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1. Introduction

In this paper, we will study through the lower and upper-solution method, the existence of
positive weak solution to the quasilinear elliptic system with weights

—div(Ix|7|Vu|P~2Vu) = Alx|"@TDPrey yrin 2,
—div(lx|72 V|92 V) = Alx|TETDIT2, 008 in 2, (1.1)
u=v=0 on 052,

where £2 is a bounded smooth domain of R, satisfying the interior sphere condition; that is,
for each xg € 02 there exists B(yg,r) C §2 such that xo € dB(yp,7); 0€ 2,1 < p,q <N,
O<a<p—l,0<ﬂ<q—l,0<a<?,O<b<%,8,y,c1,C2>Oand9:=(p—1—
a)(g—1—pB)—yé >0, foreach A > 0. Here, B(yg, r) denotes an open ball centered at yy with
radius r and 9 B(yo, r) stands for the boundary of B(yg, r).

The study of this type of problem is motivated by its various applications, for example, in fluid
mechanics, in newtonian fluids, in flow through porous media and in glaciology (see [16]). On
the other hand, the qualitative theory for elliptic problems has been extensively studied because
of various applications in mathematical physics and rich mathematical structure. In particular,
the quasilinear elliptic systems are used in the study of the population dynamics. In this case,
a weak solution (u, v), where each component is nontrivial, nonnegative and continuous, it is
called a “coexistence state,” for instance see [11,12] and [13].

Even in the regular case, that is, when @ = b =0 and ¢| = p = ¢ = ¢, the quasilinear ellip-
tic equations involving p-laplacian operator have attracted much attention in late years and we
would like to mention the following papers [1,4,5,18] and [28]. In those works the nonlinearities
have subcritical and critical growth at infinity and they behave like a function s¢ (d > p — 1) at
the origin. Roughly speaking, in this case we say that the nonlinearities are convex or that is “fast
diffusion” case (see [11]).

Still in the regular situation, when the nonlinearities are concave or in the case “slow dif-
fusion,” Diaz and Saa in [19] gave a necessary and sufficient condition to the existence of
positive solution in the scalar case, that is, for a class of quasilinear elliptic equations involv-
ing p-laplacian operator. By using the lower and upper solution method, Hai and Shivaji in [23],
treated a class of elliptic systems involving the p-laplacian operator with concave nonlinearities.
Recently, Chen in [14], by using the same approach, got some existence and nonexistence results
for a class of systems, namely, system (1.1) witha=b=0,c; = p and c; =g¢.

The aim of this work is to extend or complement some of the above results for the quasilinear
elliptic systems involving singularity. For the quasilinear elliptic equations involving singularity,
that is, in the scalar case see, e.g., [3,6-10,15-17,20-22,29,31,32] and references therein. Be-
cause of the singularity in the weights, in addition to work in a Banach space framework instead
of in a Hilbert space it requires a careful analysis, for example, to get regularity results as well
as the strong maximum principle and comparison principle result (see also [6,25,27] and [30]).
Mainly to obtain the behavior of the eigenfunction associated to the first eigenvalue related to our
operator. Finally, we recall that the system studied here, also in [14,23], are neither variational
nor hamiltonian type, bringing an additional difficult.

Our main result is as follows:

Theorem 1.1. Suppose that 2 is a bounded smooth domain of RV satisfying the interior sphere
condition, 0 € 2, 1 < p,g <N, 0<a < %, O<b<¥, c,2>0,0<a<p—1,
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0<B<qgq—L6,y>0andf8:=(p—-1—a)(gq—1—pB)—yé>0. Then system (1.1) pos-
sesses a weak solution (Y1, Yrn) € Wol’p(.Q, |x]|~P) x W(}’q(.Q, |x|~b9), where each component
is positive and belongs to COr(2)ynclhr( \ {0}), for some p € (0, 1], u > 0, and each X\ > 0.

Next we will establish a nonexistence result for our system.

Theorem 1.2. Suppose that 2 is a bounded smooth domain of RN, with0e 2,1 < p,q <N,
0<a< u, O<b<u, 0<a<p—-—1,0<B<qg—1,c¢1,02,8,y>0606=0, py =
g(p—1l—a)and (a+1)p—c1 = b+ 1)q — 2. Then there exists Ay > 0 such that system (1.1)
does not possess any weak solution, for all 0 < X < Ag, where each component is nontrivial and
nonnegative.

Notations. In the rest of this paper §2 is a bounded smooth domain of RY, containing the origin
and we will make use of the following notations: f o f(x)dx and fRN f(x)dx will be denoted
by [, o f and fRN [, respectively. The constant C denotes (possibly different) positive constants.
We say that a pair (11, uz) is positive (respectively nontrivial, bounded, nonnegative) if and only
if u; is positive (respectively nontrivial, bounded, nonnegative), fori = 1, 2.

Remark 1.1. It is well known that all bounded domain £2 C R" with boundary 82 € C kk>2)
satisfies the interior sphere condition, see [2, Lemma 2.2].

2. Lower and upper-solution theorem

Our main tool will be a general method of lower and upper-solution. This method, in the scalar
situation, has been used by many authors; for instance, [6,11,14,24] and [26]. The proof for the
system case follows arguing as in [11] whena=b=0,and p =g =c| =c>.

Consider the system:

—div(Ix|7|Vu|P = Vu) = |x| 7@V p(x, u,v)  in £2,
—div(lx| 7| V|92 V) = [x|TCTDITk(x u,v)  in 82, 2.1
u=v=0 on 39,

N—p

where 2 is a bounded smooth domain of RY, with 0 € £2, 1 < p,.q <N, -0 <a< o

—oo<b<%,01,cz>0andh,k:§xRxR—)Rsatisfying

(HK1) h(x,s,t), k(x,s,t) are Carathéodory functions and they are bounded if s, ¢t belong to
bounded sets.

(HK2) There exists a function g : R — R continuous, nondecreasing, with g(0) =0, 0 < g(s) <
C(1+|s|"™1), Vs € R, where r = min{p, g} for some C > 0, and the applications s >
h(x,s,t)+g(s), t — k(x,s,t)+ g(¢) are nondecreasing, for a.e. x € 2.

Now, we are setting some spaces and their norms. If « € R and / > 1, we define Ll(.Q, [x]%)
as being the subspace of L!(£2), of the Lebesgue measurable functions u : 2 — R, satisfying

1

T
. 1
”u”Ll(Q,|X|”) = ( / |X|a|u| ) < OQ.
2
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If 1< p<N and —00 < a < N;p, we define WUP(£2,|x|”%) (respectively

W(i P (82, |x|79)) as being the closure of C>°(£2) (respectively Ci°(£2)), with respect to the
norm || - || defined by

1

P

| :=<f|x|—“f’|wv’) .
2

The following Sobolev—Hardy inequality with weights was proved by Caffarelli, Kohn and
Nirenberg in [7], which is called the Caffarelli-Kohn—Nirenberg inequality. Supposing that
1 < p < N, there exists C, > 0 such that for every u € C(‘)>O (RN),

P
_ * * P* _
(/|x| 2 |u|") <ca,e/|x| PP,
RN RN

where—oo<a<M,a<e<a+l,d=l+a—eandp*:=p*(a,e)=N1X’;p.

The following version of the strong maximum principle is obtained by applying Pucci and
Serrin result, more exactly, [27, Theorem 8.1].

Theorem 2.1 (Strong Maximum Principle). Consider 2 a bounded smooth domain of RN, with
0e2, 1l<p<N, —c0o<ac< % and ¥ : 2 x R x RN — R a nonnegative Carathéodory

function. If u € Wol’p(.Q, lx|797) N C%(2) N C1(2 \ {0}, and u > O satisfies
diV(lxl_“p|Vu|p_2Vu) +W¥(x,u,Vu) <0, Vxes2,

then either u=0o0ru > 01in £2.

Proof. Suppose that u # 0. Since ¥ (x, s, n) > 0, we have
div(|x| P |VulP~Vu) <0, Vxe Q.

Consider R > 0 such that B(0,R) C £ and u # 0 in 2 = £ \ B(0, R/2). Applying the
Pucci-Serrin strong maximum principle theorem [27, Theorem 8.1] for £2, we obtain u > 0
in 2\ B(0, R/2).

Notice that, there exists § > 0 with § < u(x) for all x € dB(0, R), because u is continuous
and positive in £2 \ B(0, R/2). Moreover, if ¢ € C{°(B(0, R)), ¢ > 0 and defining i = u|p(,r).
v=4in B(0, R), we get

/|x|—“l’|vu|l’—2vw¢> f x|~ | Vv [P 2V Ve

B(0,R) B(0,R)

and by the comparison principle theorem (see [6, Lemma 3.2]), we obtain 0 < § = v(x) < u(x)
for a.e. x € B(0, R). Since u € C°(£2), it follows that ¥ > & in B(0, R) and u > 0in 2. O

Xuan in [32] proved that, if §2 is a bounded smooth domain of RN, with0e 2,1 < p<N,
0<a< % and c1 > 0, then there exists the first eigenvalue A1 > 0 of problem

{ —div (x| 7P| Vu|P72Vu) = Alx|T@HDPra P2y in 2, 02

u=0 on 0§2,

which is associated to an eigenfunction ¢ € C1¥1(£2 \ {0}), with ¢y > 0 in £2 \ {0}, for some
o] > 0.
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The following result is crucial in the study the behavior of the first eigenfunction.

Theorem 2.2. Suppose that §2 is a bounded smooth domain of RV satisfying the interior sphere
condition, 0 € 2, 1 < p<N,0<a< %, c>0and f:82 XRXRN%Ranonnegative

function. Ifu € Wol’p(.Q, Ix|=2PyNCL-(2\ {0}), withu > 0 in §2 and p > 0, is a weak solution
of problem

—div(|x| 7P |VulP~2Vu) = x|~ @D f(x u, V) in £2,

u=0 on 0s2,

then
|Vu(x)| =0

for some o > 0 and every x € 052.

Proof. Consider xop € 9£2. Since 92 satisfies the interior sphere condition, there exists
B(yo, r) C £2 such that xg € 9 B(yo, ). Also, we can suppose B(yg,r) C §2 \ B(0, R), for some
R > 0, with B(0, R) C £2.

Define the function b: RY — R given by b(x) = k(e_"“x_yo|2 — e“’”z), where o, k are posi-
tive constants that will be fixed later.

Firstly, we will prove that

—~div(jx[~”|VbIP~2Vb) <0, Vx € B(yo.r) \ BG0.7/3), @3)

if o > 0 is sufficiently large and independent of k > 0.
In fact, it is not difficult to check that there exist positive constants yy and y; verifying the
following inequalities

N
d
D |5 (017 2n)) | < wolnl” =2, v e R\ {0}, 24)
i,j=1 i
and
Ny
Za— (Inl?"*n;)&&; = niinlP2IE17, ¥n, & € RN, with n #£0. (2.5)

Notice that
b(x)=0, Vxe€dB(yy,r),

moreover, we obtain

ob
o () = —2ak(x; — yor)e ol (2.6)
1
and
b —alx—yol? 2 —alx—yol?
oo ) T T2ake 8ij +4a’k(xi = yoi) (¥} = yo,)e @7
joXi

for all x € RV,
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We observe that, there exist K1, K, > 0, such that
Ki<lxl.  (VbIP2 e P <Ky Vx e B(yo.r) \ B(yo. r/3). 28)
Then, by using (2.4)—(2.8), we infer that
div(lx|*P|VbIP2Vb) > 0, Vx € B(yo,r)\ B(yo,7/3),
for o > O sufficiently large and independent of k£ > 0. This proves (2.3).
Hence, from (2.3) if ¢ € C(‘)’O(B(yo, r)\ B(yo,r/2)), with ¢ > 0, we have
/ x|~ |Vu|P2Vuve > / x|~ |Vb|P2VbV .
B(y0.m\B(30.7/2) B(y0.)\B(30.7/2)
On the other hand, since u € C1# (2 \ {0}) and u > 0 in £2, there exists § > 0 such that
s<ulx), VxedB(y,r/2),
and choosing k > 0 sufficiently small, we get
b(x) <5§<ux), VxedB(yy,r/2).
Consequently
b(x) <u(x)

for all x € (B (yo,7r) \ B(y0,7/2)) = 0B(yo,r) UdB(yo,7/2).
Applying the comparison principle theorem (see [6, Lemma 3.2]), we obtain b(x) —u(x) <0
for each x € B(yp,r) \ B(yo, r/2). Moreover b(xg) — u(xp) = 0, then

db(xo)  du(xo) >0

81) 3]} = ’
where v:9(B(yo,r)) — RY, given by v(x) = > is the outer unity normal vector to
9B (yo, 7).
Hence,
a dab _
Vu(xO)U(X()) = _u(xo) g _(x()) = Vb(x)u = —2akre_ar2 < 0.
v v lxo — Yol

Since u € C1#(§2 \ {0}), we have Vu € C%#(§2 \ {0}). Then, there exists o > 0 such that

|Vu(xo)| >0, Vxoeds2. O
In the next result, we will study some properties of the first eigenfunction of problem (2.2).

Theorem 2.3. Suppose that 2 is a bounded smooth domain of RN, satisfying the interior sphere
condition, 0 € 2, 1l < p<N,0<a< % and c1 > 0. If A1 and ¢ are the eigenvalue and

eigenfunction, respectively, of problem (2.2), then ¢1 belongs to C*P1(£2) N CLH1 (2 \ {0}),
¢1>0in 2 and V1| > o on 352, for some p1 € (0,1], w1 >0and o > 0.

Proof. Let

| <G < mi { N 1+ ‘l }
— < < min — 13 — e
P = N—p 7 N—pa+l
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and g(x,s) := A1sP~L it follows that
|g(x,s)| < C(l + |S|‘?), Vs eR, Vx € £2.

Therefore, by the regularity result (see [6, Theorem 2.1]) we conclude that ¢; € C 0.p1 (2), for
some p; € (0, 1]. By the regularity result (see [25, Theorem 1]) we have ¢; € C1#1(£2 \ {0}),
for some w1 > 0. Applying Theorem 2.1 it follows that ¢; > 0 in 2, also, by Theorem 2.2, we
conclude that [V¢(x)| > o > 0, forevery x € 9§2. O

We also have the following lemma.

Lemma 2.1. Consider 2 a bounded smooth domain ofRN, with0e 2,1 <p<N, —c0o<a<
% and ¢ > 0. Assume that f: 2 x R — R is a nonnegative function. Suppose that u is a weak

solution of problem

—div(lx|7* |VulP 72 Vu) = |x|7@TIPTE f(x u) in £2,
u=0 onds2,

then u is nonnegative for a.e. in 2.

Proof. Since u is a weak solution, taking = := max{0, —u} € Wol‘p(.Q, |x|79P), we get
~ [ = [ e
Q Q

From this equality, we obtain

/IXI_“”IVM_I”=0
2

and therefore u~ =0 a.e.in 2. Hence u > 0, fora.e. in 2. O

In order to establish a version of the abstract lower and upper-solution method for our class
of the operators, we will introduce some definitions.

Definition 2.1. We say that the pair (4, v), where u € WLP(82,1x|7%) N L®(2) and v €
Wha(2, |x|7%9) N L>®(£2), is a weak lower-solution of system (2.1), if

/ [P Va2V v < / @R e, v) g,

2 2
/ x| 79| V|12 VuVy < / x| Ot p (x u, )y,
22 2

u,v<0, onaf,

for p € Wy P (82, 1x|~), ¥ € Wy 9 (82, |x|~27), with ¢, ¥ > 0. (A function u € WP (£2, |x|~%7)

is said to be less than or equal to w € WhP(£2, [x|~) on 92 when max{0,u — w} €
1, _

Wyl (92, 1x]7).)

Similarly one defines a weak upper-solution (i, v) of system (2.1), by considering the re-
versed inequalities in the above definition.
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Notation. If u, v € L>°(£2), with u(x) < v(x) for a.e. x € 2, we denoted by [u, v] the set {w €
L®(2): u(x) <w(x) <v(x) forae. x € 2}.

Now, we establish a version of the abstract lower and upper-solution method for our class of
the operators.

Theorem 2.4 (Lower- and Upper-Solution). Consider system (2.1), under the hypotheses (HK1)
and (HK2). Suppose that (u, v), (u, v) are respectively, a weak lower-solution and a weak upper-
solution of system (2.1), with u(x) < u(x), v(x) < v(x), for a.e. x € §2. Then there exists a
minimal (uy, vy) (and, respectively, a maximal (u*, v*)) weak solution for system (2.1) in the set
[u, u] x [v, v]. In particular, every weak solution (u, v) € [u, u] x [v, v] of system (2.1) satisfies:

ue(x) Su(x) <u(x) and vie(x) <vlx) <v*(x)

fora.e. x € £2.

Proof. As in [11] (also see [6] in the scalar case), let us consider the set [u, ] X [v, V] C
L®(£2) x L*°(£2) endowed with the topology given by the convergence a.e. in £2. Let p’ > 1
and g’ > 1 be the conjugate exponents to p and g, respectively.
We define the operator
S:[u, @] x [v, 5] — LP (82, |x|7@tDrter) o 10(2, x|~ CDater)y = 1,0,

S, v) = (h(-u(),v() + &), k(- u),v()) +g(v()),

which by (HK1) and (HK2) is well defined, it is bounded and nondecreasing in each component.
Let {(tm, vm)} C [u, u] x [v, v] and (u, v) € [u, u] X [v, ¥], with (u, (x), v (x)) = (@(x), v(x)),
for a.e. x € §2, then, by the Lebesgue dominated convergence theorem, we obtain

/ e~ OEDPE R, s, 00) + g (tm) — B, 1, 0) — g()] — 0,
2

/ =PV k(1 0) + & (o) — ke, 1, 0) — g@)]F — 0
2

as m — oo, that is, the operator S is continuous. From [6, Theorem 3.1] it follows that the
operator

T:Lyy — Wy (2, 1x17%) x Wy (82, 1x|747),
T(f1, f2) = (Tp(f1), T4 (f2))

is well defined, which is continuous and nondecreasing in each component, where 7),( f1) and
T,(f2) are operators defined in [6, Theorem 3.1].
We defined the operator F : [u, ] x [v, 1] — W, " (82, |x|7%) x W,'?(£2, |x| %), by F :=

T o S. Thus for each (u, v) € [u, u] x [v, v], F(u,v) = (F1(u, v), F2(u, v)) is the unique weak
solution of system

L(x,e) = x|"“HVP* U h(x,u,v) + g@)]  in 2,

L(x, w) = x|~ TP k(e u,0) + g(0)]  in £2,

e=w=0 on 952,
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where
L(x,e) = —div(|]x| " |Ve|P"2Ve) + |x|~@FDPteig(e)
and
L(x, w) = —div(|x| 72| Vw|?2Vw) + |x|~CFTDIre g ),
Writing (u1, v1) = F(u, v) and (u', v') := F (@, 1), we get, for ¢ € Wy'"(£2, |x|%), with
¢ =0,

/ 1|7 |Vuy |P72Vu Ve + / x| ~@rDPF g ()

= / x|~ @rDPh(x, u, v) + gw)]o

2

> / x|~ | Vu P2V Ve + / DR g ()
2 2

and

/|x|7apivu1|p72vulv¢+/|x|*((l+1)]ﬂ+c]g(ul)¢
2 2
< / lx|79P|Va|P2Vave + / x| ~@rDPEe g (i)
2 2

In addition, we have u; =0 > u and ul =0 < i on 852, then, by the comparison principle
theorem (see [6, Lemma 3.2]), it follows that u(x) < u1(x) and ul(x) <i(x), for ae. x € 2.
Similarly, v(x) < vi(x) and v!(x) < D(x), for a.e. x € £2.

Observing that F; is nondecreasing, i = 1, 2, we obtain

u(x) <up(x) < Fiu,v) <u'(x) <iax),
v(x) <vi(x) < Fau, v) <v'(x) <0(x)

for all (u,v) € [u, u] x [v, V] and a.e. x € §2. By repeating the same reasoning, the sequences
{(un’H vm)}a {(um’ vm)} C [Z’ 12] X [Q, 5]5 given by

(uo, vo) = (u, v), (um-i-l vm—i—]) = F(umvm),
(MO v ) (u U) (um+1 m+1) F(vam),
satisfy
wo Sup < < < FPPu,v) <u™ <<t <l
Vo < v < Ko S FY(u,v) <0 < <ol <

for all (u, v) € [u, u] x [v, v], for a.e. in £2 and every m € N. In particular, suppose that (u, v) €
[u, 1] x [v, U] is a weak solution of system (2.1), and write (i, 0) = F(u, v), we get, for ¢ €
Wy (82, 1x]79), with ¢ > 0
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/ x| 9P| Va|P2Viave + f x| @rDPTe g (@)g
2 2
= f x|~ @rDP (e, u, v) + g(u)]o
2

= / x| 79| Vu|P~2VuVe + f x| @rDPF e (1)
2 2

Furthermore, we have it = u = 0 on 352, then the comparison principle theorem (see [6, Lem-
ma 3.2]) implies that Fj(u, v) = &t = u. Analogously, F»(u, v) = v = v. Thus

{uo<u1<~-~

< u<um < <ul <ud
VoSV S-S U

X X X \u7
v< V" <<l <d

N

Lupy

N

9
for a.e. in 2.

Therefore, we infer that u,,(x) — us(x), v, (x) = ve(x), u”(x) = u*(x), and V" (x) —
v*(x), as m — oo, for a.e. x € £2. Since the operator F is continuous, we have

F(us, ve) = (Us, v) and F@@™*, v*) = ™, v"). O
3. Existence of weak upper-solution

We will establish the existence of a positive weak upper-solution for system (1.1), where each
component belongs to Cc%(£2), for some p € (0, 1].

Lemma 3.1. Suppose that 2 is a bounded smooth domain of RN, with0 € 2, 1 < p,q < N,
0<a<™2 0<b<2 0<a<p—1,0<B<qg—1,8y>00:=(p—1-—a)g—
1 —pB)—vy8>0and c1,cy > 0. Then system (1.1) possesses a positive weak upper-solution
(z1,22) € COPL(2) x COP2(2), for some p; € (0,11, i = 1,2, and each A > 0.

Proof. By combining Lemma 2.1 with [6, Theorems 2.1 and 3.1], we can choose ¢; € C 0.pi (S_Z ),
for i =1, 2, with (e1, e2) a nonnegative weak solution of system (1.1) withA=1and o =8 =
y =6 = 0. Evidently e; is nontrivial, i = 1, 2. Applying a regularity result of [30], we obtain
e e CLai(Q2 \ {0}), for some ¢; > 0 and i = 1, 2. Then, by the strong maximum principle The-
orem 2.1, we gete; >0in £2,i =1,2.

We define

(21(x), 22(x)) := (Aey (x), Bex(x)),

where A, B are positive constants that will be fixed later. Let f] € Wé’p (82, |x|79P),

f2e Wy (82, |x|7b4), with fi, f> > 0.
Then, we obtain

/ x| 7P |Vz1 P72V 71V fy = AP~ f Ix| 9 |Ve |P2Vel V £
2 2

:Ap—1f|x|—(a+1)P+c'1fl (31)
2
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and similarly

/ |7V 22|72V 2oV fo = B! / x|~ hate p. (3.2)
Q Q
Ifl:=|eilloo, L:=ll€2llc0 0<a<p—1,0<B<qg—1,A>0and 6 > 0, it is easy to
prove that there exist positive constants A, B, such that

APTIZ® — 3 BYI®LY and BI'TP =)A%°LP. (3.3)
Thus, from (3.3), we obtain
AZY(0)Z) () SAAYBYIYLY < APT Vxe g,
230 <AABPPLP < B!, Wxeg. (3.4)
Therefore, by using (3.1), (3.2) and (3.4), we conclude that

/ IX|79P|Vz1 P72V Vi = A / x| @t Dpter el g
22 2

and
/ x| 7P| V2a] 77V V fo > A f x| ~EHDared g
Q Q
Hence, (z1, z2) € €A1 (£2) x COP2(2)isa positive weak upper-solution of system (1.1). O

4. Existence of weak lower-solution

We will prove the existence of a positive weak lower-solution for system (1.1), where each
component belongs to cY(2).

Lemma 4.1. Suppose that 2 is a bounded smooth domain of RY, satisfying the interior sphere
condition, with0 € 2,1 < p,g <N, 0<a <22 0<b<4 0<a<p—-1,0<B<
q—138,v,c1,c2>0and0:=(p—1—a)(gq—1—B)— vy > 0. Then system (1.1) possesses
a positive weak lower-solution (Y1, Yr) € co'2)x %2 ), for each A > 0.

Proof. Applying Theorem 2.3, with 1 < p < N, 0 < a < % and c; > 0, we have A; >0
and ¢; the eigenvalue and eigenfunction, respectively, of problem (2.2), with ¢; belongs to
COrr(2)yn M (2\ {0}), ¢ > 0in £ and |Ve¢1| > o1 on 382, for some positive constants
o1, i1 and p1. Changing 1 < p < N,0<a < N-p andc; >0byl<g<N,0<b< % and
¢y > 0, respectively, we have A, > 0 and ¢, the eigenvalue and eigenfunction, respectively, of
problem (2.2), satisfying ¢, € C%P2(2) N CH#2(2\ {0}), ¢ > 0in 2 and |Vep| > 02 on 382,
for some constants o3, 2 > 0 and p; > 0.
We define

(Y1), Y2 () = (e (x), ¢ 5 (x),
which belongs to (C%(£2) N C1(2\ {0})) x (C%(2)NC' (2 \ {0})), with ¢ > 0 to be fixed later
and

S bzt P-4 @.1)

g—1-p Y p—1 q—1

because § >0, p—1—a>0andg—1—8>0.
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1 _ 1 _ .
Then, for all f; € W,''(2, |x|79%), f> € Wy (82, |x|70), with f1, f> > 0, we have

/ X7 |V 1| P2V YV £
22

— — -D(p—-2 —1 —
= / 7 (emyP~ )"V PTITOTL 96, P2V v
2

— (cm)?™! / P V1 1PV [V (1 f1) — (Vo) fi]
2

= (em)?™! / [Ailx|~@rDPFGr X |79P |V |P] f1.
2

Similarly,

/ 4 2V
2

— (k)" / [halx "D g8 15|70 Vg (] f3.

2

Since ¢; = 0 and |V¢;| > o; on 382, for i = 1,2, there exists n > 0 such that for every
x € 82y .= {x € £2: dist(x, 952) < n}, we have

Alx|TE@TDPTOQE x| 70 1V 1P <0, Aglx|TETDIT24T 1670V |7 <0,

Then, for each A > 0, we get

f X7 V1| P2V V i SO A / |x|~@tbrraye g (4.2)
'Qn 97]

forall fi € Wy'” (82, 1x]7), fi >0, and

/ X729 |V rae |92V, V 2 <O < A / |~ Dateay s y b g (4.3)
2 2

n n

forall f, € Wy (2, |x|7b9), f,>0.

Now, as ¢; > 0 in £ and ¢; is continuous, i = 1,2, then there exists u > 0 such that
¢i(x) 2 pu>0forall € 2\ £, and i =1, 2. Therefore from (4.1) we obtain ag > 0 such that
the following inequalities hold

an—lck(q—l—ﬁ)—%g—"ﬁ x) < AM’"‘S < A¢?’5(x), Vx € 2\ £, 4.4)
and
amPLePTIme kY g DT () <A K agyT (x),  Vx € 2\ 82y, (4.5)

for each ¢ € (0, ap).
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Then,

(cm)P~ (g |x|@HDPECGE |3 |7P vy |P)
< e [7@rDrER em)P o)
— |x|f(a+1)p+clAlmpflcpflfafkyq&][?—ma [Ckyca(pllna]

4.5)
< )\lx|—(a+1)p+cl¢’21)/ckyca¢qu

= M| TPy g
C C
and similarly, from (4.4), we have
-1 _ _
(ckn)q ()\2|X| (b+1)l]+cz¢g — |x| bq|v¢2|q)
< )\|x|7(b+1)q+czwiscwfc

in £2 \ £2; and each c € (0, ap).

Therefore,
/ P [V P2V iy <A f |~ @tDpte e gy 46)
.(2\.(2,7 .Q\.Q,,
and
/ X179 |V o |92V V fo < A / | b Datey s g b (4.7)
2\2, 2\2,

Hence from (4.2), (4.3), (4.6) and (4.7), it follows that (¥, ¥2c) is a positive weak lower-
solution of system (1.1), for each c € (0,ap). O

5. Proof of Theorem 1.1

Let (z1, z2) and (¥1¢, ¥2c) be a weak upper and lower-solution, given by Lemmas 3.1 and 4.1,
respectively, where ¢ € (0, ap). Observing that %CO (x) < zi(x) for every x € £2, for some cp €
(0, ap) sufficiently small and i = 1,2, we obtain by Theorem 2.4, a weak solution (1, vp) with
Yieo (¥) < up(x) < z1(x) and Yoe, (x) < vo(x) < z2(x), forae. x € £2.

Let

1<g { Np | 1+ ° }
—1<g <min —1; p— _
b i N—p 7P N—pa+1)

and g(x,s) := Avg (x)s“. Since v is bounded in L*°(§2) and 0 < a < p — 1, we infer that
lg(x, 9| < Mol oo (g Is1* < C(1 4 s|7), Vs € R and uniformly in x € 2.

Therefore, by the regularity result (see [6, Theorem 2.1]) we conclude that ug € C 0.01(§2), for
some p; € (0, 1]. Similarly, we have vy € CYP2($2)), for some p2 € (0, 1]. By a regularity re-
sult of [30] (also in [25]) follows that ug € C1-#1(£2 \ {0}) and vg € clr( \ {0}), for some
m1, m2 > 0. As Y, > 01in £2,i =1, 2, it follows that g, v > 0 in £2.
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Remark 5.1. Suppose that £2 := B(0, R). By a result in [17, Proposition 3.1] problem (2.2)
has a radial eigenfunction ¢y € C*(B(0, R)) N C#1(B(0, R)), j11 > 0, associated to the eigen-
value A1 > 0,if l < p< N, —c0o<a < N=P and c1 > p — 1. Moreover, ¢ > 0 in B(0, R)
and |V¢1| > 0 on 9£2. Then, repeating the proof of Lemmas 3.1 and 4.1, we obtain that sys-
tem (1.1) possesses weak upper and lower-solution. Therefore, by Theorem 2.4, we can recover
Theorem 1.1 with £2 := B(0,R), 1 < p,q <N, —o0 <a < N;p, —oc0o<b< N;q,cl >p—1
andc; > g — 1.

6. Proof of Theorem 1.2

We will prove this result by contradiction. Define
pi=p/d+ae), p=p/(p—1l-a), 6i=q/(g—1-p8), Oh=q/(1+p).
By hypotheses (p — 1 —a)(g — 1 — ) —yéd=0and py =q(p — 1 — ), then
pit st =000 =1 @+ D=p, oy =g
hd=p, B+ =q, pni,u,01,0>1

Let A1 and A7 be the eigenvalues given as in the proof of Lemma 4.1. We recall that they can
be characterized by

. [o 1x|79P|Vw|? 1p _
Al .=1nf{fQ NECES s w e W, (2, x|7?)\ {0} { >0,
A = inf Jo x| 7P| Vw4 . wl (o 1xI7P) \ {0 0
2:=in INECnETT we W,?(82, 1x|7")\ {0} ; > 0.

Let 1o := %min{k 1, A2}. Suppose by contradiction that there exists a nontrivial and non-
negative weak solution (u, v) of system (1.1), with 0 < A < A¢. By Young inequality, we obtain

k1/|x|7(u+l)p+c1up</|x|7ap|vu|p:)\/|x|f(a+l)p+c1ua+lvy
2 2 2

p q
< Af |x|—(a+l)p+c| <u_ + v_)
P M1 M2
and similarly

p q
)»2/ |~ b+ D2 g g)\/|x|*(b+1)q+62 LAY
0 0
2 2

Since (a+ 1)p —c1 = b+ 1)g — ¢z, we get

)Ll/|x|—(a+1)p+c1up_’_)\2/|x|—(b+1)q+czvq
2 2

<)\(MlJrelfl)/|x|f(a+1)p+clup_HL(MZA4_9271)/|x|f(b+1)q+c2vq
2 2

<2A’|:/|x|—(a+1)p+clup+/|x|—(b+1)q+czvq:|’
2 2
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then

0< (g — 2,\)/ |x|~@rbprer,p 4 (g, — 2x)/ x|~ Daterya o,
2 2
which is a contradiction. O
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