MULTIPLE SOLUTIONS FOR A PROBLEM WITH
RESONANCE INVOLVING THE p-LAPLACIAN

C. 0. ALVES*, P. C. CARRIAO** AND O. H. MIYAGAKI***

ABSTRACT. In this paper we will investigate the existence of multiple solu-
tions for the problem
(P) —Apu+ gz, u) = Mh(x) [uf’u, in Q  wue HyP(Q)

where Apu = div (\Vu|’772 Vu) is the p-Laplacian operator, Q C R" is a
bounded domain with smooth boundary, h and g are bounded functions,
N >1and 1 < p < oo. Using the Mountain Pass Theorem and the Ekeland
Variational Principle, we will show the existence of at least three solutions
for (P).

1. INTRODUCTION

In this paper, we will investigate the existence of multiple solutions for
the problem

~Apu+g(z,u) = Mh(z)|uff?u, in Q,

(P)
=0 on o9,

where Ayu =div(|Vul’ 2 Vu) is the p-Laplacian operator, 1 < p < oo,
N > 1, Q is a bounded domain with smooth boundary,

g:Q x IR — IR is bounded continuous function

(G1) satisfying  ¢g(z,0) =0,

and its primitive denoted by
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(G2) G(x,s) = /g(:r, t)dt is assumed to be bounded,

A1 is the first eigenvalue of the following eigenvalue problem with weight
—Apu =  Mh(2)|u/P~%u, in Q,

(Pa) { u=0 on 09,

where
(h) 0<heL*(Q) with h>0 on subset of Q with positive measure.

We recall that A; is simple, isolated and it is the unique eigenvalue with
positive eigenfunction ®; (see [1] or [2]). There are many papers treating
problem (P) with h = 1, among others, we would like to mention Lazer
& Landesman [3], Ahmad, Lazer & Paul [4], De Figueiredo & Gossez [5],
Amann, Ambrosetti & Mancini [6], Ambrosetti & Mancini [7], Thews [8],
Bartolo, Benci & Fortunato [9], Ward [10], Arcoya & Canada [11], Costa &
Silva [12], Fu [13], Gongalves & Miyagaki [14] when p = 2, and Boccardo,
Drabek & Kucera [15], Anane & Gossez [16], Ambrosetti & Arcoya [17],
Arcoya & Orsina [18], Fu & Sanches [19] when p # 2.

We shall show in this paper, the existence of multiple solutions for problem
(P), by using similar arguments explored in [14] and [19]. Combining a
version of the Mountain Pass Theorem due to Ambrosetti & Rabinowitz
(see [20] and [25]) and the Ekeland variational principle (see [21, Theorem
4.1]), we will find nontrivial critical points of Euler- Lagrange functional
associated to (P) given by

(1) /\v = )\l/hlu\p—i—/Gxu L ue HY(Q),

which are weak solutions of (P)
Hereafter, we will denoted by H | and | [, the usual norms on the spaces

Hé P(Q) and LP(Q) respectively, and by W the closed subspace
W= {u € HY(Q) / / B | 172 By = 0 }
Q
We can easily prove that W is a complementary subspace of (®1). Therefore
we have the following direct sum (see e.g. Brézis [22])
HyP(Q) = (91) @ W.
We will be denoted by A2, the following real number

Ao = inf {/ |Vul? ;/h\u|p:1},
ueW 0 0

and we remind that this value is the second eigenvalue of the p-Laplacian
(see [23] or [24]).

From simplicity and isolation of A\; (see [1] or [2]), we have 0 < A; < A2 and
by definition of Ao it follows that

1
/h\w|p§—/|Vw|p, Y € W.
Q A2 Ja
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In this work, we will impose the following condition
(G3) glxz,t)t -0, as [t|—o00, Ve,

which appeared in [7] for p = 2 and [17] for the general case p > 1. This
condition together with the assumptions on the limits

T(x) = litm'nfG(:U,t) and S(z)=limsup G(z,t), Ve Q,

[t|— [t|—o00

imply that problem (P) is in the class of the strongly resonance problem in
the sense of Bartolo-Benci & Fortunato [9].
The following condition means a nonresonance with higher eigenvalues

Al—A2
p

In addition to (Gs) which is a behaviour of g at infinity, we assume a condi-
tion of the behaviour of G at origin

(Gyg) G(z,t) > ( ) h(z)[t|P, Ve e, Vte R.

a there exist 0 < d and 0<m < A1 such that
(Gs) G(z,t) = Th(x)[t]”, for [t] <4, Vo € Q.

Our main result is the following:

Theorem 1. Assume conditions (h), (G1)-(Gs). Then, problem (P) has at
least three solutions uq, us and wus, with

I(uy), I(u2) <0 and I(ug) >0,
provided that the following conditions hold
there exist t—, t+¥ € IR with t <0 <t" such that

(Ge) Jo Gz, t£®1) < [, T(x)dz < 0,
and
(G7) /QS($)d,I <0.

Remark 1. Theorem 1 improves in some sense the main result proved in
[14], since the proof given in [14] works only in Hilbert space framework.

2. PRELIMINARY RESULTS

In this section, we will state and prove some results required in the proof
of Theorem 1. We recall that I : Hé’p (Q) —IR is said to satisfy Palais-
Smale condition at the level ¢ €R ((PS). in short), if any sequence {u,} C
Hy?(Q) such that

I(up) = ¢ and I'(up) — 0,
possesses a convergent subsequence in Hy?(2).

Lemma 1. Assume (h), (G1) and (G2). Then I satisfies the (PS). condi-
tion Ve < [T (x)d.
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Proof. We are going to adapt some arguments used in [16, p.1148]. First of
all, we shall show that {u,} is bounded. Assume that {u,} is unbounded,
therefore, up to subsequence, we have

||tn || = 0.
Letting
* _ Un
U - )
() "= Tl

we can assume that there exists v € Hy”(Q) such that
vy — v in Hy?(Q)

and
Np

N-—p
Now, we will show that v # 0 and that there exists v €IR such that
v(z) = yPq(x), Vo e Q.

From (1) and choosing t,, = ||luy| , we obtain

@ P gul o [P+ [,

Using (G1) together with the fact that

T oL
n—o0 tn

vy, — v in L*(Q), for 1 <s < p* =

we get

3) [ nier =5

and therefore v # 0.
Using the weak convergence v, — v, we know that

(4) [of] < 1.

By (3) and (4), it follows that v is an eigenfunction for A;. Then there exists
v €1R such that

(5) v(z) = yPq(x), Vo e Q.

In particular,
Up,

[

— P, Vo € Q,
which implies
|un ()| = 00, YV €,

and by (G2) and Fatou’s lemma, we have

(6) liminf | G(z,up(z))dr > [ liminf G(x, uy(x))dx > /QT(:JJ)dx

n—oo o) Q M—00

Now, using the inequality

(7) ¢+ on(1) = I(uy) z/Qa(x,un(x))dx,
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we have by (6) that
c> / T(z)dz,
Q

which contradicts the hypothesis on the level ¢, then {u,} is bounded.
Let u € H& P(Q) be a function such that u, — u, using a similar arguments
explored in [18], we can conclude that

up — u in Hy?(),

and Lemma 1 follows. =

3. EXISTENCE OF TWO SOLUTIONS (EKELAND’S PRINCIPLE)

We will denote by Q* the following sets
QT = {t®; +w, t >0and w € W}

and
Q ={tP1+w, t<0 andwe W}.
It is easy to see that

9Q =9Q~ = W.

Lemma 2. If conditions (h),(G2) and (G6) hold, then functional I is bound-
ed from below on Hé’p(ﬂ). Moreover, the infimum is negative on QT and

Q.

Proof. From condition (G2), its easy to see that I is bounded from below on
Lp

Hy™ ().

Using condition (G6), we have

(7)) :/Qc;(x,ticpl) S/QT(az)dx<0,

therefore

inf I(u) <0.m
ucQ*

Remark 2. Using condition (G4) and the definition of the number A2, we
remark that

1 A
I(w) > f/ Vol — 22 [ h@) [wl? >0, Ywe W.
P Ja p Ja
Therefore Lemma 2 implies that if the infimum of I on Q% is achieved by,
for example, u(f € Q7F, we can assume that
(8) uy € QF\ W.

This fact is very important when we are working with Ekeland’s variational
principle.

Theorem 2. If conditions (h),(G1),(G2),(G4) and (G6) hold, then there
exist u1 € QT and ug € Q™ solutions of (P), such that

I(ul), I(UQ) < 0.
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Proof. From the proof of Lemma 2 we can conclude that
inf I(u) < / G(z,t5®1) < / T(x)dz < 0.
ueQ* Q Q
If

inf I(u):/G(m,tiq)l) _ I(t%®) g/T(:c)dx<O,
ueQ* Q Q

occurs we can take u; = tT®; and ug =t~ ®;. Otherwise if

inf I(u) < / Gz, t5®,) < / T(z)de,

ueQR* Q Q
holds using the Ekeland’s variational principle and the same argument ex-
plored in [14], we can show that there exist sequences {u,} C Q' and

{vn} C Q satisfying

I(up) — inf I(u) and I'(u,) — 0,
ueQt

and

I(v,) — irg I(u) and I'(v,) — 0.
ucly™

By Lemma 1, there exist u; and us such that
Up = up and v, — ug in Hy?(Q).
Therefore, u; and ug are solutions of (P) verifying

I(u;) = inf I(u) <0 and I(ug) = inf I(u) <O,
ueQt UEQ™

which implies from Remark 2 that w; € Q1 and us € Q. This completes
the proof of Theorem 2. m

4. EXISTENCE OF A THIRD SOLUTION (MOUNTAIN PASS)
Using condition (G5) and arguing as in [14], we can easily show that

9) Gla,t) > %h(m) P —Ct]°, VzeQ, teR

where p < o < p* and C'is a constant independent of x.

By (9), we have that
m
I(u >—/ Vup—C/ ul”,
w22 [vur—c [
and then

m
(10) I(u) 2 = [ull” +o(|lull), as ful = 0.
bAL

Using (G6), we obtain
I(tt®;) <0,
which together with (10) imply that there exist r,p > 0 and e = tT®; such
that
I(u) >r >0, for |Jul| <p and I(e) <O.
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Therefore, using a version of the Mountain Pass Theorem without a sort
of Palais-Smale condition [25, Theorem 6], there exists a sequence {u,} C
Hy?(Q) satisfying

(11) I(up) > c>r>0 and HI’(un)HHé,p(Q)* (1 + |lunl]) — 0.
Remark 3. We recall the sequence obtained in (11) was introduced by Ce-
rami in [26].

Theorem 3. If conditions (h),(G1) -(G3) and (G5)-(G7) hold, then prob-
lem (P) has a solution us, with

I(U3> > 0.

Proof. Let {u,} C Hé’p(Q) be the sequence obtained in (11); then arguing
as in Lemma 1, if {u,} is unbounded, we can assume that

(12) |un(z)] = 00, Vz €.
Using (11), we have

0n(1) = I'(un) (un) = [[un]l” = Ay !un!§+/ﬂg(%un)und%
and then
0 < flual?” = Aol < = [ oo w)ual + 00 (1)
Combining (12), (G3) with the inequality above, we conclude that
[unl[” = A1 [unly — 0.

Now, using the equality

c+on(1l) =I(uy) = ; [Huan -\ |un|£] + /Q G(z,up(x))dz,

together with Fatou Lemma and (G7) we obtain

c< limsup/ G(x,up(z))dx < / S(z)dz <0,
Q Q

n—o0

which is a contradiction , because ¢ > 0 by (11). Then {u,} is bounded.
Let uz € Hy?(€2) be such that

(13) Uy, — U3.
By a similar argument explored in [18], we have that
(14) un — uz in Hy?(),
and consequently
I(ug) =c>7r>0 and I'(u3) =0,
which shows that ug is a solution of problem (P). =
5. PROOF OF THEOREM 1

Theorem 1 is an immediate consequence of Theorems 2 and 3. =
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6. EXAMPLE

Making = (0,1), p = 2, and h = 1, we shall give an elementary example
of a nonlinearity g verifying the set of assumptions.

We recall that A\, = n% n = 1,2,...are eigenvalues of (P4) and ®; = sinx
is the first eigenvalue of (Py).

Let g : QxIR—IR defined by

9(z,s) = R(z)g1(s),
where g1 :IR— IR is given by

s, for 0<s<1,
2— s, for 1 <s<5,
ai(s) = s—8 for 5<s§8+@,
! 8+\/@—s, for 8—|—%<5§8+\/@,
0 for 828—!—\/%,
—g(—s) for s <0,

and R : Q —IR is defined by

_ 4dr+ 1, for OSZ‘S%,
R(z) = { —4x +5, for %gxg 1
Then
Gi(s) = / gi(t)dt and G(z,s) = / g(z,)dt = R(x)Gr(s)
0 0
and
R(x
S(a) = T(a) = - )

By the definition of g, it is easy to see that it verifies the conditions (Gi) for
i£ 6.

Thus, we shall prove that G satisfies (G6), for tT = 8.

Indeed, observe that

G(z,8P1(z)) = G(1 —z,8P1(1 —x)), =€,

that is, the function above is symmetric with respect to z = %
Then,

=

/ Gle, 80, () de — 2 / R(2)G1 (8% (2))der
0 0

-
-

— 9 0/ Az G (8D (x))da + 2 0/ G (81 (2))da

I + I,
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Now, we shall estimate each integrals I, (j = 1,2). Since G1(2 + v/2) = 0,
choosing oy €IR such that 8@ (o) = 2+ /2, which satisfies 0 < ag < %, we
obtain

agp
4
th/&Mh@@ﬂ@Mmg&m<g.
0

On the other hand,
1 1
6 3
L - %/+/+
0 1
6

ﬂjGﬂmm+jGﬂ@m+jGﬂQM)
0 1 1

)G1 (8P (x))dx

wlme
ol

<
< =2,
Therefore,
1 5 |
/G@ﬂ%@ﬂwzh+b<—§</ﬂmm.
0 0
Analogously for t~ = —8. This proves that G satisfies (G6). =
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