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 Costa, Maicom Douglas Varella, 1992-
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2018

        Aplicações de superfícies fechadas no plano projetivo /
Maicom Douglas Varella Costa. – Viçosa, MG, 2018.

         ix, 57 f. : il. (algumas color.) ; 29 cm.
  
         Orientador: Catarina Mendes de Jesus Sánchez.
         Dissertação (mestrado) - Universidade Federal de Viçosa.
         Referências bibliográficas: f. 56-57.
  
         1. Planos projetivos. 2. Invariantes. 3. Euler, Característica

de. 4.   Singularidades (Matemática). I. Universidade Federal de
Viçosa. Departamento de Matemática. Programa de
Pós-Graduação em Matemática. II. Título.
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❉❡❞✐❝♦ ❡st❡ tr❛❜❛❧❤♦ ❛ ♠✐♥❤❛ ❢❛♠í❧✐❛✱
❡♠ ❡s♣❡❝✐❛❧ ♠✐♥❤❛ ♠ã❡✱ ▼ár❝✐❛✳
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✧P❡❞✐r ❡✉ ♥ã♦ ♣❡ç♦ ♥ã♦✱ ♠❛s s❡

❛❝❤❛r q✉❡ ❡✉ ♠❡r❡ç♦✳✧
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❆❣r❛❞❡❝✐♠❡♥t♦s

❙♦✉ ❡①tr❡♠❛♠❡♥t❡ ❣r❛t♦ ❛ ♠✐♥❤❛ ♠ã❡✱ ♣❡❧♦ ❡①❡♠♣❧♦✱ ♣♦r t♦❞♦ ✐♥❝❡♥t✐✈♦ ❡
♣♦r ♥ã♦ ♠❡❞✐r ❡s❢♦rç♦s ♣❛r❛ ♣r♦✈✐❞❡♥❝✐❛r t✉❞♦ ♦ q✉❡ ❢♦✐ ♥❡❝❡ssár✐♦ ♣❛r❛ ❡✉ ♣♦❞❡r
❝❤❡❣❛r ❛té ❛q✉✐✳ ❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦s ♠❡✉s ✐r♠ã♦s ●❛❜r✐❡❧❧❛✱ ▲✉✐③ ❖tá✈✐♦ ❡
❏♦❛♥❛✱ ♣♦r t♦❞♦ ♦ ❛♣♦✐♦ ❡ t♦❞♦ ♦ ✐♥❝❡♥t✐✈♦ ❞✉r❛♥t❡ ❡st❛ ❥♦r♥❛❞❛✳

❆❣r❛❞❡ç♦ ❛ ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛✱ ❈❛t❛r✐♥❛✱ ♣♦r t♦❞❛ ♣❛❝✐ê♥❝✐❛ ❡ ♣♦r t♦❞♦
❛♣r❡♥❞✐③❛❞♦ q✉❡ ♠❡ ♣r♦♣✐❝✐♦✉✱ ❛❧é♠ ❞❡ s✉❛s ❝♦rr❡çõ❡s ❡ ✐♥❝❡♥t✐✈♦✳ ❋♦✐ ✉♠❛
❞❛s ♣❡ss♦❛s ❢✉♥❞❛♠❡♥t❛✐s ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡ss❡ tr❛❜❛❧❤♦✱ s❡♠♣r❡ ♣r❡st❛t✐✈❛ ❡
❛t❡♥❝✐♦s❛✱ ❛❧é♠ ❞❡ ♦r✐❡♥t❛❞♦r❛✱ ✉♠❛ ❛♠✐❣❛✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s ♦s ♠❡✉s ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s ❞❡ ❝✉rs♦ ♣❡❧❛ ❛ ❛♠✐③❛❞❡✱ ❡ ♣❡❧♦s
❜♦♥s ♠♦♠❡♥t♦s q✉❡ ♣❛ss❛♠♦s ❥✉♥t♦s ❞✉r❛♥t❡ ❡ss❡ ♣❡rí♦❞♦✳

❆❣r❛❞❡ç♦ ❛♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❆✲❯❋❱✱ ♣♦r ❝♦❧❛❜♦r❛r❡♠ ❝♦♠
❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡ ♣♦r t♦❞♦s ♦s s❡r✈✐ç♦s ♣r❡st❛❞♦s✳

❆❣r❛❞❡ç♦ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡
tr❛❜❛❧❤♦✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡ ❝♦♥tr✐❜✉ír❛♠ ❞✐r❡t❛ ❡ ✐♥❞✐r❡t❛♠❡♥t❡ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦
❞❡st❡ tr❛❜❛❧❤♦✳
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❘❡s✉♠♦

❈❖❙❚❆✱ ▼❛✐❝♦♠ ❉♦✉❣❧❛s ❱❛r❡❧❧❛✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱
❥✉❧❤♦ ❞❡ ✷✵✶✽✳ ❆♣❧✐❝❛çõ❡s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳
❖r✐❡♥t❛❞♦r❛✿ ❈❛t❛r✐♥❛ ▼❡♥❞❡s ❞❡ ❏❡s✉s ❙á♥❝❤❡③✳

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞♦ tr❛❜❛❧❤♦ ❛q✉✐ ❛♣r❡s❡♥t❛❞♦ é ❡st✉❞❛r ✐♥✈❛r✐❛♥t❡s ❧♦❝❛✐s ❡

❣❧♦❜❛✐s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ s✉♣❡r❢í❝✐❡s✳ ❆♣r❡s❡♥t❛♠♦s três ✐♥✈❛r✐❛♥t❡s

❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✱ q✉❡ ❝❛rr❡❣❛♠ ✐♥❢♦r♠❛çõ❡s ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡✱ q✉❡

sã♦✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ❡ ♦ ♥ú♠❡r♦

❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❣r❛❢♦ ❞✉❛❧ é

❛♣r❡s❡♥t❛❞♦ ❝♦♠♦ ✉♠ ✐♠♣♦rt❛♥t❡ ✐♥✈❛r✐❛♥t❡ ❣❧♦❜❛❧ ❞❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✱ q✉❡

❝❛rr❡❣❛ ✐♥❢♦r♠❛çõ❡s ❛ r❡s♣❡✐t♦ ❞❛ s✉♣❡r❢í❝✐❡ ❞♦♠í♥✐♦ ❡ ❛❥✉❞❛ ♥❛ ❝❧❛ss✐✜❝❛çã♦

❞❡ss❛s ❛♣❧✐❝❛çõ❡s✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s✱ ♥❛s q✉❛✐s ❡st❡ ❡st✉❞♦ ❡stá ❜❛s❡❛❞♦✱

sã♦ ❬✷✵❪ ❡ ❬✽❪✳
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❆❜str❛❝t

❈❖❙❚❆✱ ▼❛✐❝♦♠ ❉♦✉❣❧❛s ❱❛r❡❧❧❛✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❏✉❧②✱
✷✵✶✽✳ ▼❛♣s ❢r♦♠ ❝❧♦s❡❞ s✉r❢❛❝❡s t♦ t❤❡ ♣r♦❥❡❝t✐✈❡ ♣❧❛♥❡✳ ❆❞✈✐s❡r✿
❈❛t❛r✐♥❛ ▼❡♥❞❡s ❞❡ ❏❡s✉s ❙á♥❝❤❡③✳

❚❤❡ ♠❛✐♥ ♣✉r♣♦s❡ ♦❢ t❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ❤❡r❡ ✐s t♦ st✉❞② ❧♦❝❛❧ ❛♥❞ ❣❧♦❜❛❧

✐♥✈❛r✐❛♥ts ♦❢ st❛❜❧❡ ♠❛♣s ❜❡t✇❡❡♥ s✉r❢❛❝❡s✳ ❲❡ ♣r❡s❡♥t t❤r❡❡ ❧♦❝❛❧ ♠❛♣♣✐♥❣s

✐♥✈❛r✐❛♥ts t❤❛t ❝❛rr✐❡s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ❛♣♣❛r❡♥t ❝♦♥t♦✉r ♦❢ t❤❡ ♠❛♣s✱ t❤❡

♥✉♠❜❡r ♦❢ ❝✉s♣✱ t❤❡ ♥✉♠❜❡r ♦❢ ❞♦✉❜❧❡ ♣♦✐♥ts ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ❝♦♥♥❡❝t❡❞

❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ s✐♥❣✉❧❛r s❡t✳ ▼♦r❡ ♦✈❡r✱ t❤❡ ❞✉❛❧ ❣r❛♣❤ ✐s ♣r❡s❡♥t❡❞ ❛s ❛

s✐❣♥✐✜❝❛♥t ❣❧♦❜❛❧ ✐♥✈❛r✐❛♥t ♦❢ st❛❜❧❡ ♠❛♣s✱ ✇❤✐❝❤ ❝❛rr✐❡s ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡

❞♦♠❛✐♥ s✉r❢❛❝❡ ❛♥❞ ✐t ❤❡❧♣s ✐♥ ❝❧❛ss✐❢②✐♥❣ t❤❡s❡ ♠❛♣s✳ ❚❤❡ ♠❛✐♥ r❡❢❡r❡♥❝❡s✱ ✇❤✐❝❤

t❤✐s ✐s st✉❞② ✐s ❜❛s❡❞✱ ❛r❡ ❬✷✵❪ ❛♥❞ ❬✽❪✳

✐①



■♥tr♦❞✉çã♦

❲❤✐t♥❡② ♣✉❜❧✐❝♦✉✱ ❡♠ ✶✾✺✺✱ ♦ ❛rt✐❣♦ ✧▼❛♣♣✐♥❣s ♦❢ t❤❡ ♣❧❛♥❡ ✐♥t♦ t❤❡
♣❧❛♥❡✧q✉❡ ❢♦✐ ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ ♦ s✉r❣✐♠❡♥t♦ ❞❛ ❚❡♦r✐❛ ❞❡ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❞❡
❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❲❤✐t♥❡② ❞❡♠♦♥str♦✉ q✉❡✱ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞♦
♣❧❛♥♦ ♥♦ ♣❧❛♥♦✱ s❡ ✉♠ ♣♦♥t♦ ♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r✱ ❡♥tã♦ ❡ss❡ ♣♦♥t♦ é
❞♦ t✐♣♦ ❞♦❜r❛ ♦✉ ❝ús♣✐❞❡✳ ❆t✉❛❧♠❡♥t❡✱ ♠✉✐t♦s t❡♠❛s ❞❛ ❚❡♦r✐❛ ❞❡ ❙✐♥❣✉❧❛r✐❞❛❞❡s
♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ✈ár✐♦s tít✉❧♦s✱ ❝♦♠♦ ❡♠ ❬✹❪ ❡ ❬✺❪✳

❯♠ ❞♦s ♣r♦❜❧❡♠❛s ❝❧áss✐❝♦s ♥❛ ❚❡♦r✐❛ ❞❡ ❙✐♥❣✉❧❛r✐❞❛❞❡s é ❛ ❝❧❛ss✐✜❝❛çã♦
❝♦♠♣❧❡t❛ ❞❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✱ ❛ ♠❡♥♦s ❞❡ A✲❡q✉✐✈❛❧ê♥❝✐❛✳ ❚❛❧ ♣r♦❜❧❡♠❛
t❡♠ s✐❞♦ ✉♠ ❞í✜❝✐❧ tr❛❜❛❧❤♦ ❞❡s❞❡ ♦ s✉r❣✐♠❡♥t♦ ❞❛ t❡♦r✐❛✳ ❊♠ ♠✉✐t♦s ❝❛s♦s✱
❛ ♣r♦❝✉r❛ ♣♦r ❡ss❛ ❝❧❛ss✐✜❝❛çã♦ s❡ ❞á ♥❛ ❜✉s❝❛ ♣♦r ✐♥✈❛r✐❛♥t❡s q✉❡ ♣❡r♠✐t❛♠
❝❧❛ss✐✜❝❛r ❣r❛♥❞❡ ♣❛rt❡ ❞❛s ❛♣❧✐❝❛çõ❡s✳ ❊♠ ✉♠ ❡st✉❞♦ ♠❛✐s r❡❝❡♥t❡✱ ❖❤♠♦t♦
❬✷✶❪✱ ❞❡t❡r♠✐♥♦✉ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ❣❡r❛❞♦r❡s ♣❛r❛ ♦ ❛♥❡❧ ❞♦s ✐♥✈❛r✐❛♥t❡s
s❡♠✐✲❧♦❝❛✐s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞♦ t✐♣♦ ❱❛ss✐❧✐❡✈✱ q✉❡ ❡stá ❛ss♦❝✐❛❞♦ ❛♦ ❝♦♥t♦r♥♦
❛♣❛r❡♥t❡✳ ❖❤♠♦t♦ ❡ ❆✐❝❛r❞✐ ❬✷✵❪✱ ❛♣r❡s❡♥t❛r❛♠ ✐♥✈❛r✐❛♥t❡s ♥✉♠ér✐❝♦s ❧♦❝❛✐s✱
♣❛r❛ ♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦✳
❊♥tr❡t❛♥t♦✱ ❡①✐st❡♠ ❛♣❧✐❝❛çõ❡s ❡♠ ❞✐❢❡r❡♥t❡s ❝❧❛ss❡s ❞❡ A✲❡q✉✐✈❛❧ê♥❝✐❛ ❛ss♦❝✐❛❞❛s
❛ ✉♠ ♠❡s♠♦ ✐♥✈❛r✐❛♥t❡✱ ♦ q✉❡ ♠♦str❛ q✉❡ ❡st❡s ✐♥✈❛r✐❛♥t❡s ♥ã♦ sã♦ s✉✜❝✐❡♥t❡s
♣❛r❛ ❝❧❛ss✐✜❝❛r ❡st❛s ❛♣❧✐❝❛çõ❡s✳

❊♠ s✉❛ t❡s❡ ❞❡ ❉♦✉t♦r❛❞♦✱ ▼❡♥❞❡s ❞❡ ❏❡s✉s ❬✶✺❪ ✐♥tr♦❞✉③✐✉ ✉♠ ♥♦✈♦
✐♥✈❛r✐❛♥t❡ ❣❧♦❜❛❧✱ ♦ ❣r❛❢♦ ❞✉❛❧✳ ❊♠ ❝♦♥❥✉♥t♦ ❝♦♠ ❍❛❝♦♥ ❡ ❘♦♠❡r♦✲❋✉st❡r✱ ▼❡♥❞❡s
❞❡ ❏❡✉s ❛♣r❡s❡♥t♦✉ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡ ❣r❛❢♦s ❛ss♦❝✐❛❞♦s
à ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ s✉♣❡r❢í❝✐❡s✿ ❛♣❧✐❝❛çõ❡s ❞♦❜r❛ ❞❛ ❡s❢❡r❛ ♥♦ ♣❧❛♥♦ ❡♠ ❬✾❪✱
❛♣❧✐❝❛çõ❡s ❞❡ s✉♣❡r❢í❝✐❡s ♥♦ ♣❧❛♥♦ ❡♠ ❬✽❪ ❡ ❬✶✵❪ ❡ ❛♣❧✐❝❛çõ❡s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s
❡ ♦r✐❡♥t❛❞❛s ♥❛ ❡s❢❡r❛ ❬✶✶❪✳ ▼❡♥❞❡s ❞❡ ❏❡s✉s ❡ ❘♦♠❡r♦✲❋✉st❡r ❡st❡♥❞❡r❛♠ ♦s
r❡s✉❧t❛❞♦s ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❡♠
❬✾❪ ❡ ❬✶✵❪✳

❖ tr❛❜❛❧❤♦ ❛q✉✐ ❛♣r❡s❡♥t❛❞♦ t❡♠ ❝♦♠♦ ✜♥❛❧✐❞❛❞❡ ♦ ❡st✉❞♦ ❞❡ ❛♣❧✐❝❛çõ❡s
❡stá✈❡✐s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✱ ❛ss✐♠ ❝♦♠♦ ❛❧❣✉♥s ✐♥✈❛r✐❛♥t❡s
❧♦❝❛✐s ❡ ❣❧♦❜❛✐s ❛ss♦❝✐❛❞♦s ❛ t❛✐s ❛♣❧✐❝❛çõ❡s✳ ❖s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s✱ ❛q✉✐
❛♣r❡s❡♥t❛❞♦s✱ sã♦ ❜❛s❡❛❞♦s ♥♦s tr❛❜❛❧❤♦s ❞❡ ▼❡♥❞❡s ❞❡ ❏❡s✉s ❡ ❘♦♠❡r♦✲❋✉st❡r
❬✶✽❪ ❡ ❖❤♠♦t♦ ❡ ❆✐❝❛r❞✐ ❬✷✵❪✳ ❖ ❝♦♥t❡ú❞♦ ❛♣r❡s❡♥t❛❞♦ ♥❡ss❡ tr❛❜❛❧❤♦ t❡♠ ❛
s❡❣✉✐♥t❡ ❡str✉t✉r❛✿

◆♦ ❈❛♣ít✉❧♦ ✶✱ ✐♥tr♦❞✉③✐♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s q✉❡ sã♦ ♦s
❞♦♠í♥✐♦s ❞❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s q✉❡ sã♦ tr❛❜❛❧❤❛❞❛s ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳
❆♣r❡s❡♥t❛♠♦s t❛♠❜é♠ ♦ ❝♦♥❥✉♥t♦✱ E(M,N)✱ ❞❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡

✶



s✉♣❡r❢í❝✐❡s M ❡ N ✱ ❜❡♠ ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞✐s❝r✐♠✐♥❛♥t❡ q✉❡ é ♦ ❝♦♠♣❧❡♠❡♥t❛r
❞❡ E(M,N) ♥♦ ❝♦♥❥✉♥t♦ ❞❛s ❛♣❧✐❝❛çõ❡s s✉❛✈❡s ❞❡ M ❡♠ N ✳ ❆❧é♠ ❞✐ss♦✱
❛♣r❡s❡♥t❛♠♦s ❝♦♥❝❡✐t♦s ❛ r❡s♣❡✐t♦ ❞❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s f : M → N ✱ t❛✐s ❝♦♠♦
❛s ❝❛r❛❝t❡ríst✐❝❛s ❞♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❡ ❝♦♥❥✉♥t♦ r❡❣✉❧❛r✱ ❛❧é♠ ❞❡ ✐❧✉str❛r♠♦s
❛❧❣✉♥s ❡①❡♠♣❧♦s ❡ ✐♥tr♦❞✉③✐r♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝✐r✉r❣✐❛s ❡♥tr❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✳
❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ✉t✐❧✐③❛❞❛s ♥❡st❡ ❝❛♣✐tút❧♦ sã♦ ❬✹❪✱ ❬✺❪✱ ❬✶✷❪✱ ❬✼❪✱ ❬✶✾❪ ❡ ❬✷✼❪✳

◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ❛s tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡ ❞❡
❝♦❞✐♠❡♥sã♦ ❞♦✐s✱ q✉❡ sã♦ r❡❛❧✐③❛❞❛s ❛tr❛✈és ❞❡ ❤♦♠♦t♦♣✐❛s ❛♦ ❧♦♥❣♦ ❞♦ ❝♦♥❥✉♥t♦
C∞(M,N)✱ ❡ s❡✉s ❡❢❡✐t♦s ♥♦ ❝♦♥❥✉♥t♦ r❡❣✉❧❛r ❡ ♥♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r✳ P♦r ✜♠✱
❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ✐♥✈❛r✐❛♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✱ ♦s ✐♥✈❛r✐❛♥t❡s ❧♦❝❛✐s ❡
❣❧♦❜❛✐s IC ❡ ID ❡ ♦ ✐♥✈❛r✐❛♥t❡ ❣❧♦❜❛❧ Iµ✱ ❛ss✐♠ ❝♦♠♦ ❛ r❡❧❛çã♦ ❡♥tr❡ ❡❧❡s✳ ❆q✉✐
✉t✐❧✐③❛♠♦s ❝♦♠♦ ♣r✐♥✐❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ❬✽❪✱ ❬✷✵❪ ❡ ❬✷✶❪✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ✐♥tr♦❞✉③✐♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ ❞❡ ❣r❛❢♦s ❡
✉♠ t✐♣♦ ❞❡ ❝✐r✉r❣✐❛ ♣❛r❛ ❣r❛❢♦s✳ ❆❧é♠ ❞✐ss♦✱ ✜③❡♠♦s ✉♠❛ ❛ss♦❝✐❛çã♦ ❡♥tr❡ ❣r❛❢♦s
❝♦♠ ♣❡s♦s ♥♦s ✈ért✐❝❡s ❡ s✉♣❡r❢í❝✐❡s ❝♦♠ ❝✉r✈❛s s✐♠♣❧❡s✱ ❢❡❝❤❛❞❛s ❡ ❞✐s❥✉♥t❛s✱
♠❡r❣✉❧❤❛❞❛s ♥❡ss❛s s✉♣❡r❢í❝✐❡s✳ ❆s r❡❢❡rê♥❝✐❛s ❞❡st❡ ❝❛♣ít✉❧♦ sã♦✿ ❬✾❪✱ ❬✶✷❪✱ ❬✶✽❪✱
❬✶✼❪ ❡ ❬✷✻❪✳

◆♦ ú❧t✐♠♦ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ❛ ❛ss♦❝✐❛çã♦ ❡♥tr❡ ❣r❛❢♦s ❝♦♠ ♣❡s♦s ♥♦s
✈ért✐❝❡s ❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳ ❆❧é♠
❞✐ss♦✱ ✈✐♠♦s ♦s ❡❢❡✐t♦s ❞❛s tr❛♥s✐çõ❡s ❧á❜✐♦s ❡ ❜✐❝♦s ♥♦s ❣r❛❢♦s✱ ❛ss✐♠ ❝♦♠♦ ♦s
❡❢❡✐t♦s ❞❛s ❝✐r✉r❣✐❛s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ♥♦s ❣r❛❢♦s✳ P♦r ú❧t✐♠♦✱ ❛♣r❡s❡♥t❛♠♦s
r❡s✉❧t❛❞♦s s♦❜r❡ ❛ r❡❛❧✐③❛çã♦ ❞❡ t❛✐s ❣r❛❢♦s✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ❞❡st❡
❝❛♣ít✉❧♦ sã♦ ❬✶✽❪ ❡ ❬✶✼❪✳

✷



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r

❆♣r❡s❡♥t❛♠♦s ♥❡ss❡ ❝❛♣ít✉❧♦ ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❛ r❡s♣❡✐t♦ ❞❡ s✉♣❡r❢í❝✐❡s✱
❝♦♠♦ s♦♠❛ ❝♦♥❡①❛✱ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❡ ❣ê♥❡r♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✐♥tr♦❞✉③✐♠♦s
❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ❞❛ t❡♦r✐❛ ❞❡ ❣r❛❢♦s ❝♦♠♦ ❣r❛❢♦s ❝♦♥❡①♦s✱
❜✐♣❛rt✐❞♦s ❡ ❝♦♠ ♣❡s♦s ♥♦s ✈ért✐❝❡s✳ ❋✐♥❛❧♠❡♥t❡✱ ❛ss♦❝✐❛♠♦s ♦s ❣r❛❢♦s ❛ s✉♣❡r❢í❝✐❡s
❝♦♠ ❝✉r✈❛s✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ❞❡st❡ ❝❛♣ít✉❧♦ sã♦ ❬✾❪✱ ❬✶✷❪✱ ❬✶✽❪✱ ❬✶✼❪ ❡ ❬✷✻❪✳

✶✳✶ ❈♦♠♣❧❡①♦s r❡❣✉❧❛r❡s

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❬✶✷❪ ❯♠❛ ♥✲❝é❧✉❧❛ é ✉♠ ❝♦♥❥✉♥t♦ ❝✉❥♦ ✐♥t❡r✐♦r é ❤♦♠❡♦♠♦r❢♦
❛ ✉♠ ❞✐s❝♦ ♥✲❞✐♠❡♥s✐♦♥❛❧ Dn = {x ∈ R

n||x| < 1} ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❛❞✐❝✐♦♥❛❧ ❞❡
q✉❡ s✉❛ ❢r♦♥t❡✐r❛ ❞❡✈❡ s❡r ❞✐✈✐❞✐❞❛ ❡♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝é❧✉❧❛s ❝♦♠ ❞✐♠❡♥sõ❡s
♠❡♥♦r❡s✱ ❝❤❛♠❛❞❛s ❢❛❝❡s ❞❛ ♥✲❝é❧✉❧❛✳ ❊s❝r❡✈❡♠♦s σ < τ s❡ σ é ✉♠❛ ❢❛❝❡ ❞❡ τ ✳

P♦r ❡①❡♠♣❧♦✱ ♥♦ ❡s♣❛➹➓♦ ❡✉❝❧✐❞✐❛♥♦ tr✐❞✐♠❡♥s✐♦♥❛❧✱ ✉♠ ♣♦♥t♦ A ♣♦❞❡ s❡r
❝♦♥s✐❞❡r❛❞♦ ✉♠❛ ✵✲❝é❧✉❧❛❀ ✉♠❛ ✶✲❝é❧✉❧❛ é ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛ a = AB✱ ♦♥❞❡
A < a ❡ B < a❀ ✉♠❛ ✷✲❝é❧✉❧❛ é ✉♠ ♣♦❧í❣♦♥♦✭ ❣❡r❛❧♠❡♥t❡ ✉♠ tr✐â♥❣✉❧♦✮ t❛❧ q✉❡
σ = ∆ABC✱ ❡ ❡♥tã♦ ❆❈✱ ❇❈ ❡ ❆❇ < σ✳ ◆♦t❡ q✉❡ A < AB < σ✱ ❡♥tã♦ A < σ✳ ❆
❋✐❣✉r❛ ✶✳✶ ✐❧✉str❛ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❝é❧✉❧❛s✳

❊①❡♠♣❧♦ ✶✳✶✳✷✳ ❆ ❋✐❣✉r❛ ✶✳✶ ✐❧✉str❛ ❡①❡♠♣❧♦s ❞❡ ✉♠❛ ✵✲❝é❧✉❧❛✱ ✶✲❝é❧✉❧❛ ❡ ✷✲
❝é❧✉❧❛✳

a)                         b)                                             c)                                         d)

❋✐❣✉r❛ ✶✳✶✿ ❊①❡♠♣❧♦s ❞❡ ❝é❧✉❧❛s✳

❉❡✜♥✐çã♦ ✶✳✶✳✸✳ ❯♠ ❝♦♠♣❧❡①♦ ❑ é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❝é❧✉❧❛s✳

✸



K =
⋃

{σ|σ é ✉♠❛ ❝é❧✉❧❛ }✳

t❛❧ q✉❡✿

✶✳ ❙❡ σ é ✉♠❛ ❝é❧✉❧❛ ❡♠ K✱ ❡♥tã♦ t♦❞❛s ❛s ❢❛❝❡s ❞❡ σ sã♦ ❡❧❡♠❡♥t♦s ❞❡ K❀

✷✳ ❙❡ σ ❡ τ sã♦ ❝é❧✉❧❛s ❡♠ K✱ ❡♥tã♦ int(σ) ∩ int(τ) = ∅✳

◆♦t❡ q✉❡✱ ✉♠ ♦❜❥❡t♦ t♦♣♦❧ó❣✐❝♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦ ♣♦r ❞✐❢❡r❡♥t❡s
❝♦♠♣❧❡①♦s✱ ❝♦♠♦ ♥❛ ❋✐❣✉r❛ ✶✳✷✳

❋✐❣✉r❛ ✶✳✷✿ ❉✐❢❡r❡♥t❡s ❝♦♠♣❧❡①♦s ♥❛ ❡s❢❡r❛✳

❉❡✜♥✐çã♦ ✶✳✶✳✹✳ ❙❡❥❛ K ✉♠ ♥✲❝♦♠♣❧❡①♦✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ♥❛s
❝é❧✉❧❛s ❞❡ K é

X = |K| = {x; x ∈ σ ∈ K; σ é ✉♠❛ ❝é❧✉❧❛ ❡♠ K}✳

X é ❝❤❛♠❛❞♦ ❡s♣❛ç♦ s✉❜❥❛❝❡♥t❡ ❞♦ ❝♦♠♣❧❡①♦ K✳

❉❡✜♥✐çã♦ ✶✳✶✳✺✳ ❆ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ ✉♠ ♥✲❝♦♠♣❧❡①♦ r❡❣✉❧❛r K✱
❞❡♥♦t❛❞❛ ♣♦r χ(K) é ❞❡✜♥✐❞❛ ♣❡❧❛ s♦♠❛ ❛❧t❡r♥❛❞❛ ❞♦ ♥ú♠❡r♦ ❞❡ ❝é❧✉❧❛s ❞♦
❝♦♠♣❧❡①♦ K✱ ✐st♦ é

χ(K) = #✭✵✲❝é❧✉❧❛✮−#✭✶✲❝é❧✉❧❛✮+#✭✷✲❝é❧✉❧❛✮−...(−1)n#✭♥✲❝é❧✉❧❛✮✱

♦♥❞❡ #✭r✲❝é❧✉❧❛✮ ❞❡♥♦t❛ ♦ ♥ú♠❡r♦ ❞❡ r✲❝é❧✉❧❛s ❞♦ ❝♦♠♣❧❡①♦ K✳
❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ✉♠ ✷✲❝♦♠♣❧❡①♦✱ ❞❡♥♦t❛♥❞♦ F = #(faces)✱ A = #(arestas)
❡ V = #(vertices)✱ ❛ ❝❛r❡❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ❞❛❞❛ ♣♦r✿

χ(K) = V − A+ F.

✶✳✷ ❙✉♣❡r❢í❝✐❡s

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❯♠❛ ♥✲✈❛r✐❡❞❛❞❡ M é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛
❝♦♠ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ❡ t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ x ∈ M ❡①✐st❡ ✉♠ ❛❜❡rt♦ U ⊂ M ❝♦♠
x ∈ U ❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ϕ : U → V ✱ ♦♥❞❡ V é ✉♠ ❛❜❡rt♦ ❞❡ R

n✳ ❯♠❛
✷✲✈❛r✐❡❞❛❞❡ é ❝❤❛♠❛❞❛ ❞❡ s✉♣❡r❢í❝✐❡✳

✹



❊①❡♠♣❧♦ ✶✳✷✳✷✳ ❆ ❡s❢❡r❛ S2 = {x ∈ R
3||x| = 1}✱ é ✉♠❛ s✉♣❡r❢í❝✐❡✳ ❈♦♠♦ ✉♠

♣♦♥t♦ ♥❛ ❡s❢❡r❛✱ x ♣♦ss✉✐ ✈✐③✐♥❤❛♥ç❛s ❞❛ ❢♦r♠❛

N = {y ∈ R
3; |x− y| < r, y ∈ S2}.

❊ss❛s ✈✐③✐♥❤❛♥ç❛s s❡ ♣❛r❡❝❡♠ ❝♦♠ ❞✐s❝♦s ❜✐❞✐♠❡♥s✐♦♥❛✐s ♦s q✉❛✐s ❢♦r❛♠ ✉♠
♣♦✉❝♦ ❞❡❢♦r♠❛❞♦s✳

a

a

x

y

❋✐❣✉r❛ ✶✳✸✿ ❱✐③✐♥❤❛♥ç❛s ❞❡ ① ❡ ② ❡♠ S2✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✳ ❬✶✷❪ ❯♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠ ❜♦r❞♦ é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ t❛❧
q✉❡ t♦❞♦ ♣♦♥t♦ ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ♦✉ ❛ ✉♠ ❞✐s❝♦
❛❜❡rt♦ ♥✲❞✐♠❡♥s✐♦♥❛❧ ♦✉ ♦ ♠❡✐♦ ❞✐s❝♦✱ ❞❛❞♦ ♣♦r

Dn
+ = {x = (x1, ..., xn) ∈ R

n; |x| < r e xn ≥ 0}.

❖s ♣♦♥t♦s ❝♦♠ ✈✐③✐♥❤❛♥ç❛ ❞❡ ♠❡✐♦ ❞✐s❝♦ sã♦ ❝❤❛♠❛❞♦s ♣♦♥t♦s ❞❡ ❜♦r❞♦✳

❊①❡♠♣❧♦ ✶✳✷✳✹✳ ❖ ❝✐❧✐♥❞r♦ ❡ ❛ ❢❛✐①❛ ❞❡ ▼♦❜✐✉s sã♦ s✉♣❡r❢í❝✐❡s ❝♦♠ ❜♦r❞♦✱ ♣♦✐s
♣♦ss✉❡♠ ♣♦♥t♦s ❝♦♠ s♦♠❡♥t❡ ✈✐③✐♥❤❛♥ç❛s ❞❡ ♠❡✐♦ ❞✐s❝♦ ✭✈❡r ❋✐❣✉r❛ ✶✳✹✮✳

❋✐❣✉r❛ ✶✳✹✿ P♦♥t♦s ❞❡ ❜♦r❞♦ ❡ ✈✐③✐♥❤❛♥ç❛✳

❖ ❜♦r❞♦ ❞♦ ❝✐❧✐♥❞r♦ ❝♦♥s✐st❡ ❞❡ ❞♦✐s ❝✐r❝✉❧♦s✱ ❡ ♦ ❜♦r❞♦ ❞❛ ❢❛✐①❛ ❞❡ ▼♦❜✐✉s é
✉♠ ú♥✐❝♦ ❝ír❝✉❧♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✺✳ ❬✶✷❪ ❯♠❛ s✉♣❡r❢í❝✐❡ M é ♦r✐❡♥tá✈❡❧ s❡ ❝♦♥té♠ ✉♠❛ ❢❛✐①❛ ❞❡
▼♦❜✐✉s✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ q✉❡ ✐♥✈❡rt❡ ❛ ♦r✐❡♥t❛çã♦✱ ❞✐③❡♠♦s
q✉❡ M é ♥ã♦✲♦r✐❡♥tá✈❡❧✳

❉❡✜♥✐çã♦ ✶✳✷✳✻✳ ❬✶✷❪ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❜✐❞✐♠❡♥s✐♦♥❛❧M é tr✐❛♥❣✉❧á✈❡❧ s❡
♦ s❡✉ ❡s♣❛ç♦ s✉❜❥❛❝❡♥t❡K é ❤♦♠❡♦♠♦r❢♦ ❛M ❡ ♣♦ss✉✐ ❛♣❡♥❛s ❝é❧✉❧❛s tr✐❛♥❣✉❧❛r❡s
q✉❡ s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ ❞❡ q✉❡ ❞♦✐s tr✐â♥❣✉❧♦s sã♦ ✐❞❡♥t✐✜❝❛❞♦s ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛
❛r❡st❛ ♦✉ s♦♠❡♥t❡ ✉♠ ✈ért✐❝❡ ♦✉ sã♦ ❞✐s❥✉♥t♦s✳

❉❡✜♥✐çã♦ ✶✳✷✳✼✳ ❯♠❛ tr✐❛♥❣✉❧❛çã♦ ❞❡ ✉♠ ❝♦♠♣❧❡①♦ K é ❞✐t♦ ❝♦♠♣❧❡①♦
s✐♠♣❧✐❝✐❛❧ ♦✉ ✉♠❛ tr✐❛♥❣✉❧❛çã♦ ❡♠ M ✳ ❯♠❛ ❝é❧✉❧❛ ❞❡ ✉♠ ❝♦♠♣❧❡①♦ s✐♠♣❧✐❝✐❛❧
é ❞✐t♦ s✐♠♣❧❡①✳

✺



❉❡✜♥✐çã♦ ✶✳✷✳✽✳ ❯♠❛ tr✐❛♥❣✉❧❛çã♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ é ✉♠ s✐♠♣❧✐❝✐❛❧ ✷✲
❝♦♠♣❧❡①♦ t❛❧ q✉❡✿

✐✮ ❈❛❞❛ ❛r❡st❛ é ✐❞❡♥t✐✜❝❛❞❛ ❝♦♠ ❡①❛t❛♠❡♥t❡ ✉♠❛ ♦✉tr❛ ❛r❡st❛❀

✐✐✮ ❯♠ ❞❛❞♦ ✈ért✐❝❡ ♣♦❞❡ ♣❡rt❡♥❝❡r ❛ ♥ tr✐â♥❣✉❧♦s✱ ❞❡♥♦t❛❞♦s ♣♦r T1, ...Tn✱ ❞❡
♠♦❞♦ q✉❡ ♥❡st❛ s❡q✉ê♥❝✐❛✱ ❞♦✐s ❛ ❞♦✐s tr✐â♥❣✉❧♦s sã♦ ❛❞❥❛❝❡♥t❡s ❡ ♣♦ss✉❡♠
✉♠❛ ❛r❡st❛ ❡♠ ❝♦♠✉♠ ❡ Tn ✐❞❡♥t✐✜❝❛ ❝♦♠ T1 ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❛r❡st❛✳

❚❡♦r❡♠❛ ✶✳✷✳✾✳ ❯♠❛ s✉♣❡r❢í❝✐❡ é ❝♦♠♣❛❝t❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ q✉❛❧q✉❡r
tr✐❛♥❣✉❧❛çã♦ ♣♦ss✉✐ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ tr✐â♥❣✉❧♦s✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✷✳✾ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✷❪ ♣á❣✐♥❛ ✽✵✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✵✳ ❯♠❛ s✉♣❡r❢í❝✐❡ é ❞✐t❛ ❢❡❝❤❛❞❛ s❡ é ❝♦♠♣❛❝t❛ ❡ ♥ã♦ ♣♦ss✉✐
❜♦r❞♦✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❡ s✉❛ ♣r♦✈❛ é ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✷❪ ♣á❣✐♥❛ ✽✶✳

❚❡♦r❡♠❛ ✶✳✷✳✶✶✳ ❯♠❛ s✉♣❡r❢í❝✐❡ é ❝♦♥❡①❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ✉♠❛ tr✐❛♥❣✉❧❛çã♦
♣♦❞❡ s❡r ❛rr❛♥❥❛❞❛ ♥❛ ♦r❞❡♠ T1, ..., Tn✱ ❞❡ ♠♦❞♦ q✉❡ ❝❛❞❛ tr✐â♥❣✉❧♦ ♣♦ss✉✐ ♥♦
♠í♥✐♠♦ ✉♠❛ ❛r❡st❛ ✐❞❡♥t✐✜❝❛❞❛ ❝♦♠ ❛ ❛r❡st❛ ❞♦ tr✐â♥❣✉❧♦ ❛♥t❡r✐♦r✳

❊①❡♠♣❧♦ ✶✳✷✳✶✷✳ ❆ ❋✐❣✉r❛ ✶✳✺ ✐❧✉str❛ ✉♠❛ tr✐❛♥❣✉❧❛çã♦ ❞❛ ❡s❢❡r❛ ✭S2✮✳ ❈♦♠♦
♣♦❞❡✲s❡ ✈❡r✱ ❝❛❞❛ tr✐â♥❣✉❧♦ ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❛r❡st❛ ❝♦♠✉♠ ❝♦♠ ❛ ❛r❡st❛
❞❡ ♦✉tr♦ tr✐â♥❣✉❧♦✳ ❆❧é♠ ❞✐ss♦✱ q✉❛❧q✉❡r tr✐â♥❣✉❧❛çã♦ ❞❡ S2 é ✜♥✐t❛✳ P♦rt❛♥t♦✱
❡❧❛ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ ❝♦♥❡①❛✳

❋✐❣✉r❛ ✶✳✺✿ ❯♠❛ tr✐❛♥❣✉❧❛çã♦ ❞❡ S2✳

✶✳✸ ❈❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r

❈♦♠♦ ❥á ✈✐♠♦s ♥❛ ❉❡✜♥✐çã♦ ✶✳✷✳✽✱ ✉♠❛ tr✐❛♥❣✉❧❛çã♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ é ✉♠
✷✲❝♦♠♣❧❡①♦✱ ❡♥tã♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❉❡✜♥✐çã♦ ✶✳✶✳✺✱ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡
✉♠❛ s✉♣❡r❢í❝✐❡ M é ❞❛❞❛ ♣♦r✿

χ(M) = V − A+ F,

♦♥❞❡ F ✱ A ❡ V ❞❡♥♦t❛♠ ♦ ♥ú♠❡r♦ ❞❡ ❢❛❝❡s✱ ❛r❡st❛s ❡ ✈ért✐❝❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱
❞❛ tr✐❛♥❣✉❧❛çã♦ ❞❛ s✉♣❡r❢í❝✐❡ M ✳ ❖ ❚❡♦r❡♠❛ ✶✳✸✳✶ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✷❪
♣á❣✐♥❛ ✶✵✾✳

✻



❚❡♦r❡♠❛ ✶✳✸✳✶✳ ❆ ❝❛r❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ✉♠ ✐♥✈❛r✐❛♥t❡ t♦♣♦❧ó❣✐❝♦ ♣❛r❛
s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ❡ ❝♦♥❡①❛s✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✷✳ ❙❡ M ❡ N sã♦ s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ❡ ❝♦♥❡①❛s✱ ❡♥tã♦

χ(M ∪N) = χ(M) + χ(N)− χ(M ∩N).

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ M ∩N = ∅✱ ♦✉ s❡❥❛✱
χ(M ∩N) = 0✳ ❈♦♠♦ M ❡ N sã♦ ❞✐s❥✉♥t❛s✱ ❡♥tã♦ é s✉✜❝✐❡♥t❡ ❝♦♥s✐❞❡r❛r ✉♠ ✷✲
❝♦♠♣❧❡①♦ ❡♠ ❝❛❞❛ s✉♣❡r❢í❝✐❡ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ χ(M ∪N)✳
❆ss✐♠✱ t❡♠♦s

χ(M ∪N) = χ(M) + χ(N)− χ(M ∩N) = χ(M) + χ(N).

❆❣♦r❛✱ ❢❛③❡♠♦s ♦ ❝❛s♦ ❡♠ q✉❡ M ∩ N 6= ∅✳ ❈♦♥str✉✐♥❞♦ ✉♠ ✷✲❝♦♠♣❧❡①♦ K ❡♠
M ∩N ❞❡ ♠♦❞♦ q✉❡ |K| é ❤♦♠❡♦♠♦r❢♦ ❛ M ∩N ✱ t❡♠♦s

χ(M ∩N) = χ(K).

❆ ♣❛rt✐r ❞❡ K✱ ❝♦♥str✉í♠♦s ✉♠ ✷✲❝♦♠♣❧❡①♦ K ′ ❡♠ M ∪ N t❛❧ q✉❡ s✉❛ r❡str✐çã♦
à M ∩N s❡❥❛ K✳ ❙✉♣♦♥❞♦ q✉❡ |K ′| s❡❥❛ ❤♦♠❡♦♠♦r❢♦ à M ∪N ✱ t❡♠♦s

χ(M ∪N) = χ(K ′).

❙❡❥❛♠ KM ❡ KN ❛s r❡str✐çõ❡s ❞❡ K ′ às s✉♣❡r❢í❝✐❡s M ❡ N ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❆ss✐♠✱

χ(M) = χ(KM) ❡ χ(N) = χ(KN).

❡
χ(K ′) = χ(KM) + χ(KN)− χ(K).

P♦rt❛♥t♦✱
χ(M ∪N) = χ(M) + χ(N)− χ(M ∩N).

Pr♦♣♦s✐çã♦ ✶✳✸✳✸✳ ❙❡❥❛M =M1∪M2∪· · ·∪Mk✱ ♦♥❞❡Mi✱ i = 1, 2, · · · , k✱ é ✉♠❛
s✉♣❡r❢í❝✐❡ ❝♦♠ ❜♦r❞♦ ❝♦♠♣❛❝t❛ ❡ ❝♦♥❡①❛✱ t❛❧ q✉❡ ♣❛r❛ q✉❛✐sq✉❡r i, j = 1, 2, · · · , k✱
♦✉ Mi ∩Mj = ∅ ♦✉ Mi ∩Mj é ❤♦♠❡♦♠♦r❢♦ ❛ S1✳ ❊♥tã♦

χ(M) =
k

∑

i=1

χ(Mi).

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✷ ❡ ❞♦ ❢❛t♦ q✉❡ χ(S1) = 0✳

❙❡❥❛♠ S1 ❡ S2 ❞✉❛s s✉♣❡r❢í❝✐❡s✳ ❘❡♠♦✈❛ ✉♠ ♣❡q✉❡♥♦ ❞✐s❝♦ ❞❡ ❝❛❞❛ ✉♠❛✱ ❡
❝♦❧❡ ♦s ❝✐r❝✉❧♦s ❞♦ ❜♦r❞♦ ❞❡st❡s ❞✐s❝♦s ♣❛r❛ ❢♦r♠❛r ✉♠❛ ♥♦✈❛ s✉♣❡r❢í❝✐❡✳

❉❡✜♥✐çã♦ ✶✳✸✳✹✳ ❬✶✷❪ ❆ s✉♣❡r❢í❝✐❡ ♦❜t✐❞❛ ♣❡❧❛ ❝♦♥str✉çã♦ ❛❝✐♠❛ é ❝❤❛♠❛❞❛ s♦♠❛
❝♦♥❡①❛ ❞❡ S1 ❡ S2 ❡ é ❞❡♥♦t❛❞❛ ♣♦r S1#S2✳

❊①❡♠♣❧♦ ✶✳✸✳✺✳ ❆ ❋✐❣✉r❛ ✶✳✻ ✐❧✉str❛ ✉♠❛ s♦♠❛ ❝♦♥❡①❛ ❡♥tr❡ ❞♦✐s t♦r♦s✳

✼



❋✐❣✉r❛ ✶✳✻✿ ❈♦♥str✉çã♦ ❞❛ s♦♠❛ ❝♦♥❡①❛✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✻✳ ❆♦ ❡❢❡t✉❛r♠♦s ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ q✉❛❧q✉❡r
❝♦♠ ❛ ❡s❢❡r❛✱ ♥ã♦ ❛❧t❡r❛♠♦s ✭❛ ♠❡♥♦s ❞❡ ❤♦♠❡♦♠♦r✜s♠♦✮ ❛ s✉♣❡r❢í❝✐❡✳ ❊♠ ♦✉tr❛s
♣❛❧❛✈r❛s✱ S2 é ♦ ❡❧❡♠❡♥t♦ ♥❡✉tr♦ ❞❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ s✉♣❡r❢í❝✐❡s✳

Pr♦♣♦s✐çã♦ ✶✳✸✳✼✳ P❛r❛ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ❞✉❛s s✉♣❡r❢í❝✐❡s✱ M ❡ N ✱ t❡♠♦s

χ(M1#M2) = χ(M1) + χ(M2)− 2.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Di ✉♠ ❞✐s❝♦ ♥❛ s✉♣❡r❢í❝✐❡ Mi✱ i = 1, 2✳ P❡❧❛ ♣r♦♣♦s✐çã♦
✶✳✸✳✸✱ t❡♠♦s

χ(Mi) = χ(Mi −Di) + χ(Di) = χ(Mi −Di) + 1.

❆❧é♠ ❞✐ss♦✱

χ(M1#M2) = χ((M1 −D1) ∪ (M2 −D2)) = χ(M1 −D1) + χ(M2 −D2).

▲♦❣♦✱

χ(M1#M2) = χ(M1)− 1 + χ(M2)− 1 = χ(M1) + χ(M2)− 2.

◆♦t❛çã♦✿ ❯s❛♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦ ♣❛r❛ s✉♣❡r❢í❝✐❡s✿

✐✮ ❖ t♦r♦ é ❞❡♥♦t❛❞♦ ♣♦r T❀

✐✐✮ ❖ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ é ❞❡♥♦t❛❞♦ ♣♦r P❀

✐✐✐✮ ❆ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ é ❞❡♥♦t❛❞♦ ♣♦r K✳

❚❡♦r❡♠❛ ✶✳✸✳✽✳ ❚♦❞❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ ❝♦♥❡①❛✱ S é ❤♦♠❡♦♠♦r❢❛ ❛ ❡s❢❡r❛✱
❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ n t♦r♦s ♦✉ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ m ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✱ ✐st♦ é✿

S ∼= S2#nT#mP

♣❛r❛ ❛❧❣✉♠ n ≥ 0 ❡ m ≥ 0✳

❆ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✽ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✷❪ ♣á❣✐♥❛ ✶✵✵✶✳

❊①❡♠♣❧♦ ✶✳✸✳✾✳ ❆ ❋✐❣✉r❛ ✶✳✼ ✐❧✉str❛ ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s
❡ ❝♦♥❡①❛s✳

✽



...

S                  T                         2T                                3T                                            nT

P                 2P                         3P                                 4P                                         2nP

2

...

❋✐❣✉r❛ ✶✳✼✿ ❙✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♦r✐❡♥t❛❞❛s ❡ ♥ã♦ ♦r✐❡♥t❛❞❛s✳

❙✉♣❡r❢í❝✐❡ ❈❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r
❡s❢❡r❛ 2
n t♦r♦s 2− 2n
m ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s 2−m

❚❛❜❡❧❛ ✶✳✶✿ ❈❛r❛❝t❡ríst✐❝❛s ❞❡ ❊✉❧❡r✳

❆❣♦r❛ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ t♦❞❛s ❛s s✉♣❡r❢í❝✐❡s✱
♦❜s❡r✈❛♥❞♦ ❛ ❚❛❜❡❧❛ ✶✳✸✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✵✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛✳ ❊♥tã♦ ♦ ❣ê♥❡r♦ ❞❡ S é ❞❛❞♦
♣♦r✿

g(S) =

{ 1

2
(2− χ(S)) s❡ ❙ é ♦r✐❡♥t❛❞❛

2− χ(S) s❡ ❙ é ♥ã♦ ♦r✐❡♥t❛❞❛
.

❈♦♠ ❛ ❉❡✜♥✐çã♦ ✶✳✸✳✶✵ ❞❡t❡r♠✐♥❛♠♦s ♦ ❣ê♥❡r♦ ❞❡ t♦❞❛s ❛s s✉♣❡r❢í❝❡s ❛ ♣❛rt✐r
❞❡ s✉❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❡ ✈✐❝❡ ✈❡rs❛✱ ♦❜s❡r✈❛♥❞♦ ❛ ❚❛❜❡❧❛ ✶✳✸✳

❙✉♣❡r❢í❝✐❡ ●ê♥❡r♦
❡s❢❡r❛ ✵
n t♦r♦s n

m ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s m

❚❛❜❡❧❛ ✶✳✷✿ ❈❛r❛❝t❡ríst✐❝❛s ❞❡ ❊✉❧❡r✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✶✳ ❙❡❥❛ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠ ❜♦r❞♦✱ ❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛
❛ss♦❝✐❛❞❛ ❛ S é ❛ s✉♣❡r❢í❝✐❡ S ′ ♦❜t✐❞❛ ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ✉♠ ❞✐s❝♦ ❛ ❝❛❞❛
✉♠❛ ❞❡ s✉❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❜♦r❞♦✳ ❖ ❣ê♥❡r♦ ❞❡ S ′ é ❞❛❞♦ ♣❡❧♦ ❣ê♥❡r♦ ❞❡ S✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✶✷✳ ❖ ❜♦r❞♦ ❞❡ S ❝♦♥s✐st❡ ❞❡ ❝✐r❝✉❧♦s ❞✐s❥✉♥t♦s✳ ❙❡ S ♣♦ss✉✐ k
❝♦♠♣♦♥❡♥t❡s ❞❡ ❜♦r❞♦✱ ❡♥tã♦ S ′ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ S ❝♦♠ K ❞✐s❝♦s ♦✉
✷✲❝é❧✉❧❛s ❛❞✐❝✐♦♥❛❞❛s✳ P♦rt❛♥t♦

χ(S ′) = χ(S) + k.

Pr♦♣♦s✐çã♦ ✶✳✸✳✶✸✳ ❬✶✷❪ ❙❡ S é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠ k ❝♦♠♣♦♥❡♥t❡s ❞❡ ❜♦r❞♦✱
❡♥tã♦

χ(S) =

{

2− 2g(S)− k s❡ ❙ é ♦r✐❡♥t❛❞❛
2− g(S)− k s❡ ❙ é ♥ã♦ ♦r✐❡♥t❛❞❛

.

✾



❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ S ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠ k ❝♦♠♣♦♥❡♥t❡s ❞❡ ❜♦r❞♦ ❡ S ′ ❛
s✉♣❡r❢í❝✐❡ ❛ss♦❝✐❛❞❛ ❛ S✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❖❜s❡r✈❛çã♦ ✶✳✸✳✶✷✳ ❚❡♠♦s

χ(S) = χ(S ′)− k.

❙✉♣♦♥❤❛ q✉❡ S s❡❥❛ ♦r✐❡♥t❛❞❛✱ ❡♥tã♦ S ′ é ♦r✐❡♥t❛❞❛ ❡✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✸✳✶✵✱

χ(S ′) = 2− 2g(S ′).

❉❛ ❞❡✜♥✐çã♦ ✶✳✸✳✶✶ t❡♠♦s

χ(S) = 2− 2g(S)− k.

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ S é ♥ã♦ ♦r✐❡♥t❛❞❛✱ ❡♥tã♦ χ(S) = 2− g(S)− k.

✶✳✹ ●r❛❢♦s ❝♦♠ ♣❡s♦s ♥♦s ✈ért✐❝❡s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ❞❛ t❡♦r✐❛ ❞❡
❣r❛❢♦s✱ ❞❛♥❞♦ ✉♠❛ ♠❛✐♦r ❛t❡♥çã♦ ❛♦s ❣r❛❢♦s ❝♦♠ ♣❡s♦s ♥♦s ✈ért✐❝❡s✱ q✉❡ ♥♦
❞❡❝♦rr❡r ❞❡st❡ ❡st✉❞♦ t❡rá ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s
❡stá✈❡✐s✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✳ ❯♠ ❣r❛❢♦ ✜♥✐t♦ G(V,E) é ❢♦r♠❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦
{u1, u2, · · · , uV } ❞❡ V ♣♦♥t♦s ❝❤❛♠❛❞♦s ✈ért✐❝❡s ❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ E tr❛ç♦s
❞❡ ❝✉r✈❛s ❝❤❛♠❛❞♦s ❛r❡st❛s✱ ♦♥❞❡ ❝❛❞❛ ❛r❡st❛ ❝♦♥❡❝t❛ ✉♠ ♣❛r ❞❡ ✈ért✐❝❡s ❞❡ V ✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✷✳ ❯♠ ❣r❛❢♦ é ✉♠ ✶✲❝♦♠♣❧❡①♦✳

❊①❡♠♣❧♦ ✶✳✹✳✸✳ ◆❛ ❋✐❣✉r❛ ✶✳✽ t❡♠♦s ❡①❡♠♣❧♦s ❞❡ ✈ár✐♦s t✐♣♦s ❞❡ ❣r❛❢♦s q✉❡
s❡rã♦ ❝❛r❛❝t❡r✐③❛❞♦s ♣❡❧❛s ❞❡✜♥✐çõ❡s ♥❡st❛ s❡çã♦✳

a)                                      b)                                      c)                                    d)                          

❋✐❣✉r❛ ✶✳✽✿ ❊①❡♠♣❧♦s ❞❡ ❣r❛❢♦s✳

❉❡✜♥✐çã♦ ✶✳✹✳✹✳ ❯♠ ❝❛♠✐♥❤♦ s♦❜r❡ ✉♠ ❣r❛❢♦ G(V,E) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡
✈ért✐❝❡s ❞✐st✐♥t♦s ❡ ❛r❡st❛s ❞✐st✐♥t❛s v1a1v2a2 · · · akvk+1✱ ♦♥❞❡ aj é ✐♥❝✐❞❡♥t❡ ❛♦s
✈ért✐❝❡s vj ❡ vj+1✱ ✐st♦ é✱ ❛ ❛r❡st❛ aj é ❝♦♥❡❝t❛ ✈ért✐❝❡s vj ❡ vj+1✳

◆♦t❛çã♦✿ ❯s❛♠♦s ❛ ♥♦t❛çã♦ uv✱ ♣❛r❛ ❛ ❛r❡st❛ q✉❡ ❝♦♥❡❝t❡ ♦s ✈ért✐❝❡s u ❡ v✳

❉❡✜♥✐çã♦ ✶✳✹✳✺✳ ❉✐s❡ q✉❡ ✉♠ ❣r❛❢♦ G(V,E) é ❝♦♥❡①♦ s❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦
q✉❡ ❧✐❣❛ q✉❛✐sq✉❡r ❞♦✐s ❞❡ s❡✉s ✈ért✐❝❡s✳

❊①❡♠♣❧♦ ✶✳✹✳✻✳ ❖s q✉❛tr♦ ❣r❛❢♦s ✐❧✉str❛❞♦s ♥❛ ❋✐❣✉r❛ ✶✳✽ sã♦ ❝♦♥❡①♦s✳

✶✵



❆♣❡s❛r ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❣r❛❢♦ ❛❝✐♠❛ s❡r ✉♠ ♣♦✉❝♦ ♠❛✐s ❣❡r❛❧✱ ✈❛♠♦s r❡str✐♥❣✐r
❛ ♠❛✐♦r ♣❛rt❡ ❞♦ ♥♦ss♦ ❡st✉❞♦ ❛ ❣r❛❢♦s ❝♦♥❡①♦s✳

❉❡✜♥✐çã♦ ✶✳✹✳✼✳ ❯♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ♥♦ ❣r❛❢♦✱ ♦✉ s❡❥❛✱ ✉♠ ❝❛♠✐♥❤♦ t❛❧ q✉❡
v1 = vn✱ é ❞✐t♦ ❝✐❝❧♦ ❡ ✉♠❛ ❛r❡st❛ q✉❡ ❝♦♥❡❝t❛ ✉♠ ✈ért✐❝❡ ♥❡❧❡ ♠❡s♠♦✱ é ❝❤❛♠❛❞❛
❧❛ç♦✳

❆ ❋✐❣✉r❛ ✶✳✽ ❝✮ ❡ ❞✮ ✐❧✉str❛♠ ❡①❡♠♣❧♦s ❞❡ ✉♠ ❣r❛❢♦ ❝♦♠ ❝✐❝❧♦ ❡ ✉♠ ❣r❛❢♦ ❝♦♠
❧❛ç♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✹✳✽✳ ❯♠❛ ár✈♦r❡ é ✉♠ ❣r❛❢♦ ❝♦♥❡①♦ q✉❡ ♥ã♦ ♣♦ss✉✐ ❝✐❝❧♦s✳ ❯♠❛
ár✈♦r❡ ❝♦♠ ✉♠❛ ú♥✐❝❛ ❛r❡st❛ é ❞✐t❛ ár✈♦r❡ ✐rr❡❞✉tí✈❡❧✳

❊①❡♠♣❧♦ ✶✳✹✳✾✳ ◆♦s ✐t❡♥s ❛✮ ❡ ❜✮ ♥❛ ❋✐❣✉r❛ ✶✳✽ t❡♠♦s ❡①❡♠♣❧♦s ❞❡ ár✈♦r❡s✳

❖s ❣r❛❢♦s t✐♣♦ ár✈♦r❡ sã♦ ❣r❛❢♦s ❡s♣❡❝í✜❝♦s q✉❡ t❡rã♦ ❣r❛♥❞❡ r❡❧❡✈â♥❝✐❛ ♥❛s
❞❡♠♦♥str❛çõ❡s ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✱
♣♦✐s ❛♣ós ❞❡✜♥✐r ❛❧❣✉♠❛s ❢❡rr❛♠❡♥t❛s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s✱ ❡ss❡ t✐♣♦ ❞❡ ❣r❛❢♦ s❡rá
♥♦ss♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ♣❛r❛ ❣❡♥❡r❛❧✐③❛çõ❡s ❞❡ ❣r❛❢♦s✳ ❙❡♥❞♦ ❛ss✐♠✱ s❡rã♦ tr❛t❛❞♦s
❛❧❣✉♥s r❡s✉❧t❛❞♦s ✈á❧✐❞♦s s♦♠❡♥t❡ ♣❛r❛ ❡ss❡s ❣r❛❢♦s✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✶✵✳ ❚♦❞❛ ár✈♦r❡ G(V,E) t❡♠ E = V − 1 ❛r❡st❛s✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✶✳ ❖ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s ❧✐✈r❡s ❞❡ ✉♠ ❞❛❞♦ ❣r❛❢♦ ❝♦♠ V ✈ért✐❝❡s
é ♦ ♥ú♠❡r♦ ♠í♥✐♠♦ ❞❡ ❛r❡st❛s q✉❡ ♣♦❞❡♠ s❡r r❡t✐r❛❞❛s ❞♦ ❣r❛❢♦ ♣❛r❛ ♦❜t❡r ✉♠❛
ár✈♦r❡ ❝♦♠ ♦s V ✈ért✐❝❡s✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✷✳ ❯♠ ❣r❛❢♦ é ❞✐t♦ ❜✐♣❛rt✐❞♦ s❡ é ♣♦ssí✈❡❧ ❛tr✐❜✉✐r s✐♥❛✐s ±
❛ ❝❛❞❛ ✉♠ ❞❡ s❡✉s ✈ért✐❝❡s ❞❡ ♠♦❞♦ q✉❡ ❝❛❞❛ ❛r❡st❛ ❝♦♥❡❝t❡ ✈ért✐❝❡s ❞❡ s✐♥❛✐s
♦♣♦st♦s✳ ❈❛s♦ ❝♦♥trár✐♦ ♦ ❣r❛❢♦ é ❞✐t♦ ♥ã♦✲❜✐♣❛rt✐❞♦✳

a)                                      b)                                           c)

+

- -

+ +

+

-

+

+

-

-

+

+-

-

-

❋✐❣✉r❛ ✶✳✾✿ ❛✮ ❡ ❝✮ sã♦ ❣r❛❢♦s ❜✐♣❛rt✐❞♦s ❡ ❜✮ é ♥ã♦✲❜✐♣❛rt✐❞♦✳
◆♦t❡ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s s✐♥❛✐s ± ♥ã♦ é ú♥✐❝❛✱ ♦ q✉❡ ♣♦❞❡ ❧❡✈❛r ❛ q✉❡stã♦✿

◆ã♦ ❡①✐st✐r✐❛ ❡♠ ❜✮ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞♦s s✐♥❛✐s q✉❡ ❢♦ss❡ s❛t✐s❢❡✐t❛ ❛ ❉❡✜♥✐çã♦
✶✳✹✳✶✷ ♣❛r❛ ❣r❛❢♦ ❜✐♣❛rt✐❞♦❄ ❖ ❚❡♦r❡♠❛ ✶✳✹✳✶✸ ❞á ✉♠❛ ❜♦❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡
❣r❛❢♦s ❜✐♣❛rt✐❞♦s✳

❖ ❚❡♦r❡♠❛ ✶✳✹✳✶✸ é ❞❡✈✐❞♦ ❛ ❲❤✐t❡✱ ❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✷✻❪ ♣á❣✐♥❛ ✶✶✳

❚❡♦r❡♠❛ ✶✳✹✳✶✸✳ ❯♠ ❣r❛❢♦ é ❜✐♣❛rt✐❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♥ã♦ ♣♦ss✉✐ ♥❡♥❤✉♠
❝✐❝❧♦ í♠♣❛r✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡ ♦ ❣r❛❢♦ t❡♠ ✉♠ ❝✐❝❧♦ í♠♣❛r✱ ✐st♦ é✱ ✉♠ ❝✐❝❧♦ ❝♦♠
✉♠ ♥ú♠❡r♦ í♠♣❛r ❞❡ ❛r❡st❛s✱ ❡❧❡ é ♥ã♦✲❜✐♣❛rt✐❞♦✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡ t♦❞❛ ár✈♦r❡
é ✉♠ ❣r❛❢♦ ❜✐♣❛rt✐❞♦✳

✶✶



❊①❡♠♣❧♦ ✶✳✹✳✶✹✳ ❉♦ ❚❡♦r❡♠❛ ✶✳✹✳✶✸✱ ♣♦❞❡✲s❡ ❛✜r♠❛r q✉❡ ♦ ❣r❛❢♦ ❜✮ ❞❛ ❋✐❣✉r❛
✶✳✾ é ♥ã♦✲❜✐♣❛rt✐❞♦✱ ♣♦✐s ♣♦ss✉✐ ✉♠ ❝✐❝❧♦ ❞❡ t❛♠❛♥❤♦ ✸✳ ❖ ♠❡s♠♦ ♦❝♦rr❡ ❝♦♠
♦s ❣r❛❢♦s ❞✮ ❡ ❡✮ ❞❛ ❋✐❣✉r❛ ✶✳✽✱ ❥á q✉❡ ✉♠ ❧❛ç♦ s❡♠♣r❡ ❝♦♥❡❝t❛ ✉♠ ✈ért✐❝❡ ♥❡❧❡
♠❡s♠♦✳ ❖s ❣r❛❢♦s ❡♠ ❛✮ ❡ ❝✮ ♥❛ ❋✐❣✉r❛ ✶✳✾ sã♦ ❜✐♣❛rt✐❞♦s ♣♦✐s ♣♦ss✉❡♠ ③❡r♦
❝✐❝❧♦s ❡ ✉♠ ú♥✐❝♦ ❝✐❝❧♦ ❞❡ t❛♠❛♥❤♦ q✉❛tr♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✺✳ ❯♠ ❣r❛❢♦ ❝♦♠ ♣❡s♦ ♥♦s ✈ért✐❝❡s é ✉♠ ❣r❛❢♦ q✉❡ t❡♠ ❛ss♦❝✐❛❞♦
❛ ❝❛❞❛ ✉♠ ❞♦s s❡✉s ✈ért✐❝❡s ♦✉ ♦ ♣❛r (t, 0) ♦✉ ♦ ♣❛r (0, p)✱ ♦♥❞❡ t ❡ p sã♦ ♥ú♠❡r♦s
♥❛t✉r❛✐s✳

❊①❡♠♣❧♦ ✶✳✹✳✶✻✳ ❆ ❋✐❣✉r❛ ✶✳✶✵ ❛✮ ❡ ❜✮ ✐❧✉str❛♠ ❣r❛❢♦s ❝♦♠ ♣❡s♦s ♥♦s ✈ért✐❝❡s✳

(1,0)

(0,1)

(2,0)

   a)                                                 b)

(0,0)
(0,1)

(0,1)

(0,0)

(0,0)

(0,0)

(0,0)(0,2)

❋✐❣✉r❛ ✶✳✶✵✿ ❊①❡♠♣❧♦s ❞❡ ❣r❛❢♦s ❝♦♠ ♣❡s♦✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✼✳ ❉♦✐s ❣r❛❢♦s ❝♦♠ ♣❡s♦s ♥♦s ✈ért✐❝❡s✱ G1 ❡ G2✱ sã♦ ✐s♦♠♦r❢♦s
s❡ ❡①✐st❡ ✉♠❛ ❜✐❥❡çã♦ ψ : V (G1) → V (G2)✱ ❡♥tr❡ ♦s ❝♦♥❥✉♥t♦s ❞❡ ✈ért✐❝❡s ❞❡ G1 ❡
❞❡ G2✱ ♣r❡s❡r✈❛♥❞♦ ❛s ❛❞❥❛❝ê♥❝✐❛s ❞♦s ✈ért✐❝❡s ✭❝♦♠ ♣❡s♦s ❝♦rr❡s♣♦♥❞❡♥t❡s✮✱ ✐st♦
é✿ uw ∈ E(G1) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ψ(u)ψ(w) ∈ E(G2)✱ ♦♥❞❡ V (Gi) ❡ E(Gi) sã♦✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s ✈ért✐❝❡s ❡ ❛r❡st❛s ❞♦ ❣r❛❢♦ Gi✱ ❝♦♠ i = 1, 2✳

❖❜s❡r✈❛çã♦ ✶✳✹✳✶✽✳ ❙❡ ❞♦✐s ❣r❛❢♦s G1 ❡ G2 tê♠ ❛s ✺✲✉♣❧❛ (V,E, T, P, S) ❞✐❢❡r❡♥t❡s
❡♥tã♦ ♦s ❣r❛❢♦s ♥ã♦ sã♦ ✐s♦♠♦r❢♦s✱ ♣♦✐s ♥ã♦ t❡r✐❛ ❝♦♠♦ ❡st❛❜❡❧❡❝❡r ✉♠❛ ❜✐❥❡çã♦
❡♥tr❡ ❞♦✐s ❣r❛❢♦s✳ ❉❡ ❢❛t♦✱ s❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✈ért✐❝❡s✱ ❛r❡st❛s✱ ❧❛ç♦s ❡ ❧❛ç♦s ⋆ sã♦
❞✐❢❡r❡♥t❡s ❥á ♥ã♦ é ♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r ✉♠❛ ❜✐❥❡çã♦ ψ ❡♥tr❡ ♦s ✈ért✐❝❡s ❡ ❡♥tr❡ ❛s
❛r❡st❛s✳ ❙❡ ♦ ♣❡s♦ t♦t❛❧ ❞♦s ❞♦✐s ❣r❛❢♦s ❢♦r❡♠ ❞✐❢❡r❡♥t❡s✱ ❛❧❣✉♠ ✈ért✐❝❡ ❡♠ G1 t❡rá
✉♠ ♣❡s♦ ti ✭pi✮ q✉❡ ♥❡♥❤✉♠ ✈ért✐❝❡ ❡♠ G2 t❡rá✱ ♥ã♦ ♣r❡s❡r✈❛♥❞♦ ❛ss✐♠ ♦s ♣❡s♦s
♥♦s ✈ért✐❝❡s q✉❡ s❡ ❝♦rr❡s♣♦♥❞❡♠ ♣❡❧❛ ❜✐❥❡çã♦✳

✶✳✺ ●r❛❢♦s ❛ss♦❝✐❛❞♦s ❛ s✉♣❡r❢í❝✐❡s ❝♦♠ ❝✉r✈❛s

❙❡❥❛♠ M ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ✭s❡♠ ❜♦r❞♦✮ ❡ C =
⋃E

i=1 αi ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠
E ❝✉r✈❛s ❢❡❝❤❛❞❛s✱ s✐♠♣❧❡s ❡ r❡❣✉❧❛r❡s s♦❜r❡ M ✳ ❖ ❝♦♥❥✉♥t♦ C s❡♣❛r❛ M ❡♠ ✉♠
❝♦♥❥✉♥t♦ ❞❡ V r❡❣✐õ❡s ❝♦♥❡①❛s✱ ✐st♦ é✱ M \ C✱ é ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ r❡❣✐õ❡s
❝♦♥❡①❛s ❞❡ M ✳ P♦❞❡✲s❡ ❛ss♦❝✐❛r ✉♠ ❣r❛❢♦ G ❛♦ ♣❛r (M, C) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

✐✮ ❝❛❞❛ r❡❣✐ã♦ ❝♦♥❡①❛ Ui ❞❡ M \ C ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ✈ért✐❝❡ vi ❡♠ G ❡ ❝❛❞❛
❝✉r✈❛ αj ❞❡ C ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❛r❡st❛ ❞❡ ej ❡♠ G❀

✶✷



✐✐✮ ✉♠❛ ❛r❡st❛ ej ✐♥❝✐❞❡ ♥♦ ✈ért✐❝❡ vi s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❝✉r✈❛ ❞❡ C
❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ej ❡stá ♥♦ ❜♦r❞♦ ❞❛ r❡❣✐ã♦ M \ C ❝♦♦r❡s♣♦♥❞❡♥t❡ ❛ vi❀

✐✐✐✮ ✉♠ ❧❛ç♦ ♦❝♦rr❡ q✉❛♥❞♦ ❛ ❝✉r✈❛ ❝♦rr❡s♣♦♥❞❡♥t❡ é ❜♦r❞♦ ✭❞✉❛s ✈❡③❡s✮ ❞❡ ✉♠❛
ú♥✐❝❛ r❡❣✐ã♦❀

✐✈✮ ✉♠ ✈ért✐❝❡ vi r❡❝❡❜❡ ♦ ♣❡s♦ (ti, 0) s❡ ❛ r❡❣✐ã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ vi é
♦r✐❡♥t❛❞❛ ❡ t❡♠ ❣ê♥❡r♦ ti✱ ❡ ✉♠ ✈ért✐❝❡ vj r❡❝❡❜❡ ♦ ♣❡s♦ (0, pj) s❡ ❛ r❡❣✐ã♦
❝♦rr❡s♣♦♥❞❡♥t❡ ❛ vj é ♥ã♦ ♦r✐❡♥t❛❞❛ ❡ t❡♠ ❣ê♥❡r♦ pj✳

❖❜s❡r✈❛çã♦ ✶✳✺✳✶✳ ◗✉❛♥❞♦ M é ♥ã♦ ♦r✐❡♥t❛❞❛ t❡♠♦s ❞✉❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ♣❛r❛
✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ α ❡♠ M ✭✈❡❥❛ ❋✐❣✉r❛ ✶✳✶✶✮✿

✐✮ ❆ ❝✉r✈❛ α t❡♠ ✉♠❛ ♣❡q✉❡♥❛ ✈✐③✐♥❤❛♥ç❛ ❤♦♠❡♦♠♦r❢❛ ❛♦ ❝✐❧✐♥❞r♦❀

✐✐✮ ❆ ❝✉r✈❛ α t❡♠ ✉♠❛ ♣❡q✉❡♥❛ ✈✐③✐♥❤❛♥ç❛ ❤♦♠❡♦♠♦r❢❛ ❛ ❢❛✐①❛ ❞❡ ▼♦❜✐✉s✳

❆ss♦❝✐❛♠♦s ✉♠❛ ⋆ ❛ ❝❛❞❛ ❛r❡st❛ ❞♦ ❣r❛❢♦ G q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❝✉r✈❛ s✐♥❣✉❧❛r
❞❡ C q✉❡ ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❤♦♠❡♦♠♦r❢❛ ❛ ❢❛✐①❛ ❞❡ ▼♦❜✐✉s✳

>>>

>>>

a)                                                                 b) 

U

U
~

❋✐❣✉r❛ ✶✳✶✶✿ ❱✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛ ❝✉r✈❛✳

❖❜s❡r✈❛çã♦ ✶✳✺✳✷✳ ❯♠❛ ❛r❡st❛ ❝♦♠ ⋆ s❡♠♣r❡ ❞❡t❡r♠✐♥❛ ✉♠ ❧❛ç♦✱ ✐st♦ é✱ ❛♠❜❛s
❛s ❡①tr❡♠✐❞❛❞❡s ❞❛ ❛r❡st❛ ❝♦rr❡s♣♦♥❞❡♠ ❛♦ ♠❡s♠♦ ✈ért✐❝❡ ❞♦ ❣r❛❢♦✱ ✉♠❛ ✈❡③ q✉❡
❛ ❢❛✐①❛ ❞❡ ▼♦❜✐✉s ♣♦ss✉✐ ❛♣❡♥❛s ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❜♦r❞♦✳

❊①❡♠♣❧♦ ✶✳✺✳✸✳ ❆ ❋✐❣✉r❛ ✶✳✶✷ ✐❧✉str❛ ♦s ❣r❛❢♦s ❞❡ ❝✐♥❝♦ s✉♣❡r❢í❝✐❡s ❝♦♠ ❝✉r✈❛s✳

(0,0) (1,0) (1,0) (0,0)                      (0,0)

(0,0) (0,0) (0,0) (0,0) (0,0) (0,1) 

❋✐❣✉r❛ ✶✳✶✷✿ ❊①❡♠♣❧♦s ❞❡ ❣r❛❢♦s ❛ss♦❝✐❛❞♦s ❛ s✉♣❡r❢í❝✐❡s ❝♦♠ ❝✉r✈❛s

◆♦t❛çã♦✿ ❉❡♥♦t❛♠♦s ♣♦r GS
(T,P )(V,E) ♦ ❣r❛❢♦ q✉❡ ♣♦ss✉✐ V ✈ért✐❝❡s✱ E ❛r❡st❛s✱

S ❧❛ç♦s ❝♦♠ ⋆ ❡ ♣❡s♦ t♦t❛❧ (T, P )✳ ❉❡♥♦t❛♥❞♦ ♣♦r A ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s q✉❡
❝♦♥❡❝t❛♠ ❞♦✐s ✈ért✐❝❡s ❞✐st✐♥t♦s ❡ L ♦ ♥ú♠❡r♦ ❞❡ ❧❛ç♦s ✭s❡♠ ⋆✮ ❞♦ ❣r❛❢♦ t❡♠♦s
E = A+ L+ S✳
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❖❜s❡r✈❛çã♦ ✶✳✺✳✹✳ ❆s ❝✉r✈❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛s ❛r❡st❛s q✉❡ sã♦ ❝♦♥❡❝t❛❞❛s ❛
❞♦✐s ✈ért✐❝❡s ❞✐st✐♥t♦s sã♦ ❜♦r❞♦ ❞❡ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❞✐s❥✉♥t❛s ❞❡ M ✳ ❆s ❝✉r✈❛s
❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ❧❛ç♦s ✭s❡♠ ⋆✮ sã♦ ❜♦r❞♦ ❞❛ ♠❡s♠❛ ❝♦♠♣♦♥❡♥t❡ ❞✉❛s ✈❡③❡s✳ ❆s
❝✉r✈❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ ❧❛ç♦s ⋆ sã♦ ❜♦r❞♦ ❞❡ ✉♠❛ ú♥✐❝❛ ❝♦♠♣♦♥❡♥t❡ ✉♠❛ ú♥✐❝❛
✈❡③✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ ❜♦r❞♦ ❞❡ ✉♠❛ r❡❣✙ã♦ Mi

❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✉♠ ✈ért✐❝❡ vi é ✐❣✉❛❧ ❛ Ei + 2Li + Si✳

❖❜s❡r✈❛çã♦ ✶✳✺✳✺✳ ❈♦♥s✐❞❡r❡ ♦ ♣❛r (M, C)✱ ♦♥❞❡M é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ C
é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝✉r✈❛s ❢❡❝❤❛❞❛s s✐♠♣❧❡s ❡ r❡❣✉❧❛r❡s s♦❜r❡ M ✳ ❙❡ M = ∪V

i=1Mi✱
❝♦♠ ❝❛❞❛ Mi s❡♥❞♦ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ M\C ❡ ki = #∂(Mi) ✭ ✐st♦ é✱ ki é ♦
♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ ❜♦r❞♦ ❞❡ Mi✮ ❡♥tã♦

∑V

i=1 ki = 2A + 2L + S✱ ♦♥❞❡
A ✜❝❛ ♠✉❧t✐♣❧✐❝❛❞♦ ♣♦r ❞♦✐s✱ ♣♦✐s ❛s ❝✉r✈❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛s ❛r❡st❛s ❞❡ A sã♦
❜♦r❞♦ ❞❡ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❞✐s❥✉♥t❛s ❞❡ M ✳ ❈♦♠♦ E = A + L + S✱ ❡♥tã♦
∑V

i=1 ki = 2E − S✳

Pr♦♣♦s✐çã♦ ✶✳✺✳✻✳ ❚♦❞♦ ❣r❛❢♦ GS
(T,P )(V,E) ♣♦❞❡ s❡r ❛ss♦❝✐❛❞♦ ❛ ✉♠ ♣❛r (M, C)✱

♦♥❞❡ M é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ C é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ E ❝♦♠♣♦♥❡♥t❡s ❞❡
❝✉r✈❛s ❢❡❝❤❛❞❛s ❡ ♠❡r❣✉❧❤❛❞❛s s♦❜r❡ M ✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ ✉♠ ❣r❛❢♦ GS
(T,P )(V,E) ♣♦❞❡✲s❡ ♦❜t❡r ♦ ♣❛r (M, C) ❛ss♦❝✐❛❞♦

❛ G s❡❣✉✐♥❞♦ ♦ s❡❣✉✐♥t❡ ❛❧❣♦r✐t♠♦ ✭✈❡r ❋✐❣✉r❛ ✶✳✶✸✮✿

✐✮ ♣r✐♠❡✐r❛♠❡♥t❡✱ r❡t✐r❛♠♦s ♦s ❧❛ç♦s ⋆ ❡ ♦s ♣❡s♦s ❞❡ ❝❛❞❛ ✈ért✐❝❡✱ ♦❜t❡♥❞♦ ♦
❣r❛❢♦ G ′ = G0

(0,0)(V,E − S)❀

✐✐✮ ❛❣♦r❛✱ ♠❡r❣✉❧❤❛♠♦s ♦ ❣r❛❢♦ G ′ ❡♠ R
3❀

✐✐✐✮ t♦♠❛♠♦s ✉♠❛ r❡❣✐ã♦ ✭❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✮✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r R✱ ✈✐③✐♥❤❛♥ç❛
❞❡ G ′ ❡♠ R

3❀

✐✈✮ ❝♦♥s✐❞❡r❡ ❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❜♦r❞♦ ❞❡ R✱ q✉❡ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ✈✐③✐♥❤❛♥ç❛
t✉❜✉❧❛r ❞❡ G ′ ❡ é ❞❡♥♦t❛❞❛ ♣♦r Z❀

✈✮ ❝❛❞❛ ❛r❡st❛ ei ❞❡ G ′ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ αi ❡♠ Z✱ tr❛♥s✈❡rs❛❧
à ❛r❡st❛ ei✳ ❉❡♥♦t❛♠♦s ♣♦r C ♦ ❝♦♥❥✉♥t♦ ❞❡st❛s ❝✉r✈❛s✳ ❖ ♣❛r (Z, C)
❝♦rr❡s♣♦♥❞❡ ❛♦ ❣r❛❢♦ G ′❀

✈✐✮ ♣❛r❛ r❡❛❧✐③❛r ♦ ❣r❛❢♦ G ′ ❝♦♠ ♦s ♣❡s♦s✱ ❢❛ç❛♠♦s ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s r❡❣✐õ❡s
Zi ❞❡ Z✱ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ✈ért✐❝❡ vi ❝♦♠ ♣❡s♦ (ti, 0)✱ ♦♥❞❡ ti > 0✱ ✉♠❛
s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ ♦r✐❡♥t❛❞❛ Ti ❝♦♠ ❣ê♥❡r♦ ti ❝♦♠
Z❀❡ ❛ ❝❛❞❛ r❡❣✐ã♦ Zj ❞❡ Z✱ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ✈ért✐❝❡ vj ❝♦♠ ♣❡s♦ (0, pj)✱
♦♥❞❡ pj > 0✱ ✉♠❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♥ã♦ ♦r✐❡♥t❛❞❛ ❞❡
❣ê♥❡r♦ pj❀

✈✐✐✮ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ♦❜t❡r♠♦s ♦ ❣r❛❢♦ ❝♦♠ ❧❛ç♦s ⋆✱ ❡♠ ❝❛❞❛ r❡❣✐ã♦ Zj ❞❡
Z✱ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ✈ért✐❝❡ vj✱ ❞❡ ♦♥❞❡ r❡t✐r❛♠♦s ♦s ❧❛ç♦s ⋆ ♥♦ ✐t❡♠ ✐✮✱
❢❛ç❛♠♦s ✉♠❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ✉♠ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳

❊st❛ s♦♠❛ ❝♦♥❡①❛ r❡s✉❧t❛ ♥✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ M ✱ ♦♥❞❡ ♦ ♣❛r (M, C) r❡❛❧✐③❛
♦ ❣r❛❢♦ GS

(T,P )(V,E)✳

✶✹



(2,0)
a)                                                           b)

e)                                                         d)                                   

c)

M                                                M                                                      

R                                                        Z

Z

❋✐❣✉r❛ ✶✳✶✸✿ ❊①❡♠♣❧♦ ❞❡ s✉♣❡r❢í❝✐❡ ❝♦♠ ❝✉r✈❛ ❛ss♦❝✐❛❞❛ ❛ ✉♠ ❣r❛❢♦✳

Pr♦♣♦s✐çã♦ ✶✳✺✳✼✳ ❙❡ GS
(T,P )(V,E) é ✉♠ ❣r❛❢♦ ❛ss♦❝✐❛❞♦ ❛♦ ♣❛r (M, C)✱ ♦♥❞❡ M

é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳ ❊♥tã♦ ♦ ❣ê♥❡r♦ ❞❡ M é ❞❛❞♦ ♣♦r✿

✐✮ g(M) = 1− V + E + T ✱ s❡ M é ♦r✐❡♥t❛❞❛❀

✐✐✮ g(M) = 2(1− V + E + T ) + P − S✱ s❡ M é ♥ã♦ ♦r✐❡♥t❛❞❛✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ r❡❣✐ã♦ Mi ❡♠ M\C ❞❡♥♦t❛♠♦s ♣♦r ki ♦ ♥ú♠❡r♦ ❞❡
❝♦♠♣♦♥❡♥t❡s ❞❡ ❜♦r❞♦ ❞❡ Mi✱ ♣♦r gi ♦ ❣ê♥❡r♦ ❞❛ r❡❣✐ã♦ Mi✳

✐✮ ❙✉♣♦♥❤❛ M ♦r✐❡♥t❛❞❛✱ ❡♥tã♦ P = S = 0✳ ❉❛s ♣r♦♣♦s✐çõ❡s ✶✳✸✳✸ ❡ ✶✳✸✳✶✸
t❡♠♦s

χ(M) =
V
∑

i=1

χ(Mi) =
V
∑

i=1

(2− 2gi − ki) = 2V − 2
V
∑

i=1

gi −
V
∑

i=1

ki.

❈♦♠♦
V
∑

i=1

gi ❝♦rr❡s♣♦♥❞❡ ❛ s♦♠❛ t♦t❛❧ ❞❡ ♣❡s♦s ❞♦ ❣r❛❢♦✱ ♥❡st❡ ❝❛s♦ T ✱ ❡

♣❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✺✳✺

V
∑

i=1

ki = 2E − S = 2E,

t❡♠♦s
χ(M) = 2V − 2T − 2E.

❙✉❜st✐t✉✐♥❞♦ ♦ χ(M) ♥❛ ❉❡✜♥✐çã♦ ✶✳✸✳✶✵ t❡♠♦s

g(M) = 1−
1

2
χ(M) = 1− (V − T − E) = 1− V + E + T.

✐✐✮ ❆❣♦r❛✱ s✉♣♦♥❤❛ M ♥ã♦ ♦r✐❡♥t❛❞❛✳ ❉❛s ♣r♦♣♦s✐çõ❡s ✶✳✸✳✸ ❡ ✶✳✸✳✶✸ t❡♠♦s

χ(M) =
V
∑

i=1

χ(Mi) =
V
∑

i=1

(2− gi − ki) = 2V − 2
V
∑

i=1

gi −
V
∑

i=1

ki. ✭✶✳✶✮

✶✺



❈♦♠♦ gi ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣❡s♦ ❞❡ ❝❛❞❛ ✈ért✐❝❡ ❞♦ ❣r❛❢♦ ❡ M é ♥ã♦ ♦r✐❡♥t❛❞❛✱
❡♥tã♦

V
∑

i=1

gi = 2T + P. ✭✶✳✷✮

P❡❧❛ ❖❜s❡r✈❛çã♦ ✶✳✺✳✺✱ t❡♠♦s

V
∑

i=1

ki = 2E − S. ✭✶✳✸✮

❊♥tã♦✱ s✉❜st✐t✉✐♥❞♦ ❛s ❊q✉❛çõ❡s ✶✳✷ ❡ ✶✳✸ ♥❛ ❡q✉❛çã♦ ✶✳✶✱ ♦❜t❡♠♦s

χ(M) = 2V − 2T − P − 2E + S. ✭✶✳✹✮

❙✉❜st✐t✉✐♥❞♦ ❛ ❊q✉❛çã♦ ✶✳✹ ♥❛ ❉❡✜♥✐çã♦ ✶✳✸✳✶✵ t❡♠♦s

g(M) = 2− χ(M) = 2(1− V + E + T ) + P − S.

✶✻



❈❛♣ít✉❧♦ ✷

❆♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ s✉♣❡r❢í❝✐❡s

◆❡st❡ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉③✐♠♦s ❝♦♥❝❡✐t♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ s✉♣❡r❢í❝✐❡s
s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s✱ ❝♦♠♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❡ ❝♦♥❥✉♥t♦ r❡❣✉❧❛r✳ ❆❧é♠ ❞✐ss♦✱
✐❧✉str❛♠♦s ✈ár✐♦s ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦
♣r♦❥❡t✐✈♦✳ P♦r ú❧t✐♠♦✱ ❛ss♦❝✐❛♠♦s ❣r❛❢♦s ❝♦♠ ♣❡s♦s ♥♦s ✈ért✐❝❡s à ❛♣❧✐❝❛çõ❡s
❡stá✈❡✐s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s
✉s❛❞❛s ♥❡ss❡ ❝❛♣ít✉❧♦ sã♦ ❬✹❪✱ ❬✺❪✱ ❬✶✽❪✱ ❬✶✼❪ ❡ ❬✷✼❪✳

✷✳✶ ❆♣❧✐❝❛çõ❡s ❡stá✈❡✐s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❛ r❡s♣❡✐t♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s
❞♦ ♣❧❛♥♦ ♥♦ ♣❧❛♥♦ ❡ t❡♠♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛ ❬✺❪✳

❙❡❥❛♠ M ❡ N ❞✉❛s ✈❛r✐❡❞❛❞❡s s✉❛✈❡s✱ F(M,N) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s
❛♣❧✐❝❛çõ❡s ❞❡ M ❡♠ N ❡ C∞(M,N) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❛♣❧✐❝❛çõ❡s s✉❛✈❡s
❞❡ M ❡♠ N ✳

❉❡✜♥✐çã♦ ✷✳✶✳✶✳ ❉✉❛s ❛♣❧✐❝❛çõ❡s f, g ∈ C∞(M,N) sã♦ A✲❡q✉✐✈❛❧❡♥t❡s s❡
❡①✐st❡♠ ❞✐❢❡♦♠♦r✜s♠♦s k : M → M ❡ l : N → N t❛✐s q✉❡ ♦ ❞✐❛❣r❛♠❛ ❛❜❛✐①♦
❝♦♠✉t❛✱ ✐st♦ é✱ g = l ◦ f ◦ k−1✳

M
f

−→ N

k ↓ ↓ l

M
g

−→ N

❉❡✜♥✐çã♦ ✷✳✶✳✷✳ ❯♠❛ ❛♣❧✐❝❛çã♦ f ∈ C∞(M,N) é ❞✐t❛ A✲❡stá✈❡❧ s❡ ❡①✐st❡ ✉♠❛
✈✐③✐♥❤❛♥ç❛ Wf ❞❡ f ❡♠ C∞(M,N) t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ g ∈ Wf ✱ g é A✲❡q✉✐✈❛❧❡♥t❡
❛ f ✳

◆♦t❛çã♦✿ ❖ ❝♦♥❥✉♥t♦ ❞❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ C∞(M,N) é ❞❡♥♦t❛❞♦ ♣♦r
E(M,N)✳

❊①❡♠♣❧♦ ✷✳✶✳✸✳ ◆❛ ❋✐❣✉r❛ ✷✳✶✱ t❡♠♦s três ❛♣❧✐❝❛çõ❡s ❞❡ S2 ❡♠ R
2✳ ❖❜s❡r✈❡

q✉❡ ❡♠ ❜✮ ❛ ❛♣❧✐❝❛çã♦ é ♥ã♦ ❡stá✈❡❧ ❝♦♠ ✉♠ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛✱ ♣♦✐s ❛tr❛✈és ❞❡

✶✼



✉♠❛ ♣❡q✉❡♥❛ ♣❡rt✉r❜❛çã♦ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛✱ ❛ ❛♣❧✐❝❛çã♦
♣❛ss❛ ❛ t❡r ❞♦✐s ♣♦♥t♦s ❞❡ ✐♥t❡rs❡çã♦✱ ❝♦♠♦ ❡♠ ❝✮✱ ♦✉ ♥❡♥❤✉♠ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦✱
❝♦♠♦ ❡♠ ❛✮✳

a) b) c)

❋✐❣✉r❛ ✷✳✶✿ ❊①❡♠♣❧♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡ ♥ã♦ ❡stá✈❡✐s✳

❉❡✜♥✐çã♦ ✷✳✶✳✹✳ ❙❡❥❛♠ U ❡ V ✈✐③✐♥❤❛♥ç❛s ❛❜❡rt❛s ❞❡ p ∈ R
n✳ ❙❡❥❛♠ f : U → R

n

❡ g : V → R
n ❛♣❧✐❝❛çõ❡s s✉❛✈❡s✳ ❉❡✜♥✐♠♦s ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✿

f ∼ g ⇔ ∃ ✈✐③✐♥❤❛♥ç❛ W ❞❡ p✱ W ⊂ U ∩ V t❛❧ q✉❡ f |W = g|W ✳

❆s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ∼ s ❛♦ ❞✐t❛s ❣❡r♠❡s ❞❡ ❛♣❧✐❝❛çõ❡s ♥♦ ♣♦♥t♦ p✳

❚❡♦r❡♠❛ ✷✳✶✳✺✳ ❬✷✼❪ ❖ ❝♦♥❥✉♥t♦ E(M,N) é ❛❜❡rt♦ ❡ ❞❡♥s♦ ❡♠ C∞(M,N)✳

❉❡✜♥✐çã♦ ✷✳✶✳✻✳ ❖ ❝♦♠♣❧❡♠❡♥t❛r ❞♦ ❝♦♥❥✉♥t♦ E(M,N) ❡♠ C∞(M,N) é D =
C∞(M,N)\E(M,N)✱ q✉❡ é ❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ❞✐s❝r✐♠✐♥❛♥t❡✱ é ❢♦r♠❛❞♦ ♣❡❧❛s
❛♣❧✐❝❛çõ❡s ♥ã♦ ❡stá✈❡✐s✳

❊♠ ❬✷✵❪ ❖❤♠♦t♦ ❡ ❆✐❝❛r❞✐ ❛✜r♠❛r❛♠ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞✐s❝r✐♠✐♥❛♥t❡ ♣♦❞❡
s❡r ❞❡❝♦♠♣♦st♦ ✭♦✉ ❡str❛t✐✜❝❛❞♦✮ ❡♠ ❞✐❢❡r❡♥t❡s s✉❜❝♦♥❥✉♥t♦s ✭❡str❛t♦s✮✱ ♦♥❞❡ ♦s
❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ s❡♣❛r❛♠ ♦ ❝♦♥❥✉♥t♦ E(M,N) ❡♠ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s
❞✐s❥✉♥t❛s ❡ ❛s ✐♥t❡rs❡çõ❡s ❞❡st❡s ❡str❛t♦s ❢♦r♠❛♠ ♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦❞✐♠❡♥sõ❡s
♠❛✐♦r❡s q✉❡ ✉♠ ❡♠ C∞(M,N)✳

❉❡✜♥✐çã♦ ✷✳✶✳✼✳ ❉✉❛s ❛♣❧✐❝❛çõ❡s f, g : M → N sã♦ ❞✐t❛s ❡st❛✈❡❧♠❡♥t❡
✐s♦tó♣✐❝❛s s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ✭❡stá✈❡❧✮ F : M × I → N t❛❧ q✉❡
♣❛r❛ ❝❛❞❛ t ∈ I ❛ ❛♣❧✐❝❛çã♦ Ft = F |M×{t} é ❡stá✈❡❧✱ ❝♦♠ F0 = f ❡ F1 = g✳

❖❜s❡r✈❛çã♦ ✷✳✶✳✽✳ ❉✐③❡r q✉❡ f ❡ g sã♦ ❡st❛✈❡❧♠❡♥t❡ ✐s♦tó♣✐❝❛s é ❡q✉✐✈❛❧❡♥t❡ ❛
❞✐③❡r q✉❡ f ❡ g s❡ ❡♥❝♦♥tr❛♠ ♥❛ ♠❡s♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ E(M,N)✱ ♣♦✐s
✉♠❛ ✐s♦t♦♣✐❛ ❡stá✈❡❧ ❞❡✜♥❡ ✉♠ ❝❛♠✐♥❤♦ ❡♥tr❡ ❡st❛s ❛♣❧✐❝❛çõ❡s✳

✷✳✷ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s

❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡st❛ s❡çã♦ é ❛♣r❡s❡♥t❛r ♠❛✐s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s s♦❜r❡
❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✱ ❜❡♠ ❝♦♠♦ ❝♦♥❥✉♥t♦ r❡❣✉❧❛r✱ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❡ ❝♦♥t♦r♥♦
❛♣❛r❡♥t❡✳ ❆s r❡❢❡rê♥❝✐❛s ❞❡st❛ s❡çã♦ sã♦ ❬✹❪✱ ❬✺❪ ❡ ❬✷✼❪✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✳ ❙❡❥❛ f ∈ C∞(M,N) ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✳ ❯♠ ♣♦♥t♦ p ∈ M

é ❞✐t♦ ♣♦♥t♦ r❡❣✉❧❛r ❞❡ f s❡ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ ♣♦♥t♦ p✱ ❛ ❛♣❧✐❝❛çã♦ f é ✉♠
❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧✳ ❈❛s♦ ❝♦♥trár✐♦✱ p é ❞✐t♦ ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ f ✳

✶✽



❖❜s❡r✈❛çã♦ ✷✳✷✳✷✳ P♦❞❡✲s❡ ❞✐③❡r q✉❡ ✉♠ ♣♦♥t♦ p ∈ M é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡
f s❡ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r dfp ♥ã♦ t❡♠ ♣♦st♦ ♠á①✐♠♦✱ ♣♦✐s t♦❞♦ ❞✐❢❡♦♠♦r✜s♠♦ ❧♦❝❛❧
t❡♠ ♣♦st♦ ♠á①✐♠♦✳

❉❡✜♥✐çã♦ ✷✳✷✳✸✳ ❙❡❥❛ f :M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❡♥tr❡ ❛s s✉♣❡r❢í❝✐❡s M
❡ N ✳

✶✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❞❡ f ✱ ❞❡♥♦t❛❞♦ ♣♦r Σf ✱ é ❝❤❛♠❛❞♦
❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❞❡ f ❀

✷✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ♥ã♦ s✐♥❣✉❧❛r❡s✱ ❞❡♥♦t❛❞♦ ♣♦r M\Σf ✱ é
❝❤❛♠❛❞♦ ❞❡ ❝♦♥❥✉♥t♦ r❡❣✉❧❛r ❞❡ f ❀

✸✳ ❆ ✐♠❛❣❡♠ ❞♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❞❡ f ✱ ❞❡♥♦t❛❞♦ ♣♦r f(Σf) é ❝❤❛♠❛❞♦ ❞❡
❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ♦✉ ❝♦♥❥✉♥t♦ ❞❡ r❛♠✐✜❝❛çã♦ ❞❡ f ✳

❙❡❣✉♥❞♦ ❲❤✐t♥❡② ❬✷✼❪✱ ❛s ❛♣❧✐❝❛çõ❡s ❡♥tr❡ s✉♣❡r❢í❝✐❡s ♣♦❞❡♠ s❡r ✈✐st❛s✱
❧♦❝❛❧♠❡♥t❡✱ ❝♦♠♦ ❛♣❧✐❝❛çõ❡s ❞♦ ♣❧❛♥♦ ♥♦ ♣❧❛♥♦✳ ❊♥tã♦✱ s❡ f : U ⊂ R

2 → R
2

é ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❡ p = (x, y) é ✉♠ ♣♦♥t♦ ❡♠ U ✱ ❡♥tã♦ ✉♠ ❞♦s s❡❣✉✐♥t❡s
❝❛s♦s ♦❝♦rr❡✿

✐✮ p é ✉♠ ♣♦♥t♦ r❡❣✉❧❛r✱ ❡♥tã♦ f é ❧♦❝❛❧♠❡♥t❡✱ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p✱ ❞❛
❢♦r♠❛ (x, y) 7→ (x, y)❀

✐✐✮ p é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ f ❞♦ t✐♣♦✿

❛✮ ❉♦❜r❛✱ s❡ TpΣ(f) ⊕ Ker(dfp) = TpU ✳ ◆❡st❡ ❝❛s♦✱ ♣♦❞❡✲s❡ ❡s❝♦❧❤❡r
✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s (x, y) ❡♠ R

2 ❝❡♥tr❛❞♦ ❡♠ p t❛❧ q✉❡
(x, y) 7→ (x, y2)❀

❜✮ ❈ús♣✐❞❡✱ s❡ TpΣ(f) = Ker(dfp)✳ ◆❡st❡ ❝❛s♦✱ ♣♦❞❡✲s❡ ❡♥❝♦♥tr❛r
❝♦♦r❞❡♥❛❞❛s ❝❡♥tr❛❞❛s ❡♠ p t❛✐s q✉❡ f é✱ ❧♦❝❛❧♠❡♥t❡✱ ❞❛ ❢♦r♠❛
(x, y) 7→ (x, y3 + xy)✳

❉❡✜♥✐çã♦ ✷✳✷✳✹✳ ❖ ♣♦♥t♦ ❞❡ ✉♠❛ ✐♥t❡rs❡çã♦ tr❛♥s✈❡rs❛❧ ❡♥tr❡ ❞✉❛s ❝✉r✈❛s ❞❡
❞♦❜r❛ é ❝❤❛♠❛❞♦ ♣♦♥t♦ ❞✉♣❧♦✳

f

M

M

f(p)
f(p)

dobra cúspide

p p

f

ponto duplo

❋✐❣✉r❛ ✷✳✷✿ ❊①❡♠♣❧♦ ❞❡ ❞♦❜r❛ ❡ ❝ús♣✐❞❡✳

❖❜s❡r✈❛çã♦ ✷✳✷✳✺✳ ❙❡ f ∈ C∞(M,N) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ ❡♥tã♦✿

✶✾



✶✳ ❖ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r Σf é ❢♦r♠❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝✉r✈❛s s✐♠♣❧❡s
❞✐s❥✉♥t❛s ❡ ♠❡r❣✉❧❤❛❞❛s ✭s✉❛✈❡s ❡ s❡♠ ❛✉t♦ ✐♥t❡rs❡çã♦✮ ♥♦ ❞♦♠í♥✐♦ ❞❡ f ✱
♣♦❞❡♥❞♦ t❡r ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ✐s♦❧❛❞♦s✳

✷✳ ❖ ❝♦♥❥✉♥t♦ Σf s❡♣❛r❛ ♦ ❝♦♥❥✉♥t♦ r❡❣✉❧❛r M\Σf ❡♠ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s
q✉❡ sã♦ ✐♠❡rs❛s ♣♦r f s♦❜r❡ ❛ ✐♠❛❣❡♠✳

Pr♦♣♦s✐çã♦ ✷✳✷✳✻✳ ❙❡❥❛ f : M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✳ ❊♥tã♦ ❛ s♦♠❛
❝♦♥❡①❛ ❞❡ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♥❥✉♥t♦ r❡❣✉❧❛r M\Σf ✱ M1 ❡ M2✱ ❝♦♠ ❣ê♥❡r♦
g1 ❡ g2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✿

✐✮ ♣r♦❞✉③ ✉♠❛ r❡❣✐ã♦ ♦r✐❡♥t❛❞❛ ✭♥ã♦ ♦r✐❡♥t❛❞❛✮ ❝♦♠ ❣ê♥❡r♦ g1 + g2✱ s❡ M1 ❡
M2 sã♦ ♦r✐❡♥t❛❞❛s ✭♥ã♦ ♦r✐❡♥t❛❞❛s✮❀

✐✐✮ ❢♦r♠❛ ✉♠❛ r❡❣✐ã♦ ♥ã♦ ♦r✐❡♥t❛❞❛ ❝♦♠ ❣ê♥❡r♦ 2g1 + g2✱ s❡ M1 é ♦r✐❡♥t❛❞❛ ❡
M2 é ♥ã♦ ♦r✐❡♥t❛❞❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ f : M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❡ ❝♦♥s✐❞❡r❡ M1 ❡ M2

❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ M\Σf ✳ ❊♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✼✱ t❡♠♦s

χ(M1#M2) = χ(M1) + χ(M2)− 2.

✐✮ ❙❡ M1 ❡ M2 sã♦ ♦r✐❡♥t❛❞❛s✱ ❛ ❉❡✜♥✐çã♦ ✶✳✸✳✶✵ ♥♦s ❞á ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡✿

χ(Mi) = 2− 2gi, i = 1, 2.

▲♦❣♦✱ ♦ ❣ê♥❡r♦ ❞❡ M1#M2 é ❞❛❞♦ ♣♦r

g(M1#M2) =
1

2
(2− χ(M1#M2)) = g1 + g2.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ M1 ❡ M2 sã♦ ♥ã♦ ♦r✐❡♥t❛❞❛s✱ ❞❛ ❉❡✜♥✐çã♦ ✶✳✸✳✶✵✱ t❡♠♦s

χ(Mi) = 2− gi, i = 1, 2.

❊♥tã♦✱
g(M1#M2) = (2− χ(M1#M2)) = g1 + g2.

✐✐✮ ❙❡M1 é ♦r✐❡♥t❛❞❛ ❡M2 é ♥ã♦ ♦r✐❡♥t❛❞❛✱ ❡♥tã♦✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✸✳✶✵✱ t❡♠♦s
{

χ(M1) = 2− 2g1
χ(M2) = 2− g2

.

▲♦❣♦✱
g(M1#M2) = (2− χ(M1#M2)) = 2g1 + g2.

❖❜s❡r✈❛çã♦ ✷✳✷✳✼✳ ❙❡ ❞✉❛s ❛♣❧✐❝❛çõ❡s f ❡ g sã♦ A✲❡q✉✐✈❛❧❡♥t❡s✱ ♦s ❝♦♥❥✉♥t♦s
s✐♥❣✉❧❛r❡s Σf ❡ Σg sã♦ ❞✐❢❡♦♠♦r❢♦s ❡ ♦s ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s f(Σf) ❡ g(Σg)
sã♦ ❞✐❢❡♦♠♦r❢♦s✳ ❆ss✐♠✱ ❞✉❛s ❛♣❧✐❝❛çõ❡s q✉❡ ♥ã♦ ♣♦ss✉❡♠ ❝♦♥❥✉♥t♦s s✐♥❣✉❧❛r❡s
❞✐❢❡♦♠♦r❢♦s ♦✉ ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞✐❢❡♦♠♦r❢♦s ♥ã♦ sã♦ A✲❡q✉✐✈❛❧❡♥t❡s✳

✷✵



❉❡✜♥✐çã♦ ✷✳✷✳✽✳ ❙❡❥❛ f : M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ ❛ ♦r✐❡♥t❛çã♦ ❞❛s
❝✉r✈❛s ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ f é ❞❛❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❛♦ ♣❡r❝♦rr❡r
❛ ❝✉r✈❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ s✉❛ ♦r✐❡♥t❛çã♦✱ ♦ ♥ú♠❡r♦ ❞❡ ♣ré ✐♠❛❣❡♥s ❞❡ f é s❡♠♣r❡
♠❛✐♦r ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦✳

❉❡✜♥✐çã♦ ✷✳✷✳✾✳ ❙❡❥❛♠ M ❡ N ❞✉❛s s✉♣❡r❢í❝✐❡s ♦r✐❡♥t❛❞❛s ❡ f : M → N ✉♠❛
❛♣❧✐❝❛çã♦ ❡stá✈❡❧✳ ❯♠❛ r❡❣✐ã♦ U ❞❡ M\Σf é ❞✐t❛ ♣♦s✐t✐✈❛ s❡ t❡♠ ❛ ♦r✐❡♥t❛çã♦
♣r❡s❡r✈❛❞❛ ♣♦r f ✱ ❡ ♥❡❣❛t✐✈❛ ♥♦ ❝❛s♦ ❝♦♥trár✐♦✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✵✳ ❙❡❥❛ f : M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✳ ❖ ❢❡❝❤♦ ❞❡ ❝❛❞❛
❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ r❡❣✉❧❛r ❞❡ M\Σf ❝✉❥❛ ♦r✐❡♥t❛çã♦ é ♣r❡s❡r✈❛❞❛ ♣♦r f ✱ s❡rá
❞❡♥♦t❛❞♦ ♣♦r U+

i ✱ ❡♥q✉❛♥t♦ ♦ ❢❡❝❤♦ ❞❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ r❡❣✉❧❛r ❝✉❥❛
♦r✐❡♥t❛çã♦ é ✐♥✈❡rt✐❞❛ ♣♦r f ✱ s❡rá ❞❡♥♦t❛❞♦ ♣♦r U−

j ✳

◆♦t❛çã♦✿ ❉❡♥♦t❛♠♦s ♣♦r M+ =
⋃

i

U+
i ❡ M− =

⋃

j

U−
j ✳

❙❡❣✉❡ q✉❡
M =M+ ∪M− ❡ Σf =M+ ∩M−,

♦♥❞❡
U+
i ∩ U−

j ∈ Σf ♦✉ U+
i ∩ U−

j = ∅.

❖❜s❡r✈❛çã♦ ✷✳✷✳✶✶✳ ❆ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ M é ❞❛❞❛ ♣♦r

χ(M) = χ(M+) + χ(M−).

P♦✐s✱ M =M+ ∪M−✱ ❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✷

χ(M) = χ(M+) + χ(M−)− χ(M+ ∩M−).

▼❛s✱ ♦ ❝♦♥❥✉♥t♦ M+ ∩M− = Σf é ❝♦♠♣♦st♦ ❛♣❡♥❛s ❞❡ ❝✉r✈❛s ❢❡❝❤❛❞❛s✱ s✐♠♣❧❡s
❡ ❞✐s❥✉♥t❛s s♦❜r❡ M ✭❤♦♠❡♦♠♦r❢❛s ❛ S1✮✱ ❧♦❣♦ χ(M+ ∩M−) = 0 ❡

χ(M) = χ(M+) + χ(M−).

✷✳✸ ❊①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s

❆♣r❡s❡♥t❛♠♦s ♥❡st❛ s❡çã♦ ❞✐✈❡rs♦s ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡
s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳

❊①❡♠♣❧♦ ✷✳✸✳✶✳ ❆ ❋✐❣✉r❛ ✷✳✸ ❛✮ ✐❧✉str❛ ❞✉❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❛ ❡s❢❡r❛ ♥♦
♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ ❞✉❛s ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ ❞✉❛s ❝ús♣✐❞❡s ❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦✳
❏á ❡♠ ❜✮ t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♠ três ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ s❡♠ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡
❡ ♣♦♥t♦s ❞✉♣❧♦s✳

❊①❡♠♣❧♦ ✷✳✸✳✷✳ ◆❛ ❋✐❣✉r❛ ✷✳✹ ✐❧✉str❛♠♦s ❞✉❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❛ ❡s❢❡r❛ ♥♦
♣❧❛♥♦ ♣r♦❥❡t✐✈♦✱ ❝♦♠ ♦ ♠❡s♠♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡✳

✷✶



PI

a)

PI

b)

❋✐❣✉r❛ ✷✳✸✿ ❆♣❧✐❝❛çõ❡s ❞❛ ❡s❢❡r❛ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳

PI

b)

IP

a)

❋✐❣✉r❛ ✷✳✹✿ ❉✐s❝♦ ❞❡ ▼✐❧♥♦r✳

❊①❡♠♣❧♦ ✷✳✸✳✸✳ ◆❛ ❋✐❣✉r❛ ✷✳✺ t❡♠♦s ❞✉❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞♦ t♦r♦ ♥♦ ♣❧❛♥♦
♣r♦❥❡t✐✈♦✱ ♦♥❞❡ ❛ ♣r✐♠❡✐r❛ ♣♦ss✉✐ ❞✉❛s ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ ♥❡♥❤✉♠❛ ❝ús♣✐❞❡ ❡
q✉❛tr♦ ♣♦♥t♦s ❞✉♣❧♦s ❡ ❛ s❡❣✉♥❞❛ ❛♣❧✐❝❛çã♦ ♣♦ss✉✐ q✉❛tr♦ ❝✉r✈❛s ♥♦ ❝♦♥❥✉♥t♦
s✐♥❣✉❧❛r❡ ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ❡ ♣♦♥t♦s ❞✉♣❧♦s✳

PI

b)

IP

a)

❋✐❣✉r❛ ✷✳✺✿ ❆♣❧✐❝❛çõ❡s ❞♦ t♦r♦ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳

❊①❡♠♣❧♦ ✷✳✸✳✹✳ ❆ ❋✐❣✉r❛ ✷✳✻ r❡♣r❡s❡♥t❛ ❞✉❛s ❛♣❧✐❝❛çõ❡s ❞♦ ❜✐t♦r♦ ♥♦ ♣❧❛♥♦
♣r♦❥❡t✐✈♦ ❝♦♠ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r✱ ♦♥❞❡ ❡♠ ❛✮ t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♠
q✉❛tr♦ ❝ús♣✐❞❡s ❡ q✉❛tr♦ ♣♦♥t♦s ❞✉♣❧♦s✱ ❡ ❡♠ ❜✮ ♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❛ ❛♣❧✐❝❛çã♦
♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ❡ ♣♦ss✉✐ q✉❛tr♦ ♣♦♥t♦s ❞✉♣❧♦s✳

❊①❡♠♣❧♦ ✷✳✸✳✺✳ ❆ ❋✐❣✉r❛ ✷✳✼ ✐❧✉str❛ ❛♣❧✐❝❛çõ❡s ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ♥♦ ♣❧❛♥♦
♣r♦❥❡t✐✈♦✳ ❆ ♣r✐♠❡✐r❛ r❡♣r❡s❡♥t❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♠ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r✱
❞♦✐s ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ❡ ❞♦✐s ♣♦♥t♦s ❞✉♣❧♦s✱ ♥❛ s❡❣✉♥❞❛ t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦
❝♦♠ ❞✉❛s ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ s❡♠ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ❡ ❝♦♠ ❞♦✐s ♣♦♥t♦s ❞✉♣❧♦s✳

❊①❡♠♣❧♦ ✷✳✸✳✻✳ ❆ ❋✐❣✉r❛ ✷✳✽ ✐❧✉str❛ ❞✉❛s ❛♣❧✐❝❛çõ❡s ❡♥tr❡ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✱
♦♥❞❡ ❛ ❛♣❧✐❝❛çã♦ ❛✮ t❡♠ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r✱ três ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡ ❡ três
♣♦♥t♦s ❞✉♣❧♦s✱ ❡ ❛ ❛♣❧✐❝❛çã♦ ❜✮ ♣♦ss✉✐ ❞✉❛s ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ q✉❛tr♦ ❝ús♣✐❞❡s ❡
♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ❞✉♣❧♦s✳

✷✷



PI

a)

PI

b)

❋✐❣✉r❛ ✷✳✻✿ ❆♣❧✐❝❛çõ❡s ❞♦ ❜✐t♦r♦ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳

b)

PI
PI

a)

❋✐❣✉r❛ ✷✳✼✿ ❆♣❧✐❝❛çõ❡s ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳

PI

a)

PI

b)

❋✐❣✉r❛ ✷✳✽✿ ❆♣❧✐❝❛çõ❡s ❡♥tr❡ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✳

❊①❡♠♣❧♦ ✷✳✸✳✼✳ ◆❛ ❋✐❣✉r❛ ✷✳✾ t❡♠♦s ❞✉❛s ❛♣❧✐❝❛çõ❡s ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥✱ q✉❡
♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ❛ s♦♠❛ ❝♦♥❡①❛ P#P✱ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛
s✐♥❣✉❧❛r✳ ➪ ❞✐r❡✐t❛ t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦❜r❛ s❡♠ ♣♦♥t♦s ❞✉♣❧♦s ❡ ❛ ❛♣❧✐❝❛çã♦
❞❛ ❡sq✉❡r❞❛ ♣♦ss✉✐ q✉❛tr♦ ❝ús♣✐❞❡s ❡ ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ❞✉♣❧♦s✳

PI

b)

IP

a)

❋✐❣✉r❛ ✷✳✾✿ ❆♣❧✐❝❛çõ❡s ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳

✷✸



✷✳✹ ●r❛❢♦s ❛ss♦❝✐❛❞♦s ❛ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s

❙❡❥❛♠M ❡ N ❞✉❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❝♦♠ ❣ê♥❡r♦ gM ❡ gN ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱
❡ f :M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✳ ❖ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r Σf é ✉♠❛ ❝♦❧❡çã♦ ✜♥✐t❛
❞❡ ❝✉r✈❛s ❢❡❝❤❛❞❛s✱ s✐♠♣❧❡s ❡ r❡❣✉❧❛r❡s ❡♠ M ❢♦r♠❛❞❛s ♣♦r ♣♦♥t♦s ❞❡ ❞♦❜r❛
❝♦♠ ♣♦ssí✈❡✐s ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ✐s♦❧❛❞♦s✳ ▼❛✐s ❛✐♥❞❛✱ ♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡
f ✱ f(Σf)✱ é ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❝✉r✈❛s ❢❡❝❤❛❞❛s ❡♠ N ❝♦♠ s✐♥❣✉❧❛r✐❞❛❞❡s ✐s♦❧❛❞❛s
❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ❞❡ f ✳

◆❛t✉r❛❧♠❡♥t❡✱ ♣♦❞❡✲s❡ ❛ss♦❝✐❛r ❛♦ ♣❛r (M,Σf) ✉♠ ❣r❛❢♦ ❝♦♠ ♣❡s♦s ♥♦s
✈ért✐❝❡s✱ ♦♥❞❡✿

✐✮ ❝❛❞❛ r❡❣✐ã♦ r❡❣✉❧❛r Ui ❞❡ M\Σf ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ✈ért✐❝❡ vi❀

✐✐✮ ❝❛❞❛ ❝✉r✈❛ s✐♥❣✉❧❛r α ❞❡ Σf ❞❡t❡r♠✐♥❛ ✉♠❛ ❛r❡st❛ ei❀

✐✐✐✮ ♦ ❣ê♥❡r♦ ❞❡ Ui ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣❡s♦ (ti, 0) s❡ ❛ r❡❣✐ã♦ Ui é ♦r✐❡♥t❛❞❛ ❝♦♠
❣ê♥❡r♦ ti ❡ ❛♦ ♣❡s♦ (0, pi) s❡ Ui é ♥ã♦ ♦r✐❡♥t❛❞❛ ❞❡ ❣ê♥❡r♦ pi✳

✐✈✮ ✉♠ ✈ért✐❝❡ v ❡ ✉♠❛ ❛r❡st❛ e sã♦ ✐♥❝✐❞❡♥t❡s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❝✉r✈❛
s✐♥❣✉❧❛r ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❛r❡st❛ e ♣❡rt❡♥❝❡ ❛ ❢r♦♥t❡✐r❛ ❞❛ r❡❣✐ã♦ r❡❣✉❧❛r
❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ✈ért✐❝❡ v✳

✈✮ ✉♠ ❧❛ç♦ ⋆ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❝✉r✈❛ ❞❡ M\Σf q✉❡ t❡♠ ✈✐③✐♥❤❛♥ç❛
❤♦♠❡♦♠♦r❢❛ ❛ ❢❛✐①❛ ❞❡ ▼♦❜✐✉s✳

❉❡✜♥✐çã♦ ✷✳✹✳✶✳ ❉❛❞❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f : M → N ✱ s❡✉ ❣r❛❢♦ G(f) é ♦
❣r❛❢♦ ❞✉❛❧ ❞❡ Σf ❡♠ M ✳

❖❜s❡r✈❛çã♦ ✷✳✹✳✷✳ ❖ ❣r❛❢♦ ❞✉❛❧ é ✉♠ ✐♥✈❛r✐❛♥t❡ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✱ ♦✉
s❡❥❛✱ ❞♦✐s ❣r❛❢♦s ❞✉❛✐s ♥ã♦ ✐s♦♠♦r❢♦s ❝❛rr❡❣❛♠ ❛ ✐♥❢♦r♠❛çã♦ q✉❡ s✉❛s ❛♣❧✐❝❛çõ❡s
❛ss♦❝✐❛❞❛s ♥ã♦ sã♦ A✲❡q✉✐✈❛❧❡♥t❡s✳ ❉❡ ❢❛t♦✱ ♥♦ ❣r❛❢♦ ❡stá ❝♦❞✐✜❝❛❞♦ ✐♥❢♦r♠❛çõ❡s
❞♦ ❝♦♥❥✉♥t♦ r❡❣✉❧❛r ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ s✉♣❡r❢í❝✐❡s ❡ ❝♦♥s❡❣✉❡ s❡♣❛r❛r
❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ❝♦♠ ♦ ♠❡s♠♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❝♦♠♦ ✐❧✉str❛♠ ❛s ❋✐❣✉r❛s
✷✳✶✵ ❡ ✷✳✶✶✳

❋✐❣✉r❛ ✷✳✶✵✿ ❆♣❧✐❝❛çõ❡s ❞❛ ❡s❢❡r❛ ♥♦ ♣❧❛♥♦ ❝♦♠ s❡✉s r❡s♣❡❝t✐✈♦s ❣r❛❢♦s

❖❜s❡r✈❛çã♦ ✷✳✹✳✸✳ ❈❛❞❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❡stá ❛ss♦❝✐❛❞❛ ❛ ✉♠ ❣r❛❢♦ ❡ ❝❛❞❛
❣r❛❢♦ ♣♦❞❡ s❡r ❛ss♦❝✐❛❞❛ ✉♠❛ ❝❧❛ss❡ ❞❡ ❞✐❢❡r❡♥t❡s ❛♣❧✐❝❛çõ❡s ❝♦♠ ♣❛r❡s (M, C)
❡q✉✐✈❛❧❡♥t❡s✱ ♦♥❞❡ C ❝♦rr❡s♣♦♥❞❡ ❛♦ ❝♦♥❥✉♥t♦ ❞❡ ❝✉r✈❛s s✐♥❣✉❧❛r❡s ❞❛ ❛♣❧✐❝❛çã♦✳

✷✹



a)

PI

b)

PI

❋✐❣✉r❛ ✷✳✶✶✿ ❆♣❧✐❝❛çõ❡s t♦r♦ ♥♦ ♣❧❛♥♦ ❝♦♠ A = 4

u

v

w

u

v

w a

a

a

b

b

b

c
c

c
f

❋✐❣✉r❛ ✷✳✶✷✿ ❆♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ♥♦ ♣❧❛♥♦ ❝♦♠ ✉♠❛ ❝ús♣✐❞❡✳

❊①❡♠♣❧♦ ✷✳✹✳✹✳ ❆ ❋✐❣✉r❛ ✷✳✶✷ ✐❧✉str❛ ♦ ❣r❛❢♦✱ G1
(0,0)(3, 3)✱ ❡ ♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡

❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❝♦♠ ✉♠❛ ú♥✐❝❛ ❝ús♣✐❞❡ ❞♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ♥♦ ♣❧❛♥♦✳
❖ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❞❡ss❛ ❛♣❧✐❝❛çã♦ t❡♠ três ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✳ ❆s r❡❣✐õ❡s
❝♦rr❡s♣♦♥❞❡♥t❡s ❛♦s ✈ért✐❝❡s u✱ v ❡ w sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✉♠ ❞✐s❝♦✱ ✉♠ ❝✐❧✐♥❞r♦
❡ ✉♠❛ ❢❛✐①❛ ❞❡ ▼♦❜✐✉s✳ ❆ ❝ús♣✐❞❡ ❛♣❛r❡❝❡ ♥❛ ❝✉r✈❛ q✉❡ t❡♠ ✉♠❛ ♣❡q✉❡♥❛
✈✐③✐♥❤❛♥ç❛ ❤♦♠❡♦♠♦r❢❛ ❛ ❢❛✐①❛ ❞❡ ▼♦❜✐✉s ✭r❡♣r❡s❡♥t❛❞❛ ♥❛ ✜❣✉r❛ ♣❡❧❛ r❡❣✐ã♦ u✮✳

❊①❡♠♣❧♦ ✷✳✹✳✺✳ ❆ ❋✐❣✉r❛ ✷✳✶✸ ♠♦str❛ q✉❛tr♦ ❛♣❧✐❝❛çõ❡s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s
✭♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❡ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥✮ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝✉❥♦s ❣r❛❢♦s ❛ss♦❝✐❛❞♦s
♣♦ss✉❡♠ ✉♠ ú♥✐❝♦ ❧❛ç♦ ❡ t♦❞❛s ❛s r❡❣✐õ❡s r❡❣✉❧❛r❡s sã♦ ♦r✐❡♥t❛❞❛s ✭❝❛❞❛ ✈ért✐❝❡
♣♦ss✉✐ ♣❡s♦ ❞♦ t✐♣♦ (t, 0)✮✳

❛✮ ❖ ❣r❛❢♦ G1
(0,0)(2, 2) r❡♣r❡s❡♥t❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s ❝♦♠

❞✉❛s ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ ♦♥❞❡ ✉♠❛ ❞❡❧❛s ♣♦ss✉✐ ✈✐③✐♥❤❛♥ç❛ ❤♦♠❡♠♦r❢❛ ❛
❢❛✐①❛ ❞❡ ▼♦❜✐✉s✳

❜✮ ❆ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ❞♦✐s ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✱ r❡♣r❡s❡♥t❛❞❛ ♣❡❧♦ ❣r❛❢♦ G1
(0,0)(1, 1)✱

♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r q✉❡ t❡♠ ❝♦♠♦ ✈✐③✐♥❤❛♥ç❛ ❛ ❢❛✐①❛ ❞❡ ▼♦❜✐✉s✳

❝✮ ❆ ✜❣✉r❛ ✐❧✉str❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠
❣r❛❢♦ G0

(0,0)(2, 2) ❡ q✉❡ ♣♦ss✉✐ ❞✉❛s ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ ❛♠❜❛s ❝♦♠ ✈✐③✐♥❤❛♥ç❛
❤♦♠❡♦♠♦r❢❛ ❛♦ ❝✐❧✐♥❞r♦✳

❞✮ P♦r ✜♠✱ t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦
❝♦♠ ❣r❛❢♦ G0

(0,0)(1, 1)✳ ◆♦t❡ q✉❡✱ ♥❡ss❡ ❝❛s♦✱ ❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r ♥ã♦
❞❡s❝♦♥❡❝t❛ ❛ r❡❣✐ã♦ r❡❣✉❧❛r✳

❊①❡♠♣❧♦ ✷✳✹✳✻✳ ❆ ❋✐❣✉r❛ ✷✳✶✹ ✐❧✉str❛ q✉❛tr♦ ❛♣❧✐❝❛çõ❡s ❞♦❜r❛ ✭s❡♠ ❝ús♣✐❞❡s✮
❝✉❥♦s ❣r❛❢♦s ❛ss♦❝✐❛❞♦s sã♦ ár✈♦r❡s✳

❛✮ ❚❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞♦ ❜✐t♦r♦ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝✉❥♦ ❣r❛❢♦
❛ss♦❝✐❛❞♦ é G0

(2,0)(2, 2) ❡ q✉❡ t❡♠ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r ❝✉❥❛ ✐♠❛❣❡♠
♣♦ss✉✐ q✉❛tr♦ ♣♦♥t♦s ❞✉♣❧♦s❀

✷✺



(0,0)

(0,0)

a)

(0,0)

b)

(0,0)

(0,0)

c)

(0,0)

d)

PI PI

PI PI

❋✐❣✉r❛ ✷✳✶✸✿ ❆♣❧✐❝❛çã♦ ❡stá✈❡✐s ❞❡ ❣r❛❢♦s ❝♦♠ ❧❛ç♦✳

❜✮ ❆ ✜❣✉r❛ ✐❧✉str❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦
❝✉❥♦ ❣r❛❢♦ é G0

(2,0)(2, 1) q✉❡ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r s❡♠ ♣♦♥t♦s
❞✉♣❧♦s❀

❝✮ ❆ ✐♠❛❣❡♠ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞♦ t♦r♦ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦
❝♦♠ ❣r❛❢♦ G0

(1,0)(3, 2) t❡♥❞♦ ❞✉❛s ❝✉r✈❛s s✐♥❣✉❧❛r❡s ❡ q✉❛tr♦ ♣♦♥t♦s ❞✉♣❧♦s❀

❞✮ ❚❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ♥ã♦ ♦r✐❡♥t❛❞❛ ❞❡ ❣ê♥❡r♦
três ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ ❣r❛❢♦ G0

(1,1)(2, 1) q✉❡ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛
s✐♥❣✉❧❛r ❡ q✉❛tr♦ ♣♦♥t♦s ❞✉♣❧♦s✳

a)                                                                                                    b)

c)                                                                                                   d)

(1,0)                                                                                                 (0,1)

(1,0)                                                                                               (1,0)(0,0)

(0,0)                                                                                                 (0,1)

(0,0)                                                                                               (0,1)IP

PI
PI

PI

❋✐❣✉r❛ ✷✳✶✹✿ ❊①❡♠♣❧♦ ❞❡ ❛♣❧✐❝❛çã♦ ❞♦❜r❛✳

Pr♦♣♦s✐çã♦ ✷✳✹✳✼✳ ❙❡❥❛♠ f : M → P ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ ♦♥❞❡ M é ✉♠❛
s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ GS

(T,P )(V,E) ♦ s❡✉ ❣r❛❢♦ ❞✉❛❧✳ ❊♥tã♦ M é ♦r✐❡♥t❛❞❛ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ G é ❜✐♣❛rt✐❞♦ ❡ P = S = 0✳

✷✻



❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ f : M → P ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ♦♥❞❡ M é ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛ ❡ GS

(T,P )(V,E) ♦ ❣r❛❢♦ ❞✉❛❧ ❞❡ f
✭⇒✮ ❙✉♣♦♥❤❛ q✉❡ M s❡❥❛ ♦r✐❡♥t❛❞❛✳ ❊♥tã♦ ♦ ❝♦♥❥✉♥t♦ r❡❣✉❧❛r M\Σf ♣♦ss✉✐
❛♣❡♥❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ♦r✐❡♥t❛❞❛s✱ ❧♦❣♦✱ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ♣♦ss✉✐ ♣❡s♦ ❞♦
t✐♣♦ (t, 0)✱ ♣♦rt❛♥t♦✱ P = 0✳ ▼❛✐s ❛✐♥❞❛✱ ♦ ❣r❛❢♦ ❞✉❛❧ ❞❡ f ♥ã♦ ♣♦ss✉✐ ❧❛ç♦s ⋆✱
❝❛s♦ ❝♦♥trár✐♦✱ ❛ s✉♣❡r❢í❝✐❡ M ❝♦♠té♠ ✉♠❛ ❢❛✐①❛ ❞❡ ▼♦❜✐✉s ❡ ♣♦rt❛♥t♦ s❡r✐❛ ♥ã♦
♦r✐❡♥t❛❞❛✱ ❧♦❣♦✱ S = 0✳ ❆❣♦r❛✱ ❛s ❝✉r✈❛s ❞❡ Σf s❡♣❛r❛♠ ❛s r❡❣✐õ❡s ❞❡ M\Σf ❞❡
s✐♥❛✐s ♦♣♦st♦s✱ ❝♦♠♦ ❝❛❞❛ ✈ért✐❝❡ ❞❡ G ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ r❡❣✐ã♦ ❞❡ M\Σf ❡
❝❛❞❛ ❛r❡st❛ ❞❡ G é ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ ❝✉r✈❛ ❞❡ Σf ✱ ❡♥tã♦ ♣♦❞❡✲s❡ ❛ss♦❝✐❛r ❛ ❝❛❞❛
✈ért✐❝❡ ❞❡ G ♦ ♠❡s♠♦ s✐♥❛❧ ❞❛ r❡❣✐ã♦ ❞❡ M\Σf ❝♦rr❡s♣♦♥❞❡♥t❡✳ ❉❛í✱ ❝❛❞❛ ❛r❡st❛
❞❡ G ❝♦♥❡❝t❛ ❞♦✐s ✈ért✐❝❡s ❞❡ s✐♥❛✐s ♦♣♦st♦s ❡ ✱ ♣♦rt❛♥t♦✱ G é ❜✐♣❛rt✐❞♦✳
✭⇐✮ ❙✉♣♦♥❤❛ q✉❡ G s❡❥❛ ❜✐♣❛rt✐❞♦ ❡ P = 0✳ ❊♥tã♦ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡
M\Σf é ♦r✐❡♥t❛❞❛✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ P 6= 0✳ ❆❧é♠ ❞✐ss♦✱ S = 0✱ ♣♦✐s s❡ S 6= 0 ♦
❣r❛❢♦ G é ♥ã♦ ❜✐♣❛rt✐❞♦✳ P♦r ú❧t✐♠♦✱ ❝♦♠♦ G é ❜✐♣❛rt✐❞♦✱ ❡♥tã♦ ♣♦❞❡✲s❡ ❛ss♦❝✐❛r
s✐♥❛✐s ❞❡ + ❡ − ❛♦s ✈ért✐❝❡s ❞❡ G ❞❡ ♠♦❞♦ q✉❡ ❝❛❞❛ ❛r❡st❛ ❞❡ G ❝♦♥❡❝t❛ ❞♦✐s
✈ért✐❝❡s ❞❡ s✐♥❛✐s ♦♣♦st♦s✳ ❈♦♠♦ ❝❛❞❛ ❛r❡st❛ ❞❡ G ❡stá ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ ❝✉r✈❛
❞❡ Σf ❡ ❝❛❞❛ ✈ért✐❝❡ ❞❡ G é ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ r❡❣✐ã♦ ❞❡ M\Σf ✱ ❡ ❥á s❛❜❡♠♦s q✉❡
❝❛❞❛ r❡❣✐ã♦ ❞❡ M\Σf é ♦r✐❡♥t❛❞❛✱ ❡♥tã♦ ❝❛❞❛ ❝✉r✈❛ ❞❡ Σf s❡♣❛r❛ ❞✉❛s r❡❣✐õ❡s
❞❡ M\Σf ❝♦♠ s✐♥❛✐s ♦♣♦st♦s✳ P♦rt❛♥t♦✱ M é ♦r✐❡♥t❛❞❛✳

❊①❡♠♣❧♦ ✷✳✹✳✽✳ ❆ ❋✐❣✉r❛ ✷✳✶✸ ✐❧✉str❛ ♦s ❣r❛❢♦s ❞❡ q✉❛tr♦ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s
f :M → P✱ ♦♥❞❡ M é ♥ã♦ ♦r✐❡♥t❛❞❛ ❡♠ t♦❞❛s ❛s q✉❛tr♦ ❛♣❧✐❝❛çõ❡s✱ ✉♠❛ ✈❡③ q✉❡
s❡✉s r❡s♣❡❝t✐✈♦s ❣r❛❢♦s ♥ã♦ sã♦ ❜✐♣❛rt✐❞♦s✳ ❆ ❋✐❣✉r❛ ✷✳✶✹ r❡♣r❡s❡♥t❛ ♦s ❣r❛❢♦s✱
q✉❡ sã♦ t♦❞♦s ❜✐♣❛rt✐❞♦s✱ ❞❡ q✉❛tr♦ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s f : M → P✱ ♦♥❞❡ ❡♠ ❛✮
❡ ❝✮ ❛s s✉♣❡r❢í❝✐❡s ❞♦ ❞♦♠í♥✐♦ sã♦ ♦r✐❡♥t❛❞❛s✱ ♣♦✐s S = P = 0✱ ❡ ❛s s✉♣❡r❢í❝✐❡s
✐❧✉str❛❞❛s ❡♠ ❜✮ ❡ ❞✮ sã♦ ♥ã♦ ♦r✐❡♥t❛❞❛s ♣♦✐s P 6= 0✳
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❈❛♣ít✉❧♦ ✸

■♥✈❛r✐❛♥t❡s ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡

◆❡st❡ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉③✐♠♦s ❛s tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡ ❞♦✐s✱ ❜❡♠ ❝♦♠♦
s❡✉s ❡❢❡✐t♦s ♥♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❡ ♥♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✳
❆❧é♠ ❞✐ss♦✱ ❛♣r❡s❡♥t❛♠♦s ♦s ✐♥✈❛r✐❛♥t❡s ❧♦❝❛✐s ❡ ❣❧♦❜❛✐s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✳
❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ✉t✐❧✐③❛❞❛s ♥❡st❡ ❡st✉❞♦ sã♦ ❬✽❪✱ ❬✶✵❪✱ ❬✷✵❪ ❡ ❬✷✶❪✳

✸✳✶ ❚r❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠

❈♦♥s✐❞❡r❡ ✉♠❛ ❤♦♠♦t♦♣✐❛ F : M × I → N ❡♥tr❡ ❞✉❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s
f, g :M → N ✱ ♥♦ ❝♦♥❥✉♥t♦ E(M,N)✳ ❆ ♠❡❞✐❞❛ q✉❡ t ✈❛r✐❛ ♥♦ ✐♥t❡r✈❛❧♦ I = [0, 1]✱
♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ F0 = f é ❞❡❢♦r♠❛❞♦ ♥♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ F1 = g✳ P♦❞❡
❛❝♦♥t❡❝❡r q✉❡ ❛♦ ❧♦♥❣♦ ❞♦ ❝❛♠✐♥❤♦ ❡♥tr❡ f ❡ g✱ ♣❛r❛ ❛❧❣✉♠ t0 ∈ (0, 1) ❛ ❛♣❧✐❝❛çã♦
Ft0 ♥ã♦ s❡❥❛ ❡stá✈❡❧✳ ◆❡st❡ ❝❛s♦ ♦s ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ♥ã♦ sã♦ ❞✐❢❡♦♠♦r❢♦s ❡ ♦
♠❡s♠♦ ♣♦❞❡ ♦❝♦rr❡r ❝♦♠ ♦s ❝♦♥❥✉♥t♦s s✐♥❣✉❧❛r❡s✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ♥❛ ❋✐❣✉r❛
✸✳✶✳

❊①❡♠♣❧♦ ✸✳✶✳✶✳ ❆ ❋✐❣✉r❛ ✸✳✶ ✐❧✉str❛ ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ q✉❛tr♦ ❛♣❧✐❝❛çõ❡s ❞❛
❡s❢❡r❛ ♥♦ ♣❧❛♥♦✱ ♦♥❞❡ ❛s ❛♣❧✐❝❛çõ❡s f ❡ g ♣❡rt❡♥❝❡♠ à ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛
❡ ❛ ❛♣❧✐❝❛çã♦ Ft0 é ♥ã♦ ❡stá✈❡❧✳

❉❡♥♦t❛♠♦s ❝❛❞❛ ❡str❛t♦ ❧♦❝❛❧ ❞♦ ❝♦♥❥✉♥t♦ D ♣♦r ❧❡tr❛s ♠❛✐ús❝✉❧❛s✳ ❆❧é♠
❞✐ss♦✱ ❝♦♦r✐❡♥t❛♠♦s ♦ ❡str❛t♦ X ❝♦♠ ✉♠❛ r❡❣r❛ ❧♦❝❛❧✱ ❛ ❞❡✜♥✐r✳ ❆♦ ❧♦♥❣♦ ❞❡ ✉♠
❝❛♠✐♥❤♦ ❡♥tr❡ ❞✉❛s ❛♣❧✐❝❛çõ❡s f ❡ g✱ q✉❛♥❞♦ ♦ ❝❛♠✐♥❤♦ ❛tr❛✈❡ss❛ ♦ ❡str❛t♦ X ♥❛
❞✐r❡çã♦ ❞❛ ❝♦♦r✐❡♥t❛çã♦ ❡s❝r❡✈❡♠♦s ∆X = 1✱ ❝❛s♦ ❝♦♥trár✐♦ ∆X = −1✳

❆ ❚❛❜❡❧❛ ✸✳✶✱ r❡t✐r❛❞❛ ❞❡ ❬✷✵❪✱ ❛♣r❡s❡♥t❛ ❛s ❢♦r♠❛s ❧♦❝❛✐s ❛ ✶✲♣❛r❛♠êtr♦ ✭♥❛
✈✐③✐♥❤❛♥ç❛ ❞❡ ③❡r♦✮✱ ❞❡ ❛♣❧✐❝❛çõ❡s ❞❡ ♠♦♥♦❣❡r♠❡s✱ ❜✐❣❡r♠❡s ❡ tr✐❣❡r♠❡s✱ ❛s q✉❛✐s
❞❡t❛❧❤❛♠♦s ♥♦ ❞❡❝♦rr❡r ❞♦ tr❛❜❛❧❤♦✳ ❈❛❞❛ tr❛♥s✐çã♦ é r❡♣r❡s❡♥t❛❞❛ ❧♦❝❛❧♠❡♥t❡
♣♦r ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ três ❛♣❧✐❝❛çõ❡s ❡♠ C∞(M,R2)✳ ❆s ❛♣❧✐❝❛çõ❡s ❞♦ ❝❡♥tr♦✱
♣❡rt❡♥❝❡♠ ❛♦ ❝♦♥❥✉♥t♦ D✱ sã♦ ♥ã♦ ❡stá✈❡✐s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ♣❛r❛ a = 0 ❡
❡stá✈❡✐s ♣❛r❛ a 6= 0✳ ❊st❛s s❡q✉ê♥❝✐❛s sã♦ ❝❤❛♠❛❞❛s tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦
✉♠✳

❯♠❛ tr❛♥s✐çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡
❝♦❞✐♠❡♥sã♦ ✉♠ q✉❡ ❡stá ♥❛ ✐♥t❡rs❡çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞✐s❝r✐♠✐♥❛♥t❡ D ❝♦♠ ✉♠

✷✽



+

-

+

-

+

-

+

-1

-1

+

-

+

+

-

+

-

+

-

+

+

-

+

f=F g=F0 1
Ft1

Ft0

(0,0)                          (0,0)                         (0,0)                       (0,0)

(0,0)                          (0,0)                         (0,0)                       (0,0)

(0,0)               (0,0)                      (0,0)

❋✐❣✉r❛ ✸✳✶✿ ❍♦♠♦t♦♣✐❛ ❡♥tr❡ ❛s ❛♣❧✐❝❛çõ❡s f ❡ g✳

❚✐♣♦ ◆♦♠❡ ❋♦r♠❛ ◆♦r♠❛❧
L ❧á❜✐♦s (x, y3 + y(x2 − a))
B ❜✐❝♦s (x, y3 − y(x2 − a)
S r❛❜♦ ❞❡ ❛♥❞♦r✐♥❤❛ (x, y4 + xy − ay2))
T 0 t❛♥❣ê♥❝✐❛s ❞❡ ❞♦❜r❛s (x,−y2 + a), (x′, x′2 + y′2)
T 1 t❛♥❣ê♥❝✐❛s ❞❡ ❞♦❜r❛s (x, y2 + a), (x′, x′2 + y′2)
T 2 t❛♥❣ê♥❝✐❛s ❞❡ ❞♦❜r❛s (x, y2 + a), (x′, x′2 − y′2)
C1 ❝ús♣✐❞❡s ❝♦♠ ❞♦❜r❛ (x, y3 + xy), (y′2 − a, x′)
C2 ❝ús♣✐❞❡s ❝♦♠ ❞♦❜r❛ (x, y3 + xy), (−y′2 − a, x′)
Q0 ♣♦♥t♦s tr✐♣❧♦s (x+ y2, x− y2 + a), (x′, y′2), (−x”2, y”)
Q1 ♣♦♥t♦s tr✐♣❧♦s (x+ y2, x− y2 + a), (x′, y′2), (x”2, y”)

❚❛❜❡❧❛ ✸✳✶✿ ❊str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡♠ C∞(R2,R2)\E(R2,R2)✳

❝❛♠✐♥❤♦ q✉❡ ❧✐❣❛ ❞✉❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡
E(M,N)✳

❆❣♦r❛✱ ❛♣r❡s❡♥t❛♠♦s ♠❛✐s ❞❡t❛❧❤❛❞❛♠❡♥t❡ ❝❛❞❛ tr❛♥s✐çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦
✉♠✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛s tr❛♥s✐çõ❡s ▲á❜✐♦s✱ ❇✐❝♦s ❡ ❘❛❜♦ ❞❡
❛♥❞♦r✐♥❤❛✱ ✐❧✉str❛❞❛s ♥❛ ❋✐❣✉r❛ ✸✳✷✱ q✉❡ ❡♥✈♦❧✈❡♠ ❛♣❧✐❝❛çõ❡s ❝♦♠ ♠♦♥♦✲❣❡r♠❡s✳

L B

S

❋✐❣✉r❛ ✸✳✷✿ ❚r❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❞❡ ✶✲❣❡r♠❡ ❡♠ C∞(R2,R2)✳

▲á❜✐♦s ✭L✮✿ ◆♦ ✐♥t❡r✐♦r ❞❡ ✉♠❛ r❡❣✐ã♦ r❡❣✉❧❛r✱ ♥❛s❝❡ ✉♠❛ ♥♦✈❛ ❝✉r✈❛ s✐♥❣✉❧❛r

✷✾



❝♦♠ ❞✉❛s ♥♦✈❛s ❝ús♣✐❞❡s✱ ❛♣♦♥t❛♥❞♦ ♣❛r❛ ❛ ♠❡s♠❛ r❡❣✐ã♦ r❡❣✉❧❛r✳ ❆ ❝♦♦r✐❡♥t❛çã♦
❞❡st❛ tr❛♥s✐çã♦ é ♥❛ ❞✐r❡çã♦ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❛✉♠❡♥t❛✿ ∆L = 1✳

❖ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s é ❛✉♠❡♥t❛❞♦ ♣♦r 2✱ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s
s✐♥❣✉❧❛r❡s ❡ r❡❣✉❧❛r❡s é ❛✉♠❡♥t❛❞♦ ♣♦r 1✱ ❡st❡ ❢❛t♦ ❡stá ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✸
❞❡ ❜✮ ♣❛r❛ ❝✮✱ ♦♥❞❡ ♦❝♦rr❡♠ ❞✉❛s tr❛♥s✐çõ❡s ▲á❜✐♦s s✐♠✉❧t❛♥❡❛♠❡♥t❡✳

a)                                       b)                                c)                                   d)                                     e)

(0,0)                             (0,0)                              (0,0)                            (0,0)                               (0,0)   (0,0)

(0,0)                             (0,0)                              (0,0)                            (0,0)                               (0,0)   (0,0)

(0,0)               (0,0)      (0,0)              (0,0)  

❋✐❣✉r❛ ✸✳✸✿ ❚r❛♥s✐çõ❡s ▲á❜✐♦s ❡ ❇✐❝♦s ❡♠ C∞(S2,R2)✳

❆ tr❛♥s✐çã♦ ❞❡ ❧á❜✐♦s ❛❧t❡r❛ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞♦ ❝♦♥❥✉♥t♦
s✐♥❣✉❧❛r ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦✱ ❡♥tã♦ ❡❧❛ t❛♠❜é♠ ❛❧t❡r❛ ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❞❡ ✉♠
❣r❛❢♦✳ ❚❛❧ ❢❛t♦ é ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✸✳

❇✐❝♦s ✭B✮✿ ◆❛ r❡❣✐ã♦ r❡❣✉❧❛r✱ t❛♥❣❡♥❝✐❛♠ ❞♦✐s ❛r❝♦s ❞❡ ❝✉r✈❛s s✐♥❣✉❧❛r❡s ❝r✐❛♥❞♦
❞✉❛s ♥♦✈❛s ❝ús♣✐❞❡s✳ ❆ ❝♦r✐❡♥t❛çã♦ é ♥❛ ❞✐r❡çã♦ ❞❛ r❡❣✐ã♦ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡
❝ús♣✐❞❡s ❛✉♠❡♥t❛✿ ∆B = 1✳

❖ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s é ❛✉♠❡♥t❛❞♦ ♣♦r 2✱ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡
Σf ♣♦❞❡ ❛✉♠❡♥t❛r ♦✉ ❞✐♠✐♥✉✐r ♣♦r 1✱ ♦ q✉❡ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✸✳✸ ❞❡ ❞✮ ♣❛r❛
❡✮✳ ❉❡♥♦t❛♠♦s ♣♦r B+

v ❛ tr❛♥s✐çã♦ ❇✐❝♦s ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♥❛s❝✐♠❡♥t♦ ❞❡ ✉♠ ♣❛r
❞❡ ❝ús♣✐❞❡s ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ Σf ❛✉♠❡♥t❛✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡
❛✉♠❡♥t❛ ✉♠❛ ❛r❡st❛ ❛♦ ❣r❛❢♦ ❞❡ f ✱ ❡ ♣♦r B−

v ❛ tr❛♥s✐çã♦ ❇✐❝♦s ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡
❝♦♠♣♦♥❡♥t❡s ❞✐♠✐♥✉✐✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❞✐♠✐♥✉✐ ✉♠❛ ❛r❡st❛ ♥♦ ❣r❛❢♦ ❞❡ f✭✈❡❥❛
❋✐❣✉r❛ ✸✳✹ ❛✮✮✳

❆ ❋✐❣✉r❛ ✸✳✹ ✐❧✉str❛ ❛s tr❛♥s✐çõ❡s ❇✐❝♦s✱ ♦♥❞❡ X✱ X1✱ Y ✱ Z✱ Z1 ❡ Z2

r❡♣r❡s❡♥t❛♠ ❛s r❡❣✐õ❡s ❞❡ ♦❝♦rrê♥❝✐❛ ❞❛ tr❛♥s✐çã♦ ❡ ♦s ♥ú♠❡r♦s 1 ❡ 2 ❞❡♥♦t❛♠ ♦
♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ Σf ✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ tr❛♥s✐çã♦ ❜✐❝♦s ♣♦❞❡ ❛✉♠❡♥t❛r ✭❞✐♠✐♥✉✐r✮ ♦ ❣ê♥❡r♦ ♣♦r 1
❛♦ ♠❡s♠♦ t❡♠♣♦ ❡♠ q✉❡ ❞✐♠✐♥✉✐ ✭❛✉♠❡♥t❛✮ ♣♦r 1 ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞♦
❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r✱ ♦ ❡❢❡✐t♦ ❞❡st❛ tr❛♥s✐çã♦ ♥♦ ❣r❛❢♦ ❞❛ ❛♣❧✐❝❛çã♦ é ♦ s❡❣✉✐♥t❡✿ ♦
♣❡s♦ ❞♦ ❣r❛❢♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛✉♠❡♥t❛ ✭❞✐♠✐♥✉✐✮ ♣♦r 1 ❡♥q✉❛♥t♦ ♦ ♥ú♠❡r♦ ❞❡
❛r❡st❛s ❞✐♠✐♥✉✐ ✭❛✉♠❡♥t❛✮ ♣♦r 1✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✺✳ ❉❡♥♦t❛♠♦s
♣♦r B+

w ❛ tr❛♥s✐çã♦ ❇✐❝♦s q✉❡ ❛✉♠❡♥t❛ ♣♦r 1 ♦ ❣ê♥❡r♦ ❡ ❞✐♠✐♥✉✐ ♣♦r 1 ♦
♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s s✐♥❣✉❧❛r❡s✱ ❡ ♣♦r B−

w ❛ tr❛♥s✐çã♦ ❇✐❝♦s ♦♥❞❡ ♦ ❣ê♥❡r♦
é ❞✐♠✐♥✉✐❞♦ ♣♦r 1 ❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❡ Σf ❛✉♠❡♥t❛ ✭✈❡❥❛ ❋✐❣✉r❛ ✸✳✹
❜✮✮✳ ∆B = ∆B+

v +∆B−
v +∆B+

w +∆B−
w ✳

✸✵



B
_

w

(0,0)                                        (1,0)                                       (1,0)                                             (0,0)

B+
w

(0,0)                                        (0,0)                                       (0,0)                                             (0,0)

B+
v

B
_

v

(0,0)                                        (0,0)            (0,0)                    (0,0)          (0,0)                             (0,0)

(0,0)                                        (0,0)                                       (0,0)                                                (0,0)

a)

b)

❋✐❣✉r❛ ✸✳✹✿ ❉❡❝♦♠♣♦s✐çã♦ ❞❛ tr❛♥s✐çã♦ ❇✐❝♦s✳

f g

B+
w

2S

(0,0)                                                (0,0)                                               (1,0)     

❋✐❣✉r❛ ✸✳✺✿ ❚r❛♥s✐çã♦ ❘❛❜♦ ❞❡ ❆♥❞♦r✐♥❤❛ ❡ ❇✐❝♦s ❡♠ C∞(T,R2)✳

❆♥t❡s ❞❡ ❝♦♥t✐♥✉❛r♠♦s ❛ ❞❡t❛❧❤❛r ❛s tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✱ ✈❡❥❛♠♦s
❛❧❣✉♥s ❡①❡♠♣❧♦s ✐❧✉str❛♥❞♦ ♦s ❡❢❡✐t♦s ❞❛s tr❛♥s✐çõ❡s ❧á❜✐♦s ❡ ❜✐❝♦s ♥♦s ❣r❛❢♦s✳

❊①❡♠♣❧♦ ✸✳✶✳✷✳ ◆❛ ❋✐❣✉r❛ ✸✳✻ ❛♣r❡s❡♥t❛♠♦s q✉❛tr♦ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❛ ❡s❢❡r❛
♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳

❛✮ ❆ ❛♣❧✐❝❛çã♦ é ❞❛❞❛ ♣❡❧❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❛ ❡s❢❡r❛ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❡
t❡♠ ❝♦♠♦ ❣r❛❢♦ G0

(0,0)(2, 1)❀

❜✮ ❊ss❛ ❛♣❧✐❝❛çã♦✱ ❝✉❥♦ ❣r❛❢♦ é ❞❛❞♦ ♣♦r G0
(0,0)(3, 2)✱ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛♣❧✐❝❛♥❞♦

✉♠❛ tr❛♥s✐çã♦ ▲á❜✐♦s ♥❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❛ ❡s❢❡r❛ ♥❛ ❛♣❧✐❝❛çã♦ a)✳

❝✮ ❆ ✐♠❛❣❡♠ r❡♣r❡s❡♥t❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♠ três ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ s❡♠ ♣♦♥t♦s
❞✉♣❧♦s ❡ ❝♦♠ q✉❛tr♦ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ❝✉❥♦ ❣r❛❢♦ é ❞♦ t✐♣♦ G0

(0,0)(4, 3)✳ ❊ss❛
❛♣❧✐❝❛çã♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛♣❧✐❝❛♥❞♦ ✉♠❛ tr❛♥s✐çã♦ ▲á❜✐♦s ♥❛ ❛♣❧✐❝❛çã♦ b)✳

❞✮ ❆ ❛♣❧✐❝❛çã♦✱ ❝✉❥♦ ❣r❛❢♦ é G0
(0,0)(4, 3)✱ t❡♠ três ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ ♥❡♥❤✉♠

♣♦♥t♦ ❞✉♣❧♦ ❡ ♥❡♥❤✉♠❛ ❝ús♣✐❞❡✳ ❊ss❛ ❛♣❧✐❝❛çã♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛♣❧✐❝❛♥❞♦
❞✉❛s ✈❡③❡s ❛ tr❛♥s✐çã♦ ❇✐❝♦s ♥❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ✐❧✉str❛❞❛ ❡♠ c)✳
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PI

a)

PI

b)

PI

c)

PI

d)

L

2L B

B

B

+

-

+

(0,0)                  (0,0)                                                                        (0,0)           (0,0)

(0,0)                                                                                           (0,0)           (0,0)

(0,0) 

(0,0)                                                                                              (0,0)           (0,0)

(0,0)                                                                                              (0,0) 

v

v

v

❋✐❣✉r❛ ✸✳✻✿ ❆♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❛ ❡s❢❡r❛ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳

❊①❡♠♣❧♦ ✸✳✶✳✸✳ ◆❛ ❋✐❣✉r❛ ✸✳✼ t❡♠♦s q✉❛tr♦ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡ s❡✉s
r❡s♣❡❝t✐✈♦s ❣r❛❢♦s✱ q✉❡ ✐❧✉str❛ ♦s ❡❢❡✐t♦s ❞❛s tr❛♥s✐çõ❡s ❜✐❝♦s ❡♠ ✉♠ ❣r❛❢♦✳

❛✮ ◆♦ ❡①❡♠♣❧♦ ♠♦str❛♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ❞♦✐s ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s ❝♦♠
❣r❛❢♦ G0

(1,0)(2, 1)✱ ❝✉❥❛ ❝✉r✈❛ s✐♥❣✉❧❛r s❡♣❛r❛ ✉♠ ❞✐s❝♦ ❞❡ ✉♠❛ ❢❛✐①❛ ❞❡
▼♦❜✐✉s✳ ❊ss❛ ❛♣❧✐❝❛çã♦ ♣♦ss✉✐ ❞✉❛s ❝ús♣✐❞❡s✱ ♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦ ❡ ♣♦❞❡
s❡r ♦❜t✐❞❛ ❛tr❛✈és ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❜✐❝♦s ♥❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❞♦ ♣❧❛♥♦
♣r♦❥❡t✐✈♦ ♥❡❧❡ ♠❡s♠♦✳

❜✮ ❆♣❧✐❝❛çã♦ ❡♥tr❡ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s ❝✉❥♦ ❣r❛❢♦ ❛ss♦❝✐❛❞♦ é G0
(0,1)(3, 2)✱ ❝♦♠

❞✉❛s ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ ♥❡♥❤✉♠❛ ❝ús♣✐❞❡ ❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦ q✉❡ ♣♦❞❡
s❡r ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❡ ❛✮ ❛tr❛✈és ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❜✐❝♦s✱ ❡❧✐♠✐♥❛♥❞♦ ❛s ❞✉❛s
❝ús♣✐❞❡s✳

❝✮ ■❧✉str❛♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ t♦r♦ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ ❞♦✐s ♣♦♥t♦s
❞✉♣❧♦s✱ ♥❡♥❤✉♠ ♣♦♥t♦ ❞❡ ❝ús♣✐❞❡ ❡ ❞✉❛s ❝✉r✈❛s s✐♥❣✉❧❛r❡s q✉❡ ❞❡❝♦♠♣õ❡♠
♦ t♦r♦ ❡♠ ❞♦✐s ❝✐❧✐♥❞r♦s✳ ❖ ❣r❛❢♦ ❞❡ss❛ ❛♣❧✐❝❛çã♦ é ❞❛❞♦ ♣♦r G0

(0,0)(2, 2)✳

❞✮ ❚❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ t♦r♦ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ ❣r❛❢♦ G0
(1,0)(2, 1)✳ ❆

❛♣❧✐❝❛çã♦ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r✱ q✉❡ s❡♣❛r❛ ✉♠ ❞✐s❝♦ ❡ ✉♠ t♦r♦
❝♦♠ ✉♠ ❞✐s❝♦ r❡♠♦✈✐❞♦✱ ❞♦✐s ♣♦♥t♦s ❞✉♣❧♦s ❡ ❞✉❛s ❝ús♣✐❞❡s✱ ❡ ♣♦❞❡ s❡r
♦❜t✐❞❛ ❛tr❛✈és ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❜✐❝♦s ♥❛ ❛♣❧✐❝❛çã♦ ❝✮✳

❆ ♣ró①✐♠❛ tr❛♥s✐çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❛ s❡r ❞❡t❛❧❤❛❞❛ é ❛ tr❛♥s✐çã♦ ❘❛❜♦ ❞❡
❆♥❞♦r✐♥❤❛✳

❘❛❜♦ ❞❡ ❆♥❞♦r✐♥❤❛ ✭S✮✿ ❙♦❜r❡ ✉♠ ❛r❝♦ ❞❡ ❝✉r✈❛ ❞❡ ❞♦❜r❛s ♥❛s❝❡ ❞♦✐s ♣♦♥t♦s
❞❡ ❝ús♣✐❞❡s✱ ❡ ✉♠ ♣♦♥t♦ ❞✉♣❧♦✱ s✉❛ ❝♦♦r✐❡♥t❛çã♦ é ♥❛ ❞✐r❡çã♦ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡
❝ús♣✐❞❡s ❛✉♠❡♥t❛✿ ∆S = 1✳

❆ tr❛♥s✐çã♦ ❘❛❜♦ ❞❡ ❆♥❞♦r✐♥❤❛ ❛❧t❡r❛ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ♣♦r 1✱ ♦
♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ♣♦r 2 ❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s r❡❣✉❧❛r❡s ❡ s✐♥❣✉❧❛r❡s ♣♦r
1✱ ♦ q✉❡ ❡stá ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✺✮✳
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a)                                                                                                 b)

c)                                                                                                  d)

B+

PI

(0,0)

(0,1)

(0,0)
PI

(0,0)

(0,1)

PI

(0,0)

(1,0)

(0,0)

(0,0) PI

v

B+
w

❋✐❣✉r❛ ✸✳✼✿ ❆♣❧✐❝❛çõ❡s ❡stá✈❡✐s ♦❜t✐❞❛s ❛tr❛✈és ❞❡ tr❛♥s✐çõ❡s ❜✐❝♦s✳

❆s ❚❛♥❣ê♥❝✐❛s sã♦ tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡♥✈♦❧✈❡♥❞♦ ❛♣❧✐❝❛çõ❡s ❞❡
❜✐❣❡r♠❡s✳ ❆s t❛♥❣ê♥❝✐❛s ♣♦❞❡♠ ♦❝♦rr❡r ❞❡ ❞♦✐s ♠♦❞♦s✱ q✉❡ ❞ã♦ ♥♦♠❡ ❛ ❡st❛s
tr❛♥s✐çõ❡s✱ ❡♥tr❡ ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛s ❡ ❡♥tr❡ ✉♠❛ ❝ús♣✐❞❡ ❡ ✉♠❛ ❝✉r✈❛
❞❡ ❞♦❜r❛✳ ❊ss❛s tr❛♥s✐çõ❡s sã♦ ✐❧✉str❛❞❛s ♥❛s ❋✐❣✉r❛s ✸✳✽ ❡ ✸✳✾✳

❆s ❚❛♥❣ê♥❝✐❛s ❡♥tr❡ ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ s❡ ❞✐✈✐❞❡♠ ❡♠ três ❝❛s♦s✳ ❙ã♦
❞❡♥♦t❛❞❛s ♣♦r T i✱ i = 0, 1, 2✱ ❡ ❛❧t❡r❛♠ s♦♠❡♥t❡ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ♣♦r
2✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✸✳✽✳

T

T

T

0

1

2

❋✐❣✉r❛ ✸✳✽✿ ❚r❛♥s✐çõ❡s t❛♥❣ê♥❝✐❛s ❡♥tr❡ ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛✳

T 0✿ ❆s ♦r✐❡♥t❛çõ❡s ❞❛s ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r❛♠✐✜❝❛çã♦ sã♦ ♦♣♦st❛s✳
❆ ❝♦♦r✐❡♥t❛çã♦ ❞❡ss❡ ❡str❛t♦ é ♥❛ ❞✐r❡çã♦ ❞❛ r❡❣✐ã♦ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s
❞✉♣❧♦s ❛✉♠❡♥t❛ ✿ ∆T 0 = 1✳

T 1✿ ❆s ♦r✐❡♥t❛çõ❡s ❞❛s ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r❛♠✐✜❝❛çã♦ sã♦
❝♦♥❝♦r❞❛♥t❡s✳ ❆ ❝♦♦r✐❡♥t❛çã♦ ❞❡ss❡ ❡str❛t♦ é ♥❛ ❞✐r❡çã♦ ❞❛ r❡❣✐ã♦ ♦♥❞❡ ♦ ♥ú♠❡r♦
❞❡ ♣♦♥t♦s ❞✉♣❧♦s ❛✉♠❡♥t❛ ✿ ∆T 1 = 1✳

T 2✿ ❆s ♦r✐❡♥t❛çõ❡s ❞❛s ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r❛♠✐✜❝❛çã♦ sã♦ ♦♣♦st❛s✳
❆ ❝♦♦r✐❡♥t❛çã♦ ❞❡ss❡ ❡str❛t♦ é ♥❛ ❞✐r❡çã♦ ❞❛ r❡❣✐ã♦ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s

✸✸



❞✉♣❧♦s ❛✉♠❡♥t❛ ✿ ∆T 2 = 1✳

❆s tr❛♥s✐çõ❡s ❚❛♥❣ê♥❝✐❛s ❡♥tr❡ ✉♠❛ ❝ús♣✐❞❡ ❡ ✉♠❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛✱ s❡ ❞✐✈✐❞❡♠
❡♠ ❞♦✐s ❝❛s♦s✳ ❙ã♦ ❞❡♥♦t❛❞❛s ♣♦r C i✱ i = 1, 2 ❡ ❛❧t❡r❛♠ s♦♠❡♥t❡ ♦ ♥ú♠❡r♦ ❞❡
♣♦♥t♦s ❞✉♣❧♦s ♣♦r 2✱ ❢❛t♦ q✉❡ ❡stá ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✾✳

C C2
1

❋✐❣✉r❛ ✸✳✾✿ ❚r❛♥s✐çõ❡s t❛♥❣ê♥❝✐❛s ❡♥tr❡ ✉♠❛ ❝ús♣✐❞❡ ✉♠❛ ❞♦❜r❛✳

C1✿ ❆ ❝♦♦r✐❡♥t❛çã♦ ❞❡st❡ ❡str❛t♦ é ♥❛ ❞✐r❡çã♦ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❛✉♠❡♥t❛✿
∆C1 = 1✳

C2✿ ❆ ❝♦♦r✐❡♥t❛çã♦ ❞❡st❡ ❡str❛t♦ é ♥❛ ❞✐r❡çã♦ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❛✉♠❡♥t❛✿
∆C2 = 1✳

❆s tr❛♥s✐çõ❡s P♦♥t♦s tr✐♣❧♦s✱ ❡♥✈♦❧✈❡♠ ❛♣❧✐❝❛çõ❡s ❞❡ tr✐❣❡r♠❡s ❡ sã♦
❞❡♥♦t❛❞❛s ♣♦r Qi✱ i = 0, 1✳ ❊st❛ tr❛♥s✐çã♦ ❝♦♥s✐st❡ ♥❛ ♣❛ss❛❣❡♠ ♣♦r ✉♠ ♣♦♥t♦
tr✐♣❧♦ ❢♦r♠❛❞♦ ♣❡❧❛ ✐♥t❡rs❡çã♦ ❞❡ três ❝✉r✈❛s ❞❡ ❞♦❜r❛s✱ ♥ã♦ ❛❧t❡r❛♠ ♦ ❝♦♥❥✉♥t♦
s✐♥❣✉❧❛r ♥❡♠ ♦ r❡❣✉❧❛r✱ ❝♦♠♦ ✈❡♠♦s ♥❛ ❋✐❣✉r❛ ✸✳✶✵✳

Q

Q1

0

❋✐❣✉r❛ ✸✳✶✵✿ ❚r❛♥s✐çõ❡s ♣♦♥t♦s tr✐♣❧♦s✳

Q0✿ ❆s três s❡t❛s ❞❡ ♦r✐❡♥t❛çã♦ s❛✐♥❞♦ ❞♦ ♣♦♥t♦ tr✐♣❧♦ sã♦ ❞✐r❡❝✐♦♥❛❞❛s ❛ três
✈ért✐❝❡s ❛❧t❡r♥❛❞♦s ❞❡ ✉♠ ❤❡①❛❣♦♥♦✳ ❆ ❝♦♦r✐❡♥t❛çã♦ ❞❡ss❡ ❡str❛t♦ é ♥❛ ❞✐r❡çã♦
❞❛ r❡❣✐ã♦ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ ♣ré ✐♠❛❣❡♥s ❞♦ ♥♦✈♦ tr✐â♥❣✉❧♦ ♥❛s❝✐❞♦ é ♠❛✐♦r✿
∆Q0 = 1✳

Q1✿ ❆s três s❡t❛s ❞❡ ♦r✐❡♥t❛çã♦ s❛✐♥❞♦ ❞♦ ♣♦♥t♦ tr✐♣❧♦ sã♦ ❞✐r❡❝✐♦♥❛❞❛s ❛ três
✈ért✐❝❡s ❛❞❥❛❝❡♥t❡s ❞❡ ✉♠ ❤❡①❛❣♦♥♦✳ ❆ ❝♦♦r✐❡♥t❛çã♦ ❞❡ss❡ ❡str❛t♦ é ♥❛ ❞✐r❡çã♦
❞❛ r❡❣✐ã♦ ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ ♣ré ✐♠❛❣❡♥s ❞♦ ♥♦✈♦ tr✐â♥❣✉❧♦ ♥❛s❝✐❞♦ é ♠❛✐♦r✿
∆Q1 = 1✳

❚❡♦r❡♠❛ ✸✳✶✳✹✳ ❬✷✹❪ ❙❡❥❛♠ M ❡ N s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s✳ ❙❡ M é ♦r✐❡♥t❛❞❛ ❡
f : M → N é ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❞♦ ❝♦♥t♦r♥♦
❛♣❛r❡♥t❡ f(Σf) é ♣❛r✳
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❖❜s❡r✈❛çã♦ ✸✳✶✳✺✳ ❆s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ C∞(M,N) sã♦ ❝♦♥❡①❛s ♣♦r
❝❛♠✐♥❤♦s✱ ❧♦❣♦ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❡♠ C∞(M,N) q✉❡ ❝♦♥❡❝t❛ ❞✉❛s ❛♣❧✐❝❛çõ❡s ❡♠
❞✐❢❡r❡♥t❡s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ ❝❛❞❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣♦♣✐❛ q✉❡ ❛tr❛✈❡ss❛ D
♣❛ss❛♥❞♦ s♦♠❡♥t❡ ♣♦r ❛♣❧✐❝❛çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✳ ■st♦ ♠♦str❛ q✉❡ ♦ ❚❡♦r❡♠❛
✸✳✶✳✹ é ❜❛st❛♥t❡ ♥❛t✉r❛❧✱ ♣♦✐s M é ♦r✐❡♥t❛❞❛✱ ❡♥tã♦ s❡♠♣r❡ é ♣♦ssí✈❡❧ ❧✐❣❛r ✉♠❛
❛♣❧✐❝❛çã♦ ❡stá✈❡❧ q✉❛❧q✉❡r ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦❜r❛ ✭s❡♠ ❝ús♣✐❞❡✮ ♣❛ss❛♥❞♦ ♣❡❧♦
❞✐s❝r✐♠✐♥❛♥t❡ s♦♠❡♥t❡ ❛tr❛✈és ❞❡ tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡♠ C∞(M,N)✳
❚♦❞❛s ❛s tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❛❧t❡r❛♠ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❝ús♣✐❞❡s s❡♠♣r❡
❡♠ ✉♠ ♥ú♠❡r♦ ♣❛r ✭✈❡r ❚❛❜❡❧❛ ✸✳✶✮✳

❆ ❚❛❜❡❧❛ ✸✳✶ ♠♦str❛ ❝♦♠♦ ❝❛❞❛ ❡str❛t♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❛❧t❡r❛ ♦ ♥ú♠❡r♦
❞❡ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡✱ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ❡ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ f(Σf) ❞❡
✉♠❛ ❛♣❧✐❝❛çã♦✳

L B+
v B−

v B+
w B−

w S T 0 T 1 T 2 C1 C2

❈ús♣✐❞❡s ✷ ✷ ✷ ✷ ✷ ✷ ✵ ✵ ✵ ✵ ✵
P♦♥t♦s ❞✉♣❧♦s ✵ ✵ ✵ ✵ ✵ ✶ ✷ ✷ ✷ ✷ ✷
❈♦♠♣♦♥❡♥t❡s s✐♥❣✉❧❛r❡s ✶ ✶ ✲✶ ✲✶ ✶ ✵ ✵ ✵ ✵ ✵ ✵

❚❛❜❡❧❛ ✸✳✷✿ ❊str❛t♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✳

✸✳✷ ❚r❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s

❖ ❝♦♥❥✉♥t♦ ❞❛s tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s✱ ❢♦r♠❛♠ ♦ q✉❡ ❝❤❛♠❛♠♦s ❞❡
❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s✳ ❊st❡ ❡str❛t♦ é ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦s
✐♥✈❛r✐❛♥t❡s ❞❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s q✉❡ ❞❡♣❡♥❞❡♠ ❞❛s tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦
✉♠✳ ❆ s♦♠❛ t♦t❛❧ ❞♦s ✈❛❧♦r❡s r❡❝❡❜✐❞♦s ❞❛s tr❛s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✱ ❛♦
❧♦♥❣♦ ❞❡ ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ t♦r♥♦ ❞❡ ✉♠❛ tr❛♥s✐❝ã♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s✱
❞❡✈❡ s❡r ♥✉❧♦✳ ❖ s✐st❡♠❛ ❝♦♠♣♦st♦ ♣♦r ❡st❛s ✐❣✉❛❧❞❛❞❡s ❞❡✈❡♠ ❞❡t❡r♠✐♥❛r ♦s
✐♥✈❛r✐❛♥t❡s ❞❛s ❛♣❧✐❝❛çõ❡s✱ ♣♦✐s ♦s ❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ❝♦♥s✐st❡♠ ❞❡
✐♥t❡rs❡çõ❡s tr❛♥s✈❡rs❛✐s ❞❡ ❡str❛t♦s ❧♦❝❛✐s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✱ ❝❤❛♠❛❞♦s tr✐✈✐❛✐s✳
❆ ❝♦♦r✐❡♥t❛çã♦ ♥❡ss❡s ❡str❛t♦s s❡❣✉❡♠ ❛s ♠❡s♠❛s r❡❣r❛s ❞♦s ❡str❛t♦s tr✐✈✐❛✐s✳
❊str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ♥ã♦ tr✐✈✐❛✐s ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s
❝♦♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ❞❡❣❡♥❡r❛❞♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s✳ ❚❛❧ ♣♦♥t♦ é ❛ ✐♠❛❣❡♠✱ s♦❜
f ✱ ❞❡ ✉♠ ❛ q✉❛tr♦ ♣♦♥t♦s ❞✐❢❡r❡♥t❡s ❞❡ M ✳

❆♥❛❧✐s❛♠♦s t♦❞♦s ♦s ❝❛s♦s ❞✐st✐♥t♦s ♣❡❧❛s ♣♦ssí✈❡✐s ❝♦♦r✐❡♥t❛çõ❡s ❧♦❝❛✐s ❞♦s
❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✳ ❆ ❚❛❜❡❧❛ ✸✳✷ ❛♣r❡s❡♥t❛ ❛s ❢♦r♠❛s ❧♦❝❛✐s ❛ ✷✲
♣❛râ♠❡tr♦✱ a ❡ b ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ③❡r♦✱ ❞❡ ❛♣❧✐❝❛çõ❡s ❝♦♠ ❛té q✉❛tr♦ ❣❡r♠❡s✳ ◆♦
♣❧❛♥♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s (a, b)✱ ❛s ❛♣❧✐❝❛çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s✱ ♦❝♦rr❡♠ q✉❛♥❞♦
a = b = 0✱ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ (0, 0) ♣♦❞❡♠ ♦❝♦rr❡r ❛s ❛♣❧✐❝❛çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦
✉♠ ♦✉ ③❡r♦✳

◆❛ ❋✐❣✉r❛ ✸✳✶✶✱ ❡ ♥❛s ❞❡♠❛✐s ✐♠❛❣❡♥s ❞❡st❛ s❡çã♦✱ ❝❛❞❛ ❝✉r✈❛ r❡♣r❡s❡♥t❛
❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✱ ❛ ✐♥t❡rs❡çã♦ ❡ ♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ss❛s ❝✉r✈❛s
r❡♣r❡s❡♥t❛♠ ♦s ❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ❝♦rr❡s♣♦♥❞❡♥t❡s ❡ ♦s ❡str❛t♦s
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❊str❛t♦ ◆♦♠❡ ❋♦r♠❛ ◆♦r♠❛❧
A ❣❛♥s♦ (x, y3 + x3y + ay + bxy)
B± ❜♦r❜♦❧❡t❛ (x, xy + y5 + (±y7) + ay3 + by2)
C ❣❛✐✈♦t❛ (x, xy2 + y4 + y5 + axy + by)

D
1,1
2,2 ❜❛r❜❛t❛♥❛ (x2 + y3 + ay, y2 + x3 + bx)

E
1,1
2,2 ❞❡❧t♦✐❞❡ (x2 − y2 + ax3 + ay, xy + bx)

F− ❜✐❝♦s ❡ ❞♦❜r❛s ❇ ❡ (x′2 + b, y′)
F+ ❧á❜✐♦s ❡ ❞♦❜r❛s ▲ ❡ (x′2 + b, y′)
G r❛❜♦ ❞❡ ❛♥❞♦r✐♥❤❛ ❡ ❞♦❜r❛ ❙ ❡ (x′2 + b, y′)
H+ ✐♥✢❡①ã♦ ❡ ❞♦❜r❛ (x, x3 − ax+ y2), (x′,+y′2 + b)
H− ✐♥✢❡①ã♦ ❡ ❞♦❜r❛ (x, x3 − ax+ y2), (x′,−y′2 + b)
I ❝ús♣✐❞❡ ❡ ❝ús♣✐❞❡ (x+ a, y3 + xy), (y′3 + x′y′, x′ + b)
J ❝ús♣✐❞❡ ❡ t❛♥❣ê♥❝✐❛ (x+ a, y3 + xy), (y′3 + x′y′, x′ + b)
P+ (++) ❞♦❜r❛ ❡ t❛♥❣ê♥❝✐❛ (x, x2 + y2), (x′, y′2 + a), (x′′2 + b, y′′)
P−
0 (+−) ❞♦❜r❛ ❡ t❛♥❣ê♥❝✐❛ (x, x2 + y2), (x′,−y′2 + a), (x′′2 + b, y′′)
P−
1 ✱ (−−) ❞♦❜r❛ ❡ t❛♥❣ê♥❝✐❛ (x, x2 − y2), (x′,+y′2 + a), (x′′2 + b, y′′)
R+,+ ✷ ❞♦❜r❛ ❡ ❝ús♣✐❞❡ (x, y3 + xy), (x′,+y′2, x′ − y′2 + a)✱

(x′′ + y′′2,−x′′ + y′′2 + b′)
R+,− ✷ ❞♦❜r❛ ❡ ❝ús♣✐❞❡ (x, y3 + xy), (x′,+y′2, x′ − y′2 + a)✱

(x′′ − y′′2,−x′′ − y′′2 + b′)
R−,− ✷ ❞♦❜r❛ ❡ ❝ús♣✐❞❡ (x, y3 + xy), (x′,−y′2, x′ − y′2 + a)✱

(x′′ − y′′2,−x′′ − y′′2 + b′)
U0 ♣♦♥t♦ q✉❛❞r✉♣❧♦ Q0 ❡ (x′′′ + y′′′2,−x′′′ + y′′′2 + b)
U1 ♣♦♥t♦ q✉❛❞r✉♣❧♦ Q1 ❡ (x′′′ + y′′′2,−x′′′ + y′′′2 + b)

❚❛❜❡❧❛ ✸✳✸✿ ❊str❛t♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ❡♠ C∞(R2,R2)\E(R2,R2)✳

❞❡ ❝♦❞✐♠❡♥sã♦ ③❡r♦ ✭❝♦♠♣♦st♦ ♣♦r ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆
♦r✐❡♥t❛çã♦ é ♥❛ ❞✐r❡çã♦ ❞♦ ❛✉♠❡♥t♦ ❞❡ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ❡ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s✳
❈❛❞❛ tr❛♥s✐çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ❡stá ❞❡t❛❧❤❛❞❛ ❛ s❡❣✉✐r✳

❆ ❋✐❣✉r❛ ✸✳✶✶ ✐❧✉str❛ ♦s três ❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠
♠♦♥♦❣❡r♠❡✳

L SB

C1 C T1

B

S

S

BS

2

A B C+_

❋✐❣✉r❛ ✸✳✶✶✿ ❚r❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ❝♦♠ ♠♦♥♦❣❡r♠❡s✳

❆✿ ❖❝♦rr❡ ♥❛ ✐♥t❡rs❡çã♦ ❞♦s ❡str❛t♦s ▲á❜✐♦s ✭L✮ ❡ ❇✐❝♦s ✭B✮✱ ♦♥❞❡ ♥❛s❝❡♠
s✐♠✉❧t❛♥❡❛♠❡♥t❡ ▲á❜✐♦s ❡ ❇✐❝♦s✳

B±✿ ❖❝♦rr❡ ♥❛ ✐♥t❡rs❡çã♦ ❞♦s ❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❘❛❜♦ ❞❡ ❆♥❞♦r✐♥❤❛
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✭S✮ ❡ ❚❛♥❣ê♥❝✐❛ ❡♥tr❡ ✉♠❛ ❈ús♣✐❞❡ ❡ ✉♠❛ ❉♦❜r❛ ✭C1 ❡ C2✮✱ ♦♥❞❡ ♥❛ ❝✉r✈❛ ❞❡
❞♦❜r❛ ♥❛s❝❡ ♦ ❘❛❜♦ ❞❡ ❆♥❞♦r✐♥❤❛✳

C✿ ❖❝♦rr❡ ♥❛ ✐♥t❡rs❡çã♦ ❞♦s ❡str❛t♦s ❇✐❝♦s ✭B✮✱ ❘❛❜♦ ❞❡ ❆♥❞♦r✐♥❤❛ ✭S✮ ❡
❚❛♥❣ê♥❝✐❛ ❡♥tr❡ ❞✉❛s ❈✉r✈❛s ❞❡ ❉♦❜r❛ ✭T 1✮✱ ♦♥❞❡ ♥❛ t❛♥❣ê♥❝✐❛ ❡♥tr❡ ❛s três
❝✉r✈❛s ❞❡ ❞♦❜r❛✱ ❛ t❛♥❣ê♥❝✐❛ ❡♥tr❡ ❞✉❛s ❞❡ss❛s ❝✉r✈❛s s❡ s❡♣❛r❛✱ s✉r❣✐♥❞♦ ❞✉❛s
❝ús♣✐❞❡s✳ ◗✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❛tr❛✈❡ss❛ ♦ ❡str❛t♦ S✱ ❛ t❛♥❣ê♥❝✐❛ ❞❛ ❝✉r✈❛ ❞❡
❞♦❜r❛ ❝♦♠ ✉♠❛ ❞❛s ❝✉r✈❛ ❞❡ ❞♦❜r❛ ❞❛ ❝ús♣✐❞❡ s❡ s❡♣❛r❛ ❝r✐❛♥❞♦ ❞✉❛s ❝ús♣✐❞❡s✱
✉♠❛ ❞❡ss❛s ❝ús♣✐❞❡s ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❝ús♣✐❞❡ ❥á ❡①✐st❡♥t❡ ❢♦r♠❛ ✉♠ ❘❛❜♦ ❞❡
❆♥❞♦r✐♥❤❛✳ ◗✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❛tr❛✈❡ss❛ B ❛ t❛♥❣ê♥❝✐❛ ❡♥tr❡ ❞♦❜r❛s s❡ s❡♣❛r❛
❢♦r♠❛♥❞♦ ❞✉❛s ❝ús♣✐❞❡s✳ ◗✉❛♥❞♦ ♣❛ss❛ ♣♦r T 1 ❛ t❛♥❣ê♥❝✐❛ ❞❡✐①❛ ❞❡ ❞❡ ✐♥t❡r❝❡♣t❛r
❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ❞❛ ❝ús♣✐❞❡✳

D
1,1
2,2 ❡ E

1,1
2,2 ✿ ❊①✐st❡♠ ❞✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❛❞✐❝✐♦♥❛✐s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ✭❝♦♠

♠♦♥♦❣❡r♠❡s✮✱ ❛❧é♠ ❞♦s ♣♦♥t♦s ❞❡❣❡♥❡r❛❞♦s ❥á ❝♦♥s✐❞❡r❛❞♦s✳ ❊❧❡s ❝♦rr❡s♣♦♥❞❡♠
❛♦ ❞❡❧t♦✐❞❡✱ ❝♦♠ ❢♦r♠❛ ♥♦r♠❛❧ (x2 − y2 + x3 + ax, xy + bx) ❡ ❛ ❜❛r❜❛t❛♥❛✱
❝♦♠ ❢♦r♠❛ ♥♦r♠❛❧ (x2 + y3 + ay, y2 + x3 + bx)✳ ❊ss❛s ❞✉❛s s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❛s
q✉❛✐s ♥ã♦ ❛♣❛r❡❝❡♠ ♥♦ ❝❛s♦ ❞❡ ♣r♦❥❡çõ❡s ♥♦ ♣❧❛♥♦ ❞❡ s✉♣❡r❢í❝✐❡s ✐♠❡rs❛s ♥♦
R

3✱ é r❡❛❧✐③❛❞❛ ♣❡❧❛s ♣r♦❥❡çõ❡s ♥♦ ♣❧❛♥♦ ❞❛s ❞✉❛s ✐♠❛❣❡♥s ❞♦ ❣✉❛r❞❛✲❝❤✉✈❛ ❞❡
❲❤✐t♥❡② ♣❛❞rã♦ zy2 = x2✱ q✉❛♥❞♦ ❛ r❡t❛ ✭x = 0✱ z = 0✮ é s✉❜st✐t✉í❞❛ ♣♦r
✉♠❛ ❝✉r✈❛ ❣❡♥ér✐❝❛ ❛❞❡q✉❛❞❛ t❛♥❣❡♥t❡ ❛ r❡t❛ ✭♣♦r ❡①❡♠♣❧♦✱ x = y3✱ z = ±y2✮✮
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ❛♥á❧✐s❡ ❞❛s ❜✐❢✉r❝❛çõ❡s ♥♦ ♣❧❛♥♦ (a, b) é ♠✉✐t♦ ❝♦♠♣❧✐❝❛❞❛✱
♣♦ré♠ ❡ss❡s ❡①tr❛t♦s ♥ã♦ ❝♦♥tr✐❜✉❡♠ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❝♦❡rê♥❝✐❛✱ q✉❡ s❡rá ♥♦
❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✳ ❉❡ ❢❛t♦✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡❧t♦✐❞❡ é ♦
s✉r❣✐♠❡♥t♦ ❞❡ ✉♠❛ ♥♦✈❛ ❝♦♠♣♦♥❡♥t❡ tr✐❛♥❣✉❧❛r ✭❝♦♠ três ❝ús♣✐❞❡s✮ ♥♦ ❝♦♥t♦r♥♦
❛♣❛r❡♥t❡✿ ❡ss❛ ❝♦♠♣♦♥❡♥t❡ ❡①✐st❡ ❡♠ q✉❛❧q✉❡r ❝❛♠✐♥❤♦ ❧✐❣❛❞♦ ❝♦♠ ♦ ❡str❛t♦ ❞❡
❝♦❞✐♠❡♥sã♦ ❞♦✐s ❞❡ss❛ s✐♥❣✉❧❛r✐❞❛❞❡✱ ❡ ❞❡s❛♣❛r❡❝❡✴r❡❛♣❛r❡❝❡ ❡♠ ✉♠ ❝❛♠✐♥❤♦ ♥ã♦
❣❡♥ér✐❝♦ ❛tr❛✈❡ss❛♥❞♦ ❡ss❡ ❡str❛t♦✳

❆ ❋✐❣✉r❛ ✸✳✶✷ r❡♣r❡s❡♥t❛ três ❞♦s s❡t❡ ❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ❞❡
❛♣❧✐❝❛çõ❡s ❝♦♠ ❜✐❣❡r♠❡s✳
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_

+

❋✐❣✉r❛ ✸✳✶✷✿ ❚r❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ❝♦♠ ❜✐❣❡r♠❡s✳

F−✿ ❖❝♦rr❡ ❞❛ ✐♥t❡rs❡çã♦ ❞♦s ❡str❛t♦s ❇✐❝♦s ✭B✮ ❡ ❚❛♥❣ê♥❝✐❛s ❡♥tr❡ ✉♠❛ ❈ús♣✐❞❡
❡ ✉♠❛ ❈✉r✈❛ ❞❡ ❉♦❜r❛ ✭C1 ❡ C2✮✱ ♦♥❞❡ ❛ t❛♥❣ê♥❝✐❛ s❡ s❡♣❛r❛✱ ♥♦ ♣♦♥t♦ ❞❡
✐♥t❡rs❡çã♦ ❝♦♠ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛✱ ❢♦r♠❛♥❞♦ ❞✉❛s ❝ús♣✐❞❡s✳ ◗✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦
❛tr❛✈❡ss❛ ♦ ❡str❛t♦ B ❛ t❛♥❣ê♥❝✐❛ ❡♥tr❡ ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ s❡ s❡♣❛r❛✱ ❢♦r♠❛♥❞♦
❞✉❛s ❝ús♣✐❞❡s✱ q✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❛tr❛✈❡ss❛ ♦ ❡str❛t♦ C1✱ ✉♠❛ ❞❡ss❛s ❝ús♣✐❞❡s
t❛♥❣❡♥❝✐❛ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ❡ q✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❛tr❛✈❡ss❛ ♦ ❡str❛t♦ C2✱ ❛ ❝✉r✈❛
❞❡ ❞♦❜r❛ t❛♥❣❡♥❝✐❛ ❛ ♦✉tr❛ ❝ús♣✐❞❡✳

✸✼



F+✿ ❖❝♦rr❡ ♥❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ♦s ❡str❛t♦s ▲á❜✐♦s ✭L✮ ❡ ❚❛♥❣ê♥❝✐❛s ❡♥tr❡ ✉♠❛
❈ús♣✐❞❡ ❡ ✉♠❛ ❉♦❜r❛ ✭C1 ❡ C2✮✱ ♦♥❞❡ ♥❛s❝❡ ❧á❜✐♦s ❡♠ ✉♠ ♣♦♥t♦ ❞❛ ❝✉r✈❛ ❞❡
❞♦❜r❛✳ ◗✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❛tr❛✈❡ss❛ ♦ ❡str❛t♦ L ♥❛s❝❡ ✉♠ ❧á❜✐♦✱ q✉❛♥❞♦ ❛
❛♣❧✐❝❛çã♦ ❛tr❛✈❡ss❛ ♦ ❡str❛t♦ C1✱ ✉♠❛ ❞❛s ❝ús♣✐❞❡s t❛♥❣❡♥❝✐❛ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛
❡ q✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❛tr❛✈❡ss❛ ♦ ❡str❛t♦ C2✱ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ t❛♥❣❡♥❝✐❛ ❛ ♦✉tr❛
❝ús♣✐❞❡✳

G✿ ❊ss❡ ❡str❛t♦ ♦❝♦rr❡ ♥❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ♦s ❡str❛t♦s ❘❛❜♦ ❞❡ ❆♥❞♦r✐♥❤❛ ✭S✮✱
❚❛♥❣ê♥❝✐❛ ❡♥tr❡ ✉♠❛ ❝ús♣✐❞❡ ❡ ✉♠❛ ❞♦❜r❛ ✭C1 ❡ C2✮ ❡ P♦♥t♦ tr✐♣❧♦ ✭Q1✮✱ ♦♥❞❡
♦ ❘❛❜♦ ❞❡ ❆♥❞♦r✐♥❤❛ ♥❛s❝❡ ♥❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ❛s ❝✉r✈❛s ❞❡ ❉♦❜r❛✳ ◗✉❛♥❞♦ ❛
❛♣❧✐❝❛çã♦ ♣❛ss❛ ♣♦r ✭❙✮ ✉♠ ❘❛❜♦ ❞❡ ❆♥❞♦r✐♥❤❛ é ❢♦r♠❛❞♦ ❡♠ ✉♠❛ ❞❛s ❝✉r✈❛s ❞❡
❞♦❜r❛✱ ❛♦ ♣❛ss❛r ♣♦r ✭C1✮ ❛ ♦✉tr❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ t❛♥❣❡♥❝✐❛ ✉♠❛ ❞❛s ❝ús♣✐❞❡s ❞♦
❘❛❜♦ ❞❡ ❆♥❞♦r✐♥❤❛✱ ❛♦ ♣❛ss❛r ♣♦r ✭Q1✮ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✐♥t❡rs❡♣t❛ ♦ ❘❛❜♦ ❞❡
❆♥❞♦r✐♥❤❛ ♥❛s ✐♥t❡rs❡çõ❡s ❡♥tr❡ s✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛✱ ❢♦r♠❛♥❞♦ ✉♠ ♣♦♥t♦ tr✐♣❧♦
❡ q✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ♣❛ss❛ ♣♦r ✭C2✮ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ t❛♥❣❡♥❝✐❛ ❛ ♦✉tr❛ ❝ús♣✐❞❡
❞♦ ❘❛❜♦ ❞❡ ❆♥❞♦r✐♥❤❛✳

◆❛ ❋✐❣✉r❛ ✸✳✶✸ t❡♠♦s ♦✉tr♦s ❞♦✐s ❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ♥❛ ✈✐③✐♥❤❛♥ç❛
❞❡ ✉♠ ❜✐❣❡r♠❡✳

2T

0
T

T1

T1

H H+
_

❋✐❣✉r❛ ✸✳✶✸✿ ❚r❛♥s✐çõ❡s ✐♥✢❡①ã♦ ❡ ❞♦❜r❛✳

H+✿ ❖❝♦rr❡ ♥❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ♦s ❡str❛t♦s ❚❛♥❣ê♥❝✐❛s ❡♥tr❡ ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛
✭T 0 ❡ T 2✮✱ ♦♥❞❡ ✉♠❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✐♥t❡r❝❡♣t❛ ❛ ♦✉tr❛ ❡♠ s❡✉ ♣♦♥t♦ ❞❡ ✐♥✢❡①ã♦✳
❆♦ ♣❛ss❛r ♣♦r ✭T 0✮ ♦✉ ✭T 2✮ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ t❛♥❣❡♥❝✐❛ ❛ ♦✉tr❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛
❡♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❛ ❝✉r✈❛✳

H−✿ ❖ ❡str❛t♦ ❡stá ♥❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ♦s ❡str❛t♦s ❚❛♥❣ê♥❝✐❛s ❡♥tr❡ ❞✉❛s ❝✉r✈❛s
❞❡ ❞♦❜r❛ ✭T 1 ❡ T 1✮✱ ♦♥❞❡ ✉♠❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✐♥t❡r❝❡♣t❛ ❛ ♦✉tr❛ ❡♠ s❡✉ ♣♦♥t♦ ❞❡
✐♥✢❡①ã♦✳ ❆♦ ♣❛ss❛r ♣♦r ✭T 1✮ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ t❛♥❣❡♥❝✐❛ ❛ ♦✉tr❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛
❡♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❛ ❝✉r✈❛✳

P♦r ú❧t✐♠♦✱ ❛ ❋✐❣✉r❛ ✸✳✶✹ ✐❧✉str❛ ♦s ❞♦✐s ú❧t✐♠♦s ❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s
❝♦♠ ❜✐❣❡r♠❡✳

I✿ ❆ tr❛♥s✐çã♦ ♦❝♦rr❡ ♥❛ ✐♥t❡r❡s❡çã♦ ❡♥tr❡ ♦s ❡str❛t♦s ❚❛♥❣ê♥❝✐❛s ❡♥tr❡ ✉♠❛
❝ús♣✐❞❡ ❡ ✉♠❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✭C1 ❡ C2✮✱ ♦♥❞❡ ❞✉❛s ❝ús♣✐❞❡s s❡ t❛♥❣❡♥❝✐❛♠✳
◗✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ♣❛ss❛ ♣♦r ✭C1✮ ✉♠❛ ❞❛s ❝ús♣✐❞❡s t❛♥❣❡♥❝✐❛ ✉♠❛ ❝✉r✈❛ ❞❡
❞♦❜r❛ ❞❛ ♦✉tr❛ ❝ús♣✐❞❡ ❡ q✉❛♥❞♦ ♣❛ss❛ ♣♦r C2 ❡ss❛ ❝ús♣✐❞❡ t❛♥❣❡♥❝✐❛ ❛ ♦✉tr❛ ❞❡
❝✉r✈❛ ❞❡ ❞♦❜r❛✳

J✿ ❖❝♦rr❡ ♥❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ♦s ❡str❛t♦s ❚❛♥❣ê♥❝✐❛ ❡♥tr❡ ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛
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❋✐❣✉r❛ ✸✳✶✹✿ ❚r❛♥s✐çõ❡s ❞❡ ❝ús♣✐❞❡s ❡ t❛♥❣ê♥❝✐❛s✳

✭T 0 ❡ T 1✮ ❡ ❚❛♥❣ê♥❝✐❛ ❡♥tr❡ ✉♠❛ ❝ús♣✐❞❡ ❡ ✉♠❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✭C1 ❡ C2✮✱ ♦♥❞❡ ❛♦
♠❡s♠♦ t❡♠♣♦ ❛ ❝ús♣✐❞❡ ❡ ✉♠❛ ❞❡ s✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ t❛♥❣❡♥❝✐❛♠ ✉♠❛ ❝✉r✈❛ ❞❡
❞♦❜r❛ ❛♦ ♠❡s♠♦ t❡♠♣♦✳ ◗✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❛tr❛✈❡ss❛ ♦ ❡str❛t♦ ✭T 0✮ ♦✉ ✭T 1✮ ✉♠❛
❞❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❞❛ ❝ús♣✐❞❡ t❛♥❣❡♥❝✐❛ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ❡ q✉❛♥❞♦ ❛tr❛✈❡ss❛ ♦
❡str❛t♦ ✭C1✮ ♦✉ ✭C2✮ ❛ ❝ús♣✐❞❡ t❛♥❣❡♥❝✐❛ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛✳

❆ ❋✐❣✉r❛ ✸✳✶✺ r❡♣r❡s❡♥t❛ três ❞❛s s❡✐s tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ♥❛
✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ✸✲❣❡r♠❡✳
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❋✐❣✉r❛ ✸✳✶✺✿ ❚r❛♥s✐çõ❡s ❞♦❜r❛ ❡ t❛♥❣ê♥❝✐❛✳

P+✿ ❊ss❡ ❡str❛t♦ ❡stá ♥❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ♦s ❡str❛t♦ ❚❛♥❣ê♥❝✐❛ ❡♥tr❡ ❞✉❛s ❝✉r✈❛s
❞❡ ❞♦❜r❛ ✭T 1✮ ❡ P♦♥t♦s tr✐♣❧♦s ✭Q1✮✱ ♦♥❞❡ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✐♥t❡r❝❡♣t❛ ♦✉tr❛s
❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡♠ s❡✉ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛✳ ◗✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❛tr❛✈❡ss❛ ♦
❡str❛t♦ ✭T 1✮ ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ s❡ t❛♥❣❡♥❝✐❛♠ ❡ q✉❛♥❞♦ ♣❛ss❛ ♣❡❧♦ ❡str❛t♦ ✭Q1✮
❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✐♥t❡r❝❡♣t❛ ❛s ♦✉tr❛s ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡♠ ✉♠ ❞♦s ♣♦♥t♦s
❞✉♣❧♦s ❢♦r♠❛♥❞♦ ✉♠ ♣♦♥t♦ tr✐♣❧♦✳

P+
0 ✿ ❆ tr❛♥s✐çã♦ ♦❝♦rr❡ ♥❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ♦s ❡str❛t♦ ❚❛♥❣ê♥❝✐❛ ❡♥tr❡ ❞✉❛s ❝✉r✈❛s

❞❡ ❞♦❜r❛ ✭T 2✮ ❡ P♦♥t♦s tr✐♣❧♦s ✭Q0 ❡ Q1✮✱ ♦♥❞❡ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✐♥t❡r❝❡♣t❛ ♦✉tr❛s
❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡♠ s❡✉ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛✳ ◗✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❛tr❛✈❡ss❛
♦ ❡str❛t♦ ✭T 2✮ ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ s❡ t❛♥❣❡♥❝✐❛♠ ❡ q✉❛♥❞♦ ♣❛ss❛ ♣❡❧♦ ❡str❛t♦
✭Q0✮ ♦✉ ✭Q1✮ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✐♥t❡r❝❡♣t❛ ❛s ♦✉tr❛s ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡♠ ✉♠
❞♦s ♣♦♥t♦s ❞✉♣❧♦s ❢♦r♠❛♥❞♦ ✉♠ ♣♦♥t♦ tr✐♣❧♦✳

P+
1 ✿ ❖❝♦rr❡ ♥❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ♦s ❡str❛t♦ ❚❛♥❣ê♥❝✐❛ ❡♥tr❡ ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛

✭T 0✮ ❡ P♦♥t♦s tr✐♣❧♦s ✭Q0 ❡ Q1✮✱ ♦♥❞❡ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✐♥t❡r❝❡♣t❛ ♦✉tr❛s ❞✉❛s
❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡♠ s❡✉ ♣♦♥t♦ ❞❡ t❛♥❣ê♥❝✐❛✳ ◗✉❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ❛tr❛✈❡ss❛ ♦
❡str❛t♦ ✭T 0✮ ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ s❡ t❛♥❣❡♥❝✐❛♠ ❡ q✉❛♥❞♦ ♣❛ss❛ ♣❡❧♦ ❡str❛t♦

✸✾



✭Q0✮ ♦✉ ✭Q1✮ ❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✐♥t❡r❝❡♣t❛ ❛s ♦✉tr❛s ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡♠ ✉♠
❞♦s ♣♦♥t♦s ❞✉♣❧♦s ❢♦r♠❛♥❞♦ ✉♠ ♣♦♥t♦ tr✐♣❧♦✳

◆❛ ❋✐❣✉r❛ ✸✳✶✻ t❡♠♦s ❛s ♦✉tr❛s três tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ❞❡
❛♣❧✐❝❛çõ❡s ❝♦♠ tr✐❣❡r♠❡s✳
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❋✐❣✉r❛ ✸✳✶✻✿ ❚r❛♥s✐çõ❡s ❞♦❜r❛ ❡ ❝ús♣✐❞❡✳

R+,+✿ ❖ ❡str❛t♦ ❡stá ♥❛ ✐♥t❡rs❡çã♦ ❞♦s ❡str❛t♦s ❚❛♥❣ê♥❝✐❛ ❡♥tr❡ ✉♠❛ ❝ús♣✐❞❡ ❡
✉♠❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✭C2✮ ❡ P♦♥t♦s tr✐♣❧♦s ✭Q1✮✱ ♦♥❞❡ ❛ ❝ús♣✐❞❡ t❛♥❣❡♥❝✐❛ ❞✉❛s
❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡♠ s❡✉ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦✳ ❆♦ ❛tr❛✈❡ss❛r ♦ ❡str❛t♦ ✭C2✮ ❛
❝ús♣✐❞❡ t❛♥❣❡♥❝✐❛ ✉♠❛ ❞❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡ ❛♦ ♣❛ss❛r ♣♦r ✭Q1✮ ✉♠❛ ❞❛s ❝✉r✈❛s
❞❡ ❞♦❜r❛ ❞❛ ❝ús♣✐❞❡ ✐♥t❡r❝❡♣t❛ ❛s ♦✉tr❛s ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡♠ s❡✉ ♣♦♥t♦ ❞❡
✐♥t❡rs❡çã♦ ❢♦r♠❛♥❞♦ ✉♠ ♣♦♥t♦ tr✐♣❧♦✳

R+,−✿ ❆ tr❛♥s✐çã♦ ♦❝♦rr❡ ♥❛ ✐♥t❡rs❡çã♦ ❞♦s ❡str❛t♦s ❚❛♥❣ê♥❝✐❛ ❡♥tr❡ ✉♠❛ ❝ús♣✐❞❡
❡ ✉♠❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ✭C1✮ ❡ P♦♥t♦s tr✐♣❧♦s ✭Q1✮✱ ♦♥❞❡ ❛ ❝ús♣✐❞❡ t❛♥❣❡♥❝✐❛ ❞✉❛s
❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡♠ s❡✉ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦✳ ❆♦ ❛tr❛✈❡ss❛r ♦ ❡str❛t♦ ✭C1✮ ❛
❝ús♣✐❞❡ t❛♥❣❡♥❝✐❛ ✉♠❛ ❞❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡ ❛♦ ♣❛ss❛r ♣♦r ✭Q1✮ ✉♠❛ ❞❛s ❝✉r✈❛s
❞❡ ❞♦❜r❛ ❞❛ ❝ús♣✐❞❡ ✐♥t❡r❝❡♣t❛ ❛s ♦✉tr❛s ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡♠ s❡✉ ♣♦♥t♦ ❞❡
✐♥t❡rs❡çã♦ ❢♦r♠❛♥❞♦ ✉♠ ♣♦♥t♦ tr✐♣❧♦✳

R−,−✿ ❖❝♦rr❡ ♥❛ ✐♥t❡rs❡çã♦ ❞♦s ❡str❛t♦s ❚❛♥❣ê♥❝✐❛ ❡♥tr❡ ✉♠❛ ❝ús♣✐❞❡ ❡ ✉♠❛ ❝✉r✈❛
❞❡ ❞♦❜r❛ ✭C1 ❡ C2✮ ❡ P♦♥t♦s tr✐♣❧♦s ✭Q0 ❡ Q1✮✱ ♦♥❞❡ ❛ ❝ús♣✐❞❡ t❛♥❣❡♥❝✐❛ ❞✉❛s
❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡♠ s❡✉ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦✳ ❆♦ ❛tr❛✈❡ss❛r ♦ ❡str❛t♦ ✭C1 ♦✉ C2✮
❛ ❝ús♣✐❞❡ t❛♥❣❡♥❝✐❛ ✉♠❛ ❞❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡ ❛♦ ♣❛ss❛r ♣♦r ✭Q0 ♦✉ Q1✮ ✉♠❛
❞❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❞❛ ❝ús♣✐❞❡ ✐♥t❡r❝❡♣t❛ ❛s ♦✉tr❛s ❞✉❛s ❝✉r✈❛s ❞❡ ❞♦❜r❛ ❡♠ s❡✉
♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦ ❢♦r♠❛♥❞♦ ✉♠ ♣♦♥t♦ tr✐♣❧♦✳

❋✐♥❛❧♠❡♥t❡✱ ❛ ❋✐❣✉r❛ ✸✳✶✼ ✐❧✉str❛ ♦s ❞♦✐s ❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ♥❛
✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ q✉❛❞r✐❣❡r♠❡✳

U0✿ ❖ ❡str❛t♦ ❡stá ♥❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ❡str❛t♦s P♦♥t♦s tr✐♣❧♦s ✭Q1✮✱ ♦♥❞❡ q✉❛tr♦
❝✉r✈❛s ❞❡ ❞♦❜r❛ s❡ ✐♥t❡r❝❡♣t❛♠ ♥♦ ♠❡s♠♦ ♣♦♥t♦✳ ❆♦ ❛tr❛✈❡ss❛r ♦ ❡str❛t♦ ✭Q1✮ ❛
❛♣❧✐❝❛çã♦ ♣❛ss❛ ♣♦r ✉♠ ♣♦♥t♦ tr✐♣❧♦✳

U1✿ ❖❝♦rr❡ ♥❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ❡str❛t♦s P♦♥t♦s tr✐♣❧♦s ✭Q0 ❡ Q1✮✱ ♦♥❞❡ q✉❛tr♦
❝✉r✈❛s ❞❡ ❞♦❜r❛ s❡ ✐♥t❡r❝❡♣t❛♠ ♥♦ ♠❡s♠♦ ♣♦♥t♦✳ ❆♦ ❛tr❛✈❡ss❛r ♦ ❡str❛t♦ ✭Q0✮
♦✉ ✭Q1✮ ❛ ❛♣❧✐❝❛çã♦ ♣❛ss❛ ♣♦r ✉♠ ♣♦♥t♦ tr✐♣❧♦✳
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❋✐❣✉r❛ ✸✳✶✼✿ ❚r❛♥s✐çõ❡s ♣♦♥t♦s q✉❛❞r✉♣❧♦s✳

✸✳✸ ■♥✈❛r✐❛♥t❡s ❧♦❝❛✐s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s

P❛r❛ ❝❛❞❛ ❡str❛t♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ❡s❝r❡✈❡♠♦s ❛ ❝♦♥❞✐çã♦ q✉❡ ❛ ✈❛r✐❛çã♦ ❞❡
✉♠ ✐♥✈❛r✐❛♥t❡ I✱ ♦ q✉❛❧ ♦ ✐♥❝r❡♠❡♥t♦✱∆I✱ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ✐♥❝r❡♠❡♥t♦s
❡❧❡♠❡♥t❛r❡s✱ ❞❡s❛♣❛r❡❝❡ ❡♠ ✉♠ ♣❡q✉❡♥♦ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ C ❧✐❣❛❞♦ ❝♦♠ ❡ss❡
❡str❛t♦✳ ❆ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❣❡♥ér✐❝❛ é✿

∆I = λ∆L+ β∆B + σ∆S + γ0∆T
0 + γ1∆T

1 + γ2∆T
2 + τ0∆Q

0 + τ1∆Q
1+

χ1∆C
1 + χ2∆C

2 ✭✸✳✶✮

❉❡✜♥✐çã♦ ✸✳✸✳✶✳ ❆s ❝♦♥❞✐çõ❡s ♣❛r❛ t♦❞♦ ❡str❛t♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ♣r♦❞✉③ ✉♠
s✐t❡♠❛ ❧✐♥❡❛r ❞❡ ❡q✉❛çõ❡s ♥❛s ✈❛r✐á✈❡✐s λ✱ β✱ · · · ✱ χ2✱ ♦ q✉❛❧ ❝❤❛♠❛♠♦s ❞❡ s✐st❡♠❛
❞❡ ❝♦❡rê♥❝✐❛✳

▲❡♠❛ ✸✳✸✳✷✳ ❖ ❡str❛t♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s ❝♦rr❡s♣♦♥❞❡♥t❡ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞♦
t✐♣♦ ❜❛r❜❛t❛♥❛ ❡ ❞❡❧t♦✐❞❡ ♥ã♦ ❝♦♥tr✐❜✉❡♠ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❝♦❡rê♥❝✐❛✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❡str❛t♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s
❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❜❛r❜❛t❛♥❛✱ ✐st♦ é✱ ♦ ♠♦♥♦❣❡r♠❡ ❝✉❥❛ ❢♦r♠❛ ♥♦r♠❛❧ é ❞❛❞❛ ♣♦r

G(x, y, a, b) = (x2 + y3 + ay, y2 + x3 + bx).

❚♦♠❛♠♦s ✉♠ r❡♣r❡s❡♥t❛♥t❡ ❞❛ ❞❡❢♦r♠❛çã♦ G : U ×W → V ✱ ♦♥❞❡ U ❡ V sã♦
✈✐③✐♥❤❛♥ç❛s ❞❛ ♦r✐❣❡♠ ❞♦ ❞♦♠í♥✐♦ ❡ ❞♦ ❝♦♥tr❛✲❞♦♠í♥✐♦✱ W ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛
♦r✐❣❡♠ ♥♦ ❡s♣❛ç♦ ♣❛râ♠❡tr♦ (a, b)✳ ❋❛ç❛♠♦s✱ G(a,b) = G(∗, a, b) : U → V ✳ ◆♦t❡
q✉❡✱ ❡①✐st❡ s✐♠❡tr✐❛ Z2 ❞❡ G ❝❛✉s❛❞❛ ♣❡❧❛ ♠✉❞❛♥ç❛ ❞❡ ♣❛râ♠❡tr♦ h : (a, b) →
(b, a)✿ ✐st♦ é✱ ❛ ❛♣❧✐❝❛çã♦ G(a,b) é ❡q✉✐✈❛❧❡♥t❡ ❛ Gh(a,b) : Gh(a,b) = τ ◦G(a,b) ◦φ✱ ♦♥❞❡
φ(x, y) = (y, x)✱ τ(u, v) = (v, u)✳ ❙♦❜ ❛ ❞✐❛❣♦♥❛❧ (a, a) ❞❛ ♦r✐❣❡♠ ❛ ❛♣❧✐❝❛çã♦
G é r❡❣✉❧❛r✳ ❚♦♠❡ ✉♠ ♣❡q✉❡♥♦ ❝ír❝✉❧♦ C ♥♦ ❡s♣❛ç♦ ♣❛râ♠❡tr♦ W ♥♦ s❡♥t✐❞♦
❛♥t✐✲❤♦rár✐♦ ❛♦ r❡❞♦r ❞❛ ♦r✐❣❡♠✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ ❡str❛t♦ X ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠
✭X = L,B, · · · ✮✱ s❡✉ ✐♥❝r❡♠❡♥t♦ ∆X ❛♦ ❧♦♥❣♦ ❞♦ ❛r❝♦ c ❞❡ C ♥❛ ár❡❛ b > a é ♦
♠❡s♠♦ q✉❡ ♦ ✐♥❝r❡♠❡♥t♦ ❛♦ ❧♦♥❣♦ ❞♦ ❛r❝♦ h◦c ♥❛ ár❡❛ b < a✳ ▲♦❣♦✱ ♦ ✐♥❝r❡♠❡♥t♦
t♦t❛❧ ∆X ❛♦ ❧♦♥❣♦ ❞❡ C é ♥✉❧♦✳
P❛r❛ ❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❞❡❧t♦✐❞❡✱ ❝✉❥❛ ❢♦r♠❛ ♥♦r♠❛❧ é ❞❛❞❛ ♣♦r

G′(x, y, a, b) = (x2 − y2 + x3 + ay, xy + bx),

✹✶



♣♦❞❡♠♦s t❛♠❜é♠ ❞❡♠♦♥str❛r ♠❡s♠♦ ❞❡♠♦♥str❛❞♦ ♣❛r❛ ♦ ❝❛s♦ ❛❝✐♠❛✳ ❆❧é♠
❞❡ss❛s✱ ♥ã♦ ❡①✐st❡ ♥❡♥❤✉♠ ❡str❛t♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❛❞❥❛❝❡♥t❡ ❛ ❡ss❡ ❡str❛t♦✳

❉♦ ▲❡♠❛ ✸✳✸✳✷✱ ♥ã♦ é ♥❡❝❡ssár✐♦ ✈❡r✐✜❝❛r ♦s ❡str❛t♦s ❜❛r❜❛t❛♥❛ ❡ ❞❡❧tó✐❞❡✳ ❖
s✐st❡♠❛ ❞❡ ❝♦❡rê♥❝✐❛ ❝♦♥s✐st❡ ♥❛s s❡❣✉✐♥t❡s ❞❡③♦✐t♦ ❡q✉❛çõ❡s✱ ✉♠❛ ♣❛r❛ ❝❛❞❛ ✉♠
❞♦s ❞❡♠❛✐s ❡str❛t♦s ❞❡ ❝♦❞✐♠❡♥sã♦ ❞♦✐s✱ ♥❛s ❞❡③ ✈❛r✐á✈❡✐s λ✱ β✱ σ✱ γ0✱ γ1✱ γ2✱ τ0✱
τ1✱ χ1✱ χ2✿

A✿ λ− β = 0 J ✿ γ0 − χ2 + γ1 − χ1 = 0
B±✿ σ + χ1 − χ2 − σ = 0 U0✿ τ1 + τ1 + τ1 + τ1 − τ1 − τ1 − τ1 − τ1 = 0
C✿ σ − β − γ1 + σ − β = 0 U1✿ τ1 + τ0 + τ0 + τ1 − τ1 − τ0 − τ0 − τ1 = 0
F−✿ β − χ1 + χ2 − β = 0 P+✿ γ1 − τ1 − τ1 − γ1 = 0
F+✿ λ+ χ2 − χ1 − λ = 0 P−

0 γ2 + τ1 − τ0 − γ2 = 0
G✿ σ + χ2 + τ1 − χ1 − σ = 0 P−

1 ✿ γ0 − τ0 + τ1 − γ0 = 0
H+✿ γ2 − γ0 = 0 R+,+✿ χ2 + χ2 + τ1 − τ1 − χ2 − χ2 = 0
H−✿ γ1 − γ1 = 0 R+,−✿ χ1 + χ1 + τ1 − τ1 − χ1 − χ1 = 0
I✿ χ1 + χ2 − χ1 − χ2 = 0 R−,−✿ χ2 + χ1 − τ1 − τ0 − χ2 − χ1 = 0

❚❡♦r❡♠❛ ✸✳✸✳✸✳ ◗✉❛❧q✉❡r ❢✉♥çã♦ I s❛t✐s❢❛③❡♥❞♦ ∆I = 0 ✭♦ ✐♥❝r❡♠❡♥t♦ ❞❡ I
é ③❡r♦✮ ❡♠ t♦❞♦ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❣❡♥ér✐❝♦ ❝♦♥trát✐❧ ❡♠ F é ❞❡✜♥✐❞❛✱ ❛ ♠❡♥♦s
❞❡ ✉♠❛ ❝♦♥st❛♥t❡ ❛❞✐t✐✈❛✱ ♣♦r ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s s❡❣✉✐♥t❡s ✐♥❝r❡♠❡♥t♦s
❜ás✐❝♦s✿

✐✮ ∆I1 = ∆L+∆B +∆S

✐✐✮ ∆I2 = ∆S + 2∆T 1 +∆C1 +∆C2

✐✐✐✮ ∆I3 = 2∆T 0 + 2∆T 2 +∆C1 +∆C2

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ é ♥❡❝❡ssár✐♦ ♠♦str❛r q✉❡ ❛ ❞✐♠❡♥sã♦ ❞❛ s♦❧✉çã♦
❞♦ s✐st❡♠❛ ❞❡ ❝♦❡rê♥❝✐❛ é três✱ ✐st♦ é ❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❞❡ ❝♦❡rê♥❝✐❛ é ❣❡r❛❞❛
♣♦r três ❡❧❡♠❡♥t♦s✳ P♦❞❡♠♦s r❡❞✉③✐r ♦ s✐st❡♠❛ ❞❡ ❝♦❡rê♥❝✐❛ à ✉♠ s✐st❡♠❛ ❝♦♠
❛s s❡❣✉✐♥t❡s ❡q✉❛çõ❡s✿

■✮ λ− β = 0

■■✮ χ1 − χ2 = 0

■■■✮ 2σ − 2β − γ1 = 0

■❱✮ τ1 − χ1 + χ2 = 0

❱✮ γ2 − γ0 = 0

❱■✮ γ0 + γ1 − χ1 − χ2 = 0

❱■■✮ τ0 − τ1 = 0

❘❡s♦❧✈❡♥❞♦ ♦ s✐st❡♠❛ ❛❝✐♠❛✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ❝♦♥❥✉♥t♦ s♦❧✉çã♦

{λ, λ, σ, 4λ− 4σ + 2χ1, 2σ − 2λ, 4λ− 4σ + 2χ1, 0, 0, χ1, χ1},

q✉❡ ♣♦ss✉✐ três ✈❛r✐á✈❡✐s ❧✐✈r❡s✳ ❆ss✐♠✱ ♦ ❝♦♥❥✉♥t♦ s♦❧✉çã♦ ♣♦ss✉✐ ❞✐♠❡♥sã♦ três✳
◆♦t❡ q✉❡✱ ❡♠ ❝❛❞❛ ✉♠ ❞♦s três ✐♥❝r❡♠❡♥t♦s ❜ás✐❝♦s t❡♠♦s✿

✐✮ γ0 = γ1 = γ2 = γ = τ0 = τ1 = χ1 = χ2 = 0 ❡ λ = β = σ = 1

✹✷



✐✐✮ λ = β = γ0 = γ2 = τ0 = τ1 = 0✱ σ = χ1 = χ2 = 1 ❡ γ1 = 2

✐✐✐✮ λ = β = σ = γ1 = τ0 = τ1 = 0✱ χ1 = χ2 = 1 ❡ γ0 = γ2 = 2

❛ss✐♠✱ ∆I1✱ ∆I2 ❡ ∆I3 s❛t✐s❢❛③❡♠ ♦ s✐st❡♠❛✱ ❡ ❝♦♠♦ sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s✱ ♦ ❝♦♥❥✉♥t♦
s♦❧✉çã♦ é ❣❡r❛❞♦ ♣♦r ❡st❡s três ❡❧❡♠❡♥t♦s✱ ❡ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡✳

❖s ❚❡♦r❡♠❛s ✸✳✸✳✹ ❡ ✸✳✸✳✺ sã♦ ❞❡✈✐❞♦s ❛ ❖❤♠♦t♦ ❡ ❆✐❝❛r❞✐ ✭❬✷✵❪✮✳

❚❡♦r❡♠❛ ✸✳✸✳✹✳ ❬✷✵❪ ❖ ✐♥❝r❡♠❡♥t♦ ❞❡ IC✱ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❝ús♣✐❞❡s ❞♦ ❝♦♥t♦r♥♦
❛♣❛r❡♥t❡ ❞❡ f ✱ f(Σf)✱ ❛♦ ❧♦♥❣♦ ❞❡ q✉❛❧q✉❡r ❝❛♠✐♥❤♦ tr❛♥s✈❡rs❛❧ ♣❛r❛ ♦ ❡str❛t♦
❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠ ❡♠ D é ❞❛❞♦ ♣♦r

∆IC = 2∆I1 = 2(∆L+∆B +∆S).

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ tr❛♥s✐çõ❡s q✉❡ ❛s ú♥✐❝❛s tr❛♥s✐çõ❡s q✉❡
❛❧t❡r❛♠ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s sã♦ S✱ B ❡ L✳ ❆❣♦r❛✱ ✉♠❛ tr❛♥s✐çã♦ ♣♦s✐t✐✈❛ ❞♦
t✐♣♦ S ❛✉♠❡♥t❛ ❡ss❡ ♥ú♠❡r♦ ♣♦r ❞♦✐s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠❛ tr❛♥s✐çã♦ ♣♦s✐t✐✈❛ ❞♦
t✐♣♦ B ♦ ❛✉♠❡♥t❛ ♣♦r ❞♦✐s✳ ▼❛✐s ❛✐♥❞❛✱ ✉♠❛ tr❛♥s✐çã♦ ♣♦s✐t✐✈❛ ❛tr❛✈és ❞♦ ❡str❛t♦
L ❛✉♠❡♥t❛ IC ♣♦r ❞♦✐s✳

❚❡♦r❡♠❛ ✸✳✸✳✺✳ ❬✷✵❪ ❖ ✐♥❝r❡♠❡♥t♦ ❞❡ ID✱ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ❞❡
f(Σf)✱ ❛♦ ❧♦♥❣♦ ❞❡ q✉❛❧q✉❡r ❝❛♠✐♥❤♦ tr❛♥s✈❡rs❛❧ ♣❛r❛ ♦ ❡str❛t♦ ❞❡ ❝♦❞✐♠❡♥sã♦
✉♠ ❡♠ D é ❞❛❞♦ ♣♦r

∆ID = ∆I2 +∆I3 = ∆S + 2(∆T 0 +∆T 1 +∆T 2) + 2(∆C1 +∆C2)

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ tr❛♥s✐çõ❡s q✉❡ ❛s ú♥✐❝❛s tr❛♥s✐çõ❡s q✉❡
❛❧t❡r❛♠ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s sã♦ S✱ T i✱ i = 1, 2, 3 ❡ C i✱ i = 1, 2✳ ❖♥❞❡
❛♦ ♣❛ss❛r ♣❡❧♦ ❡str❛t♦ S ♥♦ s❡♥t✐❞♦ ❞❛ ♦r✐❡♥t❛çã♦ ❛ ❛♣❧✐❝❛çã♦ t❡♠ s❡✉ ♥ú♠❡r♦
❞❡ ♣♦♥t♦s ❞✉♣❧♦s ❛✉♠❡♥t❛❞♦ ♣♦r ✉♠✱ ❡ ❛♦ ❛tr❛✈❡ss❛r ♦s ❞❡♠❛✐s ❡str❛t♦s T i✱ ❝♦♠
i = 0, 1, 2✱ ❡ C i✱ ❝♦♠ i = 1, 2✱ ♥♦ s❡♥t✐❞♦ ♣♦s✐t✐✈♦✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ❞❛
❛♣❧✐❝❛çã♦ é ❛✉♠❡♥t❛❞♦ ♣♦r ❞♦✐s✳

❆❧é♠ ❞♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❡ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s✱ q✉❡ sã♦ ✐♥✈❛r✐❛♥t❡s
❧♦❝❛✐s ❡ ❣❧♦❜❛✐s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ s✉♣❡r❢í❝✐❡s✱ t❡♠♦s ✉♠ ✐♥✈❛r✐❛♥t❡
❣❧♦❜❛❧✱ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ Σf ✱ ❝♦♠♦ ♣♦❞❡✲s❡ ✈❡r ♥♦ ❚❡♦r❡♠❛
✸✳✸✳✻✱ q✉❡ é ❞❡✈✐❞♦ ❛ ❍❛❝♦♥✱ ▼❡♥❞❡s ❞❡ ❏❡s✉s ❡ ❘♦♠❡r♦✲❋✉st❡r ✭❬✽❪✮✳

❊♠ ❬✽❪ ❛ tr❛♥s✐çã♦ ❇✐❝♦s ❢♦✐ ❞❡❝♦♠♣♦st❛✱ ✐❞❡♥t✐✜❝❛♥❞♦ ♦s ❝❛s♦s ♦♥❞❡ ❛
tr❛♥s✐çã♦ ♦❝♦rr❡ s♦❜r❡ ✉♠❛ ♠❡s♠❛ ❝✉r✈❛ ♦✉ s♦❜r❡ ❝✉r✈❛s ❞✐❢❡r❡♥t❡s✱ ❝♦♠♦
✐❧✉str❛❞♦ ♥♦ ❊①❡♠♣❧♦ ✸✳✸✳ ❊st❛ ♥♦✈❛ ❞❡❝♦♠♣♦s✐çã♦ ❧❡✈♦✉ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❡
✉♠ ♥♦✈♦ ✐♥✈❛r✐❛♥t❡✱ Iµ✱ q✉❡ ♠❡❞❡ ♦ ♥ú♠❡r♦ ❞❡ ❝✉r✈❛s ❞♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❞❡
✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❛♣❧✐❝❛çã♦✱ ❝♦♠♦ ♣♦❞❡✲s❡ ✈❡r ♥♦ ❚❡♦r❡♠❛ ✸✳✸✳✻✱ q✉❡ é ❞❡✈✐❞♦ ❛
❍❛❝♦♥✱ ▼❡♥❞❡s ❞❡ ❏❡s✉s ❡ ❘♦♠❡r♦✲❋✉st❡r ✭❬✽❪✮✳

❚❡♦r❡♠❛ ✸✳✸✳✻✳ ❬✽❪ ❖ ✐♥❝r❡♠❡♥t♦ ❞❡ Iµ✱ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s
❞❡ Σf ✱ ❛♦ ❧♦♥❣♦ ❞❡ q✉❛❧q✉❡r ❝❛♠✐♥❤♦ tr❛♥s✈❡rs❛❧ ♣❛r❛ ♦ ❡str❛t♦ ❞❡ ❝♦❞✐♠❡♥sã♦
✉♠ ❡♠ D é ❞❛❞♦ ♣♦r

∆Iµ = ∆B+
v −∆B−

v −∆B+
w +∆B−

w +∆L.

✹✸



❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ tr❛♥s✐çõ❡s q✉❡ ❛s ú♥✐❝❛s tr❛♥s✐çõ❡s q✉❡
❛❧t❡r❛♠ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ Σf sã♦B ❡ L✳ ❆❣♦r❛✱ ✉♠❛ tr❛♥s✐çã♦
♣♦s✐t✐✈❛ ❞♦ t✐♣♦ B+

v ♦✉ B−
w ❛✉♠❡♥t❛ ❡ss❡ ♥ú♠❡r♦ ♣♦r ✉♠✱ ❡♥q✉❛♥t♦ ✉♠❛ tr❛♥s✐çã♦

♣♦s✐t✐✈❛ ❞♦ t✐♣♦ B−
v ♦✉ B+

w ♦ ❞✐♠✐♥✉✐ ♣♦r ✉♠✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠❛ tr❛♥s✐çã♦
♣♦s✐t✐✈❛ ❛tr❛✈és ❞♦ ❡str❛t♦ L ❛✉♠❡♥t❛ Iµ ♣♦r ✉♠✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ r❡❧❛❝✐♦♥❛ ♦s ✐♥✈❛r✐❛♥t❡s IC ✱ ID ❡ Iµ✿

Pr♦♣♦s✐çã♦ ✸✳✸✳✼✳ ❬✽❪ ❖s ✐♥✈❛r✐❛♥t❡s IC✱ ID ❡ Iµ s❛t✐s❢❛③❡♠ ❛ r❡❧❛çã♦

Iµ +
IC

2
+ ID ≡ (1 + g(M)) mod 2,

♦♥❞❡✱ M é ❛ s✉♣❡r❢í❝✐❡ ❞♦ ❞♦♠í♥✐♦ ❞❛ ❛♣❧✐❝❛çã♦✳

❉❡♠♦♥str❛çã♦✳ ❖ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞♦ ❢❛t♦ q✉❡ ❛s ú♥✐❝❛s tr❛♥s✐çõ❡s q✉❡ ❛❢❡t❛♠

IC ✱ ID ❡ Iµ sã♦ L✱ B ❡ S✳ ❊♠ q✉❛❧q✉❡r ✉♠❛ ❞❛s tr❛♥s✐çõ❡s ❛ s♦♠❛ Iµ +
IC

2
+ ID✱

♠♦❞ ✷✱ é ❛ ♠❡s♠❛✳ P♦r ✜♠✱ ♦ ✈❛❧♦r ❞❡ Iµ +
IC

2
+ ID ♣❛r❛ ❛ ♣r♦❥❡çã♦ ❞❡ ✉♠❛

s✉♣❡r❢í❝✐❡ ✭✐♠❡rs❛ ❡♠ R
3✮ ♥♦ ♣❧❛♥♦ é 1 + g(M)✳ ▲♦❣♦✱ t❡♠♦s ❛ r❡❧❛çã♦✳

✹✹



❈❛♣ít✉❧♦ ✹

❘❡❛❧✐③❛çã♦ ❞❡ ❣r❛❢♦s ❝♦♠ ♣❡s♦s

◆❡st❡ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉③✐♠♦s ❢❡rr❛♠❡♥t❛s ✐♠♣♦rt❛♥t❡s ❞❛ ❝♦♥st✉çã♦ ❞❡
❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡ ❞❡t❡r♠✐♥❛♠♦s t♦❞♦s ♦s ❣r❛❢♦s ♣♦ssí✈❡✐s q✉❡ ♣♦❞❡♠ s❡r
❛ss♦❝✐❛❞♦s à ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳ ❆s
♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s sã♦ ❬✶✼❪ ❡ ❬✶✽❪✳

✹✳✶ ❈✐r✉r❣✐❛s ❡♥tr❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s

❆ ❝✐r✉r❣✐❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡stá r❡❧❛❝✐♦♥❛❞❛✱ ❞✐r❡t❛♠❡♥t❡✱ ❝♦♠ ❛ s♦♠❛
❝♦♥❡①❛ ❞❡ s✉♣❡r❢í❝✐❡s ❡ s♦♠❛ ❞❡ ❝✉r✈❛s ♣❧❛♥❛s✳ ❊ss❛ ❢❡rr❛♠❡♥t❛✱ ✐♥tr♦❞✐③✐❞❛ ❡♠
❬✶✵❪ ❡ ❣❡♥❡r❛❧✐③❛❞❛ ❡♠ ❬✶✽❪✱ ♥♦s ♣❡r♠✐t❡ ❝r✐❛r ♥♦✈❛s ❛♣❧✐❝❛çõ❡s ♣❡rt❡♥❝❡♥t❡s ❛
❞✐❢❡r❡♥t❡s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛✳

❆ ❉❡✜♥✐çã♦ ✹✳✶✳✶ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ❖❤♠♦t♦ ❬✷✵❪✳

❈♦♥s✐❞❡r❡ f : M1 → P ❡ g : M2 → P ❞✉❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✳ ❋✐①❛♥❞♦ ❞♦✐s
♣♦♥t♦s p ∈ Σf✭❡♠ M1✮ ❡ q ∈ Σg✭❡♠ M2✮✱ ❡s❝♦❧❤❡♠♦s ❞♦✐s ❞✐s❝♦s ❢❡❝❤❛❞♦s✱ D1

❡ D2✱ ❡♠ M1 ❡ M2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝✉❥♦s ✐♥t❡r✐♦r❡s ❝♦♥t❡♥❤❛♠ ♦s ♣♦♥t♦s p ❡
q✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙✉❜st✐t✉✐♥❞♦ ♦s ✐♥t❡r✐♦r❡s ❞❡ D1 ❡ D2 ♣♦r ✉♠ t✉❜♦ ❧✐♠✐t❛❞♦
✭❤♦♠❡♦♠♦r❢♦ ❛ S1 × [0, 1]✮✱ ❝♦❧❛♥❞♦ ∂D1 ❡ ∂D2 às ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡
❜♦r❞♦ ❞♦ t✉❜♦✱ ♦❜t❡♠♦s ✉♠❛ ♥♦✈❛ s✉♣❡r❢í❝✐❡ ❤♦♠❡♦♠♦r❢❛ ❛ s♦♠❛ ❝♦♥❡①❛M1#M2✳
❈♦♥❢♦r♠❡ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✹✳✶✱ ❛s ❛♣❧✐❝❛çõ❡s f ❡ g ♣♦❞❡♠ s❡r ❡st❡♥❞✐❞❛s s♦❜r❡
♦ t✉❜♦ ❡ ❛ss✐♠ s❡ ♦❜t❡♠ ✉♠❛ ♥♦✈❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f + g : M1#M2 → P✱ ❝✉❥❛s
r❡str✐çõ❡s ❛ ♣♦♥t♦s ❞❡ M1 ❡ M2 ❝♦rr❡s♣♦♥❞❡♠ à f ❡ g✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✹✳✶✳✶✳ ❬✶✵❪ ❆ ❛♣❧✐❝❛çã♦ f + g✱ ♦❜t✐❞❛ ❞❛ ❝✐r✉r❣✐❛ ❛❝✐♠❛ é ❝❤❛♠❛❞❛
❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ❡♥tr❡ f ❡ g✳ ◆♦t❛çã♦✿ f +h g✳

❙❡❥❛♠ f : M1 → P ❡ g : M2 → P ❞✉❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✳ ❊s❝♦❧❤❡♥❞♦
❞✉❛s r❡❣✐õ❡s✱ ✉♠❛ ❡♠ M1 ❡ ♦✉tr❛ ❡♠ M2✱ t♦♠❛♠♦s ❡♠ ❝❛❞❛ ✉♠❛ ❞❡❧❛s ✉♠
❞✐s❝♦ ❢❡❝❤❛❞♦ ❞❡ ♠♦❞♦ q✉❡ ❛s s✉❛s ✐♠❛❣❡♥s ♥♦ ♣❧❛♥♦ ❝♦✐♥❝✐❞❛♠✳ ❈♦♠♦ ♥♦
❝❛s♦ ❞❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧✱ s✉❜st✐t✉✐♠♦s ♦s ✐♥t❡r✐♦r❡s ❞❡st❡s ❞✐s❝♦s ♣♦r ✉♠ t✉❜♦
❧✐♠✐t❛❞♦✱ ✐❞❡♥t✐✜❝❛♥❞♦ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❜♦r❞♦ ❞♦s ❞✐s❝♦s ❝♦♠
❛s ❞♦ t✉❜♦✳ ❆ss✐♠✱ ♦❜t❡♠♦s ✉♠❛ ♥♦✈❛ s✉♣❡r❢í❝✐❡ ❤♦♠❡♦♠♦r❢❛ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡
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Horizontal

 f(p)        g(q)

   f              g f +g

p
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c

d

Cirurgia

f(p)=g(q)

f

g f+g

Vertical

u

zv

x

❋✐❣✉r❛ ✹✳✶✿ ❈✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❡ ✈❡rt✐❝❛✐s✳

M1#M2✳ ◆❡st❡ ❝❛s♦ t❛♠❜é♠✱ ♣♦❞❡♠♦s ❡st❡♥❞❡r ❛s ❛♣❧✐❝❛çõ❡s f ❡ g s♦❜r❡ ♦
t✉❜♦✱ ❝♦♥❢♦r♠❡ ❛ ❋✐❣✉r❛ ✹✳✶✳ ❉❡ss❛ ❢♦r♠❛✱ ♦❜t❡♠♦s ✉♠❛ ♥♦✈❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧
f + g :M1#M2 → P✳

❉❡✜♥✐çã♦ ✹✳✶✳✷✳ ❬✶✵❪ ❆ ❛♣❧✐❝❛çã♦ f + g ♦❜t✐❞❛ ❞❛ ❝✐r✉r❣✐❛ ❛❝✐♠❛ é ❝❤❛♠❛❞❛ ❞❡
❝✐r✉r❣✐❛ ✈❡rt✐❝❛❧ ❡♥tr❡ f ❡ g✳ ◆♦t❛çã♦✿ f +v g✳

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ♥❛t✉r❛❧ ❞❛ ❝♦♥str✉çã♦ ❞❡ ❝✐r✉r❣✐❛s ❡♥tr❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s
é ❛ ❝✐r✉r❣✐❛ ❡♥tr❡ ❣r❛❢♦s✳ ❆♦ r❡❛❧✐③❛r♠♦s ✉♠❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ❡♥tr❡ ❛♣❧✐❝❛çõ❡s
❡stá✈❡✐s ✐❞❡♥t✐✜❝❛♠♦s ❞✉❛s ❝✉r✈❛s ❞♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❞❡ ❝❛❞❛ ❛♣❧✐❝❛çã♦✱ ♦ q✉❡ é
❡q✉✐✈❛❧❡♥t❡ ❛ ✐❞❡♥t✐✜❝❛r ❛s ❞✉❛s ❛r❡st❛s ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ t❛✐s ❝✉r✈❛s ❞♦ ❣r❛❢♦ ❞❡
❝❛❞❛ ❛♣❧✐❝❛çã♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❝✐r✉r❣✐❛ ✈❡rt✐❝❛❧ ❡♥tr❡ ❛♣❧✐❝❛çõ❡s ❝r✐❛ ✉♠❛ ♥♦✈❛
❝✉r✈❛ ♥♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r✱ ♦ q✉❡ ❛❝❛rr❡t❛ ♥♦ s✉r❣✐♠❡♥t♦ ❞❡ ✉♠❛ ♥♦✈❛ ❛r❡st❛ ❡♠
s❡✉ ❣r❛❢♦✱ ❝♦♥❡❝t❛♥❞♦ ♦s ✈ért✐❝❡s ❝♦rr❡s♣♦♥❞❡♥t❡s✳

❉❡✜♥✐çã♦ ✹✳✶✳✸✳ ❯♠❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ❡♥tr❡ ❞♦✐s ❣r❛❢♦s é ❢❡✐t❛
✐❞❡♥t✐✜❝❛♥❞♦ ✉♠❛ ❛r❡st❛ ❞❡ ✉♠ ❞♦s ❣r❛❢♦s ❝♦♠ ✉♠❛ ❛r❡st❛ ❞♦ ♦✉tr♦✱ ❝♦♠♦ ✐❧✉str❛
❛ ❋✐❣✉r❛ ✹✳✷✱ ❡ ♣♦❞❡ s❡r ❢❡✐t❛ ❞❛s s❡❣✉✐♥t❡s ♠❛♥❡✐r❛s✿

✐✮ ❆ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ❞✉❛s ❛r❡st❛s✱ ❛♠❜❛s ❛s q✉❛✐s ❝♦♥❡❝t❛♠ ✈ért✐❝❡s ❞✐st✐♥t♦s
❞♦ ❣r❛❢♦✱ ♣r♦❞✉③ ✉♠❛ ❛r❡st❛ q✉❡ t❛♠❜é♠ ❝♦♥❡❝t❛ ✈ért✐❝❡s ❞✐st✐♥t♦s ❞♦ ❣r❛❢♦✳
❖s ♣❡s♦s ❞♦s ✈ért✐❝❡s ❡♥✈♦❧✈✐❞♦s sã♦ ❛❞✐❝✐♦♥❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s r❡❣r❛s
s❡❣✉✐♥t❡s✿
❛✮ (s, 0) + (t, 0) = (s+ t, 0)❀

❜✮ (0, p) + (0, q) = (0, p+ q)❀

❝✮ (t, 0) + (0, p) = (0, 2t+ p)✳

✐✐✮ ❆ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ✉♠❛ ❛r❡st❛ q✉❡ ❝♦♥❡❝t❛ ❞♦✐s ✈ért✐❝❡s ❞✐st✐♥t♦s ❝♦♠ ✉♠
❧❛ç♦ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ ✉♠ ❧❛ç♦ ⋆✮ ♣r♦❞✉③ ✉♠ ❧❛ç♦ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ ✉♠ ❧❛ç♦
⋆✮✳ ❖ ♣❡s♦ ❞♦s ✈ért✐❝❡s ❝♦rr❡s♣♦♥❞❡♥t❡s t❛♠❜é♠ s❡❣✉❡♠ ❛s r❡❣r❛s ❛❝✐♠❛❀

✐✐✐✮ ❆ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ❞♦✐s ❧❛ç♦s ⋆ ♣r♦❞✉③ ✉♠ ❧❛ç♦ ✭s❡♠ ⋆✮✳ ❖ ♣❡s♦ ❞❡ s❡✉s
✈ért✐❝❡s t❛♠❜é♠ s❡❣✉❡ ❛s r❡❣r❛s ❛❝✐♠❛❀

✐✈✮ ❆ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ❞♦✐s ❧❛ç♦s ♣r♦❞✉③ ✉♠ ❧❛ç♦❀

✹✻



✈✮ ❆ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ✉♠ ❧❛ç♦ ⋆ ❡ ✉♠ ❧❛ç♦ ♣r♦❞✉③ ✉♠ ❧❛ç♦ ⋆✳
◆♦s ❝❛s♦s 4 ❡ 5 ♦s ♣❡s♦s ❞♦s ✈ért✐❝❡s s❡ ❝♦♠♣♦rt❛♠ ❝♦♠♦ ♦ s❡❣✉✐♥t❡✿
❛✮ (t, 0) + (s, 0) = (t+ s+ 1, 0)❀

❜✮ (0, p) + (0, q) = (0, p+ q + 2)❀

❝✮ (t, 0) + (0, p) = (0, 2t+ p+ 2)✳

(s,0)

(r,0)

(t,0)

(0,p)

(s+t,0)

(0,2r+p)

(r,0)

(s,0) (t,0) (s+r+t,0)

(t,0)

(0,p) (0,q) (0,2t+p+q)

(t,0) (s+t,0)(s,0) (0,p) (0,2t+p)(t,0) (s,0) (r+s+1,0)(r,0)

(0,p) (0,2t+p+2)(t,0) (t,0) (s+t+1,0)(s,0) (0,p) (0,2t+p+2)(t,0)

❋✐❣✉r❛ ✹✳✷✿ ❊❢❡✐t♦s ✭❧♦❝❛✐s✮ ❞❛s ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ♥♦s ❣r❛❢♦s✳

❉❡✜♥✐çã♦ ✹✳✶✳✹✳ ❆ ❝✐r✉r❣✐❛ ✈❡rt✐❝❛❧ ❞❡ ❣r❛❢♦s ❝♦♥s✐st❡ ❡♠ ❛❞✐❝✐♦♥❛r ✉♠❛ ❛r❡st❛
❞❡ ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ♠❛♥❡✐r❛s✿

✐✮ ❆ ❛r❡st❛ ❝♦♥❡❝t❛ ❞♦✐s ✈ért✐❝❡s ❞✐❢❡r❡♥t❡s ❞♦ ♠❡s♠♦ ❣r❛❢♦❀

✐✐✮ ❆ ❛r❡st❛ ❝♦♥❡❝t❛ ❞♦✐s ✈ért✐❝❡s ❞❡ ❣r❛❢♦s ❞✐❢❡r❡♥t❡s✱ ❡ ♣♦rt❛♥t♦✱ ❝♦♥❡❝t❛ ♦s
❞♦✐s ❣r❛❢♦s❀

✐✐✐✮ ❆ ❛r❡st❛ ❢♦r♠❛ ✉♠ ❧❛ç♦ ❡♠ ✉♠ ❞❛❞♦ ✈ért✐❝❡ ❞♦ ❣r❛❢♦✳

❊♠ t♦❞♦s ❡ss❡s ❝❛s♦s✱ ♦s ♣❡s♦s ❞♦s ✈ért✐❝❡s ♣❡r♠❛♥❡❝❡♠ ✐♥❛❧t❡r❛❞♦s✳

❊①❡♠♣❧♦ ✹✳✶✳✺✳ ❆ ❋✐❣✉r❛ ✹✳✸ ✐❧✉str❛ q✉❛tr♦ ❛♣❧✐❝❛çõ❡s ❞♦❜r❛ ❞❡ s✉♣❡r❢í❝✐❡s
❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ s❡✉s r❡s♣❡❝t✐✈♦s ❣r❛❢♦s q✉❡ ♠♦str❛♠ ♦s ❡❢❡✐t♦s
❞❛s ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ♥♦s ❣r❛❢♦s✳ ❆ ✐♠❛❣❡♠ ❛✮ r❡♣r❡s❡♥t❛ ❛ ❛♣❧✐❝❛çã♦ ❞❛ ❡s❢❡r❛
❝✉❥♦ ❣r❛❢♦ é ❞❛❞♦ ♣♦r G0

(0,0)(2, 1)✱ ❛ ❛♣❧✐❝❛çã♦ ❞♦ t♦r♦✱ ✐❧✉str❛❞❛ ❡♠ ❜✮ t❡♠ ❣r❛❢♦ ♦
G0

(0,0)(2, 2) ❛ss♦❝✐❛❞♦✱ ❡♠ ❝✮ t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ ❜✐t♦r♦ ❝♦♠ ❣r❛❢♦ G0
(2,0)(2, 1)✱

♣♦r ú❧t✐♠♦✱ ♦ ❣r❛❢♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞✮✱ é G0
(0,0)(2, 3)✳

❊①❡♠♣❧♦ ✹✳✶✳✻✳ ❆ ❋✐❣✉r❛ ✹✳✹ ✐❧✉str❛ q✉❛tr♦ ❛♣❧✐❝❛çõ❡s ❞♦❜r❛ ❞❡ s✉♣❡r❢í❝✐❡s
❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ s❡✉s r❡s♣❡❝t✐✈♦s ❣r❛❢♦s✱ ✐❧✉str❛♥❞♦ ♦s ❡❢❡✐t♦s
❞❛s ❝✐r✉r❣✐❛s ✈❡rt✐❝✐❛s s♦❜r❡ ❣r❛❢♦s✳ ❊♠ ❛✮ t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛ ❡s❢❡r❛ ❝♦♠
❣r❛❢♦ G0

(0,0)(2, 1)✱ ❛ ❛♣❧✐❝❛çã♦ ❜✮ t❡♠ ❝♦♠♦ ❞♦♠í♥✐♦ ♦ t♦r♦ ❡ G0
(0,0)(2, 2) ❝♦♠♦ ❣r❛❢♦✱

❝✮ ✐❧✉str❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ t♦r♦ ❝✉❥♦ ❣r❛❢♦ é ❞❛❞♦ ♣♦r G0
(0,0)(2, 2) ❡ ❞✮ r❡♣r❡s❡♥t❛

✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❛ss♦❝✐❛❞❛ ❛♦ ❣r❛❢♦ G0
(0,0)(2, 2)✳

✹✼



PI

a)

PI

b)

(0,0)

(0,0)

(0,0)

(0,0)

PI

c)

(1,0)

(1,0)

PI

d)

(0,0)

(0,0)

Ch

ChCh

❋✐❣✉r❛ ✹✳✸✿ ❊①❡♠♣❧♦s ❞❡ ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s✳

b)

(0,0)

(0,0)

d)

PI

PI

a)

c)

PI

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

(0,0)

Cv

CvCv

PI

❋✐❣✉r❛ ✹✳✹✿ ❊①❡♠♣❧♦s ❞❡ ❝✐r✉r❣✐❛s ✈❡rt✐❝❛✐s✳

✹✳✷ ❘❡❛❧✐③❛çã♦ ❞❡ ❣r❛❢♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s

◆❡st❛ s❡çã♦ ❞❡♠♦♥str❛r❡♠♦s ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s s♦❜r❡ q✉❛✐s ❣r❛❢♦s ❝♦♠
♣❡s♦s ♥♦s ✈ért✐❝❡s ♣♦❞❡♠ s❡r ❛ss♦❝✐❛❞♦s ❛ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ s✉♣❡r❢í❝✐❡s
❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳ ❖s r❡s✉❧t❛❞♦s ❛q✉✐ ❛♣r❡s❡♥t❛❞♦s sã♦ ❞❡✈✐❞♦s ❛
▼❡♥❞❡s ❞❡ ❏❡s✉s ❡ ❘♦♠❡r♦✲❋✉st❡r ❬✶✽❪✳

Pr✐♠❡✐r♦ ♦❜s❡r✈❛♠♦s q✉❡ ❛ ár✈♦r❡ ✐rr❡❞✉tí✈❡❧ ❞♦ t✐♣♦ G0
(0,0)(2, 1) é ♦ ❣r❛❢♦ ❞❛

♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❡ S2 ❡♠ P ❝♦♠ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r✱ s❡♠ ♣♦♥t♦s ❞✉♣❧♦s
❡ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s✱ ❝♦♠♣♦st❛ ❝♦♠ q✉❛❧q✉❡r ✐♠❡rsã♦ ❞♦ ♣❧❛♥♦ ❡♠ P

2✱ ❝♦♠♦ ♣♦❞❡
s❡r ✈✐st♦ ♥♦s ❡①❡♠♣❧♦s ❛✮ ♥❛s ❋✐❣✉r❛s ✸✳✻ ❡ ✹✳✸✳

✹✽



▲❡♠❛ ✹✳✷✳✶✳ ❬✶✽❪ ◗✉❛❧q✉❡r ár✈♦r❡ ✐rr❡❞✉tí✈❡❧ ❞♦ t✐♣♦ G0
(T,P )(2, 1) é ♦ ❣r❛❢♦ ❞❡ ✉♠❛

❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f : M → P✱ ♦♥❞❡ M é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳ ❆ s✉♣❡r❢í❝✐❡ M
é ♦r✐❡♥t❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ P = 0✳ ▼❛✐s ❛✐♥❞❛✱ ♦ ❣ê♥❡r♦ ❞❡ M é ❞❛❞♦ ♣♦r T
❝❛s♦ M s❡❥❛ ♦r✐❡♥t❛❞❛ ❡ ♣♦r 2T + P ❝❛s♦ ❝♦♥trár✐♦✳

❉❡♠♦♥str❛çã♦✳ ❖ ❣r❛❢♦ G0
(T,P )(2, 1) ♣♦❞❡ s❡r r❡❛❧✐③❛❞♦ ♣♦r ✉♠❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧

❡♥tr❡ ♦ ❣r❛❢♦ G0
(T,0)(2, 1) ❞❛ ❛♣❧✐❝❛çã♦ ❛✮ ♥❛ ❋✐❣✉r❛ ✹✳✺ ❡ ♦ ❣r❛❢♦ G0

(0,P )(2, 1)

❞❛ ❛♣❧✐❝❛çã♦ ❜✮ ♥❛ ❋✐❣✉r❛ ✹✳✺✱ ♦♥❞❡ ♦s ✈ért✐❝❡s ❞❡ ♣❡s♦ (0, 0) ❡ (T, 0) ❞♦
❣r❛❢♦ G0

(T,0)(2, 1) sã♦ ✐❞❡♥t✐✜❝❛❞♦s ❛♦s ✈ért✐❝❡s ❞❡ ♣❡s♦s (0, P ) ❡ (0, 0) ❞♦ ❣r❛❢♦
G0
(0,P )(2, 1)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲♦❣♦✱ ♦ ❣r❛❢♦ G0

(T,P )(2, 1) é ♦ ❣r❛❢♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦
❡stá✈❡❧ f : M → P✱ ♦♥❞❡ M é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳ ❈♦♠♦ ♦ ❣r❛❢♦ G0

(T,P )(2, 1)
é ❜✐♣❛rt✐❞♦✱ ♣♦✐s é ✉♠❛ ár✈♦r❡✱ ❡ S = 0✱ ❡♥tã♦✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹✳✼✱ ❛ s✉♣❡r❢í❝✐❡
M é ♦r✐❡♥t❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ P = 0✳ ❖ ❣ê♥❡r♦ ❞❡ M s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦
✶✳✺✳✼✳

❊①❡♠♣❧♦ ✹✳✷✳✷✳ ◆❛ ❋✐❣✉r❛ ✹✳✺ t❡♠♦s q✉❛tr♦ ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❞♦❜r❛✱ q✉❡
❡stã♦ ❛ss♦❝✐❛❞❛s ❛ ár✈♦r❡s ✐rr❡❞✉tí✈❡✐s✱ ❛s q✉❛✐s ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❛tr❛✈és ❞❡
❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✳

❛✮ ❖ ❡①❡♠♣❧♦ ✐❧✉str❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ t✲t♦r♦ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ ✉♠❛
ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r q✉❡ s❡♣❛r❛ ✉♠ ❞✐s❝♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ❣ê♥❡r♦ t ❝♦♠
✉♠ ❞✐s❝♦ r❡♠♦✈✐❞♦✳ ❖ ❣r❛❢♦ ❛ss♦❝✐❛❞♦ ❛ ❡ss❛ ❛♣❧✐❝❛çã♦ é ❞♦ t✐♣♦ G0

(t,0)(2, 1)
❡ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡ t − 1 ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❡♥tr❡ t
❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ♥❛ ❋✐❣✉r❛ ✸✳✼ ❞✮✳

❜✮ ❈♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♥ã♦ ♦r✐❡♥t❛❞❛ ❞❡
❣ê♥❡r♦ p ❝♦♠ 2p ❝ús♣✐❞❡s✳ ❊ss❛ ❛♣❧✐❝❛çã♦ ♣♦ss✉✐ ❣r❛❢♦ ❞♦ t✐♣♦ G0

(0,p)(2, 1)
❡ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡ p − 1 ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❞❡♥tr❡ p
❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ♥❛ ❋✐❣✉r❛ ✸✳✼ ❛✮✳

❝✮ ▼♦str❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦❜r❛ ❞♦ 2t✲t♦r♦ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ ✉♠❛ ú♥✐❝❛
❝✉r✈❛ s✐♥❣✉❧❛r s❡♣❛r❛♥❞♦ ❞♦✐s t✲t♦r♦ ❝♦♠ ✉♠ ❞✐s❝♦ r❡♠♦✈✐❞♦✱ q✉❡ t❡♠ ❣r❛❢♦
G0
(2t,0)(2, 1) ❡ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❛tr❛✈és ❞❡ t − 1 ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❡♥tr❡ t

❞❛s ❛♣❧✐❝❛çõ❡s ♥❛ ❋✐❣✉r❛ ✹✳✸ ❝✮✳

❞✮ ▼♦str❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦❜r❛ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♥ã♦ ♦r✐❡♥t❛❞❛ ❞❡
❣ê♥❡r♦ 2p ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠ 2(p − 1) ♣♦♥t♦s ❞✉♣❧♦s ❡ ✉♠❛ ú♥✐❝❛
❝✉r✈❛ s✐♥❣✉❧❛r q✉❡ s❡♣❛r❛ ❞✉❛s s✉♣❡r❢í❝✐❡s ♥ã♦ ♦r✐❡♥t❛❞❛s ❞❡ ❣ê♥❡r♦ p✳ ❚❛❧
❛♣❧✐❝❛çã♦ ♣♦ss✉✐ ❣r❛❢♦ ❞♦ t✐♣♦ G0

(0,2p)(2, 1) ❡ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛tr❛✈és ❞❡ p−1

❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❡♥tr❡ p ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞♦ t✐♣♦ ❜✮ ♥❛ ❋✐❣✉r❛ ✷✳✶✹✳

❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r é ✉♠❛ ❡①t❡♥sã♦ ❞♦ ▲❡♠❛ ✹✳✷✳✶ ♣❛r❛ ✉♠❛ ár✈♦r❡ q✉❛❧q✉❡r✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✸✳ ❬✶✽❪ ◗✉❛❧q✉❡r ár✈♦r❡ ❞♦ t✐♣♦ G0
(T,P )(V,E) é ♦ ❣r❛❢♦ ❞❡ ✉♠❛

❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f : M → P✱ ♦♥❞❡ M é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳ ❆ s✉♣❡r❢í❝✐❡
M é ♦r✐❡♥t❛❞❛ s❡ ❡ s♦♠❡♥t❡ P = 0 ❡ ♦ ❣ê♥❡r♦ ❞❡ M é ❞❛❞♦ ♣♦r T q✉❛♥❞♦ M é
♦r✐❡♥t❛❞❛ ❡ ♣♦r 2T + P ❝❛s♦ ❝♦♥trár✐♦✳

✹✾
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❋✐❣✉r❛ ✹✳✺✿ ❊①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❝♦♠ ár✈♦r❡ ✐rr❡❞✉tí✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦ ❣r❛❢♦ G0
(T,P )(V,E)✱ r❡t✐r❛♥❞♦ ♦s ♣❡s♦s ❞❡ ❝❛❞❛ ✈ért✐❝❡✱

♦❜t❡♠♦s ♦ ❣r❛❢♦ G0
(0,0)(V,E)✳ ❙❡ ❛ ár✈♦r❡ G0

(0,0)(V,E) ♣♦ss✉✐ ❛té três ❛r❡st❛s✱ ❡♥tã♦
❡❧❛ é r❡❛❧✐③❛❞❛ ♣♦r ✉♠❛ ❞❛s ❛♣❧✐❝❛çõ❡s ❞❛ ❋✐❣✉r❛ ✸✳✻✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ E > 3
❝♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✿

❆✜r♠❛çã♦✿ ❆ ár✈♦r❡ G0
(0,0)(V,E)✱ ❝♦♠ E > 3 ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛ ❛tr❛✈és ❞❡ E−2

❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❡♥tr❡ E − 1 ❣r❛❢♦s G0
(0,0)(2, 3) ❞❛ ❛♣❧✐❝❛çã♦ ❜✮✱ h : S2 → P✱

♥❛ ❋✐❣✉r❛ ✸✳✻✳

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ ❛ ár✈♦r❡ G0
(0,0)(V,E) t❡♥❤❛ E > 3 ❛r❡st❛s✳ ❯s❛♠♦s ♦

♣r✐♠❡✐r♦ ♣rí♥❝✐♣✐♦ ❞❡ ✐♥❞✉çã♦ s♦❜r❡ E✳ ❙❡❥❛ v ✉♠ ✈ért✐❝❡ ❝♦♠ ✉♠❛ ú♥✐❝❛ ❛r❡st❛
❞❛ ár✈♦r❡ G0

(0,0)(V,E) ❝♦♥❡❝t❛❞♦ ❛ w ♣❡❧❛ ❛r❡st❛ vw✳

❊❧✐♠✐♥❛♥❞♦ ❛ ❛r❡st❛ vw ❞❡ G0
(0,0)(V,E) ❝♦♠ ♦ ✈ért✐❝❡ v✱ ♦❜t❡♠♦s ✉♠❛ ár✈♦r❡

G0
(0,0)(V,E − 1) ❝♦♥t❡♥❞♦ ♦ ✈ért✐❝❡ w✳ ❙✉♣♦♥❤❛✱ ♣♦r ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ q✉❡ ♦

❣r❛❢♦ G0
(0,0)(V,E − 1) ♣♦❞❡ s❡r r❡❛❧✐③❛❞♦ ♣♦r E − 3 ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❞❡ E − 2

❣r❛❢♦s G0
(0,0)(2, 3) ❞❛ ❛♣❧✐❝❛çã♦✱ h : S2 → P✱ ♥❛ ❋✐❣✉r❛ ✸✳✻ ❜✮✳

❙❡❥❛ h0 : S2 → P ❛ ❛♣❧✐❝❛çã♦ q✉❡ r❡❛❧✐③❛ ♦ ❣r❛❢♦ G0
(0,0)(V,E − 1)✳ ❋❛③❡♥❞♦

✉♠❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ❡♥tr❡ ♦ ❣r❛❢♦ G0
(0,0)(V,E − 1) ❞❛ ❛♣❧✐❝❛çã♦ h0 ❡ ♦ ❣r❛❢♦

G0
(0,0)(2, 3) ❞❛ ❛♣❧✐❝❛çã♦ h✱ ♦♥❞❡ ✐❞❡♥t✐✜❝❛♠♦s ♦ ✈ért✐❝❡ w ❞❡ G0

(0,0)(V,E − 1) ❝♦♠
♦ ✈ért✐❝❡ ❝♦♠ ❞✉❛s ❛r❡st❛s ❞❡ G0

(0,0)(2, 3)✱ ♦❜t❡♠♦s ❛ ❛♣❧✐❝❛çã♦ g : S2 → P q✉❡
r❡❛❧✐③❛ ♦ ❣r❛❢♦ G0

(0,0)(V,E)✱ ❝♦♠♦ E − 2 ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❞❡ E − 1 ❣r❛❢♦s
G0
(0,0)(3, 2) ❞❛ ❛♣❧✐❝❛çã♦ h✳ P♦rt❛♥t♦✱ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛✳

❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ❛❞✐❝✐♦♥❛r ♦s ♣❡s♦s q✉❡ ❢♦r❛♠ r❡t✐r❛❞♦s ❞❡ ❝❛❞❛ ✈ért✐❝❡
❞♦ ❣r❛❢♦ G0

(T,P )(V,E)✱ ❛♣❧✐❝❛♠♦s ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❡♥tr❡ ❣r❛❢♦s ❞❛ s❡❣✉✐♥t❡
♠❛♥❡✐r❛✿ ❛ ❝❛❞❛ ✈ért✐❝❡ u ❞♦ ❣r❛❢♦ G0

(0,0)(V,E) q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ✈ért✐❝❡ ❞♦
❣r❛❢♦ G0

(T,P )(V,E) ❝♦♠ ♣❡s♦ (t, 0) ✭♦✉ (0, p)✮ é ❢❡✐t❛ ✉♠❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ❡♥tr❡
♦ ❣r❛❢♦ G0

(0,0)(V,E) ❞❛ ❛♣❧✐❝❛çã♦ g ❡ ♦ ❣r❛❢♦✱ ❝♦♠ ✉♠ ❞♦s ✈ért✐❝❡s ❝♦♠ ♣❡s♦ (0, 0)✱

✺✵



G0
(t,0)(2, 1) ✭♦✉ G0

(0,p)(2, 1)✮ ❞♦ ▲❡♠❛ ✹✳✷✳✶✱ ♦♥❞❡ ✐❞❡♥t✐✜❝❛♠♦s ♦ ✈ért✐❝❡ u ❝♦♠ ♦
✈ért✐❝❡ ❞❡ ♣❡s♦ (t, 0) ✭♦✉ (0, p)✮✳ ❈♦♠ ❡st❡ ♣r♦❝❡ss♦ ♦❜t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧
f :M → P q✉❡ r❡❛❧✐③❛ ♦ ❣r❛❢♦ G0

(T,P )(V,E)✳

❈♦♠♦ ♦ ❣r❛❢♦ G0
(T,P )(2, 1) é ❜✐♣❛rt✐❞♦✱ ♣♦✐s é ✉♠❛ ár✈♦r❡✱ ❡ S = 0✱ ❡♥tã♦✱ ♣❡❧❛

Pr♦♣♦s✐çã♦ ✷✳✹✳✼✱ ❛ s✉♣❡r❢í❝✐❡ M é ♦r✐❡♥t❛❞❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ P = 0✳ ❖ ❣ê♥❡r♦
❞❡ M s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✺✳✼✳

❆♥t❡s ❞❡ ❞❡♠♦♥str❛r ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞♦ ❡st✉❞♦✱ ♣r❡❝✐s❛♠♦s ❡♥❝♦♥tr❛r
❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❝✉❥♦s ❣r❛❢♦s ❝♦rr❡s♣♦♥❞❡♥t❡s sã♦ ❞♦ t✐♣♦✿ G0

(T,P )(1, 0)✱
G0
(T,P )(1, E) ❡ G0

(T,P )(2, E)✳

❖❜s❡r✈❛çã♦ ✹✳✷✳✹✳ ❖ r❡❝♦❜r✐♠❡♥t♦ ❞❡ ❣r❛✉ ❞♦✐s φ : S2 → P ❡ ❛ ✐❞❡♥t✐❞❛❞❡ id :
P → P sã♦ ❛♣❧✐❝❛çõ❡s ❝♦♠ ❣r❛❢♦s ❞♦ t✐♣♦ G0

(0,0)(1, 0) ❡ G
0
(0,1)(1, 0)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊①❡♠♣❧♦ ✹✳✷✳✺✳ ■❧✉str❛♠♦s ♥❛ ❋✐❣✉r❛ ✹✳✻ q✉❛tr♦ ❛♣❧✐❝❛çõ❡s ❞♦❜r❛ q✉❡ ♣♦❞❡♠
s❡r ♦❜t✐❞❛s ❛tr❛✈és ❞❡ ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❝✉❥♦s ❣r❛❢♦s sã♦ ❞♦ t✐♣♦ ❧❛ç♦✱ ♦✉ s❡❥❛✱
❣r❛❢♦s ❝♦♠ ✉♠ ú♥✐❝♦ ✈ért✐❝❡ ❡ ✉♠❛ ú♥✐❝❛ ❛r❡st❛✳

❛✮ ❖ ❡①❡♠♣❧♦ ♠♦str❛ ✉♠❛ ❛♣❧✐❝❛çã♦✱ q✉❡ t❡♠ ❣r❛❢♦ G0
(1,0)(1, 1)✱ ❝✉❥♦ ❞♦♠í♥✐♦

é ✉♠❛ s✉♣❡r❢í❝✐❡ ❤♦♠❡♦♠♦r❢❛ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ q✉❛tr♦ ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✳
❊st❛ ❛♣❧✐❝❛çã♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛tr❛✈és ❞❡ ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ♥❛s ❞✉❛s
❝✉r✈❛s s✐♥❣✉❧❛r❡s ♥❛ ❛♣❧✐❝❛çã♦ ❞✮ ❞❛ ❋✐❣✉r❛ ✹✳✹✱ ❡ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛
s✐♥❣✉❧❛r✱ ♥❡♥❤✉♠ ♣♦♥t♦ ❞❡ ❝ús♣✐❞❡ ❡ s❡✐s ♣♦♥t♦s ❞✉♣❧♦s✳

❜✮ ❚❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♠ ❣r❛❢♦ ❞♦ t✐♣♦ G0
(0,1)(1, 1)✱ ♦♥❞❡ ♦ ❞♦♠í♥✐♦ é

✉♠❛ s✉♣❡r❢í❝✐❡ ❤♦♠❡♦♠♦r❢❛ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ três ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✳ ❊ss❛
❛♣❧✐❝❛çã♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛tr❛✈és ❞❡ ✉♠❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ♥❛s ❞✉❛s ❝✉r✈❛s
s✐♥❣✉❧❛r❡s ♥❛ ❛♣❧✐❝❛çã♦ ❜✮ ♥❛ ❋✐❣✉r❛ ✸✳✼✱ ❡ t❡♠ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r✱
♥❡♥❤✉♠❛ ❝ús♣✐❞❡ ❡ q✉❛tr♦ ♣♦♥t♦s ❞✉♣❧♦s✳

❝✮ ❆ ❛♣❧✐❝❛çã♦ ❝♦♠ ❣r❛❢♦ ❞♦ t✐♣♦ G1
(0,1)(1, 1)✱ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦❜r❛ ❝♦♠

❞♦♠í♥✐♦ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ três ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s ❝♦♠ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛
s✐♥❣✉❧❛r✱ ❝✐♥❝♦ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ❡ ❝✐♥❝♦ ♣♦♥t♦s ❞✉♣❧♦s✳ ❊ss❛ ❛♣❧✐❝❛çã♦
♣♦❞❡ s❡r ♦❜t✐❞❛ ❝♦♠♦ ♦ r❡s✉❧t❛❞♦ ❞❡ ✉♠❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ❡♥tr❡ ❞✉❛s
❛♣❧✐❝❛çõ❡s ❞♦ t✐♣♦ ❜✮ ♥❛ ❋✐❣✉r❛ ✷✳✶✸ ❡ ♦✉tr❛ ❞♦ t✐♣♦ ❞✮ ♥❛ ❋✐❣✉r❛ ✸✳✼✳

❞✮ ❆ ❛♣❧✐❝❛çã♦ t❡♠ ❣r❛❢♦ G1
(0,1)(1, 1) ❡ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝✉❥♦

❞♦♠í♥✐♦ é ✉♠❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ três ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s✱ t❡♥❞♦ ✉♠❛ ú♥✐❝❛
❝✉r✈❛ s✐♥❣✉❧❛r✱ ❝✐♥❝♦ ❝ús♣✐❞❡s ❡ ❝✐♥❝♦ ♣♦♥t♦s ❞✉♣❧♦s✳ ❊❧❛ ♣♦❞❡ s❡r ♦❜t✐❞❛
❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡ ✉♠❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ t✐♣♦ ❜✮ ♥❛
❋✐❣✉r❛ ✷✳✶✸ ❡ ♦✉tr❛ ❞♦ t✐♣♦ ❛✮ ♥❛ ❋✐❣✉r❛ ✸✳✼✳

▲❡♠❛ ✹✳✷✳✻✳ ❬✶✽❪ ◗✉❛❧q✉❡r ❣r❛❢♦ ❞❡ ✉♠ ❞♦s t✐♣♦s G0
(T,0)(1, 1)✱ G0

(0,P )(1, 1)✱

G1
(T,0)(1, 1) ❡ G1

(0,P )(1, 1) é ♦ ❣r❛❢♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡

❢❡❝❤❛❞❛ ✭♥ã♦ ♦r✐❡♥t❛❞❛✮ M ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳ ❖ ❣ê♥❡r♦ ❞❡ M é ❞❛❞♦ ♣♦r
2T + P − S + 2✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ fa : Ma → P ❛ ❛♣❧✐❝❛çã♦ ❛✮ ♥❛ ❋✐❣✉r❛ ✹✳✻ ❝♦♠ ❣r❛❢♦
G0

(1,0)(1, 1) ❡ g : K → P ❛ ❛♣❧✐❝❛çã♦ q✉❡ r❡❛❧✐③❛ ♦ ❣r❛❢♦ G0
(T−1,0)(2, 1) ❞♦ ▲❡♠❛

✺✶



PI(1,0)

a)

PI
(1,0)

c)

PI
(0,1)

b)

PI
(0,1)

d)

❋✐❣✉r❛ ✹✳✻✿ ❊①❡♠♣❧♦s ❞❡ ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s✳

✹✳✷✳✶✳ ❊♥tã♦ ♦ ❣r❛❢♦ G0
(T,0)(1, 1) é r❡❛❧✐③❛❞♦ ❛tr❛✈és ❞❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ❡♥tr❡ ♦

❣r❛❢♦ G0
(1,0)(1, 1) ❞❛ ❛♣❧✐❝❛çã♦ fa ❡ ♦ ❣r❛❢♦ G0

(T−1,0)(2, 1) ❞❛ ❛♣❧✐❝❛çã♦ g✳

❙❡❥❛♠ fb : Mb → P ❛ ❛♣❧✐❝❛çã♦ ❜✮ ♥❛ ❋✐❣✉r❛ ✹✳✻ ❝♦♠ ❣r❛❢♦ G0
(0,1)(1, 1) ❡

h : L → P ❛ ❛♣❧✐❝❛çã♦ q✉❡ r❡❛❧✐③❛ ♦ ❣r❛❢♦ G0
(0,P−1)(2, 1) ❞♦ ▲❡♠❛ ✹✳✷✳✶✳ ❊♥tã♦ ♦

❣r❛❢♦ G0
(0,P )(1, 1) é r❡❛❧✐③❛❞♦ ❛tr❛✈és ❞❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ❡♥tr❡ ♦ ❣r❛❢♦ G0

(0,1)(1, 1)

❞❛ ❛♣❧✐❝❛çã♦ fb ❡ ♦ ❣r❛❢♦ G0
(0,P−1)(2, 1) ❞❛ ❛♣❧✐❝❛çã♦ h✳

❙❡❥❛ fc :Mc → P ❛ ❛♣❧✐❝❛çã♦ ❝✮ ♥❛ ❋✐❣✉r❛ ✹✳✻ ❝♦♠ ❣r❛❢♦ G1
(1,0)(1, 1)✳ ❊♥tã♦ ♦

❣r❛❢♦ G0
(T,0)(1, 1) é r❡❛❧✐③❛❞♦ ❛tr❛✈és ❞❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ❡♥tr❡ ♦ ❣r❛❢♦ G1

(1,0)(1, 1)

❞❛ ❛♣❧✐❝❛çã♦ fc ❡ ♦ ❣r❛❢♦ G0
(T−1,0)(2, 1) ❞❛ ❛♣❧✐❝❛çã♦ g✳

❙❡❥❛ fd : K → P ❛ ❛♣❧✐❝❛çã♦ ❞✮ ♥❛ ❋✐❣✉r❛ ✹✳✻ ❝♦♠ ❣r❛❢♦ G1
(0,1)(1, 1)✳ ❊♥tã♦ ♦

❣r❛❢♦ G1
(0,P )(1, 1) é r❡❛❧✐③❛❞♦ ❛tr❛✈és ❞❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ❡♥tr❡ ♦ ❣r❛❢♦ G1

(0,1)(1, 1)

❞❛ ❛♣❧✐❝❛çã♦ fd ❡ ♦ ❣r❛❢♦ G0
(0,P−1)(2, 1) ❞❛ ❛♣❧✐❝❛çã♦ h✳

▲♦❣♦✱ q✉❛❧q✉❡r ✉♠ ❞♦s ❣r❛❢♦s ❛❝✐♠❛ é ♦ ❣r❛❢♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧
f :M → P ♦♥❞❡ M é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ ♥ã♦ ♦r✐❡♥t❛❞❛✱ ♣♦✐s ♦s ❣r❛❢♦s ♥ã♦
sã♦ ❜✐♣❛rt✐❞♦s✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✺✳✼✱ ♦ ❣ê♥❡r♦ ❞❡M é ❞❛❞♦ ♣♦r 2T+P−S+2✳

▲❡♠❛ ✹✳✷✳✼✳ ❬✶✽❪ ◗✉❛❧q✉❡r ❧❛ç♦ ❞❡ ✉♠ ❞♦s t✐♣♦s G0
(T,0)(1, E)✱ G0

(0,P )(1, E)✱

G1
(T,0)(1, E) ❡ G1

(0,P )(1, E) é ♦ ❣r❛❢♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡

❢❡❝❤❛❞❛ ✭♥ã♦ ♦r✐❡♥t❛❞❛✮ M ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳ ❖ ❣ê♥❡r♦ ❞❡ M é ❞❛❞♦ ♣♦r
2(T + E) + P − S✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♦❜t❡r♠♦s ❛♣❧✐❝❛çõ❡s ❝♦♠ t❛✐s ❣r❛❢♦s é s✉✜❝✐❡♥t❡ r❡❛❧✐③❛r
E − 1 ❝✐r✉r❣✐❛s ✈❡rt✐❝❛✐s ♥❛s ❛♣❧✐❝❛çõ❡s ♥♦ ▲❡♠❛ ✹✳✷✳✻✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛
✹✳✼✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✽✳ ❬✶✽❪ ◗✉❛❧q✉❡r ❣r❛❢♦ ❞♦ t✐♣♦ GS
(T,0)(1, E) ♦✉ GS

(0,P )(1, E) é ♦

❣r❛❢♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ✭♥ã♦ ♦r✐❡♥t❛❞❛✮ M ♥♦
♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳ ❖ ❣ê♥❡r♦ ❞❛ s✉♣❡r❢í❝✐❡ M é ❞❛❞♦ ♣♦r 2(T + E) + P − S✳

✺✷



PI PIPI PI

(1,0) (0,1) (0,1)(1,0)

❋✐❣✉r❛ ✹✳✼✿ ❊①❡♠♣❧♦s ❞❡ ❣r❛❢♦s ❝♦♠ ✉♠ ✈ért✐❝❡✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦s ❣r❛❢♦s GS
(T,0)(1, E) ❡ G

S
(0,P )(1, E)✳ ❙❡ S = 0, 1✱ ❡♥tã♦

♦s ❣r❛❢♦s sã♦ r❡❛❧✐③❛❞♦s ♣❡❧♦ ▲❡♠❛ ✹✳✷✳✼✳

❙✉♣♦♥❤❛ S > 1✱ r❡♠♦✈❡♥❞♦ S − 1 ❧❛ç♦s ⋆ ❞❡ ❝❛❞❛ ✉♠ ❞♦s ❣r❛❢♦s✱ ♦❜t❡♠♦s
♦s ❣r❛❢♦s G1

(T,0)(1, E − S + 1) ❡ G1
(0,P )(1, E − S + 1)✳ P❡❧♦ ▲❡♠❛ ✹✳✷✳✼✱ ❡①✐st❡♠

❛♣❧✐❝❛çõ❡s h1 :M1 → P ❡ h2 :M2 → P q✉❡ r❡❛❧✐③❛♠ ♦s ❣r❛❢♦s G1
(T,0)(1, E−S+1)

❡ G1
(0,P )(1, E − S + 1)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❙❡❥❛ g : P → P ❛ ❛♣❧✐❝❛çã♦ ❞❛ ❋✐❣✉r❛ ✷✳✶✸ ❝♦♠ ❣r❛❢♦ G1
(0,0)(2, 2)✳ P❛r❛ ❛❞✐❝✐♦♥❛r

♦s S − 1 ❧❛ç♦s ⋆ r❡♠♦✈✐❞♦s ❞♦ ❣r❛❢♦ GS
(T,0)(1, E) ✭♦✉ GS

(0,P )(1, E)✮✱ ❛♣❧✐❝❛♠♦s
S − 1 ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❡♥tr❡ ♦ ❣r❛❢♦ G1

(T,0)(1, E − S + 1) ❞❛ ❛♣❧✐❝❛çã♦ h1 ✭♦✉
G1

(0,P )(1, E − S + 1) ❞❛ ❛♣❧✐❝❛çã♦ h2✮ ❡ ♦ ❣r❛❢♦ G1
(0,0)(2, 2) ❞❛ ❛♣❧✐❝❛çã♦ g✳ ❈❛❞❛

✉♠❛ ❞❛s S − 1 ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s é ❢❡✐t❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿ s❡ ♦ ✈ért✐❝❡ u ❞♦
❣r❛❢♦ G1

(T,0)(1, E − S + 1) ✭♦✉ G1
(0,P )(1, E − S + 1)✮ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ✈ért✐❝❡ ❞❡

GS
(T,0)(1, E) ✭♦✉ GS

(0,P )(1, E)✮ ♥♦ q✉❛❧ ❢♦✐ r❡t✐r❛❞♦ ✉♠ ❧❛ç♦ ⋆✱ ❡♥tã♦ ✐❞❡♥t✐✜❝❛❞♦s
♦ ✈ért✐❝❡ u ❝♦♠ ♦ ✈ért✐❝❡ ❞❡ G1

(0,0)(2, 2) q✉❡ ❝♦♥té♠ ♦ ❧❛ç♦ ⋆✳ ▲♦❣♦✱ ❛tr❛✈és
❞❡ss❛ ❝♦♥str✉çã♦✱ ♦❜t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f : M → P q✉❡ r❡❛❧✐③❛ ♦ ❣r❛❢♦
GS

(T,0)(1, E) ✭♦✉ G
S
(T,0)(1, E)✮✳

❈♦♠♦ ♦s ❣r❛❢♦sGS
(T,0)(1, E) ❡G

S
(0,P )(1, E) ♥ã♦ sã♦ ❜✐♣❛rt✐❞♦s✱ ❡♥tã♦ ❛ s✉♣❡r❢í❝✐❡

M ♥ã♦ ♣♦❞❡ s❡r ♦r✐❡♥tá✈❡❧✳ ❖ ❣ê♥❡r♦ ❞❛ s✉♣❡r❢í❝✐❡ M s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦
✶✳✺✳✼✳

❊①❡♠♣❧♦ ✹✳✷✳✾✳ ❆ ❋✐❣✉r❛ ✹✳✽ ❡①❡♠♣❧✐✜❝❛ q✉❛tr♦ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡
s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✿

❛✮ ❆♣❧✐❝❛çã♦ ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❝♦♠ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r✱ três ♣♦♥t♦s
❞❡ ❝ús♣✐❞❡s ❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦❀

❜✮ ❆♣❧✐❝❛çã♦ ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❝♦♠ ❝✐♥❝♦ ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ ♦♥③❡ ❝ús♣✐❞❡s ❡
♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦✳ ❊ss❛ ❛♣❧✐❝❛çã♦ é ♦❜t✐❞❛ ❞❡ ❛✮ ♣♦r q✉❛tr♦ tr❛♥s✐çõ❡s
❧á❜✐♦s✳

❝✮ ❆♣❧✐❝❛çã♦ ❝♦♠ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r✱ ♦♥③❡ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ❡ ♥❡♥❤✉♠
♣♦♥t♦ ❞✉♣❧♦✳ ❆ ❛♣❧✐❝❛çã♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❡ ❜✮ ❛tr❛✈és ❞❡ q✉❛tr♦ ❝✐r✉r❣✐❛s
❤♦r✐③♦♥t❛✐s❀

❞✮ ❆♣❧✐❝❛çã♦ ❝♦♠ três ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ ♦♥③❡ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ❡ ♥❡♥❤✉♠
♣♦♥t♦ ❞✉♣❧♦✳ ❆ ❛♣❧✐❝❛çã♦ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❡ ❝✮ ♣♦r ❞✉❛s ❝✐r✉r❣✐❛s ✈❡rt✐❝❛✐s✳

❚❡♦r❡♠❛ ✹✳✷✳✶✵✳ ❬✶✽❪ ❚♦❞♦ ❣r❛❢♦ ❞♦ t✐♣♦ GS
(T,P )(V,E) é ♦ ❣r❛❢♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦

❡stá✈❡❧ f :M → P✱ ♦♥❞❡ M é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳ ❆ s✉♣❡r❢í❝✐❡M é ♦r✐❡♥t❛❞❛

✺✸



PI PIPI PI

a)                                           b)                                         c)                                           d)

(0,1)                                              (0,1)                                          (0,9)                                   (0,9)

❋✐❣✉r❛ ✹✳✽✿ ❊①❡♠♣❧♦s ❞❡ ❣r❛❢♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✳

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G é ❜✐♣❛rt✐❞♦ ❡ P = S = 0✳ ▼❛✐s ❛✐♥❞❛✱ ♦ ❣ê♥❡r♦ ❞❡ M é ❞❛❞♦
♣♦r 1−V +E+T s❡ M é ♦r✐❡♥t❛❞❛ ❡ ♣♦r 2(1−V +E+T )+P −S ❝❛s♦ ❝♦♥trár✐♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ♦ ❣r❛❢♦ GS
(T,P )(V,E)✱ r❡t✐r❛♥❞♦ ♦s s❡✉s S ❧❛ç♦s ⋆✱

♦❜t❡♠♦s ♦ ❣r❛❢♦ G0
(T,P )(V,E − S)✳ ❘❡♠♦✈❡♥❞♦ ✉♠❛ ❛r❡st❛ ❞❡ ❝❛❞❛ ✉♠ ❞♦s

1−V +E−S ❝✐❝❧♦s ❞♦ ❣r❛❢♦ G0
(T,P )(V,E−S)✱ ♦❜t❡♠♦s ✉♠❛ ár✈♦r❡ G0

(T,P )(V, V −1)✳
P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✸✱ ❛ ár✈♦r❡ G0

(T,P )(V, V − 1) ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛ ♣♦r ✉♠❛
❛♣❧✐❝❛çã♦ ❡stá✈❡❧ h : K → P✳ ❆❣♦r❛✱ ♣❛r❛ ❛❞✐❝✐♦♥❛r ❛s ❛r❡st❛s r❡♠♦✈✐❞❛s ❞♦
❣r❛❢♦ G0

(T,P )(V,E − S)✱ ❛♣❧✐❝❛♠♦s β1 ❝✐r✉r❣✐❛s ✈❡rt✐❝❛✐s ♥❛ ❛♣❧✐❝❛çã♦ h✱ ❝✉❥♦ ❣r❛❢♦
é G0

(T,P )(V, V − 1) ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿

✐✮ ❙❡ ❛ ❛r❡st❛ r❡♠♦✈✐❞❛ ❞❡ G0
(T,P )(V,E−S) ❝♦♥❡❝t❛✈❛ ❞♦✐s ✈ért✐❝❡s ❞✐st✐♥t♦s u

❡ v✱ ❡♥tã♦ ❛ ❝✐r✉r❣✐❛ ✈❡rt✐❝❛❧ é ❢❡✐t❛ ❞❡ ♠♦❞♦ q✉❡ ❝♦♥❡❝t❛♠♦s ♦s ❞♦✐s ✈ért❝❡s
❞♦ ❣r❛❢♦ G0

(T,P )(V, V − 1) ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ u ❡ v❀

✐✐✮ ❙❡ ❛ ❛r❡st❛ r❡♠♦✈✐❞❛ ❞❡ G0
(T,P )(V,E−S) ❢♦r♠❛✈❛ ✉♠ ❧❛ç♦ ❡♠ ✉♠ ✈ért✐❝❡ u✱

❡♥tã♦ ❛ ❝✐r✉r❣✐❛ ✈❡rt✐❝❛❧ é ❢❡✐t❛ ❞❡ ♠♦❞♦ q✉❡ ❢♦r♠❡♠♦s ✉♠ ❧❛ç♦ ♥♦ ✈ért✐❝❡
❞❡ G0

(T,P )(V, V − 1) ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ u✳

❆ss✐♠✱ ♦❜t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ g : L→ P q✉❡ r❡❛❧✐③❛ ♦ ❣r❛❢♦ G0
(T,P )(V,E−S)✳

❆❣♦r❛✱ s❡❥❛ g1 : P → P ❛ ❛♣❧✐❝❛çã♦ ♥❛ ❋✐❣✉r❛ ✷✳✶✸ ❛✮✱ ❝✉❥♦ ❣r❛❢♦ é G1
(0,0)(2, 2)✳

P❛r❛ ❛❞✐❝✐♦♥❛r ♦s S ❧❛ç♦s ⋆ r❡♠♦✈✐❞♦s ❞❡ GS
(T,P )(V,E)✱ ❛♣❧✐❝❛♠♦s S ❝✐r✉r❣✐❛s

❤♦r✐③♦♥t❛✐s ❞❛ ❛♣❧✐❝❛çã♦ g✱ ❝♦♠ ❣r❛❢♦ G0
(T,P )(V,E − S) ❡ S ❛♣❧✐❝❛çõ❡s g1✱ ❝✉❥♦

❣r❛❢♦ é G1
(0,0)(2, 2)✱ ♦♥❞❡ ❝❛❞❛ ✉♠❛ ❞❛s S ❝✐r✉r❣✐❛s é ❢❡✐t❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

s❡ ♦ ❧❛ç♦ ⋆ ❢♦✐ r❡♠♦✈✐❞♦ ❞♦ ✈ért✐❝❡ u ♥♦ ❣r❛❢♦ GS
(T,P )(V,E)✱ ❡♥tã♦ ❛ ❝✐r✉r❣✐❛

❤♦r✐③♦♥t❛❧ é r❡❛❧✐③❛❞❛ ❞❡ ♠♦❞♦ q✉❡ ✐❞❡♥t✐✜❝❛♠♦s ♦ ✈ért✐❝❡ ❞❡ G0
(T,P )(V,E − S)

❝♦rr❡s♣♦♥❞❡♥t❡ ❛ u ❝♦♠ ♦ ✈ért✐❝❡ ❞❡ G1
(0,0)(2, 2) q✉❡ ❝♦♥té♠ ♦ ❧❛ç♦ ⋆✳ ▲♦❣♦✱

♦❜t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f : M → P✱ ♦♥❞❡ M é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✱
q✉❡ r❡❛❧✐③❛ ♦ ❣r❛❢♦ GS

(T,P )(V,E)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹✳✼✱ ❛ s✉♣❡r❢í❝✐❡M é ♦r✐❡♥t❛❞❛
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ G0

(T,P )(V,E−S) é ❜✐♣❛rt✐❞♦ ❡ P = S = 0✳ ❖ ❣ê♥❡r♦ ❞❛ s✉♣❡r❢í❝✐❡
M ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ s❡❣✉♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✶✳✺✳✼✳

✺✹



❈♦♥❝❧✉sã♦

❆ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦ ♥♦s ♣❡r♠✐t❡ ✈❡r ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ ✉♠ ✐♥✈❛r✐❛♥t❡
♣❛r❛ ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ♦❜❥❡t♦s✱ ❛ ❝❧❛ss❡ ❞❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ♥❡st❡
❝❛s♦✳ ❆ ❛ss♦❝✐❛çã♦ ❡♥tr❡ ❣r❛❢♦s ❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✱ ❝r✐♦✉ ✉♠ ❜♦♠ ✐♥✈❛r✐❛♥t❡
❣❧♦❜❛❧ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✱ q✉❡ ❝❧❛ss✐✜❝❛♠ ♣♦r ❝♦♠♣❧❡t♦ ♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r✳
❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦✱ ♠♦str❛♠ q✉❡ q✉❛❧q✉❡r ❣r❛❢♦ ♣♦❞❡ s❡r
❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✳ ▼❛✐s
❛✐♥❞❛✱ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ❢❡rr❛♠❡♥t❛s q✉❡ ♥♦s ♣❡r♠✐t❡♠ ❝♦♥str✉✐r ❛♣❧✐❝❛çõ❡s
♠❛✐s ❝♦♠♣❧❡①❛s ❛ ♣❛rt✐r ❞❡ ❛♣❧✐❝❛çõ❡s ❜ás✐❝❛s✱ t❛✐s ❢❡rr❛♠❡♥t❛s s❡ ❡st❡♥❞❡♠ ❛
❝♦♥str✉çã♦ ❞❡ ❣r❛❢♦s ❛ss♦❝✐❛❞♦s ❛ ❛♣❧✐❝❛çõ❡s ♠❛✐s ❡❧❛❜♦r❛❞❛s ❛ ♣❛rt✐r ❞❡ ❣r❛❢♦s
❛ss♦❝✐❛❞♦s ❛ ❛♣❧✐❝❛çõ❡s ♠❛✐s s✐♠♣❧❡s✳ ❏á ♦s ✐♥✈❛r✐❛♥t❡s IC ✱ ID ❡ Iµ ❝❧❛ss✐✜❝❛♠ ♦
❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡✳ ❚♦❞♦s ❡st❡s ✐♥✈❛r✐❛♥t❡s ❝♦♠❜✐♥❛❞♦s r❡✜♥❛♠ ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡
❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✱ ❡♥tr❡t❛♥t♦✱ ♦ ❣r❛❢♦ ♥ã♦ é ❝❛♣❛③ ❞❡ ❝❧❛ss✐✜❝❛r t♦t❛❧♠❡♥t❡ ❛s
❛♣❧✐❝❛çõ❡s✱ ♠❡s♠♦ ❝❛rr❡❣❛♥❞♦ ❜❛st❛♥t❡ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ❡❧❛s✱ ♣♦✐s✱ ♥♦ ❊①❡♠♣❧♦
✷✳✸✳✷✱ ❡①✐st❡♠ ❞✉❛s ❛♣❧✐❝❛çõ❡s ❞♦ ❞✐s❝♦ ❞❡ ▼✐❧♥♦r ❝♦♠ ♦ ♠❡s♠♦ ❣r❛❢♦ ❡ ♦ ♠❡s♠♦
❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡✱ ♣♦ré♠ ♥ã♦ sã♦ ❡q✉✐✈❛❧❡♥t❡s✳ ❉❡st❛ ❢♦r♠❛✱ ❞❛❞♦ ✉♠ ❝♦♥t♦r♥♦
❛♣❛r❡♥t❡✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦ssí✈❡✐s ❛♣❧✐❝❛çõ❡s ❛ss♦❝✐❛❞❛s ❛ ❡ss❡ ❝♦♥t♦r♥♦✱ ❞❡♣❡♥❞❡
❞♦ ♥ú♠❡r♦ ❞❡ ❣r❛❢♦s q✉❡ ♣♦❞❡♠ s❡r ❛ss♦❝✐❛❞♦s ❛ ❡ss❡ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ ✉♠❛
❝♦♠❜✐♥❛tór✐❛ s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ❞✐s❝♦s ❞❡ ▼✐❧♥♦r ❝♦♥t✐❞♦s ♥♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡✱
s❡♥❞♦ q✉❡ ❛ ❝❛❞❛ ❞✐s❝♦ ❞❡ ▼✐❧♥♦r ♣♦❞❡✲s❡ ❛ss♦❝✐❛r ❞✉❛s ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥t❡s✳
❊♥❝♦♥tr❛r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ✐♥✈❛r✐❛♥t❡s q✉❡ ♣♦ss❛ ❝❧❛ss✐✜❝❛r t♦t❛❧♠❡♥t❡ ❛ ❝❧❛ss❡
❞❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❛✐♥❞❛ ❡stá ❡♠ ❛❜❡rt♦ ♥❛ t❡♦r✐❛✳
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❬✻❪ ●♦r②✉♥♦✈✳ ❱✳ ▲♦❝❛❧ ■♥✈❛r✐❛♥ts ♦❢ ▼❛♣♣✐♥❣s ♦s ❙✉r❢❛❝❡ ✐♥t♦ t❤r❡❡✲s♣❛❝❡✱
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❬✽❪ ❍❛❝♦♥✳ ❉✳❀ ▼❡♥❞❡s ❞❡ ❏❡s✉s✳ ❈✳❀ ❘♦♠❡r♦ ❋✉st❡r✳ ▼✳ ❈✳ ❚♦♣♦❧♦❣✐❝❛❧
✐♥✈❛r✐❛♥ts ♦❢ st❛❜❧❡ ♠❛♣s ❢r♦♠ ❛ s✉r❢❛❝❡ t♦ t❤❡ ♣❧❛♥❡ ❢r♦♠ ❛ ❣❧♦❜❛❧ ✈✐❡✇♣♦✐♥t✳
Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✻t❤ ❲♦r❦s❤♦♣ ♦♥ ❘❡❛❧ ❛♥❞ ❈♦♠♣❧❡① ❙✐♥❣✉❧❛r✐t✐❡s✳ ▲❡❝t✉r❡
◆♦t❡s ✐♥ P✉r❡ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✷✸✷✱ ▼❛r❝❡❧ ❛♥❞ ❉❡❦❦❡r ✭✷✵✵✸✮✱ ✷✷✼✲
✷✸✺✳

❬✾❪ ❍❛❝♦♥✳ ❉✳❀ ▼❡♥❞❡s ❞❡ ❏❡s✉s✳ ❈✳❀ ❘♦♠❡r♦ ❋✉st❡r✳ ▼✳ ❈✳ ❋♦❧❞ ♠❛♣s
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❢r♦♠ s✉r❢❛❝❡s t♦ t❤❡ ♣❧❛♥❡ ✇✐t❤ ♣r❡s❝r✐❜❡❞ ❜r❛♥❝❤✐♥❣ ❞❛t❛✱ ❚♦♣♦❧♦❣② ❛♥❞ ■ts
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