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❉❊P❆❘❚❆▼❊◆❚❖ ❉❊ ▼❆❚❊▼➪❚■❈❆

❊❱❆◆❉❘❖ ▼■▲❊◆❖

●❡♦●❡❜r❛ ❡ ❛s ❢✉♥çõ❡s ❡❧❡♠❡♥t❛r❡s q✉❡
sã♦ ❛♣r❡s❡♥t❛❞❛s ♥♦ ❊♥s✐♥♦ ▼é❞✐♦

❱■➬❖❙❆✲▼●
❉❡③❡♠❜r♦ ❞❡ ✷✵✶✺





❊❱❆◆❉❘❖ ▼■▲❊◆❖

●❡♦●❡❜r❛ ❡ ❛s ❢✉♥çõ❡s ❡❧❡♠❡♥t❛r❡s q✉❡
sã♦ ❛♣r❡s❡♥t❛❞❛s ♥♦ ❊♥s✐♥♦ ▼é❞✐♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ à ❯♥✐✈❡rs✐❞❛❞❡
❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❝♦♠♦ ♣❛rt❡ ❞❛s
❡①✐❣ê♥❝✐❛s ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲
●r❛❞✉❛çã♦ ❞♦ ▼❡str❛❞♦ Pr♦✜ss✐♦♥❛❧
❡♠ ▼❛t❡♠át✐❝❛ ❡♠ ❘❡❞❡ ◆❛❝✐♦♥❛❧✱ ♣❛r❛
♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❛❣✐st❡r ❙❝✐❡♥t✐❛❡✳

❖r✐❡♥t❛❞♦r✿ ❉r✳ ❆♥❞❡rs♦♥ ❚✐❛❣♦ ❞❛ ❙✐❧✈❛

❱■➬❖❙❆✲▼●
❉❡③❡♠❜r♦ ❞❡ ✷✵✶✺



❊❱❆◆❉❘❖ ▼■▲❊◆❖

●❡♦●❡❜r❛ ❡ ❛s ❢✉♥çõ❡s ❡❧❡♠❡♥t❛r❡s q✉❡
sã♦ ❛♣r❡s❡♥t❛❞❛s ♥♦ ❊♥s✐♥♦ ▼é❞✐♦

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ à ❯♥✐✈❡rs✐❞❛❞❡
❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❝♦♠♦ ♣❛rt❡ ❞❛s
❡①✐❣ê♥❝✐❛s ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲
●r❛❞✉❛çã♦ ❞♦ ▼❡str❛❞♦ Pr♦✜ss✐♦♥❛❧
❡♠ ▼❛t❡♠át✐❝❛ ❡♠ ❘❡❞❡ ◆❛❝✐♦♥❛❧✱ ♣❛r❛
♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❛❣✐st❡r ❙❝✐❡♥t✐❛❡✳

❆♣r♦✈❛❞❛✿ ✶✹✴✶✷✴✷✵✶✺✳

❖❧í♠♣✐♦ ❍✐r♦s❤✐ ▼✐②❛❣❛❦✐ ❆❧❡①❛♥❞r❡ ▼✐r❛♥❞❛ ❆❧✈❡s

❆♥❞❡rs♦♥ ❚✐❛❣♦ ❞❛ ❙✐❧✈❛
✭❖r✐❡♥t❛❞♦r✮



✳

✏❆ ♠❛t❡♠át✐❝❛✱ ✈✐st❛ ❝♦rr❡t❛♠❡♥t❡✱ ♣♦s✲
s✉✐ ♥ã♦ ❛♣❡♥❛s ✈❡r❞❛❞❡✱ ♠❛s t❛♠❜é♠ s✉✲
♣r❡♠❛ ❜❡❧❡③❛ ✲ ✉♠❛ ❜❡❧❡③❛ ❢r✐❛ ❡ ❛✉st❡r❛✱
❝♦♠♦ ❛ ❞❛ ❡s❝✉❧t✉r❛✳✑

❇❡rtr❛♥❞ ❘✉ss❡❧❧



❆❣r❛❞❡❝✐♠❡♥t♦s

❊♠ ♣r✐♠❡✐r♦ ❧✉❣❛r ❛ ❉❡✉s✱ ♦ ❆✉t♦r ❞❛ ❱✐❞❛ ❡ r❛③ã♦ ❞❡ t✉❞♦ ❡①✐st✐r✳
❆♦s ♠❡✉s ♣❛✐s✱ P❡❞r♦ ▼✐❧❡♥♦✭✐♥ ♠❡♠♦r✐❛♠✮ ❡ ❊✜❣ê♥✐❛ ❞❡ ▼❡❞❡✐r♦s ▼✐❧❡♥♦ ❡ ❛♦s ♠❡✉s

✐r♠ã♦s✳
❆♦s ♣r♦❢❡ss♦r❡s ❞♦ ♣r♦❣r❛♠❛ P❘❖❋▼❆❚✱ ❡♠ ♣❛rt✐❝✉❧❛r à ❙✐♠♦♥❡ ▼❛r✐❛ ❞❡ ▼♦r❛❡s q✉❡

t❡✈❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❛ ❝♦♥❝❧✉sã♦ ❞❡ss❛ ❡t❛♣❛ ❞❡ ♠✐♥❤❛ ✈✐❞❛✳
❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ❆♥❞❡rs♦♥ ❚✐❛❣♦ ❞❛ ❙✐❧✈❛✱ ♣❡❧♦ ❛♣♦✐♦✱ ✐♥❝❡♥t✐✈♦✱ ❝♦rr❡çõ❡s✱ ❝♦♥s❡❧❤♦s✱

✐❞❡✐❛s ❡ ♣❛❝✐ê♥❝✐❛✳
➚ ♣r♦❢❡ss♦r❛ ▼❛r❧✐ ❘❡❣✐♥❛ ❞♦s ❙❛♥t♦s q✉❡ t❡✈❡ ❣r❛♥❞❡ ❝♦♥tr✐❜✉✐çã♦ ♥❛ ♣❛rt❡ ✐♥✐❝✐❛❧ ❞❡ss❡

tr❛❜❛❧❤♦✳
➚s ❛♠✐❣❛s ▲❡✐❞✐❛♥❡ ❞❛ ❙✐❧✈❛✱ ❚❤❛ís ❙✐❧✈❛ ▲♦♣❡s✱ ❋❡r♥❛♥❞❛ ❋❡❧✐♣❡ P❡r❡✐r❛✱ ❏éss✐❝❛ ❱✐❡✐r❛

❡ ▼ô♥✐❝❛ ❆♣❛r❡❝✐❞❛ ◆♦❣✉❡✐r❛✳
❆♦s ♣r♦❢❡ss♦r❡s✱ ❛❧✉♥♦s ❡ ❣❡st♦r❡s ❞❛ ❊s❝♦❧❛ ❊st❛❞✉❛❧ ❏♦sé ▲♦✉r❡♥ç♦ ❞❡ ❋r❡✐t❛s✳
➚ t✉r♠❛ ❞♦ P❘❖❋▼❆❚ ✷✵✶✸✳
➚ ❈❛♣❡s ♣❡❧♦ ✐♥❝❡♥t✐✈♦ ❡ r❡❝✉rs♦ ✜♥❛♥❝❡✐r♦✳
P♦r ✜♠✱ à t♦❞♦s q✉❡ ❞❡ ❢♦r♠❛ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ ❝♦♥❝❧✉sã♦ ❞❡st❡

tr❛❜❛❧❤♦✳



❘❡s✉♠♦

▼■▲❊◆❖✱ ❊✈❛♥❞r♦✱ ▼✳ ❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❞❡③❡♠❜r♦ ❞❡ ✷✵✶✺✳
●❡♦●❡❜r❛ ❡ ❛s ❢✉♥çõ❡s ❡❧❡♠❡♥t❛r❡s q✉❡ sã♦ ❛♣r❡s❡♥t❛❞❛s ♥♦ ❊♥s✐♥♦ ▼é❞✐♦✳
❖r✐❡♥t❛❞♦r✿ ❉r✳ ❆♥❞❡rs♦♥ ❚✐❛❣♦ ❞❛ ❙✐❧✈❛✳

❖ ❝♦♥t❡ú❞♦ ❢✉♥çõ❡s é ✉♠ ❞♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❛ ♠❛t❡♠át✐❝❛ ❡ ❡stá ♣r❡s❡♥t❡ ♥♦ ❝♦✲
t✐❞✐❛♥♦ ❞❡ t♦❞❛s ❛s ♣❡ss♦❛s✱ s❡❥❛ ❞❡ ❢♦r♠❛ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛✳ ❊st❡s✱ ❞❡♥tr❡ ♦✉tr♦s ❢❛t♦r❡s
❥✉st✐✜❝❛ ❛ ♣r❡s❡♥ç❛ ❞❡st❡ ❝♦♥t❡ú❞♦ ♥❛ ❣r❛❞❡ ❝✉rr✐❝✉❧❛r ❞❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛✳ ❍♦❥❡ ✈✐✈❡♠♦s
❡♠ ✉♠❛ s♦❝✐❡❞❛❞❡ r❡♣❧❡t❛ ❞❡ ♥♦✈❛s t❡❝♥♦❧♦❣✐❛s✱ ❡ ♥ós ♣r♦❢❡ss♦r❡s ❞❡✈❡♠♦s ❛❝❡✐t❛r ♦ ❞❡s❛✜♦
❞❡ ♥♦s ❛❞❡q✉❛r ❡ ✐♥s❡r✐r ❞❡ ❢♦r♠❛ ✐♥t❡❧✐❣❡♥t❡ ❡ss❛s t❡❝♥♦❧♦❣✐❛s ♥❛ ❡s❝♦❧❛✳ ◆❡st❡ tr❛❜❛❧❤♦✱
✈❛♠♦s ♣r♦♣♦r ♦ ✉s♦ ❞♦ s♦❢t✇❛r❡ ●❡♦●❡❜r❛ ♣❛r❛ ❛✉①✐❧✐❛r ❡ ❢❛❝✐❧✐t❛r ❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞♦s ❛❧✉♥♦s
♥♦ ❡st✉❞♦ ❞❡ ❢✉♥çõ❡s✳ ❉♦ ❝❛♣ít✉❧♦ ✷ ❛♦ ❝❛♣ít✉❧♦ ✼ ✈❛♠♦s ♣r♦♣♦r ❡ ❞❡s❡♥✈♦❧✈❡r ❛t✐✈✐❞❛❞❡s
r❡❧❛❝✐♦♥❛❞❛s ❛ ❢✉♥çõ❡s ✉s❛♥❞♦ ♦ ●❡♦●❡❜r❛✳ ❈♦♠ ♦ ❛✉①í❧✐♦ ❞❡st❡ s♦❢t✇❛r❡ ❡s♣❡r❛♠♦s q✉❡
♦s ❛❧✉♥♦s s✐♥t❛♠✲s❡ ♠❛✐s ♠♦t✐✈❛❞♦s ❡ ❛tr❛í❞♦s ♣❡❧♦ ❝♦♥t❡ú❞♦ ❢✉♥çõ❡s✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡
♠❡❧❤♦r❡♠ s❡✉ ❞❡s❡♠♣❡♥❤♦ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❛t✐✈✐❞❛❞❡s ❞❛ ❞✐s❝✐♣❧✐♥❛ ♠❛t❡♠át✐❝❛✳

P❛❧❛✈r❛s ❝❤❛✈❡s✿ ●❡♦❣❡❜r❛✱ ♠❛t❡♠át✐❝❛✱ á❧❣❡❜r❛✳



❆❜str❛❝t

▼■▲❊◆❖✱ ❊✈❛♥❞r♦✱ ▼✳ ❙❝✳✱ ❋❡❞❡r❛❧ ❯♥✐✈❡rs✐t② ♦❢ ❱✐ç♦s❛✱ ❉❡❝❡♠❜❡r ✷✵✶✺✳ ●❡♦❣❡❜r❛
❛♥❞ t❤❡ ❡❧❡♠❡♥t❛r② ❢✉♥❝t✐♦♥s ✇❤✐❝❤ ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❜❛s✐❝ ❡❞✉❝❛t✐♦♥
❆❞✈✐s♦r✿ ❉r✳ ❆♥❞❡rs♦♥ ❚✐❛❣♦ ❞❛ ❙✐❧✈❛✳

❚❤❡ ❝♦♥t❡♥t ❢✉♥❝t✐♦♥s ❛r❡ ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ♦❢ t❤❡ ♠❛t❤❡♠❛t✐❝s ❛♥❞ ✐t ✐s ♣r❡✲
s❡♥t ✐♥ t❤❡ ❞❛✐❧② ♦❢ ❛❧❧ ♦❢ t❤❡ ♣❡♦♣❧❡✱ ❜❡ ✐♥ ✇❛② ❞✐r❡❝t ♦r ✐♥❞✐r❡❝t✳ ❚❤❡s❡✱ ❛♠♦♥❣ ♦t❤❡r
❢❛❝t♦rs ❥✉st✐❢② t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤✐s ❝♦♥t❡♥t ✐♥ t❤❡ ❝✉rr✐❝✉❧✉♠ ♦❢ ❜❛s✐❝ ❡❞✉❝❛t✐♦♥✳ t♦❞❛② ✇❡
❧✐✈❡ ✐♥ ❛ s♦❝✐❡t② ❢✉❧❧ ♦❢ ♥❡✇ t❡❝❤♥♦❧♦❣✐❡s✱ ❛♥❞ ✇❡ t❡❛❝❤❡rs ♠✉st ❛❝❝❡♣t t❤❡ ❝❤❛❧❧❡♥❣❡ ♦❢ ✜tt✐♥❣
✐♥ ❛♥❞ ✐♥s❡rt ✐♥t❡❧❧✐❣❡♥t❧② t❤❡s❡ t❡❝❤♥♦❧♦❣✐❡s ✐♥ s❝❤♦♦❧✳ ■♥ t❤✐s ❥♦❜✱ ✇❡ ♣r♦♣♦s❡ t❤❡ ✉s❡ ♦❢
●❡♦●❡❜r❛ s♦❢t✇❛r❡ t♦ ❛ss✐st ❛♥❞ ❢❛❝✐❧✐t❛t❡ st✉❞❡♥t ❧❡❛r♥✐♥❣ t❤❡ st✉❞② ♦❢ ❢✉♥❝t✐♦♥s✳ ❖❢ t❤❡
❈❤❛♣t❡r ✷ t♦ t❤❡ ❈❤❛♣t❡r ✼ ✇❡ ♣r♦♣♦s❡ ❛♥❞ ❞❡✈❡❧♦♣ ❛❝t✐✈✐t✐❡s r❡❧❛t❡❞ ❢✉♥❝t✐♦♥s ✉s✐♥❣ ●❡♦✲
●❡❜r❛✳ ❲✐t❤ t❤❡ ❛✐❞ ♦❢ t❤✐s s♦❢t✇❛r❡ ❤♦♣❡ st✉❞❡♥ts ❢❡❡❧ ♠♦r❡ ♠♦t✐✈❛t❡❞ ❛♥❞ ❛ttr❛❝t❡❞ ❜②
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❢♦r♠❛çã♦ ❞♦ ❛❧✉♥♦ ❝♦♠♦ ✐♥❞✐✈í❞✉♦ ❡ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ s❡✉ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❝♦♠♦ ❝✐❞❛❞ã♦✳
❆♦ ❝♦♥❝❧✉✐r s❡✉s ❡st✉❞♦s✱ ♦ ❛❧✉♥♦ ❞❡✈❡ t❡r ❛❞q✉✐r✐❞♦ ❝♦♥❤❡❝✐♠❡♥t♦s ❜ás✐❝♦s q✉❡ ♣❡r♠✐t❛♠
❛ ❡❧❡✿ ♣r♦ss❡❣✉✐r ❝♦♠ ♦s ❡st✉❞♦s✱ s❡r ✐♥s❡r✐❞♦ ♥♦ ♠❡r❝❛❞♦ ❞❡ tr❛❜❛❧❤♦ ❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱
❝♦♥❞✐çõ❡s ❞❡ ✈✐✈❡r ♥❛ s♦❝✐❡❞❛❞❡✳

❚❡♥❞♦ ❡♠ ✈✐st❛ ♦ ❜❛✐①♦ r❡♥❞✐♠❡♥t♦ ❞♦s ❛❧✉♥♦s ♥♦ ❙✐st❡♠❛ ◆❛❝✐♦♥❛❧ ❞❡ ❆✈❛❧✐❛çã♦ ❞❛
❊❞✉❝❛çã♦ ❇ás✐❝❛ ✲ ✭❙❛❡❜✮ ❡ ❙✐st❡♠❛ ▼✐♥❡✐r♦ ❞❡ ❆✈❛❧✐❛çã♦ ❞❛ ❊❞✉❝❛çã♦ Pú❜❧✐❝❛ ✭❙✐♠❛✈❡✮✱
♣r✐♥❝✐♣❛✐s ❡①❛♠❡s ❞❡ ❛✈❛❧✐❛çã♦ ❞♦s ❡st✉❞❛♥t❡s ❞❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛ ❞♦ ❇r❛s✐❧ ❡ ❞❡ ▼✐♥❛s
●❡r❛✐s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s✉r❣❡ ❡ss❛ ♣r♦♣♦st❛ ♣❛r❛ ❛✉①✐❧✐❛r ❛❧✉♥♦s ❡ s♦❜r❡t✉❞♦ ❞❛r s✉♣♦rt❡ ❛
♣r♦❢❡ss♦r❡s ♥♦ ❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ♠❛t❡♠át✐❝❛✳

P❛r❛ ♠♦t✐✈❛r ❡ ❛❥✉❞❛r ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❡ ❛❧✉♥♦s ❡
♣r♦❢❡ss♦r❡s✱ ✈❛♠♦s ✉s❛r r❡❝✉rs♦s ❞❡ ✉♠ s♦❢t✇❛r❡ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✱ ♦ q✉❡ ❡stá ❞❡ ❛❝♦r❞♦ ❝♦♠
❛s ❖r✐❡♥t❛çõ❡s ❈✉rr✐❝✉❧❛r❡s ♣❛r❛ ♦ ❊♥s✐♥♦ ▼é❞✐♦✱ ❱✳✷✱ ♣✽✽✳

P❡♥s❛♥❞♦ ♥❛ ❚❡❝♥♦❧♦❣✐❛ ♣❛r❛ ❛ ▼❛t❡♠át✐❝❛✱ ❤á ♣r♦❣r❛♠❛s ❞❡ ❝♦♠♣✉t❛❞♦r
✭s♦❢t✇❛r❡s✮ ♥♦s q✉❛✐s ♦s ❛❧✉♥♦s ♣♦❞❡♠ ❡①♣❧♦r❛r ❡ ❝♦♥str✉✐r ❞✐❢❡r❡♥t❡s ❝♦♥❝❡✐t♦s
♠❛t❡♠át✐❝♦s✱ r❡❢❡r✐❞♦s ❛ s❡❣✉✐r ❝♦♠♦ ♣r♦❣r❛♠❛s ❞❡ ❡①♣r❡ssã♦✳ ❖s ♣r♦❣r❛♠❛s
❞❡ ❡①♣r❡ssã♦ ❛♣r❡s❡♥t❛♠ r❡❝✉rs♦s q✉❡ ♣r♦✈♦❝❛♠✱ ❞❡ ❢♦r♠❛ ♠✉✐t♦ ♥❛t✉r❛❧✱ ♦
♣r♦❝❡ss♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ♦ ✏♣❡♥s❛r ♠❛t❡♠❛t✐❝❛♠❡♥t❡✑✱ ♦✉ s❡❥❛✱ ♦s ❛❧✉♥♦s ❢❛✲
③❡♠ ❡①♣❡r✐♠❡♥t♦s✱ t❡st❛♠ ❤✐♣ót❡s❡s✱ ❡s❜♦ç❛♠ ❝♦♥❥❡❝t✉r❛s✱ ❝r✐❛♠ ❡str❛té❣✐❛s
♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s✳ ❙ã♦ ❝❛r❛❝t❡ríst✐❝❛s ❞❡ss❡s ♣r♦❣r❛♠❛s✿ ❛✮ ❝♦♥t❡r ✉♠
❝❡rt♦ ❞♦♠í♥✐♦ ❞❡ s❛❜❡r ♠❛t❡♠át✐❝♦ ✕ ❛ s✉❛ ❜❛s❡ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦❀ ❜✮ ♦❢❡r❡❝❡r
❞✐❢❡r❡♥t❡s r❡♣r❡s❡♥t❛çõ❡s ♣❛r❛ ✉♠ ♠❡s♠♦ ♦❜❥❡t♦ ♠❛t❡♠át✐❝♦ ✕ ♥✉♠ér✐❝❛✱ ❛❧❣é✲
❜r✐❝❛✱ ❣❡♦♠étr✐❝❛❀ ❝✮ ♣♦ss✐❜✐❧✐t❛r ❛ ❡①♣❛♥sã♦ ❞❡ s✉❛ ❜❛s❡ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦ ♣♦r
♠❡✐♦ ❞❡ ♠❛❝r♦❝♦♥str✉çõ❡s❀ ❞✮ ♣❡r♠✐t✐r ❛ ♠❛♥✐♣✉❧❛çã♦ ❞♦s ♦❜❥❡t♦s q✉❡ ❡stã♦
♥❛ t❡❧❛✳

◆❡st❡ tr❛❜❛❧❤♦ ❛♣r❡s❡♥t❛♠♦s ♦ s♦❢t✇❛r❡ ●❡♦●❡❜r❛ ❡ ❝♦♠♦ ♣♦❞❡♠♦s ✉sá✲❧♦ ♥♦ ❡♥s✐♥♦
❡ ❡st✉❞♦ ❞❡ ❢✉♥çõ❡s✱ q✉❡ é ✉♠ ❞♦s t❡♠❛s ❝❡♥tr❛✐s ❡ ✉♥✐✜❝❛❞♦r❡s ❞❛ ♠❛t❡♠át✐❝❛✳ ❆❧é♠ ❞❡
❡♥t❡♥❞❡r ❛ ♦♣❡r❛❝✐♦♥❛❧✐③❛çã♦ ❞♦ ●❡♦●❡❜r❛✱ ✈❛♠♦s ✉t✐❧✐③á✲❧♦ ♣❛r❛ ❡st✉❞❛r ❛ r❡❧❛çã♦ ❡①✐st❡♥t❡
❡♥tr❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛s ❢✉♥çõ❡s ❡ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❣rá✜❝❛s❀ ❝♦♠♣r❡❡♥❞❡r ✐♥t❡r✈❛❧♦s ❞❡

✶✸



✈❛r✐❛çã♦✱ ✈❡r✐✜❝❛r ✈❛❧♦r❡s ❞❡ ♠á①✐♠♦ ♦✉ ♠í♥✐♠♦✱ ❞❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✳ ❊ ♣♦r ♠❡✐♦ ❞❡ ❛t✐✈✐✲
❞❛❞❡s ✐♥✈❡st✐❣❛t✐✈❛s✱ ✈❛♠♦s ❡①♣❧♦r❛r ♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s ❡♥✈♦❧✈✐❞♦s✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ❛❧✉♥♦
♣♦ss❛ t❡st❛r✱ ❝♦♥❥❡❝t✉r❛r✱ ❛✈❛❧✐❛r ❡ ❝♦♥❢❡r✐r ♦ r❡s✉❧t❛❞♦ ❞❡ s✉❛s ❤✐♣ót❡s❡s✳

➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r q✉❡ ❡st❛ ♣r♦♣♦st❛ ♥ã♦ s✉❜st✐t✉✐ ❛ ❢♦r♠❛ ❝♦♠♦ ♦ ❡♥s✐♥♦ ❞♦
t❡♠❛ ✈❡♠ s❡♥❞♦ ❛❜♦r❞❛❞♦✱ ♠❛s s✐♠✱ ❝♦♥tr✐❜✉✐r ❝♦♠ ❛ ♣rát✐❝❛ ❞♦❝❡♥t❡✱ ✐♥❞✐❝❛♥❞♦ ❛çõ❡s ❡
♣♦ss✐❜✐❧✐❞❛❞❡s ♣♦r ♠❡✐♦ ❞❡ ✉♠ s♦❢t✇❛r❡✳ ❆ss✐♠✱ ❛❝r❡❞✐t❛♠♦s q✉❡ ♦ ❡♥s✐♥♦ ❞❡ ❡str❛té❣✐❛s ❝♦♠♦
❝á❧❝✉❧♦ ♠❡♥t❛❧✱ ❡s❜♦ç♦ ❞❡ ❣rá✜❝♦s ❡ ❞❡ ✜❣✉r❛s ❣❡♦♠étr✐❝❛s ❝♦♠ ❧á♣✐s✱ ré❣✉❛✱ ❝♦♠♣❛ss♦✱ ❡t❝✳✱
♥ã♦ ❞❡✈❡♠ s❡r ❛❜❛♥❞♦♥❛❞♦s✱ ♠❛s s✐♠✱ ❡①♣❧♦r❛❞❛s ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ♣r♦♣♦st❛ ❛♣r❡s❡♥t❛❞❛✱
❛ss✐♠✱ ✈✐s❛♠♦s ❡①♣❧♦r❛r ♦s r❡❝✉rs♦s ❞♦ ●❡♦●❡❜r❛ ♣❛r❛ ✈❛❧✐❞❛r ❛r❣✉♠❡♥t♦s✱ ♣♦t❡♥❝✐❛❧✐③❛r ❛s
❛♣r❡♥❞✐③❛❣❡♥s ❞♦s ❛❧✉♥♦s ❡ ❢❛③❡r ❝♦♠ q✉❡ ♦ ❡♥s✐♥♦ ❞♦ t❡♠❛ s❡❥❛ ♠❛✐s s✐❣♥✐✜❝❛t✐✈♦ ❡ ♠❡♥♦s
♠❡❝â♥✐❝♦✳

◆♦ ❝❛♣ít✉❧♦ ✶ ❞❡st❡ tr❛❜❛❧❤♦ ✈❛♠♦s ❞❛r ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❝♦♠♦ ❛s ❢✉♥çõ❡s ❛♣❛r❡❝❡♠
❡♠ ♥♦ss♦ ❝♦t✐❞✐❛♥♦✱ ❞❡ ❢♦r♠❛ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛❀ ♠❡♥❝✐♦♥❛r ❞✐s❝✐♣❧✐♥❛s q✉❡ ❝♦♥st❛♥t❡♠❡♥t❡
❢❛③❡♠ ✉s♦ ❞❡ ❢✉♥çõ❡s ❡♠ s❡✉s ❝♦♥t❡ú❞♦s❀ ❢❛❧❛r ✉♠ ♣♦✉❝♦ ❞❛ ❡✈♦❧✉çã♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦ ❡
❝✐t❛r ♦s ♣r✐♥❝✐♣❛✐s ♠❛t❡♠át✐❝♦s q✉❡ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ ❢♦r♠❛❧✐③❛çã♦ ❞❡ss❡ ❝♦♥❝❡✐t♦❀ ❡①♣❧✐❝❛r
♦ q✉❡ sã♦ ♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ✕ P❈◆s ❡ ❈♦♥t❡ú❞♦s ❜ás✐❝♦s ❝♦♠✉♥s ✕ ❈❇❈s
❡ ♦ q✉❡ ❡❧❡s ❝♦♥s✐❞❡r❛♠ r❡❧❡✈❛♥t❡ q✉❡ ✉♠ ❛❧✉♥♦ ❛♣r❡♥❞❛ s♦❜r❡ ❢✉♥çõ❡s❀ ❛♣r❡s❡♥t❛r ❞❛❞♦s ❞♦
❙❛❡❜ ❡ ❙✐♠❛✈❡❀ ❞❡s❝r❡✈❡r ❝♦♠♦ ❛s ♥♦✈❛s t❡❝♥♦❧♦❣✐❛s ♣♦❞❡♠ s❡r ✐♥❝♦r♣♦r❛❞❛s ❞❡ ❢♦r♠❛ ❡❢❡t✐✈❛
♥❛ ❡s❝♦❧❛ ❡ ❢❛③❡r ✉♠ ❜r❡✈❡ r❡❧❛t♦ s♦❜r❡ ❛ ❡✈♦❧✉çã♦ ❞♦ s♦❢t✇❛r❡ ●❡♦●❡❜r❛✳

◆♦ ❝❛♣ít✉❧♦ ✷✱ ✈❛♠♦s ❡st✉❞❛r ❡ r❡s♦❧✈❡r ❛❧❣✉♠❛s ❛t✐✈✐❞❛❞❡s ❡♥✈♦❧✈❡♥❞♦ ♦ P❧❛♥♦ ❈❛rt❡✲
s✐❛♥♦✱ ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♥❛ ❝♦♥str✉çã♦ ❞♦s ❣rá✜❝♦s ❞❡ ❢✉♥çõ❡s✳ ❏á ♥♦ ❝❛♣ít✉❧♦ ✸✱
✈❛♠♦s ❢♦r♠❛❧✐③❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦✱ ❞❡✜♥✐♥❞♦ s❡✉ ❞♦♠í♥✐♦ ❡ s✉❛ ✐♠❛❣❡♠✳ ❉❡✜♥✐r ❢✉♥çã♦
❝r❡s❝❡♥t❡ ❡ ❞❡❝r❡s❝❡♥t❡ ❡ ❢✉♥çã♦ ♣❛r ♦✉ í♠♣❛r✳

◆♦s ❝❛♣ít✉❧♦s s✉❜s❡q✉❡♥t❡s ✈❛♠♦s ❞❡✜♥✐r ❛s ❢✉♥çõ❡s✿ ❛✜♠✱ q✉❛❞rát✐❝❛✱
❡①♣♦♥❡♥❝✐❛❧✴❧♦❣❛rít♠✐❝❛ ❡ ❢✉♥çõ❡s tr✐❣♦♥♦♠étr✐❝❛s✳ P❛r❛ ❝❛❞❛ ✉♠❛ ❞❡ss❛s ❢✉♥çõ❡s ✈❛♠♦s
r❡s♦❧✈❡r ❞♦✐s ❡①❡r❝í❝✐♦s ✉t✐❧✐③❛♥❞♦ ♦ s♦❢t✇❛r❡ ●❡♦●❡❜r❛ ❛♥❛❧✐s❛♥❞♦ ❛❧❣✉♥s ♣♦♥t♦s ✐♠♣♦rt❛♥✲
t❡s✳

P♦r ✜♠ ✈❛♠♦s ❢❛③❡r ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s q✉❡ s❡❥❛♠ r❡❧❡✈❛♥t❡s ♣❛r❛ ✐♥❝♦r♣♦r❛çã♦
❞❡ss❛ ♣r♦♣♦st❛ ♥❛ ❡s❝♦❧❛✳

✶✹



❈❆P❮❚❯▲❖ ✶

■▼P❖❘❚➶◆❈■❆ ❉❖ ❊❙❚❯❉❖ ❉❆❙
❋❯◆➬Õ❊❙✱ ❚❊❈◆❖▲❖●■❆ ◆❆

❊❙❈❖▲❆ ❊ ●❊❖●❊❇❘❆

✶✳✶ ■♠♣♦rtâ♥❝✐❛ ❞♦ ❡st✉❞♦ ❞❛s ❢✉♥çõ❡s

✶✳✶✳✶ P♦r q✉❡ ❡st✉❞❛r ❢✉♥çõ❡s❄

❖ ❝♦♥❝❡✐t♦ ❡ ❡st✉❞♦ ❞❡ ❢✉♥çã♦ ♥♦ ❡♥s✐♥♦ ♠é❞✐♦ é ❞❡ s✉♠❛ ✐♠♣♦rtâ♥❝✐❛✱ ♣♦✐s ❛❧é♠ ❞❡
✜❣✉r❛r ❡♥tr❡ ♦s ❝♦♥t❡ú❞♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❛ ♠❛t❡♠át✐❝❛✱ ❡stã♦ s❡♠♣r❡ ♣r❡s❡♥t❡s ❡♠
♥♦ss♦ ❝♦t✐❞✐❛♥♦ ❞❡ ❢♦r♠❛ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛✳ P♦r ❡①❡♠♣❧♦s✿

• ❊♠ ✉♠❛ ❝♦rr✐❞❛✱ ♦s t❛①✐st❛s ❝♦❜r❛♠ ✉♠❛ t❛①❛ ✜①❛✱ ❝❤❛♠❛❞❛ ❜❛♥❞❡✐r❛❞❛✱ ♠❛✐s ✉♠ ✈❛❧♦r
q✉❡ ❞❡♣❡♥❞❡ ❞♦ ♥ú♠❡r♦ ❞❡ q✉✐❧ô♠❡tr♦s ♣❡r❝♦rr✐❞♦✳ ❖ ♣❛ss❛❣❡✐r♦ ♣♦❞❡ ♥ã♦ ❛t❡♥t❛r ♣❛r❛
❛ t❛①❛ ✜①❛ ❝♦❜r❛❞❛✱ ♥❡♠ ♣❛r❛ ♦ ✈❛❧♦r ❝♦❜r❛❞♦ ♣♦r q✉✐❧ô♠❡tr♦ r♦❞❛❞♦✱ ♠❛s s❛❜❡ q✉❡✱
q✉❛♥t♦ ♠❛✐♦r ❢♦r ❛ ❞✐stâ♥❝✐❛ ♣❡r❝♦rr✐❞❛✱ ♠❛✐♦r s❡rá ♦ ✈❛❧♦r ❛ s❡r ♣❛❣♦✳

• ❖ ❝✉st♦ ❞❛ ❝♦♥t❛ ❞❡ ❡♥❡r❣✐❛ ❡❧étr✐❝❛ ❞❡ ✉♠❛ r❡s✐❞ê♥❝✐❛ ❞❡♣❡♥❞❡ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡
q✉✐❧♦✇❛tt✲❤♦r❛s q✉❡ ❢♦✐ ❝♦♥s✉♠✐❞♦ ❞✉r❛♥t❡ ♦ ♠ês✳ ❖ ❝♦♥s✉♠✐❞♦r ♣♦❞❡ ♥ã♦ s❛❜❡r ♦
✈❛❧♦r ❞❛ ♣ró①✐♠❛ ❢❛t✉r❛ ❡ ♥❡♠ ♠❡s♠♦ ♣r❡ç♦ ❞♦ q✉✐❧♦✇❛tt✲❤♦r❛✱ ♠❛s s❛❜❡ q✉❡ ♣❛r❛
♣❛❣❛r ✉♠ ♠❡♥♦r ♣r❡ç♦ ♥❛ ❢❛t✉r❛✱ ❞❡✈❡rá r❡❞✉③✐r ♦ ❝♦♥s✉♠♦ ❡♠ s✉❛ r❡s✐❞ê♥❝✐❛✳

• ❊♠❜♦r❛ ❛ ♠❛✐♦r✐❛ ❞❛s ♣❡ss♦❛s ✭✐♥❝❧✉s✐✈❡ ♣r♦✜ss✐♦♥❛✐s ❞❛ s❛ú❞❡✮ ♥ã♦ s❛✐❜❛♠✱ ❛ ✈❛✲
r✐❛çã♦ ❞❛ ♣r❡ssã♦ s❛♥❣✉í♥❡❛ ✭❡♠ mmHg✮ ❞❡ ✉♠❛ ♣❡ss♦❛✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ✭❡♠
s✮✱ é ✉♠❛ ❢✉♥çã♦ tr✐❣♦♥♦♠étr✐❝❛✶✳ ◆♦ ❞✐❛ ❛ ❞✐❛ ♠✉✐t♦s ❢❡♥ô♠❡♥♦s ❢ís✐❝♦s ❡ s♦❝✐❛✐s ❞❡
❝♦♠♣♦rt❛♠❡♥t♦ ❝í❝❧✐❝♦ ✭q✉❡ s❡ r❡♣❡t❡♠✮ ♣♦❞❡♠ s❡r ♠♦❞❡❧❛❞♦s ❝♦♠ ❛✉①í❧✐♦ ❞❡ ❢✉♥çõ❡s
tr✐❣♦♥♦♠étr✐❝❛s✳

✶❚ó♣✐❝♦ q✉❡ s❡rá ❡st✉❞❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✼

✶✺



• ◗✉❛♥❞♦ ✉♠ ❛❧✉♥♦ s❛✐ ❞❡ s✉❛ ❝❛s❛ ❡ ❝❛♠✐♥❤❛ ❛té ❛ ❡s❝♦❧❛✱ ❡❧❡ ♣❡r❝❡❜❡ q✉❡✱ q✉❛♥t♦ ♠❛✐s
rá♣✐❞♦ ❝❛♠✐♥❤❛r✱ ♠❛✐s rá♣✐❞♦ ❝❤❡❣❛rá ❛ ❡s❝♦❧❛✱ ♦✉ s❡❥❛✱ ♦ t❡♠♣♦ q✉❡ ❡❧❡ ❣❛st❛ ❞❡♣❡♥❞❡
✉♥✐❝❛♠❡♥t❡ ❞❡ s✉❛ ✈❡❧♦❝✐❞❛❞❡✳

• ❆♥t❡s ❞❡ ❝♦♠♣r❛r ❛③✉❧❡❥♦s ♣❛r❛ ❝♦❧♦❝❛r ❡♠ ✉♠❛ ♣❛r❡❞❡✱ é ♥❡❝❡ssár✐♦ ❝❛❧❝✉❧❛r ❛ ár❡❛
❞❛ ♠❡s♠❛✱ ♦✉ s❡❥❛✱ ♦ ♥ú♠❡r♦ ❞❡ ❛③✉❧❡❥♦s ❛ s❡r❡♠ ❝♦♠♣r❛❞♦s✱ ❞❡♣❡♥❞❡rá ❞❛ ár❡❛ ❞❛
♣❛r❡❞❡✳

❉❡♥tr❡ ✈ár✐♦s ♦✉tr♦s ❢❛t♦r❡s q✉❡ ❥✉st✐✜❝❛♠ ♦ ❡st✉❞♦ ❞❡ ❢✉♥çõ❡s ♥♦ ❡♥s✐♥♦ ♠é❞✐♦✱ ❡①✐st❡
t❛♠❜é♠ ♦ ❢❛t♦ ❞❡ s❡r❡♠ ✐♥❝❧✉í❞❛s ❛s ❞✐s❝✐♣❧✐♥❛s ❞❡ ❢ís✐❝❛ ❡ q✉í♠✐❝❛ ♥❛ ❣r❛❞❡ ❝✉rr✐❝✉❧❛r ❞♦s
❛❧✉♥♦s ♥❡ss❛ ❡t❛♣❛ ❞♦ ❡♥s✐♥♦✱ ❡ ❡st❛s ❞✉❛s ❞✐s❝✐♣❧✐♥❛s ❢❛③❡♠ ✉s♦ ❞❡ ❢ór♠✉❧❛s ✭❢✉♥çõ❡s✮ ❡ s❡✉s
❣rá✜❝♦s ❡♠ q✉❛s❡ t♦❞♦s ♦s s❡✉s ❝♦♥t❡ú❞♦s ♣❛r❛ q✉❛♥t✐✜❝❛r ❡ ❥✉st✐✜❝❛r r❡s✉❧t❛❞♦s✳

❊♠ ❢ís✐❝❛✱ ✉♠ ♦❜❥❡t♦ ❧❛♥ç❛❞♦ ❛♦ ❛r ❧✐✈r❡ ✭❞❡s♣r❡③❛♥❞♦✲s❡ t♦❞❛s ❛s ❢♦r♠❛s ❞❡ ❛tr✐t♦✮ t❡♠
s✉❛ ❛❧t✉r❛ ❝❛❧❝✉❧❛❞❛ s❡❣✉♥❞♦ ✉♠❛ ❡q✉❛çã♦ ✭❢✉♥çã♦✮ ❞♦ s❡❣✉♥❞♦ ❣r❛✉✳ ❆s r❡❧❛çõ❡s ❡①✐st❡♥t❡s
❡♥tr❡ ❛s t❡♠♣❡r❛t✉r❛s ❑❡❧✈✐♥✱ ❈é❧s✐✉s ❡ ❋❛❤r❡♥❤❡✐t✱ sã♦ ❢✉♥çõ❡s ❞♦ ♣r✐♠❡✐r♦ ❣r❛✉✳

❊♠ q✉í♠✐❝❛✱ ♦s ❧♦❣❛r✐t♠♦s sã♦ ✉s❛❞♦s ♣❛r❛ ❝❛❧❝✉❧❛r ♦ pH ❞❡ ✉♠❛ s✉❜stâ♥❝✐❛✳ ❆ ❞❡♥✲
s✐❞❛❞❡ ❞❡ ✉♠❛ s✉❜stâ♥❝✐❛ é ❞✐r❡t❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛❧ ❛ ♠❛ss❛ ❞❛ s✉❜stâ♥❝✐❛ ❡ ✐♥✈❡rs❛♠❡♥t❡
♣r♦♣♦r❝✐♦♥❛❧ ❛♦ s❡✉ ✈♦❧✉♠❡✳

◆❛ ✈❡r❞❛❞❡✱ ❛s ❢✉♥çõ❡s ❛♣❛r❡❝❡♠ ❞❡ ❢♦r♠❛ ✐♥❞✐r❡t❛ ❛✐♥❞❛ ♥♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱
q✉❛♥❞♦ ♦ ♣r♦❢❡ss♦r ❡♥s✐♥❛ ❛♦s ❛❧✉♥♦s q✉❡ ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ár❡❛ ❞❡ ✉♠ r❡tâ♥❣✉❧♦ ❡❧❡ ❞❡✈❡
♠✉❧t✐♣❧✐❝❛r ❛ ♠❡❞✐❞❛ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ♣❡❧❛ ♠❡❞✐❞❛ ❞❛ ❧❛r❣✉r❛✱ ♦✉ q✉❡✱ ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ❝♦♠✲
♣r✐♠❡♥t♦ ❞❛ ❤✐♣♦t❡♥✉s❛ ❞❡ ✉♠ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ❡❧❡ ❞❡✈❡ s♦♠❛r ♦s q✉❛❞r❛❞♦s ❞♦s ❝❛t❡t♦s
❡ ❡①tr❛✐r ❛ r❛✐③ q✉❛❞r❛❞❛ ❞❛ s♦♠❛ ❡♥❝♦♥tr❛❞❛✳ ◆❡ss❡s ❞♦✐s ❝❛s♦s ♦ ♣r♦❢❡ss♦r ♣♦❞❡ ❞❡st❛❝❛r
q✉❡ ❛ ár❡❛ ❞❡ ✉♠ r❡tâ♥❣✉❧♦ ❞❡♣❡♥❞❡ ❞❛s ♠❡❞✐❞❛s ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❡ ❞❛ ❧❛r❣✉r❛ ❡ q✉❡ ♦ ❝♦♠✲
♣r✐♠❡♥t♦ ❞❛ ❤✐♣♦t❡♥✉s❛ ❞❡♣❡♥❞❡ ❞❛ ♠❡❞✐❞❛ ❞♦s ❝❛t❡t♦s✱ ♦✉ s❡❥❛✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s ❡①✐st❡
✉♠❛ r❡❧❛çã♦ ❞❡ ❞❡♣❡♥❞ê♥❝✐❛✳

✶✳✶✳✷ ❊✈♦❧✉çã♦ ❤✐stór✐❝❛

❉❡s❞❡ ♦s t❡♠♣♦s r❡♠♦t♦s✱ ❛❧❣✉♥s ♣♦✈♦s ❛♥t✐❣♦s✱ ❝♦♠♦ ♦s ❇❛❜✐❧ô♥✐♦s ❥á ❝♦♥❤❡❝✐❛♠ ❛
✐❞❡✐❛ ❞❡ ❢✉♥çã♦✳ ❉❡s❞❡ ♦ sé❝✉❧♦ ❳■❳✱ ❛rq✉❡ó❧♦❣♦s ✈ê♠ tr❛❜❛❧❤❛♥❞♦ ♥❛ ▼❡s♦♣♦tâ♠✐❛ ❡ ❥á
❞❡s❡♥t❡rr❛r❛♠ ♠❛✐s ❞❡ ♠❡✐♦ ♠✐❧❤ã♦ ❞❡ tá❜✉❧❛s ❞❡ ❛r❣✐❧❛s✱ ♥❛s q✉❛✐s ♦s ❜❛❜✐❧ô♥✐♦s ✉s❛✈❛♠ ♣❛r❛
r❡❣✐str❛r s✉❛s ❞❡s❝♦❜❡rt❛s ❡ ❝♦✐s❛s ❞♦ ❝♦t✐❞✐❛♥♦✳ ❉❡♥tr❡ ❛s tá❜✉❧❛s q✉❡ ❢♦r❛♠ ❡♥❝♦♥tr❛❞❛s✱
q✉❛s❡ ✹✵✵ ❢♦r❛♠ ✐❞❡♥t✐✜❝❛❞❛s ❝♦♠♦ ❡str✐t❛♠❡♥t❡ ♠❛t❡♠át✐❝❛s✱ ♦✉ s❡❥❛✱ sã♦ tá❜✉❧❛s q✉❡
❝♦♥t❡♠ r❡❣✐str♦s ♠❛t❡♠át✐❝♦s✱ t❛✐s ❝♦♠♦✿ r❡❝✐❜♦s✱ ❢❛t✉r❛s✱ ♥♦t❛s ♣r♦♠✐ssór✐❛s✱ ❥✉r♦s s✐♠♣❧❡s ❡
❝♦♠♣♦st♦s✱ ❤✐♣♦t❡❝❛s✱ ❝♦♥tr❛t♦s ❧❡❣❛✐s ❡ ✉s✉❛✐s✳ ❍♦❥❡ t❡♠♦s ❢ór♠✉❧❛s ✭❢✉♥çõ❡s✮ q✉❡ ♣❡r♠✐t❡♠
❝❛❧❝✉❧❛r ❢❛t✉r❛s✱ ❥✉r♦s s✐♠♣❧❡s ❡ ❝♦♠♣♦st♦s✱ ♥♦t❛s ♣r♦♠✐ssór✐❛s✱ ❡t❝✳ ❡ s❛❜❡♠♦s q✉❡ ❡ss❡s
❝á❧❝✉❧♦s ❞❡♣❡♥❞❡♠ ❞♦ t❡♠♣♦✱ ❝❛♣✐t❛❧ ❡ t❛①❛✳ ◆❛ é♣♦❝❛ ❞❛ ❇❛❜✐❧ô♥✐❛ ❛♥t✐❣❛ ♥ã♦ ❞❡✈❡r✐❛
s❡r tã♦ ❞✐❢❡r❡♥t❡✱ ❛ss✐♠✱ s♦♠♦s ❧❡✈❛❞♦s ❛ ❛❝r❡❞✐t❛r q✉❡ ❡❧❡s ❢❛③✐❛♠ ✉s♦ ❞❡ ❢✉♥çõ❡s ❞✐r❡t❛ ❡
✐♥❞✐r❡t❛♠❡♥t❡ ♥♦ s❡✉ ❞✐❛ ❛ ❞✐❛✳

❯♠❛ ❞❛s tá❜✉❧❛s ♠❛✐s ❝♦♥❤❡❝✐❞❛ ❡♥❝♦♥tr❛❞❛ ♥❛ ❛♥t✐❣❛ ❜❛❜✐❧ô♥✐❛ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦
P❧✐♠♣t♦♥ ✸✷✷✱ ✜❣✉r❛ ✶✳✶✱ ❧❛❞♦ ❡sq✉❡r❞♦✳ ◆❡st❛ tá❜✉❧❛✱ ❡♠ ❝❛❞❛ ❧✐♥❤❛✱ ❡stã♦ r❡❣✐str❛❞♦s ✭❝♦♠
q✉❛tr♦ ❡①❝❡çõ❡s✮ ❛ ❤✐♣♦t❡♥✉s❛ ❡ ✉♠ ❝❛t❡t♦ ❞❡ tr✐â♥❣✉❧♦s r❡tâ♥❣✉❧♦s ❞❡ ❧❛❞♦s ✐♥t❡✐r♦s✱ ♦✉ s❡❥❛✱
♦s ❜❛❜✐❧ô♥✐♦s ❥á ❝♦♥❤❡❝✐❛♠ ❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ♦s ❧❛❞♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦✱ q✉❡
❤♦❥❡ ❝♦♥❤❡❝❡♠♦s ❝♦♠♦ ♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✱ ❡ ❥á ♠❡♥❝✐♦♥❛♠♦s ❛❝✐♠❛ q✉❡ ❡st❛ r❡❧❛çã♦

✶✻



♣♦❞❡ s❡r ❡♥❝❛r❛❞❛ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦✳ ❆ ✜❣✉r❛ ✶✳✶✱ ❧❛❞♦ ❞✐r❡✐t♦✱ ♠♦str❛ ♦s r❡❣✐str♦s ❞❛
P❧✐♠♣t♦♥ tr❛❞✉③✐❞♦s ♣❛r❛ ♥♦ss♦ s✐st❡♠❛ ❞❡❝✐♠❛❧✳

❋✐❣✉r❛ ✶✳✶✿ P❧✐♠♣t♦♥ ✸✷✷

❆♦ ❧♦♥❣♦ ❞♦s sé❝✉❧♦s✱ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦ t❡♠ ❡✈♦❧✉í❞♦ ❡ ♣♦ss✐❜✐❧✐t❛❞♦ ♠✉✐t❛s ❝♦♥✲
tr✐❜✉✐çõ❡s t❛♥t♦ ♣❛r❛ ❛ ♠❛t❡♠át✐❝❛ q✉❛♥t♦ ♣❛r❛ ár❡❛s ❞❡ ❛♣❧✐❝❛çã♦✳ ❊♠ ✶✻✾✹✱ ♦ ♣r✐♠❡✐r♦ ❛
✉s❛r ❛ ♣❛❧❛✈r❛ ❢✉♥çã♦ ❡♠ s❡✉s tr❛❜❛❧❤♦s ❢♦✐ ♦ ♠❛t❡♠át✐❝♦ ❛❧❡♠ã♦ ●♦tt❢r✐❡❞ ❲✐❧❤❡❧♠ ▲❡✐❜♥✐③
✭✶✻✹✻ ✲ ✶✼✶✻✮✳ ❆ ♣r✐♥❝í♣✐♦✱ ❛♣❡♥❛s ♣❛r❛ ❡①♣r❡ss❛r ✉♠❛ q✉❛♥t✐❞❛❞❡ q✉❡ ✈❛r✐❛ ❞❡ ✉♠ ♣♦♥t♦
❛ ♦✉tr♦ ❡♠ ✉♠❛ ❝✉r✈❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ✉♠ ♣♦♥t♦ ❞❛ ❝✉r✈❛✱ ❛ ✐♥❝❧✐♥❛çã♦
❞❡ ✉♠❛ ❝✉r✈❛ ❡ ♦ r❛✐♦ ❞❡ ❝✉r✈❛t✉r❛ ❞❡ ✉♠❛ ❝✉r✈❛✳ P♦r ✈♦❧t❛ ❞❡ ✶✼✶✽✱ ❏♦❤❛♥♥ ❇❡r♥♦✉❧❧✐
✭✶✻✻✼ ✲ ✶✼✹✽✮ ❝♦♥s✐❞❡r♦✉ ❢✉♥çã♦ ❝♦♠♦ ✉♠❛ ❡①♣r❡ssã♦ q✉❛❧q✉❡r ❢♦r♠❛❞❛ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❡
❛❧❣✉♠❛s ❝♦♥st❛♥t❡s❀ ♠❛✐s t❛r❞❡✱ ▲❡♦♥❤❛r❞ P❛✉❧ ❊✉❧❡r ✭✶✼✵✼ ✲ ✶✼✽✸✮ ❝♦♥s✐❞❡r♦✉ ✉♠❛ ❢✉♥çã♦
❝♦♠♦ ✉♠❛ ❡q✉❛çã♦ ♦✉ ❢ór♠✉❧❛ q✉❛❧q✉❡r ❡♥✈♦❧✈❡♥❞♦ ✈❛r✐á✈❡✐s ❡ ❝♦♥st❛♥t❡s✳

❖ ❝♦♥❝❡✐t♦ ❞❡ ❊✉❧❡r ♣❡r❞✉r♦✉ ❛té q✉❡ ❏♦s❡♣❤ ❋♦✉r✐❡r ✭✶✼✻✽ ✲ ✶✽✸✵✮ ❝♦♠❡ç♦✉ ❛ ❢❛③❡r
✉s♦ ❞❛s ❝❤❛♠❛❞❛s sér✐❡s tr✐❣♦♥♦♠étr✐❝❛s ❡♠ s✉❛s ♣❡sq✉✐s❛s✱ ♣♦✐s ❡st❛s sér✐❡s ❡♥✈♦❧✈❡♠ ✉♠❛
r❡❧❛çã♦ ♠❛✐s ❣❡r❛❧ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ❡st✉❞❛❞❛s✱ ♠❛s ❢♦✐ ❏♦❤❛♥♥ P❡t❡r ●✉st❛✈ ▲❡❥❡✉♥❡ ❉✐✲
r✐❝❤❧❡t ✭✶✽✵✺ ✲ ✶✽✺✾✮ q✉❡ ♥❛ t❡♥t❛t✐✈❛ ❞❡ ❞❛r ✉♠❛ ❞❡✜♥✐çã♦ ♠❛✐s ❛♠♣❧❛ ❡ q✉❡ ❛t❡♥❞❡ss❡ ❛
t♦❞♦s ♦s ♠❛t❡♠át✐❝♦s ❞❛ é♣♦❝❛✱ ❝❤❡❣♦✉ ❛ s❡❣✉✐♥t❡ ❢♦r♠✉❧❛çã♦✿

❬✽❪✏❯♠❛ ✈❛r✐á✈❡❧ é ✉♠ sí♠❜♦❧♦ q✉❡ r❡♣r❡s❡♥t❛ ✉♠ q✉❛❧q✉❡r ❞♦s ❡❧❡♠❡♥✲
t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♥ú♠❡r♦s❀ s❡ ❞✉❛s ✈❛r✐á✈❡✐s x ❡ y ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s
❞❡ ♠❛♥❡✐r❛ q✉❡✱ s❡♠♣r❡ q✉❡ s❡ ❛tr✐❜✉✐ ✉♠ ✈❛❧♦r ❛ x✱ ❝♦rr❡s♣♦♥❞❡ ❛✉t♦♠❛t✐✲
❝❛♠❡♥t❡✱ ♣♦r ❛❧❣✉♠❛ ❧❡✐ ♦✉ r❡❣r❛✱ ✉♠ ✈❛❧♦r ❛ y✱ ❡♥tã♦ s❡ ❞✐③ q✉❡ y é ✉♠❛
❢✉♥çã♦ ✭✉♥í✈♦❝❛✮ ❞❡ x✳ ❆ ✈❛r✐á✈❡❧ x✱ á q✉❛❧ s❡ ❛tr✐❜✉❡♠ ✈❛❧♦r❡s à ✈♦♥t❛❞❡✱
é ❝❤❛♠❛❞❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ ❡ ❛ ✈❛r✐á✈❡❧ y✱ ❝✉❥♦s ✈❛❧♦r❡s ❞❡♣❡♥❞❡♠ ❞♦s
✈❛❧♦r❡s ❞❡ x✱ é ❝❤❛♠❛❞❛ ✈❛r✐á✈❡❧ ❞❡♣❡♥❞❡♥t❡✳ ❖s ✈❛❧♦r❡s ♣♦ssí✈❡✐s q✉❡ x ♣♦❞❡
❛ss✉♠✐r ❝♦♥st✐t✉❡♠ ♦ ❝❛♠♣♦ ❞❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ ❡ ♦s ✈❛❧♦r❡s ❛ss✉♠✐❞♦s ♣♦r
y ❝♦♥st✐t✉❡♠ ♦ ❝❛♠♣♦ ❞❡ ✈❛❧♦r❡s ❞❛ ❢✉♥çã♦✑✳

❆ t❡♦r✐❛ ❞♦s ❝♦♥❥✉♥t♦s ♣♦ss✐❜✐❧✐t♦✉ ❛ ❛♠♣❧✐❛çã♦ ❞♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦ ❞❡ ❉✐r✐❝❤❧❡t ❞❡
❢♦r♠❛ ❛ r❡❧❛❝✐♦♥❛r ♦s ❡❧❡♠❡♥t♦s ❞❡ ❞♦✐s ❝♦♥❥✉♥t♦s q✉❛✐sq✉❡r✱ s❡♥❞♦ ❡st❡s ❝♦♥❥✉♥t♦s ♥✉♠ér✐❝♦s
♦✉ q✉❛❧q✉❡r ♦✉tr❛ ❝♦✐s❛✳ ◆❛ t❡♦r✐❛ ❞♦s ❝♦♥❥✉♥t♦s✱ ✉♠❛ ❢✉♥çã♦ ❢ é✱ ♣♦r ❞❡✜♥✐çã♦✱ ✉♠ ❝♦♥❥✉♥t♦
q✉❛❧q✉❡r ❞❡ ♣❛r❡s ♦r❞❡♥❛❞♦s ❞❡ ❡❧❡♠❡♥t♦s s✉❥❡✐t♦s ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿
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❬✽❪ ❙❡ (a1, b1) ∈ f ✱ (a2, b2) ∈ f ❡ a1 = a2, ❡♥tã♦ b1 = b2✳ ❖ ❝♦♥❥✉♥t♦ A
❞♦s ♣r✐♠❡✐r♦s ❡❧❡♠❡♥t♦s ❞♦s ♣❛r❡s ♦r❞❡♥❛❞♦s ❝❤❛♠❛✲s❡ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦ ❡ ♦
❝♦♥❥✉♥t♦ B ❞❡ t♦❞♦s ♦s s❡❣✉♥❞♦s ❡❧❡♠❡♥t♦s ❞♦s ♣❛r❡s ♦r❞❡♥❛❞♦s s❡ ❞✐③ ✐♠❛❣❡♠
❞❛ ❢✉♥çã♦✳

❆ ❞❡✜♥✐çã♦ ❞❡ ❢✉♥çã♦ ❞❡ ❉✐r✐❝❤❧❡t ❛ss♦❝✐❛❞❛ ❛♦s ❝♦♥❥✉♥t♦s ♥✉♠ér✐❝♦s✱ ❞❡ ✉♠❛ ❢♦r♠❛
♠❛✐s s✐♠♣❧✐✜❝❛❞❛✱ é ✉t✐❧✐③❛❞❛ ❛té ♦s ❞✐❛s ❛t✉❛✐s✱ ❝♦♠♦ ✈❡r❡♠♦s ♥♦ ❝❛♣ít✉❧♦ ✸✳ P❛r❛ t❡r♠✐♥❛r
❡ss❛ s✉❜s❡çã♦ ❞❡✐①❛♠♦s ❛ s❡❣✉✐♥t❡ ❝✐t❛çã♦✿

❬✽❪❖ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦ ♣❡r♠❡✐❛ ❣r❛♥❞❡ ♣❛rt❡ ❞❛ ♠❛t❡♠át✐❝❛ ❡✱ ❞❡s❞❡ ❛s
♣r✐♠❡✐r❛s ❞é❝❛❞❛s ❞♦ sé❝✉❧♦ ♣r❡s❡♥t❡✱ ♠✉✐t♦s ♠❛t❡♠át✐❝♦s ✈ê♠ ❛❞✈♦❣❛♥❞♦ s❡✉
✉s♦ ❝♦♠♦ ♣r✐♥❝í♣✐♦ ❝❡♥tr❛❧ ❡ ✉♥✐✜❝❛❞♦r ♥❛ ♦r❣❛♥✐③❛çã♦ ❞♦s ❝✉rs♦s ❡❧❡♠❡♥t❛r❡s
❞❡ ♠❛t❡♠át✐❝❛✳ ❖ ❝♦♥❝❡✐t♦ ♣❛r❡❝❡ r❡♣r❡s❡♥t❛r ✉♠ ❣✉✐❛ ♥❛t✉r❛❧ ❡ ❡❢❡t✐✈♦ ♣❛r❛
❛ s❡❧❡çã♦ ❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♠❛t❡r✐❛❧ ❞❡ t❡①t♦s ❞❡ ♠❛t❡♠át✐❝❛✳ ❊♥✜♠✱ é ✐♥✲
q✉❡st✐♦♥á✈❡❧ q✉❡ q✉❛♥t♦ ❛♥t❡s s❡ ❢❛♠✐❧✐❛r✐③❡ ✉♠ ❡st✉❞❛♥t❡ ❝♦♠ ♦ ❝♦♥❝❡✐t♦ ❞❡
❢✉♥çã♦✱ t❛♥t♦ ♠❡❧❤♦r ♣❛r❛ s✉❛ ❢♦r♠❛çã♦ ♠❛t❡♠át✐❝❛✳

✶✳✶✳✸ P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ✲ P❈◆s

❖s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s sã♦ ❞✐r❡tr✐③❡s ❡❧❛❜♦r❛❞❛s ♣❡❧♦ ●♦✈❡r♥♦ ❋❡❞❡r❛❧
❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ♦r✐❡♥t❛r ❡ ❞✐r❡❝✐♦♥❛r ♦s ❡❞✉❝❛❞♦r❡s ❛ ❧❡❝✐♦♥❛r ❡ ❡♥s✐♥❛r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥✲
t❡ú❞♦s ❛♣♦✐❛❞♦s ❡♠ ❝♦♠♣❡tê♥❝✐❛s ❜ás✐❝❛s ✭♠❛tr✐③❡s ❞❡ r❡❢❡rê♥❝✐❛s✮ q✉❡ ♣♦ss✐❜✐❧✐t❡ ❛ ✐♥s❡rçã♦
❞♦s ❥♦✈❡♥s ♥❛ ✈✐❞❛ ❛❞✉❧t❛ ❡ q✉❡ ❝♦♥tr✐❜✉❛ ♣❛r❛ s❡✉ ❝♦♥✈í✈✐♦ ♥❛ s♦❝✐❡❞❛❞❡✳ ❆ ✐❞❡✐❛ ❞❡ s❡ ❡s✲
t❛❜❡❧❡❝❡r ✉♠❛ ❇❛s❡ ◆❛❝✐♦♥❛❧ ❈♦♠✉♠ ♥♦ ❡♥s✐♥♦ ❜ás✐❝♦ ♥♦ ❇r❛s✐❧ t❡✈❡ ✐♥í❝✐♦ ❡♠ ✶✾✽✽✱ s❡♥❞♦
q✉❡✱ ♦ ♣r✐♠❡✐r♦ P❈◆✱ ✈♦❧t❛❞♦ ♣❛r❛ ♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧ ❢♦✐ ♣✉❜❧✐❝❛❞♦ ❡♠ ✶✾✾✼✳ ❆❜❛✐①♦
s❡❣✉❡ ✉♠❛ ❧✐♥❤❛ ❞♦ t❡♠♣♦ ❞♦ ✐♥í❝✐♦ ❞❛ ❡❧❛❜♦r❛çã♦ ❡ ♦ ❛♥♦ ❡♠ q✉❡ ❝❛❞❛ P❈◆ ❢♦✐ ♣✉❜❧✐❝❛❞♦✳

• ✶✾✽✽✲❋♦✐ ♣✉❜❧✐❝❛❞❛ ❛ ❧❡✐ q✉❡ ❡st❛❜❡❧❡❝✐❛ ❛ ❇❛s❡ ◆❛❝✐♦♥❛❧ ❈♦♠✉♠ ❈✉rr✐❝✉❧❛r✳ ❋♦r❛♠
✜①❛❞♦s ❝♦♥t❡ú❞♦s ♠í♥✐♠♦s ♣❛r❛ ♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❞❡ ♠❛♥❡✐r❛ ❛ ❛ss❡❣✉r❛r ❢♦r♠❛çã♦
❜ás✐❝❛ ❝♦♠✉♠ ❡ r❡s♣❡✐t♦ ❛♦s ✈❛❧♦r❡s ❝✉❧t✉r❛✐s ❡ ❛rtíst✐❝♦s✱ ♥❛❝✐♦♥❛✐s ❡ r❡❣✐♦♥❛✐s✳

• ✶✾✾✻✲❋♦✐ ❛♣r♦✈❛❞❛ ❛ ▲❡✐ ❞❡ ❉✐r❡tr✐③❡s ❡ ❇❛s❡s ❞❛ ❊❞✉❝❛çã♦ ◆❛❝✐♦♥❛❧ r❡❣✉❧❛♠❡♥t❛♥❞♦
✉♠❛ ❜❛s❡ ♥❛❝✐♦♥❛❧ ❝♦♠✉♠ ♣❛r❛ ❛ ❊❞✉❝❛çã♦ ❇ás✐❝❛✱ ❡♥s✐♥♦ ✐♥❢❛♥t✐❧✱ ❢✉♥❞❛♠❡♥t❛❧ ❡
♠é❞✐♦✳

• ✶✾✾✼✲❙ã♦ ❝♦♥s♦❧✐❞❛❞♦s✱ ❡♠ ❞❡③ ✈♦❧✉♠❡s✱ ♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ✭P❈◆s✮
♣❛r❛ ♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧✱ ❞♦ 1♦ ❛♦ 5♦ ❛♥♦✱ ❛♣♦♥t❛❞♦s ❝♦♠♦ r❡❢❡r❡♥❝✐❛✐s ❞❡ q✉❛❧✐❞❛❞❡
♣❛r❛ ❛ ❡❞✉❝❛çã♦ ❜r❛s✐❧❡✐r❛✳ ❋♦r❛♠ ❢❡✐t♦s ♣❛r❛ ❛✉①✐❧✐❛r ❛s ❡q✉✐♣❡s ❡s❝♦❧❛r❡s ♥❛ ❡①❡❝✉çã♦
❞❡ s❡✉s tr❛❜❛❧❤♦s✱ s♦❜r❡t✉❞♦ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ ❝✉rrí❝✉❧♦✳

• ✶✾✾✽✲❙ã♦ ❝♦♥s♦❧✐❞❛❞♦s✱ ❡♠ ❞❡③ ✈♦❧✉♠❡s✱ ♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ✭P❈◆s✮
♣❛r❛ ♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧✱ ❞♦ 6♦ ❛♦ 9♦ ❛♥♦✳ ❆ ✐♥t❡♥çã♦ é ❛♠♣❧✐❛r ❡ ❛♣r♦❢✉♥❞❛r ✉♠
❞❡❜❛t❡ ❡❞✉❝❛❝✐♦♥❛❧ q✉❡ ❡♥✈♦❧✈❛ ❡s❝♦❧❛s✱ ♣❛✐s✱ ❣♦✈❡r♥♦s ❡ s♦❝✐❡❞❛❞❡✳

• ✷✵✵✵✲❙ã♦ ❧❛♥ç❛❞♦s ♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s ♣❛r❛ ♦ ❊♥s✐♥♦ ▼é❞✐♦
✭P❈◆❊▼✮✱ ❡♠ q✉❛tr♦ ♣❛rt❡s✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝✉♠♣r✐r ♦ ❞✉♣❧♦ ♣❛♣❡❧ ❞❡ ❞✐❢✉♥❞✐r
♦s ♣r✐♥❝í♣✐♦s ❞❛ r❡❢♦r♠❛ ❝✉rr✐❝✉❧❛r ❡ ♦r✐❡♥t❛r ♦ ♣r♦❢❡ss♦r✱ ♥❛ ❜✉s❝❛ ❞❡ ♥♦✈❛s ❛❜♦r❞❛✲
❣❡♥s ❡ ♠❡t♦❞♦❧♦❣✐❛s✳

✶✽



◆♦ ❝♦♥t❡①t♦ ❞❛ ♠❛t❡♠át✐❝❛✱ ❛ ❝✐t❛çã♦ ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷❪✱ P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s
◆❛❝✐♦♥❛✐s ❞♦ ❊♥s✐♥♦ ▼é❞✐♦✱ P❈◆❊▼✱ ♣✹✵✱ r❡s✉♠❡ ♦ q✉❡ s❡ ❡s♣❡r❛ ❞❡ ✉♠ ❛❧✉♥♦ ♦✉ ❥♦✈❡♠
q✉❛♥❞♦ ❡st❡ ❡stá ❝✉rs❛♥❞♦ ❡✴♦✉ ❝♦♥❝❧✉✐♥❞♦ ♦ ❊♥s✐♥♦ ▼é❞✐♦✳

❆♦ s❡ ❡st❛❜❡❧❡❝❡r ✉♠ ♣r✐♠❡✐r♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛râ♠❡tr♦s ♣❛r❛ ❛ ♦r❣❛♥✐③❛çã♦
❞♦ ❡♥s✐♥♦ ❞❡ ▼❛t❡♠át✐❝❛ ♥♦ ❊♥s✐♥♦ ▼é❞✐♦✱ ♣r❡t❡♥❞❡✲s❡ ❝♦♥t❡♠♣❧❛r ❛ ♥❡❝❡s✲
s✐❞❛❞❡ ❞❛ s✉❛ ❛❞❡q✉❛çã♦ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❡ ♣r♦♠♦çã♦ ❞❡ ❛❧✉♥♦s✱ ❝♦♠
❞✐❢❡r❡♥t❡s ♠♦t✐✈❛çõ❡s✱ ✐♥t❡r❡ss❡s ❡ ❝❛♣❛❝✐❞❛❞❡s✱ ❝r✐❛♥❞♦ ❝♦♥❞✐çõ❡s ♣❛r❛ ❛ s✉❛
✐♥s❡rçã♦ ♥✉♠ ♠✉♥❞♦ ❡♠ ♠✉❞❛♥ç❛ ❡ ❝♦♥tr✐❜✉✐♥❞♦ ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ❛s ❝❛♣❛✲
❝✐❞❛❞❡s q✉❡ ❞❡❧❡s s❡rã♦ ❡①✐❣✐❞❛s ❡♠ s✉❛ ✈✐❞❛ s♦❝✐❛❧ ❡ ♣r♦✜ss✐♦♥❛❧✳ ❊♠ ✉♠
♠✉♥❞♦ ♦♥❞❡ ❛s ♥❡❝❡ss✐❞❛❞❡s s♦❝✐❛✐s✱ ❝✉❧t✉r❛✐s ❡ ♣r♦✜ss✐♦♥❛✐s ❣❛♥❤❛♠ ♥♦✈♦s
❝♦♥t♦r♥♦s✱ t♦❞❛s ❛s ár❡❛s r❡q✉❡r❡♠ ❛❧❣✉♠❛ ❝♦♠♣❡tê♥❝✐❛ ❡♠ ▼❛t❡♠át✐❝❛ ❡ ❛
♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♠♣r❡❡♥❞❡r ❝♦♥❝❡✐t♦s ❡ ♣r♦❝❡❞✐♠❡♥t♦s ♠❛t❡♠át✐❝♦s é ♥❡❝❡s✲
sár✐❛ t❛♥t♦ ♣❛r❛ t✐r❛r ❝♦♥❝❧✉sõ❡s ❡ ❢❛③❡r ❛r❣✉♠❡♥t❛çõ❡s✱ q✉❛♥t♦ ♣❛r❛ ♦ ❝✐❞❛❞ã♦
❛❣✐r ❝♦♠♦ ❝♦♥s✉♠✐❞♦r ♣r✉❞❡♥t❡ ♦✉ t♦♠❛r ❞❡❝✐sõ❡s ❡♠ s✉❛ ✈✐❞❛ ♣❡ss♦❛❧ ❡ ♣r♦✲
✜ss✐♦♥❛❧✳ ❆ ▼❛t❡♠át✐❝❛ ♥♦ ❊♥s✐♥♦ ▼é❞✐♦ t❡♠ ✉♠ ✈❛❧♦r ❢♦r♠❛t✐✈♦✱ q✉❡ ❛❥✉❞❛
❛ ❡str✉t✉r❛r ♦ ♣❡♥s❛♠❡♥t♦ ❡ ♦ r❛❝✐♦❝í♥✐♦ ❞❡❞✉t✐✈♦✱ ♣♦ré♠ t❛♠❜é♠ ❞❡s❡♠♣❡♥❤❛
✉♠ ♣❛♣❡❧ ✐♥str✉♠❡♥t❛❧✱ ♣♦✐s é ✉♠❛ ❢❡rr❛♠❡♥t❛ q✉❡ s❡r✈❡ ♣❛r❛ ❛ ✈✐❞❛ ❝♦t✐❞✐❛♥❛
❡ ♣❛r❛ ♠✉✐t❛s t❛r❡❢❛s ❡s♣❡❝í✜❝❛s ❡♠ q✉❛s❡ t♦❞❛s ❛s ❛t✐✈✐❞❛❞❡s ❤✉♠❛♥❛s✳

❆♦ ❝♦♥❝❧✉✐r ♦ ❊♥s✐♥♦ ▼é❞✐♦ ♦ ♦❜❥❡t✐✈♦ ♣r♦♣♦st♦ ♣❡❧♦ P❈◆ t❡rá s✐❞♦ ❛❧❝❛♥ç❛❞♦ s❡ ♦
❛❧✉♥♦ ♦✉ ❥♦✈❡♠ ❢♦r ❝❛♣❛③ ❞❡✿

• ❝♦♠♣r❡❡♥❞❡r ♦s ❝♦♥❝❡✐t♦s✱ ♣r♦❝❡❞✐♠❡♥t♦s ❡ ❡str❛té❣✐❛s ♠❛t❡♠át✐❝❛s q✉❡ ♣❡r♠✐t❛♠ ❛
❡❧❡ ❞❡s❡♥✈♦❧✈❡r ❡st✉❞♦s ♣♦st❡r✐♦r❡s ❡ ❛❞q✉✐r✐r ✉♠❛ ❢♦r♠❛çã♦ ❝✐❡♥tí✜❝❛ ❣❡r❛❧❀

• ❛♣❧✐❝❛r s❡✉s ❝♦♥❤❡❝✐♠❡♥t♦s ♠❛t❡♠át✐❝♦s ❛ s✐t✉❛çõ❡s ❞✐✈❡rs❛s✱ ✉t✐❧✐③❛♥❞♦✲♦s ♥❛ ✐♥t❡r✲
♣r❡t❛çã♦ ❞❛ ❝✐ê♥❝✐❛✱ ♥❛ ❛t✐✈✐❞❛❞❡ t❡❝♥♦❧ó❣✐❝❛ ❡ ♥❛s ❛t✐✈✐❞❛❞❡s ❝♦t✐❞✐❛♥❛s❀

• ❛♥❛❧✐s❛r ❡ ✈❛❧♦r✐③❛r ✐♥❢♦r♠❛çõ❡s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❞✐❢❡r❡♥t❡s ❢♦♥t❡s✱ ✉t✐❧✐③❛♥❞♦ ❢❡rr❛♠❡♥✲
t❛s ♠❛t❡♠át✐❝❛s ♣❛r❛ ❢♦r♠❛r ✉♠❛ ♦♣✐♥✐ã♦ ♣ró♣r✐❛ q✉❡ ❧❤❡ ♣❡r♠✐t❛ ❡①♣r❡ss❛r✲s❡ ❝r✐✲
t✐❝❛♠❡♥t❡ s♦❜r❡ ♣r♦❜❧❡♠❛s ❞❛ ▼❛t❡♠át✐❝❛✱ ❞❛s ♦✉tr❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❡ ❞❛
❛t✉❛❧✐❞❛❞❡❀

• ❞❡s❡♥✈♦❧✈❡r ❛s ❝❛♣❛❝✐❞❛❞❡s ❞❡ r❛❝✐♦❝í♥✐♦ ❡ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s✱ ❞❡ ❝♦♠✉♥✐❝❛çã♦✱
❜❡♠ ❝♦♠♦ ♦ ❡s♣ír✐t♦ ❝rít✐❝♦ ❡ ❝r✐❛t✐✈♦❀

• ✉t✐❧✐③❛r ❝♦♠ ❝♦♥✜❛♥ç❛ ♣r♦❝❡❞✐♠❡♥t♦s ❞❡ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ❛
❝♦♠♣r❡❡♥sã♦ ❞♦s ❝♦♥❝❡✐t♦s ♠❛t❡♠át✐❝♦s❀

• ❡①♣r❡ss❛r✲s❡ ♦r❛❧✱ ❡s❝r✐t❛ ❡ ❣r❛✜❝❛♠❡♥t❡ ❡♠ s✐t✉❛çõ❡s ♠❛t❡♠át✐❝❛s ❡ ✈❛❧♦r✐③❛r ❛ ♣r❡❝✐sã♦
❞❛ ❧✐♥❣✉❛❣❡♠ ❡ ❛s ❞❡♠♦♥str❛çõ❡s ❡♠ ▼❛t❡♠át✐❝❛❀

• ❡st❛❜❡❧❡❝❡r ❝♦♥❡①õ❡s ❡♥tr❡ ❞✐❢❡r❡♥t❡s t❡♠❛s ♠❛t❡♠át✐❝♦s ❡ ❡♥tr❡ ❡ss❡s t❡♠❛s ❡ ♦ ❝♦♥❤❡✲
❝✐♠❡♥t♦ ❞❡ ♦✉tr❛s ár❡❛s ❞♦ ❝✉rrí❝✉❧♦❀

• r❡❝♦♥❤❡❝❡r r❡♣r❡s❡♥t❛çõ❡s ❡q✉✐✈❛❧❡♥t❡s ❞❡ ✉♠ ♠❡s♠♦ ❝♦♥❝❡✐t♦✱ r❡❧❛❝✐♦♥❛♥❞♦ ♣r♦❝❡❞✐✲
♠❡♥t♦s ❛ss♦❝✐❛❞♦s às ❞✐❢❡r❡♥t❡s r❡♣r❡s❡♥t❛çõ❡s❀

✶✾



• ♣r♦♠♦✈❡r ❛ r❡❛❧✐③❛çã♦ ♣❡ss♦❛❧ ♠❡❞✐❛♥t❡ ♦ s❡♥t✐♠❡♥t♦ ❞❡ s❡❣✉r❛♥ç❛ ❡♠ r❡❧❛çã♦ às s✉❛s
❝❛♣❛❝✐❞❛❞❡s ♠❛t❡♠át✐❝❛s✱ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ❛t✐t✉❞❡s ❞❡ ❛✉t♦♥♦♠✐❛ ❡ ❝♦♦♣❡r❛çã♦✳

❋✉♥❞❛♠❡♥t❛❞❛s ♥♦s P❈◆s✱ ❢♦r❛♠ ❡❧❛❜♦r❛❞❛s ❛s ♠❛tr✐③❡s ❞❡ r❡❢❡rê♥❝✐❛s✱ q✉❡ ♣♦ss✉❡♠
✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ♠❛✐s ❝❧❛r❛ ❡ ♦❜❥❡t✐✈❛ s♦❜r❡ ❛s ❤❛❜✐❧✐❞❛❞❡s ❡ ❝♦♠♣❡tê♥❝✐❛s q✉❡ ♦s ❛❧✉♥♦s
❞❡✈❡♠ ❛❞q✉✐r✐r ❞✉r❛♥t❡ s✉❛ ✈✐❞❛ ❡s❝♦❧❛r✳ ❯♠❛ ♠❛tr✐③ ❞❡ r❡❢❡rê♥❝✐❛ ❝♦♥s✐st❡ ❡♠ ✉♠ ❝♦♥❥✉♥t♦
❞❡ ❞❡s❝r✐t♦r❡s q✉❡ ❡s♣❡❝✐✜❝❛♠ ❛s ❝♦♠♣❡tê♥❝✐❛s ❡ ❤❛❜✐❧✐❞❛❞❡s q✉❡ sã♦ ❡s♣❡r❛❞❛s ❞♦s ❛❧✉♥♦s
❡♠ ❞✐❢❡r❡♥t❡s ❡t❛♣❛s ❞❡ ❡s❝♦❧❛r✐③❛çã♦✱ s❡♥❞♦ q✉❡✱ ❝❛❞❛ ❞❡s❝r✐t♦r ❞❡s❝r❡✈❡ ✉♠❛ ❤❛❜✐❧✐❞❛❞❡ ❛
s❡r ❞❡s❡♥✈♦❧✈✐❞❛ ♣❡❧♦ ❛❧✉♥♦✳ ❖✉tr❛s ✐♥❢♦r♠❛çõ❡s q✉❡ ❝♦♠♣❧❡♠❡♥t❛♠ ❡st❛ s❡çã♦ ♣♦❞❡♠ s❡r
❡♥❝♦♥tr❛❞❛s ❡♠ ❬✶❪✱ ❬✷❪ ❡ ❬✸❪✳

❙❛❡❜

❖ ❙✐st❡♠❛ ❞❡ ❆✈❛❧✐❛çã♦ ❞❛ ❊❞✉❝❛çã♦ ❇ás✐❝❛ ✭❙❛❡❜✮ ❢♦✐ ❛ ♣r✐♠❡✐r❛ ✐♥✐❝✐❛t✐✈❛
❜r❛s✐❧❡✐r❛ ♣❛r❛ ❝♦♥❤❡❝❡r ❛ q✉❛❧✐❞❛❞❡ ❞❡ s❡✉ s✐st❡♠❛ ❡❞✉❝❛❝✐♦♥❛❧ ❡♠ ♣r♦❢✉♥❞✐❞❛❞❡✱ ❡ t❡♠ s✐❞♦
r❡❛❧✐③❛❞♦ ❛ ❝❛❞❛ ❞♦✐s ❛♥♦s ❞❡s❞❡ ✶✾✾✵✳ ❆s ♣r✐♠❡✐r❛s ❡❞✐çõ❡s ❞♦ ❙❛❡❜ ❛✈❛❧✐❛r❛♠ ❛❧❣✉♠❛s
❡s❝♦❧❛s q✉❡ ♦❢❡rt❛✈❛♠ ❛s ✶❛✱ ✸❛✱ ✺❛ ❡ ✼❛ sér✐❡s ❞♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛s ❡s❝♦❧❛s ♣ú❜❧✐❝❛s
❞❛ r❡❞❡ ✉r❜❛♥❛✳ ❉❡s❞❡ ❡♥tã♦ ♦ s✐st❡♠❛ t❡♠ ♣❛ss❛❞♦ ♣♦r ♠✉❞❛♥ç❛s ❡ ❤♦❥❡ ❛❜r❛♥❣❡ t❛♠❜é♠
♦ ❊♥s✐♥♦ ▼é❞✐♦ ❡ ❝❤❡❣♦✉ ❛té ❛ ③♦♥❛ r✉r❛❧✳ ❊ss❛s ❛✈❛❧✐❛çõ❡s sã♦ ❜❛s❡❛❞❛s ♥❛s ♠❛tr✐③❡s ❞❡
r❡❢❡rê♥❝✐❛s ❡ t❡♠ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❛✈❛❧✐❛r ❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛ ❜r❛s✐❧❡✐r❛ ❡ ❝♦♥tr✐❜✉✐r
♣❛r❛ ❛ ♠❡❧❤♦r✐❛ ❞❡ s✉❛ q✉❛❧✐❞❛❞❡✳ ❖ ❙❛❡❜ ✷ é ❝♦♠♣♦st♦ ♣♦r três ❛✈❛❧✐❛çõ❡s ❡①t❡r♥❛s✿

• ❆✈❛❧✐❛çã♦ ◆❛❝✐♦♥❛❧ ❞❛ ❊❞✉❝❛çã♦ ❇ás✐❝❛ ✕ ❆♥❡❜✿ ❛❜r❛♥❣❡✱ ❞❡ ♠❛♥❡✐r❛ ❛♠♦str❛❧✱
❛❧✉♥♦s ❞❛s r❡❞❡s ♣ú❜❧✐❝❛s ❡ ♣r✐✈❛❞❛s ❞♦ ♣❛ís✱ ❡♠ ár❡❛s ✉r❜❛♥❛s ❡ r✉r❛✐s✱ ♠❛tr✐❝✉❧❛❞♦s
♥❛ ✹❛ sér✐❡✴✺♦❛♥♦ ❡ ✽❛sér✐❡✴✾♦❛♥♦ ❞♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ❡ ♥♦ ✸♦ ❛♥♦ ❞♦ ❊♥s✐♥♦ ▼é❞✐♦✳

• ❆✈❛❧✐❛çã♦ ◆❛❝✐♦♥❛❧ ❞♦ ❘❡♥❞✐♠❡♥t♦ ❊s❝♦❧❛r ✲ ❆♥r❡s❝ ✭t❛♠❜é♠ ❞❡♥♦♠✐♥❛❞❛
✧Pr♦✈❛ ❇r❛s✐❧✧✮✿ tr❛t❛✲s❡ ❞❡ ✉♠❛ ❛✈❛❧✐❛çã♦ ❝❡♥s✐tár✐❛ ❡♥✈♦❧✈❡♥❞♦ ♦s ❛❧✉♥♦s ❞❛ ✹❛

sér✐❡✴✺♦❛♥♦ ❡ ✽❛sér✐❡✴✾♦❛♥♦ ❞♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛s ❡s❝♦❧❛s ♣ú❜❧✐❝❛s ❞❛s r❡❞❡s
♠✉♥✐❝✐♣❛✐s✱ ❡st❛❞✉❛✐s ❡ ❢❡❞❡r❛❧✳

• ❆ ❆✈❛❧✐❛çã♦ ◆❛❝✐♦♥❛❧ ❞❛ ❆❧❢❛❜❡t✐③❛çã♦ ✕ ❆◆❆ ✿ ❛✈❛❧✐❛çã♦ ❝❡♥s✐tár✐❛ ❡♥✈♦❧✈❡♥❞♦
♦s ❛❧✉♥♦s ❞♦ ✸♦ ❛♥♦ ❞♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ❞❛s ❡s❝♦❧❛s ♣ú❜❧✐❝❛s✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦
♣r✐♥❝✐♣❛❧ ❞❡ ❛✈❛❧✐❛r ♦s ♥í✈❡✐s ❞❡ ❛❧❢❛❜❡t✐③❛çã♦ ❡ ❧❡tr❛♠❡♥t♦ ❡♠ ▲í♥❣✉❛ P♦rt✉❣✉❡s❛✱
❛❧❢❛❜❡t✐③❛çã♦ ▼❛t❡♠át✐❝❛ ❡ ❝♦♥❞✐çõ❡s ❞❡ ♦❢❡rt❛ ❞♦ ❈✐❝❧♦ ❞❡ ❆❧❢❛❜❡t✐③❛çã♦ ❞❛s r❡❞❡s
♣ú❜❧✐❝❛s✳ ❆ ❆◆❆ ❢♦✐ ✐♥❝♦r♣♦r❛❞❛ ❛♦ ❙❛❡❜ ❡♠ ✷✵✶✸✳

P❛r❛ ♠❛✐s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ❙❛❡❜ ❛❝❡ss❡ ♦ ❡♥❞❡r❡ç♦✿ ❤tt♣✿✴✴♣♦rt❛❧✳✐♥❡♣✳❣♦✈✳❜r✴✇❡❜✴s❛❡❜

❆ ▼❛tr✐③ ❞❡ ❘❡❢❡rê♥❝✐❛ ❞❡ ▼❛t❡♠át✐❝❛ ❞♦ ❊♥s✐♥♦ ▼é❞✐♦ ❡♠ â♠❜✐t♦ ♥❛❝✐♦♥❛❧ é ❞✐✈✐❞✐❞❛
❡♠ q✉❛tr♦ t❡♠❛s✱ ❛ s❛❜❡r✿

• ❚❡♠❛ ✶✿ ❊s♣❛ç♦ ❡ ❋♦r♠❛

• ❚❡♠❛ ✷✿●r❛♥❞❡③❛s ❡ ▼❡❞✐❞❛s
✷❆ ❆♥❡❜ ❡ ❛ ❆♥r❡s❝✴Pr♦✈❛ ❇r❛s✐❧ sã♦ r❡❛❧✐③❛❞❛s ❜✐❛♥✉❛❧♠❡♥t❡✱ ❡♥q✉❛♥t♦ ❛ ❆◆❆ é ❞❡ r❡❛❧✐③❛çã♦ ❛♥✉❛❧✳

✷✵



• ❚❡♠❛ ✸✿ ◆ú♠❡r♦s ❡ ❖♣❡r❛çõ❡s✴➪❧❣❡❜r❛ ❡ ❋✉♥çõ❡s

• ❚❡♠❛ ✹✿ ❚r❛t❛♠❡♥t♦ ❞❛ ■♥❢♦r♠❛çã♦

❈♦♠♦ ♥♦ss♦ tr❛❜❛❧❤♦ é ✈♦❧t❛❞♦ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❢✉♥çõ❡s✱ ✈❛♠♦s ♥♦s ❛t❡r ❛♣❡♥❛s ❛♦
❚❡♠❛ ✸✳ ❆❜❛✐①♦ ✈❛♠♦s ❧✐st❛r ♦s ❞❡s❝r✐t♦r❡s ❡ ❛s r❡s♣❡❝t✐✈❛s ❝♦♠♣❡tê♥❝✐❛s ❛ s❡r❡♠ ❞❡s❡♥✈♦❧✲
✈✐❞❛s ♥❡ss❡ t❡♠❛✳

❉❡s❝r✐t♦r❡s ❈♦♠♣❡tê♥❝✐❛s

❉✶✹ ■❞❡♥t✐✜❝❛r ❛ ❧♦❝❛❧✐③❛çã♦ ❞❡ ♥ú♠❡r♦s r❡❛✐s ♥❛ r❡t❛ ♥✉♠ér✐❝❛✳
❉✶✺ ❘❡s♦❧✈❡r ♣r♦❜❧❡♠❛ q✉❡ ❡♥✈♦❧✈❛ ✈❛r✐❛çõ❡s ♣r♦♣♦r❝✐♦♥❛✐s✱ ❞✐r❡t❛s ♦✉ ✐♥✈❡rs❛s

❡♥tr❡ ❣r❛♥❞❡③❛s✳
❉✶✻ ❘❡s♦❧✈❡r ♣r♦❜❧❡♠❛ q✉❡ ❡♥✈♦❧✈❛ ♣♦r❝❡♥t❛❣❡♠✳
❉✶✼ ❘❡s♦❧✈❡r ♣r♦❜❧❡♠❛ q✉❡ ❡♥✈♦❧✈❛ ❡q✉❛çã♦ ❞❡ s❡❣✉♥❞♦ ❣r❛✉✳
❉✶✽ ❘❡❝♦♥❤❡❝❡r ❡①♣r❡ssã♦ ❛❧❣é❜r✐❝❛ q✉❡ r❡♣r❡s❡♥t❛ ✉♠❛ ❢✉♥çã♦ ❛ ♣❛rt✐r ❞❡ ✉♠❛

t❛❜❡❧❛✳
❉✶✾ ❘❡s♦❧✈❡r ♣r♦❜❧❡♠❛ ❡♥✈♦❧✈❡♥❞♦ ✉♠❛ ❢✉♥çã♦ ❞❡ ♣r✐♠❡✐r♦ ❣r❛✉✳
❉✷✵ ❆♥❛❧✐s❛r ❝r❡s❝✐♠❡♥t♦✴❞❡❝r❡s❝✐♠❡♥t♦✱ ③❡r♦s ❞❡ ❢✉♥çõ❡s r❡❛✐s ❛♣r❡s❡♥t❛❞❛s ❡♠

❣rá✜❝♦s✳
❉✷✶ ■❞❡♥t✐✜❝❛r ♦ ❣rá✜❝♦ q✉❡ r❡♣r❡s❡♥t❛ ✉♠❛ s✐t✉❛çã♦ ❞❡s❝r✐t❛ ❡♠ ✉♠ t❡①t♦✳
❉✷✷ ❘❡s♦❧✈❡r ♣r♦❜❧❡♠❛ ❡♥✈♦❧✈❡♥❞♦ P❆✴P● ❞❛❞❛ ❛ ❢ór♠✉❧❛ ❞♦ t❡r♠♦ ❣❡r❛❧✳
❉✷✸ ❘❡❝♦♥❤❡❝❡r ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞❡ ♣r✐♠❡✐r♦ ❣r❛✉ ♣♦r ♠❡✐♦ ❞❡

s❡✉s ❝♦❡✜❝✐❡♥t❡s✳
❉✷✹ ❘❡❝♦♥❤❡❝❡r ❛ r❡♣r❡s❡♥t❛çã♦ ❛❧❣é❜r✐❝❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞♦ ♣r✐♠❡✐r♦ ❣r❛✉✱ ❞❛❞♦ ♦

s❡✉ ❣rá✜❝♦✳
❉✷✺ ❘❡s♦❧✈❡r ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❛♠ ♦s ♣♦♥t♦s ❞❡ ♠á①✐♠♦ ♦✉ ❞❡ ♠í♥✐♠♦ ♥♦ ❣rá✲

✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞♦ s❡❣✉♥❞♦ ❣r❛✉✳
❉✷✻ ❘❡❧❛❝✐♦♥❛r ❛s r❛í③❡s ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠ s✉❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ❢❛t♦r❡s ❞♦

♣r✐♠❡✐r♦ ❣r❛✉✳
❉✷✼ ■❞❡♥t✐✜❝❛r ❛ r❡♣r❡s❡♥t❛çã♦ ❛❧❣é❜r✐❝❛ ❡✴♦✉ ❣rá✜❝❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧✳
❉✷✽ ■❞❡♥t✐✜❝❛r ❛ r❡♣r❡s❡♥t❛çã♦ ❛❧❣é❜r✐❝❛ ❡✴♦✉ ❣rá✜❝❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛

r❡❝♦♥❤❡❝❡♥❞♦✲❛ ❝♦♠♦ ✐♥✈❡rs❛ ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧✳
❉✷✾ ❘❡s♦❧✈❡r ♣r♦❜❧❡♠❛ q✉❡ ❡♥✈♦❧✈❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧✳
❉✸✵ ■❞❡♥t✐✜❝❛r ❣rá✜❝♦s ❞❡ ❢✉♥çõ❡s tr✐❣♦♥♦♠étr✐❝❛s ✭s❡♥♦✱ ❝♦✲s❡♥♦✱ t❛♥❣❡♥t❡✮ r❡❝♦✲

♥❤❡❝❡♥❞♦ s✉❛s ♣r♦♣r✐❡❞❛❞❡s✳
❉✸✶ ❉❡t❡r♠✐♥❛r ❛ s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❛ss♦❝✐❛♥❞♦✲♦ ❛ ✉♠❛ ♠❛tr✐③✳
❉✸✷ ❘❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥t❛❣❡♠ ✉t✐❧✐③❛♥❞♦ ♦ ♣r✐♥❝í♣✐♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ♦✉ ♥♦✲

çõ❡s ❞❡ ♣❡r♠✉t❛çã♦ s✐♠♣❧❡s ❡✴♦✉ ❝♦♠❜✐♥❛çã♦ s✐♠♣❧❡s✳
❉✸✸ ❈❛❧❝✉❧❛r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ ❡✈❡♥t♦✳

❆ ♠❛tr✐③ ❞❡ r❡❢❡rê♥❝✐❛ ❝♦♠♣❧❡t❛ ♣♦❞❡ s❡r ❜❛✐①❛❞❛ ♥♦ s❡❣✉✐♥t❡ ❡♥❞❡r❡ç♦✿
❤tt♣✿✴✴♣♦rt❛❧✳✐♥❡♣✳❣♦✈✳❜r✴✇❡❜✴s❛❡❜✴♠❛tr✐③❡s✲❞❡✲r❡❢❡r❡♥❝✐❛✲♣r♦❢❡ss♦r

✷✶



❙❡❣✉❡ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✐t❡♠ ❞♦ ❞❡s❝r✐t♦r ❉✶✼✳ ❘❡s♦❧✈❡r ✉♠ ♣r♦❜❧❡♠❛ q✉❡ ❡♥✈♦❧✈❛ ❡q✉❛✲
çã♦ ❞♦ s❡❣✉♥❞♦ ❣r❛✉✿

❙✉♣♦♥❤❛ q✉❡ ♥✉♠ ❞✐❛ ❞❡ ♦✉t♦♥♦ ❛ t❡♠♣❡r❛t✉r❛ f(t)✱ ❡♠ ❣r❛✉s✱ ❡r❛ ✉♠❛ ❢✉♥çã♦ ❞♦
t❡♠♣♦ t✱ ♠❡❞✐❞♦ ❡♠ ❤♦r❛s✱ ❞❛❞❛ ♣♦r f(t) = t2 − 7t✳ ❆ q✉❡ ❤♦r❛s ❞❡ss❡ ❞✐❛ ❛ t❡♠♣❡r❛t✉r❛
❡r❛ ✐❣✉❛❧ ❛ 18♦C❄

❆✮ ➚s ✺ ❤♦r❛s ❇✮ ➚s ✶✽ ❤♦r❛s ❈✮ ➚s ✼ ❤♦r❛s ❉✮ ➚s ✾ ❤♦r❛s ❊✮ ➚s ✷ ❤♦r❛s

❊ss❡ t✐♣♦ ❞❡ ❡①❡r❝í❝✐♦ ❞❡✈❡ ✈❡r✐✜❝❛r ❛ ❤❛❜✐❧✐❞❛❞❡ ❞❡ ♦ ❛❧✉♥♦ ♦❜t❡r r❡s✉❧t❛❞♦ ❞❡ ✉♠❛
❡q✉❛çã♦ ❞♦ s❡❣✉♥❞♦ ❣r❛✉ ❡ s❛❜❡r ♠❛♥✐♣✉❧á✲❧❛✳ ❊ss❛ ❤❛❜✐❧✐❞❛❞❡ é ❛✈❛❧✐❛❞❛ ♣♦r ♠❡✐♦ ❞❡
s✐t✉❛çõ❡s✲♣r♦❜❧❡♠❛ ❝♦♥t❡①t✉❛❧✐③❛❞❛s✱ ♥❛s q✉❛✐s ♦ ❛❧✉♥♦ ❝❛❧❝✉❧❡ ❛s r❛í③❡s ♦✉ ❢❛ç❛✴r❡❝♦♥❤❡ç❛
♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞♦ s❡❣✉♥❞♦ ❣r❛✉❀ ❡ t❛♠❜é♠ s❛✐❜❛ ❧♦❝❛❧✐③❛r s❡✉ ✈ért✐❝❡ ❡ ♣❡r❝❡❜❡r
s✐♠❡tr✐❛s ❡ s❛✐❜❛ ❡s❝r❡✈❡r ❛ ❡q✉❛çã♦ ❝♦♠♦ ♣r♦❞✉t♦ ❞❡ s✉❛s r❛í③❡s r❡❛✐s✳

❮♥❞✐❝❡ ❞❡ ❉❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ❊❞✉❝❛çã♦ ❇ás✐❝❛ ✲ ■❞❡❜

◆ã♦ ✈❛♠♦s ❢❛③❡r ✉♠ ❡st✉❞♦ ❞❡t❛❧❤❛❞♦ s♦❜r❡ ♦ ■❞❡❜✱ ✈❛♠♦s ❛♣❡♥❛s tr❛♥s❝r❡✈❡r ♦ t❡①t♦
q✉❡ ♣♦❞❡ s❡r ❛❝❡ss❛❞♦ ♥♦ ❡♥❞❡r❡ç♦✿ ❤tt♣✿✴✴♣♦rt❛❧✳✐♥❡♣✳❣♦✈✳❜r✴✇❡❜✴♣♦rt❛❧✲✐❞❡❜✴♦✲q✉❡✲❡✲♦✲✐❞❡❜✳
❊st❡ t❡①t♦ r❡s✉♠❡ ❞❡ ✉♠❛ ❢♦r♠❛ s✐♠♣❧❡s ❡ ♦❜❥❡t✐✈❛ q✉❡ é ♦ ■❞❡❜✳

❖ ■❞❡❜ ❢♦✐ ❝r✐❛❞♦ ♣❡❧♦ ■♥st✐t✉t♦ ◆❛❝✐♦♥❛❧ ❞❡ ❊st✉❞♦s ❡ P❡sq✉✐s❛s ❊❞✉✲
❝❛❝✐♦♥❛✐s ❆♥ís✐♦ ❚❡✐①❡✐r❛ ✭■♥❡♣✮ ❡♠ ✷✵✵✼ ❡ r❡♣r❡s❡♥t❛ ❛ ✐♥✐❝✐❛t✐✈❛ ♣✐♦♥❡✐r❛
❞❡ r❡✉♥✐r ❡♠ ✉♠ só ✐♥❞✐❝❛❞♦r ❞♦✐s ❝♦♥❝❡✐t♦s ✐❣✉❛❧♠❡♥t❡ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛
q✉❛❧✐❞❛❞❡ ❞❛ ❡❞✉❝❛çã♦✿ ✢✉①♦ ❡s❝♦❧❛r ❡ ♠é❞✐❛s ❞❡ ❞❡s❡♠♣❡♥❤♦ ♥❛s ❛✈❛❧✐❛çõ❡s✳
❊❧❡ ❛❣r❡❣❛ ❛♦ ❡♥❢♦q✉❡ ♣❡❞❛❣ó❣✐❝♦ ❞♦s r❡s✉❧t❛❞♦s ❞❛s ❛✈❛❧✐❛çõ❡s ❡♠ ❧❛r❣❛ ❡s❝❛❧❛
❞♦ ■♥❡♣ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ r❡s✉❧t❛❞♦s s✐♥tét✐❝♦s✱ ❢❛❝✐❧♠❡♥t❡ ❛ss✐♠✐❧á✈❡✐s✱ ❡ q✉❡
♣❡r♠✐t❡♠ tr❛ç❛r ♠❡t❛s ❞❡ q✉❛❧✐❞❛❞❡ ❡❞✉❝❛❝✐♦♥❛❧ ♣❛r❛ ♦s s✐st❡♠❛s✳ ❖ ✐♥❞✐❝❛✲
❞♦r é ❝❛❧❝✉❧❛❞♦ ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s s♦❜r❡ ❛♣r♦✈❛çã♦ ❡s❝♦❧❛r✱ ♦❜t✐❞♦s ♥♦ ❈❡♥s♦
❊s❝♦❧❛r✱ ❡ ♠é❞✐❛s ❞❡ ❞❡s❡♠♣❡♥❤♦ ♥❛s ❛✈❛❧✐❛çõ❡s ❞♦ ■♥❡♣✱ ♦ ❙❛❡❜ ✕ ♣❛r❛ ❛s
✉♥✐❞❛❞❡s ❞❛ ❢❡❞❡r❛çã♦ ❡ ♣❛r❛ ♦ ♣❛ís✱ ❡ ❛ Pr♦✈❛ ❇r❛s✐❧ ✕ ♣❛r❛ ♦s ♠✉♥✐❝í♣✐♦s✳

◆❛s ✜❣✉r❛s ✶✳✷ ❡ ✶✳✸ ❛♣r❡s❡♥t❛♠♦s ♦s ú❧t✐♠♦s ❞❛❞♦s ❞♦ ■❞❡❜ ♥♦ ❇r❛s✐❧ ❡ ♥♦ ❡st❛❞♦ ❞❡
▼✐♥❛s ●❡r❛✐s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♠♦ ♦ ♦❜❥❡t✐✈♦ ❞❛s ❛✈❛❧✐❛çõ❡s ❞♦ ❙❛❡❜ é ♠❡❧❤♦r❛r ❛ q✉❛❧✐❞❛❞❡ ❞❛ ❡❞✉❝❛çã♦ ♥♦ ❇r❛s✐❧✱
♦ ■❞❡❜ ❡st✐♣✉❧❛ ♠❡t❛s ❛ s❡r❡♠ ❛t✐♥❣✐❞❛s✳ ❆s ♠❡t❛s sã♦ ❞✐❢❡r❡♥❝✐❛❞❛s ♣❛r❛ ❝❛❞❛ ❡s❝♦❧❛ ❡ r❡❞❡
❞❡ ❡♥s✐♥♦✳ ❖s í♥❞✐❝❡s ❛tr✐❜✉í❞♦s ✈❛r✐❛♠ ♥✉♠❛ ❡s❝❛❧❛ ❡♥tr❡ ✵ ❡ ✶✵ ✭✐♥❝❧✉s✐✈❡✮✳
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❋✐❣✉r❛ ✶✳✷✿ ❉❛❞♦s ❞♦ ■❞❡❜

❋✐❣✉r❛ ✶✳✸✿ ❉❛❞♦s ❞♦ ■❞❡❜

◆♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛s ✜❣✉r❛s t❡♠♦s ♦ ■❞❡❜ ♦❜s❡r✈❛❞♦ ❡♥tr❡ ♦s ❛♥♦s ❞❡ ✷✵✵✼ ❡ ✷✵✶✸ ❡
❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❡stã♦ ❛s ♠❡t❛s q✉❡ ❞❡✈❡r✐❛♠ s❡r ❛t✐♥❣✐❞❛s ♥♦s r❡s♣❡❝t✐✈♦s ❛♥♦s✳ P♦❞❡♠♦s ✈❡r
q✉❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛té ♦ ♠♦♠❡♥t♦ ♥ã♦ sã♦ s❛t✐s❢❛tór✐♦s✳ ❊♠ ▼✐♥❛s✱ ❛❧é♠ ❞❛ ♠❡t❛ ♣r❛
✷✵✶✸ ♥ã♦ t❡r s✐❞♦ ❛t✐♥❣✐❞❛✱ ❤♦✉✈❡ ✉♠❛ q✉❡❞❛ ❡♠ r❡❧❛çã♦ ❛ ✷✵✶✶✳ ❖ ♠❡❧❤♦r ❡ ♣✐♦r í♥❞✐❝❡s
♦❜s❡r✈❛❞♦s ❢♦r❛♠ ●♦✐ás ✭✸✱✽✮ ❡ ❆❧❛❣♦❛s ✭✷✱✻✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖✉tr❛ ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ■❞❡❜✱ ❜❡♠ ❝♦♠♦ r❡s✉❧t❛❞♦s ❞❡ ♦✉tr♦s ❡st❛❞♦s ♣♦❞❡♠ s❡r
❛❝❡ss❛❞♦s ♥♦ ❡♥❞❡r❡ç♦✿ ❤tt♣✿✴✴♣♦rt❛❧✳✐♥❡♣✳❣♦✈✳❜r✴✇❡❜✴♣♦rt❛❧✲✐❞❡❜

❇◆❈

❊♥❝❡rr❛♠♦s ❡st❛ s❡çã♦ ❢❛❧❛♥❞♦ ✉♠ ♣♦✉❝♦ ❞❛ ❇❛s❡ ◆❛❝✐♦♥❛❧ ❈♦♠✉♠ ❈✉rr✐❝✉❧❛r
✕ ❇◆❈✱ q✉❡ t❡♠ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❛ ✉♥✐✜❝❛çã♦ ❝✉rr✐❝✉❧❛r ❞❛ ❊❞✉❝❛çã♦ ❇ás✐❝❛ ♥♦
P❛ís✳ ❆ ❇◆❈ ❞❡✈❡rá s❡r ♦ r❡s✉❧t❛❞♦ ❞♦ tr❛❜❛❧❤♦ ❝♦❧❡t✐✈♦ ❞❡ ❞✐❢❡r❡♥t❡s ❛t♦r❡s ❞♦ ❝♦♥t❡①t♦
❡❞✉❝❛❝✐♦♥❛❧✿ ❡s♣❡❝✐❛❧✐st❛s ❞❛s ár❡❛s ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❣❡st♦r❡s✱ ♣r♦❢❡ss♦r❡s ❞❛ ❡❞✉❝❛çã♦ ❜á✲
s✐❝❛✱ ❡st✉❞❛♥t❡s ❡ ♣ú❜❧✐❝♦ ❡♠ ❣❡r❛❧✳ ❆ ✐❞❡✐❛ é ♣❛❞r♦♥✐③❛r ♦ ❡♥s✐♥♦ ❞♦s ❡st✉❞❛♥t❡s ❞❡s❞❡ s❡✉
✐♥❣r❡ss♦ ♥❛ ❝r❡❝❤❡ ❛té ♦ ✜♥❛❧ ❞♦ ❊♥s✐♥♦ ▼é❞✐♦✳

❆ ✭❇◆❈✮ ✈❛✐ ❞❡✐①❛r ❝❧❛r♦ ♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❡ss❡♥❝✐❛✐s ❛♦s q✉❛✐s ♦s ❡st✉❞❛♥t❡s tê♠ ♦
❞✐r❡✐t♦ ❞❡ t❡r ❛❝❡ss♦ ❡ s❡ ❛♣r♦♣r✐❛r ❞✉r❛♥t❡ s✉❛ tr❛❥❡tór✐❛ ♥❛ ❊❞✉❝❛çã♦ ❇ás✐❝❛✱ ❛t✐♥❣✐♥❞♦
t❛♥t♦ ❛ r❡❞❡ ♣ú❜❧✐❝❛ q✉❛♥t♦ ❛ r❡❞❡ ♣r✐✈❛❞❛ ❞❡ ❡♥s✐♥♦✳

❊♠ ✸✵ ❞❡ ❥✉❧❤♦ ❞❡ ✷✵✶✺ ♦ ❣♦✈❡r♥♦ ❢❡❞❡r❛❧ ❧❛♥ç♦✉ ♦ P♦rt❛❧ ❞❛ ❇❛s❡ ◆❛❝✐♦♥❛❧ ❈♦♠✉♠
❈✉rr✐❝✉❧❛r✱ ❛♣r❡s❡♥t❛♥❞♦ ❛♦ ♣ú❜❧✐❝♦ ♦ ♣r♦❝❡ss♦ ❞❡ ❡❧❛❜♦r❛çã♦ ❞❛ ❇◆❈ ❡ ❡st❛❜❡❧❡❝❡♥❞♦ ❝❛♥❛✐s
❞❡ ❝♦♠✉♥✐❝❛çã♦ ❡ ♣❛rt✐❝✐♣❛çã♦ ❞❛ s♦❝✐❡❞❛❞❡ ♥❡st❡ ♣r♦❝❡ss♦✳ ❖ ♣♦rt❛❧ ❞❛ ❇◆❈ ♣♦❞❡ s❡r
❛❝❡ss❛❞♦ ♥♦ ❡♥❞❡r❡ç♦✿ ❤tt♣✿✴✴❜❛s❡♥❛❝✐♦♥❛❧❝♦♠✉♠✳♠❡❝✳❣♦✈✳❜r✴
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✶✳✶✳✹ ❈♦♥t❡ú❞♦s ❜ás✐❝♦s ❝♦♠✉♥s ✲ ❈❇❈s

❖s ❝♦♥t❡ú❞♦s ❜ás✐❝♦s ❝♦♠✉♥s ❡st❛❜❡❧❡❝❡♠ ♦s ❝♦♥❤❡❝✐♠❡♥t♦s✱ ❛s ❤❛❜✐❧✐❞❛❞❡s ❡ ❝♦♠✲
♣❡tê♥❝✐❛s ❛ s❡r❡♠ ❛❞q✉✐r✐❞♦s ♣❡❧♦s ❛❧✉♥♦s ♥❛ r❡❞❡ ❡st❛❞✉❛❧ ❞❡ ❡♥s✐♥♦ ❞❡ ▼✐♥❛s ●❡r❛✐s✳ ❖s
❈❇❈s sã♦ ❢✉♥❞❛♠❡♥t❛❞♦s ♥♦s P❈◆s ❡ ♥❛s ♠❛tr✐③❡s ❞❡ r❡❢❡rê♥❝✐❛s ❡ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ t♦r♥❛r
♦♣❡r❛❝✐♦♥❛✐s ❛❧❣✉♥s ♣r✐♥❝í♣✐♦s ❛♣r❡s❡♥t❛❞♦s ♥❛q✉❡❧❡ ❞♦❝✉♠❡♥t♦✳

❊♠❜♦r❛ ♦s ❈❇❈s ♥ã♦ ❡s❣♦t❡♠ t♦❞♦s ♦s ❝♦♥t❡ú❞♦s ❛ s❡r❡♠ ❛❜♦r❞❛❞♦s ♥❛ ❡s❝♦❧❛✱ ♥❡❧❡ sã♦
❛♣r❡s❡♥t❛❞♦s ♦s ♣r✐♥❝✐♣❛✐s tó♣✐❝♦s ❞❡ ❝❛❞❛ ❞✐s❝✐♣❧✐♥❛ q✉❡ ♥ã♦ ♣♦❞❡♠ ❞❡✐①❛r ❞❡ s❡r ❡♥s✐♥❛❞♦✱
✐♥❞✐❝❛♥❞♦ ❛s ❝♦♠♣❡tê♥❝✐❛s ❡ ❤❛❜✐❧✐❞❛❞❡s q✉❡ ❞❡✈❡♠ s❡r ❛❞q✉✐r✐❞❛s ❡ ❞❡s❡♥✈♦❧✈✐❞❛s ♣❡❧♦s
❛❧✉♥♦s✳

❆❧é♠ ❞❡ ♦r✐❡♥t❛r ❡s❝♦❧❛s ❡ ♣r♦❢❡ss♦r❡s✱ ♦s ❈❇❈s t❛♠❜é♠ sã♦ ✉t✐❧✐③❛❞♦s ❝♦♠♦ ❜❛s❡ ♣❛r❛
❡❧❛❜♦r❛çã♦ ❞❛s ❛✈❛❧✐❛çõ❡s ❞♦ ❙✐♠❛✈❡ ✕ ❙✐st❡♠❛ ▼✐♥❡✐r♦ ❞❡ ❆✈❛❧✐❛çã♦ ❊st❛❞✉❛❧✳

❋✉♥❞❛♠❡♥t❛❞♦ ♥♦s P❈◆s ✱ ♦ ❈❇❈ ❞❡ ▼❛t❡♠át✐❝❛✱ ❞❡♥tr❡ ♦✉tr♦s ❛s♣❡❝t♦s ❞❛ ▼❛t❡✲
♠át✐❝❛✱ ❝♦♥s✐❞❡r♦✉ ❛s s❡❣✉✐♥t❡s ❝❛r❛❝t❡ríst✐❝❛s ♣❛r❛ ❡❧❛❜♦r❛çã♦ ❞❡ s✉❛ ♣r♦♣♦st❛✿

• ❆ ▼❛t❡♠át✐❝❛ ❢♦r♥❡❝❡ ✐♥str✉♠❡♥t♦s ❡✜❝❛③❡s ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r ❡ ❛t✉❛r ♥♦ ♠✉♥❞♦ q✉❡
♥♦s ❝❡r❝❛✳

• ❆ ▼❛t❡♠át✐❝❛ é ✉♠❛ ❢❡rr❛♠❡♥t❛ ❡ss❡♥❝✐❛❧ ♥❛ s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❞♦ ♠✉♥❞♦ ❡♠ q✉❡
✈✐✈❡♠♦s✳ ◆❡❧❛ sã♦ ❞❡s❡♥✈♦❧✈✐❞❛s ❡str✉t✉r❛s ❛❜str❛t❛s ❜❛s❡❛❞❛s ❡♠ ♠♦❞❡❧♦s ❝♦♥❝r❡✲
t♦s❀ r❛❝✐♦❝í♥✐♦s ♣✉r❛♠❡♥t❡ ❢♦r♠❛✐s✱ ♣❡r♠✐t❡♠ ❝♦♥❝❧✉✐r s♦❜r❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ♦✉ ♥ã♦ ❞❛
❡①✐stê♥❝✐❛ ❞❡ ❝❡rt♦s ♣❛❞rõ❡s ❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ♥♦ ♠♦❞❡❧♦ ♦r✐❣✐♥❛❧✳

• ❆❧é♠ ❞❡ ♠ét♦❞♦✱ ❛ ▼❛t❡♠át✐❝❛ é ✉♠ ♠❡✐♦ ❞❡ ❝♦♠✉♥✐❝❛çã♦ ✲ ✉♠❛ ❧✐♥❣✉❛❣❡♠ ❢♦r♠❛❧
✲ ❡ ❝♦♠♦ t❛❧ r❡q✉❡r ✉♠❛ ♣rát✐❝❛ ❝♦♥st❛♥t❡✱ ✉♠ ❡①❡r❝í❝✐♦ ❞❡ s✉❛ ✏❣r❛♠át✐❝❛✑✳ P♦r s❡r
✉♠❛ ❧✐♥❣✉❛❣❡♠ ♣r❡❝✐s❛✱ ❛ ▼❛t❡♠át✐❝❛ ♣❡r♠✐t❡ ❛ ❛r❣✉♠❡♥t❛çã♦ ❞❡ ❢♦r♠❛ ❝❧❛r❛✱ ❝♦♥❝✐s❛✱
r✐❣♦r♦s❛ ❡ ✉♥✐✈❡rs❛❧✳

• ❖ ❛s♣❡❝t♦ ❝✉❧t✉r❛❧ ❞❛ ▼❛t❡♠át✐❝❛✿ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♠❛t❡♠át✐❝♦ ❢❛③ ♣❛rt❡ ❞♦ ♣❛tr✐♠ô♥✐♦
❝✉❧t✉r❛❧ q✉❡ ❛ ❤✉♠❛♥✐❞❛❞❡ ✈❡♠ ❛❝✉♠✉❧❛♥❞♦✱ q✉❡ ♣♦ss✉✐ ❝❛r❛❝t❡ríst✐❝❛s ❡ ♣r♦❝❡❞✐♠❡♥t♦s
♣ró♣r✐♦s✱ ❡ q✉❡ t❡♠ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ✈✐sã♦ ❞❡ ♠✉♥❞♦
❝♦♥s❝✐❡♥t❡ ❡ ❝rít✐❝❛✳

• ❆ ▼❛t❡♠át✐❝❛ ♣♦ss✉✐ ✉♠ ❢♦rt❡ ❝❛rát❡r ✐♥t❡❣r❛❞♦r ❡ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r✿ ♦ ❝♦♥❤❡❝✐♠❡♥t♦
♠❛t❡♠át✐❝♦ ♥ã♦ é ♣r♦♣r✐❡❞❛❞❡ ♣r✐✈❛❞❛ ❞♦s ♠❛t❡♠át✐❝♦s✱ ❡❧❡ t❡♠ ❡✈♦❧✉í❞♦ t❛♠❜é♠ ♥♦
❝♦♥t❡①t♦ ❞❡ ♦✉tr❛s ❝✐ê♥❝✐❛s✳ ❊①❡♠♣❧♦s ✐♠♣♦rt❛♥t❡s ❞❡st❛ ✐♥t❡r❞✐s❝✐♣❧✐♥❛r✐❞❛❞❡ ❝♦♥tr✐✲
❜✉✐çõ❡s sã♦ ❡♥❝♦♥tr❛❞❛s ♥❛ ❋ís✐❝❛✱ ♥❛ ❊❝♦♥♦♠✐❛✱ ♥❛ ❇✐♦❧♦❣✐❛✱ ▲✐♥❣üíst✐❝❛ ❡ ❊♥❣❡♥❤❛r✐❛✳
■ss♦ s✐❣♥✐✜❝❛ q✉❡ ❛ ♠❛♥❡✐r❛ ❞❡ ♣❡♥s❛r ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ❞❡✈❡ s❡r ❛♣r❡♥❞✐❞❛ ♥ã♦ ❛♣❡♥❛s
♣♦r ❛q✉❡❧❡s q✉❡ ✐rã♦ ❞❡❞✐❝❛r✲s❡ à ▼❛t❡♠át✐❝❛✳

❖ ❈❇❈ ❞❡ ▼❛t❡♠át✐❝❛ é ❞✐✈✐❞♦ ❡♠ ✷✺ t❡♠❛s✳ ❈❛❞❛ t❡♠❛ é s✉❜❞✐✈✐❞✐❞♦ ❡♠ tó♣✐❝♦s✱
s❡♥❞♦ q✉❡✱ ❝❛❞❛ tó♣✐❝♦ ♣♦ss✉✐ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❤❛❜✐❧✐❞❛❞❡s ❛ s❡r❡♠ ❞❡s❡♥✈♦❧✈✐❞❛s ❡ ❛❞q✉✐r✐❞❛s
♣❡❧♦s ❛❧✉♥♦s✳

❖s tó♣✐❝♦s ❢✉♥çõ❡s ❢❛③❡♠ ♣❛rt❡ ❞♦s t❡♠❛s ✺✱ ✶✶ ❡ ✶✾✳ ◆❛ t❛❜❡❧❛ ❛❜❛✐①♦✱ ❛s ❢✉♥çõ❡s
❡stã♦ ❧✐st❛❞❛s ♥❛ ♣r✐♠❡✐r❛ ❝♦❧✉♥❛ ❡ ❛s ❤❛❜✐❧✐❞❛❞❡s ❛ s❡r❡♠ ❞❡s❡♥✈♦❧✈✐❞❛s ❡♠ ❝❛❞❛ ✉♠❛ ❞❡❧❛s
❡stã♦ ❧✐st❛❞❛s ♥❛ s❡❣✉♥❞❛ ❝♦❧✉♥❛✳ ❆❝r❡s❝❡♥t❛♠♦s t❛♠❜é♠ ♦ tó♣✐❝♦ P❧❛♥♦ ❈❛rt❡s✐❛♥♦✱ t❡♠❛
✽✱ ❞❡ ❢✉♥❞❛♠❡♥t❛❧ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❢✉♥çõ❡s✳
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❚ó♣✐❝♦s ❍❛❜✐❧✐❞❛❞❡s

P❧❛♥♦ ❈❛rt❡s✐❛♥♦ ▲♦❝❛❧✐③❛r ♣♦♥t♦s ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦❀ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✲
✈❛♠ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦❀ r❡♣r❡s❡♥t❛r
✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❞❛❞♦s ❣r❛✜❝❛♠❡♥t❡❀ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✲
✈❛♠ s✐♠❡tr✐❛s ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦❀ r❡❝♦♥❤❡❝❡r ❛ ❡q✉❛çã♦ ❞❡ ✉♠❛
r❡t❛ ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦ ❡ ✐♥t❡r♣r❡t❛r ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❛ ✐♥❝❧✐♥❛çã♦
❞❡ ✉♠❛ r❡t❛✳

❋✉♥çã♦ ❞♦ ♣r✐♠❡✐r♦ ❣r❛✉ ■❞❡♥t✐✜❝❛r ✉♠❛ ❢✉♥çã♦ ❧✐♥❡❛r ❛ ♣❛rt✐r ❞❡ s✉❛ r❡♣r❡s❡♥t❛çã♦ ❛❧❣é✲
❜r✐❝❛ ♦✉ ❣rá✜❝❛❀ ✉t✐❧✐③❛r ❛ ❢✉♥çã♦ ❧✐♥❡❛r ♣❛r❛ r❡♣r❡s❡♥t❛r r❡❧❛çõ❡s
❡♥tr❡ ❣r❛♥❞❡③❛s ❞✐r❡t❛♠❡♥t❡ ♣r♦♣♦r❝✐♦♥❛✐s❀ r❡❝♦♥❤❡❝❡r ❢✉♥çõ❡s ❞♦
♣r✐♠❡✐r♦ ❣r❛✉ ❝♦♠♦ ❛s q✉❡ tê♠ ✈❛r✐❛çã♦ ❝♦♥st❛♥t❡❀ ✐❞❡♥t✐✜❝❛r ✉♠❛
❢✉♥çã♦ ❞♦ ♣r✐♠❡✐r♦ ❣r❛✉ ❛ ♣❛rt✐r ❞❡ s✉❛ r❡♣r❡s❡♥t❛çã♦ ❛❧❣é❜r✐❝❛ ♦✉
❣rá✜❝❛❀ r❡♣r❡s❡♥t❛r ❣r❛✜❝❛♠❡♥t❡ ❢✉♥çõ❡s ❞♦ ♣r✐♠❡✐r♦ ❣r❛✉❀ r❡❝♦♥❤❡✲
❝❡r ❢✉♥çõ❡s ❞♦ ♣r✐♠❡✐r♦ ❣r❛✉ ❝r❡s❝❡♥t❡s ♦✉ ❞❡❝r❡s❝❡♥t❡s❀ ✐❞❡♥t✐✜❝❛r
❣❡♦♠❡tr✐❝❛♠❡♥t❡ ✉♠❛ s❡♠✐✲r❡t❛ ❝♦♠♦ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❣rá✜❝❛
❞❡ ✉♠❛ ✐♥❡q✉❛çã♦ ❞♦ ♣r✐♠❡✐r♦ ❣r❛✉❀ r❡❧❛❝✐♦♥❛r ♦ ❣rá✜❝♦ ❞❡ ✉♠❛
❢✉♥çã♦ ❞♦ ♣r✐♠❡✐r♦ ❣r❛✉✱ ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✱ ❝♦♠ ✉♠❛ r❡t❛ ❡ r❡✲
❝♦♥❤❡❝❡r ✉♠❛ ♣r♦❣r❡ssã♦ ❛r✐t♠ét✐❝❛ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞♦ ♣r✐♠❡✐r♦
❣r❛✉ ❞❡✜♥✐❞❛ ♥♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s✳

❋✉♥çã♦ ❞♦ s❡❣✉♥❞♦ ❣r❛✉ ■❞❡♥t✐✜❝❛r ✉♠❛ ❢✉♥çã♦ ❞♦ s❡❣✉♥❞♦ ❣r❛✉ ❛ ♣❛rt✐r ❞❡ s✉❛ r❡♣r❡s❡♥✲
t❛çã♦ ❛❧❣é❜r✐❝❛ ♦✉ ❣rá✜❝❛❀ r❡♣r❡s❡♥t❛r ❣r❛✜❝❛♠❡♥t❡ ❢✉♥çõ❡s ❞♦ s❡✲
❣✉♥❞♦ ❣r❛✉❀ ✐❞❡♥t✐✜❝❛r ♦s ✐♥t❡r✈❛❧♦s ❡♠ q✉❡ ✉♠❛ ❢✉♥çã♦ ❞♦ s❡❣✉♥❞♦
❣r❛✉ é ♣♦s✐t✐✈❛ ♦✉ ♥❡❣❛t✐✈❛❀ r❡s♦❧✈❡r s✐t✉❛çõ❡s✲♣r♦❜❧❡♠❛ q✉❡ ❡♥✈♦❧✲
✈❛♠ ❛s r❛í③❡s ❞❡ ✉♠❛ ❢✉♥çã♦ ❞♦ s❡❣✉♥❞♦ ❣r❛✉ ❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s
❞❡ ♠á①✐♠♦s ❡ ♠í♥✐♠♦s q✉❡ ❡♥✈♦❧✈❛♠ ✉♠❛ ❢✉♥çã♦ ❞♦ s❡❣✉♥❞♦ ❣r❛✉✳

❋✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ ■❞❡♥t✐✜❝❛r ❡①♣♦♥❡♥❝✐❛❧ ❝r❡s❝❡♥t❡ ❡ ❡①♣♦♥❡♥❝✐❛❧ ❞❡❝r❡s❝❡♥t❡❀ r❡s♦❧✲
✈❡r ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❛♠ ✉♠❛ ❢✉♥çã♦ ❞♦ t✐♣♦ y(x) = kax ❡
r❡❝♦♥❤❡❝❡r ✉♠❛ ♣r♦❣r❡ssã♦ ❣❡♦♠étr✐❝❛ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ❞❛ ❢♦r♠❛
y(x) = kax ❞❡✜♥✐❞❛ ♥♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s

❋✉♥çã♦ ❧♦❣❛rít♠✐❝❛ ❘❡❝♦♥❤❡❝❡r ❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛ ❝♦♠♦ ❛ ✐♥✈❡rs❛ ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥✲
❝✐❛❧❀ ✉t✐❧✐③❛r ❡♠ ♣r♦❜❧❡♠❛s ❛s ♣r♦♣r✐❡❞❛❞❡s ♦♣❡r❛tór✐❛s ❞❛ ❢✉♥çã♦
❧♦❣❛rít♠✐❝❛❀ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❛♠ ❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛
❡ r❡❝♦♥❤❡❝❡r ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛✳

❋✉♥çõ❡s tr✐❣♦♥♦♠étr✐❝❛s ■❞❡♥t✐✜❝❛r ♦ ❣rá✜❝♦ ❞❛s ❢✉♥çõ❡s s❡♥♦✱ ❝♦ss❡♥♦ ❡ t❛♥❣❡♥t❡❀ r❡❝♦♥❤❡❝❡r
♦ ♣❡rí♦❞♦ ❞❡ ❢✉♥çõ❡s tr✐❣♦♥♦♠étr✐❝❛s❀ r❡s♦❧✈❡r ❡q✉❛çõ❡s tr✐❣♦♥♦♠é✲
tr✐❝❛s s✐♠♣❧❡s❀ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s q✉❡ ❡♥✈♦❧✈❛♠ ❢✉♥çõ❡s tr✐❣♦♥♦✲
♠étr✐❝❛s ❞❛ s♦♠❛ ❡ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❛r❝♦s ❡ ✐❞❡♥t✐✜❝❛r ♦ ♣❡rí♦❞♦✱ ❛
❢r❡q✉ê♥❝✐❛ ❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ ✉♠❛ ♦♥❞❛ s❡♥♦✐❞❛❧

❆ ♠❛tr✐③ ❞❡ r❡❢❡rê♥❝✐❛ ❝♦♠♣❧❡t❛ ❞❡ ♠❛t❡♠át✐❝❛ ❡ ♦✉tr❛s ✐♥❢♦r♠❛çõ❡s q✉❡ ❝♦♠♣❧❡♠❡♥✲
t❛♠ ❡st❛ s❡çã♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✶✽❪ ❡ ❬✶✾❪✳

✷✺



❙✐♠❛✈❡

❖ ❙✐st❡♠❛ ▼✐♥❡✐r♦ ❞❡ ❆✈❛❧✐❛çã♦ ❞❛ ❊❞✉❝❛çã♦ Pú❜❧✐❝❛ ✲ ❙✐♠❛✈❡ é ✉♠ ✐♥s✲
tr✉♠❡♥t♦ q✉❡ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛✈❛❧✐❛r ❛ q✉❛❧✐❞❛❞❡ ❞❛ ❡❞✉❝❛çã♦ ❜ás✐❝❛ ❡♠ t♦❞♦ ❡st❛❞♦
❞❡ ▼✐♥❛s ●❡r❛✐s✳ ❆ ♣r✐♥❝✐♣❛❧ ❢✉♥çã♦ ❞♦ ❙✐♠❛✈❡ é ❞❡s❡♥✈♦❧✈❡r ♣r♦❣r❛♠❛s ❞❡ ❛✈❛❧✐❛çã♦ q✉❡
♣❡r♠✐t❛♠ ❝♦❧❡t❛r ❡ ❛♥❛❧✐s❛r ❞❛❞♦s✳ ❆t✉❛❧♠❡♥t❡ ♦ ❙✐♠❛✈❡ ❞❡s❡♥✈♦❧✈❡ três ♣r♦❣r❛♠❛s✿

• P❆❆❊ ✲ Pr♦❣r❛♠❛ ❞❡ ❆✈❛❧✐❛çã♦ ❞❛ ❆♣r❡♥❞✐③❛❣❡♠ ❊s❝♦❧❛r

• P❘❖❆▲❋❆ ✲ Pr♦❣r❛♠❛ ❞❡ ❆✈❛❧✐❛çã♦ ❞❛ ❆❧❢❛❜❡t✐③❛çã♦

• P❘❖❊❇ ✲ Pr♦❣r❛♠❛ ❞❡ ❆✈❛❧✐❛çã♦ ❞❛ ❘❡❞❡ Pú❜❧✐❝❛ ❞❡ ❊❞✉❝❛çã♦ ❇ás✐❝❛

❉❡♥tr❡ ♦s três ♣r♦❣r❛♠❛s ❛❝✐♠❛✱ ❞❡st❛❝❛♠♦s ♦ P❘❖❊❇✳ ❆♥✉❛❧♠❡♥t❡✱ ❡♠ ♦✉t✉❜r♦ ♦✉
♥♦✈❡♠❜r♦✱ ❡ss❡ ♣r♦❣r❛♠❛ ❛✈❛❧✐❛ ♦s ❛♥♦s ✐♥✐❝✐❛✐s ❡ ❛♥♦s ✜♥❛✐s ❞♦ ❊♥s✐♥♦ ❋✉♥❞❛♠❡♥t❛❧ ❡ ♦
❊♥s✐♥♦ ▼é❞✐♦✳ P♦r ✐♥t❡r♠é❞✐♦ ❞❡ss❡ ♣r♦❣r❛♠❛ sã♦ ❛♣❧✐❝❛❞❛s ♣r♦✈❛s ❞❡ ♠❛t❡♠át✐❝❛ ❡ ❧í♥❣✉❛
♣♦rt✉❣✉❡s❛ ❡♠ t♦❞❛ ❡s❝♦❧❛ ❞❛ r❡❞❡ ❡st❛❞✉❛❧ ❞❡ ▼✐♥❛s✱ ❡st❛s ♣r♦✈❛s sã♦ ❧❛❝r❛❞❛s ♣❡❧❛s ❡s❝♦❧❛s
❡ r❡❝♦❧❤✐❞❛s ♣❡❧❛s ❙✉♣❡r✐♥t❡♥❞ê♥❝✐❛s ❘❡❣✐♦♥❛✐s ❞❡ ❊♥s✐♥♦ ✕ ❙❘❊s✳ ❯♠❛ ❡♠♣r❡s❛
❝♦♥tr❛t❛❞❛ ♣❡❧❛ ❙❡❝r❡t❛r✐❛ ❞❡ ❊st❛❞♦ ❞❡ ❊❞✉❝❛çã♦ ✕ ❙❊❊ ❢❛③ ♦ tr❛♥s♣♦rt❡ ❞♦s ♠❛❧♦t❡s
♣❛r❛ ♦ ❈❡♥tr♦ ❞❡ P♦❧ít✐❝❛s Pú❜❧✐❝❛s ❡ ❆✈❛❧✐❛çã♦ ❞❛ ❊❞✉❝❛çã♦ ✕ ❈❛❡❞✱ ❡♠ ❏✉✐③ ❞❡
❋♦r❛✱ ♦♥❞❡ sã♦ ❝♦rr✐❣✐❞❛s✳ ❖s r❡s✉❧t❛❞♦s ❞♦s t❡st❡s sã♦ ❛♥❛❧✐s❛❞♦s ❡ tr❛♥s❢♦r♠❛❞♦s ❡♠ ✉♠❛
❜❛s❡ ❞❡ ❞❛❞♦s ❡ ❛ ♣❛rt✐r ❞❛s ❛♥á❧✐s❡s sã♦ ❡❧❛❜♦r❛❞♦s ♦s ❜♦❧❡t✐♥s ❞❡ r❡s✉❧t❛❞♦s ❡ ♣❡❞❛❣ó❣✐❝♦s
q✉❡ sã♦ ❡♥✈✐❛❞♦s ❛ t♦❞❛s ❛s ✉♥✐❞❛❞❡s ❡s❝♦❧❛r❡s q✉❡ ♣❛rt✐❝✐♣❛r❛♠ ❞♦ P❘❖❊❇✳ ❉❡ ♣♦ss❡ ❞❡ss❡s
r❡s✉❧t❛❞♦s ❛ ❝♦♠✉♥✐❞❛❞❡ ❡s❝♦❧❛r ✭❞✐r❡t♦r✱ ❝♦r♣♦ ❞♦❝❡♥t❡ ❡ ❞✐s❝❡♥t❡✱ ♣❛✐s ♦✉ r❡s♣♦♥sá✈❡✐s ❡
♦✉tr♦s ♣r♦✜ss✐♦♥❛✐s ❞❛ ❡s❝♦❧❛✮ ♣♦❞❡ ♣❧❛♥❡❥❛r ❛çõ❡s ❡ ❡str❛té❣✐❛s ♣❛r❛ ♠❡❧❤♦r❛r ❛ q✉❛❧✐❞❛❞❡
❞♦ ❡♥s✐♥♦✳

❖ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ss❡ ♣r♦❣r❛♠❛ é q✉❡ ♦s ❜♦❧❡t✐♥s tr❛③❡♠ ♦s r❡s✉❧t❛❞♦s ❞❛ ❡s❝♦❧❛✱ ❞❛ s✉✲
♣❡r✐♥t❡♥❞ê♥❝✐❛ r❡❣✐♦♥❛❧ ❛ q✉❡ ♣❡rt❡♥❝❡ ❛ ❡s❝♦❧❛ ❡ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ❡♠ t♦❞♦ ❡st❛❞♦ ♠✐♥❡✐r♦✱
❛ss✐♠✱ ❛❧é♠ ❞❡ ♣❧❛♥❡❥❛r ❛çõ❡s ❡ ❡str❛té❣✐❛s✱ é ♣♦ssí✈❡❧ t❛♠❜é♠ ❢❛③❡r ❝♦♠♣❛r❛çõ❡s✳

➱ ✐♥✈✐á✈❡❧ ❞❡t❛❧❤❛r ❝♦♠♦ sã♦ ✐♥t❡r♣r❡t❛❞♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❡ss❛s ❛✈❛❧✐❛çõ❡s✱ ♣♦✐s
❡♥✈♦❧✈❡♠ ❡s❝❛❧❛s ❞❡ ♣r♦✜❝✐ê♥❝✐❛s✱ t♦❞❛✈✐❛ ✉♠❛ ✐❞❡✐❛ ❞❡ ❝♦♠♦ sã♦ ✐♥t❡r♣r❡t❛❞♦s ♦s r❡s✉❧t❛✲
❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✷✵❪✳ ❱❛♠♦s ♥♦s ❛t❡r ❡♠ ❛♣r❡s❡♥t❛r ♦s r❡s✉❧t❛❞♦s s❡❣✉♥❞♦
♦s P❛❞rõ❡s ❞❡ ❉❡s❡♠♣❡♥❤♦ ❊st✉❞❛♥t✐❧✳ ❖s P❛❞rõ❡s ❞❡ ❉❡s❡♠♣❡♥❤♦ ❡stã♦ ❞✐✈✐❞✐❞♦s ❡♠ três
❝❛t❡❣♦r✐❛s ✭❇❛✐①♦✱ ■♥t❡r♠❡❞✐ár✐♦ ❡ ❘❡❝♦♠❡♥❞❛❞♦✮ q✉❡ ❛❣r✉♣❛♠ ♦s ♥í✈❡✐s ❞❛ ❊s❝❛❧❛ ❞❡ Pr♦✲
✜❝✐ê♥❝✐❛✱ ❝♦♠ ❜❛s❡ ♥❛s ♠❡t❛s ❡❞✉❝❛❝✐♦♥❛✐s ❡st❛❜❡❧❡❝✐❞❛s ♣❡❧♦ P❘❖❊❇✳

• ❇❛✐①♦ ✲ ❖s ❛❧✉♥♦s q✉❡ s❡ ❡♥❝♦♥tr❛♠ ♥❡st❡ P❛❞rã♦ ❞❡ ❉❡s❡♠♣❡♥❤♦ ❞❡♠♦♥str❛♠ ✉♠
❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❛✐♥❞❛ ✐♥❝✐♣✐❡♥t❡ ❞❛s ♣r✐♥❝✐♣❛✐s ❤❛❜✐❧✐❞❛❞❡s ❛ss♦❝✐❛❞❛s à s✉❛ ❡t❛♣❛ ❞❡
❡s❝♦❧❛r✐❞❛❞❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ▼❛tr✐③ ❞❡ ❘❡❢❡rê♥❝✐❛✳ ◆♦s t❡st❡s ❞❡ ♣r♦✜❝✐ê♥❝✐❛✱ t❡♥❞❡♠
❛ ❛❝❡rt❛r ❛♣❡♥❛s ❛q✉❡❧❡s ✐t❡♥s q✉❡ ❛✈❛❧✐❛♠ ❛s ❤❛❜✐❧✐❞❛❞❡s ❝♦♥s✐❞❡r❛❞❛s ❜❛s✐❧❛r❡s✱ r❡s✲
♣♦♥❞✐❞♦s ❝♦rr❡t❛♠❡♥t❡ ♣❡❧❛ ♠❛✐♦r ♣❛rt❡ ❞♦s ❛❧✉♥♦s ❡✱ ♣♦rt❛♥t♦✱ ❝♦♠ ♠❛✐♦r ♣❡r❝❡♥t✉❛❧
❞❡ ❛❝❡rt♦s✳ ❆ ❧♦❝❛❧✐③❛çã♦ ♥❡st❡ ♣❛❞rã♦ ✐♥❞✐❝❛ ❝❛rê♥❝✐❛ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❡♠ r❡❧❛çã♦
❛♦ q✉❡ é ♣r❡✈✐st♦ ♣❡❧❛ ▼❛tr✐③ ❞❡ ❘❡❢❡rê♥❝✐❛ ❡ ❛♣♦♥t❛✱ à ❡q✉✐♣❡ ♣❡❞❛❣ó❣✐❝❛✱ ♣❛r❛ ❛
♥❡❝❡ss✐❞❛❞❡ ❞❡ ♣❧❛♥❡❥❛r ✉♠ ♣r♦❝❡ss♦ ❞❡ ✐♥t❡r✈❡♥çã♦ ❝♦♠ ❡ss❡s ❛❧✉♥♦s✱ ❛ ✜♠ ❞❡ q✉❡ s❡
❞❡s❡♥✈♦❧✈❛♠ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ❛✈❛♥ç❛r ❛♦s ♣❛❞rõ❡s s❡❣✉✐♥t❡s✳

✷✻



• ■♥t❡r♠❡❞✐ár✐♦ ✲ ❆s ❤❛❜✐❧✐❞❛❞❡s ❜ás✐❝❛s ❡ ❡ss❡♥❝✐❛✐s ♣❛r❛ ❛ ❡t❛♣❛ ❞❡ ❡s❝♦❧❛r✐❞❛❞❡ ❛✈❛✲
❧✐❛❞❛✱ ❜❛s❡❛❞❛s ♥❛ ▼❛tr✐③ ❞❡ ❘❡❢❡rê♥❝✐❛✱ sã♦ ❞❡♠♦♥str❛❞❛s ♣❡❧♦s ❛❧✉♥♦s q✉❡ s❡ ❡♥❝♦♥✲
tr❛♠ ♥❡st❡ P❛❞rã♦ ❞❡ ❉❡s❡♠♣❡♥❤♦✳ ❊ss❡s ❛❧✉♥♦s ❞❡♠♦♥str❛♠ ❛t❡♥❞❡r às ❝♦♥❞✐çõ❡s
♠í♥✐♠❛s ♣❛r❛ q✉❡ ❛✈❛♥❝❡♠ ❡♠ s❡✉ ♣r♦❝❡ss♦ ❞❡ ❡s❝♦❧❛r✐③❛çã♦✱ ❛♦ r❡s♣♦♥❞❡r ❛♦s ✐t❡♥s
q✉❡ ❡①✐❣❡♠ ♠❛✐♦r ❞♦♠í♥✐♦ q✉❛♥t✐t❛t✐✈♦ ❡ q✉❛❧✐t❛t✐✈♦ ❞❡ ❝♦♠♣❡tê♥❝✐❛s✱ ❡♠ ❝♦♥s♦♥â♥❝✐❛
❝♦♠ ♦ s❡✉ ♣❡rí♦❞♦ ❡s❝♦❧❛r✳ ➱ ♣r❡❝✐s♦ ❡st✐♠✉❧❛r ❛t✐✈✐❞❛❞❡s ❞❡ ❛♣r♦❢✉♥❞❛♠❡♥t♦ ❝♦♠
❡ss❡s ❛❧✉♥♦s✱ ♣❛r❛ q✉❡ ♣♦ss❛♠ ❛✈❛♥ç❛r ❛✐♥❞❛ ♠❛✐s ❡♠ s❡✉s ❝♦♥❤❡❝✐♠❡♥t♦s✳

• ❘❡❝♦♠❡♥❞❛❞♦ ✲ ◗✉❛♥❞♦ ♦ ❛❧✉♥♦ ❞❡♠♦♥str❛✱ ♥♦s t❡st❡s ❞❡ ♣r♦✜❝✐ê♥❝✐❛✱ ✐r ❛❧é♠ ❞♦
q✉❡ é ❝♦♥s✐❞❡r❛❞♦ ❜ás✐❝♦ ♣❛r❛ ❛ s✉❛ ❡t❛♣❛ ❡s❝♦❧❛r✱ ❝♦♠♦ ♦❝♦rr❡ ❝♦♠ ♦s ❛❧✉♥♦s q✉❡
s❡ ❡♥❝♦♥tr❛♠ ♥❡st❡ P❛❞rã♦ ❞❡ ❉❡s❡♠♣❡♥❤♦✱ é ♥❡❝❡ssár✐♦ ♣r♦♣♦r❝✐♦♥❛r ❞❡s❛✜♦s ❛ ❡ss❡
♣ú❜❧✐❝♦✱ ♣❛r❛ ♠❛♥t❡r s❡✉ ✐♥t❡r❡ss❡ ♣❡❧❛ ❡s❝♦❧❛ ❡ ❛✉①✐❧✐á✲❧♦ ❛ ❛♣r✐♠♦r❛r ❝❛❞❛ ✈❡③ ♠❛✐s
s❡✉s ❝♦♥❤❡❝✐♠❡♥t♦s✳ ❊ss❡s ❛❧✉♥♦s ❝♦st✉♠❛♠ r❡s♣♦♥❞❡r ❝♦rr❡t❛♠❡♥t❡✱ ❝♦♠ ❜❛s❡ ♥❛
▼❛tr✐③ ❞❡ ❘❡❢❡rê♥❝✐❛✱ ❛ ✉♠ ♠❛✐♦r q✉❛♥t✐t❛t✐✈♦ ❞❡ ✐t❡♥s✱ ❡♥❣❧♦❜❛♥❞♦ ❛q✉❡❧❡s q✉❡ ❛✈❛✲
❧✐❛♠ ❛s ❤❛❜✐❧✐❞❛❞❡s ❝♦♥s✐❞❡r❛❞❛s ♠❛✐s ❝♦♠♣❧❡①❛s ❡✱ ♣♦rt❛♥t♦✱ ❝♦♠ ♠❡♥♦r ♣❡r❝❡♥t✉❛❧
❞❡ ❛❝❡rt♦s✱ ♦ q✉❡ s✉❣❡r❡ ❛ s✐st❡♠❛t✐③❛çã♦ ❞♦ ♣r♦❝❡ss♦ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❡ ❢♦r♠❛ ❝♦♥✲
s♦❧✐❞❛❞❛ ♣❛r❛ ❛q✉❡❧❛ ❡t❛♣❛ ❞❡ ❡s❝♦❧❛r✐❞❛❞❡✳ ❊♥tr❡t❛♥t♦✱ ❤á q✉❡ s❡ ❝♦♥s✐❞❡r❛r q✉❡ ♦
❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❝♦❣♥✐t✐✈♦ é ❝♦♥tí♥✉♦✱ ♣❡r♠✐t✐♥❞♦ ❛♣r❡♥❞✐③❛❣❡♥s ❝♦♥st❛♥t❡s✱ ❝♦♥❢♦r♠❡
♦s ❡stí♠✉❧♦s r❡❝❡❜✐❞♦s✳

❆ ✜❣✉r❛ ✶✳✺ ❛♣r❡s❡♥t❛ ♦s r❡s✉❧t❛❞♦s ❞❛s ❛✈❛❧✐❛çõ❡s ❞❡ ♠❛t❡♠át✐❝❛ ❛♣❧✐❝❛❞❛s ♥♦ ✸♦ ❛♥♦
❞♦ ❊♥s✐♥♦ ▼é❞✐♦ ❡♠ t♦❞♦ ❊st❛❞♦ ❞❡ ▼✐♥❛s ●❡r❛✐s ❡♠ ✷✵✶✷✱ ✷✵✶✸ ❡ ✷✵✶✹✳ ❊st❡s ❞❛❞♦s ❢♦r❛♠
r❡t✐r❛❞♦s ❞❡ ❬✷✵❪✳

❋✐❣✉r❛ ✶✳✹✿ ❧❡❣❡♥❞❛

❋✐❣✉r❛ ✶✳✺✿ ❘❡s✉❧t❛❞♦s✿ ✷✵✶✷✱ ✷✵✶✸ ❡ ✷✵✶✹
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◆❛ ✜❣✉r❛ ✶✳✺✱ ♥♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❡stã♦ ✐♥❞✐❝❛❞♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❛❧✉♥♦s q✉❡ ❢♦r❛♠
❛✈❛❧✐❛❞♦s ❡♠ ✷✵✶✹✳ ❱✐♥❝✉❧❛❞♦s ❛ s✉♣❡r✐♥t❡♥❞ê♥❝✐❛ r❡❣✐♦♥❛❧ ❞❡ P♦♥t❡ ◆♦✈❛✱ ❢♦r❛♠ ❛✈❛❧✐❛❞♦s
✷✻✼✼ ❛❧✉♥♦s ❡ ❡♠ t♦❞♦ ❡st❛❞♦ ❞❡ ▼✐♥❛s✱ ✶✺✼✸✶✼ ❛❧✉♥♦s✳ ❈❛❧❝✉❧❛♥❞♦ ❛s ♣♦r❝❡♥t❛❣❡♥s ❞❡ss❡s
✈❛❧♦r❡s ♦❜t❡♠♦s ♦s ✈❛❧♦r❡s ❛❜s♦❧✉t♦s ❞♦s ❛❧✉♥♦s ❡♠ ❝❛❞❛ ❝❛t❡❣♦r✐❛✳

◆♦ ❞❡ ❛❧✉♥♦s ❇❛✐①♦ ■♥t❡r♠❡❞✐ár✐♦ ❘❡❝♦♠❡♥❞❛❞♦
❙❘❊ ✶✻✽✾ ✽✼✾ ✶✵✾

▼✐♥❛s ●❡r❛✐s ✾✼✵✻✹ ✺✸✸✸✶ ✻✾✷✷

❇❛st❛ ✉♠❛ s✐♠♣❧❡s ✐♥s♣❡çã♦ ♥♦s r❡s✉❧t❛❞♦s ❞❛ ✜❣✉r❛ ✶✳✺ ❡ ♥❛ t❛❜❡❧❛ ♣❛r❛ ♥♦t❛r♠♦s q✉❡
♦s r❡s✉❧t❛❞♦s ♥ã♦ sã♦ s❛t✐s❢❛tór✐♦s✳ P♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ♥♦s ú❧t✐♠♦s três ❛♥♦s ♥ã♦ ❤♦✉✈❡
❛✈❛♥ç♦ ❡ ♠❡❧❤♦r✐❛s ♥♦s r❡s✉❧t❛❞♦s ❞❡st❛s ❛✈❛❧✐❛çõ❡s✳ ◆❛ ✈❡r❞❛❞❡ ❤♦✉✈❡ ✉♠ r❡tr♦❝❡ss♦✱ ♣♦✐s
♦s ❛❧✉♥♦s ❞❛ ❝❛t❡❣♦r✐❛ ✐♥t❡r♠❡❞✐ár✐❛ ❡stã♦ ♠✐❣r❛♥❞♦ ♣❛r❛ ❛ ❝❛t❡❣♦r✐❛ ❞❡ ❜❛✐①♦ ❞❡s❡♠♣❡♥❤♦✳
❊ s❡ ♦❧❤❛r♠♦s ❛s ♣♦r❝❡♥t❛❣❡♥s ❡♠ ❝❛❞❛ ❝❛t❡❣♦r✐❛✱ t❡♠♦s ♣❛r❛ ❝❛❞❛ ❣r✉♣♦ ❞❡ ✶✵✵ ❛❧✉♥♦s
❛✈❛❧✐❛❞♦s✱ ❛♣❡♥❛s ✹ ♦✉ ✺ ❛t✐♥❣✐r❛♠ ♦ r❡❝♦♠❡♥❞❛❞♦✱ ♦✉ s❡❥❛✱ ✉♠❛ ♣❡q✉❡♥❛ ♣❛r❝❡❧❛ ❛❞q✉✐r✐r❛♠
❛s ❤❛❜✐❧✐❞❛❞❡s ❡ ❝♦♠♣❡tê♥❝✐❛s ❡s♣❡r❛❞❛s ♣❛r❛ ✉♠ ❛❧✉♥♦ q✉❡ ❡stá ❝♦♥❝❧✉✐♥❞♦ ♦ ❡♥s✐♥♦ ♠é❞✐♦✳

❖✉tr❛s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ♦ ❙✐♠❛✈❡ ❡ s❡✉s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❛❝❡ss❛❞♦s ♥♦ ❡♥❞❡r❡ç♦✿
❤tt♣✿✴✴❝r✈✳❡❞✉❝❛❝❛♦✳♠❣✳❣♦✈✳❜r✴s✐st❡♠❛❴❝r✈

✶✳✷ ❚❡❝♥♦❧♦❣✐❛ ♥❛ ❡s❝♦❧❛

❆s ♥♦✈❛s t❡❝♥♦❧♦❣✐❛s ❡stã♦ ♣r❡s❡♥t❡s ❡♠ t♦❞❛ ♣❛rt❡✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♥tr❡ ♦ ♣ú❜❧✐❝♦
❥♦✈❡♠✱ q✉❡ ❡♠ ❣❡r❛❧✱ ♣♦ss✉❡♠ ♦✉ t❡♠ ❛❝❡ss♦ à ❝♦♠♣✉t❛❞♦r❡s✱ ❝❡❧✉❧❛r❡s✱ t❛❜❧❡ts✱ ❡t❝✳ ■♥✲
❢❡❧✐③♠❡♥t❡✱ ♥❛ ♠❛✐♦r✐❛ ❞❛s ✈❡③❡s ♦s r❡❝✉rs♦s ❞❡ss❛s t❡❝♥♦❧♦❣✐❛s sã♦ ✉t✐❧✐③❛❞♦s ❛♣❡♥❛s ♣❛r❛
❡♥tr❡t❡♥✐♠❡♥t♦✱ t❛✐s ❝♦♠♦✱ ❛❝❡ss❛r r❡❞❡s s♦❝✐❛✐s✱ ♦✉✈✐r ♠ús✐❝❛s✱ ❛ss✐st✐r ✈í❞❡♦s ❡ ❥♦❣❛r ❥♦✲
❣♦s ❡❧❡trô♥✐❝♦s✱ ♠❛s ❞❡♠♦♥str❛♠ ❢❛❧t❛ ❞❡ ❤❛❜✐❧✐❞❛❞❡s ♣❛r❛ ✉s❛r ❡q✉✐♣❛♠❡♥t♦s ❡ ❛♣❧✐❝❛t✐✈♦s
❜ás✐❝♦s ❝♦♠♦✱ ♣❧❛♥✐❧❤❛s ❡❧❡trô♥✐❝❛s✱ ❡❞✐t♦r ❞❡ t❡①t♦s✱ ❡❞✐t♦r ❞❡ s❧✐❞❡s✱ ❝❛❧❝✉❧❛❞♦r❛s✱❡t❝✳✱ ♦✉
s❡❥❛✱ ♦s r❡❝✉rs♦s sã♦ s✉❜✉t✐❧✐③❛❞♦s✳ ❖✉tr❛s ■♥❢♦r♠❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ♥♦ ❡♥❞❡r❡ç♦✿
❤tt♣✿✴✴❡❞✉❝❛r♣❛r❛❝r❡s❝❡r✳❛❜r✐❧✳❝♦♠✳❜r✴❝♦♠♣♦rt❛♠❡♥t♦✴❣❡r❛❝❛♦✲✐♥t❡r❛t✐✈❛✲✹✷✼✸✷✽✳s❤t♠❧

❆t✉❛❧♠❡♥t❡✱ ♣r❛t✐❝❛♠❡♥t❡ t♦❞❛s ❛s ár❡❛s ❞❛ s♦❝✐❡❞❛❞❡ ✉s✉❢r✉❡♠ ❞❡ ❡q✉✐♣❛♠❡♥t♦s
t❡❝♥♦❧ó❣✐❝♦s q✉❡ s✉r❣❡♠ ♣❛r❛ ♠❡❧❤♦r❛r ❛s ❛t✐✈✐❞❛❞❡s ❡ ♥❡❝❡ss✐❞❛❞❡s ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ár❡❛s ❡♠
q✉❡stã♦✱ ❛ss✐♠ é ✐♠♣♦ssí✈❡❧ ✐♠❛❣✐♥❛r ❛ ❡❞✉❝❛çã♦ s❡♠ ❛ ✉t✐❧✐③❛çã♦ ❞❛s t❡❝♥♦❧♦❣✐❛s✳ P❡♥s❛♥❞♦
♥❛ ❡s❝♦❧❛ ❡ ♥❛ s✉❜✉t✐❧✐③❛çã♦ ❞❛s t❡❝♥♦❧♦❣✐❛s✱ ♦s r❡❝✉rs♦s t❡❝♥♦❧ó❣✐❝♦s ♣r❡❝✐s❛♠ s❡r ✉s❛❞♦s ❞❡
♠❛♥❡✐r❛ ❝♦rr❡t❛ ❞❡ ♠♦❞♦ ❛ ✐♥st✐❣❛r ♠❛✐s ❡ ♠❛✐s ❛ ❜✉s❝❛ ♣❡❧♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣♦r ♣❛rt❡ ❞♦s
❛❧✉♥♦s✱ ❞❡ ❢♦r♠❛ q✉❡ ❛s ❛✉❧❛s s❡ t♦r♥❡♠ ❞✐♥â♠✐❝❛s✱ ♠♦t✐✈❛❞♦r❛s ❡ ❛tr❛t✐✈❛s✳

✷✽



❬✽❪❆ ✐♥❝♦r♣♦r❛çã♦ ❞❛s ✐♥♦✈❛çõ❡s t❡❝♥♦❧ó❣✐❝❛s só t❡♠ s❡♥t✐❞♦ s❡ ❝♦♥tr✐❜✉✐r
♣❛r❛ ❛ ♠❡❧❤♦r✐❛ ❞❛ q✉❛❧✐❞❛❞❡ ❞❡ ❡♥s✐♥♦✳ ❆ s✐♠♣❧❡s ♣r❡s❡♥ç❛ ❞❡ ♥♦✈❛s t❡❝♥♦❧♦✲
❣✐❛s ♥❛ ❡s❝♦❧❛ ♥ã♦ é✱ ♣♦r s✐ só✱ ❣❛r❛♥t✐❛ ❞❡ ♠❛✐♦r q✉❛❧✐❞❛❞❡ ♥❛ ❡❞✉❝❛çã♦✳

❆♣❡s❛r ❞❡ t♦❞♦s ♦s ❜❡♥❡❢í❝✐♦s ❞❛ t❡❝♥♦❧♦❣✐❛✱ ✉♠❛ ❛t❡♥çã♦ ❞❡✈❡ s❡r ❞❛❞❛
♣❛r❛ q✉❡ s✉❛ ✉t✐❧✐③❛çã♦ ♥ã♦ t♦r♥❡ ❝❛♥s❛t✐✈♦ ♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥str✉çã♦ ❞♦ ❝♦✲
♥❤❡❝✐♠❡♥t♦✳ ❆ t❡❝♥♦❧♦❣✐❛ ❞❡✈❡ s❡r ✉t✐❧✐③❛❞❛ ❞❡ ♠❛♥❡✐r❛ ❞✐❞át✐❝♦✲♣❡❞❛❣ó❣✐❝❛✱
❞❡ ♠♦❞♦ ❛ ❛❣r❡❣❛r ❝♦♥❤❡❝✐♠❡♥t♦ ❛♦s ❛❧✉♥♦s✳

❖ q✉❡ ♦s ♣r♦❢❡ss♦r❡s ❞❡✈❡♠ ❢❛③❡r é s❡❧❡❝✐♦♥❛r ♣♦♥t♦s ❝rít✐❝♦s ❞❡ ✉♠ ❝✉rs♦
♦✉ ❞❡ ✉♠❛ ✉♥✐❞❛❞❡ ❞♦ ❝✉rs♦ ♥♦ q✉❛❧ ♦ tr❛❜❛❧❤♦ ❡①✐❣✐❞♦ ♥❛ ✉t✐❧✐③❛çã♦ ❞❛ t❡❝✲
♥♦❧♦❣✐❛ é ♠❛✐s ❜❡♠ ❡♠♣r❡❣❛❞♦ ♣❛r❛ ✐❧✉str❛r ♦ ♣r♦❣r❡ss♦ ❞❛ ❛♣r❡♥❞✐③❛❣❡♠ ❡ ❛
❛q✉✐s✐çã♦ ❞❡ ❝♦♥❤❡❝✐♠❡♥t♦✱ ♣♦✐s ❛ s✐♠♣❧❡s ♣r❡s❡♥ç❛ ❞❛ t❡❝♥♦❧♦❣✐❛ ♥❛ s❛❧❛ ❞❡
❛✉❧❛ ♥ã♦ ❣❛r❛♥t❡ ♠✉❞❛♥ç❛s ♥❛ ❢♦r♠❛ ❞❡ ❡♥s✐♥❛r ❡ ❛♣r❡♥❞❡r✳ ❆ ✐♥tr♦❞✉çã♦
❞❛s t❡❝♥♦❧♦❣✐❛s só t❡♠ s❡♥t✐❞♦ s❡ ❢♦r r❡❛❧✐③❛❞❛ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♠❡❧❤♦r❛r ❛
q✉❛❧✐❞❛❞❡ ❞❡ ❡♥s✐♥♦✱ ♣r♦♣♦r❝✐♦♥❛♥❞♦ ✉♠ ♣r♦❝❡ss♦ ❞❡ ❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠ ❞❡
❢♦r♠❛ ♣♦s✐t✐✈❛✳

❊♥tã♦ s✉r❣❡ ♦ q✉❡st✐♦♥❛♠❡♥t♦✿ ♦ q✉❡ é ♥❡❝❡ssár✐♦ ♣❛r❛ ✐♥s❡r✐r ❞❡ ❢♦r♠❛ ❡❢❡t✐✈❛ ❛s ♥♦✈❛s
t❡❝♥♦❧♦❣✐❛s ♥❛ ❡s❝♦❧❛❄ ❊①✐st❡♠ ✈ár✐♦s ❢❛t♦r❡s q✉❡ ❝♦♥tr✐❜✉❡♠ ♣❛r❛ ♦ s✉❝❡ss♦ ❞❡ ✉♠ ♣r♦❥❡t♦
❞❡ss❡ ♥í✈❡❧ ❡ ❛❧❣✉♥s ❞♦s ♣r✐♥❝✐♣❛✐s ❡stã♦ ❧✐st❛❞♦s ❛❜❛✐①♦✱ ❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✷✹❪
❡ ❬✷✷❪✳

• ❆ ♣r✐♥❝í♣✐♦✱ ♦ ❛♣❧✐❝❛t✐✈♦ ❛ s❡r ✉t✐❧✐③❛❞♦ ❞❡✈❡ s❡r ❞❡ ❢á❝✐❧ ♠❛♥✉s❡✐♦✱ t❡♥❤❛ ✉♠❛ ❧✐♥✲
❣✉❛❣❡♠ s✐♠♣❧❡s✱ ❛♣r❡s❡♥t❡ ✐♥t❡r❢❛❝❡ ❛❣r❛❞á✈❡❧✱ ❝✉♠♣r❛ s❡✉ ♣❛♣❡❧ ♥♦ ♣r♦❝❡ss♦ ❡♥s✐♥♦✲
❛♣r❡♥❞✐③❛❣❡♠ ❡ ♥ã♦ ❣❡r❡ ô♥✉s ♣❛r❛ ♦ ✉s✉ár✐♦✳

• ➱ ♥❡❝❡ssár✐♦ q✉❡ ❛ ❡s❝♦❧❛ ♣♦ss✉❛ ✉♠ ❧❛❜♦r❛tór✐♦ ❞❡ ✐♥❢♦r♠át✐❝❛✱ ❡q✉✐♣❛❞♦ ❝♦♠ ❝♦♠♣✉✲
t❛❞♦r❡s q✉❡ ❡st❡❥❛♠ ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ✉s♦✱ ♣♦ss✐❜✐❧✐t❛♥❞♦ ❛♦s ❛❧✉♥♦s ❡ ♣r♦❢❡ss♦r❡s ♦ s❡✉
❛❝❡ss♦✳ ❙❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ♣r♦✜ss✐♦♥❛❧ ❡♠ ♠❛♥✉t❡♥çã♦ ❞❡ ❝♦♠♣✉t❛✲
❞♦r❡s ♥❛ ❡s❝♦❧❛✱ ♣♦✐s ❡q✉✐♣❛♠❡♥t♦s ❞❡ ✉s♦ ❝♦❧❡t✐✈♦ t❡♥❞❡♠ ❛ ❞❛r ❞❡❢❡✐t♦s ❝♦♠ ♠❛✐♦r
❢r❡qüê♥❝✐❛✳

• ❊ss❡ t✐♣♦ ❞❡ ♣r♦❥❡t♦ ❡①✐❣❡ ❝♦♥t✐♥✉✐❞❛❞❡✱ q✉❛❧q✉❡r ❝♦✐s❛ q✉❡ r❡s✉❧t❡ ♥❛ s✉❛ ✐♥t❡rr✉♣çã♦
❛❝❛❜❛ ❣❡r❛♥❞♦ ❞❡sâ♥✐♠♦ ♥♦s ❛❧✉♥♦s ❡ ♣r♦❢❡ss♦r❡s q✉❡ t❡♥❞❡♠ ❛ ❛❜❛♥❞♦♥á✲❧♦✳

• ❖ ♣r♦❢❡ss♦r ❞❡✈❡ ❡st❛r ❛t✉❛❧✐③❛❞♦ ❡ s❡♠♣r❡ q✉❡ ♣♦ssí✈❡❧ ♣❛rt✐❝✐♣❛r ❞❡ ❝✉rs♦s q✉❡ ❝♦♥✲
t❡♠♣❧❡♠ ❡ ❡♥s✐♥❡♠ ❛ ✉t✐❧✐③❛r ♥♦✈❛s t❡❝♥♦❧♦❣✐❛s✱ ♣♦✐s ❛✐♥❞❛ ❤♦❥❡ t❡♠♦s ♣r♦❢❡ss♦r❡s q✉❡
❞❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s ♥ã♦ s❛❜❡♠✿ ♠♦♥t❛r ✉♠ ❞❛t❛✲s❤♦✇✱ ❧✐❣❛r ❚❱ ✰ ❉❱❉✱ ✉s❛r ♦s ❛♣❧✐✲
❝❛t✐✈♦s ❜ás✐❝♦s ❞❡ ✉♠ ❝♦♠♣✉t❛❞♦r ✭❡❞✐t♦r❡s ❞❡ t❡①t♦s✱ ♣❧❛♥✐❧❤❛s ❡❧❡trô♥✐❝❛s ❡ ❡❞✐t♦r❡s
❞❡ s❧✐❞❡s✮ ❡ ❢❛③❡r ♣❡sq✉✐s❛s ♥❛ ✐♥t❡r♥❡t✳ ❆❧❣✉♥s ♥ã♦ ♣♦ss✉❡♠ ❡ ♥❡♠ ♠❡s♠♦ s❛❜❡♠
❡♥✈✐❛r ✉♠ ❡♠❛✐❧✳ ❆❧é♠ ❞❡ s❡ ♠❛♥t❡r ❛t✉❛❧✐③❛❞♦✱ ♦ ♣r♦❢❡ss♦r ❞❡✈❡ ♣r♦♣✐❝✐❛r ❛♦ ❛❧✉♥♦ ❛
❝❤❛♥❝❡ ❞❡ ❝♦♥✈❡rt❡r ❛ ❡♥♦r♠❡ q✉❛♥t✐❞❛❞❡ ❞❡ ✐♥❢♦r♠❛çã♦ q✉❡ ❡❧❡ ❛❞q✉✐r❡ ❡♠ ❝♦♥❤❡❝✐✲
♠❡♥t♦ ❛♣❧✐❝á✈❡❧ ♥❛ r❡s♦❧✉çã♦ ❞❡ ♣r♦❜❧❡♠❛s ❡ ❞❡✈❡ ✐♥❝❡♥t✐✈❛r ♦ ♣r♦❝❡ss♦ ❞❡ ♠❡❧❤♦r✐❛s
❝♦♥tí♥✉❛s✳ ❈❛❜❡ ❛♦ ♣r♦❢❡ss♦r s❡r ❞❡s❛✜❛❞♦r✱ ♠❛♥t❡♥❞♦ ✈✐✈♦ ♦ ✐♥t❡r❡ss❡ ❞♦ ❛❧✉♥♦ ❡♠
❝♦♥t✐♥✉❛r ❛ ❜✉s❝❛r ♥♦✈♦s ❝♦♥❝❡✐t♦s ❡ ♣r♦♠♦✈❡r r❡❧❛çõ❡s s♦❝✐❛✐s ❞❡ ♠♦❞♦ q✉❡ ♦s ❛❧✉♥♦s
♣♦ss❛♠ ❛♣r❡♥❞❡r ✉♥s ❝♦♠ ♦s ♦✉tr♦s✳

✷✾



• ✭❉✐s❝❡♥t❡s✮ ❖ ❛❧✉♥♦ ❞❡✈❡ ❡st❛r ❜✉s❝❛♥❞♦ ♦ ❛♣r✐♠♦r❛♠❡♥t♦ ❞❡ s✉❛s ✐❞❡✐❛s ❡ ❤❛❜✐❧✐❞❛❞❡s
❡ s♦❧✐❝✐t❛r ❞♦ s✐st❡♠❛ ❡❞✉❝❛❝✐♦♥❛❧ ❛ ❝r✐❛çã♦ ❞❡ s✐t✉❛çõ❡s q✉❡ ♣❡r♠✐t❛♠ ❡ss❡ ❛♣r✐♠♦r❛✲
♠❡♥t♦✳ P♦rt❛♥t♦✱ ❞❡✈❡ s❛✐r ❞❛ ♣❛ss✐✈✐❞❛❞❡ ♣❛r❛ s❡ t♦r♥❛r ❛t✐✈♦ ❝❛ç❛❞♦r ❞❛ ✐♥❢♦r♠❛çã♦✱
❞❡ ♣r♦❜❧❡♠❛s ♣❛r❛ r❡s♦❧✈❡r ❡ ❞❡ ❛ss✉♥t♦s ♣❛r❛ ♣❡sq✉✐s❛r✳ ■ss♦ ✐♠♣❧✐❝❛ s❡r ❝❛♣❛③ ❞❡ ❛s✲
s✉♠✐r r❡s♣♦♥s❛❜✐❧✐❞❛❞❡s✱ t♦♠❛r ❞❡❝✐sõ❡s ❡ ❜✉s❝❛r s♦❧✉çõ❡s ♣❛r❛ ♣r♦❜❧❡♠❛s ❝♦♠♣❧❡①♦s
q✉❡ ♥ã♦ ❢♦r❛♠ ♣❡♥s❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡ ❡ q✉❡ ♥ã♦ ♣♦❞❡♠ s❡r ❛t❛❝❛❞♦s ❞❡ ❢♦r♠❛ ❢r❛❣✲
♠❡♥t❛❞❛✳ ❋✐♥❛❧♠❡♥t❡✱ ❡❧❡ ❞❡✈❡ ❞❡s❡♥✈♦❧✈❡r ❤❛❜✐❧✐❞❛❞❡s✱ ❝♦♠♦ t❡r ❛✉t♦♥♦♠✐❛✱ s❛❜❡r
♣❡♥s❛r✱ ❝r✐❛r✱ ❛♣r❡♥❞❡r ❛ ❛♣r❡♥❞❡r✱ ❞❡ ♠♦❞♦ q✉❡ ♣♦ss❛ ❝♦♥t✐♥✉❛r ♦ ❛♣r✐♠♦r❛♠❡♥t♦ ❞❡
s✉❛s ✐❞❡✐❛s ❡ ❛çõ❡s✱ s❡♠ ❡st❛r ✈✐♥❝✉❧❛❞♦ ❛ ✉♠ s✐st❡♠❛ ❡❞✉❝❛❝✐♦♥❛❧✳ ❊❧❡ ❞❡✈❡ t❡r ❝❧❛r♦
q✉❡ ❛♣r❡♥❞❡r é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ s♦❜r❡✈✐✈❡r ♥❛ s♦❝✐❡❞❛❞❡ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✳

• ✭●❡stã♦ ❊s❝♦❧❛r✮ ❖s ❝♦♥tr♦❧❡s ❝❡♥tr❛❧✐③❛❞♦s t❡rã♦ q✉❡ s❡r s✉❜st✐t✉í❞♦s ♣♦r ❢♦r♠❛s ❞❡
❛❞♠✐♥✐str❛r ♠❛✐s ✢❡①í✈❡✐s✱ r❡q✉❡r❡♥❞♦✱ ♣❛r❛ t❛♥t♦✱ ♠❛✐♦r ❛✉t♦♥♦♠✐❛ ❞❡ s❡✉s ♠❡♠❜r♦s✱
❡s♣❡❝✐❛❧♠❡♥t❡ ❞♦s ♣r♦❢❡ss♦r❡s✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ♦s ♣r♦❢❡ss♦r❡s s❡rã♦ t❛♠❜é♠ ❣❡st♦r❡s
❞❡ss❡ ♣r♦❝❡ss♦ ❡❞✉❝❛t✐✈♦✳ P♦rt❛♥t♦✱ ♦ s❡✉ tr❛❜❛❧❤♦ ♥ã♦ ♣♦❞❡rá ♠❛✐s s❡r ❝♦♥❝❡❜✐❞♦
✐s♦❧❛❞❛♠❡♥t❡✱ ♠❛s✱ s✐♠✱ ❡♠ ❝♦♥❥✉♥t♦ ❝♦♠ ♦s ❝♦❧❡❣❛s ❡ ❛ ♣❛rt✐r ❞❡ ♣r♦♣♦st❛s ♠❛✐s ❛♠♣❧❛s
q✉❡ ❡①tr❛♣♦❧❛♠ ♦s ❧✐♠✐t❡s ❞❡ ✉♠❛ ❞✐s❝✐♣❧✐♥❛ ♦✉ ❞❡ ✉♠❛ s❛❧❛ ❞❡ ❛✉❧❛✳ ❈❛❜❡ ❛ ❣❡stã♦
❡s❝♦❧❛r ✐♥❝❡♥t✐✈❛r ❡ ♣r♦♣✐❝✐❛r ❛♦ ♣r♦❢❡ss♦r ❛ ❜✉s❝❛ ❞❡ ♥♦✈♦s ❝♦♥❤❡❝✐♠❡♥t♦s✱ ♣❛r❛ ✐ss♦
❞❡✈❡ ❜✉s❝❛r ❥✉♥t♦ ❛ s❡❝r❡t❛r✐❛ ❡ s✉♣❡r✐♥t❡♥❞ê♥❝✐❛s ❞❡ ❡❞✉❝❛çã♦ ❝✉rs♦s ❞❡ ❝❛♣❛❝✐t❛çã♦
q✉❡ ♣♦ss❛♠ tr❡✐♥❛r ♦s ♣r♦❢❡ss♦r❡s ❛ ✉t✐❧✐③❛r❡♠ ❛s t❡❝♥♦❧♦❣✐❛s ❛t✉❛✐s✳ ◆❡ss❡ s❡♥t✐❞♦✱ ❛
❣❡stã♦ ❞❛ ❡s❝♦❧❛ ❞❡✈❡ ❡st❛r ✈♦❧t❛❞❛ ♣❛r❛ ❢❛❝✐❧✐t❛r ♦s ♣r♦❝❡ss♦s ❞❡ ❛♣r❡♥❞✐③❛❣❡♠✱ ♥ã♦ só
❞♦s ❛❧✉♥♦s✱ ♠❛s ❞❡ t♦❞♦s ♦ s❡✉s ♠❡♠❜r♦s✱ ❛♣r✐♠♦r❛♥❞♦ ❝♦♥st❛♥t❡♠❡♥t❡ ♦s ♠❡❝❛♥✐s♠♦s
❞❡ ❣❡stã♦ ❡ ❞❡ ❡♥s✐♥♦✲❛♣r❡♥❞✐③❛❣❡♠✳

• ✭P❛✐s ♦✉ r❡s♣♦♥sá✈❡✐s✮ ❆ ❢♦r♠❛çã♦ ❞♦ ❛♣r❡♥❞✐③ ❞❛ s♦❝✐❡❞❛❞❡ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♥ã♦
❞❡✈❡rá s❡r r❡str✐t❛ à ❡s❝♦❧❛ ❡ ♥ã♦ ♣♦❞❡rá ✜❝❛r ❛ ❝❛r❣♦ s♦♠❡♥t❡ ❞♦ ♣r♦❢❡ss♦r✳ ❊❧❛
♦❝♦rr❡rá ❡♠ t♦❞♦s ♦s s❡t♦r❡s✱ ❡ ❛♣r❡♥❞❡r s❡rá ❛ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❛t✐✈✐❞❛❞❡ ❞♦ ♥♦ss♦
❞✐❛✲❛✲❞✐❛✳ ❖ ❧❛r ❞♦ ❛❧✉♥♦ ❞❡✈❡rá s❡ t♦r♥❛r ✉♠ ✐♠♣♦rt❛♥t❡ ❝❡♥tr♦ ❞❡ ❛♣r❡♥❞✐③❛❣❡♠✳ P❛r❛
✐ss♦ ♦s ♣❛✐s ❞❡✈❡rã♦ ❡st✐♠✉❧❛r✱ ❝♦♥tr✐❜✉✐r ♣❛r❛ ❛ ❛♣r❡♥❞✐③❛❣❡♠ ❞♦s ✜❧❤♦s ❡ ❛ss✉♠✐r ✉♠
♣❛♣❡❧ ♠❛✐s ❛t✐✈♦ ♥❛ ❡s❝♦❧❛✱ ❝♦♥tr✐❜✉✐♥❞♦ ❝♦♠ ❛ s✉❛ ❡①♣❡r✐ê♥❝✐❛✱ ❝♦♠♣❛rt✐❧❤❛♥❞♦✲❛ ❝♦♠
♦s ❛❧✉♥♦s ❡ ♣r♦❢❡ss♦r❡s q✉❡ tê♠ ✐♥t❡r❡ss❡s s❡♠❡❧❤❛♥t❡s ♦✉ ❛✉①✐❧✐❛♥❞♦ ❛s ❛t✐✈✐❞❛❞❡s ❞❡
❣❡stã♦ ♦✉ ♣❡❞❛❣ó❣✐❝❛s✳

❙❡♠ ❡ss❡s r❡q✉✐s✐t♦s é ♣r❛t✐❝❛♠❡♥t❡ ✐♠♣♦ssí✈❡❧ q✉❡ q✉❛❧q✉❡r ♣r♦❥❡t♦ ✐♠♣❧❛♥t❛❞♦ ♥❛
❡s❝♦❧❛ r❡s✉❧t❡ ❡♠ s✉❝❡ss♦✳ ◆♦t❡ q✉❡ ♦s q✉❛tr♦ ú❧t✐♠♦s ✐t❡♥s ❝♦♥st✐t✉❡♠ ❛ ❝♦♠✉♥✐❞❛❞❡ ❡s❝♦❧❛r✳

✶✳✸ ●❡♦●❡❜r❛

P❡♥s❛♥❞♦ ♥❛ ♠❛t❡♠át✐❝❛✱ ❝♦♠♦ ♣♦❞❡♠♦s ✉s❛r ❛s t❡❝♥♦❧♦❣✐❛s ♣❛r❛ t♦r♥❛r ♥♦ss❛s ❛✉❧❛s
♠❛✐s ❞✐♥â♠✐❝❛s ❡ ♣❛rt✐❝✐♣❛t✐✈❛s❄ ❆t✉❛❧♠❡♥t❡ ❤á ✈ár✐♦s s♦❢t✇❛r❡s ❡❞✉❝❛t✐✈♦s q✉❡ ♣♦❞❡♠
❛✉①✐❧✐❛r ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦s ❝♦♥t❡ú❞♦s ♠❛t❡♠át✐❝♦s ❡ ❢❛❝✐❧✐t❛r ❛ ❝♦♠♣r❡❡♥sã♦ ❞❡ s❡✉s
❝♦♥❝❡✐t♦s✳ ❉❡♥tr❡ ♦s ✸ s♦❢t✇❛r❡s ▼❛t❡♠át✐❝♦s✱ ❧✐st❛♠♦s ❛❧❣✉♥s q✉❡ sã♦ út❡✐s ♣❛r❛ ♦ ❡♥s✐♥♦ ❡
❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ♠❛t❡♠át✐❝❛✳

✸❚♦❞♦s ♦s s♦❢t✇❛r❡s ❧✐st❛❞♦s sã♦ ❧✐✈r❡s✳

✸✵



• ❖ ▼❛①✐♠❛ é ✉♠ s✐st❡♠❛ ♣❛r❛ ❛ ♠❛♥✐♣✉❧❛çã♦ ❞❡ ❡①♣r❡ssõ❡s s✐♠❜ó❧✐❝❛s ❡ ♥✉♠ér✐❝❛s✱
✐♥❝❧✉✐♥❞♦ ❞✐❢❡r❡♥❝✐❛çã♦✱ ✐♥t❡❣r❛çã♦✱ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✱ s✐st❡♠❛s ❞❡ ❡q✉❛✲
çõ❡s ❧✐♥❡❛r❡s✱ ✈❡t♦r❡s✱ ♠❛tr✐③❡s✱ ❡♥tr❡ ♦✉tr♦s✳ ❖ ▼❛①✐♠❛ ♣r♦❞✉③ r❡s✉❧t❛❞♦s ❞❡ ♣r❡❝✐sã♦
❡❧❡✈❛❞❛✱ ❡ ♣♦❞❡ tr❛ç❛r ❢✉♥çõ❡s ❡ ❞❛❞♦s ❡♠ ❞✉❛s ❡ três ❞✐♠❡♥sõ❡s✳

• ❖ P♦❧② ♣❡r♠✐t❡ ❛ ✐♥✈❡st✐❣❛çã♦ ❞❡ só❧✐❞♦s tr✐❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡ ❝♦♠ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡
♠♦✈✐♠❡♥t♦✱ ❞✐♠❡♥s✐♦♥❛❧♠❡♥t❡ ♣❧❛♥✐✜❝❛çã♦ ❡ ❞❡ ✈✐st❛ t♦♣♦❧ó❣✐❝❛✳ ➱ ✉♠ ♣r♦❣r❛♠❛
✐❞❡❛❧ ♣❛r❛ ♦ ❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛ ●❡♦♠❡tr✐❛ ❊s♣❛❝✐❛❧✱ ♣♦✐s✱ ❢❛❝✐❧✐t❛ ❛ ✈✐s✉❛❧✐③❛çã♦
❡ ❝♦♥str✉çã♦ ❞❛s ✜❣✉r❛s ❡♠ ✸❉✳

• ❖ ▼✉P❛❞ é ✉♠ s♦❢t✇❛r❡ ❞❡ ❝♦♠♣✉t❛çã♦ ❛❧❣é❜r✐❝❛ ❞❡ ♣r♦♣ós✐t♦ ❣❡r❛❧✳ P❡r♠✐t❡ r❡✲
s♦❧✈❡r ❡q✉❛çõ❡s✱ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s✱ ✐♥❡q✉❛çõ❡s✱ ♦♣❡r❛r ❝♦♠ ♠❛tr✐③❡s✱ ❝❛❧❝✉❧❛r ❞❡✲
t❡r♠✐♥❛♥t❡s✱ tr❛❜❛❧❤❛r ❝♦♠ ♣♦❧✐♥ô♠✐♦s✱ ♣r♦♠♦✈❡r s✐♠♣❧✐✜❝❛çõ❡s ❡ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡
❡①♣r❡ssõ❡s✱ ❝❛❧❝✉❧❛r ❧✐♠✐t❡s✱ ❞❡r✐✈❛❞❛s✱ ✐♥t❡❣r❛✐s ❡ ❞✐✈❡rs❛s ♦✉tr❛s ❝♦✐s❛s✳ ❆❧é♠ ❞✐ss♦✱
tr❛ç❛ ❣rá✜❝♦s ❡♠ ✷❉ ❡ ✸❉✳

• ❖ ❙✉♣❡r▲♦❣♦ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ❡♠ ❞✐❢❡r❡♥t❡s ❛t✐✈✐❞❛❞❡s✱ ❡♥✈♦❧✈❡♥❞♦ ❞✐❢❡r❡♥t❡s
❞✐s❝✐♣❧✐♥❛s✱ ❡♠ ❞✐❢❡r❡♥t❡s ♥í✈❡✐s ❞❡ ❡♥s✐♥♦✳ ◆♦ ❡♥t❛♥t♦✱ ♥❛ ♠❛t❡♠át✐❝❛ ❞♦ ❊♥s✐♥♦ ▼é❞✐♦
♦ ♣r♦❣r❛♠❛ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♥♦ tr❛❜❛❧❤♦ ❝♦♠ ●❡♦♠❡tr✐❛ P❧❛♥❛✱ ❛❧é♠ ❞❡ ❝♦♥tr✐❜✉✐r
♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ r❛❝✐♦❝í♥✐♦ ❧ó❣✐❝♦ ❡ ♣♦ss✐❜✐❧✐t❛r ❛♦s ❛❧✉♥♦s ❛q✉✐s✐çã♦ ❞❡ ♥♦çõ❡s
❞❡ ♣r♦❣r❛♠❛çã♦✳

• ❖ ❲✐♥♣❧♦t é ✉♠ ♣r♦❣r❛♠❛ ♣❛r❛ ♣❧♦t❛r ❣rá✜❝♦s ❡♠ ✷❉ ❡ ✸❉ ❛ ♣❛rt✐r ❞❡ ❢✉♥çõ❡s
♦✉ ❡q✉❛çõ❡s ♠❛t❡♠át✐❝❛s✳ ❚❛♠❜é♠ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡❢❡t✉❛r ♦♣❡r❛çõ❡s ❡♥tr❡
❢✉♥çõ❡s✳

• ❖ ❑♠P❧♦t ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ❞❡s❡♥❤❛r ❛s ❢✉♥çõ❡s ❝❛rt❡s✐❛♥❛s✱ ♣❛r❛♠étr✐❝❛s ❡ ❛s
❢✉♥çõ❡s ♥❛s ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s✳ ❆❝❡✐t❛ ✈ár✐♦s ♠♦❞♦s ❞❡ ❣r❛❞❡ ❡ ♦s ❞❡s❡♥❤♦s ♣♦❞❡♠
s❡r ✐♠♣r❡ss♦s ❝♦♠ ❛❧t❛ ♣r❡❝✐sã♦ ♥❛ ❡s❝❛❧❛ ♣❡r❢❡✐t❛✳ P♦❞❡✲s❡ t❛♠❜é♠ ❞❡s❡♥❤❛r ✈ár✐❛s
❢✉♥çõ❡s s✐♠✉❧t❛♥❡❛♠❡♥t❡ ❡ ❝♦♠❜✐♥á✲❧❛s ♣❛r❛ ❝r✐❛r ❢✉♥çõ❡s ♥♦✈❛s✳

• ❖ ●❡♦●❡❜r❛ é ✉♠ s♦❢t✇❛r❡ ❞❡ ♠❛t❡♠át✐❝❛ ❞✐♥â♠✐❝❛ ♣❛r❛ ✉t✐❧✐③❛r ❡♠ ❛♠❜✐❡♥t❡ ❞❡
s❛❧❛ ❞❡ ❛✉❧❛✱ q✉❡ r❡ú♥❡ ●❡♦♠❡tr✐❛✱ ➪❧❣❡❜r❛ ❡ ❈á❧❝✉❧♦✳

• ❖ ❲✐♥♠❛t ♣❡r♠✐t❡ ❝♦♥str✉✐r ♠❛tr✐③❡s ❡ ♦♣❡r❛r ❝♦♠ ❡❧❛s✳ ➱ ♣♦ssí✈❡❧ tr❛❜❛❧❤❛r ❝♦♠
♥ú♠❡r♦s ✐♥t❡✐r♦s✱ r❡❛✐s ❡ ❝♦♠♣❧❡①♦s✳ ❉❡t❡r♠✐♥❛✱ ❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ ♠❛tr✐③ ✐♥✈❡rs❛✱
tr❛♥s♣♦st❛✱ ❞❡t❡r♠✐♥❛♥t❡✱ tr❛ç♦ ❞❛ ♠❛tr✐③ ❡ ♣♦❧✐♥ô♠✐♦ ❝❛r❛❝t❡ríst✐❝♦✳

◆♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❡ tr❛❜❛❧❤♦ ✈❛♠♦s ✉t✐❧✐③❛r ♦ s♦❢t✇❛r❡ ●❡♦●❡❜r❛✳ ❊st❡ s♦❢t✇❛r❡
❢♦✐ ❝r✐❛❞♦ ❡♠ ✷✵✵✶ ❝♦♠♦ t❡s❡ ❞❡ ▼❛r❦✉s ❍♦❤❡♥✇❛rt❡r ❡ ❛ s✉❛ ♣♦♣✉❧❛r✐❞❛❞❡ t❡♠ ❝r❡s❝✐❞♦
❞❡s❞❡ ❡♥tã♦✳ ❍♦❥❡✱ ♦ ●❡♦●❡❜r❛ é ✉s❛❞♦ ❡♠ ✶✾✵ ♣❛ís❡s ❡ tr❛❞✉③✐❞♦ ♣❛r❛ ✺✺ ✐❞✐♦♠❛s✳ ❆❧é♠
❞✐ss♦✱ ❡①✐st❡♠ ✻✷ ■♥st✐t✉t♦s ●❡♦●❡❜r❛ ❡♠ ✹✹ ♣❛ís❡s ♣❛r❛ ❞❛r s✉♣♦rt❡ ♣❛r❛ ♦ s❡✉ ✉s♦✳ ❖s
♣r✐♥❝✐♣❛✐s ✐♥st✐t✉t♦s ●❡♦●❡❜r❛ ♥♦ ❇r❛s✐❧ sã♦✿ ♦ ■♥st✐t✉t♦ ●❡♦●❡❜r❛ ❞❡ ❙ã♦ P❛✉❧♦✱ s❡❞✐❛❞♦ ♥❛
❋❛❝✉❧❞❛❞❡ ❞❡ ❈✐ê♥❝✐❛s ❊①❛t❛s ❡ ❚❡❝♥♦❧♦❣✐❛ ❞❛ P♦♥t✐❢í❝✐❛ ❯♥✐✈❡rs✐❞❛❞❡ ❈❛tó❧✐❝❛ ❞❡ ❙ã♦ P❛✉❧♦
✭P❯❈✲❙P✮ ❡ ♦ ■♥st✐t✉t♦ ●❡♦●❡❜r❛ ❞♦ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ s❡❞✐❛❞♦ ♥♦ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛
❡ ❊st❛tíst✐❝❛ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❋❧✉♠✐♥❡♥s❡✳ ❖s ♣r✐♥❝✐♣❛✐s ♦❜❥❡t✐✈♦s ❞❡ss❡s ✐♥st✐t✉t♦s
sã♦✿

✸✶



• ❞❡s❡♥✈♦❧✈❡r ♠❛t❡r✐❛✐s ❣r❛t✉✐t♦s ♥♦ tr❡✐♥❛♠❡♥t♦ ❞♦ ●❡♦●❡❜r❛ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ♦
❡♥s✐♥♦✱ ❛ ❛♣r❡♥❞✐③❛❣❡♠ ❡ ❛ ❞✐✈✉❧❣❛çã♦ ❞❛ ♠❛t❡♠át✐❝❛ ❛ t♦❞♦s ♦s ♣ú❜❧✐❝♦s✱

• ♦❢❡r❡❝❡r ♦✜❝✐♥❛s ✭✇♦r❦s❤♦♣s✮ ♣❛r❛ ♣r♦❢❡ss♦r❡s✱ ❝❡rt✐✜❝❛♥❞♦✲♦s ♥♦ ✉s♦ ❞❡st❡ ♠❛t❡r✐❛❧✳

• ❢❛③❡r ❢♦r♠❛çã♦ ♣r❡s❡♥❝✐❛❧ ❡ ❛ ❞✐stâ♥❝✐❛ ❞❡ ♣r♦❢❡ss♦r❡s ❡ ❛❧✉♥♦s ❞❡ ❧✐❝❡♥❝✐❛t✉r❛s ❡♠
♠❛t❡♠át✐❝❛✳

❖✉tr❛s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❡ss❡s ✐♥st✐t✉t♦s✱ ❜❡♠ ❝♦♠♦ ❛rt✐❣♦s ❡ tr❛❜❛❧❤♦s ♣♦r ❡❧❡s ❞❡✲
s❡♥✈♦❧✈✐❞♦s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✾❪ ❡ ❬✷✸❪✳

❖ ●❡♦●❡❜r❛ é ✉♠ s♦❢t✇❛r❡ ❞❡ ♠❛t❡♠át✐❝❛ ❞✐♥â♠✐❝❛ ✭♣❡r♠✐t❡ ❛♥✐♠❛r ♦❜❥❡t♦s ❡ s✐♠✉❧❛r
❝♦♥str✉çõ❡s ❡♠ s✉❛ ✐♥t❡r❢❛❝❡✮ ♣❛r❛ t♦❞♦s ♦s ♥í✈❡✐s ❞❡ ❡♥s✐♥♦✱ q✉❡ ❝♦♠❜✐♥❛ ❣❡♦♠❡tr✐❛✱ á❧❣❡❜r❛✱
t❛❜❡❧❛s✱ ❣rá✜❝♦s✱ ❡st❛tíst✐❝❛ ❡ ❝á❧❝✉❧♦ ♥✉♠❛ ú♥✐❝❛ ❛♣❧✐❝❛çã♦✳ ❖ ❞✐♥❛♠✐s♠♦ ❞❡ss❡ s♦❢t✇❛r❡
♣❡r♠✐t❡ q✉❡ ❛♦ r❡♣r❡s❡♥t❛r ❛ ❡①♣r❡ssã♦ ❛❧❣é❜r✐❝❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ♥❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛✱ ♦
❣rá✜❝♦ ❝♦rr❡s♣♦♥❞❡♥t❡ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✱ s❡♥❞♦ q✉❡ ❛s ❛❧t❡r❛çõ❡s ❡✴♦✉
❛♥✐♠❛çõ❡s ❢❡✐t❛s ❡♠ ♦❜❥❡t♦s sã♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ✈✐sí✈❡✐s ♥❛s ❥❛♥❡❧❛ ❛❧❣é❜r✐❝❛ ❡ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳
❆ss✐♠✱ ♦ ●❡♦●❡❜r❛ ❞á ❛♦s ♣r♦❢❡ss♦r❡s ❡ ❛❧✉♥♦s ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡①♣❧♦r❛r✱ ❝♦♥❥❡❝t✉r❛r✱
t❡st❛r ❤✐♣ót❡s❡s ❡ ✐♥✈❡st✐❣❛r ❝♦♠ ❞❡t❛❧❤❡s ♦s ♦❜❥❡t♦s ❡st✉❞❛❞♦s✳ ❊st❛s sã♦ ❛❧❣✉♠❛s
❞❛s ♣♦ss✐❜✐❧✐❞❛❞❡s q✉❡ s❡ ❛♣r❡s❡♥t❛♠ ♥♦ s♦❢t✇❛r❡ ●❡♦●❡❜r❛ ❞✐s♣♦♥í✈❡❧ ❣r❛t✉✐t❛♠❡♥t❡ ❡♠
❤tt♣✿✴✴✇✇✇✳❣❡♦❣❡❜r❛✳♦r❣

❖ ●❡♦●❡❜r❛ é ✉♠ ♣r♦❣r❛♠❛ ❞❡ ❢á❝✐❧ ✉t✐❧✐③❛çã♦✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ❝♦♥t❡ú❞♦ ❢✉♥çã♦✱
❡st✐♠❛✲s❡ q✉❡ ❡♠ ❞✉❛s ♦✉ três ❛✉❧❛s✱ ♥♦ ♠á①✐♠♦✱ s❡❥❛ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ✉♠ ✉s✉ár✐♦ s❡
❢❛♠✐❧✐❛r✐③❡ ❝♦♠ ♦ s♦❢t✇❛r❡ ❡ ❛♣r❡♥❞❛ ❛ ✉s❛r s✉❛s ❢❡rr❛♠❡♥t❛s ❜ás✐❝❛s✳ ❆❧é♠ ❞✐ss♦✱ tr❛❜❛❧❤♦s✱
❛rt✐❣♦s✱ t✉t♦r✐❛✐s ❡ ✈í❞❡♦s ♣♦❞❡♠ s❡r ❢❛❝✐❧♠❡♥t❡ ❡♥❝♦♥tr❛❞♦s ♥❛ ✐♥t❡r♥❡t ♣❛r❛ ♦ ❛✉①í❧✐♦ ♥♦
✉s♦ ❞❡st❡ s♦❢t✇❛r❡✳

❆ ✜❣✉r❛ ✶✳✻ r❡♣r❡s❡♥t❛ ❛ ✐♥t❡r❢❛❝❡ ❞♦ ●❡♦❣❡❜r❛ ✐♥❞✐❝❛♥❞♦ ♦s ♣r✐♥❝✐♣❛✐s ❡❧❡♠❡♥t♦s ❞❡ss❡
s♦❢t✇❛r❡✳

❋✐❣✉r❛ ✶✳✻✿ ■♥t❡r❢❛❝❡ ❞♦ ●❡♦●❡❜r❛

• ❊①✐❜✐r ♦✉ ❡s❝♦♥❞❡r ❛ ♠❛❧❤❛✿ ♣❡r♠✐t❡ ✐♥s❡r✐r ♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦ ❡ ❛ ♠❛❧❤❛ q✉❛❞r✐❝✉❧❛❞❛
♥❛ ár❡❛ ❞❡ tr❛❜❛❧❤♦✱ ♦ q✉❡ ❛❥✉❞❛ ❛ ❢❛③❡r ❛ r❡❧❛çã♦ ❝♦♠ ♦s ❡st✉❞♦s ❢❡✐t♦s ♥❛ s❛❧❛ ❞❡ ❛✉❧❛✳

✸✷



• ▼❡♥✉ Pr✐♥❝✐♣❛❧✿ ❞✐s♣♦♥✐❜✐❧✐③❛ ♦♣çõ❡s ♣❛r❛ s❛❧✈❛r ♦ ♣r♦❥❡t♦ ❡♠ ❛rq✉✐✈♦ ✭✳❣❣❜✮ ❡ ♣❛r❛
❝♦♥tr♦❧❛r ❝♦♥✜❣✉r❛çõ❡s ❣❡r❛✐s✳

• ❇❛rr❛ ❞❡ ❋❡rr❛♠❡♥t❛s✿ ❝♦♥❝❡♥tr❛ t♦❞❛s ❛s ❢❡rr❛♠❡♥t❛s út❡✐s ♣❛r❛ ❝♦♥str✉✐r ♣♦♥t♦s✱
r❡t❛s✱ ✜❣✉r❛s ❣❡♦♠étr✐❝❛s✱ ♦❜t❡r ♠❡❞✐❞❛s ❞❡ ♦❜❥❡t♦s ❝♦♥str✉í❞♦s✱ ❡♥tr❡ ♦✉tr♦s✳ ❈❛❞❛
í❝♦♥❡ ❞❡ss❛ ❜❛rr❛ ❡s❝♦♥❞❡ ♦✉tr♦s í❝♦♥❡s q✉❡ ♣♦❞❡♠ s❡r ❛❝❡ss❛❞♦s ❝❧✐❝❛♥❞♦ ❝♦♠ ♦ ♠♦✉s❡
❡♠ s❡✉ ❝❛♥t♦ ✐♥❢❡r✐♦r ❞✐r❡✐t♦✳

• ❈❛✐①❛ ❞❡ ❡♥tr❛❞❛✿ ❝❛♠♣♦ ♣❛r❛ ❞✐❣✐t❛çã♦ ❞❡ ❝♦♠❛♥❞♦s q✉❡ ♣❡r♠✐t❡ ✐♥s❡r✐r ❞✐r❡t❛♠❡♥t❡
❛s ❡①♣r❡ssõ❡s ❛❧❣é❜r✐❝❛s✳

• ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛✿ ár❡❛ ❡♠ q✉❡ é ❡①✐❜✐❞❛ ❛s ❝♦♦r❞❡♥❛❞❛s✱ ❡q✉❛çõ❡s✱ ♠❡❞✐❞❛s ❡ ♦✉tr♦s
❛tr✐❜✉t♦s ❞♦s ♦❜❥❡t♦s ❝♦♥str✉í❞♦s✳

• ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✿ ár❡❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❞♦s ❣rá✜❝♦s ❞❛s ❢✉♥çõ❡s ❡ ❞❡ ♦❜❥❡t♦s
❣❡♦♠étr✐❝♦s✳

◆ã♦ ✈❛♠♦s ♥♦s ♣r❡♦❝✉♣❛r ❡♠ ❡s❝r❡✈❡r ✉♠ t✉t♦r✐❛❧ ♣❛r❛ ♦ ✉s♦ ❞♦ ●❡♦●❡❜r❛ ♥❡st❛ s❡çã♦✱
♣♦✐s ❝❛❞❛ ❛t✐✈✐❞❛❞❡ ❞❡s❡♥✈♦❧✈✐❞❛ ❝♦♥t❛ ❝♦♠ ✉♠ ♣❛ss♦ ❛ ♣❛ss♦ ❞❡t❛❧❤❛❞♦ ❞❡ ❝♦♠♦ ❝r✐❛r ♦ s❡✉
❛rq✉✐✈♦ ❝♦rr❡s♣♦♥❞❡♥t❡✳ ❖✉tr❛s ✐♥❢♦r♠❛çõ❡s ❡ ✉♠ t✉t♦r✐❛❧ ❝♦♠♣❧❡t♦ s♦❜r❡ ❛ ✉t✐❧✐③❛çã♦ ❞♦
s♦❢t✇❛r❡ ●❡♦●❡❜r❛ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✷✶❪ ❡ ❬✶✵❪✳

✸✸



✸✹



❈❆P❮❚❯▲❖ ✷

P▲❆◆❖ ❈❆❘❚❊❙■❆◆❖

✷✳✶ ❙✐st❡♠❛ ❈❛rt❡s✐❛♥♦ ❖rt♦❣♦♥❛❧

❆♥t❡s ❞❡ ❝♦♠❡ç❛r♠♦s ❛ ❡st✉❞❛r ❛s ❢✉♥çõ❡s✱ ✈❛♠♦s ❢❛③❡r ✉♠ ❜r❡✈❡ ❡st✉❞♦ s♦❜r❡ ♦ P❧❛♥♦
❈❛rt❡s✐❛♥♦✱ ♠✉✐t♦ ✉t✐❧✐③❛❞♦ ♥❛ ❝♦♥str✉çã♦ ❞❡ ❣rá✜❝♦s✳ ◆❛ ✈❡r❞❛❞❡ ❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦
❞♦ ●❡♦●❡❜r❛ r❡♣r❡s❡♥t❛ ♦ P❧❛♥♦ ❈❛rt❡s✐❛♥♦✱ ❛ss✐♠ ♣❛r❛ ✉♠ ❜♦♠ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❛
♣r♦♣♦st❛ é ❢✉♥❞❛♠❡♥t❛❧ q✉❡ ♣r♦❢❡ss♦r❡s ❡ ❛❧✉♥♦s t❡♥❤❛♠ ❢❛♠✐❧✐❛r✐❞❛❞❡ ❝♦♠ ♦ ♠❡s♠♦✳ ◆♦ss♦
tr❛❜❛❧❤♦ ❝♦♥s✐st❡ ❡♠ ✉t✐❧✐③❛r ♦ s♦❢t✇❛r❡ ●❡♦●❡❜r❛ ♣❛r❛ ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❢✉♥✲
çõ❡s✱ ❜❡♠ ❝♦♠♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ s❡✉s ❣rá✜❝♦s✱ s❡♥❞♦ ❛ss✐♠✱ ♣r♦❢❡ss♦r❡s ❡ ❛❧✉♥♦s ❞❡✈❡rã♦
❞❡ ❛♥t❡♠ã♦ ❝♦♠♣r❡❡♥❞❡r✱ ❡♥t❡♥❞❡r ❡ s❛❜❡r ❧♦❝❛❧✐③❛r ❡ ♠❛r❝❛r ♣♦♥t♦s ♥♦ P❧❛♥♦ ❝❛rt❡s✐❛♥♦✳

❖ ❙✐st❡♠❛ ❈❛rt❡s✐❛♥♦ ❖rt♦❣♦♥❛❧ ♦✉ P❧❛♥♦ ❈❛rt❡s✐❛♥♦ q✉❡ ❝♦♥❤❡❝❡♠♦s ❡ ✉t✐❧✐③❛♠♦s
❛t✉❛❧♠❡♥t❡ ❢♦✐ ❝r✐❛❞♦ ♣♦r ❘❡♥é ❉❡s❝❛rt❡s ✭✶✺✾✻ ✲ ✶✻✺✵✮✱ ♥❛ é♣♦❝❛ ❉❡s❝❛rt❡s ❛❞♦t❛✈❛ ♦
♣s❡✉❞ô♥✐♠♦ ❞❡ ❈❛rt❡s✐✉s✱ ❡ ♣♦r ✐ss♦✱ ♦ s✐st❡♠❛ ❝r✐❛❞♦ ♣♦r ❡❧❡ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❝❛rt❡s✐❛♥♦✳
❊st❡ ❙✐st❡♠❛ ❝♦♥s✐st❡ ❡♠ ❞❡s❡♥❤❛r ❞✉❛s r❡t❛s r❡❛✐s ♣❡r♣❡♥❞✐❝✉❧❛r❡s ❡♥tr❡ s✐ ❡ ❞❡ ♠❡s♠❛
♦r✐❣❡♠✱ ❛s q✉❛✐s ❝❤❛♠❛♠♦s ❞❡ ❡✐①♦s✳ ❖ ❡✐①♦ ❞❡s❡♥❤❛❞♦ ♥❛ ♣♦s✐çã♦ ❤♦r✐③♦♥t❛❧ é ❞❡♥♦♠✐♥❛❞♦
❡✐①♦ ❞❛s ❛❜s❝✐ss❛s✱ ❡♠ ❣❡r❛❧ ✐♥❞✐❝❛❞♦ ♣♦r Ox ❡ ♦ ❡✐①♦ ❞❡s❡♥❤❛❞♦ ♥❛ ♣♦s✐çã♦ ✈❡rt✐❝❛❧ é ❞❡✲
♥♦♠✐♥❛❞♦ ❡✐①♦ ❞❛s ♦r❞❡♥❛❞❛s✱ ❣❡r❛❧♠❡♥t❡ ❞❡♥♦t❛❞♦ ♣♦r Oy✳ ❖ ❡✐①♦ x ❡ ♦ ❡✐①♦ y ❞✐✈✐❞❡♠ ♦
♣❧❛♥♦ ❡♠ q✉❛tr♦ r❡❣✐õ❡s✱ ❡ss❛s r❡❣✐õ❡s sã♦ ❝❤❛♠❛❞❛s ❞❡ q✉❛❞r❛♥t❡s✳ ❖ ❧❛❞♦ s✉♣❡r✐♦r ❞✐r❡✐t♦
é ♦ ♣r✐♠❡✐r♦ q✉❛❞r❛♥t❡✱ ♦ ❧❛❞♦ s✉♣❡r✐♦r ❡sq✉❡r❞♦ ♦ s❡❣✉♥❞♦ q✉❛❞r❛♥t❡✱ ♦ t❡r❝❡✐r♦ q✉❛❞r❛♥t❡
❡stá ❛❜❛✐①♦ ❞♦ s❡❣✉♥❞♦✱ ❡ ♦ q✉❛rt♦ ❡stá ❛❜❛✐①♦ ❞♦ ♣r✐♠❡✐r♦✱ ♦✉ s❡❥❛✱ ♦s q✉❛❞r❛♥t❡s ❡stã♦
❞✐s♣♦st♦s ❡♠ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦✳

✸✺



❋✐❣✉r❛ ✷✳✶✿ P❧❛♥♦ ❈❛rt❡s✐❛♥♦

✷✳✶✳✶ ❖s ♣♦♥t♦s ♥♦ P❧❛♥♦ ❈❛rt❡s✐❛♥♦

◆♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✱ ♦ ❡✐①♦ ❤♦r✐③♦♥t❛❧ é ♣♦s✐t✐✈♦ à ❞✐r❡✐t❛ ❞❛ ♦r✐❣❡♠ ❞❛s ❝♦♦r❞❡♥❛❞❛s
❡ ♥❡❣❛t✐✈♦ à s✉❛ ❡sq✉❡r❞❛✳ ❖ ❡✐①♦ ✈❡rt✐❝❛❧ é ♣♦s✐t✐✈♦ ❛❝✐♠❛ ❞❛ ♦r✐❣❡♠ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❡
♥❡❣❛t✐✈♦ ❛❜❛✐①♦✳

❈❛❞❛ ♣♦♥t♦ ❞♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦ é ❞❛❞♦ ♣♦r ✉♠ ♣❛r ♦r❞❡♥❛❞♦ (x, y)✳ P♦r ❡①❡♠♣❧♦✱ ♥♦
♣♦♥t♦ P1 = (3, 2) ❛ ❛❜s❝✐ss❛ é 3 ❡ ❛ ♦r❞❡♥❛❞❛ é 2✱ ❥á ♥♦ ♣♦♥t♦ P2 = (2, 3) ❛ ❛❜s❝✐ss❛ é 2✱
❡♥q✉❛♥t♦ ❛ ♦r❞❡♥❛❞❛ é 3✳ ❊ss❡s ♣♦♥t♦s✱ ♦ P1 ❡ ♦ P2✱ sã♦ ❞✐st✐♥t♦s✱ ♣♦✐s ♥♦ ♣❛r ♦r❞❡♥❛❞♦ ❛
♦r❞❡♠ ❞♦s ♥ú♠❡r♦s é r❡❧❡✈❛♥t❡✳ ❉♦✐s ♣❛r❡s ♦r❞❡♥❛❞♦s sã♦ ✐❣✉❛✐s s♦♠❡♥t❡ q✉❛♥❞♦ ❛s ❛❜s❝✐ss❛s
❡ ❛s ♦r❞❡♥❛❞❛s ❞❡ ❛♠❜♦s ❢♦r❡♠ ✐❣✉❛✐s✳ P♦r ❡①❡♠♣❧♦✱ P3 = (−5, 4) ❡ P4 = (−5, 4) r❡♣r❡s❡♥t❛♠
♦ ♠❡s♠♦ ♣♦♥t♦✱ ♣♦✐s ❛♠❜♦s ♣♦ss✉❡♠ ❛ ♠❡s♠❛ ❛❜s❝✐ss❛ ❡ ❛ ♠❡s♠❛ ♦r❞❡♥❛❞❛✳

◆❛ ✜❣✉r❛ ✷✳✷ ♥♦t❛♠♦s q✉❡ ♦s ♣♦♥t♦s P1 ❡ P2 ♣❡rt❡♥❝❡♠ ❛♦ ♣r✐♠❡✐r♦ q✉❛❞r❛♥t❡✱ ❛♦
♣❛ss♦ q✉❡ ♦ ♣♦♥t♦ P3 = P4 ♣❡rt❡♥❝❡ ❛♦ s❡❣✉♥❞♦ q✉❛❞r❛♥t❡✳

❖❜s❡r✈❛çã♦✿ ❚♦❞♦ ♣♦♥t♦ ❞❡ ❛❜s❝✐ss❛ ♥✉❧❛ ♣❡rt❡♥❝❡ ❛♦ ❡✐①♦ y✱ ❡ t♦❞♦ ♣♦♥t♦ ❞❡ ♦r❞❡♥❛❞❛
♥✉❧❛ ♣❡rt❡♥❝❡ ❛♦ ❡✐①♦ x✳ ❖ ♣♦♥t♦ P5 = (0, 3) ♣❡rt❡♥❝❡ ❛♦ ❡✐①♦ y ❡ ♦ ♣♦♥t♦ P6 = (−1, 0)
♣❡rt❡♥❝❡ ❛♦ ❡✐①♦ x✳

❋✐❣✉r❛ ✷✳✷✿ P♦♥t♦s ♥♦ P❧❛♥♦ ❈❛rt❡s✐❛♥♦

✸✻



✷✳✶✳✷ ❖ s✐♥❛❧ ❞❛ ❛❜s❝✐ss❛ ❡ ❞❛ ♦r❞❡♥❛❞❛ ❞❡ ✉♠ ♣♦♥t♦

• ◆♦ ♣r✐♠❡✐r♦ q✉❛❞r❛♥t❡ ♦s ♣♦♥t♦s ♣♦ss✉❡♠ ❛❜s❝✐ss❛ ❡ ♦r❞❡♥❛❞❛ ♣♦s✐t✐✈❛❀

• ◆♦ s❡❣✉♥❞♦ q✉❛❞r❛♥t❡ t♦❞♦s ♦s ♣♦♥t♦s ♣♦ss✉❡♠ ❛❜s❝✐ss❛ ♥❡❣❛t✐✈❛ ❡ ♦r❞❡♥❛❞❛ ♣♦s✐t✐✈❛❀

• ◆♦ t❡r❝❡✐r♦ q✉❛❞r❛♥t❡ ♦s ♣♦♥t♦s ♣♦ss✉❡♠ ❛❜s❝✐ss❛ ❡ ♦r❞❡♥❛❞❛ ♥❡❣❛t✐✈❛✳

• ❏á ♥♦ q✉❛rt♦ q✉❛❞r❛♥t❡ ♦s ♣♦♥t♦s ♣♦ss✉❡♠ ❛❜s❝✐ss❛ ♣♦s✐t✐✈❛ ❡ ♦r❞❡♥❛❞❛ ♥❡❣❛t✐✈❛✳

❋✐❣✉r❛ ✷✳✸✿ ❙✐♥❛❧ ❞❛ ❛❜s❝✐ss❛ ❡ ❞❛ ♦r❞❡♥❛❞❛

✷✳✶✳✸ ❆t✐✈✐❞❛❞❡ ✶

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ✉t✐❧✐③❛r ♦ ●❡♦●❡❜r❛ ♣❛r❛ ❝r✐❛r ✉♠ ❛rq✉✐✈♦ ❡♠ q✉❡ ♦ ♣♦♥t♦
A = (a, b) ♣❡r❝♦rr❛ t♦❞♦s ♦s ♣♦♥t♦s ❞❛❞♦s ♥♦ ❡♥✉♥❝✐❛❞♦ ❞♦ ❡①❡r❝í❝✐♦ ❡ ♣❛r❛ ✐ss♦ ✈❛♠♦s ✉s❛r
❜❛s✐❝❛♠❡♥t❡ ❛ ❢❡rr❛♠❡♥t❛ ❈r✐❛r ❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❆ ✜♥❛❧✐❞❛❞❡ ❞❡st❛ ❛t✐✈✐❞❛❞❡ é ♠♦str❛r ❛♦s ❛❧✉♥♦s ❝♦♠♦ é ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠
♣♦♥t♦ ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✳ ❖ ❛❧✉♥♦ ♣♦❞❡rá ♦❜s❡r✈❛r ♦ s✐♥❛❧ ❞❛ ❛❜s❝✐ss❛✱ ❞❛ ♦r❞❡♥❛❞❛ ❡ ♦
q✉❛❞r❛♥t❡ q✉❡ ♦ ♣♦♥t♦ s❡ ❡♥❝♦♥tr❛ ❛ ♠❡❞✐❞❛ q✉❡ ❡st❡ ♣❡r❝♦rr❡ ♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✳

• ▼❛rq✉❡ ♦s ♣♦♥t♦s ✭✲✹✱ ✻✮❀ ✭✲✹✱ ✲✸✮❀ ✭✲✹✱ ✵✮❀ ✭✲✹✱ ✸✮❀ ✭✲✷✱ ✲✻✮❀ ✭✲✷✱ ✲✸✮❀ ✭✲✷✱ ✵✮❀ ✭✲✷✱ ✸✮❀
✭✵✱ ✲✻✮❀ ✭✵✱ ✲✸✮❀ ✭✵✱ ✵✮❀ ✭✵✱ ✸✮❀ ✭✷✱ ✲✻✮❀ ✭✷✱ ✲✸✮❀ ✭✷✱ ✵✮ ❡ ✭✷✱ ✸✮✳

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦✿

✶✳ ❉✐❣✐t❡ ✭❛✱❜✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ✧❈r✐❛r
❈♦♥tr♦❧❡ ❉❡s❧✐③❛♥t❡s✧✳

❋✐❣✉r❛ ✷✳✹

✸✼



✷✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ❝❛❞❛ ✉♠ ❞♦s ✧❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✧✱
s❡❧❡❝✐♦♥❡ ✧Pr♦♣r✐❡❞❛❞❡s✧ ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✷✳✺✳

❋✐❣✉r❛ ✷✳✺

✸✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ❝❛❞❛ ✉♠ ❞♦s ❝♦♥tr♦❧❡s ❞❡s❧✐③❛♥t❡s ❡ s❡❧❡❝✐♦♥❡
❆♥✐♠❛r✱ ✜❣✉r❛ ✷✳✻✳

❋✐❣✉r❛ ✷✳✻

❖ ❛rq✉✐✈♦ ✜♥❛❧ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✷✳✼✳

❋✐❣✉r❛ ✷✳✼✿ ❆rq✉✐✈♦ ✜♥❛❧

✷✳✶✳✹ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❆t✐✈✐❞❛❞❡ ✶

◆❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r ♦s ♣❛râ♠❡tr♦s a ❡ b ✈❛r✐❛r❡♠✱ s❡♥❞♦ q✉❡ ♦
♣❛râ♠❡tr♦ a r❡♣r❡s❡♥t❛ ❛ ❛❜s❝✐ss❛ ❡ ♦ ♣❛râ♠❡tr♦ b r❡♣r❡s❡♥t❛ ❛ ♦r❞❡♥❛❞❛✱ ❞❡ss❛ ❢♦r♠❛ ❛s

✸✽



✈❛r✐❛çõ❡s ♣♦❞❡♠ s❡r ♦❜s❡r✈❛❞❛s ♥❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ♣♦♥t♦ A✳ ❆s ✈❛r✐❛çõ❡s ❞❛s ❝♦♦r❞❡♥❛❞❛s
❢❛③ ❝♦♠ q✉❡ ♦ ♣♦♥t♦ A s❡ ♠♦✈❛ ♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✱ q✉❡ r❡♣r❡s❡♥t❛ ♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✳

❈♦♠♦ ❡ss❡ ❛rq✉✐✈♦ ❢♦✐ ❝r✐❛❞♦ ♣❛r❛ ❛✉①✐❧✐❛r ♥❛ r❡s♦❧✉çã♦ ❞❛ ❛t✐✈✐❞❛❞❡ ♣r♦♣♦st❛✱ ♦ ♣♦♥t♦
A ✐rá ♣❡r❝♦rr❡r t♦❞♦s ♦s ♣♦♥t♦s ❞❛❞♦s ♥♦ ❡♥✉♥❝✐❛❞♦✳

P❛r❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞♦ ❝♦♥t❡ú❞♦ ❛❜♦r❞❛❞♦ ♦ ♣r♦❢❡ss♦r ♣♦❞❡ ♣❡❞✐r ❛♦s ❛❧✉♥♦s
q✉❡ ♣❛✉s❡♠ ❛ ❛♥✐♠❛çã♦ ❛✜♠ ❞❡ t✐r❛r ❛❧❣✉♠❛s ❝♦♥❝❧✉sõ❡s✳ ❆❧❣✉♠❛s ❞❡ss❛s ♣❛✉s❛s ❡stã♦
r❡♣r❡s❡♥t❛❞❛s ♥❛s ✜❣✉r❛s ❛❜❛✐①♦✳

• ◆❛ ✜❣✉r❛ ✷✳✽✱ ♦ ❛❧✉♥♦ ♣♦❞❡rá ♦❜s❡r✈❛r q✉❡ ♦ ♣♦♥t♦ A = (0, 0) ❡stá ❡①❛t❛♠❡♥t❡ s♦❜r❡
❛ ✐♥t❡rs❡çã♦ ❞♦s ❞♦✐s ❡✐①♦s✱ ✐st♦ é✱ ❡❧❡ s❡ ❡♥❝♦♥tr❛ ♥❛ ♦r✐❣❡♠ ❞♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✳

❋✐❣✉r❛ ✷✳✽

• ◆❛ ✜❣✉r❛ ✷✳✾✱ ♦ ♣♦♥t♦ A = (2, 3) ❡♥❝♦♥tr❛✲s❡ ♥♦ ♣r✐♠❡✐r♦ q✉❛❞r❛♥t❡✱ ❛❧é♠ ❞✐ss♦ s✉❛
❛❜s❝✐ss❛ ❡ s✉❛ ♦r❞❡♥❛❞❛ sã♦ ❛♠❜❛s ♣♦s✐t✐✈❛s✳

❋✐❣✉r❛ ✷✳✾

• ◆❛ ✜❣✉r❛ ✷✳✶✵ ♦ ♣♦♥t♦ A = (3, 0) ❡stá s♦❜r❡ ♦ ❡✐①♦ x✱ s❡♥❞♦ s✉❛ ❛❜s❝✐ss❛ x = 3 ❡ s✉❛
♦r❞❡♥❛❞❛ y = 0✳

✸✾



❋✐❣✉r❛ ✷✳✶✵

• ◆❛ ✜❣✉r❛ ✷✳✶✶✱ ♦ ♣♦♥t♦ A = (−2,−3) ❡stá ♥♦ t❡r❝❡✐r♦ q✉❛❞r❛♥t❡✱ ❡ s✉❛ ❛❜s❝✐ss❛ ❡ s✉❛
♦r❞❡♥❛❞❛ sã♦ ♥❡❣❛t✐✈❛s✳

❋✐❣✉r❛ ✷✳✶✶

• ◆❛ ✜❣✉r❛ ✷✳✶✷✱ ♦ ♣♦♥t♦ A = (0,−3) ❡stá s♦❜r❡ ♦ ❡✐①♦ y✱ s❡♥❞♦ s✉❛ ❛❜s❝✐ss❛ x = 0 ❡ s✉❛
♦r❞❡♥❛❞❛ y = −3✳

❋✐❣✉r❛ ✷✳✶✷

✹✵



❊♠❜♦r❛ ❡st❛ s❡❥❛ ✉♠❛ ❛t✐✈✐❞❛❞❡ s✐♠♣❧❡s✱ ❣r❛♥❞❡ ♣❛rt❡ ❞♦s ❛❧✉♥♦s ❡♥❝♦♥tr❛♠ ❞✐✜❝✉❧✲
❞❛❞❡s ♣❛r❛ ❞❡s❡♥✈♦❧✈ê✲❧❛s ❝♦♠❡t❡♥❞♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ❛❧❣✉♥s ❞♦s ❡rr♦s ❛❜❛✐①♦✿

• tr♦❝❛♠ ❛s ❛❜s❝✐ss❛s ♣❡❧❛s ♦r❞❡♥❛❞❛s❀

• q✉❛♥❞♦ ✉♠❛ ❞❛s ❝♦♦r❞❡♥❛❞❛s é ③❡r♦✱ tê♠ ❞ú✈✐❞❛s ❡♠ q✉❡ ❡✐①♦ ♠❛r❝❛r ♦ ♣♦♥t♦❀

• ♦r✐❡♥t❛♠ ✐♥❝♦rr❡t❛♠❡♥t❡ ♦s ❡✐①♦s✳

❆♣ós ❛♣❧✐❝❛r ♠❛✐s ✉♠ ♦✉ ❞♦✐s ❡①❡r❝í❝✐♦s ❞❡ss❡ t✐♣♦✱ ❡s♣❡r❛✲s❡ q✉❡ ♦ ❛❧✉♥♦ ❝♦♠♣r❡❡♥❞❛
♠❡❧❤♦r ❡ss❡ ❝♦♥t❡ú❞♦✱ ❡ s❡❥❛ ❝❛♣❛③ ❞❡ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s s❡♠❡❧❤❛♥t❡s ❡♠ s❡✉ ❝❛❞❡r♥♦✳

✷✳✶✳✺ ❉✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ❞♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦

❊♠ ❣❡r❛❧ ❡st❡ ❝♦♥t❡ú❞♦ é ❛❜♦r❞❛❞♦ ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡ ❡♠ ●❡♦♠❡tr✐❛ ❆♥❛❧ít✐❝❛✱ ♠❛s
✈❛♠♦s ❛♣r♦✈❡✐t❛r ❛ ❞✐♥â♠✐❝❛ ❞♦ s♦❢t✇❛r❡ ●❡♦●❡❜r❛ ❡ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ ♣ré✈✐♦ ❞♦s ❛❧✉♥♦s s♦❜r❡
♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ♣❛r❛ ❛♣r❡♥❞❡r♠♦s ❛ ❝❛❧❝✉❧❛r ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s A ❡ B ❞♦
♣❧❛♥♦✳ ◆❛ ♣rát✐❝❛ ❡ss❛ ❞✐stâ♥❝✐❛ é ✉♠❛ ❢✉♥çã♦ q✉❡ ❞❡♣❡♥❞❡ ❞❛ ♣♦s✐çã♦ ❞♦s ♣♦♥t♦s A ❡ B✱
♦✉ s❡❥❛✱ ❞❡♣❡♥❞❡ ❞❛s ❝♦♦r❞❡♥❛❞❛s (x, y) ❞♦s ♣♦♥t♦s✳

❆♦ ❛❜♦r❞❛r♠♦s ❡ss❡ ❝♦♥t❡ú❞♦ t❛♠❜é♠ ❡st❛♠♦s ❢♦rt❛❧❡❝❡♥❞♦ ❡ ✜①❛♥❞♦ ❛✐♥❞❛ ♠❛✐s ❛
✐❞❡✐❛ ❞❡ ❧♦❝❛❧✐③❛çã♦ ❡ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡ ✉♠ ♣♦♥t♦ ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✳

❙❡❥❛♠ A = (xA, yA) ❡ B = (xB, yB) ❞♦✐s ♣♦♥t♦s q✉❛✐sq✉❡r ❞♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✳ ❆
❞✐stâ♥❝✐❛✱ ❞ ❡♥tr❡ A ❡ B é ❛ ♠❡❞✐❞❛ ❞♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ q✉❡ t❡♠ ♦s ❞♦✐s ♣♦♥t♦s ♣♦r
❡①tr❡♠✐❞❛❞❡s✳

◆❛ ✜❣✉r❛ ✷✳✶✸✱ ♦ tr✐â♥❣✉❧♦ ∆ABC é r❡tâ♥❣✉❧♦ ❡♠ C✱ ❡ s❡✉s ❝❛t❡t♦s ♠❡❞❡♠✱|xB−xA| ❡
|yB − yA|✱ ❧♦❣♦ ♣♦❞❡♠♦s ✉s❛r ♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ♣❛r❛ ❝❛❧❝✉❧❛r♠♦s ❛ ❞✐stâ♥❝✐❛ ❞✳ ❆ss✐♠
t❡♠♦s✱

d(A,B)2 = (xB − xA)
2 + (yB − yA)

2

d(A,B) =
√
(xB − xA)2 + (yB − yA)2

❋✐❣✉r❛ ✷✳✶✸

✹✶



✷✳✶✳✻ ❆t✐✈✐❞❛❞❡ ✷

❱❛♠♦s ❝r✐❛r ✉♠ ❛rq✉✐✈♦ ❡♠ q✉❡ ♦ ♣♦♥t♦ A = (7,−5) ✜q✉❡ ✜①♦ ❡ ♦ ♣♦♥t♦ B = (a, b)
♣❡r❝♦rr❛ t♦❞♦s ♣♦♥t♦s ❞❛❞♦s ♥♦ ❡♥✉♥❝✐❛❞♦ ❞♦ ❡①❡r❝í❝✐♦✱ ❡♠ s❡❣✉✐❞❛ ✈❛♠♦s ❝r✐❛r ✉♠ s❡❣♠❡♥t♦
❝♦♠ s✉❛s ❡①tr❡♠✐❞❛❞❡s ❡♠ A ❡ B✳ ❊st❛ ❛♥✐♠❛çã♦ ✐rá ❝❛❧❝✉❧❛r ❛ ♠❡❞✐❞❛ ❞♦ ❝♦♠♣r✐♠❡♥t♦
D = AB ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣♦s✐çã♦ ❞♦ ♣♦♥t♦ B ♥♦ ♣❧❛♥♦✳

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ❛♣r♦✈❡✐t❛r ❛ ♠❛❧❤❛ ❞❛ ❥❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ❞♦ ●❡♦●❡❜r❛
♣❛r❛ ✈❡r✐✜❝❛r♠♦s ♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✱ ♠♦str❛r q✉❡ ❛ ♠❡❞✐❞❛ ❞❛ ❤✐♣♦t❡♥✉s❛✱ ❞✱ é ✉♠❛
❢✉♥çã♦ q✉❡ ❞❡♣❡♥❞❡ ❞❛s ♠❡❞✐❞❛s ❞♦s ❝❛t❡t♦s✳ ◆❡st❡ ❝❛s♦ ❛s ♠❡❞✐❞❛s ❞♦s ❝❛t❡t♦s ❞❡♣❡♥❞❡♠
❞❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s ♣♦♥t♦s A ❡ B✳

• ❈❛❧❝✉❧❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦ ♣♦♥t♦ A = (7,−5) ❡ ♦s ♣♦♥t♦s ✭✲✷✱ ✲✷✮❀ ✭✲✷✱ ✲✶✮❀
✭✲✷✱ ✵✮❀ ✭✲✷✱ ✶✮❀ ✭✵✱ ✲✷✮❀ ✭✵✱ ✲✶✮❀ ✭✵✱ ✵✮❀ ✭✵✱ ✶✮❀ ✭✷✱ ✲✷✮❀ ✭✷✱ ✲✶✮❀ ✭✷✱ ✵✮ ❡ ✭✷✱ ✶✮✳

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦✿

✶✳ P❛r❛ ♠❛r❝❛r ♦ ♣♦♥t♦ A✱ ❞✐❣✐t❡ A = (7,−5) ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✷✳✶✹

❋✐❣✉r❛ ✷✳✶✺

✷✳ P❛r❛ ❝r✐❛r ♦s ✏♦✉tr♦s ♣♦♥t♦s✑✱ ❞✐❣✐t❡ B = (a, b) ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳
❊♠ s❡❣✉✐❞❛ ❝❧✐q✉❡ ❡♠ ✧❈r✐❛r ❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✧✱ ✜❣✉r❛ ✷✳✶✻✳

✹✷



❋✐❣✉r❛ ✷✳✶✻

✸✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ❝❛❞❛ ✉♠ ❞♦s ❝♦♥tr♦❧❡s ❞❡s❧✐③❛♥t❡s✱ s❡❧❡❝✐♦♥❡
♣r♦♣r✐❡❞❛❞❡s ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✷✳✶✽✳

❋✐❣✉r❛ ✷✳✶✼

❋✐❣✉r❛ ✷✳✶✽

✹✳ ◆❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✱ s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ s❡❣♠❡♥t♦✱ ✜❣✉r❛ ✷✳✶✾✳

❋✐❣✉r❛ ✷✳✶✾

✺✳ ❈❧✐q✉❡ s♦❜r❡ ♦s ♣♦♥t♦s A ❡ B✱ ✜❣✉r❛ ✷✳✷✵✳

✹✸



❋✐❣✉r❛ ✷✳✷✵

✻✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ s❡❣♠❡♥t♦ AB✱ s❡❧❡❝✐♦♥❡ ♣r♦♣r✐❡❞❛❞❡s ❡
♥❛ ❛❜❛ ❇ás✐❝♦✱ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✷✳✷✶✳

❋✐❣✉r❛ ✷✳✷✶

✼✳ P❛r❛ ❛♥✐♠❛r ♦ ❛rq✉✐✈♦✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ❝❛❞❛ ✉♠ ❞♦s ❝♦♥tr♦❧❡s
❞❡s❧✐③❛♥t❡s ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❋✐❣✉r❛ ✷✳✷✷

❖ ❛rq✉✐✈♦ ✜♥❛❧ ❝r✐❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✷✳✷✸✳

✹✹



❋✐❣✉r❛ ✷✳✷✸

✷✳✶✳✼ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✷

❆ ✜❣✉r❛ ✷✳✷✹ r❡♣r❡s❡♥t❛ ✉♠❛ ♣❛✉s❛ ❞❛ ❛♥✐♠❛çã♦✱ ❡ ♥❡st❛ ♣❛✉s❛ ♦❜s❡r✈❛♠♦s ♦ ♣♦♥t♦A =
(7,−5)✱ ♦ ♣♦♥t♦ B = (2, 1) ❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡❧❡s é✿ D ∼= 7, 81 ✉♥✐❞❛❞❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦✳

❋✐❣✉r❛ ✷✳✷✹

❆ ✜❣✉r❛ ✷✳✷✺ r❡♣r❡s❡♥t❛ ♦✉tr❛ ♣❛✉s❛ ❞❛ ❛♥✐♠❛çã♦✱ ❡ ♥❡st❛ ♦❜s❡r✈❛♠♦s ♦ ♣♦♥t♦
A = (7,−5)✱ ♦ ♣♦♥t♦ B = (0, 0) ❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡❧❡s✱ D ∼= 8, 6 ✉♥✐❞❛❞❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦✳

✹✺



❋✐❣✉r❛ ✷✳✷✺

❆♣ós ♦❜s❡r✈❛r ❛ ♣❛✉s❛ ❞❡ ♠❛✐s ❛❧❣✉♠❛s ❛♥✐♠❛çõ❡s ♦s ❛❧✉♥♦s ♣♦❞❡rã♦ ✉t✐❧✐③❛r ❛ ❢ór♠✉❧❛
❞❛ ❞✐stâ♥❝✐❛✱ d(A,B)✱ ❞✐r❡t❛♠❡♥t❡ ❡ ✈❡r✐✜❝❛r ♦s r❡s✉❧t❛❞♦s ❡♠ s❡✉ ♣ró♣r✐♦ ❝❛❞❡r♥♦✳

P❛r❛ ❛✉①✐❧✐❛r ❡ ❡♥r✐q✉❡❝❡r ❛✐♥❞❛ ♠❛✐s ♥♦ss❛ ❛♥á❧✐s❡✱ ♣♦❞❡♠♦s ♠❛r❝❛r ✉♠ ♣♦♥t♦ C✱ ❞❡
❢♦r♠❛ ❛ ♦❜t❡r ✉♠ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦ ∆ABC✳ ❆ss✐♠ ❝♦♠ ❛ ❛❥✉❞❛ ❞❛s ♠❛❧❤❛s ♦ ❛❧✉♥♦ ♣♦❞❡rá
✈❡r✐✜❝❛r ❛s ♠❡❞✐❞❛s ❞♦s ❝❛t❡t♦s AC ❡ BC ❡ ❛♣❧✐❝❛r ❞✐r❡t❛♠❡♥t❡ ♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s✳

❉♦✐s ❞❡ss❡s tr✐â♥❣✉❧♦s ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ♥❛s ✜❣✉r❛s ✷✳✷✻ ❡ ✷✳✷✼✳

◆❛ ✜❣✉r❛ ✷✳✷✻✱ ♦ ❛❧✉♥♦ ♣♦❞❡ ✈❡r✐✜❝❛r q✉❡ ♦s ❝❛t❡t♦s AC ❡ BC ♠❡❞❡♠ ✺ ❡ ✸ ✉♥✐❞❛✲
❞❡s ❝♦♠♣r✐♠❡♥t♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆♣❧✐❝❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ❝❤❡❣❛rá ❛♦ ♠❡s♠♦
r❡s✉❧t❛❞♦ D ∼= 5, 83 ❛♣r❡s❡♥t❛❞♦ ♥❛s ❏❛♥❡❧❛s ❞❡ ➪❧❣❡❜r❛ ❡ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ❞♦ ●❡♦●❡❜r❛✳

❋✐❣✉r❛ ✷✳✷✻

◆❛ ✜❣✉r❛ ✷✳✷✼✱ ♦s ❝❛t❡t♦s AC ❡ BC ♠❡❞❡♠ ✾ ❡ ✸ ✉♥✐❞❛❞❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦✱ r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✳ ❆♣❧✐❝❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ❝❤❡❣❛rá ❡♠ D ∼= 9, 49✳

✹✻



❋✐❣✉r❛ ✷✳✷✼

❆ ✈✐s✉❛❧✐③❛çã♦ ❞❛s ✜❣✉r❛s ♥♦ ●❡♦●❡❜r❛ ❢❛❝✐❧✐t❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❡ ❝♦♠♣r❡❡♥sã♦ ❞♦s
❛❧✉♥♦s ♥♦ ❝á❧❝✉❧♦ ❞❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ❞♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✱ ♣♦✐s ♦s ❛❧✉♥♦s t❡♠
❝♦♥t❛t♦ ❝♦♠ ♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ❡ ♦s tr✐â♥❣✉❧♦s r❡tâ♥❣✉❧♦s ❛✐♥❞❛ ♥♦ ❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✳

❆❧❣✉♥s ❛❧✉♥♦s t❡♠ ❞✐✜❝✉❧❞❛❞❡s ❡♠ ✉t✐❧✐③❛r ❞✐r❡t❛♠❡♥t❡ ❛ ❢ór♠✉❧❛ ❞❛ ❞✐stâ♥❝✐❛✱ ♣r✐♥✲
❝✐♣❛❧♠❡♥t❡ q✉❛♥❞♦ ❛s ❛❜s❝✐ss❛s ♦✉ ♦r❞❡♥❛❞❛s ♣♦ss✉❡♠ s✐♥❛✐s ♥❡❣❛t✐✈♦s✱ ❛ss✐♠✱ ❢❛③❡♥❞♦ ♠❛✐s
❛❧❣✉♠❛s ♣❛✉s❛s ❡ ❛♥❛❧✐s❛♥❞♦ ♠❛✐s ❛❧❣✉♥s ❝❛s♦s✱ ❛❝r❡❞✐t❛♠♦s q✉❡ ♣❛rt❡ ❞❡ss❛s ❞✐✜❝✉❧❞❛❞❡s
s❡rã♦ s❛♥❛❞❛s✳

✷✳✶✳✽ ❆t✐✈✐❞❛❞❡ ✸

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ❝♦♥str✉✐r ❞♦✐s ❝❛♠✐♥❤♦s ♣♦❧✐❣♦♥❛✐s q✉❡ r❡♣r❡s❡♥t❡♠ ❛ tr❛❥❡tór✐❛
❞❡ ❆❧❜❡rt♦ ❡ ❊❧③❛✳ ❱❛♠♦s ♠❛r❝❛r ❞♦✐s ♣♦♥t♦s A ❡ E ❡ ❢❛③❡r ❝♦♠ q✉❡ ❡st❡s ♣♦♥t♦s ♣❡r❝♦rr❛♠
♦s ❝❛♠✐♥❤♦s ♣♦❧✐❣♦♥❛✐s ❝♦♥str✉í❞♦s✱ ❛❧é♠ ❞✐ss♦ ✈❛♠♦s ❝♦♥str✉✐r ♦ s❡❣♠❡♥t♦ AE q✉❡ ♠♦str❡
❛ ♠❡❞✐❞❛ ❞❡ ❛❢❛st❛♠❡♥t♦ ❡♥tr❡ ♦s ♣♦♥t♦s A ✭❆❧❜❡rt♦✮ ❡ E ✭❊❧③❛✮✳

❙❡♠❡❧❤❛♥t❡ à ❛t✐✈✐❞❛❞❡ ❛♥t❡r✐♦r✱ ✈❛♠♦s ✉t✐❧✐③❛r ❛ ♠❛❧❤❛ ❞❛ ❥❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦
❞♦ ●❡♦●❡❜r❛ ♣❛r❛ ✈❡r✐✜❝❛r♠♦s ♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ❡ ♠♦str❛r q✉❡ ❛ ❞✐stâ♥❝✐❛ ❉✱ ❡♥tr❡
❆❧❜❡rt♦ ❡ ❊❧③❛✱ ❞❡♣❡♥❞❡ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s ♣♦♥t♦s A ❡ E✳

• ✭❆❞❛♣t❛çã♦ ✲ ❈❊❋❊❚✲❘◆✮ ❉♦✐s ❛♠✐❣♦s✱ ❆❧❜❡rt♦ ❡ ❊❧③❛✱ ❡♥❝♦♥tr❛♠✲s❡ ♥❛ ♦r✐❣❡♠ ❞❡ ✉♠
s✐st❡♠❛ ❝❛rt❡s✐❛♥♦ ♦rt♦❣♦♥❛❧✳ ❊❧❡s só ♣♦❞❡♠ ❞❛r ✉♠ ♣❛ss♦ ❞❡ ❝❛❞❛ ✈❡③ ♣❛r❛ ◆♦rt❡✱
❙✉❧✱ ▲❡st❡ ♦✉ ❖❡st❡✳ ❈❛❞❛ ♣❛ss♦ é r❡♣r❡s❡♥t❛❞♦✱ ♥❡ss❡ s✐st❡♠❛✱ ♣❡❧♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡
✉♠❛ ✉♥✐❞❛❞❡ ♣❛r❛ ✉♠❛ ❞❛s ❞✐r❡çõ❡s ♠❡♥❝✐♦♥❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡✳ ❊❧③❛ ❞❡✉ ✷ ♣❛ss♦s
♣❛r❛ ♦ ❙✉❧✱ ❞❡♣♦✐s ❞❡✉ ✺ ♣❛ss♦s ♣❛r❛ ♦ ▲❡st❡ ❡ ♣❛r♦✉✳ ❆❧❜❡rt♦ ❞❡✉ ✹ ♣❛ss♦s ♣❛r❛ ♦
◆♦rt❡✱ ❞❡♣♦✐s ❞❡✉ ✸ ♣❛ss♦s ♣❛r❛ ♦ ❖❡st❡ ❡ ♣❛r♦✉✳ ❆♣ós ❡ss❡s ♣❛ss♦s✱ ♣♦❞❡♠♦s ❛✜r♠❛r
q✉❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❆❧❜❡rt♦ ❡ ❊❧③❛ é ❞❡✿

❆✮ ✺ ♣❛ss♦s ❇✮ ✽ ♣❛ss♦s ❈✮ ✶✷ ♣❛ss♦s ❉✮ ✶✵ ♣❛ss♦s

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦✿

✶✳ ◆❛ ❝❛✐①❛ ❞❡ ❢❡rr❛♠❡♥t❛s s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ❈❛♠✐♥❤♦ P♦❧✐❣♦♥❛❧✳

✹✼



❋✐❣✉r❛ ✷✳✷✽

✷✳ ❊♠ s❡❣✉✐❞❛ ❝❧✐q✉❡ s♦❜r❡ ♦s ♣♦♥t♦s ❞❡ ❝♦♦r❞❡♥❛❞❛s (0, 0)❀ (0,−2)❀ (5,−2) ❡ (0, 0)✱ ♥❡st❛
♦r❞❡♠✳ ❖ ♣r✐♠❡✐r♦ ❝❛♠✐♥❤♦ ♣♦❧✐❣♦♥❛❧ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✷✳✷✾✳

✸✳ P❛r❛ ❝r✐❛r ♦ ♦✉tr♦ ❝❛♠✐♥❤♦ ♣♦❧✐❣♦♥❛❧✱ ❝❧✐q✉❡ ❡♠ (0, 0)❀ (0, 4)❀ (3, 4) ❡ (0, 0)✳ ❖s ❞♦✐s
❝❛♠✐♥❤♦s ♣♦❧✐❣♦♥❛✐s ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ♥❛ ✜❣✉r❛ ✷✳✸✵✳

❋✐❣✉r❛ ✷✳✷✾

✹✽



❋✐❣✉r❛ ✷✳✸✵

✹✳ ◆❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✱ s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ P♦♥t♦✳

❋✐❣✉r❛ ✷✳✸✶

✺✳ ❈❧✐q✉❡ s♦❜r❡ ♦s s❡❣♠❡♥t♦s ED ❡ BC✱ ♠❛r❝❛♥❞♦ ❛ss✐♠ ♦s ♣♦♥t♦s F ❡ G✱ ✜❣✉r❛ ✷✳✸✷✳
❖s ❞♦✐s ♣♦♥t♦s F ❡ G ✐rã♦ r❡♣r❡s❡♥t❛r ❆❧❜❡rt♦ ❡ ❊❧③❛✳

✹✾



❋✐❣✉r❛ ✷✳✸✷

✻✳ ❙❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ s❡❣♠❡♥t♦✱ ❡♠ s❡❣✉✐❞❛ ❝❧✐q✉❡ s♦❜r❡ ♦s ♣♦♥t♦s F ❡ G✱ ✜❣✉r❛ ✷✳✸✸✳
❖ s❡❣♠❡♥t♦ FG s❡r✈✐rá ♣❛r❛ ♠❡❞✐r ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❆❧❜❡rt♦ ❡ ❊❧③❛ ❛ ♠❡❞✐❞❛ q✉❡ s❡
❛❢❛st❛♠✳

❋✐❣✉r❛ ✷✳✸✸

✼✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ s❡❣♠❡♥t♦ FG✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s ❡
❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✷✳✸✹✱ ❧❛❞♦ ❞✐r❡✐t♦✳

✺✵



❋✐❣✉r❛ ✷✳✸✹

✽✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦s ♣♦♥t♦s F ❡ G✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s ❡
❞❡✐①❡ ❛♠❜♦s ❝♦♠ ❛ ❝♦♥✜❣✉r❛çã♦ ❞❛ ✜❣✉r❛ ✷✳✸✺✳

❋✐❣✉r❛ ✷✳✸✺

✾✳ P❛r❛ r❡♥♦♠❡❛r ♦s ♣♦♥t♦s F ❡ G✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ❝❛❞❛ ❝❛❞❛
✉♠ ❞❡❧❡s✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✷✳✸✻✳

❋✐❣✉r❛ ✷✳✸✻

✶✵✳ ❆♣ós ❢❛③❡r ♠❛✐s ❛❧❣✉♠❛s ♠♦❞✐✜❝❛çõ❡s ❡ ♦❝✉❧t❛r ♦s ♣♦♥t♦s ❞❡s♥❡❝❡ssár✐♦s ♥❛ ❛♥✐♠❛çã♦✱
t❡r❡♠♦s ✉♠ ❛rq✉✐✈♦ s❡♠❡❧❤❛♥t❡ ❛♦ r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✷✳✸✼✳

✺✶



❋✐❣✉r❛ ✷✳✸✼

✶✶✳ P❛r❛ s✐♥❝r♦♥✐③❛r ♦s ♠♦✈✐♠❡♥t♦s ❞❡ ❆❧❜❡rt♦ ❡ ❊❧③❛✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡
s♦❜r❡ ♦s ♣♦♥t♦s A ❡ E✱ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳ ❊♠ s❡❣✉✐❞❛ ♣❛✉s❡ ❛ ❛♥✐♠❛çã♦✱ ❛rr❛st❡ ❛♠❜♦s
♣❛r❛ ❛ ♦r✐❣❡♠ (0, 0) ❡ ❝❧✐q✉❡ ❡♠ ♣❧❛②✳ ❆ss✐♠ ♦s ❞♦✐s ♣♦♥t♦s A ❡ E ❝♦♠❡ç❛♠ ❛ s❡ ♠♦✈❡r
s✐♠✉❧tâ♥❡❛♠❡♥t❡ ❛ ♣❛rt✐r ❞❛ ♦r✐❣❡♠✱ ✜❣✉r❛ ✷✳✸✽✳

❋✐❣✉r❛ ✷✳✸✽

✷✳✶✳✾ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✸

P❛✉s❛♥❞♦ ❛ ❛♥✐♠❛çã♦✱ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ❛ ♠❡❞✐❞❛ ❞❛ ❞✐stâ♥❝✐❛ D q✉❡ s❡♣❛r❛ ❆❧❜❡rt♦
❡ ❊❧③❛ ❛ ♠❡❞✐❞❛ q✉❡ ♦s ♣♦♥t♦s A ❡ E ❝♦♠❡ç❛♠ ❛ s❡ ♠♦✈✐♠❡♥t❛r✳ ❆ ✜❣✉r❛ ✷✳✸✾ ♠♦str❛ ♦
♠♦♠❡♥t♦ ❡♠ q✉❡ ❡❧❡s ❛✐♥❞❛ ❡stã♦ ❥✉♥t♦s ♥❛ ♦r✐❣❡♠ ❞♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✳

✺✷



❋✐❣✉r❛ ✷✳✸✾

❆♦ ❞❛r ♣❧❛② ♥❛ ❛♥✐♠❛çã♦✱ ❆❧❜❡rt♦ ❡ ❊❧③❛ ❝♦♠❡ç❛♠ ❛ s❡ ❛❢❛st❛r ✉♠ ❞♦ ♦✉tr♦✱ ❡ ♣❛r❛
♦❜s❡r✈❛r ❝♦♠ ❞❡t❛❧❤❡s ♦ q✉❛♥t♦ ❡stã♦ s❡ ❛❢❛st❛♥❞♦ ❜❛st❛ ❢❛③❡r ❛❧❣✉♠❛s ♣❛✉s❛s✳

❆ ✜❣✉r❛ ✷✳✹✵ ♠♦str❛ ✉♠❛ ♣❛✉s❛ ❡♠ q✉❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❡❧❡s é 2, 94✳ ❊ss❛ ❞✐stâ♥❝✐❛✱
D✱ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ✈❡r✐✜❝❛❞❛✱ ♣♦✐s ♦s ♣♦♥t♦s A ❡ E ❡stã♦ ❛♠❜♦s s♦❜r❡ ♦ ❡✐①♦ ②✱ ♦✉ s❡❥❛✱
❜❛st❛ ❝❛❧❝✉❧❛r♠♦s ♦ s❡❣✉✐♥t❡ ♠ó❞✉❧♦✿

|yA − yB| = |1, 64− (−1, 3)| = |1, 64 + 1, 3| = |2, 94| = 2, 94

❋✐❣✉r❛ ✷✳✹✵

◆❛ ✜❣✉r❛ ✷✳✹✶ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❆❧❜❡rt♦ ❡ ❊❧③❛ é D = 6, 71✱ ❡ ✉♠❛ ❞❛s ❢♦r♠❛s ❞❡
✈❡r✐✜❝❛r♠♦s ❡ss❡ r❡s✉❧t❛❞♦ é✱ ♠❛r❝❛r ♦ ♣♦♥t♦ ✭✲✶✱ ✲✷✮ ♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✱ ♣♦✐s ❡st❡
❢♦r♠❛ ❝♦♠ ♦s ♣♦♥t♦s A ❡ E ✉♠ tr✐â♥❣✉❧♦ r❡tâ♥❣✉❧♦✱ ❝✉❥❛ ❤✐♣♦t❡♥✉s❛ é D ❡ ❝✉❥♦s ❝❛t❡t♦s
♠❡❞❡♠ ✻ ❡ ✸ ✉♥✐❞❛❞❡s ❞❡ ❝♦♠♣r✐♠❡♥t♦s✳ ◆❡st❡ ❝❛s♦ ❜❛st❛ ✉s❛r ♦ t❡♦r❡♠❛ ❞❡ P✐tá❣♦r❛s ♣❛r❛

✺✸



✈❡r✐✜❝❛r ♦s ❝á❧❝✉❧♦s✳

D2 = 32 + 62

D =
√
9 + 36

D =
√
45

D = 6, 71

❖✉tr❛ ❢♦r♠❛ ❞❡ ✈❡r✐✜❝❛r ❛ ❞✐stâ♥❝✐❛ D✱ é ♦❜s❡r✈❛r ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ A ❡ E ♥❛ ❏❛♥❡❧❛
❞❡ ➪❧❣❡❜r❛ ❡ ✉t✐❧✐③❛r ❛ ❢ór♠✉❧❛ ❞❛ ❞✐stâ♥❝✐❛✱ d(A,B)✱ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s✳

❋✐❣✉r❛ ✷✳✹✶

❆♣ós ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛s ❛t✐✈✐❞❛❞❡s ✶✱ ✷ ❡ ✸✱ ♦s ❛❧✉♥♦s ❞❡✈❡♠ s❡♥t✐r✲s❡ ♠❛✐s ❛
✈♦♥t❛❞❡ ❡ ❝♦♥✜❛♥t❡s ♣❛r❛ r❡s♦❧✈❡r ❡①❡r❝í❝✐♦s q✉❡ ❡♥✈♦❧✈❛♠ ❞✐r❡t❛♠❡♥t❡ ♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✳

❆ s❡❣✉✐r ♣r♦♣♦♠♦s ❛❧❣✉♥s ❡①❡r❝í❝✐♦s ♣❛r❛ r❡❢♦rç❛r ♦ ❝♦♥t❡ú❞♦ ❡st✉❞❛❞♦✱ ❡ ❡♠❜♦r❛
❛❧❣✉♥s ❞❡❧❡s ❡♥✈♦❧✈❛♠ ❣❡♦♠❡tr✐❛ ❛♥❛❧ít✐❝❛✱ sã♦ ❡①❡r❝í❝✐♦s s✐♠♣❧❡s q✉❡ ♣♦❞❡♠ s❡r ❢❛❝✐❧♠❡♥t❡
r❡s♦❧✈✐❞♦s ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ ●❡♦●❡❜r❛✳ ➱ t❛♠❜é♠ ✉♠ ❜♦♠ ♠♦♠❡♥t♦ ♣❛r❛ r❡❝♦r❞❛r ❡ r❡✈✐s❛r
❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❡ ❣❡♦♠❡tr✐❛ ♣❧❛♥❛✳

✷✳✶✳✶✵ ❊①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❯♠ ♣♦♥t♦ q✉❡ ♣❡rt❡♥ç❛ ❛♦ ✸♦ q✉❛❞r❛♥t❡✱ ♣♦ss✉❡♠ ❝♦♦r❞❡♥❛❞❛s✿

❛✮ P♦s✐t✐✈❛s ❜✮ P♦s✐t✐✈❛s ❡ ♥❡❣❛t✐✈❛s ❝✮ ◆❡❣❛t✐✈❛s ❞✮ ◆✉❧❛s

✷✳ ❯♠ ♣♦♥t♦ q✉❡ ♣❡rt❡♥ç❛ ❛♦ ✷♦ q✉❛❞r❛♥t❡✱ ♣♦ss✉❡♠ ❝♦♦r❞❡♥❛❞❛s✿

❛✮ P♦s✐t✐✈❛s ❜✮ P♦s✐t✐✈❛s ❡ ♥❡❣❛t✐✈❛s ❝✮ ◆❡❣❛t✐✈❛s ❞✮ ◆✉❧❛s

✸✳ ❈❛❧❝✉❧❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s s❡❣✉✐♥t❡s ♣❛r❡s ❞❡ ♣♦♥t♦s✿

❛✮ A = (2, 3) ❡ B = (2, 5)

✺✹



❜✮ A = (2, 1) ❡ B = (−2, 4)

❝✮ A = (0, 6) ❡ B = (1, 5)

❞✮ A = (6, 3) ❡ B = (2, 7)

✹✳ ❬✶✸❪ ❋♦r♥❡ç❛ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s ♣♦♥t♦s ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦ ❛❜❛✐①♦✳

❋✐❣✉r❛ ✷✳✹✷

✺✳ ✭❯◆❊❙P✲✷✵✵✸✮ ❖ tr✐â♥❣✉❧♦ ∆PQR✱ ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✱ ❞❡ ✈ért✐❝❡s P = (0, 0)✱
Q = (6, 0) ❡ R = (3, 5)✱ é

❛✮ ❡q✉✐❧át❡r♦ ❜✮ ✐sós❝❡❧❡s✱ ♠❛s ♥ã♦ ❡q✉✐❧át❡r♦ ❝✮ ❡s❝❛❧❡♥♦ ❞✮ r❡tâ♥❣✉❧♦

✻✳ ◆✉♠ s✐st❡♠❛ ❝❛rt❡s✐❛♥♦✱ ♦s ♣♦♥t♦s A = (−2,−3) ❡ C = (5, 4) sã♦ ✈ért✐❝❡s ❞❡ ✉♠
q✉❛❞r❛❞♦ ABCD

• ❉❡t❡r♠✐♥❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s ♦✉tr♦s ❞♦✐s ✈ért✐❝❡s ✭ B ❡ D ✮

• ❈❛❧❝✉❧❡ ♦ ♣❡rí♠❡tr♦ ❞♦ q✉❛❞r❛❞♦ ABCD

• ❈❛❧❝✉❧❡ ❛ ár❡❛ ❞♦ q✉❛❞r❛❞♦ ABCD

✼✳ ✭❯❊❘❏✮ ◆♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥❛s ❛ s❡❣✉✐r✱ ❡stá r❡♣r❡s❡♥t❛❞♦ ♦ tr✐â♥❣✉❧♦
∆ABC✳

❋✐❣✉r❛ ✷✳✹✸

❊♠ r❡❧❛çã♦ ❛ ❡ss❡ tr✐â♥❣✉❧♦✱

✺✺



• ❞❡♠♦♥str❡ q✉❡ ❡❧❡ é r❡tâ♥❣✉❧♦❀

• ❝❛❧❝✉❧❡ ❛ s✉❛ ár❡❛✳

✽✳ ◆♦ ❡sq✉❡♠❛✱ ✜❣✉r❛ ✷✳✹✹✱ ❡stá r❡♣r❡s❡♥t❛❞❛ ♣❛rt❡ ❞❡ ✉♠❛ r✉❛ ❝✉❥♦s ❡①tr❡♠♦s sã♦ ár✈♦✲
r❡s✱ s❡rã♦ ♣❧❛♥t❛❞❛s ♦✉tr❛s ❞✉❛s ár✈♦r❡s ♥♦s ♣♦♥t♦s C ❡ D✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ❛ ❞✐stâ♥❝✐❛
❡♥tr❡ ✉♠❛ ár✈♦r❡ ❡ ♦✉tr❛ s❡❥❛ ❛ ♠❡s♠❛✳ ❈♦♥❢♦r♠❡ ✐♠❛❣❡♠ ❛❜❛✐①♦✳

❋✐❣✉r❛ ✷✳✹✹

• ◆♦ ❡sq✉❡♠❛ ❝❛❞❛ ✉♥✐❞❛❞❡ ❝♦rr❡s♣♦♥❞❡ ❛ ✷ ♠✳ ◗✉❛❧ é ❛ ❞✐stâ♥❝✐❛ ❛♣r♦①✐♠❛❞❛
❡♥tr❡ ❛s ár✈♦r❡s A ❡ B❄ ❊ ❡♥tr❡ C ❡ D❄

• ❉❡t❡r♠✐♥❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦s ♣♦♥t♦s C ❡ D✳

✾✳ ✭❯◆■❘■❖✮ ❯♠❛ ✉♥✐✈❡rs✐❞❛❞❡ ♦r❣❛♥✐③♦✉ ✉♠❛ ❡①♣❡❞✐çã♦ ❛♦ sít✐♦ ❛rq✉❡♦❧ó❣✐❝♦ ❞❡ ■t❛✲
❜♦r❛í✱ ✉♠ ❞♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞♦ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✳ P❛r❛ ❢❛❝✐❧✐t❛r ❛ ❧♦❝❛❧✐③❛çã♦ ❞♦s
❧♦❝❛✐s ❞❡ ❡s❝❛✈❛çã♦✱ ❢♦✐ ❛❞♦t❛❞♦ ✉♠ s✐st❡♠❛ ❝❛rt❡s✐❛♥♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✳ ❖ ♦❜❥❡t✐✈♦
❞❛ ❡①♣❡❞✐çã♦ é r❡❛❧✐③❛r ❡s❝❛✈❛çõ❡s ♥♦s ♣♦♥t♦s A = (0, 0)✱ B = (6, 18) ❡ C = (18, 6)✳
❙❡ ♦ ❝❤❡❢❡ ❞❛ ❡①♣❡❞✐çã♦ ♣r❡t❡♥❞❡ ❛❝❛♠♣❛r ❡♠ ✉♠ ♣♦♥t♦ ❡q✉✐❞✐st❛♥t❡ ❞♦s ❧♦❝❛✐s ❞❡
❡s❝❛✈❛çã♦ ❞❡t❡r♠✐♥❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦ ❧♦❝❛❧ ❞♦ ❛❝❛♠♣❛♠❡♥t♦✳

✶✵✳ ❉❡t❡r♠✐♥❡ ♦ ♣❡rí♠❡tr♦ ❞♦ q✉❛❞r✐❧át❡r♦ ABCD✳

❋✐❣✉r❛ ✷✳✹✺

✺✻



✷✳✶✳✶✶ ❘❡s♣♦st❛s ❞♦s ❡①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✭❛✮ ❝✮

✭❜✮ ❜✮

✭❝✮ ❛✮ ✷ ✉✳❝✳ ❜✮ ✺ ✉✳❝✳ ❝✮ ∼= ✶✱✹✶ ✉✳❝✳ ❞✮ ∼= ✺✱✻✻ ✉✳❝✳

✭❞✮ H = (2, 5)❀ I = (−2, 4)❀ J = (1, 1)❀ K = (3, 0)❀ L = (−1, 4)❀ M =
(−3,−2)❀ N = (1,−3) ❡ O = (0, 0)

✭❡✮ ❜✮

✭❢✮ B = (−2, 4)❀ D = (5,−3)❀ ✷✽ ✉✳❝✳ ❡ ✹✾ ✉✳❛✳

✭❣✮ ❆ ❝❛r❣♦ ❞♦ ❧❡✐t♦r✳

✭❤✮ AB ∼= 13, 42 ♠❡tr♦s✱ CD ∼= 4, 47 ♠❡tr♦s✱ C = (−1, 6) ❡ D = (3, 4)✳

✭✐✮ ❖ ♣♦♥t♦ ♣r♦❝✉r❛❞♦ ♣♦ss✉✐ ❝♦♦r❞❡♥❛❞❛s E = (7, 5; 7, 5)✳

✭❥✮ ∼= 22, 48 ✉✳❝✳

✺✼



✺✽



❈❆P❮❚❯▲❖ ✸

❋❯◆➬Õ❊❙

✸✳✶ ❋✉♥çõ❡s

❖ ❝♦♥t❡ú❞♦ ❢✉♥çõ❡s é ✉♠ ❞♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ♥❛ ♠❛t❡♠át✐❝❛✱ ♣♦✐s s❡✉ ❡st✉❞♦
♥ã♦ s❡ r❡str✐♥❣❡ ❛♣❡♥❛s ❛♦s ✐♥t❡r❡ss❡s ❞❛ ♠❛t❡♠át✐❝❛✳ ❆s ❢✉♥çõ❡s ❢❛③❡♠ ♣❛rt❡ ❞♦ ♥♦ss♦
❝♦t✐❞✐❛♥♦ ❡ ❡stã♦ ♣r❡s❡♥t❡ ♥❛ r❡❛❧✐③❛çã♦ ❞❛s ❝♦✐s❛s ♠❛✐s ❡❧❡♠❡♥t❛r❡s q✉❡ ❢❛③❡♠♦s✳ ❙❡♠♣r❡
q✉❡ ♦❜s❡r✈❛♠♦s✱ ❛♥❛❧✐s❛♠♦s ♦✉ ❝♦♠♣❛r❛♠♦s ❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❞✉❛s ♦✉ ♠❛✐s ❣r❛♥❞❡③❛s✱
♥❛ ♣rát✐❝❛✱ ♦ q✉❡ ❡st❛♠♦s ❢❛③❡♥❞♦ é ❡st✉❞❛r ✉♠❛ ❢✉♥çã♦✳

❆s ✈❡③❡s ♥❡♠ ♣❡r❝❡❜❡♠♦s✱ ♠❛s ❡st❛♠♦s ❡♠ ❝♦♥t❛t♦ ❝♦♠ ❛s ❢✉♥çõ❡s ❛ t♦❞♦ ♠♦♠❡♥t♦✱
♣♦r ❡①❡♠♣❧♦✿

• ❖ t❡♠♣♦ ✭❞✉r❛çã♦✮ ❞❡ ✈✐❛❣❡♠ é ❢✉♥çã♦✱ ❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ ❞❛ ❞✐stâ♥❝✐❛ ♣❡r❝♦rr✐❞❛✳

• ❆ ❛❧t✉r❛ ❞❡ ✉♠❛ ❝r✐❛♥ç❛ é ❢✉♥çã♦✱ ❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ ❞❡ s✉❛ ✐❞❛❞❡✳

• ❖ ❝♦♥s✉♠♦ ❞❡ ❝♦♠❜✉stí✈❡❧ ❞❡ ✉♠ ✈❡í❝✉❧♦ é ❢✉♥çã♦✱ ❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ ❞❛ ✈❡❧♦❝✐❞❛❞❡✳

• ❖ ♣❡rí♠❡tr♦ ❞❡ ✉♠ tr✐â♥❣✉❧♦ é ❢✉♥çã♦ ❞❛ ♠❡❞✐❞❛ ❞❡ s❡✉s ❧❛❞♦s✳

• ❊♠ r❡✈✐st❛s✱ ❥♦r♥❛✐s✱ ✐♥t❡r♥❡t✱ ❡t❝✳✱ ♠✉✐t❛s ✈❡③❡s ♥♦s ❞❡♣❛r❛♠♦s ❝♦♠ ❣rá✜❝♦s✱ q✉❡
❣❡r❛❧♠❡♥t❡ sã♦ ✉♠❛ r❡❧❛çã♦ ✭❢✉♥çã♦✮ ❡♥tr❡ ❞✉❛s ♦✉ ♠❛✐s ❣r❛♥❞❡③❛s r❡♣r❡s❡♥t❛❞❛ ❣r❛✲
✜❝❛♠❡♥t❡✳

❉♦✐s ❡①❡♠♣❧♦s ♣rát✐❝♦s sã♦ ❛♣r❡s❡♥t❛❞♦s ❛ s❡❣✉✐r✿
❊①❡♠♣❧♦ ✶✿ ❬✶✶❪ ▼❡r❝❛❞♦r✐❛ ❡ ♣r❡ç♦
❯♠❛ ❜❛rr❛❝❛ ❞❡ ♣r❛✐❛✱ ❡♠ ❋♦rt❛❧❡③❛✱ ✈❡♥❞❡ á❣✉❛ ❞❡ ❝♦❝♦ ❛♦ ♣r❡ç♦ ❞❡ R$ ✷✱✷✵ ♦ ❝♦♣♦✳

P❛r❛ ♥ã♦ t❡r ❞❡ ❢❛③❡r ❝♦♥t❛s ❛ t♦❞❛ ❤♦r❛✱ ♦ ♣r♦♣r✐❡tár✐♦ ❞❛ ❜❛rr❛❝❛ ♠♦♥t♦✉ ❛ s❡❣✉✐♥t❡ t❛❜❡❧❛✳

✺✾



◆ú♠❡r♦ ❞❡ ❝♦♣♦s Pr❡ç♦✭R$✮
✶ ✷✱✷✵
✷ ✹✱✹✵
✸ ✻✱✻✵
✹ ✽✱✽✵
✺ ✶✶✱✵✵
✻ ✶✸✱✷✵
✼ ✶✺✱✹✵
✽ ✶✻✱✻✵
✾ ✶✾✱✽✵
✶✵ ✷✷✱✵✵

◆❡st❡ ❡①❡♠♣❧♦✱ ❞✉❛s ❣r❛♥❞❡③❛s ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s✿ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♣♦s ❞❡ á❣✉❛ ❞❡ ❝♦❝♦ ❡
♦ r❡s♣❡❝t✐✈♦ ♣r❡ç♦✳ ❆ ❝❛❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝♦♣♦s ❝♦rr❡s♣♦♥❞❡ ✉♠ ú♥✐❝♦ ♣r❡ç♦✳ ❉✐③❡♠♦s✱
♣♦r ✐ss♦✱ q✉❡ ♦ ♣r❡ç♦ é ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❝♦♣♦s✳ ❆ ❢ór♠✉❧❛ q✉❡ ❡st❛❜❡❧❡❝❡ ❛ r❡❧❛çã♦ ❞❡
✐♥t❡r❞❡♣❡♥❞ê♥❝✐❛ ❡♥tr❡ ♦ ♣r❡ç♦ (y)✱ ❡♠ r❡❛✐s✱ ❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♣♦s ❞❡ á❣✉❛ (x) é✿

y = 2, 20 · x

❖ ❣rá✜❝♦ ♠♦str❛ ❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ x ❡ y✳

❋✐❣✉r❛ ✸✳✶✿ ●rá✜❝♦ ❞♦ ❡①❡♠♣❧♦ ✶

❊①❡♠♣❧♦ ✷✿ ❬✶✶❪ P❛ss❛❣❡✐r♦s ❡ ♣r❡ç♦ ❞❛ ♣❛ss❛❣❡♠
P❛r❛ ❢r❡t❛r ✉♠ ô♥✐❜✉s ❞❡ ❡①❝✉rsã♦ ❝♦♠ ✹✵ ❧✉❣❛r❡s ♣❛❣❛✲s❡ ❛♦ t♦❞♦ ❘✩ 360, 00✳ ❊ss❛ ❞❡s✲

♣❡s❛ ❞❡✈❡rá s❡r ✐❣✉❛❧♠❡♥t❡ r❡♣❛rt✐❞❛ ❡♥tr❡ ♦s ♣❛rt✐❝✐♣❛♥t❡s✳ P❛r❛ ❛❝❤❛r ❛ q✉❛♥t✐❛ q✉❡ ❝❛❞❛
✉♠ ❞❡✈❡rá ❞❡s❡♠❜♦❧s❛r (y)✱ ❜❛st❛ ❞✐✈✐❞✐r ♦ ♣r❡ç♦ t♦t❛❧
✭❘✩ 360, 00✮ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ♣❛ss❛❣❡✐r♦s (x)✳ ❆ ❢ór♠✉❧❛ ✭♦✉ ❛ ❧❡✐✮ q✉❡ r❡❧❛❝✐♦♥❛ y ❝♦♠
x é✿

✻✵



y = 360
x

❖❜s❡r✈❡ ♥❛ t❛❜❡❧❛ ❛❧❣✉♥s ✈❛❧♦r❡s r❡❢❡r❡♥t❡s à ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❡♥tr❡ x ❡ y :

◆ú♠❡r♦ ❞❡ ♣❛ss❛❣❡✐r♦s ❱❛❧♦r ❞❡s❡♠❜♦❧s❛❞♦✭R$✮
✶ ✸✻✵✱✵✵
✹ ✾✵✱✵✵
✶✷ ✸✵✱✵✵
✶✺ ✷✹✱✵✵
✶✽ ✷✵✱✵✵
✷✵ ✶✽✱✵✵
✷✹ ✶✺✱✵✵
✸✻ ✶✵✱✵✵
✹✵ ✾✱✵✵

◆♦ ❣rá✜❝♦ ❛❜❛✐①♦ t❛♠❜é♠ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ♦ ♥ú♠❡r♦ ❞❡
♣❛ss❛❣❡✐r♦s ❡ ♦ ✈❛❧♦r ❞❡s❡♠❜♦❧s❛❞♦ ♣♦r ❝❛❞❛ ✉♠✳

❋✐❣✉r❛ ✸✳✷✿ ●rá✜❝♦ ❞♦ ❡①❡♠♣❧♦ ✷

❆❣♦r❛ ♣♦❞❡♠♦s ❢♦r♠❛❧✐③❛r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❢✉♥çã♦✳
❉❛❞♦s ❞♦✐s ❝♦♥❥✉♥t♦s ♥ã♦ ✈❛③✐♦s ❆ ❡ ❇✱ ❢✉♥çã♦ é ✉♠❛ ❧❡✐ ♦✉ r❡❣r❛ q✉❡ ❛ss♦❝✐❛ ❝❛❞❛

❡❧❡♠❡♥t♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ A à ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ B✳ ❖ ❝♦♥❥✉♥t♦ A é ❝❤❛♠❛❞♦
❞❡ ❞♦♠í♥✐♦✱ ❝♦♠✉♠❡♥t❡ ❞❡♥♦t❛❞♦ ♣♦r D✱ ❞❛ ❢✉♥çã♦✳ ❖ ❝♦♥❥✉♥t♦ B é ❝❤❛♠❛❞♦ ❝♦♥tr❛❞♦♠í♥✐♦
❞❛ ❢✉♥çã♦✳ ❈♦♠ ❡ss❛ ❞❡✜♥✐çã♦ ❡st❛♠♦s ❛✜r♠❛♥❞♦ q✉❡ ❢✉♥çã♦ é ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡♥tr❡ ❞♦✐s
✈❛❧♦r❡s✳ ▼❛t❡♠❛t✐❝❛♠❡♥t❡ ❡st❛♠♦s ❞✐③❡♥❞♦ q✉❡ ❢✉♥çã♦ é ❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❞✉❛s
❣r❛♥❞❡③❛s✳

P❛r❛ ❝❛❞❛ x ∈ A✱ ♦ ❡❧❡♠❡♥t♦ y ∈ B ❝❤❛♠❛✲s❡ ✐♠❛❣❡♠ ❞❡ x ♣❡❧❛ ❢✉♥çã♦ f ♦✉ ✈❛❧♦r
❛ss✉♠✐❞♦ ♣❡❧❛ ❢✉♥çã♦ f ♣❛r❛ x ∈ A✳ ❘❡♣r❡s❡♥t❛♠♦s ♦ ❡❧❡♠❡♥t♦ y ♣♦r f(x) ✭❧ê✲s❡ f ❞❡ x✮✱
❛ss✐♠✱ y = f(x)✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s y ❛ss✐♠ ♦❜t✐❞♦s é ❝❤❛♠❛❞♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠
❞❛ ❢✉♥çã♦ ❢ ❡ é ✐♥❞✐❝❛❞♦ ♣♦r ■♠✭❢✮✳

◆♦t❛çã♦✿

✻✶



f : A → B

x 7→ f(x)

❈♦♥s✐❞❡r❛♥❞♦ ❡st❛ ♥♦t❛çã♦ ❡ ♦s ❝♦♥❥✉♥t♦s ♥✉♠ér✐❝♦s✶✱ ❛s ❢✉♥çõ❡s ❞♦s ❡①❡♠♣❧♦s ✶ ❡ ✷
t❡r✐❛♠ ❛s s❡❣✉✐♥t❡s r❡♣r❡s❡♥t❛çõ❡s✳

f : N → Q

x 7→ 2, 20 · x

f : N∗ → Q

x 7→ 360

x

✸✳✶✳✶ ●rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦

❊♠ ♥♦ss♦ ❞✐❛ ❛ ❞✐❛ s❡♠♣r❡ ♥♦s ❞❡♣❛r❛♠♦s ❝♦♠ ❣rá✜❝♦s✱ s❡❥❛ ❡♠ r❡✈✐st❛s✱ ❥♦r♥❛✐s✱
✐♥t❡r♥❡t✱ ❡t❝✳ ❖s ❣rá✜❝♦s ❡stã♦ ❧✐❣❛❞♦s ❛♦s ♠❛✐s ✈❛r✐❛❞♦s ❛ss✉♥t♦s ❞♦ ♥♦ss♦ ❝♦t✐❞✐❛♥♦✱ ❡
❡♠ ❣❡r❛❧ ❛s ✐♥❢♦r♠❛çõ❡s ♥❡❧❡s ❛♣r❡s❡♥t❛❞❛s ❡stã♦ ♦r❣❛♥✐③❛❞❛s ❞❡ ✉♠❛ ❢♦r♠❛ ♠❛✐s ❝❧❛r❛ ❡
♦❜❥❡t✐✈❛✳

❆ ❣r❛♥❞❡ ♠❛✐♦r✐❛ ❞♦s ❣rá✜❝♦s r❡♣r❡s❡♥t❛♠ ❢✉♥çõ❡s✱ ❡ ✈❛♠♦s ✉t✐❧✐③á✲❧♦s ❡♠ t♦❞❛s ❛s
♥♦ss❛s ❛t✐✈✐❞❛❞❡s✱ ♣❛r❛ ❡♥t❡♥❞❡r♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡ ♦❜t❡r♠♦s ✐♥❢♦r♠❛çõ❡s ❞❛s ❢✉♥çõ❡s
❡st✉❞❛❞❛s✳ ❉❡♥tr❡ ❡ss❛s ✐♥❢♦r♠❛çõ❡s ❡stã♦✱ ♦ ❝r❡s❝✐♠❡♥t♦ ✭❞❡❝r❡s❝✐♠❡♥t♦✮ ❡ ♣♦♥t♦s ❞❡ ♠á✲
①✐♠♦ ✭♠í♥✐♠♦✮ ❞❡ ✉♠❛ ❢✉♥çã♦✳ ❖s ❣rá✜❝♦s ❞♦s ❡①❡♠♣❧♦s ✶ ❡ ✷ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ♥❛s ✜❣✉r❛s
✸✳✶ ❡ ✸✳✷✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✸✳✶✳✷ ❋✉♥çã♦ ❝r❡s❝❡♥t❡ ✲ ❋✉♥çã♦ ❞❡❝r❡s❝❡♥t❡

• ❙❡✱ ♣❛r❛ q✉❛✐sq✉❡r ✈❛❧♦r❡s x1 ❡ x2 ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ S✱ ❝♦♥t✐❞♦ ♥♦ ❞♦♠í♥✐♦ D✱ ❝♦♠
x1 < x2✱ t✐✈❡r♠♦s f(x1) < f(x2)✱ ❡♥tã♦ f é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❡♠ S❀

❆ ❢✉♥çã♦ ❞♦ ❡①❡♠♣❧♦ ✶ é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡✳

• ❙❡✱ ♣❛r❛ q✉❛✐sq✉❡r ✈❛❧♦r❡s x1 ❡ x2 ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ S✱ ❝♦♥t✐❞♦ ♥♦ ❞♦♠í♥✐♦ D✱ ❝♦♠
x1 < x2✱ t✐✈❡r♠♦s f(x1) ≤ f(x2)✱ ❡♥tã♦ f é ♥ã♦✲❞❡❝r❡s❝❡♥t❡ ❡♠ S❀

• ❙❡✱ ♣❛r❛ q✉❛✐sq✉❡r ✈❛❧♦r❡s x1 ❡ x2 ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ S✱ ❝♦♥t✐❞♦ ♥♦ ❞♦♠í♥✐♦ D✱ ❝♦♠
x1 < x2✱ t✐✈❡r♠♦s f(x1) > f(x2)✱ ❡♥tã♦ f é ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ❡♠ S❀

❆ ❢✉♥çã♦ ❞♦ ❡①❡♠♣❧♦ ✷ é ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡✳

• ❙❡✱ ♣❛r❛ q✉❛✐sq✉❡r ✈❛❧♦r❡s x1 ❡ x2 ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ S✱ ❝♦♥t✐❞♦ ♥♦ ❞♦♠í♥✐♦ D✱ ❝♦♠
x1 < x2✱ t✐✈❡r♠♦s f(x1) ≥ f(x2)✱ ❡♥tã♦ f é ♥ã♦✲❝r❡s❝❡♥t❡ ❡♠ S❀

✶❈♦♥❥✉♥t♦s ♥✉♠ér✐❝♦s sã♦ r❡q✉✐s✐t♦s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❢✉♥çõ❡s✳

✻✷



✸✳✶✳✸ ❋✉♥çã♦ P❛r ✲ ❋✉♥çã♦ í♠♣❛r

• f é ❢✉♥çã♦ ♣❛r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f(x) = f(−x)✱ ♣❛r❛ q✉❛❧q✉❡r x ∈ D✱ ❡♠ q✉❡ ♦ ❞♦♠í♥✐♦
é s✐♠étr✐❝♦ ❡♠ r❡❧❛çã♦ à ♦r✐❣❡♠✱ ✐st♦ é✱ x ∈ D ❛❝❛rr❡t❛ −x ∈ D✳

❖ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ♣❛r é s✐♠étr✐❝♦ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ y✳

❊①❡♠♣❧♦✿

❋✐❣✉r❛ ✸✳✸

• f é ❢✉♥çã♦ í♠♣❛r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f(−x) = −f(x)✱ ♣❛r❛ q✉❛❧q✉❡r x ∈ D✱ ❡♠ q✉❡ ♦
❞♦♠í♥✐♦ é s✐♠étr✐❝♦ ❡♠ r❡❧❛çã♦ à ♦r✐❣❡♠✱ ✐st♦ é✱ x ∈ D ❛❝❛rr❡t❛ −x ∈ D✳

❖ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ í♠♣❛r é s✐♠étr✐❝♦ ❡♠ r❡❧❛çã♦ ❛ ♦r✐❣❡♠ O✳

❊①❡♠♣❧♦✿

❋✐❣✉r❛ ✸✳✹

✻✸



✸✳✶✳✹ ❆t✐✈✐❞❛❞❡ ✶

❊st❛ ❛t✐✈✐❞❛❞❡ é ✉♠ ❡①❡♠♣❧♦ ❞❡ ❝♦♠♦ ✉♠❛ ❢✉♥çã♦ ♣♦❞❡ s❡r ✉s❛❞❛ ♥♦ ❞✐❛ ❛ ❞✐❛✳ P❛r❛
❞❡s❡♥✈♦❧✈ê✲❧❛ ✈❛♠♦s ✉t✐❧✐③❛r ❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❞♦ ●❡♦●❡❜r❛ ♣❛r❛ ♠♦❞❡❧❛r ❛ ❢✉♥çã♦ ❞❛❞❛
❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♣❧♦t❛r s❡✉ ❣rá✜❝♦ ♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✱ ❡♠ s❡❣✉✐❞❛ ✈❛♠♦s ♠❛r❝❛r
✉♠ ♣♦♥t♦ ❣❡♥ér✐❝♦ q✉❡ s❡ ♠♦✈❛ s♦❜r❡ ❛ ❝✉r✈❛ ❝r✐❛❞❛✳ ❆♦ ❛♥✐♠❛r ♦ ❛rq✉✐✈♦✱ ❝♦♠ ❛✉①í❧✐♦ ❞♦
♣r♦❢❡ss♦r✱ ♦ ❛❧✉♥♦ ♣♦❞❡rá ✈❡r✐✜❝❛r✱ ❡♥tr❡ ♦✉tr❛s ❝♦✐s❛s✱ q✉❡ ❛ ❢✉♥çã♦ é ❞❡❝r❡s❝❡♥t❡✱ ♦✉ s❡❥❛✱
❛ ♠❡❞✐❞❛ q✉❡ ❛ ❛❜s❝✐ss❛ x ❛✉♠❡♥t❛✱ ❤á ✉♠❛ r❡❞✉çã♦ ♥❛ ♦r❞❡♥❛❞❛ y✳

• ❯♠ ♣❛❝✐❡♥t❡ ✐♥t❡r♥❛❞♦ às ✷✸✿✵✵ ❞♦ ❞✐❛ ✶♦ ❞❡ ♦✉t✉❜r♦✱ ❝♦♠ ❞✐❛❣♥óst✐❝♦ ❞❡ ✐♥❢❡❝çã♦✱
❢♦✐ s✉❜♠❡t✐❞♦ ❛ ❡①❛♠❡s ❞✐ár✐♦s ♣❛r❛ ❞❡t❡❝çã♦ ❞♦s ♥í✈❡✐s ❞❡ s✉❜stâ♥❝✐❛ X ❡♥❝♦♥tr❛❞♦s

❡♠ s❡✉ ♦r❣❛♥✐s♠♦✳ ❆ ❧❡✐ N(t) = 0, 20 +
(t+ 10)

(t2 + 1)
r❡♣r❡s❡♥t❛ ❛ q✉❛♥t✐❞❛❞❡ N(t) ❞❛

s✉❜stâ♥❝✐❛ X ✭❡♠ mg/dl✮ ❡♥❝♦♥tr❛❞❛ ♥♦ ❡①❛♠❡ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ t ❡♠ ❤♦r❛s ✭t ≥ 0✮✳

❛✮ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦ ♣r✐♠❡✐r♦ ❡①❛♠❡ ❢♦✐ r❡❛❧✐③❛❞♦ ❡①❛t❛♠❡♥t❡ à ✵✵✿✵✵ ✭♠❡✐❛ ♥♦✐t❡✮✱ q✉❛❧
❢♦✐ ❛ q✉❛♥t✐❞❛❞❡ ❞❛ s✉❜stâ♥❝✐❛ X ♦❜s❡r✈❛❞❛ ♥♦ s❛♥❣✉❡ ❞♦ ♣❛❝✐❡♥t❡❄

❜✮ ❉❡t❡r♠✐♥❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ s✉❜stâ♥❝✐❛ X ❡♥❝♦♥tr❛❞❛ ♥♦ s❛♥❣✉❡ ❞♦ ♣❛❝✐❡♥t❡ ♥♦s ❡①❛♠❡s
r❡❛❧✐③❛❞♦s ♥❛s s❡❣✉✐♥t❡s ❤♦r❛s✿

• às ✻✿✵✵

• às ✶✷✿✷✹

• às ✶✽✿✵✵

• à ✶✿✸✵ ✭✉♠❛ ❡ ♠❡✐❛✮ ❞♦ ❞✐❛ ✸ ❞❡ ♦✉t✉❜r♦

❝✮ ❖ t❡st❡ ✐♥❞✐❝❛ q✉❡ é ♣♦ssí✈❡❧ ❞❛r ❛❧t❛ ❛♦ ♣❛❝✐❡♥t❡ ❝❛s♦ ♦ ♥í✈❡❧ ❡♥❝♦♥tr❛❞♦ ❞❛ s✉❜stâ♥❝✐❛
X s❡❥❛ ♠❡♥♦r q✉❡ 0, 25mg/dl ❞❡ s❛♥❣✉❡✳ ❈♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦ ♣❛❝✐❡♥t❡ ❢♦✐ ❧✐❜❡r❛❞♦ ♥❛
♠❛♥❤ã ❞♦ ❞✐❛ ✸ ❞❡ ♦✉t✉❜r♦✱ ❛ ♣❛rt✐r ❞❡ q✉❡ ❤♦r❛s✱ ♥♦ ♠í♥✐♠♦✱ ❢♦✐ r❡❛❧✐③❛❞♦ ♦ ú❧t✐♠♦
❡①❛♠❡❄

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦✿

✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s✱ ♣♦s✐❝✐♦♥❡ ♦ ❜♦tã♦ ❞♦ ♠♦✉s❡
s♦❜r❡ ❊✐①♦X✿❊✐①♦Y ❡ s❡❧❡❝✐♦♥❡ ❛ ❡s❝❛❧❛ ✷✿✶✳

❋✐❣✉r❛ ✸✳✺

✻✹



✷✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s✱ s❡❧❡❝✐♦♥❡ ✧❏❛♥❡❧❛ ❞❡ ❱✐s✉❛✲
❧✐③❛çã♦✧ ❡ ❢❛ç❛ ❛s ♠✉❞❛♥ç❛s ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✸✳✻✳

❋✐❣✉r❛ ✸✳✻

✸✳ ◆❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❞✐❣✐t❡ ♦ t❡①t♦ ❞❛ ✜❣✉r❛ ✸✳✼ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❖ ❛rq✉✐✈♦ r❡♣r❡s❡♥✲
t❛❞♦ ♥❛ ✜❣✉r❛ ✸✳✽ s❡rá ❣❡r❛❞♦✳

❋✐❣✉r❛ ✸✳✼

❋✐❣✉r❛ ✸✳✽

✹✳ P❛r❛ ♠❛r❝❛r ✉♠ ♣♦♥t♦ s♦❜r❡ ❛ ❝✉r✈❛✱ ❞✐❣✐t❡ ✭❛✱❢✭❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✱ ♣r❡ss✐♦♥❡
❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛ ❝❧✐q✉❡ ❡♠ ❈r✐❛r ❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✸✳✾

✺✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❝r✐❛❞♦✱ s❡❧❡❝✐♦♥❡ Pr♦✲
♣r✐❡❞❛❞❡s ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✸✳✶✵✱ ❧❛❞♦ ❞✐r❡✐t♦✳

✻✺



❋✐❣✉r❛ ✸✳✶✵

✻✳ P❛r❛ ❛❧t❡r❛r ♦ ♥♦♠❡ ❞❛ ✈❛r✐á✈❡❧ f(x) ♣❛r❛ N(x)✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡
s♦❜r❡ f(x)✱ ✜❣✉r❛ ✸✳✶✶✱ ❧❛❞♦ ❡sq✉❡r❞♦✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s
❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✸✳✶✶✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✸✳✶✶

✼✳ P❛r❛ r❡♥♦♠❡❛r ♦ ♥♦♠❡ ❞♦ ♣♦♥t♦ A ♣❛r❛ X✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡
♦ ♠❡s♠♦✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✸✳✶✷✱ ❧❛❞♦
❞✐r❡✐t♦✳

❋✐❣✉r❛ ✸✳✶✷

✽✳ P❛r❛ ❛♥✐♠❛r ♦ ❛rq✉✐✈♦✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡
❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

✻✻



❋✐❣✉r❛ ✸✳✶✸

❖ ❛rq✉✐✈♦ ✜♥❛❧ ❣❡r❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✸✳✶✹

❋✐❣✉r❛ ✸✳✶✹✿ ❆rq✉✐✈♦ ✜♥❛❧

✸✳✶✳✺ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✶

❆ ❢✉♥çã♦ ❡ ♦ ❣rá✜❝♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♣❛r❡❝❡♠ ♥❛s ❏❛♥❡❧❛s ❞❡ ➪❧❣❡❜r❛ ❡ ❱✐s✉❛❧✐③❛çã♦✱
✜❣✉r❛ ✸✳✶✹✳ ❱❛♠♦s r❡s♣♦♥❞❡r ❛♦s ✐t❡♥s ❛✱ ❜ ❡ ❝✱ ❞❛ ❛t✐✈✐❞❛❞❡ ❢❛③❡♥❞♦ ❛❧❣✉♠❛s ♣❛✉s❛s ♥❛
❛♥✐♠❛çã♦ ❞♦ ❛rq✉✐✈♦✳

❆ ♣r✐♠❡✐r❛ ♣❛✉s❛ s❡r✈✐rá ♣❛r❛ r❡s♣♦♥❞❡r ♦ ✐t❡♠ ❛✮✳ ◆❡st❛ ♣❛✉s❛✱ ✜❣✉r❛ ✸✳✶✺ ✭❧❛❞♦
❡sq✉❡r❞♦✮✱ ❛♦ ♦❜s❡r✈❛r ❛ ❥❛♥❡❧❛ ❛❧❣é❜r✐❝❛✱ ♦ ❛❧✉♥♦ ♣♦❞❡rá ✈❡r✐✜❝❛r q✉❡ ♠❡✐❛ ♥♦✐t❡ ✭③❡r♦ ❤♦r❛✮✱
❛ q✉❛♥t✐❞❛❞❡ ❞❡ s✉❜stâ♥❝✐❛ X ♥♦ s❛♥❣✉❡ ❞♦ ♣❛❝✐❡♥t❡ é 10, 2mg/dl✳ ❆ ♠❡s♠❛ q✉❛♥t✐❞❛❞❡ ❞❛
s✉❜stâ♥❝✐❛ ♣♦❞❡ s❡r ✈❡r✐✜❝❛❞❛ ❛tr❛✈és ❞♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✳

P❛r❛ ♦ ✐t❡♠ ❜✮✱ ✈❛♠♦s ❢❛③❡r ❛♣❡♥❛s ❞✉❛s ♣❛✉s❛s✳ ◆❛ ✜❣✉r❛ ✸✳✶✺ ✭❧❛❞♦ ❞✐r❡✐t♦✮ ♦ ❛❧✉♥♦
♣♦❞❡rá ♦❜s❡r✈❛r q✉❡ ♥♦ ❡①❛♠❡ ❢❡✐t♦ às ✻✿✵✵ ❤♦r❛s ❛ q✉❛♥t✐❞❛❞❡ ❞❛ s✉❜stâ♥❝✐❛X é 0, 63mg/dl✳

◆❛ ✜❣✉r❛ ✸✳✶✻ ❡stá r❡♣r❡s❡♥t❛❞❛ ✉♠❛ ♣❛✉s❛ ❢❡✐t❛ à✶✿✸✵ ❞♦ ❞✐❛ ✸ ❞❡ ♦✉t✉❜r♦ ❡ ♥❡st❡
♠♦♠❡♥t♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❛ s✉❜stâ♥❝✐❛ ♥♦ s❛♥❣✉❡ ❞♦ ♣❛❝✐❡♥t❡ é ❞❡ 0, 34mg/dl✳ ❊♠ r❡❧❛çã♦ ❛
❡st❛ ♣❛✉s❛✱ ✈❛❧❡ ❧❡♠❜r❛r ❛♦s ❛❧✉♥♦s q✉❡ t❡rã♦ s❡ ♣❛ss❛❞♦ ✶ ❞✐❛ ✐♥t❡✐r♦♠❛✐s ✉♠❛ ❤♦r❛ ❡ ♠❡✐❛✱
♦✉ s❡❥❛✱ t❡rã♦ s❡ ♣❛ss❛❞♦s ✈✐♥t❡ ❡ ❝✐♥❝♦ ❤♦r❛s ❡ tr✐♥t❛ ♠✐♥✉t♦s✱ ❡ ✐st♦ ❡q✉✐✈❛❧❡ ❛ 25, 5horas✳

✻✼



❋✐❣✉r❛ ✸✳✶✺

❋✐❣✉r❛ ✸✳✶✻

P❛r❛ r❡s♦❧✈❡r ♦ ✐t❡♠ ❝✮✱ ♦ ❛❧✉♥♦ ♦❜s❡r✈❛rá ♥❛ ❥❛♥❡❧❛ ❛❧❣é❜r✐❝❛ q✉❡ ❡♠ ✉♠ ❞❛❞♦ ♠♦♠❡♥t♦
❛ ♦r❞❡♥❛❞❛✱ q✉❡ r❡♣r❡s❡♥t❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❛ s✉❜stâ♥❝✐❛ X✱ s❡rá 0, 24✱ ❡ ♥❡st❡ ♠♦♠❡♥t♦ ♦
✈❛❧♦r ❝♦rr❡s♣♦♥❞❡♥t❡ ❞❛ ❛❜s❝✐ss❛ é 29, 7✳ ■ss♦ q✉❡r ❞✐③❡r q✉❡ ♦ ú❧t✐♠♦ ❡①❛♠❡ ❢♦✐ r❡❛❧✐③❛❞♦✱
♥♦ ♠í♥✐♠♦✱ 29, 7horas ❛♣ós ♦ ♣r✐♠❡✐r♦✱ ♦✉ s❡❥❛✱ ♦ ú❧t✐♠♦ ❡①❛♠❡ ❢♦✐ r❡❛❧✐③❛❞♦s às 4h42min
♦✉ ❛♣ós ❡ss❡ ❤♦rár✐♦ ❞♦ ❞✐❛ ✸ ❞❡ ♦✉t✉❜r♦✳

✻✽



❋✐❣✉r❛ ✸✳✶✼

❉✉r❛♥t❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❛ ❛t✐✈✐❞❛❞❡ ♦✉ ♣♦st❡r✐♦r♠❡♥t❡✱ ♦ ❛❧✉♥♦ ♣♦❞❡ ❢❛③❡r ✉s♦
❞❡ ✉♠❛ ❝❛❧❝✉❧❛❞♦r❛ ♣❛r❛ ❝♦♠♣r♦✈❛r ♦s ✈❛❧♦r❡s ❡①✐❜✐❞♦s ♣❡❧♦ ●❡♦●❡❜r❛✳

✸✳✶✳✻ ❆t✐✈✐❞❛❞❡ ✷

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ♠♦❞❡❧❛r ❛ ❢✉♥çã♦ ❞❛❞❛ ♥♦ ❡♥✉♥❝✐❛❞♦ ❡ ♠❛r❝❛r ❞♦✐s ♣♦♥t♦s✱ A
❡ B✱ s♦❜r❡ s✉❛ ❝✉r✈❛ ✉s❛♥❞♦ ❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ❞❡✜♥✐r ✉♠ ♣❛râ♠❡tr♦ b q✉❡ ❝❛❧❝✉❧❡ ❛ s♦♠❛
❞❛s ♦r❞❡♥❛❞❛s ❞❡ss❡s ♣♦♥t♦s✳

◆❡st❛ ❛t✐✈✐❞❛❞❡ ♦ ❛❧✉♥♦ ♣♦❞❡rá ♦❜s❡r✈❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ♦r❞❡♥❛❞❛s ❞❡ A ❡ B✱
s❡❣✉♥❞♦ ❛ ✈❛r✐❛çã♦ ❞❛s ❛❜s❝✐ss❛s xA ❡ xB ❡ ❛♥❛❧✐s❛♥❞♦ ❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ ❡ ❛ ❏❛♥❡❧❛ ❞❡
❱✐s✉❛❧✐③❛çã♦ ❞❡✈❡rá s❡r ❝❛♣❛③ ❞❡ ❡①♣r❡ss❛r ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ss❛ ❢✉♥çã♦✳

• ❬✻❪❙❡❥❛ f : R+ → R ❛ ❢✉♥çã♦ ❞❛❞❛ ♣♦r
x2 + 1

x
.

• ❋❛ç❛ ✉♠❛ ❛♥á❧✐s❡ ❞♦ ✈❛❧♦r ❞❡ f(a) + f

(
1

a

)
✳

• ❉❡t❡r♠✐♥❡ ❛ ✐♠❛❣❡♠ ❞❡ss❛ ❢✉♥çã♦✳

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦✿

✶✳ ◆❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✱ ❞✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✸✳✶✽ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✸✳✶✽

❆ ✜❣✉r❛ ✸✳✶✾ r❡♣r❡s❡♥t❛ ♦ ❛rq✉✐✈♦ ❝r✐❛❞♦✳

✻✾



❋✐❣✉r❛ ✸✳✶✾

✷✳ ❉✐❣✐t❡ ✭❛✱❢✭❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✱ ♣r❡ss✐♦♥❡ ❡♥t❡r ❡ ❝❧✐q✉❡ ❡♠ ❈r✐❛r ❈♦♥tr♦❧❡s ❉❡s✲
❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✸✳✷✵

✸✳ ❉✐❣✐t❡ ✭✶✴❛✱❢✭✶✴❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❉✐❣✐t❡ ❢✭❛✮✰❢✭✶✴❛✮ ♥❛
❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✸✳✷✶

✹✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s
❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✸✳✷✸

❋✐❣✉r❛ ✸✳✷✷

❋✐❣✉r❛ ✸✳✷✸

✼✵



❖ ❛rq✉✐✈♦ ✜♥❛❧ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✸✳✷✹✳

❋✐❣✉r❛ ✸✳✷✹✿ ❆rq✉✐✈♦ ✜♥❛❧

✺✳ P❛r❛ ❛♥✐♠❛r ♦ ❛rq✉✐✈♦✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡
❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❋✐❣✉r❛ ✸✳✷✺

✸✳✶✳✼ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✷

◆❡ss❡ ❛rq✉✐✈♦ ♦ ♣❛râ♠❡tr♦ a ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛♦ ✈❛❧♦r ❞❛s ❛❜s❝✐ss❛s ❞♦s ♣♦♥t♦s A ❡ B

❡ ♦ ♣❛râ♠❡tr♦ b r❡♣r❡s❡♥t❛ ❛ s♦♠❛ f(a) + f

(
1

a

)
✳

❆ ✜❣✉r❛ ✸✳✷✻ r❡♣r❡s❡♥t❛ ✉♠❛ ♣❛✉s❛ q✉❛♥❞♦ a = 3✳ P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛s ❛❜s❝✐ss❛s
sã♦ xA = 3 ❡ xB = 0, 33✱ ❛♦ ♣❛ss♦ q✉❡ ❛s ♦r❞❡♥❛❞❛s sã♦ yA = 3, 33 ❡ yB = 3, 33✳ P❡r❝❡❜❡♠♦s

q✉❡ ❛s ♦r❞❡♥❛❞❛s yA ❡ yB sã♦ ✐❣✉❛✐s ❡ q✉❡ ❛ s♦♠❛ b = f(3) + f

(
1

3

)
= 6, 67✳

✼✶



❋✐❣✉r❛ ✸✳✷✻

◆❛ ✜❣✉r❛ ✸✳✷✼ ♦❜s❡r✈❛♠♦s q✉❡ q✉❛♥❞♦ a = 2✱ ❛s ❛❜s❝✐ss❛s sã♦ xA = 2 ❡ xB = 0, 5 ❡ ❛s

♦r❞❡♥❛❞❛s sã♦ yA = yB = 2, 5 ✭♥♦✈❛♠❡♥t❡ sã♦ ✐❣✉❛✐s✮✳ ❊ ❛ s♦♠❛ b = f(2) + f

(
1

2

)
= 5✳

❋✐❣✉r❛ ✸✳✷✼

❉✉r❛♥t❡ ❛ ❛♥✐♠❛çã♦ ♦ ♣r♦❢❡ss♦r ❡ ❛❧✉♥♦ ♥♦t❛rá q✉❡ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞♦ ♣❛râ♠❡tr♦
a✱ ❛s ♦r❞❡♥❛❞❛s yA ❡ yB s❡♠♣r❡ sã♦ ✐❣✉❛✐s✳ ■ss♦ t❛♠❜é♠ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❏❛♥❡❧❛ ❞❡
❱✐s✉❛❧✐③❛çã♦ ❛tr❛✈és ❞♦ ❣rá✜❝♦✱ ♣♦✐s ❛ ♠❡❞✐❞❛ q✉❡ ❛s ❛❜s❝✐ss❛s ❞♦s ♣♦♥t♦s A ❡ B ✈❛r✐❛♠✱
❝♦♠ xA 6= xB✱ ❛s ♦r❞❡♥❛❞❛s ❞♦s ♠❡s♠♦s ♣❡r♠❛♥❡❝❡♠ ❛ ♠❡s♠❛ ❡ s❡♠♣r❡ s❡ ❡♥❝♦♥tr❛♠ à
♠❡s♠❛ ❛❧t✉r❛✳

◆❛ ✜❣✉r❛ ✸✳✷✽ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛ ❢✉♥çã♦ ❢ ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦✱ ❛ s❛❜❡r
(1, 2)✱ ❡ ✐st♦ ♦❝♦rr❡ q✉❛♥❞♦ ❛s ❛❜s❝✐ss❛s sã♦ xA = xB = 1✳ ❆ss✐♠ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ♦
❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ss❛ ❢✉♥çã♦ é ④y ∈ R; 2 ≤ y < ∞⑥✳

✼✷



❋✐❣✉r❛ ✸✳✷✽

◆❛ ✜❣✉r❛ ❛❜❛✐①♦✱ ❞❡✈✐❞♦ ❛ ❧✐♠✐t❛çã♦ ❞♦ ●❡♦●❡❜r❛ ♦❜s❡r✈❛♠♦s xB = 0✱ ♠❛s ❡ss❡ ✈❛❧♦r
0 ✭③❡r♦✮ ♥ã♦ ♣❡rt❡♥❝❡ ❛♦ ❞♦♠í♥✐♦ ❞❡ ❢✳ ◆❡ss❡ ♠♦♠❡♥t♦ é ✐♠♣♦rt❛♥t❡ ❢❛③❡r ✉s♦ ❞❡ ✉♠❛
❝❛❧❝✉❧❛❞♦r❛ ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ❛♣r♦①✐♠❛❞♦ ❞❛ ❛❜s❝✐ss❛ q✉❛♥❞♦ a = 1000✳ ◆❛ ✈❡r❞❛❞❡
s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❛♣r♦✈❡✐t❛r ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❡ t❡❝❡r ✉♠ ❜r❡✈❡ ❝♦♠❡♥tár✐♦ s♦❜r❡ ❧✐♠✐t❡s✳ P❛r❛
q✉❡ ♦ ❛❧✉♥♦ s❡ ❝♦♥✈❡♥ç❛ ❞❡ q✉❡ ❛ ❛❜s❝✐ss❛ xB ♥✉♥❝❛ s❡rá 0 ✭③❡r♦✮✱ ✉s❡ ❛ ❝❛❧❝✉❧❛❞♦r❛ ♣❛r❛
✈❡r✐✜❝❛r ♦✉tr♦s ✈❛❧♦r❡s ❞♦ ♣❛râ♠❡tr♦ a✱ t❛✐s ❝♦♠♦ a = 5000✱ a = 9000✱ ❡t❝✳

❋✐❣✉r❛ ✸✳✷✾

✸✳✶✳✽ ❊①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❬✶✶❪ ◆❛ t❛❜❡❧❛ é ❞❛❞♦ ♦ ♣r❡ç♦ ♣❛❣♦ ❡♠ ❢✉♥çã♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛r♥❡ ❛❞q✉✐r✐❞❛ ❡♠
✉♠ ❛ç♦✉❣✉❡✿

✼✸



◗✉❛♥t✐❞❛❞❡ ✭❡♠ ❦❣✮ Pr❡ç♦ ✭R$✮
✵✱✺ ✼
✶✱✵ ✶✹✱✵✵
✶✱✺ ✷✶✱✵✵
✷✱✵ ✷✽✱✵✵
✸✱✺ ✹✾✱✵✵

❛✮ ◗✉❛♥t♦ ♣❛❣❛rá ✉♠ ❝❧✐❡♥t❡ q✉❡ ❝♦♠♣r❛r ✹✱✺ q✉✐❧♦s ❞❡ ❝❛r♥❡❄

❜✮ ❉✐s♣♦♥❞♦✲s❡ ❞❡ R$ 350, 00✱ q✉❛❧ é ❛ q✉❛♥t✐❞❛❞❡ ♠á①✐♠❛ ❞❡ ❝❛r♥❡ q✉❡ ♣♦❞❡ s❡r
❛❞q✉✐r✐❞❛❄

❝✮ ◗✉❛❧ é ❛ ❧❡✐ q✉❡ r❡❧❛❝✐♦♥❛ ♦ ♣r❡ç♦ ✭y✮✱ ❡♠ r❡❛✐s✱ ❡♠ ❢✉♥çã♦ ❞❛ q✉❛♥t✐❞❛❞❡ ✭x✮✱ ❡♠
q✉✐❧♦❣r❛♠❛s✱ ❝♦♠♣r❛❞❛❄

✷✳ ❬✶✶❪ ❉❡t❡r♠✐♥❡ ♦ ❞♦♠í♥✐♦ ❞❛s s❡❣✉✐♥t❡s ❢✉♥çõ❡s✿

❛✮ f(x) = x2 − 3x+ 2

❜✮ f(x) =
x+ 3

x+ 2

❝✮ f(x) =
√
x− 6

❞✮ f(x) =
√
4x+ 8

❡✮ f(x) =
x+ 1√
x− 3

✸✳ ❙❡❥❛ f : R → R ❛ ❢✉♥çã♦ ❞❛❞❛ ♣♦r f(x) = −8x4+x3+15x2− 5x+3✳ P❛r❛ ❡st❛ ❢✉♥çã♦
✉t✐❧✐③❡ ♦ ●❡♦●❡❜r❛ ❡ ❞❡t❡r♠✐♥❡✿

❛✮ ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠❀

❜✮ ♦s ✐♥t❡r✈❛❧♦s ❞❡ ❝r❡s❝✐♠❡♥t♦ ✭❞❡❝r❡s❝✐♠❡♥t♦✮❀

❝✮ ♦ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ♦✉ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦✳

✹✳ ✭❋❆❆P✮ ❉✉r❛♥t❡ ✉♠ ♣r♦❣r❛♠❛ ♥❛❝✐♦♥❛❧ ♣❛r❛ ✈❛❝✐♥❛r ❛ ♣♦♣✉❧❛çã♦ ❝♦♥tr❛ ✉♠ ❝❡rt♦ t✐♣♦
❞❡ ❣r✐♣❡✱ ❛s ❛✉t♦r✐❞❛❞❡s ❞❡s❝♦❜r❡♠ q✉❡ ♦ ❝✉st♦ ♣❛r❛ ✈❛❝✐♥❛r x% ❞❛ ♣♦♣✉❧❛çã♦ é ❞❛❞♦

❛♣r♦①✐♠❛❞❛♠❡♥t❡ C(x) =
150x

200− x
♠✐❧❤õ❡s ❞❡ r❡❛✐s✳

❛✮ ◗✉❛❧ ♦ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦ C❄

❜✮ P❛r❛ q✉❡ ✈❛❧♦r❡s ❞❡ x ❛ ❢✉♥çã♦ C(x) t❡♠ s✐❣♥✐✜❝❛❞♦ ♥❡st❡ ❝♦♥t❡①t♦❄

❝✮ ◗✉❛❧ ♦ ❝✉st♦ ♣❛r❛ ✈❛❝✐♥❛r ✺✵✪ ❞❛ ♣♦♣✉❧❛çã♦❄

❞✮ ◗✉❛❧ ❢♦✐ ♦ ❝✉st♦ ♣❛r❛ q✉❡ ♦s ✺✵✪ r❡st❛♥t❡s ❞❛ ♣♦♣✉❧❛çã♦ ❢♦ss❡♠ ✈❛❝✐♥❛❞♦s❄

❡✮ ◗✉❛❧ ❛ ♣♦r❝❡♥t❛❣❡♠ ✈❛❝✐♥❛❞❛ ❞❛ ♣♦♣✉❧❛çã♦✱ q✉❛♥❞♦ ❢♦r❛♠ ❣❛st♦s ✸✼✱✺ ♠✐❧❤õ❡s ❞❡
r❡❛✐s❄

❢✮ ❋❛ç❛ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦✱ ❡s♣❡❝✐✜❝❛♥❞♦ s✉❛ ♣❛rt❡ r❡❧❡✈❛♥t❡✱ t❡♥❞♦ ❡♠ ✈✐st❛ ❛ s✐t✉❛çã♦
♣rát✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ ❡♠ q✉❡stã♦✳

✼✹



✺✳ ✭P❯❈✲❘❙✮ ◆✉♠❛ ❝â♠❛r❛ ♦♥❞❡ s❡ ❞❡s❡♥✈♦❧✈❡ ✉♠ ♣r♦❝❡ss♦ q✉í♠✐❝♦✱ ✉♠ t❡r♠ô♠❡tr♦
♠❛r❝❛ ❛ t❡♠♣❡r❛t✉r❛ T ♥♦ ❞❡❝♦rr❡r ❞❛ ❡①♣❡r✐ê♥❝✐❛✳ ❙❡♥❞♦ t ♦ t❡♠♣♦ ♣❛ss❛❞♦ ❛♣ós ♦
✐♥í❝✐♦✱ q✉❡ s❡ ❞❡✉ às ✶✷ ❤♦r❛s✱ t❡♠✲s❡ T (t) = 2t3 − 12t2 + 18t + 10✱ r❡❧❛çã♦ ✈á❧✐❞❛ ♥♦
✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ 0 ≤ t ≤ 4✱ ♦♥❞❡ T ❡stá ❡♠ ❣r❛✉s ❈❡❧s✐✉s✱ ❡ t ❡♠ ❤♦r❛s✳

❋✐❣✉r❛ ✸✳✸✵

❉❡t❡r♠✐♥❡✿

❛✮ ❛ ♠á①✐♠❛ t❡♠♣❡r❛t✉r❛ ❛t✐♥❣✐❞❛ ❡ ❛ ❤♦r❛ ❡♠ q✉❡ ✐ss♦ ♦❝♦rr❡✉❀

❜✮ ❛ ♠í♥✐♠❛ t❡♠♣❡r❛t✉r❛ ❛t✐♥❣✐❞❛ ❡ ❛ ❤♦r❛ ❡♠ q✉❡ ✐ss♦ ♦❝♦rr❡✉❀

❝✮ ♦s ✭♠❛✐♦r❡s✮ s✉❜✐♥t❡r✈❛❧♦s ❞❡ [0, 4] ♦♥❞❡ ❛ ❢✉♥çã♦ é ❝r❡s❝❡♥t❡ ❡ ♦♥❞❡ ❛ ❢✉♥çã♦ é
❞❡❝r❡s❝❡♥t❡❀

❞✮ ❛ t❡♠♣❡r❛t✉r❛ às ✶✹ ❤♦r❛s❀

❡✮ ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❛t✐♥❣✐✉ ✶✻♦ ❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❛ ❤♦r❛ q✉❡
✐ss♦ ♦❝♦rr❡✉ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③❀

✸✳✶✳✾ ❘❡s♣♦st❛s ❞♦s ❡①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❛✮ ❘✩ ✻✸✱✵✵ ❜✮ ✷✺❦❣ ❝✮ f(x) = 14x

✷✳ ❛✮ {x ∈ R;−∞ < x < +∞} ❜✮ {x ∈ R; x 6= −2} ❝✮ {x ∈ R; x ≥ 6}
❞✮ {x ∈ R; x ≥ −2} ❡✮ {x ∈ R; x > 3}

✸✳ ❛✮ {y ∈ R;−∞ < y ≤ 14}

❜✮ ❝r❡s❝❡♥t❡✿ {x ∈ R;−∞ < x < −1} ❡ {x ∈ R;−0, 18 < x < 0, 92}
❞❡❝r❡s❝❡♥t❡✿ {x ∈ R;−1 < x < 0, 18} ❡ {x ∈ R; 0, 92 < x < +∞}
❝✮ P♦♥t♦ ❞❡ ♠á①✐♠♦✿ M = (−1, 14)

✹✳ ❛✮ {x ∈ R; x 6= 200} ❜✮ {x ∈ R; 0 ≤ x ≤ 100} ❝✮ ❘✩ ✺✵ ♠✐❧❤õ❡s
❞✮ ❘✩ ✹✵ ♠✐❧❤õ❡s ❡✮ ✹✵✪

✺✳ ❛✮ ✶✽♦❈ às ✶✸✿✵✵ ❡ às ✶✻✿✵✵ ❜✮ ✶✵♦❈ às ✶✷✿✵✵ ❡ às ✶✺✿✵✵
❝✮ ❝r❡s❝❡♥t❡✿ {t ∈ R; 12 ≤ t < 13} ❡ {t ∈ R; 15 < t < 16}
❞❡❝r❡s❝❡♥t❡✿ {t ∈ R; 13 < t < 15} ❞✮ ✶✹♦❈ ❡✮✸ ✈❡③❡s✱ ∼= ✶✷✿✷✼

✼✺



✼✻



❈❆P❮❚❯▲❖ ✹

❋❯◆➬➹❖ ❆❋■▼

✹✳✶ ❋✉♥çã♦ ❛✜♠

❈❤❛♠❛✲s❡ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞♦ ✶♦ ❣r❛✉✱ ♦✉ ❢✉♥çã♦ ❛✜♠✱ q✉❛❧q✉❡r ❢✉♥çã♦ f : R → R

❞❛❞❛ ♣♦r ✉♠❛ ❧❡✐ ❞❛ ❢♦r♠❛ f(x) = ax+ b✱ ❡♠ q✉❡ a ❡ b sã♦ ♥ú♠❡r♦s r❡❛✐s ❞❛❞♦s ❡ a 6= 0✳
◆❛ ❧❡✐ f(x) = ax + b✱ ♦ ♥ú♠❡r♦ a é ❝❤❛♠❛❞♦ ❝♦❡✜❝✐❡♥t❡ ❧✐♥❡❛r ❞❡ x ❡ ♦ ♥ú♠❡r♦ b é

❝❤❛♠❛❞♦ t❡r♠♦ ❝♦♥st❛♥t❡ ♦✉ ✐♥❞❡♣❡♥❞❡♥t❡✳
❯♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ❢✉♥çã♦ ❛✜♠ é ❛q✉❡❧❡ ❡♠ q✉❡ b = 0✳ ◆❡ss❡ ❝❛s♦✱ t❡♠♦s ❛ ❢✉♥çã♦

❛✜♠ f : R → R ❞❛❞❛ ♣❡❧❛ ❧❡✐ f(x) = ax ❝♦♠ a r❡❛❧ ❡ a 6= 0✱ q✉❡ r❡❝❡❜❡ ❛ ❞❡♥♦♠✐♥❛çã♦
❡s♣❡❝✐❛❧ ❞❡ ❢✉♥çã♦ ❧✐♥❡❛r✳

❊①❡♠♣❧♦s✿

• f(x) = 5x+ 7✱ ❡♠ q✉❡ a = 5 ❡ b = 7

• f(x) = 3x− 3✱ ❡♠ q✉❡ a = 3 ❡ b = −3

• f(x) = −6x+ 4✱ ❡♠ q✉❡ a = −6 ❡ b = 4

• f(x) = 5x✱ ❡♠ q✉❡ a = 5 ❡ b = 0

• f(x) = x✱ ❡♠ q✉❡ a = 1 ❡ b = 0✱ ♥❡st❡ ❝❛s♦ ❛ ❢✉♥çã♦ f r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡ ❢✉♥çã♦
✐❞❡♥t✐❞❛❞❡

✹✳✶✳✶ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ ❛✜♠

❖ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❛✜♠✱ ❞❛❞❛ ♣♦r✱ f(x) = ax+ b✱ ❝♦♠ a 6= 0✱ é ✉♠❛ r❡t❛ ♦❜❧íq✉❛ ❛♦s
❡✐①♦s Ox ❡ Oy✱ ✐st♦ é✱ é ✉♠❛ r❡t❛ ♥ã♦ ♣❛r❛❧❡❧❛ ❛ ♥❡♥❤✉♠ ❞♦s ❡✐①♦s ❝♦♦r❞❡♥❛❞♦s✳

❉❛ ❣❡♦♠❡tr✐❛ ♣❧❛♥❛ s❛❜❡♠♦s q✉❡ ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s ❞❡t❡r♠✐♥❛♠ ✉♠❛ ú♥✐❝❛ r❡t❛✱
♣♦rt❛♥t♦ ♣❛r❛ ❝♦♥str✉✐r♠♦s ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❛✜♠ ❜❛st❛ ❝♦♥❤❡❝❡r♠♦s ❞♦✐s ❞❡ s❡✉s
♣♦♥t♦s✳ ❊♠ ❝♦♥tr❛ ♣❛rt✐❞❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r♠♦s ❛ ❢ór♠✉❧❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❛✜♠ ❜❛st❛ ❝♦♥❤❡✲
❝❡r♠♦s ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s q✉❡ ♣❡rt❡♥ç❛♠ ❛ s✉❛ r❡t❛✳

✼✼



✹✳✶✳✷ ❚❛①❛ ❞❡ ✈❛r✐❛çã♦

◆❛ ❢✉♥çã♦ ❛✜♠ f(x) = ax+ b✱ ♦ ❝♦❡✜❝✐❡♥t❡ a é ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❛ ❢✉♥çã♦✳ ❙❡ a > 0✱
❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❡ f é ♣♦s✐t✐✈❛ ❡ f é ❝r❡s❝❡♥t❡✱ ♠❛s s❡ a < 0✱ ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❞❡ f é
♥❡❣❛t✐✈❛ ❡ f é ❞❡❝r❡s❝❡♥t❡✳

❈♦♥❤❡❝❡♥❞♦ ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s✱ A = (xA, yA) ❡ B = (xB, yB) ❞❛ ❢✉♥çã♦✱ ❛ t❛①❛ ❞❡
✈❛r✐❛çã♦✶ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ♠❡❞✐❛♥t❡ ❛ ❢ór♠✉❧❛✿

a =
∆y

∆x

a =
yB − yA
xB − xA

✹✳✶✳✸ P❛r❛ ♦ ♣r♦❢❡ss♦r

◆❡st❛ s❡çã♦ ✈❛♠♦s ❝r✐❛r ✉♠ ❛rq✉✐✈♦ ♥♦ ●❡♦●❡❜r❛ ♣❛r❛ ✈❡r✐✜❝❛r♠♦s ♣♦r ♠❡✐♦ ❞❡ ✉♠❛
❛♥✐♠❛çã♦ ❝♦♠♦ s❡ ❝♦♠♣♦rt❛ ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❛✜♠ ❝♦♥❢♦r♠❡ ❛ ✈❛r✐❛çã♦ ❞♦s ♣❛râ♠❡tr♦s
a ❡ b✳

✶✳ ❉✐❣✐t❡ ❛①✰❜ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✱ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛ ❝❧✐q✉❡ ❡♠ ❈r✐❛r ❈♦♥✲
tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✹✳✶

✷✳ P❛r❛ ❛♥✐♠❛r ♦ ❛rq✉✐✈♦ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ❝❛❞❛ ✉♠ ❞♦s ❝♦♥tr♦❧❡s
❞❡s❧✐③❛♥t❡s ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❋✐❣✉r❛ ✹✳✷

✶❊♠ ❣❡♦♠❡tr✐❛ ❛♥❛❧ít✐❝❛ ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ❞❛ r❡t❛✳

✼✽



❖ ❛rq✉✐✈♦ ❝r✐❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✸✳

❋✐❣✉r❛ ✹✳✸✿ ❆rq✉✐✈♦ ✜♥❛❧

❖ ♣❛râ♠❡tr♦ ❛ r❡♣r❡s❡♥t❛ ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❡ ♦ ♣❛râ♠❡tr♦ ❜ r❡♣r❡s❡♥t❛ ♦ t❡r♠♦
✐♥❞❡♣❡♥❞❡♥t❡✳

❋✐①❛♥❞♦ ♦ ♣❛râ♠❡tr♦ b ❡ ❛♥✐♠❛♥❞♦ ♦ ♣❛râ♠❡tr♦ a✱ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ q✉❛♥❞♦ a
é ♥❡❣❛t✐✈♦ (a < 0) ❛ ❢✉♥çã♦ f é ❞❡❝r❡s❝❡♥t❡ ❡ q✉❛♥❞♦ a é ♣♦s✐t✐✈♦ (a > 0)✱ ❛ ❢✉♥çã♦ é
❝r❡s❝❡♥t❡✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛ ✐♥❝❧✐♥❛çã♦ ❞❛ r❡t❛ ❞❡♣❡♥❞❡ ❡①❝❧✉s✐✈❛♠❡♥t❡
❞♦ ❝♦❡✜❝✐❡♥t❡ a✳ ✭❋✐❣✉r❛s ✹✳✹ ❡ ✹✳✺✮✳

❋✐❣✉r❛ ✹✳✹

✼✾



❋✐❣✉r❛ ✹✳✺

❈♦♠ ❛ ✈✐s✉❛❧✐③❛çã♦ r❡♣r❡s❡♥t❛❞❛ ♥❛ ✜❣✉r❛ ✹✳✻ ♦ ♣r♦❢❡ss♦r ❡ ❛❧✉♥♦ ❝♦♠♣r❡❡♥❞❡rá ❡
❡♥t❡♥❞❡rá ❝♦♠ ♠❛✐♦r ❢❛❝✐❧✐❞❛❞❡ ♦ ♠♦t✐✈♦ ❞❛ r❡str✐çã♦ a 6= 0✳ ❈♦♠♦ a = 0 ♥ã♦ ❡①✐st❡ t❛①❛ ❞❡
✈❛r✐❛çã♦ ✱ ♣♦rt❛♥t♦ ❢ é ✉♠❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡✱ f(x) = c✳ ◆❡st❡ ❝❛s♦ ♣❛rt✐❝✉❧❛r t❡♠♦s c = 4✳

❋✐❣✉r❛ ✹✳✻

❆s três ♣ró①✐♠❛s ✜❣✉r❛s ✹✳✼✱ ✹✳✽ ❡ ✹✳✾ r❡♣r❡s❡♥t❛♠ ❛ ♣❛✉s❛s ❞❛ ❛♥✐♠❛çã♦ ❝♦♠ ♦
♣❛râ♠❡tr♦ a ❡stá ✜①♦ ❡ ♦ ♣❛râ♠❡tr♦ b ✈❛r✐❛♥❞♦✳ ◆❡st❛ s✐t✉❛çã♦ ♣❡r❝❡❜❡♠♦s ♠✉❞❛♥ç❛ ♥♦
♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦ ❡♥tr❡ ❛ r❡t❛ ❡ ♦ ❡✐①♦ y✱ ♠❛s ❛ ✐♥❝❧✐♥❛çã♦ ✭t❛①❛ ❞❡ ✈❛r✐❛çã♦✮ ❞❛ r❡t❛
♣❡r♠❛♥❡❝❡ ❛ ♠❡s♠❛✱ ♦✉ s❡❥❛✱ ❛s r❡t❛s sã♦ ♣❛r❛❧❡❧❛s ❡♥tr❡ s✐✳

✽✵



❋✐❣✉r❛ ✹✳✼

❋✐❣✉r❛ ✹✳✽

❋✐❣✉r❛ ✹✳✾

✹✳✶✳✹ ❆t✐✈✐❞❛❞❡ ✶

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ♠♦❞❡❧❛r ✉♠❛ ❢✉♥çã♦ ❛✜♠ ✉s❛♥❞♦ ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❡ ♦ t❡r♠♦
✐♥❞❡♣❡♥❞❡♥t❡✱ q✉❡ ♣♦❞❡♠ s❡r ❢❛❝✐❧♠❡♥t❡ ✐❞❡♥t✐✜❝❛❞♦s ♥♦ ❡♥✉♥❝✐❛❞♦ ❞❛ ❛t✐✈✐❞❛❞❡✳ P❛r❛ ❝r✐❛r ♦

✽✶



❛rq✉✐✈♦ ✈❛♠♦s ❛❧t❡r❛r ❛s ❡s❝❛❧❛s ❞♦s ❡✐①♦s ❡ ✉s❛r ❝♦♠❛♥❞♦s ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ♣❛r❛ ♠♦❞❡❧❛r
❛ ❢✉♥çã♦ ♥❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ ❡ ♣❧♦t❛r s❡✉ ❣rá✜❝♦ ♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✳

• ❬✶✶❪ ❯♠ s❡❣✉r❛♥ç❛ tr❛❜❛❧❤❛ ❡♠ ✉♠❛ ❡♠♣r❡s❛ ❡ r❡❝❡❜❡ ✉♠ s❛❧ár✐♦ ♠❡♥s❛❧ ❞❡ ❘✩ 600, 00✳
P❛r❛ ❛✉♠❡♥t❛r s✉❛ r❡♥❞❛✱ ❡❧❡ ❝♦st✉♠❛ ❢❛③❡r ✧❡①tr❛s✧❡♠ ✉♠❛ ❝❛s❛ ♥♦t✉r♥❛✱ ♦♥❞❡ r❡❝❡❜❡
❘✩ 80, 00 ♣♦r ♥♦✐t❡ ❞❡ tr❛❜❛❧❤♦✳

❛✮ ❊①♣r❡ss❡ ♦ s❛❧ár✐♦ ♠❡♥s❛❧ t♦t❛❧ (y) ❞♦ s❡❣✉r❛♥ç❛ ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ♥♦✐t❡s (x)
tr❛❜❛❧❤❛❞❛s ♥❛ ❝❛s❛ ♥♦t✉r♥❛✳

❜✮ ❈♦♥str✉❛ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❡♥❝♦♥tr❛❞❛ ♥♦ ✐t❡♠ ❛✳

❝✮ ◗✉❛❧ s❡rá s✉❛ r❡♥❞❛ ♠❡♥s❛❧ ❡♠ ✉♠ ♠ês q✉❡ ❡❧❡ tr❛❜❛❧❤❛r três ♥♦✐t❡s ♥❛ ❝❛s❛ ♥♦t✉r♥❛❄

❞✮ ❊♠ ❥❛♥❡✐r♦ ❞❡ ✷✵✶✻ P❛✉❧♦ ❞❡s❡❥❛ ❝♦♠♣r❛r ✉♠❛ ❚❱ ♥♦ ✈❛❧♦r ❞❡ ❘✩ 1080, 00 ❡ ♣r❡t❡♥❞❡
♣❛❣á✲❧❛ ❡♠ ♣❛r❝❡❧❛ ú♥✐❝❛ ❝♦♠ ❛ r❡♥❞❛ ❞♦ ♠ês✳ ◗✉❛♥t❛s ♥♦✐t❡s ❡❧❡ ❞❡✈❡rá tr❛❜❛❧❤❛r ♥❛
❝❛s❛ ♥♦t✉r♥❛ ♣❛r❛ ❛❞q✉✐r✐r ❡ss❛ ❚❱❄

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦✿

✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s✱ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐✲
③❛çã♦✳

❋✐❣✉r❛ ✹✳✶✵

✷✳ ◆❛ ❥❛♥❡❧❛ ❞❡ Pr❡❢❡rê♥❝✐❛s ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛s ✜❣✉r❛s ✹✳✶✶ ❡ ✹✳✶✷✳

❋✐❣✉r❛ ✹✳✶✶

❋✐❣✉r❛ ✹✳✶✷

✽✷



✸✳ ◆❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❞✐❣✐t❡✱ ❬❢✉♥çã♦✱ ✻✵✵✰✽✵①✱✵✱✸✵❪ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✹✳✶✸

✹✳ ◆❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❞✐❣✐t❡ ✭❛✱❢✭❛✮✮ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛ ❝❧✐q✉❡ ❡♠ ❈r✐❛r
❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✹✳✶✹

❋✐❣✉r❛ ✹✳✶✺

✺✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s
❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ✜❣✉r❛ ✹✳✶✻✳

❋✐❣✉r❛ ✹✳✶✻

✻✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❋✐❣✉r❛ ✹✳✶✼

❖ ❛rq✉✐✈♦ ✜♥❛❧ ❣❡r❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✶✽✳

✽✸



❋✐❣✉r❛ ✹✳✶✽✿ ❆rq✉✐✈♦ ✜♥❛❧

✹✳✶✳✺ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✶

❆♥t❡s ❞❡ ❝♦♠❡ç❛r ❛ r❡s♦❧✉çã♦ é ✐♥t❡r❡ss❛♥t❡✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦s ❛❧✉♥♦s✱ ♦❜s❡r✈❛r q✉❡
♦ ❞♦♠í♥✐♦ ❞❡ss❛ ❢✉♥çã♦ ❢♦✐ ❞❡✜♥✐❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❡♥✉♥❝✐❛❞♦ ❞❛ ❛t✐✈✐❞❛❞❡✱ ♦✉ s❡❥❛✱ ❡♥tr❡
✵ ❡ ✸✵ ❞✐❛s✳ ❱❛❧❡ ❧❡♠❜r❛r t❛♠❜é♠ q✉❡ ❡st❛ é ✉♠❛ ❢✉♥çã♦ f : Z → Z+✱ ♣♦✐s ♦ ❞♦♠í♥✐♦ ❡ ❛
✐♠❛❣❡♠ sã♦ ❝♦♥❥✉♥t♦s ❞❡ ♥ú♠❡r♦s ✐♥t❡✐r♦s✳

❈♦♠♦ ♦ ❡♥✉♥❝✐❛❞♦ ❞❛ ❛t✐✈✐❞❛❞❡ ❥á ♥♦s ❞❡✉ ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦ ❡ ♦ t❡r♠♦ ✐♥❞❡♣❡♥❞❡♥t❡✱
❛ ❢✉♥çã♦ q✉❡ ❝❛❧❝✉❧❛ ♦ s❛❧ár✐♦ ♠❡♥s❛❧ ❞♦ s❡❣✉r❛♥ç❛ é ❞❛❞❛ ♣♦r f(x) = 600+80x✳ ◆♦ ♣❛ss♦ ✸✱
q✉❛♥❞♦ ❞✐❣✐t❛♠♦s ❬❢✉♥çã♦✱ ✻✵✵✰✽✵①✱✵✱✸✵❪ ❡ ♣r❡ss✐♦♥❛♠♦s ❡♥t❡r✱ ❡st❛ ❢✉♥çã♦ ❡ s❡✉ ❣rá✜❝♦
❢♦r❛♠ ❣❡r❛❞♦s ♥❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ ❡ ♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✱ ✈❡❥❛ ✜❣✉r❛ ✹✳✶✽✳ ❆ss✐♠✱
t❛♥t♦ ♦ ✐t❡♠ ❛ q✉❛♥t♦ ♦ ✐t❡♠ ❜ ♣♦❞❡♠ s❡r r❡s♣♦♥❞✐❞♦s✳

❖s ít❡♥s ❝ ❡ ❞ s❡rã♦ r❡s♦❧✈✐❞♦s ❝♦♠ ❛s ♣❛✉s❛s ❞❛ ❛♥✐♠❛çã♦ r❡♣r❡s❡♥t❛❞❛ ♥❛s ✜❣✉r❛s
✹✳✶✾ ❡ ✹✳✷✵✳

❋✐❣✉r❛ ✹✳✶✾

✽✹



◆❛ ✜❣✉r❛ ✹✳✶✾✱ ♦ ❛❧✉♥♦ ♣♦❞❡rá ♦❜s❡r✈❛r ♥❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ q✉❡ ❛s ❝♦♦r❞❡♥❛❞❛s ❞♦
♣♦♥t♦ A sã♦ ✭✸✱ ✽✹✵✮✳ ❖ ✈❛❧♦r ❞❛ ❛❜s❝✐ss❛ x = 3✱ ❞❡✐①❛ ❝❧❛r♦ q✉❡ q✉❛♥❞♦ ♦ s❡❣✉r❛♥ç❛ tr❛❜❛❧❤❛
três ♥♦✐t❡s s❡✉ s❛❧ár✐♦ é ❘✩ 840, 00✳ ❊ss❡ ♠❡s♠♦ ✈❛❧♦r ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ t❛♠❜é♠ ♥❛ ❏❛♥❡❧❛
❞❡ ❱✐s✉❛❧✐③❛çã♦ ♣♦r ✐♥t❡r♠é❞✐♦ ❞♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦✳

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♥❛ ✜❣✉r❛ ✹✳✷✵✱ ♦ ❛❧✉♥♦ ♣♦❞❡ ♦❜s❡r✈❛r q✉❡ ♣❛r❛ ❝♦♥s❡❣✉✐r ❝♦♠♣r❛r ❛
❚❱ ♥♦ ✈❛❧♦r ❞❡ ❘✩ 1080, 00✱ ♦ s❡❣✉r❛♥ç❛ ❞❡✈❡rá tr❛❜❛❧❤❛r ♣❡❧♦ ♠❡♥♦s s❡✐s ✭✻✮ ♥♦✐t❡s ♥❛ ❝❛s❛
♥♦t✉r♥❛✳

❋✐❣✉r❛ ✹✳✷✵

◆❡st❛ ❛t✐✈✐❞❛❞❡ ♦ ♣r♦❢❡ss♦r ♣♦❞❡✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ♦s ❛❧✉♥♦s✱ ❛♥❛❧✐s❛r ❡ ❡①♣❧✐❝✐t❛r ♦
❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ss❛ ❢✉♥çã♦✱ ❛ s❛❜❡r✱ {y ∈ N; 600 ≤ y ≤ 3000}✳

✹✳✶✳✻ ❆t✐✈✐❞❛❞❡ ✷

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ❛❧t❡r❛r ❛ ❡s❝❛❧❛ ❞♦s ❡✐①♦s ♣❛r❛ q✉❡ ❛ ♠❛❧❤❛ ❞❛ ❥❛♥❡❧❛ ❞❡ ❱✐s✉✲
❛❧✐③❛çã♦ s❡ ❛❞❡q✉❡ ❛♦ ❡①❡r❝í❝✐♦✱ ✈❛♠♦s ❝♦♥str✉✐r ❞✉❛s r❡t❛s ❞✐st✐♥t❛s q✉❡ ♣❛ss❡ ♣♦r ♣♦♥t♦s
❝♦♥✈❡♥✐❡♥t❡s✳ ❆ ♣❛rt✐r ❞❛s ❡q✉❛çõ❡s ❞❡ss❛s r❡t❛s✱ ✈❛♠♦s ❝r✐❛r ❛s ❢✉♥çõ❡s q✉❡ ♣❡r♠✐t❛♠ s♦❧✉✲
❝✐♦♥❛r ♦ ♣r♦❜❧❡♠❛✳ P❛r❛ ❛s ❢✉♥çõ❡s ❝r✐❛❞❛s ✈❛♠♦s ❞❡✜♥✐r ✐♥t❡r✈❛❧♦s ❡ ♠❛r❝❛r ✉♠ ♣♦♥t♦ s♦❜r❡
❝❛❞❛ ✉♠❛ ❞❡❧❛s✳ ◆❡st❛ ❛t✐✈✐❞❛❞❡ t❛♠❜é♠ ✈❛♠♦s r❡❧❡♠❜r❛r ✉♠ ❝♦♥t❡ú❞♦ q✉❡ é ❛❜♦r❞❛❞♦ ♥♦
❡♥s✐♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❛ r❡s♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❧✐♥❡❛r ❝♦♠ ❞✉❛s ❡q✉❛çõ❡s ❡ ❞✉❛s ✐♥❝ó❣♥✐t❛s✳

• ❙❡❥❛♠ A ❡ B ❞✉❛s ❝❛✐①❛s ❞✬á❣✉❛✱ ❛♠❜❛s ❝♦♠ ❝❛♣❛❝✐❞❛❞❡ ♣❛r❛ ✽✳✵✵✵ ❧✐tr♦s✳ ❆ ♣r✐♠❡✐r❛
❡stá ❝♦♠ s✉❛ ❝❛♣❛❝✐❞❛❞❡ t♦t❛❧ ❡ ♣r❡❝✐s❛ s❡r ❡s✈❛③✐❛❞❛ ♣❛r❛ ❧✐♠♣❡③❛✱ ❡ ♣❛r❛ ✐ss♦✱ à ✶✿✵✵
❤♦r❛ ❞❡ ✉♠❛ s❡❣✉♥❞❛✲❢❡✐r❛ ✉♠ r❛❧♦ ❞❡ ✈❛③ã♦ ❝♦♥st❛♥t❡ é ❛❜❡rt♦ ♣❛r❛ r❡❛❧✐③❛r ♦ s❡r✈✐ç♦✱
❡ às ✻✿✵✵ ❤♦r❛s ✉♠ ❢✉♥❝✐♦♥ár✐♦ ✈❡r✐✜❝❛ q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ á❣✉❛ ♥❛ ❝❛✐①❛ é ✻✵✵✵ ❧✐tr♦s✳
❆ s❡❣✉♥❞❛ ❝❛✐①❛ ❡stá ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♠ ✹✵✵ ❧✐tr♦s ❞❡ á❣✉❛ ❡ ♥❛ ♠❡s♠❛ s❡❣✉♥❞❛✲❢❡✐r❛
às ✷✿✵✵ ❤♦r❛s ✉♠❛ t♦r♥❡✐r❛ ❞❡ ✈❛③ã♦ ❝♦♥st❛♥t❡ é ❛❜❡rt❛ ♣❛r❛ t❡r♠✐♥❛r ❞❡ ❡♥❝❤ê✲❧❛✱ ❞❡
♠♦❞♦ q✉❡ às ✻✿✵✵ ✈❡r✐✜❝♦✉✲s❡ q✉❡ ♦ ✈♦❧✉♠❡ ❞❡ á❣✉❛ ♥❡st❛ ❝❛✐①❛ ❡r❛ ✷✵✵✵ ❧✐tr♦s✳ ❉❡
♣♦ss❡ ❞❡ss❛s ✐♥❢♦r♠❛çõ❡s✱ ❢❛ç❛ ♦ q✉❡ s❡ ♣❡❞❡✿

❛✮ ♠♦❞❡❧❡ ✉♠❛ ❢✉♥çã♦ q✉❡ ❡①♣r❡ss❡ ♦ ✈♦❧✉♠❡ ❞❡ á❣✉❛ (VA) q✉❡ ❤á ♥❛ ❝❛✐①❛ A ❝♦♠ ♦
♣❛ss❛r ❞♦ t❡♠♣♦✳

✽✺



❜✮ ♠♦❞❡❧❡ ✉♠❛ ❢✉♥çã♦ q✉❡ ❡①♣r❡ss❡ ♦ ✈♦❧✉♠❡ ❞❡ á❣✉❛ (VB) q✉❡ ❤á ♥❛ ❝❛✐①❛ B ❝♦♠ ♦
♣❛ss❛r ❞♦ t❡♠♣♦✳

❝✮ ❉❡t❡r♠✐♥❡ ❛ ❤♦r❛ ❡♠ q✉❡ ♦ ✈♦❧✉♠❡ ❞❡ á❣✉❛ ♥❛s ❝❛✐①❛s A ❡ B s❡rã♦ ✐❣✉❛✐s✳

❞✮ ❉❡t❡r♠✐♥❡ ❛ ❤♦r❛ ❡♠ q✉❡ ❛ ❝❛✐①❛ A ✜❝❛rá t♦t❛❧♠❡♥t❡ ✈❛③✐❛✳

❡✮ ❉❡t❡r♠✐♥❡ ❛ ❤♦r❛ ❡♠ q✉❡ ❛ ❝❛✐①❛ B ✜❝❛rá t♦t❛❧♠❡♥t❡ ❝❤❡✐❛✳

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦✿

✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ❛ ③♦♥❛ ❣rá✜❝❛✱ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛✲
❧✐③❛çã♦✱ ✜❣✉r❛ ✹✳✷✶✳

❋✐❣✉r❛ ✹✳✷✶

✷✳ ❋❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✹✳✷✷ ❡ ✹✳✷✸

❋✐❣✉r❛ ✹✳✷✷

❋✐❣✉r❛ ✹✳✷✸

✸✳ ◆❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✱ s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ P♦♥t♦ ❡ ♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✱
✜❣✉r❛ ✹✳✷✹ ❧❛❞♦ ❞✐r❡✐t♦✱ ❝❧✐q✉❡ s♦❜r❡ ❛s ❝♦♦r❞❡♥❛❞❛s (1, 8000)❀ (2, 6000)❀ (2, 400) ❡
(6, 2000)✳

✽✻



❋✐❣✉r❛ ✹✳✷✹

◆❡st❡ ♠♦♠❡♥t♦ é ❡ss❡♥❝✐❛❧ ❧❡♠❜r❛r q✉❡ ♦s ♣♦♥t♦s ❆ ❡ ❇✱ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❛♦ ✈♦❧✉♠❡
❞❛ ❝❛✐①❛ ❆ ❡ ♦s ♣♦♥t♦s ❈ ❡ ❉ r❡❧❛❝✐♦♥❛❞♦s ❛♦ ✈♦❧✉♠❡ ❞❛ ❝❛✐①❛ ❇✳

✹✳ ◆❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✱ s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ❘❡t❛✱ ❝❧✐q✉❡ s♦❜r❡ ♦s ♣♦♥t♦s ❆ ❡ ❇ ❡
♣r❡ss✐♦♥❡ ❡s❝✳ ❙❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ❘❡t❛ ♥♦✈❛♠❡♥t❡✱ ❝❧✐q✉❡ s♦❜r❡ ♦s ♣♦♥t♦s ❈ ❡ ❉ ❡
♣r❡ss✐♦♥❡ ❡s❝✳ ✳

❋✐❣✉r❛ ✹✳✷✺

✽✼



◆♦t❡ q✉❡ ❛s ❡q✉❛çõ❡s ❞❛s r❡t❛s sã♦ ♠♦str❛❞❛s ♥❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛✱ ✜❣✉r❛ ✹✳✷✺ ❧❛❞♦
❞✐r❡✐t♦✳ ❊♥tã♦ ♣❛r❛ ♠♦❞❡❧❛r♠♦s ❛s ❢✉♥çõ❡s ♣r♦❝✉r❛❞❛s✱ ❜❛st❛ ✐s♦❧❛r♠♦s ♦ ✈❛❧♦r ❞❡ y
❡♠ ❝❛❞❛ ✉♠❛ ❞❡❧❛s✳ ❆ss✐♠✱

400x+ y = 8400

y = 8400− 400x

y = −400x+ 8400

VA = y = −400x+ 8400

−400x+ y = −400

y = −400 + 400x

y = 400x− 400

VB = y = 400x− 400

❆❣♦r❛ ✈❛♠♦s ❝r✐❛r ♦✉tr♦ ❛rq✉✐✈♦ ✉s❛♥❞♦ ❞✐r❡t❛♠❡♥t❡ ❛s ❢✉♥çõ❡s VA ❡ VB✳

✺✳ ❉✐❣✐t❡ ✲✹✵✵①✰✽✹✵✵ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❞✐❣✐t❡
✹✵✵①✲✹✵✵ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✹✳✷✻

✻✳ P❛r❛ r❡♥♦♠❡❛r ❛s ❢✉♥çõ❡s f(x) ❡ g(x) ♣❛r❛ VA ❡ VB✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦
♠♦✉s❡ s♦❜r❡ ❝❛❞❛ ✉♠❛ ❞❛s r❡t❛s ❡ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s✳

❋✐❣✉r❛ ✹✳✷✼

✼✳ ❋❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✹✳✷✽✳

❋✐❣✉r❛ ✹✳✷✽

✽✽



❖ ❛rq✉✐✈♦ ❝r✐❛❞♦ ❛té ❛q✉✐ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✷✾✳

❋✐❣✉r❛ ✹✳✷✾

✽✳ P❛r❛ ♦❜t❡r ✉♠ ♣♦♥t♦ q✉❡ ♣❡rt❡♥ç❛ ❛ VA✱ ❞✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✹✳✸✵✱ ❧❛❞♦
❡sq✉❡r❞♦✱ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r ❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✹✳✸✵

✾✳ P❛r❛ ♦❜t❡r ✉♠ ♣♦♥t♦ q✉❡ ♣❡rt❡♥ç❛ ❛ VB✱ ❞✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✹✳✸✶✱ ❧❛❞♦
❡sq✉❡r❞♦✱ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r ❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✹✳✸✶

✶✵✳ P❛r❛ ❞❡✜♥✐r ✉♠ ❞♦♠í♥✐♦ ♣❛r❛ ❡st❛s ❢✉♥çõ❡s✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦
❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s ❡ ❢❛ç❛ ❛s ❛❧t❡r❛çõ❡s ❝♦♥❢♦r♠❡
❛ ✜❣✉r❛ ✹✳✸✸✳

✽✾



❋✐❣✉r❛ ✹✳✸✷

❋✐❣✉r❛ ✹✳✸✸

✶✶✳ P❛r❛ ❛♥✐♠❛r ♦ ❛rq✉✐✈♦✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡
❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❋✐❣✉r❛ ✹✳✸✹

✹✳✶✳✼ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✷

❖s ít❡♥s ❛✮ ❡ ❜✮ ♣♦❞❡♠ s❡r r❡s♣♦♥❞✐❞♦s r❡t♦r♥❛♥❞♦ ❛♦s ♣❛ss♦s ✻✱ ✼ ❡ ✽✳ ◗✉❛♥❞♦ ♦
●❡♦●❡❜r❛ ❣❡r♦✉ ❛s ❡q✉❛çõ❡s ❞❛s ❞✉❛s r❡t❛s✱ ✐s♦❧❛♠♦s ♦ ✈❛❧♦r ❞❡ y ❡♠ ❝❛❞❛ ✉♠❛ ❡ ♦ q✉❡
♦❜t❡♠♦s ❢♦r❛♠ ❛s ❢✉♥çõ❡s VA ❡ VB✳ ▲❡♠❜r❛♥❞♦ q✉❡✱ ♣❛r❛ ❞❡t❡r♠✐♥❛r♠♦s ❛ ❢ór♠✉❧❛ ❞❡ ✉♠❛
❢✉♥çã♦ ❛✜♠ ❜❛st❛ ❝♦♥❤❡❝❡r♠♦s ❞♦✐s ❞❡ s❡✉s ♣♦♥t♦s✳

◆❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ ❡ ♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✱ ✜❣✉r❛ ✹✳✸✺✱ ♦ ❛❧✉♥♦ ✈❡rá q✉❡
❡①❛t❛♠❡♥t❡ às ✶✶ ❤♦r❛s ♦ ✈♦❧✉♠❡ ❞❡ á❣✉❛ ♥❛s ❝❛✐①❛s ❆ ❡ ❇ ❝♦✐♥❝✐❞❡♠✱ ❝♦♠ ❡st❛ ♦❜s❡r✈❛çã♦
♦ ✐t❡♠ ❝ ♣♦❞❡ s❡r r❡s♣♦♥❞✐❞♦✳

✾✵



❋✐❣✉r❛ ✹✳✸✺

◆❡st❡ ♠♦♠❡♥t♦ é ❜♦♠ ❧❡♠❜r❛r q✉❡ ♦ ♣♦♥t♦✱ (11, 4000)✱ é s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❧✐♥❡❛r

{
400x+ y = 8400

−400x+ y = −400

❖✉tr❛ ♠❛♥❡✐r❛ ❞❡ r❡s♦❧✈❡r ♦ ✐t❡♠ ❝ é s❡❧❡❝✐♦♥❛r ❛ ❢❡rr❛♠❡♥t❛ ■♥t❡rs❡çã♦ ❞❡ ❉♦✐s ❖❜❥❡t♦s
♥❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s ❡ ❝❧✐❝❛r s♦❜r❡ ✉♠❛ ❞❛s r❡t❛s✳ ❆✉t♦♠❛t✐❝❛♠❡♥t❡ ♦ ●❡♦●❡❜r❛ ✐rá
♠❛r❝❛r ♦ ♣♦♥t♦ C = (11, 4000)✱ ✜❣✉r❛ ✹✳✸✼✱ q✉❡ é ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦ ❡♥tr❡ ❛s r❡t❛s ❞❛s
❢✉♥çõ❡s VA ❡ VB✳

❋✐❣✉r❛ ✹✳✸✻

✾✶



❋✐❣✉r❛ ✹✳✸✼

❖❜s❡r✈❛♥❞♦ ❛ ✜❣✉r❛ ✹✳✸✽ ♦ ❛❧✉♥♦ ♥♦t❛rá q✉❡ ♦ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦ VA é ④x ∈ R; 1 ≤ x ≤ 21⑥✱
♣♦✐s à ✶ ❤♦r❛ ❤á ✽✵✵✵ ❧✐tr♦s ❞❡ á❣✉❛ ❡ às ✷✶ ❤♦r❛s ❛ ❝❛✐①❛ ❥á ❡stá t♦t❛❧♠❡♥t❡ ✈❛③✐❛✱ ✭✵ ❧✐tr♦s✮✳
❆♥❛❧♦❣❛♠❡♥t❡ ♦❜s❡r✈❛rá q✉❡ ♦ ❞♦♠í♥✐♦ ❞❡ VB é ④x ∈ R; 2 ≤ x ≤ 21⑥✱ ♣♦✐s às ✷ ❤♦r❛s ❤á ✹✵✵
❧✐tr♦s ❞❡ á❣✉❛ ❡ às ✷✶ ❤♦r❛s ❛ ❝❛✐①❛ ❡stá ❝♦♠ ✽✵✵✵ ❧✐tr♦s✱ q✉❡ é s✉❛ ❝❛♣❛❝✐❞❛❞❡ ♠á①✐♠❛✳

❋✐❣✉r❛ ✹✳✸✽

❆ss✐♠✱ às ✷✶ ❤♦r❛s ❛ ❝❛✐①❛ ❆ ❡st❛rá ✈❛③✐❛ ❡ ❛ ❝❛✐①❛ ❇ ❡st❛rá ❝❤❡✐❛✳ ❆ ❛♥á❧✐s❡ ❞❛
✜❣✉r❛ ✹✳✸✽✱ ❛❧é♠ ❞❡ r❡s♣♦♥❞❡r ❛♦s ✐t❡♥s ❞ ❡ ❡✱ t❛♠❜é♠ ❥✉st✐✜❝❛ ❛ ❡s❝♦❧❤❛ ♥❛ ❝♦♥✜❣✉r❛çã♦
❞♦ ✐♥t❡r✈❛❧♦ ♣❛r❛ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ♥♦ ♣❛ss♦ ✶✹✱ ✜❣✉r❛ ✹✳✸✸✳

❖ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❛s ❢✉♥çõ❡s VA ❡ VB✱ sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ④y ∈ R; 0 ≤ y ≤ 8000⑥
❡ ④y ∈ R; 400 ≤ y ≤ 8000⑥✱ ♥❡ss❡ ♠♦♠❡♥t♦ s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❢❛③❡r ✉♠❛ ❛♥á❧✐s❡ s♦❜r❡ ♦ ❝♦♠✲

✾✷



♣♦rt❛♠❡♥t♦ ❞❡ss❡s ❝♦♥❥✉♥t♦s✳ ❱❛❧❡ ❧❡♠❜r❛r t❛♠❜é♠ q✉❡ ❛ ❢✉♥çã♦ VA é ❞❡❝r❡s❝❡♥t❡ ❡ ❛ ❢✉♥çã♦
VB é ❞❡❝r❡s❝❡♥t❡✳

✹✳✶✳✽ ❊①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❉❡t❡r♠✐♥❡ ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ❛✜♠ f(x) = −3x+ 4 ♣❛r❛✿

❛✮ x = 1❀ ❜✮ x = 1
3
❀ ❝✮ x = 0❀ ❞✮ x = k + 1

✷✳ ❬✻❪ ❱❡r✐✜q✉❡ q✉❛✐s ❢✉♥çõ❡s sã♦ ❛✜♥s✳ ◆❡❧❛s✱ ❡♥❝♦♥tr❡ a ❡ b✱ ♣❛r❛ f(x) = ax+ b✳

❛✮ f(x) = 3(x+ 1) + 4(x− 1)

❜✮ f(x) = (x− 3)2 − x(x− 5)

❝✮ f(x) = (x− 3)− 5(x− 1)

❞✮ f(x) = (x+ 2)2 + (x+ 2)(x− 2)

✸✳ ❬✻❪ ◆❛ ♣r♦❞✉çã♦ ❞❡ ♣❡ç❛s✱ ✉♠❛ ✐♥❞✉str✐❛ t❡♠ ✉♠ ❝✉st♦ ✜①♦ ❞❡ R$ 8, 00 ♠❛✐s ✉♠ ❝✉st♦
✈❛r✐á✈❡❧ ❞❡ R$ 0, 50 ♣♦r ✉♥✐❞❛❞❡ ♣r♦❞✉③✐❞❛✳ ❙❡♥❞♦ x ♦ ♥ú♠❡r♦ ❞❡ ✉♥✐❞❛❞❡s ♣r♦❞✉③✐❞❛s✿

❛✮ ❡s❝r❡✈❛ ❛ ❧❡✐ ❞❛ ❢✉♥çã♦ q✉❡ ❢♦r♥❡❝❡ ♦ ❝✉st♦ t♦t❛❧ ❞❡ x ♣❡ç❛s❀

❜✮ ❝❛❧❝✉❧❡ ♦ ❝✉st♦ ❞❡ ✶✵✵ ♣❡ç❛s❀

❝✮ ♦ ♥ú♠❡r♦ ❞❡ ♣❡ç❛s ♣r♦❞✉③✐❞❛s q✉❛♥❞♦ ♦ ❝✉st♦ ❛t✐♥❣✐r ♦ ✈❛❧♦r ❞❡ R$ 114, 50

✹✳ ❬✶✶❪ ❆ ✉♠ ♠ês ❞❡ ❝♦♠♣❡t✐çã♦ ✱ ✉♠ ❛t❧❡t❛ ❞❡ ✼✺ ❦❣ é s✉❜♠❡t✐❞♦ ❛ ✉♠ tr❡✐♥❛♠❡♥t♦
❡s♣❡❝í✜❝♦ ♣❛r❛ ❛✉♠❡♥t♦ ❞❡ ♠❛ss❛ ♠✉s❝✉❧❛r ✱ ❡♠ q✉❡ s❡ ❛♥✉♥❝✐❛♠ ❣❛♥❤♦s ❞❡ ✶✽✵ ❣r❛♠❛s
♣♦r ❞✐❛✳ ❙✉♣♦♥❤❛ q✉❡ ✐ss♦ r❡❛❧♠❡♥t❡ ♦❝♦rr❛✳

❛✮ ❊♥❝♦♥tr❡ ❛ ❧❡✐ q✉❡ r❡❧❛❝✐♦♥❛ ♦ ✧♣❡s♦✧❞♦ ❛t❧❡t❛ (p) ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❞✐❛s ❞❡
tr❡✐♥❛♠❡♥t♦✳ (n) ❊s❜♦❝❡ ♦ ❣rá✜❝♦ ❞❡ss❛ ❢✉♥çã♦✳

❜✮ ❉❡t❡r♠✐♥❡ ✧♣❡s♦✧❞♦ ❛t❧❡t❛ ❛♣ós ✉♠❛ s❡♠❛♥❛ ❞❡ tr❡✐♥❛♠❡♥t♦✳

❝✮ ❙❡rá ♣♦ssí✈❡❧ q✉❡ ♦ ❛t❧❡t❛ ❛t✐♥❥❛ ❛♦ ♠❡♥♦s ✽✵ ❦❣ ❡♠ ✉♠ ♠ês ❞❡ tr❡✐♥❛♠❡♥t♦❄

✺✳ ❬✻❪ ❯♠❛ ♣❡ss♦❛ ✈❛✐ ❡s❝♦❧❤❡r ✉♠ ♣❧❛♥♦ ❞❡ s❛ú❞❡ ❡♥tr❡ ❞✉❛s ♦♣çõ❡s✿ ❆ ❡ ❇✳

• ❖ ♣❧❛♥♦ ❆ ❝♦❜r❛ R$ 100, 00 ❞❡ ✐♥s❝r✐çã♦ ❡ R$ 50, 00 ♣♦r ❝♦♥s✉❧t❛ ♥✉♠ ❝❡rt♦
♣❡rí♦❞♦✳

• ❖ ♣❧❛♥♦ ❇ ❝♦❜r❛ R$ 180, 00 ❞❡ ✐♥s❝r✐çã♦ ❡ R$ 40, 00 ♣♦r ❝♦♥s✉❧t❛ ♥♦ ♠❡s♠♦
♣❡rí♦❞♦✳

❖ ❣❛st♦ t♦t❛❧ ❞❡ ❝❛❞❛ ♣❧❛♥♦ é ❞❛❞♦ ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ x ❝♦♥s✉❧t❛s✳ ❉❡t❡r♠✐♥❡✿

❛✮ ❛ ❡q✉❛çã♦ ❞❛ ❢✉♥çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❝❛❞❛ ♣❧❛♥♦✳

❜✮ ❝♦♥str✉❛ ♦ ❣rá✜❝♦ ❞❛s ❢✉♥çõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s✳

❝✮ ❡♠ q✉❡ ❝♦♥❞✐çõ❡s é ♣♦ssí✈❡❧ ❛✜r♠❛r q✉❡✿

✾✸



• ♦ ♣❧❛♥♦ ❆ é ♠❛✐s ❡❝♦♥ô♠✐❝♦❀

• ♦ ♣❧❛♥♦ ❇ é ♠❛✐s ❡❝♦♥ô♠✐❝♦❀

• ♦s ❞♦✐s ♣❧❛♥♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

✻✳ ❬✶✶❪ ❯♠ ✈❡♥❞❡❞♦r r❡❝❡❜❡ ✉♠ s❛❧ár✐♦ ✜①♦ ❡ ♠❛✐s ✉♠❛ ♣❛rt❡ ✈❛r✐á✈❡❧✱ ❝♦rr❡s♣♦♥❞❡♥t❡
à ❝♦♠✐ssã♦ s♦❜r❡ ♦ t♦t❛❧ ✈❡♥❞✐❞♦ ❡♠ ✉♠ ♠ês✳ ❖ ❣rá✜❝♦ s❡❣✉✐♥t❡ ✐♥❢♦r♠❛ ❛❧❣✉♠❛s
♣♦ss✐❜✐❧✐❞❛❞❡s ❞❡ s❛❧ár✐♦s ❡♠ ❢✉♥çã♦ ❞❛s ✈❡♥❞❛s✳

❋✐❣✉r❛ ✹✳✸✾

❛✮❊♥❝♦♥tr❡ ❛ ❧❡✐ ❞❛ ❢✉♥çã♦ ❝✉❥♦ ❣rá✜❝♦ é ❡ss❛ r❡t❛✳

❜✮ ◗✉❛❧ é ❛ ♣❛rt❡ ✜①❛ ❞♦ s❛❧ár✐♦❄

❝✮ ❊♠ ✉♠ ♠ês ♦ s❛❧ár✐♦ ❞❡ss❡ ✈❡♥❞❡❞♦r ❢♦✐ R$ 850, 00✱ q✉❛❧ ❢♦✐ ❛ ✈❡♥❞❛ ❞❡ss❡ ♠ês❄

❞✮ ❆❧❣✉é♠ ❞❛ ❧♦❥❛ ❞✐ss❡ ❛♦ ✈❡♥❞❡❞♦r q✉❡✱ s❡ ❡❧❡ ❝♦♥s❡❣✉✐ss❡ ❞♦❜r❛r ❛s ✈❡♥❞❛s✱ s❡✉
s❛❧ár✐♦ t❛♠❜é♠ ❞♦❜r❛r✐❛✳ ■ss♦ é ✈❡r❞❛❞❡❄

✼✳ ❬✶✶❪ ❯♠❛ ❝❛✐①❛ ❞❡ á❣✉❛✱ ❞❡ ✈♦❧✉♠❡ 2, 1m3✱ ✐♥✐❝✐❛❧♠❡♥t❡ ✈❛③✐❛✱ ❝♦♠❡ç❛ ❛ r❡❝❡❜❡r á❣✉❛
❞❡ ✉♠❛ ❢♦♥t❡ à r❛③ã♦ ❞❡ ✶✺ ❧✐tr♦s ♣♦r ♠✐♥✉t♦✳ ▲❡♠❜r❡ q✉❡ 1m3 ❡q✉✐✈❛❧❡ ❛ ✶✵✵✵ ❧✐tr♦s✳

❛✮ ◗✉❛♥t♦s ❧✐tr♦s ❞❡ á❣✉❛ ❤❛✈❡rá ♥❛ ❝❛✐①❛ ❛♣ós ♠❡✐❛ ❤♦r❛❄

❜✮ ❆♣ós t ♠✐♥✉t♦s ❞❡ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❛ ❢♦♥t❡✱ q✉❛❧ s❡r❛ ♦ ✈♦❧✉♠❡ (V ) ❞❡ á❣✉❛ ♥❛ ❝❛✐①❛✱
❡♠ ❧✐tr♦s❄

❝✮ ❊♠ q✉❛♥t♦ t❡♠♣♦ ❛ ❝❛✐①❛ ❡st❛rá ❝❤❡✐❛❄

✽✳ ❬✻❪ ❖ ♣r♦♣r✐❡tár✐♦ ❞❡ ✉♠❛ ❢❛❜r✐❝❛ ❞❡ ❝❤✐♥❡❧♦s ✈❡r✐✜❝♦✉ q✉❡✱q✉❛♥❞♦ s❡ ♣r♦❞✉③✐❛ ✻✵✵
♣❛r❡s ❞❡ ❝❤✐♥❡❧♦s ♣♦r ♠ês✱ ♦ ❝✉st♦ t♦t❛❧ ❞❛ ❡♠♣r❡s❛ ❡r❛ ❞❡ R$ 14000, 00✱ ❡ q✉❛♥❞♦
s❡ ♣r♦❞✉③✐❛ ✾✵✵ ♣❛r❡s ♦ ❝✉st♦ ♠❡♥s❛❧ ❡r❛ ❞❡ R$ 15800, 00✳ ❖ ❣rá✜❝♦ q✉❡ r❡♣r❡s❡♥t❛
❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ❝✉st♦ ♠❡♥s❛❧ (C) ❡ ♦ ♥ú♠❡r♦ ❞❡ ❝❤✐♥❡❧♦s ♣r♦❞✉③✐❞♦s ♣♦r ♠ês (x) é
❢♦r♠❛❞♦ ♣♦r ♣♦♥t♦s ❞❡ ✉♠❛ r❡t❛✳

❛✮ ❖❜t❡♥❤❛ C ❡♠ ❢✉♥çã♦ ❞❡ x✳

✾✹



❜✮ ❙❡ ❛ ❝❛♣❛❝✐❞❛❞❡ ♠á①✐♠❛ ❞❡ ♣r♦❞✉çã♦ ❞❛ ❡♠♣r❡s❛ ❢♦r é ✶✳✷✵✵ ❝❤✐♥❡❧♦s✴♠ês✱ q✉❛❧ ♦
❝✉st♦ ♠á①✐♠♦ ♠❡♥s❛❧ ❄

✾✳ ❬✶✶❪ ❉✉r❛♥t❡ ✉♠ ❞✐❛ ❞❡ ✈❡rã♦✱ ❝♦♥st❛t♦✉✲s❡ q✉❡ ♦ ✢✉①♦ ❞❡ t✉r✐st❛s q✉❡ ♣❛ss❛✈❛♠ ♣♦r
❤♦r❛ ♣❡❧❛ ❡♥tr❛❞❛ ❞❡ ✉♠ ♣❛rq✉❡ ❛q✉át✐❝♦ ❡r❛ ❝♦♥st❛♥t❡✳ ❆ ❡♥tr❛❞❛ ♥♦ ♣❛rq✉❡ ♣♦❞❡r✐❛
s❡r ❢❡✐t❛ ❞❛s ✾ ❛té ❛s ✶✻ ❤♦r❛s✳ ❆té ❛s ✶✶ ❤♦r❛s ❥á ❤❛✈✐❛♠ ❡♥tr❛❞♦ ♥♦ ♣❛rq✉❡ ✸✻✵
♣❡ss♦❛s✳

❋✐❣✉r❛ ✹✳✹✵

❛✮ ❉❡t❡r♠✐♥❡ ❛ ❧❡✐ q✉❡ r❡❧❛❝✐♦♥❛ ♦ t♦t❛❧ ❞❡ t✉r✐st❛ (y) ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ (x) ❡♠
❤♦r❛s✳

❜✮ ❉❡t❡r♠✐♥❡ q✉❛♥t♦s t✉r✐st❛s ❡♥tr❛r❛♠ ♥♦ ♣❛rq✉❡ ❛té ❛s ✶✹ ❤♦r❛s✳

❝✮ ❉❡t❡r♠✐♥❡ ♦ t♦t❛❧ ❞❡ t✉r✐st❛s q✉❡ ♦ ♣❛rq✉❡ r❡❝❡❜❡✉ ♥❛q✉❡❧❡ ❞✐❛✳

✶✵✳ ❬✻❪ ❉❡✈✐❞♦ ❛♦ ❞❡s❣❛st❡✱ ♦ ✈❛❧♦r (V ) ❞❡ ✉♠❛ ♠❡r❝❛❞♦r✐❛ ❞❡❝r❡s❝❡ ❝♦♠ ♦ t❡♠♣♦ (t)✳ P♦r
✐ss♦✱ ❛ ❞❡s✈❛❧♦r✐③❛çã♦ q✉❡ ♦ ♣r❡ç♦ ❞❡ss❛ ♠❡r❝❛❞♦r✐❛ s♦❢r❡ ❡♠ r❛③ã♦ ❞♦ t❡♠♣♦ ❞❡ ✉s♦
é ❝❤❛♠❛❞❛ ❞❡♣r❡❝✐❛çã♦✳ ❆ ❢✉♥çã♦ ❞❡♣r❡❝✐❛çã♦ ♣♦❞❡ s❡r ✉♠❛ ❢✉♥çã♦ ❛✜♠✱ ❝♦♠♦ ♥❡st❡
❝❛s♦✿ ♦ ✈❛❧♦r ❞❡ ✉♠❛ ♠áq✉✐♥❛ é ❤♦❥❡ ❞❡ ❘✩ 1.000, 00✱ ❡ ❡st✐♠❛✲s❡ q✉❡ ❞❛q✉✐ ❛ ✺ ❛♥♦s
s❡rá ❘✩ 250, 00✳

❛✮ ◗✉❛❧ s❡rá ♦ ✈❛❧♦r ❞❡ss❛ ♠áq✉✐♥❛ ❡♠ t ❛♥♦s❄

❜✮ ◗✉❛❧ s❡rá ♦ ✈❛❧♦r ❞❡ss❛ ♠áq✉✐♥❛ ❛♣ós ✉♠ ♣❡rí♦❞♦ ❞❡ ✻ ❛♥♦s❄

❝✮ ◗✉❛❧ s❡rá s✉❛ ❞❡♣r❡❝✐❛çã♦ t♦t❛❧ ♥❡ss❡ ♣❡rí♦❞♦ ❞❡ ✻ ❛♥♦s❄

✹✳✶✳✾ ❘❡s♣♦st❛s ❞♦s ❡①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❛✮✶ ❜✮ ✸ ❝✮ ✹ ❞✮ −3k + 1

✷✳ ❛✮ f(x) = 7x− 1 ❜✮ f(x) = −x+ 9 ❝✮ f(x) = −4x+ 2

✸✳ ❛✮ f(x) = 0, 50x+ 81 ❜✮ ❘✩ ✺✽✱✵✵ ❝✮ ✷✶✸ ♣❡ç❛s

✾✺



✹✳ ❛✮ p(n) = 0, 18n+ 75 ❜✮ ✼✻✱✷✻ ❦❣ ❝✮ ❙✐♠✱ ✽✵✱✹✵ ❦❣

✺✳ ❛✮ P❧❛♥♦ ❆✿ f(x) = 50x+ 100 ❡ P❧❛♥♦ ❇✿ g(x) = 40x+ 180

❝✮ ❆té ✼ ❝♦♥s✉❧t❛s ♦ ♣❧❛♥♦ ❆ é ♠❛✐s ❡❝♦♥ô♠✐❝♦❀ ✾ ❝♦♥s✉❧t❛s ♦✉ ♠❛✐s ♦ ♣❧❛♥♦ ❇ é ♠❛✐s
❡❝♦♥ô♠✐❝♦ ❡ ✽ ❝♦♥s✉❧t❛s ♦s ♣❧❛♥♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

✻✳ ❛✮ f(x) = 0, 05x+ 300 ❜✮ ❘✩ ✸✵✵✱✵✵ ❝✮ ❘✩ ✶✶✵✵✵✱✵✵ ❞✮ ❋❛❧s♦✳

✼✳ ❛✮ ✹✺✵ ❧✐tr♦s ❜✮ V (t) = 15t ❝✮ ✶✹✵ ♠✐♥✉t♦s

✽✳ ❛✮ C(x) = 10400 + 6x ❜✮ ❘✩ ✶✼✻✵✵✱✵✵

✾✳ ❛✮ y = 180x− 1620 ❜✮ ❘✩ ✾✵✵✱✵✵ ❝✮ ❘✩ ✶✷✻✵✱✵✵

✶✵✳ ❛✮ V (t) = −150t+ 1000 ❜✮ ❘✩ ✶✵✵✱✵✵ ❝✮ ❘✩ ✾✵✵✱✵✵✳

✾✻



❈❆P❮❚❯▲❖ ✺

❋❯◆➬➹❖ ◗❯❆❉❘➪❚■❈❆

✺✳✶ ❋✉♥çã♦ q✉❛❞rát✐❝❛

❈❤❛♠❛✲s❡ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛❧ ❞♦ ✷♦ ❣r❛✉✱ ♦✉ ❢✉♥çã♦ q✉❛❞rát✐❝❛✱ q✉❛❧q✉❡r
❢✉♥çã♦ f : R → R ❞❛❞❛ ♣♦r ✉♠❛ ❧❡✐ ❞❛ ❢♦r♠❛ f(x) = ax2 + bx + c✱ ❡♠ q✉❡ a✱ b ❡ c
sã♦ ♥ú♠❡r♦s r❡❛✐s ❞❛❞♦s ❡ a 6= 0✳

◆❛ ❧❡✐ f(x) = ax2 + bx + c✱ ♦s ♥ú♠❡r♦s a ❡ b sã♦ ❝❤❛♠❛❞♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ x2 ❡ x✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ c é ❝❤❛♠❛❞♦ t❡r♠♦ ❝♦♥st❛♥t❡ ♦✉ ✐♥❞❡♣❡♥❞❡♥t❡✳

❊①❡♠♣❧♦s✿

• f(x) = 5x2 − 7x+ 8✱ s❡♥❞♦ a = 5✱ b = −7 ❡ c = 8

• f(x) = x2 − 7x+ 1✱ s❡♥❞♦ a = 1✱ b = −7 ❡ c = 1

• f(x) = 2x2 − 9x✱ s❡♥❞♦ a = 2✱ b = −9 ❡ c = 0

• f(x) = −3x2 + 9✱ s❡♥❞♦ a = −3✱ b = 0 ❡ c = 9

✺✳✶✳✶ ❘❛í③❡s ❞❡ ✉♠❛ ❡q✉❛çã♦ ❞♦ ✷♦❣r❛✉

❈❤❛♠❛✲s❡ r❛í③❡s ♦✉ ③❡r♦s ❞❛ ❢✉♥çã♦ ❞♦ ✷♦ ❣r❛✉✱ ❞❛❞❛ ♣♦r f(x) = ax2 + bx+ c✱ a 6= 0✱
♦s ♥ú♠❡r♦s r❡❛✐s x t❛✐s q✉❡ f(x) = 0

❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❛s r❛í③❡s ❞❛ ❢✉♥çã♦ y = ax2+ bx+ c sã♦ ❛s s♦❧✉çõ❡s ✭s❡ ❡①✐st✐r❡♠✮
❞❛ ❡q✉❛çã♦ ❞❡ ✷♦ ❣r❛✉ ax2 + bx + c = 0✳ ❆s r❛í③❡s ✶ ❞❡ss❛ ❡q✉❛çã♦ ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ♣♦r
✐♥t❡r♠é❞✐♦ ❞❛ ❢ór♠✉❧❛ ❞❡ ❇❤❛s❦❛r❛✳

x =
−b±

√
∆

2a
, onde ∆ = b2 − 4ac ✭✺✳✶✮

✶❙❡ ∆ < 0✱ ❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ♥ã♦ ♣♦ss✉✐ r❛í③❡s r❡❛✐s

✾✼



✺✳✶✳✷ ●rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞♦ ✷♦ ❣r❛✉

❖ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ é ✉♠❛ ✷♣❛rá❜♦❧❛✳ ❙❡ ♦ ❝♦❡✜❝✐❡♥t❡ a é ♣♦s✐t✐✈♦
(a > 0) ❛ ❝♦♥❝❛✈✐❞❛❞❡ ❞❛ ❝✉r✈❛ é ✈♦❧t❛❞❛ ♣❛r❛ ❝✐♠❛ ❡ ❛ ♣❛rá❜♦❧❛ ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞❡
♠í♥✐♠♦✱ s❡ ♦ ❝♦❡✜❝✐❡♥t❡ a é ♥❡❣❛t✐✈♦ (a < 0)✱ ❛ ❝♦♥❝❛✈✐❞❛❞❡ ❞❛ ❝✉r✈❛ é ✈♦❧t❛❞❛ ♣❛r❛ ❜❛✐①♦ ❡
❛ ♣❛rá❜♦❧❛ ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦✳ ❆ ✜❣✉r❛ ✺✳✶ ♠♦str❛ ♦ ❢♦r♠❛t♦ q✉❡ ❛ ❝✉r✈❛ ❞❡ ✉♠❛
❢✉♥çã♦ ❞♦ ✷♦ ❣r❛✉ ♣♦❞❡ ❛ss✉♠✐r✳

❖ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ✭♠í♥✐♠♦✮ ♣♦ss✉✐ ❝♦♦r❞❡♥❛❞❛s V =

(
− b

2a
,−∆

4a

)
✱ ❝❤❛♠❛❞♦ ✈ért✐❝❡

❞❛ ♣❛rá❜♦❧❛✳

❋✐❣✉r❛ ✺✳✶

P❛r❛ ❡s❜♦ç❛r♠♦s ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞♦ ✷♦ ❣r❛✉ s❡♠ ❛✉①í❧✐♦ ❞❡ ✉♠ s♦❢t✇❛r❡✱
♣r❡❝✐s❛♠♦s ❝♦♥❤❡❝❡r ♣❡❧♦ ♠❡♥♦s ♦s três ✐t❡♥s ❛❜❛✐①♦✿

• f(0) ✭✐♥t❡rs❡çã♦ ❞❛ ♣❛rá❜♦❧❛ ❝♦♠ ♦ ❡✐①♦ y✮✳

• ❛s r❛í③❡s ✭✐♥t❡rs❡çã♦ ❞❛ ♣❛rá❜♦❧❛ ❝♦♠ ♦ ❡✐①♦ x✮✳

• ❞❡t❡r♠✐♥❛r ♦ ✈ért✐❝❡ ❞❛ ♣❛rá❜♦❧❛✳

✺✳✶✳✸ ❈r❡s❝✐♠❡♥t♦✱ ❞❡❝r❡s❝✐♠❡♥t♦ ❡ ✐♠❛❣❡♠ ❞❛ ❢✉♥çã♦ ❞♦ ✷♦ ❣r❛✉

❙❡ a < 0✱ ❛ ❢✉♥çã♦ é ❝r❡s❝❡♥t❡ ♥♦ ✐♥t❡r✈❛❧♦ {x ∈ R;−∞ < x < xV } ❡ ❞❡❝r❡s❝❡♥t❡
♥♦ ✐♥t❡r✈❛❧♦ {x ∈ R; xV < x < +∞}✳ ❙❡ a > 0✱ ❛ ❢✉♥çã♦ é ❞❡❝r❡s❝❡♥t❡ ♥♦ ✐♥t❡r✈❛❧♦
{x ∈ R;−∞ < x < xV } ❡ ❝r❡s❝❡♥t❡ ♥♦ ✐♥t❡r✈❛❧♦ {x ∈ R; xV < x < +∞}✳

❆ ✐♠❛❣❡♠ ❞❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ é ♦ ❝♦♥❥✉♥t♦ {y ∈ R;−∞ < y ≤ yV ⑥ q✉❛♥❞♦ a < 0
♦✉ {y ∈ R; yV ≤ y < ∞} q✉❛♥❞♦ a > 0✳

✺✳✶✳✹ P❛r❛ ♦ ♣r♦❢❡ss♦r

❱❛♠♦s ❝r✐❛r ✉♠ ❛rq✉✐✈♦ ♥♦ ●❡♦●❡❜r❛ ♣❛r❛ ✈❡r✐✜❝❛r♠♦s ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❛♥✐♠❛çã♦ ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ❝♦♥❢♦r♠❡ ❛ ✈❛r✐❛çã♦ ❞♦s ♣❛râ♠❡tr♦s a✱
b ❡ c✳

✷■st♦ é ♣r♦✈❛❞♦ ♥♦ ❧✐✈r♦✿ ❋✉♥❞❛♠❡♥t♦s ❞❡ ▼❛t❡♠át✐❝❛ ❊❧❡♠❡♥t❛r ✼✱ ●❡♦♠❡tr✐❛ ❆♥❛❧ít✐❝❛✳

✾✽



✶✳ ◆❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✱ ❞✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✺✳✷ ❡ ♣r❡ss✐♦♥❡ t❡①t✐t❡♥t❡r✳
❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r ❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✺✳✷

✷✳ P❛r❛ ❛♥✐♠❛r ♦ ❛rq✉✐✈♦✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ❝❛❞❛ ✉♠ ❞♦s ❈♦♥✲
tr♦❧❡s ❉❡s❧✐③❛♥t❡s ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❋✐❣✉r❛ ✺✳✸

❖ ❛rq✉✐✈♦ ✜♥❛❧ ❝r✐❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✺✳✹✳

❋✐❣✉r❛ ✺✳✹✿ ❆rq✉✐✈♦ ✜♥❛❧

◆❡st❛ ❛♥✐♠❛çã♦ ♦s ♣❛râ♠❡tr♦s a ❡ b sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ x2 ❡ x✱ ♥❡st❛ ♦r❞❡♠✱ ❡ c é ♦
t❡r♠♦ ✐♥❞❡♣❡♥❞❡♥t❡✳

✾✾



❱❛♠♦s ✜①❛r ♦s ♣❛râ♠❡tr♦s b ❡ c ❡ ♠❛♥t❡r ♦ ♣❛râ♠❡tr♦ a ❛♥✐♠❛❞♦✳ ◆❡st❡ ❝❛s♦✱ ♣♦❞❡✲
♠♦s ♦❜s❡r✈❛r q✉❡ ♦ ♣❛râ♠❡tr♦ a é r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ❛❜❡rt✉r❛ ❡ ❞❡t❡r♠✐♥❛ ❛ ❝♦♥❝❛✈✐❞❛❞❡ ❞❛
♣❛rá❜♦❧❛✱ ✜❣✉r❛s ✺✳✺ ❡ ✺✳✻✳

❋✐❣✉r❛ ✺✳✺

❋✐❣✉r❛ ✺✳✻

❈♦♠ ❡st❛ ❛♥✐♠❛çã♦ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r ❡ ❝♦♠♣r❡❡♥❞❡r ❝♦♠ ♠❛✐♦r ❝❧❛r❡③❛ ♦ ♠♦t✐✈♦ ❞❛
r❡str✐çã♦ a 6= 0✱ ♣♦✐s q✉❛♥❞♦ a = 0 ♦ ❣rá✜❝♦ é ✉♠❛ r❡t❛✱ ♦✉ s❡❥❛✱ ✉♠❛ ❢✉♥çã♦ ❞♦ ✶♦ ❣r❛✉✱
✜❣✉r❛ ✺✳✼✳

❋✐❣✉r❛ ✺✳✼

✶✵✵



❆❣♦r❛ ✈❛♠♦s ❞❡✐①❛r ♦s ♣❛râ♠❡tr♦s a (a > 0)✸ ❡ c ✜①♦s ❡ ♠❛♥t❡r ♦ ♣❛râ♠❡tr♦ b ❛♥✐♠❛❞♦✳
◆❡st❛ s✐t✉❛çã♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ q✉❛♥❞♦ b > 0✱ ♦ ✈ért✐❝❡ ❞❛ ♣❛rá❜♦❧❛ s❡ ❡♥❝♦♥tr❛ ♥♦
✷♦ ♦✉ ✸♦ q✉❛❞r❛♥t❡✳ ◆♦t❛♠♦s t❛♠❜é♠ q✉❡ ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦ ❞❛ ♣❛rá❜♦❧❛ ❝♦♠ ♦ ❡✐①♦ y
❡stá ♥♦ r❛♠♦ ❝r❡s❝❡♥t❡ ❞❛ ❢✉♥çã♦✳ ❊♠ ❝♦♥tr❛ ♣❛rt✐❞❛ q✉❛♥❞♦ b < 0 ♦ ✈ért✐❝❡ ❞❛ ♣❛rá❜♦❧❛
s❡ ❡♥❝♦♥tr❛ ♥♦ ✶♦ ♦✉ ✹♦ q✉❛❞r❛♥t❡ ❡ ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦ ❞❛ ♣❛rá❜♦❧❛ ❝♦♠ ♦ ❡✐①♦ y ❡stá ♥♦
r❛♠♦ ❞❡❝r❡s❝❡♥t❡ ❞❛ ❢✉♥çã♦✱ ✜❣✉r❛s ✺✳✽ ❡ ✺✳✾✳

❋✐❣✉r❛ ✺✳✽

❋✐❣✉r❛ ✺✳✾

◗✉❛♥❞♦ b = 0✱ ♦ ✈ért✐❝❡ ❞❛ ♣❛rá❜♦❧❛ ❡♥❝♦♥tr❛✲s❡ s♦❜r❡ ♦ ❡✐①♦ y✳ ◆❡st❡ ❝❛s♦✱ ♦ ❣rá✜❝♦
❞❛ ♣❛rá❜♦❧❛ é s✐♠étr✐❝❛ ❡♠ r❡❧❛çã♦ ❛♦ ❡✐①♦ y✱ ✜❣✉r❛ ✺✳✶✵

❋✐❣✉r❛ ✺✳✶✵

✸❆ ❛♥á❧✐s❡ ❝♦♠ a < 0 ✜❝❛rá ❛ ❝❛r❣♦ ❞♦ ❧❡✐t♦r✳

✶✵✶



❆s ✜❣✉r❛s ✺✳✶✶ ❡ ✺✳✶✷ r❡♣r❡s❡♥t❛♠ ❛ ♣❛✉s❛ ❞❛ ❛♥✐♠❛çã♦ ❝♦♠ ♦s ♣❛râ♠❡tr♦s a ❡ b ✜①♦s
❡♠ a = 2 ❡ b = 4 ❡♥q✉❛♥t♦ ♦ ♣❛râ♠❡tr♦ c ❡stá ✈❛r✐❛♥❞♦✱ ♥❡st❛ s✐t✉❛çã♦ ♦❜s❡r✈❛♠♦s q✉❡ ❛
❝✉r✈❛ s❡ ❞❡s❧♦❝❛ ✈❡rt✐❝❛❧♠❡♥t❡ ♣❛r❛ ❝✐♠❛ ❡ ♣❛r❛ ❜❛✐①♦ ❛♦ ❧♦♥❣♦ ❞♦ ❡✐①♦ y✳

❋✐❣✉r❛ ✺✳✶✶

❋✐❣✉r❛ ✺✳✶✷

✺✳✶✳✺ ❆t✐✈✐❞❛❞❡ ✶

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ❞❡t❡r♠✐♥❛r ♦ ✈❛❧♦r ❞❛ ❝♦♥st❛♥t❡ c = A✱ ❞❡♣♦✐s ✈❛♠♦s ♣❧♦t❛r ♦
❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❡♥❝♦♥tr❛❞❛ ❡ ♠❛r❝❛r ✉♠ ♣♦♥t♦ q✉❡ ♣❡r❝♦rr❛ s✉❛ ❝✉r✈❛✱ ♣❛r❛ ✐ss♦ ✈❛♠♦s
✉s❛r ❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✳ ❆ ♣❛rt✐r ❞❛ ❢✉♥çã♦ ♠♦❞❡❧❛❞❛ ♥❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ ❡ ❞❡ s❡✉ ❣rá✜❝♦
♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ t❡r❡♠♦s ❝♦♥❞✐çõ❡s ❞❡ r❡s♣♦♥❞❡r ♦s ✐t❡♥s ❞❡ss❛ ❛t✐✈✐❞❛❞❡✳

• ✭P❯❈✲▼●✮ ❆ t❡♠♣❡r❛t✉r❛✱ ❡♠ ❣r❛✉s ❝❡♥tí❣r❛❞♦s✱ ♥♦ ✐♥t❡r✐♦r ❞❡ ✉♠❛ ❝â♠❛r❛✱ é ❞❛❞❛
♣♦r f(t) = t2 − 7t+ A✱ ♦♥❞❡ t é ♠❡❞✐❞♦ ❡♠ ♠✐♥✉t♦s ❡ A é ❝♦♥st❛♥t❡✳ ❙❡✱ ♥♦ ✐♥st❛♥t❡
t = 0✱ ❛ t❡♠♣❡r❛t✉r❛ é 10♦C✳ ❉❡t❡r♠✐♥❡✿

❛✮ ♦ ✈❛❧♦r ❞❛ ❝♦♥st❛♥t❡ A❀

❜✮ ❛ t❡♠♣❡r❛t✉r❛ ♠í♥✐♠❛ ❛t✐♥❣✐❞❛ ♥❛ ❝â♠❛r❛ ❡ ♦ t❡♠♣♦ ❞❡❝♦rr✐❞♦ ♣❛r❛ q✉❡ ✐ss♦ ♦❝♦rr❛❀

❝✮ ♦ ✐♥st❛♥t❡ ❡♠ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ♥♦ ✐♥t❡r✐♦r ❞❛ ❝â♠❛r❛ ❛t✐♥❣❡ 18♦❈❀

✶✵✷



❞✮ ♦s ✐♥st❛♥t❡s ❡♠ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ♥♦ ✐♥t❡r✐♦r ❞❛ ❝â♠❛r❛ ❛t✐♥❣❡ 4♦❈✳

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦✿

❆♥t❡s ❞❡ ❝r✐❛r ♦ ❛rq✉✐✈♦ ❞❡✈❡♠♦s r❡s♣♦♥❞❡r ♦ ✐t❡♠ ❛✮✱ ♦✉ s❡❥❛✱ ❞❡t❡r♠✐♥❛r ♦ ✈❛❧♦r ❞❛
❝♦♥st❛♥t❡ A✱ ♣❛r❛ ✐ss♦ ❜❛st❛ ❝❛❧❝✉❧❛r♠♦s f(0)✳

f(0) = 02 − 7(0) + 10 = 10, assim f(t) = t2 − 7t+ 10

❆❣♦r❛ t❡♠♦s ❝♦♥❞✐çõ❡s ❞❡ ❝r✐❛r ♦ ❛rq✉✐✈♦✳

✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s ❡ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛✲
❧✐③❛çã♦ ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ♥♦s ❡✐①♦s x ❡ y ❝♦♥❢♦r♠❡ ✜❣✉r❛ ✺✳✶✸

❋✐❣✉r❛ ✺✳✶✸

✷✳ ◆❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❞✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✺✳✶✹ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✺✳✶✹

✸✳ P❛r❛ ♠❛r❝❛r ✉♠ ♣♦♥t♦ s♦❜r❡ ❛ ❝✉r✈❛ ❝r✐❛❞❛✱ ❞✐❣✐t❡ ✭❛✱❢✭❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡
♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✺✳✶✺

✹✳ ❈❧✐q✉❡ ❡♠ ❈r✐❛r ❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥tr❡s✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦
♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❝r✐❛❞♦ ❡ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s✳

❋✐❣✉r❛ ✺✳✶✻

✶✵✸



✺✳ ❋❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✺✳✶✼✳

❋✐❣✉r❛ ✺✳✶✼

✻✳ P❛r❛ ❛♥✐♠❛r ♦ ❛rq✉✐✈♦ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡
❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❋✐❣✉r❛ ✺✳✶✽

❖ ❛rq✉✐✈♦ ✜♥❛❧ ❝r✐❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✺✳✶✾✳

❋✐❣✉r❛ ✺✳✶✾✿ ❆rq✉✐✈♦ ✜♥❛❧

✺✳✶✳✻ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✶

◆❛ ✜❣✉r❛ ✺✳✷✵ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ♠í♥✐♠❛ ❛t✐♥❣✐❞❛ é −2, 25♦❈ ❡
♦❝♦rr❡ ❛♣ós ✸✱✺ ♠✐♥✉t♦s✳ ❈♦♠ ❡ss❛ ♦❜s❡r✈❛çã♦ ♦ ❛❧✉♥♦ t❡♠ ❝♦♥❞✐çõ❡s ❞❡ r❡s♣♦♥❞❡r ♦ ✐t❡♠
❜✮✳

✶✵✹



❋✐❣✉r❛ ✺✳✷✵

❖ ✐t❡♠ c) ♣♦❞❡ s❡r r❡s♣♦♥❞✐❞♦ ❛♦ ♦❜s❡r✈❛r♠♦s ❛ ♣❛✉s❛ r❡♣r❡s❡♥t❛❞❛ ♥❛ ✜❣✉r❛ ✺✳✷✶✳
◆❡st❛✱ ♣❛✉s❛ q✉❛♥❞♦ ❛ t❡♠♣❡r❛t✉r❛ ❛t✐♥❣❡ 18♦❈ ♦ t❡♠♣♦ ❞❡❝♦rr✐❞♦ é ❞❡ ✽ ♠✐♥✉t♦s ❛♣ós ♦
t❡♠♣♦ ✐♥✐❝✐❛❧✳

❋✐❣✉r❛ ✺✳✷✶

❖ ✐t❡♠ ❝✮ ♣♦❞❡ s❡r r❡s♣♦♥❞✐❞♦ ❛♦ ♦❜s❡r✈❛♠♦s ❛ ✜❣✉r❛ ✺✳✷✷✳ ◆❡st❛ ✜❣✉r❛ ❡stã♦ r❡♣r❡✲
s❡♥t❛❞♦s ❞♦✐s t❡♠♣♦s ❞✐st✐♥t♦s ❡♠ q✉❡ ❛ t❡♠♣❡r❛t✉r❛ ❛t✐♥❣❡ 4♦❈✱ t = 1 ❡ t = 2 ♠✐♥✉t♦s✳
◆❡st❡ ♠♦♠❡♥t♦ é ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ♥♦ ✐♥t❡r✈❛❧♦ 0 ≤ t ≤ 7, t 6= 3, 5✱ s❡♠♣r❡ ❤❛✈❡rá
✉♠❛ t❡♠♣❡r❛t✉r❛ ♣❛r❛ ❞♦✐s t❡♠♣♦s ❞✐st✐♥t♦s✱ ♣♦✐s ❛ ❝✉r✈❛ ❞❡ f é ✉♠❛ ♣❛rá❜♦❧❛ ❝♦♠ ❛ ❝♦♥✲
❝❛✈✐❞❛❞❡ ✈♦❧t❛❞❛ ♣❛r❛ ❝✐♠❛✳ ❙❡♥❞♦ ❛ss✐♠ ♥♦ ✐♥t❡r✈❛❧♦ 0 ≤ t < 3, 5 ❛ ❢✉♥çã♦ é ❞❡❝r❡s❝❡♥t❡ ❡
♥♦ ✐♥t❡r✈❛❧♦ 3, 5 < t ≤ 7 ❛ ❢✉♥çã♦ é ❝r❡s❝❡♥t❡✳

✶✵✺



❋✐❣✉r❛ ✺✳✷✷

✺✳✶✳✼ ❆t✐✈✐❞❛❞❡ ✷

❆♥t❡s ❞❡ ❝r✐❛r♠♦s ♦ ❛rq✉✐✈♦✱ ✈❛♠♦s ♠♦❞❡❧❛r✹ ✉♠❛ ❢✉♥çã♦ ❞♦ s❡❣✉♥❞♦ ❣r❛✉ ✉s❛♥❞♦ ♦s
❞❛❞♦s ❞♦ ❡♥✉♥❝✐❛❞♦ ❞♦ ❡①❡r❝í❝✐♦✱ r❡s♣♦♥❞❡♥❞♦ ❛ss✐♠✱ ♦ ✐t❡♠ ❛✮✳

P❛r❛ ❝r✐❛r ♦ ❛rq✉✐✈♦ ✈❛♠♦s ❛❧t❡r❛r ❛ ❡s❝❛❧❛ ❞♦s ❡✐①♦s ♣❛r❛ q✉❡ ❛ ♠❛❧❤❛ ❞❛ ❥❛♥❡❧❛ ❞❡
❱✐s✉❛❧✐③❛çã♦ s❡ ❛❞❡q✉❡ ❛♦ ❡①❡r❝í❝✐♦✳ ❊♠ s❡❣✉✐❞❛ ✈❛♠♦s ✐♥s❡r✐r ✉♠ ❝♦♠❛♥❞♦ ♥❛ ❝❛✐①❛ ❞❡
❡♥tr❛❞❛ ❛✜♠ ❞❡ ♠♦❞❡❧❛r ❛ ❢✉♥çã♦ ❡♥❝♦♥tr❛❞❛ ♥❛ ❥❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ ❡ ♣❧♦t❛r s❡✉ ❣rá✜❝♦ ♥❛
❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ❞♦ ●❡♦●❡❜r❛✳

• ❬✶✻❪ ❖ ❞✐r❡t♦r ❞❡ ✉♠❛ ♦rq✉❡str❛ ♣❡r❝❡❜❡✉ q✉❡✱ ❝♦♠ ♦ ✐♥❣r❡ss♦ ❛ R$ ✾✱✵✵✱ ❡♠ ♠é❞✐❛
✸✵✵ ♣❡ss♦❛s ❛ss✐st❡♠ ❛♦s ❝♦♥❝❡rt♦s ❡ q✉❡✱ ♣❛r❛ ❝❛❞❛ r❡❞✉çã♦ ❞❡ ❘✩ ✶✱✵✵ ♥♦ ♣r❡ç♦ ❞♦s
✐♥❣r❡ss♦s✱ ♦ ♣ú❜❧✐❝♦ ❛✉♠❡♥t❛ ❞❡ ✶✵✵ ❡s♣❡❝t❛❞♦r❡s✳ ❋❛ç❛ ♦ q✉❡ s❡ ♣❡❞❡✿

❛✮ ♠♦❞❡❧❡ ❛ ❢✉♥çã♦ q✉❡ ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ❛ r❡❝❡✐t❛ ❞❡ss❛ ♦rq✉❡str❛❀

❜✮ ❝♦♥str✉❛ ♦ ❣rá✜❝♦ ❞❡st❛ ❢✉♥çã♦❀

❝✮ ❞❡t❡r♠✐♥❡ ♦ ❞❡s❝♦♥t♦ ♥♦ ✐♥❣r❡ss♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛ r❡❝❡✐t❛ s❡❥❛ ♠á①✐♠❛❀

❞✮ ❡♥❝♦♥tr❡ ♦ ❞♦♠í♥✐♦ ❡ ❛ ✐♠❛❣❡♠ ❞❡ss❛ ❢✉♥çã♦✳

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦✿

❈♦♠ ♦ ✐♥❣r❡ss♦ ❛ ❘✩ ✾✱✵✵✱ ❛ r❡❝❡✐t❛ ❞❛ ♦rq✉❡str❛ é 9×300 = 2700; 00✱ ♠❛s ❛ ❝❛❞❛ r❡❞✉çã♦
❞❡ ❘✩ ✶✱✵✵✱ ♦❝♦rr❡ ♦ s❡❣✉✐♥t❡✱

✹❘❡❝♦♠❡♥❞❛♠♦s q✉❡ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❛ ❢✉♥çã♦ s❡❥❛ ❢❡✐t❛ ♥♦ q✉❛❞r♦✳

✶✵✻



(9− 1)× (300 + 100× 1) = (8)× (400) = 3200; 00

(9− 2)× (300 + 100× 2) = (7)× (500) = 3500; 00

(9− 3)× (300 + 100× 3) = (6)× (600) = 3600; 00
✳✳✳

(9− x) · (300 + 100x) = 2700 + 900x− 300x− 100x2

P♦rt❛♥t♦ ❛ ❢✉♥çã♦ q✉❡ ♣r♦❝✉r❛♠♦s é ❞❛❞❛ ♣♦r f(x) = −100x2 + 600x + 2700✳ ❆❣♦r❛
♣♦❞❡♠♦s ❝r✐❛r ♦ ❛rq✉✐✈♦✿

✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s ❡ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛✲
❧✐③❛çã♦

❋✐❣✉r❛ ✺✳✷✸

✷✳ ❋❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✺✳✷✹✳

❋✐❣✉r❛ ✺✳✷✹

✸✳ ◆❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✱ ❞✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✺✳✷✺ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✺✳✷✺

✹✳ ❉✐❣✐t❡ ✭❛✱❢✭❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r
❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✺✳✷✻

✶✵✼



✺✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❝r✐❛❞♦✱ s❡❧❡❝✐♦♥❡ Pr♦✲
♣r✐❡❞❛❞❡s ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✺✳✷✼✳

❋✐❣✉r❛ ✺✳✷✼

✻✳ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❋✐❣✉r❛ ✺✳✷✽

❖ ❛rq✉✐✈♦ ❝r✐❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✺✳✷✾

❋✐❣✉r❛ ✺✳✷✾✿ ❆rq✉✐✈♦ ✜♥❛❧

✺✳✶✳✽ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✷

❘❡s♦❧✈❡♠♦s ♦ ✐t❡♠ ❛✮ ❛♥t❡s ❞❡ ❝r✐❛r♠♦s ♦ ❛rq✉✐✈♦✱ ❛❧é♠ ❞✐ss♦✱ ❛ ❢✉♥çã♦ ♠♦❞❡❧❛❞❛ ♣♦❞❡
s❡r ✈✐st❛ ♥❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛✱ ✜❣✉r❛ ✺✳✷✾✳ ❖ ✐t❡♠ ❜✮ ♣❡❞❡ ♣❛r❛ ❝♦♥str✉✐r♠♦s ♦ ❣rá✜❝♦ ❞❛
❢✉♥çã♦ ❡ ❡st❡ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✱ ✜❣✉r❛ ✺✳✷✾✳

❈♦♠♦ ♦ ❝♦❡✜❝✐❡♥t❡ a = −100 < 0✱ ❛ ❝♦♥❝❛✈✐❞❛❞❡ ❞❛ ♣❛rá❜♦❧❛ é ✈♦❧t❛❞❛ ♣❛r❛ ❜❛✐①♦✱
❧♦❣♦ ❡ss❛ ❢✉♥çã♦ ❛❞♠✐t❡ ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❡ ♥❛ ♣❛✉s❛ r❡♣r❡s❡♥t❛❞❛ ♥❛ ✜❣✉r❛ ✺✳✸✵ ♦ ❛❧✉♥♦
♣♦❞❡rá ♦❜s❡r✈❛r q✉❡ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❡ss❛ ❢✉♥çã♦ é ❘✩ ✸✻✵✵✱✵✵ ❡ ♦❝♦rr❡ q✉❛♥❞♦ ♦ ❞❡s❝♦♥t♦
❞♦ ✐♥❣r❡ss♦ é ❘✩ ✸✱✵✵✳ ❈♦♠ ❡st❛ ♦❜s❡r✈❛çã♦ ♦ ✐t❡♠ ❝✮ ♣♦❞❡ s❡r r❡s♣♦♥❞✐❞♦✳

✶✵✽



❋✐❣✉r❛ ✺✳✸✵

P❛r❛ r❡s♣♦♥❞❡r ♦ ✐t❡♠ ❞✮✱ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞❛ ❛♥✐♠❛çã♦✱ ♦ ♣r♦❢❡ss♦r ❞❡✈❡ ❧❡♠❜r❛r ❛♦
❛❧✉♥♦ q✉❡ ♥ã♦ ❢❛③ s❡♥t✐❞♦ ❢❛❧❛r ❡♠ ❞❡s❝♦♥t♦ ♥❡❣❛t✐✈♦ ✭♠❡♥♦r q✉❡ ③❡r♦✮✱ ♣♦rt❛♥t♦ x ≥ 0✳ ❊♠
❝♦♥tr❛♣❛rt✐❞❛ ✭ ❛✐♥❞❛ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞❛ ❛♥✐♠❛çã♦ ✮ q✉❛♥❞♦ x > 9 ❛ ❛rr❡❝❛❞❛çã♦ é ♥❡❣❛t✐✈❛✱
♦ q✉❡ ❞❡ ♠❛♥❡✐r❛ ❛❧❣✉♠❛ ❜❡♥❡✜❝✐❛ ♦ ♣r♦♣r✐❡tár✐♦ ❞♦ t❡❛tr♦✱ ❡♥tã♦ x ≤ 9✳

❆♣ós ♦❜s❡r✈❛r ❡ ❛♥❛❧✐s❛r ✉♠ ♣♦✉❝♦ ♠❛✐s ❛ ❛♥✐♠❛çã♦✱ ❝♦♠ ❛ ❛❥✉❞❛ ❞♦ ♣r♦❢❡ss♦r✱ ♦ ❛❧✉♥♦
❞❡✈❡ s❡r ❝❛♣❛③ ❞❡ ❡①♣r❡ss❛r ♦ ❞♦♠í♥✐♦ ❡ ❛ ✐♠❛❣❡♠ ❞❛ ❢✉♥çã♦✱ ❛ s❛❜❡r ④x ∈ Z; 0 ≤ x ≤ 9⑥ ❡
④y ∈ Z; 0 ≤ y ≤ 3600⑥✳

✺✳✶✳✾ ❊①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❈♦♥str✉❛ ♦ ❣rá✜❝♦ ❞❛s ❢✉♥çõ❡s✿

❛✮ f(x) = x2 + 5x+ 18

❜✮ f(x) = x2 − 5x+ 6

❝✮ f(x) = −2x2 − x+ 3

❞✮ f(x) = x2 − 9

❡✮ f(x) = −x2 + 10x− 25

❢✮ f(x) = −x2 + 6x− 9

❣✮ f(x) = x2 − x− 6

❤✮ f(x) = (x+ 7)(2x− 8)

✐✮ f(x) = (x− 1)(x+ 3)− 5

❥✮ f(x) = −2x2 + 10x− 25

✷✳ ❆♥❛❧✐s❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠ ♣♦♥t♦ (a, f(a)) s♦❜r❡ ❛ ❝✉r✈❛ ❞❛ ❢✉♥çã♦
f(x) = 18x2 − 27x+ 10 ♥♦ ✐♥t❡r✈❛❧♦ [−5, 5]✳

✶✵✾



✸✳ ❬✶✶❪ ❙❡❥❛ f : R → R ❞❛❞❛ ♣♦r f(x) = (2x+ 1)(x− 3)✳

❛✮ ◗✉❛❧ ♦ ✈❛❧♦r ❞❡
f(0) + f(1)

f(−1)
❄

❜✮ ◗✉❛✐s sã♦ ❛s r❛í③❡s ❞❛ ❡q✉❛çã♦ f(x) = −5

✹✳ ❬✶✶❪ ❊st✐♠❛✲s❡ q✉❡✱ ♣❛r❛ ♦ ❡①♣♦rt❛❞♦r✱ ♦ ✈❛❧♦r v(x✮✱ ❡♠ ♠✐❧❤❛r❡s ❞❡ r❡❛✐s✱ ❞♦ q✉✐❧♦❣r❛♠❛
❞❡ ❝❡rt♦ ♠✐♥ér✐♦ s❡❥❛ ❞❛❞♦ ♣❡❧❛ ❧❡✐✿ v(x) = 0, 6x2−2, 4x+6✱ s❡♥❞♦ x ♦ ♥ú♠❡r♦ ❞❡ ❛♥♦s
❝♦♥t❛❞♦s ❛ ♣❛rt✐r ❞❡ ✷✵✶✵✭x = 0✮✱ ❝♦♠ 0 ≤ x ≤ 10✳

❛✮ ❊♥tr❡ q✉❡ ❛♥♦s ♦ ✈❛❧♦r ❞❡ q✉✐❧♦❣r❛♠❛s ❞❡ss❡ ♣r♦❞✉t♦ ❞✐♠✐♥✉✐✉❄

❜✮ ◗✉❛❧ é ♦ ✈❛❧♦r ♠í♥✐♠♦ ❛t✐♥❣✐❞♦ ♣❡❧♦ q✉✐❧♦❣r❛♠❛ ❞♦ ♣r♦❞✉t♦❄

❝✮ ❊♠ q✉❡ ❛♥♦ ♦ ♣r❡ç♦ ❞♦ q✉✐❧♦❣r❛♠❛ ❞♦ ♣r♦❞✉t♦ s❡rá ♠á①✐♠♦❄ ◗✉❛❧ s❡rá ❡ss❡ ✈❛❧♦r❄

✺✳ ❬✶✶❪ ❯♠ ❜✐ó❧♦❣♦ ❞❡s❡❥❛✈❛ ❝♦♠♣❛r❛r ❛ ❛çã♦ ❞❡ ❞♦✐s ❢❡rt✐❧✐③❛♥t❡s✳ P❛r❛ ✐ss♦✱ ❞✉❛s ♣❧❛♥t❛s
❆ ❡ ❇ ❞❛ ♠❡s♠❛ ❡s♣é❝✐❡✱ q✉❡ ♥❛s❝❡r❛♠ ♥♦ ♠❡s♠♦ ❞✐❛✱ ❢♦r❛♠ ❞❡s❞❡ ♦ ✐♥í❝✐♦ tr❛t❛❞❛s
❝♦♠ ❢❡rt✐❧✐③❛♥t❡s ❞✐❢❡r❡♥t❡s✳ ❉✉r❛♥t❡ ✈ár✐♦s ❞✐❛s ❡❧❡ ❛❝♦♠♣❛♥❤♦✉ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ss❛s
♣❧❛♥t❛s✱ ♠❡❞✐♥❞♦✱ ❞✐❛ ❛ ❞✐❛✱ s✉❛s ❛❧t✉r❛s✳ ❊❧❡ ♦❜s❡r✈♦✉ q✉❡ ❛ ♣❧❛♥t❛ ❆ ❝r❡s❝❡✉ ❧✐♥❡✲
❛r♠❡♥t❡ ✷✱✺ ❝♠ ♣♦r ❞✐❛✱ s❡❣✉♥❞♦ ❛ ❢✉♥çã♦ y = 2, 5x ❀ ❛ ❛❧t✉r❛ ❞❛ ♣❧❛♥t❛ ❇ ♣♦❞❡ s❡r

♠♦❞❡❧❛❞❛ s❡❣✉♥❞♦ ❛ ❢✉♥çã♦ y =
20x− x2

6
✱ ❡♠ q✉❡ y é ❛ ❛❧t✉r❛ ♠❡❞✐❞❛ ❡♠ ❝❡♥tí♠❡tr♦s

❡ x ♦ t❡♠♣♦ ♠❡❞✐❞♦ ❡♠ ❞✐❛✿

❛✮ ❖❜t❡♥❤❛ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❛❧t✉r❛s ❞❡ss❛s ♣❧❛♥t❛s ❝♦♠ ✷ ❞✐❛s ❞❡ ✈✐❞❛✳

❜✮ ❉❡t❡r♠✐♥❡ ♦ ❞✐❛ q✉❡ ❛s ❞✉❛s ❛t✐♥❣✐r❛♠ ❛ ♠❡s♠❛ ❛❧t✉r❛ ❡ q✉❛❧ ❢♦✐ ❡ss❛ ❛❧t✉r❛✳

✻✳ ❬✶✶❪ ❊♠ ✉♠ r❡tâ♥❣✉❧♦✱ ✉♠❛ ❞✐♠❡♥sã♦ ❡①❝❡❞❡ ❛ ♦✉tr❛ ❡♠ ✹❝♠✳ ❙❛❜❡♥❞♦ q✉❡ ❛ ár❡❛ ❞♦
r❡tâ♥❣✉❧♦ é 12cm2✱ ❞❡t❡r♠✐♥❡ s✉❛s ❞✐♠❡♥sõ❡s✳

✼✳ ❬✻❪ ❖ ❧✉❝r♦ ❞❡ ✉♠❛ ❡♠♣r❡s❛ ♣❡❧❛ ✈❡♥❞❛ ❞✐ár✐❛ ❞❡ x ♣❡ç❛s✱ é ❞❛❞♦ ♣❡❧❛ ❢✉♥çã♦✿
L(x) = −x2 + 14x − 40✳ q✉❛♥t❛s ♣❡ç❛s ❞❡✈❡♠ s❡r ✈❡♥❞✐❞❛s ❞✐❛r✐❛♠❡♥t❡ ♣❛r❛ q✉❡
♦ ❧✉❝r♦ s❡❥❛ ♠á①✐♠♦❄

✽✳ ❬✶✶❪ ❯♠ ❛rt✐❣♦ ❞❡ ❡❝♦♥♦♠✐❛ ♣✉❜❧✐❝❛❞♦ ❡♠ ✷✵✶✵ ♣r❡✈✐✉ q✉❡ ❛ ❞í✈✐❞❛ ♣ú❜❧✐❝❛ ❞❡ ✉♠

❝❡rt♦ ❊st❛❞♦ ❛té ✷✵✸✵ ♣♦❞❡ s❡r ❡st✐♠❛❞❛ ♣❡❧❛ ❧❡✐ y =
4

5
x2− 8x+80✱ s❡♥❞♦ y ♦ ✈❛❧♦r ❞❛

❞í✈✐❞❛ ✭❡♠ ♠✐❧❤õ❡s ❞❡ r❡❛✐s✮ ❡ x ♦ ♥ú♠❡r♦ ❞❡ ❛♥♦s ❝♦♥t❛❞♦s ❛ ♣❛rt✐r ❞❡ ✷✵✶✵ ✭x = 0✮✳

❛✮ ◗✉❛❧ ♦ ♠❡♥♦r ✈❛❧♦r ❛t✐♥❣✐❞♦ ♣❡❧❛ ❞í✈✐❞❛ ❞❡ss❡ ❊st❛❞♦ ❡ ❡♠ q✉❡ ❛♥♦ ❡ss❡ ✈❛❧♦r s❡rá
❛t✐♥❣✐❞♦❄

❜✮ ❖ ❛rt✐❣♦ s✉❣❡r❡ q✉❡ s❡ ❛ ❞í✈✐❞❛ ♦s❝✐❧❛r ❡♥tr❡ ✶✹✵ ❡ ✶✽✺ ♠✐❧❤õ❡s ❞❡ r❡❛✐s ✭✐♥❝❧✉✐♥❞♦ t❛✐s
✈❛❧♦r❡s✮ ♥ã♦ s❡rá ♥❡❝❡ssár✐❛ ❛❥✉❞❛ ❞❛ ❯♥✐ã♦✳ ❊♠ q✉❡ ❛♥♦s✱ ❡♥tã♦✱ ♦ ❊st❛❞♦ ❞✐s♣❡♥s❛rá
❛❥✉❞❛ ❞❛ ❯♥✐ã♦❄

✶✶✵



✾✳ ❬✶✻❪ ❯♠ ❛✈✐ã♦ ❞❡ ✶✵✵ ❧✉❣❛r❡s ❢♦✐ ❢r❡t❛❞♦ ♣❛r❛ ✉♠❛ ❡①❝✉rsã♦✳ ❆ ❝♦♠♣❛♥❤✐❛ ❡①✐❣✐✉ ❞❡
❝❛❞❛ ♣❛ss❛❣❡✐r♦ ❘✩✽✵✵✱✵✵ ♠❛✐s ❘✩✶✵✱✵✵ ♣♦r ❧✉❣❛r ✈❛❣♦✳ P❛r❛ q✉❡ ♥ú♠❡r♦ ❞❡ ♣❛ss❛❣❡✐r♦s
❛ r❡♥t❛❜✐❧✐❞❛❞❡ ❞❛ ❡♠♣r❡s❛ é ♠á①✐♠❛❄

✶✵✳ ❬✶✶❪ ❯♠ ❣r✉♣♦ ❞❡ ❛❧✉♥♦s ❞♦ ❝✉rs♦ ❞❡ ❜✐♦❧♦❣✐❛ ♣r♦❣r❛♠♦✉ ✉♠❛ ✈✐❛❣❡♠ ❞❡ ❈❛♠♣♦ q✉❡
❝✉st❛r✐❛ ♥♦ t♦t❛❧ ❞❡ ✷✹✵✵ r❡❛✐s ✈❛❧♦r q✉❡ ❞✐✈✐❞✐r❛♠ ✐❣✉❛❧♠❡♥t❡ ❡♥tr❡ s✐ ❛❧❣✉♥s ❞✐❛s ❛♥t❡s
❞❛ ♣❛rt✐❞❛ q✉❛tr♦ ❡st✉❞❛♥t❡s s❡ ❥✉♥t❛r❛♠ ❛♦ ❣r✉♣♦ ❡ ❛ss✐♠ ❝❛❞❛ ♣❛rt✐❝✐♣❛♥t❡ ♣❛❣♦✉
✸✵ r❡❛✐s ❛ ♠❡♥♦s q✉❛♥t❛s ♣❡ss♦❛s ❢♦r❛♠ ❛ ✈✐❛❣❡♠❄

✺✳✶✳✶✵ ❘❡s♣♦st❛s ❞♦s ❡①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❯t✐❧✐③❡ ♦ ●❡♦●❡❜r❛ ♣❛r❛ ♣❧♦t❛r ♦s ❣rá✜❝♦s✳

✷✳ ❯t✐❧✐③❡ ♦ ●❡♦●❡❜r❛ ♣❛r❛ ❢❛③❡r ❛ ❛♥á❧✐s❡✳

✸✳ ❛✮ ✲✷✱✷✺ ❜✮ ❘❛í③❡s✿ x1 = 0, 5 ❡ x2 = 2

✹✳ ❛✮ ❊♥tr❡ ✷✵✶✵ ❛ ✷✵✶✷ ❜✮ ❘✩ ✸✱✻ ♠✐❧ ❝✮ ✷✵✷✵✱ ❘✩ ✹✷ ♠✐❧

✺✳ ❛✮ ✶ ❝♠ ❜✮ ✺ ❞✐❛s❀ ✶✷✱✺ ❝♠

✻✳ ✷ ❝♠ ❡ ✻ ❝♠

✼✳ ✼ ♣❡ç❛s

✽✳ ❛✮ ❘✩ ✻✵ ♠✐❧❤õ❡s ❡♠ ✷✵✶✺ ❜✮ ✷✵✷✺✱ ✷✵✷✻ ❡ ✷✵✷✼

✾✳ ✾✵ ♣❛ss❛❣❡✐r♦s

✶✵✳ ✷✵ ❛❧✉♥♦s

✶✶✶



✶✶✷



❈❆P❮❚❯▲❖ ✻

❋❯◆➬➹❖ ❊❳P❖◆❊◆❈■❆▲ ❊
▲❖●❆❘❮❚▼■❈❆

✻✳✶ ❋✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧

❆♥t❡s ❞❡ ❞❡✜♥✐r♠♦s ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ r❡❝♦♠❡♥❞❛♠♦s ❛♦ ❧❡✐t♦r q✉❡ ❢❛ç❛ ✉♠❛ ❜r❡✈❡
r❡✈✐sã♦ s♦❜r❡ ♣♦t❡♥❝✐❛çã♦✳ ❯♠ ❡st✉❞♦ ❛♣r♦❢✉♥❞❛❞♦ s♦❜r❡ ❡st❡ ❝♦♥t❡ú❞♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦
❡♠ ❬✶✹❪✳

❈❤❛♠❛✲s❡ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ q✉❛❧q✉❡r ❢✉♥çã♦ f : R → R ❞❛❞❛ ♣♦r ✉♠❛ ❧❡✐ ❞❛ ❢♦r♠❛
f(x) = ax✱ ❡♠ q✉❡ a é ✉♠ ♥ú♠❡r♦ r❡❛❧ ❞❛❞♦✱ a > 0 ❡ a 6= 0✳ P❛r❛ q✉❛✐sq✉❡r ✈❛❧♦r❡s ❞❡ a ♦✉
x✱ ❛ ♣♦tê♥❝✐❛ ax é ♣♦s✐t✐✈❛✱ ♦✉ s❡❥❛✱ ♦ ♥ú♠❡r♦ ax✱ é s❡♠♣r❡ ♠❛✐♦r q✉❡ ③❡r♦✳

◆❛ ❧❡✐ f(x) = ax✱ a é ❛ ❜❛s❡ ❡ x é ♦ ❡①♣♦❡♥t❡ ❞❛ ♣♦tê♥❝✐❛ ax✳
❊①❡♠♣❧♦s✿

• f(x) = 5x✱ ❛ ❜❛s❡ é a = 5✳

• f(x) = 3x−2✱ ❛ ❜❛s❡ é a = 3✳

• f(x) =

(
3

2

)x

✱ ❛ ❜❛s❡ é a =
3

2
✳

✻✳✶✳✶ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧

❖ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ é ✉♠❛ ❝✉r✈❛ ❝❤❛♠❛❞❛ ❝✉r✈❛ ❡①♣♦♥❡♥❝✐❛❧ ❡ ♣❛r❛ ❡s❜♦çá✲
❧♦ s❡♠ ♦ ❛✉①í❧✐♦ ❞❡ ✉♠ s♦❢t✇❛r❡ ❞❡✈❡♠♦s ❝❛❧❝✉❧❛r ❛❧❣✉♥s ♣♦♥t♦s q✉❡ ♣❡rt❡♥ç❛♠ ❛ ❢✉♥çã♦ f ✱
♠❛r❝á✲❧♦s ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦ ❡ ❧✐❣á✲❧♦s ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❝✉r✈❛✳ ◗✉❛♥❞♦ ❛ ❢✉♥çã♦ f é ❞❛
❢♦r♠❛ f(x) = ax✱ ♦ ♣♦♥t♦ (0, 1) s❡♠♣r❡ ♣❡rt❡♥❝❡ ❛ f ✱ ♦✉ s❡❥❛✱ ❛ ❝✉r✈❛ ✐♥t❡rs❡♣t❛ ♦ ❡✐①♦ y ♥❛
♦r❞❡♥❛❞❛ 1✳ ◆❛ ✜❣✉r❛ ✻✳✶ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ♦s ❞♦✐s ❢♦r♠❛t♦s q✉❡ ✉♠❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧
♣♦❞❡ ❛ss✉♠✐r✳

✶✶✸



❋✐❣✉r❛ ✻✳✶

✻✳✶✳✷ ❈r❡s❝✐♠❡♥t♦ ♦✉ ❞❡❝r❡s❝✐♠❡♥t♦ ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧

❖ ❝r❡s❝✐♠❡♥t♦ ♦✉ ❞❡❝r❡s❝✐♠❡♥t♦ ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r ❞❛ ❜❛s❡ ❛✱ s❡
a > 1✱ ❛ ❢✉♥çã♦ é ❝r❡s❝❡♥t❡✳ ❙❡ 0 < a < 1 ❛ ❢✉♥çã♦ é ❞❡❝r❡s❝❡♥t❡✳

❙ã♦ ❢✉♥çõ❡s ❝r❡s❝❡♥t❡s✿

• f(x) = 4x+1❀ f(x) =

(
7

4

)x

❀ f(x) = 72x+1✳

❙ã♦ ❢✉♥çõ❡s ❞❡❝r❡s❝❡♥t❡s✿

• f(x) = (0, 4)x+1❀ f(x) =

(
4

7

)x

❀ f(x) = 25 ·
(
3

7

)x

◆❛ ✜❣✉r❛ ✻✳✷ ❡stã♦ r❡♣r❡s❡♥t❛❞♦s ♦s ❣rá✜❝♦s ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡ ❡ ❝r❡s❝❡♥t❡✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✻✳✶✳✸ ❉♦♠í♥✐♦ ❡ ✐♠❛❣❡♠ ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧

❖ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ é ♦ ❝♦♥❥✉♥t♦ {x ∈ R;−∞ < x < +∞} ❡ s❡✉ ❝♦♥❥✉♥t♦
✐♠❛❣❡♠ é {y ∈ R∗

+; 0 < y < +∞}✳

✻✳✶✳✹ P❛r❛ ♦ ♣r♦❢❡ss♦r

❱❛♠♦s ❝r✐❛r ✉♠ ❛rq✉✐✈♦ ♥♦ ●❡♦●❡❜r❛ ♣❛r❛ ♦❜s❡r✈❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❣rá✜❝♦ ❞❡
✉♠❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ s❡❣✉♥❞♦ ❛ ✈❛r✐❛çã♦ ❞❡ s✉❛ ❜❛s❡ a✳

✶✳ ❉✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✻✳✷ ✭❧❛❞♦ ❡sq✉❡r❞♦✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡
❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r ❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✻✳✷

✶✶✹



✷✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s
❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✻✳✸✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✻✳✸

✸✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❋✐❣✉r❛ ✻✳✹✿ ❆rq✉✐✈♦ ✜♥❛❧

◆❛ ✜❣✉r❛ ✻✳✺ ❡stã♦ r❡♣r❡s❡♥t❛s ❞✉❛s ♣❛✉s❛s ❞❛ ❛♥✐♠❛çã♦ ❡♠ q✉❡✿ 0 < a = 0, 7 < 1
✭❧❛❞♦ ❡sq✉❡r❞♦✮ ❡ 1, 7 = a > 1 ✭❧❛❞♦ ❞✐r❡✐t♦✮✳ ◆♦ ♣r✐♠❡✐r♦ ❝❛s♦ f é ❞❡❝r❡s❝❡♥t❡ ❡ ♥♦ s❡❣✉♥❞♦✱
f é ❝r❡s❝❡♥t❡✳

✶✶✺



❋✐❣✉r❛ ✻✳✺

❆ ✜❣✉r❛ ✻✳✻ r❡♣r❡s❡♥t❛ ❛ ♣❛✉s❛ ❡♠ q✉❡ a = 1 ❡ ♥❡st❡ ❝❛s♦ ♦ ❣rá✜❝♦ é ✉♠❛ r❡t❛✶é
♣❛r❛❧❡❧❛ ❛♦ ❡✐①♦ x✳ ■ss♦ ❥✉st✐✜❝❛ ❛ r❡str✐çã♦ ❞❛ ❜❛s❡ ❛ s❡r ❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✱ a 6= 0✳

❋✐❣✉r❛ ✻✳✻

✻✳✶✳✺ ❆t✐✈✐❞❛❞❡ ✶

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ✉t✐❧✐③❛r ❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ♣❛r❛ ♠♦❞❡❧❛r ✉♠❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧
❡ ♠❛r❝❛r ✉♠ ♣♦♥t♦ A s♦❜r❡ s✉❛ ❝✉r✈❛✳ ❱❛♠♦s ❝r✐❛r ✉♠ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ q✉❡ ❢❛ç❛ ❝♦♠ q✉❡
♦ ♣♦♥t♦ A ♣❡r❝♦rr❛ ❛ ❝✉r✈❛ ❞❡ f ♥♦ ✐♥t❡r✈❛❧♦ [−5, 5]✳

• ❙❡❥❛ f : [−5, 5] → R+ ❛ ❢✉♥çã♦ ❞❛❞❛ ♣♦r f(x) = 3x✳ ❆♥❛❧✐s❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠
♣♦♥t♦ (a, f(a)) s♦❜r❡ ❛ ❝✉r✈❛ ❞❡ f ✳

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦✿

✶❊♠ ♣❛rt✐❝✉❧❛r ❡st❛ r❡t❛ r❡♣r❡s❡♥t❛ ❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡ f(x) = 1✳

✶✶✻



✶✳ ❉✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✻✳✼ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✻✳✼

✷✳ P❛r❛ ♠❛r❝❛r ✉♠ ♣♦♥t♦ s♦❜r❡ ❛ ❝✉r✈❛ ❝r✐❛❞❛✱ ❞✐❣✐t❡ ✭❛✱❢✭❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡
♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r ❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✻✳✽

✸✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s
❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ✐♥❞✐❝❛❞❛s ♥❛ ✜❣✉r❛ ✻✳✾✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✻✳✾

✹✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳
❖ ❛rq✉✐✈♦ ✜♥❛❧ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✻✳✶✵✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✻✳✶✵✿ ❆rq✉✐✈♦ ✜♥❛❧✲❧❛❞♦ ❞✐r❡✐t♦

✶✶✼



✻✳✶✳✻ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✶

❉❡ ✐♠❡❞✐❛t♦ ♦ ❛❧✉♥♦ ♣♦❞❡rá ♦❜s❡r✈❛r q✉❡ s❡ tr❛t❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡✱ ♣♦✐s
a = 3 > 1✳

❆ ✜❣✉r❛ ✻✳✶✶ r❡♣r❡s❡♥t❛ ✉♠❛ ♣❛✉s❛ ❡♠ q✉❡ x = −1, 6 < 0 ❡ s❡✉ ✈❛❧♦r ❝♦rr❡s♣♦♥❞❡♥t❡
f(x) = 0, 17 > 0✳ ❉✉r❛♥t❡ ❛ ❛♥✐♠❛çã♦ ♦ ❛❧✉♥♦ ♣♦❞❡rá ♦❜s❡r✈❛r q✉❡ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡
x✱ ♥❡❣❛t✐✈♦ ♦✉ ♣♦s✐t✐✈♦✱ ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ❡①♣♦♥❡♥❝✐❛❧ s❡rá s❡♠♣r❡ ♠❛✐♦r q✉❡ ③❡r♦✱ f(x) > 0✳

❋✐❣✉r❛ ✻✳✶✶

❖ ❛❧✉♥♦ ♣♦❞❡ ♥♦t❛r t❛♠❜é♠ q✉❡ q✉❛♥❞♦ x = 0 ✭✜❣✉r❛ ✻✳✶✷✱ ❧❛❞♦ ❡sq✉❡r❞♦✮✱ ♦ ❣rá✜❝♦
❞❛ ❢✉♥çã♦ f(x) = 3x ✐♥t❡rs❡♣t❛ ♦ ❡✐①♦ y ♥❛ ♦r❞❡♥❛❞❛ y = 1✱ ♦✉ s❡❥❛✱ ♦ ♣♦♥t♦ (0, 1) ♣❡rt❡♥❝❡
❛ f(x)✳

❖✉tr♦ ♣♦♥t♦ ✐♠♣♦rt❛♥t❡ é ♦ ❝r❡s❝✐♠❡♥t♦ ❛❝❡♥t✉❛❞♦ ❞❡ss❛ ❢✉♥çã♦✳ ❖ ❛❧✉♥♦ ♣♦❞❡rá ♥♦t❛r
q✉❡ ♦ ✈❛❧♦r ❞❡ y ❛✉♠❡♥t❛ ❜❡♠ ♠❛✐s rá♣✐❞♦ q✉❡ ♦ ✈❛❧♦r ❞❡ x✳ ■ss♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛s
❞✉❛s r❡♣r❡s❡♥t❛çõ❡s ❞❛ ✜❣✉r❛ ✻✳✶✷✱ ❡♥q✉❛♥t♦ x ✈❛r✐♦✉ ❞❡ ✉♠❛ ✉♥✐❞❛❞❡✱ ♦ ✈❛❧♦r ❞❡ y ✈❛r✐♦✉
✽ ✉♥✐❞❛❞❡s✳

❋✐❣✉r❛ ✻✳✶✷

✶✶✽



✻✳✶✳✼ ❆t✐✈✐❞❛❞❡ ✷

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ❛❧t❡r❛r ❛ ❡s❝❛❧❛ ❞♦s ❡✐①♦s ♣❛r❛ q✉❡ ♦ ❣rá✜❝♦ ❞❛
❢✉♥çã♦ s❡ ❛❞❡q✉❡ ❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✱ ✈❛♠♦s ♠♦❞❡❧❛r ❛ ❢✉♥çã♦ ❞❛❞❛ ✉t✐❧✐③❛♥❞♦ ❛ ❝❛✐①❛
❞❡ ❡♥tr❛❞❛✱ ♠❛r❝❛r ✉♠ ♣♦♥t♦ A s♦❜r❡ s✉❛ ❝✉r✈❛✱ ❡ ♣♦r ✜♠ ✈❛♠♦s ❝r✐❛r ✉♠ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡
q✉❡ ❢❛ç❛ ❝♦♠ q✉❡ ♦ ♣♦♥t♦ A ♣❡r❝♦rr❛ ❛ ❝✉r✈❛ ❞❡ f(x) ♥♦ ✐♥t❡r✈❛❧♦ [−5, 5]✳

• ✭❈❊❋❊❚ ✲ P❘✮ ❈✐❡♥t✐st❛s ❞❡ ✉♠ ❝❡rt♦ ♣❛ís✱ ♣r❡♦❝✉♣❛❞♦s ❝♦♠ ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❝❛❞❛
✈❡③ ♠❛✐s ❛♠❡❛ç❛❞♦r❛s ❞❡ ✉♠❛ ✏❣✉❡rr❛ ❜✐♦❧ó❣✐❝❛✑✱ ♣❡sq✉✐s❛♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❜❛❝tér✐❛

q✉❡ ❝r❡s❝❡ s❡❣✉♥❞♦ ❛ ❡①♣r❡ssã♦✱ P (t) =

(
256

125

)
·
(
5

2

)t+1

✱ ♦♥❞❡ ✏t✑ r❡♣r❡s❡♥t❛ ♦ t❡♠♣♦

❡♠ ❤♦r❛s✳

❛✮ ◗✉❛❧ ❛ ♣♦♣✉❧❛çã♦ ✭❛♣r♦①✐♠❛❞❛✮ ✐♥✐❝✐❛❧ ❞❡ ❜❛❝tér✐❛s❄

❜✮ ◗✉❛❧ ❛ ♣♦♣✉❧❛çã♦ ❞❡ ❜❛❝tér✐❛s ❛♣ós ✸ ❤♦r❛s❄

❝✮ ◗✉❛❧ ❛ ♣♦♣✉❧❛çã♦ ❞❡ ❜❛❝tér✐❛s ❛♣ós ✺ ❤♦r❛s❄

❞✮ ◗✉❛❧ ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ♦❜t❡r✲s❡ ✉♠❛ ♣♦♣✉❧❛çã♦ ❞❡ ✶✷✺✵ ❜❛❝tér✐❛s❄

❡✮ ❡①♣r❡ss❡ ♦ ❞♦♠í♥✐♦ ❡ ❛ ✐♠❛❣❡♠ ❞❡ss❛ ❢✉♥çã♦✳

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦✿

✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s ❡ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛✲
❧✐③❛çã♦✳

❋✐❣✉r❛ ✻✳✶✸

✷✳ ❋❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✻✳✶✹✳

❋✐❣✉r❛ ✻✳✶✹

✸✳ ❉✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✻✳✶✺ ✭❧❛❞♦ ❡sq✉❡r❞♦✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡
❡♥t❡r✳

❋✐❣✉r❛ ✻✳✶✺

✶✶✾



✹✳ ❉✐❣✐t❡ ✭❛✱❢✭❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r
❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✻✳✶✻

✺✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s
❝♦♥❢♦r♠❡ ✜❣✉r❛ ✻✳✶✼

❋✐❣✉r❛ ✻✳✶✼

✻✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳
❖ ❛rq✉✐✈♦ ❣❡r❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✻✳✶✽✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✻✳✶✽✿ ❆rq✉✐✈♦ ✜♥❛❧ ✲ ❧❛❞♦ ❞✐r❡✐t♦

✶✷✵



✻✳✶✳✽ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✷

P❛r❛ ♦❜t❡r♠♦s ❛ ♣♦♣✉❧❛çã♦ ✐♥✐❝✐❛❧ ❞❡ ❜❛❝tér✐❛s ❞❡✈❡♠♦s ❝❛❧❝✉❧❛r P (0)✱ ♦✉ s❡❥❛✱ t❡♠♦s
q✉❡ s✉❜st✐t✉✐r t = 0 ♥❛ ❢✉♥çã♦ P ✳ ❊ ♥❛ ❥❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛✱ ✜❣✉r❛ ✻✳✶✾✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡
q✉❛♥❞♦ t = 0✱ ❤á ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✺ ❜❛❝tér✐❛s✳

❋✐❣✉r❛ ✻✳✶✾

❆♣ós ✸ ❤♦r❛s✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ♥❛ ✜❣✉r❛ ✻✳✷✵ q✉❡ ❛ ♣♦♣✉❧❛çã♦ é ❞❡ ✽✵ ❜❛❝tér✐❛s✳ ❏á
♥❛ ✜❣✉r❛ ✻✳✷✶✱ ❛♣ós ✺ ❤♦r❛s✱ ❤á ✺✵✵ ❜❛❝tér✐❛s ♥❛ ♣♦♣✉❧❛çã♦✳

❋✐❣✉r❛ ✻✳✷✵

✶✷✶



❋✐❣✉r❛ ✻✳✷✶

◗✉❛♥❞♦ ❤♦✉✈❡r ✉♠❛ ♣♦♣✉❧❛çã♦ ❞❡ ✶✷✺✵ ❜❛❝tér✐❛s✱ t❡rã♦ s❡ ♣❛ss❛❞♦ ✻ ❤♦r❛s✱
✜❣✉r❛ ✻✳✶✹✳

❋✐❣✉r❛ ✻✳✷✷

◆❡st❛ ❛t✐✈✐❞❛❞❡ ♦ ❛❧✉♥♦ ♣♦❞❡ ♦❜s❡r✈❛r q✉ã♦ rá♣✐❞♦ é ♦ ❝r❡s❝✐♠❡♥t♦ ❞♦ ♥ú♠❡r♦ ❞❡
❜❛❝tér✐❛s ❝♦♠ ♦ ♣❛ss❛r ❞♦ t❡♠♣♦✳

❆♥❛❧✐s❛♥❞♦ ❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ ❡ ❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ❡ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ ♣r♦✲
❢❡ss♦r ♦ ❛❧✉♥♦ ❞❡✈❡rá s❡r ❝❛♣❛③ ❞❡ ❡①♣r❡ss❛r ♦ ❞♦♠í♥✐♦ ❡ ❛ ✐♠❛❣❡♠ ❞❡ss❛ ❢✉♥çã♦✱ ❛ s❛❜❡r✱
{x ∈ N; 0 ≤ x < +∞} ❡ {y ∈ Z/5 < y < +∞}✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦♥❞❡ x r❡♣r❡s❡♥t❛ ♦ t❡♠♣♦
t ❡♠ ❤♦r❛s ❡ y r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ❜❛❝tér✐❛s✳

✻✳✶✳✾ ❆t✐✈✐❞❛❞❡ ✸

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ❛❧t❡r❛r ❛ ❡s❝❛❧❛ ❞♦s ❡✐①♦s ♣❛r❛ q✉❡ ♦ ❣rá✜❝♦ ❞❛
❢✉♥çã♦ s❡ ❛❞❡q✉❡ ❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✱ ✈❛♠♦s ♠♦❞❡❧❛r ❛ ❢✉♥çã♦ ❞❛❞❛ ✉t✐❧✐③❛♥❞♦ ❛ ❝❛✐①❛
❞❡ ❡♥tr❛❞❛✱ ♠❛r❝❛r ✉♠ ♣♦♥t♦ A s♦❜r❡ s✉❛ ❝✉r✈❛✱ ♣♦r ✜♠ ✈❛♠♦s ❝r✐❛r ✉♠ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡
q✉❡ ❢❛ç❛ ❝♦♠ q✉❡ ♦ ♣♦♥t♦ A ♣❡r❝♦rr❛ ❛ ❝✉r✈❛ ❞❡ f ✳

• ✭❯❈❉❇ ✲ ▼❙✮ ❈❡rt❛ s✉❜stâ♥❝✐❛ r❛❞✐♦❛t✐✈❛ ❞❡ ♠❛ss❛ Mo = 36 ❣r❛♠❛s ✭♥♦ ✐♥st❛♥t❡
t = 0✮ s❡ ❞❡s✐♥t❡❣r❛ ✭♣❡r❞❡ ♠❛ss❛✮ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳ ❊♠ ❝❛❞❛ ✐♥st❛♥t❡ t ≥ 0✱ ❞❛❞♦

✶✷✷



❡♠ ❛♥♦s✱ ❛ ♠❛ss❛ M(t) ❞❛ s✉❜stâ♥❝✐❛ r❡st❛♥t❡ ♦❜❡❞❡❝❡ ❛ ❧❡✐ M(t) = Mo · 3−2t✳ ◆❡ss❛s
❝♦♥❞✐çõ❡s ❞❡t❡r♠✐♥❡✿

❛✮ ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦✱ ❡♠ ❞✐❛s✱ ♣❛r❛ q✉❡ ❛ ♠❛ss❛ ❞❛ s✉❜stâ♥❝✐❛ r❛❞✐♦❛t✐✈❛ s❡❥❛ r❡❞✉③✐❞❛✿

✐✮ ❛ ✉♠ t❡rç♦
(
1

3

)
❞❛ ♠❛ss❛ ✐♥✐❝✐❛❧❀ ✐✐✮ ✉♠ ❣r❛♠❛ ❞❛ ♠❛ss❛ ✐♥✐❝✐❛❧

❜✮ ♦ ❞♦♠í♥✐♦ ❡ ❛ ✐♠❛❣❡♠ ❞❡ss❛ ❢✉♥çã♦✳

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦

✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s ❡ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛✲
❧✐③❛çã♦✳

❋✐❣✉r❛ ✻✳✷✸

✷✳ ❋❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✻✳✷✹✳

❋✐❣✉r❛ ✻✳✷✹

✸✳ ❉✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✻✳✷✺ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✻✳✷✺

✹✳ ❉✐❣✐t❡ ✭❛✱❢✭❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r
❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✻✳✷✻

✶✷✸



✺✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s
❝♦♥❢♦r♠❡ ✜❣✉r❛ ✻✳✷✼

❋✐❣✉r❛ ✻✳✷✼

✻✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳
❖ ❛rq✉✐✈♦ ❣❡r❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✻✳✷✽✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✻✳✷✽✿ ❆rq✉✐✈♦ ✜♥❛❧ ✲ ❧❛❞♦ ❞✐r❡✐t♦

✻✳✶✳✶✵ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✸

❙❡♥❞♦ ❛ q✉❛♥t✐❞❛❞❡ ✐♥✐❝✐❛❧ ❞❛ s✉❜stâ♥❝✐❛ ✸✻ ❣r❛♠❛s✱ ❡♥tã♦
1

3
·36 = 12 ❣r❛♠❛s✳ ◆❛ ✜❣✉r❛

✻✳✷✾ ✭❧❛❞♦ ❡sq✉❡r❞♦✮ ♦❜s❡r✈❛♠♦s q✉❡ ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦ ♣❛r❛ q✉❡ ❛ ♠❛ss❛ ❞❛ s✉❜stâ♥❝✐❛
❛t✐♥❥❛ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✶✷ ❣r❛♠❛s é ✵✱✺ ❛♥♦s✭❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶✽✸ ❞✐❛s✮✳

◆❛ ✜❣✉r❛ ✻✳✷✾ ✭❧❛❞♦ ❞✐r❡✐t♦✮ ✈❡♠♦s q✉❡ ♣❛r❛ q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❛ s✉❜stâ♥❝✐❛ s❡ r❡❞✉③❛
❛ ✶ ❣r❛♠❛ ❞♦ q✉❡ ❡r❛ ✐♥✐❝✐❛❧♠❡♥t❡✱ s❡rã♦ ♥❡❝❡ssár✐♦s ✶✱✻✸ ❛♥♦s ✭❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✺✾✺ ❞✐❛s✮✳

✶✷✹



❋✐❣✉r❛ ✻✳✷✾

◆❛ ❛♥✐♠❛çã♦✱ ✜❣✉r❛ ✻✳✸✵✱ q✉❛♥❞♦ ♦ t❡♠♣♦ ❛t✐♥❣❡ ✹✱✵✺ ❛♥♦s ✭❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶✹✼✾
❞✐❛s✮✱ ♦❜s❡r✈❛♠♦s ♥❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❛ s✉❜stâ♥❝✐❛ é ✵ ❣r❛♠❛s✱ ♠❛s ❡ss❡
✈❛❧♦r s❡ ❞❡✈❡ ❛ ❧✐♠✐t❛çã♦ ❞♦ s♦❢t✇❛r❡✳ ◆❡st❡ ♠♦♠❡♥t♦ é r❡❝♦♠❡♥❞❛❞♦ ❡①♣❧✐❝❛r ❛♦s ❛❧✉♥♦s
q✉❡ ♥ã♦ ✐♠♣♦rt❛ q✉ã♦ ❣r❛♥❞❡ s❡❥❛ ♦ ✈❛❧♦r ❞❡ t✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❛ s✉❜stâ♥❝✐❛ ♥✉♥❝❛ s❡rá ③❡r♦✱
❛♣❡♥❛s s❡ ❛♣r♦①✐♠❛ ❞❡❧❡✳ ❙❡ ♣♦ssí✈❡❧ t❡❝❡r ✉♠ ❜r❡✈❡ ❝♦♠❡♥tár✐♦ s♦❜r❡ ❧✐♠✐t❡ ❡ ❢❛③❡r ✉s♦ ❞❡
✉♠❛ ❝❛❧❝✉❧❛❞♦r❛ ♣❛r❛ ✈❡r✐✜❝❛r ❛❧❣✉♥s r❡s✉❧t❛❞♦s✳

❋✐❣✉r❛ ✻✳✸✵

❆♥❛❧✐s❛♥❞♦ ❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ ❡ ❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ❡ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ ♣r♦✲
❢❡ss♦r ♦ ❛❧✉♥♦ ❞❡✈❡rá s❡r ❝❛♣❛③ ❞❡ ❡①♣r❡ss❛r ♦ ❞♦♠í♥✐♦ ❡ ❛ ✐♠❛❣❡♠ ❞❡ss❛ ❢✉♥çã♦✱ ❛ s❛❜❡r
{x ∈ N; 0 ≤ x < +∞} ❡ {y ∈ R+; 0 < y ≤ 36}✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ s❡♥❞♦ x ♦ t❡♠♣♦ t✱ ❡♠
❞✐❛s✱ ❡ y ❛ q✉❛♥t✐❞❛❞❡ ❞❛ s✉❜stâ♥❝✐❛ ❡♠ ❣r❛♠❛s✳

✶✷✺



✻✳✶✳✶✶ ❊①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❈♦♥str✉❛ ♦s ❣rá✜❝♦s ❞❛s ❢✉♥çõ❡s ❡①♣♦♥❡♥❝✐❛✐s ❞❡✜♥✐❞❛s ♣❡❧❛s ❧❡✐s s❡❣✉✐♥t❡s✱ ❞❡st❛❝❛♥❞♦
s❡✉ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠✿

❛✮ f(x) = 3 + 4x

❜✮ f(x) = (1
3
)x

❝✮ f(x) = −5 · 3x

❞✮ f(x) = −4− 5−x

✷✳ ❘❡♣r❡s❡♥t❡ ♥♦ ♠❡s♠♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦✱ ♦s ❣rá✜❝♦s ❞❛s ❢✉♥çõ❡s f ❡ g✱ ❞❡✜♥✐❞❛s ❞❡ R

❡♠ R∗

+✱ ❞❡st❛❝❛♥❞♦ ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦✿

❛✮ f(x) = 10x ❡ f(x) = 10−x

❜✮ f(x) = 2x ❡ f(x) = (1
2
) · 4x

✸✳ ❬✶✶❪ ❊♠ ✉♠❛ ❡①♣❡r✐ê♥❝✐❛ s♦❜r❡ ❞❡t❡r✐♦r❛çã♦ ❞❡ ❛❧✐♠❡♥t♦s✱ ❝♦♥st♦✉✲s❡ q✉❡ ❛ ♣♦♣✉❧❛çã♦
❞❡ ❝❡rt♦ t✐♣♦ ❞❡ ❜❛❝tér✐❛s ❞♦❜r❛✈❛ ❛ ❝❛❞❛ ❤♦r❛✳ ◆♦ ✐♥st❛♥t❡ ❡♠ q✉❡ ❝♦♠❡ç❛r❛♠ ❛s
♦❜s❡r✈❛çõ❡s✱ ❤❛✈✐❛ ✺✵ ❜❛❝tér✐❛s ♥❛ ❛♠♦str❛✳

❛✮ ❋❛ç❛ ✉♠❛ t❛❜❡❧❛ ♣❛r❛ r❡♣r❡s❡♥t❛r ❛ ♣♦♣✉❧❛çã♦ ❞❡ ❜❛❝tér✐❛s ♥♦s s❡❣✉✐♥t❡s ✐♥st❛♥t❡s
✭❛ ♣❛rt✐r ❞♦ ✐♥í❝✐♦✮❀ ✶✱ ✷✱ ✸✱ ✹ ❡ ✺ ❤♦r❛s✳

❜✮ ❖❜t❡♥❤❛ ❛ ❧❡✐ q✉❡ r❡❧❛❝✐♦♥❛ ♦ ♥ú♠❡r♦ ❞❡ ❜❛❝tér✐❛s ✭♥✮ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ✭t✮✳

❝✮ ❈♦♥str✉❛ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦✳

✹✳ ✭❋●❱✲❙P✮❈✉r✈❛ ❞❡ ❆♣r❡♥❞✐③❛❣❡♠ é ✉♠ ❝♦♥❝❡✐t♦ ❝r✐❛❞♦ ♣♦r ♣s✐❝ó❧♦❣♦s q✉❡ ❝♦♥st❛t❛r❛♠
❛ r❡❧❛çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ❛ ❡✜❝✐ê♥❝✐❛ ❞❡ ✉♠ ✐♥❞✐✈í❞✉♦ ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ tr❡✐♥❛♠❡♥t♦
♦✉ ❡①♣❡r✐ê♥❝✐❛ ♣♦ss✉í❞❛ ♣♦r ❡st❡ ✐♥❞✐✈í❞✉♦✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ❈✉r✈❛ ❞❡ ❆♣r❡♥❞✐③❛❣❡♠
é ❞❛❞♦ ♣❡❧❛ ❡①♣r❡ssã♦ Q(t) = 700 − 400 · 2, 7−0,5t✱ ♦♥❞❡✱ Q❂q✉❛♥t✐❞❛❞❡ ❞❡ ♣❡ç❛s
♣r♦❞✉③✐❞❛s ♠❡♥s❛❧♠❡♥t❡ ♣♦r ✉♠ ❢✉♥❝✐♦♥ár✐♦ ❡ t❂ ♠❡s❡s ❞❡ ❡①♣❡r✐ê♥❝✐❛❀

❛✮ ❈♦♥str✉❛ ♦ ❣rá✜❝♦ ❞❡ Q✳

❜✮ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❡ss❛ ❡①♣r❡ssã♦✱ q✉❛♥t❛s ♣❡ç❛s ✉♠ ❢✉♥❝✐♦♥ár✐♦ ❝♦♠ ✷ ♠❡s❡s ❞❡ ❡①♣❡✲
r✐ê♥❝✐❛ ❞❡✈❡rá ♣r♦❞✉③✐r ♠❡♥s❛❧♠❡♥t❡❄

❝✮ ◗✉❛♥t❛s ♣❡ç❛s ✉♠ ❢✉♥❝✐♦♥ár✐♦ s❡♠ q✉❛❧q✉❡r ❡①♣❡r✐ê♥❝✐❛ ❞❡✈❡rá ♣r♦❞✉③✐r ♠❡♥s❛❧✲
♠❡♥t❡❄

✺✳ ✭❯◆■P❆❈✲▼●✮ ❆ r❡❧❛çã♦ P = 32000 · (1 − 2−0,1t)) ❞❡s❝r❡✈❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ ✉♠❛
♣♦♣✉❧❛çã♦ P ❞❡ ❜❛❝tér✐❛s✱ t ❞✐❛s ❛♣ós ♦ ✐♥st❛♥t❡ ✵✳ ❖ ✈❛❧♦r ❞❡ P é ✐❣✉❛❧ ❛ ✸✶✵✵✵ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ t s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦✿

❛✮ t❃✺✵ ❜✮ t❁✸✵ ❝✮ t❃✶✻ ❞✮ ✷❁t❁✶✻ ❡✮ ✸✷❁t❁✻✹

✶✷✻



✻✳ ✭❯◆■❘■❖✲❘❏✮ ◆✉♠ ❧❛❜♦r❛tór✐♦ é r❡❛❧✐③❛❞❛ ✉♠❛ ❡①♣❡r✐ê♥❝✐❛ ❝♦♠ ✉♠ ♠❛t❡r✐❛❧ ✈♦❧át✐❧✱
❝✉❥❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ✈♦❧❛t✐❧✐③❛çã♦ é ♠❡❞✐❞❛ ♣❡❧❛ s✉❛ ♠❛ss❛✱ ❡♠ ❣r❛♠❛s✱ q✉❡ ❞❡❝r❡s❝❡ ❡♠
❢✉♥çã♦ ❞♦ t❡♠♣♦ t✱ ❡♠ ❤♦r❛s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❢ór♠✉❧❛✱ m(t) = −32t − 3t+1 + 108✳
❆ss✐♠ s❡♥❞♦✱ ♦ t❡♠♣♦ ♠á①✐♠♦ ❞❡ q✉❡ ♦s ❝✐❡♥t✐st❛s ❞✐s♣õ❡♠ ♣❛r❛ ✉t✐❧✐③❛r ❡st❡ ♠❛t❡r✐❛❧
❛♥t❡s q✉❡ ❡❧❡ s❡ ✈♦❧❛t✐❧✐③❡ t♦t❛❧♠❡♥t❡ é✿

❛✮ ✐♥❢❡r✐♦r ❛ ✶✺ ♠✐♥✉t♦s✳

❜✮ s✉♣❡r✐♦r ❛ ✶✺ ♠✐♥✉t♦s ❡ ✐♥❢❡r✐♦r ❛ ✸✵ ♠✐♥✉t♦s✳

❝✮ s✉♣❡r✐♦r ❛ ✸✵ ♠✐♥✉t♦s ❡ ✐♥❢❡r✐♦r ❛ ✻✵ ♠✐♥✉t♦s✳

❞✮ s✉♣❡r✐♦r ❛ ✻✵ ♠✐♥✉t♦s ❡ ✐♥❢❡r✐♦r ❛ ✾✵ ♠✐♥✉t♦s✳

❡✮ s✉♣❡r✐♦r ❛ ✾✵ ♠✐♥✉t♦s ❡ ✐♥❢❡r✐♦r ❛ ✶✷✵ ♠✐♥✉t♦s✳

✼✳ ✮ ✭❯◆❊❙P✮ ◆✉♠ ♣❡rí♦❞♦ ♣r♦❧♦♥❣❛❞♦ ❞❡ s❡❝❛✱ ❛ ✈❛r✐❛çã♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ á❣✉❛ ❞❡ ❝❡rt♦
r❡s❡r✈❛tór✐♦ é ❞❛❞❛ ♣♦r q(t) = qo · 2−0,1t ✱ s❡♥❞♦ qo = ✺✵ ♠✐❧❤õ❡s ❞❡ ❧✐tr♦s ❛ q✉❛♥t✐❞❛❞❡
✐♥✐❝✐❛❧ ❞❡ á❣✉❛ ♥♦ r❡s❡r✈❛tór✐♦ ❡ q(t) ❛ q✉❛♥t✐❞❛❞❡ ❞❡ á❣✉❛ ♥♦ r❡s❡r✈❛tór✐♦ ❛♣ós t ♠❡s❡s✳
❊♠ q✉❛♥t♦s ❞✐❛s✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ á❣✉❛ ♥♦ r❡s❡r✈❛tór✐♦ s❡ r❡❞✉③✐rá
à ♠❡t❛❞❡ ❞♦ q✉❡ ❡r❛ ♥♦ ✐♥í❝✐♦❄

✽✳ ❬✶✶❪ ❆ ♣♦♣✉❧❛çã♦ ❞❡ ♣❡✐①❡s ❡♠ ✉♠ ❧❛❣♦ ❡stá ❞✐♠✐♥✉✐♥❞♦ ❞❡✈✐❞♦ à ❝♦♥t❛♠✐♥❛çã♦ ❞❛
á❣✉❛ ♣♦r r❡sí❞✉♦s ✐♥❞✉str✐❛✐s✳ ❆ ❧❡✐ N(t) = 5000− 10.2t−1 ❢♦r♥❡❝❡ ✉♠❛ ❡st✐♠❛t✐✈❛ ❞♦
♥ú♠❡r♦ ❞❡ ❡s♣é❝✐❡s ✈✐✈❛s N(t) ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ❛♥♦s ✭t✮ tr❛♥s❝♦rr✐❞♦s ❛♣ós ❛
✐♥st❛❧❛çã♦ ❞♦ ♣❛rq✉❡ ✐♥❞✉str✐❛❧ ♥❛ r❡❣✐ã♦✳

❛✮ ❊st✐♠❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❡✐①❡s q✉❡ ✈✐✈✐❛♠ ♥♦ ❧❛❣♦ ♥♦ ❛♥♦ ❞❛ ✐♥st❛❧❛çã♦ ❞♦ ♣❛rq✉❡
✐♥❞✉str✐❛❧✳

❜✮ ❆❧❣✉♠ t❡♠♣♦ ❛♣ós ❛s ✐♥❞ústr✐❛s ❝♦♠❡ç❛r❡♠ ❛ ♦♣❡r❛r✱ ❝♦♥st❛t♦✉✲s❡ q✉❡ ❤❛✈✐❛ ♥♦
❧❛❣♦ ♠❡♥♦s ❞❡ ✹✾✷✵ ♣❡✐①❡s✳ P❛r❛ q✉❡ ✈❛❧♦r❡s ❞❡ t ✈❛❧❡ ❡ss❛ ❝♦♥❞✐çã♦❄

❝✮ ❯♠❛ ❖◆● ❞✐✈✉❧❣♦✉ q✉❡✱ s❡ ♥❡♥❤✉♠❛ ♣r♦✈✐❞ê♥❝✐❛ ❢♦r t♦♠❛❞❛✱ ❡♠ ✉♠❛ ❞é❝❛❞❛ ✭❛
♣❛rt✐r ❞♦ ✐♥í❝✐♦ ❞❛s ♦♣❡r❛çõ❡s✮ ♥ã♦ ❤❛✈❡rá ♠❛✐s ♣❡✐①❡s ♥♦ ❧❛❣♦✳ ❚❛❧ ❛✜r♠❛çã♦ ♣r♦❝❡❞❡❄

✾✳ ❬✶✶❪ ❆ ❧❡✐ s❡❣✉✐♥t❡ ♣❡r♠✐t❡ ❡st✐♠❛r ❛ ❞❡♣r❡❝✐❛çã♦ ❞❡ ✉♠ ❡q✉✐♣❛♠❡♥t♦ ✐♥❞✉str✐❛❧✿
v(t) = 5000 · 4−0,02t ❡♠ q✉❡ v(t) é ♦ ✈❛❧♦r ✭❡♠ r❡❛✐s✮ ❞♦ ❡q✉✐♣❛♠❡♥t♦ t ❛♥♦s ❛♣ós
s✉❛ ❛q✉✐s✐çã♦✳

❛✮ ❈♦♥str✉❛ ♦ ❣rá✜❝♦ ❞❡ v(t)✳

❜✮ P♦r q✉❛❧ ✈❛❧♦r ❡ss❡ ❡q✉✐♣❛♠❡♥t♦ ❢♦✐ ❛❞q✉✐r✐❞♦❄

❝✮ P❛r❛ q✉❡ ✈❛❧♦r❡s ❞❡ t ♦ ❡q✉✐♣❛♠❡♥t♦ ✈❛❧❡ ♠❡♥♦s ❞♦ q✉❡ ❘✩ ✷✺✵✵✱✵✵❄

✶✵✳ ❬✶✶❪ ❆s ❧❡✐s s❡❣✉✐♥t❡s r❡♣r❡s❡♥t❛♠ ❛s ❡st✐♠❛t✐✈❛s ❞❡ ✈❛❧♦r❡s ✭❡♠ ♠✐❧❤❛r❡s ❞❡ r❡❛✐s✮ ❞❡
❞♦✐s ❛♣❛rt❛♠❡♥t♦s ❆ ❡ ❇ ✭❛❞q✉✐r✐❞♦s ♥❛ ♠❡s♠❛ ❞❛t❛✮✱ ❞❡❝♦rr✐❞♦s t ❛♥♦s ❞❛ ❞❛t❛ ❞❛
❝♦♠♣r❛✿

❛♣❛rt❛♠❡♥t♦ ❆✿ v = 2t+1 + 120

✶✷✼



❛♣❛rt❛♠❡♥t♦ ❇✿ v = 6 · 2t−2 + 248

❛✮ P♦r q✉❛✐s ✈❛❧♦r❡s ❢♦r❛♠ ❛❞q✉✐r✐❞♦s ♦s ❛♣❛rt❛♠❡♥t♦s ❆ ❡ ❇✱ r❡s♣❡❝t✐✈❛♠❡♥t❡❄

❜✮ P❛ss❛❞♦s q✉❛tr♦ ❛♥♦s ❞❛ ❝♦♠♣r❛✱ q✉❛❧ ❞❡❧❡s ❡st❛rá ✈❛❧❡♥❞♦ ♠❛✐s❄

❝✮ ◗✉❛❧ é ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦ ✭❛ ♣❛rt✐r ❞❛ ❞❛t❛ ❞❡ ❛q✉✐s✐çã♦✮ ♣❛r❛ q✉❡ ❛♠❜♦s t❡♥❤❛♠
✐❣✉❛✐s ✈❛❧♦r❡s❄

✻✳✶✳✶✷ ❘❡s♣♦st❛s ❞♦s ❡①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❛✮ {y ∈ R; 3 < y < +∞} ❜✮ {y ∈ R; 0 < y < +∞}
❝✮ {y ∈ R;−∞ < y < 0} ❞✮ {y ∈ R;−∞ < y < −4}

✷✳ P♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦✿ ❛✮ I = (0, 1) ❜✮ I = (1, 2)

✸✳ ❛✮

t ✵ ✶ ✷ ✸ ✹ ✺
♥ ✺✵ ✶✵✵ ✷✵✵ ✹✵✵ ✽✵✵ ✶✻✵✵

❜✮ n(t) = 50 · 2t ❝✮ ❆ ❝❛r❣♦ ❞♦ ❧❡✐t♦r

✹✳ ❛✮ ❆ ❝❛r❣♦ ❞♦ ❧❡✐t♦r ❜✮ ✺✺✶ ♣❡ç❛s ❝✮ ✸✵✵ ♣❡ç❛s

✺✳ ❡

✻✳ ❡

✼✳ ✶✵ ❞✐❛s

✽✳ ❛✮ ✹✾✾✺ ♣❡✐①❡s ❜✮ ❆ ♣❛rt✐r ❞❡ ✹ ❛♥♦s ❝✮ ❙✐♠

✾✳ ❛✮ ❆ ❝❛r❣♦ ❞♦ ❧❡✐t♦r ❜✮ ❘✩ ✺✵✵✵✱✵✵ ❝✮ ❆ ♣❛rt✐r ❞❡ ✷✺ ❛♥♦s✳

✶✵✳ ❛✮ ❆♣❛rt❛♠❡♥t♦ ❆✿ ❘✩ ✶✷✷✵✵✵✱✵✵❀ ❛♣❛rt❛♠❡♥t♦ ❇✿ ❘✩ ✷✹✾✺✵✵✱✵✵
❜✮ ❆♣❛rt❛♠❡♥t♦ ❆✿ ❘✩ ✶✺✷✵✵✵✱✵✵❀ ❛♣❛rt❛♠❡♥t♦ ❇✿ ❘✩ ✷✼✷✵✵✵✱✵✵
❝✮ ✽ ❛♥♦s ✭❘✩ ✻✸✷✵✵✵✱✵✵✮

✶✷✽



✻✳✷ ❋✉♥çã♦ ❧♦❣❛rít♠✐❝❛

❉❛❞♦ ✉♠ ♥ú♠❡r♦ r❡❛❧ a ✭❝♦♠ 0 < a 6= 1✮✱ ❝❤❛♠❛✲s❡ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛ ❞❡ ❜❛s❡ a✱
❛ ❢✉♥çã♦ f : R∗

+ → R ❞❛❞❛ ♣❡❧❛ ❧❡✐ f(x) = logax✳ ❊ss❛ ❢✉♥çã♦ ❛ss♦❝✐❛ ❝❛❞❛ ♥ú♠❡r♦ r❡❛❧
♣♦s✐t✐✈♦ ❛♦ s❡✉ ❧♦❣❛r✐t♠♦ ♥❛ ❜❛s❡ a✳

❊①❡♠♣❧♦s✿

• f(x) = log2 x✱ ❛ ❜❛s❡ é a = 2

• f(x) = log3(x− 5)✱ ❛ ❜❛s❡ é a = 3

• f(x) = log 1

3

x✱ ❛ ❜❛s❡ é a = 1
3

✻✳✷✳✶ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛

❖ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛ ❛ss✉♠❡ ✉♠ ❞♦s ❢♦r♠❛t♦s ❛❜❛✐①♦✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ❜❛s❡
a✳

❋✐❣✉r❛ ✻✳✸✶

P❛r❛ ❡s❜♦ç❛r♠♦s ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛ s❡♠ ♦ ❛✉①í❧✐♦ ❞❡ ✉♠ s♦❢t✇❛r❡ ❞❡✈❡♠♦s
❞❡t❡r♠✐♥❛r ❛❧❣✉♥s ♣♦♥t♦s q✉❡ ♣❡rt❡♥ç❛♠ ❛ ❢✉♥çã♦✱ ♠❛r❝á✲❧♦s ♥♦ ♣❧❛♥♦ ❝❛rt❡s✐❛♥♦ ❡ ❧✐❣á✲❧♦s
♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❝✉r✈❛✳ ◗✉❛♥❞♦ ❛ ❢✉♥çã♦ f é ❞❛ ❢♦r♠❛ f(x) = logax✱ ♦ ♣♦♥t♦ (1, 0) ♣❡rt❡♥❝❡
❛ f ✱ ♦✉ s❡❥❛✱ ❛ ❝✉r✈❛ ✐♥t❡rs❡♣t❛ ♦ ❡✐①♦ x ♥❛ ❛❜s❝✐ss❛ 1✳

✻✳✷✳✷ ❈r❡s❝✐♠❡♥t♦ ♦✉ ❞❡❝r❡s❝✐♠❡♥t♦ ❞❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛

❙❡ ❛ ❜❛s❡ 0 < a < 1✱ ❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛ é ❞❡❝r❡s❝❡♥t❡✳ ❙❡ a > 1 ❛ ❢✉♥çã♦ é
❝r❡s❝❡♥t❡✳ ◆❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛ t❡♠♦s ❛ r❡str✐çã♦ x > 0✱ ♣♦rt❛♥t♦ ♦ s❡✉ ❣rá✜❝♦ s❡ ❡♥❝♦♥tr❛
♥♦s ♣r✐♠❡✐r♦ ❡ q✉❛rt♦ q✉❛❞r❛♥t❡s✳

❙ã♦ ❢✉♥çõ❡s ❝r❡s❝❡♥t❡s✿

• f(x) = log3(x+ 3)❀ f(x) = log2(2x− 5)❀ f(x) = log5(x
2 − 5)✳

❙ã♦ ❢✉♥çõ❡s ❞❡❝r❡s❝❡♥t❡s✿

• f(x) = log 2

5

x❀ f(x) = log0,5(2x+ 3)❀ f(x) = log 1

5

(2x+ 3)✳

◆❛ ✜❣✉r❛ ✻✳✸✶✱ ♦ ❣rá✜❝♦ ❞❛ ❡sq✉❡r❞❛ r❡♣r❡s❡♥t❛ ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡ ❡ ♦ ❣rá✜❝♦ ❞❛
❞✐r❡✐t❛ r❡♣r❡s❡♥t❛ ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡✳

✶✷✾



✻✳✷✳✸ ❉♦♠í♥✐♦ ❡ ✐♠❛❣❡♠ ❞❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛

❖ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛ é ♦ ❝♦♥❥✉♥t♦ {x ∈ R+; 0 < x < +∞} ❡ s❡✉ ❝♦♥❥✉♥t♦
✐♠❛❣❡♠ é {y ∈ R,−∞ < y < +∞}✳

✻✳✷✳✹ P❛r❛ ♦ ♣r♦❢❡ss♦r

❱❛♠♦s ❝r✐❛r ✉♠ ❛rq✉✐✈♦ ♥♦ ●❡♦●❡❜r❛ ♣❛r❛ ♦❜s❡r✈❛r♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❣rá✜❝♦
❞❡ ✉♠❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛ s❡❣✉♥❞♦ ❛ ✈❛r✐❛çã♦ ❞❡ s✉❛ ❜❛s❡ a✳

✶✳ ◆❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✱ ❞✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✻✳✸✷✱ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠
s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r ❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✻✳✸✷

✷✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s
❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✻✳✸✸✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✻✳✸✸

✸✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❋✐❣✉r❛ ✻✳✸✹

❆ ✜❣✉r❛ ✻✳✸✺ ✭❧❛❞♦ ❡sq✉❡r❞♦✮ r❡♣r❡s❡♥t❛ ✉♠❛ ♣❛✉s❛ q✉❛♥❞♦ a = 0, 4✳ ◆❛ ❏❛♥❡❧❛ ❞❡
✈✐s✉❛❧✐③❛çã♦ ♣❡r❝❡❜❡✲s❡ ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡ ♦ ❣rá✜❝♦ ♣❧♦t❛❞♦ é ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s❝❡♥t❡✱ ♦
q✉❡ ❢❛③ s❡♥t✐❞♦ ♣♦✐s ❛ ❜❛s❡ é a = 0, 4 < 1✳ ◆❛ ✜❣✉r❛ ✻✳✸✺ ✭❧❛❞♦ ❞✐r❡✐t♦✮ t❡♠♦s a = 3✱ ♥❡st❡
❝❛s♦ ✈❡♠♦s q✉❡ ❛ ❢✉♥çã♦ é ❝r❡s❝❡♥t❡✱ ♣♦✐s a = 3 > 1✳

✶✸✵



❋✐❣✉r❛ ✻✳✸✺

◆❛ ✜❣✉r❛ ✻✳✸✻ t❡♠♦s ✉♠❛ ♣❛✉s❛ q✉❛♥❞♦ a = 1✳ P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❛ ❝✉r✈❛ ♥❡♠
❛♣❛r❡❝❡ ♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✱ ♦ q✉❡ ❥✉st✐✜❝❛ ❛ r❡str✐çã♦ ❞❛ ❜❛s❡ a 6= 0✳

❋✐❣✉r❛ ✻✳✸✻

✻✳✷✳✺ ❆t✐✈✐❞❛❞❡ ✹

❱❛♠♦s ❝r✐❛r ✉♠❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛ ❞❡ ❜❛s❡ a = 2
3
❡ ❞❡✜♥✐r ✉♠ ✐♥t❡r✈❛❧♦ ♣❛r❛ x✳

P❛r❛ ✐ss♦ ✈❛♠♦s ✉s❛r ❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✱ ❝r✐❛r ✉♠ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❡ ❢❛③❡r ❛s ♠♦❞✐✜❝❛çõ❡s
♥❡❝❡ssár✐❛s ♥❛ ❝❛✐①❛ ❞❡ ♣r❡❢❡rê♥❝✐❛s✳

• ❙❡❥❛ f :

[
1

10
, 10

]
→ R ❛ ❢✉♥çã♦ ❞❛❞❛ ♣♦r f(x) = log 2

3

x✳

❛✮ ❈♦♥str✉❛ ♦ ❣rá✜❝♦ ❞❡ f ❡ ❛♥❛❧✐s❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✉♠ ♣♦♥t♦ s♦❜r❡ s✉❛ ❝✉r✈❛✳

❜✮ ❉❡t❡r♠✐♥❡ ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ f ✳

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦

✶✳ ❉✐❣✐t❡ ❧♦❣✭✭✷✴✸✮✱①✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✻✳✸✼

✶✸✶



✷✳ ❉✐❣✐t❡ ✭❛✱❢✭❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r
❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✻✳✸✽

✸✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s
❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✻✳✸✾✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✻✳✸✾

✹✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳
❖ ❛rq✉✐✈♦ ✜♥❛❧ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✻✳✹✵✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✻✳✹✵✿ ❆rq✉✐✈♦ ✜♥❛❧✲❧❛❞♦ ❞✐r❡✐t♦

✻✳✷✳✻ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✹

❉❡ ✐♠❡❞✐❛t♦ ♦ ❛❧✉♥♦ ♣❡r❝❡❜❡rá✱ ❛tr❛✈és ❞♦ ❣rá✜❝♦✱ q✉❡ s❡ tr❛t❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡❝r❡s✲
❝❡♥t❡✳ ❖ q✉❡ é ❝♦❡r❡♥t❡✱ ♣♦✐s ❛ ❜❛s❡ é a = 2

3
< 0✳

✶✸✷



◆❛ ✜❣✉r❛ ✻✳✹✶ ❡stã♦ r❡♣r❡s❡♥t❛s ❞✉❛s ♣❛✉s❛s ❞❛ ❛♥✐♠❛çã♦✳ ◆♦ ❧❛❞♦ ❡sq✉❡r❞♦ t❡♠♦s ❛
r❡♣r❡s❡♥t❛çã♦ ❡♠ q✉❡ ❛ ❛❜s❝✐ss❛ x = 0, 5✱ ❡ s❡✉ ✈❛❧♦r ❝♦rr❡s♣♦♥❞❡♥t❡ é f(x) = 1, 71✳ ◆♦ ❧❛❞♦
❞✐r❡✐t♦ t❡♠♦s x = 2, 5 ❡ s❡✉ ✈❛❧♦r ❝♦rr❡s♣♦♥❞❡♥t❡ f(x) = −2, 26✳

❋✐❣✉r❛ ✻✳✹✶

❆♦ ♦❜s❡r✈❛r ❛ ❛♥✐♠❛çã♦ ❞❡ss❛ ❛t✐✈✐❞❛❞❡ ❞❡✈❡ ✜❝❛r ❝❧❛r♦ ♣❛r❛ ♦ ❛❧✉♥♦ q✉❡ q✉❛♥❞♦
0 < a < 1✱ ❛ ❢✉♥çã♦ ❧♦❣❛rít♠✐❝❛ é ❞❡❝r❡s❝❡♥t❡✳

❖ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦ f(x) = log 2

3

x é {x ∈ R+, 0, 1 ≤ x ≤ 10}✳ ❊ss❡ ✐♥t❡r✈❛❧♦ ❢♦✐
❞❛❞♦ ♥♦ ❡♥✉♥❝✐❛❞♦ ❞❛ ❛t✐✈✐❞❛❞❡ ❡ ❢♦✐ ❞❡✜♥✐❞♦ ♥♦ ✺♦ ♣❛ss♦✳ ❆ss✐♠ ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ f
é✱ {y ∈ R;−5, 68 ≤ y ≤ 5, 68}✳ ❊ss❡s ✈❛❧♦r❡s ❞❡ ♠í♥✐♠♦ ❡ ♠á①✐♠♦ ♣♦❞❡♠ s❡r ♦❜s❡r✈❛❞♦s ♥❛
✜❣✉r❛ ✻✳✹✷✱ ❧❛❞♦ ❡sq✉❡r❞♦ ❡ ❞✐r❡✐t♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✻✳✹✷

➱ ✐♠♣♦rt❛♥t❡ ❞❡s❡♥✈♦❧✈❡r ♦✉tr❛s ❛t✐✈✐❞❛❞❡s s❡♠❡❧❤❛♥t❡s ❛ ❡st❛ ♣❛r❛ ❢♦rt❛❧❡❝❡r ♦ ❡♥t❡♥✲
❞✐♠❡♥t♦ ❞♦s ❛❧✉♥♦s s♦❜r❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❢✉♥çõ❡s ❧♦❣❛rít♠✐❝❛s✳

✶✸✸



✻✳✷✳✼ ❆t✐✈✐❞❛❞❡ ✺

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ❛❧t❡r❛r ❛s ❡s❝❛❧❛s ❞♦s ❡✐①♦s✱ ✉s❛r ❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ♣❛r❛ ♠♦❞❡❧❛r
❛ ❢✉♥çã♦ ❞❛❞❛ ♥❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ ❡ ♣❧♦t❛r s❡✉ ❣rá✜❝♦ ♥❛ ❥❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✳ ❊♠
s❡❣✉✐❞❛ ✈❛♠♦s ✉s❛r ✉♠ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ♣❛r❛ ❢❛③❡r ❝♦♠ q✉❡ ✉♠ ♣♦♥t♦ s❡ ♠♦✈❛ s♦❜r❡ ❛
❝✉r✈❛ ❝r✐❛❞❛✳

• ❬❄❪ ❆ ❧❡✐ s❡❣✉✐♥t❡ r❡♣r❡s❡♥t❛ ✉♠❛ ❡st✐♠❛t✐✈❛ s♦❜r❡ ♦ ♥ú♠❡r♦ ❞❡ ❢✉♥❝✐♦♥ár✐♦s ❞❡ ✉♠❛
❡♠♣r❡s❛✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ t✱ ❡♠ ❛♥♦s ✭t = 0, 1, 2, 3, ...✮✱ ❞❡ ❡①✐stê♥❝✐❛ ❞❛ ❡♠♣r❡s❛✿
f(t) = 400 + 50 · log4(t+ 2)

❛✮ ❈♦♥str✉❛ ♦ ❣rá✜❝♦ ❞❡ f ✳

❜✮ ◗✉❛♥t♦s ❢✉♥❝✐♦♥ár✐♦s ❢♦r❛♠ ✐♥❝♦r♣♦r❛❞♦s à ❡♠♣r❡s❛ ❞♦ ✷♦ ❛♦ ✻♦ ❛♥♦❄ ✭❆❞♠✐t❛ q✉❡
♥❡♥❤✉♠ ❢✉♥❝✐♦♥ár✐♦ t❡♥❤❛ s❛í❞♦✮

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦

✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s ❡ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛✲
❧✐③❛çã♦✳

❋✐❣✉r❛ ✻✳✹✸

✷✳ ◆❛ ❥❛♥❡❧❛ ❞❡ ♣r❡❢❡rê♥❝✐❛s ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✻✳✹✹

❋✐❣✉r❛ ✻✳✹✹

✸✳ ❉✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✻✳✹✺ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✻✳✹✺

✶✸✹



✹✳ ❉✐❣✐t❡ ✭❛✱❢✭❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r
❈♦♥tr♦❧❡ ❉❡s❧✐③❛♥t❡✳

❋✐❣✉r❛ ✻✳✹✻

✺✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s
❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✻✳✹✼✳

❋✐❣✉r❛ ✻✳✹✼

✻✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳
❖ ❛rq✉✐✈♦ ❝r✐❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✻✳✹✽✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✻✳✹✽✿ ❆rq✉✐✈♦ ✜♥❛❧✲❧❛❞♦ ❞✐r❡✐t♦

✻✳✷✳✽ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✺

❖ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❞❛❞❛ ♥❛ ❛t✐✈✐❞❛❞❡ ❥á ❢♦✐ ❝♦♥str✉í❞♦ ✭♣❧♦t❛❞♦✮ ♥♦ ✸♦ ♣❛ss♦✱ ✜❣✉r❛
✻✳✸✽✳ ❆ss✐♠ ♦ ✐t❡♠ ❛ ❢♦✐ r❡s♣♦♥❞✐❞♦✳

✶✸✺



❆ ✜❣✉r❛ ✻✳✹✾ r❡♣r❡s❡♥t❛ ✉♠❛ ♣❛✉s❛ ❞❛ ❛♥✐♠❛çã♦ q✉❛♥❞♦ x = 0✳ ◆❡❧❛ ♦ ❛❧✉♥♦ ♣♦❞❡rá
♦❜s❡r✈❛r q✉❡ ❛ ❡♠♣r❡s❛ ♣♦ss✉í❛ ✹✷✺ ❢✉♥❝✐♦♥ár✐♦s q✉❛♥❞♦ ❢♦✐ ❢✉♥❞❛❞❛✳

❋✐❣✉r❛ ✻✳✹✾

◆❛ ✜❣✉r❛ ✻✳✺✵✱ ❧❛❞♦ ❡sq✉❡r❞♦✱ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ q✉❡ ❞♦✐s ✭x = 2✮ ❛♥♦s ❛♣ós ❛ ❢✉♥❞❛çã♦
❤❛✈✐❛♠ ✹✺✵ ❢✉♥❝✐♦♥ár✐♦s ♥❛ ❡♠♣r❡s❛✳ ◆❛ ✜❣✉r❛ ✻✳✺✵✱ ❧❛❞♦ ❞✐r❡✐t♦✱ s❡✐s ✭x = 6✮ ❛♥♦s ❛♣ós ❛
❢✉♥❞❛çã♦✱ ♦ q✉❛❞r♦ ❞❡ ❢✉♥❝✐♦♥ár✐♦s ❛t✐♥❣❡ ❛ ♠❛r❝❛ ❞❡ ✹✼✺ ♣❡ss♦❛s✳ P♦rt❛♥t♦ ♥❡ss❡ ✐♥t❡r✈❛❧♦
❞❡ t❡♠♣♦ ♦ ♥ú♠❡r♦ ❞❡ ❢✉♥❝✐♦♥ár✐♦s ❝♦♥tr❛t❛❞♦s ♣♦❞❡ s❡r ♦❜t✐❞♦ ❝❛❧❝✉❧❛♥❞♦✲s❡ ❛ ❞✐❢❡r❡♥ç❛
475− 450 = 25 ❢✉♥❝✐♦♥ár✐♦s✳

❋✐❣✉r❛ ✻✳✺✵

❖✉tr❛ ❢♦r♠❛ ❞❡ r❡s♣♦♥❞❡r ❡ss❡ ✐t❡♠ s❡r✐❛✿ ❉✐❣✐t❛r ❢✭✻✮✲❢✭✷✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡
♣r❡ss✐♦♥❛r ❡♥t❡r✳ ❖ r❡s✉❧t❛❞♦ ❞❛ ♦♣❡r❛çã♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ✜❣✉r❛ ✻✳✺✶✱ ❛ s❛❜❡r✱ b = 25✳

✶✸✻



❋✐❣✉r❛ ✻✳✺✶

✻✳✷✳✾ ❆t✐✈✐❞❛❞❡ ✻

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ❞❡t❡r♠✐♥❛r ♦ ✈❛❧♦r ❞❛ ❝♦♥st❛♥t❡ k✳ ❊♠ s❡❣✉✐❞❛
✈❛♠♦s ♠♦❞✐✜❝❛r ❛ ❡s❝❛❧❛ ❞♦s ❡✐①♦s✱ ✉t✐❧✐③❛r ❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❞♦ ♣❛r❛ ♠♦❞❡❧❛r ❛ ❢✉♥çã♦ ♥❛
❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ ❡ ♣❧♦t❛r s❡✉ ❣rá✜❝♦ ♥❛ ❥❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✳ ❊♠ s❡❣✉✐❞❛ ✈❛♠♦s ❝r✐❛r
✉♠ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ♣❛r❛ ❢❛③❡r ❝♦♠ q✉❡ ✉♠ ♣♦♥t♦ s❡ ♠♦✈❛ s♦❜r❡ ❛ ❝✉r✈❛ ❝r✐❛❞❛✳

• ✭❆❉❆P❚❆➬➹❖ ❯◆❊❙P✮ ◆✉♠❛ ❢á❜r✐❝❛✱ ♦ ❧✉❝r♦ ♦r✐❣✐♥❛❞♦ ♣❡❧❛ ♣r♦❞✉çã♦ ❞❡ x✭❝❡♥t❡♥❛s✮
♣❡ç❛s é ❞❛❞♦ ❡♠ ❞❡③❡♥❛s ❞❡ ♠✐❧❤❛r❡s ❞❡ r❡❛✐s ♣❡❧❛ ❢✉♥çã♦ L(x) = log10(10 + x) + k✱
❝♦♠ k ❝♦♥st❛♥t❡ r❡❛❧✳

❛✮ ❙❛❜❡♥❞♦ q✉❡ ♥ã♦ ❤❛✈❡♥❞♦ ♣r♦❞✉çã♦ ♥ã♦ ❤á ❧✉❝r♦✱ ❞❡t❡r♠✐♥❡ k✳

❜✮ ❉❡t❡r♠✐♥❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❡ç❛s q✉❡ é ♥❡❝❡ssár✐♦ ♣r♦❞✉③✐r ♣❛r❛ q✉❡ ♦ ❧✉❝r♦ s❡❥❛ ✐❣✉❛❧
❛ ✶✵✵✵✵ ♠✐❧ r❡❛✐s✳

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦

❆♥t❡s ❞❡ ❝r✐❛r ♦ ❛rq✉✐✈♦ ❞❡✈❡♠♦s r❡s♦❧✈❡r ♦ ✐t❡♠ ❛✱ ♦✉ s❡❥❛✱ ❞❡t❡r♠✐♥❛r ♦ ✈❛❧♦r ❞❛
❝♦♥st❛♥t❡ k✳ ❯s❛♥❞♦ ❛ ✐♥❢♦r♠❛çã♦ ❞♦ ✐t❡♠ ❛✱ t❡♠♦s✱

log10(0 + 10) + k = 0

log10 10 + k = 0

1 + k = 0

k = −1

P♦rt❛♥t♦ t❡♠♦s L(x) = log10(x+ 10)− 1✳

✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s ❡ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛✲
❧✐③❛çã♦✳

❋✐❣✉r❛ ✻✳✺✷

✶✸✼



✷✳ ◆❛ ❥❛♥❡❧❛ ❞❡ ♣r❡❢❡rê♥❝✐❛s ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ✜❣✉r❛ ✻✳✺✸

❋✐❣✉r❛ ✻✳✺✸

✸✳ ◆❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✱ ❞✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✻✳✺✹ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✻✳✺✹

✹✳ ❉✐❣✐t❡ ✭❛✱❢✭❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r
❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✻✳✺✺

✺✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s
❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✻✳✺✻✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✻✳✺✻

✻✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳
❖ ❛rq✉✐✈♦ ❝r✐❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✻✳✺✼✳

✶✸✽



❋✐❣✉r❛ ✻✳✺✼

✻✳✷✳✶✵ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✻

❖ ✐t❡♠ a ❥á ❢♦✐ r❡s♣♦♥❞✐❞♦ ❛❝✐♠❛ q✉❛♥❞♦ ❞❡t❡r♠✐♥❛♠♦s ♦ ✈❛❧♦r ❞❡ k✳ ◆❛ r❡♣r❡s❡♥t❛✲
çã♦ ❞❛ ✜❣✉r❛ ✻✳✺✾ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ ♣❛r❛ ❛t✐♥❣✐r ✉♠ ❧✉❝r♦ ❞❡ ❘✩ ✶✵✵✵✵✱✵✵✱ é ♥❡❝❡ssár✐♦
♣r♦❞✉③✐r 90 · 100 = 9000 ♣❡ç❛s✳ ❊ss❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡ ✈❡r✐✜❝❛❞♦ r❡s♦❧✈❡♥❞♦✲s❡
❛ ❡q✉❛çã♦✿ log10(x+ 10)− 1 = 1✳

❋✐❣✉r❛ ✻✳✺✽

❘❡❝♦♠❡♥❞❛♠♦s q✉❡ ♦ ♣r♦❢❡ss♦r ♦❜s❡r✈❡ ❡ ❛♥❛❧✐s❡ ❥✉♥t♦ ❝♦♠ ♦s ❛❧✉♥♦s ♦✉tr♦s ✈❛❧♦r❡s
❞❡ x✱ ♠❛s ♣❛r❛ ✐ss♦ s❡rá ♥❡❝❡ssár✐♦ ♦ ✉s♦ ❞❡ ✉♠❛ ❝❛❧❝✉❧❛❞♦r❛ ❝✐❡♥tí✜❝❛ ♣❛r❛ ✈❡r✐✜❝❛r ♦s
r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♣❡❧♦ ●❡♦●❡❜r❛✳

✶✸✾



✻✳✷✳✶✶ ❊①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❈♦♥str✉❛ ♦ ❣rá✜❝♦ ❞❛s ❢✉♥çõ❡s ❞❡ ❞♦♠í♥✐♦ R∗

+ ❞❡✜♥✐❞❛s ♣❡❧❛s ❧❡✐s s❡❣✉✐♥t❡s✿

❛✮ y = log3 x ❜✮y = log 1

4

x ❝✮ y = log2(x+ 3) ❞✮ y = log 1

3

(x2 − 16)

✷✳ ❊st❛❜❡❧❡ç❛ ♦ ❞♦♠í♥✐♦ ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ❢✉♥çõ❡s✿

❛✮ y = log5(x−1) ❜✮ y = log5(x
2+3) ❝✮ y = log 1

2

(3x−2) ❞✮ y = log10(x
3+1)

✸✳ ❬✶✶❪ ❙❡❥❛ f : R∗

+ → R ❞❡✜♥✐❞❛ ♣♦r f(x) = log x✳ ❱❡r✐✜q✉❡ ❛ ✈❡r❛❝✐❞❛❞❡ ❞❛s ❛✜r♠❛çõ❡s✿

■✮ f(100) = 2

■■✮ f(10x) = 10 · f(x)
■■■✮ f(1/b) + f(b) = 0

■❱✮ f(x2) = 2 · f(x)

✹✳ ❬✶✶❪ ❖ ❣rá✜❝♦ ❛❜❛✐①♦ r❡♣r❡s❡♥t❛ ❛ ❢✉♥çã♦ f : R∗

+ → R ❞❡✜♥✐❞❛ ♣♦r log10 x✳

❋✐❣✉r❛ ✻✳✺✾

◗✉❛❧ é ♦ ✈❛❧♦r ❞❛ ár❡❛ ❝♦❧♦r✐❞❛❄

❈♦♥s✐❞❡r❡ ❛s ❛♣r♦①✐♠❛çõ❡s log 2 = 0, 3 ❡ log 3 = 0, 48

✺✳ ✭❯❋❙❈❆❘✲❙P✮ ❆ ❛❧t✉r❛ ♠é❞✐❛ ❞♦ tr♦♥❝♦ ❞❡ ❝❡rt❛ ❡s♣é❝✐❡ ❞❡ ár✈♦r❡✱ q✉❡ s❡ ❞❡st✐♥❛ à
♣r♦❞✉çã♦ ❞❡ ♠❛❞❡✐r❛✱ ❡✈♦❧✉✐✱ ❞❡s❞❡ q✉❡ é ♣❧❛♥t❛❞❛✱ s❡❣✉♥❞♦ ♦ s❡❣✉✐♥t❡ ♠♦❞❡❧♦ ♠❛✲
t❡♠át✐❝♦✿ h(t) = 1, 5 + log3(t + 1)✱ ❝♦♠ h(t) ❡♠ ♠❡tr♦s ❡ t ❡♠ ❛♥♦s✳ ❙❡ ✉♠❛ ❞❡ss❛s
ár✈♦r❡s ❢♦✐ ❝♦rt❛❞❛ q✉❛♥❞♦ s❡✉ tr♦♥❝♦ ❛t✐♥❣✐✉ ✸✱✺ ♠❡tr♦s ❞❡ ❛❧t✉r❛✱ ♦ t❡♠♣♦ ✭❡♠ ❛♥♦s✮
tr❛♥s❝♦rr✐❞♦ ❞♦ ♠♦♠❡♥t♦ ❞❛ ♣❧❛♥t❛çã♦ ❛té ♦ ❞♦ ❝♦rt❡ ❢♦✐ ❞❡✿

❛✮✾ ❜✮ ✽ ❝✮ ✺ ❞✮ ✹ ❡✮ ✷

✻✳ ✭❯◆❊❙P✮ ❆ ❡①♣❡❝t❛t✐✈❛ ❞❡ ✈✐❞❛ ❡♠ ❛♥♦s ❡♠ ✉♠❛ r❡❣✐ã♦✱ ❞❡ ✉♠❛ ♣❡ss♦❛ q✉❡ ♥❛s❝❡✉
❛ ♣❛rt✐r ❞❡ ✶✾✵✵ ♥♦ ❛♥♦ x (x ≥ 1900)✱ é ❞❛❞❛ ♣♦r✿ L(x) = 12(199 log10 x − 651)✱
❈♦♥s✐❞❡r❛♥❞♦ log10 2 = 0, 30103✱ ✉♠❛ ♣❡ss♦❛ ❞❡ss❛ r❡❣✐ã♦ q✉❡ ♥❛s❝❡✉ ♥♦ ❛♥♦ ✷✵✵✵ t❡♠
❡①♣❡❝t❛t✐✈❛ ❞❡ ✈✐✈❡r✿

❛✮✹✽✱✽ ❛♥♦s✳ ❜✮ ✺✹✱✻✽✳ ❛♥♦s ❝✮ ✻✹✱✺ ❛♥♦s✳ ❞✮ ✼✵✱✽✻ ❛♥♦s✳ ❡✮ ✼✷✱✸ ❛♥♦s✳

✶✹✵



✼✳ ✭❯◆■❚❆❯✮ ❆ ❊s❝❛❧❛ ❘✐❝❤t❡r ♠❡❞❡ ❛ ♠❛❣♥✐t✉❞❡ ❞❡ ✉♠ t❡rr❡♠♦t♦✳ ❖s t❡rr❡♠♦t♦s
♦r✐❣✐♥❛♠✲s❡ ❞♦ ♠♦✈✐♠❡♥t♦ ❞❛s ♣❧❛❝❛s t❡❝tô♥✐❝❛s✳ ❖ ❛tr✐t♦ ❞❡ ✉♠❛ ♣❧❛❝❛ ❝♦♥tr❛ ♦✉tr❛
❢♦r♠❛ ♦♥❞❛s ♠❡❝â♥✐❝❛s✳ ❊st❛s ♦♥❞❛s sã♦ r❡s♣♦♥sá✈❡✐s ♣❡❧❛s ✈✐❜r❛çõ❡s q✉❡ ❝❛✉s❛♠ ♦
t❡rr❡♠♦t♦✳ ❖ s✐s♠ó❣r❛❢♦ ♠❡❞❡ ❛ ❛♠♣❧✐t✉❞❡ ❡ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ss❛s ✈✐❜r❛çõ❡s✱ ✉t✐❧✐③❛♥❞♦
✉♠❛ ❡q✉❛çã♦ ❧♦❣❛rít♠✐❝❛✱ ♣♦❞❡ ❝❛❧❝✉❧❛r ❛ ♠❛❣♥✐t✉❞❡ ❞♦ t❡rr❡♠♦t♦✳ ❆ ♠❛❣♥✐t✉❞❡ ❞♦
t❡rr❡♠♦t♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ❧♦❣❛rít♠✐❝❛✿ Ms = log(A · f) + 3.30✱ ♦♥❞❡
A é ❛ ❛♠♣❧✐t✉❞❡ ❞❛ ♦♥❞❛ ❡ f é ❛ ❢r❡q✉ê♥❝✐❛✳ ❉❡t❡r♠✐♥❡✿

❛✮ ❛ ♠❛❣♥✐t✉❞❡ ❞❡ ✉♠ t❡rr❡♠♦t♦ ❝♦♠ ❛♠♣❧✐t✉❞❡ ❞❡ ✶✵✵✵ ♠í❝r♦♥s ❡ ✵✱✶❍③ ❞❡ ❢r❡q✉ê♥❝✐❛✳

❜✮ ❛ ♠❛❣♥✐t✉❞❡ ❞❡ ✉♠ t❡rr❡♠♦t♦ ❝♦♠ ❛♠♣❧✐t✉❞❡ ❞❡ ✶✵✵✵✵ ♠í❝r♦♥s ❡ ✶❍③ ❞❡ ❢r❡q✉ê♥❝✐❛✳

✻✳✷✳✶✷ ❘❡s♣♦st❛s ❞♦s ❡①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❆ ❝❛r❣♦ ❞♦ ❧❡✐t♦r

✷✳ ❛✮ {x ∈ R; x > 1} ❜✮ {x ∈ R;−∞ < x < +∞}
❝✮ {x ∈ R; x > 2

3
} ❞✮ {x ∈ R; x > −1}

✸✳ ❱❡r❞❛❞❡✐r❛s✿ ■✱ ■■■ ❡ ■❱❀ ❋❛❧s❛✿ ■■

✹✳ A = 1 · log 2 + 1 · log 3 = log 6 = 0, 78 ✉✳❛✳

✺✳ ❜

✻✳ ❞

✼✳ ❛✮ Ms = 5, 3 ❜✮ Ms = 7, 3

✶✹✶



✶✹✷



❈❆P❮❚❯▲❖ ✼

❋❯◆➬Õ❊❙ ❚❘■●❖◆❖▼➱❚❘■❈❆❙

✼✳✶ ❈✐❝❧♦ tr✐❣♦♥♦♠étr✐❝♦

❚♦♠❡♠♦s s♦❜r❡ ✉♠ ♣❧❛♥♦ ✉♠ s✐st❡♠❛ ❝❛rt❡s✐❛♥♦ ♦rt♦❣♦♥❛❧ uOv✳ ❈♦♥s✐❞❡r❡♠♦s ❛
❝✐r❝✉♥❢❡rê♥❝✐❛ λ ❞❡ ❈❡♥tr♦ O ❡ r❛✐♦ r = 1✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ss❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ é 2π✱ ♣♦✐s
C = 2π · r = 2π · 1 = 2π

❱❛♠♦s ❛❣♦r❛ ❞❡✜♥✐r ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ R s♦❜r❡ λ✱ ✐st♦ é✱ ✈❛♠♦s ❛ss♦❝✐❛r ❛ ❝❛❞❛ ♥ú♠❡r♦
r❡❛❧ x ✉♠ ú♥✐❝♦ ♣♦♥t♦ P ❞❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ λ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦✿

✶♦✮ s❡ x = 0✱ ❡♥tã♦ P ❝♦✐♥❝✐❞❡ ❝♦♠ A❀

✷♦✮ s❡ x > 0✱ ❡♥tã♦ r❡❛❧✐③❛♠♦s ❛ ♣❛rt✐r ❞❡ A ✉♠ ♣❡r❝✉rs♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ x✱ ♥♦ s❡♥t✐❞♦
❛♥t✐✲❤♦rár✐♦✱ ❡ ♠❛r❝❛♠♦s P ❝♦♠♦ ♣♦♥t♦ ✜♥❛❧ ❞♦ ♣❡r❝✉rs♦✳

✸♦✮ s❡ x < 0✱ ❡♥tã♦ r❡❛❧✐③❛♠♦s ❛ ♣❛rt✐r ❞❡ A ✉♠ ♣❡r❝✉rs♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ |x|✱ ♥♦ s❡♥t✐❞♦
❤♦rár✐♦✳ ❖ ♣♦♥t♦ ✜♥❛❧ ❞♦ ♣❡r❝✉rs♦ é P ✳

❋✐❣✉r❛ ✼✳✶

❆ ❝✐r❝✉♥❢❡rê♥❝✐❛ λ ❛❝✐♠❛ ❞❡✜♥✐❞❛✱ ❝♦♠ ♦r✐❣❡♠ ❡♠ A✱ é ❝❤❛♠❛❞❛ ❝✐❝❧♦ ♦✉ ❝✐r❝✉♥❢❡rê♥❝✐❛
tr✐❣♦♥♦♠étr✐❝❛

✶✹✸



❙❡ ♦ ♣♦♥t♦ P ❡stá ❛ss♦❝✐❛❞♦ ❛♦ ♥ú♠❡r♦ x✱ ❞✐③❡♠♦s q✉❡ P é ❛ ✐♠❛❣❡♠ ❞❡ x ♥♦ ❝✐❝❧♦✳
❆ss✐♠✱ ♣♦r ❡①❡♠♣❧♦✱ t❡♠♦s✿

❋✐❣✉r❛ ✼✳✷

◆♦t❡♠♦s q✉❡✱ s❡ P é ❛ ✐♠❛❣❡♠ ❞♦ ♥ú♠❡r♦ x0✱ ❡♥tã♦ P t❛♠❜é♠ é ❛ ✐♠❛❣❡♠ ❞♦s
♥ú♠❡r♦s✿

. . . x0 − 4π✱ x0 − 2π✱ x0✱ x0 + 2π✱ x0 + 4π✱ x0 + 6π✱ . . .

❊♠ r❡s✉♠♦✱ P é ❛ ✐♠❛❣❡♠ ❞♦s ❡❧❡♠❡♥t♦s ❞♦ ❝♦♥❥✉♥t♦✿

④x ∈ R; x = x0 + 2kπ, k ∈ Z⑥

❋✐❣✉r❛ ✼✳✸

❯♠ ❡st✉❞♦ ♠❛✐s ❛♣r♦❢✉♥❞❛❞♦ s♦❜r❡ ♦ ❝ír❝✉❧♦ tr✐❣♦♥♦♠étr✐❝♦ ❡ s❡✉s â♥❣✉❧♦s ♥♦tá✈❡✐s
♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶✷❪✱ ❬✼❪ ❡ ❬✶✺❪✳

✶✹✹



✼✳✷ ❋✉♥çã♦ s❡♥♦

❉❛❞♦ ✉♠ ♥ú♠❡r♦ r❡❛❧ x✱ s❡❥❛ P s✉❛ ✐♠❛❣❡♠ ♥♦ ❝✐❝❧♦✳ ❉❡♥♦♠✐♥❛♠♦s s❡♥♦ ❞❡
x ✭❡ ✐♥❞✐❝❛♠♦s s❡♥(x)✮ ❛ ♦r❞❡♥❛❞❛ OP1 ❞♦ ♣♦♥t♦ P ❡♠ r❡❧❛çã♦ ❛♦ s✐st❡♠❛ uOv✳ ❉❡♥♦✲
♠✐♥❛♠♦s ❢✉♥çã♦ s❡♥♦ ❛ ❢✉♥çã♦ f : R → R q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ r❡❛❧ x ♦ r❡❛❧ OP1 = s❡♥(x)✱
✐st♦ é✿

f(x) = s❡♥(x)

❋✐❣✉r❛ ✼✳✹

❊①❡♠♣❧♦s✿

• f(x) = s❡♥(x)❀ f(x) = s❡♥(2x)❀ f(x) = s❡♥(x+ 3)❀

✼✳✷✳✶ Pr♦♣r✐❡❞❛❞❡s ❞❛ ❢✉♥çã♦ s❡♥♦

• ❖ s✐♥❛❧ ❞❛ ❢✉♥çã♦ f(x) = s❡♥(x) é ♣♦s✐t✐✈❛ q✉❛♥❞♦ x ♣❡rt❡♥❝❡ ❛♦s ✶♦ ❡ ✷♦ q✉❛❞r❛♥t❡s❀
❡ é ♥❡❣❛t✐✈♦ q✉❛♥❞♦ x ♣❡rt❡♥❝❡ ❛♦ ✸♦ ❡ ✹♦ q✉❛❞r❛♥t❡s✳

• ◆♦ ✶♦ q✉❛❞r❛♥t❡✱ ❛ ❢✉♥çã♦ f é ❝r❡s❝❡♥t❡✱ ♣♦✐s✱ à ♠❡❞✐❞❛ q✉❡ x ❛✉♠❡♥t❛✱ ♦s ✈❛❧♦r❡s ❞❡
f(x) s❡♥(x) ❛✉♠❡♥t❛♠ ❞❡ ✵ ❛té ✶❀ ♥♦ ✷♦ ❡ ✸ q✉❛❞r❛♥t❡s✱ f é ❞❡❝r❡s❝❡♥t❡✿ ❛ ♠❡❞✐❞❛ q✉❡
x ❛✉♠❡♥t❛✱ ♦s ✈❛❧♦r❡s f(x) = s❡♥(x) ❞✐♠✐♥✉❡♠ ❞❡ ✶ ✭✈❛❧♦r ♠á①✐♠♦✮ ❛té ✲✶ ✭♠❡♥♦r
✈❛❧♦r✮❀ ♥♦ ✹♦ q✉❛❞r❛♥t❡✱ ❛ ❢✉♥çã♦ r❡t♦♠❛ ♦ ❝r❡s❝✐♠❡♥t♦ ❡ s❡✉s ✈❛❧♦r❡s ❛✉♠❡♥t❛♠ ❞❡
✲✶ ❛ ✵✳ ❘❡s✉♠✐♥❞♦✱ ♥♦ ✶♦ ❡ ✹♦ q✉❛❞r❛♥t❡s f é ❝r❡s❝❡♥t❡ ❡ ♥♦ ✷♦ ❡ ✸♦ q✉❛❞r❛♥t❡s f é
❞❡❝r❡s❝❡♥t❡✳

• ❆ ❢✉♥çã♦ s❡♥♦ é ♣❡r✐ó❞✐❝❛ ❡ s❡✉ ♣❡rí♦❞♦ é 2π

• ❖ ❞♦♠í♥✐♦ ❞❡ f é ♦ ❝♦♥❥✉♥t♦ {x ∈ R;−∞ < x < +∞}✳

• ❆ ✐♠❛❣❡♠ ❞❡ f é ♦ ✐♥t❡r✈❛❧♦ ❬✲✶✱ ✶❪✳

• f é ✉♠❛ ❢✉♥çã♦ í♠♣❛r✱ ♣♦✐s s❡ x é ✉♠ ♥ú♠❡r♦ r❡❛❧✱ t❡♠♦s f(−x) = −f(x)✳

✶✹✺



✼✳✷✳✷ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ s❡♥♦

❖ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ s❡♥♦ ❛ss✉♠❡ ♦ ❢♦r♠❛t♦ ❛❜❛✐①♦✳ ❊st❛ ❝✉r✈❛ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡
s❡♥♦✐❞❡ ❡ ♣❛r❛ ❡s❜♦çá✲❧❛ s❡♠ ♦ ❛✉①í❧✐♦ ❞❡ ✉♠ s♦❢t✇❛r❡ é ♥❡❝❡ssár✐♦ ✉t✐❧✐③❛r ❛s ♣r♦♣r✐❡❞❛❞❡s
❝✐t❛❞❛s ❛❝✐♠❛ ❡ ❝♦♥❤❡❝❡r ❞❡ ❛♥t❡♠ã♦ ❛❧❣✉♥s ✈❛❧♦r❡s ♥♦tá✈❡✐s ❞❡ x✳

❋✐❣✉r❛ ✼✳✺

✼✳✷✳✸ P❛r❛ ♦ ♣r♦❢❡ss♦r

❱❛♠♦s ❝r✐❛r ✉♠ ❛rq✉✐✈♦ ♣❛r❛ ❡♥t❡♥❞❡r♠♦s ❝♦♠♦ é ❝♦♥str✉í❞♦ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ s❡♥♦✳
P❛r❛ ✐ss♦ ✈❛♠♦s ❝♦♥str✉✐r ✉♠ ❝ír❝✉❧♦ ❞❡ r❛✐♦ ✉♥✐tár✐♦ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳ ❱❛♠♦s
♠❛r❝❛r ✉♠ ♣♦♥t♦ s♦❜r❡ ♦ ❝ír❝✉❧♦ ❝♦♥str✉í❞♦ ❞❡ ❢♦r♠❛ q✉❡ ❛ ♠❡❞✐❞❛ q✉❡ ❡st❡ ♣❡r❝♦rr❛ ❛
❝✐r❝✉♥❢❡rê♥❝✐❛✱ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ s❡♥♦ s❡rá ❝♦♥str✉í❞♦ ♥❛ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ✷✳

✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s✱ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐✲
③❛çã♦ ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✼✳✻✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✼✳✻

✷✳ ❉✐❣✐t❡ ❝ír❝✉❧♦❬✭✵✱ ✵✮✱✶❪ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❖ ❛rq✉✐✈♦ r❡♣r❡s❡♥t❛❞♦
♥❛ ✜❣✉r❛ ✼✳✼✱ ❧❛❞♦ ❞✐r❡✐t♦ s❡rá ❝r✐❛❞♦✳ P♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ♦ ❝ír❝✉❧♦ ♣♦ss✉✐ r❛✐♦ ✶ ❡
❡stá ❝❡♥tr❛❞♦ ♥❛ ♦r✐❣❡♠✳

✶✹✻



❋✐❣✉r❛ ✼✳✼

✸✳ ❙❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ P♦♥t♦ ♥❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s ❡ ♠❛rq✉❡ ♦s ♣♦♥t♦s A✱ B ❡ C
s♦❜r❡ ♦ ❝ír❝✉❧♦ ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✼✳✽✳ ✭❜❛st❛ ❝❧✐❝❛r s♦❜r❡ ♦s ❧✉❣❛r❡s ✐♥❞✐❝❛❞♦s✮

❋✐❣✉r❛ ✼✳✽

✹✳ ❉✐❣✐t❡ ✭✵✱②✭❆✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✼✳✾

✺✳ ❙❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ❆r❝♦ ❈✐r❝✉❧❛r ♥❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✱ ✜❣✉r❛ ✼✳✶✵ ✭❧❛❞♦ ❡s✲
q✉❡r❞♦✮✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ s♦❜r❡ ♦s ♣♦♥t♦s C✱ B ❡ A✱ ♥❡st❛ ♦r❞❡♠✳

✻✳ ❙❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ❙❡❣♠❡♥t♦ ♥❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✱ ✜❣✉r❛ ✼✳✶✵ ✭❧❛❞♦ ❞✐r❡✐t♦✮✳
❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ s♦❜r❡ ♦ ♣♦♥t♦ C ❡ s♦❜r❡ ♦ ♣♦♥t♦ D ❡ ♣r❡ss✐♦♥❡ ❡s❝✳ ❈❧✐q✉❡ s♦❜r❡ ♦
♣♦♥t♦ C ❡ s♦❜r❡ ♦ ♣♦♥t♦ A✳

✶✹✼



❋✐❣✉r❛ ✼✳✶✵

❆♣ós ❡ss❡s ♣❛ss♦s ♦ ❛rq✉✐✈♦ ❞❡✈❡ ❡st❛r ❝♦♥❢♦r♠❡ r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✼✳✶✶✳ ◆❡ss❡
♠♦♠❡♥t♦ é ✐♥t❡r❡ss❛♥t❡ ❛❧t❡r❛r ❛s ❝♦r❡s ❞♦ s❡❣♠❡♥t♦ CD = a ❡ ❞♦ ❛r❝♦ ÂB = d✱
✉s❛♥❞♦ ❛ ♠❡s♠❛ ❝♦r ♣❛r❛ ❛♠❜♦s✳

❋✐❣✉r❛ ✼✳✶✶

✼✳ ◆❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ➶♥❣✉❧♦✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ s♦❜r❡ ♦s
♣♦♥t♦s B✱ C ❡ A✱ ♥❡st❛ ♦r❞❡♠✳ ❖ ❛rq✉✐✈♦ ❝r✐❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✼✳✶✷✱ ❧❛❞♦
❞✐r❡✐t♦✳

✶✹✽



❋✐❣✉r❛ ✼✳✶✷

❆❣♦r❛ ✈❛♠♦s ♠❛r❝❛r ❞♦✐s ♣♦♥t♦s E ❡ F ♥❛ ❏❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ✷ ❡ ✧❛♠❛rrá✲❧♦s✧❛♦
♣♦♥t♦ A ❞♦ ❝ír❝✉❧♦ ❞❡ ❢♦r♠❛ q✉❡✱ ❛ ♠❡❞✐❞❛ q✉❡ ♦ ♣♦♥t♦ A ♣❡r❝♦rr❛ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ♦
♣♦♥t♦ E ❝♦♥str✉❛ ❛ ❝✉r✈❛ ❞❛ ❢✉♥çã♦ s❡♥♦ ❡ ♦ ♣♦♥t♦ F ♣❡r❝♦rr❛ ♦ ❡✐①♦ x ♥❛ ❏❛♥❡❧❛ ❞❡
❱✐s✉❛❧✐③❛çã♦ ✷✳

✽✳ ◆♦ ▼❡♥✉ ♣r✐♥❝✐♣❛❧✱ ❝❧✐q✉❡ ❡♠ ❊①✐❜✐r ❡ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ✷✳

❋✐❣✉r❛ ✼✳✶✸

✾✳ ◆❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ✷ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s✱
s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✼✳✶✹✱ ❧❛❞♦
❞✐r❡✐t♦✳

❋✐❣✉r❛ ✼✳✶✹

❱❛❧❡ r❡ss❛❧t❛r q✉❡ s❡♠♣r❡ q✉❡ ✜③❡r♠♦s ❛❧❣♦ ♥❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ✷✱ t❡♠♦s q✉❡
♦❜s❡r✈❛r s❡ ❛ ♠❡s♠❛ ❡stá ❛t✐✈❛✳ ■st♦ é✱ ♦❜s❡r✈❡ s❡ ❡❧❛ ❡stá ❡♠ ♥❡❣r✐t♦✳

✶✹✾



❋✐❣✉r❛ ✼✳✶✺

✶✵✳ ❉✐❣✐t❡❊❂✭❞✱②✭❉✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❞✐❣✐t❡ ❋❂✭❞✱✵✮
♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✼✳✶✻

✶✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ❝❛❞❛ ✉♠ ❞♦s ♣♦♥t♦s E ❡ F ❡ s❡❧❡❝✐♦♥❡
❤❛❜✐❧✐t❛r r❛str♦✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ♣♦♥t♦ A ❡
s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❋✐❣✉r❛ ✼✳✶✼

❖ ❛rq✉✐✈♦ ✜♥❛❧ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✼✳✶✽✳

❋✐❣✉r❛ ✼✳✶✽✿ ❆rq✉✐✈♦ ✜♥❛❧

❆ ❝r✐❛çã♦ ❞❡ss❡ ❛rq✉✐✈♦ ♣❛ss♦ ❛ ♣❛ss♦ ♣♦r ✐♥t❡r♠é❞✐♦ ❞❡ ✈í❞❡♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦
❡♠ ❬✺❪✳

✶✺✵



✼✳✷✳✹ P❛r❛ ♦ ♣r♦❢❡ss♦r

❱❛♠♦s ❝r✐❛r ✉♠ ❛rq✉✐✈♦ ♣❛r❛ ♦❜s❡r✈❛♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ f(x) = a + b s❡♥(cx)
s❡❣✉♥❞♦ ❛ ✈❛r✐❛çã♦ ❞♦s ♣❛râ♠❡tr♦s a✱ b ❡ c✳

✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s✱ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐✲
③❛çã♦ ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✼✳✶✾✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✼✳✶✾

✷✳ ◆❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✱ ❞✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✼✳✷✵ ❡ ♣r❡ss✐♦♥❡ ❡ ♣r❡ss✐♦♥❡
❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r ❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✼✳✷✵

✸✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ❝❛❞❛ ✉♠ ❞♦s ❝♦♥tr♦❧❡s ❞❡s❧✐③❛♥t❡s ❡ s❡❧❡❝✐♦♥❡
❆♥✐♠❛r✱ ✜❣✉r❛ ✼✳✷✶✳

❋✐❣✉r❛ ✼✳✷✶

❖ ❛rq✉✐✈♦ ❝r✐❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✼✳✷✷✳

✶✺✶



❋✐❣✉r❛ ✼✳✷✷✿ ❆rq✉✐✈♦ ✜♥❛❧

P❛r❛ ✉♠ ♠❡❧❤♦r ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❝✉r✈❛ r❡❝♦♠❡♥❞❛♠♦s q✉❡ s❡ ❢❛ç❛
❛ ❛♥✐♠❛çã♦ ❞❡ ❝❛❞❛ ✉♠ ❞♦s ♣❛râ♠❡tr♦s ✐s♦❧❛❞❛♠❡♥t❡✳

▼❛♥t❡♥❞♦ ♦ ♣❛râ♠❡tr♦ c ❛♥✐♠❛❞♦ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ❛❧t❡r❛çã♦ ♥♦ ❞♦♠í♥✐♦ ❞❛ ❢✉♥çã♦✳
❆ ✜❣✉r❛ ✼✳✷✸ ♠♦str❛ ✉♠❛ ♣❛✉s❛ ❞❛ ❛♥✐♠❛çã♦ ❝♦♠ c✳

❋✐❣✉r❛ ✼✳✷✸

❆ ✜❣✉r❛ ✼✳✷✹ ♠♦str❛ ✉♠❛ ♣❛✉s❛ ❞❛ ❛♥✐♠❛çã♦ ❝♦♠ ♦ ♣❛râ♠❡tr♦ b ✈❛r✐❛♥❞♦✳ P♦❞❡♠♦s
♦❜s❡r✈❛r q✉❡ ❡st❡ ♣❛râ♠❡tr♦ ✐♥t❡r❢❡r❡ ♥♦ ✐♥t❡r✈❛❧♦ ❞❛ ✐♠❛❣❡♠ ❞❛ ❢✉♥çã♦✳

❋✐❣✉r❛ ✼✳✷✹

✶✺✷



❆ ✜❣✉r❛ ✼✳✷✺ ♠♦str❛ ❛ ♣❛✉s❛ ❞❛ ❛♥✐♠❛çã♦ ❝♦♠ a ✈❛r✐❛♥❞♦✳ ❈♦♠ ❡st❡ ♣❛râ♠❡tr♦
✈❛r✐❛♥❞♦ ♦❜s❡r✈❛♠♦s ✉♠❛ tr❛♥s❧❛çã♦ ✈❡rt✐❝❛❧ ❞♦ ❣rá✜❝♦ ❞❡ f ✳

❋✐❣✉r❛ ✼✳✷✺

✼✳✷✳✺ ❆t✐✈✐❞❛❞❡ ✶

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ✉s❛r ❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ♣❛r❛ ♠♦❞❡❧❛r ❛ ❢✉♥çã♦ ❞❛❞❛ ♥❛ ❏❛♥❡❧❛ ❞❡
➪❧❣❡❜r❛ ❡ ♣❧♦t❛r s❡✉ ❣rá✜❝♦ ♥❛ ❥❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✳ ❊♠ s❡❣✉✐❞❛ ✈❛♠♦s ✉s❛r ✉♠ ❝♦♥tr♦❧❡
❞❡s❧✐③❛♥t❡ ♣❛r❛ ❢❛③❡r ❝♦♠ q✉❡ ✉♠ ♣♦♥t♦ s❡ ♠♦✈❛ s♦❜r❡ ❛ ❝✉r✈❛ ❝r✐❛❞❛✳

❆♦ ❞❡s❡♥✈♦❧✈❡r ❡st❛ ❛t✐✈✐❞❛❞❡ ♦ ❛❧✉♥♦ t❡rá ❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ ✈❡r ✉♠❛ ❞❛s ❛♣❧✐❝❛çõ❡s
❞❛ ❢✉♥çã♦ s❡♥♦✳

• ❬✶✷❪ ❊♠ ✉♠❛ ♣❡q✉❡♥❛ r♦❞❛✲❣✐❣❛♥t❡✱ ❛ ❛❧t✉r❛ ✭❡♠ ♠❡tr♦s✮ ❡♠ q✉❡ ✉♠ ♣❛ss❛❣❡✐r♦ s❡
❡♥❝♦♥tr❛ ♥♦ ✐♥st❛♥t❡ t✭❡♠ s❡❣✉♥❞♦s✮ é ❞❛❞❛ ♣❡❧❛ ❧❡✐✿

h(t) = 6 + 4 · s❡♥
(

π

12
· t
)
✱ ♣❛r❛ t ∈ [0, 270]

❛✮ ◆♦ ✐♥í❝✐♦ ❞♦ ♣❛ss❡✐♦✱ ❛ q✉❡ ❛❧t✉r❛ s❡ ❡♥❝♦♥tr❛ ♦ ♣❛ss❛❣❡✐r♦❄

❜✮ ❆ q✉❡ ❛❧t✉r❛ s❡ ❡♥❝♦♥tr❛ ♦ ♣❛ss❛❣❡✐r♦ ❛♣ós ✾s ❞♦ ✐♥í❝✐♦❄ ✉s❡
√
2 = 1, 4✳

❝✮ ◗✉❛❧ é ❛ ❛❧t✉r❛ ♠í♥✐♠❛ q✉❡ ❡ss❡ ♣❛ss❛❣❡✐r♦ ❛t✐♥❣❡ ♥♦ ♣❛ss❡✐♦❄

❞✮ ◗✉❛❧ é ❛ ❛❧t✉r❛ ♠á①✐♠❛ q✉❡ ❡ss❡ ♣❛ss❛❣❡✐r♦ ❛t✐♥❣❡ ♥♦ ♣❛ss❡✐♦❄

❡✮ ◗✉❛❧ ♦ t❡♠♣♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ❛ r♦❞❛✲❣✐❣❛♥t❡ ❞❛r ✉♠❛ ✈♦❧t❛ ❝♦♠♣❧❡t❛❄

❢✮ ◗✉❛♥t❛s ✈♦❧t❛s ❝♦♠♣❧❡t❛s ♦❝♦rr❡♠ ♥♦ ♣❛ss❡✐♦❄

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦

✶✳ ◆❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✱ ❞✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✼✳✷✻ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✼✳✷✻

✶✺✸



✷✳ ❉✐❣✐t❡ ✭❛✱❢✭❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r
❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✼✳✷✼

✸✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡✱ s❡❧❡❝✐♦♥❡ Pr♦♣r✐❡❞❛❞❡s
❡ ❢❛ç❛ ❛s ❛❧t❡r❛çõ❡s ❝♦♥❢♦r♠❡ ✜❣✉r❛ ✼✳✷✽✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✼✳✷✽

✼✳✷✳✻ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛♥✐♠❛çã♦ ✶

P❛r❛ ❛♥✐♠❛r ♦ ❛rq✉✐✈♦ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡
❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

◆❛ ♣❛✉s❛ r❡♣r❡s❡♥t❛❞❛ ♥❛ ✜❣✉r❛ ✼✳✷✽ ♦ ❛❧✉♥♦ ♣♦❞❡rá ♦❜s❡r✈❛r q✉❡ ♥♦ ✐♥í❝✐♦ ❞♦ ♣❛ss❡✐♦✱
x = 0✱ ❛ ❛❧t✉r❛ ❞♦ ♣❛ss❛❣❡✐r♦ é ✻ ♠❡tr♦s✳ ❊ ♥❛ ✜❣✉r❛ ✼✳✷✾ ♣♦❞❡✲s❡ ♥♦t❛r q✉❡ ❛♣ós ✾s✱ ❛
❛❧t✉r❛ ❞♦ ♣❛ss❛❣❡✐r♦ é ✽✱✽✸ ♠❡tr♦s✳

❋✐❣✉r❛ ✼✳✷✾

✶✺✹



❋✐❣✉r❛ ✼✳✸✵

❆s ❛❧t✉r❛s ♠á①✐♠❛ ❡ ♠í♥✐♠❛ ♣♦❞❡♠ s❡r ♦❜s❡r✈❛❞❛s ♥❛s ♣❛✉s❛s r❡♣r❡s❡♥t❛❞❛s ♥❛s
✜❣✉r❛s ✼✳✸✶ ❡ ✼✳✸✶✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ s❛❜❡r ✶✵ ♠❡tr♦s ❡ ✷ ♠❡tr♦s✳

❋✐❣✉r❛ ✼✳✸✶

❋✐❣✉r❛ ✼✳✸✷

◆❛ ♣❛✉s❛ r❡♣r❡s❡♥t❛❞❛ ♥❛ ✜❣✉r❛ ✼✳✸✸ ♣♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ❛ r♦❞❛✲❣✐❣❛♥t❡ ❞á ✉♠❛ ✈♦❧t❛
❝♦♠♣❧❡t❛ ❛ ❝❛❞❛ ✷✹ s❡❣✉♥❞♦s✱ ♣♦rt❛♥t♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ♥ú♠❡r♦ ❞❡ ✈♦❧t❛s ❞❡ ❝❛❞❛ ♣❛ss❡✐♦✱

✶✺✺



❜❛st❛ ❞✐✈✐❞✐r ♦ t❡♠♣♦ t♦t❛❧✭✷✻✹ s❡❣✉♥❞♦s✮ ♣♦r ✷✹ s❡❣✉♥❞♦s✱ ♦✉ s❡❥❛✱
264s

24s
= 11 ✈♦❧t❛s✳

❋✐❣✉r❛ ✼✳✸✸

◆ã♦ ❢♦✐ ♣❡❞✐❞♦✱ ♠❛s ❛♦ ♦❜s❡r✈❛r ❛ ❛♥✐♠❛çã♦✱ ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ss❛ ❢✉♥çã♦ ♣♦❞❡
s❡r ❢❛❝✐❧♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦✱ ❛ s❛❜❡r {y ∈ R; 2 ≤ y ≤ 10}✳

✼✳✷✳✼ ❊①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❬✶✷❪ ❉❡t❡r♠✐♥❡ ♦ ♣❡rí♦❞♦ ❡ ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠✱ ❝♦♥str✉✐♥❞♦ ♦ ❣rá✜❝♦ ❞❡ ✉♠ ♣❡rí♦❞♦
❝♦♠♣❧❡t♦ ♣❛r❛ ❝❛❞❛ ❢✉♥çã♦ ❞❛❞❛✳

❛✮ f : R → R t❛❧ q✉❡ f(x) = 2 s❡♥(x)

❜✮ f : R → R t❛❧ q✉❡ f(x) = s❡♥(3x)

❝✮ f : R → R t❛❧ q✉❡ f(x) = 3 + s❡♥(x)

❞✮ f : R → R t❛❧ q✉❡ f(x) = 2 + s❡♥
(
x

2

)

✷✳ ❉❡t❡r♠✐♥❡ ♦ ♣❡rí♦❞♦ ❡ ❛ ✐♠❛❣❡♠ ❞❛ ❢✉♥çã♦ f(x) = s❡♥3x+ s❡♥2x+ s❡♥(x) + 2

✸✳ ✭❋●❱✲❙P✮ ❯♠ s✉♣❡r♠❡r❝❛❞♦ q✉❡ ✜❝❛ ❛❜❡rt♦ ✷✹ ❤♦r❛s ♣♦r ❞✐❛✱ ❢❛③ ❛ ❝♦♥t❛❣❡♠ ❞♦
♥ú♠❡r♦ ❞❡ ❝❧✐❡♥t❡s ♥❛ ❧♦❥❛ ❛ ❝❛❞❛ ✸ ❤♦r❛s✳ ❈♦♠ ❜❛s❡ ♥♦s ❞❛❞♦s ♦❜s❡r✈❛❞♦s✱ ❡st✐♠❛✲s❡
q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❝❧✐❡♥t❡s ♣♦ss❛ s❡r ❝❛❧❝✉❧❛❞♦ ♣❡❧❛ ❢✉♥çã♦ tr✐❣♦♥♦♠étr✐❝❛✱

f(x) = 900− 800 · s❡♥
(

π

12
x

)
✱

♦♥❞❡ f(x) é ♦ ♥ú♠❡r♦ ❞❡ ❝❧✐❡♥t❡s ❡ x✱ ❛ ❤♦r❛ ❞❛ ♦❜s❡r✈❛çã♦ ✭x é ✉♠ ✐♥t❡✐r♦ t❛❧ q✉❡
0 ≤ x ≤ 24✮✳ ❯t✐❧✐③❛♥❞♦ ❡ss❛ ❢✉♥çã♦✱ ❛ ❡st✐♠❛t✐✈❛ ❞❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦ ♥ú♠❡r♦ ♠á①✐♠♦
❡ ♦ ♥ú♠❡r♦ ♠í♥✐♠♦ ❞❡ ❝❧✐❡♥t❡s ❞❡♥tr♦ ❞♦ s✉♣❡r♠❡r❝❛❞♦✱ ❡♠ ✉♠ ❞✐❛ ❝♦♠♣❧❡t♦✱ é ✐❣✉❛❧
❛✿

❛✮ ✻✵✵ ❜✮ ✽✵✵ ❝✮ ✾✵✵ ❞✮ ✶✺✵✵ ❡✮ ✶✻✵✵

✶✺✻



✹✳ ✭❱❯◆❊❙P✮ ❯♠❛ ❡q✉✐♣❡ ❞❡ ❛❣rô♥♦♠♦s ❝♦❧❡t♦✉ ❞❛❞♦s ❞❛ t❡♠♣❡r❛t✉r❛ ✭❡♠ ♦C✮ ❞♦ s♦❧♦
❡♠ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ r❡❣✐ã♦✱ ❞✉r❛♥t❡ três ❞✐❛s✱ ❛ ✐♥t❡r✈❛❧♦s ❞❡ ✶ ❤♦r❛✳ ❆ ♠❡❞✐çã♦ ❞❛
t❡♠♣❡r❛t✉r❛ ❝♦♠❡ç♦✉ ❛ s❡r ❢❡✐t❛ às três ❞❛ ♠❛♥❤ã ❞♦ ♣r✐♠❡✐r♦ ❞✐❛ ✭t❂✵✮ ❡ t❡r♠✐♥♦✉
✼✷ ❤♦r❛s ❞❡♣♦✐s ✭t❂✼✷✮✳ ❖s ❞❛❞♦s ♣✉❞❡r❛♠ s❡r ❛♣r♦①✐♠❛❞♦s ♣❡❧❛ ❢✉♥çã♦

H(t) = 15 + 5 · s❡♥
(

π

12
t+

3π

2

)
✱

❡♠ q✉❡ t ✐♥❞✐❝❛ ♦ t❡♠♣♦ ✭❡♠ ❤♦r❛s✮ ❞❡❝♦rr✐❞♦ ❛♣ós ♦ ✐♥í❝✐♦ ❞❛ ♦❜s❡r✈❛çã♦ ❡ H(t) à
t❡♠♣❡r❛t✉r❛ ✭❡♠ ♦C✮ ♥♦ ✐♥st❛♥t❡ t✳

❛✮ ❘❡s♦❧✈❛ ❛ ❡q✉❛çã♦ s❡♥
(

π

12
t+

3π

2

)
= 1✱♣❛r❛ t ∈ [0, 24]✳

❜✮ ❉❡t❡r♠✐♥❡ ❛ t❡♠♣❡r❛t✉r❛ ♠á①✐♠❛ ❛t✐♥❣✐❞❛ ❡ ♦ ❤♦rár✐♦ ❡♠ q✉❡ ❡ss❛ t❡♠♣❡r❛t✉r❛
♦❝♦rr❡✉ ♥♦ ♣r✐♠❡✐r♦ ❞✐❛ ❞❡ ♦❜s❡r✈❛çã♦✳

✺✳ ✭❱❯◆❊❙P✮ ❉♦ s♦❧♦✱ ✈♦❝ê ♦❜s❡r✈❛ ✉♠ ❛♠✐❣♦ ♥✉♠❛ r♦❞❛✲❣✐❣❛♥t❡✳ ❆ ❛❧t✉r❛ h✱ ❡♠ ♠❡tr♦s✱
❞❡ s❡✉ ❛♠✐❣♦ ❡♠ r❡❧❛çã♦ ❛♦ s♦❧♦ é ❞❛❞❛ ♣❡❧❛ ❡①♣r❡ssã♦

h(t) = 11, 5 + 10 s❡♥
[
π

12
(t− 26)

]
✱

♦♥❞❡ ♦ t❡♠♣♦ t é ❞❛❞♦ ❡♠ s❡❣✉♥❞♦s ❡ ❛ ♠❡❞✐❞❛ ❛♥❣✉❧❛r ❡♠ r❛❞✐❛♥♦s✳

❛✮ ❉❡t❡r♠✐♥❡ ❛ ❛❧t✉r❛ ❡♠ q✉❡ s❡✉ ❛♠✐❣♦ ❡st❛✈❛ q✉❛♥❞♦ ❛ r♦❞❛ ❝♦♠❡ç♦✉ ❛ ❣✐r❛r ✭t = 0✮✳

❜✮ ❉❡t❡r♠✐♥❡ ❛s ❛❧t✉r❛s ♠í♥✐♠❛ ❡ ♠á①✐♠❛ q✉❡ s❡✉ ❛♠✐❣♦ ❛❧❝❛♥ç❛ ❡ ♦ t❡♠♣♦ ❣❛st♦ ❡♠
✉♠❛ ✈♦❧t❛ ❝♦♠♣❧❡t❛ ✭♣❡rí♦❞♦✮✳

✼✳✷✳✽ ❘❡s♣♦st❛s ❞♦s ❡①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❛✮ ♣❡rí♦❞♦✿ 2π❀ ■♠❛❣❡♠✿ {y ∈ R;−2 ≤ y ≤ 2}
❜✮ ♣❡rí♦❞♦✿ 2π

3
❀ ■♠❛❣❡♠✿ {y ∈ R;−1 ≤ y ≤ 1}

❝✮ ♣❡rí♦❞♦✿ 2π❀ ■♠❛❣❡♠✿ {y ∈ R; 2 ≤ y ≤ 4}
❞✮ ♣❡rí♦❞♦✿ 4π❀ ■♠❛❣❡♠✿ {y ∈ R; 1 ≤ y ≤ 3}

✷✳ ♣❡rí♦❞♦✿ 2π❀ ■♠❛❣❡♠✿ {y ∈ R; 1 ≤ y ≤ 5}

✸✳ ❡

✹✳ ❛✮ t = 12 ❜✮ ✷✵♦❈ às ✶✺✿✵✵

✺✳ ❛✮ ✻✱✺ ♠❡tr♦s ❜✮ ▼á①✐♠❛✿ ✷✶✱✺ ♠❡tr♦s❀ ♠í♥✐♠❛✿ ✶✱✺ ♠❡tr♦s❀ ♣❡rí♦❞♦✿ ✷✹ s❡❣✉♥❞♦s

✶✺✼



✼✳✸ ❋✉♥çã♦ ❝♦ss❡♥♦

❉❛❞♦ ✉♠ ♥ú♠❡r♦ r❡❛❧ x✱ s❡❥❛ P s✉❛ ✐♠❛❣❡♠ ♥♦ ❝✐❝❧♦✳ ❉❡♥♦♠✐♥❛♠♦s ❝♦ss❡♥♦ ❞❡ x ✭❡
✐♥❞✐❝❛♠♦s cos(x)✮ ❛ ❛❜s❝✐ss❛ OP2 ❞♦ ♣♦♥t♦ P ❡♠ r❡❧❛çã♦ ❛♦ s✐st❡♠❛ uOv✳ ❉❡♥♦♠✐♥❛♠♦s
❢✉♥çã♦ ❝♦ss❡♥♦ ❛ ❢✉♥çã♦ f : R → R q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ r❡❛❧ x ♦ r❡❛❧ OP2 = cos(x)✱ ✐st♦ é✿

f(x) = cos(x)

❋✐❣✉r❛ ✼✳✸✹

❊①❡♠♣❧♦s✿

• f(x) = cos(x)❀ f(x) = cos(2x)❀ f(x) = cos(x+ 3)❀

✼✳✸✳✶ Pr♦♣r✐❡❞❛❞❡s ❞❛ ❢✉♥çã♦ ❝♦ss❡♥♦

• ❖ s✐♥❛❧ ❞❛ ❢✉♥çã♦ f(x) = cos(x) é ♣♦s✐t✐✈♦ q✉❛♥❞♦ x ♣❡rt❡♥❝❡ ❛♦ ✶♦ ❡ ✹♦ q✉❛❞r❛♥t❡s❀
❡ é ♥❡❣❛t✐✈♦ q✉❛♥❞♦ x ♣❡rt❡♥❝❡ ❛♦ ✷♦ ❡ ✸♦ q✉❛❞r❛♥t❡s✳

• ◆♦ ✶♦ ❡ ✷♦ q✉❛❞r❛♥t❡s✱ ❛ ❢✉♥çã♦ f é ❞❡❝r❡s❝❡♥t❡✱ ♣♦✐s✱ à ♠❡❞✐❞❛ q✉❡ x ❛✉♠❡♥t❛✱ ♦s
✈❛❧♦r❡s ❞❡ f(x) = cos(x) ❞✐♠✐♥✉❡♠ ❞❡ ✶ ✭✈❛❧♦r ♠á①✐♠♦✮ ❛té ✲✶ ✭✈❛❧♦r ♠í♥✐♠♦✮✳ ◆♦ ✸♦

❡ ✹♦ q✉❛❞r❛♥t❡s✱ f é ❝r❡s❝❡♥t❡✱ ♣♦✐s ❛ ♠❡❞✐❞❛ q✉❡ x ❛✉♠❡♥t❛✱ ♦s ✈❛❧♦r❡s f(x) = cos(x)
❛✉♠❡♥t❛♠ ❞❡ ✲✶ ❛té ✶✳

• ❆ ❢✉♥çã♦ ❝♦ss❡♥♦ é ♣❡r✐ó❞✐❝❛✱ ❡ s❡✉ ♣❡rí♦❞♦ é 2π✳

• ❖ ❞♦♠í♥✐♦ ❞❡ f é ♦ ❝♦♥❥✉♥t♦ {x ∈ R;−∞ < x < +∞}✳

• ❖ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ f é ♦ ✐♥t❡r✈❛❧♦ ❬✲✶✱ ✶❪✳

• f é ✉♠❛ ❢✉♥çã♦ ♣❛r✱ ♣♦✐s s❡ x é ✉♠ ♥ú♠❡r♦ r❡❛❧✱ t❡♠♦s f(−x) = f(x)✳

✶✺✽



✼✳✸✳✷ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ ❝♦ss❡♥♦

❖ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❝♦ss❡♥♦ ❛ss✉♠❡ ♦ ❢♦r♠❛t♦ ❛❜❛✐①♦✳ ❊st❛ ❝✉r✈❛ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡
❝♦ss❡♥♦✐❞❡ ❡ ♣❛r❛ ❡s❜♦çá✲❧❛ s❡♠ ♦ ❛✉①í❧✐♦ ❞❡ ✉♠ s♦❢t✇❛r❡ é ♥❡❝❡ssár✐♦ ✉t✐❧✐③❛r ❛s ♣r♦♣r✐❡❞❛❞❡s
❝✐t❛❞❛s ❛❝✐♠❛ ❡ ❝♦♥❤❡❝❡r ❞❡ ❛♥t❡♠ã♦ ❛❧❣✉♥s ✈❛❧♦r❡s ♥♦tá✈❡✐s ❞❡ x✳

❋✐❣✉r❛ ✼✳✸✺

✼✳✸✳✸ P❛r❛ ♦ ♣r♦❢❡ss♦r

❱❛♠♦s ❝r✐❛r ✉♠ ❛rq✉✐✈♦ ♣❛r❛ ❡♥t❡♥❞❡r♠♦s ❝♦♠♦ é ❝♦♥str✉í❞♦ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦
❝♦ss❡♥♦✳ P❛r❛ ✐ss♦ ✈❛♠♦s ❝♦♥str✉✐r ✉♠ ❝ír❝✉❧♦ ❞❡ r❛✐♦ ✉♥✐tár✐♦ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳
❱❛♠♦s ♠❛r❝❛r ✉♠ ♣♦♥t♦ s♦❜r❡ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ❢♦r♠❛ q✉❡✱ ❛ ♠❡❞✐❞❛ q✉❡ ❡❧❡ s❡ ♠♦✈❛ ❛
❢✉♥çã♦ ❝♦ss❡♥♦ s❡❥❛ ❝♦♥str✉í❞❛ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ✷✳

✶✳ ❆♥t❡s ❞❡ ✐♥✐❝✐❛r ❛ ❝♦♥str✉çã♦ ♦❝✉❧t❡ ❛ ♠❛❧❤❛✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡
s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s✱ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡
❛ ✜❣✉r❛ ✼✳✸✻✳

❋✐❣✉r❛ ✼✳✸✻

✷✳ ❉✐❣✐t❡ ❝ír❝✉❧♦❬✭✵✱ ✵✮✱✶❪ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❖ ❛rq✉✐✈♦ r❡♣r❡s❡♥t❛❞♦
♥❛ ✜❣✉r❛ ✼✳✸✽ s❡rá ❣❡r❛❞♦✳ P♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ ♦ ❝ír❝✉❧♦ ♣♦ss✉✐ r❛✐♦ ✶ ❡ ❡stá ❝❡♥tr❛❞♦
♥❛ ♦r✐❣❡♠✳

❋✐❣✉r❛ ✼✳✸✼

✶✺✾



❋✐❣✉r❛ ✼✳✸✽

✸✳ ❙❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ P♦♥t♦ ♥❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s ❡ ♠❛rq✉❡ ♦s ♣♦♥t♦s A✱ B ❡ C
s♦❜r❡ ♦ ❝ír❝✉❧♦ ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ❛ ✜❣✉r❛ ✼✳✸✾✳

❋✐❣✉r❛ ✼✳✸✾

✹✳ ❉✐❣✐t❡ ✭①✭❆✮✱✵✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✼✳✹✵

✺✳ ◆❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✱ s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ❆r❝♦ ❈✐r❝✉❧❛r✱ ✜❣✉r❛ ✼✳✹✶ ✭❧❛❞♦ ❡s✲
q✉❡r❞♦✮✱ ❡ ❝❧✐q✉❡ s♦❜r❡ ♦s ♣♦♥t♦s C✱ B ❡ A✱ ♥❡st❛ ♦r❞❡♠✳

✻✳ ◆❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✱ s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ❙❡❣♠❡♥t♦✱ ✜❣✉r❛ ✼✳✹✶ ✭❧❛❞♦ ❞✐r❡✐t♦✮✳
❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ s♦❜r❡ ♦ ♣♦♥t♦ C✱ s♦❜r❡ ♦ ♣♦♥t♦ D ❡ ♣r❡ss✐♦♥❡ ❡s❝✳ ❈❧✐q✉❡ C ❡ s♦❜r❡
♦ ♣♦♥t♦ A✳

✶✻✵



❋✐❣✉r❛ ✼✳✹✶

❆♣ós ❡ss❡s ♣❛ss♦s ♦ ❛rq✉✐✈♦ ❡st❛rá ❝♦♥❢♦r♠❡ r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✼✳✹✷✱ ♥❡ss❡
♠♦♠❡♥t♦ é ✐♥t❡r❡ss❛♥t❡ ❛❧t❡r❛r ❛s ❝♦r❡s ❞♦ s❡❣♠❡♥t♦ CD = a ❡ ❞♦ ❛r❝♦ ÂB = d✱
✉s❛♥❞♦ ❛ ♠❡s♠❛ ❝♦r ♣❛r❛ ❛♠❜♦s✳

❋✐❣✉r❛ ✼✳✹✷

✼✳ ◆❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✱ s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ➶♥❣✉❧♦ ❡ ❝❧✐q✉❡ s♦❜r❡ ♦s ♣♦♥t♦s B✱ C
❡ A✱ ♥❡st❛ ♦r❞❡♠✳

✶✻✶



❋✐❣✉r❛ ✼✳✹✸

✽✳ ◆♦ ▼❡♥✉ Pr✐♥❝✐♣❛❧ ❝❧✐q✉❡ ❡♠ ❊①✐❜✐r ❡ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ✷✳

❋✐❣✉r❛ ✼✳✹✹

✾✳ ◆❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ✷ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s✱
s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✼✳✹✺✳

❋✐❣✉r❛ ✼✳✹✺

✶✵✳ ❉✐❣✐t❡❊❂✭❞✱①✭❉✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❞✐❣✐t❡ ❋❂✭❞✱✵✮
♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✼✳✹✻

✶✻✷



✶✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ❝❛❞❛ ✉♠ ❞♦s ♣♦♥t♦s E ❡ F ❡ s❡❧❡❝✐♦♥❡
❤❛❜✐❧✐t❛r r❛str♦✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ♣♦♥t♦ A ❡
s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❋✐❣✉r❛ ✼✳✹✼

❖ ❛rq✉✐✈♦ ❝r✐❛❞♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✼✳✹✽✳

❋✐❣✉r❛ ✼✳✹✽✿ ❆rq✉✐✈♦ ✜♥❛❧

P❛r❛ ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❢✉♥çã♦ f(x) = a + b cos(cx) r❡❝♦♠❡♥❞❛♠♦s q✉❡ ♦
❧❡✐t♦r ❝r✐❡ ✉♠ ❛rq✉✐✈♦ s❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ✜③❡♠♦s ♣❛r❛ ❛ ❢✉♥çã♦ s❡♥♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳

✼✳✸✳✹ ❆t✐✈✐❞❛❞❡ ✷

◆❡st❛ ❛t✐✈✐❞❛❞❡ ✈❛♠♦s ❛❧t❡r❛r ❛ ❡s❝❛❧❛ ❞♦s ❡✐①♦s✱ x ❡ y✱ ❡ ✉s❛r ❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ♣❛r❛
♠♦❞❡❧❛r ❛ ❢✉♥çã♦ ❞❛❞❛ ♥❛ ❏❛♥❡❧❛ ❞❡ ➪❧❣❡❜r❛ ❡ ♣❧♦t❛r s❡✉ ❣rá✜❝♦ ♥❛ ❥❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦✳
❊♠ s❡❣✉✐❞❛ ✈❛♠♦s ✉s❛r ✉♠ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ♣❛r❛ ❢❛③❡r ❝♦♠ q✉❡ ✉♠ ♣♦♥t♦ s❡ ♠♦✈❛ s♦❜r❡
❛ ❝✉r✈❛ ❝r✐❛❞❛✳

• ❬✶✷❪ ❯♠ ❛rt✐❣♦ ♣✉❜❧✐❝❛❞♦ ❡♠ ✉♠ ❝❛❞❡r♥♦ ❞❡ ❡❝♦♥♦♠✐❛ ♣r❡✈ê q✉❡ ❛s ❡①♣♦rt❛çõ❡s ❞❡ ✉♠
❝❡rt♦ ♣❛ís ✭❡♠ ♠✐❧❤õ❡s ❞❡ ❞ó❧❛r❡s✮✱ ♥♦ ❛♥♦ ❞❡ 2010+x✱ ❡♠ q✉❡ x ∈ {0, 1, 2, · · · , 19, 20⑥✱
s❡rã♦ ❞❛❞❛s ♣❡❧❛ s❡❣✉✐♥t❡ ❧❡✐ f(x) = 400 + 18 · cos

(
π

3
x

)
✳ ❙✉♣♦♥❞♦ q✉❡ ✐ss♦ r❡❛❧♠❡♥t❡

♦❝♦rr❛✱ ❞❡t❡r♠✐♥❡✿

❛✮ ♦ ✈❛❧♦r ❞❛s ❡①♣♦rt❛çõ❡s ❞❡ss❡ ♣❛ís ♥♦s ❛♥♦s ❞❡ ✷✵✶✵✱ ✷✵✶✺✱ ❡ ✷✵✷✵✱ ❡♠ ♠✐❧❤õ❡s ❞❡
❞ó❧❛r❡s❀

❜✮ q✉❛♥t❛s ✈❡③❡s✱ ❡♥tr❡ ✷✵✶✵ ❡ ✷✵✸✵✱ f ❛t✐♥❣✐rá s❡✉ ✈❛❧♦r ♠í♥✐♠♦ ❡ q✉❛❧ é ❡ss❡ ✈❛❧♦r❄

❈r✐❛♥❞♦ ♦ ❛rq✉✐✈♦

✶✻✸



✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s✱ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐✲
③❛çã♦ ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✼✳✹✾✳

❋✐❣✉r❛ ✼✳✹✾

❋✐❣✉r❛ ✼✳✺✵

✷✳ ◆❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛✱ ❞✐❣✐t❡ ♦ t❡①t♦ q✉❡ ❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✼✳✺✶✱ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✼✳✺✶

✸✳ ❉✐❣✐t❡ ✭❛✱❢✭❛✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛✱ ❝❧✐q✉❡ ❡♠ ❈r✐❛r
❈♦♥tr♦❧❡s ❉❡s❧✐③❛♥t❡s✳

❋✐❣✉r❛ ✼✳✺✷

✹✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡ ❝r✐❛❞♦✱ s❡❧❡❝✐♦♥❡ Pr♦✲
♣r✐❡❞❛❞❡s ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ✜❣✉r❛ ✼✳✺✸✳

✶✻✹



❋✐❣✉r❛ ✼✳✺✸

✼✳✸✳✺ ❘❡s♦❧✉çã♦ ❡ ❛♥á❧✐s❡ ❞❛ ❛t✐✈✐❞❛❞❡ ✷

P❛r❛ ❛♥✐♠❛r ♦ ❛rq✉✐✈♦✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ❝♦♥tr♦❧❡ ❞❡s❧✐③❛♥t❡
❡ s❡❧❡❝✐♦♥❡ ❆♥✐♠❛r✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❡♥✉♥❝✐❛❞♦ ❞❛ ❛t✐✈✐❞❛❞❡ ♦s ✈❛❧♦r❡s ❞❡✱ x = 0, 1, 2, · · · , 20✱ ❝♦rr❡s♣♦♥❞❡♠
r❡s♣❡❝t✐✈❛♠❡♥t❡ ❛♦s ❛♥♦s ❞❡ 2010, 2011, 2012, · · · , 2030✳

◆❛s ♣❛✉s❛s r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛s ✜❣✉r❛s ✼✳✺✹✱ ✼✳✺✺ ❡ ✼✳✺✻ ♦ ❛❧✉♥♦ ♣♦❞❡rá ♦❜s❡r✈❛r q✉❡
♦s ✈❛❧♦r❡s ❞❛s ❡①♣♦rt❛çõ❡s ❡♠ ✷✵✶✵✱ ✷✵✶✺ ❡ ✷✵✷✵ sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✹✶✽✱ ✹✵✾ ❡ ✸✾✶ ♠✐❧❤õ❡s
❞❡ ❞ó❧❛r❡s✳

❋✐❣✉r❛ ✼✳✺✹

✶✻✺



❋✐❣✉r❛ ✼✳✺✺

❉✉r❛♥t❡ ❛ ❛♥✐♠❛çã♦ ♦ ❛❧✉♥♦ ♦❜s❡r✈❛rá q✉❡ ❡♥tr❡ ✷✵✶✵ ❡ ✷✵✸✵ ♦ ✈❛❧♦r ♠í♥✐♠♦ ✭✸✽✷
♠✐❧❤õ❡s✮ ❢♦✐ ❛t✐♥❣✐❞♦ ❡♠ ✷✵✶✸✱ ✜❣✉r❛ ✼✳✺✻✳ ❊ ❡ss❡ ✈❛❧♦r s❡rá ❛t✐♥❣✐❞♦ ♥♦✈❛♠❡♥t❡ ❡♠ ✷✵✶✾ ❡
❡♠ ✷✵✷✺✱ ♦✉ s❡❥❛✱ três ✈❡③❡s✳

❋✐❣✉r❛ ✼✳✺✻

❊♠❜♦r❛ ♦ ❡①❡r❝í❝✐♦ ♥ã♦ t❡♥❤❛ ♣❡❞✐❞♦✱ ❛♦ ♦❜s❡r✈❛r ♦ ❣rá✜❝♦ ❡ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞♦ ♣r♦❢❡ss♦r
♦ ❛❧✉♥♦ ❞❡✈❡rá s❡r ❝❛♣❛③ ❞❡ ❡①♣r❡ss❛r ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ss❛ ❢✉♥çã♦✱
❛ s❛❜❡r {y ∈ R; 382 ≤ y ≤ 418}✳

✼✳✸✳✻ ❊①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❬✶✷❪ ❉❡t❡r♠✐♥❡ ♦ ♣❡rí♦❞♦ ❡ ♦ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠✱ ❝♦♥str✉✐♥❞♦ ♦ ❣rá✜❝♦ ❞❡ ✉♠ ♣❡rí♦❞♦
❝♦♠♣❧❡t♦ ♣❛r❛ ❝❛❞❛ ❢✉♥çã♦ ❞❛❞❛✿

❛✮ f : R → R t❛❧ q✉❡ f(x) = −3 cos(x)

✶✻✻



❜✮ f : R → R t❛❧ q✉❡ f(x) = cos(5x)

❝✮ f : R → R t❛❧ q✉❡ f(x) = 2− cos(x)

❞✮ f : R → R t❛❧ q✉❡ f(x) = −7 + cos

(
x

2

)

✷✳ ❉❡t❡r♠✐♥❡ ♦ ♣❡rí♦❞♦ ❡ ❛ ✐♠❛❣❡♠ ❞❛ ❢✉♥çã♦ f(x) = −4 cos4 x+ 2 cos2 x+ 2

✸✳ ❬✶✷❪ ❙❡❥❛ f : R → R ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣♦r f(x) = s❡♥(2x) · cos(2x)✳
❛✮ ❉❡t❡r♠✐♥❡ ♦ ❞♦♠í♥✐♦✱ ❛ ✐♠❛❣❡♠ ❡ ♦ ♣❡rí♦❞♦ ❞❡ f ✳

❜✮ ❖❜t❡♥❤❛ ♦ ✈❛❧♦r ❞❡ f

(
π

24

)
✳

❝✮ ❋❛ç❛ ♦ ❣rá✜❝♦ ❞❡ ✉♠ ♣❡rí♦❞♦ ❞❡ f ✳

✹✳ ✭❯◆❊❙P✮ ❆ ✜❣✉r❛ ❛❜❛✐①♦ ♠♦str❛ ❛ ór❜✐t❛ ❡❧í♣t✐❝❛ ❞❡ ✉♠ s❛té❧✐t❡ ❙ ❡♠ t♦r♥♦ ❞♦ ♣❧❛♥❡t❛
❚❡rr❛✳ ◆❛ ❡❧✐♣s❡ ❡stã♦ ❛ss✐♥❛❧❛❞♦s ❞♦✐s ♣♦♥t♦s✿ ♦ ♣♦♥t♦ ❆ ✭❛♣♦❣❡✉✮✱ q✉❡ é ♦ ♣♦♥t♦
♠❛✐s ❛❢❛st❛❞♦ ❞♦ ❝❡♥tr♦ ❞❛ ❚❡rr❛✱ ❡ ♦ ♣♦♥t♦ P ✭♣❡r✐❣❡✉✮✱ q✉❡ é ♦ ♣♦♥t♦ ❞❛ ór❜✐t❛ ♠❛✐s
♣ró①✐♠❛ ❞♦ ❝❡♥tr♦ ❞❛ ❚❡rr❛✳ ❖ ♣♦♥t♦ ❖ ✐♥❞✐❝❛ ♦ ❝❡♥tr♦ ❞❛ ❚❡rr❛ ❡ ♦ â♥❣✉❧♦ PÔS t❡♠
♠❡❞✐❞❛ α✱ ❝♦♠ 0♦ ≤ α ≤ 360♦✳

❋✐❣✉r❛ ✼✳✺✼

❆ ❛❧t✉r❛ H✱ ❡♠ q✉✐❧ô♠❡tr♦s✱ ❞♦ s❛té❧✐t❡ à s✉♣❡r❢í❝✐❡ ❞❛ ❚❡rr❛✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ â♥❣✉❧♦
é ❞❛❞❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♣❡❧❛ ❢✉♥çã♦✿

H =

(
− 64 +

7980

100 + 5 cosα

)
· 102✳

❉❡t❡r♠✐♥❡✿

❛✮ ❆ ❛❧t✉r❛ H ❞♦ s❛té❧✐t❡ q✉❛♥❞♦ ❡st❡ s❡ ❡♥❝♦♥tr❛ ♥♦ ♣❡r✐❣❡✉ ❡ t❛♠❜é♠ q✉❛♥❞♦ s❡
❡♥❝♦♥tr❛ ♥♦ ❛♣♦❣❡✉✳

❜✮ ❖s ✈❛❧♦r❡s ❞❡ α q✉❛♥❞♦ ❛ ❛❧t✉r❛ H ❞♦ s❛té❧✐t❡ é ❞❡ ✶✳✺✽✵ ❦♠✳

✶✻✼



✺✳ ✭❯◆❊❙P✮ ❆ t❡♠♣❡r❛t✉r❛✱ ❡♠ ✭♦C✮✱ ❞❡ ✉♠❛ ❝â♠❛r❛ ❢r✐❣♦rí✜❝❛✱ ❞✉r❛♥t❡ ✉♠ ❞✐❛ ❝♦♠✲
♣❧❡t♦✱ ❞❡ ✵ ❤♦r❛ às ✷✹ ❤♦r❛s✱ é ❞❛❞❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♣❡❧❛ ❢✉♥çã♦✿

f(t) = cos

(
π

12
t

)
− cos

(
π

6
t

)
✱ 0 ≤ t ≤ 24✱ ❝♦♠ t ❡♠ ❤♦r❛s✳

❉❡t❡r♠✐♥❡✿

❛✮ ❛ t❡♠♣❡r❛t✉r❛ ❞❛ ❝â♠❛r❛ às ✷ ❤♦r❛s ❡ às ✾ ❤♦r❛s ✭✉s❡ ❛s ❛♣r♦①✐♠❛çõ❡s
√
2 = 1, 4 ❡√

3 = 1, 7✮✳

❜✮ ❡♠ q✉❛✐s ❤♦rár✐♦s ❞♦ ❞✐❛ ❛ t❡♠♣❡r❛t✉r❛ ❛t✐♥❣✐✉ 0♦C✳

✼✳✸✳✼ ❘❡s♣♦st❛s ❞♦s ❡①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❛✮ ♣❡rí♦❞♦✿ 2π❀ ■♠❛❣❡♠✿ {y ∈ R;−3 ≤ y ≤ 3}
❜✮ ♣❡rí♦❞♦✿ 2π

5
❀ ■♠❛❣❡♠✿ {y ∈ R;−1 ≤ y ≤ 1}

❝✮ ♣❡rí♦❞♦✿ 2π❀ ■♠❛❣❡♠✿ {y ∈ R; 1 ≤ y ≤ 3}
❞✮ ♣❡rí♦❞♦✿ 4π❀ ■♠❛❣❡♠✿ {y ∈ R;−8 ≤ y ≤ −6}

✷✳ ♣❡rí♦❞♦✿ π❀ ■♠❛❣❡♠✿ {y ∈ R; 0 ≤ y ≤ 2, 25}

✸✳ ❛✮ ❉♦♠í♥✐♦✿ {x ∈ R;−∞ < x < +∞}❀ ✐♠❛❣❡♠✿ {y ∈ R;−0, 5 ≤ y ≤ 0, 5}❀ ♣❡rí♦❞♦✿ π
2

❜✮ f
(

π

24

)
= 0, 25 ❝✮ ❆ ❝❛r❣♦ ❞♦ ❧❡✐t♦r

✹✳ ❛✮ P❡r✐❣❡✉✿ ✶✷✵✵ ♠❡tr♦s❀ ❆♣♦❣❡✉✿ ✷✵✵✵ ♠❡tr♦s ❜✮ α1 =
π
2
❡ α2 =

3π
2

✺✳ ❛✮ às ✷ ❤♦r❛s ✭✵✱✸✼♦❈✮❀ às ✾ ❤♦r❛s ✭✲✵✱✼✶♦❈✮ ❜✮ às ✵✱ ✽✱ ✶✻ ❡ ✷✹ ❤♦r❛s✳

✶✻✽



✼✳✹ ❋✉♥çã♦ t❛♥❣❡♥t❡

❉❛❞♦ ✉♠ ♥ú♠❡r♦ r❡❛❧ x✱ x 6= π

2
+ kπ✱ s❡❥❛ P s✉❛ ✐♠❛❣❡♠ ♥♦ ❝✐❝❧♦✳ ❈♦♥s✐❞❡r❡♠♦s ❛

r❡t❛ OP ❡ s❡❥❛ T s✉❛ ✐♥t❡rs❡çã♦ ❝♦♠ ♦ ❡✐①♦ ❞❛s t❛♥❣❡♥t❡s✳ ❉❡♥♦♠✐♥❛♠♦s t❛♥❣❡♥t❡ ❞❡ x ✭❡
✐♥❞✐❝❛♠♦s t❣(x)✮ ❛ ♠❡❞✐❞❛ ❛❧❣é❜r✐❝❛ ❞♦ s❡❣♠❡♥t♦ AT ✳

❉❡♥♦♠✐♥❛♠♦s ❢✉♥çã♦ t❛♥❣❡♥t❡ ❛ ❢✉♥çã♦ f : D → R q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ r❡❛❧ x ∈ D ❝♦♠
x 6= π

2
+ kπ✱ ♦ r❡❛❧ AT = t❣x✱ ✐st♦ é✱ f(x) = t❣(x)✳

◆♦t❡♠♦s q✉❡✱ ♣❛r❛ x =
π

2
+ kπ✱ P ❡stá ❡♠ B ♦✉ ❇✬ ❡✱ ❡♥tã♦✱ ❛ r❡t❛ OP ✜❝❛ ♣❛r❛❧❡❧❛

❛♦ ❡✐①♦ ❞❛s t❛♥❣❡♥t❡s✳ ❈♦♠♦ ♥❡st❡ ❝❛s♦ ♥ã♦ ❡①✐st❡ ♦ ♣♦♥t♦ T ✱ ❛ t❣(x) ♥ã♦ é ❞❡✜♥✐❞❛✳

❋✐❣✉r❛ ✼✳✺✽

❊①❡♠♣❧♦s✿
f(x) = t❣(x)✱ f(x) = t❣(2x)✱ f(x) = t❣(x+ 3)

✼✳✹✳✶ Pr♦♣r✐❡❞❛❞❡s ❞❛ ❢✉♥çã♦ t❛♥❣❡♥t❡

• ❆ ❢✉♥çã♦ f ❞❡✜♥✐❞❛ ♣♦r f(x) = t❣(x) é ❝r❡s❝❡♥t❡ ❡♠ t♦❞♦ s❡✉ ❞♦♠í♥✐♦✳

• ❖ s✐♥❛❧ ❞❛ ❢✉♥çã♦ t❛♥❣❡♥t❡ é ♣♦s✐t✐✈♦ ♥♦s ✶♦ ❡ ✸♦ q✉❛❞r❛♥t❡s✱ ❡ é ♥❡❣❛t✐✈♦ ♥♦s ✷♦ ❡ ✹♦

q✉❛❞r❛♥t❡s✳

• ❆ ❢✉♥çã♦ t❛♥❣❡♥t❡ é ♣❡r✐ó❞✐❝❛✱ ❡ s❡✉ ♣❡rí♦❞♦ é π✳

• ❖ ❞♦♠í♥✐♦ ❞❡ f é {x ∈ R; x 6= π
2
+ kπ; k ∈ Z}✳

• ❖ ❝♦♥❥✉♥t♦ ✐♠❛❣❡♠ ❞❡ f é ④y ∈ R;−∞ < y < +∞⑥✳

• f é í♠♣❛r ♥♦ ✐♥t❡r✈❛❧♦
(

− π

2
,
π

2

)
✱ ♣♦✐s t❣(−x) =

s❡♥(−x)

cos(−x)
=

− s❡♥(x)
cos(x)

= − t❣(x)✱

❧♦❣♦ s❡ x ∈
(
− π

2
, 0

)
❡♥tã♦ −x ∈

(
0,

π

2

)
✳

✶✻✾



✼✳✹✳✷ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ t❛♥❣❡♥t❡

❖ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ t❛♥❣❡♥t❡ ❛ss✉♠❡ ♦ ❢♦r♠❛t♦ ❛❜❛✐①♦✱ ❡st❛ ❝✉r✈❛ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡
t❛♥❣❡♥t♦✐❞❡ ❡ ♣❛r❛ ❡s❜♦çá✲❧❛ s❡♠ ♦ ❛✉①í❧✐♦ ❞❡ ✉♠ s♦❢t✇❛r❡ é ♥❡❝❡ssár✐♦ ✉t✐❧✐③❛r ❛s ♣r♦♣r✐❡❞❛❞❡s
❝✐t❛❞❛s ❛❝✐♠❛ ❡ ❝♦♥❤❡❝❡r ❞❡ ❛♥t❡♠ã♦ ❛❧❣✉♥s ✈❛❧♦r❡s ♥♦tá✈❡✐s ❞❡ x✳

❋✐❣✉r❛ ✼✳✺✾

✼✳✹✳✸ P❛r❛ ♦ ♣r♦❢❡ss♦r

❱❛♠♦s ❝r✐❛r ✉♠ ❛rq✉✐✈♦ ♣❛r❛ ❡♥t❡♥❞❡r♠♦s ❝♦♠♦ é ❝♦♥str✉í❞♦ ♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦
t❛♥❣❡♥t❡✳ P❛r❛ ✐ss♦ ✈❛♠♦s ❝♦♥str✉✐r ✉♠ ❝ír❝✉❧♦ ❞❡ r❛✐♦ ✉♥✐tár✐♦ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✳
❱❛♠♦s ♠❛r❝❛r ✉♠ ♣♦♥t♦ s♦❜r❡ ❛ ❝✐r❝✉♥❢❡rê♥❝✐❛ ❞❡ ❢♦r♠❛ q✉❡✱ ❛ ♠❡❞✐❞❛ q✉❡ ❡❧❡ s❡ ♠♦✈❛ ❛
❢✉♥çã♦ t❛♥❣❡♥t❡ s❡❥❛ ❝♦♥str✉í❞❛ ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ✷✳

✶✳ ❆♥t❡s ❞❡ ❝♦♠❡ç❛r ❛ ❝r✐❛r ♦ ❛rq✉✐✈♦✱ ♦❝✉❧t❡ ❛ ♠❛❧❤❛✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦
❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s✱ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ❡ ❢❛ç❛ ❛s ❛❧t❡r❛çõ❡s
✐♥❞✐❝❛❞❛s ♥❛ ✜❣✉r❛ ✼✳✻✵✳

❋✐❣✉r❛ ✼✳✻✵

✷✳ ❉✐❣✐t❡ ❝ír❝✉❧♦❬✭✵✱ ✵✮✱✶❪ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✼✳✻✶

✶✼✵



✸✳ ❙❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ P♦♥t♦ ♥❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s ❡ ♠❛rq✉❡ ♦s ♣♦♥t♦s A✱ B ❡ C
s♦❜r❡ ♦ ❝ír❝✉❧♦ ❝♦♥❢♦r♠❡ ♠♦str❛ ❛ ✜❣✉r❛ ✼✳✻✷✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✼✳✻✷

✹✳ ❉✐❣✐t❡ ①❂✶ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳ ❊♠ s❡❣✉✐❞❛ ❞✐❣✐t❡ ♦ t❡①t♦ q✉❡
❛♣❛r❡❝❡ ♥❛ ✜❣✉r❛ ✼✳✻✸✱ ❧❛❞♦ ❞✐r❡✐t♦✱ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✼✳✻✸

✺✳ ◆❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ❙❡♠✐rr❡t❛ ❡ ❝❧✐q✉❡ s♦❜r❡ ♦ ♣♦♥t♦ C ❡
❡♠ s❡❣✉✐❞❛ s♦❜r❡ ♦ ♣♦♥t♦ D✱ ✜❣✉r❛ ✼✳✻✹✱ ❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✼✳✻✹

✶✼✶



✻✳ ❙❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ❆r❝♦ ❈✐r❝✉❧❛r ♥❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s ❡ ❝❧✐q✉❡ s♦❜r❡ ♦s ♣♦♥t♦s
C✱ B ❡ A✱ ♥❡st❛ ♦r❞❡♠✳

❋✐❣✉r❛ ✼✳✻✺

✼✳ ◆❛ ❜❛rr❛ ❞❡ ❢❡rr❛♠❡♥t❛s✱ s❡❧❡❝✐♦♥❡ ❛ ❢❡rr❛♠❡♥t❛ ➶♥❣✉❧♦ ❡ ❝❧✐q✉❡ s♦❜r❡ ♦s ♣♦♥t♦s B✱ C
❡ A✱ ♥❡st❛ ♦r❞❡♠✳ ❖ ❛rq✉✐✈♦ ❝r✐❛❞♦ ❛té ♦ ♠♦♠❡♥t♦ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✼✳✻✻✱
❧❛❞♦ ❞✐r❡✐t♦✳

❋✐❣✉r❛ ✼✳✻✻

✽✳ ◆♦ ▼❡♥✉ Pr✐♥❝✐♣❛❧ ❝❧✐q✉❡ ❡♠ ❊①✐❜✐r ❡ s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ✷✳

❋✐❣✉r❛ ✼✳✻✼

✶✼✷



✾✳ ◆❛ ❏❛♥❡❧❛ ❞❡ ❱✐s✉❛❧✐③❛çã♦ ✷ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ✉♠ ❞♦s ❡✐①♦s✱
s❡❧❡❝✐♦♥❡ ❏❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦ ❡ ❢❛ç❛ ❛s ♠♦❞✐✜❝❛çõ❡s ❝♦♥❢♦r♠❡ ❛ ✜❣✉r❛ ✼✳✻✽✳

❋✐❣✉r❛ ✼✳✻✽

✶✵✳ ❉✐❣✐t❡ ❊❂✭❞✱②✭❉✮✮ ♥❛ ❝❛✐①❛ ❞❡ ❡♥tr❛❞❛ ❡ ♣r❡ss✐♦♥❡ ❡♥t❡r✳

❋✐❣✉r❛ ✼✳✻✾

✶✶✳ ❈❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ♣♦♥t♦s E ❡ s❡❧❡❝✐♦♥❡ ❤❛❜✐❧✐t❛r r❛str♦✳ P❛r❛
❛♥✐♠❛r ♦ ❛rq✉✐✈♦✱ ❝❧✐q✉❡ ❝♦♠ ♦ ❜♦tã♦ ❞✐r❡✐t♦ ❞♦ ♠♦✉s❡ s♦❜r❡ ♦ ♣♦♥t♦ A ❡ s❡❧❡❝✐♦♥❡
❆♥✐♠❛r✳

❋✐❣✉r❛ ✼✳✼✵

❖ ❛rq✉✐✈♦ ✜♥❛❧ ❡stá r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✼✳✼✶✳

✶✼✸



❋✐❣✉r❛ ✼✳✼✶

P❛r❛ ❛♥❛❧✐s❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❣rá✜❝♦ ❞❛ ❞❛ ❢✉♥çã♦ f(x) = a+ b t❣(cx)✱ r❡❝♦♠❡♥✲
❞❛♠♦s ❛♦ ♣r♦❢❡ss♦r q✉❡ ❝r✐❡ ✉♠ ❛rq✉✐✈♦ s❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ✜③❡♠♦s ♣❛r❛ ❛ ❢✉♥çã♦ s❡♥♦✳

◆❡st❛ s❡çã♦ ♥ã♦ ✈❛♠♦s ❞❡s❡♥✈♦❧✈❡r ❛t✐✈✐❞❛❞❡s✱ ♠❛s ✈❛♠♦s ♣r♦♣♦r ❛❧❣✉♥s ❡①❡r❝í❝✐♦s
♣❛r❛ q✉❡ ♦ ♣r♦❢❡ss♦r ❞❡s❡♥✈♦❧✈❛ ❝♦♠ ♦s ❛❧✉♥♦s✳

✼✳✹✳✹ ❊①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❬✶✷❪ P❛r❛ ❝❛❞❛ ❢✉♥çã♦ f ❛ s❡❣✉✐r✱ ❡st❛❜❡❧❡ç❛ ♦ ❞♦♠í♥✐♦ ❡ ♦ ♣❡rí♦❞♦✱ ❛ ♣❛rt✐r ❞❡ s✉❛ ❧❡✐✿

❛✮ f(x) = 1 + t❣(x)

❜✮ f(x) = 2 t❣(x)

❝✮ f(x) = t❣(2x)

❞✮ f(x) = t❣
(
x+

π

6

)

✷✳ ❬✶✹❪ ❊s❜♦❝❡ ♦ ❣rá✜❝♦✱ ❞ê ♦ ❞♦♠í♥✐♦ ❡ ♦ ♣❡rí♦❞♦ ❞❛ ❢✉♥çã♦ r❡❛❧ f(x) = t❣
(
2x+

π

6

)

✸✳ ❬✶✹❪ ❊s❜♦❝❡ ♦ ❣rá✜❝♦✱ ❞ê ♦ ❞♦♠í♥✐♦ ❡ ♦ ♣❡rí♦❞♦ ❞❛ ❢✉♥çã♦ r❡❛❧ f(x) = t❣
(
x− π

4

)

✼✳✹✳✺ ❘❡s♣♦st❛s ❞♦s ❡①❡r❝í❝✐♦s ♣r♦♣♦st♦s

✶✳ ❛✮ ❉♦♠í♥✐♦✿ {x ∈ R; x 6= π
2
+ kπ}❀ ♣❡rí♦❞♦✿ π

❜✮ ❉♦♠í♥✐♦✿ {x ∈ R; x 6= π
2
+ kπ}❀ ♣❡rí♦❞♦✿ π

❝✮ ❉♦♠í♥✐♦✿ {x ∈ R; x 6= π
4
+ kπ

2
}❀ ♣❡rí♦❞♦✿ π

2

✶✼✹



❞✮ ❉♦♠í♥✐♦✿ {x ∈ R; x 6= π
3
+ kπ}❀ ♣❡rí♦❞♦✿ π

✷✳ ❉♦♠í♥✐♦✿ {x ∈ R; x 6= π
6
+ kπ

2
}❀ ♣❡rí♦❞♦✿ π

2

✸✳ ❉♦♠í♥✐♦✿ {x ∈ R; x 6= 3π
4
+ kπ}❀ ♣❡rí♦❞♦✿ π

✶✼✺



✶✼✻



❈❖◆❙■❉❊❘❆➬Õ❊❙ ❋■◆❆■❙

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ♥ã♦ t❡♠ ♦ ✐♥t✉✐t♦ ❞❡ s♦❧✉❝✐♦♥❛r ♦s ♣r♦❜❧❡♠❛s ❞❛ ❡❞✉❝❛çã♦ ❞❛ r❡❞❡
♣ú❜❧✐❝❛✱ ✈✐st♦ q✉❡ ♦ ❜❛✐①♦ r❡♥❞✐♠❡♥t♦ ❞♦s ❛❧✉♥♦s ♥❛s ❛✈❛❧✐❛çõ❡s ❡s❝♦❧❛r❡s✱ ❙❛❡❜ ❡ ❙✐♠❛✈❡ é
♦ r❡s✉❧t❛❞♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❢❛t♦r❡s✱ t❛✐s ❝♦♠♦✱ s✉♣❡r❧♦t❛çã♦ ❞❛s s❛❧❛s ❞❡ ❛✉❧❛✱ ❛✉sê♥❝✐❛
❞♦s ♣❛✐s ♥❛ ✈✐❞❛ ❡s❝♦❧❛r ❞❡ s❡✉s ✜❧❤♦s✱ ❞❡s♣r❡♣❛r♦ ❞♦s ♣r♦❢❡ss♦r❡s✱ ❢❛❧t❛ ❞❡ ✐♥✈❡st✐♠❡♥t♦s ♥❛
❡❞✉❝❛çã♦✱ ❛❧✉♥♦s ❡ ♣r♦❢❡ss♦r❡s ❞❡s♠♦t✐✈❛❞♦s ❡t❝✳✱ ♣r♦❜❧❡♠❛s ❡st❡s✱ q✉❡ s❡ ❡s♣❛❧❤❛♠ ♣♦r t♦❞♦
♦ ♣❛ís✳ ❙❡♥❞♦ ❛ss✐♠✱ ♦ q✉❡ s❡ ❡s♣❡r❛ ❛♦ ✉t✐❧✐③❛r ✉♠ s♦❢t✇❛r❡ ♥♦ ❡♥s✐♥♦ ❡ ❛♣r❡♥❞✐③❛❣❡♠ ❞❛
♠❛t❡♠át✐❝❛ é ♠❡❧❤♦r❛r ♦ ❞❡s❡♠♣❡♥❤♦ ❞♦s ❛❧✉♥♦s ♥❡st❛ ❞✐s❝✐♣❧✐♥❛✳

❖ ●❡♦●❡❜r❛ é ✉♠ s♦❢t✇❛r❡ ❞❡ ❢á❝✐❧ ♠❛♥✉s❡✐♦✱ ❛ss✐♠✱ ❡♠ ♣♦✉❝❛s ❛✉❧❛s ❛ ♠❛✐♦r✐❛ ❞♦s
❛❧✉♥♦s ❥á t❡rã♦ ❝♦♥❞✐çõ❡s ❞❡ ✐♥s❡r✐r ♦s ❝♦♠❛♥❞♦s ♥❛ ❝❛✐①❛ ❡♥tr❛❞❛ ♣❛r❛ ♠♦❞❡❧❛r ❛s ❢✉♥çõ❡s ♥❛
❥❛♥❡❧❛ ❞❡ á❧❣❡❜r❛ ❡ r❡♣r❡s❡♥t❛r s❡✉s ❣rá✜❝♦s ♥❛ ❥❛♥❡❧❛ ❞❡ ✈✐s✉❛❧✐③❛çã♦✱ ♣♦rt❛♥t♦✱ ♥❡st❛ ❡t❛♣❛
é ❜❡♠ ♣r♦✈á✈❡❧ q✉❡ ♦s ❛❧✉♥♦s s❛✐❜❛♠ r❡s♦❧✈❡r ❛❧❣✉♥s ❡①❡r❝í❝✐♦s ♣♦r ✐♥t❡r♠é❞✐♦ ❞♦ ●❡♦●❡❜r❛✱
♠❛s ♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ s♦♠❡♥t❡ s❡rá ❛t✐♥❣✐❞♦ s❡ ♦ ❛❧✉♥♦ ❢♦r ❝❛♣❛③ ❞❡ ✈❡r✐✜❝❛r ♦s ❝á❧❝✉❧♦s
♦❜t✐❞♦s ❡♠ s❡✉ ❝❛❞❡r♥♦ ❡ ♣♦st❡r✐♦r♠❡♥t❡ ❞❡s❡♥✈♦❧✈❡r ❛t✐✈✐❞❛❞❡s s❡♠❡❧❤❛♥t❡s s❡♠ ♦ ❛✉①í❧✐♦
❞♦ s♦❢t✇❛r❡✱ ❡♥tã♦ ❝❛❜❡ ❛♦ ♣r♦❢❡ss♦r ❡st❛r ❛t❡♥t♦ ♣❛r❛ ❞✐s❝❡r♥✐r s❡ ♦ ❛❧✉♥♦ r❡❛❧♠❡♥t❡ ❡stá
❡♥t❡♥❞❡♥❞♦ ❡ ❛ss✐♠✐❧❛♥❞♦ ♦ ❝♦♥t❡ú❞♦ ♦✉ ❛♣❡♥❛s ❛♣r❡♥❞❡✉ ❛ ♠❛♥✐♣✉❧❛r ♦ s♦❢t✇❛r❡✳

❖ ❝♦♥t❡ú❞♦ ❢✉♥çõ❡s ♥ã♦ ❡s❣♦t❛ t♦❞♦s ♦s r❡❝✉rs♦s ❞♦ ●❡♦●❡❜r❛✱ ♣♦✐s ❡ss❡ s♦❢t✇❛r❡
❛❜r❛♥❣❡ ♦✉tr♦s ❝♦♥t❡ú❞♦s ❝♦♠♦✿ ❣❡♦♠❡tr✐❛ ❛♥❛❧ít✐❝❛✱ ❣❡♦♠❡tr✐❛ ♣❧❛♥❛✱ ❣❡♦♠❡tr✐❛ ❡s♣❛❝✐❛❧✱
❡♥tr❡ ♦✉tr♦s✱ ❞❡ss❛ ❢♦r♠❛ ♦ ♣r♦❢❡ss♦r ♣♦❞❡ ✉t✐❧✐③á✲❧♦ ♣❛r❛ tr❛❜❛❧❤❛r t❛♠❜é♠ ❡st❡s ❝♦♥t❡ú❞♦s✳

P❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❡ tr❛❜❛❧❤♦ ❞❡✈❡♠♦s ❝♦♥s✐❞❡r❛r t❛♠❜é♠ ♦s ❞♦✐s s❡❣✉✐♥t❡s
❢❛t♦r❡s✱ ♦ ❊♥s✐♥♦ ▼é❞✐♦ ❝♦♥t❛ ❛♣❡♥❛s ❝♦♠ ✹ ✭q✉❛tr♦✮ ❛✉❧❛s s❡♠❛♥❛✐s ❞❡ ♠❛t❡♠át✐❝❛ ❡ ♦ ❢❛t♦
❞❡ q✉❡ ♦ ❧❛❜♦r❛tór✐♦ ❞❡ ✐♥❢♦r♠át✐❝❛ ♥❡♠ s❡♠♣r❡ ❡st❛rá ❞✐s♣♦♥í✈❡❧✱ ♣♦✐s é ❞❡ ✉s♦ ❝♦❧❡t✐✈♦ ❞♦s
♣r♦❢❡ss♦r❡s✱ ♣♦r ✐ss♦ é ❞❡ s✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ❞✐s♣♦♥✐❜✐❧✐③❛r ✉♠ ❤♦rár✐♦ ❡①tr❛ ♣❛r❛ ❞❡s❡♥✈♦❧✈ê✲
❧♦✳

❊s♣❡r❛✲s❡ q✉❡ ❝♦♠ ❛ ✉t✐❧✐③❛çã♦ ❞♦ s♦❢t✇❛r❡ ❡♠ ✉♠ ❛♠❜✐❡♥t❡ ❛❞❡q✉❛❞♦✱ ♦s r❡s✉❧t❛❞♦s
❛♣r❡s❡♥t❛❞♦s ♥❛s ❛✈❛❧✐❛çõ❡s ❡s❝♦❧❛r❡s✱ ❙✐♠❛✈❡ ❡ ❙❛❡❜ ♠❡❧❤♦r❡♠✳

✶✼✼



✶✼✽



❘❊❋❊❘✃◆❈■❆❙ ❇■❇▲■❖●❘➪❋■❈❆❙

❬✶❪ ❇❘❆❙■▲✳ ▼✐♥✐stér✐♦ ❞❛ ❊❞✉❝❛çã♦✱ ❖r✐❡♥t❛çõ❡s ❈✉rr✐❝✉❧❛r❡s ♣❛r❛ ♦ ❊♥s✐♥♦ ▼é❞✐♦✿ ❈✐✲
ê♥❝✐❛s ❞❛ ◆❛t✉r❡③❛✱ ▼❛t❡♠át✐❝❛ ❡ ❙✉❛s ❚❡❝♥♦❧♦❣✐❛s✳ ❱✳✷ ❇r❛sí❧✐❛✿ ▼❊❈✱ ✷✵✵✻✳ ✷✵

❬✷❪ ❇❘❆❙■▲✳ ▼✐♥✐stér✐♦ ❞❛ ❊❞✉❝❛❝ã♦✱ P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s✿ ▼❛t❡♠át✐❝❛
✭❊♥s✐♥♦ ▼é❞✐♦✿ ❇❛s❡s ▲❡❣❛✐s✮✳ ❇r❛sí❧✐❛✿ ▼❊❈✱ ✶✾✾✾✳ ✶✾✱ ✷✵

❬✸❪ ❇❘❆❙■▲✳ ▼✐♥✐stér✐♦ ❞❛ ❊❞✉❝❛çã♦✱ P❈◆✰ ❊♥s✐♥♦ ▼é❞✐♦✿ ❖r✐❡♥t❛çõ❡s ❊❞✉❝❛❝✐♦♥❛✐s
❈♦♠♣❧❡♠❡♥t❛r❡s ❛♦s P❛râ♠❡tr♦s ❈✉rr✐❝✉❧❛r❡s ◆❛❝✐♦♥❛✐s✿ ❈✐ê♥❝✐❛s ❞❛ ◆❛t✉r❡③❛✱ ▼❛t❡✲
♠át✐❝❛ ❡ ❙✉❛s ❚❡❝♥♦❧♦❣✐❛s✳ ❇r❛sí❧✐❛✿ ▼❊❈✱ ✷✵✵✷✳ ✷✵

❬✹❪ ❈❆❘❱❆▲❍❖✱ ❚â♥✐❛ ▼✳ ▼❛❝❤❛❞♦ ❞❡❀ ▼❆❘■▼✱ ❱❧❛❞❡♠✐r❀ ●❡♦●❡❜r❛✿ ■♥t❡r❢❛❝❡ ❡♥tr❡ ♦
❡♥s✐♥♦ ✱ ❛ ♣❡sq✉✐s❛ ❡ ❛ ❡①t❡♥sã♦✳ ■t✉✐✉t❛❜❛ ✲ ▼●✿ ❊❞✐t♦r❛ ●rá✜❝❛ ■t✉✐✉t❛❜❛ ▲t❞❛✱ ✷✵✶✸✳

❬✺❪ ❉❆◆❚❆❙✱ ❙❡r❣✐♦❀ ❋❊❘❘❊■❘❆✱ ●✉✐❧❤❡r♠❡❀ ❱í❞❡♦s t✉t♦r✐❛✐s✳ ❉✐s♣♦♥í✈❡❧ ❡♠✿
❤tt♣✿✴✴✇✇✇✳♦❣❡♦❣❡❜r❛✳❝♦♠✳❜r✳ Ú❧t✐♠♦ ❛❝❡ss♦ ❡♠ ✷✸✴✶✵✴✷✵✶✺✳ ✶✺✵

❬✻❪ ❉❆◆❚❊✱ ▲✉✐③ ❘♦❜❡rt♦✱ ▼❛t❡♠át✐❝❛ ✲ ❈♦♥t❡①t♦ ❡ ❆♣❧✐❝❛çõ❡s✱ ❱♦❧✳ ✶✱ ❙ã♦ P❛✉❧♦✿ ❊❞✐t♦r❛
➪t✐❝❛✱ ✷✵✶✷✳ ✻✾✱ ✾✸✱ ✾✹✱ ✾✺✱ ✶✶✵

❬✼❪ ❉❆◆❚❊✱ ▲✉✐③ ❘♦❜❡rt♦✱ ▼❛t❡♠át✐❝❛ ✲ ❈♦♥t❡①t♦ ❡ ❆♣❧✐❝❛çõ❡s✱ ❱♦❧✳ ✷✱ ❙ã♦ P❛✉❧♦✿ ❊❞✐t♦r❛
➪t✐❝❛✱ ✷✵✶✷✳ ✶✹✹

❬✽❪ ❊❱❊❙✱ ❍♦✇❛r❞❀ tr❛❞✉çã♦✿ ❉❖▼■◆●❯❊❙✱ ❍✐❣②♥♦ ❍❀ ■♥tr♦❞✉çã♦ à ❍✐stór✐❛ ❞❛ ♠❛t❡✲
♠át✐❝❛✱ ❈❛♠♣✐♥❛s ✲ ❙P✿ ❊❞✐t♦r❛ ❯♥✐❝❛♠♣✱ ✷✵✵✽✳ ✶✼✱ ✶✽✱ ✷✾

❬✾❪ ❋❛❝✉❧❞❛❞❡ ❞❡ ❈✐ê♥❝✐❛s ❊①❛t❛s ❡ ❚❡❝♥♦❧♦❣✐❛✳ ■♥st✐t✉t♦ ●❡♦●❡❜r❛ ❙ã♦ P❛✉❧♦✳
❤tt♣✿✴✴✇✇✇✳♣✉❝s♣✳❜r✴❣❡♦❣❡❜r❛s♣✴✳ Ú❧t✐♠♦ ❛❝❡ss♦ ❡♠ ✶✹✴✵✾✴✷✵✶✺✳ ✸✷
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