ∞✳
❊♥tã♦✱ {en}∞n=1 é ✉♠❛ ❜❛s❡ ♦rt♦♥♦r♠❛❧ ❞❡ L2(Ω) s❛t✐s❢❛③❡♥❞♦

∫

Ω

ejeidx = δi,j.

❙❡❥❛

Es(Ω) =

{

u ∈ L2(Ω) :
∞
∑

n=1

λsn|an|2 < +∞
}

❡ ❞❡✜♥✐♠♦s ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r
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As : Es(Ω) → L2(Ω)

❞❛❞♦ ♣♦r

Asu =
+∞
∑

n=1

λ
s
2
nanen,

♦♥❞❡

u =
+∞
∑

n=1

anen ❝♦♠ an =

∫

Ω

uendx✳

❖ ♦♣❡r❛❞♦r As é ❧✐♥❡❛r✳ ❉❡ ❢❛t♦✱ ❞❛❞♦s α ∈ R ❡ u✱v ∈ Es(Ω) t❛✐s q✉❡

u =
+∞
∑

n=1

anen ❡ v =
+∞
∑

n=1

bnen✱ t❡♠♦s q✉❡

As(u+ v) = As

(

+∞
∑

n=1

anen +
+∞
∑

n=1

bnen

)

= As

(

+∞
∑

n=1

(an + bn)en

)

=
+∞
∑

n=1

λ
s
2
n (an + bn)en =

+∞
∑

n=1

λ
s
2
n (anen + bnen)

=
+∞
∑

n=1

(λ
s
2
nanen + λ

s
2
nbnen) =

+∞
∑

n=1

λ
s
2
nanen +

+∞
∑

n=1

λ
s
2
nbnen.

❆ss✐♠✱
As(u+ v) = Asu+ Asv.

❚❛♠❜é♠✱ t❡♠♦s

As(αu) = As

(

α

(

+∞
∑

n=1

anen

))

= As

(

+∞
∑

n=1

αanen

)

=
+∞
∑

n=1

λ
s
2 (αan)en

=
+∞
∑

n=1

α(λ
s
2anen) = α

+∞
∑

n=1

λ
s
2anen = α(Asu).

▲♦❣♦✱ As é ✉♠ ♦♣❡r❛❞♦r ❧✐♥❡❛r✳

❖ ♦♣❡r❛❞♦r As é ✐♥❥❡t✐✈♦✳ ❉❡ ❢❛t♦✱ ❞❛❞♦s u✱v ∈ Es(Ω) t❛✐s q✉❡ u =
+∞
∑

n=1

anen

❡ v =
+∞
∑

n=1

bnen✳

◆♦t❡ q✉❡✱ s❡ Asu = Asv t❡♠♦s q✉❡✿

+∞
∑

n=1

λ
s
2
nanen =

+∞
∑

n=1

λ
s
2
nbnen✳

✸✶
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▲♦❣♦✱

+∞
∑

n=1

λ
s
2
nanen −

+∞
∑

n=1

λ
s
2
nbnen = 0

+∞
∑

n=1

λ
s
2
n (an − bn)en = 0✳

❈♦♠♦ {en}n∈N é ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ t❡♠♦s

λ
s
2
n (an − bn) = 0✳

❆ss✐♠✱ λ
s
2
n = 0 ♦✉ an − bn = 0✳

◆♦t❡ q✉❡✱ ❝♦♠♦ λn > 0✱ t❡♠♦s an − bn = 0✳ ▲♦❣♦✱ an = bn ❡✱ ♣♦rt❛♥t♦✱ u = v✳

❖ ♦♣❡r❛❞♦r As é s♦❜r❡❥❡t✐✈♦✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ v ∈ L2(Ω)✱ ♦♥❞❡ v =
+∞
∑

n=1

anen✳

❚♦♠❡♠♦s u =
+∞
∑

n=1

1

λ
s
2
n

anen✳ ❊♥tã♦✱

Asu =
+∞
∑

n=1

λ
s
2
n

(

1

λ
s
2
n

anen

)

=
+∞
∑

n=1

anen = v.

❆✜r♠❛♠♦s ❛❣♦r❛ q✉❡ u =
+∞
∑

n=1

1

λ
s
2
n

anen ∈ Es(Ω)✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ❞❡♠♦str❛r q✉❡

+∞
∑

n=1

λsn

∣

∣

∣

∣

∣

1

λ
s
2
n

an

∣

∣

∣

∣

∣

2

<∞✳

◆♦t❡ q✉❡

+∞
∑

n=1

λsn

∣

∣

∣

∣

∣

1

λ
s
2
n

an

∣

∣

∣

∣

∣

2

=
+∞
∑

n=1

λsn

∣

∣

∣

∣

∣

1

λ
s
2
n

∣

∣

∣

∣

∣

2

|an|2 =
+∞
∑

n=1

λsn
1

λsn
|an|2 =

+∞
∑

n=1

|an|2✳

▲♦❣♦✱

∫

Ω

|v|2dx =

∫

Ω

(

+∞
∑

n=1

anen

)2

dx

≥
∫

Ω

(a21e
2
1 + ...+ a2ne

2
n + ...)dx

= a21

∫

Ω

e21dx+ ...+ a2n

∫

Ω

e2ndx+ ...

= a21 + ...+ a2n + ...

✸✷
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❆ss✐♠✱

∞ >

∫

Ω

|v|2dx ≥
+∞
∑

n=1

|an|2dx.

P♦rt❛♥t♦✱

+∞
∑

n=1

λsn

∣

∣

∣

∣

∣

1

λ
s
2
n

an

∣

∣

∣

∣

∣

2

=
+∞
∑

n=1

|an|2 <∞.

❆ss✐♠ ❝♦♥❝❧✉í♠♦s q✉❡ As é ✉♠ ✐s♦♠♦r✜s♠♦✱ ♦✉ s❡❥❛✱ Es(Ω) é ✐s♦♠♦r❢♦ ❛ L2(Ω)✳

◆♦t❡ q✉❡✿

Es(Ω) = Hs(Ω) se 0 ≤ s <
1

2
,

E1/2(Ω) ⊂ H1/2(Ω),

Es(Ω) = {u ∈ Hs(Ω) : u|∂Ω = 0} se
1

2
< s ≤ 2 e s 6= 3

2
,

E3/2(Ω) ⊂
{

u ∈ H3/2(Ω) : u|∂Ω = 0
}

.

❖s ❡s♣❛ç♦s Es(Ω) sã♦ ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

(u, v)s =

∫

Ω

AsuAsvdx.

❆s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ sã♦ s❛t✐s❢❡✐t❛s ♣❡❧❛ ❧✐♥❡❛r✐❞❛❞❡ ❞♦ ❢✉♥❝✐♦♥❛❧
As ❡ ❞❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ✐♥t❡❣r❛❧✳

❆s s❡❣✉✐♥t❡s ♦❜s❡r✈❛çõ❡s s❡rã♦ ❞❡ ♠✉✐t❛ ❛❥✉❞❛ ♥❛ s❡ssã♦ ✭✷✳✶✳✹✮✳

❖❜s❡r✈❛çã♦ ✷✳✶✳ ❆ ♣❛rt✐r ❞♦ ❛♥t❡r✐♦r ❝♦♥s✐❞❡r❡♠♦s ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

• ❙❡ 0 ≤ s < 1
2
✱ t❡♠♦s q✉❡ Es(Ω) = Hs(Ω)✳ ▲♦❣♦✱ H2(Ω) ⊂ Hs(Ω)✳ ❆❧é♠

❞✐ss♦✱ H1(Ω) ⊂ Hs(Ω) = Es(Ω)✳ ❉❛í✱ ♦❜t❡♠♦s H2(Ω) ∩H1
0 (Ω) ⊂ Es(Ω)✳

• ❙❡ 1
2
< s ≤ 2✱ ❝♦♠ s 6= 3

2
✱ ♦❜t❡♠♦s q✉❡ Es = {u ∈ Hs(Ω) : u|∂Ω = 0} ❝♦♠

H2(Ω) ⊂ Hs(Ω)✳ ❊♥tã♦ H2(Ω) ∩H1
0 (Ω) ⊂ Es(Ω).

❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ H1
0 (Ω) ∩ H2(Ω) ⊂ Es(Ω) ♣❛r❛ t♦❞♦ 0 ≤ s ≤ 2✱ t❛❧ q✉❡

s 6= 1
2
, 3
2
.

Pr♦♣♦s✐çã♦ ✷✳✷✳ ❙❡❥❛ 0 ≤ s ≤ 2✳ ❊♥tã♦ ❛ s❡❣✉✐♥t❡ ✐♠❡rsã♦

Es(Ω) ⊂ Lp(Ω)

é ❝♦♥tí♥✉❛ s❡✱ 1
p
≥ 1

2
− s

N
❡ ❝♦♠♣❛❝t❛ s❡✱ 1

p
> 1

2
− s

N
✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✶✳✼✽ ✐t❡♠ ✭✶✮✱ ❛ ✐♠❡rsã♦ é ❝♦♥tí♥✉❛ s❡✱ 1
p
≥ 1

2
− s

N
✱

❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✼✾ ✐t❡♠ ✭✶✮✱ ❛ ✐♠❡rsã♦ é ❝♦♠♣❛❝t❛ s❡✱ 1
p
> 1

2
− s

N
✳
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✷✳✶✳✶ ❖ ❢✉♥❝✐♦♥❛❧

▲❡♠❜r❡ q✉❡ Ep = W 2, p+1
p (Ω) ∩W 1, p+1

p

0 (Ω) ❡ Eq = W 2,q(Ω) ∩W 1,q
0 (Ω)✳

❱❛♠♦s ❞❡✜♥✐r ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt E := Et(Ω)× Es(Ω)✱ ❞♦t❛❞♦ ❞❛ ♥♦r♠❛

‖(u, v)‖E = (‖u‖2Et + ‖v‖2Es)
1
2 ✳

❈♦♥s✐❞❡r❡♠♦s ♦ ❢✉♥❝✐♦♥❛❧ I : E → R ❛ss♦❝✐❛❞♦ ❛♦ s✐st❡♠❛ ✭✶✮ ❞❛❞♦ ♣♦r

I(u, v) =

∫

Ω

AtuAsvdx−
∫

Ω

(
1

p+ 1
|v|p+1 + F (u))dx ✭✷✳✶✮

❝♦♠ s ❡ t t❛✐s q✉❡ s+ t = 2✳ ❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❣❛r❛♥t❡ q✉❡ ♦s ♣♦♥t♦s ❝rít✐❝♦s
❞❡st❡ ❢✉♥❝✐♦♥❛❧ é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ s✐st❡♠❛ ✭✶✮✳

Pr♦♣♦s✐çã♦ ✷✳✸✳ ❙✉♣♦♥❤❛ q✉❡ (u, v) ∈ Et(Ω) × Es(Ω) é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞♦
❢✉♥❝✐♦♥❛❧ I✳ ❊♥tã♦ u ∈ Ep ❡ v ∈ Eq✱ ♣❛r❛ t♦❞♦ q > 1 ❡✱ ♣♦rt❛♥t♦✱ ♦ ♣❛r (u, v) é
✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ s✐st❡♠❛ (1)✳

✷✳✶✳✷ ❆ ❡s❝♦❧❤❛ ❞♦s ❡s♣❛ç♦s Es(Ω) ❡ Et(Ω)

◆❡st❛ s✉❜s❡çã♦✱ ♣r♦✈❛♠♦s q✉❡ ❡①✐st❡♠ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s s ❡ t ❝♦♠ s+ t = 2
t❛✐s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ I ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ é ❞❡ ❝❧❛ss❡ C1✳ P❛r❛ ✐st♦✱ ♣r♦✈❛r❡♠♦s
❞♦✐s ❧❡♠❛s ❢✉♥❞❛♠❡♥t❛✐s✳

▲❡♠❛ ✷✳✹✳ ❙❡❥❛ 1 < p (N = 2)✱ ♦✉ 1 < p < 2 (N = 3)✳ ❊♥tã♦ ❡①✐st❡♠
♣❛râ♠❡tr♦s s > 0 ❡ t > 0 ❝♦♠ s + t = 2 t❛✐s q✉❡ ❛s s❡❣✉✐♥t❡s ✐♠❡rsõ❡s sã♦
❝♦♥tí♥✉❛s ❡ ❝♦♠♣❛❝t❛s

Es(Ω) ⊂ Lp+1(Ω)✱ Et(Ω) ⊂ C(Ω)✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✷✱ ❛ ✐♠❡rsã♦ Es(Ω) →֒ Lp+1(Ω) é ❝♦♥tí♥✉❛✱
♣❛r❛ t♦❞♦ 1

p+1
≥ 1

2
− s

N
❡ ❛ ✐♠❡rsã♦ é ❝♦♠♣❛❝t❛ s❡✱ 1

p+1
> 1

2
− s

N
✳

❈❛s♦ N = 2✳ ◆♦t❡ q✉❡✱

1

p+ 1
>

1

2
− s

2
=

1− s

2
⇒ 2

p+ 1
> 1− s⇒ s > 1− 2

p+ 1
.

❈♦♠♦ p > 1 t❡♠♦s 1− 2
p+1

> 0✳ ❆ss✐♠✱

1− 2

p+ 1
>

1

2
⇐⇒ − 2

p+ 1
> −1

2
⇐⇒ 2

p+ 1
<

1

2
⇐⇒ p > 3.
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❊♥tã♦✱ ♣❛r❛ p > 3 ❡s❝♦❧❤❛ 0 < 1
2
< 1− 2

p+1
< s < 1✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ 1 < p ≤ 3 t❡♠♦s

2 < p+ 1 ≤ 4
1

2
≤ 2

p+ 1
< 1

−1 < − 2

p+ 1
≤ −1

2

0 < 1− 2

p+ 1
≤ 1

2
.

❊♥tã♦ ♣❛r❛ 1 < p ≤ 3✱ ❡s❝♦❧❤❛ 0 < 1− 2
p+1

≤ 1
2
< s < 1✳ ▲♦❣♦✱

1
2
< s < 1 ⇒ −1 < −s < −1

2
⇒ 1 < 2− s < 3

2
.

❆ss✐♠✱ ❡s❝♦❧❤❡♥❞♦ t = 2− s > 1 ♦❜t❡♠♦s s+ t = 2✳ ❈♦♠♦ t > 1 t❡♠♦s

t
2
> 1

2
⇒ t

N
> 1

2
⇒ 2t > N ✳

P❡❧♦s ❚❡♦r❡♠❛s ✶✳✼✽ ❡ ✶✳✼✾✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❈❛s♦ N = 3✳ ❖❜s❡r✈❡ q✉❡

1
p+1

> 1
2
− s

3
= 3−2s

6
⇒ 6

p+1
> 3− 2s⇒ 2s > 3− 6

p+1
⇒ s > 3

2
− 3

p+1
.

❈♦♠♦ 1 < p < 2 t❡♠♦s 0 < 3
2
− 3

p+1
< 1

2
✳ ▲♦❣♦ sup{3

2 − 3
p+1 : 1 < p < 2} = 1

2 ✳

❊s❝♦❧❤❛ 3
2
− 3

p+1
< s < 1

2
✳ ❊♥tã♦

s < 1
2
⇒ −s > −1

2
⇒ 2− s > 3

2
✳

❆ss✐♠✱ ❡s❝♦❧❤❡♥❞♦ t = 2 − s > 3
2
♦❜t❡♠♦s s + t = 2✳ ❈♦♠♦ t > 3

2
❡♥tã♦ 2t > 3✱

♦✉ s❡❥❛✱ 2t > N ✳

❋✐♥❛❧♠❡♥t❡✱ ♣❡❧♦s ❚❡♦r❡♠❛s ✶✳✼✽ ❡ ✶✳✼✾✱ ❝♦♥❝❧✉í♠♦s ♦ ▲❡♠❛ ✷✳✹✳

❆❣♦r❛✱ ✈❡❥❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ✐♠♣♦rt❛♥t❡s ❞♦s ♦♣❡r❛❞♦r❡s As ❡ ❞♦s
❡s♣❛ç♦s Es(Ω)✳

▲❡♠❛ ✷✳✺✳ ❙❡❥❛♠ s > 0 ❡ t > 0✳

✶✳ z ∈ Es(Ω) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Asz ∈ L2(Ω) ❡ ‖z‖Es = ‖Asz‖L2✳

✷✳ ❙❡❥❛ z ∈ Es+t(Ω) = E2(Ω) ⊂ H2(Ω)✱ ❡♥tã♦ As+tz = AsAtz = AtAsz✳

✸✺
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❉❡♠♦♥str❛çã♦✳ ✶✮ P♦r ❞❡✜♥✐çã♦ Asz ∈ L2(Ω) ⇔ z ∈ Es(Ω)✳

❆❧é♠ ❞✐ss♦✿

‖z‖2Es = (z, z)s =

∫

Ω

AszAszdx =

∫

Ω

|Asz|2dx = ‖Asz‖2L2 .

P♦rt❛♥t♦✱ ‖z‖Es = ‖Asz‖L2 ✳

✷✮ ❙❡❥❛ z =
+∞
∑

i=1

aiei ∈ Es+t(Ω)✳ ▲♦❣♦✱

As+tz =
+∞
∑

i=1

λ
(s+t)

2
i aiei

=
+∞
∑

i=1

λ
s
2
+ t

2
i aiei =

+∞
∑

i=1

λ
s
2
i λ

t
2
i aiei

= As

(

+∞
∑

i=1

λ
t
2
i aiei

)

= AsAtz.

❆♥❛❧♦❣❛♠❡♥t❡✱ As+tz = AtAsz✳ P♦rt❛♥t♦✱ As+tz = AsAtz = AtAsz.

P❡❧♦ ▲❡♠❛ ✷✳✹✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦ ♦♣❡r❛❞♦r As é ✉♠ ✐s♦♠♦r✜s♠♦ ✐s♦✲
♠étr✐❝♦✳ ❖✉ s❡❥❛✱ Es(Ω) é ✐s♦♠❡tr✐❝❛♠❡♥t❡ ✐s♦♠♦r❢♦ ❛ L2(Ω)✳ ❆❧é♠ ❞✐ss♦✱ ♣❡❧♦
▲❡♠❛ ✷✳✹ ♣♦❞❡♠♦s ✜①❛r s ❡ t✱ t❛✐s q✉❡ ♦ ❢✉♥❝✐♦♥❛❧

I : Et(Ω)× Es(Ω) → R

❞❛❞♦ ♣♦r

I(u, v) =

∫

Ω

AtuAsvdx−
∫

Ω

(
1

p+ 1
|v|p+1 + F (u))dx

❡stá ❜❡♠ ❞❡✜♥✐❞♦✳ ❉❡ ❢❛t♦✱ s❡ u ∈ Et(Ω) ❡ v ∈ Es(Ω) ❡♥tã♦ Atu ∈ L2(Ω) ❡
Asv ∈ L2(Ω)✳ P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r t❡♠♦s

AtuAsv ∈ L1(Ω)✱

✐st♦ é✱

∫

Ω

|AtuAsv|dx <∞✳

◆♦t❡ q✉❡✱ v ∈ Es(Ω) ⊂ Lp+1(Ω)✳ ❊♥tã♦✱

✸✻
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∫

Ω

|v|p+1dx <∞✳

◆♦t❡ t❛♠❜é♠ q✉❡ u, f ∈ C(Ω)✱ ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❋✉♥❞❛♠❡♥t❛❧ ❞♦ ❈á❧❝✉❧♦

F (s) =

∫ s

0

f(t)dt é ❞✐❢❡r❡♥❝✐á✈❡❧ ✭❡✱ ♣♦rt❛♥t♦✱ ❝♦♥tí♥✉❛✮✳ ❊♥tã♦✱

F (u) = F ◦ u ∈ C(Ω)

❡✱ ❛ss✐♠✱

∫

Ω

|F (u)|dx <∞✳

P♦rt❛♥t♦✱

I(u, v) =

∫

Ω

AtuAsvdx−
∫

Ω

(
1

p+ 1
|v|p+1 + F (u))dx <∞✱

♣❛r❛ t♦❞♦ (u, v) ∈ E✳

❋✐♥❛❧♠❡♥t❡✱ I é ❞❡ ❝❧❛ss❡ C1 ❡♠ E✱ ❝✉❥❛ ❞❡r✐✈❛❞❛ ❞❡ ●ât❡❛✉① ♥❛ ❞✐r❡çã♦
(φ, ψ) ∈ Et(Ω)× Es(Ω) é ❞❛❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✳ ❚♦♠❡♠♦s

I1(u, v) =

∫

Ω

AtuAsvdx

I2(v) =

∫

Ω

1

p+ 1
|v|p+1dx

I3(u) =

∫

Ω

F (u)dx✳

❊♥tã♦✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❞❡r✐✈❛❞❛ ❞❡ ●ât❡❛✉①✱ t❡♠♦s

I ′1(u, v)(φ, ψ) = lim
τ→0

I1((u, v) + τ(φ, ψ))− I1(u, v)

τ

= lim
τ→0

∫

Ω
At(u+ τφ)As(v + τψ)dx−

∫

Ω
AtuAsvdx

τ
.

❯s❛♥❞♦ ❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❡ At ❡ As✱ ♦❜t❡♠♦s✿

I ′1(u, v)(φ, ψ) = lim
τ→0

τ
∫

Ω
AtuAsψdx+ τ

∫

Ω
AtφAsvdx+ τ 2

∫

Ω
AtφAsψdx

τ

I ′1(u, v)(φ, ψ) = lim
τ→0

∫

Ω

AtuAsψdx+

∫

Ω

AtφAsvdx+ τ

∫

Ω

AtφAsψdx

I ′1(u, v)(φ, ψ) =

∫

Ω

AtuAsψdx+

∫

Ω

AtφAsvdx.

❆♥❛❧♦❣❛♠❡♥t❡✱

✸✼
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I ′3(u)φ = lim
τ→0

I3(u+ τφ)− I3(u)

τ

I ′3(u)φ = lim
τ→0

∫

Ω
F (u+ τφ)dx−

∫

Ω
F (u)dx

τ

I ′3(u)φ = lim
τ→0

∫

Ω

(

∫ 1

0
d
dh
(F (u+ hτφdh)

)

dx

τ

I ′3(u)φ = lim
τ→0

∫

Ω

(

∫ 1

0
(F ′(u+ hτφ)τφ)dh

)

dx

τ

I ′3(u)φ =

∫

Ω

(

φ

∫ 1

0

F ′(u)dh

)

dx

I ′3(u)φ =

∫

Ω

F ′(u)φdx =

∫

Ω

f(u)φdx.

❆❣♦r❛✱ t♦♠❛♥❞♦

G(v) = 1
p+1

|v|p+1 t❡♠♦s q✉❡ G′(v) = |v|p−1v✳

❊♥tã♦✱

I ′2(v)ψ =

∫

Ω

G′(v)ψdx =

∫

Ω

|v|p−1vψdx✳

❆ss✐♠✱ ❛ ❞❡r✐✈❛❞❛ ❞❡ I ♥❛ ❞✐r❡çã♦ (φ, ψ) ∈ E é ❞❛❞❛ ♣♦r

I ′(u, v)(φ, ψ) =

∫

Ω

(AtuAsψ + AtφAsv)dx−
∫

Ω

|v|p−1vψdx−
∫

Ω

f(u)φdx.

✷✳✶✳✸ ❊①✐stê♥❝✐❛ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ♥ã♦ tr✐✈✐❛✐s

◆❡st❛ s✉❜s❡çã♦✱ ✉t✐❧✐③❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞❡✈✐❞♦ ❛ ▲✐ ❡ ❲✐❧❧❡♠ ❬✶✺❪ ♣❛r❛
♦❜t❡r ♣♦♥t♦s ❝rít✐❝♦s ♥ã♦ tr✐✈✐❛✐s ❞♦ ❢✉♥❝✐♦♥❛❧ I✳

❚❡♦r❡♠❛ ✷✳✻ ✭▲✐ ❡ ❲✐❧❧❡♠✱ ✶✾✾✺✮✳ ❙❡❥❛ Φ : E → R ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ❝❧❛ss❡ C1 ❡
E = E+ ⊕E−✱ ♦♥❞❡ E+ ❡ E− sã♦ s✉❜❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ s❛t✐s❢❛③❡♥❞♦✿

❆✶✮ Φ t❡♠ ✉♠ ❡♥tr❡❧❛ç❛♠❡♥t♦ ❧♦❝❛❧ ♥❛ ♦r✐❣❡♠✱ ✐st♦ é✱ ♣❛r❛ ❛❧❣✉♠ r > 0✿

Φ(z) ≥ 0✱ ∀z ∈ E+✱ ‖z‖E ≤ r

❡

Φ(z) ≤ 0✱ ∀z ∈ E−✱ ‖z‖E ≤ r❀

✸✽
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❆✷✮ Φ ❧❡✈❛ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s ❡♠ ❝♦♥❥✉♥t♦s ❧✐♠✐t❛❞♦s❀

❆✸✮ ❙❡❥❛ E+
n ✉♠ s✉❜❡s♣❛ç♦ n✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ E+✱ ❡♥tã♦ Φ(z) → −∞ s❡ ‖z‖ →

+∞✱ z ∈ E+
n ⊕ E−❀

❆✹✮ Φ s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ✭P❙✮✳

❊♥tã♦ Φ t❡♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♥ã♦ tr✐✈✐❛❧✳

❱❛♠♦s ✈❡r✐✜❝❛r q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ I ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✶✮ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦
t❡♦r❡♠❛ ❛❝✐♠❛✳

❱✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ q✉❡ I é ✉♠ ❢✉♥❝✐♦♥❛❧ ❞❡ ❝❧❛ss❡ C1 ❡♠ E = Et(Ω)×Es(Ω)✱
♦♥❞❡ t ❡ s ❢♦r❛♠ ♦❜t✐❞♦s ♥♦ ▲❡♠❛ ✷✳✹✳ ❈♦♥s✐❞❡r❡♠♦s ♦s s❡❣✉✐♥t❡s s✉❜❡s♣❛ç♦s ❞❡
E✿

E+ = {(u,A−sAtu) : u ∈ Et(Ω)} ❡ E− = {(u,−A−sAtu) : u ∈ Et(Ω)}✳

❆✜r♠❛♠♦s q✉❡ E = E+ ⊕ E−✳ ❉❡ ❢❛t♦✱ t❡♠♦s q✉❡ E+ + E− ⊂ E✳ ❆❣♦r❛✱ s❡❥❛
(u, v) ∈ E = Et(Ω)×Es(Ω)✳ ❊♥tã♦✱ Atu,Asv ∈ L2(Ω)✳ ▲♦❣♦✱ A−sAtu ∈ Es(Ω) ❡
A−tAsv ∈ Et(Ω)✳ ❆ss✐♠✱

(

u
2
+ A−tAs v

2
, A−sAt

(

u
2
+ A−tAs v

2

))

=
(

u
2
+ A−tAsv

2
, A−sAt u

2
+ v

2

)

∈ E+

❡

(

u
2
− A−tAs v

2
,−A−sAt

(

u
2
− A−tAs v

2

))

=
(

u
2
− A−tAsv

2
,−A−sAt u

2
+ v

2

)

∈ E−✳

▲♦❣♦✱

(

u
2
+ A−tAsv

2
, A−sAt u

2
+ v

2

)

+
(

u
2
− A−tAsv

2
,−A−sAt u

2
+ v

2

)

= (u, v)✳

❆ss✐♠✱ E ⊂ E+ + E−✳ P♦rt❛♥t♦✱ E = E+ + E−✳

❙✉♣♦♥❤❛ q✉❡ E+ ∩ E− 6= {0}✳ ❊♥tã♦✱ ❡①✐st❡ z ∈ E+ ∩ E− ❝♦♠ z 6= 0✳ ▲♦❣♦✱

z ∈ E+ ⇒ z = (u1, A
−sAtu1) ♣❛r❛ ❛❧❣✉♠ u1 ∈ Et(Ω)

❡

z ∈ E− ⇒ z = (u2,−A−sAtu2) ♣❛r❛ ❛❧❣✉♠ u2 ∈ Et(Ω)✳

❊♥tã♦✱

✸✾
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(u1, A
−sAtu1) = (u2,−A−sAtu2)✳

❆ss✐♠✱ u1 = u2 ❡ A−sAtu1 = −A−sAtu2✳ ▲♦❣♦✱ 2A
−sAtu1 = 0✳ ❉❡ ♦♥❞❡ ♦❜t❡♠♦s

u1 = 0 = u2✱ ✐st♦ é✱ z = 0✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❤✐♣ót❡s❡✳ P♦rt❛♥t♦✱ E = E+ ⊕ E−✳

A1) ❈♦♥s✐❞❡r❡ z = (u,A−sAtu) ∈ E+✳ ▲♦❣♦✱

‖(u,A−sAtu)‖2E = ‖u‖2Et + ‖A−sAtu‖2Es = ‖u‖2Et + ‖Atu‖2L2 .

❆ss✐♠✱

‖(u,A−sAtu)‖E =
√
2‖u‖Et .

❉❛í✱ ♦❜t❡♠♦s q✉❡

I(u,A−sAtu) =

∫

Ω

AtuAs(A−sAtu)dx−
∫

Ω

(
1

p+ 1
|A−sAtu|p+1 + F (u))dx

=

∫

Ω

|Atu|2dx− 1

p+ 1

∫

Ω

|A−sAtu|p+1dx−
∫

Ω

F (u)dx

= ‖Atu‖2L2 − 1

p+ 1
‖A−sAtu‖p+1

Lp+1 −
∫

Ω

F (u)dx.

P❡❧♦ ▲❡♠❛ ✷✳✹✱ ❡①✐st❡ C > 0 t❛❧ q✉❡

‖A−sAtu‖p+1
Lp+1 ≤ C‖A−sAtu‖p+1

Es ✳

❊♥tã♦✱

I(u,A−sAtu) ≥ ‖Atu‖2L2 − C

p+ 1
‖A−sAtu‖p+1

Es −
∫

Ω

F (u)dx

≥ ‖Atu‖2L2 − C

2
‖A−sAtu‖p+1

Es −
∫

Ω

F (u)dx

= ‖u‖2Et − C

2
‖Atu‖p+1

L2 −
∫

Ω

F (u)dx

= ‖u‖2Et − C

2
‖u‖p+1

Et −
∫

Ω

F (u)dx.

◆♦t❡ q✉❡✱

lim
a→0

|f(a)|
|a| = 0✱

✐st♦ é✱ ♣❛r❛ t♦❞♦ ǫ > 0✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡

∣

∣

∣

∣

f(a)

a

∣

∣

∣

∣

≤ ǫ,

✹✵
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s❡♠♣r❡ q✉❡ |a| < δ✳ P❡❧♦ ▲❡♠❛ ✷✳✹✱ ❡①✐st❡ C0 > 0 t❛❧ q✉❡

sup
Ω

|u| ≤ C0‖u‖Et ,

♣❛r❛ t♦❞♦ u ∈ Et(Ω)✳ ❆ss✐♠✱ s❡ ‖u‖Et < δ
C0

❡♥tã♦ |u| < δ ❡♠ Ω✳ ▲♦❣♦✱

|f(u)| ≤ ǫ|u|,

s❡♠♣r❡ q✉❡ ‖u‖Et < δ
C0
✳

P♦rt❛♥t♦✱

∣

∣

∣

∣

∫

Ω

F (u)dx

∣

∣

∣

∣

≤ C ′

2
ǫ‖u‖2Et ,

❝♦♠ C ′ > 0✱ s❡♠♣r❡ q✉❡ ‖u‖Et < δ
C0
✳ ❆ss✐♠✱

I(u,A−sAtu) ≥ ‖u‖2Et − C
2
‖u‖p+1

Et −
∫

Ω

F (u)dx ≥ ‖u‖2Et − C

2
‖u‖p+1

Et − C ′

2
ǫ‖u‖2Et ✱

s❡♠♣r❡ q✉❡ ‖u‖Et < δ
C0
✳

❚♦♠❡♠♦s ǫ < 1
C′ ✳ P♦rt❛♥t♦✱ ❡①✐st❡ r <

√
2 δ
C0

t❛❧ q✉❡ I(z) ≥ 0✱ ♣❛r❛ t♦❞♦
z ∈ E+ ❝♦♠ ‖z‖E ≤ r✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ z = (u,−A−sAtu) ∈ E−✳ ❊♥tã♦✱

I(u,−A−sAtu) =

∫

Ω

AtuAs(−A−sAtu)dx− 1

p+ 1

∫

Ω

| − A−sAtu|p+1dx−
∫

Ω

F (u)dx

= −‖Atu‖2L2 − 1

p+ 1
‖A−sAtu‖p+1

Lp+1 −
∫

Ω

F (u)dx

≤ −‖u‖2Et − 1

p+ 1
‖A−sAtu‖p+1

Lp+1 −
∫

Ω

F (u)dx.

◆♦t❡ q✉❡✱

−
∫

Ω

F (u)dx ≤
∣

∣

∣

∣

∫

Ω

F (u)dx

∣

∣

∣

∣

.

❆ss✐♠✱

I(u,−A−sAtu) ≤ −‖u‖2Et − 1

p+ 1
‖A−sAtu‖p+1

Lp+1 −
∫

Ω

F (u)dx

≤ −‖u‖2Et − 1

p+ 1
‖A−sAtu‖p+1

Lp+1 +
C ′

2
ǫ‖u‖2Et ,

s❡♠♣r❡ q✉❡ ‖u‖Et < δ
C0
✳ ❋✐♥❛❧♠❡♥t❡✱ t♦♠❛♥❞♦ ǫ < 1

C′ ✱ ❡①✐st❡ r <
√
2 δ
C0

t❛❧ q✉❡
I(z) ≤ 0✱ ♣❛r❛ t♦❞♦ z ∈ E− ❝♦♠ ‖z‖E ≤ r✳

A2) ❙❡❥❛ B ⊂ Et(Ω)× Es(Ω) ✉♠ ❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦✱ ✐st♦ é✿

✹✶



✹✷

‖(u, v)‖E ≤ c ♣❛r❛ t♦❞♦ (u, v) ∈ B✳

▲♦❣♦✱

‖(u, v)‖2E = ‖u‖2Et + ‖v‖2Es ≤ c2 ♣❛r❛ t♦❞♦ (u, v) ∈ B✳

❆ss✐♠✱

‖u‖Et ≤ c, ‖v‖Es ≤ c ♣❛r❛ t♦❞♦ (u, v) ∈ B.

▼♦str❡♠♦s q✉❡ I(B) é ❧✐♠✐t❛❞♦✳

❉❛❞♦ (u, v) ∈ B✱ t❡♠♦s q✉❡

|I(u, v)| =

∣

∣

∣

∣

∫

Ω

AtuAsvdx− 1

p+ 1

∫

Ω

|v|p+1dx−
∫

Ω

F (u)dx

∣

∣

∣

∣

≤
∫

Ω

|AtuAsv|dx+ 1

p+ 1

∫

Ω

|v|p+1dx+

∫

Ω

|F (u)|dx.

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❡ ❝♦♠♦ p+ 1 > 2✱ t❡♠♦s q✉❡

|I(u, v)| ≤
∫

Ω

|AtuAsv|dx+ 1

2

∫

Ω

|v|p+1dx+

∫

Ω

|F (u)|dx

≤ ‖Atu‖L2‖Asv‖L2 + ‖v‖p+1
Lp+1 +

∫

Ω

|F (u)|dx

≤ ‖u‖Et‖v‖Es + C‖v‖p+1
Es + sup

x∈Ω
|F (u(x))||Ω|

≤ c2 + Ccp+1 + sup
x∈Ω

|F (u(x))||Ω| = C.

A3) ❙❡❥❛ zk = z+k + z−k ∈ E+
n ⊕ E− ✉♠❛ s❡q✉ê♥❝✐❛✱ t❛❧ q✉❡ ‖zk‖E → +∞✳

◆♦t❡ q✉❡✱ zk ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦✿

zk = (uk, A
−sAtuk) + (wk,−A−sAtwk) = (uk + wk, A

−sAt(uk − wk))✱

❝♦♠ uk ∈ Et
n ❡ wk ∈ Et(Ω)✱ ♦♥❞❡ Et

n é ✉♠ s✉❜❡s♣❛ç♦ n✲❞✐♠❡♥s✐♦♥❛❧ ❞❡ Et(Ω)✳
❆ss✐♠✱ ♦ ❢✉♥❝✐♦♥❛❧ I ❛♣❧✐❝❛❞♦ ❡♠ zk✱ t♦♠❛ ❛ s❡❣✉✐♥t❡ ❢♦r♠❛

I(zk) =

∫

Ω

At(uk + wk)A
t(uk − wk)dx

−
∫

Ω

(

1

p+ 1
|A−sAt(uk − wk)|p+1 + F (uk + wk)

)

dx

✹✷



✹✸

I(zk) =

∫

Ω

(Atuk + Atwk)(A
tuk − Atwk)dx

− 1

p+ 1
‖A−sAt(uk − wk)‖p+1

Lp+1 −
∫

Ω

F (uk + wk)dx

=

∫

Ω

|Atuk|2dx−
∫

Ω

|Atwk|2dx

− 1

p+ 1
‖A−sAt(uk − wk)‖p+1

Lp+1 −
∫

Ω

F (uk + wk)dx

= ‖Atuk‖2L2 − ‖Atwk‖2L2

− 1

p+ 1
‖A−sAt(uk − wk)‖p+1

Lp+1 −
∫

Ω

F (uk + wk)dx

= ‖uk‖2Et − ‖wk‖2Et − 1

p+ 1
‖A−sAt(uk − wk)‖p+1

Lp+1 −
∫

Ω

F (uk + wk)dx.

◆♦t❡ q✉❡✱ ♣❡❧❛ ❧❡✐ ❞♦ ♣❛r❛❧❡❧♦❣r❛♠♦✱

‖zk‖2E = ‖uk + wk‖2Et + ‖A−sAt(uk − wk)‖2Es

= ‖uk + wk‖2Et + ‖At(uk − wk)‖2L2

= ‖uk + wk‖2Et + ‖(uk − wk)‖2Et

= 2(‖uk‖2Et + ‖wk‖2Et).

❉✐st♦✱ t❡♠♦s q✉❡

‖zk‖E → +∞ ⇐⇒ ‖uk‖2Et + ‖wk‖2Et → +∞.

❆❣♦r❛✱ s❡

✶✮ ‖uk‖Et ≤ c ❡♥tã♦✱ ‖wk‖2Et → +∞✳ ❉❛í✱ −‖wk‖2Et → −∞✳

❆ss✐♠✱

I(zk) → −∞✳

✷✮ ‖uk‖Et → +∞✱ ❡♥tã♦ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ t− s > 0 ❡ p > 1✱ t❡♠♦s q✉❡

∫

Ω

|At−s(uk − wk)|p+1dx ≥ c‖A−sAt(uk − wk)‖p+1
L2

= c‖(uk − wk)‖p+1
Et−s

≥ c1‖(uk − wk)‖p+1
L2 .

❡ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✾✹✱ t❡♠♦s q✉❡

∫

Ω

F (uk + wk)dx ≥ c2‖uk + wk‖θL2 − d. ✭✷✳✷✮

✹✸



✹✹

❆❣♦r❛✱ ✈❛♠♦s ❞✐✈✐❞✐r ♦ r❡st❛♥t❡ ❞❛ ♣r♦✈❛ ❡♠ ❞♦✐s ❝❛s♦s✿

✶✮ p+ 1 ≤ θ✳ ◆❡st❡ ❝❛s♦✱ ♣❡❧❛ ❤✐♣ót❡s❡ ✷✭❛✮ ❞♦ ❚❡♦r❡♠❛ ✵✳✸✱ ♦❜t❡♠♦s

0 < (p+ 1)F (s) ≤ θF (s) ≤ f(s)s

♣❛r❛ t♦❞♦ |s| ≥ s0. ❆ss✐♠✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✾✹✱ t❡♠♦s q✉❡

∫

Ω

F (uk + wk)dx ≥ c2‖uk + wk‖p+1
L2 − d

❡✱ ♣♦rt❛♥t♦✱ ♦❜t❡♠♦s

I(zk) ≤ ‖uk‖2Et − c3(‖uk − wk‖p+1
L2 + ‖uk + wk‖p+1

L2 ) + d

♦♥❞❡ c3 = min{c1, c2}✳
❖❜s❡r✈❡ q✉❡

(a+ b)p ≤ 2p−1(ap + bp), ∀ p ≥ 1. ✭✷✳✸✮

❆ss✐♠✱

I(zk) ≤ ‖uk‖2Et − c3
1

2p
(‖uk − wk‖L2 + ‖uk + wk‖L2)p+1 + d.

◆♦t❡ q✉❡✱

‖uk‖L2 ≤ 2‖uk‖L2 = ‖2uk‖L2 = ‖uk + wk + uk − wk‖L2

≤ ‖uk + wk‖L2 + ‖uk − wk‖L2 . ✭✷✳✹✮

❉❛í✱

I(zk) ≤ ‖uk‖2Et − c3
1

2p
‖uk‖p+1

L2 + d.

❈♦♠♦ ❡♠ Et
n ❛s ♥♦r♠❛s ‖uk‖Et ❡ ‖uk‖L2 sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ❝♦♥❝❧✉í♠♦s q✉❡

I(zk) → −∞✳

✷✮ p + 1 > θ✳ P❡❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❛s ♥♦r♠❛s✱ t❡♠♦s q✉❡ ‖uk‖L2 → +∞✳
▲♦❣♦✱ ♣♦r (2.4)✱ ‖uk + wk‖L2 + ‖uk − wk‖L2 → +∞✳ ❊♥tã♦ t❡♠♦s ✷ ❝❛s♦s✿

✭❛✮ ‖uk − wk‖L2 → +∞✳ ❊♥tã♦ ❡①✐st❡ k0 > 0 t❛❧ q✉❡✱ ❛ ♠❡♥♦s ❞❡ s✉❜✲
s❡q✉ê♥❝✐❛✱ ‖uk − wk‖L2 ≥ 1 ♣❛r❛ t♦❞♦ k ≥ k0✳ ▲♦❣♦

∫

Ω

|At−s(uk − wk)|p+1dx ≥ c1‖(uk − wk)‖p+1
L2

≥ c1‖(uk − wk)‖θL2 .

❆ss✐♠✱ ✉s❛♥❞♦ (2.2)✱ t❡♠♦s q✉❡

I(zk) ≤ ‖uk‖2Et − c3(‖uk − wk‖θL2 + ‖uk + wk‖θL2) + d.

✹✹



✹✺

P♦rt❛♥t♦✱ I(zk) → −∞✳

✭❜✮ ❆ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛ ‖uk − wk‖L2 ≤ c ♣❛r❛ t♦❞♦ k✳

◆❡st❡ ❝❛s♦✱ ✉s❛♥❞♦ q✉❡

∫

Ω

|At−s(uk − wk)|p+1dx ≥ c1‖(uk − wk)‖p+1
L2

❡ ♣♦r (2.2)✱ t❡♠♦s q✉❡

I(zk) ≤ ‖uk‖2Et − c3(‖uk − wk‖p+1
L2 + ‖uk + wk‖θL2) + d

≤ ‖uk‖2Et − c3‖uk + wk‖θL2 + d.

◆♦t❡ q✉❡✱ ♣♦r (2.4)✱ t❡♠♦s q✉❡

‖uk‖L2 ≤ ‖uk + wk‖L2 + c.

❆ss✐♠✱ ✉s❛♥❞♦ (2.3)✱ ♦❜t❡♠♦s q✉❡

‖uk‖θL2 ≤ (‖uk + wk‖L2 + c)θ

≤ 2θ−1(‖uk + wk‖θL2 + cθ).

❉❛í✱

I(zk) ≤ ‖uk‖2Et − c3
1

2θ−1
‖uk‖θL2 + c4 + d

♦♥❞❡ c4 = c3c
θ✳

❈♦♠♦ θ > 2 ❡ ♣❡❧❛ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❛s ♥♦r♠❛s ♥♦ ❡s♣❛ç♦ ❞❡ ❞✐♠❡♥sã♦
✜♥✐t❛ Et

n✱ ❝♦♥❝❧✉í♠♦s q✉❡ I(zk) → −∞✳

A4) ❙❡❥❛ (zn)n∈N ⊂ E ✉♠❛ s❡q✉ê♥❝✐❛ ✭P❙✮✱ ✐st♦ é✱

|I(zn)| ≤ c, ❡ |I ′(zn)η| ≤ ǫn‖η‖E, ∀η ∈ E, ❡ ǫn → 0. ✭✷✳✺✮

▼♦str❛r❡♠♦s ♣r✐♠❡✐r♦ ♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

▲❡♠❛ ✷✳✼✳ ❆ s❡q✉ê♥❝✐❛ ✭P❙✮ (zn)n∈N é ❧✐♠✐t❛❞❛ ❡♠ E✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ✭✷✳✺✮ t❡♠♦s ♣❛r❛ zn = (un, vn)

I(un, vn) =

∫

Ω

AtunA
svndx−

1

p+ 1

∫

Ω

|vn|p+1dx−
∫

Ω

F (un)dx ≤ c

❡

I ′(un, vn)(φ, ψ) =

∫

Ω

(AtunA
sψ + AtφAsvn)dx−

∫

Ω

|vn|p−1vnψdx−
∫

Ω

f(un)φdx

≤ ǫn‖(φ, ψ)‖E, ✭✷✳✻✮

✹✺



✹✻

♣❛r❛ t♦❞♦ (φ, ψ) ∈ E. ❚♦♠❛♥❞♦ (φ, ψ) = (un, vn) ∈ Et(Ω)× Es(Ω) t❡♠♦s q✉❡

I ′(un, vn)(un, vn) = 2

∫

Ω

AtunA
svndx−

∫

Ω

|vn|p+1dx−
∫

Ω

f(un)undx

≤ ǫn‖(un, vn)‖E.

❙✉❜tr❛✐♥❞♦ I ′(un, vn)(un, vn) ❞❡ 2I(un, vn) s❡❣✉❡ q✉❡

(

1− 2

p+ 1

)
∫

Ω

|vn|p+1dx− 2

∫

Ω

F (un)dx+

∫

Ω

f(uu)undx ≤ 2c+ ǫn‖(un, vn)‖E.✭✷✳✼✮

Pr♦❝❡❞❡♠♦s ❛❣♦r❛ ❛ ❢❛③❡r ❛ s❡❣✉✐♥t❡ ❞❡❝♦♠♣♦s✐çã♦

∫

Ω

F (un)dx =

∫

{x∈Ω:|un|>s0}

F (un)dx+

∫

{x∈Ω:|un|≤s0}

F (un)dx.

❆❣♦r❛✱ ✈❛♠♦s ❛♥❛❧✐s❛r ❛s ❞✉❛s ✐♥t❡❣r❛✐s✱ s❡♣❛r❛❞❛♠❡♥t❡✳

P❛r❛ ❛ ♣r✐♠❡✐r❛ ✐♥t❡❣r❛❧✱ t❡♠♦s q✉❡

∫

{x∈Ω:|un|>s0}

F (un)dx ≤ 1

θ

∫

{x∈Ω:|un|>s0}

f(un)undx.

▲♦❣♦✱

−2

∫

{x∈Ω:|un|>s0}

F (un)dx ≥ −2

θ

∫

{x∈Ω:|un|>s0}

f(un)undx.

P❛r❛ ❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧✱ ✉s❛♥❞♦ ♦ ❢❛t♦ q✉❡ F é ❝♦♥tí♥✉❛ ❡ Ω é ❧✐♠✐t❛❞♦✱
♦❜t❡♠♦s

2

∫

{x∈Ω:|un|≤s0}

F (un)dx ≤ 2

∫

{x∈Ω:|un|≤s0}

max
|t|≤s0

F (t)dx

= 2max
|t|≤s0

F (t)

(
∫

{x∈Ω:|un|≤s0}

dx

)

= 2max
|t|≤s0

F (t) (m({x ∈ Ω : |un| ≤ s0})) = c1.

❊♥tã♦✱

2

∫

{x∈Ω:|un|≤s0}

F (un)dx ≤ c1,

✐st♦ é✱

−2

∫

{x∈Ω:|un|≤s0}

F (un)dx ≥ −c1.

✹✻



✹✼

❙❡❣✉❡ ❞✐st♦ q✉❡

−2

∫

Ω

F (un)dx ≥ −2

θ

∫

{x∈Ω:|un|>s0}

f(un)undx− c1.

❊♥tã♦✱ ❞❡ ✭✷✳✼✮✱ t❡♠♦s q✉❡

(

1− 2

p+1

)

∫

Ω

|vn|p+1dx− 2

θ

∫

{x∈Ω:|un|>s0}

f(un)undx−c1+

∫

Ω

f(un)undx ≤ 2c+ǫn‖(un, vn)‖E ✳

◆♦t❡ q✉❡✱

∫

Ω

f(un)undx =

∫

{x∈Ω:|un|>s0}

f(un)undx+

∫

{x∈Ω:|un|≤s0}

f(un)undx.

❊♥tã♦✱ ❡①✐st❡ C0 > 0 t❛❧ q✉❡

(

1− 2

p+ 1

)
∫

Ω

|vn|p+1dx+

(

1− 2

θ

)
∫

Ω

f(un)undx ≤ C0 + ǫn‖(un, vn)‖E✳

❋❛③❡♥❞♦ k1 = 1− 2
θ
> 0 ❡ k2 = 1− 2

p+1
> 0✱ t❡♠♦s q✉❡

∫

Ω

f(un)undx ≤ 1

k1
(C0 + ǫn‖(un, vn)‖E) ✭✷✳✽✮

❡
∫

Ω

|vn|p+1dx ≤ 1

k2
(C0 + ǫn‖(un, vn)‖E). ✭✷✳✾✮

❆❣♦r❛✱ t♦♠❛♥❞♦ (φ, ψ) = (0, A−sAtun) ∈ Et(Ω)× Es(Ω) ❡♠ ✭✷✳✺✮✱ ♦❜t❡♠♦s

I ′(un, vn)(0, A
−sAtun) =

∫

Ω

|Atun|2dx−
∫

Ω

|vn|p−1vnA
−sAtundx

≤ ǫn‖(0, A−sAtun)‖E.
✭✷✳✶✵✮

◆♦t❡ q✉❡✱

∫

Ω

|vn|p−1vnA
−sAtundx ≤

∫

Ω

|vn|p−1|vn‖A−sAtun|dx =

∫

Ω

|vn|p|A−sAtun|dx.

▲♦❣♦✱ ❞❡ ✭✷✳✶✵✮✱ t❡♠♦s q✉❡

‖un‖2Et = ‖Atun‖2L2 ≤
∫

Ω

|vn|p|A−sAtun|dx+ ǫn‖A−sAtun‖Es ✳

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s

‖un‖2Et ≤ ‖|vn|p‖
L

p+1
p
‖A−sAtun‖Lp+1 + ǫn‖A−sAtun‖Es .

✹✼



✹✽

❆❧é♠ ❞✐ss♦✱ ♣❡❧♦ ▲❡♠❛ ✷✳✺✱ t❡♠♦s

‖A−sAtun‖Es = ‖Atun‖L2 = ‖un‖Et .

❆❣♦r❛✱ ♣❡❧♦ ▲❡♠❛ ✷✳✹✱ Es(Ω) ❡stá ✐♠❡rs♦ ❡♠ Lp+1(Ω)✱ ✐st♦ é✱

‖A−sAtun‖Lp+1 ≤ C‖A−sAtun‖Es = C‖un‖Et ,

♣❛r❛ ❛❧❣✉♠ C > 0. ❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡

‖un‖2Et ≤ ‖|vn|p‖
L

p+1
p
‖A−sAtun‖Lp+1 + ǫn‖un‖Et

≤ C

(
∫

Ω

|vn|p+1dx

)
p

p+1

‖un‖Et + ǫn‖un‖Et .

P❡❧❛ ❡q✉❛çã♦ (2.9) t❡♠♦s

‖un‖Et ≤ C

(

1

k2

)
p

p+1

(C0 + ǫn‖(un, vn)‖E)
p

p+1 + ǫn.

❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡ C0 > 1✱ ❡ t♦♠❛♥❞♦ c2 =

C
(

1
k2

)
p

p+1
> 0✱ ♦❜t❡♠♦s

‖un‖Et ≤ c2(C0 + ǫn‖(un, vn)‖E) + ǫn. ✭✷✳✶✶✮

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ ♥♦t❡ q✉❡ A−tAsvn ∈ Et(Ω) ❡✱ ❛ss✐♠✱ t♦♠❛♥❞♦ (φ, ψ) =
(A−tAsvn, 0) ∈ Et(Ω)× Es(Ω) ❡♠ (2.5)✱ ♦❜t❡♠♦s

I ′(un, vn)(A
−tAsvn, 0) =

∫

Ω

|Asvn|2dx−
∫

Ω

f(un)A
−tAsvndx

≤ ǫn‖(A−tAsvn, 0)‖E.

▲♦❣♦✱

‖vn‖2Es = ‖Asvn‖2L2 ≤
∫

Ω

f(un)A
−tAsvndx+ ǫn‖A−tAsvn‖Et .

❈♦♠♦ Et(Ω) ❡stá ✐♠❡rs♦ ❡♠ C(Ω)✱ ❡①✐st❡ C1 > 0 t❛❧ q✉❡

‖A−tAsvn‖C ≤ C1‖A−tAsvn‖Et ,

♦♥❞❡

‖A−tAsvn‖Et = ‖Asvn‖L2 = ‖vn‖Es .

✹✽



✹✾

❆ss✐♠✱

‖vn‖2Es ≤ ‖A−tAsvn‖C
∫

Ω

|f(un)|dx+ ǫn‖vn‖Es

≤ ‖vn‖Es

(

C1

∫

Ω

|f(un)|dx+ ǫn

)

.

▲♦❣♦✱

‖vn‖Es ≤ C1

∫

Ω

|f(un)|dx+ ǫn. ✭✷✳✶✷✮

◆♦t❡ q✉❡✱

∫

Ω

|f(un)|dx =

∫

{x∈Ω:|un|≤s0}

|f(un)|dx+
∫

{x∈Ω:|un|>s0}

|f(un)|dx

≤
∫

{x∈Ω:|un|≤s0}

max
|t|≤s0

|f(t)|dx+
∫

{x∈Ω:|un|>s0}

|f(un)|dx

≤ d2 +
1

s0

∫

{x∈Ω:|un|>s0}

f(un)undx,

♣❛r❛ ❛❧❣✉♠ d2 > 0✳ ❯s❛♥❞♦ ✭✷✳✶✷✮✱ t❡♠♦s q✉❡

‖vn‖Es ≤ C1

(

d2 +
1

s0

∫

{x∈Ω:|un|>s0}

f(un)undx

)

+ ǫn.

P♦r ✭✷✳✽✮✱ ♦❜t❡♠♦s✿

‖vn‖Es ≤ C1d2 +
C1

s0

(

1

k1
(C0 + ǫn‖(un, vn)‖E)

)

+ ǫn.

❆ss✐♠✱
‖vn‖Es ≤ d3 + d4ǫn‖(un, vn)‖E + ǫn, ✭✷✳✶✸✮

♦♥❞❡ d3 = C1d2 +
C1C0

s0k1
❡ d4 =

C1

s0k1
sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s✳

❆❣♦r❛✱ s♦♠❛♥❞♦ ✭✷✳✶✶✮ ❡ ✭✷✳✶✸✮✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡✿

‖un‖Et + ‖vn‖Es ≤ c2(C0 + ǫn‖(un, vn)‖E) + ǫn + d3 + d4ǫn‖(un, vn)‖E + ǫn

≤ C + 2ǫn +Dǫn‖(un, vn)‖E ,

♦♥❞❡ C = c2C0 + d3 ❡ D = c2 + d4✳ ❈♦♠♦

‖(un, vn)‖2E = ‖un‖2Et + ‖vn‖2Es ≤ (‖un‖Et + ‖vn‖Es)2,

✹✾



✺✵

t❡♠♦s q✉❡

‖(un, vn)‖E ≤ ‖un‖Et + ‖vn‖Es ≤ C + 2ǫn +Dǫn‖(un, vn)‖E
⇒ ‖(un, vn)‖E −Dǫn‖(un, vn)‖E ≤ C + 2ǫn

⇒ ‖(un, vn)‖E ≤ C + 2ǫn
1−Dǫn

.

P♦rt❛♥t♦✱ ❛ s❡q✉ê♥❝✐❛ (zn)n∈N é ❧✐♠✐t❛❞❛ ❡♠ E✳

❈♦♥t✐♥✉❛♥❞♦ ❛ ✈❡r✐✜❝❛çã♦ ❞❛ ❝♦♥❞✐çã♦ A4✮ ❞♦ ❚❡♦r❡♠❛ ✷✳✻✱ r❡st❛ ♠♦str❛r q✉❡
(zn)n∈N ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ ❡♠ E✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ zn =
(un, vn)✳ ❈♦♠♦ Et(Ω) é r❡✢❡①✐✈♦✱ ♣♦✐s é ✉♠ ❢❡❝❤❛❞♦ ♥♦ ❡s♣❛ç♦ r❡✢❡①✐✈♦ H t(Ω) =
W t,2(Ω)✱ ❡ ‖un‖Et é ❧✐♠✐t❛❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✶✱ t❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛ (un)

∞
n=1

♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unk
)∞k=1 ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✱ ❞✐❣❛♠♦s unk

⇀ u ❡♠
Et(Ω)✳

❈♦♠♦ ❛s ❛♣❧✐❝❛çõ❡s

At : Et(Ω) → L2(Ω) ❡ A−s : L2(Ω) → Es(Ω)

sã♦ ✐s♦♠♦r✜s♠♦s ✐s♦♠étr✐❝♦s✱ t❡♠♦s q✉❡

At : (Et(Ω), σ(Et(Ω), (Et(Ω))′)) → (L2(Ω), σ(L2(Ω), L2(Ω)))

❡

A−s : (L2(Ω), σ(L2(Ω), L2(Ω))) → (Es(Ω), σ(Et(Ω), (Et(Ω))′))

sã♦ ❢r❛❝❛♠❡♥t❡ ❝♦♥tí♥✉♦s✳ ❆ss✐♠✱

At(unk
− u)⇀ 0 ❡♠ L2(Ω)

❡

A−sAt(unk
− u)⇀ 0 ❡♠ Es(Ω).

❈♦♠♦ Es(Ω) →֒→ Lp+1(Ω) ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✸✱ ❝♦♥❝❧✉í♠♦s q✉❡

A−sAt(unk
− u) → 0 ❡♠ Lp+1(Ω).

❙✐♠✐❧❛r♠❡♥t❡✱ ❝♦♠♦ Es(Ω) é r❡✢❡①✐✈♦ ❡ ‖vn‖Es(Ω) é ❧✐♠✐t❛❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛
✶✳✷✶ ❛ s❡q✉ê♥❝✐❛ (vn)

∞
n=1 ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (vnk

)∞k=1 ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r✲
❣❡♥t❡✱ ❞✐❣❛♠♦s vnk

⇀ v ❡♠ Es(Ω)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✸✱ t❡♠♦s q✉❡ vnk
→ v ❡♠

Lp+1(Ω)✳

▲♦❣♦✱

✺✵



✺✶

|vnk
|p−1vnk

→ |v|p−1v ❡♠ L
p+1
p (Ω).

❊s❝♦❧❤❡♥❞♦ (φ, ψ) = (0, A−sAt(unk
− u)) ∈ Et(Ω)× Es(Ω) ❡♠ ✭✷✳✻✮✱ ♦❜t❡♠♦s

∫

Ω

Atunk
At(unk

− u)dx ≤
∫

Ω

|vnk
|p−1vnk

(A−sAt(unk
− u))dx+ ǫnk

‖A−sAt(unk
− u)‖Es

≤
∫

Ω

|vnk
|p−1|vnk

‖A−sAt(unk
− u)|dx+ ǫnk

‖A−sAt(unk
− u)‖Es

≤
∫

Ω

|vnk
|p|A−sAt(unk

− u)|dx+ ǫnk
‖A−sAt(unk

− u)‖Es .

❈♦♠♦ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❝♦♥✈❡r❣❡ ♣❛r❛ 0✱ t❡♠♦s q✉❡

∫

Ω

Atunk
At(unk

− u)dx → 0.

❆ss✐♠✱

∫

Ω

Atunk
(Atunk

− Atu)dx =

∫

Ω

|Atunk
|2dx−

∫

Ω

Atunk
Atudx→ 0. ✭✷✳✶✹✮

P♦r ♦✉tr♦ ❧❛❞♦✱ s❛❜❡♠♦s q✉❡ Atunk
⇀ Atu ❡♠ L2(Ω) ❡✱ ✉s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦

✶✳✶✻✱ s❡❣✉❡ q✉❡ ϕ(Atunk
) → ϕ(Atu)✱ ♣❛r❛ t♦❞♦ ϕ ∈ (L2(Ω))′✳ ❉❛í✱ ✉s❛♥❞♦ ♦

❚❡♦r❡♠❛ ❞❡ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ✶✳✸✹✱ t❡♠♦s q✉❡

∫

Ω

Atunk
fdx→

∫

Ω

Atufdx, ∀f ∈ L2(Ω).

❊♠ ♣❛rt✐❝✉❧❛r✱ t♦♠❛♥❞♦ f = Atu t❡♠♦s✿

∫

Ω

Atunk
Atudx→

∫

Ω

|Atu|2dx. ✭✷✳✶✺✮

❯s❛♥❞♦ ✭✷✳✶✹✮❡ ✭✷✳✶✺✮✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❝♦♥✈❡r❣ê♥❝✐❛

∫

Ω
|Atunk

|2dx =

∫

Ω
|Atunk

|2dx−
∫

Ω
Atunk

Atudx+

∫

Ω
Atunk

Atudx →
∫

Ω
|Atu|2dx.

▲♦❣♦✱

‖Atunk
‖2L2 → ‖Atu‖2L2 ,

✐st♦ é✱

‖unk
‖Et → ‖u‖Et .

✺✶



✺✷

❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✵✱ ❝♦♥❝❧✉í♠♦s q✉❡ unk
→ u ❡♠ Et(Ω)✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ♦❜t❡♠♦s ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢♦rt❡ ❞❡ (vnk
)∞k=1 ❡♠ Es(Ω)✳ ❈♦♠♦

As : Es(Ω) → L2(Ω) e A−t : L2(Ω) → Et(Ω)

sã♦ ✐s♦♠♦r✜s♠♦s ✐s♦♠étr✐❝♦s✱ t❡♠♦s q✉❡

As : (Es(Ω), σ(Es(Ω), (Es(Ω))′)) → (L2(Ω), σ(L2(Ω), L2(Ω)))

❡

A−t : (L2(Ω), σ(L2(Ω), L2(Ω))) → (Et(Ω), σ(Et(Ω), (Et(Ω))′))

sã♦ ❢r❛❝❛♠❡♥t❡ ❝♦♥tí♥✉♦s✳ ❆ss✐♠✱ A−tAs(vnk
− v)⇀ 0 ❡♠ Et(Ω)✱ ♦✉ s❡❥❛✱

A−tAsvnk
⇀ A−tAsv ❡♠ Et(Ω)✳

❆❣♦r❛✱ ❝♦♠♦ Et(Ω) →֒→ C(Ω) ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✸✱ ❝♦♥❝❧✉í♠♦s q✉❡

A−tAs(vnk
− v) → 0 ❡♠ C(Ω).

❊s❝♦❧❤❡♥❞♦ (φ, ψ) = (A−tAs(vnk
− v), 0) ❡♠ ✭✷✳✻✮✱ ♦❜t❡♠♦s

∫

Ω

As(vnk
− v)Asvnk

dx−
∫

Ω

f(unk
)A−tAs(vnk

− v)dx ≤ ǫnk
‖A−tAs(vnk

− v)‖Et .

❉❛í✱

∫

Ω

As(vnk
− v)Asvnk

dx ≤
∫

Ω

f(unk
)A−tAs(vnk

− v)dx+ ǫnk
‖A−tAs(vnk

− v)‖Et .

❈♦♠♦ ‖A−tAs(vnk
− v)‖C → 0 s❡❣✉❡ q✉❡

∫

Ω

f(unk
)A−tAs(vnk

− v)dx ≤ ‖A−tAs(vnk
− v)‖C

∫

Ω

|f(unk
)|dx→ 0.

❊♥tã♦✱

∫

Ω

|Asvnk
|2dx−

∫

Ω

Asvnk
Asvdx =

∫

Ω

As(vnk
− v)Asvnk

dx→ 0.

◆♦t❡ q✉❡✱ vnk
⇀ v ❡♠ Es(Ω) ✐♠♣❧✐❝❛ q✉❡ Asvnk

⇀ Asv ❡♠ L2(Ω)✳ ❆ss✐♠✱
♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✻ t❡♠♦s

ϕ(Asvnk
) → ϕ(Asv); ∀ϕ ∈ (L2(Ω))′.

✺✷



✺✸

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③ ✶✳✸✹✱ t❡♠♦s

∫

Ω

Asvnk
gdx→

∫

Ω

Asvgdx; ∀g ∈ L2(Ω).

❊♠ ♣❛rt✐❝✉❧❛r✱ t♦♠❛♥❞♦ g = Asv ♦❜t❡♠♦s

∫

Ω

Asvnk
Asvdx→

∫

Ω

|Asv|2dx.

▲♦❣♦✱
∫

Ω
|Asvnk

|2dx =

∫

Ω
|Asvnk

|2dx−
∫

Ω
AsvAsvnk

dx+

∫

Ω
AsvAsvnk

dx →
∫

Ω
|Asv|2dx.

❊♥tã♦✱

‖Asvnk
‖2L2 → ‖Asv‖2L2 ✳

P❡❧♦ ▲❡♠❛ ✷✳✺✱ ‖vnk
‖2Es → ‖v‖2Es ✳ ❆ss✐♠✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✵✱ vnk

→ v ❡♠
Es(Ω)✳

P♦rt❛♥t♦✱

znk
= (unk

, vnk
) → (u, v) = z ❡♠ E = Et(Ω)× Es(Ω).

▲♦❣♦✱ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✻ ❡stã♦ s❛t✐s❢❡✐t❛s✳ ❆ss✐♠✱ ♦❜t❡♠♦s ✉♠ ♣♦♥t♦
❝rít✐❝♦ ♥ã♦ tr✐✈✐❛❧ (u, v) ♣❛r❛ ♦ ❢✉♥❝✐♦♥❛❧ I✳

✷✳✶✳✹ ❙♦❧✉çã♦ ❢r❛❝❛

◆❡st❛ s✉❜s❡çã♦✱ ♣r♦✈❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ♦
s✐st❡♠❛ ✭✶✮✳

❉❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✸✿ ❙❡❥❛ (u, v) ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞♦ ❢✉♥❝✐♦✲
♥❛❧ I✱ ✐st♦ é✱

I ′(u, v)(ψ, φ) = 0✱ ∀(ψ, φ) ∈ Et(Ω)× Es(Ω).

▲♦❣♦✱

0 =

∫

Ω

AtuAsφdx+

∫

Ω

AtψAsvdx−
∫

Ω

|v|p−1vφdx−
∫

Ω

f(u)ψdx,

✺✸



✺✹

♣❛r❛ t♦❞♦ (ψ, φ) ∈ Et(Ω) × Es(Ω)✳ ❚♦♠❛♥❞♦ (ψ, 0), (0, φ) ∈ Et(Ω) × Es(Ω)✱
♦❜t❡♠♦s



















∫

Ω

AtuAsφdx =

∫

Ω

|v|p−1vφdx, ∀ φ ∈ Es(Ω)

∫

Ω

AtψAsvdx =

∫

Ω

f(u)ψdx, ∀ ψ ∈ Et(Ω)

✭✷✳✶✻✮

❈♦♥s✐❞❡r❡♠♦s ❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❞❡ (2.16)✳

❙❡❥❛ φ ∈ H2(Ω) ∩H1
0 (Ω) ⊂ Es(Ω) t❛❧ q✉❡ u =

+∞
∑

n=1

anen ❡ φ =
+∞
∑

n=1

bnen✳ ▲♦❣♦✱

Atu =
+∞
∑

n=1

λ
t
2
nanen,

Asφ =
+∞
∑

n=1

λ
s
2
nbnen,

A2φ =
+∞
∑

n=1

λnbnen.

P♦rt❛♥t♦✱

∫

Ω

AtuAsφdx =

∫

Ω

uA2φdx =

∫

Ω

u(−∆φ)dx. ✭✷✳✶✼✮

P❡❧♦ ▲❡♠❛ ✷✳✹✱ ❝♦♠♦ v ∈ Es(Ω) t❡♠♦s q✉❡ v ∈ Lp+1(Ω)✳ ▲♦❣♦✱ |v|p−1v ∈
L

p+1
p (Ω)✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✽✾ ✭❝♦♥s✐❞❡r❛♥❞♦ L = −∆✱ h = |v|p−1v ❡ ϕ = 0✮✱

❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ y ∈ Ep ❞♦ ♣r♦❜❧❡♠❛

{

−∆y = |v|p−1v em Ω
y = 0 sobre ∂Ω

.

P❡❧❛ ❡s❝♦❧❤❛ ❞❡ s ♥♦ ▲❡♠❛ ✷✳✹✱ t❡♠♦s 1
p+1

> 1
2
− s

N
✱ ♦ q✉❛❧ é ❡q✉✐✈❛❧❡♥t❡ à

1

p+ 1
> 1− 1

2
− s

N
⇒ 1

2
> 1− 1

p+ 1
− s

N

⇒ 1

2
>

p

p+ 1
− s

N
.

❈♦♠♦ s < 2✱ ❡♥tã♦

1
2
> p

p+1
− s

N
> p

p+1
− 2

N

✺✹



✺✺

♦ q✉❛❧ é ❡q✉✐✈❛❧❡♥t❡ à

1

2
>
Np− 2(p+ 1)

N(p+ 1)
⇒ 2 <

N(p+ 1)

Np− 2(p+ 1)

⇒ 2 <
N
(

p+1
p

)

N − 2
(

p+1
p

) .

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ✐♠❡rsã♦ ❞❡ ❙♦❜♦❧❡✈

W 2, p+1
p (Ω) →֒ L2(Ω).

❈♦♠♦ ♦ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦ é ❛✉t♦❛❞❥✉♥t♦✱ ♦❜t❡♠♦s

∫

Ω

|v|p−1vφdx =

∫

Ω

(−∆y)φdx =

∫

Ω

y(−∆φ)dx. ✭✷✳✶✽✮

❆ss✐♠✱ ❞❡ (2.17) ❡ (2.18)

∫

Ω

u(−∆φ)dx =

∫

Ω

y(−∆φ)dx,

♦✉ s❡❥❛✱

∫

Ω

(u− y)(−∆φ)dx = 0, ∀φ ∈ H2(Ω) ∩H1
0 (Ω).

P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✹✾ ❡ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✸✾ s❡❣✉❡ q✉❡ u = y✳ P♦rt❛♥t♦✱ u ∈ Ep✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞❡ ❞❡ ✭✷✳✶✻✮✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ ψ ∈
H2(Ω) ∩H1

0 (Ω) ⊂ Et(Ω)✱ t❡♠♦s q✉❡

∫

Ω

(−∆ψ)vdx =

∫

Ω

A2ψvdx =

∫

Ω

AtψAsvdx =

∫

Ω

f(u)ψdx. ✭✷✳✶✾✮

◆♦t❡ q✉❡✱ Et(Ω) ⊂ {u ∈ H t(Ω)| u|∂Ω = 0} ⊂ H t(Ω)✳ P❡❧♦ ▲❡♠❛ ✷✳✹ t❡♠♦s

{

1 < t < 2, se N = 2,
3
2
< t < 2, se N = 3.

❆ss✐♠✱ 2t > N ✳ ❆❣♦r❛✱ s❡ N = 2 t❡♠♦s q✉❡ 0 < t− N
2
< 1 ❡ s❡ N = 3 t❡♠♦s

q✉❡ 0 < t− N
2
< 1

2
✱ ♦✉ s❡❥❛✱ t− N

2
/∈ N✳

❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ✐♠❡rsã♦ ❞❡ ❙♦❜♦❧❡✈✱ t❡♠♦s

H t(Ω) = W t,2(Ω) →֒ C
0,t−N

2
b (Ω) ⊂ Ct−N

2 (Ω).

✺✺



✺✻

❆ss✐♠✱ Et(Ω) ⊂ Cα(Ω) ❝♦♠ α = t − N
2
✳ ❊♥tã♦✱ u ∈ Cα(Ω) ❝♦♠ α > 0✳ ■st♦

✐♠♣❧✐❝❛ q✉❡ f(u) ∈ L∞(Ω) ❡✱ ❛ss✐♠✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ w ∈ Eq, ∀q > 1 ❞♦
♣r♦❜❧❡♠❛

{

−∆w = f(u) em Ω
w = 0 sobre ∂Ω

.

◆♦✈❛♠❡♥t❡✱ ❝♦♠♦ ♦ ♦♣❡r❛❞♦r ❞❡ ▲❛♣❧❛❝❡ é ❛✉t♦❛❞❥✉♥t♦✱ s❡❣✉❡ q✉❡

∫

Ω

f(u)ψdx =

∫

Ω

(−∆w)ψdx =

∫

Ω

w(−∆ψ)dx. ✭✷✳✷✵✮

❆ss✐♠✱ ❞❡ (2.19) ❡ (2.20) ♦❜t❡♠♦s

∫

Ω

(−∆ψ)vdx =

∫

Ω

w(−∆ψ)dx,

♦✉ s❡❥❛✱

∫

Ω

(v − w)(−∆ψ)dx = 0, ∀ψ ∈ H2(Ω) ∩H1
0 (Ω).

❆♥á❧♦❣♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ❝♦♠♦ C∞
0 (Ω) ⊂ H2(Ω)∩H1

0 (Ω) s❡❣✉❡ q✉❡ w = v✱ ❡
❞❛í v ∈ Eq✱ ♣❛r❛ t♦❞♦ q > 1✳

P♦rt❛♥t♦✱ ♦ ♣❛r (u, v) ∈ Ep × Eq é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ s✐st❡♠❛ ✭✶✮✳

✷✳✷ ❖ ❝❛s♦ p ≤ 1

◆❡st❛ s❡çã♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦s ❝❛s♦s 0 < p ≤ 1(N = 2, 3) ❡ 0 < p < 2
N−2

(N ≥
4).

✷✳✷✳✶ ❖ ❢✉♥❝✐♦♥❛❧

❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛






−∆u = |v|p−1v em Ω
−∆v = f(u) em Ω
u = v = 0 sobre ∂Ω

. ✭✷✳✷✶✮

❖ s✐st❡♠❛ (2.21) ♣♦❞❡ s❡r ❡s❝r✐t♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛







| −∆u| 1p−1(−∆u) = v em Ω
−∆v = f(u) em Ω
u = v = 0 sobre ∂Ω

. ✭✷✳✷✷✮

❙✉❜st✐t✉✐♥❞♦ v = | −∆u| 1p−1(−∆u) ♥❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❡ ✭✷✳✷✷✮✱ ♦❜t❡♠♦s ♦

✺✻



✺✼

♣r♦❜❧❡♠❛

{

−∆(| −∆u| 1p−1(−∆u)) = −∆v = f(u) em Ω
u = −∆u = 0 sobre ∂Ω

. ✭✷✳✷✸✮

P❛r❛ ❛ ❡q✉❛çã♦ ✭✷✳✷✸✮ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ♦ ❢✉♥❝✐♦♥❛❧

I(u) =
p

p+ 1

∫

Ω

| −∆u|
p+1
p dx−

∫

Ω

F (u)dx ✭✷✳✷✹✮

q✉❡ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡♠ Ep = W 2, p+1
p (Ω) ∩W 1, p+1

p

0 (Ω)✳ ❉❡ ❢❛t♦✱ t❡♠♦s q✉❡

∫

Ω

| −∆u|
p+1
p dx <∞✱ ♣♦✐s u ∈ W 2, p+1

p (Ω).

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ f é ❝♦♥tí♥✉❛ ❡♠ R✱ t❡♠♦s q✉❡ F (s) =

∫ s

0

f(t)dt ✭♣❡❧♦

❚❡♦r❡♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❝á❧❝✉❧♦✮ é ❝♦♥tí♥✉❛ ❡♠ R✳ ❈♦♠♦ u ∈ W 2, p+1
p (Ω) ❡ ♣❡❧❛

❖❜s❡r✈❛çã♦ ✶✳✽✵✱ ♦❜t❡♠♦s u ∈ C(Ω)✳ ▲♦❣♦✱ F (u) é ❝♦♥tí♥✉❛✱ ❡ ❞❛í

∫

Ω

F (u)dx é

❧✐♠✐t❛❞❛✳ P♦rt❛♥t♦✱ ♦ ❢✉♥❝✐♦♥❛❧ I ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡♠ Ep✳

✷✳✷✳✷ ❊①✐stê♥❝✐❛ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s

◆❡st❛ s✉❜s❡çã♦✱ ✉t✐❧✐③❛r❡♠♦s ♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ♥♦ ❢✉♥❝✐♦♥❛❧
I ♣❛r❛ ❣❛r❛♥t✐r♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s✳ ❊♠ s❡❣✉✐❞❛✱ ♠♦str❛r❡♠♦s ❛
❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ s✐st❡♠❛ ✭✶✮✳

❈♦♥s✐❞❡r❛♥❞♦ ♦ ❢✉♥❝✐♦♥❛❧

I(u) = p
p+1

∫

Ω

| −∆u|
p+1
p dx−

∫

Ω

F (u)dx

t❡♠♦s q✉❡ I ∈ C1(Ep,R)✱ ❝✉❥❛ ❞❡r✐✈❛❞❛ ❞❡ ●ât❡❛✉① ♥❛ ❞✐r❡çã♦ v ∈ Ep é ❞❛❞❛
♣♦r

I ′(u)v =

∫

Ω

(| −∆u| 1p−1(−∆u))(−∆v)dx−
∫

Ω

f(u)vdx.

❱❡r✐✜❝❛r❡♠♦s ❛❣♦r❛ q✉❡ ♦ ❢✉♥❝✐♦♥❛❧ I ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✷✹✮ s❛t✐s❢❛③ ❛s ❝♦♥❞✐✲
çõ❡s ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ❞❡✈✐❞♦ ❛ ❆♠❜r♦s❡tt✐ ❡ ❘❛❜✐♥♦✇✐t③ ✭✈❡r
❚❡♦r❡♠❛ ✶✳✽✺✮✳

✶✮ ❱✐♠♦s q✉❡✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✽✵✱ W 2, p+1
p (Ω) →֒ C(Ω)✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛

❝♦♥st❛♥t❡ C1 > 0 t❛❧ q✉❡
‖u‖C ≤ C1‖u‖

W
2,

p+1
p
.

✺✼



✺✽

P❡❧♦ ▲❡♠❛ ✶✳✾✵✱ t♦♠❛♥❞♦ L = −∆ ❡ 1 < p+1
p
<∞✱ ❡①✐st❡ C2 > 0 t❛❧ q✉❡

‖u‖
W

2,
p+1
p

≤ C2‖ −∆u‖
L

p+1
p
.

❊♥tã♦✱

‖u‖
p+1
p

C ≤ C3‖ −∆u‖
p+1
p

L
p+1
p

,

♦♥❞❡ C3 = C1C2✳ ▲♦❣♦✱

p

p+ 1
‖u‖

p+1
p

C ≤ C3
p

p+ 1
‖ −∆u‖

p+1
p

L
p+1
p

.

❆ss✐♠✱
p

p+ 1
C‖u‖

p+1
p

C ≤ p

p+ 1
‖ −∆u‖

p+1
p

L
p+1
p

, ✭✷✳✷✺✮

♦♥❞❡ C = 1
C3
✳

◆♦t❡ q✉❡✱

lim
s→0

|f(s)|
|s 1

p |
= 0.

❊♥tã♦✱ ♣❛r❛ t♦❞♦ ǫ > 0✱ ❡①✐st❡ δ > 0✱ t❛❧ q✉❡ s❡ |s| < δ ❡♥tã♦ |f(s)|

|s|
1
p

≤ ǫ✳ ▲♦❣♦✱

f(s) ≤ |f(s)| ≤ ǫ|s| 1p ✱ s❡♠♣r❡ q✉❡ |s| < δ✳ ■♥t❡❣r❛♥❞♦✱ ♦❜t❡♠♦s

F (s) ≤ ǫp

p+ 1
|s|

p+1
p , sempre que |s| < δ.

❈♦♥s✐❞❡r❡ Γ := {u ∈ Ep : ‖u‖C = δ
2
}. ❈♦♠♦ |u(x)| ≤ max

x∈Ω
|u(x)| = ‖u‖C ✱

t❡♠♦s q✉❡ |u(x)|
p+1
p ≤ ‖u‖

p+1
p

C ✳ ▲♦❣♦✱

∫

Ω

F (u)dx ≤
∫

Ω

p

p+ 1
ǫ‖u‖

p+1
p

C dx

≤ ǫp

p+ 1
m(Ω)‖u‖

p+1
p

C ,

♣❛r❛ t♦❞♦ u ∈ Γ✳ ❊♥tã♦✱

−
∫

Ω

F (u)dx ≥ − ǫp

p+ 1
m(Ω)‖u‖

p+1
p

C , ✭✷✳✷✻✮

♣❛r❛ t♦❞♦ u ∈ Γ✳ ▲♦❣♦✱ ❞❡ (2.25) ❡ (2.26)✱ ♦❜t❡♠♦s

I(u) ≥ Cp

p+ 1
‖u‖

p+1
p

C − ǫp

p+ 1
m(Ω)‖u‖

p+1
p

C

≥ p

p+ 1
‖u‖

p+1
p

C (C − ǫm(Ω)),

✺✽



✺✾

♣❛r❛ t♦❞♦ u ∈ Γ✳ ❚♦♠❛♥❞♦ ǫ = C
2m(Ω)

t❡♠♦s q✉❡

I(u) > I(0) = 0,

♣❛r❛ t♦❞♦ u ∈ Γ✳ P♦rt❛♥t♦✱ 0 é ✉♠ ♠í♥✐♠♦ ❧♦❝❛❧ ❞❡ I✳

✷✮ ❈♦♥s✐❞❡r❡ u1 ∈ Ep ❝♦♠ u1 6= 0 ✜①♦✳ ❊s❝r❡✈❛ v := su1✱ ❝♦♠ s > 0✳ ❊♥tã♦✱

I(su1) =
p

p+ 1
s

p+1
p

∫

Ω

| −∆u1|
p+1
p dx−

∫

Ω

F (su1)dx. ✭✷✳✷✼✮

P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✾✹✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s c, d1 > 0 t❛✐s q✉❡

F (su1) ≥ c|su1|θ − d1 = csθ|u1|θ − d1.

❉❛í✱

−
∫

Ω

F (su1)dx ≤ −csθ
∫

Ω

|u1|θdx+
∫

Ω

d1dx.

❆ss✐♠✱

−
∫

Ω

F (su1)dx ≤ −csθ‖u1‖θLθ + d, ✭✷✳✷✽✮

♦♥❞❡ d = m(Ω)d1✳ ▲♦❣♦✱ ❞❡ (2.28) ❡ (2.27)✱ t❡♠♦s

I(su1) ≤ p

p+ 1
s

p+1
p

∫

Ω

| −∆u1|
p+1
p dx− csθ‖u1‖θLθ + d

I(su1) ≤ p

p+ 1
s

p+1
p ‖ −∆u1‖

p+1
p

L
p+1
p

− csθ‖u1‖θLθ + d.

◆♦t❡ q✉❡ θ > p+1
p

> 2 ♣❛r❛ p < 1 ✭♥♦ ❝❛s♦ p = 1 t❡♠♦s θ > 2✮✳ ❆ss✐♠✱ s❡ s é

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ✭s→ +∞✮ ❡♥tã♦ sθ > s
p+1
p ✳ P♦rt❛♥t♦✱ s❡ s→ +∞ t❡♠♦s

q✉❡
I(su1) → −∞.

✸✮ ❋✐♥❛❧♠❡♥t❡✱ ✈❛♠♦s ♠♦str❛r q✉❡ I s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ ✭P❙✮✳
❙❡❥❛ (un)n∈N ⊂ Ep ✉♠❛ s❡q✉ê♥❝✐❛ ✭P❙✮✱ ✐st♦ é✿

|I(un)| ≤ c ❡ |I ′(un)η| ≤ ǫn‖η‖Ep
✱ ∀η ∈ Ep ❡ ǫn → 0✳

❚❡♠♦s

|I ′(un)η| =
∣

∣

∣

∣

∫

Ω

(| −∆un|
1
p
−1(−∆un))(−∆η)dx−

∫

Ω

f(un)ηdx

∣

∣

∣

∣

≤ ǫn‖η‖Ep
,

♣❛r❛ t♦❞♦ η ∈ Ep✳ ❈♦♥s✐❞❡r❛♥❞♦ η = un ♥❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s✿

✺✾



✻✵

|I ′(un)un| =
∣

∣

∣

∣

∫

Ω

| −∆un|
p+1
p dx−

∫

Ω

f(un)undx

∣

∣

∣

∣

≤ ǫn‖un‖Ep
.

❖❜s❡r✈❡ q✉❡✱

|θI(un)− I ′(un)un| ≤ θ|I(un)|+ |I ′(un)un| ≤ cθ + ǫn‖un‖Ep
. ✭✷✳✷✾✮

P♦r ♦✉tr♦ ❧❛❞♦✱

|θI(un)− I ′(un)un| ≥
(

θ
p

p+ 1
− 1

)
∫

Ω

| −∆un|
p+1

p dx+

∫

Ω

(f(un)un − θF (un))dx.

❆❣♦r❛✱

∫

Ω

(f(un)un − θF (un))dx =

∫

{x∈Ω:|un|>s0}

(f(un)un − θF (un))dx

+

∫

{x∈Ω:|un|≤s0}

(f(un)un − θF (un))dx.

◆♦t❡ q✉❡✱

0 ≤
∫

{x∈Ω:|un|>s0}

(f(un)un − θF (un))dx

❡ ❝♦♠♦ {x ∈ Ω : |un| ≤ s0} é ❝♦♠♣❛❝t♦ ❡ F, f ❡ un sã♦ ❝♦♥tí♥✉❛s✱ ❡♥tã♦ ❛ ✐♠❛❣❡♠
❞❛ ❢✉♥çã♦ f(un)un − θF (un) é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✱ ❡ ❞❛í ❡①✐st❡ c1 > 0 t❛❧ q✉❡

|f(un)un − θF (un)| ≤ c1.

❊♥tã♦✱

−c1.m({x ∈ Ω : |un| ≤ s0}) ≤
∫

{x∈Ω:|un|≤s0}

f(un)un − θF (un)dx,

✐st♦ é✱

−C ≤
∫

{x∈Ω:|un|≤s0}

f(un)un − θF (un)dx,

♦♥❞❡ C = c1.m({x ∈ Ω : |un| ≤ s0})✳ ❆ss✐♠✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡

∫

Ω

(f(un)un − θF (un))dx ≥ −C. ✭✷✳✸✵✮

P❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✸✵✮✱ s❡❣✉❡ q✉❡

|θI(un)− I ′(un)un| ≥
(

θ
p

p+ 1
− 1

)
∫

Ω

| −∆un|
p+1
p dx− C

≥
(

θ
p

p+ 1
− 1

)

‖ −∆un‖
p+1
p

L
p+1
p

− C.

✻✵



✻✶

❯s❛♥❞♦ ✭✷✳✷✾✮✱ t❡♠♦s

cθ + ǫn‖un‖Ep
≥ δ‖ −∆un‖

p+1
p

L
p+1
p

− C,

♦♥❞❡ δ =
(

θ p
p+1

− 1
)

> 0✳

P❡❧♦ ▲❡♠❛ ✶✳✾✵✱ ❡①✐st❡ c1 > 0 t❛❧ q✉❡ ‖un‖Ep
≤ c1‖ −∆un‖

L
p+1
p
✱ ❞❛í

cθ + ǫn‖un‖Ep
≥ δ

d
‖un‖

p+1
p

Ep
− C. ✭✷✳✸✶✮

♦♥❞❡ d = c1
p+1
p ✳ P❛r❛ ❝♦♥❝❧✉✐r q✉❡ (un)n∈N é ❧✐♠✐t❛❞❛✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❞♦✐s

❝❛s♦s✿

❙❡ ‖un‖Ep
≤ 1, ∀n ∈ N✱ t❡♠♦s ♦ r❡s✉❧t❛❞♦✳ ❆❣♦r❛ s✉♣♦♥❤❛ q✉❡✱ ❛ ♠❡♥♦s ❞❡

s✉❜s❡q✉ê♥❝✐❛✱ ‖un‖Ep
≥ 1✳ ❈♦♠♦ ǫn → 0✱ ❞❛❞♦ ǫ = δ

2d
> 0✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡

ǫn < ǫ✱ s❡♠♣r❡ q✉❡ n ≥ n0✳

❆ss✐♠✱ ❞❡ ✭✷✳✸✶✮ s❡❣✉❡ q✉❡

cθ + δ
2d
‖un‖Ep

≥ δ

c
p+1
p

1

‖un‖
p+1
p

Ep
− C.

❈♦♠♦ p+1
p

≥ 1✱ t❡♠♦s ‖un‖
p+1
p

Ep
≥ ‖un‖Ep

✳ ❆ss✐♠✱ ♦❜t❡♠♦s

δ

d
‖un‖Ep

− C ≤ cθ +
δ

2d
‖un‖Ep

.

▲♦❣♦✱

‖un‖Ep
≤ 2d

cθ + C)
δ.

P♦rt❛♥t♦✱ ❛ s❡q✉ê♥❝✐❛ (un)n∈N é ❧✐♠✐t❛❞❛ ❡♠ Ep✳ ❈♦♠♦ Ep é ✉♠ ❡s♣❛ç♦
❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✶✱ (un)n∈N ❛❞♠✐t❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛
(unk

)k∈N t❛❧ q✉❡ unk
⇀ u✳ ❆❣♦r❛✱ ❝♦♠♦ Ep →֒→ C(Ω) ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✸✱

t❡♠♦s q✉❡ unk
→ u ❡♠ C(Ω)✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ F ∈ C(R)✱ ♦❜t❡♠♦s

F (unk
) → F (u) ❡♠ C(Ω)✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦♠✐♥❛❞❛

∫

Ω

F (unk
)dx→

∫

Ω

F (u)dx.

P♦r ♦✉tr♦ ❧❛❞♦✱ (I(unk
))k∈N é ❧✐♠✐t❛❞♦✳ ❆ss✐♠✱ ♣❛ss❛♥❞♦ ❛ s✉❜s❡q✉ê♥❝✐❛ s❡

♥❡❝❡ssár✐♦✱ ♦❜t❡♠♦s q✉❡ (I(unk
))k∈N é ❝♦♥✈❡r❣❡♥t❡✳

✻✶



✻✷

❖❜s❡r✈❡ q✉❡

I(unk
) =

p

p+ 1

∫

Ω

| −∆unk
|
p+1
p dx−

∫

Ω

F (unk
)dx

=
p

p+ 1
‖ −∆unk

‖
p+1
p

L
p+1
p

−
∫

Ω

F (unk
)dx.

❆ss✐♠✱ (∆unk
)k∈N ❝♦♥✈❡r❣❡ ❢♦rt❡ ❡♠ L

p+1
p (Ω)✳ ❋✐♥❛❧♠❡♥t❡✱ ♣❡❧♦ ▲❡♠❛ ✶✳✾✵✱

(unk
)k∈N ❝♦♥✈❡r❣❡ ❡♠ Ep✳

P♦rt❛♥t♦✱ ♦ ❢✉♥❝✐♦♥❛❧ I s❛t✐s❢❛③ t♦❞❛s ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛
▼♦♥t❛♥❤❛ ✶✳✽✺✳ ❆ss✐♠✱ ♦❜t❡♠♦s ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♥ã♦ tr✐✈✐❛❧ ❞♦ ❢✉♥❝✐♦♥❛❧ I✳

❚❡♦r❡♠❛ ✷✳✽✳ ❙❡❥❛ u ∈ Ep ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞♦ ❢✉♥❝✐♦♥❛❧ I ❡ ❞❡✜♥❛

v := | −∆u| 1p−1(−∆u).

❊♥tã♦ ♦ ♣❛r (u, v) é ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ s✐st❡♠❛ (1).

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u ∈ Ep é ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♥ã♦ tr✐✈✐❛❧ ❞♦ ❢✉♥❝✐♦♥❛❧ I✱ ❡♥tã♦

I ′(u)ϕ = 0, ∀ϕ ∈ Ep,

I ′(u)ϕ =

∫

Ω

(| −∆u| 1p−1(−∆u))(−∆ϕ)dx−
∫

Ω

f(u)ϕdx = 0, ∀ϕ ∈ Ep.

❉❡✜♥❛ v = | −∆u| 1p−1(−∆u)✳ ❆ss✐♠✱

I ′(u)ϕ =

∫

Ω

v(−∆ϕ)dx−
∫

Ω

f(u)ϕdx = 0, ∀ϕ ∈ Ep.

▲♦❣♦✱

0 = I ′(u)ϕ =

∫

Ω

(−∆v)ϕdx−
∫

Ω

f(u)ϕdx, ∀ϕ ∈ Ep.

❆ss✐♠✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡

∫

Ω

(−∆v)ϕdx =

∫

Ω

f(u)ϕdx, ∀ϕ ∈ Ep. ✭✷✳✸✷✮

◆♦t❡ q✉❡✱

∫

Ω

(−∆u)ψdx =

∫

Ω

|v|p−1vψdx, ∀ψ ∈ Eq, ✭✷✳✸✸✮

♣♦✐s v = | −∆u| 1p−1(−∆u)✳

❋✐♥❛❧♠❡♥t❡✱ ❝♦♥❝❧✉✐♠♦s ❞❡ ✭✷✳✸✷✮ ❡ ✭✷✳✸✸✮ q✉❡ (u, v) ∈ Ep ×Eq é ✉♠❛ s♦❧✉çã♦
❢r❛❝❛ ❞♦ s✐st❡♠❛ ✭✶✮✳

✻✷



✻✸

✷✳✸ ❘❡❣✉❧❛r✐❞❛❞❡ ❞❡ s♦❧✉çã♦

◆❡st❛ s❡çã♦✱ ♠♦str❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❛r❛ ♦ ♣r♦✲
❜❧❡♠❛ ✭✶✮✱ ❛ ♣❛rt✐r ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛✳

❙❡❥❛ (u, v) ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ s✐st❡♠❛ ✭✶✮ ❝♦♠ (u, v) ∈ Ep × Eq✱ ♣❛r❛ t♦❞♦
1 < q <∞✳

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✻✹ ✐t❡♠ (3)✱ ♦❜t❡♠♦s q✉❡ v ∈ C1,γ
0 (Ω) ♣❛r❛ ❛❧❣✉♠ 0 < γ < 1✳

❖❜s❡r✈❡ q✉❡✱ s❡ r > 1 ❡ w ∈ C1,γ
0 (Ω) ❡♥tã♦ |w|r−1w ∈ C1,β

0 (Ω), ♦♥❞❡

β = min{γ, h(r)}, h(r) =

{

1 s❡ r ∈ N

r − [r] s❡ r /∈ N
.

❊♠ ♣❛rt✐❝✉❧❛r✱ |w|r−1w ∈ C0,β
0 (Ω)✳ ❊♥q✉❛♥t♦ q✉❡✱ s❡ 0 < r ≤ 1 ❡ w ∈ C0,γ

0 (Ω)
❡♥tã♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✈❡❥❛ ❬❬✸❪✱ ♣á❣✐♥❛ ✸✺❪✮

||a|r−1a− |b|r−1b| ≤ 21−r|a− b|r, ∀a, b ∈ R ✭✷✳✸✹✮

♥♦s ❞❛ q✉❡ |w|r−1w ∈ C0,γr
0 (Ω)✳ ❉❡ ❢❛t♦✱ s❡❥❛ w ∈ C0,γ

0 (Ω)✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡
❡s♣❛ç♦ ❞❡ ❍ö❧❞❡r ❡①✐st❡ ✉♠❛ ❝♦♥st❛t❡ c > 0 t❛❧ q✉❡

|w(x)− w(y)| ≤ c|x− y|γ, ∀ x, y ∈ Ω. ✭✷✳✸✺✮

❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✷✳✸✹✮✱ ♦❜t❡♠♦s

||w(x)|r−1w(x)− |w(y)|r−1w(y)| ≤ 21−r|w(x)− w(y)|r, ∀ x, y ∈ Ω. ✭✷✳✸✻✮

❆ss✐♠✱ ❞❡ ✭✷✳✸✺✮ ❡ ✭✷✳✸✻✮✱ t❡♠♦s

||w(x)|r−1w(x)− |w(y)|r−1w(y)| ≤ C|x− y|rγ ; ∀ x, y ∈ Ω.

❝♦♠ ❝♦♥st❛♥t❡ C = 21−rcr✳ P♦rt❛♥t♦✱ |w|r−1w ∈ C0,γr
0 (Ω)✳

❈♦♠❜✐♥❛♥❞♦ ❡st❛ ♦❜s❡r✈❛çã♦ ❡ ♦ ❢❛t♦ q✉❡ v ∈ C1,γ
0 (Ω)✱ t❡♠♦s q✉❡✿

✭✐✮ ❙❡ p > 1✱ |v|p−1v ∈ C0,β
0 (Ω)✳

✭✐✐✮ ❙❡ 0 < p ≤ 1✱ |v|p−1v ∈ C0,γp
0 (Ω)✳

▲♦❣♦✱ t♦♠❛♥❞♦ α = min{β, γp}✱ ♦❜t❡♠♦s q✉❡ |v|p−1v ∈ C0,α
0 (Ω)✳ ❆♣❧✐❝❛♥❞♦ ♦

❚❡♦r❡♠❛ ✶✳✾✶ ♥♦ ♣r♦❜❧❡♠❛

{

−∆u = |v|p−1v em Ω
u = 0 sobre ∂Ω

♦❜t❡♠♦s q✉❡ u ∈ C2,α
0 (Ω) ❝♦♠ α = min{β, γp}✳

❙✉♣♦♥❞♦ ❛❣♦r❛ q✉❡ f ∈ Cα(R)✱ t❡♠♦s q✉❡ f(u) ∈ C0,α(Ω)✳ ❆♣❧✐❝❛♥❞♦ ♦

✻✸



✻✹

❚❡♦r❡♠❛ ✶✳✾✶ ♥♦ ♣r♦❜❧❡♠❛

{

−∆v = f(u) em Ω
v = 0 sobre ∂Ω

♦❜t❡♠♦s q✉❡ v ∈ C2,α
0 (Ω) ❝♦♠ α = min{β, γp}✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ✉t✐❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✹✸✱ t❡♠♦s q✉❡ u, v ∈ C2(Ω) ∩ C0(Ω)✳
P♦rt❛♥t♦✱ (u, v) é s♦❧✉çã♦ ❝❧áss✐❝❛ ♣❛r❛ ♦ s✐st❡♠❛ (1)✳

✷✳✹ ❖ ❝❛s♦ f (s) = s2es

❚❡♦r❡♠❛ ✷✳✾✳ ❈♦♥s✐❞❡r❡♠♦s f(s) = s2es✳ ❊♥tã♦ ♦ s✐st❡♠❛ (1) tê♠ s♦❧✉çã♦

❝❧áss✐❝❛ ♣♦s✐t✐✈❛ ♣❛r❛ t♦❞♦
1

2
< p <

2

N − 2
, s❡ N = 3, 4, 5✱ ♦✉ ♣❛r❛ t♦❞♦

1

2
< p,

s❡ N = 2.

❉❡♠♦♥str❛çã♦✳ ❱❡r✐✜q✉❡♠♦s ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✵✳✸✿

❚❡♠♦s q✉❡ f(s) = s2es é ❝♦♥tí♥✉❛✱ ♣♦✐s f é ♣r♦❞✉t♦ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s
✭♣♦❧✐♥♦♠✐❛❧ ❡ ❡①♣♦♥❡♥❝✐❛❧✮✳

❉❡✜♥❛ F (s) =
∫ s

0
f(t)dt✳ ❆ss✐♠✱

F (s) =

∫ s

0

t2etdt = s2es − 2ses + 2es − 2.

❉❛❞♦ θ >

{

2, se p ≥ 1
1 + 1

p
, se p < 1

, t❡♠♦s q✉❡✿

θF (s) = θes(s2 − 2s+ 2)− 2θ

≤ θes(s2 − 2s+ 2).

❈♦♥s✐❞❡r❡ s0 ≥ 0✱ t❛❧ q✉❡ θ ≤ s0✳ ❙❡❥❛ s t❛❧ q✉❡ |s| ≥ s0✳

❙❡ s ≥ s0 ≥ θ > 2✱ ❡♥tã♦

θF (s) ≤ θes(s2 − 2s+ 2) ≤ sess2 = f(s)s.

❙❡ s ≤ −s0 ≤ −θ < −2✳ ❊♥tã♦ −s > 0✳ ▲♦❣♦✱ ✉t✐❧✐③❛♥❞♦

s2 − 2s+ 2 < e−s ❡ −s < e−s

♦❜t❡♠♦s q✉❡

θF (s) = θ[es(s2 − 2s+ 2)− 2] ≤ sess2 = sf(s).
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P♦rt❛♥t♦✱ 0 < θF (s) ≤ f(s)s✱ ∀ |s| ≥ s0✳

▼♦str❡♠♦s q✉❡✿ f(s) =

{

o(s), se p ≥ 1

o(s
1
p ), se 1

2
< p < 1

. ❉❡ ❢❛t♦✱ s❡ p ≥ 1 ❡♥tã♦

lim
s→0

|f(s)|
|s| = lim

s→0

s2es

|s| = 0.

❆❣♦r❛✱ s❡ 1
2
< p < 1 ❡♥tã♦✿

lim
s→0

s2es

|s 1
p |

= 0.

❖❜s❡r✈❡ q✉❡✱ s❡ p ≤ 1
2
❡♥tã♦

lim
s→0

s2es

|s 1
p |

♥ã♦ ❡①✐st❡✳

❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✵✳✸✱ ♦ s✐st❡♠❛ ✭✶✮ ❛❞♠✐t❡ ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♥ã♦ tr✐✈✐❛❧
(u, v) ∈ Ep × Eq✳ ❈♦♠♦ f ∈ C∞(R) ❡ ✉t✐❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ 1.43✱ ♦❜t❡♠♦s q✉❡ ♦
♣❛r (u, v) é ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛ ❞♦ s✐st❡♠❛ ✭✶✮✳ ❋✐♥❛❧♠❡♥t❡✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ 1.88✱
t❡♠♦s q✉❡ u, v > 0 ❡♠ Ω✳ P♦rt❛♥t♦ ♦ s✐st❡♠❛ ✵✳✸ ❛❞♠✐t❡ ✉♠❛ s♦❧✉çã♦ ❝❧áss✐❝❛
♣♦s✐t✐✈❛✳

✻✺



❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s ❋✉t✉r❛s

◆❡ss❡ tr❛❜❛❧❤♦✱ ✉s❛♠♦s ♠ét♦❞♦s ✈❛r✐❛❝✐♦♥❛✐s ♣❛r❛ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡
s♦❧✉çõ❡s ♣❛r❛ s✐st❡♠❛s ❡❧í♣t✐❝♦s ♥ã♦ ❧✐♥❡❛r❡s ❞❛ ❢♦r♠❛ ✭✶✮✳

❯♠❛ ♦❜s❡r✈❛çã♦ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ é q✉❡ ❞❡✈✐❞♦ ❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❡ ❝♦♠♣❛❝✐❞❛❞❡
❞❛s ✐♠❡rsõ❡s Ep →֒ C(Ω) ❡ Et(Ω) →֒ C(Ω)✱ ❛ ❢✉♥çã♦ r❡❛❧ f ♥ã♦ ♣♦ss✉✐ ♥❡♥❤✉♠
t✐♣♦ ❞❡ r❡str✐çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦✳

❆❧é♠ ❞✐ss♦✱ ✉♠❛ ❡①t❡♥sã♦ ♥❛t✉r❛❧ ❞❡ss❡ tr❛❜❛❧❤♦ é ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛ (1)
q✉❛♥❞♦ p ≥ 2

N−2
✱ N ≥ 3✳ P♦✐s✱ ♥❡ss❛s ❝♦♥❞✐çõ❡s t❡♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ❛❜❡rt♦

♥♦ s❡♥t✐❞♦ ❞❡ ❡st❛❜❡❧❡❝❡r ❛ ❡①✐stê♥❝✐❛ ♦✉ ♥ã♦ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧✳

❖✉tr❛ ♣❡rs♣❡❝t✐✈❛ ❞❡ ❢✉t✉r♦s ❡st✉❞♦s é s♦❜r❡ s♦❧✉çõ❡s ♣♦s✐t✐✈❛s ❞♦ ♣r♦❜❧❡♠❛

(1), ❝♦♠ p ≥ 2

N − 2
, s❡♥❞♦ Ω ✉♠ ❞♦♠í♥✐♦ ❡str❡❧❛❞♦ ❡♠ r❡❧❛çã♦ ❛ ♦r✐❣❡♠✱ s✉❛✈❡

❡ ❧✐♠✐t❛❞♦✳
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❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❘✳❏✳ ❇✐❡③✉♥❡r✳ ◆♦t❛s ❞❡ ❆✉❧❛✱ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s
■✴■■✳ ✷✵✶✵✳ ✶✲✸✵✺✳

❬✷❪ ❘✳❏✳ ❇✐❡③✉♥❡r✳ ◆♦t❛s ❞❡ ❆✉❧❛✱ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✳ ✷✵✵✾✳ ✶✲✶✷✸✳

❬✸❪ ❉✳ ❇♦♥❤❡✉r❡✱ ❊✳ ▼✳ ❞♦s ❙❛♥t♦s✱ ▼✳ ❘❛♠♦s✳ ●r♦✉♥❞ st❛t❡ ❛♥❞ ♥♦♥
❣r♦✉♥❞ st❛t❡ ♦❢ s♦♠❡ str♦♥❣❧② ❝♦✉♣❧❡❞ ❡❧❧✐♣t✐❝ s②st❡♠s ✳ ❚r❛♥✲
s❛❝t✐♦♥s ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✳ ✈✳ ✸✻✹✱ ✹✹✼✲✹✾✶✳ ✷✵✶✷✳

❬✹❪ ●✳ ❇♦t❡❧❤♦❀ ❉✳ P❡❧❡❣r✐♥♦❀ ❊✳ ❚❡✐①❡✐r❛✳ ❋✉♥❞❛♠❡♥t♦s ❞❡ ❆♥á❧✐s❡ ❋✉♥✲
❝✐♦♥❛❧✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✿ ❙❇▼✱ ✷✵✶✷✳

❬✺❪ ❍✳ ❇r❡③✐s✳ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s✱ ❙♦❜♦❧❡✈ ❙♣❛❝❡s ❛♥❞ P❛rt✐❛❧ ❉✐❢✲
❢❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳ ❙♣r✐♥❣❡r✱ ✷✵✶✵✳

❬✻❪ P❤✳ ❈❧é♠❡♥t❀ ❉✳ ●✳ ❞❡ ❋✐❣✉❡✐r❡❞♦❀ ❊✳ ▼✐t✐❞✐❡r✐✳ P♦s✐t✐✈❡ s♦❧✉t✐♦♥s ♦❢
s❡♠✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ s②st❡♠s✳ ❈♦♠♠✳ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳
✶✼ ✭✶✾✾✷✮✱ ✾✷✸✲✾✹✵✳

❬✼❪ ❋✳ ❉❡♠❡♥❣❡❧❀ ●✳ ❉❡♠❡♥❣❡❧✳ ❋✉♥❝t✐♦♥❛❧ ❙♣❛❝❡s ❢♦r t❤❡ ❚❤❡♦r② ♦❢
❊❧❧✐♣t✐❝ P❛rt✐❛❧ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳ ❙♣r✐♥❣❡r✱ ✷✵✶✷✳

❬✽❪ ▲✳❈✳ ❊✈❛♥s✳ P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✭❣r❛❞✉❛t❡ st✉❞✐❡s ✐♥
♠❛t❤❡♠❛t✐❝s✮✳ ❱♦❧✳ ✶✾✱ ✷✵✵✾✳

❬✾❪ P✳ ❋❡❧♠❡r❀ ❙✳ ▼❛rtí♥❡③✳ ❊①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ♣♦s✐t✐✈❡ s♦✲
❧✉t✐♦♥s t♦ ❝❡rt❛✐♥ ❞✐✛❡r❡♥t✐❛❧ s②st❡♠s✳ ❆❞✈✳ ❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s
✹ ✭✶✾✾✽✮✱ ✺✼✺✲✺✾✸✳

❬✶✵❪ ❉✳ ●✳ ❞❡ ❋✐❣✉❡✐r❡❞♦❀ ❇✳ ❘✉❢✳ ❊❧❧✐♣t✐❝ s②st❡♠s ✇✐t❤ ♥♦♥❧✐♥❡❛r✐t✐❡s
♦❢ ❛r❜✐tr❛r② ❣r♦✇t❤✳ ▼❡❞✐t❡rr✳ ❏✳ ▼❛t❤✳ ✶ ✭✷✵✵✹✮✱ ✹✶✼✲✹✸✶✳

❬✶✶❪ ❉✳ ●✳ ❞❡ ❋✐❣✉❡✐r❡❞♦❀ P✳ ❋❡❧♠❡r✳ ❖♥ s✉♣❡rq✉❛❞r❛t✐❝ ❡❧❧✐♣t✐❝ s②st❡♠s✳
❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✸✹✸ ✭✶✾✾✹✮✱ ✾✾✲✶✶✻✳

❬✶✷❪ ❉✳ ●✐❧❜❛r❣❀ ◆✳❙✳ ❚r✉❞✐♥❣❡r✳ ❊❧❧✐♣t✐❝ ♣❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s
♦❢ s❡❝♦♥❞ ♦r❞❡r✳ ❇❡r❧✐♥✱ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✷✵✵✶✳

❬✶✸❪ ❏✳ ❍✉❧s❤♦❢❀ ❘✳ ✈❛♥ ❞❡r ❱♦rst✳ ❉✐✛❡r❡♥t✐❛❧ s②st❡♠s ✇✐t❤ str♦♥❣❧②
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