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RN ✿ ♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ N−❞✐♠❡♥s✐♦♥❛❧✱ ❝♦♠ ♣♦♥t♦s x = (x1, x2, . . . , xN)✱

xi ∈ R ❡ |x| =
(
∑N

i=1 x
2
i

)1/2

✳

❙❡ u : Ω → R✱ ❡s❝r❡✈❡♠♦s u(x) = u(x1, x2, . . . , xN)✳
Ω✿ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ RN ✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♠✐t❛❞♦❀ Ω é ✉♠ ❞♦♠í♥✐♦
s❡ t❛♠❜é♠ é ❝♦♥❡①♦❀ ♠❡❞(Ω)❂ ♠❡❞✐❞❛ ❞❡ Ω✳
∂Ω✿ ❢r♦♥t❡✐r❛ ❞♦ ❝♦♥❥✉♥t♦ Ω✳
Ω✿ ❢❡❝❤♦ ❞❡ Ω✳
Ck(Ω)✿ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s φ : Ω −→ R ❝✉❥❛s ❞❡r✐✈❛❞❛s✱ ❛té ❞❡ ♦r❞❡♠ ♠❡♥♦r
♦✉ ✐❣✉❛❧ ❛ k✱ sã♦ ❝♦♥tí♥✉❛s ❡♠ Ω✱ k ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ♦✉ k = ∞✳
s✉♣♣(u)✿ ♦ s✉♣♦rt❡ ❞❡ u é ♦ ❢❡❝❤♦ ❡♠ Ω ❞♦ ❝♦♥❥✉♥t♦ {x ∈ Ω; u(x) 6= 0}✳
Ck

0 (Ω)✿ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ❡♠ Ck(Ω) ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦ ❡♠ Ω✳
D(Ω) = C∞

0 (Ω)✳
B(x, r)✿ ❜♦❧❛ ❛❜❡rt❛ ❞❡ ❝❡♥tr♦ x ❡ r❛✐♦ r✳
‖u‖p✿ ♥♦r♠❛ ❞❡ u ♥♦ ❡s♣❛ç♦ Lp

2∗ =
2N

N − 2
✱ ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈✳

D1,2(Ω) = {u ∈ L2∗(Ω) : ∀i = 1, . . . , N ∂iu ∈ L2(Ω)}✱ ❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ♥♦r♠❛

‖u‖D1,2(Ω) =
(∫

Ω
|∇u|2 dx

)1/2
+
(∫

Ω
|u|2∗ dx

)1/2∗

✳

D1,2
0 (Ω) = D1,2✿ é ♦ ❢❡❝❤♦ ❞❡ D(Ω) ❡♠ D1,2(Ω) ❡

‖u‖D1,2
0 (Ω) = ‖u‖ = ‖|∇u|‖2 =

(∫

Ω
|∇u|2 dx

)1/2
✳

H1(Ω) = {u ∈ L2(Ω);∇u ∈ L2(Ω)}✱ ❝♦♠ ♥♦r♠❛

‖u‖H1(Ω) =
(∫

Ω
|∇u|2 +

∫

Ω
|u|2 dx

)1/2
✳

H1
0 (Ω)✿ é ♦ ❢❡❝❤♦ ❞❡ D(Ω) ❡♠ H1(Ω)✱ ❝♦♠ Ω ❧✐♠✐t❛❞♦ t❡♠♦s ❛ ♥♦r♠❛ ❡q✉✐✈❛❧❡♥t❡

‖u‖H1
0 (Ω) = ‖u‖ =

(∫

Ω
|∇u|2 dx

)1/2
✳

S = inf
u∈D1,2(RN )

u 6=0

‖∇u‖22
‖u‖22∗

✱ ❛ ❝♦♥st❛♥t❡ ót✐♠❛ ❞❡ ❙♦❜♦❧❡✈✳

u+ = max(u, 0), u− = −min(u, 0), u = u+ − u−, |u| = u+ + u−✳
λ1✿ ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦ ♦♣❡r❛❞♦r −∆ ♥♦ ❡s♣❛ç♦ H1

0 (Ω)✳
wN ✿ ár❡❛ ❞❛ ❜♦❧❛ ❞❡ r❛✐♦ ✶ ♥♦ ❡s♣❛ç♦ RN ✳

✈
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❘❆▼■❘❊❩✱ ❋r❛♥❝✐s❝♦ ❆s❞r✉❜❛❧ ❍❡r♥á♥❞❡③✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡
❱✐ç♦s❛✱ ♠❛rç♦ ❞❡ ✷✵✶✽✳ ❙♦❜r❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛s ❡❧í♣t✐❝♦s ❝rít✐❝♦s
❡♠ ❞♦♠í♥✐♦s ❧✐♠✐t❛❞♦s ❡ ✐❧✐♠✐t❛❞♦s✳ ❖r✐❡♥t❛❞♦r❛✿ ❏éss②❝❛ ▲❛♥❣❡ ❋❡rr❡✐r❛
▼❡❧♦ ●✉r❥ã♦✳

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ❞♦✐s ♣r♦❜❧❡♠❛s

❡❧í♣t✐❝♦s ❝rít✐❝♦s✿






−∆u = u2
∗−1 + λu ❡♠ Ω,

u > 0 ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

✭Pλ✮

❡♠ q✉❡ 2∗ é ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈✱ λ ∈ R, N ≥ 3 ❡ Ω ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡

❡ ❧✐♠✐t❛❞♦❀ ❡ 





−∆u = u2
∗−1 + λf(x, u) ❡♠ RN ,

u ≥ 0 ❡♠ RN ,
∫

RN

|∇u|2 dx <∞,

✭PGλ✮

❡♠ q✉❡ λ ∈ R, N ≥ 3 ❡ f ✉♠❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ ❝♦♥❞✐çõ❡s ❛♣r♦♣r✐❛❞❛s✳

✈✐
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❘❆▼■❘❊❩✱ ❋r❛♥❝✐s❝♦ ❆s❞r✉❜❛❧ ❍❡r♥á♥❞❡③✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡
❱✐ç♦s❛✱ ▼❛r❝❤✱ ✷✵✶✽✳ ❖♥ ❛ ❝❧❛ss ♦❢ ❝r✐t✐❝❛❧ ❡❧❧✐♣t✐❝❛❧ ♣r♦❜❧❡♠s ✐♥ ❜♦✉♥❞❡❞
❛♥❞ ✉♥❜♦✉♥❞❡❞ ❞♦♠❛✐♥s✳ ❆❞✈✐s❡r✿ ❏éss②❝❛ ▲❛♥❣❡ ❋❡rr❡✐r❛ ▼❡❧♦ ●✉r❥ã♦✳

■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ♥♦♥tr✐✈✐❛❧ s♦❧✉t✐♦♥ ❢♦r t✇♦ ❝r✐t✐❝❛❧ ❡❧❧✐♣t✐❝

♣r♦❜❧❡♠s✿






−∆u = u2
∗−1 + λu ✐♥ Ω,

u > 0 ✐♥ Ω,

u = 0 ✐♥ ∂Ω,

✭Pλ✮

✇❤❡r❡ 2∗ ✐s t❤❡ ❝r✐t✐❝❛❧ ❡①♣♦♥❡♥t ♦❢ ❙♦❜♦❧❡✈✱ λ ∈ R, N ≥ 3 ❛♥❞ Ω ✐s ❛ s♠♦♦t❤

❜♦✉♥❞❡❞ ❞♦♠❛✐♥❀ ❛♥❞







−∆u = u2
∗−1 + λf(x, u) ✐♥ RN ,

u ≥ 0 ✐♥ RN ,
∫

RN

|∇u|2 dx <∞,

✭PGλ✮

✇❤❡r❡ λ ∈ R, N ≥ 3 ❛♥❞ f ✐s ❛ ❢✉♥❝t✐♦♥ t❤❛t s❛t✐s✜❡s ❛♣♣r♦♣r✐❛t❡ ❝♦♥❞✐t✐♦♥s✳

✈✐✐
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✶ Pr♦❜❧❡♠❛ ❝rít✐❝♦ ❡♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ✺

✶✳✶ ❈❛s♦ ✶✿ N ≥ 4 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✷ ❈❛s♦ ✷✿ N = 3 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✷ Pr♦❜❧❡♠❛ ❝rít✐❝♦ ❡♠ ❞♦♠í♥✐♦ ✐❧✐♠✐t❛❞♦ ✸✸

✷✳✶ ❘❡s✉❧t❛❞♦s té❝♥✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✷ ●❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✸ ❊st✐♠❛t✐✈❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✷✳✹ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ (PGλ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

❆ ❘❡s✉❧t❛❞♦s ❣❡r❛✐s ✺✼

❇ ❈♦♥st❛♥t❡ ❞❡ ❙♦❜♦❧❡✈ ✻✾

❇✳✶ ■♥✈❛r✐â❝✐❛ s♦❜ ❡s❝❛❧❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

❇✳✷ ▼✐♥✐♠✐③❛❞♦r ♣❛r❛ S ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

❇✳✸ S ❡♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

❈ Pr✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ −∆ ♣❛r❛ N = 3 ✼✷

❉ ❈❛s♦ s✉❜❝rít✐❝♦ ✼✺

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✼✼

✈✐✐✐



■♥tr♦❞✉çã♦

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛✲s❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦✱ ♥ã♦ tr✐✈✐❛❧✱ ❞❡ ❞♦✐s ♣r♦❜❧❡♠❛s
❡❧í♣t✐❝♦s q✉❛s❡ ❧✐♥❡❛r❡s ❝♦♠ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈✳ P❛r❛ ✐ss♦✱ ♦ tr❛❜❛❧❤♦ ❢♦✐
❞✐✈✐❞♦ ❡♠ ❞✉❛s ♣❛rt❡s✿ ♥❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❡st✉❞❛✲s❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛
❡♠ H1

0 (Ω)✱ ♣❛r❛ 





−∆u = u2
∗−1 + λu ❡♠ Ω,

u > 0 ❡♠ Ω,
u = 0 ❡♠ ∂Ω,

✭Pλ✮

❡♠ q✉❡ 2∗ =
2N

N − 2
é ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈✱ λ ∈ R✱ N ≥ 3 ❡ Ω ⊂ RN é

✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ ❧✐♠✐t❛❞♦❀ ♥❛ s❡❣✉♥❞❛ ♣❛rt❡✱ ❡st✉❞❛✲s❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦
❢r❛❝❛ ❡♠ D1,2(RN)✱ ❞♦ ♣r♦❜❧❡♠❛







−∆u = u2
∗−1 + λf(x, u) ❡♠ RN ,

u ≥ 0 ❡♠ RN ,
∫

RN |∇u|2 dx <∞,
✭PGλ✮

❡♠ q✉❡ N ≥ 3 ❡ f : RN ×R→ R ✉♠❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭❢✶✮ f ∈ C(RN × R,R) ❡ f(x, s) ≡ 0, q✉❛♥❞♦ s ≤ 0✳

✭❢✷✮ ❉❛❞♦ R > 0 ❡①✐st❡♠ θR ∈ [2, 2∗) ❡ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛ aR, bR > 0 t❛✐s q✉❡

|f(x, s)| ≤ aRs
θR−1 + bR, ∀ |x| ≤ R, ∀s ≥ 0.

✭❢✸✮ ❊①✐st❡♠ r1, r2, q ∈ (1, 2∗)✱ ❝♦♠ r1 ≤ q ≤ r2✱ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ Ω0 ⊂ RN ✱
ci ∈ L2∗/(2∗−ri)(RN)✱ i = 1, 2✱ ❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ a t❛✐s q✉❡

f(x, s) ≤ c1(x)s
r1−1 + c2(x)s

r2−1, ∀x ∈ RN , s ≥ 0,

F (x, s) ≥ asq, ∀x ∈ Ω0, s ≥ 0,

♦♥❞❡ F (x, s) =
∫ s

0

f(x, t) dt

✭❢✹✮ ❊①✐st❡♠ µ, µ̂ ∈ (1, 2∗)✱ 2 < τ < 2∗✱ 1 < τ̂ < 2∗✱ c3 ∈ L2∗/(2∗−µ)(RN )✱ ❡
c4 ∈ L2∗/(2∗−µ̂)(RN ) t❛✐s q✉❡
1

τ
f(x, s)s− F (x, s) ≥ −c3(x)sµ, ∀x ∈ RN , s ≥ 0,

1

τ̂
f(x, s)s− F (x, s) ≤ c4(x)s

µ̂, ∀x ∈ Ω0, s ≥ 0,

✶



✷

❊♠ ❛♠❜♦s ♦s ❝❛s♦s ♦ ❡st✉❞♦ é ❜❛s❡❛❞♦ ♥♦ ♠ét♦❞♦ ✈❛r✐❛❝✐♦♥❛❧✱ ♥♦ ❡♥t❛♥t♦✱ ❡♠
❝❛❞❛ ✉♠ ❞❡❧❡s é ♣r❡❝✐s♦ ❢❛③❡r ✉s♦ ❞❡ ❡st✐♠❛t✐✈❛s ♣❛r❛ ❣❛r❛♥t✐r ❛s ❝♦♥❞✐çõ❡s ❞❛
❡①✐stê♥❝✐❛ ❞❡ ♣♦♥t♦ ❝rít✐❝♦ ♥ã♦ tr✐✈✐❛❧✱ u 6= 0✱ ❞♦ ♣r♦❜❧❡♠❛ ✈❛r✐❛❝✐♦♥❛❧ ❛ss♦❝✐❛❞♦✳
❖ ✉s♦ ❞❛s ❡st✐♠❛t✐✈❛s s✉r❣❡ ❝♦♠♦ ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ✈❡♥❝❡r ❛ ❞✐✜❝✉❧❞❛❞❡ ❞❛ ❢❛❧t❛ ❞❡
❝♦♠♣❛❝✐❞❛❞❡ ❞❛s ✐♠❡rsõ❡s ❝♦♥tí♥✉❛s H1

0 (Ω) →֒ L2∗(Ω) ❡ D1,2(RN) →֒ L2∗(RN)✳

❆ ♣r✐♠❡✐r❛ ♣❛rt❡ s❡rá ✈✐st❛ ♥♦ ❈❛♣ít✉❧♦ ✶✱ s❡❣✉✐♥❞♦ ❇r❡③✐s ❡ ◆✐r❡♥❜❡r❣ ❬✼❪✳
❆ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ❢♦r♥❡❝❡r ♦s r❡s✉❧t❛❞♦s✱ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ é ♣r♦❝✉r❛r
♣♦♥t♦s ❝rít✐❝♦s ❞♦ ❢✉♥❝✐♦♥❛❧

φ(u) =

∫

Ω

|∇u|2 dx− λ

∫

Ω

u2 dx

♥❛ ❡s❢❡r❛ ‖u‖2∗ = 1 ❡ u ∈ H1
0 (Ω)✳ ❱✐❛ ♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡✱ é

❡q✉✐✈❛❧❡♥t❡ ❛ ♠♦str❛r q✉❡

inf
u∈H1

0 (Ω)
‖u‖2∗=1

{∫

Ω

|∇u|2 dx− λ

∫

Ω

u2 dx

}

✭✶✮

é ❛t✐♥❣✐❞♦✳ ❖ ❛rt✐❢í❝✐♦ ♣❛r❛ s✉♣❡r❛r ❛ ❢❛❧t❛ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡ é ❡st❛❜❡❧❡❝❡r q✉❡ ♣❛r❛
♦s ✈❛❧♦r❡s ❞❡ λ ❛❞❡q✉❛❞♦s t❡♠♦s

inf
u∈H1

0 (Ω)
‖u‖2∗=1

{∫

Ω

|∇u|2 dx− λ

∫

Ω

u2 dx

}

< inf
u∈H1

0 (Ω)
‖u‖2∗=1

∫

Ω

|∇u|2 dx. ✭✷✮

◆♦ ❡st✉❞♦ ♣❡r❝❡❜❡✲s❡ q✉❡ ♦s ❝❛s♦s N ≥ 4 ❡ N = 3 sã♦ ❞✐❢❡r❡♥t❡s ✱ ♥♦ q✉❡ s❡ r❡❢❡r❡
❛ ❢♦r♠❛ ❞♦ ❞♦♠í♥✐♦ Ω ❡ ♦ ❝♦♥❥✉♥t♦ ❞♦s λ✳
❉❡♥♦t❛♥❞♦ ♣♦r λ1 ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦ ♦♣❡r❛❞♦r −∆ ♥♦ ❡s♣❛ç♦ H1

0 (Ω)
❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❉✐r✐❝❤❧❡t ③❡r♦✱ ♣❛r❛ ❡st❛ ♣r✐♠❡✐r❛ ♣❛rt❡ t❡♠♦s ❞♦✐s r❡s✉❧t❛❞♦s
♣r✐♥❝✐♣❛✐s✳

❚❡♦r❡♠❛ ✶✳✼✳ ❙✉♣♦♥❤❛ N ≥ 4✳ ❊♥tã♦ ♣❛r❛ ❝❛❞❛ λ ∈ (0, λ1) ❡①✐st❡ s♦❧✉çã♦ ❞❡
✭Pλ✮✳

❚❡♦r❡♠❛ ✶✳✶✵✳ ❙✉♣♦♥❤❛ N = 3 ❡ q✉❡ Ω é ✉♠❛ ❜♦❧❛✳ ❊♥tã♦ ❡①✐st❡ s♦❧✉çã♦ ❞❡
✭Pλ✮ s❡ ❡ s♦♠❡♥t❡ s❡ λ ∈

(
1
4
λ1, λ1

)
✳

❊♠ ♥❡♥❤✉♠ ❞♦s ❝❛s♦s ❡①✐st❡ s♦❧✉çã♦ ♣♦s✐t✐✈❛ q✉❛♥❞♦ λ ≥ λ1 ♦✉ λ ≤ 0 ❡ Ω
é ✉♠ ❞♦♠í♥✐♦ ❡str❡❧❛❞♦✳ ❆ s✐t✉❛çã♦ é ❞✐❢❡r❡♥t❡ q✉❛♥❞♦ Ω ♥ã♦ é ❡str❡❧❛❞♦✳ ❊st❡
❢❛t♦ ❢♦✐ ✐♥✐❝✐❛❧♠❡♥t❡ ✐❞❡♥t✐✜❝❛❞♦ ♣♦r ❑❛③❞❛♥ ❡ ❲❛r♥❡r ❬✶✶❪✱ ♦♥❞❡ s❡ Ω é ✉♠ ❛♥❡❧✱
❡①✐st❡ s♦❧✉çã♦ r❛❞✐❛❧ ❞❡ ✭Pλ✮ ♣❛r❛ ❝❛❞❛ λ ∈ (−∞, λ1)✳

❖ ♣♦♥t♦ ♣r✐♥❝✐♣❛❧ ♣❛r❛ ♠♦str❛r q✉❡ ♦ í♥✜♠♦ ❡♠ ✭✶✮ é ❛t✐♥❣✐❞♦ ❡stá ❞❛❞♦ ♥♦
▲❡♠❛ ✶✳✺✱ ♣❛r❛ ♦ ❝❛s♦ N ≥ 4✱ ❡ ♥♦ ▲❡♠❛ ✶✳✽ ♣❛r❛ ♦ ❝❛s♦ N = 3✱ ❡ ❝♦♥s✐st❡ ❡♠
❡st✐♠❛r ❛ r❛③ã♦

Qλ(uε) =
‖∇uε‖22 − λ ‖uε‖22

‖uε‖22∗
♣❛r❛

uε(x) =
ϕ(x)

(ε+ |x|2)N−2
2

, ε > 0,



✸

❡ ϕ ∈ D(Ω) é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝♦rt❡✳ ❆ ❞❡♠♦♥str❛çã♦ q✉❡ ♦ í♥✜♠♦ ✭✶✮ é ❛t✐♥❣✐❞♦✱
é ❞❛❞❛ ♥♦ ▲❡♠❛ ✶✳✻✱ ❞❛ q✉❛❧ t❛♠❜é♠ ♦❜t❡♠♦s u ∈ H1

0 (Ω)✱ u 6= 0 t❛❧ q✉❡ ku é
s♦❧✉çã♦ ❢r❛❝❛ ❞❡ ✭Pλ✮ ♣❛r❛ ✉♠ ✈❛❧♦r k > 0 ❝♦♥✈❡♥✐❡♥t❡✱ ♠♦str❛❞♦ ♥♦ ❚❡♦r❡♠❛ ✶✳✼
♣❛r❛ N ≥ 4 ❡ ♥♦ ❚❡♦r❡♠❛ ✶✳✶✵ ♣❛r❛ N = 3✳ ◆❛s ❝♦♥❞✐çõ❡s ♣❛r❛ ♦ ❝❛s♦ N = 3✱ ❛

♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ✭Pλ✮ ♣❛r❛ λ ≤ 1

4
λ1 é ❞❛❞❛ ♥♦ ▲❡♠❛ ✶✳✾✳

❆ s❡❣✉♥❞❛ ♣❛rt❡ ❢♦✐ ❜❛s❡❛❞❛ ♥♦ tr❛❜❛❧❤♦ ❞❡ ❙✐❧✈❛ ❡ ❙♦❛r❡s ❬✶✻❪✱ ♥♦ ❝❛s♦
♣❛rt✐❝✉❧❛r ❡♠ q✉❡ p = 2✱ ❡ s❡rá ♥♦ss♦ ❈❛♣ít✉❧♦ ✷✳ ❆ té❝♥✐❝❛ ✉s❛❞❛ ♣❡r♠✐t❡
♠♦str❛r q✉❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ (un) ∈ D1,2 ❛ q✉❛❧✱ ❛ ♠❡♥♦s ❞❡
s✉❜s❡q✉ê♥❝✐❛✱ ❝♦♥✈❡r❣❡ ❛ ✉♠❛ s♦❧✉çã♦ ❢r❛❝❛ ♥ã♦ tr✐✈✐❛❧ ❞❡ ✭PGλ✮✳ ■st♦ é ♠♦str❛❞♦
♥♦ ❚❡♦r❡♠❛ ✷✳✶✽ ❛❝r❡s❝❡♥t❛♥❞♦ q✉❡ q > 2∗ − 2✱ ♦♥❞❡ q é ❞❛❞♦ ♣❡❧❛ ❝♦♥❞✐çã♦ ✭❢✸✮
❡ ♥♦ ❚❡♦r❡♠❛ ✷✳✷✵ ❛❝r❡s❝❡♥t❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ♣♦s✐t✐✈✐❞❛❞❡

✭❢✺✮ F (x, s) =
∫ s

0
f(x, t) dt ≥ 0 ∀x ∈ RN , s ≥ 0✳

❈♦♥st✐t✉❡♠ ♦s ❞♦✐s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❞❡st❡ ❝❛♣ít✉❧♦✳

❚❡♦r❡♠❛ ✷✳✶✽✳ ❙✉♣♦♥❤❛ q✉❡ f s❛t✐s❢❛③ (❢1) − (❢4)✱ ❝♦♠ q, r1 ❞❛❞♦ ♣♦r (❢3) ❡
q > 2∗ − 2✳ ❊♥tã♦✱

✶✳ ❙❡ 1 < r1 ≤ 2✱ ❡①✐st❡ λ∗ > 0 t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭PGλ✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦
♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ❝❛❞❛ λ ∈ (0, λ∗)✳

✷✳ ❙❡ 2 < r1 < 2∗✱ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ✭PGλ✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧
♣❛r❛ ❝❛❞❛ λ > 0✳

❚❡♦r❡♠❛ ✷✳✷✵✳ ❙✉♣♦♥❤❛ q✉❡ f s❛t✐s❢❛③ (❢1) − (❢5)✱ ❝♦♠ r1 ❞❛❞♦ ♣❡❧❛ ❝♦♥❞✐çã♦
(❢3)✳ ❊♥tã♦✱

✶✳ ❙❡ 1 < r1 ≤ 2✱ ❡①✐st❡ λ∗ > 0 t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭PGλ✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦
♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ❝❛❞❛ λ ∈ (0, λ∗)✳

✷✳ ❙❡ 2 < r1 < 2∗✱ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ✭PGλ✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧
♣❛r❛ ❝❛❞❛ λ > 0✳

◆♦ ❞❡❝♦rr❡r ❞♦ ❝❛♣ít✉❧♦ ♦s ❛r❣✉♠❡♥t♦s ❡♥✈♦❧✈❡♠ ♣r✐♥❝✐♣❛❧♠❡♥t❡✿ ❛r❣✉♠❡♥t♦s
❞❡ ♣❡rt✉r❜❛çã♦✱ ♦ Pr✐♥❝í♣✐♦ ❞❡ ❈♦♥❝❡♥tr❛çã♦✲❈♦♠♣❛❝✐❞❛❞❡ ❞♦ tr❛❜❛❧❤♦ ❞❡ P✳ ▲✳
▲✐♦♥s ❬✶✷❪ ❡ ❡st✐♠❛t✐✈❛s ❛♣r♦♣r✐❛❞❛s ♣❛r❛ ♦s ♥í✈❡✐s ❛ss♦❝✐❛❞♦s ❛♦ ❚❡♦r❡♠❛ ❞♦
P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛✳

❉♦ ♣r♦❜❧❡♠❛ ✭PGλ✮✱ ♦❜t❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❞❡ ♣r♦❜❧❡♠❛s

(PGλ)n

{
−∆u = u2

∗−1 + λfn(x, u) ❡♠ RN ,
u ≥ 0 u ∈ D1,2,

♦♥❞❡ φ ∈ D(RN) s❛t✐s❢❛③ 0 ≤ φ(x) ≤ 1, φ ≡ 1 ♥❛ ❜♦❧❛ B(0, 1)✱ ❡ φ ≡ 0 ❡♠
RN \B(0, 2) ❡ ♣❛r❛ n ∈ N ❡ φn(x) = φ(x/n)

fn(x, s) = φn(x)f(x, s), ✭✸✮



✹

♣❡❧❛ ❤✐♣ót❡s❡ ✭❢✷✮ ❡ ❛ ❝♦♥str✉çã♦✱ ♦ ❢✉♥❝✐♦♥❛❧ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ (PGλ)n✱
Iλ,n✱ ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ ♣❡rt❡♥❝❡ ❛ C1(D1,2,R)✳ ▲♦❣♦✱ ✈❡♠♦s q✉❡ ❛ s❡q✉ê♥❝✐❛
❞❡ ❢✉♥❝✐♦♥❛✐s Iλ,n s❛t✐s❢❛③ ❛s ❝♦❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ❞❡
❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③ ✭❚❡♦r❡♠❛ ✷✳✻✮✳ ❆ss✐♠✱ ♣♦ss✉✐ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)cλ,n ✱
♣❛r❛ ❝❛❞❛ n✱ ❞❛ q✉❛❧ é ♣♦ss✐✈❡❧ ❡①tr❛✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞✐❛❣♦♥❛❧ ❧✐♠✐t❛❞❛ ✭▲❡♠❛
✷✳✶✼✮✱ q✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✷✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ❝♦♥✈❡r❣❡ ❢r❛❝♦ ❛ ✉♠❛
s♦❧✉çã♦✱ u ∈ D1,2✱ ❞❡ ✭PGλ✮✳ ❆ ❡st✐♠❛t✐✈❛ ♥❛ Pr♦♣♦s✐çã♦ ✷✳✶✻ ♣❡r♠✐t❡ ♠♦str❛r
q✉❡ u 6= 0✱ ♥♦ ❚❡♦r❡♠❛ ✷✳✶✽✱ ❡ ❛ ❡st✐♠❛t✐✈❛ ♥❛ Pr♦♣♦s✐çã♦ ✷✳✶✾✱ ♥♦ ❚❡♦r❡♠❛ ✷✳✷✵✳
❆ Pr♦♣♦s✐çã♦ ✷✳✶✻ ❢❛③ ✉s♦ ❞❛ ❤✐♣ót❡s❡ q > 2∗ − 2✱ ♦♥❞❡ q é ❞❛❞♦ ♣❡❧❛ ❝♦♥❞✐çã♦
✭❢✸✮✱ ❡ ♥❛ Pr♦♣♦s✐çã♦ ✷✳✶✾ é ❛ss✉♠✐❞❛ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞❛ ♣r✐♠✐t✐✈❛ F (x, s)✳

◆♦s ❛♣ê♥❞✐❝❡s ❞❡st❡ tr❛❜❛❧❤♦ sã♦ ❛♣r❡s❡♥t❛❞❛s ❞❡✜♥✐çõ❡s ❡ ♦s ♣r✐♥❝✐♣❛✐s
r❡s✉❧t❛❞♦s ❞❛ t❡♦r✐❛ q✉❡ ♣❡r♠✐t❡♠ ❛❝♦♠♣❛♥❤❛r ❛ ❞✐ss❡rt❛çã♦✳

◆♦ ❆♣ê♥❞✐❝❡ ❆ ❛♣r❡s❡♥t❛♠♦s ❞❡✜♥✐çõ❡s ❡ ♣r♦♣♦s✐çõ❡s r❡❢❡r❡♥t❡ ❛ ❆♥á❧✐s❡
❡♠ RN ✱ ❚❡♦r✐❛ ❞❛ ▼❡❞✐❞❛✱ ❆♥❛❧✐s❡ ❋✉♥❝✐♦♥❛❧✱ ❚❡♦r✐❛ ❞❡ ❉✐str✐❜✉✐çõ❡s ❡ ❊s♣❛ç♦s
❞❡ ❙♦❜♦❧❡✈✳

❖ ❆♣ê♥❞✐❝❡ ❇ é ❞❡❞✐❝❛❞♦ ❛ ❛❧❣✉♠❛s ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❝♦♥st❛♥t❡ ❞❡
❙♦❜♦❧❡✈✱ S✱ ❡♥tr❡ ❡❧❛s✿ ✐♥✈❛r✐â♥❝✐❛ s♦❜ ❡s❝❛❧❛✱ é ❛t✐♥❣✐❞❛ q✉❛♥❞♦ Ω = RN

❡ ❛s ❢✉♥çõ❡s wε(x) =
{N(N − 2)ε}(N−2)/4

(ε+ |x|2)(N−2)/2
, ∀x ∈ RN , ε > 0✱ ♦♥❞❡ S é ❛t✐♥❣✐❞♦

s❛t✐s❢❛③❡♠ ‖wε‖2 = ‖wε‖2
∗

2∗ = SN/2✳

◆♦ ❆♣ê♥❞✐❝❡ ❈ ❡♥❝♦♥tr❛♠♦s ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r λ1 ❞♦ (−∆, H1
0 (Ω))✱ ♣❛r❛

♦ ❝❛s♦ ❡♠ q✉❡ Ω = {x ∈ R3 : |x| < 1}✳

◆♦ ❆♣ê♥❞✐❝❡ ❉ ✈❡♠♦s ❛ ✈❛♥t❛❣❡♠ ❞❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛✱ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛
♥♦ ❝❛s♦ s✉❜❝rít✐❝♦✳



❈❛♣ít✉❧♦ ✶

Pr♦❜❧❡♠❛ ❝rít✐❝♦ ❡♠ ❞♦♠í♥✐♦

❧✐♠✐t❛❞♦

❊st❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❝♦♥s✐st❡ ♥♦ ❡st✉❞♦ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦
♣r♦❜❧❡♠❛ 





−∆u = u2
∗−1 + λu ❡♠ Ω,

u > 0 ❡♠ Ω,
u = 0 ❡♠ ∂Ω,

✭Pλ✮

❡♠ q✉❡ 2∗ =
2N

N − 2
é ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈✱ λ ∈ R✱ N ≥ 3✱ Ω ⊂ RN é

✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ ❧✐♠✐t❛❞♦ ❡ ♥♦ ❡s♣❛ç♦ H1
0 (Ω)

〈u, v〉 =
∫

Ω

∇u · ∇v dx,

é ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✷✻ t❡♠♦s ❛ ♥♦r♠❛ ❝♦rr❡s♣♦♥❞❡♥t❡

‖u‖ =

(∫

Ω

|∇u|2 dx
)1/2

.

❡ s❡rá ❛ ♥♦r♠❛ q✉❡ ✉s❛r❡♠♦s ❡♠ H1
0 (Ω)✳ ◆♦ss❛ ❛❜♦r❞❛❣❡♠ s❡rá ✈✐❛ ♠ét♦❞♦s

✈❛r✐❛❝✐♦♥❛✐s✱ ❞❡ ♠♦❞♦ q✉❡ ❛s s♦❧✉çõ❡s ❞❡ ✭Pλ✮ ❝♦rr❡s♣♦♥❞❡♠ ❛ ♣♦♥t♦s ❝rít✐❝♦s ♥ã♦
tr✐✈✐❛✐s ❞♦ ❢✉♥❝✐♦♥❛❧

φ(u) =
1

2

∫

|∇u|2 dx− 1

2∗

∫

|u|2∗ dx− 1

2
λ

∫

u2 dx, ✭✶✳✶✮

♣♦✐s✱ q✉❛♥❞♦ u é ♣♦♥t♦ ❝rít✐❝♦ ❞❡ ✭✶✳✶✮✱ t❡♠♦s

φ′(u)v =

∫

∇u∇v dx−
∫

|u|2∗−2 uv dx− λ

∫

uv dx = 0, ∀v ∈ H1
0 (Ω),

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ u é s♦❧✉çã♦ ❢r❛❝❛ ❞❡ (Pλ)✳
◆♦ q✉❡ s❡❣✉❡ λ1 é ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ (−∆, H1

0 (Ω)) ♦✉ ❞♦ ♣r♦❜❧❡♠❛

✺



✻

{
−∆u = λu ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

♦♥❞❡ λ = 0 ♥ã♦ é ❛✉t♦✈❛❧♦r ❞♦ ▲❛♣❧❛❝✐❛♥♦✱ ♣♦✐s ♦ ♣r♦❜❧❡♠❛
{

−∆u = 0 ❡♠ Ω,
u = 0 ❡♠ ∂Ω,

t❡♠ ❝♦♠♦ s♦❧✉çã♦ ú♥✐❝❛ u = 0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ λ ∈ R \ {0} é ❛✉t♦✈❛❧♦r ❞❡
−∆✱ ❡①✐st❡ u ∈ H1

0 (Ω) \ {0} ✈❡r✐✜❝❛♥❞♦

{
−∆u = λu ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡

∫

Ω

∇u∇v dx = λ

∫

Ω

uv dx, ∀v ∈ H1
0 (Ω).

❚♦♠❛♥❞♦ v = u✱ t❡♠♦s

0 < ‖u‖2 = λ ‖u‖22 ⇒ λ > 0.

P♦❞❡♠♦s t❛♠❜é♠ ❝❛r❛t❡r✐③❛r ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ♣♦r

λ1 = inf
u∈H1

0 (Ω)
u 6=0

‖∇u‖22
‖u‖22

. ✭✶✳✷✮

➱ s❛❜✐❞♦ q✉❡ t♦❞❛ ❛✉t♦❢✉♥çã♦ ϕ ∈ H1
0 (Ω) ❛ss♦❝✐❛❞♦ ❛ λ1 t❡♠ s✐♥❛❧ ❞❡✜♥✐❞♦✱

✐st♦ é✱

ϕ(x) > 0, ∀x ∈ Ω ♦✉

ϕ(x) < 0, ∀x ∈ Ω.

❱❡r❡♠♦s ♥❛ Pr♦♣♦s✐çã♦ ✶✳✶ q✉❡ ♣❛r❛ N ≥ 3 ❡ λ ≥ λ1✱ ♦ ♣r♦❜❧❡♠❛ ✭Pλ✮ ♥ã♦ t❡♠
s♦❧✉çã♦✳ ◆♦ ❝❛s♦ ❞❡ Ω s❡r ✉♠ ❞♦♠í♥✐♦ ❡str❡❧❛❞♦✱ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷ ❡ ♦ ▲❡♠❛
✶✳✾ t❡♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥ã♦ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❡ ✭Pλ✮ q✉❛♥❞♦ N ≥ 4 ❡

λ ≤ 0✱ N = 3 ❡ λ ≤ 1

4
λ1✳

Pr♦♣♦s✐çã♦ ✶✳✶✳ ◆ã♦ ❡①✐st❡ s♦❧✉çã♦ ❞❡ ✭Pλ✮ q✉❛♥❞♦ λ ≥ λ1✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s❡❥❛♠ ϕ ❛✉t♦❢✉♥çã♦ ❞❡ −∆ ❛ss♦❝✐❛❞❛ ❛ λ1✱ ❝♦♠ ϕ > 0
❡♠ Ω✱ ❡ u s♦❧✉çã♦ ❢r❛❝❛ ❞❡ ✭Pλ✮✱ ❛ss✐♠

∫

Ω

∇u∇v dx = λ

∫

Ω

uv dx+

∫

Ω

u2∗−1v dx, ∀v ∈ H1
0 (Ω), ✭✶✳✸✮



✼

t❛♠❜é♠ ∫

Ω

∇ϕ∇v dx = λ1

∫

Ω

ϕv dx, ∀v ∈ H1
0 (Ω). ✭✶✳✹✮

❊♠ ♣❛rt✐❝✉❧❛r✱ ❢❛③❡♥❞♦ v = ϕ ❡♠ ✭✶✳✸✮ ❡ v = u ❡♠ ✭✶✳✹✮✱ t❡♠✲s❡ ✿
∫

Ω

∇u∇ϕdx = λ

∫

Ω

uϕ dx+

∫

Ω

u2
∗−1ϕdx ✭✶✳✺✮

∫

Ω

∇ϕ∇u dx = λ1

∫

Ω

ϕu dx. ✭✶✳✻✮

▲♦❣♦✱ ❞❡ ✭✶✳✺✮✱

λ

∫

Ω

uϕ dx =

∫

Ω

∇u∇ϕdx−
∫

Ω

u2
∗−1ϕdx

s✉❜st✐t✉✐♥❞♦ ❡♠ ✭✶✳✻✮ ❡ ❝♦♠♦
∫

Ω

u2
∗−1ϕdx > 0

λ

∫

Ω

uϕ dx <

∫

Ω

∇u∇ϕdx = λ1

∫

Ω

ϕu dx,

♣♦rt❛♥t♦ λ < λ1✳ �

Pr♦♣♦s✐çã♦ ✶✳✷✳ ◆ã♦ ❡①✐st❡ s♦❧✉çã♦ ❞❡ (Pλ) q✉❛♥❞♦ λ ≤ 0 ❡ Ω é ✉♠ ❞♦♠í♥✐♦
❡str❡❧❛❞♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ❞❡♠♦♥str❛çã♦ s❡❣✉❡ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ P♦❤♦③❛❡✈ ✭❚❡♦r❡♠❛
❆✳✸✽✮✱ ✐st♦ é✱ s✉♣♦♥❤❛ u ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ s❛t✐s❢❛③❡♥❞♦

{
−∆u = g(u) ❡♠ Ω,

u = 0 ❡♠ ∂Ω,
✭✶✳✼✮

♦♥❞❡ g é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡♠ R✳ ❊♥tã♦ t❡♠♦s
(

1− 1

2
N

)∫

Ω

g(u) · u dx+N

∫

Ω

G(u) dx =
1

2

∫

∂Ω

|∇u|2 σ · ν dσ, ✭✶✳✽✮

♦♥❞❡

G(u) =

∫ u

0

g(t) dt

❡ ν ❞❡♥♦t❛ ♦ ✈❡t♦r ♥♦r♠❛❧ ❡①t❡r✐♦r ❛ ∂Ω✳ ❊♠ ♥♦ss♦ ❝❛s♦ g(u) = u2
∗−1 + λu✳

❙✉❜st✐t✉✐♥❞♦ ❡♠ ✭✶✳✽✮

1

2

∫

∂Ω

|∇u|2 σ · ν dσ =

(

1− 1

2
N

)∫

Ω

(u2
∗−1 + λu) · u dx+N

∫

Ω

(
u2

∗

2∗
+
λu2

2

)

dx

=

(

1− 1

2
N

)∫

Ω

(u2
∗

+ λu2) · u dx+N

∫

Ω

(
u2

∗

2∗
+
λu2

2

)

dx

=

∫

Ω

[

(u2
∗

(

1− N

2
+
N

2∗

)

+ λu2
]

,



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✽

♦❜t❡♠♦s
1

2

∫

∂Ω

|∇u|2 σ · ν dσ = λ

∫

Ω

u2 dx. ✭✶✳✾✮

❙❡ Ω é ❡str❡❧❛❞♦ ❡♠ r❡❧❛çã♦ ❛ ♦r✐❣❡♠ t❡♠♦s (σ · ν) > 0 q✉❛s❡ ❡♠ t♦❞❛ ♣❛rt❡ s♦❜r❡
∂Ω✳ ◗✉❛♥❞♦ λ < 0 s❡❣✉❡ ❞❡ ✭✶✳✾✮ q✉❡ u ≡ 0✳ ◗✉❛♥❞♦ λ = 0 ❞❡ ✭✶✳✾✮ t❡♠♦s
∂u

∂ν
= 0 ❡♠ ∂Ω✱ ❞❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ ●r❡❡♥

∫

Ω

∆u dx =

∫

∂Ω

∂u

∂ν
dS

❡ ❞❡ ✭Pλ✮ t❡♠♦s

0 = −
∫

Ω

∆u dx =

∫

Ω

u2
∗−1 dx,

♣♦r ❝♦♥s❡❣✉✐♥t❡ u ≡ 0✳ �

❙❛❜❡♠♦s q✉❡ ❛s s♦❧✉çõ❡s ❞❡ ✭Pλ✮ sã♦ ♣♦♥t♦s ❝rít✐❝♦s ♥ã♦ tr✐✈✐❛✐s ❞♦ ❢✉♥❝✐♦♥❛❧
✭✶✳✶✮✳ ❆ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ❢♦r♥❡❝❡r ♦s r❡s✉❧t❛❞♦s é ♣r♦❝✉r❛r ♣♦♥t♦s ❝rít✐❝♦s ❞♦
❢✉♥❝✐♦♥❛❧

φ(u) =

∫

Ω

|∇u|2 dx− λ

∫

Ω

u2 dx

♥❛ ❡s❢❡r❛ ‖u‖2∗ = 1 ❡ u ∈ H1
0 (Ω)✳ ❚❛✐s ♣♦♥t♦s ❝rít✐❝♦s u ♣❛r❛ λ ❛♣r♦♣r✐❛❞♦s

s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦
−∆u− λu = β2∗u2

∗−1,

♦♥❞❡ β é ✉♠ ♠✉❧t✐♣❧✐❝❛❞♦r ❞❡ ▲❛❣r❛♥❣❡✳ ❖ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ♠♦str❛r q✉❡

inf
u∈H1

0 (Ω)
‖u‖2∗=1

{∫

Ω

|∇u|2 dx− λ

∫

Ω

u2 dx

}

✭✶✳✶✵✮

é ❛t✐♥❣✐❞♦✳ ❉❛í✱ ♣❛r❛ ✉♠❛ ❝♦♥st❛♥t❡ k ❛♣r♦♣r✐❛❞❛✱ ku s❛t✐s❢❛③ ✭Pλ✮✳
❆ ♠❛✐♦r ❞✐✜❝✉❧❞❛❞❡ ❡♠ ♣r♦✈❛r ✭✶✳✶✵✮ ❞❡r✐✈❛ ❞♦ ❢❛t♦ q✉❡ ❛ ✐♠❡rsã♦
H1

0 (Ω) →֒ L2∗(Ω) ♥ã♦ é ❝♦♠♣❛❝t❛✳ ❖ ❛rt✐❢í❝✐♦ ♣❛r❛ s✉♣❡r❛r ❡ss❛ ❢❛❧t❛ ❞❡
❝♦♠♣❛❝✐❞❛❞❡ é ❡st❛❜❡❧❡❝❡r ♣❛r❛ q✉❛✐s ✈❛❧♦r❡s ❞❡ λ ❛❞❡q✉❛❞♦s t❡♠♦s

inf
u∈H1

0 (Ω)
‖u‖2∗=1

{∫

Ω

|∇u|2 dx− λ

∫

Ω

u2 dx

}

< inf
u∈H1

0 (Ω)
‖u‖2∗=1

∫

Ω

|∇u|2 dx. ✭✶✳✶✶✮

❉❡✈✐❞♦ às ❞✐❢❡r❡♥ç❛s ♠♦str❛❞❛s✱ t❛♥t♦ ♥❛ ❢♦r♠❛ ❞♦ ❞♦♠í♥✐♦ Ω ❝♦♠♦ ♥♦
❝♦♥❥✉♥t♦ ❞♦s ✈❛❧♦r❡s λ ♦♥❞❡ ❡①✐st❡ s♦❧✉çã♦ ❞❡ ✭Pλ✮✱ ❞✐✈✐❞✐♠♦s ♦ ❡st✉❞♦ ❡♠ ❞♦✐s
❝❛s♦s✿ ♦ ❝❛s♦ N ≥ 4 ❡ ♦ ❝❛s♦ N = 3✳

✶✳✶ ❈❛s♦ ✶✿ N ≥ 4

❱❛♠♦s ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦ u s❛t✐s❢❛③❡♥❞♦ ♦
♣r♦❜❧❡♠❛ ✭Pλ✮ ❝♦♠ N ≥ 4 ❡ Ω ⊂ RN é ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ ❧✐♠✐t❛❞♦✳



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✾

❙❡❥❛

Sλ = inf
u∈H1

0 (Ω)
‖u‖2∗=1

{∫

Ω

|∇u|2 dx− λ

∫

Ω

u2 dx

}

= inf
u∈H1

0 (Ω)
‖u‖2∗=1

{
‖∇u‖22 − λ ‖u‖22

}
❝♦♠ λ ∈ R, ✭✶✳✶✷✮

❞❡ ♠♦❞♦ q✉❡
S0 = S = inf

u∈H1
0 (Ω)

‖u‖2∗=1

{
‖∇u‖22

}
. ✭✶✳✶✸✮

S ❝♦rr❡s♣♦♥❞❡ à ♠❡❧❤♦r ❝♦♥st❛♥t❡ ❞❡ ❙♦❜♦❧❡✈ ♣❛r❛ ❛ ✐♠❡rsã♦ H1
0 (Ω) →֒ L2∗(Ω).

❉❡ ❢❛t♦✱ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ✭❚❡♦r❡♠❛ ❆✳✷✻✮✱ s❡ u ∈ H1
0 (Ω)✱ ❡♥tã♦✱ ❡①✐st❡

C > 0 t❛❧ q✉❡
‖u‖2∗ ≤ C ‖u‖

❞❛í✱ s❡ S é ❛t✐♥❣✐❞♦

√
S ≤ 1

C
≤ ‖u‖

‖u‖2∗
⇒ ‖u‖2∗ ≤

1√
S
‖u‖ .

▲❡♠❛ ✶✳✸✳ ❙❡❥❛♠ 0 < λ < λ1✱ u ∈ H1
0 (Ω) ❡ ‖u‖λ =

(
‖∇u‖22 − λ ‖u‖22

)1/2
✱ ❡♥tã♦

‖u‖λ ≤ ‖u‖ ≤ C ‖u‖λ , ❡♠ q✉❡ C =

(

1− λ

λ1

)−1/2

> 0.

❉❡♠♦♥str❛çã♦✳ ❙❡ u = 0 ❛ ❞❡s✐❣✉❛❧❞❛❞❡ é ✈á❧✐❞❛✳ ❙❡❥❛ u 6= 0✱ ❞❛ ❞❡✜♥✐çã♦ ❞❡
‖u‖λ ❡ ❞❛ ♥♦r♠❛ ❡♠ H1

0 (Ω) t❡♠♦s

‖u‖λ =
(
‖∇u‖22 − λ ‖u‖22

)1/2 ≤
(
‖∇u‖22

)1/2
= ‖u‖ ,

♣♦✐s λ > 0✳ ❈♦♠♦ λ1 ≤
‖∇u‖22
‖u‖22

s❡❣✉❡ q✉❡ λ ‖u‖22 ≤
λ

λ1
‖∇u‖22 ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

‖∇u‖22 −
λ

λ1
‖∇u‖22 ≤ ‖∇u‖22 − λ ‖u‖22,

❧♦❣♦

(

1− λ

λ1

)

‖∇u‖22 ≤ ‖u‖2λ✳ P♦rt❛♥t♦ ‖u‖ ≤
(

1− λ

λ1

)−1/2

‖u‖λ✳ �

▲❡♠❛ ✶✳✹✳ ❙❡❥❛ λ1 ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦ −∆ ❡♠ H1
0 (Ω)✱ ❡♥tã♦

✶✳ Sλ > 0 s❡ 0 < λ < λ1✱

✷✳ Sλ ≤ 0 s❡ λ ≥ λ1✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u ∈ H1
0 (Ω) ✉♠❛ ❛✉t♦❢✉♥çã♦ ❞❡ −∆ ❛ss♦❝✐❛❞❛ ❛♦ ❛✉t♦✈❛❧♦r

λ1✱ ❡♥tã♦ u ✈❡r✐✜❝❛



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✶✵

{
−∆u = λ1u ❡♠ Ω,

u = 0 ❡♠ ∂Ω,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡

∫

Ω

∇u∇v dx = λ1

∫

Ω

uv dx, ∀v ∈ H1
0 (Ω).

❚♦♠❛♥❞♦ v = u✱ t❡♠♦s ‖∇u‖22 = λ1 ‖u‖22✳ ❉❛í

‖∇u‖22 − λ ‖u‖22 = λ1 ‖u‖22 − λ ‖u‖22 = (λ1 − λ) ‖u‖22 .

▲♦❣♦✱ s❡ λ ≥ λ1

Sλ = inf
u∈H1

0 (Ω)
‖u‖2∗=1

{
‖∇u‖22 − λ ‖u‖22

}
≤ ‖∇u‖22 − λ ‖u‖22 ≤ 0.

❖ q✉❡ ♠♦str❛ ✷✳

❖r❛✱ ♣❛r❛ t♦❞♦ u ∈ H1
0 (Ω) \ {0}✱ s❡❣✉❡ ❞❡ ✭✶✳✷✮ q✉❡

λ1 =
‖∇u‖22
‖u‖22

≤ ‖∇u‖22
‖u‖22

⇒ ‖∇u‖22 − λ1 ‖u‖22 ≥ 0.

▲♦❣♦✱ s❡ 0 < λ < λ1✱ t❡♠♦s

‖∇u‖22 − λ ‖u‖22 > ‖∇u‖22 − λ1 ‖u‖22 ≥ 0 ⇒ Sλ ≥ 0.

❙✉♣♦♥❤❛ Sλ = 0✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ❡♠ H1
0 (Ω) t❛❧ q✉❡

‖un‖2∗ = 1, ‖un‖λ = ‖∇un‖22 − λ ‖u‖22 → Sλ.

❉♦ ▲❡♠❛ ✶✳✸ s❡❣✉❡ q✉❡
‖un‖2∗ = 1, ‖u‖2 → 0.

■♠♣❧✐❝❛♥❞♦ q✉❡ un → 0 ❡♠ H1
0 (Ω) ❡ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ H1

0 (Ω) →֒ L2∗(Ω) t❡♠♦s
un → 0 ❡♠ L2∗(Ω)✱ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦ Sλ > 0✳ �

❖ ♣♦♥t♦ ♣r✐♥❝✐♣❛❧ ❞❛ ♣r♦✈❛ ❞♦ ❧❡♠❛ ❛ s❡❣✉✐r ❝♦♥s✐st❡ ❡♠ ❡st✐♠❛r ❛ r❛③ã♦

Qλ(uε) =
‖∇uε‖22 − λ ‖uε‖22

‖uε‖22∗
♣❛r❛

uε(x) =
ϕ(x)

(ε+ |x|2)N−2
2

, ε > 0,

♦♥❞❡ ϕ ∈ D(Ω) é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝♦rt❡ ❡ U(x) = C(1 + |x|2)−(N−2)/2 é ❛ ❢✉♥çã♦
❞❛❞❛ ♥♦ ❚❡♦r❡♠❛ ❇✳✷



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✶✶

▲❡♠❛ ✶✳✺✳ ❚❡♠♦s Sλ < S ♣❛r❛ t♦❞♦ λ > 0✳

❉❡♠♦♥str❛çã♦✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ ♣♦❞❡♠♦s s✉♣♦r q✉❡ 0 ∈ Ω✳
❊st✐♠❛r❡♠♦s ❛ r❛③ã♦

Qλ(uε) =
‖∇uε‖22 − λ ‖uε‖22

‖uε‖22∗
♦♥❞❡

uε(x) =
ϕ(x)

(ε+ |x|2)N−2
2

, ε > 0,

❡ ϕ ∈ D+(Ω) é ✉♠❛ ❢✉♥çã♦ ✜①❛ t❛❧ q✉❡ ϕ(x) = 1 ♣❛r❛ x ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✵✳
❆✜r♠❛♠♦s q✉❡ q✉❛♥❞♦ ε→ 0✱ t❡♠♦s

‖∇uε‖22 =
K1

ε
N−2

2

+O(1), ✭✶✳✶✹✮

‖uε‖22∗ =
K2

ε
N−2

2

+O(1), ✭✶✳✶✺✮

‖uε‖22 =







K3

ε
N−4

2

+O(1) s❡ N ≥ 5,

K3 |ln(ε)|+O(1) s❡ N = 4,

✭✶✳✶✻✮

♦♥❞❡ K1, K2 ❡ K3 ❞❡♥♦t❛♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s ❛s q✉❛✐s ❞❡♣❡♥❞❡♠ s♦♠❡♥t❡ ❞❡

N ❡ t❛✐s q✉❡
K1

K2

= S✳

❱❡r✐✜❝❛çã♦ ❞❡ ✭✶✳✶✹✮✿ ❉❛ ❞❡✜♥✐çã♦ ❞❡ uε(x) t❡♠♦s

∂uε(x)

∂xi
=

∂ϕ(x)

∂xi

(ε+ |x|2)N−2
2

− (N − 2)ϕ(x)xi

(ε+ |x|2)N
2

. ✭✶✳✶✼✮

❉❛í✱

∇uε(x) =
∇ϕ(x)

(ε+ |x|2)N−2
2

− (N − 2)ϕ(x)

(ε+ |x|2)N
2

x.

❚❛♠❜é♠ ❞❡ ✭✶✳✶✼✮

(
∂uε(x)

∂xi

)2

=

(
∂ϕ(x)

∂xi

)2

(ε+ |x|2)N−2
+

(N − 2)2ϕ2(x)x2i
(ε+ |x|2)N

−
2(N − 2)

∂ϕ(x)

∂xi
ϕ(x)xi

(ε+ |x|2)N−1
,

♣♦r ❝♦♥s❡❣✉✐♥t❡✱

|∇uε(x)|2 =
|∇ϕ(x)|2

(ε+ |x|2)N−2
+

(N − 2)2ϕ2(x) |x|2

(ε+ |x|2)N
− 2(N − 2)ϕ(x)∇ϕ(x) · x

(ε+ |x|2)N−1
.



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✶✷

❆ss✐♠
∫

Ω

|∇uε(x)|2 dx =

∫

Ω

|∇ϕ(x)|2

(ε+ |x|2)N−2
dx+

∫

Ω

(N − 2)2ϕ2(x) |x|2

(ε+ |x|2)N
dx

−
∫

Ω

2(N − 2)ϕ(x)∇ϕ(x) · x
(ε+ |x|2)N−1

dx.

❙❡❥❛ r > 0 t❛❧ q✉❡ B2r(0) ⊂ Ω✳ ❉❛ Pr♦♣♦s✐çã♦ ❆✳✸✹✱ ❡①✐st❡ ϕ ∈ C∞
0 (Ω) ❞❡✜♥✐❞❛

❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ϕ(x) =







1 ❡♠ Br(0), r > 0,
0 ❡♠ Ω \B2r(0),

0 ≤ ϕ(x) ≤ ❡♠ Ω.
✭✶✳✶✽✮

❉❡ ♠♦❞♦ q✉❡

∫

Ω

|∇uε(x)|2 dx =

∫

Ω\Br(0)

|∇ϕ(x)|2

(ε+ |x|2)N−2
dx

︸ ︷︷ ︸

I1

+

∫

Br(0)

(N − 2)2 |x|2

(ε+ |x|2)N
dx+

∫

Ω\Br(0)

(N − 2)2ϕ2(x) |x|2

(ε+ |x|2)N
dx

︸ ︷︷ ︸

I2

−
∫

Ω\Br(0)

2(N − 2)ϕ(x)∇ϕ(x) · x
(ε+ |x|2)N−1

dx

︸ ︷︷ ︸

I3

.

❉♦ ❢❛t♦ q✉❡ ϕ ∈ D+(Ω) t❡♠♦s ∇ϕ(x) ❧✐♠✐t❛❞♦✱ ❧♦❣♦

I1 ≤ C1

∫

Ω\Br(0)

1

(ε+ |x|2)N−2
dx ≤ C1

∫

Ω\Br(0)

1

|x|2N−4
dx = O(1).

I2 ≤ C2

∫

Ω\Br(0)

|x|2

(ε+ |x|2)N
dx ≤ C2

∫

Ω\Br(0)

dx

|x|2N−2
= O(1).

I3 ≤
∫

Ω\Br(0)

2(N − 2)ϕ(x) |∇ϕ(x)| |x|
(ε+ |x|2)N−1

dx ≤ C3

∫

Ω\Br(0)

|x|
|x|2N−2

=

C3

∫

Ω\Br(0)

1

|x|2N−3
= O(1).

❉❡ ♠♦❞♦ q✉❡

∫

Ω

|∇uε(x)|2 dx = (N − 2)2
∫

Br(0)

|x|2

(ε+ |x|2)N
dx+O(1).

❈♦♠♦
∫

RN

|x|2

(ε+ |x|2)N
dx =

∫

Br(0)

|x|2

(ε+ |x|2)N
dx+

∫

RN\Br(0)

|x|2

(ε+ |x|2)N
dx



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✶✸

❡
∫

Br(0)

|x|2

(ε+ |x|2)N
dx ≤ ∞,

∫

RN\Br(0)

|x|2

(ε+ |x|2)N
dx ≤ ∞,

❛ss✐♠

∫

Br(0)

|x|2

(ε+ |x|2)N
dx =

∫

RN

|x|2

(ε+ |x|2)N
dx−

∫

RN\Br(0)

|x|2

(ε+ |x|2)N
dx.

▲♦❣♦

∫

Ω

|∇uε(x)|2 dx = (N − 2)2
∫

RN

|x|2

(ε+ |x|2)N
dx+O(1).

❋❛③❡♥❞♦ ❛ ♠✉♥❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ y =
1√
ε
x t❡♠♦s

∫

Ω

|∇uε(x)|2 dx =
(N − 2)2

ε(N−2)/2

∫

RN

|y|2

(ε+ |y|2)N
dy +O(1).

❆ss✐♠
∫

Ω

|∇uε(x)|2 dx =
K1

ε(N−2)/2
+O(1)

♦♥❞❡

K1 = (N − 2)2
∫

RN

|y|2

(ε+ |y|2)N
dy = ‖∇U‖22 . ✭✶✳✶✾✮

❱❡r✐✜❝❛çã♦ ❞❡ ✭✶✳✶✺✮✿ ❉❛ ❞❡✜♥✐çã♦ ❞❡ ♥♦r♠❛ ❡♠ L2∗(Ω) t❡♠♦s

∫

Ω

|uε(x)|2
∗

dx =

∫

Ω

ϕ2∗(x)

[(ε+ |x|2)(N−2)/2]2∗
dx =

∫

Ω

ϕ2∗(x)

(ε+ |x|2)N
dx.

❉❡ ✭✶✳✶✽✮

∫

Ω

ϕ2∗(x)

(ε+ |x|2)N
dx =

∫

Br(0)

dx

(ε+ |x|2)N
+

∫

V \Br(0)

ϕ2∗(x)

(ε+ |x|2)N
dx

︸ ︷︷ ︸

O(1)

.

❖❜s❡r✈❛♥❞♦ q✉❡
∫

RN

dx

(ε+ |x|2)N
=

∫

Br(0)

dx

(ε+ |x|2)N
+

∫

RN\Br(0)

dx

(ε+ |x|2)N
✭✶✳✷✵✮



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✶✹

❡ ❝♦♠ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ y =
1√
ε
x t❡♠♦s

∫

RN

dx

(ε+ |x|2)N
=

1

εN/2

∫

RN

dy

(1 + |y|2)N
,

♣♦r ❝♦♥s❡❣✉✐♥t❡

∫

Ω

ϕ2∗(x)

(ε+ |x|2)N
dx=

∫

RN

dx

(ε+ |x|2)N
−
∫

RN\Br(0)

dx

(ε+ |x|2)N
︸ ︷︷ ︸

O(1)>0

+

∫

V \Br(0)

ϕ2∗(x)

(ε+ |x|2)N
dx

︸ ︷︷ ︸

O(1)>0

=

∫

RN

dx

(ε+ |x|2)N
+O(1) =

1

εN/2

∫

RN

dy

(1 + |y|2)N
+O(1),

❞❡ ♠♦❞♦ q✉❡

‖uε(x)‖2
∗

2∗ =

∫

Ω

|uε(x)|2
∗

dx =
1

εN/2

∫

RN

dy

(1 + |y|2)N
+O(1),

❞❛í

‖uε(x)‖2∗ =

(
1

εN/2

∫

RN

dy

(1 + |y|2)N
+O(1)

)1/2∗

.

P❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ❛♣❧✐❝❛❞♦ ❛ f(t) = (a + t)1/p ♣❛r❛ 0 ≤ t ≤ O(1)✱
a > 0 ❡ p = 2∗ ♦✉ p = 2 ✈❡♠♦s q✉❡ a1/2

∗

+O(1) = (a+O(1))1/2
∗

✳ ❆ss✐♠

‖uε(x)‖2∗ =

(
1

εN/2

∫

RN

dy

(1 + |y|2)N
)1/2∗

+O(1)

=
1

ε(N−2)/4

(∫

RN

dy

(1 + |y|2)N
)1/2∗

+O(1).

P♦rt❛♥t♦

‖uε(x)‖22∗ =
1

ε(N−2)/2

(∫

RN

dy

(1 + |y|2)N
)2/2∗

+O(1) =
1

ε(N−2)/2
‖U‖22∗ +O(1)

=
K2

ε(N−2)/2
+O(1), ♦♥❞❡ K2 = ‖U‖22∗ . ✭✶✳✷✶✮

❱❡r✐✜❝❛çã♦ ❞❡ ✭✶✳✶✻✮✿ ❉❛ ❞❡✜♥✐❝ã♦ ❞❡ ϕ ❡♠ ✭✶✳✶✽✮✱ t❡♠♦s

∫

Ω

|uε(x)|2 dx =

∫

Ω

ϕ2(x)

(ε+ |x|2)n−2
dx =

∫

Br(0)

ϕ2(x)

(ε+ |x|2)n−2
dx+

∫

V \Br(0)

ϕ2(x)

(ε+ |x|2)n−2
dx

︸ ︷︷ ︸

O(1)

=

∫

Br(0)

dx

(ε+ |x|2)n−2
+O(1)



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✶✺

❉♦ ❢❛t♦ q✉❡
∫

RN

dx

(ε+ |x|2)N−2
=

∫

Br(0)

dx

(ε+ |x|2)N−2
+

∫

RN\Br(0)

dx

(ε+ |x|2)N−2

s❡❣✉❡ q✉❡

‖uε‖22 =
∫

Ω

|uε(x)|2 dx =

∫

RN

dx

(ε+ |x|2)N−2
−
∫

RN\Br(0)

dx

(ε+ |x|2)N−2

︸ ︷︷ ︸

O(1)

+O(1)

=

∫

RN

dx

(ε+ |x|2)N−2
+O(1). ✭✶✳✷✷✮

▲♦❣♦ ❞❛ ♠✉❞❛♥ç❛ y =
1√
ε
x ❡ N ≥ 5 ❡♠ ✭✶✳✷✷✮✱ t❡♠♦s

‖uε‖22 =
1

ε(N−4)/2

∫

RN

dy

(1 + |y|2)N−2
+O(1) =

K3

ε(N−4)/2
+O(1). ✭✶✳✷✸✮

◗✉❛♥❞♦ N = 4 ❞❡ ✭✶✳✷✷✮ t❡♠♦s

‖uε‖22 =

∫

RN

dx

(ε+ |x|2)2
+O(1),

❞♦ ❈♦r♦❧ár✐♦ ❆✳✹✵✱ ❞❛ ❛❞✐t✐✈✐❞❛❞❡ s♦❜r❡ ❞♦♠í♥✐♦s ❡ ♣♦r s❡r Ω ❧✐♠✐t❛❞♦✱ ❡①✐st❡♠
❝♦♥st❛♥t❡s R1 ❡ R2✳ ❚❛✐s q✉❡ BR1(0) ⊂ Ω ⊂ BR2(0)✱ ❧♦❣♦

∫

|x|≤R1

dx

(ε+ |x|2)2
≤
∫

Ω

dx

(ε+ |x|2)2
≤
∫

|x|≤R2

dx

(ε+ |x|2)2
.

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s

∫

|x|≤R

dx

(ε+ |x|2)2
=

∫ R

0

1

(ε+ r2)2
ω4r

4−1dr = ω4

∫ R

0

1

(ε+ r2)2
r4−1dr

♦♥❞❡ ω4 é ❛ ár❡❛ ❞❛ ❜♦❧❛ ❞❡ r❛✐♦ ✶ ❡♠ R4✳ ❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ s = ε + r2 ❡
✐♥t❡❣r❛♥❞♦✱ t❡♠♦s

∫

|x|≤R

dx

(ε+ |x|2)2
= ω4

(
1

2
ln(ε+R2) +

ε

ε+R2
− 1

2
ln(ε)− 1

)

=
1

2
ω4 |ln(ε)|+O(1).

♣♦r ❝♦♥s❡❣✉✐♥t❡✱ ❝♦♠ K3 =
1

2
ω4

‖uε‖22 = K3 |ln(ε)|+O(1). ✭✶✳✷✹✮



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✶✻

❆ss✐♠✱ ❞❡ ✭✶✳✷✸✮ ❡ ✭✶✳✷✹✮

‖uε‖22 =







K3

ε
N−4

2

+O(1) s❡ N ≥ 5,

K3 |ln(ε)|+O(1) s❡ N = 4,

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✶✹✮✱ ✭✶✳✶✺✮ ❡ ✭✶✳✶✻✮ ♣❛r❛ ♦ ❝❛s♦ N ≥ 5

Qλ(uε) =

K1

ε
N−2

2

+O(1)− λ

(
K3

ε
N−4

2

+O(1)

)

K2

ε
N−2

2

+O(1)
=

K1

ε
N−2

2

− λ

(
K3

ε
N−4

2

)

+O(1)

K2

ε
N−2

2

+O(1)

=
K1 − λεK3 +O(1)ε

N−2
2

K2 +O(1)ε
N−2

2

=

K1

K2

− λε
K3

K2

+O(1)ε
N−2

2

1 +O(1)ε
N−2

2

.

❉❡ ✭✶✳✶✾✮ ❡ ✭✶✳✷✶✮ t❡♠♦s S =
K1

K2

✱ ❞❛í

Qλ(uε) =
S − λε

K3

K2

+O(1)ε
N−2

2

1 +O(1)ε
N−2

2

=
S

1 +O(1)ε
N−2

2

+
−λεK3

K2

+O(1)ε
N−2

2

1 +O(1)ε
N−2

2

=
S

1 +O(1)ε
N−2

2

− λε
K3

K2

+

(

1 + λε
K3

K2

)

O(1)ε
N−2

2

1 +O(1)ε
N−2

2

︸ ︷︷ ︸

O(ε
N−2

2 ), q✉❛♥❞♦ ε→0

=
S

1 +O(1)ε
N−2

2

− λε
K3

K2

+O(ε
N−2

2 ).

❯s❛♥❞♦ ♦ ❢❛t♦ q✉❡

1

1 +O(φ(x))
= 1 +O(φ(x)) q✉❛♥❞♦ φ(x) → 0, ✭✶✳✷✺✮

t❡♠♦s

Qλ(uε) = S +O(ε
N−2

2 ) − λε
K3

K2

+ O(ε
N−2

2 ) = S − λε
K3

K2

+ O(ε
N−2

2 ).

❋❛③❡♥❞♦ λ
K3

K2

= M̃ ❡ ❞❛❞♦ q✉❡ O(ε
N−2

2 ) ≤Mε
N−2

2 ♣❛r❛ ❛❧❣✉♠ M ≥ 0✱ ❞❛í

Qλ(uε) = S − εM̃ +O(ε
N−2

2 ) ≤ S − εM̃ +Mε
N−2

2 = S − ε(M̃ −Mε
N−4

2 ).

❞❡ ♦♥❞❡ ♣❛r❛ ε s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ t❡r❡♠♦s M̃ −Mε
N−4

2 > 0 ✐♠♣❧✐❝❛♥❞♦



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✶✼

q✉❡ Qλ(uε) < S ❧♦❣♦ Sλ < S✱ ♣♦✐s Sλ ≤ Qλ(uε) < S✳

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✶✹✮✱ ✭✶✳✶✺✮ ❡ ✭✶✳✶✻✮ ♣❛r❛ ♦ ❝❛s♦ N = 4

Qλ(uε) =

K1

K2

− λ
K3

K2

|ln(ε)| εN−2
2 +O(ε

N−2
2 )

1 +O(ε
N−2

2 )

=
S

1 +O(ε)
−
λ
K3

K2

|ln(ε)| ε
1 +O(ε)

+
O(ε)

1 +O(ε)

✉s❛♥❞♦ ✭✶✳✷✺✮✱ t❛♠❜é♠ q✉❡
O(ε)

1 +O(ε)
= O(ε)

1

1 +O(ε)
= O(ε) q✉❛♥❞♦ ε → 0✱ ❡

q✉❡
−λεK3

K2

1 +O(ε(N−2)/2)
< −1

2
λε
K3

K2

✱ ♣♦✐s
1

1 +O(ε)
→ 1 q✉❛♥❞♦ ε→ 0✳ ❖❜t❡♠♦s

Qλ(uε) ≤ S +O(ε)− 1

2
λ
K3

K2

|ln(ε)| ε+O(ε) = S − 1

2
λ
K3

K2

|ln(ε)| ε+O(ε)

≤ S − 1

2
λ
K3

K2

|ln(ε)| ε+Mε,

❞♦ ❢❛t♦ q✉❡ lim
ε→0

|ln(ε)| = ∞✳ ❉❛❞♦
2K2

λK3

M ❡①✐st❡ δ > 0 t❛❧ q✉❡ ♣❛r❛ ε < δ t❡♠♦s

|ln(ε)| > 2K2

λK3

M ✐♠♣❧✐❝❛♥❞♦ q✉❡
1

2
λ
K3

K2

|ln(ε)| ε > Mε ♣❛r❛ ε < δ✳ P♦rt❛♥t♦

Qλ(uε) < S ⇒ Sλ < S.

�

▲❡♠❛ ✶✳✻✳ ❙❡ Sλ < S✱ ❡♥tã♦ ♦ í♥✜♠♦ ✭✶✳✶✷✮ é ❛t✐♥❣✐❞♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (uj) ⊂ H1
0 (Ω) ✉♠❛ s❡q✉ê♥❝✐❛ ♠✐♥✐♠✐③❛♥t❡ ♣❛r❛ ✭✶✳✶✷✮✱ ✐st♦

é✱

‖uj‖2∗ = 1 ✭✶✳✷✻✮

‖∇uj‖22 − λ ‖uj‖22 = Sλ + o(1) q✉❛♥❞♦ j → ∞. ✭✶✳✷✼✮

❆✜r♠❛♠♦s q✉❡ (uj) é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω)✳ ❉❡ ❢❛t♦✱ ❞❛ ✐♠❡rsã♦ L2∗(Ω) →֒ L2(Ω)

❡ ✭✶✳✷✻✮✱ ♦❜t❡♠♦s‖uj‖22 ≤ C ‖uj‖22∗ = C✳ ❉❡ ✭✶✳✷✼✮

‖uj‖2 = Sλ + λ ‖uj‖22∗ + o(1) ≤ Sλ + λC + o(1).

▲♦❣♦✱ ♣♦❞❡♠♦s ❡①tr❛✐r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛✱ ❛✐♥❞❛ ❞❡♥♦t❛❞❛ ♣♦r uj✱ t❛❧ q✉❡

uj ⇀ u ❡♠ H1
0 (Ω),

uj → u ❡♠ L2(Ω),

uj → u q✳t✳♣✳ ❡♠ Ω,



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✶✽

❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ H1
0 (Ω) →֒ L2∗(Ω)✱ t❡♠♦s uj ⇀ u ❡♠ L2∗(Ω) ❡ ❞♦ ❚❡♦r❡♠❛

❆✳✹✽ t❡♠♦s ‖u‖2∗ ≤ 1✳ ❚❛♠❜é♠✱ ❝♦♠♦ S = inf
u∈H1

0 (Ω)
‖u‖2∗=1

‖∇u‖22 ❡ ‖uj‖2∗ = 1 t❡♠♦s

S ≤ ‖∇uj‖22✳ ❉❛ ❤✐♣ót❡s❡✱ Sλ < S ❡ ❞❡ ✭✶✳✷✼✮ t❡♠♦s 0 < S−Sλ ≤ λ ‖uj‖22+ o(1)✱
❞❛í ❡ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❡♠ L2(Ω) t❡♠♦s 0 < λ ‖u‖22 ✐♠♣❧✐❝❛♥❞♦ q✉❡ u 6= 0✳

❙❡❥❛ vj = uj − u✱ ❞❡ ♠♦❞♦ q✉❡

vj ⇀ 0 ❡♠ H1
0

vj → 0 q✳t✳♣✳ ❡♠ Ω.

❯s❛♥❞♦ ✭✶✳✷✼✮ ♦❜t❡♠♦s

‖∇(vj + u)‖22 − λ ‖vj + u‖22 = Sλ + o(1),

❞❛í

‖∇u‖22 + ‖∇vj‖22 − λ ‖u‖22 + 2〈vj, u〉H1
0 (Ω) − λ(‖vj‖22 + 2〈vj, u〉L2(Ω)) = Sλ + o(1),

q✉❛♥❞♦ j → ∞ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ q✳t✳♣✳ ❡♠ Ω✱ ‖vj‖22 → 0✱ ❡ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛
❞❡ (vj) t❡♠♦s

〈vj, u〉H1
0 (Ω) → 0, 〈vj, u〉L2(Ω) → 0.

▲♦❣♦

‖∇u‖22 + ‖∇vj‖22 − λ ‖u‖22 = Sλ + o(1). ✭✶✳✷✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞♦ ▲❡♠❛ ❆✳✹✾ t❡♠♦s

‖uj‖2
∗

2∗ − ‖uj − u‖2∗2∗ = ‖u‖2∗2∗ + o(1)

❞❡ ♦♥❞❡
‖u+ vj‖2

∗

2∗ − ‖vj‖2
∗

2∗ = ‖u‖2∗2∗ + o(1)

❡ ❞❡ ✭✶✳✷✻✮✱ ‖u+ vj‖2
∗

2∗ = 1 ❧♦❣♦

1 = ‖u‖2∗2∗ + ‖vj‖2
∗

2∗ + o(1) ⇒ ‖u‖2∗2∗ + ‖vj‖2
∗

2∗ = 1 + o(1).

❉❡✜♥✐♥❞♦ f(t) = t
2
2∗ ✱ ❡♠ [0,∞)✱ t❡♠♦s f ′(t) ❞❡❝r❡s❝❡♥t❡ ❡ ❞♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r

▼é❞✐♦

f(a+ b)− f(b)

a
≤ f(a)− f(0)

a
⇒ f(a+ b) ≤ f(a) + f(b), ♣❛r❛ a, b ∈ [0,∞),

❞❡ ♠♦❞♦ q✉❡

(1 + o(1))
2
2∗ =

(

‖u‖2∗2∗ + ‖vj‖2
∗

2∗

) 2
2∗ ≤

(

‖u‖2∗2∗
) 2

2∗

+
(

‖vj‖2
∗

2∗

) 2
2∗

= ‖u‖22∗ + ‖vj‖22∗ .

❉♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ ❛♣❧✐❝❛❞♦ à ❢✉♥çã♦ g(t) = (1+t)2/2
∗

♣❛r❛ c ∈ (0, o(1))✱



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✶✾

t❡♠♦s (1 + o(1))2/2
∗ − 1 = g′(c)o(1) = o(1)✳ P♦r ❝♦♥s❡❣✉✐♥t❡

1 ≤ ‖u‖22∗ + ‖vj‖22∗ + o(1)

❡ ❞❛❞♦ q✉❡ S ≤ ‖∇vj‖22
‖vj‖22∗

♦❜t❡♠♦s✱

1 ≤ ‖u‖22∗ +
1

S
‖∇vj‖22 + o(1). ✭✶✳✷✾✮

❉✐st✐♥❣✉✐♠♦s ❞♦✐s ❝❛s♦s✳

❈❛s♦ ✶✳ Sλ > 0 ✭✐✳ ❡✳✱ 0 < λ < λ1✱ ✈❡r ▲❡♠❛ ✶✳✹✮✳
▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✶✳✷✾✮ ♣♦r Sλ t❡♠♦s

Sλ ≤ Sλ ‖u‖22∗ +
Sλ

S
‖∇vj‖22 + o(1). ✭✶✳✸✵✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✷✽✮ ❡ ✭✶✳✸✵✮ ♦❜t❡♠♦s

‖∇u‖22 + ‖∇vj‖22 − λ ‖u‖22 ≤ Sλ ‖u‖22∗ +
Sλ

S
‖∇vj‖22 + o(1).

❯s❛♥❞♦ q✉❡ vj ⇀ 0 ❡♠ H1
0 (Ω)✱ q✉❛♥❞♦ j → ∞✱ ❞❡❞✉③✐♠♦s

‖∇u‖22 − λ ‖u‖22 ≤ Sλ ‖u‖22∗ ⇒
‖∇u‖22 − λ ‖u‖22

‖u‖22∗
≤ Sλ. ✭✶✳✸✶✮

❖❜s❡r✈❛♥❞♦ q✉❡

∥
∥
∥
∥

u

‖u‖2∗

∥
∥
∥
∥
2∗

= 1 ❡ ❞❡ ✭✶✳✸✶✮ t❡♠♦s

∥
∥
∥
∥
∇ u

‖u‖2∗

∥
∥
∥
∥

2

2

− λ

∥
∥
∥
∥

u

‖u‖2∗

∥
∥
∥
∥

2

2

≤ Sλ✳

▼❛s ❞❡ ✭✶✳✶✷✮ t❛♠❜é♠ Sλ ≤
∥
∥
∥
∥
∇ u

‖u‖2∗

∥
∥
∥
∥

2

2

− λ

∥
∥
∥
∥

u

‖u‖2∗

∥
∥
∥
∥

2

2

✳ ❆ss✐♠✱ Sλ é ❛t✐♥❣✐❞♦✳

❈❛s♦ ✷✳ Sλ ≤ 0 ✭✐✳ ❡✳✱ λ ≥ λ1✱ ✈❡r ▲❡♠❛ ✶✳✹✮✳
◆❡st❡ ❝❛s♦ t❡♠♦s Sλ ≤ Sλ ‖u‖2∗ ♣♦✐s ‖u‖2∗ ≤ 1✱ ❞❡ ✭✶✳✷✽✮ ♦❜t❡♠♦s ✭✶✳✸✶✮✳
P♦rt❛♥t♦ ❛ ♣r♦✈❛ ❞♦ ❧❡♠❛ ❡stá ❝♦♠♣❧❡t❛✳ �

❉♦ ▲❡♠❛ ✶✳✻✱ ♦❜t❡♠♦s u ∈ H1
0 (Ω)✱ u 6= 0 ♦♥❞❡ ✭✶✳✶✷✮ é ❛t✐♥❣✐❞♦✳ ❆❣♦r❛

✈❡r❡♠♦s q✉❡ ♣❛r❛ ✉♠ k ❛♣r♦♣r✐❛❞♦✱ ku é s♦❧✉çã♦ ❢r❛❝❛ ❞❡ ✭Pλ✮✳ ■st♦ é ♦ r❡s✉❧t❛❞♦
♣r✐♥❝✐♣❛❧ ❞❡st❛ s❡çã♦✳

❚❡♦r❡♠❛ ✶✳✼✳ ❙✉♣♦♥❤❛ N ≥ 4✳ ❊♥tã♦ ♣❛r❛ ❝❛❞❛ λ ∈ (0, λ1) ❡①✐st❡ s♦❧✉çã♦ ❞❡
✭Pλ✮✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ u ∈ H1
0 (Ω) ❞❛❞♦ ♣❡❧♦ ▲❡♠❛ ✶✳✻✱ ✐st♦ é✱

‖u‖2∗ = 1 ❡ ‖∇u‖22 − λ ‖u‖22 = Sλ.

P♦❞❡♠♦s ❛ss✉♠✐r q✉❡ u ≥ 0 s♦❜r❡ Ω✱ ❝❛s♦ ❝♦♥trár✐♦ s✉❜st✐t✉í♠♦s u ♣♦r |u|✳ ❉❡



✶✳✶✳ ❈❆❙❖ ✶✿ N ≥ 4 ✷✵

❢❛t♦✱ ∇ |u| = ∇u+ +∇u− ❡ ❛ss✐♠

‖∇ |u|‖22 = 〈∇ |u| ,∇ |u|〉 = 〈∇u+ +∇u−,∇u+ +∇u−〉
= 〈∇u+,∇u+〉+ 〈∇u−,∇u−〉 = 〈∇u+ −∇u−,∇u+ −∇u−〉
= 〈∇u,∇u〉 = ‖∇u‖22 .

❚❛♠❜é♠ ‖|u|‖22 = ‖u‖22 ❡ ‖|u|‖22∗ = ‖u‖22∗ ✳ ▲♦❣♦✱

‖∇ |u|‖22 − λ ‖|u|‖22 = ‖∇u‖22 − λ ‖u‖22 = Sλ.

❉❡✜♥✐♥❞♦

J : H1
0 (Ω) → R

u → J(u) =
1

2

∫

Ω

|∇u|2 dx− 1

2
λ

∫

Ω

u2 dx,

F : H1
0 (Ω) → R

u → F (u) =

∫

Ω

|u|2∗ dx− 1,

❡ M =
{
u ∈ H1

0 (Ω) : F (u) = 0
}
. ◆♦t❡ q✉❡ F, J s❛t✐s❢❛③❡♠

✶✳ F ′(u)v = 2∗
∫

Ω

|u|2∗−2 uv dx✱ ♣❛r❛ t♦❞♦ v ∈ H1
0 (Ω)✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱

❢❛③❡♥❞♦ v = u t❡♠♦s F ′(u)u = 2∗
∫

Ω

|u|2∗−2 uu = 2∗
∫

Ω

|u|2∗ = 2∗✱

✐♠♣❧✐❝❛♥❞♦ q✉❡ F ′(u) 6= 0, ∀u ∈M ✱

✷✳ P❡❧♦ ▲❡♠❛ ✶✳✻✱ ❡①✐st❡ u0 ∈M t❛❧ q✉❡ J(u0) = min
u∈M

J(u)✱

❡ J é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ❡♠ M ✳ P❡❧♦ ❚❡♦r❡♠❛ ❞♦s ▼✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡
▲❛❣r❛♥❣❡ ✭❚❡♦r❡♠❛ ❆✳✷✽✮✱ ❡①✐st❡ β ∈ R t❛❧ q✉❡

J ′(u0) = βF ′(u0).

■st♦ é
J ′(u0)v = βF ′(u0)v, ♣❛r❛ t♦❞♦ v ∈ H1

0 (Ω)

♦✉
∫

Ω

∇u0∇v dx− λ

∫

Ω

u0v dx = β 2∗
∫

Ω

u2
∗−1

0 v dx, ♣❛r❛ t♦❞♦ v ∈ H1
0 (Ω).

❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ v = u0
∫

Ω

|∇u0|2 dx− λ

∫

Ω

u20 dx = β 2∗
∫

Ω

u2
∗

dx⇒ β 2∗ = Sλ

❡ Sλ > 0✱ ♣❡❧♦ ▲❡♠❛ ✶✳✹✱ ❞❛❞♦ q✉❡ 0 < λ < λ1✳ ❉❡ ♠♦❞♦ q✉❡ u0 é s♦❧✉çã♦ ❞❡

−∆u− λu = β 2∗u2
∗−1. ✭✶✳✸✷✮

❙❡❣✉❡ q✉❡ ku0 é s♦❧✉çã♦ ❞❡ (Pλ) ♣❛r❛ k > 0 ❡s❝♦❧❤✐❞❛ ❞❡ ❢♦r♠❛ q✉❡ k2−2∗2∗β = 1✳



✶✳✷✳ ❈❆❙❖ ✷✿ N = 3 ✷✶

❉❡ ❢❛t♦✱ q✉❛♥❞♦ u0 é s♦❧✉çã♦ ❞❡ ✭✶✳✸✷✮ s❛t✐s❢❛③
∫

Ω

∇u0∇v dx− λ

∫

Ω

u0v dx = Sλ

∫

Ω

u2
∗−1

0 v dx, ♣❛r❛ t♦❞♦ v ∈ H1
0 (Ω) ✭✶✳✸✸✮

❝♦rr❡s♣♦♥❞❡♥t❡♠❡♥t❡✱ s❡ ku0 é s♦❧✉çã♦ ❞❡ (Pλ) t❡♠♦s
∫

Ω

∇(ku0)∇v dx− λ

∫

Ω

(ku0)v dx =

∫

Ω

(ku0)
2∗−1v dx, ♣❛r❛ t♦❞♦ v ∈ H1

0 (Ω),

❞❡ ♠♦❞♦ q✉❡

k

(∫

Ω

∇u0∇v dx− λ

∫

Ω

u0v dx

)

= k2
∗−1

∫

Ω

u2
∗−1v dx, ♣❛r❛ t♦❞♦ v ∈ H1

0 (Ω),

❞❡ ✭✶✳✸✸✮

kSλ

∫

Ω

u2
∗−1

0 v dx = k2
∗−1

∫

Ω

u2
∗−1v dx, ♣❛r❛ t♦❞♦ v ∈ H1

0 (Ω).

❆ss✐♠✱ k = S
1

2∗−2

λ ✳ P♦❞❡♠♦s s✉♣♦r u0 ≥ 0 ❡♠ Ω ✭❝❛s♦ ❝♦♥tr❛r✐♦✱ tr♦❝❛♠♦s u0 ♣♦r
|u0|✮✳ P❡❧❛ ❚❡♦r✐❛ ❞❡ ❘❡❣✉❧❛r✐❞❛❞❡ ❈❧áss✐❝❛ ❞❛s ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✈❡✐s P❛r❝✐❛✐s
❊❧í♣t✐❝❛s✱ s❡❣✉❡ q✉❡ u = ku0 ∈ C2(Ω) ❡ t❡♠♦s







−∆u = u2
∗−1 + λu ❡♠ Ω,

u > 0 ❡♠ Ω,
u = 0 ❡♠ ∂Ω,

P❡❧♦ ❚❡♦r❡♠❛ ❆✳✷✼ u > 0 ❡♠ Ω✱ λ ∈ (0, λ1)✳

�

✶✳✷ ❈❛s♦ ✷✿ N = 3

❱❛♠♦s ❡st✉❞❛r ♦ ♣r♦❜❧❡♠❛ ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦ u s❛t✐s❢❛③❡♥❞♦ ♦
♣r♦❜❧❡♠❛ ✭Pλ✮ ❡♠ q✉❡ N = 3✱ ♥♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ Ω = {x ∈ R3; |x| < 1}
❡ λ ✉♠❛ ❝♦♥st❛♥t❡ r❡❛❧✳ ◆❡st❡ ❝❛s♦ (Pλ) t❡♠ ❛ ❢♦r♠❛✿







−∆u = λu+ u5 ❡♠ Ω,
u > 0 ❡♠ Ω,
u = 0 ❡♠ ∂Ω,

✭✶✳✸✹✮

❆✐♥❞❛ ♥❡st❡ ❝❛s♦✱ ♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞♦ −∆✱ ❡♠ H1
0 (Ω)✱ é λ1 = π2 ❡ ✉♠❛

❛✉t♦❢✉♥çã♦ ❛ss♦❝✐❛❞❛ é |x|−1 sin(π |x|) ✭✈❡r ❆♣ê♥❞✐❝❡ ❈✮✳

❈♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ t❡♠♦s

Sλ = inf
u∈H1

0
‖u‖6=1

{
‖∇u‖22 − λ ‖u‖22

}
❝♦♠ λ ∈ R. ✭✶✳✸✺✮



✶✳✷✳ ❈❆❙❖ ✷✿ N = 3 ✷✷

▲❡♠❛ ✶✳✽✳ ❚❡♠♦s Sλ < S ♣❛r❛ t♦❞♦ λ >
1

4
λ1✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❡st✐♠❛r ❛ r❛③ã♦

Qλ(uε) =
‖∇uε‖22 − λ ‖uε‖22

‖uε‖26
♦♥❞❡

uε(x) =
ϕ(|x|)

(ε+ |x|2)1/2
.

♥♦ q✉❛❧ ϕ é ✉♠❛ ❢✉♥çã♦ ✜①❛ ❡ s✉❛✈❡ t❛❧ q✉❡ ϕ(0) = 1✱ ϕ′(0) = 0 ❡ ϕ(1) = 0✳

P❛r❛ s✐♠♣❧✐✜❝❛r ❛s ❡①♣r❡ssõ❡s✱ ❢❛③❡♠♦s ❛ ♠✉❞❛♥ç❛ r = |x| ❡ ❞❡✜♥✐♠♦s uε(r)
❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

uε(x) = uε(r) =
ϕ(r)

(ε+ r2)1/2
. ✭✶✳✸✻✮

❆✜r♠❛♠♦s q✉❡✱ q✉❛♥❞♦ ε→ 0✱ t❡♠♦s

‖∇uε‖22 =
K1

ε1/2
+ ω

∫ 1

0

|ϕ′(r)|2 dr +O(ε1/2), ✭✶✳✸✼✮

‖uε‖26 =
K2

ε1/2
+O(ε1/2), ✭✶✳✸✽✮

‖uε‖22 = ω

∫ 1

0

ϕ2(r) dr +O(ε1/2), ✭✶✳✸✾✮

❡♠ q✉❡ K1 ❡ K2 sã♦ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s t❛✐s q✉❡
K1

K2

= S ❡ ω é ❛ ár❡❛ ❞❛ ❡s❢❡r❛

✉♥✐tár✐❛ ❡♠ R3✳
❱❡r✐✜❝❛çã♦ ❞❡ ✭✶✳✸✼✮✿ ❉❡r✐✈❛♥❞♦ ✭✶✳✸✻✮ t❡♠♦s

u′ε(r) =
ϕ′(r)

(ε+ r2)1/2
− ϕ(r)r

(ε+ r2)3/2

❡ ❛ss✐♠

‖∇uε‖22 =

∫

Br(0)

|∇u|2 dx =

∫ 1

0

(u′ε(r))
2ωr2 dr

= ω

∫ 1

0

(
ϕ′(r)

(ε+ r2)1/2
− ϕ(r)r

(ε+ r2)3/2

)2

r2 dr

= ω

∫ 1

0

(ϕ′(r))2r2

(ε+ r2)
dr − ω

∫ 1

0

2ϕ′(r)ϕ(r)r3

(ε+ r2)2
dr

︸ ︷︷ ︸

I

+ω

∫ 1

0

ϕ2(r)r4

(ε+ r2)3
dr.

■♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s I ❡ ✉s❛♥❞♦ q✉❡ ϕ(1) = 0 t❡♠♦s



✶✳✷✳ ❈❆❙❖ ✷✿ N = 3 ✷✸

I =
(ϕ(r))2r3

(ε+ r2)2

∣
∣
∣
∣

1

0

−
∫ 1

0

ϕ2(r)

[
3r2

(ε+ r2)2
− 4r4

(ε+ r2)3

]

dr,

= −
∫ 1

0

3ϕ2(r)r2

(ε+ r2)2
dr +

∫ 1

0

4ϕ2(r)r4

(ε+ r2)3
dr

❧♦❣♦

‖∇uε‖22 = ω

[∫ 1

0

(ϕ′(r))2r2

(ε+ r2)
dr −

(

−
∫ 1

0

3ϕ2(r)r2

(ε+ r2)2
dr +

∫ 1

0

4ϕ2(r)r4

(ε+ r2)3
dr

)

+

∫ 1

0

ϕ2(r)r4

(ε+ r2)3
dr

]

= ω

[∫ 1

0

(ϕ′(r))2r2

(ε+ r2)
dr +

∫ 1

0

3ϕ2(r)r2

(ε+ r2)2
dr −

∫ 1

0

3ϕ2(r)r4

(ε+ r2)3
dr

]

❡ ♣♦r ❝♦♥s❡❣✉✐♥t❡

‖∇uε‖22 = ω

∫ 1

0

(ϕ′(r))2r2

(ε+ r2)
dr

︸ ︷︷ ︸

I1

+3ωε

∫ 1

0

ϕ2(r)r2

(ε+ r2)3
dr

︸ ︷︷ ︸

I2

. ✭✶✳✹✵✮

P♦r ♦✉tr♦ ❧❛❞♦

I1 =

∫ 1

0

(ϕ′(r))2r2

(ε+ r2)
dr +

∫ 1

0

(ϕ′(r))2 dr −
∫ 1

0

(ϕ′(r))2 dr

=

∫ 1

0

(ϕ′(r))2r2 − (ϕ′(r))2ε− (ϕ′(r))2r2

(ε+ r2)
dr +

∫ 1

0

(ϕ′(r))2 dr

= −ε
∫ 1

0

(ϕ′(r))2

(ε+ r2)
dr +

∫ 1

0

(ϕ′(r))2 dr.

❯s❛♥❞♦ q✉❡ ϕ′(r) é ❧✐♠✐t❛❞❛ ❡ q✉❡
∫ 1

0

εdr

ε+ r2
=

√
ε arctan(1/

√
ε)✱ t❡♠♦s

∣
∣
∣
∣

∫ 1

0

(ϕ′(r))2

(ε+ r2)
dr

∣
∣
∣
∣
≤Mε

∫ 1

0

dr

ε+ r2
≤M

π

2

√
ε.

❆ss✐♠

I1 =

∫ 1

0

(ϕ′(r))2 dr +O(ε1/2). ✭✶✳✹✶✮

❈♦rr❡s♣♦♥❞❡♥t❡♠❡♥t❡

I2 =

∫ 1

0

ϕ2(r)r2

(ε+ r2)3
dr +

∫ 1

0

r2

(ε+ r2)3
dr −

∫ 1

0

r2

(ε+ r2)3
dr

=

∫ 1

0

r2

(ε+ r2)3
dr +

∫ 1

0

(ϕ2(r)− 1)r2

(ε+ r2)3
dr.



✶✳✷✳ ❈❆❙❖ ✷✿ N = 3 ✷✹

❉❡✜♥✐♥❞♦

h(r) =







ϕ2(r)− 1

r2
s❡ r ∈ (0, 1]

ϕ′′(0) s❡ r = 0

❡ ❞❛❞♦ q✉❡ ϕ(0) = 1, ϕ′(0) = 0 ❡ ϕ(1) = 0 t❡♠♦s h(r) ❝♦♥tí♥✉❛ ❡♠ [0, 1]✳ ▲♦❣♦✱
❡①✐st❡ c > 0 t❛❧ q✉❡ |h(r)| ≤ c ✐♠♣❧✐❝❛ |ϕ2(r)− 1| ≤ cr2✱ ❞❛í

∣
∣
∣
∣

∫ 1

0

(ϕ2(r)− 1)r2

(ε+ r2)3
dr

∣
∣
∣
∣
≤
∫ 1

0

cr4

(ε+ r2)3
dr =

c

ε3

∫ 1

0

r4

(1 + (r/
√
ε)2)

3 dr.

❉❡♣♦✐s ❞❛ ♠✉❞❛♥ç❛ s = r/
√
ε✱ ♦❜t❡♠♦s

∣
∣
∣
∣

∫ 1

0

(ϕ2(r)− 1)r2

(ε+ r2)3
dr

∣
∣
∣
∣
≤ c√

ε

∫ 1/
√
ε

0

s4

(1 + s2)3
ds.

❈♦♠♦
∫ 1/

√
ε

0

s4

(1 + s2)3
ds =

3

8
arctan(1/

√
ε)− 5ε1/2 + 3ε3/2

8(1 + ε)2
✭✶✳✹✷✮

s❡❣✉❡

lim
ε→0+

(
3

8
arctan(1/

√
ε)− 5ε1/2 + 3ε3/2

8(1 + ε)2

)

=
3π

16
✭✶✳✹✸✮

❡

lim
ε→+∞

(
3

8
arctan(1/

√
ε)− 5ε1/2 + 3ε3/2

8(1 + ε)2

)

= 0,

❞♦ q✉❛❧ ❡①✐st❡ k ∈ R t❛❧ q✉❡
∫ 1/

√
ε

0

s4

(1 + s2)3
ds ≤ k, ❞❡ ♠♦❞♦ q✉❡

∣
∣
∣
∣

∫ 1

0

(ϕ2(r)− 1)r2

(ε+ r2)3
dr

∣
∣
∣
∣
≤ k

c√
ε
= O(ε−1/2).

▲♦❣♦

I2 =

∫ 1

0

r2

(ε+ r2)3
dr +O(ε−1/2).

❚❛♠❜é♠
∫ ∞

1/
√
ε

s2

(1 + s2)3
ds ≤

∫ ∞

1/
√
ε

1

s4
ds =

1

3
ε3/2 ⇒

∫ ∞

1/
√
ε

s2

(1 + s2)3
ds = O(ε3/2),

❡ ❝♦♠♦
∫ ∞

0

s2

(1 + s2)3
ds =

∫ 1/
√
ε

0

s2

(1 + s2)3
ds+

∫ ∞

1/
√
ε

s2

(1 + s2)3
ds

t❡♠✲s❡
∫ 1/

√
ε

0

s2

(1 + s2)3
ds =

∫ ∞

0

s2

(1 + s2)3
ds+O(ε3/2),



✶✳✷✳ ❈❆❙❖ ✷✿ N = 3 ✷✺

♣❡❧♦ q✉❛❧

∫ 1

0

r2

(ε+ r2)3
= ε−

3
2

∫ 1√
ε

0

s2

(1 + s2)3
ds = ε−

3
2

(∫ ∞

0

s2

(1 + s2)3
ds

)

+O(1).

❆ss✐♠

I2 = ε−
3
2

(∫ ∞

0

s2

(1 + s2)3
ds

)

+O(1) +O(ε−1/2). ✭✶✳✹✹✮

❈♦♠❜✐♥❛♥❞♦ ✭✶✳✹✶✮✱ ✭✶✳✹✹✮ ❡ ✭✶✳✹✵✮ t❡♠♦s

‖∇uε‖22 = ω

(∫ 1

0

(ϕ′(r))2 dr +O(ε1/2)

)

+ 3ωε

(

ε−
3
2

(∫ ∞

0

s2

(1 + s2)3
ds

)

+O(1) +O(ε−1/2)
)
.

❉❛í

‖∇uε‖22 = 3ωε−1/2

∫ ∞

0

s2

(1 + s2)3
ds+ ω

∫ 1

0

(ϕ′(r))2 dr + ωO(ε1/2) + 3ωεO(1)

+ 3ωεO(ε−1/2).

❋❛③❡♥❞♦ K1 = 3ω

∫ ∞

0

s2

(1 + s2)3
ds✱ t❡♠♦s

‖∇uε‖22 =
K1

ε1/2
+ ω

∫ 1

0

(ϕ′(r))2 dr + (ω + 3ω
√
ε+ 3ω)O(ε1/2).

❡ ❝♦♠♦ ε→ 0✱ ❞❡❞✉③✐♠♦s

‖∇uε‖22 =
K1

ε1/2
+ ω

∫ 1

0

(ϕ′(r))2 dr +O(ε1/2). ✭✶✳✹✺✮

❱❡r✐✜❝❛çã♦ ❞❡ ✭✶✳✸✽✮✿

‖uε‖66 =

∫

Ω

|uε(x)|r 6 dr =
∫ 1

0

|uε(r)|6 ωr2 dr = ω

∫ 1

0

ϕ6r2

(ε+ r2)3
dr

= ω

∫ 1

0

ϕ6r2

(ε+ r2)3
dr − ω

∫ 1

0

r2

(ε+ r2)3
dr + ω

∫ 1

0

r2

(ε+ r2)3
dr

= ω

∫ 1

0

r2

(ε+ r2)3
dr

︸ ︷︷ ︸

I3

+ω

∫ 1

0

(ϕ6(r)− 1)r2

(ε+ r2)3
dr

︸ ︷︷ ︸

I4

.
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❯s❛♥❞♦ q✉❡ ϕ(0) = 1✱ ϕ′(0) = 0✱ ϕ(1) = 0 ❡ ❞❡✜♥✐♥❞♦

h(r) =







ϕ6(r)− 1

r2
s❡ r ∈ (0, 1]

3ϕ′′(0) s❡ r = 0,

t❡♠♦s h(r) ❝♦♥tí♥✉❛ ♥♦ ✐♥t❡r✈❛❧♦ [0, 1]✱ ♣❡❧♦ q✉❛❧ ❡①✐st❡ c ∈ R t❛❧ q✉❡ |h(r)| ≤ c
♣❛r❛ r ∈ [0, 1]✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ |ϕ6(r)− 1| ≤ cr2✳ ❆ss✐♠

|I4| ≤
∫ 1

0

cr4

(ε+ r2)3
dr =

c

ε3

∫ 1

0

r4

(1 + (r/
√
ε)2)3

dr

❡ ❞❡♣♦✐s ❞❛ ♠✉❞❛♥ç❛ s = r/
√
ε t❡♠♦s

|I4| ≤
c√
ε

∫ 1/
√
ε

0

s4

(1 + s2)3
ds

❡ ❞❛❞♦ q✉❡

∫
s4

(1 + s2)3
ds =

3

8
arctan(s)− 3s

8(1 + s2)
❡♥tã♦

∫ 1/
√
ε

0

s4

(1 + s2)3
ds ≤ 3π

16
.

✭✶✳✹✻✮
P♦r ❝♦♥s❡❣✉✐♥t❡

|I4| ≤
c√
ε

∫ 1/
√
ε

0

s4

(1 + s2)3
, ds ≤ c√

ε

3π

16
= O(ε−1/2) ❡♥tã♦ I4 = O(ε−1/2). ✭✶✳✹✼✮

❈♦rr❡s♣♦♥❞❡♥t❡♠❡♥t❡✱ ♠❡❞✐❛♥t❡ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐❛✈❡✐s s = r/
√
ε✱ t❡♠♦s

I3 = ε−3/2

∫ 1/
√
ε

0

s2

(1 + s2)3
ds = ε−3/2

(∫ ∞

0

s2

(1 + s2)3
ds−

∫ ∞

1/
√
ε

s2

(1 + s2)3
ds

)

.

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ 0 < s ≤ 1✱ t❡♠✲s❡

1 + s2 ≥ s⇒ (1 + s2)3 ≥ s3 ≥ s5 ⇒ 1

(1 + s2)3
≤ 1

s5
,

❡ ♣❛r❛ s > 1✱ t❡♠✲s❡

1 + s2 ≥ s2 ⇒ (1 + s2)3 ≥ s6 ≥ s5 ⇒ 1

(1 + s2)3
≤ 1

s5
.

❉❛í s❡❣✉❡ q✉❡
∫ ∞

1/
√
ε

s2

(1 + s2)3
ds ≤

∫ ∞

1/
√
ε

1

s3
ds =

ε

2
= O(ε).

❆ss✐♠

I3 = ε−3/2

∫ 1/
√
ε

0

s2

(1 + s2)3
ds = ε−3/2

(∫ ∞

0

s2

(1 + s2)3
ds+O(ε)

)

. ✭✶✳✹✽✮



✶✳✷✳ ❈❆❙❖ ✷✿ N = 3 ✷✼

❆❣♦r❛✱ ❞❡ ✭✶✳✹✼✮ ❡ ✭✶✳✹✽✮ t❡♠♦s

‖uε‖66 =ωε−3/2

(∫ ∞

0

s2

(1 + s2)3
ds+O(ε)

)

+ ωO(ε−1/2)

= ε−3/2

(

ω

∫ ∞

0

s2

(1 + s2)3
ds+ ωO(ε)

)

+ ωε−3/2O(ε)

= ε−3/2

(

ω

∫ ∞

0

s2

(1 + s2)3
ds+ ωO(ε) + ωO(ε)

)

❞♦ q✉❛❧

‖uε‖26 = ε−1/2

(

ω

∫ ∞

0

s2

(1 + s2)3
ds+O(ε)

)1/3

P❛r❛ ❝❛❞❛ ε > 0✱ ❞❡✜♥✐♥❞♦ h(t) = (K + t)1/3 ♣❛r❛ 0 ≤ t < O(ε) ❡ ♣❡❧♦ ❚❡♦r❡♠❛
❞♦ ❱❛❧♦r ▼é❞✐♦✱ ❡①✐st❡ c ∈ (0, O(ε)) t❛❧ q✉❡

c =
(K +O(ε))1/3 −K

O(ε)− 0
⇒ (K +O(ε))1/3 = K +O(ε),

✐♠♣❧✐❝❛♥❞♦ q✉❡

‖uε‖26 = ε−1/2

(

ω

∫ ∞

0

s2

(1 + s2)3
ds

)1/3

+O(ε).

❢❛③❡♥❞♦ K2 =

(

ω

∫ ∞

0

s2

(1 + s2)3
ds

)1/3

✱ t❡♠♦s

‖uε‖26 =
K2

ε1/2
+O(ε1/2) ✭✶✳✹✾✮

❱❡r✐✜❝❛çã♦ ❞❡ ✭✶✳✸✾✮✿ ❉❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s ♣❛r❛ ✐♥t❡❣r❛r ♥❛ ❜♦❧❛ ❞♦ R3✱
t❡♠♦s

‖uε‖22 =

∫

Ω

|uε(x)|2 dx =

∫ 1

0

|uε(r)|2 ωr2 dr = ω

∫ 1

0

ϕ2(r)r2

(ε+ r2)
dr

= ω

(∫ 1

0

ϕ2(r)r2

(ε+ r2)
dr +

∫ 1

0

ϕ2(r) dr −
∫ 1

0

ϕ2(r) dr

)

= ω

(∫ 1

0

ϕ2(r) dr −
∫ 1

0

ϕ2(r)ε

ε+ r2
dr

)

.

❈♦♠♦ ϕ2(r) é ❧✐♠✐t❛❞❛ ♥♦ ✐♥t❡r✈❛❧♦ [0, 1]✱ ❡①✐st❡ c ∈ R t❛❧ q✉❡ ϕ2(r) ≤ c✱ ❧♦❣♦

∫ 1

0

ϕ2(r)ε

ε+ r2
dr ≤ c

∫ 1

0

ε

ε+ r2
dr = c

∫ 1

0

1

1 + (r/
√
ε)2

dr.

❈♦♠ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s s = r/
√
ε ♦❜t❡♠♦s
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c

∫ 1

0

1

1 + (r/
√
ε)2

dr = c
√
ε

∫ 1/
√
ε

0

1

1 + s2
ds = c

√
ε arctan(1/

√
ε) ≤ cπ

2

√
ε.

❉❛í✱
∫ 1

0

ϕ2(r)ε

ε+ r2
dr = O(ε1/2), ❞♦♥❞❡

‖u‖22 = ω

∫ 1

0

ϕ2(r) dr +O(ε1/2). ✭✶✳✺✵✮

❈♦♠❜✐♥❛♥❞♦ ❛❣♦r❛ ✭✶✳✹✺✮✱ ✭✶✳✹✾✮ ❡ ✭✶✳✺✵✮ ♦❜t❡♠♦s

Qλ(uε) =

K1

ε1/2
+ ω

∫ 1

0

(ϕ′(r))2 dr +O(ε1/2)− λ

(

ω

∫ 1

0

ϕ2(r) dr +O(ε1/2)

)

K2

ε1/2
+O(ε1/2)

=

K1

ε1/2
+ ω

(∫ 1

0

(ϕ′(r))2 dr − λ

∫ 1

0

ϕ2(r) dr

)

+O(ε1/2)

K2

ε1/2
+O(ε1/2)

=

K1

K2

+
ε1/2

K2

ω

(∫ 1

0

(ϕ′(r))2 dr − λ

∫ 1

0

ϕ2(r) dr

)

+O(ε)

1 +O(ε)

=
S

1 +O(ε)
+

ε1/2

K2

ω

(∫ 1

0

(ϕ′(r))2 dr − λ

∫ 1

0

ϕ2(r) dr

)

1 +O(ε)
+

O(ε)

1 +O(ε)

= S +
ε1/2

K2

ω

(∫ 1

0

(ϕ′(r))2 dr − λ

∫ 1

0

ϕ2(r) dr

)

+O(ε).

❚♦♠❛♥❞♦ ϕ(r) = cos(πr/2) t❡♠✲s❡

∫ 1

0

(ϕ′(r))2 dr − λ

∫ 1

0

ϕ2(r) dr =
1

2
(π2/4− λ).

❙❡❣✉❡ q✉❡

Qλ(uε) = S +
ε1/2

K2

ω
(
π2/4− λ

) 1

2
+O(ε) ≤ S +

ε1/2

K2

ω
(
π2/4− λ

) 1

2
+ cε.

❉❛❞♦ q✉❡ λ1 = π2 ❡ λ >
1

4
λ1✱ ❞❛í✱ q✉❡ ♣❛r❛ ε s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ Qλ(uε) <

S ❡ ❝♦♠♦ Sλ ≤ Qλ(uε) ♣❛r❛ t♦❞♦ u ∈ H1
0 (Ω)✳ ❆ss✐♠ Sλ < S✳ �

▲❡♠❛ ✶✳✾✳ ◆ã♦ ❡①✐st❡ s♦❧✉çã♦ ❞❡ ✭✶✳✸✹✮ ♣❛r❛ λ ≤ 1
4
λ1✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ u é s♦❧✉çã♦ ❞❡ ✭✶✳✸✹✮❀ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✶✱
s❛❜❡♠♦s q✉❡ u ❞❡✈❡ s❡r r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝❛✳ ❊s❝r❡✈❡♠♦s u(x) = u(r)✱ ❡♠
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q✉❡ r = |x| ❡ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♥♦ ❆♣ê♥❞✐❝❡ ❈✱ u s❛t✐s❢❛③

−u′′ − 2

r
u′ = u5 + λu ❡♠ (0, 1), ✭✶✳✺✶✮

u′(0) = u(1) = 0. ✭✶✳✺✷✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✶✳✺✶✮ ♣♦r r2ψ(r)u′(r)✱ ♦♥❞❡ ψ é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ t❛❧ q✉❡ ψ(0) = 0✱
❡ ✐♥t❡❣r❛♥❞♦ t❡♠♦s

−
∫ 1

0

r2ψu′′u′ dr − 2

∫ 1

0

rψ(u′)2 dr =

∫ 1

0

r2ψu5u′ dr + λ

∫ 1

0

r2ψuu′ dr; ✭✶✳✺✸✮

✉s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s✱ ❛s ❝♦♥❞✐çõ❡s s♦❜r❡ ψ ❡ ✭✶✳✺✷✮ t❡♠♦s

∫ 1

0

r2ψu′′u′ dr=
1

2
u′(1)ψ(1)−

∫ 1

0

(u′)2

2
(2rψ + r2ψ′) dr,

∫ 1

0

r2ψu5u′ dr= r2ψ
u6

6

∣
∣
∣
∣

1

0

−
∫ 1

0

u6

6
(2rψ + r2ψ′) dr = −

∫ 1

0

u6

6
(2rψ + r2ψ′) dr,

∫ 1

0

r2ψuu′ dr= r2ψ
u2

2

∣
∣
∣
∣

1

0

−
∫ 1

0

u2

2
(2rψ + r2ψ′) dr = −

∫ 1

0

u2

2
(2rψ + r2ψ′) dr.

❆ss✐♠✱ ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ ✭✶✳✺✸✮ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

−
∫ 1

0

r2ψu′′u′ dr − 2

∫ 1

0

rψ(u′)2 dr =

∫ 1

0

(u′)2
(
1

2
r2ψ′ − rψ

)

dr − 1

2
u′(1)ψ(1), ✭✶✳✺✹✮

∫ 1

0

r2ψu5u′ dr + λ

∫ 1

0

r2ψuu′ dr = −
∫ 1

0

u6

6
(2rψ + r2ψ′) dr

− λ

∫ 1

0

u2

2
(2rψ + r2ψ′) dr. ✭✶✳✺✺✮

❙✉❜st✐t✉✐♥❞♦ ✭✶✳✺✹✮ ❡ ✭✶✳✺✺✮ ❡♠ ✭✶✳✺✸✮ t❡♠♦s

∫ 1

0

(u′)2
(
1

2
r2ψ′ − rψ

)

dr − 1

2
u′(1)ψ(1) = −

∫ 1

0

u6

6
(2rψ + r2ψ′) dr

− λ

∫ 1

0

u2

2
(2rψ + r2ψ′) dr. ✭✶✳✺✻✮

❖r❛✱ ❛♦ ♠✉❧t✐♣❧✐❝❛r ✭✶✳✺✶✮ ♣♦r
(
1
2
r2ψ′ − rψ

)
u ❡ ✐♥t❡❣r❛♥❞♦✱ ♦❜t❡♠♦s
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−
∫ 1

0

u′′u

(
1

2
r2ψ′ − rψ

)

−
∫ 1

0

2u′u

(
1

2
rψ′ − ψ

)

=

∫ 1

0

u6
(
1

2
r2ψ′ − rψ

)

dr

+ λ

∫ 1

0

u2
(
1

2
r2ψ′ − rψ

)

dr. ✭✶✳✺✼✮

❈♦♠♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡ ✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s s♦❜r❡ ψ
❡ ✭✶✳✺✷✮ t❡♠♦s

∫ 1

0

u′′u

(
1

2
r2ψ′ − rψ

)

dr = u′
(
1

2
r2ψ′ − rψ

)

u

∣
∣
∣
∣

1

0

−
∫ 1

0

(u′)2
(
1

2
r2ψ′ − rψ

)

dr

−
∫ 1

0

u′u

(
1

2
r2ψ′′ − ψ

)

dr,

❞❛í
∫ 1

0

u′′u

(
1

2
r2ψ′ − rψ

)

dr = −
∫ 1

0

(u′)2
(
1

2
r2ψ′ − rψ

)

dr−
∫ 1

0

u′u

(
1

2
r2ψ′′ − ψ

)

dr.

❈♦♠♦
∫ 1

0

u′u

(
1

2
r2ψ′′ − ψ

)

dr = −
∫ 1

0

u2

2

(

rψ′′ +
1

2
r2ψ′′′ − ψ′

)

dr,

s❡❣✉❡ q✉❡

∫ 1

0

u′′u

(
1

2
r2ψ′ − rψ

)

dr =

∫ 1

0

u2

2

(

rψ′′ +
1

2
r2ψ′′′ − ψ′

)

dr

−
∫ 1

0

(u′)2
(
1

2
r2ψ′ − rψ

)

dr. ✭✶✳✺✽✮

❚❛♠❜é♠
∫ 1

0

2u′u

(
1

2
rψ′ − ψ

)

dr = u2
(
1

2
rψ′ − ψ

)∣
∣
∣
∣

1

0

−
∫ 1

0

u2
(
1

2
rψ′′ − 1

2
ψ′
)

dr

= −
∫ 1

0

u2
(
1

2
rψ′′ − 1

2
ψ′
)

dr. ✭✶✳✺✾✮

❙✉❜st✐t✉✐♥❞♦ ✭✶✳✺✽✮ ❡ ✭✶✳✺✾✮ ❡♠ ✭✶✳✺✼✮ ❡ s✐♠♣❧✐✜❝❛♥❞♦✱ t❡♠♦s

∫ 1

0

(u′)2
(
1

2
r2ψ′ − rψ

)

dr −
∫ 1

0

u2r2ψ′′′

4
dr = −

∫ 1

0

u6
(
1

2
r2ψ′ − rψ

)

dr

+ λ

∫ 1

0

u2
(
1

2
r2ψ′ − rψ

)

dr. ✭✶✳✻✵✮

❘❡st❛♥❞♦ ✭✶✳✻✵✮ ❞❡ ✭✶✳✺✻✮✱ s✐♠♣❧✐✜❝❛♥❞♦ ❡ ❛❣r✉♣❛♥❞♦ ♦s t❡r♠♦s ❝♦♠ ♦ ❢❛t♦r u2r2✱
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♦❜t❡♠♦s
∫ 1

0

u2
(

λψ′ +
1

4
ψ′′′
)

r2 dr =
2

3

∫ 1

0

u6(rψ − r2ψ′) dr +
u′(1)ψ(1)

2
. ✭✶✳✻✶✮

❙❛❜❡♠♦s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✷ q✉❡ ♣❛r❛ λ ≤ 0 ♥ã♦ ❡①✐st❡ s♦❧✉çã♦ ❞❡ ✭✶✳✸✹✮✳ ❆ss✐♠✱

❛ss✉♠✐♥❞♦ q✉❡ 0 < λ ≤ 1

4
π2 ❡ ❡s❝♦❧❤❡♥❞♦ ψ(r) = sen((4λ)1/2r) ❞❡ ♠♦❞♦ q✉❡

ψ(1) ≥ 0✱ t❡♠♦s

λψ′(r) +
1

4
ψ′′′(r) = 2λ3/2 cos((4λ)1/2r)− 2λ3/2 cos((4λ)1/2r) = 0

❡

rψ − r2ψ′ = r sen((4λ)1/2r)− r2(4λ)1/2 cos((4λ)1/2r) > 0 ❡♠ (0, 1],

♣♦✐s f(θ) = sen(θ)− θ cos(θ) é ❝r❡s❝❡♥t❡ ❡♠ (0, π) ♦ q✉❡ ❝♦♥tr❛❞✐③ ✭✶✳✻✶✮✳ �

◆♦ss♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧✱ ❛♥á❧♦❣♦ ❛♦ ❚❡♦r❡♠❛ ✶✳✼ ❝✉❥❛ ❞❡♠♦♥str❛çã♦ é
s❡♠❡❧❤❛♥t❡✱ é ♦ s❡❣✉✐♥t❡

❚❡♦r❡♠❛ ✶✳✶✵✳ ❆ss✉♠❛ Ω é ✉♠❛ ❜♦❧❛✳ ❊♥tã♦ ❡①✐st❡ s♦❧✉çã♦ ❞❡ ✭✶✳✸✹✮ s❡ ❡
s♦♠❡♥t❡ s❡ λ ∈

(
1
4
λ1, λ1

)
✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛
1

4
λ1 < λ < λ1✱ ❞♦ ▲❡♠❛ ✶✳✽ s❛❜❡♠♦s q✉❡ Sλ < S ❡ ❞♦ ▲❡♠❛

✶✳✻ ♦ í♥✜♠♦ ❡♠ ✭✶✳✸✺✮ é ❛t✐♥❣✐❞♦✳ ❆♥á❧♦❣♦ ❛♦ ❚❡♦r❡♠❛ ✶✳✼✱ s❡❥❛ u ∈ H1
0 (Ω) t❛❧

q✉❡ ♦ í♥✜♠♦ é ❛t✐♥❣✐❞♦✱ ♣❡❧♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r u ≥ 0 ❡♠ Ω✳
❉❡✜♥✐♥❞♦

J : H1
0 (Ω) → R

u → J(u) =
1

2

∫

Ω

|∇u|2 − 1

2
λ

∫

Ω

u2,

F : H1
0 (Ω) → R

u → F (u) =

∫

Ω

|u|6 − 1,

❡ ♥♦ ❝♦♥❥✉♥t♦ M =
{
u ∈ H1

0 (Ω) : F (u) = 0
}
. ❚❡♠♦s

✶✳ F ′(u) 6= 0, ∀u ∈M ✱

✷✳ ♣❡❧♦ ▲❡♠❛ ✭✶✳✻✮ ❡①✐st❡ u0 ∈M t❛❧ q✉❡ J(u0) = min
u∈M

J(u)✳

▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦s ▼✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡ ✭❚❡♦r❡♠❛ ❆✳✷✽✮✱ ❡①✐st❡
β ∈ R t❛❧ q✉❡

J ′(u0) = βF ′(u0).

■st♦ é
J ′(u0)v = βF ′(u0)v, ♣❛r❛ t♦❞♦ v ∈ H1

0 (Ω)

♦✉ ∫

Ω

∇u0∇v − λ

∫

Ω

u0v = β 6

∫

Ω

u50v, ♣❛r❛ t♦❞♦ v ∈ H1
0 (Ω).
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❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ v = u0
∫

Ω

|∇u0|2 − λ

∫

Ω

u20 = β 6

∫

Ω

u6 ⇒ 6β = Sλ

❡ Sλ > 0 ❞❛❞♦ q✉❡ 0 < λ < λ1✳ ❉❡ ♠♦❞♦ q✉❡ u0 é s♦❧✉çã♦ ❞❡

−∆u− λu = Sλu
5. ✭✶✳✻✷✮

❙❡❣✉❡✱ ✉s❛♥❞♦ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ❞❛❞♦ ♥❛ ❞❡♠♦str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✼✱ q✉❡
ku0 é s♦❧✉çã♦ ❞❡ ✭✶✳✸✹✮✱ ❡♠ q✉❡ k > 0 é ❡s❝♦❧❤✐❞♦ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ 6βk−4 = 1✳

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶ ❡ ♦ ▲❡♠❛ ✶✳✾ s❡ λ /∈
(
1
4
λ1, λ1

)
❡♥tã♦ ✭✶✳✸✹✮ ♥ã♦ t❡♠

s♦❧✉çã♦✳ �



❈❛♣ít✉❧♦ ✷

Pr♦❜❧❡♠❛ ❝rít✐❝♦ ❡♠ ❞♦♠í♥✐♦

✐❧✐♠✐t❛❞♦

◆❡st❡ ❝❛♣ít✉❧♦ ✉s❛♠♦s ♦ ♠ét♦❞♦ ✈❛r✐❛❝✐♦♥❛❧ ♣❛r❛ ♦ ❡st✉❞♦ ❞♦ s❡❣✉✐♥t❡
♣r♦❜❧❡♠❛ 





−∆u = u2
∗−1 + λf(x, u) ❡♠ RN ,

u ≥ 0 ❡♠ RN ,
∫

RN

|∇u|2 dx <∞,
✭PGλ✮

❡♠ q✉❡ 2∗ =
2N

N − 2
é ♦ ❡①♣♦❡♥t❡ ❝rít✐❝♦ ❞❡ ❙♦❜♦❧❡✈✱ N ≥ 3✱ λ > 0 é ✉♠ ♣❛râ♠❡tr♦

r❡❛❧ ❡ f : RN × R→ R s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭❢✶✮ f ∈ C(RN × R,R) ❡ f(x, 0) ≡ 0✳

✭❢✷✮ ❉❛❞♦ R > 0 ❡①✐st❡ θR ∈ [2, 2∗) ❡ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s aR, bR > 0 t❛✐s q✉❡

|f(x, s)| ≤ aRs
θR−1 + bR, ∀ |x| ≤ R, ∀s ≥ 0.

✭❢✸✮ ❊①✐st❡♠ r1, r2, q ∈ (1, 2∗)✱ ❝♦♠ r1 ≤ q ≤ r2✱ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ Ω0 ⊂ RN ✱
ci ∈ L2∗/(2∗−ri)(RN)✱ i = 1, 2✱ ❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ a t❛✐s q✉❡

f(x, s) ≤ c1(x)s
r1−1 + c2(x)s

r2−1, ∀x ∈ RN , s ≥ 0,

F (x, s) ≥ asq, ∀x ∈ Ω0, s ≥ 0,

♦♥❞❡ F (x, s) =
∫ s

0

f(x, t) dt✳

✭❢✹✮ ❊①✐st❡♠ µ, µ̂ ∈ (1, 2∗)✱ 2 < τ < 2∗✱ 1 < τ̂ < 2∗✱ c3 ∈ L2∗/(2∗−µ)(RN )✱ ❡
c4 ∈ L2∗/(2∗−µ̂)(RN ) t❛✐s q✉❡
1

τ
f(x, s)s− F (x, s) ≥ −c3(x)sµ, ∀x ∈ RN , s ≥ 0,

1

τ̂
f(x, s)s− F (x, s) ≤ c4(x)s

µ̂, ∀x ∈ Ω0, s ≥ 0.

✸✸



✸✹

❖❜s❡r✈❛♥❞♦ q✉❡ u ≡ 0 é ✉♠❛ s♦❧✉çã♦ ❞❡ ✭PGλ✮✱ ✈❛♠♦s ❛♣❧✐❝❛r ♠❡t♦❞♦s ♠✐♥✐♠❛①
♣❛r❛ ❡st✉❞❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞❡ ✭PGλ✮✳

❈♦♥s✐❞❡r❛♥❞♦ q ∈ R ❞❛❞♦ ♣❡❧❛ ❝♦♥❞✐çã♦ ✭❢✸✮✱ ♥♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ❞❡
❡①✐stê♥❝✐❛✱ ✈❛♠♦s s✉♣♦r ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ té❝♥✐❝❛✿

q ∈ (1, 2∗) s❛t✐s❢❛③ p̂ = 2∗ − 2 < q. ✭✷✳✶✮

◆♦t❡ q✉❡ p̂ < 2, p̂ = 2 ❡ p̂ > 2 q✉❛♥❞♦ N > 4, N = 4✱ ❡ N = 3✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆♦ ❡st✉❞♦ ✉s❛r❡♠♦s ♦s s❡❣✉✐♥t❡s ❡s♣❛ç♦s ❞❡ ❢✉♥çõ❡s

❉❡✜♥✐çã♦ ✷✳✶✳ ▼♦t✐✈❛❞♦ ♣❡❧❛ ✐♠❡rsã♦ ❞❡ ❙♦❜♦❧❡✈✱ t❡♠♦s

✶✳ ❖ ❡s♣❛ç♦ D1,2(RN) := {u ∈ L2∗(RN) : ∀i = 1, . . . , N ∂iu ∈ L2(RN)} ❝♦♠ ❛
♥♦r♠❛ ‖u‖D1,2 := ‖u‖2∗ + ‖∇u‖2 .

✷✳ ❖ ❡s♣❛ç♦ D1,2 ≡ D1,2
0 (RN) é ♦ ❢❡❝❤♦ ❞❡ D(RN) ❝♦♠ r❡❧❛çã♦ à ♥♦r♠❛ ‖·‖D1,2✳

❉❡✜♥✐çã♦ ✷✳✷✳ ❙❡❥❛ N ≥ 3✳ ❆ ót✐♠❛ ❝♦♥st❛♥t❡ ♥❛ ❞❡s✐❣✉❛❧❞❛❞❛❞❡ ❞❡ ❙♦❜♦❧❡✈ é
❞❛❞❛ ♣♦r

S = inf
u∈D1,2\{0}

{ ∫

RN |∇u|2
(∫

RN |u|2∗
)2/2∗

}

. ✭✷✳✷✮

❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❙♦❜♦❧❡✈✱ ‖u‖2∗ ≤ S−1 ‖∇u‖2 ❡♠ D(RN)✱ ❡①t❡♥❞✐❞❛ ❛
D1,2

0 (RN) ♣♦r ❞❡♥s✐❞❛❞❡✱ t❡♠♦s ‖∇u‖2 ✉♠❛ ♥♦r♠❛ ❡♠ D1,2
0 (RN)✱ ❡q✉✐✈❛❧❡♥t❡ à

♥♦r♠❛ ‖·‖D1,2 ✳ ❆ss✐♠✱ D1,2 é ♦ ❢❡❝❤♦ ❞❡ D(RN)✱ ❝♦♠ r❡s♣❡✐t♦ à ♥♦r♠❛ ❞❛❞❛ ♣♦r

‖φ‖ =

(∫

RN

|∇φ|2 dx
)1/2

.

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❇✳✷✱ ♦ í♥✜♠♦ ❡♠ ✭✷✳✷✮ é ❛t✐♥❣✐❞♦ ♣❡❧❛s ❢✉♥çõ❡s

wε(x) =
{N(N − 2)ε}(N−2)/4

(ε+ |x|2)(N−2)/2
, ∀x ∈ RN , ε > 0, ✭✷✳✸✮

q✉❡ s❛t✐s❢❛③❡♠
‖wε‖2 = ‖wε‖2

∗

2∗ = SN/2, ∀ε > 0.

❉❡✜♥✐çã♦ ✷✳✸✳ ❉✐r❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦ u ∈ D1,2✱ t❛❧ q✉❡ u ≥ 0 q✳t✳♣ ❡♠ RN ✱ é
s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭PGλ✮ q✉❛♥❞♦

∫

RN

∇u · ∇φ dx−
∫

RN

|u|2∗−1 φ dx− λ

∫

RN

f(x, u)φ dx = 0,

♣❛r❛ ❝❛❞❛ φ ∈ D(RN)✳

P❛r❛ ♦❜t❡r ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭PGλ✮✱ t❛♠❜é♠ ❛ss✉♠✐♠♦s q✉❡

f(x, s) = f(x, 0), ♣❛r❛ ❝❛❞❛ x ∈ RN ❡ s < 0. ✭✷✳✹✮



✸✺

P❛r❛ ♠♦❞✐✜❝❛r ❛ ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡✱ ❡s❝♦❧❤❡♠♦s φ ∈ D(RN) s❛t✐s❢❛③❡♥❞♦ 0 ≤ φ(x) ≤
1, φ ≡ 1 ♥❛ ❜♦❧❛ B(0, 1)✱ ❡ φ ≡ 0 ❡♠ RN \B(0, 2)✳ ❙❡❥❛ n ∈ N ❡ φn(x) = φ(x/n)✳
❉❡✜♥✐♠♦s

fn(x, s) = φn(x)f(x, s), ✭✷✳✺✮

❡ ❝♦♥s✐❞❡r❛♠♦s ❛ s❡q✉ê♥❝✐❛ ❞❡ ♣r♦❜❧❡♠❛s✿
{

−∆u = u2
∗−1 + λfn(x, u) ❡♠ RN ,

u ≥ 0, u ∈ D1,2.
✭P●n✮

❈♦♥s✐❞❡r❛♥❞♦ D1,2 ❞♦t❛❞♦ ❝♦♠ ❛ ♥♦r♠❛ ‖u‖ = ‖∇u‖2✱ ♦ ❢✉♥❝✐♦♥❛❧ ❛ss♦❝✐❛❞♦ ❝♦♠
♦ ♣r♦❜❧❡♠❛ (P●n) é ❞❛❞♦ ♣♦r

Iλ,n(u) =
1

2

∫

RN

|∇u|2 dx− 1

2∗

∫

RN

(u+)2
∗

dx− λ

∫

RN

Fn(x, u) dx, ✭✷✳✻✮

♦♥❞❡ u+ = max{u, 0} ❡ Fn(x, s) =
∫ s

0
fn(x, t) dt✳ P❡❧❛ ❤✐♣ót❡s❡ ✭❢✷✮ ❡ ❛ ❝♦♥str✉çã♦✱

♦ ❢✉♥❝✐♦♥❛❧ Iλ,n ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ ♣❡rt❡♥❝❡ ❛ C1(D1,2,R)✱ ✈❡r ❬✶✹❪✳ ❆❧é♠ ❞✐ss♦✱

I ′λ,n(u)φ =

∫

RN

∇u · ∇φ dx−
∫

RN

(u+)2
∗−1φ dx− λ

∫

RN

fn(x, u)φ dx, ✭✷✳✼✮

♣❛r❛ ❝❛❞❛ u ❡ φ ∈ D1,2✳

❆❣♦r❛ ♣♦r ❝❛✉s❛ ❞❛ ❝♦♠♣❧❡t✉❞❡✱ ❞❛♠♦s ✉♠ r❡s✉❧t❛❞♦ ❜ás✐❝♦ ❞❡ ❝♦♠♣❛❝✐❞❛❞❡

Pr♦♣♦s✐çã♦ ✷✳✹✳ ❙❡❥❛ Ω ✉♠ ❞♦♠í♥✐♦✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♠✐t❛❞♦✱ ❞❡ RN ✱
N > 2✱ 1 ≤ q < 2∗✱ ❡ a ∈ L2∗/(2∗−q)(Ω)✳ ❊♥tã♦ ♦ ❢✉♥❝✐♦♥❛❧

T : D1,2(Ω) → R

u→ T (u) =

∫

Ω

a |u|q dx

❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡ é ❢r❛❝❛♠❡♥t❡ ❝♦♥tí♥✉♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ u ∈ D1,2(Ω)✱ ❡♥tã♦
∫

Ω

|u|2∗ dx <∞ ❡ |u|q ∈ L2∗/q(Ω)✳

▲♦❣♦✱ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r

|T (u)| =
∣
∣
∣
∣

∫

Ω

a |u|q dx
∣
∣
∣
∣
≤
∫

Ω

|a| |u|q dx ≤
(∫

Ω

|a|2∗/(2∗−q) dx

) 2∗−q
2∗
(∫

Ω

|u|2∗ dx
) q

2∗

<∞.

❙❡❥❛ un ⇀ u ❡♠ D1,2(Ω)✳ Pr♦✈❛r❡♠♦s q✉❡ |un|q ⇀ |u|q ❡♠ L2∗/q(Ω)✳ ❉❡ ❢❛t♦✱

❞❛❞♦ q✉❡ ‖|un|q‖2∗/q =
(∫

Ω

|u|2∗ dx
) q

2∗

= ‖un‖q2∗ <∞✱ ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❡♠

D1,2(Ω)✳ ▲♦❣♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ♣❡❧❛ r❡✢❡①✐✈❛❞❛❞❡ ❞❡ L2∗/q(Ω)✱ t❡♠♦s

|un|q ⇀ v ❡♠ L2∗/q(Ω). ✭✷✳✽✮



✸✻

❆ ♣r♦✈❛ ❡st❛rá ❝♦♠♣❧❡t❛ s❡ ♠♦str❛♠♦s q✉❡ v = |u|q✱ ♣♦rq✉❡ ❞❡ss❡ ♠♦❞♦ ♦ ❧✐♠✐t❡
♥ã♦ ❞❡♣❡♥❞❡ ❞❛ s✉❜s❡q✉ê♥❝✐❛✳
❊s❝♦❧❤❛ ✉♠❛ s❡q✉ê♥❝✐❛ (Kj)j∈N ❞❡ s✉❜❝♦♥❥✉♥t♦s r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦s ❞❡ Ω✱
❝♦♠ ❢r♦♥t❡✐r❛ r❡❣✉❧❛r t❛❧ q✉❡ Ω =

⋃

j≥1Kj✳ P❡❧❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ D1,2(Kn)
c→֒

Lq(Kj)✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛✱ un ⇀ u✱ ❡♠ D1,2(Kj)✱ ✐♠♣❧✐❝❛ q✉❡

un → u ❡♠ Lq(Kj)

❡ ❝♦♠♦ Lq(Kj) ⊆ L1(Kj)✱ s❡❣✉❡ q✉❡

|un|q → |u|q ❡♠ L1(Kj).

❈♦♠♦ t❛♠❜é♠ L2∗/q(Kj) ⊆ L1(Kj)✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❡♠ ✭✷✳✽✮ ✐♠♣❧✐❝❛ q✉❡

|un|q ⇀ v ❡♠ L1(Kj).

❆ss✐♠✱ v = |u|q q✳t✳♣ ❡♠ ❝❛❞❛ Kj✳
❆❣♦r❛✱ ❞❡✜♥❛ ♣❛r❛ ❝❛❞❛ j ∈ N✱ Aj = {x ∈ Kj; v 6= |u|q}✱ t❡♠♦s ♠❡❞(Aj) = 0✳
❙❡❥❛ A =

⋃

j∈NAj✱ t❛♠❜é♠ ♠❡❞(A) = 0✳ ❉❡✜♥✐♥❞♦ B = {x ∈ Ω; v 6= |u|q}✱ t❡♠♦s
q✉❡ B = A✳ ❉❡ ❢❛t♦✱

• x ∈ B ⇒ x ∈ Ω ⇒ x ∈ Kj0 ✱ ♣❛r❛ ❛❧❣✉♠ j0 ❡ v 6= |u|q ⇒ x ∈ Aj0 ⇒ x ∈
⋃

j∈NAj ⇒ x ∈ A✱ ❧♦❣♦ B ⊆ A✳

• x ∈ A ⇒ x ∈ Aj0 ✱ ♣❛r❛ ❛❧❣✉♠ j0 ⇒ x ∈ KJ0 ❡ v 6= |u|q ⇒ ⇒ x ∈ Ω ❡
v 6= |u|q ⇒ x ∈ B ⇒ A ⊆ B✳

❈♦♠♦ Ω =
⋃

j≥1Kj ❡ v = |u|q q✳t✳♣ ❡♠ ❝❛❞❛ Kj✱ ❡♥tã♦ v = |u|q q✳t✳♣✳ ❡♠ Ω✳ �

❉❡✜♥✐çã♦ ✷✳✺✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ ϕ ∈ C1(E,R)✳ ❉✐r❡♠♦s q✉❡
(un) ⊂ E é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ P❛❧❛✐s✲❙♠❛❧❡ (PS)c✱ ❝♦♠ c ∈ R✱ ❛ss♦❝✐❛❞❛ ❝♦♠ ♦
❢✉♥❝✐♦♥❛❧ ϕ q✉❛♥❞♦

ϕ(un) → c, ❡ ϕ′(un) → 0, q✉❛♥❞♦ n→ ∞.

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ é ✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ❞♦ P❛ss♦ ❞❛ ▼♦♥t❛♥❤❛ ❞❡✈✐❞♦
❛ ❆♠❜r♦s❡tt✐✲❘❛❜✐♥♦✇✐t③ ❬✷❪✳ P♦❞❡✲s❡ ✈❡r t❛♠❜é♠ ❡♠ ❬✶✹❪✳

❚❡♦r❡♠❛ ✷✳✻✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡❛❧ ❡ s✉♣♦r Φ ∈ C1(E,R)✱ ❝♦♠
Φ(0) = 0✱ s❛t✐s❢❛③

(Φ1) ❊①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s β, ρ t❛✐s q✉❡ Φ(u) ≥ β✱ ‖u‖ = ρ✳

(Φ2) ❊①✐st❡ e ∈ E, ‖e‖ > ρ✱ t❛❧ q✉❡ Φ(e) ≤ 0✳

❊♥tã♦✱ ♣❛r❛ ❛ ❝♦♥st❛♥t❡

c = inf
γ∈Γ

sup
u∈γ

Φ(u) ≥ β,
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♦♥❞❡ Γ = {γ ∈ C([0, 1], E); γ(0) = 0, γ(1) = e}✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)c✱
(uj)✱ ❡♠ E ❛ss♦❝✐❛❞❛ ❝♦♠ Φ✳

✷✳✶ ❘❡s✉❧t❛❞♦s té❝♥✐❝♦s

◆❡st❛ s❡çã♦ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♥♦ s❡♥t✐❞♦ ❞❛s
❞✐str✐❜✉✐çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛

{
−∆u = g(x, u) ❡♠ RN ,
u ∈ D1,2,

✭P✮

♦♥❞❡ g(x, u) ∈ C(RN × R,R) s❛t✐s❢❛③

✭❣✶✮ ❉❛❞♦ R > 0 ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s aR, bR t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ x ∈ RN

❝♦♠ |x| ≤ R✱ ❡ s ∈ R✱

|g(x, s)| ≤ aR |s|2∗−1 + bR.

❖ ❢✉♥❝✐♦♥❛❧ I✱ ❛ss♦❝✐❛❞♦ ❛♦ ♣r♦❜❧❡♠❛ ✭P✮ ❡♠ D1,2 é ❞❡✜♥✐❞♦ ♣♦r

I(u) =
1

2

∫

RN

|∇u|2 dx−
∫

RN

G(x, u) dx, ✭✷✳✾✮

♦♥❞❡ G(x, s) =
∫ s

0
g(x, t) dt✳ ➱ ❝❧❛r♦ q✉❡✱ s♦❜ ❛ ❝♦♥❞✐çã♦ ✭❣✶✮✱ I ♣♦❞❡ ❛ss✉♠✐r ♦s

✈❛❧♦r❡s ±∞✳ ◆♦ ❡♥t❛♥t♦✱ s❡ ❛ss✉♠✐♠♦s ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ♠❛✐s ❢♦rt❡ q✉❡ ✭❣✶✮✱

✭❣✷✮ ❡①✐st❡ a > 0, b ∈ C0(R
N)✱ ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❝♦♠ s✉♣♦rt❡

❝♦♠♣❛❝t♦ ❡♠ RN ✱ t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ x ∈ RN ❡ s ∈ R✱

|g(x, s)| ≤ a |s|2∗−1 + b(x),

t❡r❡♠♦s I ∈ C1(D1,2,R)✱ ❡ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ I sã♦ s♦❧✉çõ❡s ❢r❛❝❛s ❞❛ ❡q✉❛çã♦
q✉❛s❡❧✐♥❡❛r ❛ss♦❝✐❛❞❛ ❡♠ RN ✳ P❛r❛ ❡st❛❜❡❧❡❝❡r ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ♣❛r❛
❛ ❡q✉❛çã♦ ❛ss♦❝✐❛❞❛ q✉❛♥❞♦ ✭❣✷✮ ♥ã♦ é s❛t✐s❢❡✐t♦✱ ✈❛♠♦s s✉♣♦r ❛ ❡①✐stê♥❝✐❛ ❞❡
✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s (gn) ⊂ C(RN × R,R) s❛t✐s❢❛③❡♥❞♦ ✭❣✷✮ ❡ ❝♦♥✈❡r❣✐♥❞♦
❛ g✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ❛ss✉♠✐♠♦s

✭❣✸✮ ❉❛❞♦ n ∈ N ❡①✐st❡ gn ∈ C(RN × R,R) s❛t✐s❢❛③❡♥❞♦ ✭❣✷✮ ❡

g(x, s) = gn(x, s), ∀ |x| ≤ n, s ∈ RN .

P❛r❛ ❛ s❡q✉ê♥❝✐❛ ❞❡ ♣r♦❜❧❡♠❛s
{

−∆u = gn(x, u) ❡♠ RN

u ∈ D1,2.
✭Pn✮
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♦ ❢✉♥❝✐♦♥❛❧ In ❛ss♦❝✐❛❞♦ ❡♠ D1,2 é ❞❡✜♥✐❞♦ ♣♦r

In(u) =
1

2

∫

RN

|∇u|2 dx−
∫

RN

Gn(x, u) dx, ✭✷✳✶✵✮

♦♥❞❡ Gn(x, s) =
∫ s

0
gn(x, t) dt✳

◆♦ q✉❡ s❡❣✉❡✱ ✈❛♠♦s ❛ss✉♠✐r q✉❡ (un) ⊂ D1,2✱ é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡
t❛❧ q✉❡ I ′n(un) → 0✱ q✉❛♥❞♦ n → ∞✳ P❡❧❛ ✐♠❡rsã♦ ❞❡ ❙♦❜♦❧❡✈ ❡ ♦ Pr✐♥❝í♣✐♦
❞❛ ❈♦♥❝❡♥tr❛çã♦✲❈♦♠♣❛❝✐❞❛❞❡✱ ❚❡♦r❡♠❛ ❆✳✸✷✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ❡①✐st❡
u ∈ D1,2, µ, ν ∈ M (RN)✱ ♦ ❡s♣❛ç♦ ❞❛s ♠❡❞✐❞❛s ❞❡ ❘❛❞♦♥ ❧✐♠✐t❛❞❛s ❡♠ RN ✱
❡ s❡q✉ê♥❝✐❛s (xi) ∈ RN , νi > 0 ❡ ♠❡❞✐❞❛s ❞❡ ❉✐r❛❝ δxi

t❛❧ q✉❡

un ⇀ u ❡♠ D1,2,

un → u ❡♠ Ls
loc(R

N), 1 ≤ s < 2∗,

un(x) → u(x) q✳t✳♣ ❡♠ RN ,

|un|2
∗

⇀ ν = |u|2∗ +∑i νiδxi
❢r❛❝♦ ✯ ❡♠ M (RN),

|∇un|2 ⇀ µ ❢r❛❝♦ ✯ ❡♠ M (RN),

∑

i ν
2/2∗

i <∞.

✭✷✳✶✶✮

▲❡♠❛ ✷✳✼✳ ❊①✐st❡ ♥♦ ♠á①✐♠♦ ✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♣♦♥t♦s xi ❡♠ s✉❜❝♦♥❥✉♥t♦s
❧✐♠✐t❛❞♦s ❞❡ RN ✳

❉❡♠♦♥str❛çã♦✳ ❙❡rá s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ ❡①✐st❡♠ ♥♦ ♠á①✐♠♦ ✉♠❛ q✉❛♥t✐❞❛❞❡
✜♥✐t❛ ❞❡ ♣♦♥t♦s xi ❡♠ B(0, r) ♣❛r❛ ❝❛❞❛ r > 0✳ ❉❡ ✭✷✳✷✮ ❡ ❞♦ ▲❡♠❛ ■✳✶ ❡♠ ❬✶✷❪✱
♦❜t❡♠♦s

µ({xi}) ≥ Sν
2/2∗

i . ✭✷✳✶✷✮

❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ ε > 0✱ ❞❡✜♥✐♠♦s ψε(x) = ψ((x − xi)/ε), x ∈ RN ✱ ♦♥❞❡
ψ ∈ D(RN)✱ 0 ≤ ψ(x) ≤ 1✱ ψ(x) ≡ 1 ❡♠ B(0, 1)✱ ❡ ψ(x) = 0 ❡♠ RN \ B(0, 2)✳
❉❛❞♦ q✉❡ I ′n(un) → 0✱ q✉❛♥❞♦ n → ∞✱ ❡ (ψεun) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✱
t❛♠❜é♠ I ′n(un)(ψεun) → 0✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡

I ′n(un)(ψεun) =

∫

RN

∇un · ∇(ψεun) dx−
∫

RN

gn(x, un)ψεun dx = o(1)

⇒
∫

RN

∇un · ∇(ψεun) dx =

∫

RN

gn(x, un)ψεun dx+ o(1).

P❡❧❛ ❝♦♥❞✐çã♦ ✭❣✶✮✱ ❝♦♠ R > 2r✱ ❡ ✭❣✸✮✱ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠♦s
∫

RN

∇un · ∇(ψεun) dx ≤ aR

∫

RN

|u|2∗ ψε dx+ bR

∫

RN

|un|ψε dx+ o(1).
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❆❣♦r❛ ❞❡ ✭✷✳✶✶✮✱ t♦♠❛♥❞♦ n→ ∞✱ t❡♠♦s

lim
n→∞

∫

RN

∇un · ∇(ψεun) dx ≤ aR

∫

RN

ψε dν + bR

∫

RN

|u|ψε dx.

◆♦✈❛♠❡♥t❡ ♦ ▲❡♠❛ ■✳✶ ❡♠ ❬✶✷❪ ❡ ❢❛③❡♥❞♦ ε→ 0✱ ♦❜t❡♠♦s

µ({xi}) ≤ aRν({xi}).

❆ss✐♠✱ ❞❡ ✭✷✳✶✷✮ t❡♠♦s

aRν({xi}) = aRνi ≥ µ({xi}) ≥ Sν
2/2∗

i = Sν
(N−2)/N
i ⇒ νi ≥

SN/2

a
N/2
R

.

▲♦❣♦✱
∑

i

ν
2/2∗

i ≥
∑

i

(

SN/2

a
N/2
R

)2/2∗

=

(

SN/2

a
N/2
R

)2/2∗
∑

i

1

❉❡ ✭✷✳✶✶✮ t❡♠♦s
∑

i

1 <∞✱ ✐st♦ é✱ i ∈ A ♦♥❞❡ A é ✉♥ s✉❜❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s

✜♥✐t♦✳ �

▲❡♠❛ ✷✳✽✳ ❙❡❥❛ K ⊂ RN ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✳ ❊♥tã♦✱ ❡①✐st❡ n0 ∈ N ❡
M =M(K) > 0 t❛❧ q✉❡

∫

K

|gn(x, un(x))|2
∗/(2∗−1) dx ≤M, ∀n ≥ n0.

❉❡♠♦♥str❛çã♦✳ ❚♦♠❡ n0 ∈ N t❛❧ q✉❡ K ⊂ B(0, n0)✳ ❉❡ ✭❣✸✮✱ ❡①✐st❡
gn(x, un(x)) = g(x, un(x))✱ ♣❛r❛ ❝❛❞❛ x ∈ K✱ ❡ n ≥ n0✳ ❆❣♦r❛ ♣❡❧❛ ❝♦♥❞✐çã♦
✭❣✶✮ ❝♦♠ R = n0✱ |gn(x, un)| ≤ aR |un|2

∗−1 + bR✱ ♣♦r ❝♦♥s❡❣✉✐♥t❡

∫

K

|gn(x, un(x))|
2∗

2∗−1 dx ≤
∫

K

(

an0 |un|2
∗−1 + bn0

) 2∗

2∗−1
dx.

❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ▼✐♥❦♦✇s❦✐

[
∫

K

(

an0 |un|2
∗−1 + bn0

) 2∗

2∗−1
dx

] 2∗−1
2∗

≤ an0

[∫

K
|un(x)|2

∗

dx

] 2∗−1
2∗

+bn0

[∫

K
1 dx

] 2∗−1
2∗

❧♦❣♦

[∫

K

|gn(x, un(x))|
2∗

2∗−1 dx

] 2∗−1
2∗

≤ an0

[∫

K

|un(x)|2
∗

dx

] 2∗−1
2∗

+ bn0

[∫

K

1 dx

] 2∗−1
2∗

,

❞♦ q✉❛❧ s❡❣✉❡ q✉❡

∫

K

|gn(x, un(x))|
2∗

2∗−1 dx ≤
(

2an0 ‖un‖2
∗−1

2∗ + 2bn0 |K| 2
∗−1
2∗

) 2∗

2∗−1

✭✷✳✶✸✮

❉❡✜♥✐♥❞♦ ϕ(t) = t
2∗

2∗−1 ❡♠ [0,∞)✱ t❡♠♦s ϕ ❝♦♥✈❡①❛✱ ❡ ♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥✱
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❝♦♥s✐❞❡r❛♥❞♦ t1 = 2an0 ‖un‖2
∗−1

2∗ ❡ t2 = 2bn0 |K| 2
∗−1
2∗ ✱ t❡♠♦s

ϕ

(
1

2
(t1 + t2)

)

= ϕ

( 1
2
t1 +

1
2
t2

1
2
+ 1

2

)

≤
1
2
ϕ(t1) +

1
2
ϕ(t2)

1
2
+ 1

2

≤ ϕ(t1) + ϕ(t2)

❞♦ q✉❡ s❡❣✉❡

(

2an0 ‖un‖2
∗−1

2∗ + 2bn0 |K| 2
∗−1
2∗

) 2∗−1
2∗

= ϕ

(
1

2

[

2an0 ‖un‖2
∗−1

2∗ + 2bn0 |K| 2
∗−1
2∗

])

= ϕ
(

an0 ‖un‖2
∗−1

2∗ + bn0 |K| 2
∗−1
2∗

)

≤ ϕ
(

2an0 ‖un‖2
∗−1

2∗

)

+ ϕ
(

2bn0 |K| 2
∗−1
2∗

)

= (2an0)
2∗

2∗−1 ‖un‖2
∗

2∗ + (2bn0)
2∗

2∗−1 |K| .

❖r❛✱ ❞❡ ✭✷✳✶✸✮ t❡♠♦s
∫

K

|gn(x, un(x))|
2∗

2∗−1 dx ≤ (2an0)
2∗

2∗−1 ‖un‖2
∗

2∗ + (2bn0)
2∗

2∗−1 |K| , ∀n ≥ n0.

❆ss✐♠✱ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ D1,2(K) →֒ L2∗(K)✱ ♣♦r s❡r ❛ s❡q✉ê♥❝✐❛ (un) ❧✐♠✐t❛❞❛
❡♠ D1,2✱ t❛♠❜é♠ (un) é ❧✐♠✐t❛❞❛ ❡♠ L2∗(K)✱ ❡ ❞❛❞♦ q✉❡ ❛ ♠❡❞✐❞❛ ❞❡ K é ✜♥✐t❛✱

t♦♠❛♥❞♦ M = (2an0)
2∗

2∗−1 ‖un‖2
∗

2∗ + (2bn0)
2∗

2∗−1 |K|✱ t❡♠♦s M ∈ R t❛❧ q✉❡
∫

K

|gn(x, un(x))|
2∗

2∗−1 dx ≤M, ∀n ≥ n0.

�

▲❡♠❛ ✷✳✾✳ ❙❡❥❛ K ⊂ (RN \ (xi)) ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✳ ❊♥tã♦ un → u ❡♠
L2∗(K)✱ q✉❛♥❞♦ n→ ∞✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ r > 0 t❛❧ q✉❡ K ⊂ B(0, r)✳ P❡❧♦ ▲❡♠❛ ✷✳✼✱ ❡①✐st❡ ♥♦ ♠á①✐♠♦
✉♠❛ q✉❛♥t✐❞❛❞❡ ✜♥✐t❛ ❞❡ ♣♦♥t♦s xi ❡♠ B(0, r)✳ ❉❛❞♦ q✉❡ K é ❝♦♠♣❛❝t♦ ❡
K ∩ {xi} = ∅✱ δ = d(K, {xi})✱ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ K ❡ {xi}✱ ❝♦♠ xi ∈ B(0, r)
é ♣♦s✐t✐✈❛✳ ❙❡❥❛ 0 < ε < δ ❡ ❞❡✜♥❛ Aε = {x ∈ B(0, r)|d(x,K) < ε}✳ ❊s❝♦❧❤❡♥❞♦
ψ ∈ D(RN), 0 ≤ ψ ≤ 1, ψ ≡ 1 ❡♠ Aε/2✱ ❡ ψ ≡ 0 ❡♠ RN \ Aε✱ t❡♠♦s

∫

K

|un|2
∗

dx ≤
∫

Aε

ψ |un|2
∗

dx =

∫

RN

ψ |un|2
∗

dx. ✭✷✳✶✹✮

❉❛❞♦ q✉❡ s✉♣♣(ψ) ⊂ Aε ❡ Aε ∩ {xi} = ∅✱ ❝♦♠ xi ∈ B(0, r)✱ ❞❡ ✭✷✳✶✹✮ ❡✭✷✳✶✶✮✱
t❡♠♦s

lim
n→∞

sup

∫

K

|un|2
∗

dx ≤
∫

RN

ψ dν =

∫

RN

ψ |u|2∗ dx =

∫

Aε

ψ |u|2∗ dx ≤
∫

Aε

|u|2∗ dx.

❆❣♦r❛✱ ❢❛③❡♥❞♦ ε → 0 ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡
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▲❡❜❡s❣✉❡ ✭❚❡♦r❡♠❛ ❆✳✹✶✮✱ ♦❜t❡♠♦s

lim
n→∞

sup

∫

K

|un|2
∗

dx ≤
∫

K

|u|2∗ dx, ✐st♦ é✱ lim
n→∞

sup ‖un‖L2∗ (K) ≤ ‖u‖L2∗ (K) .

✭✷✳✶✺✮
P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ D1,2(K) →֒ L2∗(K)✱ t❡♠♦s un ⇀ u ❡♠
L2∗(K)✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡

‖u‖L2∗ (K) ≤ lim
n→∞

inf ‖un‖L2∗ (K) ✭✷✳✶✻✮

❉❡ ✭✷✳✶✺✮ ❡ ✭✷✳✶✻✮✱ ‖un‖L2∗ (K) → ‖u‖L2∗ (K)✳ ❆ss✐♠✱ ❞♦ ❚❡♦r❡♠❛ ❆✳✺✶ ❡ ❞❛
Pr♦♣♦s✐çã♦ ❆✳✺✷ t❡♠♦s

un → u ❡♠ L2∗(K).

�

▲❡♠❛ ✷✳✶✵✳ ❙❡❥❛ K ⊂ (RN \ (xi)) ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦✳ ❊♥tã♦ ∇un → ∇u ❡♠
(L2(K))N ✱ q✉❛♥❞♦ n→ ∞✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ψ ∈ C∞
0 (RN \{xi}) t❛❧ q✉❡ ψ ≡ 1 ❡♠ K ❡ 0 ≤ ψ ≤ 1✳ ❈♦♠♦

0 ≤ (∇un −∇u) · ∇(un − u) = |∇un|2 −∇un · ∇u−∇u · ∇(un − u)

❡

0 ≤
∫

K

(∇un −∇u) · ∇(un − u) dx ≤
∫

RN

(∇un −∇u) · ∇(un − u)ψ dx

❝♦♥s❡q✉❡♥t❡♠❡♥t❡

∫

K

(∇un −∇u) · ∇(un − u)dx ≤
∫

RN

[
|∇un|2 ψ − (∇un · ∇u)ψ − {∇u · ∇(un − u)}ψ

]
dx. ✭✷✳✶✼✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛❞♦ q✉❡ I ′n(un) → 0✱ q✉❛♥❞♦ n → ∞✱ t❛♠❜é♠ t❡♠♦s
I ′n(un)(uψ) → 0✳ ❉❛í✱

I ′n(un)(uψ) =

∫

RN

[∇un · ∇(uψ)− gn(x, un)uψ] dx =
∫

RN

[(∇un · ∇u)ψ + (∇un · ∇ψ)u− gn(x, un)uψ] dx = o(1), ✭✷✳✶✽✮

q✉❛♥❞♦ n→ ∞✳ ❆❧é♠ ❞✐ss♦✱ ❞❛❞♦ q✉❡ (unψ) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ D1,2✱
t❡♠♦s

∫

RN

[
|∇un|2 ψ + (∇un · ∇ψ)un − gn(x, un)unψ

]
dx = o(1), ✭✷✳✶✾✮
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q✉❛♥❞♦ n→ ∞✳ ❉❡ ✭✷✳✶✽✮ ❡ ✭✷✳✶✾✮ ♦❜t❡♠♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡
∫

RN

(∇un · ∇u)ψ dx = −
∫

RN

(∇un · ∇ψ)u dx+
∫

RN

gn(x, un)uψ dx+ o(1), ✭✷✳✷✵✮

∫

RN

|∇un|2 ψ = −
∫

RN

(∇un · ∇ψ)un dx+
∫

RN

gn(x, un)unψ dx+ o(1). ✭✷✳✷✶✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✷✵✮ ❡ ✭✷✳✷✶✮ ❡♠ ✭✷✳✶✼✮ t❡♠♦s

∫

K

(∇un−∇u)·(∇un−∇u)dx ≤
∫

RN

ψgn(x, un)(un−u)dx+
∫

RN

∇un·∇ψ·(u−un)dx+
∫

RN

∇u · ∇(u− un) · ψ dx+ o(1).

❆❣♦r❛✱ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✷✳✽✱ ♣❛r❛ ♦ ❝♦♠♣❛❝t♦ K = s✉♣♣(ψ)✱ ❡ ❛ ❞❡s✐❣✉❛❧❞❛❞❡
❞❡ ❍ö❧❞❡r✱ ♦❜t❡♠♦s

∫

K

gn(x, un)(un − u) dx ≤
∫

K

|gn(x, un)(un − u)| dx

≤
(∫

k

|gn(x, un)|
2∗

2∗−1

) 2∗−1
2∗

‖un − u‖L2∗ (K)

≤ (M)
2∗−1
2∗ ‖un − u‖L2∗ (K) ,

∫

K

|∇un · ∇ψ(u− un)| dx ≤ ‖∇u‖L∞(K)

∫

k

|∇u| |u− un| dx

≤ ‖∇u‖L∞(K) ‖u‖ ‖u− un‖L2(K) ,

♣♦r ❝♦♥s❡❣✉✐♥t❡

0 ≤
∫

K

|∇un −∇u|2 dx ≤M
2∗−1
2∗ ‖un − u‖L2∗ (K) +

‖∇u‖L∞(K) ‖u‖ ‖u− un‖L2(K) +

∫

RN

∇u · (∇u−∇un) · ψ dx+ o(1), ✭✷✳✷✷✮

q✉❛♥❞♦ n→ ∞✳ ❆❣♦r❛✱ ❞♦ ▲❡♠❛ ✷✳✾✱ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ K = s✉♣♣(ψ) ⊂
(RN \ {xi})✱ ‖un − u‖L2∗ (K) → 0✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ‖u− un‖L2(K) → 0✱ ♣♦✐s
2 < 2∗✳ ❉❡✜♥✐♥❞♦

f : D1,2 → R

v 7→ f(v) =

∫

RN

ψ∇u∇v dx,

❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ un ⇀ u ❡♠ D1,2✱ s❡❣✉❡ q✉❡ f(u − un) → 0✳ ❆ss✐♠✱ ❞❡ ✭✷✳✷✷✮
t❡♠♦s
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∫

K

|∇un −∇u|2 dx→ 0, q✉❛♥❞♦ n→ ∞.

�

❉♦ ▲❡♠❛ ✷✳✶✵✱ ❡ ❝♦♠ ❛r❣✉♠❡♥t♦s s❡♠❡❧❤❛♥t❡s ❞♦ ✜♥❛❧ ❞❛ ♣r♦✈❛ ❞❛ Pr♦♣♦s✐çã♦
✷✳✹ ❝♦♠ Ω = ∪∞

n=1B(n, 0) ❡ Kn = B(n, 0) \ {xi}✱ t❡♠♦s ♦

❈♦r♦❧ár✐♦ ✷✳✶✶✳ ❆ s❡q✉ê♥❝✐❛ (un) ⊂ D1,2 ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (unj
)

s❛t✐s❢❛③❡♥❞♦ ∇unj
(x) → ∇u(x)✱ ♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ RN

❙❡❥❛ In ❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥❝✐♦♥❛✐s ❡♠ ✭✷✳✶✵✮✳ P♦❞❡♠♦s ❛❣♦r❛ ❛♣r❡s❡♥t❛r ♦
r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❛ s❡çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✷✳ ❙✉♣♦♥❤❛ q✉❡ g(x, s) ∈ C(RN × R,R) s❛t✐s❢❛③ ✭❣✶✮ ❡ ✭❣✸✮✳
❊♥tã♦✱ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ (un) ⊂ D1,2 t❛❧ q✉❡ I ′n(un) → 0✱ q✉❛♥❞♦
n→ ∞✱ ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣✐♥❞♦ ❢r❛❝♦ ♣❛r❛ ✉♠❛ s♦❧✉çã♦ ❞❡ ✭P✮✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ φ ∈ D(RN)✱ t♦♠❡ n0 > 0 t❛❧ q✉❡ s✉♣♣(φ) ⊂ B(0, n0)✳ ❉❡
✭❣✸✮✱ t❡♠♦s

gn(x, s) = g(x, s), ∀x ∈ s✉♣♣(φ), ❡ n ≥ n0 ✭✷✳✷✸✮

❆ ❝♦♥❞✐çã♦ ✭❣✶✮✱ ❝♦♠ R > n0✱ ❡ ✭✷✳✷✸✮✱ ❢♦r♥❡❝❡♠

|gn(x, s)φ(x)| ≤ (aRs
2∗−1 + bR) |φ(x)| , ∀x ∈ s✉♣♣(φ), s ∈ R, n ≥ n0. ✭✷✳✷✹✮

❯t✐❧✐③❛♥❞♦ ✭✷✳✶✶✮✱ ✭✷✳✷✹✮ ❡ ♦ ❢❛t♦ q✉❡ (un) ⊂ D1,2 é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛✱ s❡❣✉❡
q✉❡ (gn(x, un)φ) ❡ (∇un∇φ) sã♦ ❢❛♠í❧✐❛s ✉♥✐❢♦r♠❡♠❡♥t❡ ✐♥t❡❣rá✈❡✐s ❡♠ L1(RN)✳
❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❱✐t❛❧✐ ✭❚❡♦r❡♠❛ ❆✳✹✺✮ ❡ ♦ ❈♦r♦❧❛r✐♦ ✷✳✶✶✱
♦❜t❡♠♦s

lim
n→∞

∫

RN

gn(x, un(x))φ(x) dx =

∫

RN

g(x, u(x))φ(x) dx ∀φ ∈ D(RN),

lim
n→∞

∫

RN

∇un∇φ dx =

∫

RN

∇u∇φ dx, ∀φ ∈ D(RN),

✭✷✳✷✺✮
❆ss✐♠✱ ❝♦♠♦ I ′n(un) → 0✱ q✉❛♥❞♦ n→ ∞ ❞❡ ✭✷✳✷✺✮✱ t❡♠♦s

∫

RN

∇u∇φ dx−
∫

RN

g(x, u(x))φ(x) dx = 0, ∀φ ∈ D(RN),

❡ u é s♦❧✉çã♦ ❢r❛❝❛ ❞❡ ✭P✮✳ �

✷✳✷ ●❡♦♠❡tr✐❛ ❞♦ ♣❛ss♦ ❞❛ ♠♦♥t❛♥❤❛

◆♦s s❡❣✉✐♥t❡s ❧❡♠❛s ♣r♦✈❛✲s❡ q✉❡ ❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥❝✐♦♥❛✐s Iλ,n✱ ❡♠ ✭✷✳✻✮
s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s (Φ1) ❡ (Φ2) ❞♦ ❚❡♦r❡♠❛ ✷✳✻ ♥✉♠❛ ♠❛♥❡✐r❛ ✉♥✐❢♦r♠❡✳
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▲❡♠❛ ✷✳✶✸✳ ❙✉♣♦♥❤❛ q✉❡ f s❛t✐s❢❛③ ✭❢✷✮ ❡ ✭❢✸✮✳ ❊♥tã♦✱

✶✳ ❙❡ 1 < r1 ≤ 2✱ ❡①✐st❡ λ∗ > 0 t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ λ ∈ (0, λ∗)✱ Iλ,n s❛t✐s❢❛③
(Φ1)✱ ❝♦♠ β ❡ ρ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ n✳

✷✳ ❙❡ 2 < r1 < 2∗✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ λ > 0, Iλ,n s❛t✐s❢❛③ (Φ1)✱ ❝♦♠ β ❡ ρ
✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ n✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ u ∈ D1,2✱ u 6= 0✳ ❉❛ ❞❡✜♥✐çã♦ ❞❡ fn ❡ ✭❢✸✮✱ s❡❣✉❡

Fn(x, s) =

∫ s

0

fn(x, t)dt ≤
1

r1
c1(x)s

r1 +
1

r2
c2(x)s

r2 , ∀x ∈ RN , s ≥ 0. ✭✷✳✷✻✮

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r ❝♦♠ ❡①♣♦❡♥t❡s
2∗

2∗ − ri
❡
2∗

ri
♣❛r❛ i = 1, 2✱ t❡♠♦s

∫

RN

ci(x)(u
+)ri dx ≤ ‖ci‖ 2∗

2∗−ri

∥
∥u+

∥
∥
ri

2∗
. ✭✷✳✷✼✮

❆❣♦r❛✱ ❞❛ ❞❡✜♥✐çã♦ ❞❡ Iλ,n✱ ✭✷✳✷✻✮ ❡ ✭✷✳✷✼✮✱ t❡♠♦s

Iλ,n(u) =
1

2
‖u‖2 − 1

2∗
‖u‖2∗2∗ − λ

∫

RN

Fn(x, u) dx

≥ 1

2
‖u‖2 − 1

2∗
‖u‖2∗2∗ − λ

(
1

r1
‖c1‖ 2∗

2∗−r1

∥
∥u+

∥
∥
r1

2∗
+

1

r2
‖c2‖ 2∗

2∗−r2

∥
∥u+

∥
∥
r2

2∗

)

,

❞❡ ✭✷✳✷✮✱
‖u‖2∗

S2∗/2
≥ ‖u‖2∗2∗ ✱ ❧♦❣♦

Iλ,n(u)≥
1

2
‖u‖2 − ‖u‖2∗

2∗S2∗/2
− λ

( ‖u‖r1
r1Sr1/2

‖c1‖ 2∗

2∗−r1

+
‖u‖r2
r2Sr2/2

‖c2‖ 2∗

2∗−r2

)

❈❛s♦ ✶✿ 1 < r1 ≤ 2✳

Iλ,n(u)≥‖u‖2
(

1

2
− ‖u‖2∗−2

2∗S2∗/2

)

− λ

(

‖c1‖2∗/(2∗−r1)

r1Sr1/2
‖u‖r1 +

‖c2‖2∗/(2∗−r2)

r2Sr2/2
‖u‖r2

)

.

❋❛③❡♥❞♦ Q(t) =
1

2∗S2∗/2
t2

∗−2 ❡ R(t) =
‖c1‖2∗/(2∗−r1)

r1Sr1/2
tr1 +

‖c2‖2∗/(2∗−r2)

r2Sr2/2
tr2 ✳ ❉❛❞♦

q✉❡ Q(t) → 0✱ q✉❛♥❞♦ t → 0✱ ❡①✐st❡ ρ > 0 t❛❧ q✉❡
1

2
−Q(ρ) > 0✳ ❆ss✐♠✱

❡s❝♦❧❤❡♠♦s λ∗ > 0 t❛❧ q✉❡

1

2
−Q(ρ)− λ∗R(ρ) > 0.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡♠ ρ ❡ β > 0✱ ❝♦♠ ρ ❡ β ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ n✱ t❛❧ q✉❡

Iλ,n(u) ≥ β, ‖u‖ = ρ.
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❈❛s♦ ✷✿ 2 < r1 < 2∗✳

Iλ,n(u) ≥

‖u‖2
(

1

2
− ‖u‖2∗−2

2∗S
2∗

2

− λ

r1S
r1
2

‖c1‖ 2∗

2∗−r1

‖u‖r1−2 − λ

r2S
r2
2

‖c2‖ 2∗

2∗−r2

‖u‖r2−2

)

.

❖r❛✱ ❢❛③❡♥❞♦

Q(t) =
1

2∗S
2∗

2

t2
∗−2 − λ

r1S
r1
2

‖c1‖ 2∗

2∗−r1

tr1−2 − λ

r2S
r2
2

‖c2‖ 2∗

2∗−r2

tr2−2,

s❡❣✉❡ q✉❡ Q(t) → 0✱ q✉❛♥❞♦ t → ∞✱ ❞❛❞♦ q✉❡ 2 < r1 ≤ 2✳ ❊♥tã♦✱ ρ > 0 t❛❧ q✉❡
1

2
−Q(ρ) > 0✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦❜t❡♠♦s ρ ❡ β > 0 ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ n✱ t❛❧

q✉❡
Iλ,n(u) ≥ β, ‖u‖ = ρ.

�

▲❡♠❛ ✷✳✶✹✳ ❙✉♣♦♥❤❛ q✉❡ f s❛t✐s❢❛③ ✭❢✷✮ ❡ ✭❢✸✮✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ λ > 0 ❡
n ∈ N, Iλ,n s❛t✐s❢❛③ (Φ2)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ Ω0 ❞❛❞♦ ♣♦r ✭❢✸✮ ❡ φ ∈ D(RN)✱ ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛
❝♦♠ s✉♣♣φ ⊂ Ω0✳ P❛r❛ ❝❛❞❛ t > 0✱ t❡♠♦s

Iλ,n(tφ) =
1

2

∫

RN

|∇(tφ)|2 dx− 1

2∗

∫

RN

(tφ)2
∗

dx− λ

∫

RN

Fn(x, tφ) dx.

❉❡ ✭❢✸✮✱ ❡①✐st❡ a > 0 t❛❧ q✉❡ Fn(x, s) ≥ asq✱ ♣❛r❛ t♦❞♦ x ∈ Ω0, s ≥ 0 ❡ q ∈ (1, 2∗)✳
❉❛í✱

Iλ,n(tφ) ≤
t2

2

∫

RN

|∇φ|2 dx− t2
∗

2∗

∫

RN

|φ|2∗ − λatq
∫

RN

|φ|q dx.

❉❛❞♦ q✉❡ 2∗ > 2✱ ❡①✐st❡ t > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ t❛❧ q✉❡ Iλ,n(tφ) < 0 ❡
‖tφ‖ > ρ✱ ❝♦♠ ρ ❞❛❞♦ ♣❡❧♦ ▲❡♠❛ ✷✳✶✸✳ �

✷✳✸ ❊st✐♠❛t✐✈❛s

❈♦♥s✐❞❡r❛♥❞♦ Ω0 ❞❛❞♦ ♣♦r ✭❢✸✮✱ t♦♠❛♠♦s x0 ∈ Ω0 ❡ r0 > 0 t❛❧ q✉❡
B(x0, 2r0) ⊂ Ω0✳ ❆❣♦r❛✱ s❡❥❛ n0 ∈ N t❛❧ q✉❡ B(x0, 2r0) ⊂ B(0, n0)✳ ❊s❝♦❧❤❡♠♦s
φ ∈ D(RN) s❛t✐s❢❛③❡♥❞♦ 0 ≤ φ ≤ 1✱ φ ≡ 1 ♥❛ ❜♦❧❛ B(x0, r0)✱ ❡ φ ≡ 0 ❡♠
RN \B(x0, 2r0)✳ ❉❛❞♦ ε > 0 ❡ wε ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✸✮✱ s❡❥❛

vε =
φwε

‖φwε‖2∗
.

❊♥tã♦✱ vε s❛t✐s❢❛③
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▲❡♠❛ ✷✳✶✺✳

Xε ≡
∫

RN

|∇vε|2 dx ≤ S +O(ε(N−2)/2) q✉❛♥❞♦ ε→ 0.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✼❪ ♦✉ ❬✶✸❪✳ �

Pr♦♣♦s✐çã♦ ✷✳✶✻✳ ❙✉♣♦♥❤❛ q✉❡ f s❛t✐s❢❛③ ✭❢✷✮ ❡ ✭❢✸✮✱ ❝♦♠ q s❛t✐s❢❛③❡♥❞♦ ❛
❝♦♥❞✐çã♦ ✭✷✳✶✮✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ λ > 0✱ ❡①✐st❡ ε > 0, n0 ∈ N ❡ dλ > 0 t❛❧
q✉❡✱ ♣❛r❛ ❝❛❞❛ n ≥ n0✱

max{Iλ,n(tvε) : t ≥ 0} ≤ dλ <
1

N
SN/2.

❉❡♠♦♥str❛çã♦✳ ❉❛ ❞❡✜♥✐çã♦ ❞❡ Iλ,n ❡ vε✱ t❡♠♦s

Iλ,n(tvε) =
1

2

∫

RN

|∇(tvε)|2 dx−
1

2∗

∫

RN

(tvε)
2∗ dx− λ

∫

RN

Fn(x, tvε) dx,

❡ ❞❡ ✭❢✸✮✱ Fn(x, tvε) ≥ a(tvε)
q✱ ∀x ∈ Ω0, s ≥ 0. ❙❡❣✉❡ q✉❡

Iλ,n(tvε) ≤ t2

2

∫

RN

|∇(vε)|2 dx−
t2

∗

2∗

∫

RN

(vε)
2∗ dx− λtq

∫

RN

a |vε|q dx

=
t2

2
Xε −

t2
∗

2∗
− λtq

∫

RN

a |vε|q dx = Jλ(tvε).

❆ss✐♠✱ ♣❛r❛ ♣r♦✈❛r ❛ ♣r♦♣♦s✐çã♦✱ é s✉✜❝✐❡♥t❡ ♦❜t❡r ε > 0 ❡ dλ > 0 t❛✐s q✉❡

max{Jλ(tvε)|t ≥ 0} ≤ dλ <
1

N
SN/2.

❉❛ ❞❡✜♥✐çã♦ ❞❡ Jλ(tvε)✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ ❛❧❣✉♠ tε t❛❧ q✉❡

max
t≥0

Jλ(tvε) = Jλ(tεvε) ❡
❞
❞t
Jλ(tvε) = 0 ❡♠ t = tε.

❈♦♠♦

❞
❞t
Jλ(tvε) = tXǫ − t2

∗−1 − λqtq−1

∫

RN

a |vε|q dx,

♦ ❢❛t♦ ❞❡ q✉❡
❞
❞t
Jλ(tvε) = 0 ❡♠ t = tε✱ ✐♠♣❧✐❝❛

tεXǫ − t2
∗−1

ε − λqtq−1
ε

∫

RN

a |vε|q dx = 0 ⇒ Xǫ = t2
∗−2

ε + λqtq−2
ε

∫

RN

a |vε|q dx.

❉❛í✱ 0 < tε ≤ X
1

2∗−2
ε ✳ ❉❡ ❢❛t♦✱ ❞♦ ▲❡♠❛ ✷✳✶✸

Jλ(tεvε) ≥ Iλ,n(tvε) ≥ β > 0, ‖tvε‖ = ρ,
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❡ ❞❡ ✭✷✳✶✺✮✱ t❡♠♦s

Jλ(tεvε) =
t2ε
2
Xε −

t2
∗

ε

2∗
− λtqε

∫

RN

a |vε|q dx ≤

t2ε
2

(
S +O(ε(N−2)/2)

)
− t2

∗

ε

2∗
− λtqε

∫

RN

a |vε|q dx ≤ t2ε
2

(
S +O(ε(N−2)/2)

)
,

❞❡ ♠♦❞♦ q✉❡

0 < β ≤ Jλ(tεvε) ≤
t2ε
2

(
S +O(ε(N−2)/2)

)
.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❡①✐st❡ α0 > 0 t❛❧ q✉❡

α0 ≤ tε ≤ X
1

2∗−2
ε , ∀ε > 0.

❖r❛✱ ❞❛❞♦ q✉❡ ❛ ❢✉♥çã♦ h(t) =
t2

2
Xε −

t2
∗

2∗
é ❝r❡s❝❡♥t❡ ♥♦ ✐♥t❡r✈❛❧♦ (0, X

1
2∗−2
ε )✱

t❡♠♦s h(t) ≤ X
1

2∗−2
ε

2
Xε −

X
2∗

2∗−2
ε

2∗
=

1

N
Xε✳ ▲♦❣♦✱

Jλ(tεvε) ≤
1

N
Xε − λtqε

∫

RN

a |vε|q dx ≤ 1

N
Xε − λαq

0

∫

RN

a |vε|q dx. ✭✷✳✷✽✮

❉❡✜♥✐♥❞♦ h(y) = yα ❝♦♠ α > 1 ❡ y ≤ 0✱ t❡♠♦s✱ ♣❛r❛ t♦❞♦ y > 0✱ h′(y) > 0 ❡
h′′(y) > 0✳ P❛r❛ y1 = b, y2 = b+ c, b, c ≥ 0✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦✱ ❡①✐st❡
y0 ∈ (b, b+ c) t❛❧ q✉❡

h(b+ c)− h(b)

c
= h′(y0),

❡ ❝♦♠♦ h′ é ❝r❡s❝❡♥t❡ h′(y0) ≤ h′(b+ c)✱ ✐♠♣❧✐❝❛♥❞♦

h(b+ c)− h(b)

c
≤ h′(b+ c) ⇒ (b+ c)α ≤ α(b+ c)c+ bα.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❛❝✐♠❛✱ ❝♦♠ b = S, c = O(ε(N−2)/2)✱ ❡ α = N/2✱
♦❜t❡♠♦s

[
S +O(ε(N−2)/2)

]N/2 ≤ N

2

[
S +O(ε(N−2)/2)

]N
2
−1
O(ε(N−2)/2) + SN/2.

❉❡ ✭✷✳✶✺✮

1

N
XN/2

ε ≤
[
S +O(ε(N−2)/2)

]N/2

N
≤ 1

N
SN/2 +

1

2

[
S +O(ε(N−2)/2)

]N
2
−1
O(ε(N−2)/2)

❡ ❞❡ ✭✷✳✷✽✮

Jλ(tεvε) ≤
1

N
SN/2 +O(ε(N−2)/2)− λαq

0

∫

RN

a |vε|q dx.
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❆ss✐♠✱ ❡①✐st❡ M > 0 t❛❧ q✉❡

Jλ(tεvε) ≤ 1

N
SN/2 + ε(N−2)/2

(

M − λαq
0

ε(N−2)/2

∫

RN

a |vε|q dx
)

≤ 1

N
SN/2 + ε(N−2)/2

(

M − λaαq
0

ε(N−2)/2

∫

B(0,1)

ε
N−2

4
q

(ε+ |x|2)(N−2)q/2
dx

)

.

❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ r = |x| ❡ ❞❡♥♦t❛♥❞♦ ♣♦r wN ❛ ár❡❛ ❞❛ ❜♦❧❛ ❞❡ r❛✐♦ ✶ ❡♠ RN ✱
♦❜t❡♠♦s

∫

B(0,1)

ε
N−2

4
q

(ε+ |x|2)(N−2)q/2
dx =

∫ 1

0

wN
ε

N−2
4

qrN−1

(ε+ r2)(N−2)q/2
dr =

wN

ε
N−2

4
q

∫ 1

0

rN−1

[

1 +
(

r√
ε

)2
]N−2

2
q
dr.

❉❡♣♦✐s ❞❛ ♠✉❞❛♥ç❛ s =
r√
ε
✱ s❡❣✉❡

wN

ε
N−2

4
q

∫
1

0

rN−1

[

1 +
(

r√
ε

)2
]N−2

2
q
rx = wNε

N
2
−N−2

4
q

∫ ε−1/2

0

sN−1

(1 + s2)(N−2)q/2
ds,

✐♠♣❧✐❝❛♥❞♦ q✉❡

Jλ(tεvε) ≤
1

N
SN/2+ε(N−2)/2

(

M − λaαq
0wNε

−N−2
4

q+1

∫ ε−1/2

0

sN−1

(1 + s2)(N−2)q/2
ds

)

.

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ε > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s

∫ ε−1/2

0

sN−1

(1 + s2)(N−2)q/2
ds ≥

∫ 1

0

sN−1

(1 + s2)(N−2)q/2
ds =

∫ 1

0

(

s
2(N−1)
(N−2)q

(1 + s2)

)N−2
2

q

ds

❋❛③❡♥❞♦ g(s) =
1

1 + s2
✱ t❡♠♦s g(s) ≥ g(1) =

1

2
♣❛r❛ s ∈ [0, 1]✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱

∫ 1

0

(

s
2(N−1)
(N−2)q

(1 + s2)

)N−2
2

q

ds ≥
∫ 1

0

(

s
2(N−1)
(N−2)q

2

)N−2
2

q

ds =

∫ 1

0

2
2−N

2
qSN−1ds =

2
2−N

2
q

N
,

❞❡ ♠♦❞♦ q✉❡
∫ ε−1/2

0

sN−1

(1 + s2)(N−2)q/2
ds ≥ 2

2−N
2

q

N
.

❆ss✐♠✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ C✱ t❛❧ q✉❡

Jλ(tεvε) ≤
1

N
SN/2 + ε(N−2)/2

(

M − λCε−
N−2

4
q+1
)

.
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◗✉❛♥❞♦ q s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ✭✷✳✶✮✱ t❡♠♦s

q > 2∗ − 2 ⇒ q >
4

N − 2
⇒ −N − 2

4
q + 1 < 0

❧♦❣♦✱ ❡①✐st❡ ε0 > 0 ♣❛r❛ ♦ q✉❛❧ M − λCε
−N−2

4
q+1

0 < 0✳ P♦rt❛♥t♦

Jλ(tεvε) < dλ =
1

N
SN/2 + ε

(N−2)/2
0

(

M − λCε
−N−2

4
q+1

0

)

<
1

N
SN/2.

�

✷✳✹ ❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ (PGλ)

❊♠ ✈✐st❛ ❞♦s ▲❡♠❛s ✷✳✶✸ ❡ ✷✳✶✹✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ ❚❡♦r❡♠❛ ✷✳✻ à s❡q✉ê♥❝✐❛ ❞❡
❢✉♥❝✐♦♥❛✐s Iλ,n✱ ♦❜t❡♥❞♦ ✉♠ ♥í✈❡❧ ♣♦s✐t✐✈♦ cλ,n✱ ❡ ✉♠❛ s❡q✉ê♥❝✐❛ (PS)cλ,n ✱ (u

(n)
j )j

❡♠ D1,2✱ ✐st♦ é✱

Iλ,n(u
(n)
j ) → cλ,n ❡ I ′λ,n(u

(n)
j ) → 0 q✉❛♥❞♦ j → ∞.

❆❞❡♠❛✐s✱ ❞♦ ▲❡♠❛ ✷✳✶✸ ❡ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✻✱ t❡♠♦s

0 < β ≤ cλ,n = inf
γ∈Γ

sup
u∈γ

Iλ,n(u) ≤ dλ <
1

N
SN/2. ✭✷✳✷✾✮

❚♦♠❛♥❞♦ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ s❡ ♥❡❝❡ssár✐♦✱ ❡♥❝♦♥tr❛♠♦s cλ ∈ [β, dλ] t❛❧ q✉❡

cλ = lim
n→∞

cλ,n.

❆ss✐♠✱ ❞❛❞♦ 0 < ε < min{cλ, (1/N)SN/2}✱ ❡①✐st❡ n0 > 0 t❛❧ q✉❡ cλ,n ∈ (cλ−ε, cλ+
ε) ♣❛r❛ ❝❛❞❛ n ≥ n0✳ ❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ n ≥ n0✱ ❡①✐st❡ un = u

(n)
jn

s❛t✐s❢❛③❡♥❞♦

cλ − ε < Iλ,n(un) < cλ + ε, ✭✷✳✸✵✮

❡
∥
∥I ′λ,n(un)

∥
∥ ≤ 1

n
. ✭✷✳✸✶✮

❆ss✐♠✱ ❛ s✉❜s❡q✉ê♥❝✐❛✱ q✉❡ ❛✐♥❞❛ ❝♦♥t✐♥✉❛♠♦s ❝❤❛♠❛♥❞♦ (un) ❡♠ D1,2✱ s❛t✐st❛③
✭✷✳✷✾✮✱ ✭✷✳✸✵✮ ❡ ✭✷✳✸✶✮✳ ❚❛♠❜é♠ é ❧✐♠✐t❛❞❛✱ ❝♦♠♦ é ♠♦str❛❞♦ ♥♦ ❧❡♠❛ s❡❣✉✐♥t❡✳

▲❡♠❛ ✷✳✶✼✳ ❆ s❡q✉ê♥❝✐❛ (un) é ❧✐♠✐t❛❞❛ ❡♠ D1,2✳

❉❡♠♦♥str❛çã♦✳ ❉❛ ❞❡✜♥✐çã♦ ❞❡ Iλ,n✱ t❡♠♦s

Iλ,n(un)−
1

τ
I ′λ,n(un)un =

(
1

2
− 1

τ

)∫

RN

|∇un|2 dx+
(
1

τ
− 1

2∗

)∫

RN

∣
∣u+n
∣
∣
2∗
dx+

λ

∫

RN

(
1

τ
fn(x, un)un − Fn(x, un)

)

dx. ✭✷✳✸✷✮
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❉❡ ✭❢✹✮✱ ❡①✐st❡♠ τ ∈ (2, 2∗)✱ µ ∈ (1, 2∗) ❡ c3 ∈ L2∗/(2∗−µ)(RN) t❛✐s q✉❡

1

τ
fn(x, un)un − Fn(x, un) ≥ −c3(x)(u+n )µ,

❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r✱
∫

RN

c3(x)
∣
∣u+n
∣
∣
µ
dx ≤ ‖c3‖2∗/(2∗−µ)

∥
∥u+n

∥
∥
µ

2∗
.

▲♦❣♦✱

Iλ,n(un)−
1

τ
I ′λ,n(un)un ≥
(
1

2
− 1

τ

)

‖un‖2 +
(
1

τ
− 1

2∗

)
∥
∥u+n

∥
∥
2∗

2∗
− λ ‖c3‖ 2∗

2∗−µ

∥
∥u+n

∥
∥
µ

2∗
. ✭✷✳✸✸✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r

Iλ,n(un)−
1

τ
I ′λ,n(un)un ≤ |Iλ,n(un)|+

1

τ

∣
∣I ′λ,n(un)un

∣
∣ ,

❞❡ ✭✷✳✸✵✮✱ ❡①✐st❡ C ∈ R t❛❧ q✉❡ |Iλ,n(un)| ≤ C✱ ❡ ❞❡ ✭✷✳✸✶✮✱
∥
∥I ′λ,n(un)

∥
∥ ≤ 1✳ ❆ss✐♠✱

|Iλ,n(un)|+
1

τ

∣
∣I ′λ,n(un)un

∣
∣ ≤ C +

1

τ
‖un‖ . ✭✷✳✸✹✮

❉❡✜♥✐♥❞♦ h(t) = (1/τ − 1/2∗)t2
∗ − λ ‖c3‖ tµ✱ ♣❛r❛ t ≥ 0✳ ❈♦♠♦ 1/τ − 1/2∗ > 0✱

❡①✐st❡ m ∈ R t❛❧ q✉❡ h(t) ≥ m✱ ♣❛r❛ t♦❞♦ t ≥ 0✳ ❙❡❣✉❡ ❞❡ ✭✷✳✸✸✮ ❡ ✭✷✳✸✹✮✱

m+

(
1

2
− 1

τ

)

‖un‖2 ≤ Iλ,n(un)−
1

τ
I ′λ,n(un)un ≤ C +

1

τ
‖un‖ ,

❞❡ ♠♦❞♦ q✉❡

m+

(
1

2
− 1

τ

)

‖un‖2 ≤ C +
1

τ
‖un‖ ⇒

(
1

2
− 1

τ

)

‖un‖2 −
1

τ
‖un‖ ≤ C −m.

❈♦♠♦ τ ∈ (2, 2∗)✱ s❡❣✉❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ (un) é ❧✐♠✐t❛❞❛ ❡♠ D1,2✳ �

❊♥✉♥❝✐❛♠♦s ❡ ❞❡♠♦♥str❛♠♦s ❛ s❡❣✉✐r ♦ ♣r✐♠❡✐r♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡
❝❛♣ít✉❧♦✳

❚❡♦r❡♠❛ ✷✳✶✽✳ ❙✉♣♦♥❤❛ q✉❡ f s❛t✐s❢❛③ (❢1) − (❢4)✱ ❝♦♠ q, r1 ❞❛❞♦ ♣♦r (❢3) ❡ q
s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ✭✷✳✶✮✳ ❊♥tã♦✱

✶✳ ❙❡ 1 < r1 ≤ 2✱ ❡①✐st❡ λ∗ > 0 t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭PGλ✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦
♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ❝❛❞❛ λ ∈ (0, λ∗)✳

✷✳ ❙❡ 2 < r1 < 2∗✱ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ✭PGλ✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧
♣❛r❛ ❝❛❞❛ λ > 0✳
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❉❡♠♦♥str❛çã♦✳ ❉❡✜♥✐♥❞♦

g(x, s) = |s|2∗−1 + λf(x, s), ❡ gn(x, s) = |s|2∗−1 + λfn(x, s)

❡♠ q✉❡ fn(x, s) é ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✺✮ ❡ f(x, s) s❛t✐s❢❛③ ✭❢✶✮ ❛té ✭❢✹✮ ❡ f(x, s) = 0
q✉❛♥❞♦ s < 0✳ ❆s ♣r♦♣r✐❡❞❛❞❡s ✭❣✶✮ ❡ ✭❣✸✮ sã♦ s❛t✐s❢❡✐t❛s✳ ❉❡ ❢❛t♦✱ ❞❛ ❝♦♥❞✐çã♦
✭❢✷✮ ❞❛❞♦ R > 0✱ ❡①✐st❡♠ θR ∈ [2, 2∗), aR, bR > 0 t❛✐s q✉❡

|f(x, s)| ≤ aR |s|θR−1 + bR, ∀ |x| ≤ R, s ∈ R.

▲♦❣♦✱ |g(x, s)| ≤ |s|2∗−1 + λaR |s|θR−1 + λbR✱ s❡ |x| ≤ R ❡ ❞❛❞♦ q✉❡ 1 ≤ θR − 1 <
2∗ − 1 t❡♠✲s❡

✶✳ ❙❡ s ≥ 1✿

|g(x, s)| ≤ s2
∗−1 + λaRs

θR−1 + λbR ≤ s2
∗−1 + λaRs

2∗−1 + λbR

≤ (1 + λaR)s
2∗−1 + λaR + λbR.

✷✳ ❙❡ 0 ≤ s < 1✿

|g(x, s)| ≤ s2
∗−1 + λaRs

θR−1 + λbR ≤ s2
∗−1 + λaR + λbR

≤ s2
∗−1 + s2

∗−1λaR + λaR + λbR = (1 + λaR)s
2∗−1 + λaR + λbR.

✸✳ ❙❡ s ≤ 0✱ t❡♠♦s f(x, s) = f(x, 0) = 0✳ ❊♥tã♦✱

g(x, s) = |s|2∗−1 ≤ (1 + aR) |s|2
∗−1 + λaR + λbR.

P♦rt❛♥t♦✱ ♣❛r❛ R > 0✱ ❡①✐st❡♠ ❝♦♥st❛♥t❡s ♣♦st✐✈❛s AR = (1 + λaR)✱ BR =
λ(aR + bR)✱ t❛✐s q✉❡ ♣❛r❛ ❝❛❞❛ x ∈ RN ❝♦♠ |x| ≤ R ❡ s ∈ R✱

|g(x, s)| ≤ AR |s|2∗−1 +BR

❡ ❛ ❝♦♥❞✐çã♦ ✭❣✶✮ é ✈❡r✐✜❝❛❞❛✳

❆❣♦r❛ ✈❛♠♦s ✈❡r q✉❡ gn(x, s) s❛t✐s❢❛③ ✭❣✸✮ ♣❛r❛ ❝❛❞❛ n✳ ❉❡ ❢❛t♦✱ ✜①❛♥❞♦
n ∈ N✱ t♦♠❡ R = 2n ❞❛ ❝♦♥❞✐çã♦ ✭❢✷✮ t❡♠♦s

|fn(x, s)| ≤ (aR |s|θR−1 + bR)φn(x), ∀ |x| ≤ R, s ∈ R.

❖ q✉❛❧ ✐♠♣❧✐❝❛ q✉❡

|gn(x, s)| ≤ |s|2∗−1 + λaR |s|θR−1 φn(x) + bRφn(x), ∀ |x| ≤ R, s ∈ R.

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ à ❞❡♠♦♥str❛çã♦ q✉❡ ❛ ❝♦♥❞✐çã♦ ✭❣✶✮ é s❛t✐s❢❡✐t❛✱ t❡♠♦s

✶✳ ❙❡ s ≥ 1✿ sθR−1 ≤ s2
∗−1 ✐♠♣❧✐❝❛♥❞♦ q✉❡ λaRsθR−1 ≤ λaRs

2∗−1✳ ▲♦❣♦

|gn(x, s)| ≤ (1 + aR)s
2∗−1 + bRφn(x) ≤ (1 + aR)s

2∗−1 + (λaR + bR)φn(x).



✷✳✹✳ ❊❳■❙❚✃◆❈■❆ ❉❊ ❙❖▲❯➬➹❖ ◆➹❖ ❚❘■❱■❆▲ P❆❘❆ (PGλ) ✺✷

✷✳ ❙❡ 0 ≤ s ≤ 1✿ 0 ≤ sθR−1 ≤ 1✱ ❞❛í λaRsθR−1φn(x) ≤ λaRφn(x)✳ ▲♦❣♦

|gn(x, s)| ≤ s2
∗−1 +λaRφn(x)+ bRφn(x) ≤ (1+ aR)s

2∗−1 +(λaR + bR)φn(x).

✸✳ ❙❡ s ≤ 0✱ t❡♠♦s fn(x, s) = 0 ❞❛í✱

|gn(x, s)| ≤ (1 + aR)s
2∗−1 + (λaR + bR)φn(x).

P♦r ❝♦♥s❡❣✉✐♥t❡✱ |gn(x, s)| ≤ ans
2∗−1 + bn(x), ∀ |x| ≤ 2n, ∀s ∈ R✱ ❡♠ q✉❡

an = (1 + aR) > 0, bn(x) = (λaR + bR)φn(x), s✉♣♣(bn(x)) ⊂ B(0, 2n).

◆♦ ❝❛s♦ ❡♠ q✉❡ |x| ≥ 2n✱ t❡♠♦s fn(x, s) = f(x, s)φn(x) = 0✳ ■♠♣❧✐❝❛♥❞♦ q✉❡

|gn(x, s)| ≤ |s|2∗−1 ≤ an |s|2
∗−1 ≤ an |s|2

∗−1 + bn(x), ♣♦✐s bn(x) ≥ 0 ❡ an > 1.

P♦rt❛♥t♦✱

|gn(x, s)| ≤ an |s|2
∗−1 + bn(x), ∀x ∈ RN , ∀s ∈ R, an > 0, bn(x) ∈ C0(R

N).

❡ ❛ ❝♦♥❞✐çã♦ ✭❣✸✮ é s❛t✐s❢❡✐t❛✳

❖r❛✱ ❛♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✷✳✶✷ ❝♦♠ ❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ (un)✱ ❝♦♥str✉í❞❛
♥♦ ♣r✐♥❝✐♣✐♦ ❞❡st❛ s❡çã♦✱ ❛ q✉❛❧ t❛♠❜é♠ s❛t✐s❢❛③ q✉❡ I ′λ,n(un) → 0✱ ♦❜t❡♠♦s ✉♠❛
s♦❧✉çã♦ ❢r❛❝❛ u ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭PGλ✮✳ ◆♦ q✉❡ s❡❣✉❡ ✈❛♠♦s ✈❡r✐✜❝❛r q✉❡ u é
♣♦s✐t✐✈❛✳ ❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r✱ ♦❜s❡r✈❛♠♦s q✉❡ u− = 0✳ ❊❢❡t✐✈❛♠❡♥t❡✱

∣
∣∇u−

∣
∣
2 ≤

∣
∣∇u−

∣
∣
2
+
∣
∣∇u+n

∣
∣
2

❞❡ ♠♦❞♦ q✉❡
∫

RN

∣
∣∇u−n

∣
∣
2
dx ≤

∫

RN

(∣
∣∇u−n

∣
∣
2
+
∣
∣∇u+n

∣
∣
2
)

dx =

∫

RN

|∇un|2 dx = ‖un‖2 .

❆ss✐♠✱ ❛ s❡q✉ê♥❝✐❛ (u−n ) é ❧✐♠✐t❛❞❛ ❡♠ D1,2✱ ❡ ❞❡ ✭✷✳✸✶✮

∣
∣I ′λ,n(un)(u

−
n )
∣
∣ ≤ ‖un‖

n
⇒ I ′λ,n(un)(u

−
n ) → 0 q✉❛♥❞♦ n→ ∞. ✭✷✳✸✺✮

❉❛❞♦ q✉❡

I ′λ,n(un)(u
−
n ) =

∫

RN

∇un · ∇u−n dx−
∫

RN

(u+n )
2∗−1u−n dx− λ

∫

RN

fn(x, un)u
−
n dx,

❞❛ ❞❡✜♥✐çã♦ ❞❡ u−n ❡ ❛ ❝♦♥❞✐çã♦ ✭✷✳✹✮ ♣❛r❛ f ✱ t❡♠♦s

I ′λ,n(un)(u
−
n ) =

∥
∥u−n

∥
∥
2

❞❡ ✭✷✳✸✺✮ s❡❣✉❡ q✉❡ u−n → 0 ❡♠ D1,2✱ q✉❛♥❞♦ n→ ∞✳

❖r❛✱ ✈❛♠♦s ❛ss✉♠✐r ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ u ≡ 0 é ❛ ú♥✐❝❛ s♦❧✉çã♦ ♣♦ssí✈❡❧ ♣❛r❛
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✭PGλ✮✳ ❙❡❥❛

l = lim
n→∞

∫

RN

∣
∣u+n
∣
∣
2∗
dx.

❉❛❞♦ q✉❡

I ′λ,n(un)(un) =

∫

RN

|∇un|2 dx−
∫

RN

u2
∗

n dx− λ

∫

RN

fn(x, un)un dx,

❞❡ ✭❢✸✮ ❡ ✭✷✳✸✶✮ t❡♠♦s

0 = lim
n→∞

I ′λ,n(un)(un) ≥ lim
n→∞

∫

RN

(

|∇un|2 − |un|2
∗ − λc1 |un|r1 − λc2 |un|r2

)

dx

= lim
n→∞

∫

RN

|∇un|2 dx− lim
n→∞

∫

RN

|un|2
∗

dx− lim
n→∞

λ

∫

RN

(c1 |un|r1 + c2 |un|r2) dx

= lim
n→∞

∫

RN

|∇un|2 dx−l−λ
∫

RN

(c1 |u|r1+c2 |u|r2) dx = lim
n→∞

∫

RN

|∇un|2 dx−l.

P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹ ❡ ✭❢✸✮✱ ❞❡✜♥✐♥❞♦

T : D1,2(Ω) → R

u→ T (u) =

∫

Ω

ci |u|ri dx

♣❡❧❛ ❤✐♣ót❡s❡ ❞❡ ❝♦♥tr❛❞✐çã♦ t❡♠♦s un ⇀ u = 0 ❡♠ D1,2✱ ❞❡ ♠♦❞♦ q✉❡
T (un) → T (u) = T (0)✳ P♦r ❝♦♥s❡❣✉✐♥t❡

lim
n→∞

∫

RN

|∇un|2 dx ≤ l. ✭✷✳✸✻✮

❆✜r♠❛♠♦s q✉❡ l > 0✳ ❉❡ ❢❛t♦✱ ❛r❣✉♠❡♥t❛♥❞♦ ♣♦r ❝♦♥tr❛❞✐çã♦✱ s✉♣♦♥❞♦ q✉❡ l = 0

s❡❣✉❡ q✉❡ lim
n→∞

∫

RN

|∇un|2 dx = 0✱ ❡ ❞❡ ✭❢✹✮

1

τ̂
fn(x, un)un − c4(x)(un)

µ̂ ≤ Fn(x, un) ≤
1

τ
f(x, un)un + c3(x)(un)

µ,

♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✹ ❡ ✭❢✸✮✱ s❡❣✉❡ q✉❡ lim
n→∞

∫

RN

Fn(x, un) = 0✳ ❉❡✈✐❞♦ ❛ ✐st♦ ❡

✭✷✳✸✻✮✱ t❡♠♦s

lim
n→∞

Iλ,n(un)= lim
n→∞

(
1

2

∫

RN

|∇un|2 dx−
1

2∗

∫

RN

(u+n )
2∗ dx− λ

∫

RN

Fn(x, un) dx

)

=0,

♦ q✉❛❧ é ✐♠♣♦ssí✈❡❧ ♣♦r ✭✷✳✸✵✮✳

❉❡ ✭✷✳✷✮✱ t❡♠♦s

‖∇un‖22 ≥
∥
∥∇(u+n )

∥
∥
2

2
≥ S

(∫

RN

∣
∣u+n
∣
∣
2∗
)2/2∗

. ✭✷✳✸✼✮
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❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✭✷✳✸✼✮ ❡ ❞❡ ✭✷✳✸✻✮✱ ♦❜t❡♠♦s

l ≥ lim
n→∞

‖∇un‖22 ≥ S
(

lim
n→∞

∥
∥u+n

∥
∥
2∗

2∗

)2/2∗

= Sl2/2
∗ ⇒ SN/2 ≤ l. ✭✷✳✸✽✮

❉❡ ✭✷✳✷✾✮✱ ✭✷✳✸✵✮ ❡ ✭✷✳✸✶✮

1

N
SN/2 > dλ ≥ cλ = lim

n→∞
Iλ,n(un) = lim

n→∞

[

Iλ,n(un)−
1

τ
I ′λ,n(un)un

]

.

P♦r ✭✷✳✸✷✮✱ ✭❢✹✮ ❡ ❛ Pr♦♣♦s✐çã♦ ✷✳✹✱

lim
n→∞

[

Iλ,n(un)−
1

τ
I ′λ,n(un)un

]

= lim
n→∞

[(
1

2
− 1

τ

)

‖∇un‖22 +
(
1

τ
− 1

2∗

)
∥
∥u+n

∥
∥
2∗

2∗
− λ

∫

RN

c3(x)u
µ
n dx

]

≥ lim
n→∞

[(
1

2
− 1

τ

)

S ‖un‖2/2
∗

2∗ +

(
1

τ
− 1

2∗

)
∥
∥u+n

∥
∥
2∗

2∗
− λ

∫

RN

c3(x)u
µ
n dx

]

,

❞❡ ♠♦❞♦ q✉❡

1

N
SN/2 > lim

n→∞

[

Iλ,n(un)−
1

τ
I ′λ,n(un)un

]

≥
(
1

2
− 1

τ

)

Sl2/2
∗

+

(
1

τ
− 1

2∗

)

l

♣♦r ✭✷✳✸✽✮

1

N
SN/2 >

(
1

2
− 1

τ

)

SSN/2∗ +

(
1

τ
− 1

2∗

)

SN/2 =
1

N
SN/2, ✉♠❛ ❝♦♥tr❛❞✐çã♦.

P♦rt❛♥t♦✱ u = u+ 6= 0✳ �

❆❣♦r❛✱ ✈❛♠♦s ✈❡r✐✜❝❛r ❛ ❝♦♥❝❧✉sã♦ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✶✻✱ ❛ss✉♠✐♥❞♦ ❛
♣♦s✐t✐✈✐❞❛❞❡ ❞❛ ♣r✐♠✐t✐✈❛ F (x, s)✳ ▼❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ s✉♣♦♥❞♦

✭❢✺✮ F (x, s) =
∫ s

0
f(x, t) dt ≥ 0 ∀x ∈ RN , s ≥ 0.

❆ss✐♠✱ ♥ã♦ ♣r❡❝✐s❛♠♦s ❞❛ ❝♦♥❞✐çã♦ ✭✷✳✶✮✱ ❝♦♠♦ ♠♦str❛❞♦ ❛ s❡❣✉✐r✳

Pr♦♣♦s✐çã♦ ✷✳✶✾✳ ❙✉♣♦♥❤❛ q✉❡ f s❛t✐s❢❛③ ✭❢✷✮✱ ✭❢✸✮✱ ❡ ✭❢✺✮✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛
λ > 0✱ ❡①✐st❡ ε > 0, n0 ∈ N ❡ dλ > 0 t❛❧ q✉❡✱ ♣❛r❛ ❝❛❞❛ n ≥ n0✱

max{Iλ,n(twε) : t ≥ 0} ≤ dλ <
1

N
SN/2.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ n0 ∈ N t❛❧ q✉❡ Ω̂0 ≡ B(0, n0) ∩ Ω0 6= ∅✳ ❉❡ ✭✷✳✺✮✱ t❡♠♦s

Fn(x, s) =

∫ s

0

φn(x)f(x, t) dt = φn(x)

∫ s

0

f(x, t) dt = φn(x)F (x, s).
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❉❛ ❞❡✜♥✐çã♦ ❞❡ Iλ,n ❡ ✭❢✺✮✱ ♣❛r❛ ❝❛❞❛ n > n0✱ t❡♠♦s

Iλ,n(twε) =
t2

2

∫

RN

|∇wε|2 dx−
t2

∗

2∗

∫

RN

|wε|2
∗

dx− λ

∫

RN

φnF (x, twε) dx

=
t2

2
‖wε‖2 −

t2
∗

2∗
‖wε‖2

∗

2∗ − λ

∫

RN

φnF (x, twε) dx

=

(
t2

2
− t2

∗

2∗

)

SN/2 − λ

∫

RN

φnF (x, twε) dx

≤
(
t2

2
− t2

∗

2∗

)

SN/2 − λ

∫

Ω̂0

φnF (x, twε) dx,

♣♦r ✭❢✸✮

Iλ,n(twε) ≤
(
t2

2
− t2

∗

2∗

)

SN/2 − λatq
∫

Ω̂0

|wε|q dx ≡ Jλ(twε).

❆ss✐♠✱ ❜❛st❛ ♦❜t❡r ε > 0 ❡ dλ > 0 t❛✐s q✉❡

max{Jλ(twε)|t ≥ 0} ≤ dλ <
1

N
SN/2.

P❛r❛ ♣r♦✈❛r ❡ss❡ r❡s✉❧t❛❞♦ ✉s❛♠♦s ♦s ❛r❣✉♠❡♥t♦s ❞❡ ❬✶❪✳ P♦r ✭✷✳✸✮✱ ❛ s❡q✉ê♥❝✐❛
wε é ❧✐♠✐t❛❞❛ ❡♠ L2∗/q(RN) ❡ wε → 0 q✳t✳♣ ❡♠ RN ✱ q✉❛♥❞♦ ε → 0✳ ❆ss✐♠✱
wε ⇀ 0 ❡♠ L2∗/q(RN)✱ q✉❛♥❞♦ ε→ 0✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ r❡str✐çã♦ wε|Ω̂0

♣❡rt❡♥❝❡

❛ W 1,2(Ω̂0)✳ ❉❛í✱ ♣❡❧♦ t❡♦r❡♠❛ ❞❛ ✐♠❡rsã♦ ❞❡ ❙♦❜♦❧❡✈✱ wε → 0 ❡♠ Lr(B(0, 2n))✱
♣❛r❛ ❝❛❞❛ 1 ≤ r < 2∗✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

lim
ε→0

∫

Ω̂0

|wε|q dx = 0.

❉❛❞♦ q✉❡

Jλ(wε) =

(
1

2
− 1

2∗

)

SN/2 − λa

∫

Ω̂0

|wε|q dx =
1

N
SN/2 − λa

∫

Ω̂0

|wε|q dx,

❡①✐st❡ ε0 > 0 t❛❧ q✉❡

0 < Jλ(wε0) <
1

N
SN/2. ✭✷✳✸✾✮

❚❡♠♦s Jλ(twε) ❝♦♥tí♥✉❛ ❡♠ t✱ Jλ(0) = 0✱ ❡①✐st❡ t > 0 t❛❧ q✉❡ 0 < Jλ(twε) ❡
Jλ(twε) → −∞✱ q✉❛♥❞♦ t→ ∞✳ ❊♥tã♦✱ ❡①✐st❡ tε0 > 0 t❛❧ q✉❡

Jλ(tε0wε0) = max{Jλ(twε0)|t ≥ 0}.

❉❛❞♦ q✉❡
❞
❞t
Jλ(twε0) = 0✱ ♣❛r❛ t = tε0 ✱ t❡♠♦s

(tε0 − t2
∗−1

ε0
)SN/2 − λaqtq−1

ε0

∫

Ω̂0

|wε0 |q dx = 0. ✭✷✳✹✵✮
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❏á q✉❡ λaqtq−1
ε0

∫

Ω̂0

|wε0 |q dx > 0✱ s❡❣✉❡ q✉❡ tε0 − t2
∗−1

ε0
> 0 ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

tε0 < 1. ❉❛í ❡ ❞❡ ✭✷✳✸✾✮✱ t❡♠♦s

0 < tε0 < 1.

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ❛ ❢✉♥çã♦ h(t) = t2/2− t2
∗

/2∗ ❛t✐♥❣❡ ♦ ♠❛①✐♠♦ ❡♠ t = 1✱
♦❜t❡♠♦s

Jλ(tε0wε0) ≤ dλ =
1

N
SN/2 − λatqε0

∫

Ω̂0

|wε|q dx <
1

N
SN/2.

❉❛í✱ ♣❛r❛ ε0 ❡ dλ t❡♠♦s

max{Jλ(twε)|t ≥ 0} ≤ dλ <
1

N
SN/2,

♦ q✉❡ ♠♦str❛ ❛ ♣r♦♣♦s✐çã♦✳ �

❖ t❡♦r❡♠❛ s❡❣✉✐♥t❡ é ♦ s❡❣✉♥❞♦ r❡s✉❧t❛❞♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ ❝❛♣ít✉❧♦✳

❚❡♦r❡♠❛ ✷✳✷✵✳ ❙✉♣♦♥❤❛ q✉❡ f s❛t✐s❢❛③ (❢1) − (❢5)✱ ❝♦♠ r1 ❞❛❞♦ ♣❡❧❛ ❝♦♥❞✐çã♦
(❢3)✳ ❊♥tã♦✱

✶✳ ❙❡ 1 < r1 ≤ 2✱ ❡①✐st❡ λ∗ > 0 t❛❧ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭PGλ✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦
♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ❝❛❞❛ λ ∈ (0, λ∗)✳

✷✳ ❙❡ 2 < r1 < 2∗✱ ❡♥tã♦ ♦ ♣r♦❜❧❡♠❛ ✭PGλ✮ ♣♦ss✉✐ ✉♠❛ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧
♣❛r❛ ❝❛❞❛ λ > 0✳

❆ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛ à ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✽✱ tr♦❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦
✷✳✶✻ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✾✳



❆♣ê♥❞✐❝❡ ❆

❘❡s✉❧t❛❞♦s ❣❡r❛✐s

◆❡st❡ ❛♣ê♥❞✐❝❡ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❡ ❞❡✜♥✐çõ❡s ❞❛ t❡♦r✐❛✱
q✉❡ ♣❡r♠✐t❡♠ ❛❝♦♠♣❛♥❤❛r ❛ ❞✐ss❡rt❛çã♦✳ P♦r Ω r❡♣r❡s❡♥t❛✲s❡ ✉♠ s✉❜❝♦♥❥✉♥t♦
❛❜❡rt♦ ♥ã♦ ✈❛③✐♦ ❞♦ RN ✳ ❙❡rá ✜①❛❞❛ ❡♠ Ω ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❡ ♣❛r❛ ✉♠
❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ E✱ ❞✐③❡♠♦s q✉❡ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ é ♠❛♥t✐❞❛ q✉❛s❡ ❡♠ t♦❞♦
♣♦♥t♦ ❞❡ E ✭❛❜r❡✈✐❛❞♦ q✳t✳♣✳✮✱ ❝♦♠ t❛❧ q✉❡ ❡①✐st❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ E0 ❞❡ E ♣❛r❛
♦ q✉❛❧ ♠❡❞(E0) = 0 ❡ ❛ ♣r♦♣r✐❡❞❛❞❡ é ♠❛♥t✐❞❛ ♣❛r❛ t♦❞♦ x ∈ E \ E0✳

❉❡✜♥✐çã♦ ❆✳✶✳ ❛✮ ✭◆♦t❛çã♦ ❖ ❣r❛♥❞❡ ❞❡ ▲❛♥❞❛✉✮ ❊s❝r❡✈❡♠♦s

f = O(g) q✉❛♥❞♦ x→ x0,

s❡ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C t❛❧ q✉❡

|f(x)| ≤ C |g(x)|

♣❛r❛ t♦❞♦ x s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❛ x0✳

❜✮ ✭◆♦t❛çã♦ ♦ ♣❡q✉❡♥❛ ❞❡ ▲❛♥❞❛✉✮ ❊s❝r❡✈❡♠♦s

f = o(g) q✉❛♥❞♦ x→ x0,

s❡

lim
x→x0

|f(x)|
|g(x)| = 0.

❉❡✜♥✐çã♦ ❆✳✷✳ ❙❡❥❛♠ Ω ⊂ RN ❛❜❡rt♦ ❡ ❧✐♠✐t❛❞♦✱ k ∈ {1, 2, . . .}✳ ❉✐③❡♠♦s q✉❡
❛ ❢r♦♥t❡✐r❛✱ ∂Ω✱ é ❞❡ ❝❧❛ss❡ Ck s❡ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ x0 ∈ ∂Ω ❡①✐st❡ r > 0 ❡ ✉♠❛
❢✉♥çã♦ γ : RN−1 → R✱ ❞❡ ❝❧❛ss❡ Ck✱ t❛❧ q✉❡✱ ❞❡♣♦✐s ❞❡ r❡♥♦♠❡❛r ❡ r❡♦r✐❡♥t❛r s❡
♥❡❝❡ss❛r✐♦✱ t❡♠♦s

Ω ∩ B(x0, r) = {x ∈ B(x0, r); xn > γ(x1, . . . , xn−1)}.

❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ∂Ω é ❞❡ ❝❧❛ss❡ C∞ s❡ ∂Ω é ❞❡ ❝❧❛ss❡ Ck ♣❛r❛ k = 1, 2, . . . , ❡
∂Ω é ❛♥❛❧ít✐❝❛ s❡ ❛ ❢✉♥çã♦ γ é ❛♥❛❧ít✐❝❛✳

✺✼



✺✽

❋✐❣✉r❛ ❆✳✶✿ ❋r♦♥t❡✐r❛ ❞❡ Ω ❞❡ ❝❧❛ss❡ Ck✱ ν(x0) ✈❡t♦r ♥♦r♠❛❧ ❡①t❡r✐♦r✳

❉❡✜♥✐çã♦ ❆✳✸✳ ❙❡❥❛♠ u : Ω −→ K✱ ♦♥❞❡ K = R ♦✉ C✱ u ♠❡♥s✉rá✈❡❧✱ ❡ (Oi)i∈I
❛ ❢❛♠í❧✐❛ ❞❡ t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❛❜❡rt♦s Oi ❞❡ Ω t❛✐s q✉❡ u = 0 q✉❛s❡ t♦❞❛ ♣❛rt❡

❡♠ Oi✳ ❈♦♥s✐❞❡r❡ O =
⋃

i∈I
Oi✳ ❖ s✉♣♦rt❡ ❞❡ u✱ ♦ q✉❛❧ é ❞❡♥♦t❛❞♦ ♣♦r s✉♣♣(u)✱ é

❞❡✜♥✐❞♦ ❝♦♠♦
s✉♣♣(u) = Ω \ O.

❉❡✜♥✐çã♦ ❆✳✹✳ P❛r❛ 1 ≤ p <∞

Lp(Ω) = {u : Ω −→ R, ♠❡♥s✉rá✈❡✐s ❝♦♠ |u|p ✐♥t❡❣rá✈❡❧ ❡♠ Ω}.

❖ ❡s♣❛ç♦ Lp(Ω) ❡q✉✐♣❛❞♦ ❝♦♠ ❛ ♥♦r♠❛

‖u‖Lp(Ω) = ‖u‖p =
(∫

Ω

|u(x)|p dx
) 1

p

é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❉✐③✲s❡ q✉❡ ✉♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ f é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❧✐♠✐t❛❞❛ ❡♠ Ω s❡ ❡①✐st❡
✉♠❛ ❝♦♥st❛♥t❡ ✜♥✐t❛ M q✉❡ s❛t✐s❢❛③

♠❡❞{x ∈ Ω : |f(x)| > M} = 0.

❉❡✜♥✐çã♦ ❆✳✺✳

L∞(Ω) = {u : Ω −→ R, ♠❡♥s✉rá✈❡✐s ❝♦♠ sup essx∈Ω |u(x)| < M,M > 0}.

L∞(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛ ♥♦r♠❛

‖u‖L∞(Ω) = sup essx∈Ω |u(x)| = inf{M > 0 : |u(x)| ≤M q✳t✳♣✳ x ∈ Ω}.

❉❡✜♥✐çã♦ ❆✳✻✳ P❛r❛ 1 ≤ p <∞

Lp
loc(Ω) = {u : Ω −→ R : |u|p ✐♥t❡❣rá✈❡❧ ❡♠ ❝❛❞❛ K ⊂ Ω, K ❝♦♠♣❛❝t♦}.



✺✾

❙❡❥❛♠ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ Lp
loc(Ω) ❡ u ∈ Lp

loc(Ω)✳ ❉✐③✲s❡ q✉❡

un −→ u ❡♠ Lp
loc(Ω)

s❡✱ ♣❛r❛ ❝❛❞❛ ❝♦♠♣❛❝t♦ K ❞❡ Ω✱ t❡♠✲s❡

pK(un − u) =

(∫

K

|un(x)− u(x)|p dx
) 1

p

−→ 0.

❉❡♥♦t❛r❡♠♦s ♣♦r C∞
0 (Ω) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s φ : Ω −→ R q✉❡ sã♦

✐♥✜♥✐t❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ Ω ❡ t❛✐s q✉❡ s✉♣♣(φ) é ❝♦♠♣❛❝t♦✳ C∞
0 (Ω) é ✉♠

❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❛s ♦♣❡r❛❝❝õ❡s✿

(φ1 + φ2)(x) = φ1(x) + φ2(x), (αφ)(x) = αφ(x).

❖s r❡s✉❧t❛❞♦s ❆✳✼ ❛♦ ❆✳✾ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✽❪

Pr♦♣♦s✐çã♦ ❆✳✼✳ ❖ ❡s♣❛ç♦ C0(Ω) é ❞❡♥s♦ ❡♠ Lp(Ω) ♣❛r❛ 1 ≤ p <∞✳

Pr♦♣♦s✐çã♦ ❆✳✽✳ C∞
0 (Ω) é ❞❡♥s♦ ❡♠ Lp(Ω) ♣❛r❛ 1 ≤ p <∞✳

▲❡♠❛ ❆✳✾ ✭❉✉ ❇♦✐s ❘❛②♠♦♥❞✮✳ ❙❡❥❛♠ u ∈ L1

❧♦❝(Ω) t❛❧ q✉❡

∫

Ω

u(x)φ(x) dx = 0, ∀φ ∈ C∞
0 (Ω)

❡♥tã♦ u = 0 q✳t✳♣✳ ❡♠ Ω✳

❆s ❢✉♥çõ❡s φ ∈ C∞
0 (Ω) sã♦ ❝❤❛♠❛❞❛s ❞❡ ❢✉♥çõ❡s t❡st❡ ❡ ❞❡♥♦t❛♠♦s ♣♦r D(Ω)

❛♦ ❝♦♥❥✉♥t♦ ❞❡ t❛✐s ❢✉♥çõ❡s✳ ❆❣♦r❛✱ s❡❥❛♠ u ∈ Ck(Ω)✱ ♦♥❞❡ Ck(Ω) é ♦ ❝♦♥❥✉♥t♦
❞❛s ❢✉♥çõ❡s φ : Ω −→ R ❝✉❥❛s ❞❡r✐✈❛❞❛s✱ ❛té ❞❡ ♦r❞❡♠ ♠❡♥♦r ♦ ✐❣✉❛❧ q✉❡ k✱
sã♦ ❝♦♥tí♥✉❛s ❡♠ Ω✱ k ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ♦✉ k = ∞✱ ❡ α = (α1, α2, . . . , αN) é ✉♠
♠✉❧t✐í♥❞✐❝❡ ❞❡ ♦r❞❡♠ |α| = α1 + α2 + · · ·+ αN = k✱ ❡♥tã♦

Dαφ =
∂α1

∂xα1
1

· · · ∂
αN

∂xαN
N

φ.

❉❡✜♥✐çã♦ ❆✳✶✵✳ ❙✉♣♦♥❤❛ q✉❡ u, v ∈ L1

❧♦❝(Ω) ❡ α é ✉♠ ♠✉❧t✐í♥❞✐❝❡✳ ❉✐③❡♠♦s
q✉❡ v é ❛ α−és✐♠❛ ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧ ❢r❛❝❛ ❞❡ u✱ Dαu = v✱ s❡

∫

Ω

uDαφ dx = (−1)|α|
∫

Ω

vφ dx, ∀φ ∈ D(Ω).

❉❡✜♥✐çã♦ ❆✳✶✶✳ ❖ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈

Wm,p(Ω)

é ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s u ❞❡ Lp(Ω) t❛✐s q✉❡ ♣❛r❛ t♦❞♦ |α| ≤ m, Dαu
♣❡rt❡♥❝❡ ❛ Lp(Ω)✱ s❡♥❞♦ Dαu ❛ ❞❡r✐✈❛❞❛ ❢r❛❝❛ ❞❡ u✱ m ∈ N ❡ 1 ≤ p ≤ ∞✳

❉❛❞♦ u ∈ Wm,p(Ω)✱ ❞❡✜♥✐♠♦s



✻✵

‖u‖Wm,p(Ω) =










∑

|α|≤m

∫

Ω

|Dαu|p dx





1
p

1 ≤ p <∞
∑

|α|≤m

sup essΩ |Dαu| p = ∞.

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ❡♥❝♦♥tr❛✲s❡ ♥❛ s❡çã♦ ❞❡ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❡♠ ❬✾❪✳

Pr♦♣♦s✐çã♦ ❆✳✶✷✳ ❖ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ Wm,p(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❉❡✜♥✐çã♦ ❆✳✶✸✳ Wm,p
0 (Ω) é ♦ ❢❡❝❤♦ ❞❡ C∞

0 (Ω) ❡♠ Wm,p(Ω).

◗✉❛♥❞♦ p = 2✱ ❛❝♦st✉♠❛✲s❡ ❡s❝r❡✈❡r

Hm(Ω) = Wm,2(Ω) (m = 0, 1, . . .).

❡
Hm

0 (Ω) = Wm,2
0 (Ω),

❞❡✈✐❞♦ à ❡str✉t✉r❛ ❤✐❧❜❡rt✐❛♥❛ ❞❡ t❛✐s ❡s♣❛ç♦s✳ ◆♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ m = 1✱
❛ ❡str✉t✉r❛ ❞❡ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ H1

0 (Ω)✱ ✈❡♠ ❞❛❞❛ ♣♦r

〈u, v〉 =
∫

Ω

∇u · ∇v dx+
∫

Ω

uv dx,

❡ ❛ ♥♦r♠❛ ❝♦rr❡s♣♦♥❞❡♥t❡

‖u‖ =

∫

Ω

(|∇u|2 + |u|2) dx

❉❡✜♥✐çã♦ ❆✳✶✹✳ ❙❡ 1 ≤ p < N ✱ ♦ ❡①♣♦❡♥t❡ ❞❡ ❙♦❜♦❧❡✈ ❞❡ p é

p∗ =
Np

N − p
.

❖❜s❡r✈❡ q✉❡
1

p∗
=

1

p
− 1

N
, p∗ > p.

❉❡✜♥✐çã♦ ❆✳✶✺✳ ❙❡❥❛ N ≥ 3 ❡ 2∗ =
2N

N − 2
✳ ❉❡✜♥✐♠♦s

D1,2(Ω) = {u ∈ L2∗(Ω) : ∀i = 1, . . . , N ∂iu ∈ L2(Ω)}

❝♦♠ ❛ ♥♦r♠❛
‖u‖D1,2(Ω) = ‖u‖2∗ + ‖|∇u|‖2 .

❈♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ D1,2
0 (Ω) é ♦ ❢❡❝❤♦ ❞❡ D(Ω) ❡♠ r❡❧❛çã♦ à ♥♦r♠❛ ‖·‖D1,2(Ω)✳

❆s Pr♦♣♦s✐çõ❡s ❆✳✶✻ ❡ ❆✳✶✾ ♣♦❞❡♠ s❡r ✈✐st❛s ❡♠ ❬✹❪✳

Pr♦♣♦s✐çã♦ ❆✳✶✻✳ ❉❡✜♥✐♥❞♦

‖u‖D1,2
0 (Ω) = ‖|∇u|‖2 ,



✻✶

❡♥tã♦✱ ❡♠ D1,2
0 (Ω) ❛s ♥♦r♠❛s ‖·‖D1,2(Ω) ❡ ‖·‖D1,2

0 (Ω)sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❉❡✜♥✐çã♦ ❆✳✶✼✳ ❉✐r❡♠♦s q✉❡ (X, ‖·‖X) ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠
(Y, ‖·‖Y )✱ ❡s❝r❡✈❡♠♦s (X, ‖·‖X) →֒ (Y, ‖·‖Y )✱ q✉❛♥❞♦✿

❛✮ X é s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ Y ❀

❜✮ ❆ ✐❞❡♥t✐❞❛❞❡ id; (X, ‖·‖X) → (Y, ‖·‖Y ) é ❝♦♥tí♥✉❛✳

❉❡✜♥✐çã♦ ❆✳✶✽✳ ❉✐r❡♠♦s q✉❡ (X, ‖·‖X) ❡stá ✐♠❡rs♦ ❝♦♠♣❛❝t❛♠❡♥t❡ ❡♠
(Y, ‖·‖Y )✱ q✉❛♥❞♦✿

❛✮ X é s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ Y ❀

❜✮ ❆ ✐❞❡♥t✐❞❛❞❡ id; (X, ‖·‖X) → (Y, ‖·‖Y ) é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✳

❉❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ t❡♠♦s ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ❡s♣❛ç♦s W 1,2 ❡ D1,2✳

Pr♦♣♦s✐çã♦ ❆✳✶✾✳ W 1,2(RN) = W 1,2
0 (RN)  D1,2

0 = D1,2(RN)✳

❆ ✐♠❡rsã♦ é ♠❛♥t✐❞❛ ♣❛r❛ q✉❛❧q✉❡r Ω✿ W 1,2
0 (Ω) ⊆ D1,2

0 (Ω)✳ ❆❧é♠ ❞✐ss♦✱ s❡ Ω
t❡♠ ♠❡❞✐❞❛ ✜♥✐t❛ ❡st❛ ✐♠❡rsã♦ t♦r♥❛✲s❡ ✉♠❛ ✐❣✉❛❧❞❛❞❡ ❡ ♦ ❡s♣❛ç♦ D1,2

0 (Ω) ❡stá
✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❡♠ Lq(Ω) ♣❛r❛ ❝❛❞❛ q ∈ [1, 2∗] ❡ ❝♦♠♣❛❝t❛♠❡♥t❡ s❡ q < 2∗✳
◆♦ ❝❛s♦ ❡♠ q✉❡ Ω t❡♠ ❢r♦♥t❡✐r❛ ♠❡❞✐❞❛ ✜♥✐t❛✱ D1,2(Ω) ❡stá ✐♠❡rs♦ ❝♦♥t✐♥✉❛♠❡♥t❡
❡♠ Lq(Ω) ♣❛r❛ ❝❛❞❛ q ∈ [1, 2∗] ❡ ❡st❛ ✐♠❡rsã♦ é ❝♦♠♣❛❝t❛ s❡ q < 2∗✳

P❛ss❛♠♦s ❛ ❡①♣♦r ❛❧❣✉♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s ♥♦tá✈❡✐s ♥♦ ❡st✉❞♦ ❞❛s ✐♠❡rsõ❡s ❞❡
❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❡ ♦s r❡s✉❧t❛❞♦s ❞❡ ✐♠❡rsõ❡s q✉❡ ♣r❡❝✐s❛♠♦s✳

❆ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❡♥❝♦♥tr❛✲s❡ ❡♠ ❬✾❪✳

❚❡♦r❡♠❛ ❆✳✷✵ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●❛❣❧✐❛r❞♦✲◆✐r❡♠❜❡r❣✲❙♦❜♦❧❡✈✮✳ ❙❡❥❛ 1 ≤ p <
N ✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C > 0✱ ❞❡♣❡♥❞❡♥❞♦ s♦♠❡♥t❡ ❞❡ p ❡ N ✱ t❛❧ q✉❡

‖u‖Lp∗ (RN ) ≤ C ‖∇u‖Lp(RN ) ,

♣❛r❛ t♦❞❛ ❢✉♥çã♦ u ∈ C1
0(R

N)✳

❖s r❡s✉❧t❛❞♦s ❆✳✷✶ ❛♦ ❆✳✷✹ ♣♦❞❡♠ s❡r ✈✐st♦s✱ ♥♦ ❈❛♣ít✉❧♦ ✾✱ ❡♠ ❬✻❪✳

❈♦r♦❧ár✐♦ ❆✳✷✶✳ ❙❡❥❛ 1 ≤ p < N ✳ ❊♥tã♦ ❛ ✐♠❡rsã♦ s❡❣✉✐♥t❡ é ❝♦♥tí♥✉❛

W 1,p(RN) →֒ Lq(RN) ∀q ∈ [p, p∗].

❈♦r♦❧ár✐♦ ❆✳✷✷✳ ❙❡❥❛ m ≥ 1 ✉♠ ✐♥t❡✐r♦ ❡ 1 ≤ p < ∞✳ ❆s ✐♠❡rsõ❡s s❡❣✉✐♥t❡s
sã♦ ❝♦♥tí♥✉❛s

❛✮ Wm,p(RN) →֒ Lq(RN), ♦♥❞❡ 1
q
= 1

p
− m

N
s❡ 1

p
− m

N
> 0✱

❜✮ Wm,p(RN) →֒ Lq(RN) ∀q ∈ [p,∞) s❡ 1
p
− m

N
= 0✳



✻✷

❚❡♦r❡♠❛ ❆✳✷✸✳ ❙❡❥❛♠ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❞♦ RN ✱ N ≥ 2✱ Ω ❞❡ ❝❧❛ss❡
C1 ❡ 1 ≤ p <∞✱ ❡♥tã♦ ❛s ✐♠❡rsõ❡s s❡❣✉✐♥t❡s sã♦ ❝♦♥tí♥✉❛s

❛✮ W 1,p(Ω) →֒ Lq(Ω)✱ 1 ≤ q ≤ Np

N − p
s❡ p < N ✳

❜✮ W 1,p(Ω) →֒ Lq(Ω)✱ 1 ≤ q <∞ ❡ p = N ✳

❚❡♦r❡♠❛ ❆✳✷✹ ✭❘❡❧❧✐❝❤✲❑♦♥❞r❛❝❤♦✈✮✳ ❙❡❥❛♠ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞♦ RN ✱ ∂Ω
❞❡ ❝❧❛ss❡ C1 ❡ 1 ≤ p < N ✳ ❊♥tã♦ ❛ s❡❣✉✐♥t❡ ✐♠❡rsã♦ é ❝♦♠♣❛❝t❛

❛✮ W 1,p(Ω) →֒ Lq(Ω)✱ 1 ≤ q <
Np

N − p
✳

❖s ❚❡♦r❡♠❛s ❆✳✷✺ ❛♦ ❆✳✷✼ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✾❪✳

❚❡♦r❡♠❛ ❆✳✷✺ ✭❊st✐♠❛t✐✈❛ ♣❛r❛ W 1,p, 1 ≤ p <∞✮✳ ❙❡❥❛ Ω s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦
❡ ❧✐♠✐t❛❞♦ ❞❡ RN ✱ ❡ s✉♣♦♥❤❛ q✉❡ ∂Ω é ❞❡ ❝❧❛ss❡ C1✳ ❆ss✉♠❛ q✉❡ 1 ≤ p < N ❡
u ∈ W 1,p(Ω)✳ ❊♥tã♦ u ∈ Lp∗(Ω) ❡

‖u‖Lp∗ (Ω) ≤ C ‖u‖W 1,p(Ω) ,

♦♥❞❡ C só ❞❡♣❡♥❞❡ ❞❡ p,N ❡ Ω✳

❚❡♦r❡♠❛ ❆✳✷✻ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✮✳ ❆ss✉♠❛ q✉❡ Ω é ✉♠ s✉❜❝♦♥❥✉♥t♦
❛❜❡rt♦ ❡ ❧✐♠✐t❛❞♦ ❞❡ RN ✳ ❙✉♣♦♥❤❛ q✉❡ u ∈ W 1,p

0 (Ω) ♣❛r❛ 1 ≤ p < N ✳ ❊♥tã♦

‖u‖Lq(Ω) ≤ C ‖∇u‖Lp(Ω) ,

♣❛r❛ ❝❛❞❛ q ∈ [1, p∗]✱ ❛ ❝♦♥st❛♥t❡ C só ❞❡♣❡♥❞❡ ❞❡ p, q,N ❡ Ω✳

❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱ s❡ ♠❡❞(Ω) <∞✱ t❡♠♦s H1
0 (Ω) = D1,2

0 (Ω)✳

❚❡♦r❡♠❛ ❆✳✷✼ ✭Pr✐♥❝í♣✐♦ ❞♦ ♠á①✐♠♦✮✳ ❆ss✉♠❛ q✉❡ u ∈ C2(Ω)∩C(Ω) ❡ s✉♣♦♥❤❛
q✉❡ Ω ⊂ RN é ❛❜❡rt♦✱ ❝♦♥❡①♦ ❡ ❧✐♠✐t❛❞♦✳

✐✮ ❙❡ −∆u ≤ 0 ❡♠ Ω ❡ u ❛t✐♥❣❡ s❡✉ ♠á①✐♠♦ ❡♠ Ω✱ ❡♥tã♦ u é ❝♦♥st❛♥t❡✳

✐✐✮ ❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ −∆u ≥ 0 ❡♠ Ω ❡ u ❛t✐♥❣❡ s❡✉ ♠í♥✐♠♦ ❡♠ Ω✱ ❡♥tã♦ u é
❝♦♥st❛♥t❡✳

P♦❞❡✲s❡ ✈❡r ❬✶✵❪ ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ s❡❣✉✐♥t❡✳

❚❡♦r❡♠❛ ❆✳✷✽ ✭❚❡♦r❡♠❛ ❞♦s ♠✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡✮✳ ❙❡❥❛♠ E ✉♠ ❡s♣❛ç♦
❞❡ ❇❛♥❛❝❤ ❡ J, F ∈ C1(E,R)✳ ❙❡ J é ❧✐♠✐t❛❞♦ ✐♥❢❡r✐♦r♠❡♥t❡ ♥♦ ❝♦♥❥✉♥t♦

M = {u ∈ E : F (u) = 0}

❡ ✈❛❧❡♠ ❛s ♣r♦♣r✐❡❞❛❞❡s

✐✮ F ′(u) 6= 0✱ ∀u ∈M ❀
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✐✐✮ ∃u0 ∈M t❛❧ q✉❡ J(u0) = min
u∈M

J(u)✳

❊♥tã♦✱ ❡①✐st❡ β ∈ R t❛❧ q✉❡

J ′(u0) = βF ′(u0).

❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✱ q✉❛♥❞♦ ✉♠❛ s❡q✉ê♥❝✐❛ (xn) ❡♠ E ❝♦♥✈❡r❣❡ ♣❛r❛
x ∈ E ♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛ ❡s❝r❡✈❡♠♦s xn ⇀ x✳

❆ ♣r♦♣♦s✐çã♦ ❛ s❡❣✉✐r ❡♥❝♦♥tr❛✲s❡ ♥❛ s❡çã♦ ✸✳✷✱ ❡♠ ❬✻❪✳

Pr♦♣♦s✐çã♦ ❆✳✷✾✳ ❙❡ xn ⇀ x ❡♠ E✱ ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛ (‖xn‖) é ❧✐♠✐t❛❞❛ ❡
‖x‖ ≤ limn inf ‖xn‖✳

❙❡❥❛ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞♦ RN ❡ ❞❡✜♥❛♠♦s

K(Ω) = {u ∈ C(Ω) : s✉♣♣(u) é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞❡ Ω},

BC(Ω) = {u ∈ C(Ω) : ‖u‖∞ = sup
x∈Ω

|u(x)| <∞}

❡ C0(Ω) ❝♦♠♦ s❡♥❞♦ ♦ ❢❡❝❤♦ ❞❡ K(Ω) ❡♠ BC(Ω)✱ C0(Ω) = K(Ω)
‖·‖∞ ✳ ❯♠❛

♠❡❞✐❞❛ ✜♥✐t❛ ❡♠ Ω é ♦ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r ❝♦♥tí♥✉♦ ❡♠ C0(Ω) ❞❛❞♦ ♣♦r

〈µ, ·〉 : C0(Ω) → R

u→ 〈µ, u〉 =
∫

Ω

u(x) dµ.

❆ ♥♦r♠❛ ❞❛ ♠❡❞✐❞❛ µ é ❞❡✜♥✐❞❛ ❝♦♠♦

‖µ‖ = sup
u∈C0(Ω)

〈µ, u〉
‖u‖∞

.

❙❡❥❛ M(Ω) ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s ♠❡❞✐❞❛s ✜♥✐t❛s s♦❜r❡ Ω✳

❉❡✜♥✐çã♦ ❆✳✸✵ ✭❈♦♥✈❡r❣ê♥❝✐❛ ❢r❛❝❛ ❞❡ ♠❡❞✐❞❛s✮✳ ❆ s❡q✉ê♥❝✐❛ (µn) ❞❡ ♠❡❞✐❞❛s
❡♠ (M)(Ω) ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ♣❛r❛ ❛ ♠❡❞✐❞❛ µ ∈ M(Ω) q✉❛♥❞♦

〈µn, µ〉 → 〈µ, u〉,

♣❛r❛ t♦❞❛ u ∈ C0(Ω)✳ ❖ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r µn ⇀ µ✳

❖ t❡♦r❡♠❛ s❡❣✉✐♥t❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✽❪✳

❚❡♦r❡♠❛ ❆✳✸✶✳ ✳

❛✮ ❚♦❞❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ M(Ω) ♣♦ss✉✐ s✉❜s❡q✉ê♥❝✐❛ ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡
❡♠ M(Ω)✳

❜✮ ❙❡ µn ⇀ µ ❡♠ M(Ω)✱ ❡♥tã♦ (µn) é ❧✐♠✐t❛❞❛ ❡

‖µ‖ ≤ lim inf ‖µn‖ .
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❙❡❥❛ (X,M) ✉♠ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧✳ P❛r❛ µ ✉♠❛ ♠❡❞✐❞❛ ❡♠ (X,M) ❡ f ✉♠❛
❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ ❡♠ X q✉❡ é ♠❡♥s✉rá✈❡❧ ❡♠ r❡❧❛çã♦ ❛ M✱ ❞❡✜♥✐♥❞♦ ❛ ❢✉♥çã♦
❞❡ ❝♦♥❥✉♥t♦s

ν(E) =

∫

E

f dµ ∀E ∈ M.

❉❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❛ ✐♥t❡❣r❛çã♦ ❡ ❞❛ ❛❞✐t✐✈✐❞❛❞❡ ❡♥✉♠❡rá✈❡❧ ♥♦ ❞♦♠í♥✐♦ ❞❡
✐♥t❡❣r❛çã♦✱ t❡♠♦s q✉❡ ν é ✉♠❛ ♠❡❞✐❞❛ ♥♦ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧ (X,M)✳

❈♦♥s✐❞❡r❡ ✉♠❛ s❡q✉ê♥❝✐❛ (un) ❧✐♠✐t❛❞❛ ❡♠ W 1,p
0 (Ω) ❡ ❞❡✜♥❛

νn(E) =

∫

E

|un|p
∗

dx,

❞❛í✱ νn = |un|p
∗

dx✳ ❊♥tã♦

‖νn‖ = sup
u∈C0(Ω)

{ |〈νn, u〉|
‖u‖∞

}

≤
∫

Ω

|un|p
∗

dx = ‖un‖p
∗

Lp∗ (Ω)
< M1,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ M1✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥✐♥❞♦ µn = |∇un|p✱ t❡r❡♠♦s

‖µn‖ ≤ ‖∇un‖Lp(Ω) < M2,

♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡M2✳ ▲♦❣♦✱ (νn) ❡ (µn) sã♦ s❡q✉ê♥❝✐❛s ❧✐♠✐t❛❞❛s ❞❡ ♠❡❞✐❞❛s
❡♠ M(Ω) ❡ ♣❡❧♦ t❡♦r❡♠❛ ❆✳✸✶✱ ❛❞♠✐t❡♠ s✉❜s❡q✉ê♥❝✐❛ ❢r❛❝❛♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✳

❖ s❡❣✉✐♥t❡ ❧❡♠❛ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ Pr✐♥❝✐♣✐♦ ❞❡ ❈♦♥❝❡♥tr❛çã♦ ❞❡
❈♦♠♣❛❝✐❞❛❞❡✳ ❆ ❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ✈✐st❛ ❡♠ ❬✶✷❪✳

▲❡♠❛ ❆✳✸✷✳ ❙❡❥❛ (un) ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ D1,p
0 (RN) ❝♦♥✈❡r❣✐♥❞♦ ❢r❛❝♦

♣❛r❛ ❛❧❣✉♠❛ u ❡ t❛❧ q✉❡ ❛s s❡q✉ê♥❝✐❛s ❞❡ ♠❡❞✐❞❛s |∇un|p ❡ |un|p
∗

❝♦♥✈❡r❣❡♠ ❢r❛❝♦
♣❛r❛ µ ❡ ν✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦♥❞❡ µ, ν sã♦ ♠❡❞✐❞❛s ♣♦s✐t✐✈❛s ❡♠ RN ✳ ❊♥tã♦✱ ❡①✐st❡
✉♠ ❝♦♥❥✉♥t♦ ♥♦ ♠á①✐♠♦ ❡♥✉♠❡rá✈❡❧ J ✱ ✉♠❛ ❢❛♠í❛ ❞❡ ♣♦♥t♦s {xj; j ∈ J} ⊂ RN

❡ ❢❛♠í❧✐❛s ❞❡ ♥ú♠❡r♦s ♣♦s✐t✐✈♦s {νj; j ∈ J} ❡ {µj; j ∈ J} t❛✐s q✉❡

✶✳ ν = |u|p∗ +
∑

j∈J
νjδxj

✳

✷✳ µ ≥ |∇u|p +
∑

j∈J
µjδxj

✳

✸✳ ν
p/p∗

j S ≤ µj ♣❛r❛ t♦❞♦ j✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

∑

j∈J
ν
p/p∗

j <∞.

S é ❛ ❝♦♥st❛♥t❡ ót✐♠❛ ❞❡ ❙♦❜♦❧❡✈ ❡ δxj
é ❛ ♠❡❞✐❞❛ ❞❡ ❉✐r❛❝ ❞❡✜♥✐❞❛ ♣♦r

δxj
(E) =

{
0, s❡ xj /∈ E;
1, s❡ xj ∈ E,

♣❛r❛ t♦❞♦ E ∈ (RN ,M )✳
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❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✶✺❪✳

❚❡♦r❡♠❛ ❆✳✸✸✳ ❙❡ 1 ≤ p ≤ ∞ ❡ s❡ (fn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ Lp(Ω)✱
t❛❧ q✉❡ fn → f ❡♠ Lp(Ω)✱ ❡♥tã♦ (fn) ♣♦ss✉✐ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ❝♦♥✈❡r❣❡ q✉❛s❡
t♦❞♦ ♣♦♥t♦ ❛ f(x)✳

❆ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡✱ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥❛ s❡çã♦ ❞❡ r❡s✉❧t❛❞♦s ❜ás✐❝♦s
s♦❜r❡ ❞✐str✐❜✉✐çõ❡s ❡♠ ❬✽❪✳

Pr♦♣♦s✐çã♦ ❆✳✸✹✳ ❙❡❥❛♠ K ✉♠ ❝♦♠♣❛❝t♦ ♥ã♦ ✈❛③✐♦ ❡ F ✉♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦
❞♦ RN ✱ t❛✐s q✉❡ K ∩ F = ∅✳ ❊♥tã♦ ❡①✐st❡ ψ ∈ C∞

0 (RN) t❛❧ q✉❡ ψ = 1 ❡♠ K✱
ψ = 0 ❡♠ F ❡ 0 ≤ ψ(x) ≤ 1, ∀x ∈ RN ✳

❉❡✜♥✐çã♦ ❆✳✸✺✳ ❯♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ Ω é ❝❤❛♠❛❞♦ ❡str❡❧❛❞♦ ❝♦♠ r❡s♣❡✐t♦ ❛ ✵
s❡♠♣r❡ q✉❡ ♣❛r❛ ❝❛❞❛ x ∈ Ω✱ ♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛

{λx; 0 ≤ λ ≤ 1}

❡stá ❡♠ Ω✳

P❛r❛ ✉♠ ❡①❡♠♣❧♦ ❞❡ ❞♦♠í♥✐♦ ❡str❡❧❛❞♦✱ ✈❡r ❋✐❣✉r❛ ❆✳✷✳

❋✐❣✉r❛ ❆✳✷✿ ❯♠ ❞♦♠í♥✐♦ ❡str❡❧❛❞♦

❖ ❧❡♠❛ s❡❣✉✐♥t❡ ❡ ♦ ❚❡♦r❡♠❛ ❆✳✸✼✱ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✾❪ ♥❛ s❡çã♦ ❞❡
té❝♥✐❝❛s ♥ã♦ ✈❛r✐❛❝✐♦♥❛✐s✳

▲❡♠❛ ❆✳✸✻✳ ❙✉♣♦♥❤❛ q✉❡ ∂Ω é C1 ❡ Ω é ❡str❡❧❛❞♦ ❡♠ r❡❧❛çã♦ ❛ ♦r✐❣❡♠✳ ❊♥tã♦

x · ν(x) ≥ 0 ♣❛r❛ t♦❞♦ x ∈ ∂Ω,

♦♥❞❡ ν ❞❡♥♦t❛ ♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐t❛r✐♦ ❡①t❡r✐♦r✳

❚❡♦r❡♠❛ ❆✳✸✼ ✭❙✐♠❡tr✐❛ r❛❞✐❛❧✮✳ ❙❡❥❛♠ Ω = {x ∈ RN ; |x| < 1}✱ ♦ ♣r♦❜❧❡♠❛
s❡♠✐❧✐♥❡❛r ❞❡ P♦✐ss♦♥ ❞❡ ✈❛❧♦r❡s ♥❛ ❢r♦♥t❡✐r❛✱







−∆u = f(u) ❡♠ Ω,
u > 0 ❡♠ Ω,
u = 0 ❡♠ ∂Ω,

✭❆✳✶✮



✻✻

♦♥❞❡ f : R→ R é ▲✐♣s❝❤✐t③ ❡ ❝♦♥tí♥✉♦✱ ♠❛s é ❛r❜✐tr❛r✐♦ ❡ s❡❥❛ u ∈ C2(Ω) s♦❧✉çã♦
❞❡ ✭❆✳✶✮✳ ❊♥tã♦ u é r❛❞✐❛❧✱ ✐st♦ é✱

u(x) = v(r)♦♥❞❡ r = |x|

♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ v : [0, 1] → [0,∞)✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ♥♦ ❛♣ê♥❞✐❝❡ ❇✱ ❡♠ ❬✶✽❪✳

❚❡♦r❡♠❛ ❆✳✸✽ ✭■❞❡♥t✐❞❛❞❡ ❞❡ P♦❤♦③❛❡✈✮✳ ❙❡❥❛ u ∈ H2

❧♦❝(Ω) ✉♠❛ s♦❧✉çã♦ ❞♦
♣r♦❜❧❡♠❛ {

−∆u = f(u),
u ∈ H1

0 (Ω),
✭❆✳✷✮

♦♥❞❡ f ∈ C1(R,R) ❡ Ω é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❡ s✉❛✈❡ ❞❡ RN ✱ N ≥ 3✳ ❉❡✜♥❛

F (u) =

∫ u

0

f(s) ds.

❙❡ F (u) ∈ L1(Ω)✱ ❡♥tã♦ u s❛t✐s❢❛③

1

2

∫

∂Ω

|∇u|2 σ · ν dσ = N

∫

Ω

F (u) dx− N − 2

2

∫

Ω

|∇u|2 dx,

♦♥❞❡ ν ❞❡♥♦t❛ ♦ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ❡①t❡r✐♦r ❛ ∂Ω✳

❖s r❡s✉❧t❛❞♦s ❛ ♣❛rt✐r ❞♦ ❚❡♦r❡♠❛ ❆✳✸✾ ❛♦ ❚❡♦r❡♠❛ ❆✳✹✺✱ ♣♦❞❡♠ s❡r ✈✐st♦s
❡♠ ❬✶✺❪✳

❚❡♦r❡♠❛ ❆✳✸✾✳ ❙❡❥❛ E ✉♠ s✉❜❝♦♥❥✉♥t♦ ▲❡❜❡s❣✉❡ ♠❡♥s✉rá✈❡❧ ❞♦ RN ✳ ❊♥tã♦

µ(E) = inf{µ(O)|E ⊆ O,O ❛❜❡rt♦ }

❡
µ(E) = sup{µ(K)|K ⊆ E,K ❝♦♠♣❛❝t♦ },

♦♥❞❡ µ ❞❡♥♦t❛ ❛ ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡✳

❉✐③✲s❡ q✉❡ ✉♠ ❝♦♥❥✉♥t♦ G é Gδ ❞❡s❞❡ q✉❡ s❡❥❛ ❛ ✐♥t❡rs❡çã♦ ❞❡ ✉♠❛ ❝♦❧❡çã♦
❡♥✉♠❡rá✈❡❧ ❞❡ ❝♦♥❥✉♥t♦s ❛❜❡rt♦s ❡ ❞✐③✲s❡ q✉❡ ✉♠ ❝♦♥❥✉♥t♦ F é Fσ q✉❛♥❞♦ é ❛
✉♥✐ã♦ ❞❡ ✉♠❛ ❝♦❧❡çã♦ ❡♥✉♠❡rá✈❡❧ ❞❡ ❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s✳

❈♦r♦❧ár✐♦ ❆✳✹✵✳ P❛r❛ ✉♠ s✉❜❝♦♥❥✉♥t♦ E ❞♦ RN ✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦
❡q✉✐✈❛❧❡♥t❡s✿

✶✳ E é ♠❡♥s✉rá✈❡❧ ❡♠ r❡❧❛çã♦ à ♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ ❡♠ RN ✳

✷✳ ❊①✐st❡ ✉♠ Gδ s✉❜❝♦♥❥✉♥t♦ G ❞♦ RN t❛❧ q✉❡ E ⊆ G ❡ µ∗(G \ E) = 0✳

✸✳ ❊①✐st❡ ✉♠ Fσ s✉❜❝♦♥❥✉♥t♦ F ❞♦ RN t❛❧ q✉❡ F ⊆ E ❡ µ∗(E \ F ) = 0✳

♦♥❞❡ µ∗ ❞❡♥♦t❛ ❛ ♠❡❞✐❞❛ ❡①t❡r✐♦r ❞❡ ▲❡❜❡s❣✉❡✳



✻✼

❚❡♦r❡♠❛ ❆✳✹✶ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❉♦♠✐♥❛❞❛ ❞❡ ▲❡❜❡s❣✉❡✮✳ ❙❡❥❛
(X,M , µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s
❡♠ X ♣❛r❛ ♦ q✉❛❧ fn → f ♣♦♥t✉❛❧♠❡♥t❡ q✳t✳♣✳ ❡♠ X ❡ ❛ ❢✉♥çã♦ f ♠❡♥s✉rá✈❡❧✳
❆ss✉♠❛ q✉❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛ g ✐♥t❡❣rá✈❡❧ ❡♠ X ❡ ❞♦♠✐♥❛ ❛
s❡q✉ê♥❝✐❛ (fn) ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡

|fn| ≤ g q✳t✳♣✳ ❡♠ X ♣❛r❛ t♦❞♦ n.

❊♥tã♦ f é ✐♥t❡❣rá✈❡❧ ❡♠ X ❡

lim
n→∞

∫

X

fn dµ =

∫

X

f dµ.

❉❡✜♥✐çã♦ ❆✳✹✷✳ ❙❡❥❛♠ (X,M , µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ (fn) ✉♠❛ s❡q✉ê♥❝✐❛
❞❡ ❢✉♥çõ❡s ❡♠ X✱ ❝❛❞❛ ✉♠❛ ❞❛s q✉❛✐s é ✐♥t❡❣rá✈❡❧ s♦❜r❡ X✳ ❆ s❡q✉ê♥❝✐❛ (fn) é
❞✐t❛ s❡r ✉♥✐❢♦r♠❡♠❡♥t❡ ✐♥t❡❣rá✈❡❧ s♦❜r❡ X s❡ ♣❛r❛ ❝❛❞❛ ε > 0✱ ❡①✐st❡ δ > 0 t❛❧
q✉❡ ♣❛r❛ q✉❛❧q✉❡r ♥ú♠❡r♦ ♥❛t✉r❛❧ n ❡ s✉❜❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ E ❞❡ X✱

s❡ µ(E) < δ, ❡♥tã♦

∫

E

|fn| dµ < ε.

❉❡✜♥✐çã♦ ❆✳✹✸✳ ❙❡❥❛♠ (X,M , µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ (fn) ✉♠❛ s❡q✉ê♥❝✐❛
❞❡ ❢✉♥çõ❡s ❡♠ X✱ ❝❛❞❛ ✉♠❛ ❞❛s q✉❛✐s é ✐♥t❡❣rá✈❡❧ s♦❜r❡ X✳ ❆ s❡q✉ê♥❝✐❛ (fn) é
❞✐t❛ s❡r ❥✉st❛ s♦❜r❡ X s❡ ♣❛r❛ ❝❛❞❛ ε > 0✱ ❡①✐st❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ X0 ❞❡ X q✉❡
t❡♠ ♠❡❞✐❞❛ ✜♥✐t❛ ❡✱ ♣❛r❛ q✉❛❧q✉❡r ♥ú♠❡r♦ ♥❛t✉r❛❧ n✱

∫

X\X0

|fn| dµ < ε.

Pr♦♣♦s✐çã♦ ❆✳✹✹✳ ❙❡❥❛♠ (X,M , µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ 1 < p ≤ ∞✳ ❙❡ (fn)
é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❞❡ ❢✉♥çõ❡s ❡♠ Lp(X,µ)✱ ❡♥tã♦ (fn) é ✉♥✐❢♦r♠❡♠❡♥t❡
✐♥t❡❣rá✈❡❧ ❡♠ X✳

❚❡♦r❡♠❛ ❆✳✹✺ ✭❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❞❡ ❱✐t❛❧✐✮✳ ❙❡❥❛♠ (X,M , µ) ✉♠
❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ (fn) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❡♠ X q✉❡ é ✉♥✐❢♦r♠❡♠❡♥t❡
✐♥t❡❣rá✈❡❧ ❡ ❥✉st❛ s♦❜r❡ X✳ ❙✉♣♦♥❤❛ q✉❡ fn → f q✳t✳♣✳ ❡♠ X ❡ ❛ ❢✉♥çã♦ f é
✐♥t❡❣r❛✈❡❧ s♦❜r❡ X✳ ❊♥tã♦

lim
n→∞

∫

E

fn dµ =

∫

E

f dµ,

♦♥❞❡ E é q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ ❞❡ X✳

❉❡✜♥✐çã♦ ❆✳✹✻✳ ❉✐r❡♠♦s q✉❡ ✉♠ ❢✉♥❝✐♦♥❛❧ J : E → R ❞❡✜♥✐❞♦ s♦❜r❡ ✉♠
❡s♣❛ç♦ ♥♦r♠❛❞♦ E é s❡♠✐❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡ s❡ ♣❛r❛ t♦❞❛ s❡q✉ê♥❝✐❛ (uj)j∈N
❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ u t❡♠♦s q✉❡

lim
j→∞

inf J(uj) ≥ J(u).

❈♦♠♦ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❍❛❤♥✲❇❛♥❛❝❤✱ ♦ s❡❣✉✐♥t❡ ❧❡♠❛ ♣♦❞❡
s❡r ❡♥❝♦♥tr❛❞♦ ♥❛ s❡çã♦ ✸✳✻✱ ❡♠ ❬✺❪✳



✻✽

▲❡♠❛ ❆✳✹✼✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✱ ♣❛r❛ t♦❞♦ x ∈ E ❡①✐st❡ ϕ ∈ E ′ t❛❧ q✉❡

‖ϕ‖ = ‖x‖ , ϕ(x) = ‖x‖2 .

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❡♥❝♦♥tr❛✲s❡ ♥❛ s❡çã♦ ✸✳✷ ❡♠ ❬✻❪✳

❚❡♦r❡♠❛ ❆✳✹✽✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦✱ ❡ s❡❥❛ (xj) ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡
❡❧❡♠❡♥t♦s ❡♠ E ❝♦♥✈❡r❣✐♥❞♦ ❢r❛❝♦ ♣❛r❛ x✱ ❡♥tã♦ t❡♠♦s

lim inf
j→∞

‖xj‖ ≥ ‖x‖ .

❖ ❧❡♠❛ s❡❣✉✐♥t❡ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ s❡çã♦ ✶✳✼✱ ❡♠ ❬✶✽❪✳

▲❡♠❛ ❆✳✹✾ ✭▲❡♠❛ ❞❡ ❇ré③✐s✲▲✐❡❜✮✳ ❙❡❥❛ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ RN ❡
(un) ⊂ Lp(Ω), 1 ≤ p <∞✳ ❙❡

✶✳ (un) é ❧✐♠✐t❛❞❛ ❡♠ Lp(Ω)✱

✷✳ un → u q✳t✳♣✳ ❡♠ Ω✱ ❡♥tã♦

lim
n→∞

(‖un‖pp − ‖un − u‖pp) = ‖u‖pp)

❉❡✜♥✐çã♦ ❆✳✺✵✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❞♦ E é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦
♦✉✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ q✉❡ s✉❛ ♥♦r♠❛ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①❛ s❡✱ ♣❛r❛ ❝❛❞❛
ε > 0 ❡①✐st❡ δ = δ(ε) > 0 t❛❧ q✉❡

∥
∥
∥
∥

x+ y

2

∥
∥
∥
∥
≤ 1− δ s❡♠♣r❡ q✉❡ x, y ∈ BE = {x ∈ E : ‖x‖ ≤ 1} ❡ ‖x− y‖ ≥ ε.

❖ t❡♦r❡♠❛ ❆✳✺✶ ❡ ❛ ♣r♦♣♦s✐çã♦ ❆✳✺✷✱ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s✱ ♥♦ ❝❛♣ít✉❧♦ ✻✱
❡♠ ❬✺❪✳

❚❡♦r❡♠❛ ❆✳✺✶✳ ❖ ❡s♣❛ç♦ Lp(X,Σ, µ) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦✈❡①♦ ♣❛r❛ t♦❞♦ 1 <
p <∞✳

Pr♦♣♦s✐çã♦ ❆✳✺✷✳ ❙❡❥❛♠ E ✉♥ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡①♦ ❡
(xn)

∞
n=1 ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ E✳ ❙❡ xn ⇀ x ❡ ‖xn‖ → ‖x‖✱ ❡♥tã♦ xn → x✳



❆♣ê♥❞✐❝❡ ❇

❈♦♥st❛♥t❡ ❞❡ ❙♦❜♦❧❡✈

◆❡st❡ ❛♣ê♥❞✐❝❡ ❡st✉❞❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❝♦♥st❛♥t❡ ót✐♠❛ ❞❡
❙♦❜♦❧❡✈✱ S✱ ♣❛r❛ N ≥ 3 é ❞❛❞❛ ♣♦r

S = inf
u∈D1,2(RN )

u 6=0

‖∇u‖22
‖u‖22∗

. ✭❇✳✶✮

❇✳✶ ■♥✈❛r✐â❝✐❛ s♦❜ ❡s❝❛❧❛

❙❡❥❛♠

u : Ω ⊂ RN −→ R , h : RN → Ω ⊂ RN

x→ u(x) x −→ h(x) = kx, k ∈ R ❡ k > 0

♦♥❞❡ u ∈ H1
0 (Ω)✳ ❉❛í✱ t❡♠♦s

u ◦ h : RN −→ R

x→ u(h(x)) = u(kx) = uk(x)

❉❛ ♥♦r♠❛ ✉s❛❞❛ ❡♠ H1
0 (Ω)✱

‖∇uk‖22 =

∫

RN

∇uk(x) · ∇uk(x) dx = k2
∫

RN

|∇u(kx)|2 dx

= k2−N

∫

RN

|∇u(kx)|2 kN dx.

❆♣❧✐❝❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s y = kx✱ t❡♠♦s

‖∇uk‖22 = K2−N ‖∇u‖22 .

P♦r ♦✉tr♦ ❧❛❞♦✱

‖∇uk‖2∗ =

(∫

RN

|uk(x)|2
∗

dx

)1/2∗

= k−N/2∗
(∫

RN

|∇u(kx)|2∗ kN
)1/2∗

dx.

✻✾



❇✳✷✳ ▼■◆■▼■❩❆❉❖❘ P❆❘❆ S ✼✵

◆♦✈❛♠❡♥t❡✱ ♣❡❧❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s y = kx✱ t❡♠♦s

‖∇uk‖2∗ = k(2−N)/2 ‖u‖2∗ .

❆ss✐♠✱
‖∇uk‖22
‖∇uk‖22∗

=
K2−N ‖∇u‖22
k2−N ‖u‖22∗

=
‖∇u‖22
‖u‖22∗

.

❇✳✷ ▼✐♥✐♠✐③❛❞♦r ♣❛r❛ S

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❣❛r❛♥t❡ q✉❡ ❡①✐st❡ u ∈ D1,2(RN) t❛❧ q✉❡

S =
‖∇u‖22
‖u‖22∗

.

P❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ✈❡r ❚❡♦r❡♠❛ ✶✳✹✶ ❡♠ ❬✶✽❪✳

❚❡♦r❡♠❛ ❇✳✶✳ ❖ í♥✜♠♦ ✭❇✳✶✮ é ❛t✐♥❣✐❞♦✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❞á ♦ t✐♣♦ ❞❡ ❢✉♥çõ❡s ♦♥❞❡ ♦ í♥✜♠♦ S é ❛t✐♥❣✐❞♦✳ P♦❞❡✲s❡
✈❡r ❬✸❪ ❡ ❬✶✼❪✳

❚❡♦r❡♠❛ ❇✳✷ ✭❆✉❜✐♥✱ ❚❛❧❡♥t✐✱ ✶✾✼✻✮✳ ❆ ❢✉♥çã♦

U(x) =
[N(N − 2)](N−2)/4

[1 + |x|2](N−2)/2
∈ D1,2(RN),

é ✉♠ ♠✐♥✐♠✐③❛❞♦r ♣❛r❛ S✳

❉❡♠♦♥str❛çã♦✳ ❉♦ ❚❡♦r❡♠❛ ❇✳✶✱ ❡①✐st❡ u ∈ D1,2(RN) t❛❧ q✉❡ S é ❛t✐♥❣✐❞♦✱ ❡
❝♦♠♦

S = inf
u∈D1,2(RN )
‖u‖2∗=1

‖∇u‖22 ,

s❡ u é ♠✐♥✐♠✐③❛❞♦r ❞❡ S✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦s ▼✉❧t✐♣❧✐❝❛❞♦r❡s ❞❡ ▲❛❣r❛♥❣❡✱ ❚❡♦r❡♠❛
❆✳✷✽✱ s❡❣✉❡ q✉❡ ♣❛r❛ ❛❧❣✉♠ λ > 0✱

∫

RN

∇u · ∇φ dx = λ

∫

RN

u2
∗−1φ dx, ∀φ ∈ D1,2(RN). ✭❇✳✷✮

❆ss✐♠✱ u é s♦❧✉çã♦ ❢r❛❝❛ ❞❡
−∆u = λu2

∗−1 ✭❇✳✸✮

❡ λ = S✳ ❯s❛♥❞♦ r❡❣✉❧❛r✐❞❛❞❡✱ s❡❣✉❡ q✉❡ u ∈ C2(RN) ❞♦♥❞❡ u é ♣♦s✐t✐✈♦✱ ♣❡❧♦
Pr✐♥❝✐♣✐♦ ❞♦ ▼á①✐♠♦✳ ❉❡♣♦✐s ❞❡ ❡s❝❛❧❛r✱ ♣♦❞❡♠♦s ❛ss✉♠✐r

−∆w = w2∗−1.



❇✳✸✳ S ❊▼ ❉❖▼❮◆■❖ ▲■▼■❚❆❉❖ ✼✶

❚❛♠❜é♠ ❡♥❝♦♥tr❛✲s❡ ❡♠ ❬✶✽❪✱ ❚❡♦r❡♠❛ ✶✳✹✷✱ q✉❡ w ❞❡✈❡ s❡r r❛❞✐❛❧♠❡♥t❡ s✐♠étr✐❝♦✳
❋❛③❡♥❞♦ w(x) = v(r)✱ ♦♥❞❡ r = |x|✱ t❡♠♦s

−∆w = −
[

v′′(r) + v′(r)

(
N − 1

r

)]

= v2
∗−1, r > 0

❞❛í

rN−1∆w = rN−1v′′(r) + (N − 1)rN−2v′(r) =
∂

∂r

(

rN−1∂v

∂r

)

= rN−1v2
∗−1

s❡❣✉❡ q✉❡ w s❛t✐s❢❛③
{
∂r(r

N−1∂rv) = rN−1v2
∗−1, r > 0,

v(0) = w(0) ∂rv(0) = 0.
✭❇✳✹✮

❊s❝♦❧❤❡♥❞♦ ε > 0 t❡♠♦s

U(x/ε) = ε(N−2)/2 [N(N − 2)](N−2)/4

(ε+ |x|2)(N−2)/2
= ε(N−2)/2Uε(x).

❉♦♥❞❡ w ❡ Uε✱ sã♦ s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ✭❇✳✹✮ ❡ ♣♦r ✐♥✈❛r✐â♥❝✐❛ s♦❜ ❡s❝❛❧❛✱ U é
♠✐♥✐♠✐③❛❞♦r ♣❛r❛ S✳ ❆❧é♠ ❞✐ss♦✱ ❞❡ ✭❇✳✷✮✱ Uε = S(N−2)/4u✳ ❊♥tã♦✱

‖Uε‖2
∗

2∗ =

∫

RN

|Uε|2
∗

dx =

∫

RN

∣
∣S(N−2)/4u

∣
∣
2∗

= SN/2

∫

RN

|u|2∗ dx = SN/2.

�

❇✳✸ S ❡♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦

❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✱ ❚❡♦r❡♠❛ ❆✳✷✻✱ s❡ ♠❡❞(Ω) <∞✱ t❡♠♦s H1
0 (Ω) =

D1,2
0 (Ω)✳ ▲♦❣♦

S(Ω) = inf
u∈D1,2

0 (Ω)
u 6=0

‖∇u‖22
‖u‖22∗

= inf
u∈H1

0 (Ω)
u 6=0

‖∇u‖22
‖u‖22∗

.

▼❛s S é ❛t✐♥❣✐❞♦ só q✉❛♥❞♦ Ω = RN ✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✱ ❝✉❥❛
❞❡♠♦♥str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✽❪✱ Pr♦♣♦s✐çã♦ ✶✳✹✸✳

❚❡♦r❡♠❛ ❇✳✸✳ P❛r❛ t♦❞♦ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ Ω ❞❡ RN ✱

S(Ω) = inf
u∈D1,2

O (Ω)
‖u‖2∗

‖∇u‖22 = S

❡ S(Ω) ♥✉♥❝❛ é ❛t✐♥❣✐❞♦✱ ❡①❝❡t♦ s❡ Ω = RN ✳



❆♣ê♥❞✐❝❡ ❈

Pr✐♠❡✐r♦ ❛✉t♦✈❛❧♦r ❞❡ −∆ ♣❛r❛

N = 3

❙❡❥❛ u s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛
{

−∆u = λ1u ❡♠ Ω,
u = 0 ❡♠ ∂Ω,

✭❈✳✶✮

❡♠ q✉❡ Ω = {x ∈ R3 : |x| < 1}✳ P❡❧♦ ❚❡♦r❡♠❛ ❆✳✸✼ s❛❜❡♠♦s q✉❡ u ❞❡✈❡ s❡r
r❛❞✐❛❧✱ ✐st♦ é✱

u(x) = v(r) ♦♥❞❡ r = |x| ,
♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ v : [0, 1] → [0,∞)✳ ▲♦❣♦✱ ♣❛r❛
i = 1, 2, . . . , N ✱ t❡♠♦s

∂r

∂xi
= xi(x

2
1 + · · · x2N)−1/2 =

xi
r
, (x 6= 0).

❉❛í✱
uxi

= v′(r)
xi
r

❞❡ ♠♦❞♦ q✉❡

uxixi
= v′′(r)

x2i
r2

+ v′(r)

(
1

r
− x2i
r3

)

.

❆ss✐♠✱

∆u = v′′(r) + v′(r)

(
N − 1

r

)

.

❙✉♣♦♥❞♦ q✉❡ −∆u = λ1u✱ ♦❜t❡♠♦s

−
(

v′′(r) + v′(r)

(
N − 1

r

))

= λ1v.

✼✷



✼✸

◗✉❛♥❞♦ N = 3✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r ♦ ♣r♦❜❧❡♠❛ ✭❈✳✶✮ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

{

v′′(r) +
2

r
v′(r) + λ1v(r) = 0, r ∈ (0, 1)

v(1) = v′(0) = 0.
✭❈✳✷✮

❱❛♠♦s r❡s♦❧✈❡r ✭❈✳✷✮ ✈✐❛ sér✐❡s ❞❡ ♣♦tê♥❝✐❛s✳ ❱❛♠♦s s✉♣♦r q✉❡ vp(r) =
∞∑

i=0

air
i✱

s✉❜st✐t✉✐♥❞♦ ♥❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭❈✳✷✮✱ t❡♠♦s

rv′′p(r) + 2v′p(r) + λ1rvp(r) =

2a1+(a0λ+6a2)r+(a1λ+12a3)r
2+. . .+[an−1λ+(n+1)(n+2)an+1]r

n+· · · = 0.

▲♦❣♦✱

a1 = 0, a0λ+ 6a2 = 0, a1λ+ 12a3 = 0, . . . , an−1λ+ (n+ 1)(n+ 2)an+1 = 0, . . .

❉❛ ❞❡✜♥✐çã♦ ❞❡ v✱ t❡♠♦s

a0 = v(0) > 0,
a1 = 0,

an+1 = −λ an−1

(n+ 1)(n+ 2)
, n ≥ 1.

P♦r ❝♦♥s❡❣✉✐♥t❡

n = 1 : a2 = (−1)λ
a0
3!

, n = 2 : a3 = 0,

n = 3 : a4 = (−1)2λ2
a0
5!

, n = 4 : a5 = 0

n = 5 : a6 = (−1)3λ3
a0
7!

, n = 6 : a7 = 0

n = 7 : a8 = (−1)4λ4
a0
9!

, . . .

❆ss✐♠✱

an = 0, n í♠♣❛r

an = (−1)n/2λn/2
a0

(n+ 1)!
, n ♣❛r

❞❡ss❡ ♠♦❞♦✱

vp(r) =
∞∑

k=0

(−1)kλk
a0

(2k + 1)!
r2k = a0

∞∑

k=0

(−1)k
(
√
λ r)2k

(2k + 1)!
=

sen(
√
λ r)

r
.



✼✹

❉❛ ❝♦♥❞✐çã♦ ❞❡ ❢r♦♥t❡✐r❛✿

vp(1) = 0 ⇒ sen(
√
λ) = 0 ⇒ λ = m2π2, m ≥ 1, m ∈ Z.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ λ1 = π2 ❡ ❛s ❛✉t♦❢✉♥çõ❡s ❛ss♦❝✐❛❞❛s ❛♦ ♣r✐♠❡✐r♦ ❛✉t♦✈❛❧♦r

λ1 = π2✱ sã♦
c sen(πr)

r
, c 6= 0✳ ◆♦t❡ q✉❡ lim

r→0
vp(r) = π✱ ♣♦rt❛♥t♦

v(r) =

{
c sen(πr)

r
, r ∈ (0, 1]

cπ , r = 0.



❆♣ê♥❞✐❝❡ ❉

❈❛s♦ s✉❜❝rít✐❝♦

◆❡st❡ ❛♣ê♥❞✐❝❡ ✈❛♠♦s ♠♦str❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ♣❛r❛ ♦
♣r♦❜❧❡♠❛ s✉❜❝rít✐❝♦







−∆u = uq−1 + λu ❡♠ Ω,
u > 0 ❡♠ Ω,
u = 0 ❡♠ ∂Ω,

✭Ps✮

♦♥❞❡ 2 < q < 2∗ ❡ 0 < λ < λ1, N ≥ 3 ❡ Ω é ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡ ❡ ❧✐♠✐t❛❞♦✳ ❖
❢✉♥❝✐♦♥❛❧ ❛ss♦❝✐❛❞♦ ❛ ✭Ps✮ é ❞❛❞♦ ♣♦r

I(u) =
1

2

∫

Ω

|∇u(x)|2 dx− 1

2
λ

∫

Ω

u(x)2 dx− 1

q

∫

Ω

|u(x)|q dx.

❉♦ ▲❡♠❛ ✶✳✹✱ t❡♠♦s
‖∇u‖22 − λ ‖u‖22 > 0.

❙❡❥❛
µq = inf

u∈H1
0 (Ω)

‖u‖q=1

{
‖∇u‖22 − λ ‖u‖22

}
, ✭❉✳✶✮

✈❛♠♦s ♠♦str❛r q✉❡ ❡①✐st❡ u ∈ H1
0 (Ω) t❛❧ q✉❡

‖u‖q = 1 ❡
‖∇u‖22 − λ ‖u‖22 = µq.

❉❡ ❢❛t♦✱ ❞❛ ❞❡✜♥✐çã♦ ❞❡ í♥✜♠♦✱ ❡①✐st❡ (un) ⊂ H1
0 (Ω) t❛❧ q✉❡

‖un‖q = 1 ❡
‖∇un‖22 − λ ‖un‖22 → µq.

✭❉✳✷✮

❆✜r♠❛çã♦ ✶✿ (un) é ❧✐♠✐t❛❞❛ ❡♠ H1
0 (Ω) ❡ ❡♠ Lq(Ω)✳

❊❢❡t✐✈❛♠❡♥t❡✱ ❝♦♠♦ ♠❡❞(Ω) < ∞ ❡ 2 < q ❡♥tã♦ Lq(Ω) →֒ L2(Ω) ❡ ❞❛í✱ (un)
é ❧✐♠✐t❛❞❛ ❡♠ L2(Ω)✱ ♦✉ s❡❥❛✱ (‖un‖22) é ❧✐♠✐t❛❞❛ ❡♠ R✳ ❉❡ ✭❉✳✷✮✱ (‖∇un‖22) é
❧✐♠✐t❛❞❛ ❡♠ R✱ ✐♠♣❧✐❝❛♥❞♦ q✉❡ (un) é ❧✐♠✐t❛❞❛ ❡♠ H1

0 (Ω)✳

✼✺



✼✻

❉❛ ❛✜r♠❛çã♦ ✶ ❡ ♣♦r s❡r H1
0 (Ω) r❡✢❡①✐✈♦✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛

un ⇀ u ❡♠ H1
0 (Ω), ✭❉✳✸✮

❡ ❞❛ ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ H1
0 (Ω) →֒ Lq(Ω)✱ t❡♠♦s

un → u ❡♠ Lq(Ω). ✭❉✳✹✮

❆✜r♠❛çã♦ ✷✿ ‖u‖q = 1✳
❉♦ ❚❡♦r❡♠❛ ❆✳✸✸✱ (un)✱ ❛ ♠❡♥♦s ❞❡ s✉❜s❡q✉ê♥❝✐❛✱ ❝♦♥✈❡r❣❡ q✳t✳♣✳ ♣❛r❛ u ❡♠ Ω✱
❧♦❣♦ ♣❡❧♦ ▲❡♠❛ ❆✳✹✾✱ t❡♠♦s

lim
n→∞

(‖un‖qq − ‖un − u‖qq) = 1 = ‖u‖qq .

❆✜r♠❛çã♦ ✸✿ µq = ‖∇un‖22 − λ ‖un‖22✳
❱❛♠♦s ❞❡♠♦♥str❛r ❡st❛ ❛✜r♠❛çã♦✱ ♠❡❞✐❛♥t❡ ❞✉❛s ❛✜r♠❛çõ❡s s✉❜s❡q✉❡♥t❡s✿

❆✜r♠❛çã♦ ✸✳✶✿ ‖un‖22 → ‖u‖22✳
❚❡♠♦s un → u ❡♠ Lq(Ω) ❡ ❞❛ ✐♠❡rsã♦ ❝♦♥tí♥✉❛ Lq(Ω) →֒ L2(Ω)✱ s❡❣✉❡ q✉❡
un → u ❡♠ L2(Ω)✳ P♦r ❝♦♥s❡❣✉✐♥t❡✱ ‖un‖22 → ‖u‖22 ❡♠ R✱ ♣♦✐s

|‖un‖2 − ‖u‖2| ≤ ‖un − u‖2 → 0.

❆✜r♠❛çã♦ ✸✳✷✿ µq ≥ ‖∇un‖22 − λ ‖un‖22
❉❡ ✭❉✳✸✮✱ un ⇀ u ❡♠ H1

0 (Ω) ❡ ❞❛ Pr♦♣♦s✐çã♦ ❆✳✷✾ t❡♠♦s

‖u‖H1
0 (Ω) ≤ lim

n
inf ‖un‖H1

0 (Ω) ⇒ ‖∇u‖2 ≤ lim
n

inf ‖∇un‖2 .

❉❡ ✭❉✳✷✮ ❡ ❛✜r♠❛çã♦ ✸✳✶✿ lim
n→∞

‖∇un‖22 = µq + λ ‖u‖22✳ ▲♦❣♦✱

‖∇u‖22 ≤ lim
n

inf ‖∇un‖22 = µq + λ ‖u‖22 ⇒ µq ≥ ‖∇u‖22 − λ ‖u‖22 .

❈♦♠♦ µq ≤ ‖∇u‖22−λ ‖u‖
2
2✱ s❡❣✉❡ ❛ ❛✜r♠❛çã♦ ✸✳ P♦rt❛♥t♦ t❡♠♦s u ∈ H1

0 (Ω), u 6=
0 ❡ s❛t✐s❢❛③❡♥❞♦ ✭❉✳✶✮✳ ❆❣♦r❛✱ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛ à ❞❡♠♦str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✼✱
t❡♠♦s q✉❡ u é s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞❡ ✭Ps✮✳

❖❜s❡r✈❛çã♦ ❉✳✶✳ ◆♦t❡ q✉❡✱ ❞✐❢❡r❡♥t❡ ❞♦ ❝❛s♦ ❝rít✐❝♦✱ ♥ã♦ sã♦ ♥❡❝❡ssár✐❛s
❡st✐♠❛t✐✈❛s s♦❜ ♦ í♥✜♠♦ ❡♠ ✭❉✳✶✮ ♣❛r❛ ♠♦str❛r q✉❡ ♦ ♠❡s♠♦ é ❛t✐♥❣✐❞♦✱ ♦ q✉❡
s✐♠♣❧✐✜❝❛ ❛ ♦❜t❡♥çã♦ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭Ps✮✳
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❊q✉❛t✐♦♥s✳ ❙♣r✐♥❣❡r ◆✳ ❨✳✿ ❯♥✐✈❡rs✐t❡①✱ ✷✵✶✵✳

❬✼❪ ❇❘❊❩■❙ ❍✳✱ ◆■❘❊◆❇❊❘● ▲✳✱ P♦s✐t✐✈❡ s♦❧✉t✐♦♥s ♦❢ ♥♦♥❧✐♥❡❛r ❡❧❧✐♣t✐❝
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❉✐str✐❜✉✐çõ❡s ❡ ❛♦s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✳ ✶ ❡❞✳ ▼❛r✐♥❣á✿ ❊❞✐t♦r❛ ❞❛
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❬✾❪ ❊❱❆◆❙✱▲✳ ❈✳✱ P❛rt✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳
Pr♦✈✐❞❡♥❝❡✱ ❘✳ ■✳✿ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✶✾✾✽✳ ✭●r❛❞✉❛t❡
st✉❞✐❡s ✐♥ ♠❛t❤❡♠❛t✐❝s✱ ✈✳ ✶✾✮

❬✶✵❪ ❑❆❱■❆◆✱ ❖✳✱ ■♥tr♦❞✉❝t✐♦♥ à ❧❛ ❚❤é♦r✐❡ ❞❡s P♦✐♥ts ❈r✐t✐q✉❡s ❡t
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❬✶✶❪ ❑❆❩❉❆◆✱ ❏✳✱ ❲❆❘◆❊❘✱ ❋✳✱ ❘❡♠❛r❦s ♦♥ s♦♠❡ q✉❛s✐❧✐♥❡❛r ❡❧❧✐♣t✐❝
❡q✉❛t✐♦♥s✱ ❈♦♠♠✳ P✉r❡ ❆♣♣❧✳ ▼❛t❤✳ ✷✽ ✭✶✾✼✺✮✱ ✺✻✼✲✺✾✼✳
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❬✶✸❪ ▼■❨❆●❆❑■✱ ❖✳✱ ❖♥ ❛ ❝❧❛ss ♦❢ s❡♠✐❧✐♥❡❛r ❡❧❧✐♣t✐❝ ♣r♦❜❧❡♠s ✐♥ RN ✇✐t❤
❝r✐t✐❝❛❧ ❣r♦✇t❤✱ ◆♦♥❧✐♥❡❛r ❆♥❛❧✳ ✷✾ ✭✼✮ ✭✶✾✾✼✮✱ ✼✼✸✲✼✽✶✳
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