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ABSTRACT 

 

SANTOS, A. A. G., M.Sc., Universidade Federal de Viçosa, November 2023. Design of 
Heusler Alloys Using Co-VB-Sn (VB = V, Nb, Ta) Atoms Within Ab Initio Calculations 
for Thermoelectric Applications. Advisor: Pablo Damasceno Borges. 
 
 

Environmentally friendly energetic matrices are essential for sustainable human development. 

In this perspective, Heusler alloys have shown to be promising materials for thermoelectric 

applications. This work presents a theoretical study of Co-VB-Sn (VB = V, Nb, Ta) Heusler 

alloys within the GGA-PBE and hybrid (HSE06) approaches. The cubic (C1b) CoVSn, 

CoNbSn and CoTaSn Half-Heusler compounds exhibit semiconductor characteristics and a 

bandgap of 1.33eV, 1.50eV and 1.18 eV, respectively, when Co occupies the Wyckoff 4c site. 

The cubic (L21) Co2VSn, Co2NbSn and Co2TaSn Full-Heusler are half-metallic compounds 

with a bandgap of 1.26eV, 0.86eV and1.36 eV. All the systems present a total magnetic moment 

in agreement with the Slater-Pauling rule. The chemical bonds analyses indicate covalent-polar 

bonds in the studied alloys.  High effective mass was found to semiconductors structures, an 

excellent result in relation to application as thermoelectric. Using Wannier functions, and based 

in experimental data present in the literature it was studied the thermoelectric parameters for 

the CoTaSn alloy. 

 

Keywords: Heusler alloys. Co-VB-Sn. Thermoelectric materials. DFT. Effective mass. 

 

  



 
 

RESUMO 

 

SANTOS, A. A. G., M.Sc., Universidade Federal de Viçosa, novembro de 2023. Design of 
Heusler Alloys Using Co-VB-Sn (VB = V, Nb, Ta) Atoms Within Ab Initio Calculations 
for Thermoelectric Applications. Orientador: Pablo Damasceno Borges. 
 
 
 
Matrizes energéticas ambientalmente amigáveis são essenciais para o desenvolvimento humano 

sustentável. Nessa perspectiva, as ligas de Heusler têm se mostrado materiais promissores para 

aplicações termoelétricas. Este trabalho apresenta um estudo teórico das ligas de Heusler Co-

VB-Sn (VB = V, Nb, Ta) dentro das abordagens GGA-PBE e híbrido (HSE06). As ligas Half-

Heusler cúbica (C1b) CoVSn, CoNbSn e CoTaSn exibe características semicondutoras e um 

bandgap de 1,33eV, 1,50eV e 1,18 eV, respectivamente, quando o Co ocupa o sítio Wyckoff 

4c. As ligas Full-Heusler cúbico (L21) Co2VSn, Co2NbSn e Co2TaSn é um half-metal com um 

bandgap de 1,26eV, 0,86eV e 1,36 eV. Todos os sistemas apresentam um momento magnético 

total em concordância com a regra de Slater-Pauling. As análises das ligações químicas indicam 

ligações covalentes-polares nas ligas estudadas. Grande massas efetivas foram encontradas para 

as estruturas semicondutoras, um excelente resultado em relação à aplicação como 

termoelétrico. Usando funções de Wannier, e baseado em dados experimentais presentes na 

literatura, foram estudados os parâmetros termoelétricos para a liga CoTaSn. 

 

 

Palavras-chave: Ligas Heusler. Co-VB-Sn. Materiais termoelétricos. DFT. Massas efetivas. 

 

  



 
 

LIST OF ILLUSTRATIONS 

 
Figure 1.1 - Global primary energy consumption by source from 2000 to 2022 (a) 
absolute numbers (b) relative numbers [1]…………………………………………......19 
 
Figure 1.2 - Representation of the circuits that describe the (a) Seebeck and (b) 
Peltier effects……………………………………………………………………………….20 
 
Figure 2.1 - Kohn-Sham self-consistent scheme…………………………………….…30 
 
Figure 2.2 - Comparison of a wavefunction in the Coulomb potential (real) of the 
nucleus to the one in the pseudopotential (approximation) [75]…………………........35 
 
Figure 2.3 - Brillouin zone and high symmetry points to crystalline structures of the 
space groups a) F-43m and b) Fm-3m [80]……………………………………………..36 
 
Figure 2.4 - Relation between Bloch functions and Wannier functions (WFs). Source: 
[87]………………………………………………………………………………………......37 
 
Figure 2.5 - 2D plot ELF to a) molecule ethene b) NaCl salt c) along the plane 
containing the chemical bond between C and a Cu–Cu metallic bond. Source: 
[96]………………………………………………………………………………………..…41 
 
Figure 2.6 - Representation of a) VBT parabolic approximation, b) VBB parabolic 
approximation. Source: [87,100]………………………………………………………….42 
 
Figure 2.7 - Classification of the bands according to the effective mass presented at 
points of high symmetry……………………………………………………………….......43 
 
Figure 3.1 - Equilibrium structures of several (a) HH and (b) FH alloys from GGA-
PBE calculations……………………………………………………………………………45 
 
Figure 4.1 - Crystal structures: (a) Half-Heusler, (b) Full-Heusler, (c) NaCl-type and 
(d) ZnSn-type. In figures (e-f) are represented three possible chemical bonds of atom 
in 4c. The structures Full-Heusler (h-j) may have the same type of bonds as the Half-
Heusler………………………………………………………………………………………47 
 
Figure 4.2 - Total energy versus lattice parameter of several (a) HH and (b) FH 
vanadium structures for obtained from GGA-PBE calculations. The cohesive energy 
was calculated from Equation 2.69 within GGA-PBE (HSE06) approximation………48 
 
Figure 4.3 - Total energy versus lattice parameter of several (a) HH and (b) FH 
niobium structures for obtained from GGA-PBE calculations. The cohesive energy 
was calculated from Equation 2.69 within GGA-PBE (HSE06) approximation………50 
 
Figure 4.4 - Total energy versus lattice parameter of several (a) HH and (b) FH 
tantalum structures for obtained from GGA-PBE calculations. The cohesive energy 
was calculated from Equation 2.69 within GGA-PBE (HSE06) approximation………51 
 



 
 

Figure 4.5 - TDOS and PDOS for (a-b) HH-A, (c-d) HH-B and (e-f) HH-C vanadium 
structures, obtained from PBE calculations; (g-h) HH-A, (i-j) HH-B and (k-l) HH-C 
vanadium structures, obtained from HSE06 calculations………………………………54 
 
Figure 4.6 - TDOS and PDOS for (a-b) FH-A, (c-d) FH-B and (e-f) FH-C vanadium 
structures, obtained from PBE calculations; (g-h) FH-A, (i-j) FH-B and (k-l) FH-C 
vanadium structures, obtained from HSE06 calculations………………………………55 
 
Figure 4.7 - TDOS and PDOS for (a-b) HH-A, (c-d) HH-B and (e-f) HH-C niobium 
structures, obtained from PBE calculations; (g-h) HH-A, (i-j) HH-B and (k-l) HH-C 
niobium structures, obtained from HSE06 calculations………………………………...59 
 
Figure 4.8 - TDOS and PDOS for (a-b) FH-A, (c-d) FH-B and (e-f) FH-C niobium 
structures, obtained from PBE calculations; (g-h) FH-A, (i-j) FH-B and (k-l) FH-C 
niobium structures, obtained from HSE06 calculations………………………………...60 
 
Figure 4.9 - TDOS and PDOS for (a-b) HH-A, (c-d) HH-B and (e-f) HH-C tantalum 
structures, obtained from PBE calculations; (g-h) HH-A, (i-j) HH-B and (k-l) HH-C 
tantalum structures, obtained from HSE06 calculations………………………………..63 
 
Figure 4.10 - TDOS and PDOS for (a-b) FH-A, (c-d) FH-B and (e-f) FH-C structures 
tantalum, obtained from GGA-PBE calculations; (g-h) FH-A, (i-j) FH-B and (k-l) FH-C 
tantalum structures, obtained from HSE06 calculations……………………………..…64 
 
Figure 4.11 - Bandstructure of vanadium HH-A alloy (a) GGA-PBE spin up and down 
(b) GGA-PBE+SOC (c) CBB Γ - X - W (d) VTB W – L (e) VTB W - L - Γ (f) VTB X - W 
– Γ…………………………………………………………………………………………….65 
 
Figure 4.12 - TDOS of HH-A vanadium structure obtained from (a) PBE (b) PBE-
SOC. Curve adjusted by Equation 2.68, within free electron approximation (FEA), 
using the respective effective mass………………………………………………………67 
 
Figure 4.13 - Bandstructure of niobium HH-A (a) GGA-PBE spin up and down (b) 
GGA-PBE+SOC (c) CBB Γ - X - W (d) VTB W – L (e) VTB W - L - Γ (f) VTB X - W – 
Γ………………………………………………………………………………………………68 
 
Figure 4.14 - TDOS of HH-A niobium structure obtained from (a) PBE (b) PBE-SOC. 
Curve adjusted by Equation 2.68, within free electron approximation (FEA), using the 
respective effective mass………………………………………………………………….69 
 
Figure 4.15 - Bandstructure for tantalum HH-A (a) GGA-PBE spin up and down (b) 
GGA-PBE+SOC (c) CBB Γ - X - W (d) VTB W – L (e) VTB W - L - Γ (f) VTB X - W – 
Γ………………………………………………………………………………………………70 
 
Figure 4.16 - TDOS of CoNbSn HH-A structure obtained from (a) PBE (b) PBE-SOC 
calculation and adjusted by Equation 2.68, within free electron approximation 
(FEA)…………………………………………………………………………………………71 
 
Figure 4.17 - Representation of crystallography plans (121) and (101) in the    a) HH-
A and b) FH-A structures…………………………………………………………………..72 



 
 

 
Figure 4.18 - Charge density of a) HH-A vanadium with isosurface: 0.055 eÅ-3, b) FH-
A vanadium with isosurface: 0.044 eÅ-3; and Electron localization function of c) HH-A 
vanadium with isosurface:  0.22, and d) FH-A vanadium with isosurface: 0.16……..74 
 
Figure 4.19 - Electron localization function obtained from HSE06 calculations in the 
planes (12̅1) and (101) for a) HH-A and b) FH-A vanadium structures……………...75 
 
Figure 4.20 - Charge density of a) HH-A niobium with isosurface: 0.057 eÅ-3, b) FH-A 
niobium with isosurface: 0.044 eÅ-3; and Electron localization function of c) HH-A 
niobium with isosurface:  0.22, and d) FH-A niobium with isosurface: 0.16 …………77 
 
Figure 4.21 - Electron localization function obtained from HSE06 calculations in the 
planes (12̅1)  and (101) for a) HH-A and b) FH-A niobium structures………………..78 
 
Figure 4.22 - Charge density of a) HH-A tantalum with isosurface: 0.052 eÅ-3, b) FH-
A tantalum with isosurface: 0.045 eÅ-3; and Electron localization function of c) HH-A 
tantalum with isosurface:  0.23, and d) FH-A tantalum with isosurface: 0.28………..80 
 
Figure 4.23 - Electron localization function obtained from HSE06 calculations in the 
planes (12̅1) and (101) for a) HH-A and b) FH-A tantalum structures………………...81 
 
Figure 4.24 - Calculated bandstructures obtained from Wannier functions (dashed 
lines) and GGA-PBE calculations (solid lines) Tantalum HH-A structure…………….82 
 
Figure 4.25 - Theoretical and experimental results for (a) Seebeck coefficient, (b) 
electrical conductivity (c) electronic component of thermal conductivity and (d) ZT 
versus temperature in the range of temperature 200 –1050K for HH-A tantalum 
structure. Experimental data extracted from Ref. Shan Li, et al [62]………………….83 
 
Figure 4.26 - Calculated (a) Seebeck coefficient, (b) electrical conductivity and (c) 
power factor for in HH-A structure, as a function of the chemical potentials for 
different temperatures……………………………………………………………………..84 
 
 
 
 
 

 

 

 

  



 
 

LIST OF TABLES 

 
Table 4.1 - Wyckoff positions for the atoms Co, Sn and Ta for each HH and FH structure. The 
8c position is occupied only in FH case………………………………………………………48 
 
Table 4.2 - Lattice parameter of Group VB alloys……………………………………...........49 
 
Table 4.3 - Atomic and Pauling electronegativity [129]……………………………………..50 
 
Table 4.4 - Local (m) and total (M) magnetic moments of the structures HH and FH for (Co-
V-Sn) alloys from HSE06 (GGA-PBE) calculation. Δm represents the contribution of 
interstitial region of the crystal. Values of M in bold are in accordance with the Slater-Pauling 
rule……………………………………………………………………………………………53 
 
Table 4.5 - Band gap of VB Group alloys……………………………………………………56 
 
Table 4.6 - Local (m) and total (M) magnetic moments of the structures HH and FH for (Co-
Nb-Sn) alloys from HSE06 (GGA-PBE) calculation. Magnetic moments calculated with 
GGA-PBE for comparation. Δm represents the contribution of interstitial region of the crystal. 
Values of M in bold are in accordance with the Slater-Pauling rule…………………………57 
 
Table 4.7 - Local (m) and total (M) magnetic moments of the structures HH and FH for (Co-
Ta-Sn) alloys from HSE06 (GGA-PBE) calculation. Magnetic moments calculated with 
GGA-PBE for comparation. Δm represents the contribution of interstitial region of the crystal. 
Values of M in bold are in accordance with the Slater-Pauling rule…………………………61 
 
Table 4.8 - Effective masses of CoVSn HH-A………………………………………….........66 
 
Table 4.9 - Effective masses of CoNbSn HH-A……………………………………………...69 
 
Table 4.10 - Effective masses of CoTaSn HH-A………………………………………..........71 
 
Table 4.11 - Bader Charge q (|e|) obtained from HSE06 calculations for vanadium alloys. 
Values in bold represent the atoms in the 4c/8c sites………………………………………...73 
 
Table 4.12 - Bader Charge q (|e|) obtained from HSE06 calculations for niobium alloys. 
Values in bold represent the atoms in the 4c/8c sites………………………………………...76 
 
Table 4.13 - Bader Charge q (|e|) obtained from HSE06 calculations for tantalum alloys. 
Values in bold represent the atoms in the 4c/8c sites………………………………………...79 
  



 
 

LIST OF ACRONYMS AND ABBREVIATIONS 

 

2D                             Two Dimensions 

BZ                             Brillouin Zone 

CCB                          Conduction Band Bottom  

COP21                      21st Conference of the Parties  

DOS                          Density of States 

DFT                           Density Functional Theory 

ELF                           Electron Localization Function  

FH                     Full-Heusler 

FEA                          Free Electron Approximation 

GGA                         Generalized-Gradient Approximation  

HF                             Half-Metallic   

HH                     Half-Heusler 

HSE06                       Hybrid functional HSE06 

KS                              Kohn-Sham 

LDA                          Local Density Approximation  

LSDA                        Local Spin Density Approximation 

MSMAs                    Magnetic Shape Memory Alloys  

mBJ                          Modified Becke Johnson (mBJ) 

PAW                         Projector Augmented-wave 

PBE                          Perdew, Burke and Ernzerhof  

PEDOT                     Poly(3,4‑ethylenedioxythiophene) 

PCR                          Polymerase Chain Reaction  

PGEC                       Phonon-Glass – Electron Crystal  

PLEC                        Phonon-Liquid Electron-Crystal  

RTGs                        Radioisotope Thermoelectric Generators  

SOC                         Spin-Orbit Coupling 

TDOS                      Density of States Total 

VASP                       Vienna ab-initio simulation package  

VB                            Elements of VB group: V, Nb and Ta 

WF                           Wannier function  

MLWFs                   Maximally Localized Wannier Functions  

VBT                         Valence Band Top 



 
 

LIST OF SYMBOLS 

 

S                              Seebeck Coefficient Π                             Peltier Coefficient 

I                               Electric Current 

ZT                           Figure Merit κ                             Total Thermal Conductivity 

κlat                                   Lattice (Phonon) Component of Thermal Conductivity 

κel                            Electronic Component of Thermal Conductivity σ                              Electronic Conductivity 

T                             Temperature Absolute 

∆T                           Temperature Absolute Difference 

L                              Lorenz Number η                              Power Generation Efficiency Ψ                     Wave-function r⃗                     Electron Position Vector N                             Electron Number 

e                              Elementary charge  R⃗⃗⃗                              Nucleus Position Vector  M                             Atomic Nucleus Mass m0∗                            Rest Electron Mass   ℏ                              Planck constant divided by 2π  e                              Elemental Charge  

Z                              Atomic Number ∇                              Gradient Operator ∇2                            Laplacian Operator ∑ …                          Sum Symbol ∫ dr                         Integral Symbol ⟨Ψ|L|Ψ⟩                   Expectation value of L ⟨L⟩                            Expectation value of L ddx                             Differential Operator 

T                              Kinetic Energy Operator 𝐕𝐞𝐱𝐭                          External Potential 



 
 

𝐕𝐞𝐞                            Electron-Electron Repulsion Potential 𝐕𝐢𝐧𝐭                           Electron-Electron Interactions Potential  EII                             Nuclei-Nuclei Interaction  ρ                               Density of charge δ(r − ri)                   Function Delta-Dirac 

F[f]                           Functional of function f δδf                              Differential Operator to Functional FHK[ρ(r⃗)]                 Electronic Energies (Except External Potential) Ts[ρ(r⃗)]                    Kinetic Energy of Electrons in the Non-Interacting System EHartree[ρ(r⃗)]          Hartree Energy Exc[ρ(r⃗)]                  Exchange-Correlation Energy EII                             Nucleus-Nucleus Coulomb Interaction θiKS                            i-th Kohn-Sham orbitals vxc(r⃗)                       Exchange-Correlation Potential ϵxc                             Exchange-Correlation Density  vS                              Effective Potential HKS                            Kohn-Sham's Hamiltonian Operator ϵi                               i-th Kohn-Sham Orbitals Energy  ϵxchom                          Exchange-Correlation Density to Homogeneous Gas ExcLDA                          Exchange-Correlation Energy to LDA approximation ExcGGA                          Exchange-Correlation Energy to GGA approximation ExcPBE                          Exchange-Correlation Energy to GGA-PBE approximation ϵchom                          Correlation Density to Homogeneous Gas ϵxhom                          Exchange Density to Homogeneous Gas unk                            Bloch Periodic Function w0                             Wannier function Umndis(k)                      Matrix N(k) × N states En,k                           Energy of the Band n at k vi                              Band Velocity at (n, k) μ                                Potential Chemical  τ                               Relaxation Time ZVEC                                      Number of Valence Electrons 



 
 

q                                               Charge Bader m∗                                          Effective mass mDOS∗                                     Density of States Effective Mass 

Nd                                            Degeneracy Factor 

Ec                                             Cohesive Energy 

ET                                            Total Energy 

eV                             eletron-Volt  

Å                              Angstrom  

a                               Lattice Parameter 

aopt                            Optimized Lattice Parameter 

P(n,k)                       Permutation  

Ef                                            Fermi Level 

eg, t2g                                   Molecular Orbitals in Crystal Field Theory 

m                             Total magnetization 

Δm                                         Contribution of the Interstitial Region of the Crystal to the Total 

                                Magnetic Moment 

µB                                          Bohr magneton 

  

 

 

 

 

 

 

  



 
 

SUMMARY 

 

1– INTRODUCTION ..................................................... Error! Bookmark not defined. 

1.1 - Thermoelectric materials and figure of merit ....................................................... 19 

1.2 - Heusler alloys .................................................................................................. 23 

2 – THEORETICAL AND COMPUTATIONAL FOUNDATIONS .................................. 24 

2.1- Quantum many bodies system ............................................................................ 24 

2.2- Density Functional Theory and Hohenberg–Kohn theorems .................................. 26 

2.3- Density Functional Theory and self-consistent process .......................................... 27 

2.4- 𝐸𝑥𝑐 approximations .......................................................................................... 30 

2.4.1- LDA approximation ........................................................................................ 31 

2.4.2- GGA approximation ....................................................................................... 31 

2.4.3- GGA-PBE approximation ................................................................................ 32 

2.4.4 – Meta-GGA functional (mBJ) .......................................................................... 33 

2.4.4 – Hybrid functional (HSE06) ............................................................................ 34 

2.5- Pseudopotential ................................................................................................. 34 

2.6- Brillouin Zone .................................................................................................. 36 

2.7- VASP Package.................................................................................................. 36 

2.8- Wannier special functions .................................................................................. 37 

2.9- Boltzwann computational package ...................................................................... 38 

2.9- Analysis tools for Chemical Bonds ..................................................................... 39 

2.9.1 Density of Charges .......................................................................................... 39 

2.9.2 Electron Localization Function (ELF) ................................................................ 39 

2.10 Effective Mass ................................................................................................. 42 

2.11 Spin–orbit coupling (SOC) ................................................................................ 44 

2.12 Cohesive Energy (Ec) ........................................................................................ 44 

3 – METHODOLOGY ................................................................................................. 45 

4 – RESULT AND DISCUSSION ................................................................................. 46 

4.1 Structures .......................................................................................................... 46 

4.1.1 Vanadium alloys .............................................................................................. 48 

4.1.2 Niobium alloys ................................................................................................ 50 

4.1.3 Tantalum alloys ............................................................................................... 51 

4.2 Electronic and Magnetic properties ...................................................................... 52 

4.2.1 Vanadium alloys .............................................................................................. 52 

4.2.2 Niobium alloys ................................................................................................ 57 



 
 

4.2.3 Tantalum alloys ............................................................................................... 61 

4.3 Effective Mass and SOC ..................................................................................... 65 

4.3.1 Vanadium alloys .............................................................................................. 65 

4.3.2 Niobium alloys ................................................................................................ 67 

4.3.3 Tantalum alloys ............................................................................................... 70 

4.4 Chemical Bonds ................................................................................................. 72 

4.4.1 Vanadium alloys .............................................................................................. 72 

4.4.2 Niobium alloys ................................................................................................ 75 

4.4.3 Tantalum alloys ............................................................................................... 78 

4.5 Thermoelectric Properties ................................................................................... 81 

5 – CONCLUSION ...................................................................................................... 85 

6 – REFERENCES ...................................................................................................... 85 

SCIENTIFIC ACTIVITIES .......................................................................................... 99 

 



18 
 

 

1 – INTRODUCTION 

 
 The use of electrical, thermal, mechanical or any other type of energy has been a key 

factor for the survival and development of the human race  [2]. Its use is crucial for the progress 

and improvement of social welfare, in fact, countries that have access to modern electricity 

energy matrices are associated with poverty reduction and improvements in the Human 

Development Index [3,4]. In addition, to the democratization of access to energy sources, 

another current concern is the search for renewable and clean energy matrices, that do not emit 

polluting substances. At the 21st Conference of the Parties (COP21), the Paris Agreement was 

signed, which established goals for countries to reduce greenhouse gas emissions and outline 

prospects for the impact of new technologies on the decarbonization of energy matrices [5]. 

Beyond the predominance of non-clean and non-renewable sources for power generation, 

energy conversion efficiency is another problem. Currently, less than 40% of the energy used 

is effectively converted into electricity [6,7].  

As shown in Figure 1.1 (a), the global consumption of energy increases year by year, being 

the fossil fuel (oil, natural gas and coal) the main source.  These energy matrices are the main 

responsible for climate change, in reason of release of SOx, NOx and CO2 emissions to 

atmosphere, and also have a high impact in the world economy [8–11]. On the other hand, the 

use of renewable energy sources also increased, mainly after 2010, as shown in Figure 1.1(b). 

Besides of hydropower generation, new technologies known as “green energies” [12] have 

contributed to global energy consumption and are a new frontier to economic development [13–

15]. 

As well known, during the process of converting primary energy into electrical energy, a 

large loss occurs. From this perspective, thermoelectric materials are promising, as they can be 

used to build devices capable of converting thermal energy into electrical energy (and vice 

versa), without emitting pollutants and offering longer usage time. 
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Figure 1.1: Global primary energy consumption by source from 2000 to 2022 (a) 

absolute numbers (b) relative numbers [1]. 

 

1.1 - Thermoelectric materials and figure of merit 

 

 The thermoelectric phenomenon was first reported by T. J. Sebbeck in 1822 [16,17], 

when he experimentally observed the needle movement of a compass, when it was brought 

together by two different conductors placed together and exposed to a temperature difference 

at the junctions. The needle movement occurred in reason of electromagnetic field created from 

electrical current generated by temperature difference. In 1834, J. C. Peltier [18] observed an 
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inverse phenomenon, where an electrified junction of two different semiconductors caused a 

temperature difference at the junctions. However, it was only in 1851 that these two 

observations were correlated and better explained by W. Thomson (Lord Kevin) [19], who 

predicted a third phenomenon. Therefore, the conversion of thermal energy to electrical energy 

is known as the Seebeck Effect; the conversion of electrical energy into thermal energy as the 

Peltier Effect; and the concomitant Seebeck and Peltier effects as Thomson Effect. 

 Modern thermoelectric devices, known as thermocouple, are formed by a pair of n- and 

p-type semiconductors [20]. Figure 1.2 (a) depicts the Effect Seebeck in a thermocouple, where 

the temperature difference creates an electric field in opposite directions for each 

semiconductor. This create a potential difference between them and generates an electric 

current when the circuit is closed. It was considered a current of positive carries. Also, the 

potential difference, in terms of absolute temperature T, can be given by: d VdT = Sa − Sb = Sab 1.1 

which Saand Sb are absolute Seebeck coefficient of materials a and b, respectively, while 𝑆𝑎𝑏 is 

the relative Seebeck coefficient of the thermocouple. For p-type semiconductor the absolute 

Seebeck coefficient is positive (S > 0)  otherwise, negative (S < 0) for n-type.  

 

(a) 

 

(b) 

Figure 1.2: Representation of the circuits that describe the (a) Seebeck and (b) Peltier effects. 

 

 On the other hand, the Peltier effect is observed when a current I is present in a circuit, 

producing a cooling of one junction and the heating of the other, as shown in Figure 1.2 (b). 

This rate of heat is given by [21]: 
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d Qdt = (Πa − Πb)I = ΠabI 1.2 

which Πaand Π𝑏 are the absolute Peltier coefficient of materials a and b, while Πab is the 

relative Peltier coefficient of thermocouple. 

 The Thomson effect occurs when electric current and a temperature gradient co-exist in 

homogeneous conductor. This causes a reversible cooling or heating. However, this effect has 

little impact when the gradient of temperature is not large and generally is negligible [21]. 

Furthermore, the relationship between the Peltier and Seebeck coefficients is given by: Πab = SabT 1.3 

  

The efficiency of a thermoelectric generator or a cooler is related to the parameter 

known as Figure of Merit [20]:  Z =  σS2κ  1.4 

where S is the Seebeck coefficient, σ the electrical conductivity, and κ the thermal conductivity. 

The Power Factor is defined as PF =  σS2. The thermal conductivity is usually written as the 

sum of its electrical (κel) and lattice (κlat) components. The electronic component of thermal 

conductivity arises of energy transported by electrons as heat and can be estimated from the 

Wiedemann Franz relation [22]:  κele = L𝜎T 1.3 

where L = 2.44 × 10−8 V2K-2 is the Lorenz Number and T is absolute temperature. While the 

lattice component (κlat) can be explained from phonon theory.  Commonly, the figure of merit 

is multiplied by the temperature of operation, i.e., ZT, being dimensionless. Additionally, the 

figure of merit of the thermocouple is given by an average ZT of the materials.  

 The power generation (ηpg) and cooler (ηcooler) efficiency can be defined as [23]:  

 

ηpg = Th − TcTh  [ √1 + ZTave − 1√1 + ZTave − TcTh] 1.6 

ηcooler = ThTh − Tc [ √1 + ZTave − ThTc√1 + ZTave + 1 ] 1.7 

ZTave =  1Th − Tc ∫ ZTThTc  dT 1.8 
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where Th and Tc are the temperature of the hot, cold ends; while Tave is the average temperature. 

For  ZTave → ∞ the term in brackets is equal to 1, that is, the thermoelectric device has a 

maximum efficiency. For the power generation, the maxim efficiency is given by Carnot 

efficiency: 
Th−TcTh .  

The great challenge for the development of high-efficiency thermoelectric devices is to 

find materials that have low thermal conductivity, high Seebeck coefficient and electrical 

conductivity. Comparatively, for ZTave = 3.0 and ∆T= 400K,  ηpg ≈ 25%; and for ZTave = 3.0 

and ∆T = 20 K, ηcooler ≈ 6%  [23]. 

Commercially, bismuth telluride (Bi2Te3) is the most used thermoelectric for 

refrigeration around room temperature, with ZT ≈ 1.1. This value can be improved through 

doping process [24,25]. Materials as lead telluride PbTe; tellurium, antimony, germanium and 

silver alloys; and silicon–germanium solid solution Si1-xGex are used in thermoelectric devices 

as well as in studies for development of radioisotope thermoelectric generators (RTGs) for 

spatial applications [26]. Due to the decrease in the cost of semiconductor production, the 

integration of thermoelectric devices in other areas has increased considerably, such as: 

thermoelectric devices keep laser diodes at constant temperature to stabilize operating 

wavelengths; biological assaying for development of polymerase chain reaction (PCR), and the 

use of thermoelectric devices in PCR for control thermally the quantities of enzymatic reactions 

in temperature cycles [27]. 

 Currently, several materials/concepts are being studied for the development of high-

performance thermoelectric materials, such as: i) phonon-glass – electron crystal (PGEC) in 

which heavy atoms would be allocated in vibrating "cages", spreading the phonons, but 

allowing good conductivity [28]; phonon-liquid electron-crystal (PLEC) as a new strategy of 

decreasing the thermal conductivity of the lattice through a liquid type behavior of 

superconductors [29]. ii) 2D materials based on NaxCoO2, In4Se3, SnSe, Bi-SnSe and Na-SnSe 

that can reach ZT ≈ 2 [30]. iii) superlattices that are formed by periodic arrangement of 

successive adjacent layers, which can scatter phonons and ultimately decreases thermal 

conductivity, and increases S coefficient by increasing the density of states at the Fermi level 

[31]. Bi2Te3/Sb2Te3, Bi2Te3/Bi2Se3 as well as PbSeTe/PbTe are among the structures studied 

[32]. iv) Organic compounds that has the advantage of being non-toxic, enabling recycling, 

easy modeling, carbon is abundant; however, they have the disadvantage of degrading at high 

temperatures [33]. Some examples are poly(3,4‑ethylenedioxythiophene) (PEDOT), 

polythiophenes, polyacetylenes and polyanilines [34]; v) materials with low thermal 
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conductivity are promising thermoelectric application, such as the chalcogenides [35]; and vi) 

Heusler alloys that present promising characteristics with high power factor, thermal and 

mechanical stability and are composed of elements abundant in nature [36,37]. 

 

1.2 - Heusler alloys 

 

 Heusler alloys were discovered in 1903 by F. Heusler [28], when he was studying the 

compound Cu2MnAl, which is currently classified as a Full-Heusler alloy (FH). Details of the 

crystal structure of Heusler alloys will be presented in details in Section 4.1. Ternary Heusler 

alloys can be formed from several elements of periodic table [38], and are studied for 

application in several areas, such as, spintronic [39] magnetoelastic [40], topological insulators 

[41], magnetic shape memory alloys (MSMAs) [42]  and thermoelectric. 

 In the thermoelectric context, materials that have narrow bandgaps and density of states 

around the Fermi level generally have a higher power factor for high temperatures, thus being 

promising compounds for this type of application. [43]. In this scenario, the alloys called Half-

Heusler (HH) were studied: (Zr/Hf/Ti)NiSn with ZT > 1.2 ( for T > 700K) [44,45], Ti-doped 

FeNbSb with ZT > 1 (T ≈ 1000 K) [46]. FeNb1-x TixSb presented ZT of 1.1 at 1100K with x = 

0.02 [46]. Other Heusler structures with various combinations of elements can lead to both p-

type and n-type thermoelectric materials. [47–49] 

 In the literature [50] , the synthesis of CoVSn revealed a low ZT ≈ 0.007 in reason of 

formation of intermetallic phases. On the other hand, CoNbSn alloys [51–60] doped with 

different elements such as Hf, Sb, Pt, Ti, Sb can reach ZT ≈ 0.6. Kimura and Tamura [52] 

reported an interesting increase in ZT in Co1+xNbSn compound, when the concentration of Co 

was increased. The HH alloy CoTaSn was successfully synthesized [61] and had its 

thermoelectric properties studied by S. Li et al. [62], presenting ZT ≈ 0.01. For the complex 

compound, Ta0.6Nb0.4CoSn 1−xSbx, ZT = 0.75 for 973K and x = 0.06.  

Theoretical study of physicochemical properties of Heusler alloys is very useful for 

understanding and developing of high-performance thermoelectric devices. From first principle 

calculations, using the accurate HSE06 hybrid functional, within Density Functional Theory 

(DFT), this work presents the results for several properties of Co-VB-Sn (VB = V, Nb, Ta) 

Heusler alloys. The results are presented for: lattice parameter; cohesion energy; density of 

states; band structures; band gap; magnetic moments; effective masses; Bader Charges, ELF 

functions; Charge Densities; chemical bonds; and thermoelectric parameters. The results were 

compared to the available experimental data.  
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2 – THEORETICAL AND COMPUTATIONAL FOUNDATIONS 

 
2.1- Quantum many bodies system 

 

A quantum system that involves the interaction of many particles can have its chemical 

physical properties analyzed based on the knowledge of its quantum states. For a given quantum 

system, the time-independent Schrödinger equation takes the following form: 

 𝐇Ψ(r1⃗⃗⃗⃗ , … , rN⃗⃗⃗⃗⃗) = EΨ(r1⃗⃗⃗⃗ , … , rN⃗⃗⃗⃗⃗)                                        2.1 

 where 𝐇 is the Hamiltonian operator of the system, 𝐸 are the energy eigenvalues and Ψ(r1⃗⃗⃗⃗ , … , rN⃗⃗⃗⃗⃗) are the wave functions. The Hamiltonian operator for a quantum system of one or 

more atoms can be given by [63]:  

 𝑯 = − ℏ22m0∗ ∑ ∇i2i − ∑ ZIe2|ri⃗⃗⃗ − RI⃗⃗⃗⃗⃗|i,I + 12 ∑ e2|ri⃗⃗⃗ − rj⃗⃗⃗|i≠j −  
− ∑ ℏ22MI ∇i2 + 12 ∑ ZIZJe2|RI⃗⃗⃗⃗⃗ − RJ⃗⃗ ⃗⃗ | .i≠jI  

   2.2 

where 𝑟𝑖 and  𝑅𝐼 are the positions of the i-th electron and I-th nucleus, respectively;  𝑀𝐼 is the 

I-th atomic nucleus mass; 𝑚0∗ , ℏ and 𝑒 are the rest mass of electron (9.109𝑥10−31 Kg), the 

Planck constant divided by 2π (1.054𝑥10−34J.s) and the elemental charge (1.602𝑥10−19C), 

respectively. The first term of equation 2.2 refers to the electronic kinetic energy, the second to 

the nucleus-electron attraction, the third to the electron-electron repulsion, the fourth to the 

kinetic energy of the nucleus and the last energy to the nucleus-nucleus repulsion.  

 The complexity of the Hamiltonian operator makes Equation 2.1 very difficult to solve, 

that is, only numerical solutions are possible. Generally, the first simplification is to consider 

atomic nuclei as being infinitely more massive than electrons, so that the approximation 1/MI ⟶ 0 can be adopted, which makes the fourth term of Equation 2.2 negligible. This 

simplification is known as the Born-Oppenheimer (adiabatic) approximation, where atomic 

nuclei can be considered as static, and 𝑅𝐼 are parameters rather than variables. Thus, the 

Hamiltonian described by equation 2.2 can be simplified to: 𝐇 = 𝐓 + 𝐕𝐞𝐱𝐭 + 𝐕𝐢𝐧𝐭 + 𝐄𝐈𝐈 .      2.4 

 

In which, using the Hartree atomic units 𝑚0∗ =  ℏ =  𝑒 = 4πε0 = 1, are written as: 
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𝐓 = − 12 ∑ ∇i2i  , 
𝐕𝐞𝐱𝐭 =  − ∑ 1|ri⃗⃗⃗ − RI⃗⃗⃗⃗⃗|i,I  , 
𝐕𝐢𝐧𝐭 =  12 ∑ 1|ri⃗⃗⃗ − rj⃗⃗⃗|i≠j  , 

 𝐄𝐈𝐈 =  12 ∑ 1|RI⃗⃗⃗⃗⃗ − RJ⃗⃗ ⃗⃗ |i≠j =  constant 
 

      

 

 

 

 

 

 

 

2.3 

 

where T is the kinetic energy operator, 𝐕𝐞𝐱𝐭 is the external potential, which is the sum of all 

nucleus-electron interactions,  𝐕𝐢𝐧𝐭 represents the electron-electron interactions, and 𝐄𝐈𝐈 is the 

nuclei-nuclei interaction. This term can be considered constant and added in the final result, in 

reason of Born-Oppenheimer approximation.  

Even considering the adiabatic approximation, the many-body problem remains 

difficult to solve due to the electron-electron interaction term, which does not allow us to 

propose a separation of variables to solve Equation 2.1. In this context, the Density Functional 

Theory (DFT) emerged, which proposes the study of a given quantum system based on the 

density of charge of its ground state (𝜌0 ).  
Considering the density operator as: 

 

 𝛒(r⃗) = ∑ δ(r − ri)i=1,N                  2.6 

 

the density of particles ρ(r⃗) can be written by the expectation value of 𝛒(r⃗) [64]: 

 ρ(r⃗) =  ⟨Ψ|𝛒(r⃗)|Ψ⟩⟨Ψ|Ψ⟩  
= N ∑ ∫ |Ψ(r⃗, r⃗2, r⃗3 … r⃗n)|2all spins dr⃗2dr⃗3 … dr⃗N∫ |Ψ(r⃗1, r⃗2, r⃗3 … r⃗N)|2 dr⃗1dr⃗2dr⃗3 … dr⃗N  

                2.6 

So, the total energy is: 

 E = ⟨Ψ|𝐇|Ψ⟩ = ⟨𝐓⟩ + ∫ ρ(r⃗)𝐕𝐞𝐱𝐭 dr3 + ⟨𝐕𝐢𝐧𝐭⟩ + EII                       2.7 
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where the external potential is given by the integral over the density functional and EII is the 

nucleus-nucleus coulomb interaction. 

 

2.2- Density Functional Theory and Hohenberg–Kohn theorems 

 
The pioneering development of DFT is due to the work of Hilleth Thomas and Enrico Fermi 

who proposed in 1927 to analyze a homogeneous and no-interacting electron gas system, that 

satisfied Fermi's statistics. In this analysis, the kinetic energy of electrons is approximated as a 

function of ρ(r⃗), and the terms of exchange and correlation between electrons are omitted. The 

exchange-correlation term refers to others electronic interactions.  Later, these terms were 

included by Paul Dirac in 1930, when he formulated the local approximation to the exchange 

term, and still in use today [63,65]. Modern DFT is essentially based on two theorems proposed 

by P.  Hohenberg and W.  Kohn at 1964  [66], that is: 

 

Theorem I: For a given quantum system of interacting particles in an external potential 𝑽𝒆𝒙𝒕(𝑟𝑖), this potential is determined unambiguously by the ground state particle density 𝜌0(𝑟). 

 

This theorem implies that all properties of a given quantum system can be obtained from ρ0(r⃗). 

On the other hand, the proof of this theorem is based on the principle of reduction to absurdity 

[64]. Two external potentials 𝐕𝐞𝐱𝐭,𝟏(r⃗i) and 𝐕𝐞𝐱𝐭,𝟐(r⃗i) that differ from each other by a constant 

must designate two different Hamiltonian operators 𝐇1 and 𝐇2 and consequently two different 

wave functions Ψ1 and Ψ2. The premise is that both potentials lead to the same particle density 

in the ground state ρ0(r⃗). Based on the variational principle, for a fundamental non-degenerate 

state, ⟨Ψ|𝐇|Ψ⟩ > E0, if Ψ is an eigenstate of 𝐇.  Therefore: 

 E1 = ⟨Ψ1| 𝐇1| Ψ1⟩ < ⟨ Ψ2| 𝐇1| Ψ2⟩.                   2.8 

The last term can be written as: 

 ⟨ Ψ2| 𝐇1| Ψ2⟩  =  ⟨ Ψ2| 𝐇2| Ψ2⟩  + ⟨ Ψ2| 𝐇1 −  𝐇2| Ψ2⟩   = E2 + ∫ ρ0(r⃗)[𝐕𝐞𝐱𝐭,𝟏 − 𝐕𝐞𝐱𝐭,𝟐] dr3 
                  2.9 

Thus, 

 E1 < E2 + ∫ ρ0(r⃗)[𝐕𝐞𝐱𝐭,𝟏 − 𝐕𝐞𝐱𝐭,𝟐] dr3.                    2.10 

Similarly:  
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 E2 < E1 + ∫ ρ0(r⃗)[𝐕𝐞𝐱𝐭,𝟐 − 𝐕𝐞𝐱𝐭,𝟏] dr3.                    2.11 

Comparing equations 2.10 and 2.11 we arrived at: 

 E1 + E2 < E1 + E2                   2.12 

which is a false inequality. Thus, the premise that the same density ρ0(r⃗) can set two potentials 𝐕𝐞𝐱𝐭,𝟏(r⃗i) and 𝐕𝐞𝐱𝐭,𝟐(r⃗i) it's false, as we wanted to demonstrate. The validity of this theorem for 

the degenerate case can be found in the Parr and Yang  [67] work.  

 

Theorem II: A universal functional of the energy E[𝜌(𝑟)] can be written, which is valid for 

any external potential 𝑽𝒆𝒙𝒕(𝑟𝑖). The value of the global minimum for the functional E[𝜌(𝑟)] will 

be defined by the density of the ground state 𝜌0(𝑟). 
 

 The proof of this theorem is given from Equation 2.7, written in terms of density:  

 E[ρ(r⃗)] = ⟨𝐓[ρ(r⃗)]⟩ + ∫ ρ(r⃗)𝐕𝐞𝐱𝐭 dr3 + ⟨𝐕𝐢𝐧𝐭[ρ(r⃗)]⟩ + 𝐄𝐈𝐈 = 𝐅𝐇𝐊[ρ(r⃗)] + ∫ ρ(r⃗)𝐕𝐞𝐱𝐭 dr3 + 𝐄𝐈𝐈                      2.13 

 

where the functional 𝐅𝐇𝐊[ρ(r⃗)] is defined as electronic energies except those that depend on 

the external potential. 

 Considering ρ0(r⃗) associated with a potential 𝐕𝐞𝐱𝐭(r⃗i), which leads to a Hamiltonian 𝐇 and an eigenstate Ψ0. And ρ1(r⃗)  as another density that takes a different eigenstate Ψ1. 

Therefore, by the variational principle:  

 E0 = ⟨Ψ0|𝐇 | Ψ0⟩ < ⟨ Ψ1|𝐇 | Ψ1⟩ = E1.                  2.14 

Therefore, the energy of the fundamental state defined by: 

 E0 = ⟨Ψ0| 𝐇1| Ψ0⟩                  2.15 

it is necessarily the energy that minimizes the functional E[ρ(r⃗)]. 
 

2.3- Density Functional Theory and self-consistent process 

 
Although Hohenberg–Kohn's theorems present the possibility of describing a quantum 

system based on the density of the ground state, there is no indication of how to perform these 

calculations. So, how to solve the many-body problem based on DFT is a big task. Thus, in 

1965, W. Kohn and L. J. Sham (KS) [68] proposed a method that allows many-body problem 
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to be solved more easily using an auxiliary system of equations. That is, the set of single-particle 

KS equations includes many-body effects. 

The KS model assumes that the external potential, 𝐕𝐞𝐱𝐭 in Equation 2.4, will depend on 

the configuration of the system. However, the electron-electron repulsion 𝐕𝐞𝐞 and the kinetic 

energy of electrons 𝐓 have the same mechanism of action on all systems. Therefore, the system 

is analyzed with a set of single-particles, but taking into account the many-body effects, then 

equation 2.7 can be rewritten as, 

 

 E[ρ(r⃗)] = Ts[ρ(r⃗)] + ∫ ρ(r⃗)𝐕𝐞𝐱𝐭 dr3  + + EHartree[ρ(r⃗)] + Exc[ρ(r⃗)] + EII              2.16 

  

where the term Ts[ρ(r⃗)] is the kinetic energy of electrons in the non-interacting system [64]; 𝐕𝐞𝐱𝐭 is the external potential taking into account the nuclei and other external fields;  EII is due 

nucleus-nucleus interaction; EHartree corresponds to the classical coulomb electron-electron 

interaction, defined as: 

 EHartree = ∫ ρ(r⃗)ρ(r⃗′)dr3dr′3|r⃗ − r⃗′|               2.17 

and Exc[ρ(r⃗)] take into account the many-body effects, including exchange effects due to 

antisymmetric principle and correlation effects due to the fact that electron movement is 

correlated.  

To minimize the energy presented in Equation 2.16, the Euler-Lagrange multiplier 

method is used. Considering N electrons, 

 N = ∫ ρ(r⃗)dr3, ρ(r⃗)  ≥ 0 
              2.18 

and according to the stationary principle: 

 δ{E[ρ(r⃗)] − Nϵ} = 0               2.19 

where ϵ is the energy of electrons described in the orbitals. 

For a system of N electrons, the density can be given by a summation of N self-functions θiKS  of one-electron:  

 ρ(r⃗) = ∑|θiKS|𝟐.𝐍
𝐢=𝟏                 2.20 
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Initially, this equation is defined only to the system of non-interacting electrons, since the 

eigenfunctions θiKS are defined to a Hamiltonian to this type of system [64]. The eigenfunctions θiKS are known as Kohn-Sham orbitals. As density depends on the eigenfunctions θiKS, the 

electronic density can be minimized by minimizing θiKS.  
Writing  Ts[ρ(r⃗)] in terms of Kohn-Sham orbitals:  

Ts[ρ(r⃗)] = ∑ ∫ ∇θiKS∇(θiKS)∗ dr3𝐍
𝐢=𝟏                   2.21 

The variation of this term implies: δTs[ρ(r⃗)]δρ(r⃗)  = −∇2 θiKS.                   2.22 

In this way, we can write:  {−∇2 + 2 ∫ ρ(r⃗′)dr′3|r⃗ − r⃗′| + ∫ ∫ ρ(r⃗)ρ(r⃗′)dr3dr′3|r⃗ − r⃗′|   + vxc(r⃗) } θiKS
= ϵiθiKS 

 

                 2.23 

where exchange-correlation potential vxc(r⃗) is given by,  

 vxc(r⃗) = δExc[ρ(r⃗)]δρ(r⃗)             2.24 

and the exchange-correlation energy is: Exc[ ρ(r⃗) ] = ∫ ρ(r⃗)ϵxc(ρ(r⃗)) dr3     2.25 

considering ϵxc(ρ(r⃗)) as the exchange-correlation density. 

The Equation 2.23 can be rewritten as: { − ∇2 +  vs}θiKS =  𝐇KSθiKS  =  ϵiθiKS     2.26 

in which  vS is known as an effective potential and  𝐇KS as Kohn-Sham's Hamiltonian operator. 

Thus, θiKS eigenfunctions are obtained from a system of N electrons that do not interact, but 

they are under the influence of an effective potential that describes the many-body system. 

Moreover, Kohn-Sham orbitals also consider the exchange-correlation electron-electron 

interaction, which is included in the effective potential through the  vxc(r⃗). 

The solution of Kohn-Sham equations can be obtained from a self-consistent process, 

starting from an initial (assumption) electronic density (ρ0). This self-consistent process is 

described in Figure 2.1. From ρ0, the kinetic term (−∇12) and KS potential (vs) are determined 

and then the Kohn-Shan orbitals (θiKS) obtained. From θiKS, a new charge density ρ and 
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consequent energy E[ρ] is obtained in a cyclic process where the last charge density ρ is used 

as the input parameter for the next cycle. The system is considered converged when the energy 

difference between the last two cycles reaches a certain minimum value.  

 

 

Figure 2.1: Kohn-Sham self-consistent scheme. 

 

It is also worth mentioning that it is not possible to attribute physical meaning to Kohn-

Sham orbitals 𝜃𝑖𝐾𝑆  and their eigenvalues 𝜖𝑖. Its use is restricted only to the determination of 

density 𝜌(𝑟) in the self-consistent process. To define the exchange-correlation term 𝑣𝑥𝑐(𝑟), 

several important approximations were developed, in the next section some of them are 

presented. 

 

2.4- 𝑬𝒙𝒄 approximations 

 

Initially, the Exc term can be approximated as:  

 

 Exc[ρ(r⃗) ] = ∫ ρ(r⃗) ϵxc dr3                2.27 

where ϵxc is the exchange-correlation energy for each electron ρ(r⃗)-dependent in the vicinity 

of the point r⃗. In these terms, two important approximations are presented below, called Local 

Density Approximation (LDA) and Generalized-Gradient Approximation (GGA).  
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2.4.1- LDA approximation 

 
The Local Density Approximation (LDA) considers a homogeneous electron gas. This 

gas (commonly known as "Jellium") is electrically neutral. Within this approach, the Equation 

2.27 is written in terms of ϵxchom[ρ(r⃗) ]: 
 ExcLDA[ρ(r⃗) ] = ∫ ρ(r⃗) ϵxchom[ρ(r⃗)] dr3.                2.28 

 Thus, ϵxchom[ρ(r⃗)] is separated in relation to their terms of exchange and correlation 

separately:  

 ϵxchom[ρ(r⃗)]  =  ϵchom[ρ(r⃗)] + ϵxhom[ρ(r⃗)]                2.29 

where, 

 ϵxhom[ρ(r⃗)] = −3 (3ρ(r⃗)8π )13
                2.30 

and, 

 ExLDA[ρ(r⃗)] = − 34 (3π)13 ∫[ρ(r⃗)]43 dr3.               2.31 

 

The term ϵchom[ρ(r⃗)] can be obtained mainly through computational approaches or even 

complicated analytical equations. 

 An improvement in the LDA approach can be achieved considering spin polarization, 

called Local Spin Density Approximation (LSDA). In that case, ϵxchom[ρ(r⃗)up, ρ(r⃗)down] and Exchom[ρ(r⃗)up, ρ(r⃗)down] are written in terms of the individual of each spin. The total density 

will be ρ(r⃗)  = ρ(r⃗)up + ρ(r⃗)down.  

 

2.4.2- GGA approximation 

 
The LSDA has been improved by several GGA approximations. In 1986, Perdew and 

Wang  [69] considered that electron-correlation-exchange energy is also functional of the 

density gradient. ϵxc[ρ(r⃗), |∇ρ(r⃗)|], where the equation 2.27 is rewritten as:  

 ExcGGA[ρ(r⃗)up, ρ(r⃗)down]= ∫ ρ(r⃗)ϵxc[ρ(r⃗)down, ρ(r⃗)up, |∇ρ(r⃗)|down, |∇ρ(r⃗)|up] dr3 
2.32 

considering the spin polarization.  
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 The ExcGGA[ρ(r⃗)up, ρ(r⃗)down] is decomposed in its exchange and correlation 

components: 

 ExcGGA =   ExGGA + EcGGA. 2.33 

Usually, the name of the functional is denoted by the initials of its authors along with the year 

in which they were proposed.  

 

2.4.3- GGA-PBE approximation 

 
Nowadays, the GGA established by authors Perdew, Burke and Ernzerhof in 1996 [70] 

is widely used in solids calculations, and called as GGA-PBE. The correlation term is given by: 

 EcPBE[ρ(r⃗)up, ρ(r⃗)down] = ∫ ρ(r⃗)[ ϵchom (rs, ξ) +  H(rs , ξ, t)]dr3                2.34 

   

where ρ(r⃗)  = ρ(r⃗)up + ρ(r⃗)down,  rs is known as a local Seitz radius, defined as rs3 = 4π 𝛒(r⃗⃗)3  , ξ = 𝛒(r⃗⃗)𝐮𝐩−𝛒(r⃗⃗)𝐝𝐨𝐰𝐧𝛒(r⃗⃗)  considering spin polarization, and t = |∇𝛒(r⃗⃗)|2ϕks𝛒(r⃗⃗) is a gradient of density, where 

ϕ = (1+ξ)23+(1−ξ)232   and ks = √4kF π(ℏ2/me2)⁄ . 

 The gradient H was made using three conditions: 

1 – At the limit t → 0, H can be approximated in a second-order expansion: 

 H → 0.066725 e2ϕ3t2a0  2.35 

considering high densities limits (ks→ 0) and a0 = ℏ2me2. 

 2 - At the limit t → ∞ :  

 H → −   ϵchom(rs, ξ) 2.36 

where correlation terms vanish. 

3 - Within a uniform density escalation for the high-density limit, the correlation energy 

must be a constant.  

On the other hand, exchange term is built based on 4 basic conditions:  

1- Within a uniform density and high-density limits:  

 ExPBE[ρ(r⃗)up, ρ(r⃗)down] = ∫ ρ(r⃗)[ ϵxhom (ρ(r⃗)) . Fx (s)]dr3 2.37 

where  ϵxhom(ρ(r⃗)) = −3e2kF4π  and the so-called enhancement factor Fx(0) = 1. 

2 – The exact exchange energy obeys the spin equation:  
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 ExPBE[ρ(r⃗)up, ρ(r⃗)down] = ExPBE[2ρ(r⃗)up] + ExPBE[ρ(r⃗)down]2  . 2.38 

3 – For a non-uniform electron gas, the enhancement factor is given by  Fx(s) → 1 + μs2, 

where for a liner response s → 0  
4 – It is considered the Lieb-Oxford relationship, given by 

 ExPBE[ρ(r⃗)up, ρ(r⃗)down] ≥ ExcPBE[ρ(r⃗)up, ρ(r⃗)down]≥ −1,679e2 ∫ ρ(r⃗)34 dr3 
2.39 

since spin polarization enhancement factor is: 

 Fx(ξ = 1, s) = 213Fx ( s213). 2.40 

So, to describe the non-locality of this GGA approximation, the new enhancement factor Fxc was defined over local exchange, given by: 

 ExcPBE[ρ(r⃗)up, ρ(r⃗)down] = ∫ ρ(r⃗)ϵxhom . Fxc(rs, ξ, s)dr3 2.41 

where for a local spin density Fxc(rs, ξ, 0) → Fxc(rs, ξ, 0). Finally, the GGA-PBE approach not 

only maintains the characteristics of LSDA approximation, but also takes into account the 

gradient-corrected non-locality characteristics. 

 

2.4.4 – Modified Becke Johnson (mBJ)  

 
It is well known that LDA and GGA approximations underestimate the band gap 

energies. In this way, Tran and Blaha [71] presented an efficient method to calculate the band 

gap energies of solids based on the modification of the Becke Roussel exchange potential[72]. 

Modified Becke Johnson (mBJ) potential is given by: 

vX,σmBJ = cvXσBR(r⃗) + (3c − 2) 1π √ 512 √2tσ(r⃗)ρσ(r⃗)  2.42 

where the density of charge and kinetic-energy density are, respectively, 

ρσ(r⃗) = ∑|ψi,σ|2Nσ
i=1  

and 

               2.43 
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tσ(r⃗) = ∑ ∇ψi,σ∗  ∙  ∇ψi,σNσ
i=1 . 

 

The c parameter is obtained from the electronic density, and the so-called Becke-Russel 

potential vXσBR is given by,  vXσBR = − 1bσ(r⃗) (1 − e−Xσ(r⃗⃗) − 12 Xσ(r⃗)e−Xσ(r⃗⃗))    2.44 

 

which represents the Coulomb potential created by the exchange hole.  

 

2.4.4 – Hybrid functional (HSE06) 

 
Hybrid functionals belong to a class of functionals that allow obtaining more accurate 

results for the chemical-physical properties of quantum systems compared to traditional GGA 

functionals. Hybrid functionals allow calculating the exchange-correlation energy Exc[ρ(r⃗) ] 
from incorporation of the exact exchange Hartree–Fock model. Among them, HSE06 (Heyd, 

Scuseria, and Ernzerhof) functional [73,74] are a class of functionals with exchange-correlation 

in calculated as 

 EXcHSE = aEXHF,SR(ω) + (1 + a)EXPBE,SR(ω) + EXPBE,LR(ω)+ EcPBE 2.45 

  

where EXHF,SR is the short-range HF exchange, EXPBE,SR and EXPBE,LR are the short-range and long-

range components of the PBE exchange functional obtained from exchange hole of PBE model, 

and EcPBE is the PBE correlation energy. 

 The parameter ω defines the separation of HSE functional partitions the Coulomb 

potential for exchanges in short-range (SR) and long-range (LR). In HSE06, this value is ωHF =ωPBE, which is the case where HSE is accurate in the uniform electron gas limit. Moreover, the 

parameter a is the HF mixing constant, that assumes a default value of a = ¼. 

 

2.5- Pseudopotential 

 
As the number of electrons in a quantum system increases, so does the complexity of the 

wave function that describes them. Due to this difficulty, molecular and crystalline systems can 

have their physical and chemical properties described with good precision considering only the 
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distribution of electrons farther from the nucleus and higher energy, known as valence 

electrons. Valence electrons are those that effectively form chemical bonds as their wave 

functions overlap with the wave function of neighboring atoms. 

 Electrons that are strongly located around the atom are known as core and semi-core 

electrons. The wave function of these electrons has little overlapping with the wave function of 

neighboring electrons, making them insensitive to chemical environment change. Thus, the 

pseudopotential method assumes that the description of the states of the electrons of the core is 

not determinant for the description of the chemical bond. For this reason, the valence wave 

function does not need to be well defined in the core region, but in the region where the 

connection actually occurs, as shown in Figure 2.2. 

This approximation reduces the number of particles, simplifying the calculation, and 

minimizing computational time.  The mathematical construction of the pseudopotentials used 

in this work was based on PAW (Projector Augmented-wave) method. This method was 

developed by P. E. Blöchl [75] and is widely used to describe quantum system. This method 

decomposes the all-electron wave functions into the term of soft wave pseudo functions, which 

maintains the characteristics of the all-electron calculation in addition to considering localized 

contributions in the core. The PAW method is very effective in describing strongly correlated 

or magnetic systems, unlike the ultrasoft pseudopotential which is less accurate in magnetic 

systems [76]. 

 

 

Figure 2.2: Comparison of a wavefunction in the Coulomb potential (real) of the nucleus to 

the one in the pseudopotential (approximation) [75]. 
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2.6- Brillouin Zone 

 
In solid state physics [77], the study of a periodic quantum system is performed from 

the use of the Bloch theorem[78]. This theorem states that the solutions to the Schrödinger 

equation in a periodic potential is given by plane wave functions modulated by a periodic 

equation, i.e.: Ψnk = eik⃗⃗⃗.r⃗⃗unk(r⃗)      2.46 

 

which can be obtained at the limit of the so-called Brillouin Zone (BZ), which is the Wigner–

Seitz unit cell built in reciprocal space. In this context, during the simulation of a given quantum 

system, the Monkhorst-Pack [79] method is widely used to generate a set of k points in BZ, to 

then calculate the eigenfunctions. Specifically, BZ to crystalline structures of the space group 

F-43m (#217) and Fm-3m (#225) are presented in Figure 2.3. 

 

(a) (b) 

  

Figure 2.3: Brillouin zone and high symmetry points to crystalline structures of the space 

groups a) F-43m and b) Fm-3m [80]. 

 

 

2.7- VASP Package 

 
The Vienna ab-initio simulation package (VASP) [76,81–84],  is a computational 

package for ab initio calculations based on the DFT, through the solution of Kohn-Sham 

equations. It stands out for the main features implemented in VASP:  i) plane wave base set; ii) 
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pseudopotential within PAW [75] and ultrasoft [83] approaches; iii) Monkhorst-Pack algorithm 

[79]; iv) Davidson, RMM-DIIS and Conjugate-gradient methods for electronic minimization; 

and v) LDA, GGA, meta-GGA, DFT+U, hybrid functional, and van der Waals functional 

available.  

 

2.8- Wannier special functions  

 
The Wannier’s functions [85,86], introduced by Gregory Wannier in 1937, are a 

complete set of orthogonal functions that arise from the unitary transformation from the Bloch 

functions (Equation 2.46). As seen in Figure 2.4, the Bloch functions are modulated according 

to the value of k, so Wannier functions are built by superposing Bloch's functions of different 

k, creating a wave packet centered in each atom. 

To construct the wave packet in real space, a very large superposition in k space is 

required. Thus, the localized Wannier function (WF) is defined as [79]: w0(r⃗) = V(2π)3 ∫ Ψnk(r⃗)BZ dk                 2.47 

where V is the volume of real-space primitive cell and the integral is carried over the BZ. 

 

 

 

Figure 2.4: Relation between Bloch functions and Wannier functions (WFs). Source: [87]. 

 

The functions of Wannier have great application in the study of properties in solids 

when interpolating the band structures obtained from ab initio calculations. One of the main 

difficulties in using Wannier functions is the fact that they are not exclusive to a given band, 
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due to a phase indeterminacy in the Bloch orbitals unk(r⃗). Thus, the Wannier functions selected 

are known as maximally localized Wannier functions (MLWFs). Marzari and Vanderbilt [88], 

proposed represent the indeterminacy by a free unitary matrix Umn(k) among the occupied 

Bloch orbitals at every wave vector.  

 In this work a basis set formed by maximally-localized Wannier functions [88,89] was 

obtained from WANNIER90 code [90]. In this code, at a given k point, the states are within a 

predefined window. Thus, a set of N(k) states are obtained performing a unitary transformation 

in the Bloch state that are within the energy window at each point: unkopt(r⃗) = ∑ Umndis(k)m∈ Nk umk(r⃗)                 2.48 

where Umndis(k) is a matrix N(k) × N. The Umndis(k) can be obtained minimizing the gauge invariant 

in the outer energy window. Thus, with unkopt(r⃗) the procedure developed by Marzari and 

Vanderbilt[88] can be used to define the Wannier functions. 

 

 

2.9- Boltzwann computational package 

 
Boltzwann [91] is a computational package to determine transport properties based on 

the semiclassical Boltzmann equations, within the relaxation-time and the rigid band 

approximations [77,92,93].  Furthermore, this package is integrated with the Wannier90 code 

where post-processing is performed using the previously obtained Wannier functions. So, the 

transport distribution function is a tensor defined as: ∑(ϵ)ij = 1V ∑ vi(n, k)vj(n, k) τ (n, k)δ(ϵ − En,k)n,k  
                2.49 

which considers the sum over all bands throughout the Brillouin area. En,k is the energy of the 

band n at k;  vi = 1ℏ ∂En,k∂ki   is the ith element of the band velocity at (n, k) and τ (n, k) is the 

relaxation time. From eq. 2.49, Seebeck coefficient (S), electronic conductivity (σ) and thermal 

conductivity (κel) can be obtained as:  [σ]ij(μ, T) = e2 ∫ dϵ (− ∂f(ϵ, μ, T)∂ϵ ) ∑(ϵ)ij
+∞

−∞ ,                   2.50 

[σS]ij(μ, T) = eT ∫ dϵ (− ∂f(ϵ, μ, T)∂ϵ ) (ϵ − μ) ∑(ϵ)ij
+∞

−∞  
                  2.51 
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and  [K]ij(μ, T) = 1T ∫ dϵ (− ∂f(ϵ, μ, τ)∂ϵ ) (ϵ − μ)2 ∑(ϵ).ij
+∞

−∞  
                   2.25 

For an open system (J = 0), the electronic term of the thermal conductivity is κel = K − S2σT. 

The lattice contribution to the thermal conductivity (κlat) is not considered in the calculations.  

 

2.9- Analysis tools for Chemical Bonds 

 
In this section three tools for the analysis of chemical bonds in solids are discussed. All 

of them are given from the results of the DFT calculations previously carried out, namely: 

Charge Density, Electron Location Function (ELF) and Bader Charge.    

 

2.9.1 Density of Charges 

 
As mentioned early, the ground state density of charge ρ0(r⃗) is an important quantity 

obtained from a self-consistent ab initio calculation based on DFT. From VASP output files, it 

is possible extract the density of charges in terms of r⃗ in e/(volume cell).  The density can be 

calculated separately for electrons with spin up and down. Charge density can be graphically 

analyzed by plotting in a suitable plane or in a region of space, considering a certain isosurface. 

From these maps, the spatial distribution of charges is obtained, being useful in the analysis of 

chemical bonds. 

 

2.9.2 Electron Localization Function (ELF)  

 
 Electron Localization Function (ELF) is a tool that maps the probability of finding a 

spin- σ electron in the vicinity of another reference electron with the same spin-σ. Becke and 

Edgecombe [94] define ELF function considering the probability of find an electron named 2 

of spin-σ in position r⃗2 in the vicinity of reference electron named 1 in r⃗1 with the same spin-σ: ρσ,σ(r⃗1, r⃗2) = ρ2σ,σ(r⃗1, r⃗2)ρσ(r⃗1)  
                  2.53 

where ρσ(r⃗1) represents the density of probability of electron 1 and ρ2σ,σ(r⃗1, r⃗2) Hartree-Fock 

probability of finding two particles with a same spin σ simultaneously at positions r⃗1 and r⃗2, 

that is, 
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ρ2σ,σ(r⃗1, r⃗2) = ρσ(r⃗1)ρσ(r⃗2) − |ρ1σ(r⃗1, r⃗2)|2                   2.54 

considering ρ1(r⃗1) as a σ-spin one-body density matrix of the Hartree-Fock determinant: 

ρ1σ(r⃗1, r⃗2) = ∑ ψi∗(r⃗1)ψi(r⃗2)σ
i  

                  2.55 

with summation restricted to orbitals of σ spin only. 

 Moreover, from Taylor expansion of the spherically averaged conditional, the pair 

probability is given by: ρσ,σ(s⃗, r⃗) = 13 [τσ − 14 (∇ρσ)2ρσ ] |s⃗|2 + ⋯                     2.56 

where τσ positive-definite kinetic energy density, and the measure of electron localization is 

given by,  Dσ = τσ − 14 (∇ρσ)2ρσ .                  2.57 

Written another way, for an eigenfunction given by a Hartree-Fock or Kohn Sham 

orbitals θiKS [95]: Dσ = 12 ∑ |∇θiKS|2i − 18 |∇ρσ|2ρσ .                  2.57 

There is an inverse relationship between localizability and probability. The lower the 

probability of finding electron 2 in a region of space, which implies a lower value of  Dσ , the 

more localized is the reference electron 1 is in that location. 

 Since the function  Dσ can take on any value, the ELF function is then defined as being:  ELF = 11 + (DσDσ0)2 , 
 

               0 ≤ ELF ≤ 1. 

 

                

                2.59 

 

                

In which Dσ0  corresponds to a uniform electron gas with spin density equal to the local value of ρσ(r⃗): Dσ0 = 310 (3π2)53ρσ53  .                   2.60 

  The upper limit ELF = 1 corresponding to perfect localization (Dσ → 0). ELF = 1/2 

corresponding to electron gas-like pair probability (Dσ = Dσ0) and ELF = 0 corresponds to the 
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zero probability of finding the reference electron (Dσ → ∞). Also, the function ELF can be 

analyzed by mapping it on a given plane or by plotting it in space to some isosurface value.  

 

                        (a)                                  (b)                                                  (c) 

 

Figure 2.5:  2D plot ELF to a) molecule ethene b) NaCl salt c) along the plane containing the 

chemical bond between C and a Cu–Cu metallic bond. Source: [96]. 

 

Two concepts that usually appear in this analysis are the attractor and basin. The 

attractor is the region where the ELF function presents its maximum locations, while the points 

around the attractor that also have high function values form its basin. For instance, Figure 2.5 

(a) shows a non-polar covalent bonds C-C, an attractor centered on the bond axis is usually 

observed. For a polar-covalent bond, the attractor tends to move toward the more 

electronegative atom. As shown in Figure 2.5(b), for ionic bonds of the NaCl type, spherical 

surfaces (basin) appear around atoms ion (Cl-), while Na+ not present ELF. Furthermore, Figure 

2.5 (c) shows that for metallic bonds of the Cu-Cu type, ELF presents a small extension; while 

for Cu-C type bonds, with polar covalent character, the ELF function is greater in the vicinity 

of C. 

 

2.9.3 Bader Charge 

 

Bader charges are calculated from integrals on so-called Bader volumes, through the 

theory developed by R. Bader [97] for atoms and molecules. Bader’s volumes come from 
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partitioning the space of a system of many atoms into volumes that have only a maximum 

charge density. These volumes are separated by surfaces on which the charge density is a 

minimum normal to the surface, satisfying the condition ∇ρ⃗⃗. n⃗⃗ = 0. Usually, each atom in the 

molecule has a maximum charge density so that each atom will possess its Bader volume [98]. 

The Bader charge is then defined as: q = ZVEC − Bader population                  2.61 

where 𝑍𝑉𝐸𝐶  is the number of valence electrons of an atom and the Bader population arises from 

the integral that provides the number of electrons of Bader volume of that atom. The Bader 

Charge was calculated using Henkelman’s code [99] implemented in program VASP. 

 

2.10 Effective Mass 

 
The calculation of the effective masses was based on the free electron approximation 

(FEA) in rigid band condition. For a free electron, energy is a parabolic function of wave vector 𝜅: E  =   𝑝2 2m   =   ℏ2 𝑘2 2m                    2.62 

 

where 𝑚 is the electron mass, 𝑝 the linear momentum and ℏ = 6.58×10-16 𝑒𝑉. So, the variation 

of energy in reason of k can be written as:   1 ℏ2 d2E dk2   =   1 m .                     2.63 

 

 

Figure 2.6: Representation of a) VBT parabolic approximation, b) VBB parabolic 

approximation. Source: [87,100]. 
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In FEA the band structure has a parabolic characteristic in the vicinity of a certain k 

point, as seen in Figure 2.6 that shows the Valence Band Top (VBT) and Conduction Band 

Bottom (CBB) region. A free electron does not experience the influence of any potential, then 

the mass in Equation 2.63 will be equal to the rest mass of the electron m0∗ . On the other hand, 

an electron in certain crystalline system suffers the influence of effective potentials, then the 

mass in Equation 2.63 is different of m0∗ , i.e., the effective mass m∗. 

Considering El the energy of the free electron and E the energy of the electron in a given 

crystalline system, the following expression can be written:  E − El = Ck2                 2.64 

where C is a constant, where the second derivative with respect to k is:   d2E dk2   =  2C .                 2.65 

After comparing equations 2.63 and 2.65:  m∗  = 1 2C .                   2.66 

This relationship allows us to directly calculate the effective mass from a parabolic 

adjustment performed in a given region in the band structure, where the parabolic curvature C 

is an important parameter. A more "closed" band will then have a higher value of C, which 

indicates a lower value of m*. This bands are known as Light Electron band in conduction band 

and Light Hole band in valence band (Figure 2.7). While more "opened" parabolas have a lower 

value of C and consequently a higher value of m* and are known as Heavy Electron/Hole 

Bands. 

 

Figure 2.7: Classification of the bands according to the effective mass presented at points of 

high symmetry. 
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 As already mentioned, the term hole refers to the Valence Band Top (VBT), since in 

this case the approximation is made by means of a convex parabola (negative constant 𝐶), 

implying a negative mass. The physical interpretation is that this mass refers to the electrons 

that could be transferred to the conduction band, leaving these levels unoccupied, then called 

holes. 

 High values of effective mass have a direct relation with increase the Seebeck 

coefficient, but decrease electronic mobility and consequently the electrical conductivity 

[101,102]. The analysis of effective mass for Seebeck coefficient is make with basis of density 

of states effective mass (mDOS∗ ) that take in account different crystallographic directions and 

the degeneracy factor Nd given by relation [103]:  mDOS∗ = (m1∗  m2∗ m3∗ )1 3 Nd23 .                 2.67 

That m1∗ ,  m2∗  and m3∗  are effective mass take of principal directions of the equal energy 

ellipsoids. The mDOS∗  also can be calculated directly with the equation of density of states within 

free electron approximation (FEA):  

  D(E) = 12π2 (2mDOS∗ℏ2 )3/2 E1/2 . 3.14 

 

                2.68 

 

This approximation is applied next to the fermi level.  

 

2.11 Spin–orbit coupling (SOC) 

 
Spin-orbit coupling (SOC) is a relativistic effect that is described by Dirac's relativistic 

analysis of the electron [64]. Usually, SOC has its importance increased as the atomic number 

increases and causes the loss of degeneracies in the band structures, and leading to a band split-

off, as shown in Figure 2.7 [77,104]. The SOC effect is very important for magnetism and 

spintronics, in which it drives magnetic anisotropy, spin relaxation, magnetic damping, 

anisotropic magnetoresistance and Hall effect [105]. 

 

2.12 Cohesive Energy (Ec) 

 
The cohesive energy of a solid refers to the energy needed to separate the atoms of 

crystal structure and put them isolated [77,106] . In an ideally ionic crystal, the cohesive energy 

can be calculated summing up the electrostatic of the arrange the atoms. When metallic and 
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covalent bonds are involved, the energy of cohesive Ec can be calculated from first principles 

calculation using the total energy (ET) of crystal and the isolated atoms belonging to the system, 

i.e:  Ec = ET(crystal) − ∑ ET(atoms). 3.14 

 

                2.69 

 The cohesive energy is a parameter for measure the stability of a crystal lattice and 

depend of type, localization, quantity and chemical bonds of atoms in the structure.  

 

3 – METHODOLOGY 

 
The work was developed through first principles calculations within the Density 

Functional Theory (DFT) [66,68]. For the calculations of the electronic structure, spin 

polarization was considered, using the Projector Augmented-Wave (PAW) method [75], within 

GGA-PBE [70], GGA-mBJ HSE06 [73,74] functional as implemented in the VASP. The 

electronic distribution for each pseudopotential is: Co (3d84s1), Sn (5s24d105p2), V(3p63d44s1), 

Nb(4p65s24d3) and (Ta (5p66s25d3). The calculations were performed with a 350 eV energy 

cutoff in the plane-waves expansions. Each structure was fully relaxed, until the residual forces 

in the ions were at least less than 1 meV/Å.  Also, the effective mass was calculated according 

to equation 2.66, within parabolic approximation. A parabolic fitting was performed, 

considering the quadratic term (C) of polynomials of degree 2, 3 and 4. The parabolic 

approximation was considered successful when the coefficient C of the 3 analyzed curves had 

a fluctuation of less than 5%. For all systems, a 9×9×9 k-points Monkhorst–Pack mesh centered 

on the gamma point was used for integration in the BZ, as shown in the convergence test 

highlighted in Figure 3.1. 

 

(a) (b) 

  

Figure 3.1: Equilibrium structures of (a) HH and (b) FH alloys from GGA-PBE calculations. 
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The thermoelectric quantities, S, σ and κel were calculated by solving the Boltzmann's 

transport equations in the relaxation time approximation (τ) as implemented in the Boltzwann 

code [91]). The MLWF’s was obtained from WANNIER90 code [90] and used to interpolate 

the band structures obtained previously from ab initio calculation.  A 40×40×40 grid of k-points 

was considered to calculated the thermoelectric quantities.  

 

4 – RESULT AND DISCUSSION 

 
This section presents the theoretical results of physicochemical properties of Co-VB-Sn 

(VB = V, Nb, Ta) Heusler alloys. The results were organized into subsections called: 4.1 

Structures; 4.2 Electronic and Magnetic Properties; 4.3 Effective Mass and SOC; 4.4 Chemical 

Bonds; and 4.5 Thermoelectric Properties. The results were compared to the available 

experimental data.  

 

4.1 Structures 

 
Half-Heusler alloys (HH) have a general formula XYZ, spatial group F-43m (SG #216), 

Strukturbericht designation C1b and Pearson symbol cF12. As shown in Figure 4.1 (a), HH 

structure has three sites defined through the Wyckoff positions 4a (0.0.0), 4b (0.5, 0.5, 0.5) and 

4c (0.25, 0.25, 0.25). When the 8c position (0.75, 0.75, 0.75) is takes into account, the Full-

Heusler alloy (FH) and general formula XY2Z is formed, as depicted in Figure 3.1 (b). The FH 

has space group Fm-3m (#225), Strukturbericht designation L21 and Pearson symbol cF16 

[107,108].  

HH alloys are usually described as being formed by the interpenetration of a NaCl-type 

structure (Figure 4.1 (c)) with a SnZ-type structure (Figure 4.1 (d)). As shown in Figure 4.1 (e) 

- (f), the chemical bond between the positions 4c-4a and 4c-4b leads to a tetrahedron inversion, 

although the structures remain the same [109]. Figure 4.1 (g) shows a third possible bond of 

eightfold coordination, since there are two tetrahedrons around the 4c position. This explains 

the reason of the exchange of atoms of positions 4a and 4b leads to equivalent structures. Thus, 

the description of chemical bonds in HH can go beyond the simplification made when 

considering this alloy as being generated from combination of NaCl-type and ZnSn-type 

structures [110]. In addition, Figure 4.1 (h-j) depicts a FH structure, where a more complicated 

bonding arrangement is observed, although this structure may have the same type of bonds as 

the HH. 
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(a) (b) (c) (d) 

    

(e) (f) (g) (h) 

    

 (i) (j)  

 

  

 

Figure 4.1: Crystal structures: (a) Half-Heusler, (b) Full-Heusler, (c) NaCl-type and (d) 

ZnSn-type. In figures (e-f) are represented three possible chemical bonds of atom in 4c. The 

structures Full-Heusler (h-j) may have the same type of bonds as the Half-Heusler. 

 

Ternary Heusler alloys have well-defined sites for each element, resulting in 6 possible 

structures (permutation P(3,3)) as shown in Table 4.1. In agreement with the results showed in 

next, there is only three distinct structures from the six possible [111]. This distinction occurs 

only in reason of occupation of the 4c/8c site. So, the structures I and II, II and IV, V and VI 

are equivalent, and will be treated in this work as A, B and C, respectively. 
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Table 4.1.  Wyckoff positions for the atoms Co, Sn and Ta for each HH and FH structure. The 

8c position is occupied only in FH case. 

 

Structures 

Wyckoff Positions 

Co Sn Group VBa 

 

A 

I 
 

4c/8c 4a 4b 

II 4c/8c 4b 4a 

 

B 

III 4a 4c/8c 4b 

IV 4b 4c/8c 4a 

 

C 

V 4a 4b 4c/8c 

VI 4b 4a 4c/8c 
aGroup VB = V, Nb and Ta. 

 

4.1.1 Vanadium alloys  

 
 

Based on GGA-PBE calculations, the lattice parameters of vanadium structures A, B 

and C were optimized for HH and FH alloys. As previously mentioned, among the six possible 

structures, the energies curves showed that sets of structures I-II, III-IV and V-VI are 

degenerated. The Wyckoff positions for each structure are shown in Table 4.1. Position 8c is 

occupied only for FH cases. As shown in Figure 4.2 (a), the occupation of site 4c by Co leads 

to more stable structure in case of HH-A. 

 

(a) (b) 

  

Figure 4.2: Total energy versus lattice parameter of several (a) HH and (b) FH vanadium 

structures for obtained from GGA-PBE calculations. The cohesive energy was calculated 

from Equation 2.69 within GGA-PBE (HSE06) approximation. 
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 Table 4.2 presents the optimized lattice parameter equal to 5.81 Å to HH-A CoVSn 

alloy, in good agreement with previous theoretical works  [112–115]. It was observed that the 

lattice parameter did not change when SOC effect is taken into account. Moreover, structures 

with the same atomic species in sites 4c/8c are energetically equivalent, for instance, I and II; 

III and IV; V and VI, named structures A, B and C, respectively. HH-B and HH-C have the 

same lattice parameter 5.95 Å, although the latter is slightly more stable. This lattice parameter 

is very close to that reported experimentally [116], although the authors did not determine what 

the crystal structure of the studied sample is. Finally, the cohesive energy (EC) was calculated 

from the GGA-PBE and HSE06 functionals (showed in parentheses), as shown in Figure 4.2 

(a), corroborating that HH-A is the most stable structure among others. 

 

Table 4.2 - Lattice parameter of Group VB alloys. 

 This Work Theoretical work Experimental 

V alloys    

HH-A (Å) 5.81 5.79 [112], 5.81 [113],  5.83 [114,115], 

5.70 [115], 5.71  [117], 5.73 [118] 

5.98 aa [116] 

FH-A (Å) 6.02 6.03 [119], 6.02 [120] - 

Nb alloys    

HH-A (Å) 5.97 5.90 [112],  5.91 [121], 5.95 

[53,54,60,62,122] 

FH-A (Å) 6.17 6.18  [123] 6.15 [124–126] 

Ta alloys    

HH-A (Å) 5.96 5.97  [61], 5.89  [118], 

5.96  [127], 5.95 [128] 

5.94[61] , 5.95[62] 

FH-A (Å) 6.15 6.16 [127] - 
aa Structure not specified. 

 

The lattice parameter optimizations for Vanadium FH alloys are presented in Figure 4.2 

(b). For FH-A, a = 6.02 Å in good agreement with literature [119,120]. Conversely, FH-B (6.24 

Å) and FH-C (6.50 Å) have larger lattice parameters. As presented in Table 4.3, Sn has 

simultaneously high atomic radius and greater electronegativity compared to other atoms. In 

fact, the occupation of the 8c site by a Sn atom causes the FH-C structure to have a higher lattice 

parameter, while the FH-B structure has an intermediary value.  
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Table 4.3 – Atomic radius and Pauling electronegativity [129]. 

 Co Sn V Nb Ta 

Atomic Radius (Å) 1.35 1.45 1.35 1.45 1.45 

Pauling electronegativity 1.88 1.96 1.63 1.60 1.50 

 

The cohesive energies (EC) were calculated for Vanadium FH structures. It was 

obtained from GGA-PBE approximation that Ec(A) < Ec(C) < Ec(B), while Ec(C) < Ec(A) < 

Ec(B) from hybrid HSE06 calculations. Considering that hybrid approximation provides a more 

accurate electronic description, it can be seen that FH-C is the most stable structure among 

others. 

 

4.1.2 Niobium alloys  

 
  The optimized lattice parameter for HH and FH niobium alloys are presented in Figure 

4.3. Similar to the alloys with vanadium, the structure HH-A, where Co is located in position 

4c, is the most stable with optimized parameter 5.97 Å and Ec = -16.48 eV (-13.25 eV). As 

shown in Table 4.2, a good agreement with previous experimental works [53,54,60,62,122] is 

observed. On the other hand, HH-B and HH-C structures have greater lattice parameters and 

cohesive energies (less negative), that is, lower stability. 

 

(a) (b) 

  

Figure 4.3: Total energy versus lattice parameter of several (a) HH and (b) FH niobium 

structures for obtained from GGA-PBE calculations. The cohesive energy was calculated 

from Equation 2.69 within GGA-PBE (HSE06) approximation. 
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The lattice parameter optimizations for Niobium FH alloys are presented in Figure 4.3 

(b). For FH-A, a = 6.18 Å in good agreement with theorical and experimental results reported 

in literature [123-126].  Conversely, FH-B (6.63 Å) and FH-C (6.51 Å) have larger lattice 

parameters. The cohesive energies were calculated from GGA-PBE and HSE06 functionals, 

where FH-C < FH-A < FH-B. So, indicating that FH-C structure is the most stable among them. 

 

 

4.1.3 Tantalum alloys  

 
 The optimized lattice parameter for Tantalum structures Ta alloys is presented in Figure 

4.4. The most stable structure HH-A has an optimized parameter of 5.96 Å, in agreement with 

theorical [61,127,128] and experimental [61,62] results. The HH-B and HH-C structures 

presented greater lattice parameter. Finally, the cohesive energy (EC) was calculated from the 

GGA-PBE and HSE06 functionals, as shown in Figure 3.4 (a), confirming that HH-A is the 

most stable structure among others.  

 

(a) (b) 

  

Figure 4.4: Total energy versus lattice parameter of several (a) HH and (b) FH tantalum 

structures for obtained from GGA-PBE calculations. The cohesive energy was calculated 

from Equation 2.69 within GGA-PBE (HSE06) approximation. 

 

Figure 4.4 (b) shows that the optimized lattice parameter of for FH-A is 6.15 Å, which 

is very close to the 6.16 Å as previously reported by R. Dutt and et al.  [127]. On the other hand, 

FH-B (6.65 Å) and FH-C (6.52 Å) have larger lattice parameters. The calculated cohesive 

energy shows that FH-C is the most stable of the structures.  
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4.2 Electronic and Magnetic properties 

 
 Several physicochemical properties of Heusler alloys have a strong dependence of 

valence electron count (VEC) [130]. As verified, the Slater-Pauling rule predict the total 

magnetic moment (M) from the equations: 

 

HH: M = |ZVEC − 18|                                      4.1 

FH: M = |ZVEC − 24|                                      4.2 

where ZVEC is the number of valence electrons of respectively atom. For the atoms used in this 

work: ZVEC(Co) = 9, ZVEC(V, Nb, Ta) = 5 and ZVEC(Sn) = 4. Considering the unitary cell, HH 

alloys have 3 atoms (XYZ) and FH have 4 atoms (X2YZ). According to Equation 4.1, HH alloys 

must have a total magnetization equal to zero, while equation 4.2 predicts a total magnetization 

of 3µB, 2µB and 1µB for the FH-A, FH-B, and FH-C structures, respectively.   

 

4.2.1 Vanadium alloys  

 
Table 4.4 shows the total magnetic moment and magnetic moment per atom for HH and 

FH structures. From HSE06 calculations a good agreement with Slater-Pauling rule was 

observed for HH-A, HH-C, FH-A and FH-B structures, where only HH-A has a diamagnetic 

characteristic. In the FH-C structure, an antiferromagnetic (ferromagnetic) interaction between 

vanadium atoms and a total magnetic moment of 2.0 µB/cell (4.4 µB/cell) were obtained from 

HSE06 (GGA-PBE) calculations. Moreover, a contribution of the interstitial region of the 

crystal (Δm) to the total magnetic moment is observed for some structures. The magnetic 

moment is calculated from spheres around the atoms, where Δm are the contributions to the total 

magnetic moment from the interstitial region between these spheres.  

Considering that: i) the atoms involved in the composition of the HH and FH structures 

have strongly correlated electrons; ii) the GGA-PBE approximation fails in the electronic 

description of these systems, including the positioning of the Kohn-Shan levels; iii) the hybrid 

approximation provides a more precise electronic description of strongly correlated systems, so 

in this work the results obtained from the HSE06 functional were admitted. 

Figure 4.5 shows the total (TDOS) and partial (PDOS) density of states for HH 

structures obtained from GGA-PBE and HSE06 calculations. A semiconductor character is 

observed for HH-A structure. As summarized in Table 4.5, a band gap of 0.64 eV was obtained 

from GGA-PBE calculation, which is in good agreement with other theoretical work 
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[112,113,118]. Conversely, a band gap of 1.33 eV was calculated from HSE06 functional, 

which is almost double (0.85 eV) of the previously obtained from mBJ calculation [114]. 

Figures 4.5 (a-d) shows that V(d) and Co(d) orbitals are prominent around the Fermi level (Ef), 

while Sn(p) orbitals have a smaller contribution in the valence band region. Furthermore, a 

splitting of the t2g and eg levels is observed for the d-levels of V and Co atoms according to 

Crystal Field Theory [131]. Co(eg) and V(t2g) levels are mainly present in VCB, while Co(t2g) 

and V(t2g) are present CBB. 

 

Table 4.4 - Local (m) and total (M) magnetic moments of the structures HH and FH for (Co-

V-Sn) alloys from HSE06 (GGA-PBE) calculation. Δm represents the contribution of 

interstitial region of the crystal. Values of M in bold are in accordance with the Slater-Pauling 

rule. 

Alloy  m 

µB/atom 

Δm 

µB/cell 

|M| 

µB/cell 

  Co Sn  V   

HH A 0 (0) 0 (0)  0 (0) 0 (0) 0 (0) 

B 1.8 (0.1) 0 (0)  -2.4 (0) 0 (0) 0.6 (0.1) 

C 2.2 (0.3) 0 (0)  -2.1 (-0.2) -0.1(0) 0 (0.1) 

FH A 1.4/1.4 (1.0/1.0) 0 (0)  0.6 (1.0) -0.4 (0) 3.0 (3.0) 

B 1.7 (-0.5) 0/0 (0/0)  -2.8 (2.0) -0.8 (0.4) 1.9 (1.9) 

C 2.0 (1.0) 0 (0)  -2.4/2.4 (1.5/1.5) 0 (0.4) 2.0 (4.4) 

 

   

As shown in Figures 4.5 (e-h), a conductor character is observed for the HH-B structure 

in both approximations, although there are divergent results in the partial densities of states. 

Figures 4.5 (h) shows that around EF, Co(t2g) and Ta(t2g) projections are present principally for 

the spin down channel, which is not observed from GGA-PBE calculation in Figure 4.5 (f).  

The HH-C structure also showed a conductor character, as shown in Figures 4.5 (i-l). A similar 

trend for PDOS is observed, where compared with HH-B structure. 
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(a) (e) (i) 

   

(b) (f) (j) 

   

(c) (g) (k) 

   

(d) (h) (l) 

   

Figure 4.5:  TDOS and PDOS for (a-b) HH-A, (c-d) HH-B and (e-f) HH-C vanadium 

structures, obtained from PBE calculations; (g-h) HH-A, (i-j) HH-B and (k-l) HH-C vanadium 

structures, obtained from HSE06 calculations. 
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(a) (e) (i) 

   

(b) (f) (j) 

   

(c) (g) (k) 

   

(d) (h) (l) 

   

Figure 4.6:  TDOS and PDOS for (a-b) FH-A, (c-d) FH-B and (e-f) FH-C vanadium 

structures, obtained from PBE calculations; (g-h) FH-A, (i-j) FH-B and (k-l) FH-C vanadium 

structures, obtained from HSE06 calculations. 
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TDOS and PDOS for FH alloys were obtained from GGA-PBE and HSE06 calculations, 

as depicted in Figure 4.6. From GGA-PBE calculation, FH-A structure presents a half-metal 

(HM) behavior with an underestimated band gap of 0.29 eV compared to other theoretical 

results [120,132]. In contrast, a band gap of 1.26 eV in spin down channel was found in HSE06 

calculation. Unfortunately, no experimental results were found in the literature. It is important 

to mention that the HM character of the material allows it to have a complete spin polarization, 

thus a fully spin-polarized current for spintronic applications [133,134]. As observed in Figure 

4.6 (c), Co atoms that occupy the positions 4c and 8c have the same density of states. According 

to Figures 4.6 (d) V(t2g) have an important contribution to conductor character in the spin up 

channel.  

 

Table 4.5 – Band gap of VB Group alloys. 

 This Work Theoretical work Experimental 

V alloys    

HH-A (Å) 0.64a 

1.33b 

0.65 a [112], 0.63 a, 0.89 c  [113], 

0.85 c [114], 0.75 d [117], 0.66 a [118] 

 

- 

FH-A (Å) 0.29a 

1.26b 

0.56 a (HM) [120], 0.53 a (HM) [132] - 

Nb alloys    

HH-A (Å) 0.97 a 

1.50 b 

1.0 a, 1.3 b [54], 1.0 a [55], 0.92 a [62], 

1.0 a [122], 0.99 a [135] 

 

0.87 [62], 1.00 

[118] 

FH-A (Å) 0.86 b (HM) Metallic a [123,136] - 

Ta alloys    

HH-A (Å) 1.04a 

1.18b 

1.3 b [61], 1.04 a [62], 

1.06 a [118], 1.04 a  [127], 

1.09 a [128], 1.11 a, 1.13 c [137] 

1.60-1.80 [61], 

0.57  [62] 

FH-A (Å) 1.36b (HM) Metallic c [138] - 
aa Structure not specified, a GGA-PBE, b HSE06, c mBJ, d VWN-LDA, e LSDA. 

 

As shown in Figures (e-l), FH-B and FH-C structures are conductors, although spin-

gapless [139] character was obtained for the FH-B structure from GGA-PBE calculation, but 
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not to the HSE06.  Even so, it is important highlight that this character can be an advantage in 

several areas, for instance, in applications of spintronic devices [140]. In addition, both FH and 

HH present discrepancy between the GGA-PBE and HSE06 results, both in relation to the 

description of the DOS and magnetization. As discussed above, this is related to the difficulty 

of analysis from the GGA-PBE functional, where it fails to accurately describe strongly 

correlated systems, generally involving d and f orbitals [141]. 

 

4.2.2 Niobium alloys 

 
 Table 4.6 shows the partial and total magnetization for Nb alloys. From HSE06 

calculation, HH-A presented a diamagnetic behavior, while FH-A presented a M = 3 µB/cell in 

agreement with Slater-Pauling rule. The total magnetic moment of FH-A comes from the 

magnetization of 1.6 µB/Co, in agreement with previous theorical work [124]. Unlike, all of 

other structures are in disagreement with Slater-Pauling rule. 

 

Table 4.6 - Local (m) and total (M) magnetic moments of the structures HH and FH for (Co-

Nb-Sn) alloys from HSE06 (GGA-PBE) calculation. Magnetic moments calculated with 

GGA-PBE for comparation. Δm represents the contribution of interstitial region of the crystal. 

Values of M in bold are in accordance with the Slater-Pauling rule. 

Alloy  m 

µB/atom 

Δm 

µB/cell 

|M| 

µB/cell 

  Co Sn  Nb   

HH A 0 (0) 0 (0)  0 (0) 0 (0) 0 (0) 

B 2.3 (1.2) 0 (0)  1.8 (0) 0.1 (0) 4.2 (1.2) 

C 2.0 (0.5) 0 (0)  -0.6 (-0.2) 0 (0) 1.4 (0.3) 

FH A 1.6/1.6 (0.9/0.9) 0 (0)  -0.1 (0) -0.1 (0) 3.0 (1.8) 

B 1.6 (0.2) -0.1/-0.1 (0/0)  -2.0 (0.4) -0.5 (0) 1.1 (0.6) 

C 2.0 (0) 0 (0)  0/0 (0/0) 0 (0) 2.0 (0) 

 

 

The TDOS and PDOS for HH-A are presented in Figures 4.7 (a-d), where a 

semiconductor character is observed from the GGA-PBE and HSE06 calculations. Also, in the 

region of Ef, Co(d) and Nb(d) orbitals is very present in VBT and CBB, where the d-splitting 

in t2g and eg symmetries is observed. As summarized in the Table 4.5, the band gap of 0.97 eV 
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was obtained from GGA-PBE calculation, in good agreement with previous work 

[54,55,122,135]. In contrast, a band gap of 1.5 eV was obtained with HSE06, which is slightly 

larger than 1.3 eV as reported in literature [54], although experimental measurements are 0.87 

eV [62] and 1.00 eV [118], indicating that HSE06 approximation overestimates the band gap 

about 30%. However, as previously reported by Yan et al [59], the Co excess (or another 

element) in HH Nb alloys, can induce the formation the FH phases, what cause the reduction 

of band gap. This experimental issue was reported by Shan Li et al [62], who assigned exactly 

to occupation of 8c sites by Co atoms. As depicted in Figures 4.7 (e-l), the structures HH-B and 

HH-C presented conductor character.  Figures 4.7 (h) and (l) show that Co(t2g) and Nb(eg) and 

Nb(t2g) play an important hole to conductor character in two spin channels. 

As presented in Figures 4.8 (a-d), a HM character is found for FH-A, although the 

literature [123,136] report a metallic behavior, where from HSE06 calculations, a band gap of 

0.86 eV was obtained in spin down channel. Figures 4.8 (c) and (d), shows that Nb(d) has a 

strong presence at the Fermi level in the spin up channel, while HSE06 Co(d) in the VBT and 

CCB in the spin down channel. Structures FH-B and FH-C have conductor character, as 

demonstrated in Figures 4.8 (e-l).  
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(a) (e) (i) 

   

(b) (f) (j) 

   

(c) (g) (k) 

   

(d) (h) (l) 

   

Figure 4.7:  TDOS and PDOS for (a-b) HH-A, (c-d) HH-B and (e-f) HH-C niobium 

structures, obtained from PBE calculations; (g-h) HH-A, (i-j) HH-B and (k-l) HH-C niobium 

structures, obtained from HSE06 calculations. 
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(a) (e) (i) 

   

(b) (f) (j) 

   

(c) (g) (k) 

   

(d) (h) (l) 

   

Figure 4.8:  TDOS and PDOS for (a-b) FH-A, (c-d) FH-B and (e-f) FH-C niobium structures, 

obtained from PBE calculations; (g-h) FH-A, (i-j) FH-B and (k-l) FH-C niobium structures, 

obtained from HSE06 calculations. 
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4.2.3 Tantalum alloys  

 

 Table 4.7 presents the magnetic moment for the Ta alloys. From HSE06 calculations, 

HH-A and FH-A structures are in accordance with Slater-Pauling rule, respectively, in 

diamagnetic and ferromagnetic configurations. For FH-B structure, it is observed a larger 

contribution of the interstitial region of the crystal (Δm) to the total magnetic moment. 

 

Table 4.7 - Local (m) and total (M) magnetic moments of the structures HH and FH for (Co-

Ta-Sn) alloys from HSE06 (GGA-PBE) calculation. Magnetic moments calculated with 

GGA-PBE for comparation. Δm represents the contribution of interstitial region of the crystal. 

Values of M in bold are in accordance with the Slater-Pauling rule. 

Alloys  m 

µB/atom 

Δm 

µB/cell 

|M| 

µB/cell 

  Co Sn  Ta   

HH A 0 (0) 0 (0)  0 (0) 0 (0) 0 (0) 

B 2.2 (0.3) 0 (0)  0.8 (0) 0 (0) 3.0 (0.3) 

C 2.0 (0.2) 0 (0)  -0.4 (0) 0 (0) 1.6 (0.2) 

FH A 1.5/1.5 (0.7/0.7) 0 (0)  0 (0) 0 (0) 3.0 (1.4) 

B 1.5 (0.2) 0/0 (0/0)  -1.5 (0.2) 1.0 (0) 1.0 (0.4) 

C 2.0 (1.3) 0 (0)  0/0 (0/0) 0 (0) 2.0 (1.3) 

 

 

 PDOS and TDOS for HH tantalum alloys are presented in Figure 4.9. According to 

Figures 4.9 (a-d) HH-A presents a semiconductor character and band gap of 1.04 eV (1.18 eV) 

form GGA-PBE (HSE06) calculations, which are in good accordance with previous theoretical 

results [62,118,127,128,137], as shown in Table 4.5. However, experimental measurements 

have a considerable interval of values 0.57-1.8 eV [61,62].  This fact could be associated with 

the presence of Co atoms in the 8c sites, leading to the formation of FH phases. As shown in 

Figures 4.9 (e-l) HH-B and HH-C have a conductor character, according to GGA-PBE and 

HSE06 calculations, although there are discrepancies between both approximations regarding 

the positioning of the d-orbitals.  Figure 4.9 (h) show that Co(t2g) plays an important role to 

conductor character in the spin down channel of FH-B, while Ta(eg) and Ta(t2g) guarantee this 
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behavior in spin up channel. In case of FH-C, Figure 4.9 (l) shows that Co(eg), Co(t2g), Ta(eg) 

and Ta(t2g) have a small presence near Fermi level. 

Figure 4.10 shows TDOS and PDOS for FH tantalum alloys FH. As depicted in Figures 

10 (a-d) a disagreement between GGA-PBE and HSE06 results is observed for FH-A structure, 

where a conductor and HM character are observed, respectively.  The conductor character was 

predicted previously by Dutt and Chakrabarti [138] from the mBJ functional. In this work, a 

band gap of 1.36 eV in spin up channel was obtained from hybrid functional HSE06. To date, 

no experimental measurements have been found in the literature. As shown in Figures 4.10 (e-

l) a conductor character is observed for FH-B and FH-C structures in GGA-PBE and HSE06 

calculations, although there are discrepancies between both approximations regarding the 

positioning of the d-orbitals. As discussed previously, GGA-PBE is not accurate for describing 

strongly correlated systems. Therefore, more complex calculations are necessary, for instance, 

using hybrid functionals. 

 As discussed in this section: i) the Slater-Pauling rule was entirely confirmed, within 

HSE06 approximation, for those structures that have Co in the sites 8c/4c; ii) GGA-PBE 

approximation is insufficient to calculate and describe the electronic and magnetic properties 

of HH and FH structures; and iii) it was observed that Co-VB-Sn in the HH-A structures have 

semiconductor character, while FH-A structures half-metal nature. Finally, since that stability 

and semiconductor behavior are fundamental to development of thermoelectric, the study of 

HH-A and FH-A structures are presented in the next sections. 
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(a) (e) (i) 

   

(b) (f) (j) 

   

(c) (g) (k) 

   

(d) (h) (l) 

   

Figure 4.9:  TDOS and PDOS for (a-b) HH-A, (c-d) HH-B and (e-f) HH-C tantalum 

structures, obtained from PBE calculations; (g-h) HH-A, (i-j) HH-B and (k-l) HH-C tantalum 

structures, obtained from HSE06 calculations. 
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(a) (e) (i) 

   

(b) (f) (j) 

   

(c) (g) (k) 

   

(d) (h) (l) 

   

Figure 4.10:  TDOS and PDOS for (a-b) FH-A, (c-d) FH-B and (e-f) FH-C structures 

tantalum, obtained from GGA-PBE calculations; (g-h) FH-A, (i-j) FH-B and (k-l) FH-C 

tantalum structures, obtained from HSE06 calculations. 
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4.3 Effective Mass and SOC  

 
Based on the analysis of the bandstructure, the effects of the spin–orbit coupling (SOC) 

were studied in the Heusler alloys. Also, electrons (me∗) and hole (mh∗ ) effective masses within 

parabolic approximation were obtained for the Heusler alloys structure along the high symmetry 

directions in the Brillouin Zone. Calculations were performed with and without SOC, and called 

GGA-PBE and GGA-PBE+SOC, respectively. 

 

4.3.1 Vanadium alloys  

 
 (a) (b) (c) 

   

(d) (e) (f) 

   

Figure 4.11: Bandstructure of vanadium HH-A alloy (a) GGA-PBE spin up and down (b) 

GGA-PBE+SOC (c) CBB Γ - X - W (d) VTB W – L (e) VTB W - L - Γ (f) VTB X - W – Γ. 

 

The GGA-PBE calculation of bandstructure of the Vanadium HH-A is presented in the 

Figure 4.11 (a). In agreement with density of states results, it is observed a semiconductor 

behavior with symmetric spin up and down bands. Figure 4.11 (b) presents a comparation of 

bandstructures obtained from GGA-PBE and GGA-PBE+SOC calculations (black dotted line 

represents the equivalent GGA-PBE up and down bands). Figure 4.11 (c) show a zoomed CBB 

around the high symmetry point X, where a split is observed. This fact caused a slight decrease 

in the band gap from 0.64 eV to 0.61 eV. A spin band degeneracy at the point X is observed, 

where the degeneracy factor is Nd,CBB = 2 (see Section 2.10). Figures 4.11 (d-f) show the 

zoomed VBT around the high symmetry points L and W. From GGA-PBE, there is an indirect 
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band gap L → X of 0.64 eV, where L has a degeneracy factor Nd,VTB = 4. On the other hand, an 

indirect band gap W → X of 0.61 eV is observed, when SOC effect is taken into account, with 

degeneracy factor Nd,VTB = 1. 

 

Table 4.8 - Effective masses of CoVSn HH-A. 

Particle Path GGA-PBE PBE+SOC 𝐦𝐞∗  X - Γ 1.82a 1.82 𝐦𝐞∗  X - W 0.31 0.31 𝐦𝐞,𝐝𝐨𝐬∗  - 1.62 1.62 𝐦𝐡∗  L - Γ 4.53 2.69 𝐦𝐡𝐡∗  L – W 0.86 1.24 𝐦𝐥𝐡∗  L - W 0.60 0.85 𝐦𝐡∗  W - L 0.34 0.31 𝐦𝐡∗  W - Γ 1.10 1.04 𝐦𝐡∗  W - X 1.69 1.74 𝐦𝐡,𝐝𝐨𝐬∗  - 4.72 1.80 

aThe effective masses used in the Equation 2.67 to calculate me,DOS∗  and mh,DOS∗  are 

presented in bold. 

 

As already mentioned in Section 2.10, the effective mass is an important parameter in 

the study of TE materials. In this work, electrons (me∗) and hole (mh∗ ) effective masses were 

obtained for HH-A vanadium alloy along the high symmetry directions in the Brillouin Zone. 

Within parabolic approximation, the calculations GGA-PBE and GGA-PBE+SOC are listed in 

Table 4.8. Considering that X point is the Conduction Band Bottom (CBB), an important 

anisotropy was observed in the effective masses of electron considering the X-Γ and X-W 

directions, i.e., 1.82m0∗  and 0.31m0∗ , respectively. In addition, SOC effect is not important here.  

On the other hand, the electron density state effective masses (me,DOS∗ ) were determined 

by fitting the FEA 2.68 equation with the values calculated from the DFT theory, around the 

Fermi level. That is, in the energy regions near TVB and CBB. Considering Nd,CBB = 2 are 

equal, was obtained me,DOS∗ = 1.62 m0∗   from to both calculation, GGA-PBE and GGA-

PBE+SOC, as seen in the Figure 4.12 (a) and (b). This result is smaller than me,DOS∗ = 1.90m0∗  

as reported previously by Guo et al [142]. 
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Figure 4.12: TDOS of HH-A vanadium structure obtained from (a) PBE (b) PBE-SOC. 
Curve adjusted by Equation 2.68, within free electron approximation (FEA), using the 

respective effective mass. 
 

The hole effective masses were calculated around the k-points L (TVB) and W. In the 

L-Γ direction, a slight decrease from 4.53m0∗  to 2.69m0∗  (40.6% lower) from GGA-PBE and 

GGA-PBE+SOC, respectively. For GGA-PBE calculation, the L-W path present 0.86m0∗  and 

0.60m0∗  for heavy (mhh∗ ) and light (mlh∗ ) holes effective mass. Considering GGA-PBE+SOC, 

an increase to 1.24m0∗  (30% higher) is seen for mhh∗  and an increase to 0.85m0∗  (30% higher) 

for mlh∗ . Around W point, the lowest mh∗  equal to 0.34m0∗  was observed along the W-L direction. 

In general, the SOC effect is not substantial in the directions around the point W. The hole 

density state effective masses (mh,DOS∗ ) were calculated, where mh,DOS∗ = 4.72 m0∗  and mh,DOS∗ = 1.80 m0∗  from GGA-PBE (Nd,VTB = 4) and GGA-PBE+SOC (Nd,VTB = 1), 

respectively.  

 

4.3.2 Niobium alloys  

 
The GGA-PBE bandstructure of Niobium HH-A is shown in the Figure 4.13 (a), where 

a semiconductor character is observed in spin up and down channels, and an indirect band gap. 

Figure 4.13 (b) presents a comparation of bandstructures obtained with GGA-PBE and GGA-

PBE+SOC (black dotted line represents the equivalent up and down bands). Figure 4. 13 (c) 

shows a zoomed CBB in the vicinity of the high symmetry point X. SOC effects cause a 

decrease of energy of CBB. Furthermore, a band split is observed in the X → W direction. For 

both GGA-PBE and GGA-PBE+SOC, the band degeneracy factor Nd,CBB = 2 is observed. 

 

(a) (b) 
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(a) (b) (c) 

   

(d) (e) (f) 

   

Figure 4.13: Bandstructure of niobium HH-A (a) GGA-PBE spin up and down (b) GGA-

PBE+SOC (c) CBB Γ - X - W (d) VTB W – L (e) VTB W - L - Γ (f) VTB X - W – Γ. 

 

Figures 4.13 (d-f) show the zoomed VBT around L and W points. Both GGA-PBE and 

GGA-PBE+SOC calculations presented an indirect bandgap W→ X of 0.97 eV and 0.93 eV, 

respectively.  Due to SOC, a split-off energy of 47.0 meV occurs at the W point, and the 

energies in the L point are 32.0 (GGA-PBE) and 50.6 meV (GGA-PBE+SOC) from Ef.  

The electron and hole effective masses were calculated within GGA-PBE and GGA-

PBE+SOC approximations, as listed in Table 4.9. Considering the lowest conduction band 

around X point, the electron effective masses were obtained in X→ Γ and X→ W directions. 

From GGA-PBE (GGA-PBE+SOC) calculations, me∗ =  2.07m0∗  (1.62m0∗ ) in the X → Γ 

direction, while me∗ =  1.23m0∗  (0.59m0∗ ) in the path X → W. So, the SOC effect decreases me∗ . 

For VBT, the hole effective masses were calculated in W→ L and W→ X and W→ Γ directions, 

where SOC effect is not very important, as shown in Table 4.9.  
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Table 4.9 - Effective masses of CoNbSn HH-A. 

Particle Path GGA-PBE PBE+SOC 𝐦𝐞∗  X - Γ 2.07a 1.62 𝐦𝐡𝐞∗  X - W 1.23 0.59 𝐦𝐥𝐞∗    0.41 𝐦𝐞,𝐝𝐨𝐬∗  - 1.97 1.84 𝐦𝐡∗  L - Γ 3.33 3.11 𝐦𝐡𝐡∗  L – W 0.72 0.62 𝐦𝐥𝐡∗  L - W 0.49 0.59 𝐦𝐡∗  W - L 0.23 0.23 𝐦𝐡∗  W - Γ 0.72 0.79 𝐦𝐡∗  W - X 2.28 2.18 𝐦𝐡,𝐝𝐨𝐬∗  - 2.80 1.61 

aThe effective masses used in the Equation 2.67 to calculate me,DOS∗  and mh,DOS∗  are 

presented in bold. 

 

By fitting the FEA 2.68 equation with the values calculated from the DFT theory, around 

the Fermi level, and considering, Nd,VTB = 2 (GGA-PBE) and Nd,VTB = 1 (GGA-PBE+SOC), 

the following electron and hole density of state effective mass were obtained from GGA-PBE 

(GGA-PBE+SOC) calculations, me,DOS∗ = 2.80m0∗ (1.84m0∗ ) and mh,DOS∗ = 1.97m0∗ (1.75m0∗ ).  

 

  

Figure 4.14: TDOS of HH-A niobium structure obtained from (a) PBE (b) PBE-SOC. Curve 

adjusted by Equation 2.68, within free electron approximation (FEA), using the respective 

effective mass. 
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4.3.3 Tantalum alloys  

 

   

(d) (e) (f) 

   

Figure 4.15: Bandstructure for tantalum HH-A (a) GGA-PBE spin up and down (b) GGA-

PBE+SOC (c) CBB Γ - X - W (d) VTB W – L (e) VTB W - L - Γ (f) VTB X - W – Γ. 

 

The bandstructure of Tantalum HH-A is shown in Figure 4.15 (a), where a 

semiconductor character is observed in symmetric spin up and down channels, and a indirect L 

→ X bandgap. Figure 4.15 (b) presents the bandstructures obtained from GGA-PBE and GGA-

PBE+SOC calculations. The SOC effects cause a decrease in the band gap from 1.04 eV to 1.00 

eV. Figure 4.15 (c) shows a zoomed CBB in the vicinity of the high symmetry point X, where 

a band slightly split is observed in the X→ W direction. For both GGA-PBE and GGA-

PBE+SOC calculations, it was defined a degeneracy factor Nd,CBB = 2. Figures 4.15 (d-f) show 

the zoomed VBT around L and W points. At the L point, GGA-PBE calculation predict Nd,VTB 

= 4, and Nd,VTB = 2 when SOC effect is taken into account. A split-off energy of 25.0 meV is 

observed. 

The electron and hole effective masses were determined from GGA-PBE and GGA-

PBE+SOC calculation, as presented in Table 4.10. Considering the CBB around X point, an 

important anisotropy was observed for the effective masses of electron in the X→ Γ and X→W 

directions, i.e., 2.29m0∗  (1.96m0∗ ) and 1.07m0∗ (0.74m0∗ ), respectively. This way, the SOC effect 

indicates a significant me∗  reduction of 14% and 31% for X→ Γ and X→W, respectively. By 

fitting the FEA 2.68 equation with the values calculated from the DFT theory, around the Fermi 

level, and considering, Nd,VTB = 4 (GGA-PBE) and Nd,VTB = 2 (GGA-PBE+SOC), the following 
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electron and hole density of state effective mass were obtained from GGA-PBE (GGA-

PBE+SOC) calculations, me,DOS∗ = 2.82m0∗ (2.24m0∗ ) and mh,DOS∗ = 4.58m0∗ (4.19m0∗ ). These 

results are comparable with me,DOS∗ = 2.96m0∗ , previously reported [142]. 

 

Table 4.10 - Effective masses of CoTaSn HH-A. 

Particle Path GGA-PBE PBE+SOC 𝐦𝐞∗  X - Γ 2.29 1.96 𝐦𝐞∗  X - W 1.07 0.74 𝐦𝐞,𝐝𝐨𝐬∗  - 2.82 2.24 𝐦𝐡∗  L - Γ 4.20 3.88 𝐦𝐡𝐡∗  L – W 0.760 0.550 𝐦𝐥𝐡∗  L - W 0.440 0.530 𝐦𝐡∗  W - L 0.310 0.310 𝐦𝐡∗  W - Γ 1.05 1.02 𝐦𝐡∗  W - X 1.88 2.16 𝐦𝐡,𝐝𝐨𝐬∗  - 4.58 4.19 

aThe effective masses used in the Equation 2.67 to calculate me,DOS∗  and mh,DOS∗  are 

presented in bold. 

 

 

(a) (b) 

  

  

Figure 4.16. TDOS of CoNbSn HH-A structure obtained from (a) PBE (b) PBE-SOC 

calculation and adjusted by Equation 2.68, within free electron approximation (FEA). 
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In addition, the hole effective masses were obtained at the TVB. In the L→Γ direction, 

a slight decrease from 4.20m0∗  to 3.88m0∗  (8% lower) is obtained when SOC effect is considered. 

On the other side, in the L→W direction, the effective masses are 0.760m0∗  and 0.440m0∗  for 

heavy (mhh∗ ) and light (mlh∗ ) holes, respectively. From SOC calculations, a decrease to 0.550m0∗  

(28% lower) is seen for mhh∗  and an increase to 0.530m0∗  (20% higher) for mlh∗ .  

In general, the HH-A Vanadium, Niobium and Tantalum alloys presented high values 

of mh,DOS∗  and  me,DOS∗ . This is mainly due to the localized 3d states, which cause the bands to 

present a flat dispersion [143] as well as a high degeneracy factor. Moreover, SOC effect 

generally decreases the  mh,DOS∗ , mainly due to the decrease in Nd,VTB. 

 

4.4 Chemical Bonds  

 
 This section presents the results to Bader charge, ELF and charge density for the Co-

VB-Sn structures. The chemical bonds were analyzed in the crystallography plans (12̅1) and 

(101), as represented in Figure 4.17. The calculations were carried out within the HSE06 

approximation. 

 

(a) (b) 

 

 

 

Figure 4.17.  Representation of crystallography plans (12̅1) and (101) in the    a) HH-A and 

b) FH-A structures. 

4.4.1 Vanadium alloys  

 
Table 4.11 presents the Bader Charge for Vanadium HH and FH alloys. For all 

structures, Co has a negative or zero charge, V has a positive charge, while Sn has a more 

significant negative charge for structures B and C. Also, lower Sn and Co charges are observed 

in the HH-A and HH-C structures. So, despite the Sn atom having greater electronegativity and 

atomic radius, the polarization in the direction Co(4c)-V(4a/4b) is favored by the occupation of 

site 4c by Co in HH-A. In the other cases, HH-B and HH-C, the polarization in the Sn(4c)-
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V(4a/4b) and V(4c)-Sn(4a/4b) directions are most favorable. Thus, it was observed that the type 

of atom located in the 4c/8c position plays an important hole for the polarization in the HH 

crystals. 

Regarding the Bader charge sign, a similar result was found for FH structures. And as 

there are two atoms located in the respective 4c and 8c sites, the charge is reduced by 

approximately half the value found for HH structures. Additionally, it was verified that SOC 

effect does not change the Bader charges and, therefore, the nature of the chemical bonds. 

 

Table 4.11 – Bader Charge q (|e|) obtained from HSE06 calculations for vanadium. Values in 

bold represent the atoms in the 4c/8c sites. 

Crystal Atom  Structure  

  A B C 

HH Co -1.14 -0.13 0.00 

Sn 0.09 -0.67 -0.56 

V 1.05 0.80 0.56 

FH Co -0.44a 0.00 -0.42 

 Sn 0.07 -0.18 a -0.88 

 V 0.81 0.36 0.65a 
aBader charge per atom in the 4c and 8c sites. 

 

Figures 4.18 (a) and (b) show the charge density for HH-A and FH-A vanadium 

structures, respectively.1 As the atomic radius of vanadium (RV = 1.35 Å) is smaller than that 

of tin (RSn = 1.45 Å), the charge density has similar plot in the Co-Sn and Co-V directions, 

although greater polarization in observed Co-V direction, as shown by the Bader Charges 

results. Figure 4.18 (c) shows the ELF for HH-A vanadium structure, where an attractor (as 

indicated by the arrow) located between the Co and V atoms indicates a covalent-polar bond 

characteristic2. For FH-A structure, Figure 4.18 (d) indicates an absence of attractor in Co-V 

direction, while higher ELF values are present in Sn-V directions. This can be explained by 

 
1
 The criteria for choosing the isosurface were based on main chemical bonds. 

2 The criteria for choosing the isosurface were based on the most appropriate analysis of the ELF functions. 
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greater electronegativity of Sn and the net charge of cobalt in the FH-A structure (-0.44 |e|) 

being much lower than of cobalt in the HH-A structure (-1.14 |e|), as shown in Table 4.11. 

 

(a) (b) 

  

(c) (d) 

  

Figure 4.18. Charge density of a) HH-A vanadium with isosurface: 0.055 eÅ-3, b) FH-A 

vanadium with isosurface: 0.044 eÅ-3; and Electron localization function of c) HH-A 

vanadium with isosurface:  0.22, and d) FH-A vanadium with isosurface: 0.16. 

 

Figure 4.19 (a) shows the ELF plots on the (12̅1) and (101) planes of HH-A structure. 

For (12̅1) plane, ELF presents larger values in-between the Sn-Co-V direction, approximately 

in the middle of the bond axis. On the other hand, from Bader analysis, it was obtained a charge 

equal to -1.14 |e| for Co, equal to +1.05 |e| for V and almost zero for Sn. Furthermore, the ELF 

is asymmetric around Co, i.e., displaced to one side of its nucleus. Thus, a covalent-polar bond 

is observed in the Sn-Co-V direction. As previously discussed, in Figure 4.5 (c), PDOS 

indicated that the bond occurs mainly by Sn(p)-Co(d)-V(d) orbitals hybridization. In the (101) 

plane, it is observed that in the vicinity of Sn the ELF assumes higher values, where bonds 

occur in the Sn-V direction. 
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(a) (b) 

 

 

(12̅1) (12̅1) 

 
 

(101) (101) 

Figure 4.19. Electron localization function obtained from HSE06 calculations in the planes 

(12̅1) and (101) for a) HH-A and b) FH-A vanadium structures. 

 

 

Figure 4.19 (b) presents the ELF plots on the (12̅1) and (101) planes of FH-A structure. 

In the plane (12̅1), the presence of Co in the 8c site in addition to the 4c site, induced a smaller 

electronic localization around them, when compared to the HH-A structure. This result is 

corroborated by the values presented for the Bader charge equal to -0.44 |e| per Co atom at sites 

4c and 8c, while for V atom is equal to +0.81 |e|. Thus, it is observed that a covalent-polar bond 

remains in the Sn-Co-V direction, with a decrease in polarization. As shown in Figure 4.6 (c), 

PDOS indicated that the bond occurs mainly by Co(d)-V(d) orbitals hybridization, with a 

reduced contribution from Sn(p) orbitals. In the (101) plane, it is observed that in the vicinity 

of Sn the ELF assumes higher values, where bonds occur in the Sn-V direction. 

 

4.4.2 Niobium alloys  

 
The Bader charged for Niobium structures are presented in Table 4.12. Similar to 

Vanadium alloys, Nb assumes positive charge, while Co and Sn charges depend of Wyckoff 

position. Thus, a polarization is observed in the directions Co(4c)-Nb(4a/4b), Sn(4c)-
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Nb(4a/4b), Nb(4c)-Sn(4a/4b), respectively, for the HH-A, HH-B and HH-C structures. In the 

structures HH-B and HH-C, Sn assumes a more negative charge, while Co in HH-A structure.  

Concerning the Bader charge sign, a similar result was found for FH structures. And as 

there are two atoms located in the respective 4c and 8c sites, the charge per atom is reduced as 

compared with HH structures. Additionally, it was verified that SOC effect does not change the 

Bader charges and, therefore, the nature of the chemical bonds. 

 

Table 4.12 – Bader Charge q (|e|) obtained from HSE06 calculations. Values in bold represent 

the atoms in the 4c/8c sites. 

Crystal Atom  Structure  

  A B C 

HH Co -1.11 0.11 -0.09 

Sn -0.01 -0.84 -0.46 

Nb 1.12 0.73 0.55 

FH Co -0.49a -0.03 -0.28 

 Sn 0.09 -0.17 a -0.64 

 Nb 1.07 0.35 0.46a 
aBader charge per atom in the 4c and 8c sites. 

 

Figures 4.20 (a) and (b) show the charge density for HH-A and FH-A niobium 

structures, respectively. The charge density is present in the Co-Nb direction, unlike the Co-Sn 

direction. Figure 4.18 (c) shows the ELF for HH-A niobium structure, where an attractor (as 

indicated by the arrow) located between the Co and Nb atoms indicates a covalent-polar bond 

characteristic. For FH-A structure, Figure 4.18 (d) indicates an absence of attractor in Co-Nb 

direction, while higher ELF values are present in Sn-Nb directions. This can be explained by 

greater electronegativity of Sn and the net charge of cobalt in the FH-A structure (-0.49 |e|) 

being much lower than of cobalt in the HH-A structure (-1.11 |e|), as shown in Table 4.12. 

Figure 4.21 (a) shows the ELF plots on the (12̅1) and (101) planes of HH-A structure. 

For (12̅1) plane, ELF presents larger values in-between the Sn-Co-Nb direction, approximately 

in the middle of the bond axis. On the other hand, from Bader analysis, it was obtained a charge 

equal to -1.11 |e| for Co, equal to +1.12 |e| for Nb and almost zero for Sn. Furthermore, the ELF 

is asymmetric around Co, i.e., displaced to one side of its nucleus. Thus, a covalent-polar bond 

is observed in the Sn-Co-Nb direction. As previously discussed, in Figure 4.7 (c), PDOS 
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indicated that the bond occurs mainly by Sn(p)-Co(d)-Nb(d) orbitals hybridization. In the (101) 

plane, it is observed that in the vicinity of Sn the ELF assumes higher values, where bonds 

occur in the Sn-Nb direction. 

 

(a) (b) 

  

(c) (d) 

  

Figure 4.20. Charge density of a) HH-A niobium with isosurface: 0.057 eÅ-3, b) FH-A 

niobium with isosurface: 0.044 eÅ-3; and Electron localization function of c) HH-A niobium 

with isosurface:  0.22, and d) FH-A niobium with isosurface: 0.16. 

 

Figure 4.21 (b) presents the ELF plots on the (12̅1) and (101) planes of FH-A structure. 

In the plane (12̅1), the presence of Co in the 8c site in addition to the 4c site, induced a smaller 

electronic localization around them, when compared to the HH-A structure. This result is 

corroborated by the values presented for the Bader charge equal to -0.49 |e| per Co atom at sites 

4c and 8c, while for Nb atom is equal to +1.07 |e|. Thus, it is observed that a covalent-polar 

bond remains in the Sn-Co-Nb direction, with a decrease in polarization. As shown in Figure 

4.6 (c), PDOS indicated that the bond occurs mainly by Co(d)-Nb(d) orbitals hybridization, 

with a reduced contribution from Sn(p) orbitals. In the (101) plane, it is observed that in the 

vicinity of Sn the ELF assumes higher values, where bonds occur in the Sn-Nb direction. 
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(a)                                (b) 

 

 

(12̅1) (12̅1) 

  

(101) (101) 

 
Figure 4.21. Electron localization function obtained from HSE06 calculations in the planes 

(12̅1) and (101) for a) HH-A and b) FH-A niobium structures. 

 

 

4.4.3 Tantalum alloys  

 
The Bader charges were calculated for Tantalum structures, as presented in Table 4.13. 

For HH structures, Co assumes a negative charge and Ta a positive charge, while Sn presents a 

more significant negative charge in HH-B. Analogous to vanadium and niobium alloys, 

polarization is observed in the directions Co(4c)-Ta(4a/4b), Sn(4c)-Ta(4a/4b), Ta(4c)-

Sn(4a/4b), respectively, for HH-A, HH-B and HH-C structures. So, it was observed that the 

type of atom located in the 4c/8c position is crucial for the formation of the covalent-polar 

character of the chemical bonds in the HH crystals. Thus, it was verified that the HH-A structure 

has covalent-polar bonds in the Co(4c)–Ta(4a/4b) directions, as well as the HH-B and HH-C 

structures, respectively, in the Sn(4c)–Ta(4a/4b) and Ta(4c)–Sn (4a/4b) directions. As shown 

in Table 4.13, an analogous result was found for FH structures, although the two atoms located 

in the respective 4c and 8c sites have the charge reduced as compared with HH structures. 
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Additionally, it was verified that SOC effect does not change the Bader charges and, therefore, 

the nature of the chemical bonds. 

 

Table 4.13 – Bader Charge q (|e|) obtained from HSE06 calculations. Values in bold represent 

the atoms in the 4c/8c sites. 

Crystal Atom  Structure  

  A B C 

HH Co -1.19 -0.05 -0.11 

Sn 0.02 -0.76 -0.51 

Ta 1.17 0.81 0.62 

FH Co -0.57a 0.03 -0.30 

 Sn 0.06 -0.17 a -0.42 

 Ta 1.08 0.31 0.36a 
aBader charge per atom in the 4c and 8c sites. 

 

Figures 4.22 (a) and (b) show the charge density for HH-A and FH-A structures, 

respectively, where the results are very similar to the niobium case.  There is greater charge 

density in the Co-Ta direction than in the Co-Sn direction for both HH-A and FH-A tantalum 

alloys. On the other hand, Figure 4.22 (c) shows an ELF attractor located between the Co and 

Ta atoms (indicated by arrow), confirm the covalent-polar bond Co-Ta in the HH-A structure. 

For FH-A structure, Figure 4.22 (d) indicates an absence of attractor in Co-V direction, while 

higher ELF values are present in Sn-Nb directions. This can be explained by greater 

electronegativity of Sn and the net charge of cobalt in the FH-A structure (-0.57 |e|) being much 

lower than of cobalt in the HH-A structure (-1.19 |e|), as shown in Table 4.13. 

Figure 4.23 (a) shows the ELF plots on the (12̅1) and (101) planes of HH-A structure. 

For (12̅1) plane, ELF presents larger values in-between the Sn-Co-Ta direction, approximately 

in the middle of the bond axis. On the other hand, from Bader analysis, it was obtained a charge 

equal to -1.19 |e| for Co, equal to +1.17 |e| for Ta and almost zero for Sn. Furthermore, the ELF 

is asymmetric around Co, i. e., displaced to one side of its nucleus. Thus, a covalent-polar bond 

is observed in the Sn-Co-Ta direction. As previously discussed, in Figure 4.9 (c), PDOS 

indicated that the bond occurs mainly by Sn(p)-Co(d)-Ta(d) orbitals hybridization. In the (101) 

plane, it is observed that in the vicinity of Sn the ELF assumes higher values, where bonds 

occur in the Sn-Ta direction. 



80 
 

 

 

(a) (b) 

  

(c) (d) 

  

Figure 4.22. Charge density of a) HH-A tantalum with isosurface: 0.052 eÅ-3, b) FH-A 

tantalum with isosurface: 0.045 eÅ-3; and Electron localization function of c) HH-A tantalum 

with isosurface:  0.23, and d) FH-A tantalum with isosurface: 0.28. 

  

Figure 4.23 (b) presents the ELF plots on the (12̅1) and (101) planes of FH-A structure. 

In the plane (12̅1), the presence of Co in the 8c site in addition to the 4c site, induced a smaller 

electronic localization around them, when compared to the HH-A structure. This result is 

corroborated by the values presented for the Bader charge equal to -0.57 |e| per Co atom at sites 

4c and 8c, while for Ta atom is equal to +1.08 |e|. Thus, it is observed that a covalent-polar 

bond remains in the Sn-Co-Ta direction, with a decrease in polarization. As shown in Figure 

4.6 (c), PDOS indicated that the bond occurs mainly by Co(d)-Ta(d) orbitals hybridization, with 

a reduced contribution from Sn(p) orbitals. In the (101) plane, it is observed that in the vicinity 

of Sn the ELF assumes higher values, where bonds occur in the Sn-Ta direction. 
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(101)     (101) 

Figure 4.23. Electron localization function obtained from HSE06 calculations in the planes 

(12̅1) and (101) for a) HH-A and b) FH-A tantalum structures. 

 

 

4.5 Thermoelectric Properties  

 
 In this section is presented the analyses of thermoelectric properties of tantalum HH-A 

alloy. The theorical results were compared with the experimental work of Li, S. & et al [62]. 

The MLWF functions were used to interpolate the band structure obtained previously from 

GGA-PBE approximation, as shown in Figure 4.24. Then, a post-processing calculation was 

carried out to obtain the thermoelectric quantities. The Seebeck coefficient S, electrical 

conductivity σ, and electronic component of thermal conductivity κe were obtained within rigid 

band approximation, where the chemical potential (µ) and the relaxation time (τ) were used to 

fit the extracted experimental data. 
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Figure 4.24.  Calculated bandstructures obtained from Wannier functions (dashed lines) and 

GGA-PBE calculations (solid lines) Tantalum HH-A structure. 

 

Figure 4.25 presents extracted experimental data [62] and theorical curves, considering 

τ = 0.16 fs and Ef - μ = 1.2634 eV, where Ef is the Fermi level.  

As shown in Figure 4.25 (a), the theoretical coefficient curve does not completely fit the 

experimental data, although a similar trend is observed. Figure 4.25 (b) presents the electrical 

conductivity, where for the range 450 < T < 800 a reasonable agreement is observed. Figure 

4.25 (c) shows that the contribution of electronic component to the thermal conductivity is 

significant at low temperatures (T < 500 K). On the other hand, κe has been overestimated for 

T > 500 K. It is expected that for T > 500 K phonons has an important contribution to the 

thermal conductivity. In addition, three curve fits were performed for ZT, as shown in Figure 

4.25 (d). When only κe is considered, it is observed that ZT increases with temperature, although 

the values are overestimated in comparison with the experimental data. This result supports that 

contribution to the lattice is important for a broad description of the thermal conductivity in 

these materials. For T < 700 K, a suitable fit occurs when only the lattice component of the 

thermal conductivity κlat is taken into account, but underestimated for T > 700 K. The lattice 

component was obtained by Shan Li et al. [62], considering κlat =  κ – κe, where κe was 

calculated via Wiedemann–Franz law within single parabolic band model. Thus, it is 

highlighted that the thermal conductivity plays an important role in Tantalum HH-A alloy and 

that the handling of the scattering process is very important to improve their thermoelectric 

properties. Therefore, the investigation of phonon scattering mechanisms as well as the 

electron–phonon coupling [143] can contribute to improve the calculation of the thermoelectric 

properties of the HH materials. 
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(b) 

  
(c)  (d) 

 

  
Figure 4.25.  Theoretical and experimental results for (a) Seebeck coefficient, (b) electrical 

conductivity (c) electronic component of thermal conductivity and (d) ZT versus temperature 

in the range of temperature 200 –1050K for HH-A tantalum structure. Experimental data 

extracted from Ref. Shan Li, et al [62]. 

 

Figure 4.26 presents the theoretical results for Seebeck coefficient, electrical 

conductivity and power factor versus chemical potential for a temperature range 300–900 K. 

The TE quantities had been obtained for different carrier concentrations by varying the 

chemical potential. The values of μ were defined from the bandstructure calculations around 

the Fermi Level. As seen in Figure 4.26 (a), close to EF, the Seebeck coefficient shows a 

downward trend as the temperature increases. Maximum values of S occur at -0.06 eV (n-type) 

and 0.05 eV (p-type), in agreement with result obtained previously [144]. As observed in Fig. 

4.26 (b), electrical conductivity increases when a substantial carrier concentration is considered, 

i.e., for EF- μ < -0.5 (n-type) and Ef - μ > 0.5 (p-type), although the Seebeck coefficient 

decreases under these conditions. For EF - μ > - 1.0 eV and EF - μ < 0.7 eV, electrical 
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conductivity increases as temperature increases, whereas for highest carrier concentrations (EF 

- μ = 0.90 eV and -1.25 eV) the electrical conductivity decreases as temperature increases. 

(a) (b) 
 

  
(c) 

 

 
Figure 4.26. Calculated (a) Seebeck coefficient, (b) electrical conductivity and (c) power 

factor for in HH-A structure, as a function of the chemical potentials for different 

temperatures. 

 

It was observed that power factor reaches higher values for lower temperatures and 

higher carrier concentrations. As shown in Fig. 4.26 (c), uppermost value (≈ 360 μSV2/mK2) 

occurs at EF - μ ≈ +0.63 eV (p-type) at room temperature, although a smaller peak is observed 

in EF - μ ≈ +1.2 eV. On the other side, a relevant peak at Ef - μ ≈ - 0.75 eV (n-type) is observed, 

where PF ≈ 125 μSV2/mK2 at T = 300 K. With these results, the doping process is a good way 

to improve of the TE properties of HH-A tantalum alloys. This process can increase carrier 

concentration, which increase the PF and can be a way of decrease the thermal conductivity. 

As shown by S. Li et al [62], ZT = 0.75 (T = 973K) in Sb-doping Co(Ta/Nb)Sn alloy 

(Ta0.6Nb0.4CoSn0.94Sb0.06). Also, as previously reported [142], thermoelectric properties were 

improved by the combination of Ta and V in this CoTa0.5V0.5Sn structure. 
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5 – CONCLUSION 

 

Within the perspective of development of new technologies environment friendly to 

generation of energy, this work analyzed Heusler structure Co-VB-Sn with focus in application 

as thermoelectric. The calculations showed that the HH alloys have a more stable structure 

when the Co atom occupies the 4c position (structure HH-A). For the FH alloy this occurs when 

the Ta atom occupies this position and its equivalent 8d (structure FH-C), although in the 

literature there are only experimental records of FH alloys with the Co atom occupying the 

4c/8c position (structure FH-A). In both GGA-PBE and HSE06 approximations, HH-A 

structures present semiconductor behavior, that is fundamental to thermoelectric applications. 

On the other hand, FH-A present half-metallic behavior, which is interesting for application in 

other areas as spintronic. In addition, when HSE06 is considered, the structures HH-A and FH-

A presented magnetization in accordance with Slater-Pauling rule. In general, GGA-PBE 

approximation describe satisfactorily the structural properties of Heusler alloys. From chemical 

bond analyses, the 4c/8c sites play an important role to definition of covalent-polar bonds in 

the HH-A and FH-A structures. In addition, structure HH-A Co-VB-Sn presented relative high 

DOS effective mass, which is fundamental for the thermoelectric properties. In terms of 

effective masses, SOC effect plays an important role. For HH-A tantalum alloy, it was observed 

that the contribution of electronic component to the thermal conductivity is significant for low 

temperatures (T < 500 K). On the other hand, for high temperatures the contribution of phonons 

must be taken into account, emphasizing the need for further studies. Finally, with these results 

stay evident the potential of Co-VB-Sn as thermoelectric. Finally, this work presented an 

important perspective of analyses how to improve thermoelectric properties from the controlled 

formation these structures. Finally, the process of doping is other possibility to improve this 

material as thermoelectric, and will be focus of study in future works, as well the study of FH-

A to others applications. 
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