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❆❣r❛❞❡ç♦ ♣r✐♠❡✐r❛♠❡♥t❡ ❛ ❉❡✉s ♣♦r ❡st❛r s❡♠♣r❡ ❛♦ ♠❡✉ ❧❛❞♦ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦s
♠♦♠❡♥t♦s ♠❛✐s ❞✐❢í❝❡✐s✱ ♣♦r s❡♠♣r❡ ♠❡ ❞❛r ❢♦rç❛s ❡ ❥❛♠❛✐s ♣❡r♠✐t✐r q✉❡ ❡✉ ❞❡s✐st✐ss❡ ❞❡
❝♦♥❝❧✉✐r ❡st❡ tr❛❜❛❧❤♦✳
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❆♦ ♣r♦❢❡ss♦r ❉r✳ ❆♥❞❡rs♦♥ ▲✳ ❆✳ ❞❡ ❆r❛ú❥♦ ♣♦r t❡r ♦r✐❡♥t❛❞♦ ❡st❡ tr❛❜❛❧❤♦✱ ♣❡❧❛ s✉❛
❞❡❞✐❝❛çã♦ ❡ ♣r♦✜ss✐♦♥❛❧✐s♠♦ ❞✉r❛♥t❡ t♦❞❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✱ s❡♠♣r❡ ❞✐s♣♦st♦ ❛
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◆❡st❡ tr❛❜❛❧❤♦ ✜③❡♠♦s ✉♠ ❡st✉❞♦ ❛♥❛❧ít✐❝♦ s♦❜r❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦
❞❡ ❆❧❧❡♥ ❈❛❤♥ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ s✐♥❣✉❧❛r✳











∂
∂t
u− ξ2∆u = u− u3

K(x)
+ y em Q = Ω× (0, T ).

u(x, 0) = u0 em Ω

u(x, t) = 0 S = ∂Ω× (0, T ),

✭✶✮

❡♠ q✉❡ Ω ⊂ Rn n = (1, 2 ❡ 3) é ✉♠ ❞♦♠í♥✐♦ ❞❡ ❝❧❛ss❡ C2✱ ♦♥❞❡ k(x) > 0 é ♦ ❝♦❡✜❝✐❡♥t❡
❞❡ r❡❛çã♦✳ ❆ ❡q✉❛çã♦ ❞❡ ❆❧❧❡♥✲❈❛❤♥ t❡♠ s✐❞♦ ❛♠♣❧❛♠❡♥t❡ ❡st✉❞❛❞❛ ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞❛
❝✐ê♥❝✐❛ ❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛ ❡✈♦❧✉çã♦ ❞❡ ♠✐❝r♦❡str✉t✉r❛s ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡ s♦❧✐❞✐✜❝❛çã♦
❞❡ ✉♠ ♠❡t❛❧ ♣✉r♦ ♦✉ ❧✐❣❛ ♠❡tá❧✐❝❛✳ P❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦ ✉s❛♠♦s ❝♦♠♦
❢❡rr❛♠❡♥t❛ ♦ ♠ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥✳

❚❛♠❜é♠ r❡❛❧✐③❛♠♦s ♦ ❡st✉❞♦ ❞♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❡♥❡r❣✐❛ t♦t❛❧ ❛ss♦❝✐❛❞♦ ❛
❡q✉❛çã♦ ✭✷✮✳ ❙♦❜r❡ ♦ ❝♦❡✜❝✐❡♥t❡ k(x) > 0✱ ❡♥❝♦♥tr❛♠♦s ❝♦♥❞✐çõ❡s ❡ ❤✐♣ót❡s❡s ❛❜str❛t❛s
❞❡ ❢♦r♠❛ ❛ ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦✱ ❛❧é♠ ❞❡ ❢♦r♥❡❝❡r ❡①❡♠♣❧♦s✱ ❞❡ ❢✉♥çõ❡s q✉❡
s❛t✐s❢❛③❡♠ t❛✐s ❤✐♣ót❡s❡s✱ ♥♦s ❝❛s♦s ❡♠ q✉❡ n = 1, 2 ♦✉ 3✳
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❲✐t❤ ❙✐♥❣✉❧❛r ❈♦❡✣❝✐❡♥t✳ ❆❞✈✐s❡r✿ ❆♥❞❡rs♦♥ ▲✉✐s ❆❧❜✉q✉❡rq✉❡ ❞❡ ❆r❛✉❥♦✳

■♥ t❤✐s ✇♦r❦ ✇❡ ♠❛❞❡ ❛♥ ❛♥❛❧②t✐❝❛❧ st✉❞② ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥ t♦ t❤❡ ❆❧❧❡♥
❈❛❤♥ ❡q✉❛t✐♦♥ ✇✐t❤ s✐♥❣✉❧❛r ❝♦❡✣❝✐❡♥t✳











∂
∂t
u− ξ2∆u = u− u3

K(x)
+ y ✐♥ Q = Ω× (0, T ).

u(x, 0) = u0 ✐♥ Ω

u(x, t) = 0 ♦♥ S = ∂Ω× (0, T ),

✭✷✮

✐♥ t❤❛t Ω ⊂ Rn n = (1, 2 ❛♥❞ 3) ✐s ❛ ❞♦♠❛✐♥ ♦❢ ❝❧❛ss C2✱ ✇❤❡r❡ k(x) > 0 ✐s t❤❡ r❡❛❝t✐♦♥
❝♦❡✣❝✐❡♥t✳ ❚❤❡ ❆❧❧❡♥✲❈❛❤♥ ❡q✉❛t✐♦♥ ❤❛s ❜❡❡♥ ✇✐❞❡❧② st✉❞✐❡❞ ✐♥ s❡✈❡r❛❧ ❛r❡❛s ♦❢ s❝✐❡♥❝❡
❛♥❞ ♠❛✐♥❧② ✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ♠✐❝r♦str✉❝t✉r❡s ❞✉r✐♥❣ t❤❡ s♦❧✐❞✐✜❝❛t✐♦♥ ♣r♦❝❡ss ♦❢ ❛ ♣✉r❡
♠❡t❛❧ ♦r ♠❡t❛❧❧✐❝ ❛❧❧♦②✳ ❋♦r t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ t❤✐s ✇♦r❦✱ ✇❡ ✉s❡❞ t❤❡ ●❛❧❡r❦✐♥ ♠❡t❤♦❞
❛s ❛ t♦♦❧✳

❲❡ ❛❧s♦ ❝❛rr✐❡❞ ♦✉t t❤❡ st✉❞② ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❞❡❝❛② ♦❢ t❤❡ t♦t❛❧ ❡♥❡r❣② ❛ss♦❝✐❛t❡❞
✇✐t❤ t❤❡ ❡q✉❛t✐♦♥ ✭✷✮✳ ❖♥ t❤❡ ❝♦❡✣❝✐❡♥t k(x) > 0✱ ✇❡ ✜♥❞ ❝♦♥❞✐t✐♦♥s ❛♥❞ ❛❜str❛❝t
❤②♣♦t❤❡s❡s ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ s♦❧✉t✐♦♥✱ ✐♥ ❛❞❞✐t✐♦♥ t♦ ♣r♦✈✐❞✐♥❣
❡①❛♠♣❧❡s ♦❢ ❢✉♥❝t✐♦♥s t❤❛t s❛t✐s❢② s✉❝❤ ❤②♣♦t❤❡s❡s✱ ✐♥ ❝❛s❡s ✇❤❡r❡ n = 1.2 ♦r 3✳
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❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✻✷



✶✵

■♥tr♦❞✉çã♦

❆ ❡✈♦❧✉çã♦ ❞❡ ♠✐❝r♦❡str✉t✉r❛s ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡ s♦❧✐❞✐✜❝❛çã♦ ❞❡ ✉♠ ♠❡t❛❧
♣✉r♦ ♦✉ ❧✐❣❛ ♠❡tá❧✐❝❛✱ ♣♦❞❡ s❡r ❡st✉❞❛❞❛ ❝♦♠ ♦ ❛✉①í❧✐♦ ❞❡ ♠♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ❞❡ ❝❛♠♣♦
❞❡ ❢❛s❡ ✏♣❤❛s❡✲✜❡❧❞ ✑✱ q✉❡ ❝♦♥s✐❞❡r❛ ❛ tr❛♥s✐çã♦ ❡♥tr❡ ✉♠❛ ❢❛s❡ ❡ ♦✉tr❛ ❛tr❛✈és ❞❡ ✉♠❛
✐♥t❡r❢❛❝❡ ❡ ♦❝♦rr❡ ❞❡ ❢♦r♠❛ ❝♦♥tí♥✉❛ ❡ ❣r❛❞✉❛❧ ❡♠ ✉♠❛ r❡❣✐ã♦ r❡❞✉③✐❞❛ ❝❤❛♠❛❞❛ ✐♥t❡r❢❛❝❡
❞✐❢✉s❛ ✈❡r ❬✶✸❪✳ ❉❡♥tr❡ ♦s ♠♦❞❡❧♦s q✉❡ ✉t✐❧✐③❛♠ ♦ ♠ét♦❞♦ ❝❛♠♣♦ ❞❡ ❢❛s❡✱ ❞❡st❛❝❛♠♦s ♦
♠♦❞❡❧♦ ❞❡ ❆❧❧❡♥✲❈❛❤♥ ✈❡r ❬✷❪✳ ❆ ❡q✉❛çã♦ ❛❜❛✐①♦✱ ♣♦st✉❧❛❞❛ ♣♦r ❆❧❧❡♥ ❡ ❈❛❤♥

∂ϕ

∂t
= −MδG

δϕ
, ✭✸✮

❡♠ q✉❡ ϕ = ϕ(x, t) é ❛ ✈❛r✐á✈❡❧ ❞❡ ❢❛s❡✱ δG/δϕ é ❛ ❞❡r✐✈❛❞❛ ❢✉♥❝✐♦♥❛❧ ❞❛ ❡♥❡r❣✐❛ ❧✐✈r❡
❡♠ r❡❧❛çã♦ à ✈❛r✐á✈❡❧ ❞❡ ❢❛s❡ ❡ M ❞❡♥♦♠✐♥❛❞❛ ♠♦❜✐❧✐❞❛❞❡ ❞❛ ✐♥t❡r❢❛❝❡ ♦✉ ❛ ❢❛❝✐❧✐❞❛❞❡
❝♦♠ q✉❡ ϕ ✈❛r✐❛ ❝♦♠ ♦ t❡♠♣♦✱ ❣❛r❛♥t❡ ❛ ❡✈♦❧✉çã♦ ❞♦ s✐st❡♠❛ ✭✸✮✳ ❊♠ ❝❡rt❛s ♦❝❛s✐õ❡s✱
❛ ♠♦❜✐❧✐❞❛❞❡ é ❝♦♥s✐❞❡r❛❞❛ ❛♥✐s♦tró♣✐❝❛✱ ❝♦♠♦ ❛❞♦t❛❞♦ ♣♦r ❬✶✷❪✱ ♠❛s t❛♠❜é♠ ♣♦❞❡ s❡r
❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ✉♠❛ ❝♦♥st❛♥t❡ ✭✐s♦tró♣✐❝❛✮✱ ❝♦♠♦ ❛❞♦t❛❞♦ ♣♦r ❬✶✸❪✳

❯s❛♥❞♦ ♦ ♠♦❞❡❧♦ ❞❡ ❆❧❧❡♥✲❈❛❤♥✱ ❳✐♥❢✉ ❈❤❡♥ ✈❡r ❬✼❪ ❝♦♥s✐❞❡r♦✉ ♦ s❡❣✉✐♥t❡
♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧

{

uεt = ε2uεxx − f(uε), x ∈ R, t > 0,
uε(x, 0) = u0(x), x ∈ R,

✭✹✮

r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ♦ ❡st✉❞♦ ❞❡ ♠♦✈✐♠❡♥t♦s ♥♦ ❧✐♠✐t❡ ❞❡ ❢❛s❡ ❞❡ ♠❛t❡r✐❛✐s ❝r✐st❛❧✐♥♦s✱
❣❡♥ét✐❝❛ ❞❡ ♣♦♣✉❧❛çã♦ ❡ t❛♠❜é♠ ❝♦♠ ❛ ♣r♦♣❛❣❛çã♦ ❞❡ ♣✉❧s♦s ♥❡r✈♦s♦s✱ ♦♥❞❡ ε > 0 é ✉♠
♣❡q✉❡♥♦ ♣❛râ♠❡tr♦ ❡ f(·) é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ t❡♥❞♦ ❡①❛t❛♠❡♥t❡ três ③❡r♦s ❡♠ {−1, 0, 1} ❡

s❛t✐s❢❛③❡♥❞♦ f ′(±1) > 0, f ′(0) < 0 ❡

∫ 1

−1

f(s) ds = 0✳ ❯♠ ❡①❡♠♣❧♦ tí♣✐❝♦ ❞❡ f é ❛ ❢✉♥çã♦

f(s) = s3−s✳ ◆❛ ❞✐♥â♠✐❝❛ ❞♦ ♣r♦❜❧❡♠❛✱ ❡①✐st❡♠ q✉❛tr♦ ❡stá❣✐♦s ♦❜s❡r✈❛❞♦s✳ ◆♦ ♣r✐♠❡✐r♦
t❡♠♦s✱ ❛ ❢❛s❡ ❞❡ s❡♣❛r❛çã♦ ❞❡ O(| ln ε|)✱ ♥♦ s❡❣✉♥❞♦✱ ❛ ❣❡r❛çã♦ ❞❡ ♣❛❞rõ❡s ♠❡t❛❡stá✈❡✐s
❞❡ O(ε−1)✱ ♥♦ t❡r❝❡✐r♦✱ ❛ ♣r♦♣❛❣❛çã♦ ❡♠ ♠♦✈✐♠❡♥t♦ s✉♣❡r✲❝â♠❡r❛ ❧❡♥t❛ ❞❡ ✐♥t❡r❢❛❝❡s ❞❡
O(el/ε) ❡ ♣♦r ú❧t✐♠♦✱ ❛ ❢❛s❡ ❞❡ ❛♥✐q✉✐❧❛çã♦ ❞❡ ✐♥t❡r❢❛❝❡s ❞❡ O(1)✳ ❖ ❛✉t♦r ❢❛③ ✉♠ ❡st✉❞♦
❛♥❛❧ít✐❝♦ ❞❡ss❡s ❡stá❣✐♦s ❝♦♠ ♠❛✐♦r r✐❣♦r ♣❛r❛ ♦ s❡❣✉♥❞♦ ❡ ♦ q✉❛rt♦ ❡stá❣✐♦✱ ❢♦r♥❡❝❡♥❞♦
✉♠❛ ❛♥á❧✐s❡ ❢✉❧❧✲t✐♠❡ ♣❛r❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❞✐♥â♠✐❝❛✳

❊♠ ❬✷✸❪✱ ♦s ❛✉t♦r❡s ❝♦♥s✐❞❡r❛r❛♠ ❛ ❡q✉❛çã♦ ❞❡ ❆❧❧❡♥✲❈❛❤♥ ❞❛❞❛ ♣♦r

ut = ξ∆u− f(u), (x, t) ∈ Ω× (0, T ], ✭✺✮



✶✶

♦♥❞❡ Ω ⊂ R
N (N = 1, 2) é ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦✳ ❆ ♥♦r♠❛ ❡♠ L2 é ✐♥❞✉③✐❞❛ ♣♦r

ut = −δE(u)
δu

, ✭✻✮

q✉❡ é ❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧❛ ♠✐♥✐♠✐③❛çã♦ ❞❛ ❡♥❡r❣✐❛ ❢✉♥❝✐♦♥❛❧ ❞❡ ●✐♥③❜✉r❣✲▲❛♥❞❛✉

E(u) =
∫

Ω

(

ξ

2
|∆u|2 + F (u)

)

dx, ✭✼✮

❝♦♠ ♣♦t❡♥❝✐❛❧ F (u)✳ ❙❡❣✉♥❞♦ ♦s ❛✉t♦r❡s ❛ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ❡q✉❛çã♦ ❞❡ ❆❧❧❡♥✲
❈❛❤♥ (5) é ❛ rá♣✐❞❛ ❢♦r♠❛çã♦ ❞❛s ❝❛♠❛❞❛s tr❛♥s✐❡♥t❡s ❡ ❛ ❢♦r♠❛çã♦ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡
❧❡♥t❛ ❞❛s ❝❛♠❛❞❛s t❡r♠✐♥❛✐s ♣❛r❛ ✈❛❧♦r❡s ♠✉✐t♦ ♣❡q✉❡♥♦s ❞❡ ξ✳ ■st♦ é ✐♥t❡r❡ss❛♥t❡ ♣♦rq✉❡
♥♦s ❢❛③ ♣❡♥s❛r ♥❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❡①✐st✐r ✉♠ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ ξ✳

P♦rt❛♥t♦✱ ❜❛s❡❛❞♦ ♥❡st❛ ❛✜r♠❛çã♦ ❡♠ ❬✷✶❪ ❢♦✐ ❢❡✐t❛ ❡ s❡❣✉✐♥t❡ ♣❡r❣✉♥t❛ ✏❊①✐st❡ ✉♠❛
❝♦♥st❛♥t❡ c > 0 t❛❧ q✉❡ ❛ t❛①❛ ❞♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❡♥❡r❣✐❛ ❞❛ ❡q✉❛çã♦ ❞❡ ❆❧❧❡♥✲
❈❛❤♥ (5) ❡♥❢r❛q✉❡❝❡ q✉❛♥❞♦ ξ → c❄✑ P❛r❛ ❡♥t❡♥❞❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛
❡q✉❛çã♦ ❢♦✐ ❢❡✐t❛ ✉♠❛ ❛♥❛❧✐s❡ ❜❛s❡❛❞❛ ❡♠ ❛r❣✉♠❡♥t♦s ❞❡ ❡♥❡r❣✐❛✳ P❛r❛ ✐st♦ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦
♦ ❞♦♠í♥✐♦ ❝♦♠♣❛❝t♦ [0, 1]✱ ❡ ❛ ❡♥❡r❣✐❛ t♦t❛❧ é ❞❛❞❛ ♣♦r✿

E(t) =

∫ L

0

|u|2dx, ✭✽✮

❢♦✐ ♣r♦✈❛❞♦ q✉❡ ❛ ♠❡s♠❛ s❛t✐s❢❛③ ❛ t❛①❛ ❞❡ ✈❛r✐❛çã♦

d

dt
E(t) = −ξ

∫ 1

0

|ux|2dx+
∫ L

0

|u|2dx−
∫ L

0

u3

cos x
dx. ✭✾✮

❊♠ ❬✷✶❪✱ ♦s ❛✉t♦r❡s t❡♥t❛r❛♠ r❡s♣♦♥❞❡r ❛ ♣❡r❣✉♥t❛ ❢❛③❡♥❞♦ ✉♠ ❡st✉❞♦ ❞❛ s♦❧✉çã♦ ❡①❛t❛
❞❛ ❡q✉❛çã♦ ❞❡ ❆❧❧❡♥✲❈❛❤♥ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳



































ut − ξ2uxx − u

(

1− 1
K(x)

u2
)

= 0 ❡♠ (0, 1)× (0,+∞)

ux(0, T ) = 0, ux(1, T ) = 0, ∀t ≥ 0

u(x, 0) = u0(x), 0 ≤ x ≤ 1.

✭✶✵✮

❖♥❞❡K(x) > 0 é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ r❡❛çã♦✳ ❈♦♠ ♦ ❡st✉❞♦ ❞❡ t❛❧ s♦❧✉çã♦✱ ♦✉tr♦ ❢❛t♦ ❛❜♦r❞❛❞♦
❢♦✐ ❝♦♠♦ ♦ ✈❛❧♦r ❧✐♠✐t❡ ❞❡ ξ ❛❢❡t❛ ♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❡♥❡r❣✐❛ t♦t❛❧ ❛ss♦❝✐❛❞❛
❛ ❡q✉❛çã♦ ❞❡ ❆❧❧❡♥✲❈❛❤♥✳ ❚❛❧ ❛♥❛❧✐s❡ ❢♦✐ r❡❛❧✐③❛❞❛ ❛tr❛✈és ❞❡ s✐♠✉❧❛çõ❡s ♥✉♠ér✐❝❛s ❞❛s
s♦❧✉çõ❡s ❡①❛t❛s✱ q✉❛♥❞♦ K(x) = cos(x)✳

❇❛s❡❛❞♦ ♥♦s tr❛❜❛❧❤♦s ❝✐t❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♠♦s ❛ ❡q✉❛çã♦ ❞♦ t✐♣♦



✶✷

❆❧❧❡♥✲❈❛❤♥ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ s✐♥❣✉❧❛r✱ ❞❛❞❛ ♣♦r✳











∂
∂t
u− ξ2∆u = u− u3

K(x)
+ y em Q = Ω× (0, T ).

u(x, 0) = u0 em Ω

u(x, t) = 0 S = ∂Ω× (0, T ),

✭✶✶✮

❡♠ q✉❡ Ω ⊂ RN N = (2, 3) é ✉♠ ❞♦♠í♥✐♦ ❞❡ ❝❧❛ss❡ C2 ♦♥❞❡ K(x) > 0 é ♦ ❝♦❡✜❝✐❡♥t❡
❞❡ r❡❛çã♦✳ ❆ ❡q✉❛çã♦ ✐♥tr♦❞✉③✐❞❛ ♣♦r ❆❧❧❡♥ ❡ ❈❛❤♥ ❬✷❪✱ ❞❡s❝r❡✈❡ ❛ ❢❛s❡ ❞❡ ✉♠❛ ♠✐st✉r❛
❜✐♥ár✐❛✳ ❆ ✈❛r✐á✈❡❧ ❞❡ ❢❛s❡ u = u(x, t) ❞❡♥♦t❛ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❛ ♠✐st✉r❛ ❡ ♦ ♣❛râ♠❡tr♦
ξ > 0 ❡stá r❡❧❛❝✐♦♥❛❞♦ à ❧❛r❣✉r❛ ❞❛ ✐♥t❡r❢❛❝❡ ❝❛♣t✉r❛♥❞♦ ♦ ❡❢❡✐t♦ ❞♦♠✐♥❛♥t❡ ❞❛ ❝✐♥ét✐❝❛
❞❡ r❡❛çã♦✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❡st✉❞♦ r❡❛❧✐③❛❞♦ ❡♠ ❬✷✶❪✱ ✜③❡♠♦s ✉♠ ❡st✉❞♦ ❛♥❛❧ít✐❝♦ s♦❜r❡ ❛
❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦ ✭✶✶✮✱ ✉s❛♥❞♦ ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♦ ♠ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥✳
❚❛♠❜é♠ r❡❛❧✐③❛♠♦s ♦ ❡st✉❞♦ ❞♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❡♥❡r❣✐❛ t♦t❛❧ ❛ss♦❝✐❛❞♦ ❛
❡q✉❛çã♦ ✭✶✶✮✳ ❙♦❜r❡ ♦ ❝♦❡✜❝✐❡♥t❡ k(x) > 0✱ ❡♥❝♦♥tr❛♠♦s ❝♦♥❞✐çõ❡s ❡ ❤✐♣ót❡s❡s ❛❜str❛t❛s
❞❡ ❢♦r♠❛ ❛ ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦✱ ❛❧é♠ ❞❡ ❢♦r♥❡❝❡r ❡①❡♠♣❧♦s✱ ❞❡ ❢✉♥çõ❡s q✉❡
s❛t✐s❢❛③❡♠ t❛✐s ❤✐♣ót❡s❡s✱ ♥♦s ❝❛s♦s ❡♠ q✉❡ n = 1, 2 ♦✉ 3✳ ◆♦t❡ q✉❡ ❛ ♣r❡s❡♥ç❛ ❞♦ ❚❡r♠♦
s✐♥❣✉❧❛r 1

K(x)
❡♠ ✭✶✶✮✱ ✐♠♣ôs ✉♠❛ ❞✐✜❝✉❧❞❛❞❡ ♥ã♦ tr✐✈✐❛❧ ❛♦ ♣r♦❜❧❡♠❛✱ ❡ ❛té ♦ ♣r❡s❡♥t❡

♠♦♠❡♥t♦✱ ♥ã♦ ❡♥❝♦♥tr❛♠♦s ♥❛ ❧✐t❡r❛t✉r❛ ❛❧❣✉♠ tr❛❜❛❧❤♦ s♦❜r❡ ♦ ❡st✉❞♦ ❛♥❛❧ít✐❝♦ ♣❛r❛ t❛❧
♠♦❞❡❧♦✱ ❡ ✐st♦ ❞❡ ❝❡rt❛ ❢♦r♠❛ ❞❡♠♦♥str❛ ♦r✐❣✐♥❛❧✐❞❛❞❡ ❛♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ ♣r❡s❡♥t❡
❞✐ss❡rt❛çã♦✳

❈♦♠♦ ❡♠ ❬✷✶❪✱ ❛♣r❡s❡♥t❛♠♦s ♦ ❡st✉❞♦ ♥✉♠ér✐❝♦✱ ♥♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♣❛r❛ ♦
♣r♦❜❧❡♠❛ ❛❜str❛t♦ ✭✶✶✮ q✉❡ ♥♦s ♣❡r♠✐t✐✉ ❝♦♠♣❛r❛r ❛s s✐♠✉❧❛çõ❡s ♦❜t✐❞❛s ❝♦♠ ♦s r❡s✉❧t❛❞♦s
❞❡ ❬✷✶❪✳

❊st❡ tr❛❜❛❧❤♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

◆♦ ❈❛♣ít✉❧♦ ✶✱ t❡♠♦s ❛s ♣r❡❧✐♠✐♥❛r❡s ♦♥❞❡ ♠♦str❛♠♦s ❛s ❢❡rr❛♠❡♥t❛s ✉t✐❧✐③❛❞❛s ♣❛r❛ ♦
❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❡ tr❛❜❛❧❤♦✳ ❆❧❣✉♠❛s ❞❡❧❛s sã♦✿ ♦s ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈✱ r❡❣✉❧❛r✐❞❛❞❡
❞❡ s♦❧✉çõ❡s ❢r❛❝❛s ❡ ♦ t❡♦r❡♠❛ ✭✶✳✹✾✮ q✉❡ s❡ r❡s✉♠❡ ❛ ❣❛r❛♥t✐r ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ú♥✐❝❛
s♦❧✉çã♦ ❧♦❝❛❧✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ♣r♦✈❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ♣❛r❛ ✉♠❛ ❡q✉❛çã♦ ❛❜str❛t❛ ❞♦
t✐♣♦ ❆❧❧❡♥✲❈❛❤♥ ✭✶✶✮ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ s✐♥❣✉❧❛r✱ ❡ ♣❛r❛ ✐ss♦ ✉t✐❧✐③❛r❡♠♦s ❝♦♠♦ ❢❡rr❛♠❡♥t❛
♦ ♠ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥✳ ❊♠ s❡❣✉✐❞❛ ❢❛③❡♠♦s ✉♠❛ ❛♥á❧✐s❡ ❞♦ ♣r♦❜❧❡♠❛ ❜❛s❡❛❞❛ ❡♠
❛r❣✉♠❡♥t♦s ❞❡ ❡♥❡r❣✐❛ ❡ ♣r♦✈❛♠♦s ♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❡♥❡r❣✐❛ t♦t❛❧✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ✈❛♠♦s ❡①♣❧✐❝✐t❛r ❛ s♦❧✉çã♦ ❡①❛t❛ ❞❛s ❡q✉❛çõ❡s ❡ ❆❧❧❡♥✲❈❛❤♥
❇✐❞✐♠❡♥s✐♦♥❛❧ ✭✸✳✶✮ ❡ tr✐❞✐♠❡♥s✐♦♥❛❧ ✭✸✳✸✶✮ ❡ ♣❛r❛ ✐ss♦ ✉s❛r❡♠♦s ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♦
♠ét♦❞♦ ❞❡ s❡♣❛r❛çã♦ ❞❡ ✈❛r✐á✈❡✐s✳



✶✸

❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ♦s ❡s♣❛ç♦s ❡ ❛s ❢❡rr❛♠❡♥t❛s ♣r✐♥❝✐♣❛✐s ♣❛r❛ ♦
❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❡ tr❛❜❛❧❤♦✳

✶✳✶ ❊s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈

◆❡st❛ ❡ ♥❛ ♣ró①✐♠❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❡s♣❛ç♦s ❢✉♥❝✐♦♥❛✐s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s
❛♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ t❛✐s ❡s♣❛ç♦s ❝♦♥s✉❧t❛r ❬✻❪✱ ❬✶❪✱ ❬✺❪ ❡ ❬✶✺❪✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❙❡❥❛ u : Ω → R ❝♦♥tí♥✉❛✳ ❖ s✉♣♦rt❡ ❞❡ u✱ q✉❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r
supp(u)✱ é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦ ❢❡❝❤♦ ❡♠ Ω ❞♦ ❝♦♥❥✉♥t♦ {x ∈ Ω; u(x) ̸= 0}✳ ❙❡ supp(u) ❢♦r
✉♠ ❝♦♠♣❛❝t♦ ❞✐③❡♠♦s q✉❡ u ♣♦ss✉✐ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳ ❉❡♥♦t❛♠♦s ♣♦r C0(Ω) ♦ ❡s♣❛ç♦ ❞❛s
❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❝♦♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳

❉❡✜♥✐çã♦ ✶✳✷✳ ❉❡♥♦t❡♠♦s ♣♦r Cj(Ω)✱ j ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ ♥ã♦✲♥❡❣❛t✐✈♦ ♦✉ ✐♥✜♥✐t♦✱ ♦
❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s φ : Ω → R q✉❡ ♣♦ss✉❡♠ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❝♦♥tí♥✉❛s ❛té ♦r❞❡♠ j✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❉❡♥♦t❡♠♦s ♣♦r C∞
0 (Ω) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s φ : Ω → R q✉❡ ♣♦ss✉❡♠

❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❝♦♥tí♥✉❛s ❞❡ t♦❞❛s ❛s ♦r❞❡♥s ❡ q✉❡ tê♠ s✉♣♦rt❡ ❝♦♠♣❛❝t♦✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❯♠❛ s✉❝❡ssã♦ (φν)ν∈N ❞❡ ❢✉♥çõ❡s ❞❡ C∞
0 (Ω) ❝♦♥✈❡r❣❡ ♣❛r❛ ③❡r♦ q✉❛♥❞♦

❡①✐st❡ K ⊂ Ω ❝♦♠♣❛❝t♦ t❛❧ q✉❡

❼ suppφν ⊂ K, ∀ ν ∈ N❀

❼ P❛r❛ ❝❛❞❛ α ∈ N
n✱ Dαφν → 0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ K✱

♦♥❞❡ Dα ❞❡♥♦t❛ ♦ ♦♣❡r❛❞♦r ❞❡r✐✈❛çã♦ ❞❡ ♦r❞❡♠ α ❞❡✜♥✐❞♦ ♣♦r

∂|α|

∂xα1

1 ∂x
α2

2 ...∂x
αn
n

,

❝♦♠ α = (α1, α2, ..., αn) ∈ N
n ❡ |α| = α1 + α2 + ...+ αn✳
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❉❡✜♥✐çã♦ ✶✳✺✳ ❖ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ C∞
0 (Ω) ❝♦♠ ❛ ♥♦çã♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡✜♥✐❞❛ ❛❝✐♠❛ é

r❡♣r❡s❡♥t❛❞♦ ♣♦r D(Ω) ❡ ❞❡♥♦♠✐♥❛❞♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s t❡st❡s ❡♠ Ω✳

❉❡✜♥✐çã♦ ✶✳✻✳ ❉❡♥♦t❡♠♦s ♣♦r Cj
B(Ω) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s φ ∈ Cj(Ω) t❛✐s q✉❡ Dαφ

é ❧✐♠✐t❛❞❛ ❡♠ Ω ♣❛r❛ |α| ≤ j✳ Cj
B(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛ ♥♦r♠❛

||φ||Cj
B
(Ω) = max

|α|≤j
sup
x∈Ω

|Dα(x)|.

❉❡✜♥✐çã♦ ✶✳✼✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ ❉❡♥♦t❡♠♦s ♣♦r Lp(Ω) ♦ ❝♦♥❥✉♥t♦ ❞❛s ✭❝❧❛ss❡s ❞❡
❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s✮ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s u : Ω → R t❛✐s q✉❡ |u|p é ✐♥t❡❣rá✈❡❧ ♥♦ s❡♥t✐❞♦ ❞❡
▲❡❜❡s❣✉❡ ❡♠ Ω✳ Lp(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛s ♥♦r♠❛s

||u||p =















(
∫

Ω

|u(x)|pdx
)

1

p

, s❡ 1 ≤ p <∞;

sup ess
x∈Ω

|u(x)|, s❡ p = ∞.

◆♦ ❝❛s♦ ❡♠ q✉❡ p = 2✱ Lp(Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

⟨u, v⟩L2(Ω) =

∫

Ω

u(x)v(x)dx.

❉❡✜♥✐çã♦ ✶✳✽✳ ❉❡♥♦t❡♠♦s ♣♦r D′(Ω) ♦ ❡s♣❛ç♦ ❞❛s ❞✐str✐❜✉✐çõ❡s ❞❡ Ω ❡♠ R✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❙❡❥❛ T ∈ D′(Ω)✳ ❉❡✜♥✐♠♦s ❛ ❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♠ α ❞❛ ❞✐str✐❜✉✐çã♦ T ✱
DαT ∈ D′(Ω)✱ ♣♦r

⟨DαT, φ⟩ = (−1)|α|⟨T,Dαφ⟩,

♣❛r❛ t♦❞♦ φ ∈ D(Ω)✳

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ ❉❡♥♦t❡♠♦s ♣♦r Lp
loc(Ω) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s

♠❡♥s✉rá✈❡✐s u : Ω → R t❛✐s q✉❡ ♣❛r❛ t♦❞♦ ❝♦♠♣❛❝t♦ K ⊂ Ω✱ u|K ∈ Lp(Ω)✳

Pr♦♣♦s✐çã♦ ✶✳✶✶✳ ❙❡❥❛ u ∈ L1
loc(Ω)✳ ❙❡ φ ∈ D(Ω)✱ ❡♥tã♦

⟨Tu, φ⟩ =
∫

Ω

uφ

❞❡✜♥❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❡♠ D′(Ω)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✻❪✱ ♣✳ ✹✷✳

Pr♦♣♦s✐çã♦ ✶✳✶✷✳ ❙❡ 1 ≤ p ≤ ∞✳ ❊♥tã♦✱ Lp(Ω) →֒ L1
loc(Ω)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✻❪✱ ♣✳ ✹✷✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ ❖ ❡s♣❛ç♦ ❞❡ ❙♦❜♦❧❡✈ Wm,p(Ω) é ❞❡✜♥✐❞♦ ❝♦♠♦ s❡♥❞♦
♦ ❝♦♥❥✉♥t♦

Wm,p(Ω) = {u ∈ Lp(Ω);Dαu ∈ Lp(Ω), ∀ |α| ≤ m} ,
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♦♥❞❡ Dαu é ❛ ❞❡r✐✈❛❞❛ ❞❡ u ♥♦ s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✳ Wm
p (Ω) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤

❝♦♠ ❛s ♥♦r♠❛s

||u||m,p =















(

∑

|α|≤m

||Dαu(x)||pp
)

1

p

, s❡ 1 ≤ p <∞;

∑

|α|≤m

sup ess
x∈Ω

|Dαu(x)|, s❡ p = ∞.

◆♦ ❝❛s♦ ❡♠ q✉❡ p = 2✱ ❞❡♥♦t❛♠♦s Wm
p (Ω) ♣♦r Hm(Ω)✳ ❖ ❡s♣❛ç♦ Hm(Ω) é ✉♠ ❡s♣❛ç♦

❞❡ ❍✐❧❜❡rt ❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

⟨u, v⟩m =
∑

|α|≤m

⟨Dαu,Dαv⟩L2(Ω).

Pr♦♣♦s✐çã♦ ✶✳✶✹✳ ❙❡❥❛ 1 < p < ∞✳ ❙❡ u ∈ W 1
p (Ω) ❡♥tã♦ u+, u− ∈ W 1

p (Ω) ❡ t❡♠♦s ❛s
❡①♣r❡ssõ❡s

∇u+ =

{

∇u, s❡ u > 0

0, s❡ u ≤ 0

❡

∇u− =

{

0, s❡ u ≥ 0

−∇u, s❡ u < 0.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✵❪✱ ♣✳ ✷✾✷✳

❱❛♠♦s ♣r❡❝✐s❛r ❞❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❡s♣❛ç♦s ❞❡ ❙♦❜♦❧❡✈ ♥❛ r❡t❛✳

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt H1
(

(a, b)
)

= W 1
2 (a, b) ❞❡✜♥✐❞♦ ♣♦r

H1(a, b) = {u ∈ L2(a, b) : u′ ∈ L2(a, b)},

❝♦♠ ❛ ♥♦r♠❛ ❞❡✜♥✐❞❛ ♣♦r

∥u∥H1(a,b) =

∫ b

a

(

|u(t)|2 + |u′(t)|2
)

1

2

dt ✭✶✳✶✮

▲❡♠❛ ✶✳✶✻✳ ❙❡❥❛ (a, b) ✉♠ ✐♥t❡r✈❛❧♦ ❧✐♠✐t❛❞♦ ❞❛ r❡t❛✳ ❆ ✐♠❡rsã♦ H1(a, b) →֒ C([a, b]) é
❝♦♥tí♥✉❛ ❡ ❝♦♠♣❛❝t❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣✳ ✶✷✾✳

Pr♦♣♦s✐çã♦ ✶✳✶✼ ✭❋ór♠✉❧❛ ❞❡ ●r❡❡♥✮✳ ❙❡❥❛♠ Ω ⊂ R
n ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❡ f, g ∈ H2(Ω)✳

❊♥tã♦✿
∫

Ω

(∆f)g dx = −
∫

Ω

⟨∇f,∇g⟩ dx+
∫

∂Ω

∂f

∂η
g dS. ✭✶✳✷✮
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❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣✳ ✸✶✻✳

✶✳✷ ❊s♣❛ç♦s à ✈❛❧♦r❡s ✈❡t♦r✐❛✐s

P❛r❛ ❡st❛ s❡çã♦✱ ❝♦♥s✐❞❡r❡♠♦s I ⊂ R ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦✱ Ω ⊂ R
N ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦

❡ (X, ||.||) ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❆♣❡s❛r ❞❛ s❡♠❡❧❤❛♥ç❛ ❡♥tr❡ ❛s ❞❡✜♥✐çõ❡s ❞❡ss❛ s❡çã♦ ❡ ❞❛ ❛♥t❡r✐♦r✱ ❞❡✈❡♠♦s ♥♦s
♣r❡❝❛✈❡r ❝♦♠ ♦s ❝♦♥❝❡✐t♦s ❞❡ ♠❡♥s✉r❛❜✐❧✐❞❛❞❡ ❡ ✐♥t❡❣r❛❜✐❧✐❞❛❞❡ ❡♠ ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤
q✉❛✐sq✉❡r✳

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❯♠❛ ❢✉♥çã♦ f : I → X é ♠❡♥s✉rá✈❡❧ s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛
(fn)n∈N ⊂ C0(I,X) t❛❧ q✉❡ fn → f q✳t✳♣✳✱ q✉❛♥❞♦ n→ ∞✳

Pr♦♣♦s✐çã♦ ✶✳✶✾✳ ❙❡❥❛♠ (fn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s ❞❡ I ♣❛r❛ X ❡
f : I → X✳ ❙❡ fn → f q✳t✳♣✳ ❡♠ I✱ ❡♥tã♦ f é ♠❡♥s✉rá✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✺❪✱ ♣✳ ✹✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❯♠❛ ❢✉♥çã♦ ♠❡♥s✉rá✈❡❧ f : I → X é ✐♥t❡❣rá✈❡❧ s❡ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛
(fn)n∈N ⊂ C0(I,X) t❛❧ q✉❡

∫

I

||fn(t)− f(t)|| → 0,

q✉❛♥❞♦ n→ ∞✳

Pr♦♣♦s✐çã♦ ✶✳✷✶ ✭❚❡♦r❡♠❛ ❞❡ ❇♦❝❤♥❡r✮✳ ❙❡❥❛ f : I → X ♠❡♥s✉rá✈❡❧✳ ❊♥tã♦ f é
✐♥t❡❣rá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ||f || é ✐♥t❡❣rá✈❡❧✳ ▼❛✐s ❛✐♥❞❛✱

∣

∣

∣

∣

∣

∣

∣

∣

∫

I

f

∣

∣

∣

∣

∣

∣

∣

∣

≤
∫

I

||f ||.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✺❪✱ ♣✳ ✼✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ ❉❡♥♦t❡♠♦s ♣♦r Lp(I,X) ♦ ❝♦♥❥✉♥t♦ ❞❛s ✭❝❧❛ss❡s ❞❡
❡q✉✐✈❛❧ê♥❝✐❛ ❞❛s✮ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s f : I → X t❛✐s q✉❡ t 7→ ||f(t)|| ♣❡rt❡♥❝❡ ❛♦ Lp(I)✳
Lp(I,X) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛s ♥♦r♠❛s

||f ||p =















(
∫

I

||f(t)||pdt
)

1

p

, s❡ 1 ≤ p <∞;

sup ess
t∈I

||f(t)||, s❡ p = ∞.

◆♦ ❝❛s♦ ❡♠ q✉❡ p = 2 ❡ X é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ Lp(I,X) é ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt
❝♦♠ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦

⟨u, v⟩L2(I,X) =

∫

I

⟨u(x), v(x)⟩X dx, ∀ u, v ∈ L2(I,X).
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❉❡✜♥✐çã♦ ✶✳✷✸✳ ❉❡♥♦t❡♠♦s ♣♦r D′(I,X) ♦ ❡s♣❛ç♦ L(D(I), X)✳ ❚❛❧ ❝♦♥❥✉♥t♦ é ❝❤❛♠❛❞♦
♦ ❡s♣❛ç♦ ❞❛s ❞✐str✐❜✉✐çõ❡s ❞❡ I ❡♠ X✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❙❡❥❛ 1 ≤ p ≤ ∞✳ ❉❡♥♦t❡♠♦s ♣♦r Lp
loc(I,X) ♦ ❝♦♥❥✉♥t♦ ❞❛s ❢✉♥çõ❡s

♠❡♥s✉rá✈❡✐s f : I → X t❛✐s q✉❡ ♣❛r❛ t♦❞♦ ✐♥t❡r✈❛❧♦ ❝♦♠♣❛❝t♦ J ⊂ I✱ f|J ∈ Lp(I,X)✳

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❙❡❥❛ T ∈ D′(I,X)✳ ❉❡✜♥✐♠♦s ❛ ❞❡r✐✈❛❞❛ ❞❛ ❞✐str✐❜✉✐çã♦ T ✱ T ′ ∈
D′(I,X)✱ ♣♦r

⟨T ′, φ⟩ = −⟨T, φ′⟩,

♣❛r❛ φ ∈ D(I)✳

Pr♦♣♦s✐çã♦ ✶✳✷✻✳ ❙❡❥❛ f ∈ L1
loc(I,X)✳ ❙❡ φ ∈ D(I)✱ ❡♥tã♦

⟨Tf , φ⟩ =
∫

I

fφ

❞❡✜♥❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❡♠ D′(I,X)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✺❪✱ ♣✳ ✶✵✳

Pr♦♣♦s✐çã♦ ✶✳✷✼✳ ❙❡ 1 ≤ p ≤ ∞✳ ❊♥tã♦✱ Lp(I,X) →֒ L1
loc(I,X)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✺❪✱ ♣✳ ✶✵✳

❖ ♣ró①✐♠♦ ❡s♣❛ç♦ ❛ s❡r ❞❡✜♥✐❞♦ t❡rá s✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡
tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✶✳✷✽✳ ❙❡❥❛♠ 1 ≤ p ≤ ∞ ❡ Lp(Q) = Lp(0, T ;Lp(Ω))✳ ❉❡♥♦t❡♠♦s ♣♦r W 2,1
p (Q)

♦ ❝♦♥❥✉♥t♦ ❞❛s ✭❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛s ❞❛s✮ ❢✉♥çõ❡s ♠❡♥s✉rá✈❡✐s u ∈ Lp(Q) t❛✐s q✉❡
ut ∈ Lp(Q) ❡ Dαu ∈ Lp(Q)✱ ♣❛r❛ t♦❞♦ 1 ≤ |α| ≤ 2✱ ♦♥❞❡ Dαu é ❛ ❞❡r✐✈❛❞❛ ❞❡ u ♥♦
s❡♥t✐❞♦ ❞❛s ❞✐str✐❜✉✐çõ❡s✳ W 2,1

p (Q) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❝♦♠ ❛ s❡❣✉✐♥t❡ ♥♦r♠❛

||u||W 2,1
p (Q) =

(

||u||pLp(Q) + ||ut||pLp(Q) +
∑

1≤|α|≤2

||Dαu||pLp(Q)

)
1

p

.

Pr♦♣♦s✐çã♦ ✶✳✷✾✳ ❙❡❥❛ Ω ⊂ R
N ❝♦♠ ❢r♦♥t❡✐r❛ ∂Ω s✉✜❝✐❡♥t❡♠❡♥t❡ s✉❛✈❡✳ ❊♥tã♦✱

W 2,1
p (Q) →֒ Lq(Q) ♣❛r❛ q s❛t✐s❢❛③❡♥❞♦✿

✭✐✮ 1 ≤ q ≤ p(n+ 2)

n+ 2− 2p
, se p <

n+ 2

2
;

✭✐✐✮ 1 ≤ q <∞, se p =
n+ 2

2
;

✭✐✐✐✮ q = ∞, se p >
n+ 2

2
.
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❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ q✉❛❧q✉❡r ❢✉♥çã♦ u ∈ W 2,1
p (Q)✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C ❞❡♣❡♥❞❡♥❞♦

❞❡ Ω, T, p, q ❡ n t❛❧ q✉❡

||u||Lq(Q) ≤ C ||u||W 2,1
p (Q). ✭✶✳✸✮

◆♦s ❝❛s♦s ✭✐✐✮ ❡ ✭✐✐✐✮ ❛ ✐♠❡rsã♦ é ❝♦♠♣❛❝t❛✱ ❡ ❡♠ ✭✐✮ t❡r❡♠♦s ✐♠❡rsã♦ ❝♦♠♣❛❝t❛ ♣❛r❛

q s❛t✐s❢❛③❡♥❞♦ 1 ≤ q < p(n+2)
n+2−2p

✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✺❪✱ ♣✳ ✷✵✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♥♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ✭ q✉❛♥❞♦ n = 1 ✮ ❡ ❝♦♥s✐❞❡r❛♥❞♦ p = 2✱ s❡❣✉❡
❞❛ Pr♦♣♦s✐çã♦ ✶✳✷✾ ✲ ✭✐✐✐✮ q✉❡

∥u∥L∞(Q) ≤ C ∥u∥W 2,1
2

(Q).

✶✳✸ ❉❡s✐❣✉❛❧❞❛❞❡s ♥♦tá✈❡✐s ❡ ❢ór♠✉❧❛s ❞❡ ✐♥t❡❣r❛çã♦

◆❡st❛ s❡çã♦✱ s❡❣✉❡♠ ❛❧❣✉♠❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❡ ❢ór♠✉❧❛s ❞❡ ✐♥t❡❣r❛çã♦ ❝♦♥❤❡❝✐❞❛s q✉❡
s❡rã♦ ✉t✐❧✐③❛❞❛s ❛♦ ❧♦♥❣♦ ❞♦ t❡①t♦✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❝♦♥s✉❧t❛r ❬✶✵❪✳

Pr♦♣♦s✐çã♦ ✶✳✸✵✳ ❙❡❥❛♠ ♥ú♠❡r♦s r❡❛✐s a1, · · · , an−1, an ≥ 0 ❡ p ≥ 1✳ ❊♥tã♦

(a1 + · · ·+ an−1 + an)
p ≤ 2(n−1)p(a1

p + · · ·+ an−1
p + an

p) ✭✶✳✹✮

Pr♦♣♦s✐çã♦ ✶✳✸✶✳ ❬❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣❪ ❙❡ a, b ≥ 0 ❡ p, q > 1 sã♦ t❛✐s q✉❡
1

p
+
1

q
= 1✱

❡♥tã♦

ab ≤ ap

p
+
bq

q
✭✶✳✺✮

✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✵❪✱ ♣✳ ✻✷✷✳

▲❡♠❛ ✶✳✸✷✳ ❙❡❥❛♠ ♥ú♠❡r♦s r❡❛✐s a, b ≥ 0 ❡ p > 1✱ ❡♥tã♦

(a+ b)p ≤ 2p(ap + bp).

❉❡♠♦♥str❛çã♦✳ ❯s❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♠á①✐♠♦✱ ♦❜t❡♠♦s

(a+ b)p ≤ (2max{a, b})p
= 2p max{ap, bp}
≤ 2p(ap + bp).
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❉❡✜♥✐çã♦ ✶✳✸✸✳ ❯♠❛ ❢✉♥çã♦ f : Rn → R é ❝❤❛♠❛❞❛ ❝♦♥✈❡①❛ s❡

f(θx+ (1− θ)y) ≤ θf(x) + (1− θ)f(y),

♣❛r❛ t♦❞♦s x, y ∈ R
n ❡ ❝❛❞❛ 0 ≤ θ ≤ 1✳

Pr♦♣♦s✐çã♦ ✶✳✸✹✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ ϕ : E → (−∞,∞] ✉♠❛ ❢✉♥çã♦ ❝♦♥✈❡①❛✱
s❡♠✐❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡ ✭♥❛ t♦♣♦❧♦❣✐❛ ❢♦rt❡✮✳ ❊♥tã♦ ϕ é s❡♠✐❝♦♥tí♥✉❛ ✐♥❢❡r✐♦r♠❡♥t❡
♥❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ xn ⇀ x ❢r❛❝❛♠❡♥t❡✱ ❡♥tã♦

ϕ(x) ≤ lim inf
n→∞

ϕ(xn)

Pr♦♣♦s✐çã♦ ✶✳✸✺✳ ❬❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♥❪ ❙❡❥❛ Ω ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ♠❡♥s✉rá✈❡❧ ❡♥tã♦
♣❛r❛ t♦❞❛ ❢✉♥çã♦ ❝♦♥✈❡①❛ ❡ t♦❞❛ ❢✉♥çã♦ u ∈ L1(Ω)✱ t❡♠♦s

f

(

1

|Ω|

∫

Ω

u(x)dx

)

≤ 1

|Ω|

∫

Ω

f(u(x))dx.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✵❪✱ ♣✳ ✼✵✺✳

Pr♦♣♦s✐çã♦ ✶✳✸✻✳ ❬❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍ö❧❞❡r❪ ❙❡❥❛♠ 1 < p, q < ∞ t❛✐s q✉❡ 1
p
+ 1

q
= 1✳ ❙❡

f ∈ Lp(Ω) ❡ g ∈ Lq(Ω)✱ ❡♥tã♦ f.g ∈ L1(Ω) ❡

∥f.g∥1 ≤ ∥f∥p.∥g∥q.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣✳ ✾✷✳

❚❡♦r❡♠❛ ✶✳✸✼✳ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré✮✳ ❙✉♣♦♥❤❛♠♦s q✉❡ Ω s❡❥❛ ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦
❞♦ R

N ✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ 1 ≤ p ≤ ∞✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ C ✭❞❡♣❡♥❞❡♥❞♦ ❞❛ ♠❡❞✐❞❛ ❞❡
Ω ❡ ❞❡ ♣✮ t❛❧ q✉❡

||u||Lp(Ω) ≤ Cp||∇||Lp(Ω), ∀u ∈ W 1,p
0 (Ω). ✭✶✳✻✮

❉❡♠♦♥str❛çã♦✳ ❱❡r ❍✳ ❇r❡③✐s❬✹❪✱ ▲❡♠❛ ♣✳✷✶✽✳

❖❜s❡r✈❛çã♦ ✶✳✸✽✳ ❙❡ a, b ≥ 0 ❡ p ≥ 1 ❡♥tã♦✱ (a+ b)p ≤ 2p(ap + bp)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✵❪

Pr♦♣♦s✐çã♦ ✶✳✸✾✳ ❬❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ ✲ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧❪ ❙❡❥❛ f(·) ✉♠❛ ❢✉♥çã♦
♥ã♦ ♥❡❣❛t✐✈❛✱ ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ❡♠ [0, T ]✱ q✉❡ s❛t✐s❢❛③ ♣❛r❛ ❝❛❞❛ t ❛ ❞❡s✐❣✉❛❧❞❛❞❡
❞✐❢❡r❡♥❝✐❛❧

f ′(t) ≤ ϕ(t)f(t) + ψ(t),

♦♥❞❡ ϕ(t) ❡ ψ(t) sã♦ ❢✉♥çõ❡s ♥ã♦ ♥❡❣❛t✐✈❛s✱ ✐♥t❡❣rá✈❡✐s ❡♠ [0, T ]✳ ❊♥tã♦

f(t) ≤ e
∫ t

0
φ(s)ds

(

f(0) +

∫ t

0

ψ(s)ds

)

,
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♣❛r❛ t♦❞♦ 0 ≤ t ≤ T ✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡

f ′ ≤ ϕf em [0, T ] e f(0) = 0,

❡♥tã♦

f ≡ 0 em [0, T ].

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✵❪✱ ♣✳ ✻✷✹✳

✶✳✹ ❘❡❣✉❧❛r✐❞❛❞❡ ❞❡ ❙♦❧✉çõ❡s ❋r❛❝❛s

❖ r❡s✉❧t❛❞♦ ❞❡ss❛ s❡çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ♥♦ ❧✐✈r♦ ❞❡ ❱❡r ❬✹❪✳ ❊st❡ r❡s✉❧t❛❞♦ é
✐♠♣♦rt❛♥t❡ ♣❛r❛ ♠♦str❛r♠♦s ❛ ❧✐♥❡❛r✐❞❛❞❡ ❞♦ ♦♣❡r❛❞♦r ▲❛♣❧❛❝✐❛♥♦ ♥❡❣❛t✐✈❛✱ ❞❡✜♥✐❞♦ ♣♦r
−∆ : H2(Ω) → L2(Ω)✱ ♦♥❞❡ Ω é ✉♠ ❞♦♠í♥✐♦ s✉❛✈❡✱ ❝♦♠ ❢r♦♥t❡✐r❛ ∂Ω s✉❛✈❡✳ ❊ t❛♠❜é♠
♣❛r❛ ♠♦str❛r q✉❡ ❞❛❞❛ ✉♠❛ ❢✉♥çã♦ ❡♠ u ∈ L2(Ω) ❝♦♠ ∆u ∈ L2(Ω)✱ s❡❣✉❡ q✉❡ u ∈ H2(Ω)✳

❚❡♦r❡♠❛ ✶✳✹✵ ✭❆❣♠♦♥✲❉♦✉❣❧✐s✲◆✐r❡♥❜❡r❣✮✳ ❙✉♣♦♥❤❛ q✉❡ Ω s❡❥❛ ❞❡ ❝❧❛ss❡ C2 ❝♦♠ ∂Ω
❧✐♠✐t❛❞❛✳ ❚♦♠❡ 1 < p < ∞✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ f ∈ Lp(Ω)✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦
u ∈ W 2,p(Ω) ∩W 1,p

0 (Ω) ❞♦ ♣r♦❜❧❡♠❛

{

−∆u = f
u = 0.

✭✶✳✼✮

❆❧é♠ ❞✐ss♦✱ s❡ Ω é ❞❡ ❝❧❛ss❡ Cm+2 ❡ s❡ f ∈ Wm,p(Ω) ✭m ≥ 1 ✉♠ ✐♥t❡✐r♦✮✱ ❡♥tã♦

u ∈ Wm+2,p(Ω) ❡ ||u||Wm+2,p ≤ C||f ||Wm,p .

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ❚❡♦r❡♠❛ ✾✳✸✷✱ ♣✳✸✶✻✳

✶✳✺ ❘❡s✉❧t❛❞♦s ❞❡ ❈♦♥✈❡r❣ê♥❝✐❛ ❡ ■♠❡rsõ❡s

▲❡♠❛ ✶✳✹✶✳ ❙❡❥❛ Ω ✉♠ ❛❜❡rt♦ ❧✐♠✐t❛❞♦ ❞❡ R
N+1✱◆ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✱ gm ❡ g ❢✉♥çõ❡s

❞❡ Lq(Ω)✱ 1 < q <∞✱ t❛✐s q✉❡

||gm||Lq(Ω) ≤ c (c > 0 constante) ✭✶✳✽✮

gm → g q✉❛s❡ s❡♠♣r❡ ❡♠ Ω. ✭✶✳✾✮

❊♥tã♦✱

gm → g, ❢r❛❝❛♠❡♥t❡ ❡♠ Lq(Ω). ✭✶✳✶✵✮

❉❡♠♦♥str❛çã♦✳ ❱❡r ❏✳ ▲✳ ▲✐♦♥s ❬✶✹❪✱ ♣✳✶✷✳
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Pr♦♣♦s✐çã♦ ✶✳✹✷✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦ ❡ (xn)n∈N ✉♠❛ s❡q✉ê♥❝✐❛
❧✐♠✐t❛❞❛ ❡♠ E✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ (xnk

)k∈N q✉❡ ❝♦♥✈❡r❣❡ ❢r❛❝❛♠❡♥t❡ ❡♠
E✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ❚❡♦r❡♠❛ ✸✳✶✽✱ ♣✳✻✾✳

❙❡❥❛♠ X,B ❡ Y três ❡s♣❛ç♦s ❞❡ ❇❛♥❛❝❤ r❡✢❡①✐✈♦s t❛✐s q✉❡✿

X
c→֒ B →֒ Y. ✭✶✳✶✶✮

❚❡♦r❡♠❛ ✶✳✹✸✳ ❚♦♠❡ T, α0, αi ∈ R✱ t❛✐s q✉❡ T > 0 ❡ αi > 1✱ i = 0, 1✳

❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦

W =

{

u ∈ Lα0(0, T ;X),
∂u

∂t
∈ Lα1(0, T ;Y )

}

. ✭✶✳✶✷✮

❊♥tã♦ ❛ ✐♠❡rsã♦ ❞❡ W ❡♠ Lα0(0, T ;B) é ❝♦♠♣❛❝t❛ (W
c→֒ Lα0(0, T ;B))✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✷✷❪✱ ❈❛♣ít✉❧♦ ✸✱ ❚❡♦r❡♠❛ ✷✳✶✱ ♣✳✷✼✶✳

❚❡♦r❡♠❛ ✶✳✹✹✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ F ❧✐♠✐t❛❞♦ ❡♠ Lp(0, T ;X)✱ ❝♦♠ 1 < p < ∞✱

❡ ♦ ❝♦♥❥✉♥t♦
∂F

∂t
=

{

∂f

∂t
: f ∈ F

}

✱ ❧✐♠✐t❛❞♦ ❡♠ L1(0, T ;Y )✳ ❊♥tã♦ F é r❡❧❛t✐✈❛♠❡♥t❡

❝♦♠♣❛❝t♦ ❡♠ Lp(0, T ;B)✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ F ❧✐♠✐t❛❞♦ ❡♠ L∞(0, T ;X) ❡
∂F

∂t
❧✐♠✐t❛❞♦ ❡♠ Lr(0, T ;Y )✱

❝♦♠ r > 1✳ ❊♥tã♦ F é r❡❧❛t✐✈❛♠❡♥t❡ ❝♦♠♣❛❝t♦ ❡♠ C(0, T ;B)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✷✵❪✱ ❈♦r♦❧ár✐♦ ✹✱ ♣✳✷✶✳

✶✳✻ ■❞❡♥t✐❞❛❞❡s ■♠♣♦rt❛♥t❡s

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s✱ ❛♣r❡s❡♥t❛♠ ✐♠♣♦rt❛♥t❡s ✐❞❡♥t✐❞❛❞❡s✳

❚❡♦r❡♠❛ ✶✳✹✺✳ ❙❡❥❛♠ V ✱ H ❡ V ′ três ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✱ ♦♥❞❡ V ′ é ♦ ❞✉❛❧ ❞❡ V ✱ t❛❧ q✉❡
✈❛❧❡♠ ❛s s❡❣✉✐♥t❡s ✐♥❝❧✉sõ❡s ❞❡♥s❛s ❡ ❝♦♥tí♥✉❛s✿

V ⊂ H ⊂ V ′.

❙❡ u ∈ W (0, T ) = {v ∈ L2(0, T ;H); v′ ∈ L2(0, T ;H ′)}✱ ❡♥tã♦ u ❝♦✐♥❝✐❞❡ q✉❛s❡ s❡♠♣r❡
❝♦♠ ✉♠❛ ❢✉♥çã♦ C([0, T ];H)✳ ❆❧é♠ ❞✐ss♦✱

1

2

d

dt
||u(t)||2H = ⟨u′(t), u(t)⟩V ′,V ✭✶✳✶✸✮

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✷✷❪✱ ▲❡♠❛ ✶✳✷✱ ♣✳✷✻✵✳
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❚❡♦r❡♠❛ ✶✳✹✻✳ ❙❡❥❛♠ E ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt ❡ M ✉♠ s✉❜❡s♣❛ç♦ ❢❡❝❤❛❞♦ ❞❡ E✳ ❊♥tã♦✿

✭❛✮ E é s♦♠❛ ❞✐r❡t❛ ❞❡ M ❡ M⊥✱ ✐st♦ é✱ ❝❛❞❛ x ∈ E ❛❞♠✐t❡ ✉♠❛ ú♥✐❝❛ r❡♣r❡s❡♥t❛çã♦
♥❛ ❢♦r♠❛

x = xM + xM⊥ ❝♦♠ xM ∈M ❡ xM⊥ ∈M⊥.

❆❧é♠ ❞✐ss♦
||x− xM || = dist(x,M)

❡ xM é ❝❤❛♠❛❞♦ ❞❡ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❞❡ x s♦❜r❡ M ✳

✭❜✮ ❙❡ ❞❡✜♥✐r♠♦s P (x) = xM ❡ Q(x) = xM⊥ ♣❛r❛ x ∈ E✱ ❡♥tã♦ t❡♠♦s P,Q ∈ L(E,E)✳
❖ ♦♣❡r❛❞♦r P é ❝❤❛♠❛❞♦ ❞❡ ♦♣❡r❛❞♦r ♣r♦❥❡çã♦ ❞❡ E s♦❜r❡ M ✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡
♣r♦❥❡çã♦✳

✭❝✮ P 2 = P, Q2 = Q ❡ P ◦Q = Q ◦ P = 0✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✾❪✱ ❚❡♦r❡♠❛ ✸✳✷✳✾✱ ♣✳✹✹ ❡ ♣✳✹✺✳

❚❡♦r❡♠❛ ✶✳✹✼ ✭❚❡♦r❡♠❛ ❞❛ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ ❘✐❡s③✮✳ ❙❡❥❛♠ 1 < p <∞✱ p′ ♦ ❝♦♥❥✉❣❛❞♦

❞❡ p✱ ✐st♦ é
1

p
+

1

p′
= 1✱ ❡ φ ∈ (Lp(Ω))′✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ u ∈ Lp′(Ω) t❛❧ q✉❡

⟨φ, v⟩ =
∫

Ω

u(x)v(x) dx, ∀ v ∈ Lp(Ω) ❡ ||u||Lp′ (Ω) = ||φ||(Lp(Ω))′ , ✭✶✳✶✹✮

♦♥❞❡ ⟨·, ·⟩ é ♦ ♣❛r ❞❡ ❞✉❛❧✐❞❛❞❡ ❞❡ (Lp(Ω))′ ❡ Lp(Ω)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ❚❡♦r❡♠❛ ✹✳✶✶✱ ♣✳✾✼✳

Pr♦♣♦s✐çã♦ ✶✳✹✽ ✭❉✉ ❇♦✐s ❘❛②♠♦♥❞✮✳ ❙❡❥❛ u ∈ L1
loc(Ω) t❛❧ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ Tu s❛t✐s❢❛③

⟨Tu, φ⟩ =
∫

Ω

u(x)φ(x) dx = 0, ∀φ ∈ C∞
0 (Ω),

❡♥tã♦ u = 0 q✉❛s❡ s❡♠♣r❡ ❡♠ Ω✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✻❪✱ Pr♦♣♦s✐çã♦ ✹✱ ♣✳✶✷✳

✶✳✼ ❚❡♦r❡♠❛ ❞❡ Pr♦❧♦♥❣❛♠❡♥t♦ ❞❡ ❙♦❧✉çõ❡s ♣❛r❛

❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❖r❞✐♥ár✐❛s

❖s r❡s✉❧t❛❞♦s ❞❡ss❛ s❡çã♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶✼❪✱ ♣✳✶✼✱ ♠❛✐s ❞❡t❛❧❤❡s ❡♥❝♦♥tr❛✲
s❡ ❡♠ ❬✽❪ ❡ ❬✶✶❪✳ ❈♦♠ ❡ss❡s r❡s✉❧t❛❞♦s t❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠ s✐st❡♠❛
❞❡ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❖r❞✐♥ár✐❛s✱ ✐ss♦ é ✉♠ ✐♠♣♦rt❛♥t❡ ♣❛ss♦ ♥♦ ♠ét♦❞♦ q✉❡ s❡rá
❛♣❧✐❝❛❞♦✳

❚❡♦r❡♠❛ ✶✳✹✾✳ ❬❚❡♦r❡♠❛ ❞❡ ❈❛r❛t❤❡♦❞♦r②❪ ❙❡❥❛♠ Ω ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ R
N+1

❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ❞❡♥♦t❛❞♦s ♣♦r (t, x), t ∈ R, x ∈ R
N ❡ f : Ω → R

N ✉♠❛ ❢✉♥çã♦ q✉❡
s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❈❛r❛t❤❡♦❞♦r② s♦❜r❡ Ω✱ ✐st♦ é✿
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✭✐✮ f(t, x) é ♠❡♥s✉rá✈❡❧ ❡♠ t ♣❛r❛ ❝❛❞❛ x ✜①❛❞♦❀

✭✐✐✮ f(t, x) é ❝♦♥tí♥✉❛ ❡♠ x ♣❛r❛ q✉❛s❡ t♦❞♦ t ✜①❛❞♦❀

✭✐✐✐✮ ♣❛r❛ ❝❛❞❛ ❝♦♠♣❛❝t♦ K ⊂ Ω✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ r❡❛❧ mK(t) ✐♥t❡❣rá✈❡❧ t❛❧ q✉❡

|f(t, x)|RN ≤ mK(t); ∀(t, x) ∈ K.

❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧

{

x′(t) = f(t, x(t))
x(t0) = x0.

✭✶✳✶✺✮

❊♥tã♦✱ ❡①✐st❡♠ β > 0, t0 ❡ x : (t0 − β, t0 + β) → Ω s♦❧✉çã♦ ❞❡ ✭✶✳✶✺✮✳

Pr♦♣♦s✐çã♦ ✶✳✺✵✳ ❙❡❥❛ Ω = [0, T )×B ❝♦♠ T > 0 ❡ B = {x ∈ R
n; |x| ≤ b}✱ b > 0✳ ❙❡❥❛

f : Ω → R
n ♥❛s ❝♦♥❞✐çõ❡s ❞❡ ❈❛r❛t❤❡♦❞♦r② s♦❜r❡ Ω✳ ❙✉♣♦♥❤❛♠♦s q✉❡ x(t) é ✉♠❛ s♦❧✉çã♦

❞❡ ✭✶✳✶✺✮ t❛❧ q✉❡ |x0| ≤ b ❡ q✉❡ ❡♠ q✉❛❧q✉❡r ✐♥t❡r✈❛❧♦ I✱ ♦♥❞❡ x(t) ❡stá ❞❡✜♥✐❞❛✱ s❡ t❡♥❤❛
|x(t)| ≤ M ✱ ∀t ∈ I✱ M ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ I ❡ M < b✳ ❊♥tã♦ x ♣♦ss✉✐ ✉♠ ♣r♦❧♦♥❣❛♠❡♥t♦
❡♠ [0, T ]✳

✶✳✽ ❚❡♦r❡♠❛ ❊s♣❡❝tr❛❧ ♣❛r❛ ❖♣❡r❛❞♦r❡s ❈♦♠♣❛❝t♦s ❡

❆✉t♦✲❆❞❥✉♥t♦s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ✉♠ ✐♠♣♦rt❛♥t❡ ❚❡♦r❡♠❛ ❞❛ ❆♥á❧✐s❡ ❋✉♥❝✐♦♥❛❧✱ q✉❡ é ✉♠❛
❞❛s ♣r✐♥❝✐♣❛✐s ❢❡rr❛♠❡♥t❛s ♥❛ ❛♣❧✐❝❛çã♦ ❞♦ ▼ét♦❞♦ ❞❡ ❋❛❡❞♦✲●❛❧❡r❦✐♥✱ ♠ét♦❞♦ ❝♦♠ ♦
q✉❛❧ ♦❜t❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❞❛s ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s P❛r❝✐❛✐s ❞❡st❡ tr❛❜❛❧❤♦✳
❖ ❚❡♦r❡♠❛ ❡ ❛ ❞❡♠♦♥str❛çã♦ ❛♣r❡s❡♥t❛❞♦s ♥❡ss❛ s❡çã♦ sã♦ ❜❛s❡❛❞♦s ❡♠ ▼✉❥✐❝❛ ❬✶✻❪
❡ P❡❧❧❡❣r✐♥♦ ❬✶✾❪✳ ◆♦ ✜♥❛❧ ❞❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ❝❛r❛❝t❡r✐③❛♠
❝♦♥❥✉♥t♦s ♦rt♦♥♦r♠❛✐s ❡♠ ❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✳

Pr♦♣♦s✐çã♦ ✶✳✺✶✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❡ s❡❥❛ T ∈ L(E) ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦
❡ ❛✉t♦✲❛❞❥✉♥t♦✱ ❝♦♠ T ̸= 0✳ ❊♥tã♦ ||T || ♦✉ −||T || é ✉♠ ❛✉t♦✈❛❧♦r ❞❡ T ✱ ❡ ❡①✐st❡ ✉♠
❛✉t♦✈❡t♦r ❝♦rr❡s♣♦♥❞❡♥t❡ x ∈ SE t❛❧ q✉❡ (Tx, x) = ||T ||✳

❉❡♠♦♥str❛çã♦✳ P❡❧❧❡❣r✐♥♦ ❬✶✾❪✱ Pr♦♣♦s✐çã♦ ✻✳✸✳✶✱ ♣✳✾✺✳

❚❡♦r❡♠❛ ✶✳✺✷ ✭❚❡♦r❡♠❛ ❊s♣❡❝tr❛❧ ♣❛r❛ ♦♣❡r❛❞♦r❡s ❝♦♠♣❛❝t♦s ❡ ❛✉t♦✲❛❞❥✉♥t♦s ❡♠
❡s♣❛ç♦s ❞❡ ❍✐❧❜❡rt✮✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ (., .) ❡ ♥♦r♠❛
||.||✱ ❡ s❡❥❛ T ∈ L(E) ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦ ❡ ❛✉t♦✲❛❞❥✉♥t♦✱ ❝♦♠ T ̸= 0✳ ❊♥tã♦✿

✭❛✮ ❊①✐st❡♠ ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ ♦✉ ✐♥✜♥✐t❛ (λn) ❞❡ ❛✉t♦✈❛❧♦r❡s ❞✐st✐♥t♦s ❞❡ ③❡r♦ ❞❡
T ✱ ❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❝♦rr❡s♣♦♥❞❡♥t❡ (xn) ❞❡ ❛✉t♦✈❡t♦r❡s t❛✐s q✉❡✱ T ❛❞♠✐t❡ ✉♠❛
r❡♣r❡s❡♥t❛çã♦ ❞❛ ❢♦r♠❛✱

Tx =
∑

λn(x, xn)xn =
∑

(Tx, xn)xn ✭✶✳✶✻✮

♣❛r❛ t♦❞♦ x ∈ E✳ ❆ s❡q✉ê♥❝✐❛ (xn) é ♦rt♦❣♦♥❛❧✳
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✭❜✮ ❙❡ ❛ s❡q✉ê♥❝✐❛ (λn) é ✐♥✜♥✐t❛✱ ❡♥tã♦ λn → 0✳

✭❝✮ ❈❛❞❛ ❛✉t♦✈❛❧♦r λ ̸= 0 ❞❡ T ❛♣❛r❡❝❡ ♥❛ s❡q✉ê♥❝✐❛ (λn) ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ✈❡③❡s✱
q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❞✐♠❡♥sã♦ ❞♦ s✉❜❡s♣❛ç♦ Eλ = {v ∈ E |Tv = λv} ❞❡ ❛✉t♦✈❡t♦r❡s
❝♦rr❡s♣♦♥❞❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ P❡❧❧❡❣r✐♥♦ ❬✶✾❪✳

❚❡♦r❡♠❛ ✶✳✺✸✳ ❙❡❥❛♠ E ✉♠ ❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt✱ ❡ S = {xi; i ∈ I} ✉♠ ❝♦♥❥✉♥t♦ ♦rt♦♥♦r♠❛❧
❡♠ E✳ ❊♥tã♦✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭❛✮ x =
∑

i∈I

(x, xi)E xi✱ ♣❛r❛ ❝❛❞❛ x ∈ E❀

✭❜✮ S é ❝♦♠♣❧❡t♦❀

✭❝✮ [S] = E;

✭❞✮ ■❞❡♥t✐❞❛❞❡ ❞❡ P❛rs❡✈❛❧

||x||2 =
∑

i∈I

(x, xi)
2
E, ∀ x ∈ E; ✭✶✳✶✼✮

✭❡✮ (x, y)E =
∑

i∈I

(x, xi)E(y, xi)E ♣❛r❛ q✉❛❧q✉❡r x, y ∈ E✳

❉❡♠♦♥str❛çã♦✳ P❡❧❧❡❣r✐♥♦ ❬✶✾❪✱ ❚❡♦r❡♠❛ ✸✳✸✳✶✷✱ ♣✳ ✹✾✳

❖❜s❡r✈❛çã♦ ✶✳✺✹ ✭P❡❧❧❡❣r✐♥♦ ❬✶✾❪✱ ❖❜s❡r✈❛çã♦ ✸✳✸✳✻✱ ♣✳✹✼✳✮✳ ❆ ❡①♣r❡ssã♦
n

∑

i=1

(x, xi)xi é

❝❤❛♠❛❞❛ ❞❡ ♠❡❧❤♦r ❛♣r♦①✐♠❛çã♦ ❞❡ x ❡♠ M = [x1, . . . , xn]✳

❚❡♦r❡♠❛ ✶✳✺✺ ✭❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❇❡ss❡❧✮✳ ❙❡❥❛ E ✉♠ ❡s♣❛ç♦ ❝♦♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡
S = {xi; i ∈ I} ✉♠ ❝♦♥❥✉♥t♦ ♦rt♦♥♦r♠❛❧ ❡♠ E✳ ❊♥tã♦✱ s❡ x ∈ E✱ t❡♠♦s

∑

i∈J

(x, xi)
2
E ≤ ||x||2E,

❝♦♠ J = {i ∈ I; (x, xi)E ̸= 0}✳

❉❡♠♦♥str❛çã♦✳ P❡❧❧❡❣r✐♥♦ ❬✶✾❪✱ ❚❡♦r❡♠❛ ✸✳✸✳✾✱ ♣✳✹✼✳



✷✺

❈❛♣ít✉❧♦ ✷

❊q✉❛çã♦ ❞❡ ❆❧❧❡♥✲❝❛❤♥ ❆❜str❛t❛

◆❡st❡ ❝❛♣ít✉❧♦ ♣r♦✈❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠❛ ❡q✉❛çã♦ ❞♦ t✐♣♦ ❆❧❧❡♥✲
❈❛❤♥ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ s✐♥❣✉❧❛r✱ ❡ ♣❛r❛ ✐ss♦ ✉t✐❧✐③❛r❡♠♦s ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♦ ♠ét♦❞♦ ❞❡
●❛❧❡r❦✐♥✳

✷✳✶ ❚❡♦r❡♠❛ ❞❡ ❊①✐stê♥❝✐❛

❱❛♠♦s ✐♥✈❡st✐❣❛r ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ❢r❛❝❛ ❞♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛











∂
∂t
u− ξ2∆u = u− u3

K(x)
+ y em Q

u(x, 0) = u0 em Ω

u(x, t) = 0 S = ∂Ω× (0, T ),

✭✷✳✶✮

❡♠ q✉❡ Ω ⊂ Rn é ✉♠ ❞♦♠í♥✐♦ ❞❡ ❝❧❛ss❡ C2✳
❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛s s❡❣✉✐♥t❡s ❤✐♣ót❡s❡s

H :











Ω ⊂ Rn (n = 1, 2, 3) é ✉♠ ❞♦♠✐♥✐♦ ❞❡ ❝❧❛ss❡ C2

0 < T <∞, Q = Ω× (0, T ), S = ∂Ω× (0, T )

y ∈ L2(Q) e u0 ∈ H1
0 (Ω) ∩ L4(Ω).

✭✷✳✷✮

❚❡♦r❡♠❛ ✷✳✶✳ ❙✉♣♦♥❞♦ ✭✷✳✹✶✮✱ 0 < K(x) ≤ 1 t❛❧ q✉❡ 1
K(x)

∈ L4(Ω)✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛

s♦❧✉çã♦ ❢r❛❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮ t❛❧ q✉❡ u ∈ C([0, T ], L2(Ω))∩L2((0, T );L2(Ω))✱ u′ ∈ L2(Q)
❡ s❛t✐s❢❛③

(u′(t), v) + ξ2
∫

Ω

∇u(t)∇vdx =

∫

Ω

(

u− u3

K(x)

)

vdx+

∫

Ω

y(t)vdx ✭✷✳✸✮

u(0) = u0 ∀v ∈ H1
0 (Ω).

Pr✐♠❡✐r❛♠❡♥t❡✱ ♦s s❡❣✉✐♥t❡s ❡①❡♠♣❧♦s s❛t✐s❢❛③❡♠ ❛ ❝♦♥❞✐çã♦ 1
K(x)

∈ L4(Ω)✳
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❊①❡♠♣❧♦ ✷✳✷✳ ✭♥❂✶✮✳ ❙❡ Ω = (0, 1)✱ ❡♥tã♦ s❡ K(t) = tα✱ ❝♦♠ α < 1
4

✱ t❡♠✲s❡ q✉❡
1

K(t)
∈ L4(Ω)✳

❉❡ ❢❛t♦

∫ 1

0

(

1

tα

)4

dt =

∫ 1

0

t−4αdt =
t−4α+1

−4α + 1

∣

∣

∣

∣

t=1

t=0

✭✷✳✹✮

=
1

−4α + 1
− 0 =

1

−4α + 1
< +∞, ✭✷✳✺✮

s❡✱ −4α + 1 > 0✱ ♦✉ s❡❥❛ α < 1
4
✳

❖ s❡❣✉✐♥t❡ ❡①❡♠♣❧♦ ❢♦✐ ♣r♦✈❛❞♦ ❡♠ ❬✾❪✱▲❡♠♠❛ ❇✶ ❡ ❢♦r♥❡❝❡ ✉♠❛ ❝❧❛ss❡ ✐♠♣♦rt❛♥t❡ ❞❡
❡①❡♠♣❧♦s✳

❊①❡♠♣❧♦ ✷✳✸✳ ❙✉♣♦♥❞♦ Ω ⊂ R
N ✭N ≥ 1✮ é ✉♠ ❞♦♠í♥✐♦ ❞❡ ❝❧❛ss❡ Ck✱ k ≥ 1✳ ❊♥tã♦

K(x) =
(

dist(x, ∂Ω)
)α

s❛t✐s❢❛③ 1
K

∈ L4(Ω) s❡ o < α < 1
4
✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ n = 1 ❡

Ω = (0, 1)✱ t❡♠✲s❡

K(x) =
(

dist(x, {0, 1})
)α

=

(

1− |2x− 1|
2

)α

.

✷✳✶✳✶ ❉❡♠♦♥str❛çã♦ ❞❛ ❊①✐stê♥❝✐❛✿

❙❡❥❛
{

wj

}∞

j=1
✉♠❛ ❜❛s❡ ❍✐❧❜❡rt✐❛♥❛ ❞❡ H1

0 (Ω) ❡ Vm = [w1, ..., wm] ♦ ❡s♣❛ç♦ ❣❡r❛❞♦

♣❡❧❛s ♣r✐♠❡✐r❛s m ❢✉♥çõ❡s ❞❛ ❜❛s❡✳ ❆ss✐♠✱

(wi, wj) =

∫

Ω

wiwjdx = δij =

{

1, se i = j

0, se i ̸= j,
✭✷✳✻✮

(∇wi,∇wj) = 0 se i ̸= j. ✭✷✳✼✮

Pr♦❜❧❡♠❛ ❆♣r♦①✐♠❛❞♦✿ ❖ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ ❝♦♥s✐st❡ ❡♠ ❡♥❝♦♥tr❛r um ∈ Vm✱
um =

∑m
j=1 αj(t)wj t❛❧ q✉❡✱

(u′m(t), φ) + ξ2
∫

Ω

∇um(t)∇φdx =

∫

Ω

(

um(t)−
u3m(t)

K(x)

)

φdx+

∫

Ω

y(t)φdx ✭✷✳✽✮

um(0) = u0m ∈ Vm, u0m → u0 em H1
0 (Ω) ∀φ ∈ Vm.

Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡ q✉❡

(u′m(t), wj) =
m
∑

i=1

α′
i(t)(wi, wj) = α′

j(t). ✭✷✳✾✮
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❆♥❛❧♦❣❛♠❡♥t❡✱

(∇u′m(t),∇wj) =
m
∑

i=1

α′
i(t)(∇wi,∇wj) = αj(∇wj,∇wj) = αj(t)||∇wj||2L2(Ω).

❋❛③❡♥❞♦ φ = wj ❡♠ ✭✷✳✽✮ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s
❞❡ ✶➟ ♦r❞❡♠✱

α′
j + ξ2αj(t)||∇wj||2L2(Ω) =

∫

Ω

(

um(t)−
u3m(t)

K(x)

)

wjdx+

∫

Ω

y(t)wjdx.

❊s❝r❡✈❡♥❞♦ α(t) = (α1(t), α2(t), ..., αm(t))
T ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❊❉❖✬s ❞❡ ✶➟

♦r❞❡♠
{

α′(t) = F (t, α(t))

α(0) = α0,
✭✷✳✶✵✮

❡♠ q✉❡✱

F (t, α) =

[
∫

Ω

y(t)wjdx

]

m×1

− ξ2
[

αj(t)||∇wj||2
]

m×1

+

[
∫

Ω

(

um(t)−
u3m(t)

K(x)

)

wjdx

]

m×1

.

❉❡st❛ ❢♦r♠❛✱

F (t, α) − F (t, β) = ξ2
[

(αj − βj)||∇wj||2L2(Ω)

]

m×1

+

[(

umα − u3mα

K(x)

)

wj

]

m×1

−
[
∫

Ω

(

umβ −
u3mβ

K(x)

)

wj

]

m×1

,

❝♦♠✱

umα =
m
∑

i=1

αiwj e umβ =
m
∑

i=1

βiwi.

◆♦ q✉❡ s❡❣✉❡ ♣r♦✈❛r❡♠♦s q✉❡ F (t, α) s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ❈❛r❛t❤❡♦❞♦r②✱
✈❡r ❚❡♦r❡♠❛ ✶✳✹✾ ♦✉ s❡❥❛✱ ❡①✐st❡ s♦❧✉çã♦ ❧♦❝❛❧ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s
✭✷✳✶✵✮✳

P❛r❛ t ✜①♦✱ F (t, α) é ❝♦♥t✐♥✉❛ ❡♠ α ✭❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③✮ ♣♦✐s✱

∣

∣

∣

∣

[

(αj − βj)||∇wj||2L2(Ω)

]

m×1

∣

∣

∣

∣

≤ |α1 − β1|||∇w1||2 + |α2 − β2|||∇w2||2 + ...+

|αm − βm|||∇wm||2 ≤ |α− β|
m
∑

j=1

||∇wj||2L2(Ω). ✭✷✳✶✶✮
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❯s❛♥❞♦ ❛ ❉❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍♦❧❞❡r Pr♦♣♦s✐çã♦ ✶✳✸✻✱ t❡♠♦s

∣

∣

∣

∣

[
∫

Ω

(umα − umβ)wjdx

]

m×1

∣

∣

∣

∣

≤
(
∫

Ω

|umα− − umβ|2dx
)

1

2
( m
∑

j=1

1

)
1

2

=

(
∫

Ω

( m
∑

j=1

(αj − βj)wj

)2

dx

)
1

2
(

m

)
1

2

=

( m
∑

j=1

(αj − βj)
2

)
1

2
(

m

)
1

2

= |α− β|
(

m

)
1

2

.

P♦r ♦✉tr♦ ❧❛❞♦✱ t❡♠♦s

∣

∣

∣

∣

[
∫

(

u3mα − u3mβ

K(x)

)

wjdx

]

m×1

∣

∣

∣

∣

=

∣

∣

∣

∣

[
∫

1

K(x)
(umα − umβ)(u

2
mα + umαumβ + u2mβ)wjdx

]

m×1

∣

∣

∣

∣

. ✭✷✳✶✷✮

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍♦❧❞❡r Pr♦♣♦s✐çã♦ ✶✳✸✻✱ ❝♦♠ 1
4
+ 1

4
+ 1

2
= 1✱ ♦❜t❡♠♦s

∫

Ω

1

K(x)
|umα − umβ||u2mα + umαumβ + umβ||wj|dx

≤ ||umα − umβ||L4(Ω)

(
∫

Ω

|u2mα + umαumβ + u2mβ|2
)

1

2

||wj||L∞(Ω)

∣

∣

∣

∣

∣

∣

∣

∣

1

K

∣

∣

∣

∣

∣

∣

∣

∣

L4(Ω)

,

❡ ✉s❛♥❞♦ q✉❡

|u2mα + umαumβ + u2mβ|2 ≤ 32
(

|umα|4 + |umα|2|umβ|2 + |umβ|4
)

,

❝♦♥❝❧✉í♠♦s q✉❡

∫

Ω

|u2mα + umαumβ + u2mβ|2dx ≤ 9

(

||umα||4L4(Ω) +

∫

Ω

|umα|2|umβ|2dx+ ||umβ||4L4(Ω)

)

.

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❡ ❞❡ ❍♦❧❞❡r Pr♦♣♦s✐çã♦ ✶✳✸✻✱ t❡♠♦s

∫

Ω

|u2mα + umαumβ + u2mβ|2dx ≤ 9

(

||umα||4L4(Ω) + ||umα||2L4(Ω)||umβ||2L4(Ω) + ||umβ||4L4(Ω)

)

≤ 9

(

||umα||2L4(Ω) + ||umβ||2L4(Ω)

)2

.

P♦rt❛♥t♦✱

(
∫

Ω

|u2mα + umαumβ + u2mβ|2dx
)

1

2

≤ 3

(

||umα||2L4(Ω) + ||umβ||2L4(Ω)

)

.
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❉❛s ❡st✐♠❛t✐✈❛s ❛♥t❡r✐♦r❡s ❡ ✭✷✳✶✷✮✱ ♦❜t❡♠♦s

∣

∣

∣

∣

[
∫

Ω

(

u3mα − u3mβ

K(x)

)

wjdx

]

m×1

∣

∣

∣

∣

≤ 3||umα − umβ||L4(Ω)

(

||umα||2L4(Ω) + ||umβ||2L4(Ω)

)( m
∑

j=1

||wj||2L∞(Ω)

))∣

∣

∣

∣

∣

∣

∣

∣

1

K(x)

∣

∣

∣

∣

∣

∣

∣

∣

L4(Ω)

.

P❡❧❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ P❛rs❡✈❛❧✱

||umα − umβ||L4(Ω) =

(
∫

Ω

∣

∣

∣

∣

m
∑

j=1

(αj − βj)wj

∣

∣

∣

∣

4

dx

)
1

4

≤ |α− β|
( m
∑

j=1

||wj||4L4(Ω)

)
1

4

.

❚♦♠❛♥❞♦ α ❡ β t❛✐s q✉❡ |α|, |β| ≤ R ♣❛r❛ ❛❧❣✉♠ R > 0✱ ♦❜t❡♠♦s

|F (t, α)− F (t, β)| ≤M(m)|α− β|.

❆❣♦r❛ ♠♦str❛r❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ α ✜①♦ F (t, α) é ♠❡♥s✉rá✈❡❧ ❡♠ t✳

∣

∣

∣

∣

[
∫

Ω

y(t)wjdx

]

m×1

∣

∣

∣

∣

≤ ||y(t)||L2(Ω)

( m
∑

j=1

||wj||L2(Ω)

)
1

2

,

❝♦♠♦ y ∈ L2(0, T ;L2(Ω)), s❡❣✉❡ q✉❡

∫

Ω

y(t)wjdx ∈ L2(0, t), ∀j = 1, ...,m.

▲♦❣♦ ♠❡♥s✉rá✈❡❧✱ ♣♦rt❛♥t♦ F (t, α) é ♠❡♥s✉rá✈❡❧ ❡♠ t✳
❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ E = {α ∈ R

n; |α| ≤ C} ❡ ❛ ❛♣❧✐❝❛çã♦ F : [0, T ] × R
n −→ R✳

▼♦str❛♠♦s ❛♥t❡r✐♦r♠❡♥t❡ q✉❡ F (t, α) é ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡♠ α ❡ ♠❡♥s✉rá✈❡❧ ❡♠
t✱ ❧♦❣♦ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❈❛r❛t❤❡♦❞ór② ✶✳✹✾ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦✱ ❧♦❝❛❧ um(t) ❝♦♠
um(t) ∈ [0, tm], tm < T ✳

❆❣♦r❛ ♠♦str❛r❡♠♦s q✉❡ ❛ s♦❧✉çã♦ è ❣❧♦❜❛❧ ♦✉ s❡❥❛ ✱ q✉❡ tm = T ✳ P❛r❛ ✐ss♦✱ ♣r❡❝✐s❛r❡♠♦s
♣r♦✈❛r ❛❧❣✉♠❛s ❡st✐♠❛t✐✈❛s✳

❊st✐♠❛t✐✈❛ ■
❚♦♠❛♥❞♦ φ = um ❡♠ ✭✷✳✽✮ ♦❜t❡♠♦s

1

2

d

dt
||um(t)||2L2(Ω) + ξ2||∇um(t)||2L2(Ω) =

∫

Ω

(

u2m(t)−
u4m(t)

K(x)

)

dx+

∫

Ω

y(t)um(t)dx,

♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡

1

2

d

dt
||um(t)||2L2(Ω) + ξ2||∇um(t)||2L2(Ω) +

∫

Ω

1

K(x)
u4m(t)dx = ||(um(t)||2L2(Ω) +

∫

Ω

y(t)um(t)dx.

❖❜s❡r✈❡ q✉❡✱

∫

Ω

1

K(x)
u4m(t)dx =

∫

Ω

(

um

K(x)
1

4

)4

dx =

∣

∣

∣

∣

∣

∣

∣

∣

um(t)

K
1

4

∣

∣

∣

∣

∣

∣

∣

∣

4

L4(Ω)

,
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❧♦❣♦✱

1

2

d

dt
||um(t)||2L2(Ω) + ξ2||∇um(t)||2L2(Ω) +

∣

∣

∣

∣

∣

∣

∣

∣

um(t)

K
1

4

∣

∣

∣

∣

∣

∣

∣

∣

4

L4(Ω)

= ||(um(t)||2L2(Ω) +

∫

Ω

y(t)um(t)dx.

❆♣❧✐❝❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❍♦❧❞❡r Pr♦♣♦s✐çã♦ ✶✳✸✻ ❡ ❨♦✉♥❣ Pr♦♣♦s✐çã♦ ✶✳✸✶ t❡♠♦s✱

1

2

d

dt
||um(t)||2L2(Ω) + ξ2||∇um(t)||2L2(Ω) +

∣

∣

∣

∣

∣

∣

∣

∣

um(t)

K
1

4

∣

∣

∣

∣

∣

∣

∣

∣

4

L4(Ω)

≤ ||(um(t)||2L2(Ω)

+
1

2
||um(t)||2L2(Ω) +

1

2
||y(t)||2L2(Ω) =

3

2
||um(t)||2L2(Ω) +

1

2
||y(t)||2L2(Ω). ✭✷✳✶✸✮

P♦rt❛♥t♦✱

d

dt
||um(t)||2L2(Ω) ≤ 3||um(t)||2L2(Ω) +

1

2
||y(t)||2L2(Ω).

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ Pr♦♣♦s✐çã♦ ✶✳✸✾✱ ❝♦♥❝❧✉í♠♦s q✉❡

||um(t)||2L2(Ω) ≤ e3T
[

||um(0)||2L2(Ω) +

∫ T

0

||y(s)||2L2(Ω)ds

]

≤ K0

[

||u0||2L2(Ω) + ||y||2L2(Q)

]

,

❝♦♠ K0 ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ✐♥❞❡♣❡♥❞❡ ❞❡ m✱ ♣♦rt❛♥t♦✱ ♣♦❞❡♠♦s ❡st❡♥❞❡r ❛ s♦❧✉çã♦ um(t)
❛♦ ✐♥t❡r✈❛❧♦ [0, T ]✱ ❛❧é♠ ❞✐ss♦

sup
0≤t≤T

||um(t)||2L2(Ω) ≤ K0

[

||u0||2L2(Ω) + ||y||2L2(Q)

]

. ✭✷✳✶✹✮

■♥t❡❣r❛♥❞♦ ❡♠ (0, T ) ❛ ❡①♣r❡ssã♦ ✭✷✳✶✸✮ ❡ ✉s❛♥❞♦ ✭✷✳✶✹✮✱ ♦❜t❡♠♦s

1

2
||um(T )||2L2(Ω) + ξ2

∫ T

0

||∇um(t)||2dt+
∫ T

0

∣

∣

∣

∣

∣

∣

∣

∣

um(t)

K
1

4

∣

∣

∣

∣

∣

∣

∣

∣

4

L4(Ω)

dt ≤M1

[

||u0||2L2(Ω) + ||y||2L2(Q)

]

,

♦♥❞❡ M1 é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ ❞❡ Ω, T ❡ ✐♥❞❡♣❡♥❞❡ ❞❡ m✳
❉❛s ❡st✐♠❛t✐✈❛s ♦❜t✐❞❛s ❡ ❞♦ t❡♦r❡♠❛ ❞❡ ✐♠❡rsã♦ s❡q✉❡ q✉❡✱











































































um é ❧✐♠✐t❛❞❛ ❡♠ L2(0, T ;H1
0 (Ω)),

um é ❧✐♠✐t❛❞❛ ❡♠ L∞(0, T ;L2(Ω)),

um(T ) é ❧✐♠✐t❛❞❛ ❡♠ L2(Ω),

um
(

K(x)
) 1

4

é ❧✐♠✐t❛❞❛ ❡♠ L4(Q),

❡♠ ♣❛rt✐❝✉❧❛r ∇um é ❧✐♠✐t❛❞❛ ❡♠ L2(Q).

✭✷✳✶✺✮
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❊st✐♠❛t✐✈❛s ■■
❋❛ç❛♠♦s ❛❣♦r❛ φ = u3m ❡♠ ✭✷✳✽✮✱ ✉s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✹✾✱ ❡ ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐❞❛❞❡s✿

(u′m(t), u
3
m(t)) =

∫

Ω

d

dt
um(t)u

3
m(t)dx =

∫

Ω

1

4

d

dt
(um(t))

4dx =
1

4

d

dt
||um(t)||4L4(Ω),

❡

(∇um(t),∇u3m(t)) =
∫

Ω

∇um(t)∇(u3m(t))dx = 3

∫

Ω

|∇um(t)|2u2m(t)dx,

t❡♠♦s q✉❡✱

1

4

d

dt
||um(t)||4L4(Ω) + 3ξ2

∫

Ω

|∇um(t)|2u2m(t)dx+
∫

Ω

u6m(t)

K(x)
dx ≤

∫

Ω

u4m(t)dx

+

∫

Ω

|y(t)||um(t)|3,

♣❡❧❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❨♦✉♥❣ ✶✳✸✶

∫

Ω

|y(t)||um(t)|3dx =

∫

Ω

(

K(x)
1

2 |y(t)||um(t)|3

K(x)
1

2

)

dx

≤ 1

2

∫

Ω

K(x)|y(t)|2dx+ 1

2

∫

Ω

|um(t)|6
K(x)

dx

≤ 1

2

∫

Ω

|y(t)|2dx+ 1

2

∫

Ω

|um(t)|6
K(x)

dx,

❝♦♠ 0 < K(x) ≤ 1 ♣♦rt❛♥t♦✱

1

4

d

dt
||um(t)||4L4(Ω) + 3ξ2

∫

Ω

|∇um(t)|2u2m(t)dx+
1

2

∣

∣

∣

∣

∣

∣

∣

∣

um(t)

K
1

6

∣

∣

∣

∣

∣

∣

∣

∣

6

L6(Ω)

≤ ||um(t)||4L4(Ω) +
1

2
||y(t)||2L2(Ω). ✭✷✳✶✻✮

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ●r♦♥✇❛❧❧ Pr♦♣♦s✐çã♦ ✶✳✸✾✱ ♦❜t❡♠♦s✱

||um(t)||4L4(Ω) ≤ e4T
[

||u||4L4(Ω) + 2

∫ 1

0

||y(t)||2L2(Ω)dt

]

≤M2

[

||u0||4L4(Ω) + ||y||2L2(Q)

]

.

▲♦❣♦✱

sup
0≤t≤T

||um(t)||L4(Ω) ≤M2

[

||u0||4L4(Q) + ||y||2L2(Q)

]
1

4

. ✭✷✳✶✼✮

■♥t❡❣r❛♥❞♦ ✭✷✳✶✻✮ ❡♠ ✭✵✱❚✮ ❡ ✉s❛♥❞♦ ✭✷✳✶✼✮✱ ♦❜t❡♠♦s

∣

∣

∣

∣

∣

∣

∣

∣

um

K
1

6

∣

∣

∣

∣

∣

∣

∣

∣

L6(Q)

≤M2

(

||u0||4L4(Ω) + ||y||2L2(Q)

)
1

6

. ✭✷✳✶✽✮



✷✳✶✳ ❚❊❖❘❊▼❆ ❉❊ ❊❳■❙❚✃◆❈■❆ ✸✷

❊st✐♠❛t✐✈❛s ■■■
❖❜s❡r✈❡ q✉❡✱

1

2

d

dt
||um(t)||2 =

1

2

∫

Ω

d

dt
(|∇um(t)|2)dx =

1

2

∫

Ω

2∇um(t)∇u′m(t)dx

=

∫

Ω

∇um(t)∇u′m(t)dx.

❚♦♠❛♥❞♦ φ = u′m ❡♠ ✭✷✳✽✮ ❡ ✉s❛♥❞♦ ❚❡♦r❡♠❛ ✭✶✳✹✺✮ t❡♠✲s❡ q✉❡

||u′m(t)||2L2(Ω) +
ξ2

2

d

dt
||um(t)||2 +

1

4

d

dt

∣

∣

∣

∣

∣

∣

∣

∣

um(t)

K
1

4

∣

∣

∣

∣

∣

∣

∣

∣

4

L4(Ω)

=
1

2

d

dt
||um(t)||2L2(Ω) +

∫

Ω

y(t)u′m(t)dx.

❆♣❧✐❝❛♥❞♦ ❛s ❞❡s✐❣✉❛❧❞❛❞❡s ❞❡ ❍♦❧❞❡r Pr♦♣♦s✐çã♦ ✶✳✸✺ ❡ ❨♦✉♥❣ Pr♦♣♦s✐çã♦ ✶✳✸✶ ❡ ✉s❛♥❞♦
✭✷✳✶✸✮ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡✱

1

2
||u′m(t)||22(Ω) +

ξ2

2

d

dt
||um(t)||2 +

1

4

d

dt

∣

∣

∣

∣

∣

∣

∣

∣

um(t)

K
1

4

∣

∣

∣

∣

∣

∣

∣

∣

4

L4(Ω)

✭✷✳✶✾✮

≤ 3

2
||um(t)||2L2(Ω) + ||y(t)||2L2(Ω). ✭✷✳✷✵✮

■♥t❡❣r❛♥❞♦ ✭✷✳✶✾✮ ❡♠ ✭✵✱t✮✱ ❝♦♠ 0 < t < T ❡ ✉t✐❧✐③❛♥❞♦ ❛ ❡st✐♠❛t✐✈❛ ✭✷✳✶✹✮ ♦❜t❡♠♦s

1

2
||u′m(t)||2L2(Q) +

ξ2

2
||um(t)||2 +

∣

∣

∣

∣

∣

∣

∣

∣

um(t)

K
1

4

∣

∣

∣

∣

∣

∣

∣

∣

4

L4(Ω)

≤M1

[

||u0||2 + ||y||2L2(Q)

]

,

❡ ♣♦rt❛♥t♦✱

||u′m||L2(Q) + ||um||L∞(0,T ;H1
0
) ≤M1

[

||u0||+ ||y||L2(Q)

]

. ✭✷✳✷✶✮

▲♦❣♦✱ ♣♦r ✭✷✳✶✺✮ ❡ ✭✷✳✷✶✮ t❡♠♦s q✉❡ um é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ♥♦ ❡s♣❛ç♦

W = {u ∈ L2(0, T ;H1
0 (Ω)); u

′ ∈ L2(Q)}

❝♦♠♦ H1
0 (Ω) →֒ L2(Ω) é ❝♦♠♣❛❝t❛ ❡ L2 ⊂ H−1(Ω) =

(

H1
0 (Ω)

)′
é ❝♦♥tí♥✉❛ ♣❡❧♦ ❚❡♦r❡♠❛

✶✳✺✳

W →֒ L2(0, T ;L2(Ω)) é ❝♦♠♣❛❝t❛. ✭✷✳✷✷✮

P♦rt❛♥t♦ ♣♦r ✭✷✳✶✺✮✱✭✷✳✷✶✮ ❡ ✭✷✳✷✷✮ t❡♠♦s q✉❡ ❡①✐st❡♠ u ∈ L∞(0, T : H1
0 (Ω)) ∩ L2(0, T :
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H1
0 (Ω))✱ η ∈ L2(Ω) ❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ um ✭❛ q✉❛❧ ❞❡♥♦t❛♠♦s ♣♦r um✮ t❛✐s q✉❡✱































um → u ❡♠ L2(Q), ❡♠ q✳t✳♣✳

um ⇀ u ❡♠ L2(0, T : H1
0 (Ω)),

um(T )⇀ η ❡♠ L2(Ω),

u′m ⇀ u′ ❡♠ L2(Q),
um

K
1
6

⇀ u

K
1
6

❡♠ L6(Q).

✭✷✳✷✸✮

❆ ú❧t✐♠❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ ✭✷✳✷✸✮ s❡❣✉❡ ❞♦ ❢❛t♦ q✉❡✱ ♣♦r ✭✷✳✶✽✮

∣

∣

∣

∣

∣

∣

∣

∣

um(t)

K
1

6

∣

∣

∣

∣

∣

∣

∣

∣

L6(Ω)

≤M3.

❆❣♦r❛ ❞❛ ♣r✐♠❡✐r❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ ✭✷✳✷✸✮✱ t❡♠✲s❡

um

K
1

6 (x)
−→ u

K
1

6 (x)
q✳t✳♣✳,

❡✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✶ ♦❜t❡♠♦s✱

um

K
1

6 (x)
−→ u

K
1

6 (x)
❢r❛❝❛♠❡♥t❡ ❡♠ L6(Q).

❊♠ ♣❛rt✐❝✉❧❛r✱

∣

∣

∣

∣

∣

∣

∣

∣

u

K
1

6

∣

∣

∣

∣

∣

∣

∣

∣

L6(Q)

≤ lim inf
m−→1

∣

∣

∣

∣

∣

∣

∣

∣

u−m

K
1

6

∣

∣

∣

∣

∣

∣

∣

∣

L6(Q)

≤M3.

❯s❛r❡♠♦s ❛s ❝♦♥✈❡r❣ê♥❝✐❛s ✭✷✳✷✸✮ ♣❛r❛ ♣❛ss❛r ♦ ❧✐♠✐t❡ ♥♦ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛❞♦ ✭✷✳✽✮✳
❉❡t❛❧❤❛r❡♠♦s ❛♣❡♥❛s ♦ ❧✐♠✐t❡ ❞♦ t❡r♠♦ ❝ú❜✐❝♦✱ ♣♦✐s ♦s ♦✉tr♦s s❡❣✉❡♠ ❞❡ ✭✷✳✷✸✮✱ ♣❛r❛ ✐st♦✱
❝♦♥s✐❞❡r❡ φ = wj, j = 1, ...,m q✉❡r❡♠♦s ♠♦str❛r q✉❡✱

∫

Ω

(

um(t)−
1

K(x)
u3m(t)

)

wjdx →
∫

Ω

(

u(t)− 1

K(x)
u3(t)

)

wjdx ❡♠ D′(0, T ).

◆♦t❡ q✉❡ ♣❡❧❛ ❝♦♥✈❡r❣ê♥❝✐❛ ✭✷✳✷✸✮ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡✱

∫

Ω

1

K(x)
u3m(t)wjdx −→

∫

Ω

1

K(x)
u3(t)wjdx.

❚♦♠❛♥❞♦ ψ ∈ D(0, T ) t❡♠✲s❡✱

∫

Q

[

1

K(x)
u3m(t)wj −

1

K(x)
u3(t)wj

]

ψdxdt =

∫

Q

dm(um, u)

K(x)
(um(t)− u(t))ψwjdxdt ✭✷✳✷✹✮

∫

Q

[

(um(t)−
1

K(x)
u3m(t))wj − (u(t)− 1

K(x)
u3(t))wj

]

ψdxdt =

∫

Q

dm(um, u)(um(t)− u(t))ψdxdt,

✭✷✳✷✺✮
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❝♦♠✱

dm(um, u) = (u2(t) + um(t)u(t) + u2m(t)).

❉❛í r❡s✉❧t❛ q✉❡✱

∫

Ω

(um(t)− u(t))
(u2m(t) + um(t)u(t) + u2(t))

K(x)
wjψdxdt.

◆♦t❡ q✉❡✱

|u2m + umu+ u2| ≤ u2m + |um||u|+ u2

≤ u2m + 2|um||u|+ u2

=
(

|um|+ |u|
)2

≤ 4(|um|2 + |u|2).

❯s❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❍♦❧❞❡r Pr♦♣♦s✐çã♦ ✶✳✸✻✱ ❝♦♠ 1
2
+ 1

3
+ 1

6
= 1✱ ✜❝❛♠♦s ❝♦♠✱

∫

Q

∣

∣

∣

∣

(um − u)(u2m + umu+ u2)
1

K(x)
wjψ

∣

∣

∣

∣

dxdt ✭✷✳✷✻✮

≤ 4

∫

Q

|um − u|
( |um|2

K
1

3

+
|u|2

K
1

3

)

1

K(x)
2

3

|wj||ψ|dxdt ✭✷✳✷✼✮

≤ C||wjψ||L∞(Q)||um − u||L2(Q)

∣

∣

∣

∣

∣

∣

∣

∣

u2m

K
1

3

+
u2

K
1

3

∣

∣

∣

∣

∣

∣

∣

∣

L3(Q)

×
∣

∣

∣

∣

∣

∣

∣

∣

1

K
2

3

∣

∣

∣

∣

∣

∣

∣

∣

L6(Ω

. ✭✷✳✷✽✮

◆♦t❡ q✉❡✱

∣

∣

∣

∣

∣

∣

∣

∣

u2m + u2

K
1

3

∣

∣

∣

∣

∣

∣

∣

∣

3

L3(Q)

=

∫

Q

(u2m + u2)3

K(x)
dxdt

≤ 23
∫

Q

(

u6m
K

+
u

K

)

dxdt

= 8

(
∣

∣

∣

∣

∣

∣

∣

∣

um

K
1

6

∣

∣

∣

∣

∣

∣

∣

∣

6

L6(Q)

+
u

K
1

6

∣

∣

∣

∣

∣

∣

∣

∣

6

L6(Q)

)

.

P♦r ♦✉tr♦ ❧❛❞♦✱

∣

∣

∣

∣

∣

∣

∣

∣

1

K
2

3

∣

∣

∣

∣

∣

∣

∣

∣

6

L6(Ω)

=

∫

Ω

(

1

K
2

3 (x)

)6

dx =

∫

Ω

1

K4(x)
dx =

∣

∣

∣

∣

∣

∣

∣

∣

1

K

∣

∣

∣

∣

∣

∣

∣

∣

4

L4(Ω)

,

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

∣

∣

∣

∣

∣

∣

∣

∣

1

K
2

3

∣

∣

∣

∣

∣

∣

∣

∣

L6(Ω)

=

∣

∣

∣

∣

∣

∣

∣

∣

1

K

∣

∣

∣

∣

∣

∣

∣

∣

2

3

L4(Ω)

<∞,

♦♥❞❡ ❛♣❧✐❝❛♠♦s q✉❡ 1
K

∈ L4(Ω)✳
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❉❛s ❡st✐♠❛t✐✈❛s ❛❝✐♠❛✱ ♦❜t❡♠♦s

∣

∣

∣

∣

∫

Ω

(um(t)− u(t))dm(um, u)wjψdxdt

∣

∣

∣

∣

✭✷✳✷✾✮

≤ ||dm(um, u)||L3(Q)||um(t)− u(t)||L2(Q)||wjψ||L∞(Q)

∣

∣

∣

∣

∣

∣

∣

∣

1

K(x)

∣

∣

∣

∣

∣

∣

∣

∣

2

3

L4(Ω)

. ✭✷✳✸✵✮

P♦rt❛♥t♦✱

∣

∣

∣

∣

∫

Ω

(um(t)− u(t))dm(um, u)wjψdxdt

∣

∣

∣

∣

≤ K||um − u||L2(Q)||wjψ||L∞(Q) → 0.

▼✉❧t✐♣❧✐❝❛♥❞♦ ✭✷✳✽✮ ♣♦r ψ(t) ∈ D(0, T ) ❡ ✐♥t❡❣r❛♥❞♦ ❡♠ [0, T ], ♦❜t❡♠♦s

∫ T

0

(u′m(t), φ)ψ(t)dt+ ξ2
∫

Ω

(∇um(t),∇φ)ψ(t)dt

=

∫

Q

(um(t)− u3m(t))φψdxdt+

∫

Q

y(t)φψdxdt,

♣♦r ♣❛ss❛❣❡♠ ❛♦ ❧✐♠✐t❡ ❡ ✉s❛♥❞♦ ❛s ❝♦♥✈❡r❣ê♥❝✐❛s ❛♥t❡r✐♦r❡s t❡♠♦s

∫ T

0

(u′(t), φ)ψ(t)dt+ ξ2
∫

Ω

(∇u(t),∇φ)ψ(t)dt

=

∫

Q

(u(t)− u3(t))φψdxdt+

∫

Q

y(t)φψdxdt. ✭✷✳✸✶✮

❈♦♠♦ ♦ ❡s♣❛ç♦ V ∞
m,m=1 é ❞❡♥s♦ ❡♠ H1

0 (Ω)✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ✈❛❧❡ ♣❛r❛ t♦❞♦
φ ∈ H1

0 (Ω)✱ ❧♦❣♦ s❡ ψ ∈ D(0, T ) ❡ φ ∈ H1
0 (Ω) ♥❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r✱ ♦❜t❡♠♦s

∫ T

0

(u′(t), φ)ψ(t)dt+ ξ2
∫

Ω

〈

−∆u(t), φ
〉

ψdt

=

∫

Q

(u(t)− u3(t))φψ(t)dxdt+

∫

Q

y(t)φψ(t)dxdt.

P♦rt❛♥t♦✱

u′ − ξ2∆u = u− u3 + y ❡♠ L2(0, T ;H−1(Ω)),

❛q✉✐ ✉s❛♠♦s −∆ : H1
0 (Ω) 7−→ H−1(Ω)✱ é ❞❡✜♥✐❞♦ ♣♦r ⟨−∆u, v⟩ =

∫

Ω

∇u∇vdx✱ ❡stá ❜❡♠

❞❡✜♥✐❞♦ ♣♦✐s✱

∣

∣

∣

∣

⟨−∆u, v⟩
∣

∣

∣

∣

=

∣

∣

∣

∣

∫

Ω

∇u∇vdx
∣

∣

∣

∣

≤ ||∇u||L2(Ω)||∇v||L2(Ω) = ||u||.||v||.
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❆❣♦r❛✱ ❝♦♠♦ u− u3 + y ∈ L2(Q) ❡ u′ ∈ L2(Q) ❡

{

−∆u(t) = 1
ξ2
(u− u3 + y − u′) ∈ L2(Q),

u(t) = 0 ❡♠ ∂Ω.
✭✷✳✸✷✮

P❡❧♦ ❚❡♦r❡♠❛ ✭✶✳✹✵✮ ❞❡ r❡❣✉❧❛r✐❞❛❞❡✱ t❡♠♦s q✉❡ u(t) ∈ H2(Ω)✱ ♦✉ s❡❥❛✱ u ∈
L2(0, T ;H2(Ω)) ♣♦rt❛♥t♦✱

u′ − ξ 2∆u = u− u3 + y ❡♠ L2(Q). ✭✷✳✸✸✮

❯s❛♥❞♦ ✐♥t❡❣r❛çã♦ ♣♦r ♣❛rt❡s ❡♠ ✭✷✳✸✶✮✱ ❝♦♠ ψ ∈ C2([0, T ])✱ t❡♠♦s

(um(T ), φ)ψ(T )− (um(0), φ)ψ(0)−
∫ T

0

(um(t), φψ
′(t))dt ✭✷✳✸✹✮

+ξ2
∫

Ω

(∇umt,∇φ)ψ(t)dt =
∫

Q

(um(t)− u3(t))φψ(t)dxdt+

∫

Q

y(t)φψdxdt. ✭✷✳✸✺✮

P❛ss❛♥❞♦ ♦ ❧✐♠✐t❡ ♥❛ ✐❣✉❛❧❞❛❞❡ ❛♥t❡r✐♦r q✉❛♥❞♦ m→ ∞✱ t❡♠♦s

(η, φ)ψ(T )− (u0, φ)ψ(0) −
∫ T

0

(u(t), φ, ψ(t))dt+ ξ2
∫ T

0

(∇u(t),∇φ)ψ(t)dt

=

∫

Q

(u− u3)φψ(t)dxdt+

∫

Q

y(t)φψ(t)dxdt. ✭✷✳✸✻✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ q✉❛❧q✉❡r ψ ∈ C1([0, T ]) ❡ ψ ∈ H1
0 (Ω) t❡♠✲s❡✱

∫ T

0

(u′(t), φψ(t))dt+ ξ2
∫

Ω

(∇u(t),∇φ)ψdt

=

∫

Q

(u(t)− u3(t))φψdxdt+

∫

Q

y(t)φψ(t)dxdt,

❡ ♥♦✈❛♠❡♥t❡ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ♦❜t❡♠♦s✱

(u(T ), ψ)ψ(T )− (u(0), φ)ψ(0)−
∫ T

0

(u(t), φψ′(t))dt+ ξ2
∫ T

0

(∇u(t), φ)ψ(t)dt

=

∫

Q

(u− u3)φψ(t)dxdt+

∫

Q

yφψ(t)dxdt. ✭✷✳✸✼✮

❈♦♠♣❛r❛♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✸✻✮ ❡ ✭✷✳✸✼✮ ❝♦♥❝❧✉í♠♦s q✉❡✱

(u(T )− η, ψ)ψ(T )− (u(0)− u0, ψ).ψ(0) = 0. ✭✷✳✸✽✮

❈♦♠♦ ψ ∈ C1([0, T ]) é ❛r❜✐trár✐❛ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ψ(0) = 0 ❡ ψ(T ) ̸= 0 ❡ ♦❜t❡r η = u(T )✳
❆♥❛❧♦❣❛♠❡♥t❡ ♣❛r❛ ψ(0) ̸= 0 ❡ ψ(T ) = 0 t❡♠♦s q✉❡✱

u(0) = u0. ✭✷✳✸✾✮
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▲♦❣♦✱ ♣r♦✈❛♠♦s q✉❡











u′ − ξ2∆u = u− u3 + y ❡♠ L2(Q)

u(0) = u0

u = 0 ∂Ω× (0, T ).

✭✷✳✹✵✮

♦✉ s❡❥❛✱ ✉ é ✉♠❛ s♦❧✉çã♦ ❢♦rt❡ ❞❛ ❡q✉❛çã♦ ❞❡ ❆❧❧❡♥ ❈❛♥❤✳

✷✳✷ ❆❜♦r❞❛❣❡♠ ❊♥❡r❣ét✐❝❛

❊st❛ s❡çã♦ é ❞❡❞✐❝❛❞❛ ❛s q✉❡stõ❡s r❡❢❡r❡♥t❡s à ❡st❛❜✐❧✐③❛çã♦ ❛ss✐♥tót✐❝❛ ❞❛ ❡q✉❛çã♦ ❞❡
❆❧❧❡♥✲❈❛❤♥ ✭✷✳✶✮✳ P❛r❛ ♠♦str❛r♠♦s ❛ ❛❜♦r❞❛❣❡♠ ❡♥❡r❣ét✐❝❛ ✈❛♠♦s✱ ❝♦♥s✐❞❡r❛r y = 0 ♥❛
❡q✉❛çã♦ ✭✷✳✶✮✱ ❛ss✐♠ ✜❝❛♠♦s ❝♦♠✱











∂
∂t
u− ξ2∆u = u− u3

K(x)
em Q

u(x, 0) = u0 em Ω

u(x, t) = 0 S = ∂Ω× (0, T ),

✭✷✳✹✶✮

✉s❛♠♦s ♦ ♠ét♦❞♦ ♠✉❧t✐♣❧✐❝❛t✐✈♦ ♣❛r❛ ❝♦♥str✉✐r ❞♦✐s ❢✉♥❝✐♦♥❛✐s ❡♥❡r❣✐❛✱ ♦ ♣r✐♠❡✐r♦
❞❡♥♦♠✐♥❛❞♦ ❡♥❡r❣✐❛ t♦t❛❧✱ é r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ❞✐♥â♠✐❝❛ ❣❧♦❜❛❧ ❞♦ s✐st❡♠❛✱ ♦ s❡❣✉♥❞♦ é
❞❡♥♦♠✐♥❛❞♦ ❡♥❡r❣✐❛ ❞❡ ●✐♥③❜✉r❣✲▲❛♥❞❛✉ ❡ é r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ❞✐♥â♠✐❝❛ ❞❡ tr❛♥s✐çã♦ ❡♥tr❡
❛s ❢❛s❡s✳ ❡st❡s r❡s✉❧t❛❞♦s sã♦ tr❛t❛❞♦s ♥❛s ❞✉❛s ♣r♦♣♦s✐çõ❡s s❡❣✉✐♥t❡s✳

✷✳✷✳✶ ❊♥❡r❣✐❛ ❚♦t❛❧ ❞♦ ❙✐st❡♠❛

Pr♦♣♦s✐çã♦ ✷✳✹✳ ❆ ❡♥❡r❣✐❛ t♦t❛❧ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✹✶✮ ❝♦♠ 0 < K(x) ≤ 1 é ❞❛❞❛ ♣♦r✱

E(t) =
1

2

∫

Ω

|u|2dx, ✭✷✳✹✷✮

❡ s❛t✐s❢❛③ ❛ ❧❡✐ ❞❡ ❞✐ss✐♣❛çã♦✱

d

dt
E(t) ≤ −

(

ξ2

Cp

− 1

)
∫

Ω

|u|2dx −
∫

Ω

1

K(x)
|u|4dx ✭✷✳✹✸✮

❞❡s❞❡ q✉❡ ξ ≥
√

Cp✱ ♦♥❞❡ Cp > 0 é ❛ ❝♦♥st❛♥t❡ ❞❡ P♦✐♥❝❛ré✳

❉❡♠♦♥str❛çã♦✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✹✶✮ ♣♦r u ❡ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s ❡♠ Ω✱
♦❜t❡♠♦s

∫

Ω

[

ut − ξ2(∆u)− u+
1

K(x)
u3
]

udx = 0

∫

Ω

utudx− ξ2
∫

Ω

|∇u|2dx−
∫

Ω

|u|2dx+
∫

Ω

1

K(x)
|u|4dx = 0. ✭✷✳✹✹✮
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❈♦♥s✐❞❡r❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡✱

∫

Ω

utudx =
1

2

d

dt
|u|2L2(Ω), ✭✷✳✹✺✮

❡ ❛ ❢ór♠✉❧❛ ❞❡ ●r❡♥♥ ✈❡r Pr♦♣♦s✐çã♦ ✶✳✷ t❡♠ ✲ s❡✱

1

2

d

dt

∫

Ω

|u|2dx+ ξ2
∫

Ω

|∇u|2dx−
∫

Ω

|u|2dx+
∫

Ω

1

K(x)
|u|4dx = 0.

❉❡✜♥✐♥❞♦ ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞♦ ♣r♦❜❧❡♠❛ ♣♦r

E(t) =
1

2

∫

Ω

|u|2dx,

❡ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥s✐❞❡r❛çã♦ q✉❡ 0 ≤ K(x) ≤ 1 t❡♠♦s q✉❡✱

d

dt
E(t) = −ξ2

∫

Ω

|∇u|2dx+
∫

Ω

|u|2dx−
∫

Ω

1

K(x)
|u|4dx.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ P♦✐♥❝❛ré ✈❡r ❚❡♦r❡♠❛ ✶✳✸✼ ✜❝❛♠♦s ❝♦♠✱

d

dt
E(t) ≤ −

(

ξ2

Cp

− 1

)
∫

Ω

|u|2dx−
∫

Ω

1

K(x)
|u|4dx,

♦♥❞❡ Cp é ❛ ❝♦♥st❛♥t❡ ❞❡ P♦✐♥❝❛ré✱ ♣♦rt❛♥t♦ ❡♥❝♦♥tr❛♠♦s ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞♦ ♣r♦❜❧❡♠❛
✭✶✮✲✭✻✮ ❡ ❞❡s❞❡ q✉❡ ξ >

√

Cp ❣❛r❛♥t✐♠♦s ❛ ❧❡✐ ❞❡ ❞✐ss✐♣❛çã♦ ❞♦ ♣r♦❜❧❡♠❛✳

✷✳✷✳✷ ❊♥❡r❣✐❛ ❞❡ ❚r❛♥s✐çã♦ ❞❡ ❢❛s❡

Pr♦♣♦s✐çã♦ ✷✳✺✳ ❆ ❡♥❡r❣✐❛ ❞❡ ●✐♥③❜✉r❣✲▲❛♥❞❛✉ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ✭✷✳✹✶✮ é ❞❛❞❛
♣♦r✱

G(t) =
∫

Ω

[

ξ2

2
|∇u|2 − 1

2
|u|2 + 1

4K(x)
|u|4

]

dx, ✭✷✳✹✻✮

❡ s❛t✐s❢❛③ ❛ ❧❡✐ ❞❡ ❞✐ss✐♣❛çã♦

d

dt
G = −

∫

Ω

|ut|2dx ✭✷✳✹✼✮

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❡♥❝♦♥tr❛♠♦s ❛ ❡♥❡r❣✐❛ ❞❡ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ✈❛♠♦s ✉s❛r ♦ ♠ét♦❞♦
♠✉❧t✐♣❧✐❝❛t✐✈♦✱ ✐st♦ é✱ ✈❛♠♦s ♠✉❧t✐♣❧✐❝❛r ❛ ❡q✉❛çã♦ ✭✷✳✹✶✮ ♣♦r ut ❡ ✐♥t❡❣r❛r ♣♦r ♣❛rt❡s ❡♠
Ω✳

∫

Ω

[

ut − ξ2(∆u)− u+
1

K(x)
u3
]

utdx = 0

∫

Ω

|ut|2dx− ξ2
∫

Ω

∆uutdx−
∫

Ω

utudx+

∫

Ω

1

K(x)
u3utdx = 0, ✭✷✳✹✽✮
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❯s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ ●r❡❡♥ ✈❡r Pr♦♣♦s✐çã♦ ✭✶✳✷✮ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ u = 0 ♥♦ ❜♦r❞♦✱ t❡♠♦s

∫

Ω

∆uutdx = −
∫

Ω

∇u∇utdx = −1

2

d

dt

∫

Ω

|∇u|2dx. ✭✷✳✹✾✮

❙✉❜st✐t✉✐♥❞♦ ✭✷✳✹✾✮ ❡♠ ✭✷✳✹✽✮ t❡♠♦s✱

∫

Ω

|ut|2dx+
ξ2

2

d

dt

∫

Ω

|∇u|2dx−
∫

Ω

utudx+

∫

Ω

1

K(x)
u3utdx = 0, ✭✷✳✺✵✮

♦♥❞❡ ✉s❛♠♦s ❛ ✐❞❡♥t✐❞❛❞❡
∫

Ω

uutdx =
1

2

d

dt

∫

Ω

|u|2dx. ✭✷✳✺✶✮

❙✉❜st✐t✉✐♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ ✭✷✳✺✶✮ ❡♠ ✭✷✳✺✵✮ ✜❝❛♠♦s ❝♦♠✱

∫

Ω

|ut|2dx+
ξ2

2

d

dt

∫

Ω

|∇u|2dx− 1

2

d

dt

∫

Ω

|u|2dx+ 1

4

d

dt

∫

Ω

1

K(x)
|u|4dx = 0.

❈♦♠ ✐ss♦ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❡♥❡r❣✐❛ ❞❡ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ♣♦r✱

G(t) =
∫

Ω

[

ξ2

2
|∇u|2 − 1

2
|u|2 + 1

4K(x)
|u|4

]

dx,

❡ s❛t✐s❢❛③ ❛ ❧❡✐ ❞❡ ❞✐ss✐♣❛çã♦

d

dt
G(t) = −

∫

Ω

|ut|2dx.

✷✳✸ ❊st❛❜✐❧✐❞❛❞❡ ❊①♣♦♥❡♥❝✐❛❧

❆q✉✐ ❡st✉❞❛♠♦s ❛ ❡st❛❜✐❧✐③❛çã♦ ❞❛s s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✹✶✮ ❛tr❛✈és ❞❛ ❡♥❡r❣✐❛
t♦t❛❧✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ♣r♦✈❛♠♦s ♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ q✉❛♥❞♦ t −→ ∞✳

❚❡♦r❡♠❛ ✷✳✻✳ ❆ ❡♥❡r❣✐❛ t♦t❛❧ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ✭✷✳✹✶✮ ❝♦♠ 0 < K(x) ≤ 1 ♣♦ss✉✐
❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ q✉❛♥❞♦ t −→ ∞✱ ✐st♦ é✱

E(t) ≤ 2|Ω|E(0)(ξ2 − Cp)e
−2t( ξ2

Cp
−1)

2|Ω|(ξ2 − Cp) + 4CpE(0)(1− e
−2t( ξ2

Cp
−1)

)
, ✭✷✳✺✷✮

❡♠ q✉❡ ξ2 > Cp ❡ Cp > 0 é ❛ ❝♦♥st❛♥t❡ ❞❡ P♦✐♥❝❛ré✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛♠♦s ❛ ❧❡✐ ❞❡ ❞✐ss✐♣❛çã♦ ❞❛❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✷✳✹

d

dt
E(t) ≤ −

(

ξ2

Cp

− 1

)
∫

Ω

|u|2dx−
∫

Ω

1

K(x)
|u|4dx. ✭✷✳✺✸✮
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P♦r ♦✉tr♦ ❧❛❞♦ ✉s❛♥❞♦ q✉❡ − 1
K(x)

≤ −1✱ t❡♠♦s✱

d

dt
E(t) ≤ −

(

ξ2

Cp

− 1

)
∫

Ω

|u|2dx−
∫

Ω

|u|4dx.

❆♣❧✐❝❛♥❞♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❞❡ ❏❡♥s❡♠ Pr♦♣♦s✐çã♦ ✶✳✸✺✱ ♦❜t❡♠♦s✱

d

dt
E(t) ≤ −2

(

ξ2

Cp

− 1

)

1

2

∫

Ω

|u|2dx− 4

|Ω|

(

1

2

∫

Ω

|u|2dx
)2

,

❡ r❡❧❛❝✐♦♥❛♥❞♦ ❝♦♠ ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞❛❞❛ Pr♦♣♦s✐çã♦ ✷✳✹ t❡♠♦s ❛ ❞❡s✐❣✉❛❧❞❛❞❡✱

d

dt
E(t) ≤ −2

(

ξ2

Cp

− 1

)

E(t)− 4

|Ω| [E(t)]
2. ✭✷✳✺✹✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✺✹✮ ♣♦r [E(t)]−2 r❡s✉❧t❛✱

d

dt
E(t)[E(t)]−2 ≤ −2

(

ξ2

Cp

− 1

)

[E(t)]−1 − 4

|Ω| . ✭✷✳✺✺✮

❋❛③❡♥❞♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧

u(t) = −[E(t)]−1,
d

dt
u(t) =

d

dt
E(t)[E(t)]−2, ✭✷✳✺✻✮

❡ s✉❜st✐t✉✐♥❞♦ ✭✷✳✺✻✮ ❡♠ ✭✷✳✺✺✮ ✜❝❛♠♦s ❝♦♠✱

d

dt
u(t) ≤ 2

(

ξ2

Cp

− 1

)

u(t)− 4

|Ω| , ✭✷✳✺✼✮

♠✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✺✼✮ ♣♦r e
−2t( ξ2

Cp
−1)

✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡

d

dt

(

u(t)e
−2t( ξ2

Cp
−1)

)

≤ − 4

|Ω|e
−2t( ξ2

Cp
−1)
,

✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ t✱ ❝♦♠ t ≤ T ✱ ♦❜t❡♠♦s

u(t)e
−2t( ξ2

Cp
−1) − u(0) ≤ 4Cp

2|Ω|(ξ2 − Cp)
e
−2t( ξ2

Cp
−1) − 4Cp

2|Ω|(ξ2 − Cp)
,

❧♦❣♦✱

−E(t)−1e
−2t( ξ2

Cp
−1) ≤ −E(0)−1 +

4Cpe
−2t( ξ2

Cp
−1)

2|Ω|(ξ2 − Cp)
− 4Cp

2|Ω|(ξ2 − Cp)
,

♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r −1 t❡♠✲s❡✱

e
−2t( ξ2

Cp
−1)

E(t)
≥ 1

E(0)
+

4Cp

2|Ω|(ξ2 − Cp)

(

1− e
−2t( ξ2

Cp
−1)

)

,
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❛ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡

E(t) ≤ 2|Ω|E(0)(ξ2 − Cp)e
−2t( ξ2

Cp
−1)

2|Ω|(ξ2 − Cp) + 4CpE(0)(1− e
−2t( ξ2

Cp
−1)

)
, ✭✷✳✺✽✮

❡♠ q✉❡ ξ2 > Cp ❡ Cp > 0 é ❛ ❝♦♥st❛♥t❡ ❞❡ P♦✐♥❝❛ré✳ ❆ss✐♠ ✜❝❛ ♣r♦✈❛❞♦ q✉❡ ❛ ❡♥❡r❣✐❛
t♦t❛❧ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✹✶✮ ❞❡❝❛í ❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ♣❛r❛ ③❡r♦ ❝♦♠ t −→ ∞✳



✹✷

❈❛♣ít✉❧♦ ✸

❙♦❧✉çã♦ ❊①❛t❛ P❛r❛ ❛s ❊q✉❛çõ❡s ❞❡

❆❧❧❡♥ ❈❛♥❤ ❇✐❞✐♠❡♥s✐♦♥❛❧ ❡

❚r✐❞✐♠❡♥s✐♦♥❛❧

◆❡st❡ ❝❛♣ít✉❧♦ ♠♦str❛r❡♠♦s ❛ s♦❧✉çã♦ ❡①❛t❛ ❡ ♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ♣❛r❛ ❛s
❡q✉❛çõ❡s ❞❡ ❆❧❧❡♥✲❈❛❤♥ ❇✐❞✐♠❡♥s✐♦♥❛❧ ❡ ❚r✐❞✐♠❡♥s✐♦♥❛❧ ♣❛r❛ ✉♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ r❡❛çã♦
❡s❝♦❧❤✐❞♦ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✱ ❡ss❛ ❡s❝♦❧❤❛ ❢♦✐ ❢❡✐t❛ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ t♦r♥❡ ♣♦ssí✈❡❧ ♦
♣r♦❜❧❡♠❛ ❞❡ r❡s♦❧✈❡r ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♣❛r❝✐❛❧ ♥ã♦ ❧✐♥❡❛r✱ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ r❡s♦❧✈❡r
❞✉❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s s❡♥❞♦ ✉♠❛ ❞❡❧❛s ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❝♦♥t♦r♥♦ ❡ ❛ ♦✉tr❛
✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧✳ ❆ ✐❞❡✐❛ ♣♦r trás ❞❡ss❡ ♠ét♦❞♦ é ❢❛③❡r ❝♦♠ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡
✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦ s❡❥❛ ✉♠❛ ❡q✉❛çã♦ ❧✐♥❡❛r ❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ s❡❥❛ ✉♠❛ ❡q✉❛çã♦
♥ã♦ ❧✐♥❡❛r ❞♦ t✐♣♦ ❇❡r♥♦✉❧❧✐✳

✸✳✶ ❊q✉❛çã♦ ❞❡ ❆❧❧❡♥✲❈❛❤♥ ❇✐❞✐♠❡♥s✐♦♥❛❧

❈♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦ ❞❡ ❆❧❧❡♥✲❝❛❤♥ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❛❞❛ ♣♦r

ut − ξ2(uxx + uyy)− u

(

1− 1

K(x, y)

)

u2 = 0 em [0, Lx]× [0, Ly]× (0,∞), ✭✸✳✶✮

u(0, y, t) = 0, y ∈ [0, Ly], t ∈ [0,∞), ✭✸✳✷✮

u(Lx, y, t) = 0, y ∈ [0, Ly], t ∈ [0,∞), ✭✸✳✸✮

u(x, 0, t) = 0, x ∈ [0, Lx], t ∈ [0,∞), ✭✸✳✹✮

u(x, Ly, t) = 0, x ∈ [0, Lx], t ∈ [0,∞), ✭✸✳✺✮
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u(x, y, 0) = f(x, y), (x, y) ∈ Ω̄ ✭✸✳✻✮

✸✳✶✳✶ ❙♦❧✉çã♦ ❊①❛t❛ ❞♦ Pr♦❜❧❡♠❛

P❛r❛ ❝❛❧❝✉❧❛r♠♦s ❛ s♦❧✉çã♦ ❡①❛t❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✶✮✲✭✸✳✻✮ ✉s❛r❡♠♦s ♦ ♠ét♦❞♦ ❞❡
s❡♣❛r❛çã♦ ❞❡ ✈❛r✐á✈❡✐s✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ❢✉♥çã♦ u ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✱

u(x, y, t) = F (x)G(y)H(t). ✭✸✳✼✮

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✼✮ ❡♠ ✭✸✳✶✮ t❡♠♦s q✉❡✱

F (x)G(y)H ′(t) +
1

k(x, y)
F 3(x)G3(y)H3(t) = F (x)G(y)H(t)

[

ξ2
(

F ′′(x)

F (x)
+
G′′(y)

G(y)

)

+ 1

]

,

✭✸✳✽✮

s❡❣✉❡ ❞❛í q✉❡✱

F (x)G(y)

[

H ′(t) + 1
k(x,y)

F 2(x)G2(y)H3(t)

]

F (x)G(y)H(t)
= ξ2

(

F ′′(x)

F (x)
+
G′′(y)

G(y)

)

+ 1, ✭✸✳✾✮

❛ss✐♠✱

H ′(t) + 1
k(x,y)

F 2(x)G2(y)H3(t)

H(t)
= ξ2

(

F ′′(x)

F (x)
+
G′′(y)

G(y)

)

+ 1, ✭✸✳✶✵✮

❡s❝♦❧❤❡♥❞♦ K(x, y) = F 2(x)G2(y) t❡♠♦s✱

H ′(t) +H3(t)

H(t)
= ξ2

(

F ′′(x)

F (x)
+
G′′(y)

G(y)

)

+ 1. ✭✸✳✶✶✮

P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ t ❡♥q✉❛♥t♦ q✉❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦
❞❡♣❡♥❞❡ ❞❡ x ❡ y✱ ❧♦❣♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛♠❜♦s ♦s ❧❛❞♦s sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ x✱ y ❡
t ❧♦❣♦ ❡①✐st❡ σ ∈ R t❛❧ q✉❡✱

H ′(t) +H3(t)

H(t)
= ξ2

(

F ′′(x)

F (x)
+
G′′(y)

G(y)

)

+ 1 = σ.

❈♦♠ ✐ss♦ t❡♠♦s







H′(t)+H3(t)
H(t)

= σ

ξ2
(

F ′′(x)
F (x)

+ G′′(y)
G(y)

)

+ 1 = σ
✭✸✳✶✷✮

{

H ′(t) +H3(t)− σH(t) = 0
F ′′(x)
F (x)

+ G′′(y)
G(y)

= σ−1
ξ2
.

✭✸✳✶✸✮
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❙❡❣✉❡ ❞❛í q✉❡✱ ✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❡ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s t❡♠♦s ✉♠ ♣r♦❜❧❡♠❛
❞❡ ✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦ ❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧✳

{

H ′(t) +H3(t)− σH(t) = 0

H(0) = h0 ∈ R− {0}
✭✸✳✶✹✮































F ′′(x) + 1
2

(

1−σ
ξ2

)

F (x) = 0

F (0) = F (Lx) = 0,

G′′(y) + 1
2

(

1−σ
ξ2

)

G(y) = 0

G(0) = G(Ly) = 0.

✭✸✳✶✺✮

✸✳✶✳✷ Pr♦❜❧❡♠❛ ❞❡ ❱❛❧♦r ❞❡ ❈♦♥t♦r♥♦

❖ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦ s❡rá r❡s♦❧✈✐❞♦ ❡♠ ❞✉❛s ❡t❛♣❛s✿
✶➟ ❊t❛♣❛✿ ✈❛♠♦s r❡s♦❧✈❡r ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛

{

F ′′(x) + 1−σ
ξ2
F (x) = 0

F (0) = F (Lx) = 0.
✭✸✳✶✻✮

❙✉♣♦♥❞♦ q✉❡ ♦ ♣r♦❜❧❡♠❛ t❡♥❤❛ s♦❧✉çã♦ ❞❛ ❢♦r♠❛ F (x) = eµx t❡♠♦s q✉❡

µ2eµx +

(

1− σ

ξ2

)

eµx = 0 ⇒ µ2 +
1− σ

ξ2
= 0

µ2 = −1− σ

ξ2
⇒ µ = ±

√
σ − 1

ξ
.

❊♥tã♦ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ é ❞❛❞❛ ♣♦r

F (x) = ae

(√
σ−1

ξ

)

x + be−
(√

σ−1

ξ

)

x, ✭✸✳✶✼✮

♦♥❞❡ ❛✱❜ sã♦ ❝♦♥st❛♥t❡s✳ ❚❡♠♦s q✉❡ ❛♥❛❧✐s❛r três ❝❛s♦s✿ ✐✮Pr✐♠❡✐r♦ ❝❛s♦✱ σ = 1.
P❛r❛ σ = 1 t❡♠♦s✱

F (x) = ae

(√
1−1

ξ

)

x + be−
(√

1−1

ξ

)

x

F (x) = a+ b.

P❡❧❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ t❡♠♦s✱

F (0) = a+ b = 0 =⇒ a = −b.

◆❡st❡ ❝❛s♦ t❡♠♦s ✉♠❛ s♦❧✉çã♦ tr✐✈✐❛❧ q✉❡ ♥ã♦ ♥♦s ✐♥t❡r❡ss❛✳ ✐✐✮❙❡❣✉♥❞♦ ❝❛s♦✱ σ > 1
P❛r❛ σ > 1 t❡♠♦s✱
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√
σ − 1 ∈ R ❡ ✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦✱ F (0) = F (Lx) = 0 t❡♠♦s

F (0) = ae

(√
σ−1

ξ

)

0 + be−
(√

1−1

ξ

)

0 = 0,

a+ b = 0 ⇒ a = −b.

◆❡st❡ ❝❛s♦ t❡♠♦s ✉♠❛ s♦❧✉çã♦ tr✐✈✐❛❧ q✉❡ ♥ã♦ ♥♦s ✐♥t❡r❡ss❛✳ ✐✐✐✮ ❚❡r❝❡✐r♦ ❝❛s♦ σ < 1
P❛r❛ σ < 1✱ t❡♠♦s q✉❡

√
σ − 1 ∈ C✱ ❛ss✐♠

µ = ±i
√
σ − 1

ξ
.

◆❡st❡ ❝❛s♦✱ ✜❝❛♠♦s ❝♦♠

F (x) = aei
(√

σ−1

ξ

)

x + be−i
(√

σ−1

ξ

)

x.

❯s❛♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❊✉❧❡r t❡♠♦s✱

F (x) = acos(θx) + bsen(θx), ♣❛r❛ θ =

(
√
σ − 1

ξ

)

x.

❯s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦

F (0) = acos(θ.0) + bsen(θ.0) = 0 =⇒ a = 0, ✭✸✳✶✽✮

❛ss✐♠✱

F (Lx) = acos(θ.Lx) + bsen(θ.Lx) = 0, ✭✸✳✶✾✮

❞❡st❛ ❢♦r♠❛✱

sen(θ.Lx) = 0 =⇒ θ =
nπ

Lx

,

❡ s✉❜st✐t✉✐♥❞♦ ❛ ❡①♣r❡ssã♦ ❞❡ θ ❡♥❝♦♥tr❛♠♦s

σn =
ξ2n2π2

L2
x

− 1.

❈♦♠ ✐ss♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛ s♦❧✉çã♦ ❞❡ ✭✸✳✶✼✮ s❡rá ❞❛❞❛ ♣♦r

F (x) = bsen

(

nπ

Lx

)

x. ✭✸✳✷✵✮

❈♦♥s❡q✉❡♥t❡♠❡♥t❡ t❡r❡♠♦s✱

Fn(x) = bsen

(

nπ

Lx

)

x.
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✷➟ ❊t❛♣❛✿ ❆❣♦r❛ ✈❛♠♦s r❡s♦❧✈❡r ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✱

{

G′′(y) + 1−σ
ξ2
G(y) = 0

G(0) = G(Ly) = 0.
✭✸✳✷✶✮

❙✉♣♦♥❤❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ t❡♥❤❛ s♦❧✉çã♦ ❞❛ ❢♦r♠❛ G(y) = eµy t❡♠♦s q✉❡

µ2eµy +
(1− σ)eµy

ξ2
= 0 =⇒ µ = ±

√
σ − 1

ξ
.

❊♥tã♦ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ é ❞❛❞❛ ♣♦r✱

G(y) = ce

(√
σ−1

ξ

)

y + de−
(√

σ−1

ξ

)

y,

♦♥❞❡ ❝✱❞ sã♦ ❝♦♥st❛♥t❡s✳ ◆♦✈❛♠❡♥t❡ t❡r❡♠♦s q✉❡ ❛♥❛❧✐s❛r três ❝❛s♦s✱ ❞♦s q✉❛✐s✱ σ = 1✱ ❡
σ > 1 é ❛♥á❧♦❣♦ ❛ ♣r✐♠❡✐r❛ ❡t❛♣❛ ❡ t❡r❡♠♦s s♦❧✉çõ❡s tr✐✈✐❛✐s✱ q✉❡ ♥ã♦ ♥♦s ✐♥t❡r❡ss❛♠✱ ❥á
♥♦ ❝❛s♦ ♦♥❞❡ σ < 1 t❡♠♦s✱

G(y) = cei
(√

σ−1

ξ

)

y + de−i
(√

σ−1

ξ

)

y, ✭✸✳✷✷✮

✉s❛♥❞♦ ❛ r❡❧❛çã♦ ❞❡ ❊✉❧❡r t❡♠♦s✱

G(y) = ccos
(

√
σ − 1

ξ

)

y + dsen
(

√
σ − 1

ξ

)

y.

❯s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ G(0) = G(Ly) = 0 t❡♠♦s✱

G(0) = c.cos
(

√
σ − 1

ξ
0
)

+ d.sen
(

√
σ − 1

ξ
0
)

= 0 c+ 0 = 0 =⇒ c = 0,

G(Ly) = ccos
(

√
σ − 1

ξ
Ly

)

+ dsen
(

√
σ − 1

ξ
Ly

)

,

❛ss✐♠

sen

(
√
σ − 1

ξ
Ly

)

= 0 ⇒ σm =
ξ2m2π2

L2
y

− 1.

❈♦♠ ✐ss♦ t❡♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞❛ G(y) s❡rá ❞❛ ❢♦r♠❛

Gm(y) = dsen

(

mπ

Ly

)

y, ✭✸✳✷✸✮
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✸✳✶✳✸ Pr♦❜❧❡♠❛ ❞❡ ❱❛❧♦r ■♥✐❝✐❛❧

P❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ P❱■ t❡♠♦s✱

{

H ′(t) +H3(t)− σH(t) = 0

H(0) = h0 ∈ R− {0},
✭✸✳✷✹✮

❞❡st❛ ❢♦r♠❛ s❡❣✉❡ ❛ s❡❣✉✐♥t❡ ❊❉❖ ❞♦ t✐♣♦ ❇❡r♥♦✉❧❧②

H ′(t) = σH(t)−H3(t), ✭✸✳✷✺✮

❛ q✉❛❧ é ❡q✉✐✈❛❧❡♥t❡ ❛✱

H−3H ′(t) = σH−2(t)− 1. ✭✸✳✷✻✮

❋❛③❡♥❞♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧✱

u = H−2 ⇒ u′(t) = −2H−3(t)H ′(t). ✭✸✳✷✼✮

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✷✼✮ ❡♠ ✭✸✳✷✺✮ t❡♠♦s

u′(t) = −2σu+ 2,

❝✉❥❛ s♦❧✉çã♦ ❣❡r❛❧ é

u = e
∫
f(t)dt

[

K +

∫

g(t)e−
∫
f(t)dtdt

]

,

❞❛í ✜❝❛♠♦s ❝♦♠✱

u = e−2
∫
dt

[

K + 2

∫

e2
∫
dtdt

]

⇒ u =
Kσe−2σt + 1

σ
, ✭✸✳✷✽✮

s✉❜st✐t✉✐♥❞♦ ✭✸✳✷✼✮ ❡♠ ✭✸✳✷✽✮

H(t) =

√

σ

Kσe−2σt + 1
, ✭✸✳✷✾✮

❞❡✜♥✐♥❞♦ σn = β e σm = α t❡♠♦s q✉❡✱

σmn = α + β, ✭✸✳✸✵✮

s✉❜st✐t✉✐♥❞♦ ✭✸✳✸✵✮ ❡♠ ✭✸✳✷✾✮✜❝❛♠♦s ❝♦♠✱

H(t) =

√

√

√

√

√

α + β
(

α+β−1
α+β

)

(α + β)e−2σt + 1

,
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❛ss✐♠ t❡♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞❡ ❍✭t✮ s❡rá ❞❛❞❛ ♣♦r

H(t) =

√

α + β

(α + β)e−2σt − e−2σt + 1
,

❧♦❣♦✱ ♣❡❧♦ ♣r✐♥❝✐♣✐♦ ❞❛ s✉♣❡r♣♦s✐çã♦ ❞❡ s♦❧✉çõ❡s t❡♠♦s✱

U(x, y, t) =
∞
∑

m=0

∞
∑

n=0

Cmnumn(x, y, t),

♦♥❞❡ Cmn sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r

Umn(x, y, t) = Fn(x)Gm(y)Hmn(t),

❛ss✐♠ ✜❝❛♠♦s ❝♦♠

U(x, y, t) =
∞
∑

m=0

∞
∑

n=0

Cmnsen

(

nπ

Lx

x

)

sen

(

mπ

Ly

y

)

√

α + β

(α + β)e−2σt − e−2σt + 1
,

P♦rt❛♥t♦✱

U(x, y, t) =
∞
∑

m=0

∞
∑

n=0

Cmnsen

(

nπ

Lx

x

)

sen

(

mπ

Ly

y

)

e−σt

√

e−2σt

[

(α + β)e−2σt − e−2σt + 1

]

.

✸✳✷ ❊q✉❛çã♦ ❞❡ ❆❧❧❡♥✲❈❛❤♥ ❚r✐❞✐♠❡♥s✐♦♥❛❧

❈♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦ ❞❡ ❆❧❧❡♥✲❝❛❤♥ tr✐❞✐♠❡♥s✐♦♥❛❧ ❞❛❞❛ ♣♦r

ut − ξ2(uxx + uyy + uzz)− u

(

1− 1

K(x, y, z)

)

u2 = 0 ✭✸✳✸✶✮

em [0, Lx]× [0, Ly]× [0, Lz]× (0,∞)

u(0, y, z, t) = 0, y ∈ [0, Ly], z ∈ [0, Lz] t ∈ [0,∞)

u(Lx, y, z, t) = 0, y ∈ [0, Ly], z ∈ [0, Lz] t ∈ [0,∞)

u(x, 0, z, t) = 0, x ∈ [0, Lx], z ∈ [0, Lz] t ∈ [0,∞)

u(x, Ly, z, t) = 0, x ∈ [0, lx], z ∈ [0, Lz] t ∈ [0,∞)

u(x, y, 0, t) = 0, x ∈ [0, Lx], y ∈ [0, Ly] t ∈ [0,∞)
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u(x, y, Lz, t) = 0, x ∈ [0, Lx], y ∈ [0, Ly] t ∈ [0,∞)

u(x, y, z, 0) = f(x, y, z), (x, y, z) ∈ Ω̄ ✭✸✳✸✷✮

✸✳✷✳✶ ❙♦❧✉çã♦ ❊①❛t❛

Pr♦♣♦s✐çã♦ ✸✳✶✳ ❆ s♦❧✉çã♦ ❡①❛t❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✸✶✮✲✭✸✳✸✷✮ ❝♦♠ 0 < K(x) ≤ 1 é ❞❛❞❛
❡♠ s❡r✐❡ ❞❡ ❢♦✉r✐❡r ♣♦r

U(x, y, z, t) =
∞
∑

n,m,k=0

Cmnksen

(

nπ

Lx

x

)

sen

(

mπ

Ly

y

)

sen

(

kπ

Lz

z

)

e−τt

√

e−2τt

[

(α + β + γ)e−2τt − e−2τt + 1

]

,

♦♥❞❡ Cmnk é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❋♦✉r✐❡r✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❧❝✉❧❛r♠♦s ❛ s♦❧✉çã♦ ❡①❛t❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✸✶✮✲✭✸✳✸✷✮ ✉s❛r❡♠♦s ♦
♠ét♦❞♦ ❞❡ s❡♣❛r❛çã♦ ❞❡ ✈❛r✐á✈❡✐s✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ❢✉♥çã♦ u ❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

u(x, y, z, t) = F (x)G(y)H(z)V (t). ✭✸✳✸✸✮

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✸✸✮ ❡♠ ✭✸✳✸✶✮ t❡♠♦s✱

F (x)G(y)H(z)V ′(t)− ξ2
(

F ′′(x)G(y)H(z)V (t) + F (x)G′′(y)H(z)V (t) + F (x)G(y)H ′′(z)V (t)

)

−F (x)G(y)H(z)V (t) +
1

K(x, y, z)
F 3(x)G3(y)H3(z)V 3(t) = 0,

✭✸✳✸✹✮

s❡❣✉❡ ❞❛✐ q✉❡✱

F (x)G(y)H(z)

[

V ′(t) + 1
K(x,y,z)

F 2G2(y)H2(z)V 3(t)

]

F (x)G(y)H(z)V (t)
= ξ2

(

F ′′(x)

F (x)
+
G′′(y)

G(y)
+
H ′′(z)

H(z)

)

+ 1,

✭✸✳✸✺✮

❛ss✐♠✱

V ′(t) + 1
K(x,y,z)

F 2(x)G2(y)H2(z)V 3(t)

V (t)
= ξ2

(

F ′′(x)

F (x)
+
G′′(y)

G(y)
+
H ′′(z)

H(z)

)

+ 1.

❊s❝♦❧❤❡♥❞♦✱

K(x, y, z) = F 2(x)G2(y)H2(z),

✜❝❛♠♦s ❝♦♠✱

V ′(t) + V 3(t)

V (t)
= ξ2

(

F ′′(x)

F (x)
+
G′′(y)

G(y)
+
H ′′(z)

H(z)

)

+ 1.
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P♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ t ❡♥q✉❛♥t♦ q✉❡ ♦ ❧❛❞♦ ❞✐r❡✐t♦
❞❡♣❡♥❞❡ ❞❡ x✱ y ❡ z ❧♦❣♦ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛♠❜♦s ♦s ❧❛❞♦s sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ x✱
y✱ z ❡ t ❧♦❣♦ ❡①✐st❡ τ ∈ R t❛❧ q✉❡✱

V ′(t) + V 3(t)

V (t)
= ξ2

(

F ′′(x)

F (x)
+
G′′(y)

G(y)
+
H ′′(z)

H(z)

)

+ 1 = τ,

❝♦♠ ✐ss♦ t❡♠♦s✱

{

V ′(t) + V 3(t)− τV (t) = 0
F ′′(x)
F (x)

+ G′′(y)
G(y)

+ H′′(z)
H(z)

= τ−1
ξ2
.

✭✸✳✸✻✮

❯s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❡ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s t❡♠♦s ♦ s❡❣✉✐♥t❡s ♣r♦❜❧❡♠❛ ❞❡
✈❛❧♦r ✐♥✐❝✐❛❧✱

{

V ′(t) + V 3(t)− τV (t) = 0

V (0) = v0 ∈ R− 0,
✭✸✳✸✼✮

❡ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦



























































F ′′(x) + 1
3

(

1−τ
ξ2

)

F (x) = 0

F (0) = F (Lx) = 0

G′′(y) + 1
3

(

1−τ
ξ2

)

G(y) = 0

G(0) = G(Ly) = 0

H ′′(z) + 1
3

(

1−τ
ξ2

)

H(z) = 0

H(0) = H(Lz) = 0.

✭✸✳✸✽✮

✸✳✷✳✷ Pr♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ❞❡ ❝♦♥t♦r♥♦

❙❡♠❡❧❤❛♥t❡ ❛♦ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ♠♦str❛✲s❡ q✉❡ ❛s s♦❧✉çõ❡s ❞❛s ❡q✉❛çã♦❡s ✭✸✳✸✽✮ sã♦
❞❛❞❛s ♣♦r

Fn(x) = bsen

(

nπ

Lx

)

x, ♦♥❞❡ b > 0 ❝♦♥st❛♥t❡.

Gm(x) = csen

(

mπ

Ly

)

y ♦♥❞❡ c > 0 ❝♦♥st❛♥t❡

Hm(x) = dsen

(

kπ

Lz

)

z ♦♥❞❡ d > 0 ❝♦♥st❛♥t❡
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✸✳✷✳✸ Pr♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧

P❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ P❱■ t❡♠♦s✱

{

V ′(t) + V 3(t)− τV (t) = 0

H(0) = h0 ∈ R
∗,

✭✸✳✸✾✮

❛ q✉❛❧ s❡ tr❛♥s❢♦r♠❛ ♥❛ s❡❣✉✐♥t❡ ❊❉❖ ❞♦ t✐♣♦ ❇❡r♥♦✉❧❧②

Y ′(t) = τY (t)− Y 3(t). ✭✸✳✹✵✮

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✹✵✮ ♣♦r Y −3(t) ✜❝❛♠♦s ❝♦♠✱

Y −3(t)Y ′(t) = τY −2(t)− 1. ✭✸✳✹✶✮

❋❛③❡♥❞♦ ✉♠❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧

u = Y −2(t) ⇒ u′(t) = −2Y −3(t)Y ′(t), ✭✸✳✹✷✮

❙✉❜st✐t✉✐♥❞♦ ✭✸✳✹✷✮ ❡♠ ✭✸✳✹✶✮ t❡♠♦s✱

u′(t) = −2τu+ 2.

❈✉❥❛ s♦❧✉çã♦ ❣❡r❛❧ é

u = e
∫
f(t)dt

[

K +

∫

g(t)e−
∫
f(t)dtdt

]

.

❆ss✐♠✱

u = e−2
∫
dt

[

K + 2

∫

e2
∫
dtdt

]

⇒ u =
Kτe−2σt + 1

τ
, ✭✸✳✹✸✮

s✉❜st✐t✉✐♥❞♦ ✭✸✳✹✷✮ ❡♠ ✭✸✳✹✸✮

V (t) =

√

τ

Kτe−2τt + 1
, ✭✸✳✹✹✮

❞❡✜♥✐♥❞♦ τn = β, τm = α e τk = γ t❡♠♦s✱

τmnk = α + β + γ, ✭✸✳✹✺✮

s✉❜st✐t✉✐♥❞♦ ✭✸✳✹✺✮ ❡♠ ✭✸✳✹✹✮ ✜❝❛♠♦s ❝♦♠

V (t) =

√

√

√

√

√

α + β + γ
(

α+β+γ−1
α+β+γ

)

(α + β + γ)e−2σt + 1

,
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❛ss✐♠ t❡♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞❡ ❱✭t✮ s❡rá ❞❛❞❛ ♣♦r

V (t) =

√

α + β + γ

(α + β + γ)e−2σt − e−2σt + 1
,

❛ss✐♠ ♣❡❧♦ ♣r✐♥❝✐♣✐♦ ❞❛ s✉♣❡r♣♦s✐çã♦ ❞❡ s♦❧✉çõ❡s t❡♠♦s✱

U(x, y, z, t) =
∞
∑

n=0

∞
∑

m=0

∞
∑

k=0

Cmnkumnk(x, y, z, t),

♦♥❞❡ Cmnk sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❋♦✉r✐❡r

Umnk(x, y, z, t) = Fn(x)Gm(y)Hk(z)Vmnk(t),

❛ss✐♠ ✜❝❛♠♦s ❝♦♠

U(x, y, z, t) =
∞
∑

n,m,k=0

Cmnksen

(

nπ

Lx

x

)

sen

(

mπ

Ly

y

)

sen

(

kπ

Lz

z

)

√

α + β + γ

(α + β + γ)e−2τt − e−2τt + 1
,

♣♦rt❛♥t♦✱

U(x, y, z, t) =
∞
∑

n,m,k=0

Cmnksen

(

nπ

Lx

x

)

sen

(

mπ

Ly

y

)

sen

(

kπ

Lz

z

)

e−τt

√

e−2τt

[

(α + β + γ)e−2τt − e−2τt + 1

]

,

✭✸✳✹✻✮

♦♥❞❡ Cmnk é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❋♦✉r✐❡r✳



✺✸

❈❛♣ít✉❧♦ ✹

❙✐♠✉❧❛çã♦ ❝♦♠♣✉t❛❝✐♦♥❛❧

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❝♦♠♣❛r❛r ❛s s✐♠✉❧❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❞❛ s♦❧✉çã♦ ❡①❛t❛ ❡
❞❛ ❡♥❡r❣✐❛ t♦t❛❧ ♣❛r❛ ❛ ❡q✉❛çã♦ ❞❡ ❆❧❧❡♥✲❈❛❤♥ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♦❜t✐❞❛ ❡♠ ❬✷✶❪ ❡ ♣❛r❛ ❛
❡q✉❛çã♦ ❞❡ ❞❡ ❆❧❧❡♥✲❈❆❤♥ ❛❜str❛t❛ ✭✶✶✮✳ P❛r❛ r❡❛❧✐③❛r♠✐♦s ❛s s✐♠✉❧❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s
✉s❛♠♦s ♦ ▼❛t▲❛❜✳

✹✳✶ ❙♦❧✉çã♦ ❡①❛t❛ ❡ ❡♥❡r❣✐❛ t♦t❛❧ ♦❜t✐❞❛ ❡♠ ❬✷✶❪ ✲ ❈❛s♦✿

n = 2

❈♦♥s✐❞❡r❛♠♦s ♦s ❞❛❞♦s T = 0.1✱ G0 = 1✱ n = 2 ❡ ❛ss✉♠✐♠♦s ♦s ✈❛❧♦r❡s ❞❡ ξ = 1
❡ ξ = 0.15✳

❋✐❣✉r❛ ✹✳✶✿ ❙♦❧✉çã♦ ❡①❛t❛ u(x, t) ❝♦♠ ξ = 1



✹✳✶✳ ❙❖▲❯➬➹❖ ❊❳❆❚❆ ✲ ❈❆❙❖✿ n = 2 ✺✹

❋✐❣✉r❛ ✹✳✷✿ ❊♥❡r❣✐❛ t♦t❛❧✿ ❡s❝❛❧❛ ❞❡❝✐♠❛❧

❋✐❣✉r❛ ✹✳✸✿ ❙♦❧✉çã♦ ❡①❛t❛ u(x, t) ❝♦♠ ξ = 0.15✳

❋✐❣✉r❛ ✹✳✹✿ ❊♥❡r❣✐❛ t♦t❛❧✿ ❡s❝❛❧❛ ❞❡❝✐♠❛❧✳



✹✳✷✳ ❙❖▲❯➬➹❖ ❊❳❆❚❆ ✲ ❈❆❙❖✿ n = 4 ✺✺

✹✳✷ ❙♦❧✉çã♦ ❡①❛t❛ ❡ ❡♥❡r❣✐❛ t♦t❛❧ ♦❜t✐❞❛ ❡♠ ❬✷✶❪ ✲ ❈❛s♦✿

n = 4

❈♦♥s✐❞❡r❛♠♦s ♦s ❞❛❞♦s T = 0.1✱ G0 = 1✱ n = 4 ❡ ❛ss✉♠✐♠♦s ♦s ✈❛❧♦r❡s ❞❡ ξ = 1 ❡
ξ = 0.15✳

❋✐❣✉r❛ ✹✳✺✿ ❙♦❧✉çã♦ ❡①❛t❛ u(x, t) ❝♦♠ ξ = 1✳

❋✐❣✉r❛ ✹✳✻✿ ❊♥❡r❣✐❛ t♦t❛❧✿ ❡s❝❛❧❛ ❞❡❝✐♠❛❧✳



✹✳✷✳ ❙❖▲❯➬➹❖ ❊❳❆❚❆ ✲ ❈❆❙❖✿ n = 4 ✺✻

❋✐❣✉r❛ ✹✳✼✿ ❙♦❧✉çã♦ ❡①❛t❛ u(x, t) ❝♦♠ ξ = 0.15✳

❋✐❣✉r❛ ✹✳✽✿ ❊♥❡r❣✐❛ t♦t❛❧✿ ❡s❝❛❧❛ ❞❡❝✐♠❛❧✳

❈♦♠❡♥tár✐♦✿ ◆❛s s✐♠✉❧❛çõ❡s r❡❛❧✐③❛❞❛s ❛❝✐♠❛ ♣❡r❝❡❜❡♠♦s q✉❡ ❛ s♦❧✉çã♦ ❡①❛t❛ ♣♦ss✉✐
❝♦♠♣♦rt❛♠❡♥t♦s ❜❡♠ ❞✐st✐♥t♦s ❞❡♣❡♥❞❡♥❞♦ ❞♦ ✈❛❧♦r q✉❡ s❡ ❡s❝♦❧❤❛ ♣❛r❛ ♦ ❝♦❡✜❝✐❡♥t❡
ξ✳ ◆❛s ❋✐❣✉r❛s ✹✳✶✻ ❡ ✹✳✺ ♣❡r❝❡❜❡♠♦s q✉❡ ❛ s♦❧✉çã♦ ❞❡❝❛✐ ♠✉✐t♦ rá♣✐❞♦ ♣❛r❛ ③❡r♦ s❡♠
♦s❝✐❧❛çã♦ ❡♥q✉❛♥t♦ q✉❡ ♥❛s ❋✐❣✉r❛s ✹✳✸ ❡ ✹✳✼ ♥♦t❛♠♦s ❛ ♣r❡s❡♥ç❛ ♦s❝✐❧❛çõ❡s ❡s♣❛❝✐❛s✱
♦✉ s❡❥❛✱ ♦ s✐st❡♠❛ ♥ã♦ ♣♦ss✉✐ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❡s♣❛❝✐❛❧✳ ◆♦ ❡♥t❛♥t♦✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s
✭ξ = 1✱ ξ = 0.15✮✱ ♣❡r❝❡❜❡♠♦s ♣❡❧❛s ❋✐❣✉r❛s ✹✳✷✱ ✹✳✹✱ ✹✳✻ ❡ ✹✳✽ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❝♦♥t✐♥✉❛
❡①♣♦♥❡♥❝✐❛❧♠❡♥t❡ ❡stá✈❡❧✳



✹✳✸✳ ❙❖▲❯➬➹❖ ❊❳❆❚❆ ❊ ❊◆❊❘●■❆ ❚❖❚❆▲ ✲ ❈❆❙❖ ❆❇❙❚❘❆❚❖ ✺✼

✹✳✸ ❙♦❧✉çã♦ ❡①❛t❛ ❡ ❡♥❡r❣✐❛ t♦t❛❧ ✲ ❈❛s♦ ❛❜str❛t♦

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦s s❡❣✉✐♥t❡s ❞❛❞♦s T = 0, 1✱ ξ = 1 ❡ K(x) = 1

x
1
5

❋✐❣✉r❛ ✹✳✾✿ ❙♦❧✉çã♦ ❡①❛t❛ u(x, t) ❝♦♠ ξ = 1

❋✐❣✉r❛ ✹✳✶✵✿ ❊♥❡r❣✐❛ ❚♦t❛❧
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❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦s s❡❣✉✐♥t❡s ❞❛❞♦s T = 0, 1✱ ξ = 0.15 ❡ K(x) = 1

x
1
5

✳

❋✐❣✉r❛ ✹✳✶✶✿ ❙♦❧✉çã♦ ❡①❛t❛ u(x, t) ❝♦♠ ξ = 0.15

❋✐❣✉r❛ ✹✳✶✷✿ ❊♥❡r❣✐❛ ❚♦t❛❧

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦s s❡❣✉✐♥t❡s ❞❛❞♦s T = 0, 1✱ ξ = 1 ❡ K(x) = (dist(x, {0, 1})) 1

5 =
(1−|2x−1|

2

)
1

5
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❋✐❣✉r❛ ✹✳✶✸✿ ❙♦❧✉çã♦ ❡①❛t❛ u(x, t) ❝♦♠ ξ = 1

❋✐❣✉r❛ ✹✳✶✹✿ ❊♥❡r❣✐❛ ❚♦t❛❧

❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦s s❡❣✉✐♥t❡s ❞❛❞♦s T = 0, 1✱ ξ = 0.15 ❡ K(x) = (dist(x, {0, 1})) 1

5 =
(1−|2x−1|

2

)
1

5 ✳
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❋✐❣✉r❛ ✹✳✶✺✿ ❙♦❧✉çã♦ ❡①❛t❛ u(x, t) ❝♦♠ ξ = 0.15

❋✐❣✉r❛ ✹✳✶✻✿ ❊♥❡r❣✐❛ ❚♦t❛❧

◆❛s s✐♠✉❧❛çõ❡s r❡❛❧✐③❛❞❛s ❞❛ s♦❧✉çã♦ ❡①❛t❛ ❡ ❞❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞❛s ❡q✉❛çõ❡s ❞❡ ❆❧❧❡♥✲
❈❛❤♥ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❡ ❞❛ ❡q✉❛çã♦ ❞❡ ❆❧❧❡♥✲❈❛❤♥ ❛❜str❛t❛ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ t❡♠♦s
✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐❢❡r❡♥t❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ✈❛❧♦r❡s ❛tr✐❜✉í❞♦s ❛ ξ✳



✻✶

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çã♦ ♣❛r❛ ✉♠❛ ❡q✉❛çã♦ ❞♦ t✐♣♦ ❆❧❧❡♥✲
❈❛❤♥ ❛❜str❛t❛✱ ✉s❛♠♦s ❝♦♠♦ ❢❡rr❛♠❡♥t❛ ♦ ♠ét♦❞♦ ❞❡ ●❛❧❡r❦✐♥✳ ❚❛♠❜é♠ r❡❛❧✐③❛♠♦s ♦
❡st✉❞♦ ❞♦ ❞❡❝❛✐♠❡♥t♦ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ❡♥❡r❣✐❛ t♦t❛❧ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛✳ t❛♠❜é♠ ❢♦✐
❛♣r❡s❡♥t❛❞♦ ✉♠ ❡st✉❞♦ ♥✉♠ér✐❝♦✱ ♥♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♣❡r♠✐t✐♥❞♦ ❝♦♠♣❛r❛r ♦s ♥♦ss♦s
r❡s✉❧t❛❞♦s ❝♦♠ ♦s ♣r❡s❡♥t❡s ♥❛ ❧✐t❡r❛t✉r❛✳
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