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◆ã♦ é ♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ♠❛s ♦ ❛t♦

❞❡ ❛♣r❡♥❞❡r✱ ♥ã♦ ❛ ♣♦ss❡ ♠❛s ♦

❛t♦ ❞❡ ❝❤❡❣❛r ❧á✱ q✉❡ ❝♦♥❝❡❞❡ ❛

♠❛✐♦r s❛t✐s❢❛çã♦✳

❈❛r❧ ❋r✐❡❞r✐❝❤ ●❛✉ss
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❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦s ♠❡✉s ♣❛✐s ♣❡❧❛ ❤❡r❛♥ç❛ ❞❡ ✈✐❞❛ ❡ ❢♦r♠❛çã♦✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ❆♥❞❡rs♦♥✱ ♣❡❧❛ ❞✐s♣♦s✐çã♦✱ ♣❛❝✐ê♥❝✐❛✱ ❛♣r❡♥❞✐③❛❞♦✱
✐♥❝❡♥t✐✈♦ ❡ ❛♠✐③❛❞❡✳

❆ ♠✐♥❤❛ ♥❛♠♦r❛❞❛✱ ❆♥♥❛✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ✐♥❝❡♥t✐✈♦ ❡ ❛♣♦✐♦✱ t❛♠❜é♠ ❛❣r❛❞❡ç♦
❛ s✉❛ ❢❛♠í❧✐❛ ♣❡❧♦ ❝❛r✐♥❤♦ ❡ ❛♠♣❛r♦ q✉❡ ♠❡ ❞❡r❛♠ ♥♦s ♠♦♠❡♥t♦s q✉❡ ♣r❡❝✐s❡✐✳

❆♦s ♠❡✉s ❝♦❧❡❣❛s ❞❡ ❝✉rs♦ ♣❡❧❛ ❛♠✐③❛❞❡✱ ♣❡❧♦s ♠♦♠❡♥t♦s ❞❡ ❞❡s❝♦♥tr❛çã♦ ❡
❞❡ ❡st✉❞♦s✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❆✲❯❋❱✱ ♣❡❧♦ ❛♣♦✐♦ ❡ ❡✜❝✐❡♥t❡s s❡r✈✐ç♦s
♣r❡st❛❞♦s✳

❋✐♥❛❧♠❡♥t❡✱ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦
❞❡st❡ tr❛❜❛❧❤♦✳

✹



❘❡s✉♠♦

❙❆▲❱■◆❖✱ ▲✉ís ❋❡r♥❛♥❞♦✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❢❡✈❡r❡✐r♦
❞❡ ✷✵✶✽✳ ❯♠ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ♣❛r❛ ✉♠ ♠♦❞❡❧♦
♠❛t❡♠át✐❝♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ ❝â♥❝❡r ❝♦♠ tr❛t❛♠❡♥t♦ q✉✐♠✐♦t❡rá♣✐❝♦✳
❖r✐❡♥t❛❞♦r✿ ❆♥❞❡rs♦♥ ▲✉✐s ❆❧❜✉q✉❡rq✉❡ ❞❡ ❆r❛✉❥♦✳

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❝♦♠♣♦st♦ ♣♦r ✉♠ s✐st❡♠❛

❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❡s♣❡❝í✜❝❛s ❛s q✉❛✐s ♠♦❞❡❧❛♠

♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ ✉♠ t✉♠♦r tr❛t❛❞♦ ❝♦♠ q✉✐♠✐♦t❡r❛♣✐❛✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é

❡st❛❜❡❧❡❝❡r ✉♠ r❡s✉❧t❛❞♦ s♦❜r❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ t❛❧ s✐st❡♠❛✳
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❆❜str❛❝t

❙❆▲❱■◆❖✱ ▲✉ís ❋❡r♥❛♥❞♦✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❋❡❜r✉❛r②✱
✷✵✶✽✳ ❆♥ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss t❤❡♦r❡♠ ❢♦r ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧
♦❢ ❝❛♥❝❡r ❣r♦✇t❤ ✇✐t❤ ❝❤❡♠♦t❤❡r❛♣❡✉t✐❝ tr❡❛t♠❡♥t✳ ❆❞✈✐s❡r✿ ❆♥❞❡rs♦♥
▲✉✐s ❆❧❜✉q✉❡rq✉❡ ❞❡ ❆r❛✉❥♦✳

■♥ t❤✐s ✇♦r❦ ✇❡ ♣r❡s❡♥t ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ❝♦♠♣♦s❡❞ ❜② ❛ s②st❡♠ ♦❢

❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ✇✐t❤ s♣❡❝✐✜❝ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✇❤✐❝❤ ♠♦❞❡❧ t❤❡ ❣r♦✇t❤

♦❢ ❛ t✉♠♦r tr❡❛t❡❞ ✇✐t❤ ❝❤❡♠♦t❤❡r❛♣②✳ ❖✉r ❣♦❛❧ ✐s t♦ ❡st❛❜❧✐s❤ ❛ r❡s✉❧t ♦♥

❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ s♦❧✉t✐♦♥ ❢♦r s✉❝❤ ❛ s②st❡♠✳
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◆♦t❛çõ❡s

• R
n r❡♣r❡s❡♥t❛rá ♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ n✲❞✐♠❡♥s✐♦♥❛❧✳

• Ω s❡rá ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡ R
n ❝♦♠ ❢r♦♥t❡✐r❛ ∂Ω s✉✜❝✐❡♥t❡♠❡♥t❡ s✉❛✈❡ ❡

♠❡❞✐❞❛ ❞❡ ▲❡❜❡s❣✉❡ |Ω|✳

• T r❡♣r❡s❡♥t❛rá ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦✳

• Q r❡♣r❡s❡♥t❛rá ♦ ❡s♣❛ç♦ Ω× (0, T )✳

• Γ r❡♣r❡s❡♥t❛rá ♦ ❡s♣❛ç♦ ∂Ω× (0, T )✳

• ∆ =
n
∑

i=1

∂2

∂xi2
❞❡♥♦t❛rá ♦ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦✳

• L(X, Y ) ❞❡♥♦t❛rá ♦ ❡s♣❛ç♦ ❞♦s ♦♣❡r❛❞♦r❡s ❧✐♥❡❛r❡s ❝♦♥tí♥✉♦s ❞❡ X ❡♠ Y ✳

• ∇ =

(

∂u

∂x1
, · · · ,

∂u

∂xn

)

❞❡♥♦t❛rá ♦ ♦♣❡r❛❞♦r ❣r❛❞✐❡♥t❡✳

✼
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✷ ❯♠ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ♣❛r❛ ✉♠ ♠♦❞❡❧♦ ❞❡
❝r❡s❝✐♠❡♥t♦ ❞❡ ❝â♥❝❡r ❝♦♠ tr❛t❛♠❡♥t♦ q✉✐♠✐♦t❡rá♣✐❝♦ ✶✹
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✷✳✷ ❯♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✷✳✸ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✷✳✹ ❉❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✷✳✹✳✶ ❊①✐stê♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
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❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✹✺

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✹✻
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■♥tr♦❞✉çã♦

❊♠ ❬✶✵❪✱ ❋❛ss♦♥✐ ❡st✉❞♦✉ ✉♠ ♠♦❞❡❧♦ s✐♠♣❧❡s ❝♦♠♣♦st♦ ♣♦r ✉♠ s✐st❡♠❛ ❞❡
❊❉❖✬s ❞❡s❝r❡✈❡♥❞♦ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ ✉♠ t✉♠♦r ❡ s❡✉ ❡❢❡✐t♦ ♥♦ t❡❝✐❞♦ ♥♦r♠❛❧✱
❥✉♥t♦ ❝♦♠ ❛ r❡s♣♦st❛ ❞♦ t❡❝✐❞♦ ❛♦ t✉♠♦r ❡ ❝♦♠ ♠♦❞❡❧❛❣❡♠ ❞❡ tr❛t❛♠❡♥t♦s
q✉✐♠✐♦t❡rá♣✐❝♦s✳ ❖ ♦❜❥❡t✐✈♦ ❞♦s ❛✉t♦r❡s ♥ã♦ ❢♦✐ ❝♦♥s✐❞❡r❛r ♦s ✈ár✐♦s ❛s♣❡❝t♦s
❞♦ ❝r❡s❝✐♠❡♥t♦ t✉♠♦r❛❧ ❡ r❡♣r♦❞✉③✐r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❛♥t✐t❛t✐✈♦ ❝♦♠ ❛❧t❛
♣r❡❝✐sã♦✱ ♠❛s ✉s❛r ♦ ♠♦❞❡❧♦ ♣❛r❛ ❞❛r ❛❧❣✉♥s insights ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❞❡
s✉❛ ❝❛♣❛❝✐❞❛❞❡ ♣❛r❛ ❧✐❞❛r ❝♦♠ ♠✉❞❛♥ç❛s✳ ❆s ❡q✉❛çõ❡s ❞♦ ♠♦❞❡❧♦ q✉❡ ❢♦r❛♠
❡st✉❞❛❞❛s sã♦



























∂N

∂t
= rN − µNN − β1NA− αNγNDN,

∂A

∂t
= rAA

(

1−
A

kA

)

− (µA + ǫA)A− β3NA− αAγADA,

∂D

∂t
= µ− γADA− γNDN − τD,

✭✶✮

♦♥❞❡ N r❡♣r❡s❡♥t❛ ❛s ❝é❧✉❧❛s ♥♦r♠❛✐s ❡♠ ✉♠ ❞❛❞♦ t❡❝✐❞♦ ❞♦ ❝♦r♣♦ ❤✉♠❛♥♦✱ A
r❡♣r❡s❡♥t❛ ❛s ❝é❧✉❧❛s t✉♠♦r❛✐s ♥❡st❡ t❡❝✐❞♦ ❡ D r❡♣r❡s❡♥t❛ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ✉♠❛
❞r♦❣❛ ✉s❛❞❛ ♣❛r❛ tr❛t❛r t❛❧ t✉♠♦r✳

❆ss✉♠✐♠♦s q✉❡ ♦ ♣❛râ♠❡tr♦ rN r❡♣r❡s❡♥t❛ ❛ r❡♣r♦❞✉çã♦ ❝♦♥st❛♥t❡ t♦t❛❧ ❞❡
❝é❧✉❧❛s ♥♦r♠❛✐s ❡ µN s✉❛ ♠♦rt❛❧✐❞❛❞❡ ♥❛t✉r❛❧✳ ❯♠ ✢✉①♦ ❝♦♥st❛♥t❡ ♣❛r❛ ❝é❧✉❧❛s
♥♦r♠❛✐s é ❝♦♥s✐❞❡r❛❞♦ ♥❛ ❞✐♥â♠✐❝❛ ✈✐t❛❧ ❡ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❞❡♥s✐❞❛❞❡✱ ❝♦♠♦
é ♦ ❝❛s♦ ❞♦ ❝r❡s❝✐♠❡♥t♦ ❧♦❣íst✐❝♦ ❣❡r❛❧♠❡♥t❡ ❛ss✉♠✐❞♦✱ ✈❡❥❛ ♣♦r ❡①❡♠♣❧♦ ❬✶✺❪✳
❖ ♠♦t✐✈♦ ❞❡ss❛ ❡s❝♦❧❤❛ é q✉❡ ❡♠ ✉♠ t❡❝✐❞♦ ♥♦r♠❛❧ ❡ ❥á ❢♦r♠❛❞♦✱ ❛ ❞✐♥â♠✐❝❛
✐♠♣❡r❛t✐✈❛ ♥ã♦ é ❛ ❝♦♠♣❡t✐çã♦ ✐♥tr❛❡s♣❡❝í✜❝❛ ❞❛s ❝é❧✉❧❛s ♣♦r ♥✉tr✐❡♥t❡s✱ ♠❛s ❛
♠❛♥✉t❡♥çã♦ ❞❡ ✉♠ ❡st❛❞♦ ❤♦♠❡♦stát✐❝♦✱ ❛tr❛✈és ❞♦ r❡❛❜❛st❡❝✐♠❡♥t♦ ♥❛t✉r❛❧ ❞❡
❝é❧✉❧❛s ❛♥t✐❣❛s ❡ ♠♦rt❛s✱ ✈❡❥❛ ♣♦r ❡①❡♠♣❧♦ ❬✶✼❪✳

❈♦♥tr❛r✐❛♠❡♥t❡✱ ❛s ❝é❧✉❧❛s ❝❛♥❝❡rí❣❡♥❛s tê♠ ✉♠❛ ❝❡rt❛ ✐♥❞❡♣❡♥❞ê♥❝✐❛ s♦❜r❡
♦s s✐♥❛✐s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❧✐❜❡r❛❞♦s ♣❡❧♦ t❡❝✐❞♦ ❡ ♠❛♥tê♠ s❡✉ ♣ró♣r✐♦ ♣r♦❣r❛♠❛ ❞❡
❝r❡s❝✐♠❡♥t♦✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ✉♠ t❡❝✐❞♦ ❡♠❜r✐♦♥ár✐♦ ❡♠ ❢❛s❡ ❞❡ ❝r❡s❝✐♠❡♥t♦✱
✈❡❥❛ ❬✶✶❪✳ ❆ss✐♠✱ ✉♠ ❝r❡s❝✐♠❡♥t♦ ❞❡♣❡♥❞❡♥t❡ ❞❛ ❞❡♥s✐❞❛❞❡ é ❝♦♥s✐❞❡r❛❞♦ ♣❛r❛
❛s ❝é❧✉❧❛s t✉♠♦r❛✐s✳ ❱ár✐❛s ❧❡✐s ❞❡ ❝r❡s❝✐♠❡♥t♦ ♣♦❞❡r✐❛♠ s❡r ✉s❛❞❛s✱ ❝♦♠♦
●♦♠♣❡rt③✱ ❧♦❣íst✐❝❛ ❣❡♥❡r❛❧✐③❛❞❛✱ ❱♦♥ ❇❡rt❛♥❧❛♥❢② ❡ ♦✉tr❛s✱ ✈❡❥❛ ❬✶✻❪✳ ❊s❝♦❧❤❡♠♦s
♦ ❝r❡s❝✐♠❡♥t♦ ❧♦❣íst✐❝♦ ❞❡✈✐❞♦ à s✉❛ s✐♠♣❧✐❝✐❞❛❞❡✱ ❡ ✉♠❛ ♠♦rt❛❧✐❞❛❞❡ ♥❛t✉r❛❧ µA✳
❯♠❛ t❛①❛ ❞❡ ♠♦rt❛❧✐❞❛❞❡ ❡①tr❛ ǫA✱ ❞❡✈✐❞♦ à ❛♣♦♣t♦s✐s✱ ✈❡r ❬✼❪✱ é t❛♠❜é♠ ✐♥❝❧✉í❞♦✳

❖s ♣❛râ♠❡tr♦s ❞❡ ❝♦♠♣❡t✐çã♦ β1 ❡ β3 ❡♥❣❧♦❜❛♠ ❞❡ ♠❛♥❡✐r❛ s✐♠♣❧✐✜❝❛❞❛ ❛s
♠✉✐t❛s ✐♥t❡r❛çõ❡s ❡♥tr❡ ❝é❧✉❧❛s t✉♠♦r❛✐s ❡ ♥♦r♠❛✐s✳ ❖ ♣❛râ♠❡tr♦ β3 ❡♥❣❧♦❜❛✱ ❞❡

✶



✷

♠❛♥❡✐r❛ ♠❛✐s s✐♠♣❧❡s✱ t♦❞♦s ♦s ❡❢❡✐t♦s ♥❡❣❛t✐✈♦s ✐♠♣♦st♦s às ❝é❧✉❧❛s ❝❛♥❝❡rí❣❡♥❛s
♣♦r ♠✉✐t♦s t✐♣♦s ❞❡ ❝é❧✉❧❛s ♥♦ t❡❝✐❞♦ ♥♦r♠❛❧✳ ❊ss❛s ✐♥t❡r❛çõ❡s ✐♥❝❧✉❡♠ ❛ ❧✐❜❡r❛çã♦
❞❡ s✐♥❛✐s ❛♥t✐✲❝r❡s❝✐♠❡♥t♦ ❡ ♠♦rt❡ ♣♦r ❝é❧✉❧❛s ❤♦s♣❡❞❡✐r❛s✱ q✉❡ é ❛ r❡s♣♦st❛
♥❛t✉r❛❧ ❞❡ ❝é❧✉❧❛s ♥♦r♠❛✐s à ♣r❡s❡♥ç❛ ❞❡ ❝é❧✉❧❛s ❝❛♥❝❡rí❣❡♥❛s✱ ❛ ❝♦♠♣❡t✐çã♦
♣♦r ♥✉tr✐❡♥t❡s ❝♦♠ ❝é❧✉❧❛s t✉♠♦r❛✐s ❡ ❛ss✐♠ ♣♦r ❞✐❛♥t❡✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ ♦
♣❛râ♠❡tr♦ β1 ❛❜r❛♥❣❡ t♦❞♦s ♦s ♠❡❝❛♥✐s♠♦s ❞❡s❡♥✈♦❧✈✐❞♦s ♣❡❧❛s ❝é❧✉❧❛s t✉♠♦r❛✐s
q✉❡ ❞❛♥✐✜❝❛♠ ♦ t❡❝✐❞♦ ♥♦r♠❛❧✱ ❝♦♠♦ ♦ ❛✉♠❡♥t♦ ❞❛ ❛❝✐❞❡③ ❧♦❝❛❧✱ s✉♣r❡ssã♦ ❞❡
❝é❧✉❧❛s ✐♠✉♥❡s✱ ❧✐❜❡r❛çã♦ ❞❡ s✐♥❛✐s ❞❡ ♠♦rt❡ ❡ ❝♦♠♣❡t✐çã♦ ❝♦♠ ❝é❧✉❧❛s ♥♦r♠❛✐s✳

❙❡❣✉❡♠ ❛s ❤✐♣ót❡s❡s q✉❡ ❧❡✈❛♠ à t❡r❝❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✶✮ ❞❡s❝r❡✈❡♥❞♦ ❛
❢❛r♠❛❝♦❝✐♥ét✐❝❛ ❡ ❛ ❢❛r♠❛❝♦❞✐♥â♠✐❝❛ ❞❛ ❞r♦❣❛✳ ❆ ❞r♦❣❛ t❡♠ ✉♠❛ t❛①❛ ❞❡
❞❡♣✉r❛çã♦ τ ✳ ❆s t❛①❛s ❞❡ ❛❜s♦rçã♦ ❡ ❞❡s❛t✐✈❛çã♦ ❞❛ ❞r♦❣❛ ♣♦r ❝é❧✉❧❛s ♥♦r♠❛✐s
❡ ❝❛♥❝❡r♦s❛s sã♦ ❞❡s❝r✐t❛s ❡♠ t❡r♠♦s ❞❛ ❧❡✐ ❞❡ ❛çã♦ ❡♠ ♠❛ss❛ ❝♦♠ t❛①❛s γN
❡ γA✳ ❙❡❣✉✐♥❞♦ ❛ ❤✐♣ót❡s❡ ❧✐♥❡❛r ❞❡ ❬✸❪✱ s✉♣♦♠♦s q✉❡ ❛s q✉❛♥t✐❞❛❞❡s ❞❡ ❞r♦❣❛
❛❜s♦r✈✐❞❛ ♣♦r ❝é❧✉❧❛s ♥♦r♠❛✐s ✭γNND✮ ❡ ❝❛♥❝❡r♦s❛s ✭γAAD✮ ♠❛t❛♠ t❛✐s ❝é❧✉❧❛s
❝♦♠ t❛①❛s αN ❡ αA✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❋✐♥❛❧♠❡♥t❡✱ ♦ ♣❛râ♠❡tr♦ µ r❡♣r❡s❡♥t❛
✉♠❛ t❛①❛ ❞❡ ✐♥❢✉sã♦ ❝♦♥st❛♥t❡✱ ❡ ❛♣r♦①✐♠❛ ✉♠❛ ❞♦s❛❣❡♠ ♠❡tr♦♥ô♠✐❝❛✱ ✐st♦ é✱
✉♠❛ ❛❞♠✐♥✐str❛çã♦ q✉❛s❡ ❝♦♥tí♥✉❛ ❡ ❛ ❧♦♥❣♦ ♣r❛③♦ ❞❛ ❞r♦❣❛✳ ❊♠❜♦r❛ ♠✉✐t♦s
♠♦❞❡❧♦s ❞❡ tr❛t❛♠❡♥t♦ ❞❡ ❝â♥❝❡r ♥ã♦ ❝♦♥s✐❞❡r❡♠ ❛ ❛❜s♦rçã♦ ❡ ❞❡s❛t✐✈❛çã♦ ❞❡
❞r♦❣❛s ❡①♣❧✐❝✐t❛♠❡♥t❡✱ ❡♠ ❬✶✵❪✱ ♦s ❛✉t♦r❡s ❛❝r❡❞✐t❛♠ q✉❡ é ✉♠ ❢❛t♦ ✐♠♣♦rt❛♥t❡
❛ ❝♦♥s✐❞❡r❛r✱ ✉♠❛ ✈❡③ q✉❡ ❡ss❡ ❢❡♥ô♠❡♥♦ ❝♦♥tr✐❜✉✐ ♣❛r❛ ❞✐♠✐♥✉✐r ❛ ❝♦♥❝❡♥tr❛çã♦
❞❡ ❞r♦❣❛s ❝♦♥❢♦r♠❡ ♦ t❡♠♣♦ ♣❛ss❛✳

❖ s✐st❡♠❛ ✭✶✮ é s❡♠❡❧❤❛♥t❡ ❛♦ ❝❧áss✐❝♦ ♠♦❞❡❧♦ ❞❡ ❝♦♠♣❡t✐çã♦ ▲♦t❦❛✲❱♦❧t❡rr❛✱
❝♦♠✉♠❡♥t❡ ✉s❛❞♦ ❡♠ ♠♦❞❡❧♦s ♣❛r❛ ❝r❡s❝✐♠❡♥t♦ t✉♠♦r❛❧ ❡ ✐♥✈❛sõ❡s ❜✐♦❧ó❣✐❝❛s✱
♣♦ré♠ ❤á ✉♠❛ ❞✐❢❡r❡♥ç❛ ❢✉♥❞❛♠❡♥t❛❧✳ ❖ ✉s♦ ❞❡ ✉♠ ✢✉①♦ ❝♦♥st❛♥t❡ ❡♠ ✈❡③ ❞❡
✉♠ ❝r❡s❝✐♠❡♥t♦ ❧♦❣íst✐❝♦ ♣❛r❛ ❝é❧✉❧❛s ♥♦r♠❛✐s q✉❡❜r❛ ❛ s✐♠❡tr✐❛ ♦❜s❡r✈❛❞❛ ♥♦
♠♦❞❡❧♦ ❝❧áss✐❝♦ ❞❡ ▲♦t❦❛✲❱♦❧t❡rr❛✱ ❞❡ ♠♦❞♦ q✉❡ ♥ã♦ ❤❛✈❡rá ❡q✉✐❧í❜r✐♦ ❡♠ N = 0✳
❆ss✐♠✱ ❝é❧✉❧❛s ♥♦r♠❛✐s ♥✉♥❝❛ s❡rã♦ ❡①t✐♥t❛s✱ ❛♦ ❝♦♥trár✐♦ ❞❡ss❡s ♠♦❞❡❧♦s✳ ❊♠
❬✶✵❪ ♦s ❛✉t♦r❡s ❛❝r❡❞✐t❛♠ q✉❡ ✐ss♦ ♥ã♦ é ✉♠ ♣r♦❜❧❡♠❛✱ ♠❛s ♣❡❧♦ ❝♦♥trár✐♦✱ é ✉♠
r❡s✉❧t❛❞♦ r❡❛❧✐st❛✳ ◆❛ ✈❡r❞❛❞❡✱ ❛ ❣r♦ss♦ ♠♦❞♦✱ ♦ ❝â♥❝❡r ✧♥ã♦ ✈❡♥❝❡✧♣❡❧♦ ❢❛t♦ ❞❡
q✉❡ ♠❛t❛ t♦❞❛s ❛s ❝é❧✉❧❛s ♥♦ t❡❝✐❞♦✱ ♠❛s ♣❡❧♦ ❢❛t♦ ❞❡ ❛t✐♥❣✐r ✉♠ t❛♠❛♥❤♦ ♣❡r✐❣♦s♦
q✉❡ ♣❡rt✉r❜❛ ♦ ❜♦♠ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞♦ t❡❝✐❞♦ ❡ ❛♠❡❛ç❛ ❛ s❛ú❞❡ ❞♦ ✐♥❞✐✈í❞✉♦✳ ❯♠
t❡r♠♦ ❞❡ ✢✉①♦ ❝♦♥st❛♥t❡ ❥á ❢♦✐ t♦♠❛❞♦ ❡♠ ♦✉tr♦s ♠♦❞❡❧♦s ❜❡♠ ❝♦♥❤❡❝✐❞♦s ❞❡
❝â♥❝❡r✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ ♣❛r❛ ❞❡s❝r❡✈❡r ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ ❝é❧✉❧❛s ✐♠✉♥❡s✱ ✈❡❥❛ ♣♦r
❡①❡♠♣❧♦ ❬✽❪✳

◆❡st❡ tr❛❜❛❧❤♦ ♥ã♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❛♥❛❧✐s❛r ❛ ❞✐♥â♠✐❝❛ ❞♦ ♠♦❞❡❧♦✱
♣♦✐s ❡♠ ❬✶✵❪ ❥á ❢♦✐ ❢❡✐t♦ ✉♠ ❡st✉❞♦ s♦❜r❡ ♦s ♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❡ q✉❡stõ❡s s♦❜r❡
❡st❛❜✐❧✐❞❛❞❡ ♦✉ ✐♥st❛❜✐❧✐❞❛❞❡ ❞❡ t❛✐s ♣♦♥t♦s✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r q✉❡stõ❡s ❞❡
❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ❛s ❡q✉❛çõ❡s ❞♦ s❡❣✉✐♥t❡ ♠♦❞❡❧♦ ♠♦❞✐✜❝❛❞♦



✸



































































∂N

∂t
= rN − µNN − β1NA− αNγNDN, ❡♠ Q,

∂A

∂t
= rAA

(

1−
A

kA

)

− (µA + ǫA)A− αAγADA, ❡♠ Q,

∂D

∂t
= σ∆D + µχω − γADA− γNDN − τD, ❡♠ Q,

∂D

∂η
(·) = 0, ❡♠ Γ,

N(·, 0) = N0(·), ❡♠ Ω,
A(·, 0) = A0(·), ❡♠ Ω,
D(·, 0) = D0(·), ❡♠ Ω,

✭✷✮

♦♥❞❡ χω é ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ s✉❜❝♦♥❥✉♥t♦ ω ⊂ Ω✳ ■st♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠
✈❛s♦ s❛♥❣✉í♥❡♦ ♣❛ss❛♥❞♦ tr❛♥s✈❡rs❛❧♠❡♥t❡ ♥❛ s✉❜r❡❣✐ã♦ ω ❞♦ t❡❝✐❞♦✱ ❡ ❢♦r♥❡❝❡♥❞♦
✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❞r♦❣❛ µ ❝♦♥st❛♥t❡✳

❊st❡ s✐st❡♠❛ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ✈❛r✐❛çã♦ ❞♦ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❞❡ ❊❉❖✬s
♣r♦♣♦st♦ ❡♠ ❬✶✵❪✱ ♦♥❞❡ ❝♦♥s✐❞❡r❛♠♦s ♦ ♠♦❞❡❧♦ ❞❡s❝r✐t♦ ❡♠ ✉♠❛ r❡❣✐ã♦ ❧✐♠✐t❛❞❛
Ω ❞❡ R

2✱ ❝♦♠ ♦ ❛❝rés❝✐♠♦ ❞♦ t❡r♠♦ σ∆D ♥❛ ❡q✉❛çã♦ ❞❛s ❞r♦❣❛s ❡ ❡❧✐♠✐♥❛çã♦
❞♦ t❡r♠♦ −β3NA✱ ♦✉ s❡❥❛✱ ❞❡s♣r❡③❛♥❞♦ ❛ t❛①❛ ❞❡ ❛❜s♦rçã♦ ❞❡ ❝é❧✉❧❛s ❝❛♥❝❡r♦s❛s
♣❡❧❛s ❝é❧✉❧❛s ♥♦r♠❛✐s✳ ❖ t❡r♠♦ ∆D r❡♣r❡s❡♥t❛ ❛ ❞✐❢✉sã♦ ❛❧❡❛tór✐❛ ❞❛ ❞r♦❣❛ ♥❛s
❝é❧✉❧❛s ♥♦r♠❛✐s ❡ ❝❛♥❝❡r♦s❛s ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ❝♦♥st❛♥t❡ σ✱ ✈❡❥❛ ♣♦r
❡①❡♠♣❧♦ ❬✷❪✳

❊st❛ ❞✐ss❡rt❛çã♦ s❡rá ♦r❣❛♥✐③❛❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

◆♦ ❈❛♣ít✉❧♦ ✶✱ tr❛t❛♠♦s ❞❛s ❢❡rr❛♠❡♥t❛s ✉t✐❧✐③❛❞❛s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦
❞❡ss❡ tr❛❜❛❧❤♦✳ ❆❧❣✉♠❛s ❞❡❧❛s sã♦✿ ♦s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✱ ✉♠❛ Pr♦♣♦s✐çã♦ q✉❡
s❡ r❡s✉♠❡ ❛ ❣❛r❛♥t✐r ❡①✐stê♥❝✐❛✱ ✉♥✐❝✐❞❛❞❡ ❡ ✉♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ❛ s♦❧✉çã♦ ❞❡ ✉♠
♣r♦❜❧❡♠❛ ♣❛r❛❜ó❧✐❝♦ ❣❡r❛❧ ✭✈❡r ❬✶✸❪✮ ❡ ♦ ❚❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r
✭✈❡r ❬✶✷❪✮✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ✐♥✐❝✐❛♠♦s tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ✭✷✮✱ ♣❛ss❛♠♦s ❛ ✉♠
♣r♦❜❧❡♠❛ ♠♦❞✐✜❝❛❞♦✱ ♣r♦❜❧❡♠❛ ♥❛ q✉❛❧ ❡stá ❝♦♥❡❝t❛❞♦ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ✭✷✮✱ ♥❡ss❡
s✐st❡♠❛ ♠♦❞✐✜❝❛❞♦ ♣r♦✈❛♠♦s ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ✉t✐❧✐③❛♥❞♦✲s❡ ❞❛ t❡♦r✐❛ tr❛t❛❞❛
♥♦ ❈❛♣ít✉❧♦ ✶✱ ♠♦str❛♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞❡ss❡ ♣r♦❜❧❡♠❛ ✐♠♣❧✐❝❛ ♥❛ s♦❧✉çã♦ ❞♦
♣r♦❜❧❡♠❛ ✭✷✮ ❡ ✜♥❛❧♠❡♥t❡ ♣r♦✈❛♠♦s ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ t❛❧ s♦❧✉çã♦✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ s❡rã♦ ❢❡✐t❛s ❛s ❝♦♥s✐❞❡r❛çõ❡s ✜♥❛✐s✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ♦s ❡s♣❛ç♦s ❡ ❛s ❢❡rr❛♠❡♥t❛s ♣r✐♥❝✐♣❛✐s ♣❛r❛
♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❡ tr❛❜❛❧❤♦✳

✶✳✶ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈

◆❡st❛ ❡ ♥❛ ♣ró①✐♠❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❡s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s q✉❡ s❡rã♦
✉t✐❧✐③❛❞♦s ❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ t❛✐s ❡s♣❛ç♦s ❝♦♥s✉❧t❛r
❬✻❪✱ ❬✶❪✱ ❬✺❪ ❡ ❬✶✹❪✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❙❡❥❛ u : Ω → R ❝♦♥tí♥✉❛✳ ❖ s✉♣♦rt❡ ❞❡ u✱ q✉❡ s❡rá ❞❡♥♦t❛❞♦
♣♦r supp(u)✱ é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ❢❡❝❤♦ ❡♠ Ω ❞♦ ❝♦♥❥✉♥t♦ {x ∈ Ω; u(x) 6= 0}✳ ❙❡
supp(u) ❢♦r ✉♠ ❝♦♠♣❛❝t♦ ❞✐③❡♠♦s q✉❡ u ♣♦ss✉✐ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳ ❉❡♥♦t❛♠♦s
♣♦r C0(Ω) ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳

❉❡✜♥✐çã♦ ✶✳✷✳ ❉❡♥♦t❡♠♦s ♣♦r Cj(Ω)✱ j ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦ ♦✉
✐♥✜♥✐t♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ϕ : Ω → R q✉❡ ♣♦ss✉❡♠ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s
❝♦♥tí♥✉❛s ❛té ♦r❞❡♠ j✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❉❡♥♦t❡♠♦s ♣♦r C∞
0 (Ω) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ϕ : Ω → R

q✉❡ ♣♦ss✉❡♠ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❝♦♥tí♥✉❛s ❞❡ t♦❞❛s ❛s ♦r❞❡♥s ❡ q✉❡ tê♠ s✉♣♦rt❡
❝♦♠♣❛❝t♦✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❯♠❛ s✉❝❡ssã♦ (ϕν)ν∈N ❞❡ ❢✉♥çõ❡s ❞❡ C∞
0 (Ω) ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦

q✉❛♥❞♦ ❡①✐st❡ K ⊂ Ω ❝♦♠♣❛❝t♦ t❛❧ q✉❡

• suppϕν ⊂ K, ∀ ν ∈ N❀

• P❛r❛ ❝❛❞❛ α ∈ N
n✱ Dαϕν → 0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ K✱

♦♥❞❡ Dα ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❞❡r✐✈❛çã♦ ❞❡ ♦r❞❡♠ α ❞❡✜♥✐❞♦ ♣♦r

∂|α|

∂xα1
1 ∂x

α2
2 ...∂x

αn
n

,

❝♦♠ α = (α1, α2, ..., αn) ∈ N
n ❡ |α| = α1 + α2 + ...+ αn✳

✹



✺ ✶✳✶✳ ❊❙P❆➬❖❙ ❉❊ ❙❖❇❖▲❊❱

❉❡✜♥✐çã♦ ✶✳✺✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ C∞
0 (Ω) ❝♦♠ ❛ ♥♦çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡✜♥✐❞❛

❛❝✐♠❛ é r❡♣r❡s❡♥t❛❞♦ ♣♦r D(Ω) ❡ ❞❡♥♦♠✐♥❛❞♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s t❡st❡s ❡♠ Ω✳

❉❡✜♥✐çã♦ ✶✳✻✳ ❉❡♥♦t❡♠♦s ♣♦r Cj
B(Ω) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s ϕ ∈ Cj(Ω) t❛✐s

q✉❡ Dαϕ é ❧✐♠✐t❛❞❛ ❡♠ Ω ♣❛r❛ |α| ≤ j✳ Cj
B(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛

♥♦r♠❛
||ϕ||

C
j
B(Ω) = max

|α|≤j
sup
x∈Ω

|Dα(x)|.

❉❡✜♥✐çã♦ ✶✳✼✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ ❉❡♥♦t❡♠♦s ♣♦r Lp(Ω) ♦ ❝♦♥❥✉♥t♦ ❞❛s ✭❝❧❛ss❡s
❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s✮ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s u : Ω → R t❛✐s q✉❡ |u|p é ✐♥t❡❣rá✈❡❧ ♥♦
s❡♥t✐❞♦ ❞❡ ▲❡❜❡s❣✉❡ ❡♠ Ω✳ Lp(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛s ♥♦r♠❛s

||u||p =















(
∫

Ω

|u(x)|pdx

)
1
p

, s❡ 1 ≤ p <∞;

sup ess
x∈Ω

|u(x)|, s❡ p = ∞.

◆♦ ❝❛s♦ ❡♠ q✉❡ p = 2✱ Lp(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉L2(Ω) =

∫

Ω

u(x)v(x)dx.

❉❡✜♥✐çã♦ ✶✳✽✳ ❉❡♥♦t❡♠♦s ♣♦r D′(Ω) ♦ ❡s♣❛ç♦ L(D(Ω))✳ ❚❛❧ ❝♦♥❥✉♥t♦ é ❝❤❛♠❛❞♦
♦ ❡s♣❛ç♦ ❞❛s ❞✐str✐❜✉✐çõ❡s ❞❡ Ω ❡♠ R✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❙❡❥❛ T ∈ D′(Ω)✳ ❉❡✜♥✐♠♦s ❛ ❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♠ α ❞❛ ❞✐str✐❜✉✐çã♦
T ✱ DαT ∈ D′(Ω)✱ ♣♦r

〈DαT, ϕ〉 = (−1)|α|〈T,Dαϕ〉,

♣❛r❛ t♦❞♦ ϕ ∈ D(Ω)✳

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ ❉❡♥♦t❡♠♦s ♣♦r Lp
loc(Ω) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s

♠❡♥s✉rá✈❡✐s u : Ω → R t❛✐s q✉❡ ♣❛r❛ t♦❞♦ ❝♦♠♣❛❝t♦ K ⊂ Ω✱ u|K ∈ Lp(Ω)✳

Pr♦♣♦s✐çã♦ ✶✳✶✶✳ ❙❡❥❛ u ∈ L1
loc(Ω)✳ ❙❡ ϕ ∈ D(Ω)✱ ❡♥tã♦

〈Tu, ϕ〉 =

∫

Ω

uϕ

❞❡✜♥❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❡♠ D′(Ω)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✻❪✱ ♣✳ ✹✷✳

Pr♦♣♦s✐çã♦ ✶✳✶✷✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ ❊♥tã♦✱ Lp(Ω) →֒ L1
loc(Ω)✱ ♣❛r❛ t♦❞♦

p ∈ [1,∞]✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✻❪✱ ♣✳ ✹✷✳
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❉❡✜♥✐çã♦ ✶✳✶✸✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ ❖ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ Wm
p (Ω) é ❞❡✜♥✐❞♦ ❝♦♠♦

s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

Wm
p (Ω) = {u ∈ Lp(Ω);Dαu ∈ Lp(Ω), ∀ |α| ≤ m} ,

♦♥❞❡ Dαu é ❛ ❞❡r✐✈❛❞❛ ❞❡ u ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✳ Wm
p (Ω) é ✉♠ ❡s♣❛ç♦

❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛s ♥♦r♠❛s

||u||m,p =















(

∑

|α|≤m

||Dαu(x)||pp

)
1
p

, s❡ 1 ≤ p <∞;

∑

|α|≤m

sup ess
x∈Ω

|Dαu(x)|, s❡ p = ∞.

◆♦ ❝❛s♦ ❡♠ q✉❡ p = 2✱ ❞❡♥♦t❛♠♦s Wm
p (Ω) ♣♦r Hm(Ω)✳ ❖ ❡s♣❛ç♦ Hm(Ω) é

✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉m =
∑

|α|≤m

〈Dαu,Dαv〉L2(Ω).

Pr♦♣♦s✐çã♦ ✶✳✶✹✳ ❙❡❥❛ 1 < p < ∞✳ ❙❡ u ∈ W 1
p (Ω) ❡♥tã♦ u+, u− ∈ W 1

p (Ω) ❡
t❡♠♦s ❛s ❡①♣r❡ssõ❡s

∇u+ =

{

∇u, s❡ u > 0

0, s❡ u ≤ 0

❡

∇u− =

{

0, s❡ u ≥ 0

−∇u, s❡ u < 0.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✾❪✱ ♣✳ ✷✾✷✳

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ P❛r❛ ❝❛❞❛ v ∈ R ❝♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦
hv : [0,∞) → R ❞❡✜♥✐❞❛ ♣♦r hv(t) = tv✳ ❙❡❥❛♠ X1 ❡ X2 ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤✱
❞❡♥♦t❡♠♦s ♣♦r W = W (p, v;X1, X2) ♦ ❝♦♥❥✉♥t♦ ❞❛s ✭❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s✮
❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s u : [0,∞) → X1 +X2 t❛✐s q✉❡

hv(u) ∈ Lp(0,∞;X1) ❡ hv(u′) ∈ Lp(0,∞;X2),

♦♥❞❡ u′ é ❛ ❞❡r✐✈❛❞❛ ❞❡ u ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✳ W é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤
❝♦♠ ❛ ♥♦r♠❛

||u||W = max{||hv(u)||Lp(0,∞;X1), ||h
v(u′)||Lp(0,∞;X2)}.

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❙❡❥❛ 1 < p < ∞ ❡ ❝♦♥s✐❞❡r❡♠♦s v ∈ R t❛❧ q✉❡ θ = 1
p
+ v < 1✳

❉❡♥♦t❡♠♦s ♣♦r T = T (p, v;X1, X2) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s tr❛ç♦s f(0) ❞❡ ❢✉♥çõ❡s
❞❡ W (p, v;X1, X2)✳ ❚❛❧ ❝♦♥❥✉♥t♦ é ❝❤❛♠❛❞♦ ♦ ❡s♣❛ç♦ tr❛ç♦ ❞❡ W ✳ ❚❡♠♦s q✉❡ T
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é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛ ♥♦r♠❛

||u||T = inf
u=f(0)

f∈W

||f ||W .

❆✜♠ ❞❡ ❝♦♥str✉✐r ♦s ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ❢r❛❝✐♦♥ár✐♦s✱ t♦♠❡♠♦s X1 = W 1
p (Ω)

❡ X2 = Lp(Ω)✳

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❙❡❥❛ 0 < θ < 1✳ ❉❡✜♥✐♠♦s

T θ,p(Ω) = T (p, v;W 1
p (Ω), L

p(Ω)),

♦♥❞❡ v + 1
p
= θ✳ ❙❡ u ∈ T θ,p(Ω)✱ ❡♥tã♦

||u||T θ,p(Ω) = inf
u=f(0)

f∈W

max

{(
∫ ∞

0

hvp(||f(t)||p
W 1

p (Ω))dt

)
1
p

,

(
∫ ∞

0

hvp(||f ′(t)||p
Lp(Ω))dt

)
1
p
}

.

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❙❡❥❛ s ∈ R t❛❧ q✉❡ s ≥ 0✳ ❙❡ s = m✱ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✱
❞❡✜♥✐♠♦s W s

p (Ω) = Wm
p (Ω)✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ s ♥ã♦ é ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✱

❡s❝r❡✈❡♠♦s s = m+ σ✱ ♦♥❞❡ 0 < σ < 1✳ ❆ss✐♠✱ ❞❡✜♥✐♠♦s

W s
p (Ω) = {u ∈ Wm

p (Ω);Dαu ∈ T 1−σ,p(Ω), |α| = m},

♦♥❞❡ Dαu é ❛ ❞❡r✐✈❛❞❛ ❞❡ u ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✳ W s
p (Ω) é ✉♠ ❡s♣❛ç♦ ❞❡

❇❛♥❛❝❤ ❝♦♠ ❛ s❡❣✉✐♥t❡ ♥♦r♠❛

||u||W s
p (Ω) =

(

||u||p
Wm

p (Ω) +
∑

|α|=m

||Dαu||p
T 1−σ,p(Ω)

)
1
p

.

Pr♦♣♦s✐çã♦ ✶✳✶✾✳ ❙❡❥❛♠ Ω ⊂ R
n ❝♦♠ ❢r♦♥t❡✐r❛ s✉✜❝✐❡♥t❡♠❡♥t❡ s✉❛✈❡✱ s > 0 ❡

1 < p < n✳

✭✐✮ ❙❡ n > sp✱ ❡♥tã♦ W s
p (Ω) →֒ Lr(Ω) ♣❛r❛ p ≤ r ≤ np

n−sp
❀

✭✐✐✮ ❙❡ n = sp✱ ❡♥tã♦ W s
p (Ω) →֒ Lr(Ω) ♣❛r❛ p ≤ r <∞❀

✭✐✐✐✮ ❙❡ n < (s− j)p ♣❛r❛ ❛❧❣✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦ j✱ ❡♥tã♦ W s
p (Ω) →֒ C

j
B(Ω)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶❪✱ ♣✳ ✷✶✼✳

✶✳✷ ❊s♣❛ç♦s à ✈❛❧♦r❡s ✈❡t♦r✐❛✐s

P❛r❛ ❡st❛ s❡çã♦✱ ❝♦♥s✐❞❡r❡♠♦s I ⊂ R ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦✱ Ω ⊂ R
n ✉♠ ❛❜❡rt♦

❧✐♠✐t❛❞♦ ❡ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳
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❆♣❡s❛r ❞❛ s❡♠❡❧❤❛♥ç❛ ❡♥tr❡ ❛s ❞❡✜♥✐çõ❡s ❞❡ss❛ s❡çã♦ ❡ ❞❛ ❛♥t❡r✐♦r✱ ❞❡✈❡♠♦s
♥♦s ♣r❡❝❛✈❡r ❝♦♠ ♦s ❝♦♥❝❡✐t♦s ❞❡ ♠❡♥s✉r❛❜✐❧✐❞❛❞❡ ❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ❡♠ ❡s♣❛ç♦s
❞❡ ❇❛♥❛❝❤ q✉❛✐sq✉❡r✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❯♠❛ ❢✉♥çã♦ f : I → X é ♠❡♥s✉rá✈❡❧ s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛
(fn)n∈N ⊂ C0(I,X) t❛❧ q✉❡ fn → f q✳t✳♣✳✱ q✉❛♥❞♦ n→ ∞✳

Pr♦♣♦s✐çã♦ ✶✳✷✶✳ ❙❡❥❛♠ (fn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❞❡ I
♣❛r❛ X ❡ f : I → X✳ ❙❡ fn → f q✳t✳♣✳ ❡♠ I✱ ❡♥tã♦ f é ♠❡♥s✉rá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✺❪✱ ♣✳ ✹✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❯♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ f : I → X é ✐♥t❡❣rá✈❡❧ s❡ ❡①✐st❡ ✉♠❛
s❡q✉ê♥❝✐❛ (fn)n∈N ⊂ C0(I,X) t❛❧ q✉❡

∫

I

||fn(t)− f(t)|| → 0,

q✉❛♥❞♦ n→ ∞✳

Pr♦♣♦s✐çã♦ ✶✳✷✸ ✭❚❡♦r❡♠❛ ❞❡ ❇♦❝❤♥❡r✮✳ ❙❡❥❛ f : I → X ♠❡♥s✉rá✈❡❧✳ ❊♥tã♦ f
é ✐♥t❡❣rá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ||f || é ✐♥t❡❣rá✈❡❧✳ ▼❛✐s ❛✐♥❞❛✱

∣

∣

∣

∣

∣

∣

∣

∣

∫

I

f

∣

∣

∣

∣

∣

∣

∣

∣

≤

∫

I

||f ||.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✺❪✱ ♣✳ ✼✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ ❉❡♥♦t❡♠♦s ♣♦r Lp(I,X) ♦ ❝♦♥❥✉♥t♦ ❞❛s
✭❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s✮ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s f : I → X t❛✐s q✉❡ t 7→ ||f(t)||
♣❡rt❡♥❝❡ ❛♦ Lp(I)✳ Lp(I,X) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛s ♥♦r♠❛s

||f ||p =















(
∫

I

||f(t)||pdt

)
1
p

, s❡ 1 ≤ p <∞;

sup ess
t∈I

||f(t)||, s❡ p = ∞.

◆♦ ❝❛s♦ ❡♠ q✉❡ p = 2 ❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ Lp(I,X) é ✉♠ ❡s♣❛ç♦ ❞❡
❍✐❧❜❡rt ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

〈u, v〉L2(I,X) =

∫

I

〈u(x), v(x)〉X dx, ∀ u, v ∈ L2(I,X).

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❉❡♥♦t❡♠♦s ♣♦r D′(I,X) ♦ ❡s♣❛ç♦ L(D(I), X)✳ ❚❛❧ ❝♦♥❥✉♥t♦ é
❝❤❛♠❛❞♦ ♦ ❡s♣❛ç♦ ❞❛s ❞✐str✐❜✉✐çõ❡s ❞❡ I ❡♠ X✳

❉❡✜♥✐çã♦ ✶✳✷✻✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ ❉❡♥♦t❡♠♦s ♣♦r Lp
loc(I,X) ♦ ❝♦♥❥✉♥t♦ ❞❛s

❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s f : I → X t❛✐s q✉❡ ♣❛r❛ t♦❞♦ ✐♥t❡r✈❛❧♦ ❝♦♠♣❛❝t♦ J ⊂ I✱
f|J ∈ Lp(I,X)✳
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❉❡✜♥✐çã♦ ✶✳✷✼✳ ❙❡❥❛ T ∈ D′(I,X)✳ ❉❡✜♥✐♠♦s ❛ ❞❡r✐✈❛❞❛ ❞❛ ❞✐str✐❜✉✐çã♦ T ✱
T ′ ∈ D′(I,X)✱ ♣♦r

〈T ′, ϕ〉 = −〈T, ϕ′〉,

♣❛r❛ ϕ ∈ D(I)✳

Pr♦♣♦s✐çã♦ ✶✳✷✽✳ ❙❡❥❛ f ∈ L1
loc(I,X)✳ ❙❡ ϕ ∈ D(I)✱ ❡♥tã♦

〈Tf , ϕ〉 =

∫

I

fϕ

❞❡✜♥❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❡♠ D′(I,X)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✺❪✱ ♣✳ ✶✵✳

Pr♦♣♦s✐çã♦ ✶✳✷✾✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ ❊♥tã♦✱ Lp(I,X) →֒ L1
loc(I,X)✱ ♣❛r❛ t♦❞♦

p ∈ [1,∞]✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✺❪✱ ♣✳ ✶✵✳

❖ ♣ró①✐♠♦ ❡s♣❛ç♦ ❛ s❡r ❞❡✜♥✐❞♦ t❡rá s✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦
❞❡st❡ tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✶✳✸✵✳ ❙❡❥❛♠ 1 ≤ p ≤ ∞ ❡ Lp(Q) = Lp(0, T ;Lp(Ω))✳ ❉❡♥♦t❡♠♦s
♣♦r W 2,1

p (Q) ♦ ❝♦♥❥✉♥t♦ ❞❛s ✭❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛s ❞❛s✮ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s
u ∈ Lp(Q) t❛✐s q✉❡ ut ∈ Lp(Q) ❡ Dαu ∈ Lp(Q)✱ ♣❛r❛ t♦❞♦ 1 ≤ |α| ≤ 2✱ ♦♥❞❡ Dαu

é ❛ ❞❡r✐✈❛❞❛ ❞❡ u ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✳ W 2,1
p (Q) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

❝♦♠ ❛ s❡❣✉✐♥t❡ ♥♦r♠❛

||u||W 2,1
p (Q) =

(

||u||p
Lp(Q) + ||ut||

p

Lp(Q) +
∑

1≤|α|≤2

||Dαu||p
Lp(Q)

)
1
p

.

Pr♦♣♦s✐çã♦ ✶✳✸✶✳ ❙❡❥❛ Ω ⊂ R
n ❝♦♠ ❢r♦♥t❡✐r❛ ∂Ω s✉✜❝✐❡♥t❡♠❡♥t❡ s✉❛✈❡✳ ❊♥tã♦✱

W 2,1
p (Q) →֒ Lq(Q) ♣❛r❛ q s❛t✐s❢❛③❡♥❞♦✿

✭✐✮ 1 ≤ q ≤
p(n+ 2)

n+ 2− 2p
, se p <

n+ 2

2
;

✭✐✐✮ 1 ≤ q <∞, se p =
n+ 2

2
;

✭✐✐✐✮ q = ∞, se p >
n+ 2

2
.

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦ u ∈ W 2,1
p (Q)✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C

❞❡♣❡♥❞❡♥❞♦ ❞❡ Ω, T, p, q ❡ n t❛❧ q✉❡

||u||Lq(Q) ≤ C ||u||W 2,1
p (Q). ✭✶✳✶✮
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◆♦s ❝❛s♦s ✭✐✐✮ ❡ ✭✐✐✐✮ ❛ ✐♠❡rsã♦ é ❝♦♠♣❛❝t❛✱ ❡ ❡♠ ✭✐✮ t❡r❡♠♦s ✐♠❡rsã♦

❝♦♠♣❛❝t❛ ♣❛r❛ q s❛t✐s❢❛③❡♥❞♦ 1 ≤ q <
p(n+2)
n+2−2p

✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✹❪✱ ♣✳ ✷✵✳

✶✳✸ ❉❡s✐❣✉❛❧❞❛❞❡s ♥♦tá✈❡✐s ❡ ❢ór♠✉❧❛s ❞❡

✐♥t❡❣r❛çã♦

◆❡st❛ s❡çã♦✱ s❡❣✉❡♠ ❛❧❣✉♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡ ❢ór♠✉❧❛s ❞❡ ✐♥t❡❣r❛çã♦
❝♦♥❤❡❝✐❞❛s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❝♦♥s✉❧t❛r
❬✾❪✳

Pr♦♣♦s✐çã♦ ✶✳✸✷ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣✮✳ ❙❡ a, b ≥ 0 ❡ p, q > 1 sã♦ t❛✐s q✉❡
1

p
+

1

q
= 1✱ ❡♥tã♦ ab ≤

ap

p
+
bq

q
✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✾❪✱ ♣✳ ✻✷✷✳

▲❡♠❛ ✶✳✸✸✳ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ exp : R → R ❞❡✜♥✐❞❛ ♣♦r exp(x) = ex✳ ❊♥tã♦✱
❡①✐st❡ θ ∈ (0, 1) t❛❧ q✉❡

|ey − ex| = eθy+(1−θ)x|y − x|.

◆♦ ❝❛s♦ ❡♠ q✉❡ x < y ≤ 0✱ t❡♠♦s

|ey − ex| ≤ |y − x|.

❉❡♠♦♥str❛çã♦✳ P❡❧♦ t❡♦r❡♠❛ ❞♦ ✈❛❧♦r ♠é❞✐♦ ♣❛r❛ ❢✉♥çõ❡s r❡❛✐s✱ ❡①✐st❡ z ∈ (x, y)
t❛❧ q✉❡ exp(y) − exp(x) = exp(z)(y − x)✳ ❆♦ ♣❛r❛♠❡tr✐③❛r ♦ ✐♥t❡r✈❛❧♦ (x, y)✱
❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ θ ∈ (0, 1) ❞❡ t❛❧ ❢♦r♠❛ q✉❡ z = θy+(1− θx)✳ ■ss♦ ♥♦s
❣❛r❛♥t❡ q✉❡

|ey − ex| = eθy+(1−θ)x|y − x|.

❙✉♣♦♥❞♦ x < y ≤ 0 t❡♠♦s z ≤ 0✳ P♦rt❛♥t♦✱ θy + (1 − θx) ≤ 0✱ ♦ q✉❡ ♥♦s
s✉❣❡r❡ eθy+(1−θx) ≤ 1✳ ❉❛í✱

|ey − ex| = eθy+(1−θ)x|y − x|

≤ |y − x|.

Pr♦♣♦s✐çã♦ ✶✳✸✹ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ✲ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧✮✳ ❙❡❥❛ f(·) ✉♠❛
❢✉♥çã♦ ♥ã♦ ♥❡❣❛t✐✈❛✱ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ [0, T ]✱ q✉❡ s❛t✐s❢❛③ ♣❛r❛ ❝❛❞❛ t
❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞✐❢❡r❡♥❝✐❛❧

f ′(t) ≤ φ(t)f(t) + ψ(t),
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♦♥❞❡ φ(t) ❡ ψ(t) sã♦ ❢✉♥çõ❡s ♥ã♦ ♥❡❣❛t✐✈❛s✱ ✐♥t❡❣rá✈❡✐s ❡♠ [0, T ]✳ ❊♥tã♦

f(t) ≤ e
∫ t
0 φ(s)ds

(

f(0) +

∫ t

0

ψ(s)ds

)

,

♣❛r❛ t♦❞♦ 0 ≤ t ≤ T ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡

f ′ ≤ φf em [0, T ] e f(0) = 0,

❡♥tã♦

f ≡ 0 em [0, T ].

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✾❪✱ ♣✳ ✻✷✹✳

Pr♦♣♦s✐çã♦ ✶✳✸✺ ✭❋ór♠✉❧❛ ❞❡ ●r❡❡♥✮✳ ❙❡❥❛♠ Ω ⊂ R
n ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡

f, g ∈ H2(Ω)✳ ❊♥tã♦✿

∫

Ω

(∆f)g dx = −

∫

Ω

〈∇f,∇g〉 dx+

∫

∂Ω

∂f

∂η
g dS.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣✳ ✸✶✻✳

✶✳✹ ❊①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠

♣r♦❜❧❡♠❛ ♣❛r❛❜ó❧✐❝♦

◆❡st❛ ❡ ♥❛ ♣ró①✐♠❛ s❡çã♦✱ ❝♦♥s✐st❡♠ ♦s r❡s✉❧t❛❞♦s ♣r✐♥❝✐♣❛✐s ♣❛r❛ ♦
❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❡ tr❛❜❛❧❤♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ t❛✐s r❡s✉❧t❛❞♦s
❝♦♥s✉❧t❛r ❬✶✸❪ ❡ ❬✶✷❪✳

❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ♣❛r❛❜ó❧✐❝♦ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧✿



































∂u

∂t
−

n
∑

i=1

aij(x, t)
∂2u

∂xi∂xj
+

n
∑

j=1

ai(x, t)
∂u

∂xj
+ a(x, t)u = f, ❡♠ Q,

n
∑

i=1

bi(x, t)
∂u

∂xi
+ b(x, t)u = 0, ❡♠ Γ,

u(·, 0) = u0(·), ❡♠ Ω.

✭✶✳✷✮

Pr♦♣♦s✐çã♦ ✶✳✸✻✳ ❙❡❥❛♠ Ω ⊂ R
n ❧✐♠✐t❛❞♦✱ ❝♦♠ ❢r♦♥t❡✐r❛ ∂Ω s✉✜❝✐❡♥t❡♠❡♥t❡

s✉❛✈❡✱ p > 1 ❡ ❢✉♥çõ❡s aij ❝♦♥tí♥✉❛s ❡ ❧✐♠✐t❛❞❛s ❡♠ Q✳ ❙✉♣♦♥❤❛♠♦s q✉❡

✭✐✮ aij ∈ C(Q̄)✱ i, j = 1, 2, . . . , n ♦♥❞❡ [aij]n×n é ✉♠❛ ♠❛tr✐③ r❡❛❧ ♣♦s✐t✐✈❛ t❛❧
q✉❡ ♣❛r❛ ❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛ β t❡♠✲s❡

∑n

i,j=1 aij(x, t)ξiξj ≥ β|ξ|2✱
♣❛r❛ q✉❛✐sq✉❡r (x, t) ∈ Q ❡ ξ ∈ R

n❀

✭✐✐✮ f ∈ Lp(Q)❀
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✭✐✐✐✮ ai ∈ Lr(Q) ❝♦♠ r = max{p, n + 2} s❡ p 6= n + 2 ♦✉ r = n + 2 + ǫ✱ ♣❛r❛
q✉❛❧q✉❡r ǫ > 0✱ s❡ p = n+ 2❀

✭✐✈✮ a ∈ Ls(Q) ❝♦♠ s = max{p, n+2
2
} s❡ p 6= n+2

2
♦✉ s = n+2

2
+ ǫ✱ ♣❛r❛ q✉❛❧q✉❡r

ǫ > 0✱ s❡ p = n+2
2
❀

✭✈✮ bi, b ∈ C2(Γ̄)✱ i = 1, . . . , n✱ ❡ ♦s ❝♦❡✜❝✐❡♥t❡s bi(x, t) s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦
∣

∣

∣

∣

∑n

i=1 bi(x, t)ηi(x)

∣

∣

∣

∣

≥ δ > 0 ❡♠ ∂Ω × (0, T )✱ ♦♥❞❡ ηi(x) é ❛ ✐✲és✐♠❛

❝♦♠♣♦♥❡♥t❡ ❞♦ ✈❡t♦r ❡①t❡r✐♦r ♥♦r♠❛❧ à ∂Ω ❡♠ x ∈ ∂Ω❀

✭✈✐✮ u0 ∈ W
2− 2

p
p (Ω) ❝♦♠ p 6= 3✱ s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♠♣❛t✐❜✐❧✐❞❛❞❡

∑n

i=1 bi
∂u0

∂xi
+ bu0 = 0 ❡♠ ∂Ω q✉❛♥❞♦ p > 3✳

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ u ∈ W 2,1
p (Q) ❞♦ ♣r♦❜❧❡♠❛ ✭✶✳✷✮ ❡ ✉♠❛

❝♦♥st❛♥t❡ M ❞❡♣❡♥❞❡♥❞♦ ❞❡ T, p, r, s ❡ Ω s❛t✐s❢❛③❡♥❞♦

||u||W 2,1
p (Q) ≤ M

(

||f ||Lp(Q) +

(

||b||Lr(Q) + ||a||Ls(Q)

)

||u0||
W

2− 2
p

p (Ω)

+ ||u0||
W

2− 2
p

p (Ω)

)

.

✭✶✳✸✮

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✸❪✱ ♣✳ ✸✹✶✳

✶✳✺ ❖ ❚❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r

❋✐♥❛❧♠❡♥t❡✱ s❡❣✉❡ ❛ ❢❡rr❛♠❡♥t❛ ♣r✐♥❝✐♣❛❧ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡
tr❛❜❛❧❤♦✳

Pr♦♣♦s✐çã♦ ✶✳✸✼ ✭❚❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r✮✳ ❙❡❥❛♠ X

✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ T : [0, 1]×X → X ✉♠ ♦♣❡r❛❞♦r t❛❧ q✉❡ T (l, x) = y✱ ♣❛r❛
t♦❞♦s x, y ∈ X ❡ l ∈ [0, 1]✳ ❙✉♣♦♥❤❛ q✉❡✿

✭✐✮ ❖ ♦♣❡r❛❞♦r ❚ ❡stá ❜❡♠ ❞❡✜♥✐❞♦❀

✭✐✐✮ P❛r❛ ❝❛❞❛ l ∈ [0, 1] ✜①❛❞♦✱ ♦ ♦♣❡r❛❞♦r T (l, ·) : X → X é ❝♦♥tí♥✉♦❀

✭✐✐✐✮ P❛r❛ ❝❛❞❛ B ⊂ X ❧✐♠✐t❛❞♦ ❡ x ∈ B✱ ♦ ♦♣❡r❛❞♦r T (·, x) : [0, 1] → X é
✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉♦ ❝♦♠ r❡❧❛çã♦ ❛ ♣r✐♠❡✐r❛ ✈❛r✐á✈❡❧❀

✭✐✈✮ P❛r❛ ❝❛❞❛ l ∈ [0, 1] ✜①❛❞♦✱ ♦ ♦♣❡r❛❞♦r T (l, ·) : X → X é ❝♦♠♣❛❝t♦❀

✭✈✮ ❊①✐st❡ ρ > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ l ∈ [0, 1] ❡ x ∈ X s❛t✐s❢❛③❡♥❞♦ x−T (l, x) = 0✱
❡♥tã♦ ||x|| < ρ❀

✭✈✐✮ ❆ ❡q✉❛çã♦ x− T (0, x) = 0 t❡♠ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❡♠ X✳
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❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ x− T (1, x) = 0✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✷❪✱ ♣✳ ✶✽✾✳



❈❛♣ít✉❧♦ ✷

❯♠ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡

✉♥✐❝✐❞❛❞❡ ♣❛r❛ ✉♠ ♠♦❞❡❧♦ ❞❡

❝r❡s❝✐♠❡♥t♦ ❞❡ ❝â♥❝❡r ❝♦♠

tr❛t❛♠❡♥t♦ q✉✐♠✐♦t❡rá♣✐❝♦

✷✳✶ ❖ ♣r♦❜❧❡♠❛ ♣r✐♥❝✐♣❛❧

❙❡❥❛♠ T ∈ (0,∞) ❡ Ω ⊂ R
2 ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❝♦♠ ❢r♦♥t❡✐r❛ s✉✜❝✐❡♥t❡♠❡♥t❡

s✉❛✈❡✳ ❉❡♥♦t❡♠♦s ♣♦r Q = Ω× (0, T ) ❡ Γ = ∂Ω× (0, T )✳

◆♦ss♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ♥❡st❡ tr❛❜❛❧❤♦ é ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿



































































∂N

∂t
= rN − µNN − β1NA− αNγNDN, ❡♠ Q,

∂A

∂t
= rAA

(

1−
A

kA

)

− (µA + ǫA)A− αAγADA, ❡♠ Q,

∂D

∂t
= σ∆D + µχω − γADA− γNDN − τD, ❡♠ Q,

∂D

∂η
= 0, ❡♠ Γ,

N(·, 0) = N0(·), ❡♠ Ω,
A(·, 0) = A0(·), ❡♠ Ω,
D(·, 0) = D0(·), ❡♠ Ω.

✭✷✳✶✮

❉❡✜♥✐çã♦ ✷✳✶✳ ❉✐③❡♠♦s q✉❡ (N,A,D) é ✉♠❛ s♦❧✉çã♦ ❢♦rt❡ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮
❡♠ Q✱ s❡ (N,A,D) s❛t✐s❢❛③ ❛s ❡q✉❛çõ❡s ❡♠ ✭✷✳✶✮ ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦ ❡

N ∈ L∞(Q), Nt ∈ L∞(Q),

A ∈ L∞(Q), At ∈ L∞(Q),

D ∈ L4(0, T ;W 2
4 (Ω)) e Dt ∈ L4(Q).

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ s❡♠♣r❡ q✉❛♥❞♦ ♥♦s r❡❢❡r✐r♠♦s ❛ s♦❧✉çã♦✱ ❡st❛r❡♠♦s tr❛t❛♥❞♦

✶✹
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❞❡ s♦❧✉çã♦ ♥♦ s❡♥t✐❞♦ ❢♦rt❡✳

❉♦r❛✈❛♥t❡✱ tr❛❜❛❧❤❛r❡♠♦s ♣❛r❛ ♣r♦✈❛r ✉♠ s✐❣♥✐✜❝❛t✐✈♦ r❡s✉❧t❛❞♦ s♦❜r❡
❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦ ❢♦rt❡ ♣❛r❛ ♦ s✐st❡♠❛ ✭✷✳✶✮✳ ❙❡❣✉❡ ♦ ❡♥✉♥❝✐❛❞♦
❞❡ t❛❧ r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✷✳✷✳ ❙✉♣♦♥❤❛♠♦s q✉❡ 0 ≤ N0, A0 ∈ L∞(Ω) ❡ q✉❡ D0 ∈ W
3
2
4 (Ω) ⊂

L∞(Ω) ❝♦♠ 0 ≤ D0 ≤ µ

τ
✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❢♦rt❡ (N,A,D)

❞♦ s✐st❡♠❛ ✭✷✳✶✮✳ ▼❛✐s ❛✐♥❞❛✱ 0 ≤ D ≤ µ

τ
❡ ❡①✐st❡♠ ❝♦♥st❛♥t❡s CN , CA, ρ̄ ≥

0 t❛✐s q✉❡ 0 ≤ N ≤ CN , 0 ≤ A ≤ CA ❡ ||D||W 2,1
4 (Q) ≤ ρ̄✱ ♦♥❞❡ ρ̄

❞❡♣❡♥❞❡ ❞❡ M,µ, γ, γN , τ, CA, CN , |Ω|, T, ||D0||
W

3
2
4 (Ω)

✱ ❝♦♠ M s❡♥❞♦ ❛ ❝♦♥st❛♥t❡

❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✻✳

❆♥t❡s ❞❡ ✐♥✐❝✐❛r♠♦s ♦s ❡st✉❞♦s ♣❛r❛ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✱ q✉❡r❡♠♦s
❞❡✐①❛r ❝❧❛r♦ ❛❧❣✉♠❛s q✉❡stõ❡s s♦❜r❡ ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❡ ✉♠❛ ♣♦ssí✈❡❧ s♦❧✉çã♦ ❞♦
s✐st❡♠❛ ✭✷✳✶✮✿

❖❜s❡r✈❛çã♦ ✷✳✸✳ ❙✉♣♦♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✷ ✈á❧✐❞♦✱ s❡❣✉❡♠ ❛❧❣✉♥s ❝♦♠❡♥tár✐♦s
s♦❜r❡ ❛ r❡❣✉❧❛r✐❞❛❞❡ ❞❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ❡ ❞♦ ❞❛❞♦ ✐♥✐❝✐❛❧ ❞❛ s♦❧✉çã♦ D ❞♦
s✐st❡♠❛ ✭✷✳✶✮✳

✭✐✮ ❆✜r♠❛♠♦s q✉❡ ∂D
∂η

= 〈∇D,−→η 〉 ❡stá ❜❡♠ ❞❡✜♥✐❞♦ ❡♠ Γ✳ ❉❡ ❢❛t♦✱ ✜①❛❞♦

t ∈ (0, T )✱ ❝♦♠♦ D(·, t) ∈ W 1
4 (Ω) ❡♥tã♦ D(·, t)

∣

∣

∂Ω
∈ W

1− 1
4

4 (∂Ω) = W
3
4
4 (∂Ω)✳ ▼❛✐s

❛✐♥❞❛✱ ❝♦♠♦ D(·, t) ∈ W 2
4 (Ω) ❡♥tã♦ ∇D(·, t) ∈ W 1

4 (Ω)×W 1
4 (Ω)✱ ❞♦♥❞❡ s❡❣✉❡ q✉❡

∇D(·, t)
∣

∣

∂Ω
∈ W

3
4
4 (∂Ω) ×W

3
4
4 (∂Ω)✳ P♦rt❛♥t♦✱ ∂D

∂η
∈ W

3
4
4 (∂Ω) ⊂ L4(∂Ω)✳ P❛r❛

♠❛✐s ✐♥❢♦r♠❛çõ❡s✱ ✈❡r ❇r❡③✐s ❬✹❪✱ ♣✳ ✸✶✺✳

✭✐✐✮ ❙❡❣✉❡ t❛♠❜é♠ q✉❡ D(·, 0) = D0(·) ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳ ❈♦♠ ❡❢❡✐t♦✱ ❡st❡
r❡s✉❧t❛❞♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ s❡❣✉✐♥t❡ ✐♠❡rsã♦ ❝♦♥tí♥✉❛

W
2,1
4 (Q) →֒ C([0, T ],W

2− 2
4

4 (Ω)) = C([0, T ],W
3
2
4 (Ω)).

P❛r❛ ♠❛✐s ✐♥❢♦r♠❛çõ❡s✱ ✈❡r ❬✶✽❪✳

❉❛♥❞♦ ❝♦♥t✐♥✉✐❞❛❞❡✱ s✉♣♦♥❞♦ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✷✳✷✱ ✐♥✐❝✐❡♠♦s ♥♦ss♦s
❡st✉❞♦s✳

❊st✉❞❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ♦s s❡❣✉✐♥t❡s ♣r♦❜❧❡♠❛s✿










∂A

∂t
= rAA

(

1−
A

kA

)

− (µA + ǫA)A− αAγADA, ❡♠ Q,

A(·, 0) = A0(·), ❡♠ Ω,

✭✷✳✷✮







∂N

∂t
= rN − µNN − β1NA− αNγNDN, ❡♠ Q,

N(·, 0) = N0(·), ❡♠ Ω.

✭✷✳✸✮
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❘❡❡s❝r❡✈❡♥❞♦ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❡♠ ✭✷✳✷✮✱ ♦❜t❡♠♦s

∂A

∂t
= −

rA

kA
A2 + (rA − µA − ǫA − αAγAD)A.

❋✐①❡♠♦s x ∈ Ω✳ ❋❛③❡♥❞♦ ∂A
∂t

= A′ ❡ p = rA − µA − ǫA − αAγAD✱ ♦❜t❡♠♦s

A′ = −
rA

kA
A2 + pA.

❚❛❧ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ é ❞♦ t✐♣♦ ❇❡r♥♦✉❧❧✐ ❡ s✉♣♦♥❞♦ q✉❡ A é ♥ã♦✲♥✉❧♦ ❡♠ Q✱
s✉❛ s♦❧✉çã♦ s❡rá ♦❜t✐❞❛ ❞✐✈✐❞✐♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦r A−2✱ ❢❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛
❞❡ ✈❛r✐á✈❡❧ w(t) = A−1(x, t) ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ w′ = −A−2A′✳ ❉❡ss❛ ❢♦r♠❛✱
t❡r❡♠♦s

A−2A′ = − rA
kA

+ pA−1

−w′ = − rA
kA

+ pw

w′ + pw = rA
kA
.

P❛r❛ ❞❡t❡r♠✐♥❛r ❛ s♦❧✉çã♦ ❞❛ ♥♦✈❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❧✐♥❡❛r ♦❜t✐❞❛ ✉s❛♠♦s
♦ ♠ét♦❞♦ ❞♦ ❢❛t♦r ✐♥t❡❣r❛♥t❡ ❡ ♣♦rt❛♥t♦ ❣❛r❛♥t✐♠♦s

(

we
∫ s
0 p(ξ)dξ

)′

=
rA

kA
e
∫ s
0 p(ξ)dξ.

■♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ t✱ ♦❜t❡♠♦s

w(t)e
∫ t
0 p(ξ)dξ − w(0) = rA

kA

∫ t

0
e
∫ s
0 p(ξ)dξds

w(t) =
w(0)+

rA
kA

∫ t
0 e

∫ s
0 p(ξ)dξds

e
∫ t
0 p(ξ)dξ

.

❈♦♠♦ w = A−1 ❡ ❡♠ ♣❛rt✐❝✉❧❛r w(0) = A−1(x, 0) = A0
−1(x)✱ s❡❣✉❡ q✉❡

A(x, t) =
A0(x)kAe

∫ t
0 p(ξ)dξ

kA + A0(x)rA
∫ t

0
e
∫ s
0 p(ξ)dξds

.

❈♦♠♦ p = rA − µA − ǫA − αAγAD✱ t❡♠♦s

e
∫ t
0 p(ξ)dξ = e(rA−µA−ǫA)te−αAγA

∫ t
0 D(x,ξ)dξ.

❉❡✜♥✐♥❞♦ λ = rA − µA − ǫA✱ ❡s❝r❡✈❡♠♦s ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✷✮ ❝♦♠♦
s❡♥❞♦

A(x, t) =
A0(x)kAe

λte−αAγA
∫ t
0 D(ξ,x)dξ

kA + A0(x)rA
∫ t

0
eλse−αAγA

∫ s
0 D(x,ξ)dξds

. ✭✷✳✹✮
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❆❣♦r❛✱ r❡❡s❝r❡✈❡♥❞♦ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❡♠ ✭✷✳✸✮✱ ♦❜t❡♠♦s

∂N

∂t
= rN −N(µN + β1A+ αNγND).

❋✐①❡♠♦s x ∈ Ω✳ ❋❛③❡♥❞♦ ∂N
∂t

= N ′ ❡ q = µN + β1A+ αNγND✱ t❡♠♦s

N ′ = −qN + rN

N ′ + qN = rN .

❖❜t❡♠♦s ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❧✐♥❡❛r ❛❝✐♠❛ ♣❡❧♦ ♠ét♦❞♦ ❞♦ ❢❛t♦r
✐♥t❡❣r❛♥t❡✱ ♦✉ s❡❥❛✱

(

Ne
∫ s
0 q(ξ)dξ

)′

= rNe
∫ s
0 q(ξ)dξ.

■♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ t✱ ♦❜t❡♠♦s

N(x, t)e
∫ t
0 q(ξ)dξ −N(x, 0) = rN

∫ t

0
e
∫ s
0 q(ξ)dξds

N(x, t) =
N(x,0)+rN

∫ t
0 e

∫ s
0 q(ξ)dξds

e
∫ t
0 q(ξ)dξ

.

❈♦♠♦ N(x, 0) = N0(x)✱ s❡❣✉❡ q✉❡

N(x, t) =
N0(x) + rN

∫ t

0
e
∫ s
0 q(ξ)dξds

e
∫ t
0 q(ξ)dξ

.

❈♦♠♦ q = µN + β1A+ αNγND✱ t❡♠♦s

e
∫ s
0 q(ξ)dξ = eµNseαNγN

∫ s
0 D(x,ξ)dξeβ1

∫ s
0 A(x,ξ)dξ.

❆ss✐♠✱ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✸✮ t♦♠❛ ❛ ❢♦r♠❛

N(x, t) =
N0(x) + rN

∫ t

0
eµNseαNγN

∫ s
0 D(x,ξ)dξeβ1

∫ s
0 A(x,ξ)dξds

eµN teαNγN
∫ t
0 D(x,ξ)dξeβ1

∫ t
0 A(x,ξ)dξ

. ✭✷✳✺✮
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✷✳✷ ❯♠ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r

◗✉❡r❡♠♦s ❡st✉❞❛r q✉❡stõ❡s ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛
♠♦❞✐✜❝❛❞♦✿















































































∂N̂

∂t
= rN − µNN̂ − β1N̂Â− αNγN |D̂|N̂ , ❡♠ Q,

∂Â

∂t
= rAÂ

(

1−
Â

kA

)

− (µA + ǫA)Â− αAγA|D̂|Â, ❡♠ Q,

∂D̂

∂t
= σ∆D̂ + µχω − γD̂Â− γND̂N̂ − τD̂, ❡♠ Q,

∂D̂

∂η
(·) = 0, ❡♠ Γ,

N̂(·, 0) = N0(·), ❡♠ Ω,

Â(·, 0) = A0(·), ❡♠ Ω,

D̂(·, 0) = D0(·), ❡♠ Ω.

✭✷✳✻✮

❖❜s❡r✈❡♠♦s q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ ♣r♦❜❧❡♠❛ ♣r✐♥❝✐♣❛❧ ✭✷✳✶✮ ❡ ♦ ♠♦❞✐✜❝❛❞♦
✭✷✳✻✮ s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ t♦♠❛r♠♦s ♦ ♠ó❞✉❧♦ ❞❡ D̂ ♥❛s ❞✉❛s ♣r✐♠❡✐r❛s ❡q✉❛çõ❡s ❞❡
✭✷✳✻✮✳ ◆❛ ❝♦♥str✉çã♦ ❞❡st❛ s❡çã♦ ✈❡r❡♠♦s ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ t❛❧ ♠♦❞✐✜❝❛çã♦✳

❆s s♦❧✉çõ❡s ❞♦s ♣r♦❜❧❡♠❛s ✭✷✳✷✮ ❡ ✭✷✳✸✮ ♦❜t✐❞❛s ❡♠ ✭✷✳✹✮ ❡ ✭✷✳✺✮
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥♦s s✉❣❡r❡♠ ❞❡✜♥✐r ♦s ♦♣❡r❛❞♦r❡s Λ : L∞(Q) → L∞(Q) ❡
Θ : L∞(Q) → L∞(Q) ♣♦r

Λ(φ)(x, t) =
A0(x)kAe

λte−αAγA
∫ t
0 |φ(ξ,x)|dξ

kA + A0(x)rA
∫ t

0
eλse−αAγA

∫ s
0 |φ(ξ,x)|dξds

✭✷✳✼✮

❡

Θ(φ)(x, t) =
N0(x) + rN

∫ t

0
eµNseαNγN

∫ s
0 |φ(x,ξ)|dξeβ1

∫ s
0 Λ(φ)(x,ξ)dξds

eµN teαNγN
∫ t
0 |φ(x,ξ)|dξeβ1

∫ t
0 Λ(φ)(x,ξ)dξ

. ✭✷✳✽✮

❊♠ ✉♠ ❞♦s ❧❡♠❛s q✉❡ s❡ s❡❣✉❡♠ s❡rá ♠♦str❛❞♦ q✉❡ t❛✐s ♦♣❡r❛❞♦r❡s ❡stã♦ ❜❡♠
❞❡✜♥✐❞♦s✳

❆ ❝♦♥❡①ã♦ q✉❡ t❡♠♦s ❡♥tr❡ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ❡ ♦ ♣r♦❜❧❡♠❛ ♣r✐♥❝✐♣❛❧ ✜❝❛
❝♦♥❝❡♥tr❛❞❛ ♥❛s s❡❣✉✐♥t❡s ♦❜s❡r✈❛çõ❡s✿

❖❜s❡r✈❛çã♦ ✷✳✹✳ ❆ tr✐♣❧❛ (N̂ , Â, D̂) é s♦❧✉çã♦ ❞❡ ✭✷✳✻✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
D̂, Â = Λ(D̂) ❡ N̂ = Θ(D̂) s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ✐♥t❡❣r♦✲❞✐❢❡r❡♥❝✐❛❧✿
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

























∂D̂

∂t
= σ∆D̂ + µχω − γD̂Λ(D̂)− γND̂Θ(D̂)− τD̂, ❡♠ Q,

∂D̂

∂η
(·) = 0, ❡♠ Γ,

D̂(·, 0) = D0(·), ❡♠ Ω.

✭✷✳✾✮

❖❜s❡r✈❛çã♦ ✷✳✺✳ ❙❡ ♣r♦✈❛r♠♦s q✉❡ ❛ s♦❧✉çã♦ D̂ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✾✮ é ♥ã♦✲
♥❡❣❛t✐✈❛✱ ❣❛r❛♥t✐♠♦s q✉❡ ❛ tr✐♣❧❛ (N,A,D) = (N̂ , Â, D̂)✱ ♦♥❞❡ D = D̂, A = Λ(D̂)
❡ N = Θ(D̂)✱ é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✳

▲❡♠❛ ✷✳✻✳ ❙❡❥❛ f : (0, T ) → R ❞❡r✐✈á✈❡❧ t❛❧ q✉❡ f(t) > 0 ❡ f ′(t) ≥ 0✳ ❙❡

g(t) =
∫ t
0 f(x)dx

f(t)
❡♥tã♦ g(t) ≤ T ✱ ♣❛r❛ t♦❞♦ t ∈ (0, T )✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ f é ❝♦♥tí♥✉❛ ❡♠ (0, T )✱ s❡❣✉❡ q✉❡

g′(t) =
f(t)2 − f ′(t)

∫ t

0
f(x)dx

f(t)2

= 1−
f ′(t)

f(t)
g(t).

❈♦♠♦ f(t) > 0 t❡♠♦s g(t) ≥ 0 ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ f ′(t) ≥ 0 t❡♠♦s
f ′(t)
f(t)

g(t) ≥ 0✱ ♦✉ s❡❥❛✱ −f ′(t)
f(t)

g(t) ≤ 0✳ ▲♦❣♦✱ g′(t) ≤ 1 ♦ q✉❡ ♥♦s s✉❣❡r❡ g(t) ≤ t✱
♣❛r❛ t♦❞♦ t ∈ (0, T )✳ ❆ss✐♠✱ g(t) ≤ T ✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

❖ s❡❣✉✐♥t❡ ❧❡♠❛ ♠♦str❛ ❛ ❜♦❛ ❞❡✜♥✐çã♦ ❞♦s ♦♣❡r❛❞♦r❡s ❞❡✜♥✐❞♦s ❡♠ ✭✷✳✼✮ ❡
✭✷✳✽✮✿

▲❡♠❛ ✷✳✼✳ ❙✉♣♦♥❤❛♠♦s q✉❡ N0, A0 ∈ L∞(Ω) ❡ ❞❡✜♥❛ Cλ = max{1, eλT}✳ ❊♥tã♦✱
0 ≤ Λ(φ)(x, t) ≤ CA ❡ 0 ≤ Θ(φ)(x, t) ≤ CN ✱ ♣❛r❛ q✉❛✐sq✉❡r φ ∈ L∞(Q) ❡ ♣❛r❛
q✉❛s❡ t♦❞♦ (x, t) ∈ Q✱ ♦♥❞❡ CA = Cλ||A0||L∞(Ω) ❡ CN = ||N0||L∞(Ω) + rNT ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ (x, t) ∈ Ω × (0, T ) ❡ φ ∈ L∞(Q)✳ P❡❧❛s ❡①♣r❡ssõ❡s
✭✷✳✼✮ ❡ ✭✷✳✽✮✱ é ✐♠❡❞✐❛t♦ q✉❡ Θ(φ)(x, t),Λ(φ)(x, t) ≥ 0✳ Pr♦✈❡♠♦s q✉❡
Λ(φ)(x, t) ≤ CA✳ ❉❡ ❢❛t♦✱ ✉s❛♥❞♦ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s t❡r♠♦s ♥♦ ❞❡♥♦♠✐♥❛❞♦r
❡ q✉❡ e−αAγA

∫ t
0 |φ(x,ξ)|dξ ≤ 1✱ t❡♠♦s

Λ(φ)(x, t) = A0(x)kAeλte−αAγA
∫ t
0 |φ(ξ,x)|dξ

kA+A0(x)rA
∫ t
0 eλse−αAγA

∫ s
0 |φ(ξ,x)|dξds

≤ 1
kA
A0(x)kAe

λte−αAγA
∫ t
0 |φ(x,ξ)|dξ

≤ A0(x)e
λt

≤ CλA0(x)

≤ Cλ||A0||L∞(Ω),
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♦✉ s❡❥❛✱
Λ(φ)(x, t) ≤ Cλ||A0||L∞(Ω) = CA.

❆❣♦r❛✱ ♣r♦✈❡♠♦s q✉❡ Θ(φ)(x, t) ≤ CN ✳ ❯s❛♥❞♦ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s t❡r♠♦s ♥♦
❞❡♥♦♠✐♥❛❞♦r✱ ♦❜t❡♠♦s

Θ(φ)(x, t) =
N0(x)+rN

∫ t
0 eµNseαNγN

∫ s
0 |φ(x,ξ)|dξeβ1

∫ s
0 Λ(φ)(x,ξ)dξds

eµNteαNγN
∫ t
0 |φ(x,ξ)|dξeβ1

∫ t
0 Λ(φ)(x,ξ)dξ

≤ N0(x) + rN

∫ t
0 eµNseαNγN

∫ s
0 |φ(x,ξ)|dξeβ1

∫ s
0 Λ(φ)(x,ξ)dξds

eµNteαNγN
∫ t
0 |φ(x,ξ)|dξeβ1

∫ t
0 Λ(φ)(x,ξ)dξ

.

❋✐①❛❞♦ x ∈ Ω✱ ❞❡✜♥✐♠♦s

g(x, t) =

∫ t

0
eµNseαNγN

∫ s
0 |φ(x,ξ)|dξeβ1

∫ s
0 Λ(φ)(x,ξ)dξds

eµN teαNγN
∫ t
0 |φ(x,ξ)|dξeβ1

∫ t
0 Λ(φ)(x,ξ)dξ

.

❯s❛♥❞♦ ♦ ▲❡♠❛ ✷✳✻ ❝♦♠ f(x, t) = eµN teαNγN
∫ t
0 |φ(x,ξ)|dξeβ1

∫ t
0 Λ(φ)(x,ξ)dξ✱ s❡❣✉❡ q✉❡

Θ(φ)(x, t) ≤ N0(x) + rNT,

♣❛r❛ q✉❛❧q✉❡r x ∈ Ω✳

P♦r ✜♠✱ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ N0 ∈ L∞(Ω)✱ ♦❜t❡♠♦s

Θ(φ)(x, t) ≤ ||N0||L∞(Ω) + rNT = CN ,

❝♦♠♦ q✉❡rí❛♠♦s✳

▲❡♠❛ ✷✳✽✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C1 ≥ 0 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ φ1 ❡ φ2 t❛❧ q✉❡
||Λ(φ1)− Λ(φ2)||L∞(Q) ≤ C1||φ1 − φ2||L∞(Q)✳

❉❡♠♦♥str❛çã♦✳ ❆ ❡①♣r❡ssã♦ ❡♠ ✭✷✳✼✮✱ ♥♦s s✉❣❡r❡ q✉❡

|Λ(φ1)(x, t)− Λ(φ2)(x, t)| =

1

|(kA + A0rA
∫ t

0
eλse−αAγA

∫ s
0 |φ1(x,ξ)|dξds)(kA + A0rA

∫ t

0
eλse−αAγA

∫ s
0 |φ2(x,ξ)|dξds)|

×

∣

∣

∣

∣

A0kAe
λte−αAγA

∫ t
0 |φ1(x,ξ)|dξ

(

kA + A0rA

∫ t

0

eλse−αAγA
∫ s
0 |φ2(x,ξ)|dξds

)

−

A0kAe
λte−αAγA

∫ t
0 |φ2(x,ξ)|dξ

(

kA + A0rA

∫ t

0

eλse−αAγA
∫ s
0 |φ1(x,ξ)|dξds

)∣

∣

∣

∣

.
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P❡❧❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s t❡r♠♦s ♥♦ ❞❡♥♦♠✐♥❛❞♦r✱ ♦❜t❡♠♦s

|Λ(φ1)(x, t)− Λ(φ2)(x, t)| ≤

1

kA
2

∣

∣

∣

∣

A0kA
2eλt
(

e−αAγA
∫ t
0 |φ1(x,ξ)|dξ − e−αAγA

∫ t
0 |φ2(x,ξ)|dξ

)

+

A0
2kArAe

λt

(

e−αAγA
∫ t
0 |φ1(x,ξ)|dξ

∫ t

0

eλse−αAγA
∫ s
0 |φ2(x,ξ)|dξds −

e−αAγA
∫ t
0 |φ2(x,ξ)|dξ

∫ t

0

eλse−αAγA
∫ s
0 |φ1(x,ξ)|dξds

)∣

∣

∣

∣

.

❙♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦ ♦ t❡r♠♦ e−αAγA
∫ t
0 |φ2(x,ξ)|dξ

∫ t

0
eλse−αAγA

∫ s
0 |φ2(x,ξ)|dξds✱

t❡♠♦s

|Λ(φ1)(x, t)− Λ(φ2)(x, t)| ≤

1

kA
2

∣

∣

∣

∣

A0kA
2eλt
(

e−αAγA
∫ t
0 |φ1(x,ξ)|dξ − e−αAγA

∫ t
0 |φ2(x,ξ)|dξ

)

+

A0
2kArAe

λt

(

e−αAγA
∫ t
0 |φ1(x,ξ)|dξ

∫ t

0

eλse−αAγA
∫ s
0 |φ2(x,ξ)|dξds −

e−αAγA
∫ t
0 |φ2(x,ξ)|dξ

∫ t

0

eλse−αAγA
∫ s
0 |φ2(x,ξ)|dξds +

e−αAγA
∫ t
0 |φ2(x,ξ)|dξ

∫ t

0

eλse−αAγA
∫ s
0 |φ2(x,ξ)|dξds −

e−αAγA
∫ t
0 |φ2(x,ξ)|dξ

∫ t

0

eλse−αAγA
∫ s
0 |φ1(x,ξ)|dξds

)∣

∣

∣

∣

.

❈♦❧♦❝❛♥❞♦ t❡r♠♦s ❡♠ ❡✈✐❞ê♥❝✐❛✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❡
❛✉♠❡♥t❛♥❞♦ ❛ r❡❣✐ã♦ ❞❡ ✐♥t❡❣r❛çã♦✱ t❡♠♦s

|Λ(φ1)(x, t)− Λ(φ2)(x, t)| ≤

1

kA
2A0kA

2eλt
∣

∣e−αAγA
∫ t
0 |φ1(x,ξ)|dξ − e−αAγA

∫ t
0 |φ2(x,ξ)|dξ

∣

∣ +

1

kA
2A0

2kArAe
λt
∣

∣e−αAγA
∫ t
0 |φ1(x,ξ)|dξ − e−αAγA

∫ t
0 |φ2(x,ξ)|dξ

∣

∣ ×
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∫ T

0

eλse−αAγA
∫ s
0 |φ2(x,ξ)|dξds +

1

kA
2A0

2kArAe
λte−αAγA

∫ t
0 |φ2(x,ξ)|dξ ×

∫ T

0

eλs
∣

∣e−αAγA
∫ s
0 |φ1(x,ξ)|dξ − e−αAγA

∫ s
0 |φ2(x,ξ)|dξ

∣

∣ds.

❋❛③❡♥❞♦ ❛s ♣♦ssí✈❡✐s s✐♠♣❧✐✜❝❛çõ❡s ❡ ✉s❛♥❞♦ ♦s ❢❛t♦s ❞❡ q✉❡ e−αAγA
∫ t
0 |φ(x,ξ)|dξ ≤

1✱ eλt ≤ Cλ ❡ A0(x) ≤ ||A0||L∞(Ω)✱ ♣❛r❛ q✉❛s❡ t♦❞♦ x ∈ Ω✱ s❡❣✉❡ q✉❡

|Λ(φ1)(x, t)− Λ(φ2)(x, t)| ≤

||A0||L∞(Ω)Cλ

∣

∣e−αAγA
∫ t
0 |φ1(x,ξ)|dξ − e−αAγA

∫ t
0 |φ2(x,ξ)|dξ

∣

∣ +

1

kA
||A0||

2
L∞(Ω)rACλ

2T
∣

∣e−αAγA
∫ t
0 |φ1(x,ξ)|dξ − e−αAγA

∫ t
0 |φ2(x,ξ)|dξ

∣

∣ +

1

kA
||A0||

2
L∞(Ω)rACλ

2

∫ T

0

∣

∣e−αAγA
∫ s
0 |φ1(x,ξ)|dξ − e−αAγA

∫ s
0 |φ2(x,ξ)|dξ

∣

∣ds.

✭✷✳✶✵✮

❊st✉❞❡♠♦s
∣

∣e−αAγA
∫ s
0 |φ1(x,ξ)|dξ − e−αAγA

∫ s
0 |φ2(x,ξ)|dξ

∣

∣✳ P❛r❛ ✐ss♦✱ ✉s❡♠♦s ♦ ▲❡♠❛
✶✳✸✸✱ ♦✉ s❡❥❛✱

∣

∣e−αAγA
∫ t
0 |φ1(x,ξ)|dξ − e−αAγA

∫ t
0 |φ2(x,ξ)|dξ

∣

∣ ≤
∣

∣− αAγA
∫ t

0
(|φ1(x, ξ)| − |φ2(x, ξ)|)dξ

∣

∣

≤ αAγA
∫ t

0

∣

∣|φ1(x, ξ)| − |φ2(x, ξ)|
∣

∣dξ

≤ αAγA
∫ t

0
|φ1(x, ξ)− φ2(x, ξ)|dξ

≤ αAγAT ||φ1 − φ2||L∞(Q),

♣❛r❛ q✉❛s❡ t♦❞♦ (x, t) ∈ Q✳ ▲♦❣♦✱ ✈♦❧t❛♥❞♦ ❛ ✭✷✳✶✵✮✱ ♦❜t❡♠♦s

|Λ(φ1)(x, t)− Λ(φ2)(x, t)| ≤

||A0||L∞(Ω)CλαAγAT ||φ1 − φ2||L∞(Q) +

2
kA
||A0||

2
L∞(Ω)rACλ

2αAγAT
2||φ1 − φ2||L∞(Q),

♣❛r❛ q✉❛s❡ t♦❞♦ (x, t) ∈ Q✳ ❆ss✐♠✱

||Λ(φ1)− Λ(φ2)||L∞(Q) ≤ C1 ||φ1 − φ2||L∞(Q),
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♦♥❞❡

C1 = 2 max{||A0||L∞(Ω)CλαAγAT,
2

kA
||A0||

2
L∞(Ω)rACλ

2αAγAT
2}.

▲❡♠❛ ✷✳✾✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C2 ≥ 0 ❞❡♣❡♥❞❡♥❞♦ ❞❡ φ1 ❡ φ2 t❛❧ q✉❡
||Θ(φ1)−Θ(φ2)||L∞(Q) ≤ C2||φ1 − φ2||L∞(Q)✳

❉❡♠♦♥str❛çã♦✳ ❆ ❡①♣r❡ssã♦ ❡♠ ✭✷✳✽✮✱ ♥♦s s✉❣❡r❡ q✉❡

|Θ(φ1)(x, t)−Θ(φ2)(x, t)| =

1

eµN teαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξeαNγN

∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

×

∣

∣

∣

∣

N0(x)

(

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ − eαNγN

∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

)

+

rN

(

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ1(x,ξ)|dξeβ1

∫ s
0 Λ(φ1)(x,ξ)dξds −

eαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ2(x,ξ)|dξeβ1

∫ s
0 Λ(φ2)(x,ξ)dξ

)∣

∣

∣

∣

❡ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✱ ♦❜t❡♠♦s

|Θ(φ1)(x, t)−Θ(φ2)(x, t)| ≤

1

eµN teαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξeαNγN

∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

×

(

N0(x)
∣

∣eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ − eαNγN

∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∣

∣ +

rN

∣

∣

∣

∣

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ1(x,ξ)|dξeβ1

∫ s
0 Λ(φ1)(x,ξ)dξds −

eαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ2(x,ξ)|dξeβ1

∫ s
0 Λ(φ2)(x,ξ)dξ

∣

∣

∣

∣

)

.

✭✷✳✶✶✮

❈♦♥tr♦❧❡♠♦s ❝❛❞❛ ♣❛r❝❡❧❛ s❡♣❛r❛❞❛♠❡♥t❡✿

■✮ ❊st✉❞❡♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ♦ t❡r♠♦

|eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ − eαNγN

∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ|.
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❖r❛✱ s♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦ ♦ t❡r♠♦ eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ ❡ ❢❛③❡♥❞♦

❢❛t♦r ❝♦♠✉♠✱ ♦❜t❡♠♦s

∣

∣eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ − eαNγN

∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∣

∣ =

∣

∣eαNγN
∫ t
0 |φ2(x,ξ)|dξ

(

eβ1

∫ t
0 Λ(φ2)(x,ξ)dξ − eβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

)

+

eβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

(

eαNγN
∫ t
0 |φ2(x,ξ)|dξ − eαNγN

∫ t
0 |φ1(x,ξ)|dξ

)∣

∣.

❆ ❞❡s✐❣✉❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❡ ♦ ▲❡♠❛ ✶✳✸✸✱ ♥♦s s✉❣❡r❡♠

∣

∣eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ − eαNγN

∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∣

∣ ≤

eαNγN
∫ t
0 |φ2(x,ξ)|dξeθ1β1

∫ t
0 Λ(φ2)(x,ξ)dξ+(1−θ1)β1

∫ t
0 Λ(φ1)(x,ξ)dξβ1 ×

∫ t

0

|Λ(φ2)(x, ξ)− Λ(φ1)(x, ξ)|dξ +

eβ1

∫ t
0 Λ(φ1)(x,ξ)dξeθ2αNγN

∫ t
0 |φ2(x,ξ)|dξ+(1−θ2)αNγN

∫ t
0 |φ1(x,ξ)|dξαNγN ×

∫ t

0

|φ2(x, ξ)− φ1(x, ξ)|dξ.

✭✷✳✶✷✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦r

1

eµN teαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξeαNγN

∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

,

s✐♠♣❧✐✜❝❛♥❞♦ ❡ ✉s❛♥❞♦ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s t❡r♠♦s ♥♦ ❞❡♥♦♠✐♥❛❞♦r✱ ♦❜t❡♠♦s

∣

∣eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ − eαNγN

∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∣

∣ ×

1

eµN teαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξeαNγN

∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

≤

e(θ1−1)β1

∫ t
0 Λ(φ2)(x,ξ)dξ−θ1β1

∫ t
0 Λ(φ1)(x,ξ)dξβ1

∫ t

0

|Λ(φ2)(x, ξ)− Λ(φ1)(x, ξ)|dξ +

e(θ2−1)αNγN
∫ t
0 |φ2(x,ξ)|dξ−θ2αNγN

∫ t
0 |φ1(x,ξ)|dξαNγN

∫ t

0

|φ2(x, ξ)− φ1(x, ξ)|dξ.

✭✷✳✶✸✮

❈♦♠♦ 0 < θj < 1✱ s❡❣✉❡ q✉❡ −θj < 0 ❡ θj − 1 < 0✱ ♣❛r❛ ❥ ❂ ✶✱✷✳ ❆ss✐♠✱

e(θ2−1)αNγN
∫ t
0 |φ2(x,ξ)|dξ−θ2αNγN

∫ t
0 |φ1(x,ξ)|dξ ≤ 1

❡
e(θ1−1)β1

∫ t
0 Λ(φ2)(x,ξ)dξ−θ1β1

∫ t
0 Λ(φ1)(x,ξ)dξ ≤ 1,
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♣♦rt❛♥t♦✱

∣

∣eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,t)dξ − eαNγN

∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,t)dξ

∣

∣ ×

1

eµN teαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,t)dξeαNγN

∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,t)dξ

≤

β1

∫ t

0

|Λ(φ2)(x, t)− Λ(φ1)(x, t)|dξ + αNγN

∫ t

0

|φ2(x, ξ)− φ1(x, ξ)|dξ.

✭✷✳✶✹✮

■■✮ ❆❣♦r❛ ❡st✉❞❡♠♦s ♦ t❡r♠♦
∣

∣

∣

∣

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ1(x,ξ)|dξeβ1

∫ s
0 Λ(φ1)(x,ξ)dξds −

eαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ2(x,ξ)|dξeβ1

∫ s
0 Λ(φ2)(x,ξ)dξds

∣

∣

∣

∣

.

❙♦♠❛♥❞♦ ❡ s✉❜tr❛✐♥❞♦ ♦ t❡r♠♦

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ2(x,ξ)|dξeβ1

∫ s
0 Λ(φ2)(x,ξ)dξds

❡ ❢❛③❡♥❞♦ ❢❛t♦r ❝♦♠✉♠✱ ♦❜t❡♠♦s
∣

∣

∣

∣

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ1(x,ξ)|dξeβ1

∫ s
0 Λ(φ1)(x,ξ)dξds −

eαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ2(x,ξ)|dξeβ1

∫ s
0 Λ(φ2)(x,ξ)dξds

∣

∣

∣

∣

=

∣

∣

∣

∣

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

∫ t

0

eµs
(

eαNγN
∫ s
0 |φ1(x,ξ)|dξeβ1

∫ s
0 Λ(φ1)(x,ξ)dξ −

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

)

ds+

(

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ −

eαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

)
∫ t

0

eµNseαNγN
∫ s
0 |φ2(x,ξ)|dξeβ1

∫ s
0 Λ(φ2)(x,ξ)dξds

∣

∣

∣

∣

.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❡ ♦s ❢❛t♦s ❞❡ q✉❡ Λ(φ) ≤ CA ❡ φj(x, t) ≤
||φ||L∞(Q) := max{||φ1||L∞(Q), ||φ2||L∞(Q)}✱ ♣❛r❛ j = 1, 2 ❡ q✉❛s❡ t♦❞♦ (x, t) ∈ Q✱
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♦❜t❡♠♦s
∣

∣

∣

∣

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ1(x,ξ)|dξeβ1

∫ s
0 Λ(φ1)(x,ξ)dξds −

eαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ2(x,ξ)|dξeβ1

∫ s
0 Λ(φ2)(x,ξ)dξds

∣

∣

∣

∣

≤

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξeµT

∫ t

0

∣

∣eαNγN
∫ s
0 |φ1(x,ξ)|dξeβ1

∫ s
0 Λ(φ1)(x,ξ)dξ −

eαNγN
∫ s
0 |φ2(x,ξ)|dξeβ1

∫ s
0 Λ(φ2)(x,ξ)dξ

∣

∣ds+
∣

∣eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ −

eαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∣

∣eµNT eαNγNT ||φ||L∞(Q)eβ1CATT.

❖❜s❡r✈❡♠♦s q✉❡ ♦s t❡r♠♦s ❡♥tr❡ ♠ó❞✉❧♦ ❥á ❢♦r❛♠ ❡st✉❞❛❞♦s ❡♠ ✭✷✳✶✷✮✱ ♦ q✉❡
♥♦s s✉❣❡r❡
∣

∣

∣

∣

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ1(x,ξ)|dξeβ1

∫ s
0 Λ(φ1)(x,ξ)dξds −

eαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ2(x,ξ)|dξeβ1

∫ s
0 Λ(φ2)(x,ξ)dξds

∣

∣

∣

∣

≤

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξeµTβ1 ×

∫ t

0

[

eαNγN
∫ s
0 |φ2(x,ξ)|dξeθ1β1

∫ s
0 Λ(φ2)(x,ξ)dξ+(1−θ1)

∫ s
0 Λ(φ1)(x,ξ)dξ ×

∫ s

0

|Λ(φ2)(x, ξ)− Λ(φ1)(x, ξ)|dξ

]

ds +

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξeµTαNγN ×

∫ t

0

[

eβ1

∫ s
0 Λ(φ1)(x,ξ)dξeθ2αNγN

∫ s
0 |φ2(x,ξ)|dξ+(1−θ2)

∫ s
0 |φ1(x,ξ)|dξ ×

∫ s

0

|φ2(x, ξ)− φ1(x, ξ)|dξ

]

ds +

eµNT eαNγN ||φ||L∞(Q)T eβ1CATTβ1 ×

eαNγN
∫ t
0 |φ2(x,ξ)|dξeθ1β1

∫ t
0 Λ(φ2)(x,ξ)dξ+(1−θ1)β1

∫ t
0 Λ(φ1)(x,ξ)dξ ×

∫ t

0
|Λ(φ2)(x, ξ)− Λ(φ1)(x, ξ)|dξ +
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eµNT eαNγNT ||φ2||L∞(Q)eβ1CATTαNγN ×

eβ1

∫ t
0 Λ(φ1)(x,ξ)dξeθ2αNγN

∫ t
0 |φ2(x,ξ)|dξ+(1−θ2)

∫ t
0 |φ1(x,ξ)|dξαNγN ×

∫ t

0

|φ2(x, ξ)− φ1(x, ξ)|dξ.

❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❢❛t♦ ❞❡ q✉❡ Λ(φ) ≤ CA ❡ φ(x, t) ≤ ||φ||L∞(Q)✱ ♣❛r❛ q✉❛s❡
t♦❞♦ (x, t) ∈ Q✱ ♦❜t❡♠♦s
∣

∣

∣

∣

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ1(x,ξ)|dξeβ1

∫ s
0 Λ(φ1)(x,ξ)dξds −

eαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ2(x,ξ)|dξeβ1

∫ s
0 Λ(φ2)(x,ξ)dξds

∣

∣

∣

∣

≤

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξeµTβ1e

αNγNT ||φ||L∞(Q)eβ1CAT ×

∫ t

0

∫ s

0

|Λ(φ2)(x, ξ)− Λ(φ1)(x, ξ)|dξds +

eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,t)dξeµTαNγNe

β1CAT eαNγNT ||φ||L∞(Q) ×

∫ t

0

∫ s

0

|φ2(x, ξ)− φ1(x, ξ)|dξds +

eµNT eαNγNT ||φ||L∞(Q)eβ1CATTβ1 ×

eαNγN
∫ t
0 |φ2(x,ξ)|dξeθ1β1

∫ t
0 Λ(φ2)(x,ξ)dξ+(1−θ1)β1

∫ t
0 Λ(φ1)(x,ξ)dξ ×

∫ t

0
|Λ(φ2)(x, ξ)− Λ(φ1)(x, ξ)|dξ +

eµNT eαNγNT ||φ||L∞(Q)eβ1CATTαNγN ×

eβ1

∫ t
0 Λ(φ1)(x,ξ)dξeθ2αNγN

∫ t
0 |φ2(x,ξ)|dξ+(1−θ2)

∫ t
0 |φ1(x,ξ)|dξαNγN ×

∫ t

0

|φ2(x, ξ)− φ1(x, ξ)|dξ.

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦r

1

eµN teαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξeαNγN

∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

,

s✐♠♣❧✐✜❝❛♥❞♦✱ ✉s❛♥❞♦ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s t❡r♠♦s ♥♦ ❞❡♥♦♠✐♥❛❞♦r ❡ ❞❡ ❢♦r♠❛
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❛♥á❧♦❣❛ ❛♦ ❢❡✐t♦ ❡♠ ✭✷✳✶✸✮✱ ♦❜t❡♠♦s

|eαNγN
∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ1(x,ξ)|dξeβ1

∫ s
0 Λ(φ1)(x,ξ)dξds −

eαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξ

∫ t

0

eµNseαNγN
∫ s
0 |φ2(x,ξ)|dξeβ1

∫ s
0 Λ(φ2)(x,ξ)dξds| ×

1

eµN teαNγN
∫ t
0 |φ1(x,ξ)|dξeβ1

∫ t
0 Λ(φ1)(x,ξ)dξeαNγN

∫ t
0 |φ2(x,ξ)|dξeβ1

∫ t
0 Λ(φ2)(x,ξ)dξ

≤

eµTβ1e
αNγNT ||φ||L∞(Q)eβ1CAT

∫ t

0

∫ s

0

|Λ(φ2)(x, ξ)− Λ(φ1)(x, ξ)|dξds +

eµTαNγNe
β1CAT eαNγNT ||φ||L∞(Q)

∫ t

0

∫ s

0

|φ2(x, ξ)− φ1(x, ξ)|dξds +

eµNT eαNγNT ||φ||L∞(Q)eβ1CATTβ1

∫ t

0

|Λ(φ2)(x, ξ)− Λ(φ1)(x, ξ)|dξ +

eµNT eαNγNT ||φ||L∞(Q)eβ1CATTαNγN

∫ t

0

|φ2(x, ξ)− φ1(x, ξ)|dξ.

✭✷✳✶✺✮

❙✉❜st✐t✉✐♥❞♦ ❛s ❝♦t❛s ✭✷✳✶✹✮ ❡ ✭✷✳✶✺✮ ❡♠ ✭✷✳✶✶✮✱ ♦❜t❡♠♦s

|Θ(φ1)(x, t)−Θ(φ2)(x, t)| ≤

N0(x)β1

∫ t

0

|Λ(φ2)(x, ξ)− Λ(φ1)(x, ξ)|dξ + αNγN

∫ t

0

|φ2(x, ξ)− φ1(x, ξ)|dξ
)

+

rN

(

eµTβ1e
αNγNT ||φ||L∞(Q)eβ1CAT

∫ t

0

∫ s

0

|Λ(φ2)(x, ξ)− Λ(φ1)(x, ξ)|dξds +

eµTαNγNe
β1CAT eαNγNT ||φ||L∞(Q)

∫ t

0

∫ s

0

|φ2(x, ξ)− φ1(x, ξ)|dξds +

eµNT eαNγNT ||φ||L∞(Q)eβ1CATTβ1

∫ t

0

|Λ(φ2)(x, ξ)− Λ(φ1)(x, ξ)|dξ +

eµNT eαNγNT ||φ||L∞(Q)eβ1CATTαNγN

∫ t

0

|φ2(x, ξ)− φ1(x, ξ)|dξ

)

.

❉❛♥❞♦ ♠❡❧❤♦r❡s ❝♦t❛s ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ N0(x) ≤ ||N0||L∞(Ω)✱ ♣❛r❛ q✉❛s❡
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t♦❞♦ x ∈ Ω✱ ♦❜t❡♠♦s

|Θ(φ1)(x, t)−Θ(φ2)(x, t)| ≤

||N0||L∞(Ω)β1T ||Λ(φ2)− Λ(φ1)||L∞(Q) +

||N0||L∞(Ω)αNγNT ||φ2 − φ1||L∞(Q) +

rNe
µTβ1e

αNγNT ||φ||L∞(Q)eβ1CATT 2||Λ(φ2)− Λ(φ1)||L∞(Q) +

rNe
µTαNγNe

β1CAT eαNγNT ||φ||L∞(Q)T 2||φ2 − φ1||L∞(Q) +

rNe
µNT eαNγNT ||φ||L∞(Q)eβ1CATβ1T

2||Λ(φ2)− Λ(φ1)||L∞(Q) +

rNe
µNT eαNγNT ||φ||L∞(Q)eβ1CATαNγNT

2||φ2 − φ1||L∞(Q).

❯t✐❧✐③❛♥❞♦ ♦ ▲❡♠❛ ✭✷✳✽✮✱ t❡♠♦s

|Θ(φ1)(x, t)−Θ(φ2)(x, t)| ≤

||N0||L∞(Ω)β1TC1||φ2 − φ1||L∞(Q) +

||N0||L∞(Ω)αNγNT ||φ2 − φ1||L∞(Q) +

rNe
µTβ1e

αNγNT ||φ||L∞(Q)eβ1CATT 2C1||φ2 − φ1||L∞(Q) +

rNe
µTαNγNe

β1CAT eαNγNT ||φ||L∞(Q)T 2||φ2 − φ1||L∞(Q) +

rNe
µNT eαNγNT ||φ||L∞(Q)eβ1CATβ1T

2C1||φ2 − φ1||L∞(Q) +

rNe
µNT eαNγNT ||φ||L∞(Q)eβ1CATαNγNT

2||φ2 − φ1||L∞(Q).

P♦rt❛♥t♦✱

||Θ(φ1)−Θ(φ2)||L∞(Q) ≤ C2||φ2 − φ1||L∞(Q),

♦♥❞❡

C2 = 6max{||N0||L∞(Ω)β1TC1, ||N0||L∞(Ω)αNγNT,

rNe
µTβ1e

αNγNT ||φ||L∞(Q)eβ1CATT 2C1,

rNe
µTαNγNe

β1CAT eαNγNT ||φ||L∞(Q)T 2,

rNe
µNT eαNγNT ||φ||L∞(Q)eβ1CATβ1T

2C1,

rNe
µNT eαNγNT ||φ||L∞(Q)eβ1CATαNγNT

2}.

▲❡♠❛ ✷✳✶✵✳ ❙✉♣♦♥❤❛♠♦s q✉❡ D̂ é ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✷✳✾✮✳ ❙❡ 0 ≤ D0 ≤
µ

τ
❡♠ Ω✱
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❡♥tã♦ 0 ≤ D̂ ≤ µ

τ
❡♠ Q✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ D̂ ∈ L∞(Q)✳

❉❡♠♦♥str❛çã♦✳ P♦❞❡♠♦s ❡s❝r❡✈❡r D̂ = D̂+−D̂− ❡
(

D̂−µ

τ

)

=
(

D̂−µ

τ

)

+
−
(

D̂−µ

τ

)

−
✱

♦ q✉❡ ♥♦s s✉❣❡r❡

D̂D̂− = −(D̂−)
2 ✭✷✳✶✻✮

❡

(

D̂ −
µ

τ

)(

D̂ −
µ

τ

)

+
=

((

D̂ −
µ

τ

)

+

)2
. ✭✷✳✶✼✮

Pr✐♠❡✐r❛♠❡♥t❡✱ ♣r♦✈❛r❡♠♦s q✉❡ D̂ ≥ 0✳ P❛r❛ ✐st♦✱ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡
D̂− ≡ 0✳ ❖r❛✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❡♠ ✭✷✳✾✮ ♣♦r D̂−✱ ♦❜t❡♠♦s

∂D̂

∂t
D̂− = σ∆D̂D̂− + µχωD̂− − γΛ(φ)D̂D̂− − γNΘ(φ)D̂D̂− − τD̂D̂−.✭✷✳✶✽✮

■♥t❡❣r❛♥❞♦ ✭✷✳✶✽✮ ❡♠ Ω ❡ ✉s❛♥❞♦ ✭✷✳✶✻✮✱ t❡♠♦s

∫

Ω
∂D̂
∂t
D̂− dx = σ

∫

Ω
∆D̂D̂− dx+ µ

∫

Ω
χωD̂− dx

+ γ
∫

Ω
Λ(φ)(D̂−)

2 dx+ γN
∫

Ω
Θ(φ)(D̂−)

2 dx+ τ
∫

Ω
(D̂−)

2 dx.

✭✷✳✶✾✮

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✹✱ ♦❜t❡♠♦s

∫

Ω
∂D̂
∂t
D̂− dx =

∫

Ω
∂(D̂+−D̂−)

∂t
D̂− dx

= −
∫

Ω
∂D̂−

∂t
D̂− dx

= −
∫

Ω

∂( 1
2
(D̂−)2)

∂t
dx

= −1
2

d
dt

∫

Ω
(D̂−)

2 dx

✭✷✳✷✵✮

❡ ✉t✐❧✐③❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ ●r❡❡♥ ✭✈❡r Pr♦♣♦s✐çã♦ ✶✳✸✺✮✱ t❡♠♦s

∫

Ω
∆D̂D̂− dx = −

∫

Ω
〈∇D̂,∇D̂−〉 dx+

∫

∂Ω
∂D̂
∂η
D̂− dx

= −
∫

Ω
〈∇(D̂+ − D̂−),∇D̂−〉 dx

=
∫

Ω
|∇D̂−|

2 dx.

✭✷✳✷✶✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✷✵✮ ❡ ✭✷✳✷✶✮ ❡♠ ✭✷✳✶✾✮✱ t❡♠♦s

−1
2

d
dt

∫

Ω
(D̂−)

2 dx = σ
∫

Ω
|∇D̂−|

2 dx+ µ
∫

ω
D̂− dx

+ γ
∫

Ω
Λ(φ)(D̂−)

2 dx+ γN
∫

Ω
Θ(φ)(D̂−)

2 dx+ τ
∫

Ω
(D̂−)

2 dx.
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▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r −1✱ ♦❜t❡♠♦s

1

2

d

dt

∫

Ω

(D̂−)
2 dx = −σ

∫

Ω

|∇D̂−|
2 dx− µ

∫

ω

D̂− dx− γ

∫

Ω

Λ(φ)(D̂−)
2 dx

− γN

∫

Ω

Θ(φ)(D̂−)
2 dx− τ

∫

Ω

(D̂−)
2 dx ≤ 0.

❯t✐❧✐③❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ✭✈❡r Pr♦♣♦s✐çã♦ ✶✳✸✹✮ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦
❞❡ q✉❡ D0 ≥ 0✱ t❡♠♦s

∫

Ω
(D̂−(x, t))

2 dx ≤
∫

Ω
(D̂−(x, 0))

2 dx

=
∫

Ω
(D0−(x))

2 dx = 0.

❆ss✐♠✱ ||D̂−(·, t)||L2(Ω) = 0✱ ♣❛r❛ t♦❞♦ t ∈ (0, T )✱ ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡
D̂− ≡ 0 ❡ ♣♦rt❛♥t♦ D̂ ≥ 0✳

P❛r❛ ♣r♦✈❛r q✉❡ D̂ ≤ µ

τ
é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡

(

D̂ − µ

τ

)

+
≡ 0✳ P❛r❛ ✐st♦✱

♦❜s❡r✈❡♠♦s q✉❡ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❡♠ ✭✷✳✾✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦

∂
∂t

(

D̂ − µ

τ

)

= σ∆
(

D̂ − µ

τ

)

− γΛ(φ)D̂

− γNΘ(φ)D̂ − τ
(

D̂ − µχω

τ

)

.

✭✷✳✷✷✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r
(

D̂ − µ

τ

)

+
✱ t❡♠♦s

∂
∂t

(

D̂ − µ

τ

)(

D̂ − µ

τ

)

+
= σ∆

(

D̂ − µ

τ

)(

D̂ − µ

τ

)

+
− γΛ(φ)D̂

(

D̂ − µ

τ

)

+

− γNΘ(φ)D̂
(

D̂ − µ

τ

)

+
− τ
(

D̂ − µχω

τ

)(

D̂ − µ

τ

)

+
.

■♥t❡❣r❛♥❞♦ ❡♠ Ω✱ ✉s❛♥❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ❡♠ ✭✷✳✷✵✮ ❡ ✭✷✳✷✶✮✱ ♦❜t❡♠♦s

1
2

d
dt

∫

Ω

((

D̂ − µ

τ

)

+

)2
dx = −σ

∫

Ω

∣

∣∇
(

D̂ − µ

τ

)

+

∣

∣

2
dx

− γ
∫

Ω
Λ(φ)D̂

(

D̂ − µ

τ

)

+
dx

− γN
∫

Ω
Θ(φ)D̂

(

D̂ − µ

τ

)

+
dx

− τ
∫

Ω

(

D̂ − µχω

τ

)(

D̂ − µ

τ

)

+
dx.
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❯s❛♥❞♦ ✭✷✳✶✼✮ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ D̂ ≥ 0✱ s❡❣✉❡ q✉❡

1
2

d
dt

∫

Ω

((

D̂ − µ

τ

)

+

)2
dx = −σ

∫

Ω

∣

∣∇
(

D̂ − µ

τ

)

+

∣

∣

2
dx

− γ
∫

Ω
Λ(φ)D̂

(

D̂ − µ

τ

)

+
dx

− γN
∫

Ω
Θ(φ)D̂

(

D̂ − µ

τ

)

+
dx

− τ
∫

ω

((

D̂ − µ

τ

)

+

)2
dx

− τ
∫

Ω\ω
D̂
(

D̂ − µ

τ

)

+
dx ≤ 0.

❯t✐❧✐③❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ✭✈❡r Pr♦♣♦s✐çã♦ ✶✳✸✹✮ ❡ ♦ ❢❛t♦ ❞❡ q✉❡
D0 −

µ

τ
≤ 0✱ t❡♠♦s

∫

Ω

((

D̂(x, t)− µ

τ

)

+

)2
dx ≤

∫

Ω

((

D̂(x, 0)− µ

τ

)

+

)2
dx

=
∫

Ω

((

D0(x)−
µ

τ

)

+

)2
dx = 0.

❉❡ss❛ ❢♦r♠❛✱ ||
(

D̂(·, t)−µ

τ

)

+
||L2(Ω) = 0✱ ♣❛r❛ t♦❞♦ t ∈ (0, T )✱ ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s

q✉❡
(

D̂ − µ

τ

)

+
≡ 0 ❡ ♣♦rt❛♥t♦ D̂ ≤ µ

τ
✳

❖❜s❡r✈❛çã♦ ✷✳✶✶✳ P❡❧♦ ▲❡♠❛ ✷✳✼✱ ♦❜t❡♠♦s q✉❡ Θ(D̂) = N̂ ,Λ(D̂) = Â ∈ L∞(Q)✳
❙✉♣♦♥❤❛♠♦s q✉❡ D̂ ∈ L4(0, T ;W 2

4 (Ω)), D̂t ∈ L4(Q) ❡ q✉❡ (N̂ , Â, D̂) ✈❡r✐✜❝❛ ❛s
❡q✉❛çõ❡s ❡♠ ✭✷✳✻✮ ❡♠ q✉❛s❡ t♦❞♦ ♣♦♥t♦✳ ▲♦❣♦✱ ♣❛r❛ ♠♦str❛r♠♦s q✉❡ (N̂ , Â, D̂) é
✉♠❛ s♦❧✉çã♦ ❢♦rt❡ ❞❡ ✭✷✳✻✮✱ ❜❛st❛ ♣r♦✈❛r♠♦s q✉❡ N̂t, Ât ∈ L∞(Q)✳ ❉❡ ❢❛t♦✿

✭✐✮ ❱♦❧t❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦ ❞❡ ✭✷✳✻✮✱ ✉t✐❧✐③❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r
❡ ♦s ▲❡♠❛s ✷✳✼ ❡ ✷✳✶✵✱ ♦❜t❡♠♦s

∣

∣

∣

∣

∂N̂

∂t

∣

∣

∣

∣

= |rN − µNN̂ − β1N̂Â− αNγND̂N̂ |

≤ rN + µNCN + β1CNCA + αNγN
µ

τ
CN ,

♣❛r❛ q✉❛s❡ t♦❞♦ (x, t) ∈ Q✱ ♦ q✉❡ ♥♦s s✉❣❡r❡ N̂t ∈ L∞(Q)✳

✭✐✐✮ ▼❛✐s ❛✐♥❞❛✱ ✈♦❧t❛♥❞♦ ❛ s❡❣✉♥❞❛ ❡q✉❛çã♦ ❞❡ ✭✷✳✻✮✱ ✉t✐❧✐③❛♥❞♦ ♥♦✈❛♠❡♥t❡
❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❡ ♦s ▲❡♠❛s ✷✳✼ ❡ ✷✳✶✵✱ t❡♠♦s

∣

∣

∣

∣

∂Â

∂t

∣

∣

∣

∣

=

∣

∣

∣

∣

rAÂ
(

1− Â
kA

)

− (µA + ǫA)Â− αAγAD̂Â

∣

∣

∣

∣

≤ rACA + rA
kA
CA

2 + (µA + ǫA)CA + αAγA
µ

τ
CA,

♣❛r❛ q✉❛s❡ t♦❞♦ (x, t) ∈ Q✱ ♦ q✉❡ ♥♦s s✉❣❡r❡ Ât ∈ L∞(Q)✳
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✷✳✸ ❙♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r

❆✜♠ ❞❡ ❞❡t❡r♠✐♥❛r ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✷✳✻✮✱ ❞❡✜♥✐♠♦s ♦
s❡❣✉✐♥t❡ ♦♣❡r❛❞♦r

Ψ : [0, 1]× L∞(Q) → L∞(Q)

(l, φ) 7→ D,

✭✷✳✷✸✮

♦♥❞❡ D é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿






















∂D

∂t
= σ∆D + µχω − lγDΛ(φ)− lγNDΘ(φ)− τD, ❡♠ Q,

∂D

∂η
(·) = 0, ❡♠ Γ,

D(·, 0) = D0(·), ❡♠ Ω.

✭✷✳✷✹✮

❆ ❜♦❛ ❞❡✜♥✐çã♦ ❞♦ ♦♣❡r❛❞♦r ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✷✸✮ s❡ ❞á ❛♦ ❝♦♠❜✐♥❛r♠♦s ♦ ▲❡♠❛
✷✳✶✵ ❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

▲❡♠❛ ✷✳✶✷✳ ❙✉♣♦♥❤❛♠♦s q✉❡ N0, A0 ∈ L∞(Ω) ❡ q✉❡ D0 ∈ W
3
2
4 (Ω)✳ ❊♥tã♦✱ ♦

♣r♦❜❧❡♠❛ ✭✷✳✷✹✮ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♣❛r❛♥❞♦ ♦s s✐st❡♠❛s ✭✶✳✷✮ ❡ ✭✷✳✷✹✮✱ t❡♠♦s aij = σδij, ai =
0, a = −lγΛ(φ) − lγNΘ(φ) − τ, f = µχω, b = 0 ❡ bi = ηi✳ ▼♦str❡♠♦s q✉❡ t❛✐s
❝♦❡✜❝✐❡♥t❡s s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✻✳ ❆♥t❡s ❞❡ ❢❛③❡r t❛❧ ❛♥á❧✐s❡✱
♦❜s❡r✈❡♠♦s q✉❡ ♥♦ ♥♦ss♦ ❝❛s♦ n = 2 ❡ p = 4✳ ❆ss✐♠✿

✭✐✮ ➱ ❝❧❛r♦ q✉❡ aij = σδij ∈ C(Q̄)✱ i, j = 1, 2✳ ▼❛✐s ❛✐♥❞❛✱ t♦♠❛♥❞♦ β = σ✱
♦❜t❡♠♦s

2
∑

i,j=1

σδijξiξj = σ

2
∑

i=1

ξi
2 = σ|ξ|2,

♣❛r❛ q✉❛✐sq✉❡r (x, t) ∈ Q ❡ ξ ∈ R
2❀

✭✐✐✮ ◆ã♦ é ❞✐❢í❝✐❧ ✈❡r q✉❡ f = µχω ∈ L4(Q)❀

✭✐✐✐✮ ➱ ✐♠❡❞✐❛t♦ q✉❡ ai = 0 ∈ Lr(Q)✱ ♣❛r❛ r = 4 + ǫ✱ q✉❛❧q✉❡r q✉❡ s❡❥❛ ǫ > 0❀

✭✐✈✮ P❛r❛ ♠♦str❛r q✉❡ a = −lγΛ(φ) − lγNΘ(φ) − τ ∈ Ls(Q)✱ ♦♥❞❡ s =
max{4, 2} = 4✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ Λ(φ) ∈ L4(Q) ❡ Θ(φ) ∈ L4(Q)✳
❉♦ ▲❡♠❛ ✷✳✼✱ ❥á t❡♠♦s

Λ(φ)(x, t) ≤ CA ❡ Θ(φ)(x, t) ≤ CN ,

♣❛r❛ q✉❛✐sq✉❡r (x, t) ∈ Q ❡ φ ∈ L∞(Q)✳

■ss♦ ♥♦s ❣❛r❛♥t❡ ♣❛rt✐❝✉❧❛r♠❡♥t❡ q✉❡ Λ(φ),Θ(φ) ∈ L∞(Q)✳ ❈♦♠♦
L∞(Q) →֒ L4(Q)✱ s❡❣✉❡ ♦ q✉❡ q✉❡rí❛♠♦s✳
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✭✈✮ ➱ ✐♠❡❞✐❛t♦ q✉❡ bi = ηi, b = 0 ∈ C2(Γ̄)✱ i, j = 1, 2✳ ▼❛✐s ❛✐♥❞❛✱

∣

∣

∣

∣

2
∑

i=1

ηiηi

∣

∣

∣

∣

=

∣

∣

∣

∣

2
∑

i=1

η2i

∣

∣

∣

∣

= |η|2 > 0;

✭✈✐✮ P♦r ❤✐♣ót❡s❡ ❥á t❡♠♦s D0 ∈ W
3
2
4 (Ω)✳

❈♦♠♦ ♥♦ss♦ ♣r♦❜❧❡♠❛ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✻✱ ♥♦ss❛
❝♦♥❝❧✉sã♦ é q✉❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ D ∈ W

2,1
4 (Q)✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

❆ ✐❞❡✐❛ ♣❛r❛ ♣r♦✈❛r q✉❡ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ♣♦ss✉✐ s♦❧✉çã♦ é ♠♦str❛r q✉❡ ♦
♦♣❡r❛❞♦r ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✷✸✮ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡
▲❡r❛②✲❙❝❤❛✉❞❡r ✭Pr♦♣♦s✐çã♦ ✶✳✸✼✮✳ P❛r❛ ✐ss♦✱ ♣r♦✈❡♠♦s ♦s s❡❣✉✐♥t❡s ❧❡♠❛s✿

▲❡♠❛ ✷✳✶✸✳ P❛r❛ ❝❛❞❛ l ∈ [0, 1] ✜①❛❞♦✱ ♦ ♦♣❡r❛❞♦r Ψ(l, ·) : L∞(Q) → L∞(Q) é
❝♦♥tí♥✉♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡♠♦s φ1, φ2 ∈ L∞(Q) t❛✐s q✉❡ Ψ(l, φ1) = D1✱ Ψ(l, φ2) =
D2 ❡ D̃ := D1 −D2✳ ❈♦♠♦ D1 ❡ D2 sã♦ s♦❧✉çõ❡s r❡s♣❡❝t✐✈❛s ❞♦s ♣r♦❜❧❡♠❛s✿























∂D1

∂t
= σ∆D1 + µχω − lγD1Λ(φ1)− lγND1Θ(φ1)− τD1, ❡♠ Q,

∂D1

∂η
(·) = 0, ❡♠ Γ,

D1(·, 0) = D0(·), ❡♠ Ω,























∂D2

∂t
= σ∆D2 + µχω − lγD2Λ(φ2)− lγND2Θ(φ2)− τD2, ❡♠ Q,

∂D2

∂η
(·) = 0, ❡♠ Γ,

D2(·, 0) = D0(·), ❡♠ Ω,

s✉❜tr❛✐♥❞♦ ♦s s✐st❡♠❛s✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿






































∂D̃

∂t
= σ∆D̃ − lγD1Λ(φ1) + lγD2Λ(φ2)− lγND1Θ(φ1)+

lγND2Θ(φ2)− τD̃, ❡♠ Q,

∂D̃

∂η
(·) = 0, ❡♠ Γ,

D̃(·, 0) = D̃0(·) = 0, ❡♠ Ω.

✭✷✳✷✺✮

❈♦♠♦

−lγD1Λ(φ1) + lγD2Λ(φ2) = −lγD1(Λ(φ1)− Λ(φ2))− lγD̃Λ(φ2)
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❡

−lγND1Θ(φ1) + lγND2Θ(φ2) = −lγND1(Θ(D1)−Θ(D2))− lγND̃Θ(D2),

s✉❜st✐t✉✐♥❞♦ t❛✐s ✐♥❢♦r♠❛çõ❡s ♥❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❡♠ ✭✷✳✷✺✮✱ ♦❜t❡♠♦s ♦
s❡❣✉✐♥t❡ s✐st❡♠❛ ❡q✉✐✈❛❧❡♥t❡✿



































∂D̃

∂t
− σ∆D̃ + lγD̃Λ(φ2) + lγND̃Θ(D2) + τD̃ =

−lγD1(Λ(φ1)− Λ(φ2))− lγND1(Θ(D1)−Θ(D2)), ❡♠ Q,

∂D̃

∂η
(·) = 0, ❡♠ Γ,

D̃(·, 0) = D̃0(·) = 0, ❡♠ Ω.

✭✷✳✷✻✮

❈♦♠♣❛r❛♥❞♦ ♦s s✐st❡♠❛s ✭✶✳✷✮ ❡ ✭✷✳✷✻✮✱ t❡♠♦s aij = σδij, ai = 0, a = lγΛ(φ2)+
lγNΘ(D2)+τ, f = −lγD1(Λ(φ1)−Λ(φ2))−lγND1(Θ(D1)−Θ(D2)), b = 0 ❡ bi = ηi✳
❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❡st✉❞♦ ❢❡✐t♦ ♥♦ ▲❡♠❛ ✷✳✶✷✱ ♦❜t❡♠♦s q✉❡ ♦ s✐st❡♠❛ ✭✷✳✷✻✮ s❛t✐s❢❛③
❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✻✱ ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ t❛❧ ♣r♦❜❧❡♠❛ ❛❞♠✐t❡ ✉♠❛
ú♥✐❝❛ s♦❧✉çã♦ D̃ ∈ W

2,1
4 (Q) ♥❛ q✉❛❧ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛ ✭✉s❛♥❞♦ ♦ ❢❛t♦

❞❡ q✉❡ D̃0 ≡ 0✮

||D̃||W 2,1
4 (Q) ≤ M || − lγD1(Λ(φ1)− Λ(φ2))− lγND1(Θ(D1)−Θ(D2))||L4(Q).

❯s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ L∞(Q) →֒ L4(Q) ✭♦✉ s❡❥❛✱ ||u||L4(Q) ≤ C||u||L∞(Q)✮✱
s❡❣✉❡ q✉❡

||D̃||W 2,1
4 (Q) ≤ M̄ || − lγD1(Λ(φ1)− Λ(φ2))− lγND1(Θ(D1)−Θ(D2))||L∞(Q)

♦♥❞❡ M̄ :=MC✳

❆ss✐♠✱ ✉s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❡ ♦ ❢❛t♦ ❞❡ q✉❡ D1 ≤
µ

τ
✱ ♦❜t❡♠♦s

||D̃||W 2,1
4 (Q) ≤ M̄lγ

µ

τ
||Λ(φ1)− Λ(φ2)||L∞(Q)

+ M̄lγN
µ

τ
||Θ(D1)−Θ(D2)||L∞(Q).

❯s❛♥❞♦ ♦s ▲❡♠❛s ✷✳✽ ❡ ✷✳✾✱ t❡♠♦s

||Λ(φ1)− Λ(φ2)||L∞(Q) ≤ C1||φ1 − φ2||L∞(Q)

❡
||Θ(φ1)−Θ(φ2)||L∞(Q) ≤ C2||φ1 − φ2||L∞(Q),

❧♦❣♦

||D̃||W 2,1
4 (Q) ≤ M̄C1lγ

µ

τ
||φ1 − φ2||L∞(Q) + M̄C2lγN

µ

τ
||φ1 − φ2||L∞(Q).

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✶✱ s❛❜❡♠♦s q✉❡ W 2,1
4 (Q) →֒ L∞(Q) ✭♦✉ s❡❥❛✱ ||u||L∞(Q) ≤



✸✻ ✷✳✸✳ ❙❖▲❯➬➹❖ ❉❖ P❘❖❇▲❊▼❆ ❆❯❳■▲■❆❘

C||u||W 2,1
4 (Q)✮✱ ♣♦rt❛♥t♦

||D̃||L∞(Q) ≤ K1 ||φ1 − φ2||L∞(Q)

♦♥❞❡ K1 = 2max{M̄C1lγ
µ

τ
, M̄C2lγN

µ

τ
}✳

▲❡♠❛ ✷✳✶✹✳ P❛r❛ ❝❛❞❛ B ⊂ L∞(Q) ❧✐♠✐t❛❞♦ ❡ φ ∈ B✱ ♦ ♦♣❡r❛❞♦r Ψ(·, φ) :
[0, 1] → L∞(Q) é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉♦ ❡♠ r❡❧❛çã♦ à ♣r✐♠❡✐r❛ ✈❛r✐á✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ B ⊂ L∞(Q) ❧✐♠✐t❛❞♦✳ ❋✐①❡♠♦s φ ∈ B ❡ ❝♦♥s✐❞❡r❡♠♦s
l1, l2 ∈ [0, 1] t❛✐s q✉❡ Ψ(l1, φ) = D1,Ψ(l2, φ) = D2 ❡ D̃ := D1 − D2✳ ◆ã♦ é
❞✐❢í❝✐❧ ✈❡r q✉❡ D̃ s❛t✐s❢❛③ ♦ ♣r♦❜❧❡♠❛✿







































∂D̃

∂t
= σ∆D̃ − γΛ(φ)(l1D1 − l2D2)−

γNΘ(φ)(l1D1 − l2D2)− τD̃, ❡♠ Q,

∂D̃

∂η
= 0, ❡♠ Γ,

D̃(·, 0) = D̃0(·) = 0, ❡♠ Ω.

✭✷✳✷✼✮

❈♦♠♦ l1D1− l2D2 = D1(l1− l2)+D̃l2✱ s✉❜st✐t✉✐♥❞♦ t❛❧ ✐♥❢♦r♠❛çã♦ ♥❛ ❡q✉❛çã♦
❞✐❢❡r❡♥❝✐❛❧ ❡♠ ✭✷✳✷✼✮✱ t❡r❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❡q✉✐✈❛❧❡♥t❡✿



































∂D̃

∂t
− σ∆D̃ + γl2Λ(φ)D̃ + γN l2Θ(φ)D̃ + τD̃ =

γΛ(φ)D1(l1 − l2)− γNΘ(φ)D1(l1 − l2), ❡♠ Q,

∂D̃

∂η
= 0, ❡♠ Γ,

D̃(·, 0) = D̃0(·) = 0, ❡♠ Ω.

✭✷✳✷✽✮

❈♦♠♣❛r❛♥❞♦ ♦s s✐st❡♠❛s ✭✶✳✷✮ ❡ ✭✷✳✷✽✮✱ t❡♠♦s aij = σδij, ai = 0, a =
γl2Λ(φ)+γN l2Θ(φ)+τ, f = γΛ(φ)D1(l1− l2)−γNΘ(φ)D1(l1− l2), b = 0 ❡ bi = ηi✳
❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❡st✉❞♦ ❢❡✐t♦ ♥♦ ▲❡♠❛ ✷✳✶✷✱ ♦❜t❡♠♦s q✉❡ ♦ s✐st❡♠❛ ✭✷✳✷✽✮ s❛t✐s❢❛③
❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦ ✶✳✸✻✱ ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ t❛❧ ♣r♦❜❧❡♠❛ ❛❞♠✐t❡ ✉♠❛
ú♥✐❝❛ s♦❧✉çã♦ D̃ ∈ W

2,1
4 (Q)✱ ❛ q✉❛❧ s❛t✐s❢❛③ ❛ s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛ ✭✉s❛♥❞♦ ♦ ❢❛t♦

❞❡ q✉❡ D̃0 ≡ 0✮

||D̃||W 2,1
4 (Q) ≤ M ||γΛ(φ)D1(l1 − l2)− γNΘ(φ)D1(l1 − l2)||L4(Q).

❯s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ L∞(Q) →֒ L4(Q) ✭♦✉ s❡❥❛✱ ||u||L4(Q) ≤ C||u||L∞(Q)✮✱
s❡❣✉❡ q✉❡

||D̃||W 2,1
4 (Q) ≤ M̄ ||γΛ(φ)D1(l1 − l2)− γNΘ(φ)D1(l1 − l2)||L∞(Q).
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❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❡ ♦ ❢❛t♦ ❞❡ q✉❡ D1 ≤
µ

τ
✱ ♦❜t❡♠♦s

||D̃||W 2,1
4 (Q) ≤ M̄γ

µ

τ
|l1 − l2| ||Λ(φ)||L∞(Q) + M̄γN

µ

τ
|l1 − l2| ||Θ(φ)||L∞(Q).

❙❛❜❡♠♦s q✉❡ Λ(φ) ≤ CA ❡ Θ(φ) ≤ CN ✱ ♦ q✉❡ ♥♦s s✉❣❡r❡

||D̃||W 2,1
4 (Q) ≤ M̄γ µ

τ
CA|l1 − l2|+ M̄γN

µ

τ
CN |l1 − l2|.

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✶✱ s❛❜❡♠♦s q✉❡ W 2,1
4 (Q) →֒ L∞(Q) ✭♦✉ s❡❥❛✱ ||u||L∞(Q) ≤

C||u||W 2,1
4 (Q)✮✱ ♣♦rt❛♥t♦

||D̃||L∞(Q) ≤ K2 |l1 − l2|

♦♥❞❡ K2 := max{M̄γ µ

τ
CA, M̄γN

µ

τ
CN}✳

▲❡♠❛ ✷✳✶✺✳ P❛r❛ ❝❛❞❛ l ∈ [0, 1] ✜①❛❞♦✱ ♦ ♦♣❡r❛❞♦r Ψ(l, ·) : L∞(Q) → L∞(Q) é
❝♦♠♣❛❝t♦✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ B ⊂ L∞(Q) ❧✐♠✐t❛❞♦ ❡ φ ∈ B✳ ❙❛❜❡♠♦s q✉❡ D = Ψ(l, φ)
é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✷✹✮✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✻✱ Ψ(l, φ) s❛t✐s❢❛③ ❛
s❡❣✉✐♥t❡ ❡st✐♠❛t✐✈❛

||Ψ(l, φ)||W 2,1
4 (Q) ≤ M

(

||µχω||L4(Q) +
(

||lγΛ(φ)

+ lγNΘ(φ) + τ ||L4(Q)

)

||D0||
W

3
2
4 (Ω)

+ ||D0||
W

3
2
4 (Ω)

)

.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r ❡ ♦ ❢❛t♦s ❞❡ q✉❡ Λ(φ) ≤ CA✱ Θ(φ) ≤ CN ❡
l ≤ 1✱ ♦❜t❡♠♦s

||Ψ(l, φ)||W 2,1
4 (Q) ≤ M

(

||µχω||L4(Q) +
(

lγ||Λ(φ)||Lr(Q)

+ lγN ||Θ(φ)||L4(Q) + ||τ ||L4(Q) + 1
)

||D0||
W

3
2
4 (Ω)

)

≤ M

(

µ|ω|
1
4T

1
4 +

(

γCA|Ω|
1
4T

1
4 + γNCN |Ω|

1
4T

1
4

+ τ |Ω|
1
4T

1
4 + 1

)

||D0||
W

3
2
4 (Ω)

)

.

❆ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♥♦s ♠♦str❛ q✉❡ Ψ(l, B) é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❧✐♠✐t❛❞♦ ❞❡
W

2,1
4 (Q)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✶ s❛❜❡♠♦s q✉❡ ❛ ✐♠❡rsã♦ W

2,1
4 (Q) →֒ L∞(Q) é
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❝♦♠♣❛❝t❛✱ ♦ q✉❡ ♠♦str❛ ♦ r❡s✉❧t❛❞♦✳

▲❡♠❛ ✷✳✶✻✳ P❛r❛ t♦❞♦ l ∈ [0, 1] ❡ D ∈ L∞(Q) s❛t✐s❢❛③❡♥❞♦ D − Ψ(l, D) = 0✱
❡①✐st❡ ρ > 0 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ l ❡ D t❛❧ q✉❡ ||D||L∞(Q) < ρ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ D ∈ L∞(Q) t❛❧ q✉❡ D −Ψ(l, D) = 0✳ ❯s❛♥❞♦ ❛ Pr♦♣♦s✐çã♦
✶✳✸✻ ❡ ❡st✐♠❛t✐✈❛s ♣❛r❡❝✐❞❛s ❛s ❢❡✐t❛s ♥♦ ▲❡♠❛ ✷✳✶✺✱ t❡♠♦s

||D||W 2,1
4 (Q) ≤ M

(

||µχω||L4(Q) +
(

lγ||Λ(D)||L4(Q)

+ lγN ||Θ(D)||L4(Q) + ||τ ||L4(Q) + 1

)

||D0||
W

3
2
4 (Ω)

)

≤ M

(

µ|ω|
1
4T

1
4 +

(

γCA|Ω|
1
4T

1
4 + γNCN |Ω|

1
4T

1
4

+ τ |Ω|
1
4T

1
4 + 1

)

||D0||
W

3
2
4 (Ω)

)

.

✭✷✳✷✾✮

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✶✱ s❛❜❡♠♦s q✉❡ W 2,1
4 (Q) →֒ L∞(Q) ✭♦✉ s❡❥❛✱ ||u||L∞(Q) ≤

C||u||W 2,1
4 (Q)✮✱ ♣♦rt❛♥t♦ ❜❛st❛ t♦♠❛r

ρ = M̄

(

µ|ω|
1
4T

1
4 +

(

γCA|Ω|
1
4T

1
4 + γNCN |Ω|

1
4T

1
4

+ τ |Ω|
1
4T

1
4 + 1

)

||D0||
W

3
2
4 (Ω)

)

+ 1.

▲❡♠❛ ✷✳✶✼✳ ❆ ❡q✉❛çã♦ D −Ψ(0, D) = 0 ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❡♠ L∞(Q)✳

❉❡♠♦♥str❛çã♦✳ ❖❜s❡r✈❡♠♦s q✉❡ ❛ ❡q✉❛çã♦ D − Ψ(0, D) = 0 ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛
s♦❧✉çã♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ D s❛t✐s❢❛③ ♦ ♣r♦❜❧❡♠❛























∂D

∂t
= σ∆D + µχω − τD, ❡♠ Q,

∂D

∂η
(·) = 0, ❡♠ Γ,

D(·, 0) = D0(·), ❡♠ Ω.

❈♦♠♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞♦ ♣r♦❜❧❡♠❛ ❛❝✐♠❛ s❛t✐s❢❛③❡♠ ❛s ❤✐♣ót❡s❡s ❞❛ Pr♦♣♦s✐çã♦
✶✳✸✻✱ ✐ss♦ ♥♦s ❣❛r❛♥t❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❛ s♦❧✉çã♦ D ♣❛r❛ ♦ s✐st❡♠❛ ❛❝✐♠❛
❡ ♣♦rt❛♥t♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳
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❊♥✜♠✱ ♣♦❞❡♠♦s ✐♥✐❝✐❛r ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ♦ ♣r♦❜❧❡♠❛ ♣r✐♥❝✐♣❛❧ ✭✷✳✶✮✱ ♦ ❛✉①✐❧✐❛r
✭✷✳✻✮ ❡ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✾✮✳ ■♥✐❝✐❡♠♦s ♣r♦✈❛♥❞♦ q✉❡ ❞❡ ❢❛t♦✱ ♦ ♦♣❡r❛❞♦r Ψ ❞❡✜♥✐❞♦
❡♠ ✭✷✳✷✸✮ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ▲❡r❛②✲❙❝❤❛✉❞❡r ❡ q✉❡
♣♦rt❛♥t♦ ✐st♦ ✐♠♣❧✐❝❛ ♥❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✾✮✳

Pr♦♣♦s✐çã♦ ✷✳✶✽✳ ❊①✐st❡ ✉♠❛ s♦❧✉çã♦ ❢♦rt❡ D̂ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✾✮✳

❉❡♠♦♥str❛çã♦✳ ❖s ▲❡♠❛s ✷✳✶✷✱ ✷✳✶✸✱ ✷✳✶✹✱ ✷✳✶✺✱ ✷✳✶✻ ❡ ✷✳✶✼ ♥♦s ♠♦str❛♠ q✉❡ ♦
♦♣❡r❛❞♦r Ψ ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✷✸✮ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ t❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡
▲❡r❛②✲❙❝❤❛✉❞❡r✱ ❡ ❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❡ t❡♦r❡♠❛ é q✉❡ ❡①✐st❡ D̂ ∈ W

2,1
4 (Q) ⊂

L∞(Q) t❛❧ q✉❡ Ψ(1, D̂) = D̂✱ ♦✉ s❡❥❛✱ D̂ é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✾✮✳

❖❜s❡r✈❡ q✉❡ ❝♦♠❜✐♥❛♥❞♦ ❛ s♦❧✉çã♦ ❢♦rt❡ D̂ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✾✮ ❣❛r❛♥t✐❞❛ ♥❛
Pr♦♣♦s✐çã♦ ✷✳✶✽✱ ❛ ❖❜s❡r✈❛çã♦ ✷✳✹ ❡ ❛ ❖❜s❡r✈❛çã♦ ✷✳✶✶✱ t❡♠♦s ♣♦rt❛♥t♦ ❣❛r❛♥t✐❞♦
✉♠❛ s♦❧✉çã♦ ❢♦rt❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✷✳✻✮✳ ❚❛❧ ✐♥❢♦r♠❛çã♦ ✜❝❛ ❝♦♥❝❡♥tr❛❞❛
♥♦ s❡❣✉✐♥t❡ ❧❡♠❛✿

Pr♦♣♦s✐çã♦ ✷✳✶✾✳ ❊①✐st❡ ✉♠❛ s♦❧✉çã♦ ❢♦rt❡ (N̂ , Â, D̂) ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✷✳✻✮✳

❖r❛✱ ❧❡♠❜r❡♠♦s q✉❡ ❛ sút✐❧ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ ♣r♦❜❧❡♠❛ ♣r✐♥❝✐♣❛❧ ✭✷✳✶✮ ❡ ♦
❛✉①✐❧✐❛r ✭✷✳✻✮ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞❡ t♦♠❛r♠♦s ♦ ♠ó❞✉❧♦ ❞❡ D̂ ♥❛s ❞✉❛s ♣r✐♠❡✐r❛s
❡q✉❛çõ❡s ❞❡ ✭✷✳✻✮✳ ❉❡ss❛ ❢♦r♠❛✱ ❛♦ ✈♦❧t❛r♠♦s ❛♦ ▲❡♠❛ ✭✷✳✶✵✮✱ ✐r❡♠♦s ♦❜s❡r✈❛r
q✉❡ D̂ ≥ 0✱ ♦✉ s❡❥❛✱ ❛ ❝♦♥❡①ã♦ ❡♥tr❡ ♦ ♣r♦❜❧❡♠❛ ♠♦❞✐✜❝❛❞♦ ✭✷✳✻✮ ❡ ♦ ♣r♦❜❧❡♠❛
✐♥✐❝✐❛❧ ✭✷✳✶✮ ❡stá✱ ♣♦r ✜♠✱ ❝♦♠♣❧❡t❛✳ ▼❡❧❤♦r❡s ❞❡t❛❧❤❡s s❡❣✉❡♠ ♥❛ ♣ró①✐♠❛ s❡çã♦✳

✷✳✹ ❉❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧

◆❡st❛ s❡çã♦ ❢❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✳

✷✳✹✳✶ ❊①✐stê♥❝✐❛

❈♦♠❜✐♥❛♥❞♦ ❛ s♦❧✉çã♦ ❢♦rt❡ (N̂ , Â, D̂) ❞♦ ♣r♦❜❧❡♠❛ ❛✉①✐❧✐❛r ✭✷✳✻✮ ❣❛r❛♥t✐❞❛
♣❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✾✱ ♦ ▲❡♠❛ ✷✳✶✵ ❡ ❛ ❖❜s❡r✈❛çã♦ ✷✳✺✱ ♦ q✉❡ ♥♦s s✉❣❡r❡✱ ♣♦rt❛♥t♦✱
✉♠ ✐♥t❡r❡ss❛♥t❡ r❡s✉❧t❛❞♦ s♦❜r❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢♦rt❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✐♥✐❝✐❛❧
✭✷✳✶✮✳ ❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ r❡s✉♠❡ t❛❧ ❢❛t♦✿

Pr♦♣♦s✐çã♦ ✷✳✷✵✳ ❊①✐st❡ ✉♠❛ s♦❧✉çã♦ ❢♦rt❡ (N,A,D) ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✳

❖❜s❡r✈❡♠♦s ❛✐♥❞❛ q✉❡ ❛ s❡❣✉♥❞❛ ❡st✐♠❛t✐✈❛ ❢❡✐t❛ ❡♠ ✭✷✳✷✾✮ é ❡①❛t❛♠❡♥t❡ ❛
❝♦♥st❛♥t❡ ρ̄ ❡✈✐❞❡♥❝✐❛❞❛ ♥♦ ❚❡♦r❡♠❛ ✷✳✷✱ ♦✉ s❡❥❛✱

ρ̄ = M

(

µ|ω|
1
4T

1
4 +

(

γCA|Ω|
1
4T

1
4 + γNCN |Ω|

1
4T

1
4

+ τ |Ω|
1
4T

1
4 + 1

)

||D0||
W

3
2
4 (Ω)

)

.
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✷✳✹✳✷ ❯♥✐❝✐❞❛❞❡

❋✐♥❛❧♠❡♥t❡✱ t❡♥❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢♦rt❡ r❡s♦❧✈✐❞♦✱
♣r♦✈❡♠♦s q✉❡ ❞❡ ❢❛t♦ t❛❧ s♦❧✉çã♦ é ú♥✐❝❛✳ ❚❛❧ ✐♥❢♦r♠❛çã♦ ✜❝❛ ❝♦♥❝❡♥tr❛❞❛ ♥♦
s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✿

Pr♦♣♦s✐çã♦ ✷✳✷✶✳ ❆ s♦❧✉çã♦ ❢♦rt❡ (N,A,D) ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮ é ú♥✐❝❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ (N1, A1, D1) ❡ (N2, A2, D2) s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✱
♦✉ s❡❥❛✱ (N1, A1, D1) ❡ (N2, A2, D2) s❛t✐s❢❛③❡♠ r❡s♣❡❝t✐✈❛♠❡♥t❡ ♦s s❡❣✉✐♥t❡s
♣r♦❜❧❡♠❛s✿



































































∂N1

∂t
= rN − µNN1 − β1N1A1 − αNγND1N1, ❡♠ Q,

∂A1

∂t
= rAA1

(

1−
A1

kA

)

− (µA + ǫA)A1 − αAγAD1A1, ❡♠ Q,

∂D1

∂t
= σ∆D1 + µχω − γD1A1 − γND1N1 − τD, ❡♠ Q,

∂D1

∂η
(·) = 0, ❡♠ Γ,

N1(·, 0) = N0(·), ❡♠ Ω,
A1(·, 0) = A0(·), ❡♠ Ω,
D1(·, 0) = D0(·), ❡♠ Ω,



































































∂N2

∂t
= rN − µNN2 − β1N2A2 − αNγND2N2, ❡♠ Q,

∂A2

∂t
= rAA2

(

1−
A2

kA

)

− (µA + ǫA)A2 − αAγAD2A2, ❡♠ Q,

∂D2

∂t
= σ∆D2 + µχω − γD2A2 − γND2N2 − τD, ❡♠ Q,

∂D2

∂η
(·) = 0, ❡♠ Γ,

N2(·, 0) = N0(·), ❡♠ Ω,
A2(·, 0) = A0(·), ❡♠ Ω,
D2(·, 0) = D0(·), ❡♠ Ω.

❙✉❜tr❛✐♥❞♦ ♦s s✐st❡♠❛s ❡ ❞❡✜♥✐♥❞♦ Ñ = N1−N2, Ã = A1−A2 ❡ D̃ = D1−D2✱
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♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿










































































∂Ñ

∂t
= −µNÑ − β1(N1A1 −N2A2)− αNγN(D1N1 −D2N2), ❡♠ Q,

∂Ã

∂t
= rAÃ−

rA

kA
(A1

2 − A2
2)− (µA + ǫA)Ã− αAγA(D1A1 −D2A2), ❡♠ Q,

∂D̃

∂t
= σ∆D̃ − γ(D1A1 −D2A2)− γN(D1N1 −D2N2)− τD̃, ❡♠ Q,

∂D̃

∂η
(·) = 0, ❡♠ Γ,

Ñ(·, 0) = Ñ0(·) = 0, ❡♠ Ω,

Ã(·, 0) = Ã0(·) = 0, ❡♠ Ω,

D̃(·, 0) = D̃0(·) = 0, ❡♠ Ω.
✭✷✳✸✵✮

❈♦♠♦

N1A1 −N2A2 = A1Ñ +N2Ã

D1N1 −D2N2 = N1D̃ +D2Ñ

A1
2 − A2

2 = (A1 + A2)Ã

D1A1 −D2A2 = A1D̃ +D2Ã,

s✉❜st✐t✉✐♥❞♦ t❛✐s ✐♥❢♦r♠❛çõ❡s ♥❛ ♣r✐♠❡✐r❛✱ s❡❣✉♥❞❛ ❡ t❡r❝❡✐r❛ ❡q✉❛çã♦ ❞♦ s✐st❡♠❛
✭✷✳✸✵✮✱ ♦❜t❡♠♦s

∂Ñ

∂t
= −µNÑ − β1A1Ñ − β1N2Ã− αNγNN1D̃ − αNγND2Ñ ✭✷✳✸✶✮

∂Ã

∂t
= rAÃ−

rA

kA
(A1 + A2)Ã− (µA + ǫA)Ã− αAγAA1D̃ − αAγAD2Ã ✭✷✳✸✷✮

∂D̃

∂t
= σ∆D̃ − γA1D̃ − γD2Ã− γNN1D̃ − γND2Ñ − τD̃. ✭✷✳✸✸✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✷✳✸✶✮ ♣♦r Ñ ❡ ✐♥t❡❣r❛♥❞♦ ❡♠ Ω✱ ❣❛r❛♥t✐♠♦s

∫

Ω

∂Ñ

∂t
Ñdx = −µN

∫

Ω

Ñ2dx−β1

∫

Ω

N2ÃÑdx−αNγN

∫

Ω

N1D̃Ñdx−αNγN

∫

Ω

D2Ñ
2dx.

❯s❛♥❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ❡♠ ✭✷✳✷✵✮ ❡ ♦s ❢❛t♦s ❞❡ q✉❡ D2 ≥ 0 ❡ Nj ≤ CN ✱ ♣❛r❛
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j = 1, 2✱ ♦❜t❡♠♦s

1
2

d
dt

∫

Ω
Ñ2dx = −µN

∫

Ω
Ñ2dx− β1

∫

Ω
N2ÃÑdx− αNγN

∫

Ω
N1D̃Ñdx

− αNγN
∫

Ω
D2Ñ

2dx

≤ −β1
∫

Ω
N2ÃÑdx− αNγN

∫

Ω
N1D̃Ñdx

≤ β1CN

∫

Ω
|Ã||Ñ |dx+ αNγNCN

∫

Ω
|D̃||Ñ |dx,

✐st♦ é✱

d

dt

∫

Ω

|Ñ |2dx ≤ 2β1CN

∫

Ω

|Ã||Ñ |dx+ 2αNγNCN

∫

Ω

|D̃||Ñ |dx. ✭✷✳✸✹✮

❆❣♦r❛✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✷✳✸✷✮ ♣♦r Ã ❡ ✐♥t❡❣r❛♥❞♦ ❡♠ Ω✱ t❡♠♦s

∫

Ω
∂Ã
∂t
Ãdx = rA

∫

Ω
Ã2dx− rA

kA

∫

Ω
(A1 + A2)Ã

2dx− (µA + ǫA)
∫

Ω
Ã2dx

− αAγA
∫

Ω
A1D̃Ãdx− αAγA

∫

Ω
D2Ã

2dx.

❯s❛♥❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ✭✷✳✷✵✮✱ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s t❡r♠♦s D2 ❡ Aj✱ ♣❛r❛
j = 1, 2✱ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ A1 ≤ CA✱ ❣❛r❛♥t✐♠♦s

1
2

d
dt

∫

Ω
Ã2dx ≤ rA

∫

Ω
Ã2dx− αAγA

∫

Ω
A1D̃Ãdx

≤ rA
∫

Ω
Ã2dx+ αAγACA

∫

Ω
|D̃||Ã|dx,

✐st♦ é✱
d

dt

∫

Ω

|Ã|2dx ≤ 2rA

∫

Ω

|Ã|2dx+ 2αAγACA

∫

Ω

|D̃||Ã|dx. ✭✷✳✸✺✮

❊♥✜♠✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ✭✷✳✸✸✮ ♣♦r D̃✱ ✐♥t❡❣r❛♥❞♦ ❡♠ Ω ❡ ✉s❛♥❞♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦
❡♠ ✭✷✳✷✶✮✱ t❡♠♦s

1
2

d
dt

∫

Ω
D̃2dx = −σ

∫

Ω
|∇D̃|2dx− γ

∫

Ω
A1D̃

2dx− γ
∫

Ω
D2ÃD̃dx

− γN
∫

Ω
N1D̃

2dx− γN
∫

Ω
D2ÑD̃dx− τ

∫

Ω
D̃2dx.

❯s❛♥❞♦ ❛ ♣♦s✐t✐✈✐❞❛❞❡ ❞♦s t❡r♠♦s A1 ❡ N1✱ ❡ ♦s ❢❛t♦s ❞❡ q✉❡ A1 ≤ CA ❡
D2 ≤

µ

τ
✱ ❣❛r❛♥t✐♠♦s

1
2

d
dt

∫

Ω
D̃2dx ≤ −γ

∫

Ω
D2ÃD̃dx− γN

∫

Ω
D2ÑD̃dx

≤ γ µ

τ

∫

Ω
|Ã||D̃|dx+ γN

µ

τ

∫

Ω
|Ñ ||D̃|dx,
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✐st♦ é✱
d

dt

∫

Ω

|D̃|2dx ≤ 2γ
µ

τ

∫

Ω

|Ã||D̃|dx+ 2γN
µ

τ

∫

Ω

|Ñ ||D̃|dx. ✭✷✳✸✻✮

❙♦♠❛♥❞♦ ❛s ✐♥❡q✉❛çõ❡s ✭✷✳✸✹✮✱ ✭✷✳✸✺✮✱ ✭✷✳✸✻✮ ❡ ❢❛③❡♥❞♦ ♠❛✐s ✉♠❛ ❡st✐♠❛t✐✈❛✱
♦❜t❡♠♦s

d
dt

(

∫

Ω
(|Ñ |2 + |Ã|2 + |D̃|2)dx

)

≤ 2β1CN

∫

Ω
|Ã||Ñ |dx+ C1

∫

Ω
|D̃||Ñ |dx

+ 2rA
∫

Ω
|Ã|2dx+ C2

∫

Ω
|D̃||Ã|dx,

♦♥❞❡ C1 = 2max{2αNγNCN , 2γN
µ

τ
} ❡ C2 = 2max{2αAγACA, 2γ

µ

τ
}✳

P❡❧❛ ❞❡s✐❣✉❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ✭✈❡r Pr♦♣♦s✐çã♦ ✶✳✸✷✮✱ t❡♠♦s

|Ã||Ñ | ≤
|Ñ |2

2
+

|Ã|2

2

|D̃||Ñ | ≤
|D̃|2

2
+

|Ñ |2

2

|D̃||Ã| ≤
|D̃|2

2
+

|Ã|2

2
,

❡ ♣♦rt❛♥t♦

d
dt

(

∫

Ω
(|Ñ |2 + |Ã|2 + |D̃|2)dx

)

≤ β1CN

∫

Ω
(|Ã|2 + |Ñ |2)dx+ C1

2

∫

Ω
(|D̃|2 + |Ñ |2)dx

+ 2rA
∫

Ω
|Ã|2dx+ C2

2

∫

Ω
(|D̃|2 + |Ã|2)dx

≤ β1CN

∫

Ω
(|Ã|2 + |Ñ |2 + |D̃|2)dx

+ C1

2

∫

Ω
(|Ã|2 + |Ñ |2 + |D̃|2)dx

+ 2rA
∫

Ω
(|Ñ |2 + |Ã|2 + |D̃|2)dx

+ C2

2

∫

Ω
(|Ñ |2 + |Ã|2 + |D̃|2)dx

≤ C̄
∫

Ω
(|Ñ |2 + |Ã|2 + |D̃|2)dx,

♦♥❞❡ C̄ = 4max{β1CN ,
C1

2
, 2rA,

C2

2
}✳

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ✭✈❡r Pr♦♣♦s✐çã♦ ✶✳✸✹✮ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦
❞❡ q✉❡ Ñ0 = Ã0 = D̃0 = 0✱ ❣❛r❛♥t✐♠♦s

∫

Ω

(|Ñ |2 + |Ã|2 + |D̃|2)dx ≤ eC̄T

∫

Ω

(|Ñ0|
2 + |Ã0|

2 + |D̃0|
2)dx = 0,

♦✉ s❡❥❛✱ ||Ñ(·, t)||2L2(Ω) + ||Ã(·, t)||2L2(Ω) + ||D̃(·, t)||2L2(Ω) = 0✱ ♣❛r❛ t♦❞♦ t ∈ (0, T )✱

❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ Ñ ≡ Ã ≡ D̃ ≡ 0 ❡ ♣♦rt❛♥t♦ N1 = N2, A1 = A2 ❡
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D1 = D2✳



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆❡st❡ tr❛❜❛❧❤♦ ❝♦♥s✐❞❡r❛♠♦s ✉♠ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❝♦♠
❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❡s♣❡❝í✜❝❛s ❛s q✉❛✐s ♠♦❞❡❧❛♠ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ ✉♠ t✉♠♦r
tr❛t❛❞♦ ❝♦♠ q✉✐♠✐♦t❡r❛♣✐❛✳

❯t✐❧✐③❛♥❞♦✲s❡ ❛ t❡♦r✐❛ ❞♦s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✱ ❛ t❡♦r✐❛ ❞❡ ❝♦♥tr♦❧❡ ❞❡ ✉♠
♣r♦❜❧❡♠❛ ♣❛r❛❜ó❧✐❝♦ ❣❡r❛❧ ❡ t❛♠❜é♠ ❞♦ ❚❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ▲❡r❛②✲
❙❝❤❛✉❞❡r✱ ♣r♦✈❛♠♦s ♣❛r❛ ❡st❡ s✐st❡♠❛ ✉♠ r❡s✉❧t❛❞♦ q✉❡ ❡♥✈♦❧✈❡ ❡①✐stê♥❝✐❛ ❡
✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çã♦✳

❈♦♥✈é♠ ♠❡♥❝✐♦♥❛r q✉❡ ❛♣❡s❛r ❞❡ ❛❝r❡s❝❡♥t❛r♠♦s ♦ t❡r♠♦ ❞❡ ❞✐❢✉sã♦ σ∆D
♥❛ ❡q✉❛çã♦ ❞❛s ❞r♦❣❛s✱ ❞❡✈✐❞♦ às ❞✐✜❝✉❧❞❛❞❡s ♠❛t❡♠át✐❝❛s ❞❡ s❡ tr❛❜❛❧❤❛r ❝♦♠
♦ s✐st❡♠❛ ❝♦♠♣❧❡t♦✱ ❞❡s♣r❡③❛♠♦s ♦ t❡r♠♦ −β3NA ♥❛ ❡q✉❛çã♦ ❞♦s t✉♠♦r❡s✳
P♦rt❛♥t♦✱ ✜❝❛ ❛ ♣❡rs♣❡❝t✐✈❛ ❞❡ ❝♦♥t♦r♥❛r♠♦s t❛❧ ♣r♦❜❧❡♠❛ ❝♦♥s✐❞❡r❛♥❞♦ t♦❞♦s
♦s s❡✉s t❡r♠♦s ❛✐♥❞❛ ❝♦♠ ♦ ❛❝rés❝✐♠♦ ❞❛ ❞✐❢✉sã♦✳

▼❛✐s ❛✐♥❞❛✱ ♣r❡t❡♥❞❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛✿


































































































∂N

∂t
= rN − µNN − β1NA− αHγHNH, ❡♠ Q,

∂A

∂t
= ξA∆A+ rAA

(

1−
A

kA

)

− (µA + ǫA)A− β3NA, ❡♠ Q,

∂H

∂t
= ξH∆H + νA− τHH − γHNH, ❡♠ Q,

∂A

∂η
(·) = 0, ❡♠ Γ,

∂H

∂η
(·) = 0, ❡♠ Γ,

N(·, 0) = N0(·), ❡♠ Ω,

A(·, 0) = A0(·), ❡♠ Ω,

H(·, 0) = H0(·), ❡♠ Ω,

♦♥❞❡ N r❡♣r❡s❡♥t❛ ❛s ❝é❧✉❧❛s ♥♦r♠❛✐s ❡♠ ✉♠ ❞❛❞♦ t❡❝✐❞♦ ❞♦ ❝♦r♣♦ ❤✉♠❛♥♦✱ A
r❡♣r❡s❡♥t❛ ❛s ❝é❧✉❧❛s t✉♠♦r❛✐s ♥❡st❡ t❡❝✐❞♦ ❡ ❞❡✈✐❞♦ à ❛❧t❛ ❛t✐✈✐❞❛❞❡ ♠❡tá❜♦❧✐❝❛✱ ❛s
❝é❧✉❧❛s ❝❛♥❝❡r♦s❛s ❛❧t❡r❛♠ ♦ ♣❍ ❞♦ ♠❡✐♦ ❝❡❧✉❧❛r q✉❡ é ❞❡s❝r✐t♦ ♣❡❧❛ ❝♦♥❝❡♥tr❛çã♦
❞❡ ✉♠ á❝✐❞♦ H✱ ♣r♦❞✉③✐❞♦ ♥✉♠❛ t❛①❛ ν✱ ❞❡❣r❛❞❛❞♦ ♥❛t✉r❛❧♠❡♥t❡ ♥✉♠❛ t❛①❛ τH
❡ ❛❜s♦r✈✐❞♦ ♣❡❧❛s ❝é❧✉❧❛s ♥♦r♠❛✐s ♥✉♠❛ t❛①❛ γH ✳

✹✺
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