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ABSTRACT

TRUGILHO, Lair Figueiredo, D.Sc., Universidade Federal de Vigosa, December,
2025. On the reaction coordinate optimality for reversible aggregation kinetics.
Adviser: Leandro Gutierrez Rizzi.

Fluctuation-driven reversible transitions are present in a vast class of finite-sized
systems, including atomic cluster transitions, macromolecular aggregation, and
protein folding. As a consequence, potential applications related to these transitions
span a myriad of scientific areas, from the development of phase change materials in
material science to the treatment and prevention of proteinopathies in the biological
sciences. Here we are particularly interested in aggregation processes in intrinsically
finite macromolecular systems, such as colloidal suspensions and protein solutions.
These systems undergo transitions between diluted and aggregated states, and our
main objective is to quantitatively describe the kinetics of such transitions. In order to
study the kinetic properties of these many-body systems, it is usually necessary to
project the highly-dimensional configuration space onto low-dimensional reaction
coordinates. One of the main contributions of this thesis is to develop a methodology
to accurately determine an optimal coordinate, known as the committor, for many-
body systems. With the committor, several kinetic properties are calculated exactly,
and we demonstrate the applicability of our approach by considering Monte Carlo
simulations of an anisotropic lattice model as well as Brownian simulations of a
Lennard-dones system. In the other main contribution, we employ a suitable
separation of timescales in a way that the more usual energy variable can also be
used as a reliable reaction coordinate. In particular, we validate our previously
introduced analytical expressions for the aggregation and dilution rates, which are
based on the microcanonical entropy, via the simulations of the lattice system. As a
final contribution, we introduce a method based on mean first-passage times that
predicts the microphase separation in aggregating systems with competing
interactions.

Keywords: aggregation; optimal reaction coordinates; microcanonical analysis; Monte
Carlo simulations; Brownian dynamics simulations



RESUMO

TRUGILHO, Lair Figueiredo, D.Sc., Universidade Federal de Vigosa, dezembro de
2025. Sobre a otimalidade de coordenadas de reacao para cinética de
agregacao reversivel.. Orientador: Leandro Gutierrez Rizzi.

Transi¢cOes reversiveis impulsionadas por flutuagcdes séo presentes em uma vasta
classe de sistemas finitos, incluindo transicdes em agregados atébmicos, agregacao
macromolecular e enovelamento de proteinas. Como consequéncia, potenciais
aplicagdes relacionadas com estas transicdes abrangem uma miriade de areas
cientificas, desde o desenvolvimento de materiais de mudanca de fase em ciéncia
dos materiais até o tratamento e prevencdo de proteinopatias nas ciéncias
biolégicas. Aqui estamos particularmente interessados em processos de agregacao
em sistemas macromoleculares intrinsecamente finitos, tais como suspensodes
coloidais e solugdes de proteinas. Estes sistemas descrevem transigcbes entre
estados agregados e diluidos e o nosso objetivo principal € descrever
quantitativamente a cinética destas transicées. Para estudar a cinética destes
sistemas de muitas particulas, é usualmente necessario projetar o espago de
configuragbes de dimensdo elevada em coordenadas de reacdo com baixa
dimensionalidade. Uma das principais contribuicdes desta tese € o desenvolvimento
de uma metodologia para se determinar precisamente uma coordenada de reagao
6tima, chamada de committor, para estes sistemas de muitas particulas. Com o
committor, véarias propriedades cinéticas sao obtidas exatamente, e nés
demonstramos a aplicabilidade da nossa abordagem considerando simulacdes de
Monte Carlo para um modelo de rede anisotrépico e simulagbes de dinédmica
Browniana para um sistema do tipo Lennard-Jones. Na outra contribuicdo principal,
ndés empregamos uma separacao de escalas de tempo apropriada, de modo que
uma variavel mais usual, a energia, também pode servir como coordenada de
reacdo confidvel. Em particular, validamos expressdes analiticas para as taxas de
agregacao e dissolugcao propostas em nossos trabalhos anteriores e baseadas na
entropia microcanénica, utilizando simulagbes do modelo de rede. Como uma
contribuicao final, introduzimos um método, baseado em tempos de primeira
passagem, para prever a separagcdo de microfase em sistemas com interagdes
competitivas.

Palavras-chave: agregacao; coordenadas de reacao 6timas; analise microcanénica;
simulacées de Monte Carlo; simulagdes de dindmica Browniana
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BD Brownian dynamics

Y% collective variable

FEP free-energy profile
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MC Monte Carlo

MFPT mean first-passage times
MTPT mean transition path time
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Chapter 1
Motivation and theoretical background

First-order phase transitions are present in a vast class of materials, so that com-
prehensive descriptions of these transitions are of fundamental importance for different
scientific areas. When the interactions between particles in some material lead to a first-
order phase transition, that material can be found in more than one state, and as a result
the system may become inhomogeneous, with parts of the material in different phases
that coexist, as in the canonical example of water and ice coexisting. When the system is
large enough so that the thermodynamic limit applies and is in equilibrium, it will stay
inhomogeneous, and the fractions of the system in each phase are equilibrium constants,
i.e., do not change in time. Parts of the material will only transform from one phase to
another if an external agent happens to add or remove energy to that system, disturbing
its equilibrium state. The total amount of energy that has to be exchanged with the
system to convert an amount of the material from one phase to the other is called the
latent heat [1].

The situation becomes more complicated when dealing with intrinsically finite-
sized systems because, at the transition, there is a steady-state probability distribution
which is bimodal, and, due to fluctuations, the system can evolve between different states
that have similar probabilities. The states related with the maxima in the probability
density are stable or metastable states characterized by minima in the system’s free-
energy profile. That is the case for a number of important problems, such as atomic cluster
transitions [2], condensation of small molecules [3|, macromolecular aggregation [4, 5, 6],
protein crystallization [7], and protein folding [8, 9]. In all of those cases, the system,
even in equilibrium, describes transitions between two (or more) states that have distinct
physical properties.

In this work we will be concerned with macromolecular aggregation, roughly defined
as the self-assembly of many subunits into ordered, finite-sized aggregates [10]. Those
subunits can be molecules, colloids, or proteins, for example. Protein aggregation, in
particular, has received considerable attention due to its connection with several human

diseases, such as Alzheimer’s and Parkinson’s [11, 12].
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As those systems present a large, yet finite, number of degrees of freedom, it is
usually necessary to reduce the dimensionality of the problem for describing them. Equi-
librium properties, like free-energy barriers and latent heats, can be computed by equilib-
rium thermostatistics approaches. Kinetic properties, such as mean transition times and
reaction rates, on the other hand, are more subtle and are usually studied by projecting
the highly dimensional configurational space onto one or a few reaction coordinates (RCs).
The remaining large number of degrees of freedom are modeled as noise by a stochastic
model, such as the diffusive models described by the Smoluchowski and Fokker-Planck-like
equations [13, 14].

Those RCs are usually defined by physical intuition. In the aggregation problem,
one normally works with the size of the biggest aggregate or the energy. But for such phys-
ically motivated RCs, there is no guarantee that a diffusive model is adequate to describe
the system’s kinetics. That is because the projection of the original multidimensional
dynamics usually introduces non-Markovian effects [15, 16], so that the diffusive approxi-
mation may not hold. In principle, such non-Markovian character can be described by the
generalized Langevin equation that contains a memory kernel. However, the computation
of the kernel is often challenging, and its introduction complicates the simple interpre-
tation of diffusion on a potential (free-energy) landscape. The existence of optimal RCs
where a simple one-dimensional diffusive model can be used to quantitatively describe
the systems’ kinetics is demonstrated in the literature [17, 18, 19], but their computation
for multidimensional systems is still an open problem. For systems describing transitions
between two boundary states, which is usually the case in first-order phase transitions,
the committor function is considered an optimal RC [20]. The committor function, also
known as splitting probability, corresponds to the probability that, starting at an arbi-
trary intermediate state, the system reaches one boundary state without passing in the
other one [21]. In Part 1T we will consider this problem for multimolecular aggregating
systems. Particularly, we show that the committor can be determined by combining a
systematic way of computing invariant collective coordinates with a nonparametric vari-
ational approach [22]. The applicability of the nonparametric method has already been
demonstrated for unimolecular protein folding systems, and one of the main contributions
of the present thesis (also published in Ref. [23]) is to extend it for multimolecular ag-
gregation. With the computed optimal RC, we illustrate how one can exactly compute
several important kinetic properties.

Although committor functions allow one to rigorously describe the kinetics of the
systems, their computation is far from trivial and requires rather detailed information
about the system, e.g., the temporal evolution of the positions of all particles. In this
way, the other main contribution of this thesis is presented in Part III (also published in
Ref. [24]), where we inspect in what conditions a more usual coordinate (the energy) can be

employed as an RC. We show that by employing a separation of timescale, our previously
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derived expressions for the aggregation and dilution rates [25, 26] are also applicable for
many-body systems. The usefulness of this approach is that it is based on microcanonical
thermostatistics [27], which has been widely used for the equilibrium characterization
of finite-sized systems. In this way, it opens the way for readily determining kinetic
properties for systems already considered in the literature. Moreover, it makes a more
direct connection between kinetic and equilibrium descriptions of aggregating systems, as
energy is a coordinate commonly used in thermostatistics approaches.

At last, we present in Part TV another contribution of this thesis, which is related
to a way of theoretically computing the phase diagram for systems with competing short-
range attraction and longer-range repulsion. Those systems display a rich phase diagram,
including gelation and the appearance of equilibrium cluster phases [28]. The latter is
characterized by multiple finite-sized clusters that happen to occur at the onset of the so-
called microphase separation. In Part IV, we provide a theoretical method for estimating
the regions of the phase diagram where such microphase separation takes place, looking

only at the pairwise interaction potential.
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Chapter 2
Specific objectives

The main objective of this part is to describe and validate a method we developed to
numerically construct the committor function for multimolecular aggregating systems. As
previously discussed, the committor is a key element for describing both the equilibrium
and kinetic properties of systems undergoing transitions between two boundary states in
the context of stochastic diffusive models. The reason is that this quantity is considered
an optimal reaction coordinate since it can be used to compute exactly important kinetic
properties, like the flux, mean first-passage times (MFPT), and mean transition path
times (MTPT). In this way, we start reviewing some definitions and properties of such
diffusive models in Chapter 3, from which the concept of the committor function arises.
Then, in Chapter 4, we describe the variational approach as well as how to obtain a set
of permutationally invariant collective variables employed for determining the committor.
Finally, in Chapter 5 we demonstrate the applicability of the method by considering a

lattice gas with anisotropic interactions and a system of Lennard-Jones particles.
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Chapter 3
Diffusive models

We start reviewing the properties of one-dimensional (1D) diffusive models, as they
provide a clear and instructive way of introducing the matter due to their simplicity. In
fact, as we shall discuss in the following, if the 1D committor projection is used, the
usefulness of its corresponding 1D diffusive models relies on the fact that some quantities
can be computed exactly, even for the multidimensional case of multimolecular systems.

Diffusive models are a family of random processes £(t) that satisfies the stochastic
differential equations (SDE) of the type [14]

Et) = f(&, 1) + g€ )¢ (), (3.1)

where the dot stands for time derivatives, f(£,t) and g(&,t) are arbitrary functions of £
and ¢, and ((¢) is a particular random process known as Gaussian white noise that has

the following statistical properties:

(C®)=0  and (C(B)C(t) = o(t —t). (3.2)

where (...) indicates expected values. Those processes have been used for describing a
variety of phenomena in different areas, including theoretical physics |29, 30|, biology [31],

and applied engineering and finance [32].

3.1 The Langevin equation

In physics, one important diffusive process is the one that describes the velocity
v(t) of a tagged particle in solution, subject to the assumed random collisions with the
fluid particles that act like a heat bath at temperature 7. This process is modeled by the
so-called Langevin equation [30, 33, 34|
) yo(t V2vkgT
v(t) = — () + C(t) (3.3)

m m
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where the first term represents a systematic drift opposing the particle’s movement with
a friction coefficient v, m is the mass of the tagged particle, kg is Boltzmann’s constant,
and the second term models the random force due to the collisions with fluid particles.
The constant multiplying the white noise sets the amplitude of the thermal fluctuations
and is related to v by the fluctuation-dissipation relation, which ensures that the system
relaxes to the proper equilibrium state at long times [14, 30]. The Langevin equation is
of the general form of Eq. 3.1 with f(v,t) = —yv/m and g(v,t) = \/2vkgT /m.

3.1.1 The overdamped equation

It can be shown that in the long-time limit (or high-friction limit) v¢/m > 1,
the inertial term can be neglected in the Langevin equation [14, 35, 36]. With this
approximation, the equation can be written as a diffusive process for the position of the

tagged particle x(t), which reads

() = —V/(‘j ®) N QkaQ(t) (3.4)

where we also allowed for an external force to be applied at the particle, which in one
dimension can be derived from a potential Fy(z) = —dV (z)/de = —V'(z). Note that
in the case of harmonic potentials V(z) = kz?/2, we have f(x,t) = —kx /v and g(z,t) =
\/m so that both diffusive models of Eq. 3.3 and 3.4 are indeed of exactly the same
form, albeit for different constants, which are known as the Ornstein—Uhlenbeck process.

The diffusion coefficient is defined by the Einstein relation D = kgT/v so that

Eq. 3.4 can be rewritten as

D
(t) = ——=V"(x(t)) + V2D((t). (3.5)
kgT
Dynamics satisfying Eq. 3.5 are known as Brownian, and the simulations that we will

consider in Section 5.2 will be based on this equation.

3.2 The Smoluchowski equation

There is a correspondence between the SDE defining a diffusive model and the
partial differential equation (PDE) that determines the temporal evolution of the related
(conditional) probability density function (PDF). For instance, if the stochastic process is
associated with the velocity as in the SDE given by Eq. 3.3, the related equation for the
PDF is known as the Fokker-Planck equation. Invoking the SDE-PDE correspondence
for the diffusive process defined by Eq. 3.5, one gets the Smoluchowski equation [14]
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Op(z, t[zo, to) Pp(x, t|wg, to)) D 0

where p(z, t|xo, to) represents the probability density at position x and time ¢ given that at

the initial time ¢, the particle was at © = x, that is to say the PDE is subject to the initial
condition p(z, to|zo,to) = d(z — zp). Eq. 3.6 is a generalization of the diffusion equation
for particles diffusing subject to an external potential. Free diffusion is recovered in the
absence of external forces when V'(z) = 0 so that the second term on the right-hand side
of Eq. 3.6 vanishes. In this work we will be restricted to stationary random processes,
in which case the conditional PDF is a function of the elapsed time or time difference
(t — to) alone [14], so we can simply set tp = 0 and write p(x, t|zo, to) = p(x,t|zg). We
will further drop the 2y dependence p(z,t|zg) = p(z,t) for shortening the notation, but
keeping in mind that the PDE determines the time evolution of the PDF conditional to
the specified initial condition. It is also assumed that, in the limit of long times, the
conditional PDF loses its dependence on xy and tends to the absolute or unconditional
PDF, which for stationary processes is independent of time and equals the equilibrium
distribution peq(x),

lim p(z, tzo) = peq(). (3.7)

Such an equilibrium distribution will exist if the potential V' (z) is integrable and
increases like |z|* as  — fo00, where « is any positive number [14]. That means that the
potential is confining, which will be the situation considered here. An important exception
is the case of free diffusion, where the PDF does not converge to an equilibrium one in
the long time limit; instead, it vanishes everywhere, and the related stochastic diffusive
process (Wiener process) is known to be non-stationary [14]. It is easy to show that the
equilibrium canonical distribution pe(z) oc e7#V(®) is a stationary solution of Eq.3.6, as
should be expected since that equation describes the PDF of a particle in contact with a
heat bath at temperature 7' = 1/kg5. Using the equilibrium distribution, one can write

the Smoluchowski equation in the following way [13, 31]

2ot~ 2 bty (B2, (38)

peq(l’)

In Eq. 3.8, the diffusion coefficient is allowed to have a position dependence, which
in the context of the Brownian model corresponds to a position-dependent friction ().
However, we note that FEq. 3.8 has also been used to model other systems, where it
can be approximately derived under specific conditions, such as stochastic dynamics of

Markov-chain Monte Carlo simulations [13].
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3.2.1 Stationary solutions, committor functions and fluxes

Under appropriate boundary conditions, other stationary solutions of Eq. 3.8 be-
sides peq() are also useful. We first note that the Smoluchowski equation can be rewritten

as a continuity equation for the probability flow

0 0
e (x,t) = aj(x,t), (3.9)

being J (x,t) the probability flux given by (see Eq. 3.8)

9 (p(z,1)
jx,t:Dxpex—( . 3.10

( ) ( ) q( )8x peq(x) ( )
Now, in order to define the committor function, we look for stationary or steady-

state distributions ps(x) that satisfy the boundary conditions [31]

pss<xA) = 07 (3.11&)
pss<xB) = peq(mB> (311b)

which means that the steady-state distribution maintains the equilibrium distribution at
point xp and satisfies an absorbing boundary state at x4. For concreteness, we consider
ra < xp, where 4 and xp will usually discriminate regions in configuration space with
different properties, such as a reactant well (A) for x < x4 and a product well (B) for
x > xp on a double-well potential, see e.g. Fig. 3.1. In this way, the formalism described
in this subsection is aimed at describing kinetically the transitions between boundary
states A and B. For the distribution to be stationary, the flux needs to be constant,
J(x,t) = Jap (independent of = and t), so that ps(x) satisfies

Jap = D(x)peq(x)% (ﬁfé;) (3.12)
where Jyp is the equilibrium unidirectional flux between milestones x4 and zg, which
equals the equilibrium number of transitions from A to B, Nap, per unit time [37].

The stead-state distribution pg(x) is identified with the distribution of the system
moving down in the positional x space and can be calculated from a trajectory z(t) by
the method of labeled “walkers” of Ref. [38]. This label specifies which of the boundary
states were visited most recently in the course of the trajectory, which can be seen as a
“walker” over x. For example, if the system just visited boundary state xg, it has a label
(B) that will only be changed to A when it reaches boundary x 4. This means that z 4 acts
like a absorbing boundary for walkers with label B, while state xp acts like an reflecting
boundary since label B is not changed when the system reaches xp. The steady-state

PDF for the position of walkers with label B corresponds to ps(x) as defined above [13].
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The equilibrium and steady-state distributions corresponds, respectively, to the
complete PDF peq(x) and the partial stationary PDF pg(z) computed only with the
trajectories where the system has last visited xp. Thus, the probability ¢(x) that a
“walker” at point x is coming from boundary B rather than A is just the ratio of those

PDFs [31]
o pss(-f)

=) (3.13)

q(z)

and due to time-reversal symmetry,! ¢(z) is also the probability that, starting from any
given x, the system will reach boundary B before reaching A. This quantity is known as
splitting probability or committor and plays a central role in kinetic theories describing
many systems. Using Eq. 3.12 and 3.13, one identifies that ¢(x) satisfies the committor
equation [37]

0 dq(z)| _
% D(x)peq(x)a—x =0 (314)
respecting boundary conditions
q(za) =0, (3.15a)
q(xp) =1, (3.15b)

in accordance with Eq. 3.11.
Eq. 3.13 and 3.15 can be solved to formally give [17, 37|

i) = [ v/ | weiem @10

Analogously, the steady-state distribution pg(z) of a system moving up in x (that
has last visited x4) is computed by exchanging the roles of points x4 and x5 as boundary
states (Eq. 3.11). Summing both steady-state distributions of the system coming both
from x4 and zp, one recovers the equilibrium distribution [13], peq(2) = pss(x) + Pss().
And the reverse committor ¢(x), or probability that starting from z, the system will
reach boundary A before reaching B, is ¢ = pss(x)/peq() (analogous to Eq. 3.13) so
that g(z) + ¢(z) = 1. This just expresses that the system has to come from one of
the two boundaries. As a final remark, we note that quantities such as ¢(z) and pg(x)
clearly depend on the defined boundary conditions A and B, but we will not carry this

dependence explicitly in the notation for shortening it.

1As we will always deal with equilibrium trajectories respecting detailed balance, time-reversal sym-
metry will always hold [37, 39].
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Figure 3.1: An example of a schematic double-well potential U(z) = V(x) with minima
at © = x4 and x = xp extracted from Ref. [31]. The forward escape rate from A to B can
be estimated as k. = 1/74_,p5, while the reverse escape rate from B to A can be estimated
as k- =1/7p_a.

3.2.2 Characteristic times and rates

One problem of particular interest that can be treated with the above formalism
is that of the escape rate over a potential barrier by diffusion. Consider the double-well
potential V(x) sketched in Fig. 3.1. We consider a particle subject to this potential in the
context of the Brownian diffusive model (Eq. 3.4). The potential presents two minima
at distances x* = x4 and x = xpg, so that at these positions the diffusing particle has a
tendency to stay bounded due to the forces it experiences. In this way, most of the time the
particle is found in the regions close to x 4 or close to xg, which can then define convenient
boundary conditions: state A for x < x4 and state B for z > xg. Nevertheless, given that
the particle is close to one of the minima, it still can escape the potential barrier due to
thermal fluctuations and reach the other minima. Given that the potential is bounded for
x = F00, this process will repeat with the particle describing transitions between states
A and B. This kind of problem turns out to be an archetype model for different types of
thermally activated processes, from chemical reactions |31| to aggregation |26].

The escape rate from A to B can be estimated as the inverse of the mean first-
passage time (MFPT) from x = 24 to x = zp. Such MFPT is defined as the mean time
that a particle starting from x 4 takes to first reach boundary xg. In the formalism of the

one-dimensional Smoluchowski equation, it can be calculated exactly as [37, 40|

oy = / :Bm / " (@) (3.17)

—0o0

for x4 < xp. Similarly, the reverse MFPT, or the mean time a particle starting at xp

takes to reach x4 for the first time, is given by

B dz /oo
TBoA = - Peq(2)da’, (3.18)
/M Peq(x)D(z) J, "
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and its inverse defines the escape rate from state B to A.

For completeness, the mean transition path time (MTPT), 7, defined as the mean
time the particle takes for transitioning between x4 and zp without returning to the
initial state (the barrier-crossing time), which is equal in both directions (from A to B or

vice-versa) [41], can be exactly computed as |41, 42|

dz’ & dz’
R f peq <fo Peq(z’) D (a:’)) <f:c ? peq(ac’)D(J}’)> dz

7=

[ i (3.19)
T4 peq(w)D(x)

A remarkable feature of the 1D diffusive model defined by Eq. 3.5, or equivalently
by the Smoluchowski equation (Eq. 3.8), is that all those characteristic times are expressed
as closed expressions depending only on pey(z) (or V(z)) and D(z) (for the more general
case of position-dependent diffusion coefficient). We also note that despite the points x4
and xg being usually chosen near a minimum of the potential, the formalism is general,
and they can be chosen arbitrarily as the boundary conditions for the problem at hand.
It can be shown that expressions 3.17-3.19 remain exact and of the same form for the
committor variable (just substituting © — ¢, peq() — Peq(q), and D(x) — D(q) using
the transformation ¢ = ¢(z) (Eq.3.16)). This result is not of much interest in the one-
dimensional case, because one can simply work with the expressions in the original z
space. But, as it also holds for the multidimensional case where there are no such closed
expressions in the original space, the usefulness of the committor as an optimal coordinate

becomes apparent, as we shall discuss in detail next.

3.3 The multidimensional case

We now consider the multidimensional case of N interacting (overdamped) Brow-
nian particles in d spatial dimensions. We assume that the force exerted on each particle
due to the others can be derived from a potential V(x1,...,xn) = >, ; Vij(x,%;), which
is a sum of pairwise terms Vj;(x;,x;) of the interaction between particles i and j at
positions x; and x;, respectively. Let X = (x1,...,xy) denote such multidimensional
configurational space for brevity. There are no external forces acting on the particles, so

that, analogously to Eq. 3.5, we have

. Dy 0V (X
in= =7 8% +/2DyC,(t) (3.20)

for the evolution of any component x, of the position of any particle. We used a Greek
index that runs for all components © = 1,...,dN in contrast with the Latin index i, =
1,...N for particle number. The deterministic part of the force is obtained as the gradient

of the potential, and the stochastic force is driven by independent white noises ¢, for each
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component, so that ((,(¢)¢,(t')) = 0,,0(t —t'). The diffusion coefficient at physical space
is still defined by the Einstein relation Dy = kgT'/v, but we add the subscript “0” from
now on to differentiate it from the diffusion coefficients defined on more abstract spaces
like D(q), which will be important in the following?.

The set of coupled SDEs 3.20 defines a multidimensional diffusive model [14], and
the corresponding PDE, known as the multidimensional Smoluchowski equation, for the
evolution of the associated PDF, p()?,t), is given by [31, 44]

X, t) <~ | Dy 0 (VX)) - 0*p(X,1)
ot _; kgT Oz, ox, p(X,8) | + Do ox? ’ (3:21)

which is the multidimensional analogue of Eq.3.6. In a similar way, the equilibrium
distribution is peq()z ) oc e #VX) the canonical distribution.
In this case the committor ¢(X), a one-dimensional function of the multidimen-

sional space, satisfies [39]

Z o, [ oPeq (X >a‘m] =0 (3.22)

Ox,,
respecting the boundary conditions

(X e A) =0, (3.23a)
¢(X eB)=1, (3.23h)

where A and B are arbitrary regions in the multidimensional space X. Eq. 3.22-3.23 are
the multidimensional analogues of Eq. 3.14-3.15. q()?) is the probability that, starting
from any point X on the multidimensional space, a system evolving through the dynamic
equations 3.20 will reach boundary state B before it reaches A.

In contrast to the 1D case, there is no formal solution for Eq. 3.22-3.23, i.e., no
analogue to Eq. 3.16. In fact, due to its high complexity, Eq. 3.22-3.23 has only been
directly solved for low-dimensional systems [39]. Alternatively, Eq. 3.22 can be expressed

as a variational problem [45, 46]

mm/z

pn=1

(29) pugas 320

which is equivalent to Eq. 3.22 under the same boundary conditions Eq. 3.23. The formu-

’Eqgs. 3.20-3.22 can be generalized to include a diffusion tensor that is a function of configurational
space D()? ) [43], but we keep the diffusion coefficient Dy as a scalar constant for simplicity as it describes
particle diffusion in an isotropic medium, and also because the Brownian simulations that we will consider
in Sec. 5.2 will be based on Eq. 3.20 in this form.
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lation of Eq. 3.24 has been used as the starting point for variational methods proposed
for computing the committor in multidimensional systems. The majority of which are
parametric methods where the function q()z ) is parameterized using arbitrary functional
forms containing many parameters, which are varied allowing for the minimization of
Eq. 3.24 and a reasonable representation of the full function q()z) [47|. Specifically, the
function ¢(X) has been parameterized using artificial neural networks [46, 48, 49] and
tensor networks [50]. In contrast, a non-parametric variational approach was proposed
in Ref. [22] that deals directly with collective coordinate time series in a way that one
needs not to determine the full multidimensional function ¢(X) but computes directly the
committor time series. In this work we used this last approach, which will be described

in detail in Chapter 4.

3.3.1 Generalized free-energy profiles and optimality criterium

In the following, we introduce the generalized cut-based free-energy profiles, from
which a stringent validation criterion for a reaction coordinate (RC) that closely ap-
proaches the committor can be formulated. We define an RC as an arbitrary one-

—

dimensional projection of the configurational space r = r(X), of which the committor
is a special case that we reserve the letter ¢ = q()? ). First we make a brief revision of
conventional histogram-based free-energy profiles, which are related to the equilibrium

distribution of a general RC 7.

Histogram-based free-energy profile

We consider a long equilibrium trajectory described by a system evolving through
the dynamical equations 3.20. The system is characterized by the multidimensional tra-
jectory X (kAt) at different times kAt, k € N. We consider a suitable discretization of
time so that the trajectory is sampled with a time interval At. An arbitrary reaction coor-
dinate time series 7(kAt) is then computed by applying the projection over the trajectory
r(kAt) = r(X (kAL)).

The equilibrium distribution pey(7) can be expressed in terms of the usual histogram-

based free-energy profile Fy(r, At),

e_BFH(TvAt)
Peq(T) = — (3.25)

being Z the total partition function. Note that the free-energy profile Fiy(r, At) and the
equilibrium distribution pey(7) of a general coordinate are related exactly in the same way
as the potential V' (x) and peq () in the case of a one-dimensional Brownian particle subject
to Eq.3.5. Given the reaction coordinate time series r(kAt), Fy(r, At) can be estimated by

binning the coordinate and computing histograms. The associated histogram Zy(r, At),
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which is also called partial partition function®, can be computed as the density of points

in a bin [r,r + Ar], that is,
M,
Ar’

where M, is the number of points of the trajectory lying between r and r + Ar with Ar

ZH<7”‘, At) =

(3.26)

the bin size. The estimate of the histogram-based free-energy profile is then given by, see
Eq. 3.25,
FH(T, At) = —]{?BTIDZH(T, At), (327)

so that the estimate of the equilibrium probability density distribution is

ZH<T7 At)

Peq(r) = T Zu(r, D)dr (3.28)

with the denominator the estimator of the total partition function.

It is important to note that, since Zy(r, At) is a non-normalized histogram that is
directly related to the equilibrium distribution, it scales trivially with sampling interval
as Zg(r,At) ~ At~1. That is because increasing At only reduces the number of points
considered in the computation. For example, if At = 2A¢, the points are twice as spaced,
so only half the points are considered in computing Zy(r, At), so it would be reduced
by a factor of two. This constant only appears because Zy(r, At) is not normalized by
construction, but of course the normalized equilibrium probability distribution peq(r) is
not affected at all by such a change of sampling interval. Because of that, we shall drop the
At dependence of Fy(r), and as the normalization just appears as an additive constant
due to the logarithm in Eq. 3.27, we will set that constant so that the minima of Fy(r)
lies in the abscissa axis (i.e., the minima is zeroed) when presenting the corresponding

histogram-based free-energy profiles.

Cut-based free-energy profile

In addition to the histogram-based free-energy profiles defined by Eq. 3.27, it is

also useful to compute cut-based free-energy profiles, with the ordinary one defined as [47]
Fao(r, At) = —k’BT In ZC,()(’F, At) (329)

with its cut-based partition function Zg o(r; At) equating half the total number of transi-

tions through point 7 in the whole coordinate time series sampled with time interval At.

3Here we are following the notations used in references [17, 47] where the histogram Z (r, At) is called
a partition function. It can be named this way since it corresponds to a sum over the other degrees of
freedom, but it is not to be confused with the total partition function Z obtained by summing it all up.
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Mathematically, this can be written as

Zeo(r, At) Z O(r(kAt) —r)(r — r(kAt + At))], (3.30)

where O is the Heaviside step function and the sum extends to the complete coordinate
time series. Each term in the summation is zero if r(kAt) > r and r(kAt + At) > r or
r(kAt) < r and r(kAt + At) < r. In these cases, there was no transition through point
r between subsequent times kAt and kAt + At. On the other hand, if r(kAt) < r and
r(kAt + At) > r or r(kAt) > r and r(kAt + At) < r, the step function returns one, and
the passing of the series through r is counted, coming either from lower or higher values
of the coordinate.

Note that, differently from the histogram-based free-energy, the cut-based one may
change with sampling interval in non-trivial ways, as it is not equivalent to equilibrium
properties. In fact, changing At will generally modify Z¢o(r, At) since it will change the
connectivity between r(kAt) and r(kAt + At) for different At.

Generalized cut-based free-energy profile

The cut-based profile can be further generalized by summing up the transitions
through r with weights equal to the length of the transition raised to the power a [47],

i.e., the generalized partition function is written as

Zeo(r, At) Z (kAL + At) — r(EAY)|*O[(r(kAL) — r)(r — (kAL + At))], (3.31)

and, as usual, the generalized cut-based free-energy profile is defined as
Foo(r,At) = —kgT'In Zo o(r, At), (3.32)

being Eq. 3.30 the particular case a = 0, which justifies the subscript zero in Eq. 3.29
and 3.30. In Fig. 3.2, it is illustrated the construction of Zo;(r, At) given an RC time
series, and in the Appendix A we also show an algebraic example of the computation of

Zca(r, At) for a simple system with only three states.

Optimality criterion and diffusion coefficient

The case of a = 1 is of particular interest because a simple but stringent optimality
criterion is expressed in terms of Zx (1, At). It states that [17], for the committor RC, g,
Zc1(q, At) is independent of ¢ and At and equals the number of transitions Nap between

the regions A and B defining the committor boundary states (Eq. 3.23),

ZCJ((], At) = NAB or FCJ(Q, At) = —k?BT In NAB (333)
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1/ax :H H H

reaction coordinate

Figure 3.2: Tllustration extracted from reference [17] of the computation of the usual histogram-
based free-energy Zp and the generalized cut-based free-energy Z¢ ; for three consecutive points
of a trajectory xp = r(kAt). Whereas the former is computed summing 1/Az = 1/Ar for each
bin visited, the latter is computed summing half the distance between two consecutive points of
the trajectory for all bins between x; and ;1.

Thus, Eq. 3.33 serves as validation criteria for a putative coordinate approaching
the committor via a variational approach, for example. One simply needs to compute
Zc, for different sampling intervals and see how close it is to the constant value. For
putative RCs that deviate from the optimal committor, which we call suboptimal RCs,
Zeoa(r,At) > Nap. In fact, for large At, some transitions between boundaries may not
be detectable due to the low temporal resolution (i.e., the system can visit a boundary
and leave it during At) so that Z¢ (g, At) would start to decrease for high enough At.
However, this issue can be simply rectified by considering the ensemble of transition
path segments for computing Zc (g, At) [17]. We explain the implementation of this
important technical detail in Appendix A. It is worth mentioning that we will always
use such construction for computing the generalized cut-based free-energy profiles, as in
this case it is straightforward to apply the validation criteria, since Z¢1(q, At) is always
constant.

In addition, a useful relation can be derived between Z¢ (1, At) and the diffusion
coefficient D(r, At) along that (now generic) coordinate r [47],

Zoa(r, At
D(r, At) = m (3.34)

Eq. 3.34 is derived assuming that the stochastic process along r is diffusive so that
the diffusion coefficient should be independent of At, as it is for normal (Markovian)
diffusion satisfying Eq. 3.5; for details on the derivation of Eq. 3.34, see Ref. [47|. Never-
theless, we can extend it for a general coordinate where deviations of this behavior, i.e.,
diffusion coefficients varying with At, are associated with non-Markovian effects. The
more Zcq(r, At) varies with At, or equivalently D(r, At) since Zpy(r, At) ~ At™!, the
stronger the non-Markovian effects [47]. On the other hand, Zx (g, At) is independent of
At for the committor, and so is D(q, At) according to Eq. 3.34. This indicates that the
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projection along the committor minimizes non-Markovian effects, even though it may not
be strictly Markovian [43].

3.3.2 Diffusive model along the committor

It is common to associate a one-dimensional projected RC, 7”()?), with a 1D diffu-
sive model of the kind described by Eq. 3.5 or 3.8 along r. This can be justified under
certain approximations; see, e.g., Ref. [13], where it is done for general stochastic Markov-
chain simulations using energy as RC. Besides, such a description has been employed in
different contexts, such as protein folding using the number of native contacts as RC [51],
membrane transport over a channel with the displacement along the channel as RC [41],
and aggregation phenomena, using either the cluster size [52, 53| or energy [26, 54| as RCs.
But, in general, the projections along those physically motivated RCs are non-Markovian
due to the loss of information associated with dimensionality reduction [15, 16]. Besides,
as we will show in this work, neither energy nor the cluster size can be used to quanti-
tatively describe the aggregating systems considered here at arbitrary short time scales.
An alternative is to consider more sophisticated stochastic models that describe the non-
Markovianity using a generalized Langevin equation with a memory kernel, which can
be derived from the Mori-Zwanzig formalism [55]. However, computing the kernel can
be challenging in practical situations. And, even if it can be computed, one loses the
simple interpretation of diffusion on a potential landscape, described only by the Fy(r)
(Or peq(r)) and D(r), which can be readily computed from the coordinate time series via
Eq. 3.26-3.27 and 3.34, respectively. The other option, which we will consider here, is to
use the committor as an optimal RC. In this case, the simple diffusive description can be
used to compute exactly important kinetic quantities using the diffusive model along the
committor, as has been demonstrated in a series of recent works [43].

The first kinetic quantity that can be computed exactly with the committor pro-
jection is the equilibrium flux J4p between two arbitrary disconnected regions, A and B,
in the original multidimensional configurational space. It equals the number of transitions
between regions A and B per unit time Jap = Nap/(ZAty) with Z = [ Zg(q, Aty)dg
the normalization constant as in Eq. 3.25 and 3.28, which is just the trajectory length
sampled with? At = At,. From the 1D diffusive model along the committor ¢, the flux

can be computed exactly as [18]

Jap = D(q)peq(q) = D(q)Zu(q)/ Z. (3.35)

4In the following we set the sampling interval dependence of all quantities equal to a given reference
At and drop the notation about this dependence for functions such as Z¢ 1(q, Aty) and D(g, Atg) because
all of those quantities are indeed independent of At for the committor.
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Note that, using Eq. 3.34, the above equation can be rewritten as

T = Zoa(q)  Naz
AB = "z Aty ZAL
0 0

(3.36)

where it is clear that the optimality criteria Eq. 3.33 is equivalent to the fact that the
diffusive model along ¢ yields the exact value for J,p5 via Eq.3.35.

Secondly, the MFPT from A to B can also be computed exactly using the diffusive
model along ¢ |56], that is, it can be computed similar to Eq. 3.17 as

[ _de
7-A—>B—/O peq(Q)D<Q)/o peq(q )dq (337)

but now for a multidimensional system with an arbitrarily complex potential surface
V(X). This MFPT from A to B can also be expressed exactly in terms of the equilibrium
mean of the reverse committor ((1 — ¢q)) = [(1 — ¢)peq(¢)dg, as [37, 57|

-9

= —" 3.38
TA—B Tun ( )

Similarly, the reverse MFPT from region B to A can be evaluated as

TBoA = /0 p—eqéqD(q) / peq(q’)dq’:%. (3.39)

Finally, the MTPT 7, or mean time the system takes for transitioning between A
and B without returning to the initial boundary, is exactly computed similar to Eq. 3.19
as |42, 43]

1 q dq’ 1 dq’
. Jo pea(a) (fo peq<qf>D<q')> (fq peq<q')D<q’>> de (41— q)) (3.40)
- 1 dg - ' '
fO Peq(q)D(q) AB

—

Note that ¢(X) is defined under boundary conditions determined by the regions
A and B (Eq. 3.23) so that Eq.3.37-3.40 are indeed valid for arbitrary regions; one just
needs to redefine the boundary states also for the committor. Of course, in such a case,
the committor itself should be recomputed. This can be done more easily if the two
new boundaries A" and B’ are defined by two points a and b on the (original) committor
landscape q()z) = a,b (a < b): A’ contains all points such that ¢ < a and B’ contains
all points such that ¢ > b. The new committor ¢’ can be simply computed by rescaling
the original ¢ as ¢ = (¢ —a)/(b—a) for a < g < b, ¢ =0 for ¢ < a, and ¢ =1 for
q > b |19, 58|. Besides, the difference between 74,5 (Eq. 3.38) and 75,4 (Eq. 3.39) arises
in the definitions of A and B. For example, exchanging the roles of A and B, one has

q — (1 — q) so that the values of both MFPTs are just interchanged, as should be. Here
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we will always use the definition ¢(X € A) = 0 and ¢(X € B) = 1. On the other hand, it
is clear from Eq. 3.40 that 7 is independent of these definitions since it is obtained by the
product ¢(1 — q) so that it should be independent of whether the system is going from A
to B or vice versa, as it was rigorously demonstrated in Ref. [41].

Eq.3.35-3.40 illustrate the usefulness of the committor RC to describe complex
systems with many degrees of freedom. The original multidimensional dynamics on a
landscape represented by V(X' ) is simplified to a one-dimensional description. More than
that, this 1D description is arguably the simplest possible, i.e., diffusive motion along a 1D
free-energy landscape. Although that 1D projection is not an exact diffusive model, as the
dynamics projected on g do not exactly satisfy a Brownian-like SDE (Eq. 3.5) or equiv-
alently a Smoluchowski-like PDE (Eq. 3.8), the above kinetic properties are computed
exactly assuming the diffusive model. It is of particular interest for systems presenting
bistability, such as protein folding, chemical reactions, and first-order phase transitions
in general. In those cases, the configurational space exhibits two basins that discriminate
between states with different properties, e.g., folded and unfolded for proteins, aggregated
and diluted phases in first-order aggregation transition, among others. In this way the
regions A and B discriminate such states, and the committor serves not only as an order

parameter but also describes the kinetics of phase transformation in a simple way.

3.3.3 Coordinate transformations and unitary diffusion coefficient

A diffusive model along a generic RC is characterized by two quantities: the free-
energy profile Fiy(r) and the diffusion coefficient D(r, At). But as soon as both Fy(r) and
D(r, At) are known, it is possible to perform a transformation of coordinates to obtain
a rescaled coordinate 7 where the diffusion coefficient is unitary D(7, At) = 1. This
is convenient since for the rescaled coordinate the free-energy profile alone contains all
kinetic information. Such a transformation can always be performed for one-dimensional
diffusive models [59, 60]. This is a consequence of the fact that the cut-based free-energy
profile Foy (or Zc ) is invariant under an arbitrary continuous invertible transformation
of the coordinate space [59]. Similar to Z¢ 1, Zoo can also be related to the diffusion

coefficient [59]
7r

D(r,At) = — { (3.41)

ZC@(T, At) 2
At

Zy(r, At)
Particularly, we consider the transformation ¢ = ¢(q) with ¢ being the commit-
tor and ¢ being the rescaled coordinate where D(G,At) = 1. Due to its invariance,
Zcolq, At) = Zeoo(q, At). On the other hand, Zy is not invariant under such transforma-
tion since it satisfies [59| Zg(q, At)dg = Zy (G, At)dg. Thus, one can write:
dq  Zu(q,At)

dg — Zu(g,At) (342)
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and, from Eq. 3.41 with D(q, At) = 1 at any particular At, one can replace Zy(q, At) by
Zco(q, At), which differ only by a constant factor for the ¢ coordinate, so that

dq At ZH(q, At)
dq _  JAL 2nl¢, 20) 3.43
dq m ZC,O(q7 At) ( )

Finally, using the invariance Zc (G, At) = Zco(q, At), the rescaled coordinate can

_ A /Zcoq A (3.44)

This last result can be rewritten using the relations between Zc o and Zgo; with

be obtained as:

the diffusion coefficient, Eqs. 3.41 and 3.34, respectively, as

th

3.45
ZCl q aAt ( )

from which one easily sees that, because Zy(q, At) ~ At™' and Zc (g, At) is in fact
independent of At, the transformation is also independent of At for the optimal coordinate
g. On the other hand, for suboptimal coordinates, such transformation will depend on
At as it is also the diffusion coefficient. As a rule, we will always present the free-energy
profiles as a function of the rescaled coordinates throughout this work so that the kinetic

description is facilitated.

3.3.4 Markov state model (MSM)

In general, the PDE describing an stochastic process can be approximated by a
discrete jump process described by a master equation [36]. In particular, a Markovian
process, such as the one described by the Smoluchowski equation, can be approximated by
a discrete jump process known as a Markov State Model (MSM) [43]. In that description
one assumes a suitable discretization of the configuration space where a state is denoted
by the index i, and the master equation describes the time evolution of the conditional
probability P;,(t|to) of the system being found in state ¢ at time ¢ given that it was in

state ip at the initial time ¢y, which can be written as 35, 43]

Pyt + At) ZP” (At)P (3.46)

where we consider a stationary process where the conditional probabilities depend only
on the time difference so that we can fix ty; = 0 and drop the dependence of the initial
condition (P, (t|to) = P;(t)) in the same way we did for the PDFs in the case of continuous
processes. We employ the case of discrete time so that, given a suitable time interval At,
Eq.3.46 expresses the probabilities P;(t + At) at the next time (¢ + At) as functions of
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the probabilities P;(t) at current time t. P;;(At) is the probability of transitioning from
state j to ¢ after At. It can be computed as P;;(At) = n;;(At)/n;, counting the number
of transitions n;;(At) from j to ¢ after At and the equilibrium number of times, n;, state
j is visited, if a long trajectory sampling sufficiently all nodes i is available. We assume
that an equilibrium probability P;® independent of time is reached in the long time limit
(similar to Eq.3.7) so that we have P/ = . P;(At)P;* and n; oc .

Eq. 3.46 is derived from fundamental properties of Markov processes [35] and can
be viewed as the discrete version of the Smoluchowski equation, e.g., Eq. 3.21. The
fact that Eq. 3.46 depends on the quantities P,;(At), which can be computed directly
from trajectories time series if such suitable discretization can be performed, rather than
the complicated multidimensional function V()Z' ) indicates an advantage of this formalism
compared to that derived from Eq. 3.21. Indeed, the MSM formalism has become popular
in recent decades and was successfully applied to a variety of systems [61|. However,
we note that it is also susceptible to the so-called “curse of dimensionality”, as for the
highly dimensional case it becomes almost impossible to sample all states ¢ in order to
compute P;; with sufficient accuracy. Given that, we anticipate that there will be no
need to construct the MSM for describing the multimolecular systems considered in this
work. Nevertheless, this theoretical construction allows one to express and operate with
quantities that are computed directly from trajectories, following the formalism derived
in Refs. [22, 43, 62|, which is of particular usefulness for computing committor functions.

Given the MSM defined by the master equation Eq.3.46, the committor ¢; at any

state i is computed by solving the system of linear equations |63, 64]
G =Y Pu(At)g (3.47)
J

subject to the boundary conditions

qa = 07 (348&)
g = 1, (3.48b)

which are the MSM analogues of Eq. 3.22-3.23. Although P,;(At) clearly depends on At,
the committor itself is independent of At, i.e., Eq. 3.47 is valid for any timescale [17]. The
above committor equations can also be formulated in a variational way; the committor

function is obtained by minimizing the total squared displacement (TSD) [17, 62]
min > (At (g —g¢;)” (3.49)
ij

It can be easily shown by direct differentiation (plus the detailed balance condition

ni; = nj;) that Eq. 3.49 is equivalent to Eq. 3.47-3.48 for the same boundary conditions.
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Eq. 3.49 can be viewed as the MSM analogue of Eq. 3.24. Tt can be reformulated directly
in terms of the RC equilibrium time series r(kAt) = r(X (kAt)) as defined in Sec. 3.3.1,
or equivalently r(kAt) = r;(kAt) in the notation of the MSM. In any case, the RC is
a function of configurational space ()Z' or 7), and its time series are the values of this
projection at different times kAt along a trajectory. The variational principle can then
be rewritten as [62]

min > (kAL + At) — r(kAL)P, (3.50)

k

where the sum runs all over the trajectory and with the same boundary conditions

r(X € A) =0, (3.51a)
r(X € B) =1, (3.51b)

Eq. 3.50-3.51 express the committor variational principle in a simple way in terms of
RC time series: among all possible reaction coordinates time series r(kAt) satisfying the
specified boundary conditions Eq.3.51, the committor time series q(kAt) is the one that
minimizes the TSD. The theoretical minimum of the TSD, which we denote as Ar? for
brevity, is attained when r = ¢ and corresponds to A¢? = 2N4p [17]. This expected
result can be used as an indication of the validity of the committor estimates obtained
during optimization schemes. A more stringent validation criterion is, however, the Zx;
test described in Sec.3.3.1, since it states that Zgq(r, At) is constant (equals Nyp) for
r = ¢ and thus allows one to inspect “spatial” (r) and temporal dependencies [58]. Both
criteria are interrelated, as it can be shown [17] that Ar?(At) = 2 [ Zo 1 (r, At)dr, that
is, the TSD criteria is averaged over r. Specifying for the committor, one sees that both

criteria are related: )
AG*(At) =2 / Zoa(q, At)dg = 2N ap. (3.52)
0

In practice, the variational principle can be used in the following way to numeri-
cally construct the committor RC. One can define a functional parametric form in terms
of the RC r = r()z,&), where in addition to the dependence on some features of the
configurational space X , one also allows the RC to depend on several parameters denoted
by @. Then, one can numerically optimize that functional form, minimizing 3.50 with
respect to @. That strategy was employed for the protein folding problem in Ref. [47],
where the RC was defined in terms of the number of native contacts between atoms in
the protein (the X dependence). To determine whether a native contact is formed or not,
a set of distance thresholds needs to be defined, which was used as the set of parame-
ters @ in Ref. [47]. The resulting coordinate provides a much better kinetic description
compared with commonly physically motivated RCs, but it is still suboptimal as tested
through the Zo; validation criteria [17]. This illustrates the challenges of this kind of

parametric optimization scheme; if the functional form r = T(X , @) is too restrictive, it
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will not be possible to reach the global minimum in Eq. 3.50. Besides that, selecting such
a functional form likely demands extensive expertise within the system. Artificial neuron
networks have risen as candidates to approximate complicated multidimensional functions
and have been applied to the committor optimization problem [46, 48, 49| due to their
flexible functional form. On the other hand, Eq. 3.50 indicates that one can deal directly
with the RC time series, avoiding the difficult task of selecting the full functional form
q()? ), and instead computing directly the committor time series g(kAt), from which the
diffusive model can be constructed and used to exactly compute kinetic properties. This
approach was introduced in Ref. [22], and we will extend it for multimolecular aggregating
systems in Chapter 4.

As a final remark, we note that although the MSM can be viewed as a discrete
approximation of the multidimensional PDE for diffusing interacting particles, where the
continuous treatment looks more appropriate, it has the advantage of being applicable
for any Markovian process. In particular, the optimization scheme of Eq. 3.50 remains
valid for any equilibrium trajectory (obeying detailed balance) that can be described as
a Markovian stochastic process at a suitable timescale At, with trajectories satisfying
Brownian dynamics described by the multidimensional Smoluchowski equation as a par-
ticular case. It is also important to note that, at a more microscopic level, a molecular
system might be well described by the deterministic Newtonian equations. In this case,
and also for systems described by the full (i.e., not overdamped) Langevin equations, the
dynamics is Markovian on phase space rather than configurational space [62]. That is,
the multidimensional process consisting of the momenta and positions together composes
a Markovian process, not the process defined by the positions alone, which is Markovian
only in the overdamped limit. In this way, for describing those systems with the for-
malism we employ here considering only the configurational space, one should consider
a sufficiently high temporal scale At where the system loses the memory about the mo-
menta, i.e., the temporal scale where the Smoluchowski equation holds. Fortunately, for
many molecular systems, such a suitable At is rather low. For example, the analysis
has been successfully applied for atomistic Newtonian simulations of protein folding at
typical timescales where the trajectories are stored, which are usually already sufficiently
higher than the simulation time step, where the non-Markovianity in configurational space
should appear; see e.g., Ref. [47, 58]. Importantly, such timescales are much smaller (up
to orders of magnitude) than the ones necessary for a description using physically moti-
vated RCs to become approximately Markovian, as demonstrated in Ref. [47, 58] for the
folding problem and as we shall illustrate for the aggregating phenomena in this work. In
this way, the diffusive models along the committors we were able to compute allow for a
description with much higher temporal resolution when compared with most physically
motivated RCs.
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Chapter 4

The variational nonparametric

approach

Related publication

Nonparametric determination of the committor in multimolecular systems [23]
L. F. Trugilho, S. Auer, L. G. Rizzi, S. V. Krivov

J. Chem. Theory Comput. 21, 10080 (2025)

Now that we have introduced the theoretical formalism needed for constructing
the diffusive model along the optimal committor coordinate, we turn to the problem of
obtaining such an RC in practice for multimolecular systems, with the starting point
being the variational principle of Eq.3.50-3.51. We assume as input a long equilibrium
multidimensional trajectory of the system’s configurations denoted by )Z(k:At), i.e., the
positions of each molecule at each time kAt. Close to the transition temperature such
trajectory transits between the boundary states A and B, e.g., aggregated and diluted

states.

4.1 The nonparametric iterative method

As described in Ref. [22], a suitable way of implementing Eq.3.50 is in the following.
First, one defines a seed coordinate time series ro(kAt) = ro(X (kAt)) respecting the
boundary conditions 3.51. To do so, one usually defines an order parameter (OP), which
should separate states A and B. In Sec. 4.3 we will detail the procedures we used for
that, but for now we assume that such determination of boundaries is feasible. In this
way we can define ro(X € A) = 0 and ro(X € B) = 1 in accordance with Eq. 3.51. The
remaining trajectory points can be simply initiated with a constant value between zero
and one, e.g., o = 1/2. Thus, the time series of the seed coordinate ro(kAt) is completely

prepared.
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The nonparametric method is then implemented by iteratively updating the puta-
tive RC time series rp,(kAt) = r,,(X (kAt)) at the m-th iteration as

P (X (KAL) = 1,0 (X (KAL) + 6r(X (KAL), (4.1)
where 6r(X (kAt)) denote a variation of the putative RC time series, which is a function
of the configurational trajectory at the m-th iteration.

The variation is taken of the form of a low-dimensional [-th degree polynomial,
Ll
O (P ) = 1y > aij(rm) (xm)’ (4.2)
i=0 j=0

J

where we used a shortened notation for the involved time series 7, = r,(kAt) =
F(X (KAT)). Also, T = 2 (kAt) = z,(X (kAt)) represents the time series of a ran-
domly chosen coordinate of X at the m-th iteration. The set of coordinates {zm} plays a
pivotal role in the optimization scheme as they carry the dynamical information from X ,
which is then “mixed” with the current putative RC at each iteration step by Eq. 4.1-4.2,
and will be detailed in Sec. 4.2. I, = fb(kAt) is an indicator function, which is zero at the
boundaries A and B and one otherwise, which only ensures that the variation is null on
the boundaries. Finally, the polynomial coefficients a;; are chosen at each step following

the variational principle (Eq. 3.50) like

min {Z[rm+1(kAt + At) — Tm+1(ijt)]2} ’ (4.3)

{aij} .

with the sum running over all trajectory steps. In this way the putative RC is progressively
optimized at each iteration step, and it is expected that the RC becomes close to the
committor. Closeness to the committor can be inferred by the value of the TSD computed
like in Eq. 3.50 at each iteration, and, more rigorously with the Z¢; validation criteria
Eq. 3.33, which is applied usually after the iterative process converges. In practice, we
found that it may be useful to modulate the variation by a common envelope function
(which is multiplied at Eq. 4.2) in order to focus optimization at different values of the
RC. In particular, we used sigmoid functions 1/(1 + e*(mm="m)/%) to focus optimization
either for values r,, 2 #,, or r,, < 7, at each iteration where b = 0.01 (used in this work)
defines the scale. This is easily implemented by drawing 7, and the sign of the sigmoid
function periodically after some iterations are performed. The reason for this choice is to
alternate the focus of optimization between the two basins (A and B), where optimization
is known to shrink [58]. We also note that for this kind of variation, the coefficients a;; can
be computed exactly in an efficient way; the explicit equations can be found at Ref. [62].

It is important to stress the fundamental difference of the method described above
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from the more common approaches, which aim to parameterize the full multidimensional
function q()?) Since the present method deals directly with the trajectories updated at
each iteration, there is no need to approximate the full function q()? ) in a parameterized
way; in this sense the present method is nonparametric. One directly computes the com-
mittor time series q(kAt), from which the diffusive model is readily constructed by means
of Eq. 3.27 for the free-energy profile and Eq. 3.34 for the diffusion coefficient. Parametric
approaches have the advantage that they allow for directly evaluating the committor val-
ues for new configurations or trajectories once function q()z) is determined at the training
phase, e.g., using an artificial neuron network [46, 49, 48]. This ability can, however, be
undermined when dealing with systems’ dynamics dominated by rare events and/or with
extremely high-dimensional configurational space. In those cases, the critical hypothesis
that the sampled configurations used in training are representative of the entire configu-
rational space [65] is likely to break [66]. On the other hand, the nonparametric approach
does not rely on that hypothesis because it focuses on computing the committor for the
actually sampled configurations that belong to the trajectory. Moreover, the nonpara-
metric method is expected to be more flexible, requiring less system-specific expertise, as
there are no assumptions about the functional form of q()_f ), at the expense of requiring
rerunning optimization once new trajectories are available [66].

What remains is to define the set of coordinates {x,,}. Such a set is required
to fulfill two main requisites. First, they should carry the necessary information about
the system’s dynamics and about the possible conformations on the multidimensional
landscape. In particular, it should be possible to distinguish between the boundary states
A and B and to track the progress of the system while transitioning between them. To
fulfill this requirement, one usually works with coordinates constructed from the positions
of all the system’s constituents, e.g., atoms, molecules, which determine by definition the
space X. But one cannot use directly the Cartesian coordinates of each particle due
to the second requisite, which requires that those coordinates respect all the system’s
symmetries [58]. The reason for this second requisite is that any resulting RC should be
invariant under operations respecting the physical symmetries. For example, if a system
not subjected to external forces is translated, its state has not changed at all, and so
should be any RC. And as the RC is constructed from the set {z,,} through Eq. 4.1-4.2,
the easiest way of fulfilling this physical requirement is to ensure that all coordinates in
{z,;n} respect such symmetries.

The nonparametric approach has been successfully applied to particle-based uni-
molecular systems, specifically protein folding simulations |58, 67|. Those molecular sys-
tems obey translational and rotational symmetries. In this way, one can simply define
{z;n} as the set of collective variables (CVs) determined by the pairwise distance between
particles in the protein chain, since all distances between parts of the chain are invariant

under translations and rotations. At each step of the iteration, one simply randomly
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chooses the particle pair to use the related distance time series as z,, in Eq. 4.2 [58, 67].
Such a set of CVs is clearly invariant under the involved symmetry while preserving de-
tailed information of the configurational space, as the distances are computed directly
from all particles’s positions. A particular goal of the present work is to extend this
methodology for multimolecular or many-body systems, in particular for the aggregat-
ing systems that we will consider as benchmarks. In those cases there is one additional
symmetry requirement, as the system is also invariant under the permutation of identical
particles. That is because exchanging two identical particles do not affect at all the state
of the system so that both configurations must have the same RC. The strategy employed
is detailed in Sec. 4.2.

4.2 Permutationally invariant CVs

Here we present the method developed in the current work to construct an informa-
tive set of CVs invariant under the symmetries respected by a general many-body system,
namely translational, rotational, and permutational symmetries. In particular, such a set
can be used as {z,,} for optimizing the committor RC. In a broader sense, CV discovery
has also been an important tool for describing complex system dynamics, particularly
those dominated by rare events, where CV-based biasing simulation techniques are pop-
ular [68]. To ensure translational and rotational symmetries, we follow commonly used
approaches and work with pairwise distances between the constituents [58, 67]. Permuta-
tional symmetry has been more involved to ensure, and there are two main strategies [68].
One can sum all the involved features (distances here) over all identical particles (or pairs
in this case) of some configuration so that the resulting CV is invariant under particle ex-
change. A second option is to perform a permutationally invariant ordering; for example,
one can sort all the pairwise distances occurring in some configuration of the system. Al-
though the distances are computed considering specific particle pairs, all sorted distances,
i.e., the smallest, second smallest, and so on, are CVs invariant under permutation of
particles. In any of those cases, the time evolution of such CVs gives its time series.

The former option is likely to be more coarse-grained, in the sense that it sums all
distances into only one CV. Moreover, ours tests indicate that a set with only one CV
is unlikely to provide the necessary flexibility for optimizing a complex function such as
the committor. That can be improved by summing functions of the pairwise distances
with free parameters that, when varied, yield a collection of CVs, one for each value of
the parameter. We tried such an approach for defining the set of CVs {z,,} to be used
in the committor optimization (Eq. 4.2) for some of our aggregating model systems. As
shown in Appendix B, the F; validation test indicates that the resulting putative com-
mittor RC was suboptimal, we believe due to the coarse-grained character of those CVs.

Slightly better committor estimates were obtained using sorted distances. In contrast
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with the former case, one now has a huge number of CVs, namely N(N — 1)/2 of such
sorted distances. This is an advantage of the ordering case, since a set of CVs composed
of all those distances certainly carries much more detailed information about the system’s
configurational space, as well as its dynamics. But some difficulties also arise due to the
huge number of CVs. One cannot deal with all of those time series simultaneously due to
hardware (memory) limitations. And it is also difficult to identify the more informative
ones to work with out of that bunch of CVs distributed over a 1D-like structure with
N(N —1)/2 entries. On the other hand, we noticed that considering a small but represen-
tative set of those CVs led to slightly better committor estimates, while still suboptimal
as we show in Appendix B. Inspired by that, we implemented a more informative way of
sorting distances.

We considered the symmetric matrix d whose N x N elements are the distances

between any two molecules !

. i and j, d;;. First, the two-dimensional matrix is sorted
along one of its axes (see example below). Mathematically, the elements of the new matrix
&, after sorting along the first index, have the property 0 = OZU < czgj, oy < OZNj for all 5
ranging from 1 to N. Each molecule corresponds to a specific index j, and the related
column contains the distance of the j-th labeled molecule to all others in a sorted way.
As these columns are molecule dependent, none of the distances inside them are invariant
under permutations. Even so, one can sort it again along the remaining index in order
to get a completely sorted matrix d where, in addition to the previous inequality, it also
has dj; < djo, ..., < d;n for every i defining a row. Now, neither row i nor column j is
molecule dependent, and all the N? distances of the resulting matrix are invariant under
permutations. So, by repeating this procedure for each distance matrix at each time step,
the time series of each matrix element d;;(kAt) is an invariant CV.

Although we have virtually the same huge number of CVs in this new way of sorting
compared to the more common previous one, the new one turned out to produce more
informative CVs and be more suitable for the optimization procedure. That is because one
can work with one axis of d during some iteration steps but then subsequently continue
the optimization with other axes to improve the committor time series estimate while
avoiding memory issues. Note that for performing such ordering, the full matrix needs to
be considered, but one can store only one axis at a time. When considering the next axis,
one just needs to repeat the procedure. As far as our tests went, and as we will demonstrate
later, by using about ten axes, we were able to construct the putative optimized RCs,
which closely approach the committor for the considered model systems, as measured by
the F; validation test. Importantly, for the lattice system that we consider in Sec. 5.1, it
was not possible to achieve that degree of accuracy with the more usual way of computing

permutationally invariant CVs described before (i.e., summing and usual ordering), as we

If the system is simulated using periodic (spatial) boundary conditions, the distances d;; should be
calculated taking this into account, i.e., using the minimum image convention [69]
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detail in the Appendix B. Moreover, the proposed way of sorting turns out to be more
instructive since it allows comparing axes to find which are the best ones. For example,
we noted that axes with a much higher index (higher than about N/3) are much less
informative, as using them gives much worse committor estimates, so that one readily
rules out a considerable fraction of the CVs. This can be physically explained since much
higher axes contain only the highest distances between molecules, which contain mostly
information about diluted molecules, but not about the aggregated ones, so these CVs
are not expected to distinguish well the diluted and aggregated states of the system and
thus to track the transitions between them.

To illustrate the procedure, let us consider a hypothetical system with only N =5

molecules, with the symmetric matrix of distances between molecules d given by

0 101 89 52 38
1001 0 12 50 62
d=[8 12 0 39 51|. (4.4)
52 50 39 0 14
33 62 51 14 0

~

Now, sorting inside each column one gets d:

0 0 0 0 0
38 12 12 14 14
52 50 39 39 38]. (4.5)
89 62 51 50 51
101 101 89 52 62

o»
Il

Finally, sorting inside each row one gets the final completely sorted matrix d:

00 0 0 0
12 12 14 14 38
38 39 39 50 52. (4.6)
50 51 51 62 89
52 62 89 101 101

ol
Il

Taking fixed positions, say da5 here, and repeating the sorting procedure for every frame
in the trajectory, one obtains dy5(kAt), a permutationally invariant CV time series.

We expect that the above procedure may be useful for computing a set of invari-
ant CVs for an extensive class of systems where the pairwise distances carry sufficient
information about the configurational space and dynamics. This is likely to be true for
molecular aggregation, as we will demonstrate in this work, but maybe also for other

many-body self-assembly processes, such as micellization [10]. In the case of colloidal and
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macromolecular aggregation, we will show here that such a set of CVs is suitable for the
RC optimization {z,,} implemented through Eq. 4.1-4.2, but it might also be useful for
other tasks related to CV discovering [68]. Finally, it is worth mentioning that despite it
being non-trivial to identify a suitable set of CVs to be used in nonparametric optimiza-
tion for an arbitrary system, it is still much less challenging than conventional parametric
approaches |47, 50|. Besides the identification of CVs, the implementation of parametric
approaches also requires the multidimensional mapping from those features to the low-
dimensional RC, e.g., q()?) for the committor, which is arguably a much harder task.
While artificial neuron networks have emerged as putative candidates for performing such
mapping [46, 48, 49|, most of the architectures still need to be supplied with invariant
CVs, as most architectures are blind with respect to physical symmetries. Methods for
ensuring such symmetries at the architecture level have been developed more recently |68],
so that one would supply the neuron network directly with the Cartesian coordinates; see
e.g., Refs. [70, 71] where such networks were applied to the committor problem. However,
none of those methods have yet provided such high precision (as measured by stringent
validation criteria) for approximating the committor in multimolecular systems, as we

provide in this work.

4.3 Boundary conditions and soft committor

In this section, we give more details about the task of defining the boundary
conditions, as our approach takes them as inputs. In particular, we define a way of
computing an order parameter (OP) that takes explicitly the original multidimensional
dynamics into account, which we call the soft committor function.

The usual way of defining such boundary conditions is to define an OP by physical
intuition. The size of the largest cluster n and energy E are the most common physically
motivated OPs for aggregation phenomena. One can then define states A and B based on
the free-energy profile along the OP (O), which should be bimodal with each minimum
corresponding to the different macroscopic states. For example, one selects a value of the
OP, O4, near the first minimum such that trajectory frames with O < Q4 are assumed
to belong to the aggregated state A. Similarly, one selects Op near the second minimum
such that trajectory frames respecting @ > Op belong to the diluted state B (we will
always assume Op > O4). This is illustrated for both the potential energy F and the
(negative of the) size of the largest aggregate n in Fig. 4.1 (for the lattice system, which we
will consider in Sec. 5.1). We use the convention of negative n because in this way state B
defined by (—n > —np), i.e., smaller cluster sizes in a diluted state, is similar to the state
B defined by energy F > Ep, since there is an attractive interaction between particles so
that the higher the energy lesser interacting are the molecules. Similarly, configutations

with (E < Ej4) or (—n < —ny) should denote the presence of larger aggregates in the
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Figure 4.1: Free-energy profile along two common OPs for aggregating systems. (a) For
the energy FE, all configurations with £ < F4 define the aggregated state A, and all
states F > Ep define the diluted state B. (b) For the size of the biggest aggregate n, all
configurations with —n < —n4 define the aggregated state A, and all states —n > —np
define the diluted state B.

system.

Although the above-described procedure looks straightforward, it can be far from
trivial for complex multidimensional systems. As an example, for the lattice model con-
sidered in Sec. 5.1, such a strategy generates somewhat different states A and B when
E or n are taken as OPs, although the free-energy profiles along both clearly display
a bimodal behavior, as can be seen in Fig. 4.1. The number of measured transitions
Nap along a trajectory, in particular, might differ by a significant amount depending on
the chosen OP. Thus, we analyze the situation in more detail here. Consider a system
described by the MSM drafted in Fig. 4.2 with a few nodes. Each point in that figure cor-
responds to a node ¢ that represents a suitable discretization of the configurational space.
The system can move through those nodes with probabilities defined by P;; represented
by the connections between the points. Then, the committor function can be found by
solving Eq. 3.47 under the boundary conditions g4 = 0 and ¢g = 1. In the top panel of
Fig. 4.2, we illustrate this situation, which we call “rigid” boundary conditions, since the
selected A and B nodes are assigned the exact boundary values. The situation described
before with the order parameters is of this type, since all points with O < Oy4 respect
this boundary condition, i.e., all the microscopic states defined by O < O,4 are merged in
a single node A such that g4 = 0, and, similarly, all the microscopic states with O > Op
are merged in a single state with ¢z = 1. This situation determines the usual committor
function defined earlier, e.g., Eq. 3.47-3.48.

However, one can alternatively define “soft” boundary conditions illustrated in
the bottom panel of Fig. 4.2. Instead of assigning one (or a collection of nodes) to
the boundary states, one can define regions (denoted by A’ and B’ in the figure) of
configurational space containing some nodes, and that will not serve as “rigid” boundaries.

Instead, all nodes inside regions A’ and B’ are connected respectively to the artificial nodes
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Figure 4.2: Schematic representation of rigid (top panel) and soft (bottom panel) bound-
ary conditions defined for an MSM. The points represent the nodes of such MSM, while
the connections between them denote possible transitions with non-zero probabilities Pij.
Figure extracted from Ref. [23].

A and B, which will indeed serve as the boundaries (¢4 = 0 and g5 = 1), as represented
in Fig. 4.2. Note that the nodes inside regions A’ and B’ are not merged together as they
do not define the boundaries themselves; in particular, transitions between them are still
considered. The boundaries A and B are called artificial since they are not present in the
original network. They are defined by the free parameters Ay = P;, and A\gp = Ppp,
which establish the connection between the nodes inside A’ (or B’) to the boundaries
A (or B). Thus, Eq. 3.47-3.48 are defined in the same manner, but for the extended
network. The solution is what we call the soft committor function, which is dependent on
Aa and Ag. The aim of this construction is to determine an improved OP, which stratifies
nodes based on their closeness to the boundaries and can be used to determine boundary
conditions in a more robust manner. Regions A" and B’ can be chosen with a usual OP
that just weakly separates boundary states, since they do not represent the final choice
of boundaries. In fact, our tests for the lattice system indicated that the constructed soft
committor based on either E of n for defining the regions A’ and B’ fixes the issue related
to observing different number of transitions.

In practical, soft committor can be estimated with a similar variational approach
to the one derived for the usual committor in Sec. 4.1. One can use the same iterative
process defined by Eq. 4.1 with equivalent variations like in Eq. 4.2. The only difference is
that the a;; coefficients are determined by minimizing the T'SD for the extended network,

which reads
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m{ S (Bt + 50 = s (RO

{aij} %

+ 204 (KA A A [P i1 (KAL) (4.7)

+ 21 (kA Ap[rmi1 (KAL) — 1]2}}

where k again runs over all the time series. The difference lies in the two additional terms
related to the artificial transitions between nodes inside regions A’ or B’ and their corre-
sponding artificial nodes now defining the boundaries. 14 and I/ are indicator functions,

which can be defined using any usual OP that just roughly separates the boundaries as

1, O(k‘At) < Oy
0, O(A)> Oy

L (kAt) = (4.8)

and, analogously for Iz, that is, Iz = 1 for O > Op, or zero, otherwise. In this way, when
summing up over all the trajectory in Eq. 4.7, these two additional terms select the number
of times the system enters regions A’ and B’, which, multiplied by A4 and \g, respectively,
results in the number of artificial transitions to each boundary. The squared displacement
related to those transitions is just [r,,.1(kAt) —0]? for transitions to boundary A (¢; = 0)
and [ry41 (kAt) — 1] for transitions to boundary B (g = 1). The factor of two accounts
for the fact that we consider transitions in both directions n 4, ; = n 44, to preserve detailed
balance, and similarly for boundary B, that is, ng g = npg.-

It is worth noting that the soft committor time series can then be constructed using
the same set of permutationally invariant CVs as {x,,}. It can be used, in turn, as an OP
to fix the boundaries in a “rigid”-like way for optimizing the usual committor function via
Eq. 4.1-4.3. This OP is expected to better separate boundary states since it takes into
account explicitly the multidimensional configurational space through {z,,}. Moreover,
it is optimized in an unconstrained way, as all transitions between nodes are accounted
for in the first term of 4.7, so the resulting OP stratifies all nodes, including those close to
the multidimensional basins. Indeed, as we find that, while directly using E or n as OPs
results in rather different states A and B, the constructed soft committor OPs based on
either F or n to define the regions A’ and B’ separate almost equivalently the boundary
states (i.e., with almost the same number of transitions between boundaries), indicating
the robustness of the soft committor construction.

Finally, we note that similar soft boundary conditions have been used for paramet-
ric optimization schemes, where it is usually convenient to convert the original constrained

variational formulation (usual committor definition) to an unconstrained optimization
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problem (soft-committor-like); see e.g., Ref. [50]. Those approaches, however, employ
this strategy as a mathematical trick to directly approximate the usual committor func-
tion. In contrast, the methodology described here aims to construct a better OP, from
which the boundary conditions of the usual committor function can be determined more

robustly subsequently.
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Chapter 5
Applications to model systems

Related publication

Nonparametric determination of the committor in multimolecular systems [23]
L. F. Trugilho, S. Auer, L. G. Rizzi, S. V. Krivov

J. Chem. Theory Comput. 21, 10080 (2025)

In this chapter, we apply the formalism of the nonparametric approach of Chapter 4
for computing the committor functions in two systems, which are prototype models for
aggregation. First, in Sec. 5.1, we consider Monte Carlo (MC) simulations of a 2D lattice
gas with anisotropic interactions. Then, in Sec. 5.2, we consider Brownian simulations of
a 3D Lennard-Jones system. This results are also published in Ref. [23]. In both cases
the committor functions are obtained almost exactly, i.e., within statistical error, which
is a rare achievement in the field of committor estimation, particularly for many-body
multimolecular systems. In those systems, the committor is a high-dimensional function,
and most methods for estimating it are challenged by the curse of dimensionality, i.e., it
becomes almost impossible to sample the full configurational space, let alone solve the
high dimensional partial differential equation defining the committor (Eq. 3.22). Besides,
in systems undergoing transitions between two boundaries, the dynamics is generally
dominated by rare events, which further complicates the task. By applying our method
for two different multimolecular systems in which one observes fluctuation-driven rare
aggregation events related to a first-order phase transitions, we hope to showcase the
robustness and generality of the approach. Particularly, the systems are embedded in
different spatial dimensions, and the dynamics are simulated with different protocols.
Moreover, we illustrate how the estimated committor provides a simple and precise kinetic
description of the considered systems, as already predicted by theory.

The different protocols for simulating each system’s dynamics are worth some at-
tention. Brownian dynamics (BD) is usually more appealing for kinetic studies since it
simulates a real model of the dynamics between particles. That is, one explicitly nu-

merically integrates Eq. 3.20 to obtain the temporal evolution of the positions of each
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particle, which interact with each other and with an implicit solvent that acts as a ther-
mal bath at a fixed temperature. Moreover, this is precisely the kind of system where
all the theoretical frameworks derived in Chapter 3 are expected to hold in an exact
manner. That is because Eq. 3.20 are indeed the equations of motion from which all the
framework can be derived, e.g., the Smoluchowski equation, the committor definition. In
this way, a system simulated by BD represents an ideal benchmark system for testing the
variational approach of Chapter 4 for computing the committor. In contrast, the Monte
Carlo (MC) protocol is designed to sample the system’s configurational space in a way
that it approaches some target equilibrium distribution in the long time limit. To do
so, an arbitrary stochastic dynamics can be employed, which is not necessarily related
to the system’s real dynamics. Under specific conditions, however, it can be viewed as
the microscopic model for generating the system dynamics. In any case, the applicability
of our approach for a system driven by such stochastic dynamics highlights the gener-
ality of the method. But there is more. As we discussed in Sec. 3.3.4, the theoretical
formalism of Chapter 3 can be translated to a discrete version valid for general Markov
State Models respecting detailed balance. In addition, the majority of MC simulations
are indeed constructed by Markov chains respecting detailed balance. Thus, most MC
simulations (including the ones we consider here) can be seen as particular cases in the

broader context of the MSM formalism.

5.1 Monte Carlo simulations of an anisotropic lattice

model

Here we consider Metropolis Monte Carlo simulations of a lattice gas system with
N particles/molecules disposed on a 2D square lattice of size L. Although MC simulations
do not necessarily describe the real dynamics of the system as mentioned earlier, there is
evidence that it can be used to infer the real dynamics if only local physical movements
are used |72, 73|. In this case the Metropolis scheme can be viewed as a way of generating
the highly-dimensional dynamics of the system with aggregating particles in the canonical
ensemble [74]. In this way, we implemented the stochastic dynamics by local Kawasaki
movements [75], where the particles can move only to their nearest neighbor unoccupied

sites.

5.1.1 Model

The lattice model is defined as in our previous work [76]. Besides their positions in
the lattice, each of the NV particles has an extra degree of freedom that determines their
orientations, which can be of two types, as represented by horizontal or vertical arrows in

Fig. 5.1. Only nearest neighbor molecules attract each other, and the magnitude of the
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Figure 5.1: Illustration of the possible interacting configurations between two nearest
neighbor molecules in the 2D lattice model. The molecules are represented by squares
with arrows that indicate their orientation. (a) Examples of relative orientations that
lead to stronger attraction, aligned molecules. (b) Examples of relative orientations that
lead to weaker attraction, non-aligned molecules. Figure extracted from Ref. [76].

interaction can be stronger 1, or weaker 1, depending on the relative orientation of the
pair, as detailed in Fig. 5.1. In this way, the anisotropy of the interaction can be defined
by the factor £ = 15 /1,,. Particularly, we fixed 1), to unity, which determines the energy
scale, and 9, is a multiple (£ > 1) of the former. There is also excluded volume, so two or
more particles cannot occupy the same site simultaneously. We define then a time step as
an MC sweep, which corresponds to N attempts to rotate (change orientation) and move
(to randomly selected neighbors) the particles in the lattice. Each particular attempt
(rotate or move) is accepted or rejected according to the usual Metropolis algorithm [77].
In this way, the equilibrium distribution of those systems corresponds to the canonical
ensemble.

This model was proposed to investigate the influence of the described anisotropic
interactions in the aggregation phenomena, and it is similar to the ones studied in
Ref. [78, 79, 80, 81]. The motivation is the aggregation of proteins into highly ori-
ented fibrillar states, known as amyloid fibrils [12]. In those systems, interactions of
different magnitudes are present, such as stronger directional hydrogen bonds and weaker

hydrophobic interactions [82].

Simulation details

All results considered here were obtained at a fixed concentration of p = N/L? =
1072, At this concentration, the model undergoes first-order transitions at temperatures
close to T*. The values of T* for each { were determined in Ref. [76] and are tabulated
in the Appendix C. For the results presented next, we consider systems with L = 200
containing N = 400 molecules at T" = T*(§). The data production consisted of six
simulations of length 108 MC steps (MCs) for each considered . Configurations were
saved every Aty = 400MCs, which thus corresponds to the highest temporal resolution

available. In the Appendix C, we also show additional results for larger systems (up to
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N = 1024) that corroborate the main conclusions presented here. All systems considered

were simulated using periodic boundary conditions.

5.1.2 Isotropic case

We first consider the isotropic case (£ = 1) as a detailed exemplification for ap-
plying our approach. As the methodology employed for the anisotropic systems is almost
identical, we combine the results obtained for systems with different & more directly at
Section 5.1.3.

Soft committor vs. physically motivated OP

In Sec. 4.3 we have already anticipated that, regarding the lattice model, different
choices of physically motivated OPs, namely energy E and the size of the largest aggregate
n, resulted in somewhat different states A (aggregated) and B (diluted). Because of that
we computed the soft committor g, to serve as an OP, which is expected to be more robust,
as discussed in Sec. 4.3. It tuned out that the states separated by the soft committor OP
are more close to the states separated by n. Because of that and also because n is more
used as OP and RC for describing aggregating systems than E., we decided to perform a
comparison between n and our computed commitor q. Here we illustrate the computation
of the soft committor and show how it compares to n as OPs.

Now we turn to the soft committor construction. First, we need a seed OP to
define the regions A" and B’ like in Fig. 4.2. We could use n for that, but to illustrate
the generality of the construction, we pick one out of the N x N elements of the sorted
matrix d defining the set {z,} of permutationally invariant CVs, namely CZ77190. The
exact values of the row and column indices are not important; the CV just needs to
roughly separate aggregated and diluted states, which can be inspected by checking for
the appearance of bimodal curves in histogram-based free-energy profile along the CV.
As can be seen in Fig. 5.2, two regions can be readily identified from the histogram-based
profile Fy(dz190)/kpT defined for dy 199. Regions A’ and B’ were defined then according
to the marked regions in Fig. 5.2. In fact, one also has plenty of flexibility for defining
such regions. For example, even choosing one unique divider near the top of the barrier,
such that all small values of 677,190 are considered in A" and the large values of ngo are
in B’ (i.e., every point on the trajectory will belong to either A’ or B’) results in a soft
committor OP that separates similar states (data not shown).

Having defined the regions A" and B’, we performed the soft committor variational
scheme (Eq. 4.7) using only the seventh axis d7 ; of the sorted matrix as the input for the
randomly chosen CVs {x,,} at the m-th iteration step. This was sufficient to get a soft
committor OP, g,, that separates well aggregated A and diluted B states, which is shown

in Fig. 5.3(a). In that figure we show the results for the rescaled g coordinate where the
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Figure 5.2: Free-energy profile along a selected CV d; 19 extracted from the sorted matrix.
Regions A’ and B’ as indicated were used for the subsequent computation of the soft
committor OP.

diffusion coefficient is unitary D(gs, Atg) = 1, as discussed in Sec. 3.3.3. We also show
in Fig. 5.3(b) the free-energy profile along the (negative of) the n. ¢ and n are the OPs
that we used to define the boundary states A a and B as indicated in Fig. 5.3. ¢s; was
used for defining the boundaries for the proposed committor function that we computed,
while we used directly n for defining boundaries for the n-based coordinate that we define
below in order to compare both coordinates. Note that the soft committor ¢, is computed
with the unconstrained variational scheme with soft boundary conditions (Eq. 4.7), but
then the committor functions ¢ are always defined employing ¢s as an OP to define usual
rigid-like boundary conditions, since ¢ is defined by the constrained variational scheme
(Eq. 4.1-4.3).

Committor vs. physically motivated RC

To perform the comparison between our proposed coordinate and the physically
motivated n coordinate, it is instructive to perform the one-dimensional transformation
n — q(n), where the estimate for the committor g(n) is evaluated ignoring any other
degrees of freedom. This can be done in at least three ways. First, one can numerically
integrate Eq. 3.16 for the desired coordinate n. Note that the equilibrium PDF pe,(n)
(or equivalently the free-energy profile Fz(n)) and diffusion coefficients D(n, Aty) can be
straightforwardly computed from the coordinate time series n(kAt) obtained from the
simulations via Eq. 3.27 and Eq. 3.34, respectively. Second, one could discretize the coor-
dinate (In fact, n is already discrete) and construct an MSM, i.e., compute the transition
probabilities P, (Aty) from n(kAt), which is also straightforward in one dimension [83].
Then one can easily solve Eq. 3.47 for the committor. As a third option, one can perform
the nonparametric optimization scheme employing the time series n(kAt) as the unique

set {x,,} of CVs in Eq. 4.1-4.3. In this way, the optimization will converge to ¢(n) as



5 Applications to model systems 51

a b
= =
2} m
i i
~ ~
~~ ~~
el o
N N
T T
o3 o3

Figure 5.3: Free-energy profiles along the two OPs. (a) The soft committor ¢; was used
for defining boundary conditions for our proposed coordinate ¢ = q()? ). s were computed
via the optimization scheme of Eq. 4.7 with m = 4 x 103 iteration steps, employing as
the set of CVs the elements of the seventh axis dy; of the sorted matrix, and with the
regions A’ and B’ as defined as in Fig. 5.2. Then, regions A (with ¢, < ¢s 4 = 30) and B
(with s > g5, = 110) are used to determine the boundary states for the full committor
function that we show next. (b) The n coordinate was used for defining the boundaries
for the n-based coordinate. Then, regions A (with —n < —ny = —110) and B (with
—n > —np = —8) define the boundaries for the n-based RC.

there is no additional information available to improve the RC optimization procedure.
Our tests indicate that all options resulted in similar results for the function ¢(n) and
in the following we consider the results obtained from the third one. In any case, it is
worth noting that ¢(n) represents an estimate of the committor obtained assuming that
the original coordinate n is already described by a Markovian process. That is, it is as-
sociated with a 1D Brownian-like diffusive process in the first option or with an MSM in
the second one. If the assumption that the projection over n is described by a Markovian
process is true, n would be already an optimal coordinate and ¢(n) would closely ap-
proaches the full multidimensional committor ¢ = q()? ). This can be easily checked with
the Fr; validation criteria described in Sec. 3.3.1. That is, one computes Fr;(q(n), At)
for various At, which should be independent of ¢ and At for the true committor. This

procedure can be used to check the optimality of any putative RC [22].

Committor and validation criteria

—

Now we turn to the computation of the committor function ¢ = ¢(X) and compare
it with the n-based coordinate ¢(n). Both RCs are obtained via the optimization scheme
Eq. 4.1-4.3. ¢g(n) was obtained using only n(kAt) as the set of CVs {z,,}, while ¢ =
q(X ) was obtained by performing the optimization using eight axes of the sorted matrix
uniformly distributed between Jm and (LQJ. In the first case, the optimization rapidly
converges after about m = 20 iteration steps. For the bigger set of CVs based on the sorted

matrix, the scheme converged after about m = 10* iteration steps for each axis, which
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Figure 5.4: Generalized Fe (1, At)/kpT and histogram-based Fy(r)/kgT free-energy pro-

—

files for the n-based RC ¢(n) and the optimized committor ¢ = ¢(X). Panels (a) and (b)
show the I -based committor validation tests for both RCs, where different colors cor-
respond to different At = 2°Aty, with i = 0,1,2,...,15 (from the bottom to the top). In
panels (¢) and (d), the usual profiles are presented as a function of the rescaled RCs where
D(r, Aty) = 1. Figure adapted from Ref. |23]

took only about 230 seconds for each axis using an RTX 460 GPU. The more demanding
part of our protocol is the computation of the sorted matrix itself, which takes about 30
minutes for a system with N = 400 particles. In the way we implemented it, that needs
to be recomputed for each axis so that one need not store multiple axes time series and
avoid memory limitations, but that can be avoided depending on the memory available.
Boundary states A and B were defined directly using n as OP for ¢(n) and using the soft
committor OP for the proposed ¢, as indicated in Fig. 5.3.

In Fig. 5.4(a) we show the F; validation criteria applied to the n-based coordi-
nate. As can be seen in that figure, the profiles change considerably with sampling interval
At. Foi(q(n)At)/kgT increases from about —5.8 to —4.8 as At increases from Aty (black
curve) to 215At,. Since the transformation n to ¢(n) does not alter the optimality of the
RC [17] the n reaction coordinate did not pass the validation test discussed in Sec 3.3.1.
On the other hand, it can be seen in Fig. 5.4(b) that our proposed coordinate success-
fully passes the validation test, as the profiles Fri(q, At)/kpT just fluctuate around the
expected value, that is, Fo1(q, At)/kpT ~ —In Nyp ~ —4.72 for all considered At, with
the statistical uncertainty roughly estimated as 1/v/2N 5 ~ 0.07. Based on Eq. 3.34, one
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has, for the ¢ RC that the diffusion coefficient is indeed independent of At, just like it is
for simple diffusion. In contrast, the fact that Fr1(g(n), At) changes with At indicates
that, for the n-based coordinate, D(q(n), At) should change considerably with sampling
interval, signaling strong non-Markovian effects. In particular, kinetic quantities com-
puted through a diffusive model over n will depend on At. For now our aim is to analyze
the kinetics of the system at the highest temporal resolution available, Aty, to compare
the RCs as rigorously as possible. Even so, as it can be seen in Fig. 5.4(a), at longer
sampling intervals the generalized profiles converge to the expected values, indicating a
way to perform a suitable separation of timescales for recovering kinetic information from
suboptimal coordinates, like n or E. This will be further examined in Part III.

In addition, in Fig. 5.4(c) and (d), we show the conventional histogram-based
free-energy profiles for the rescaled ¢(n) and ¢ coordinates, respectively. We note that
although the free-energy barriers are almost of the same height, ¢(n) spans a narrower
range between the valleys observed in the profiles when compared to ¢. As these RCs
are rescaled to have a unitary diffusion coefficient D(g(n), Aty) = 1 and D(gG, Aty) = 1,
the smaller separation Ag(n) = ¢(n)p — ¢(n)a ~ 45 on the ¢(n) profile compared to
AG = Gp — §a ~ 90 on the ¢ profile indicates that the kinetics predicted by the diffusive
model over ¢(n) is faster, as we will confirm in the following. This can alternatively
be inferred from the fact that Fr1(q(n), Aty)/ksT = —InZc1(q(n), Aty) is lower when
compared to Foi(q, Ato)/kgT = —1InZc1(q, Aty) at Aty, as can be seen in Fig. 5.4(a)
and (b). Thus, we have Z¢;(q(n), Aty) > Zc1(q, Aty) (see Eq. 3.32) so that the diffusion
coefficient is also higher for ¢(n) at Aty due to Eq. 3.34.

5.1.3 Anisotropy dependence

Similar procedures were employed to obtain the committor free-energy landscape
for the anisotropic systems with & = 3, 5, and 7. Particularly, a similar number of axes
of the sorted matrix were needed for the optimization step. Moreover, the best axes have

a similar index range for all systems considered (i.e, i = 5 to 40).

Diffusive models

The fundamental appeal of the committor RC is that it allows for an exact kinetic
description of the system by means of the arguably simplest stochastic process, namely 1D
diffusive model. In our approach we determined directly the committor RC time series,
from which the diffusive model can be straightforwardly constructed. One just needs to
compute the free-energy profile and diffusion coefficient as functions of the RC, which
is done via Eq. 3.27 and 3.34, respectively. In other words, one just needs to compute
the usual histogram Zy(q) (Eq. 3.26) and the generalized partition function Z¢ (g, Ato)

(Eq. 3.31). From the diffusive model, one can compute the flux Jap, or equivalently the
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Table 5.1: Estimates for the number of transitions Nagp and_'the MFPT 75,4 obtained
from both the n-based RC ¢(n) and the full commitor ¢ = ¢(X) for systems with different
anisotropies £. All times are given in units of 10® x At.

§=1 §=3 §=5 §=17
Nyp from Eq. 3.52 with ¢(n) 336 171 161 114
Nap from time series of ¢(n) 122 55 40 28
Tp_ 4 from Eq. 3.39 with ¢(n) 1.8 3.3 3.6 6.2
Tp— 4 from time series of g(n) 4.7 9.7 13 22
N from Eq. 3.52 with ¢ 113 02 38 26
Ny p from time series of ¢ 112 53 37 27
T from Eq. 3.39 with ¢ 5.4 11 15 26
T from time series of ¢ 5.3 10 14 25

number of transitions N4p between aggregated and diluted states via Eq. 3.35-3.36. In
fact, due to the relation between Zc; and the TSD (Eq. 3.52) we computed N4p directly
from the TSD Ag? since Ag?> = 2N 5. The values of Nyp computed from the TSD of a
generic RC Ar? can then be compared with the true values extracted directly from the
trajectories, i.e., simply counting the number of transitions. Particularly, we did these for
both the n-based coordinates ¢(n) and our proposed committor RC ¢, for systems with
different anisotropies £, as indicated in Table 5.1. We also include the estimates of the
MFPT 75,4 computed from the diffusive models via Eq. 3.39 to see how they compare
with the estimates obtained directly from the trajectories. The results indicate that the
q(n) coordinate overestimates the number of transitions by about three to four times the
actual values, while the MFPTs are underestimated by a similar factor. On the other
hand, for the ¢ coordinate, both ways of estimating Nap and 75,4 yield essentially the
same results within statistical uncertainty, which corroborates that our coordinate closely
approaches the full committor ¢(X) for all considered systems.

As one observes from the results presented in Table 5.1 that there is a slight
discrepancy between N p computed from the time series of both coordinates ¢(n) and q.
It is worth clarifying that this occurred because of the different choice of OPs for defining
the boundary states A and B. Recalling that for the n-based coordinate, we used directly
the n time series as OP, while for ¢, we used the soft committor OP. As the differences
in Nag computed from the times series are small, we conclude that both OPs separate
similar boundary states for all considered systems. Notably, using the potential energy
E as OP, we got a substantial difference between the measured N,p directly from the
trajectories, with the Ns4p computed from the energy time series about two times the
number of transitions obtained from the n time series for the isotropic case. This was the
main reason we employed the soft committor in this work, in an attempt to define the
boundaries in a more robust way. It turned out that n seems to be a better OP than F

for these systems. On the other hand, performing the soft committor construction with
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Table 5.2: Estimates for the MFPT 745 and the MTPT 7 obtained from both the n-
based RC ¢(n) and the commitor ¢ for systems with different anisotropies . All times
are given in units of 103 x At,.

E=1 £E=3 £=5 E=7
(T5) T 2.73087 1.61744 1.13764 0.89222

Ta_p from Eq. 3.37 with ¢(n) 2.9 5.9 6.1 7.6
Ta_p from time series of ¢(n) 7.6 19 26 32
7 from Eq. 3.40 with ¢(n) 0.38 0.6 0.7 1.5
7 from time series of ¢(n) 0.94 1.5 2.6 6.1
Ta_p from Eq. 3.37 with ¢ 7.9 18 25 31
Ta_,p from time series of ¢ 8.0 19 27 30
7 from Eq. 3.40 with ¢ 1.2 1.9 2.9 6.8

7 from time series of ¢ 1.2 1.9 2.9 8.1

either E, n, or an element of the sorted matrix (like we did here) for defining the regions
A’ and B’ did not lead to significant discrepancies in the resulting soft committor OP,
which indicates the robustness of that construction.

In addition, in Table 5.2 we show two other characteristic times, namely the MFPT
from aggregated to diluted states 74,5 and the MTPT 7. Again, we show these quantities
computed from the diffusive model to see how they compare with the results obtained
directly from the time series for both ¢(n) and ¢ RCs. Similarly to what was observed
for the other kinetic quantities, the diffusive models over ¢(n) result in kinetics that are
about three to four times faster than the true value computed directly from the ¢(n) time
series, while for the proposed optimum coordinate ¢, the estimated values are virtually the
same as the values measured from the ¢ time series. In Table 5.2 we also list the values of
the inverse temperature (7%)~! used in the Metropolis MC simulations for each system,
in units where kp and v, are unitary. In the Appendix C (Table C.1) we show similar
results for larger isotropic systems, which also confirms the superiority of the diffusive
model along ¢. All results suggest that our constructed coordinate closely approaches the
multidimensional function q()? ). In contrast, it is clear that the diffusive model along n
does not accurately describe the kinetics of aggregation in any of the cases.

Finally, we show in Fig. 5.5 the histogram-based free-energy profiles for systems
with different anisotropies £. All profiles display a two-state bimodal behavior charac-
teristic of systems undergoing first-order phase transitions, which are already known to
occur in those systems |[76]. The profiles are shown as functions of the rescaled coordinates
q, where the diffusion coefficient is unitary. In this way, besides describing equilibrium
features, the profiles contain all kinetic information available from the diffusive models.
In particular, we note that the free-energy barriers between aggregated and diluted states
exhibit a non-monotonic behavior with &, attaining a maximum for £ = 3. Interestingly,

this characteristic is similar to the one observed for the barriers determined from energy
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Figure 5.5: Histogram-based free-energy profiles Fiy(q)/kgT along the rescaled committor
g for different anisotropies £. Figure adapted from Ref. [23].

related free-energy profiles extracted directly from the density of states [76]. Neverthe-
less, the kinetics of the phase transformations is monotonically lowered with increasing
anisotropy, as can be checked from the results in Tables 5.1 and 5.2, e.g., N4p decreases !
while 73,4, Ta_p and 7 increase with £&. This fact is somewhat counterintuitive but can
be explained by examining the profiles in more detail. Differently from the barriers, the
separation between boundary states increases monotonically with £. And as D(q) = 1,
this corresponds to a decrease in diffusivity, compensating the reduction of the barrier for

& > 3, in a way that anisotropy reduces overall kinetics speed.

I N 4p can be taken directly as a measure of the phase transformation kinetics since all results presented
in Table 5.1 were computed with time series of of the same length.
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5.2 Brownian simulations of a Lennard-Jones system

In this section we consider Brownian simulations of a system with N = 100 particles
interacting through a Lennard-Jones (LJ) potential in a cubic box of volume V = L? in a
way that the concentration is p = 1072 in length units where the diameter of each particle
is unitary. The simulation is performed by numerically integrating the overdamped SDE
given by Eq. 3.20 at a fixed temperature 7. Thus, similar to the simulations considered
in Sec.5.1, this system is also in the canonical (NVT) ensemble, but now in three spatial

dimensions.

5.2.1 Model

The particles inside the cubic box interact via a pairwise potential V;; that depends
only on the distance d;; between the pair of particles ¢ and j computed using the minimum

image convention [69], which is of the Lennard-Jones type

e =) (2)]

where o is the diameter of each particle, i.e., the minimum distance, which is set to
unity, € defines the depth of the potential and energy scale (we set € = 5 arbitrary units
of energy). The first term in Eq.5.1 corresponds to an excluded volume-like continuous
repulsive term, while the second term accounts for the attraction of the Van der Waals
type. For the usual Lennard-Jones potential, the exponent « is equal to six. Here we
allow for the generalization known as the Mie potential [84], that allows one to modify
the range of the attractive part of the potential by varying o [85]. This generalization
is useful for colloidal particles where the range of attraction can be varied by adding
polymers of different sizes to the colloidal suspension [86]. Here we set v = 10 because we
were following Ref. [28] that was aiming to describe the experimental data of Ref. [87].

—

In this way the potential V(X)) is written in the form we detailed in Sec. 3.3:

V(X) =) Vijdiy). (5.2)

i>j
Besides interacting with each other via the potential of Eq. 5.2, the NV particles are
immersed in an implicit solution at temperature 1" with friction coefficient =, as described
in Sec. 3.3. The model is thus a prototype model for a suspension of colloidal particles

with diffusion coefficient equal to Dy = kgT'/~.
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Simulations details

The set of 3N couple equations, each described by Eq. 3.20, can be numerically
integrated employing Euler’s method [30, 88|

2, (t+ 6t) = x,(t) — kZ OT avéii(mdt +/2Dy6tN(0,1), (5.3)
where z, corresponds to the Cartesian coordinates of all particles like in Sec. 3.3 (u =
1,..,3N) and N(0,1) are random numbers drawn from a Gaussian distribution with zero
mean and unitary variance, which is independent for different ;1 and time steps. The
force exerted at each particle &V (X (t))/dx, at each component can be easily computed
by differentiating Eq. 5.1-5.2. In practice, we defined a radius of cutoff r. = 40 so that only
particles closer than it r. contribute to the sum in Eq. 5.2. We fixed the diffusion coefficient
at Dy = 0.005 and employed a time discretization of ¢ = 0.01. In this way Eq. 5.3 can
be iteratively resolved to give the time series of the positions of all particles, namely the
multidimensional trajectory? X (¢6t). By testing different temperatures and looking for
a bimodal stationary distribution through the energy histograms Zy(FE, Aty), we found
that the system undergoes a first-order transitions at a temperature 7" = 1.92 (assuming
kg = 1). In this way we perform five long equilibrium simulations at those conditions for
the data production (each of length 6 x 10° integration steps). Configurations were saved
at every Aty = 8 x 1036t integration steps, which corresponds to the highest temporal
resolution available for the Zs-based analyses and the determination of the optimal

committor RC.

5.2.2 Committor vs physically motivated RC
Boundary conditions

We defined the boundary states A and B to perform the variational optimization
procedures of Chapter 4 in a similar way that we did for the lattice systems in Sec. 5.1. In
this way, boundary conditions are defined using the soft committor OP for the proposed
q= q()?), while for the ¢(n) coordinate, we simply use n directly as OP. Both boundary
states for ¢ and ¢(n) are defined in usual “rigid” boundary conditions. Only the soft
committor OP was computed with the unconstrained variational scheme of Eq. 4.7 with
soft boundaries. As a seed coordinate to determine regions A’ and B’ for computing the
soft committor, we again used one element of the sorted matrix, namely dy479. Then, the
variational scheme of Eq. 4.7 was performed using as a set of CVs {z,,} one axis of the

sorted matrix dyq;.

2We decided to use dt for the integration step, as the notation At is reserved for multiples of Atg,
that is, At = kAtg with k£ > 1, so it keeps the notation of the previous sections.
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Figure 5.6: Generalized Fe (1, At)/kpT and histogram-based Fy(r)/kgT free-energy pro-

files for the n-based RC ¢(n) and the optimized committor ¢ = ¢(X). Panels (a) and (b)
show the I -based committor validation tests for both RCs, where different colors cor-
respond to different At = 2°Aty, with i = 0,1,2,...,15 (from the bottom to the top). In

panels (¢) and (d), the usual profiles are presented as a function of the rescaled RCs where
D(?", Ato) =1.

Committor and validation criteria

In Fig. 5.6 we show the histogram-based free-energy profiles and Z¢ ;-based vali-
dation test for the ¢(n) and ¢ coordinates obtained for the LJ system. The ¢(n) was again
obtained by performing the committor variational approach Eq. 4.1-4.3, taking the n time
series alone as the set of CV {x,,}. And for the proposed optimized coordinate, we used
eight axes of the sorted matrix between JM and CZ357]'. And again, our preliminary tests
indicated that axes with much higher index give much poorer optimized coordinates, so
one can readily rule out the CVs with index d;;, i > N/3. In Fig. 5.6(a) we show the
validation test for the n-based coordinate. The behavior is similar to what we got for the
lattice systems. Fg1(q(n), At)/kgT changes considerably with sampling interval from
about —4.8 to —3.2 as At increases from Aty (black curve) to 2'° Aty and did not satisfy
the Fii-based committor validation criteria. Conversely, for the ¢ RC, F1(q, At) only
fluctuates near the expected value Fr1(q, At)/kgT ~ —In Nap ~ —3.2 for all considered
At, up to statistical uncertainty, roughly estimated as 1/v/2Nap =~ 0.15.

In Fig.5.6(c) and (d), we show the free-energy profiles along the rescaled coordinate
where the diffusion coefficient is unitary, D(G(n), Aty) = 1 and D(q, Aty) = 1. The
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Table 5.3: Estimates for the number of transitions Nsp, MTPT 7, and MFPTs, TASB
and 7p_, 4, obtained from both the n-based RC ¢(n) and the full commitor ¢ = ¢(X) for
the Lennard-Jones system. All times are given in units of 107 x At,,.

Nap from Eq. 3.52 with ¢(n) 125 | 74,5 from Eq. 3.37 with ¢(n) 1.6
Nap from time series of g¢(n) 23 | 74_p from time series of g(n) 10
7 from Eq. 3.40 with ¢(n)  0.11 | 75,4 form Eq. 3.39 with ¢(n) 1.4
7 from time series of g(n)  0.41 | 75,4 from time series of g(n) 7.0
Nap from Eq. 3.52 with ¢ 28 Tap from Eq. 3.37 with ¢ 7.1
Nyp from time series of ¢ 24 Ta_sp from time series of ¢ 9.9
7 from Eq. 3.40 with ¢ 0.34 | 714 form Eq. 3.39 withgq 6.3

7 from time series of ¢ 0.37 Tp_a from time series of ¢ 6.8

results are also very similar to the ones of the lattice systems. The smaller separation
between aggregated and diluted states on the ¢(n) coordinate indicates that the diffusive
model over that coordinate gives faster kinetics than the obtained committor coordinate

G, although the free-energy barriers are again almost equal for both RCs.

Diffusive models

Finally, we show in Table 5.3 the comparison between the kinetic properties the-
oretically predicted from the diffusive models, as well as their counterparts measured
directly from the simulation trajectories, for both ¢(n) and ¢g. These results confirm that
the diffusive model along n results in kinetics of about five times faster than the cor-
rect values. On the other hand, the diffusive model along the proposed optimal RC ¢
describes accurately the kinetic properties. Although the differences between the esti-
mated and measured properties seem slightly greater in comparison to what we got for
the lattice systems, this is probably due to the worse statistics of the present case, with
only N,p = 24 transitions observed. The associated free-energy barriers are considerably
higher than the lattice systems, which makes it more difficult to obtain a large number of
transitions N4p in the simulations. In any case, these results illustrate the successfulness
of our variational optimization method when describing the phase transition kinetics in

highly-dimensional systems dominated by rare events
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Part 111

Kinetic approach from microcanonical

thermostatistics
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Chapter 6
Specific objectives

In Part II, we developed an approach for computing the committor for aggregating
systems. From the committor time series, a diffusive model can be straightforwardly con-
structed, from which important kinetic properties are computed exactly. For this reason
the committor can be seen as an exact or optimal RC. Now we turn to the problem of
trying to recover kinetic information from suboptimal coordinates, where the dynamics
cannot be described by a simple diffusive model at arbitrary timescales. The importance
of this study comes from the fact that one does not always have access to the detailed
information that we assumed known in Part II. That is, for computing the committor, we
have used the sorted matrix d, which can only be constructed if one knows the positions
of every particle as a function of time (the full configurational space X (¢)). Although it is
nowadays common to obtain that kind of trajectory from simulation data, that detailed
information may be missing in various cases, such as experimental data. Specifically, we
will be particularly interested in constructing a kinetic approach where energy will serve
as the RC, but that might be extended for other RCs as well. From a theoretical point of
view, this could be advantageous since usual thermostatistical theories usually deal with
energy in a usual way. Of particular interest is the microcanonical thermostatistics that
we review in Chapter 7, where energy is the natural independent variable. Then, in Chap-
ter 8, we will detail the proposed kinetic approach, which is based on the microcanonical

analysis, and apply it to the same lattice model that was considered in Part II.
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Chapter 7
Microcanonical thermostatistics

Our main motivation to work with energy E as a reaction coordinate for describing
the system’s kinetics comes from the fact that this is a natural coordinate for thermo-
statiscal equilibrium theories. Standard equilibrium theories do not deal with kinetic
properties. We would like then to connect usual thermostatiscal quantities, such as latent
heats and free-energy barriers, with kinetic properties. This is already partially achieved
by constructing a diffusive model along an arbitrary coordinate free-energy profile. In this
case the kinetic description is done assuming diffusive motion on a potential that is just
the equilibrium free-energy profile (FEP). It is particularly useful considering the commit-
tor as a RC because the related diffusive model is quantitatively accurate by construction,
as we described in Part II. But if we could employ a diffusive model along the energy, the
connection would be more direct, particularly with the microcanonical thermostatistics.

The microcanonical ensemble is described by the Boltzmann definition of the en-
tropy S(N, V. E),

S(N,V,E)=kpInQ(N,V, E). (7.1)

The usual thermodynamic extensive control parameters are the number of molecules in
the system N, the volume V', and the internal energy E, which determines the macroscopic
state of the system in the microcanonical ensemble. The number of microscopic states
Q(N,V, E), or microcanonical partition function, is then computed as a function of these
parameters. Eq. 7.1 relates it to the entropy, building the fundamental thermodynamic
relation S(N, V) E), from which all equilibrium properties can be derived [89]. As we will
be solely interested in the dependence of the entropy on energy, always keeping N and V/
fixed, we will drop their dependence from now on.

Besides providing the usual thermodynamic description from S(E), the micro-
canonical approach has been able to describe phase transitions in finite-sized systems by
means of the inflection point analysis [90] of S(E) and its derivatives b(E) = k3" (0S(FE)/0E)
(microcanonical inverse temperature), v(E) = (db(E)/dFE), and so on. This includes

the classification scheme for the order of a phase transition based on the analysis of the
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derivatives of different degrees [91], in the spirit of the Ehrenfest classification scheme [92].
Moreover, the microcanonical ensemble has been supported to be the more suitable one
for describing finite-sized systems [27]. One of the reasons is that fluctuations play a ma-
jor role in finite systems. For example, these systems can transit between two boundary
states with different properties (e.g., aggregated and diluted) exclusively due to intrinsic
fluctuations. Although the microcanonical ensemble is the one defined at fixed energy,
the microcanonical analysis can be used to study systems in other ensembles as well,
particularly the canonical, which we will consider here, in the following sense. From the
microcanonical entropy, one can compute the canonical equilibrium distribution peq(E)
(or the free-energy profile Fiy(E)) at any temperature straightforwardly, as we will illus-
trate next. Conversely, this cannot be done in a direct way from the canonical partition
function (or the Helmholtz free-energy). This is because the canonical ensemble only
describes the mean values of homogeneous systems averaged out over the fluctuations as
a function of the intensive variable, which is the temperature T' [27]. For example, from
the Helmholtz free-energy at T, one can compute the mean energy at that temperature.
But one has no direct access to the energy distribution peq(£). This is also valid for
any other ensemble obtained by the Laplace transform of the microcanonical ensemble,
exchanging one (or more) extensive variables (NV E) by the related intensive variable
(chemical potential yu, pressure P, and temperature 7). Even if one is committed to try-
ing to perform the inverse Laplace transform to recover the microcanonical information
from other ensembles, this is challenging due to the high sensitivity of that transform,
mainly at first-order phase transitions where heterogeneous configurations (e.g., where
phase separation occurs) get exponentially suppressed [27].

The most difficult task for constructing the microcanonical ensemble is the com-
putation of Q(E), which rarely can be done analytically for interacting systems [93]. For-
tunately, various methods for estimating numerically Q(F) with high accuracy were de-
veloped over the past three decades. Those methods are called flat-histogram algorithms,
including weighted histogram [94], multicanonical [95], entropic sampling [96], broad his-
togram [97], Wang-Landau [98], and the ones based on statistical temperature [99, 100].
With those methods, the microcanonical equilibrium characterization of different finite-
sized systems, including particle condensation [101], polymer aggregation [54] and adsorp-
tion [102], protein folding [103], and aggregation [104, 105], have been performed. In this
way, kinetic properties could be readily extracted from those systems if a kinetic theory
based on the energy coordinate is available.

As we will be interested in simulations on the canonical ensemble, we formalize
how the equilibrium canonical distribution pe(E; ) can be evaluated at an arbitrary
temperature' T = 1/kg3 from Q(E). This is straightforwardly done by the definition of

!As we deal with both canonical and microcanonical variables, we set the following notation. The
microcanonical quantities, like temperature T'(E) and its inverse b(E) = 1/kgT(E), are always written as
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the canonical PDF as [93]

Q(E)e*ﬁE o—B(E-TS(E)) e BFu(E;B)

Pea(E3 B) = Z0 —  ZE - Z0) (7.2)

where we have used Eq. 7.1, Z(8) = Y., Q(E)e PF is the canonical partition function,

and we defined the canonical free-energy profile as
Fy(E;T)=FE—-TS(FE), (7.3)

so that we have a relation similar to Eq. 3.25. Fy(E; 3) is an energy-dependent Helmholtz-
like free-energy at the specified temperature but should not be confused with the complete
canonical Helmholtz free-energy which is a function of temperature only (besides N and
V') and which is computed by summing over all energies (—kgT In Z(3)). The subscript
H indicates that this FEP can also be obtained from the (canonical) histogram Zy (E; 3)
at a given temperature. But note that if S(F) is known, Fy(E;/) can be computed
directly for any temperature. As it will not be necessary to compute the normalization
constant Z(f3) the free-energy profile is indeed defined up to an additive constant, which
we can set so that its minimum is zeroed, as we have done throughout Part 4.

In Fig. 7.1(a), we show the microcanonical inverse temperature b(F) for the same
anisotropic lattice considered in Sec. 5.1 with & = 3. This result was obtained with the
multicanonical algorithm in one of our previous work [76]. It is clear that b(F) displays

the S-shaped behavior characteristic of first-order phase transitions [27|. As b(E) is given

. g L (98
(F) = - (8—E>N’V, (7.4)

the regions where b(F) is a crescent function of E correspond to regions where the entropy
is a convex function of E (02S/0E? > 0), the so-called convex intruder. In the thermody-
namic limit, the convex region is suppressed, converging to a linear function determined
by the Maxwell construction, which implicates in phase separation. For finite-sized sys-
tems, the presence of the convex region in S(E) implicates the appearance of a bimodal
canonical PDF| which is the signal of first-order phase transitions in finite systems [27], in
analogy with thermodynamic phase separation. An equal area Maxwell construction can
be performed in b(E) to obtain the (canonical) transition temperature 7. This criterion
states that the area between the curve b(E) (or T'(E)) and the straight line b(E) = 5* (or
T(E) = T*) is equal for both the regions above and below the straight line, as represented
in Fig. 7.1(a). It is equivalent to requiring that the canonical equilibrium distribution to

display peaks of equal height near each of the maxima corresponding to both phases [106].

a function of F (the independent variable of the microcanonical ensemble). The canonical counterparts
T and 8 = 1/kpT are the independent variables of the canonical ensemble and thus have no dependence.
In contrast, the canonical PDF is a function of E for each 3, so we write pey(E; §).
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Figure 7.1: (a) Inverse of the microcanonical temperature b(E) and the microcanonical
temperature T'(E) on the inset obtained via the multicanonical algorithm. The dashed red
lines indicate the values at the transition £* and 7™ evaluated by the Maxwell construction.
(b) Free-energy profile obtained through Eq.7.3 at the transition temperature T*. AE?
represents the latent heat and 3*AFT the free-energy barrier. The insets represent typical
configurations of states near each basin close to E, and Fy;. The results were obtained
for the lattice model described in Sec. 5.1 with £ = 3 and p = 1072, Figure adapted from
Ref. [76].

This can be observed in Fig. 7.1(b), where we show the FEP obtained through Eq. 7.3 at
the transition temperature, and it can be seen that its two minima have the same depth.
We reserve the notation S*AF(E; §*) for the free-energy profile at the (inverse) transition
temperature 5% = k5'(S(Ey) — S(E,))/(Eq — E,), which is defined as

BTAF(E; %) = B*(Fu(E, %) — Fr(Ea); 7)) (7.5)

where Fy4) could mean either E, or E4, which correspond to the values of energy where
the above energy-based FEP has its minima. Since at the transition temperature the two
minima have equal depth, one can subtract any Fy(E,;*) = Fy(Ey; 5*) in Eq. 7.5 so
that both minima of S*AF(E; 5*) lie on the abscissa axis. This property will be useful
in Sec. 8.1.

We also show in Fig. 7.1(b) the two main quantities that characterizes the FEP,
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namely the latent heat AE* = E; — E, and the free-energy barrier 3*AFT, which can
be easily computed from the profile. From now on, we specialize our notation to make
reference to aggregated a and diluted d states rather than general A and B states that
we have used previously. Since E describes the potential energy between attractively
interacting particles, F, refers to the lower value of E at which the free-energy has a
minimum, while E; refers to the basin with higher energy. In the inset of Fig. 7.1(b),
there are typical configurations of each phase, a state with an aggregate at an energy
close to E, and a completely diluted state with energy near E;. Note that the formed
aggregate is not spherical but elongated due to the anisotropic interactions present in the
model. Finally, it is worth saying that for temperatures close to but different from 7™,
the two minima will be imbalanced. While for higher temperatures the diluted phase will
be more stable Fiy(Ey; 5) < Fu(FEqy; ), the contrary will happen for lower temperatures.

As last, we clarify that although in the usual textbook formulation of the mi-
crocanonical ensemble the entropy is a function of the total energy, e.g., potential plus
kinetic energy, it may be useful to work only with the potential energy. In spite of being
eventually equivalent in terms of transition temperature [93], many numerical approaches
available to compute (2(E) are based on schemes which usually employ the potential en-
ergy only (one computes the number of states for a fixed potential energy value). In this
case, one is, in fact, considering the conformational microcanonical ensemble [54, 93]|. In
particular, the Metropolis MC algorithm is usually performed only considering potential
energy. And, specially for systems of colloidal particles diffusing in an overdamped regime
which we are interest in, the potential energy does not depend on the momenta, and thus
the kinetic contribution to the microcanonical partition function can be performed ana-
lytically [107, 108]. In any case, it is more convenient to work only with potential energy
when considering MC simulations, so we will restrict ourselves to the conformational
microcanonical ensemble here. It seems that for many aggregating systems, the physi-
cal properties obtained using those two definitions, such as transition temperatures and

free-energy barriers, are indeed pretty much the same |54, 93|.



68

Chapter 8
Kinetic approach

Related publication

A density of states-based approach to determine temperature-dependent aggregation rates
24

L. F. Trugilho, S. Auer, L. G. Rizzi

J. Chem. Phys. 161, 051101 (2024)

We now turn to the problem of extracting kinetic information from a free-energy
profile as a function of the (potential) energy, such as the one displayed at Fig. 7.1(b).
In contrast, most kinetic approaches based on the classical nucleation theory (CNT)
employ the largest cluster size n as a RC. The most simple ones assume an Arrhenius-like
expression, where the nucleation rate is considered proportional to e‘ﬁAGT, where AGT is
an effective activation energy or the work of formation of a cluster of critical size |25, 52].
Those approaches are inspired by the pioneering works of Gibbs and others [52, 109].
From a theoretical point of view, several proposals have been derived for computing AG
as a function of n, from which AGT could be extracted, e.g., finding the maximum of
the function AG(n) where the critical nucleus size is assumed to be found [52]. Some
complications arise because those theories are dependent on hypotheses regarding the
shape of the forming aggregates [52]. Also, for complex systems, even the definition of
the cluster size and interface may be challenging |54]. Usually, the aggregates are assumed
to have a spherical symmetry, which is unlikely to hold when anisotropic interactions are
important |78, 79].

In this context the authors of Ref. [54] proposed estimating free-energy barriers
directly from the profiles obtained from the microcanonical analysis, like in Fig. 7.1(b).
As the authors of this reference claimed, the nucleation rate could then be estimated with

an Arrhenius-like formula
J(B) = Ke PA, (8.1)

where K is the so-called kinetic factor and should incorporate the kinetic details of the

nucleation, such as diffusion and attachment frequencies [54]. Although it is mentioned
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in Ref. [54] that AFT clearly should depend on temperature, that dependence was not
explored in that work.

In our previous works |25, 26], the dependence of the aggregation and dilution rates
on the temperature (or 8 = 1/kgT) was fully incorporated into expressions that, unlike
Eq. 8.1, were derived directly from the FEP obtained through microcanonical analysis.
This was done, just like in Kramers’s seminal work [110], assuming that the motion along
the RC (energy in our case) satisfies the Smoluchowski diffusion equation (Eq. 3.6). In
fact, in our approach it is sufficient that the Eq. 3.17 and 3.18 for the MFPTs hold for the
energy coordinate. Now we understand that this assumption meant that energy should
be an optimal coordinate, in the sense that for the optimal committor RC, Eq. 3.17,
and 3.18 are satisfied exactly. In other words, the energy should be equivalent to the
committor RC. In that case the function ¢(F) obtained through Eq. 3.16 or 3.47 would
be equal to the multidimensional committor q()z) As it happens, for many-body system,
this is unlikely to happen since the projection of the multidimensional space onto a 1D
RC usually introduces memory effects [16, 109]. We have already showed this for n in
Chapter 5, but a similar behavior can be expected for E for the models studied here. In
this way, the main goal of the present work [24] is to establish a suitable separation of
timescales so that the expressions for the temperature-dependent rates can be applied to
describe aggregation transitions in many-body systems. Particularly, we will illustrate it

for the lattice system of Sec. 5.1.

8.1 Analytical expressions for the rates

In this section we review the approach introduced in Ref. [25] and [26] to derive
analytical expressions for the temperature-dependent aggregation and dilution rates.

In order to make a pedagogic derivation of the analytical expressions, we first show
in Fig. 8.1(a) and (b) the energy-based free-energy profiles 5*AF(E) obtained for the
lattice systems described in Sec. 5.1 at their transition temperatures 7™ for two different
¢ (both with L = 200 and N = 400, so that p = 1072. At panel (a), we display the FEP
obtained from multicanonical simulations (i.e., N, = 500 recursion steps of N, = 10¢ MC
sweeps each) for an isotropic system (£ = 1), while in panel (b) we show the same but for
an anisotropic system (£ = 3). Note the higher free-energy barrier and latent heat for the
latter. Besides S*AFT and AET, the profiles are characterized by the energy differences
AFE} = E* — E, and AEfl = E* — E; between the energy at the top of the barrier E*
and the energies at the basins F, and Fjy, as well as the curvature-related parameters
v =y(E") = (0b(E)/OE)|p=p+ > 0 and Yoy = —Y(Ea@)) = —(9b(E)/OE)|p=g,, > 0.
The fact that v(E*) > 0 is a consequence of the convex intruder near E*, which is related
to the thermodynamic instability of such states. Conversely, v(FEq@q)) < 0 indicates the

thermodynamic stability of the basins. In any case we define all curvature parameters as
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Figure 8.1: Free-energy profile 3*AF(FE) for (a) an isotropic (§ = 1) and (b) an anisotropic
(€ = 3) system. Free-energy barriers and latent heats are indicated by 3*AFT and AET,
respectively. E, and Ej; are the energies at both minima, while E* is the energy at the
local maximum. The dotted lines correspond to quadratic functions near each of the
extrema (Eq. 8.2-8.3). To illustrate their suitability, the curvature parameters v,, 7q,
and v* were determined from the fit of the kinetic data of Fig. 8.4, rather than directly
fitting the quadratic functions near the extrema of the FEP (compare Table 8.1). Figure
extracted from Ref. [24].

positive in the above relations. Note also that y(FE) is defined as the second derivative
of the microcanonical entropy S(E)/kp so it also corresponds to the second derivative
of (=B*AF(FE;(*)) through Eqgs. 7.3 and 7.5. In that way, 7%, v,, and 4 are directly
related to the curvatures of the FEPs near E*, E,, and E,, respectively. Both the energy
differences and the curvatures can be used to describe the asymmetry of the free-energy
profiles. For example, from Fig. 8.1 it is clear that the curvature near F; is greater than
the one around E, (i.e., 74 > 7,) for both values of £&. In a close relationship one has
|AE}L| < |AEZ] for both €.

The above-defined energy differences and curvature parameters are implicated in
the proposed expressions for the temperature-dependent rates. Particularly, we assume

that the FEP near its local maximum E* can be approximated by the quadratic expression
BAF(E; %) ~ ' AFT — (v /2)(E - B*), (8.2)

where the barrier S*AFT is just the value of the profile when E = E* and v* the module
of the second derivative as defined above (the first derivative vanishes near the extrema).

Similarly, around the minima £, ), the profile can be approximated by

B*AF(E; %) = (Ya@)/2)(E — Eyw)? (8.3)

in this case S*AF(E = FE,q);[*) is zero by construction, and 7, are the moduli of

the second derivatives near each minimum as above (near the minima the profiles have
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positive curvature as opposed to the maximum). Expressions 8.2 and 8.3 indicate a simple
way to estimate v*, ~,, and v4. One can perform a quadratic fit of those expressions near
the respective extrema of S*AF(E; 3*), as illustrated in Fig. 8.1.

Now, using Eq. 7.3 and 7.5, it is possible to express the microcanonical entropy
S(F) in terms of the FEP at the transition temperature S*AF(E; 5*)

= + 5°(E — Ea) — BPAF(E; %), (8.4)

where either E, or E; could be used in Eq. 7.5 since Fy(E,;3*) = Fy(Eq4; %), so we
fixed E, to shorten the notation. Note that Eq. 8.4 is a formal relation since our free-
energy profiles are computed from S(E), not the contrary. Indeed, estimating the mi-
crocanonical entropy from canonical profiles usually requires combining several profiles
at different temperatures to obtain the desired range of energy by means of reweighting
techniques |94, 111], since each individual profile goes to zero quickly beyond the mean
energy at each temperature. Nevertheless, Eq. 8.4 combined with 7.2 allows one to express
the equilibrium canonical distribution pey(F; 3) (at a different temperature ) in terms
of B*AF(E; ")

S(Ea)
kp

PealE3 B) = exp{ _p } exp [E(ﬁ*—ﬁ)—ﬁ*AF(Eﬁ*) S 89)

Z(p)
We note that, if § = §*, Eq. 8.5 reduces to Eq. 7.2. This expression for p.,(E;3) is
valid for any (3, but in the following we will consider temperatures sufficiently close to 5%,
where the system makes transitions between aggregated and diluted states and the rates
can be evaluated analytically. With that, it is then possible to write down approximated
expressions for the equilibrium distribution for energies near E* (p*(E; 5)), Eo (pa(E;)),
and Ey (py(F; B)) using the quadratic approximations. For E ~ E* we substitute Eq. 8.2
into Eq. 8.5, and after some algebra, one gets [25]

P ~ ) e {”3 (-5~ P22 } (86)

with

["(8) = exp

S(Ea) B*E, — B*AFT — ((B=F) + 7 E")” + WE*)Q] : (8.7)

/{?B 27* 2

Similarly, substituting Eq. 8.3 into Eq. 8.5, one finds for £ ~ E, (or E ~ Ejy)
that [25]
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with

S(Ea) 5E, + ((8=8") = Ya@Baw)®  Ya@ (Ba@)’

r, = ex
(d) (ﬁ ) p kg 2%(d) 9

(8.9)

Note that we intentionally expressed p*(£; 3) and paq)(E; §) as the multiplication
of two exponentials, besides the normalization constant. The factors I'* and I'yq) depend
only on temperature and constants that are extracted from the energy-dependent free-
energy profile at the transition temperature, while the energy dependence is restricted to
the remaining exponential, and it is written as a quadratic form that will be essential for
calculating the Gaussian integrals that appear next.

Now, the rates can be estimated as the inverse of the MFPT’s [109]. The aggre-
gation rate is defined as k, = 1/74,, and the dilution rate as ky = 7,_,4. Thus, assuming
that the expressions for the MFPT (Eq. 3.17 and 3.18) are valid for the energy coordinate,

one can approximate 7, .4 as

Ea dE 2 1 Ea  aE E*
a—d = e E,; dE ~ - o(E; dE
i [ o | PO g [ | 5>(8 .

where some commonly used approximations were used. First, we decoupled the integrals,

assuming that each is dominated by the distributions near E* (for the first one) and near
E, for the second one. That is because we assume that pe,(F; §) has a minimum near E*
(so its inverse is maximized) while peq(E; 5) has a maximum near E,. This should be valid
for (8 close enough to 5* so that the FEPs have a similar overall format with two basins
separated by a local maximum. Besides, we assume an effective coordinate-independent

diffusion coefficient D*. Analogously, 74, is approximated by

Fa dE > , U A O
)= [, e Jo N = g [ S

under similar assumptions.
In this way one can evaluate the Gaussian integrals as detailed in the Appendix D
(see also Ref. [25] and [26]). After doing that, the temperature-dependent rates can be

finally expressed as

a(8) = —— ~ Avexp [-AE}(3 - 87) - 246 - 5°Y] (5.12)
and _
() = —— ~ Avexp [-AEL(3 - 87) - T8 - 577 (5.13)

where Yo = (v*) '+ (Va(ay) " and the energy differences were already defined as AEj(d) =
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E* — E,q). We also define the equilibrium constant ke, as
kq o Ay *
bel9) = 32 % Aexp |AB'(B = 57) + 1B = ) (8.14)

where A7 = 3, — 54 = (7)™ — (ya)~! and AET = AE} — AE} = E; — E, is just the
microcanonical latent heat as defined earlier.

The pre-factors A,(g) are also completely defined but are slightly different depend-
ing on the exact approximation used to evaluate the Gaussian integrals. For low free-

energy barriers, it turned out that the more suitable approximation leads to [25]

D* e
Aa) = =71 oA (8.15)
|AE] | V 27

in a way that A = Ay/A, = |AE}|/|AEL. While for high barriers, a Kramers-like
approximation turned out to be more adequate [26]

D>'< _Qx* T

so that A = Ay/A, = \/m. See the Appendix D for the details of both approxima-
tions for the Gaussian integrals. We emphasize that, although Eqs. 8.12-8.14 look like
expansions around 8 ~ %, that is not the case; the expansions were made on energy F
around the peaks and valley of the FEP and the second order on the difference (8 — %) is
really were it stops. Interestingly, for § = [*, one recovers the usual employed Arrhenius-
like formulas, such as Eq. 8.1 with a barrier of 3*AFT for both k, and ky. In the high
barrier case, the pre-factors A, and A, are indeed exactly the same as the one derived by
Kramers for the escape over a (high) potential barrier in the high friction limit [109, 110].
It should be like this since the high-friction limit corresponds to the Smoluchowski diffu-
sive model from which the expressions for the MEFPT used here are derived. Moreover,
at 3 = 3%, the barrier is exactly S*AFT for both processes (aggregation and dilution), so
both the pre-factors and the barriers are in accordance with this well-known result. The
novelty of the expressions is to capture the temperature dependence that arises due to the
imbalance of the free-energy profile at temperatures close to but different from g* in an
analytical way. At those temperatures the barrier is not just 3*AFT, so the rates cannot
be proportional to S*AFT with the same pre-factors anymore. Eq. 8.12 and 8.13 provide
the needed corrections.

Note that all quantities that appear in the expressions for the rates 8.12-8.16 can
be calculated directly from the free-energy profile S*AF(E; *), except for the effective
diffusion coefficient in energy space D*. This is expected since the diffusive model depends
on both the potential, of which the FEP plays the role, and the diffusion coefficient, which
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should be estimated independently. It is worth mentioning that, although the FEPs are
different at different temperatures, the approach is able to express the rates only in terms
of parameters related to the profile at 5* because the different profiles (or equivalently
probability distributions) are related by Eq. 8.5 as a consequence of the fundamental
thermodynamic relations Eq. 7.1 and 7.2. In Ref. [25] and [26], the expressions for the
rates were tested by means of stochastic simulations directly on energy space that were
diffusive by construction. In this way, these previous works evaluated all approximations
described in this section, except the diffusive hypothesis, and that is what we will be
interested in the next sections. In particular, in Sec. 8.2 we will describe a methodology
for estimating D*, and then in Sec. 8.3 we will test the complete approach for the case
where the stochastic process in energy space is generated as a projection of the highly-
dimensional lattice system.

A few more words about the validations performed in Ref. [25] and [26] should be
helpful for understanding at each point we were with those previous works and what is
the advancement of the present work [24]. In Ref. 25|, the validity of the temperature-
dependent expressions for the rates was validated for mathematically constructed FEPs by
means of the stochastic diffusive simulations on energy space. In Ref. [26], we considered
(the rare case of) a theoretical model of a physical system with aggregating particles
from which the microcanonical entropy can be computed exactly, but the validation of
the expressions was done again with similar one-dimensional stochastic simulations. More
importantly, in Ref. [25], experiments of ice nucleation and protein folding could be well
described by expressions based on Eq. 8.12- 8.14. Unfortunately, one has no access to the
thermodynamic coefficients, such as the energy differences and curvature parameters that
appear in those equations for most experimental data. Because of that, a comprehensive
validation of the temperature-dependent expressions for the rates for systems evolving
dynamically at the particle level was still missing, and here we fill this gap by performing
simulations of the lattice systems, for which those coefficients are available. In this way,
here we perform an quantitative comparison between the estimates of the coefficients
obtained from the theoretical expressions and the values extracted directly from the FEPs.
Moreover, as already anticipated that the dynamics projected over low-dimensional RCs
such as energy usually have strong non-Markovian effects, we describe a methodology
to determine the timescale where the non-Markovian effects are mitigated so that the

diffusive hypothesis holds.

8.2 Timescale separation

As discussed in Sec. 3.3.1, the F¢; validation test can be employed to inspect
whether a reaction coordinate has strong non-Markovian effects. If the dynamics projected

on the RC is Markovian, the Fi; profiles are independent of sampling interval At so that
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Figure 8.2: (a) F1-based validation test for the E-based coordinate ¢(E). Different colors
correspond to different sampling intervals At, = kAty, with increasing k£ from bottom
to top curves (b) Mean squared displacement evaluated with TPS as a function of k.
Note that the MSD displays a linear behavior (dashed line) for high enough Aty, that is,
k =~ 5 x 103, where the generalized profiles F1(q(E), Aty) are indeed almost independent
of Aty. Results for the isotropic case with & = 1.

the diffusion coefficient given by Eq. 3.34 is also independent of observational timescale.
The more the profile varies with At, the stronger the non-Markovian effects [47]. As in
Sec. 5.1.2, we first perform the transformation £ — ¢(E) to apply the validation test
because in this way Fi; is independent of the RC for each At, like Fii(q(n), At) is for
n. Here we constructed the MSM for £ and then used Eq. 3.47 to compute ¢(E). In
Fig. 8.2(a), we show F1(q(E), At) for several time intervals At = kAt, and it is clear
that the dynamics projected on E has strong non-Markovian effects, similar to n. In this
figure we present results for the isotropic case with & = 1, which qualitative behavior
is similar to the anisotropic case with £ = 3. The profiles Fo1(q(F), Atx) only become
approximately independent of sampling interval for! At; for At, ~ 5 x 103At,. Hence,
it is clear that the dynamics might only be described as approximately Markovian from
this timescale and above.

In Fig. 8.2(b) we show the mean squared displacement (MSD) (also computed with
transition path segments) as a function of k. For low k, the MSD presents a subdiffusive
behavior, which means that it increases sublinearly with k. Only from about & ~ 5 x 103
the MSD does follow a linear diffusive behavior given by 2J45(AE")2kAt,, with J4p being
the equilibrium flux between A and B (see Appendix A for details). This also indicates
that only from about that timescale the non-Markovian effects can be neglected.

Besides, in Eqgs. 8.15 and 8.16 we assumed an energy-independent D* so that we

!Here as well as in the following section we set Aty = 20 MCs, which is smaller than the sampling
interval used in Sec.5.1, because we used a different set of simulations as detailed in Sec. 8.3
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Figure 8.3: Sampling interval dependent diffusion coefficient D(At) as a function of k
for both (a) an isotropic system with & = 1 and (b) an anisotropic system with £ = 3.
Figure extracted from Ref. [24].

consider the following average
Eq
D(8t) = [ plB:5)D(E. St 57)E. (8.17)

where pe(E; 3*) o e #"AF(E") ig the canonical probability distribution at the transition
temperature 7% = 1/kpf*, and D(E, Aty; 5*) is computed from Eq. 3.34 also at T™*.

We note that such a definition for the diffusion coefficient generally indicates that,
due to non-Markovian effects, D(At;) should be dependent on the sampling interval Ay,
as can be verified in Fig. 8.3, but it becomes approximately independent of At; from
about k ~ 5 x 10%. In that figure we also show the result for the anisotropic case with
¢ = 3, from where it can be seen that for both cases the diffusive behavior begins at
similar timescales. We used the fact that D(Aty) is constant at later timescales to define
the effective diffusion coefficient D* to be used in expressions we derived for the rates,
i.e., Bq. 8.12-8.16, that is

D* = lim D(At). (8.18)

Aty—r00
As discussed in detail in Appendix A, the effective diffusion coefficient D* defined as
above equals the temporal derivative of the MSD at later times, that is, in the limit of
large Aty,.

Importantly, it was assumed that the diffusion coefficient is independent of temper-
ature, so the approximate expressions for the rates are expected to hold for temperatures
close to the transition temperature 5*, as D* is computed at 5*. With this definition of
D*, all quantities that are required to compute the rates are determined, and we can now
test the validity of Eqs. 8.12-8.16, as we do next.
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Figure 8.4: Aggregation rate k, and dilution rate k4, as well as the equilibrium constant
keq = ka/ka as a function of the inverse of temperature 3, for both (a) isotropic and (b)
anisotropic systems. The symbols represent the values computed directly from the energy
time series (simulation data), while the continuous lines represent the fits of Eq. 8.12-8.14
to the numerical data. The fits were done with the pre-factor given by Eq. 8.15 in (a)
and Eq. 8.16 in (b). The vertical dashed and dotted-dashed lines (in gray) indicate the
location of 5* and f3,,, respectively. Figure adapted from Ref. [24].

8.3 Validation of the expressions for the rates

Now we turn our attention to the numerical validation of the analytical expres-
sions we obtained for the temperature-dependent aggregation and dilution rates given
by 8.12-8.16. For that, we performed canonical Metropolis MC simulations at different
temperatures close to 7. All simulations were similar to the ones considered in Sec. 5.1.
In particular, we considered a system of size L = 200 containing N = 400 particles. For
each temperature, we computed the MFPTs between energies E, and E; directly from
the energy time series. All time units are given in reference to one Monte Carlo step?.
The aggregation rate k, and the dilution rate k; were then evaluated as the inverse of
the MFPTs 74, and 7,_,4, respectively. The simulations initiate with the system at the
diluted phase with randomly placed particles and the analysis of computing the mean
first-passage times starts as soon as the first transition between energies F; and E, is
completed. For each temperature, we considered a minimum number of simulations so
that at least 10? roundtrips between F, and E,; had occurred. Then, the MFPTs are esti-
mated by taking the mean, and we show the respective rates represented by the symbols
in Fig. 8.4 for both £ = 1 (a) and £ = 3 (b). We also show the equilibrium constant
as defined by Eq. 8.14. One interesting feature is that both k, and k4 clearly display

non-Arrhenius behavior; even so, keq seems to be linear in the mono-log plot.

2Although the energy time series were saved with a time-step of Aty = 20 MCs, all time units in the
Chapter were converted to unitary MC step.
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Table 8.1: Parameters obtained both directly from the FEPs displayed in Fig. 8.1 and
indirectly from the fits of Eq. 8.12, 8.13, and 8.14 to the numerical data presented in
Fig. 8.4.
£=1 £=3
from FEP from fit from FEP from fit
B*AFT 0.53 — 0.88 —
B* 2.73087 — 1.61744 —
AFE? 106 107 227 217
AFE} 64 68 140 132
AE} —42 —39 —87 —85
v 0.7 x 1073 1.6 x 1073 4.0 x 107 6.8 x 107*
Ya 0.8 x 1073 1.5 x 1073 1.5 x 107 2.9 x 1074
Yd 2.0 x 1073 2.4 %1073 7.2x 1074 8.0 x 1074

Next we validate the temperature-dependent expressions for the rates by fitting
Eqs. 8.12- 8.16 to the numerical data presented in Fig. 8.4 as follows. We take the values
of 8* and B*AFT as the ones calculated from the microcanonical analysis, e.g., as extracted
from Fig. 8.1. We also set the value of D* as the value determined from Fig. 8.3 as its later
time limit (see Eq. 8.18). Then, we performed the fits of the analytical expressions to the
numerical data by letting the energy differences AEE( a0 and curvatures v,(q) and v* acting
as free-parameters. Note that those parameters also appear at the pre-factors 8.15-8.16
so that the fits are performed in a self-consistent manner. As can be seen in Fig. 8.4, the
continuous lines obtained from the fits describe well the numerical data for the rates from
both &. For the isotropic system we used the expressions for the pre-factor more suitable
for low free-energy barriers (Eq. 8.15), while for the anisotropic system we used Eq. 8.16,
which is more suitable for high barriers.

In Table 8.1, we show the comparison between the obtained parameters extracted
both directly from the free-energy profiles displayed in Fig. 8.1 and indirectly from the
fits of Eqs. 8.12-8.16 to the numerical data presented in Fig. 8.4. The results are quite
similar given the approximate character of Eqs. 8.12-8.16. It is worth noting that the
curvature-related parameters show higher deviations since the FEPs are not perfectly
quadratic near F,, Ey4, and E*. Nevertheless, the values extracted from the fits to the
kinetic data can describe well the curvatures near the extrema of the FEPs in Fig. 8.1. In
that figure, the dotted lines represent the quadratic approximations near the extrema but
with the curvatures obtained from the fits of the analytical expressions for the rates to
the kinetic data displayed in Fig. 8.4. As can be seen from Fig. 8.1, the values of 7,4 and
~v* extracted from the kinetic data describe the curvatures of the FEP near its extrema
reasonably well, despite the small deviations from the best values extracted directly from
the FEPs; see Table 8.1.

It is worth noting that the definition of the transition temperature 7™ corresponds
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to the temperature where the free-energy profile presents two minima (near E, and Ej,)
with equal height. However, according to Eqs. 8.12-8.16, that temperature should only
agree with the temperature 7, where k, = k; if the FEPs are completely symmetric, i.e.,
AE} = AE; and v, = 74. Nevertheless, by requiring that ke, = 1 at 8 = f3,,, it can be
shown that the two temperatures should be related by 3,, = 8* + 9, where the correction

_ 1 (1AE]
d= NG In <|AE§| (8.19)

for low free-energy barriers [25| and by

1 Ya

term is given by

for high free-energy barriers [26].

For both £ = 1 and £ = 3, we have that ~v; > 7, and |AE§| < |AE%|, that is, the
profiles are narrower near the diluted basin close to E;. Because of that, Eq. 8.19-8.20
indicates that 6 < 0. In Fig. 8.4 we also show the values of f3,,, indicated by the vertical
dashed-dotted lines, computed through Eq. 8.19-8.20. As can be seen in the figure, f,,
corresponds with the values of 8 where keq = 1 for both £ = 1 and { = 3, corroborating
both expressions for . In physical terms, the temperature 7,, can be related to the
situation where both phases have equal steady-state probability, and that corresponds to
the equal area criteria under the maxima of the FEP [25, 112]. In this way, the fact that
T > T* (B < (%) implies that, at T = T,,, the diluted phase basin of the FEP will
have a slightly deeper depth. This compensates for the fact that the profile is narrower
at energies near the diluted basin (see Fig. 8.1), and that leads to similar steady-state
probabilities and thus, equal aggregation and dilution rates at T' = T,,.

In conclusion, by performing a suitable separation of timescales, we demonstrate
that our previously derived expressions for the temperature-dependent rates can quan-
titatively describe reversible aggregation kinetics in many-body systems evolving at the
particle level. Importantly, the values of the curvatures and energy differences extracted
directly from the FEPs were obtained by the multicanonical simulations, from which the
microcanonical entropies (and thus the FEPs) were obtained, while the canonical simula-
tions used to validate the expressions for the rates were performed via Metropolis scheme.
We note that the approach developed in the Chapter may be used to infer kinetic proper-
ties of other (more realistic) aggregating finite-sized systems, many of which have micro-
canonical characterizations already available in the literature [54, 101, 102, 103, 104, 105].
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Part 1V

Microphase separation in systems with

competing interactions
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Chapter 9
Specific objectives

In Parts. IT and III, our focus was to describe the kinetics of systems undergoing
first-order aggregation transitions. We considered systems that interact via two contribu-
tions: excluded volume and an attractive potential that drives aggregation. In this part
we consider systems interacting with a more complicated potential, where in addition to
the attractive term, there is also a long-range repulsion, and our focus is on identifying
the temperature 7}, at which aggregation occurs. The competition between attraction
and repulsion leads to a slightly different aggregation process called microphase separa-
tion. Those systems display a rich phase diagram, and we are particularly interested in
localizing the occurrence of this crossover transition that can happen depending on the
ranges and strengths of the attractive and repulsive parts of the potential. In the regions
of the phase diagram where microphase separation occurs, an equilibrium cluster phase is
observed, where multiple aggregates of a characteristic size, determined by the competi-
tion between attractive and repulsive forces, coexist in equilibrium with the background
gas of particles. In particular, our objective in this Part IV is to introduce and validate a
stochastic method we developed to determine a priori the regions of the phase diagram
where microphase separation takes place, which is based on MFPTs and considers only

the pairwise interactions between particles.
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Chapter 10

Phase diagram determination

10.1 Motivation

In this chapter the focus is on a rather different problem in comparison with the
problems explored in the rest of this thesis. Until now, we have considered systems
interacting via two contributions. One repulsive excluded volume type interaction, which
is extremely short-ranged, and one attractive interaction, which is longer-ranged compared
to the former. This is true both for the lattice systems, where particles cannot occupy the
same site simultaneously while nearest neighbor particles attract each other, and for the
Lennard-Jones (LJ) system described by the potential of Eq. 5.1, where each of the terms
corresponds to the excluded volume interaction and the more long-ranged attraction. It
has been well known since the van der Waals [113] that systems of this kind undergo
first-order phase transitions at low enough temperatures, and we have studied the kinetic
properties of those transitions in preceding chapters, for both the lattice and LJ systems.

When, in addition to excluded volume and attractive interactions, there is another
repulsive interaction of sufficient strength and long-range character, different phenomena
can happen. These systems have been referred to as short-range attraction and long-
range repulsion (SALR) interacting systems in the literature. From a physical point
of view, an interaction potential where the repulsive contribution has a range longer
than the attractive contribution can appear due to electrostatic interactions between the
particles. For example, colloidal particles in solution usually present an effective net
surface charge due to the release of counterions [114]. In those situations the potential
is dependent on the fraction of dissociated counterions, which in turn depends on the
concentration of the colloidal particles as well as the local distribution of all ions [115].
This drastically complicates the analysis of those systems so that it is common to employ
simpler approaches based on the mean field Poisson-Boltzmann equation. Under certain
circumstances it is possible to write an effective pairwise potential for the interaction

between two colloidal particles that is mediated by the counterions, which effectively
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screen the repulsion between the like-charge colloids. This screened repulsive interaction
can be modeled then by a Yukawa potential |[114, 115|. Thus, one can consider the
complete potential as a sum of the LJ-like (Eq. 5.1) and Yukawa terms

V(r) = 4e RE)ZQ _ (iﬂ a4 (10.1)

r r r/&p

where A is a positive constant that determines the magnitude of the long-range repulsion
and &p is the Debye screening length, which controls the range of this repulsive part of the
potential. The remaining parameters are exactly the same that were defined in Sec. 5.2
for the pure LJ system. Particularly, we choose 0 = 1 and € = 5, which set the length
and energy scales, as well as a = 10, just like in Sec. 5.2. To shorten the notation we use
here r for the distance between two interacting particles instead of d;; that we have used
previously.

As long as the system is in this regime of screened electrostatic interaction, the
repulsive term is not, in fact, long-ranged according to the commonly used definitions
of long-range interactions (see, e.g., Ref. [116]), as it decreases exponentially. However,
the important point here is that it can be more long-ranged than the attractive part for
intermediate separations depending on the value of {p. Albeit being a rather simplified
model for the interaction between charged macromolecules, it turns out that the potential
described by Eq. 10.1 is a benchmark potential for systems with competing interactions
and has been widely used in the literature [114]. One of the reasons is that by tuning
the parameters o and £p, one can change the range of the attractive and repulsive parts
of the potential, respectively [86, 117|. Moreover, by selecting the ratio between e and
A, one determines the relative strength of the two parts [117]. Physically, the range
and strength of the attraction can be varied by adding polymers of different sizes to the
charged colloidal suspension |28, 86]. In the case of the repulsive term, that can be done
by adding different salt concentrations to the solution [114].

One striking feature of systems with competing interactions contrasted with simple
fluids of the Van der Waals type is that, depending on the strength and range of the ex-
tra repulsive interaction compared to the attractive term, the first-order phase transition
line is preempted by the so-called microphase separation. Under this condition the usual
bulk or macrophase separation is substituted by the formation of a modulated phase
with a characteristic length scale determined by the competition between the different
interactions |28, 118]. There exists a myriad of such phases, from cluster phases at low
concentrations to the formation of stripes [119] and gels at higher concentrations [28, 114].
The reason for such behavior is that the attractive part drives the system towards aggrega-
tion, like for simple fluids. However, the repulsive long-range part opposes the increase of
aggregates beyond a characteristic size, so that macrophase separation is inhibited |120].

At low concentrations, various clusters of characteristic size and shape are then formed
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Figure 10.1: Plot of the pairwise interaction V' (r) given by Eq. 10.1 for different values of
A/e with the other parameters given by o = 10, {p = 0.50 and o = 1. The vertical dotted
magenta and orange lines indicate the values of r close to the minima of the potentials
(rp) and where the potentials become approximately constant (r.), respectively.

and stay in equilibrium with the background gas phase, which is known as the equilibrium
cluster phase [114]. At higher concentrations, stripe-like patterns are formed since the
cluster cannot grow spherically due to the repulsion [28]. Particularly, percolating gel
phases of nearly one-dimensional shape can be found [28]. Here in this thesis, however,
we are interested in the aggregation process that drives the formation of the cluster phase
at low concentrations.

In Fig. 10.1 we show the pairwise potential of Eq. 10.1 as a function of the particles’
separation r, for different values of the fraction A/e. We acknowledge that it should be
interesting to consider different values of the screening length £p in the range between
0.50 and 20, which are generally considered in the literature [117], but in order to validate
our approach, we used only the value {p = 0.50, because we start our study following
Ref. [28]. In any case, the plots on Fig. 10.1 indicate that V' (r) tends to zero from above in
the limit of large separations, not from below as in the case of simple fluids, e.g., subject to
the usual LJ potential. This implies that, at intermediate separations 7, the repulsive part
of V(r) is stronger than its attractive contribution. This is the characteristic behavior of
systems with competing interactions [119]|. Also, if the magnitude of A is increased with
respect to ¢, this effect is magnified. Conversely, V' (r) tends to the LJ potential as A goes
to zero.

For large ratios A/e, Fig. 10.1 indicates that the potential displays a form that
resembles the classical problem of escape from a potential barrier that we introduced
in Sec. 3.2.2. This inspired us to use some of the ideas described in Sec. 3.2.2 to try
to infer some information about the phase behavior of a many-body system interacting

through a pairwise potential like the ones in SALR systems with large enough A/e, only



10 Phase diagram determination 85

from the properties of the pairwise potential. This is the aim of the present chapter,
and we will detail the proposed method in the following. But, before doing that, it is
worth emphasizing why that should be important. In the case of simple fluids with only
excluded volume and the attractive short-range isotropic potential, there exists the law of
corresponding states derived by Van der Waals and later extended by Noro and Frenkel
for colloidal systems [121]. That principle states that for different functional forms of
the attractive potentials, there is a correspondence between the thermodynamic states
compared at the same virial coefficient. This made it possible to accommodate different
systems with short-range attraction on a universal phase diagram containing the first-
order macrophase coexistence line. However, in principle, the hypothesis underlying such
a law of corresponding states does not cover systems with longer-range repulsion. Because
of that, there has been interest in formulating alternative approaches that could determine
the location of regions of the phase diagram where microphase separation occurs [114]. For
example, it has been proposed that the line of macrophase coexistence of the underlying
reference potential, which contains only the attractive part, could indicate the regions of
microphase separation for the complete competing potential [122]. Here we propose an
alternative approach that relies only on the kinetics of association and dissociation of a
single particle subjected to the SALR potential V' (r) to infer the location of the line that
delimits the onset of microphase separation in the phase diagram of many-body charged

colloidal systems.

10.2 Theoretical approach

Our theoretical approach assumes a fixed particle at the origin of the coordinate
system r = 0. This particle generates the potential V(r) given by Eq. 10.1 at distance
r, where a second particle is subject to it. Only the second particle is allowed to move!.
We consider the escape rate (i.e., the dissociation rate) of the moving particle, which, as
discussed in Sec. 3.2.2, can be estimated by the inverse of the MFPT. To make it more
realistic, we consider a system in three spatial dimensions. Although the expressions for
the MFPTs 3.17 and 3.18 are valid for 1D diffusive models, a three-dimensional problem
with spherical symmetry can be expressed as a near one-dimensional process over the
radial coordinate r in spherical coordinates [40]. One simple way to see that is to note
that the probability (peq(r)dr) of finding the particle between r and r+dr can be found by
integrating, over the angular coordinates 6 and ¢, the probability of finding the particle

1 This approximation is important not only because the analytical expressions for the MFPTs are only
available for 1D or nearly 1D problems (e.g., due to the radial symmetry), but also because our aim is to
determine the phase diagram from the properties of the pairwise potential V(r) of a single source.
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at an infinitesimal volume dV = r2drdfde¢ placed at a distance r. That is,

21 s
palr)dr = [ a6 [ d0rtpr.0.0)ar (10.2)

where pey(r, 0, ¢) is the equilibrium probability distribution in a three-dimensional space,
while peq(r) is the probability distribution along the radial coordinate r. But due to the
symmetry of the problem, i.e., peq(, 6, ¢) = e 7V / [ e=BV()V | the angular integrations

can be performed in a way that pe,(r) is given by

7.26—5\/(7")
Pea(r) = = r2e=BVindy

(10.3)

In this way, Eq. 3.17-3.18 can be directly used for 7, with? pe,(r; T) oc r2e=#V ().
Note that peq(r;T) carries the temperature dependence through § = 1/kgT. Moreover,
the diffusion coefficient in this case is given by D(r) = D, independent of the coordinate
because we aim to describe a system similar to the one considered in Sec. 5.2, but now with
the potential defined in Eq. 10.1. We set Dy = 0.005, like in Sec. 5.2. And, to illustrate
and validate our method, we set our objective to estimate theoretically the temperature
T,, where the many-body system undergoes a microphase as a function of A/e.

The idea is that we can compute both the dissociation k4(7") and the association
rate k,(7T) as a function of temperature 7. Then T, can be found by the criterion
that k,(7},,) = ka(T),). One should note, although this may seem like our previous
approaches, here we are applying that criterion directly to the stochastic diffusion of a
particle in a potential, not to the more complex many-body-related free-energy profiles
obtained in the previous chapters. The interpretation is that due to the form of the
pairwise potential, which presents a barrier, one can define a problem with two states,
associated and dissociated. Thus, when k,(7,,) = kq(T},), the particles have similar
probabilities of being found associated or dissociated, indicating the location of T},. At
high temperatures k, < kg, and the particles are much more likely to dissociate, leading
the system to a diluted state. Conversely, at low temperatures, k, > k4, and the particles
tend to associate, leading to the clustered states. In any case, one has to acknowledge
that the approach is of approximate character since we assume only interactions between
two particles, neglecting many-body interactions.

For the potentials displayed in Fig. 10.1 with high enough A/e, k4(T) can be

2Note that because the potential V (r) is not bounded for » — 400, the normalization in Eq. 10.3 is
not mathematically well defined, but as we detail next the physical requirements of a system confined in
a finite volume can fix that issue. See also Ref. [40] for a rigorous proof on how the factor r? appears in
Eq. 3.17-3.18 for a 3D system with spherical symmetry.
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estimated directly by the inverse of the MFPT 7,_,.

1

kq(T) = m, (10.4)
where the subscript b makes reference to r,, a radius where the particle is assumed to
be associated and is taken at the minimum of the potential® as represented in Fig. 10.1.
Moreover, subscript ¢ refers to r., which is defined as a cutoff radius from which the
potential is almost constant and the corresponding force is assumed to be zero. In this
way, kq(T) can be computed with Eq. 3.17 for the defined boundaries, r, and r., with
Peq(r) given by Eq. 10.3. Note that the lower limit of the inner integral in Eq. 3.17 is zero
since the SALR potential defined by Eq. 10.1 diverges at the origin, so that pe,(r) = 0
for r < 0 and the integral is well defined.

One problem arises if one tries to define the association rate k,(7") by the reverse
MFPT, 7., using Eq. 3.18. The upper limit of the inner integral in Eq. 3.18 is infinite
so that the integral diverges because the potential V(r) is constant for r — +oco. In
the situations that we will consider, the potential that a particle is subject to is, in fact,
bounded by the volume of the system, which is finite. In principle, one could simply
define a cutoff for that integral at r ~ L, with L being the linear size of the simulation
box, for example. However, it turned out that one can choose a more informative way of
computing k,(7T'), using not only the size of the system but also the information about the
system’s number concentration p = N/V, even when considering the simpler problem of
two particles interacting in a finite volume. We write the association rate as the reciprocal

of the sum of two characteristic times

1
ko (T) = , 10.5
( ) Te,N T+ Tc,—>b(T) ( )

where the MFPT 7/_,,(T) is computed with a cutoff on the inner integral of Eq. 3.18 at

the value of r. (not the linear size), i.e.,

Te dr Te
7 (T —/ —/ Peq(r'; T)dr’, 10.6
)= [ e (10.6)

while 7,y is a collision time, which should depend on the number of particles N of the
many-body system. Here we assume that the collision time between one and the remaining
(N —1) particles in the system, 7. y, can be estimated by dividing the two-particle collision
time by (N — 1)

Tc,?
N-—-1

Now, 7.2 can be computed assuming that a particle is initially at a position 7y

(10.7)

Te,N =

between r. and Ry, with the latter a characteristic distance related to the linear dimension

3The exact values of 7, depend on A/e, but the differences are small as can be seen in Fig. 10.1.
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Figure 10.2: Schematic representation of the distances r. (where the potential becomes
almost flat), 7o (mean distance between particles in a system with concentration p) and
R, (characteristic size of a system with volume V')

of the system, as represented in Fig.10.2. We assume that the potential is constant in the
range r. < r < Ry so that one can compute the collision time again via Eq. 3.18 with the

appropriate boundaries, but now completely analytically since e=#V(") cancels out, i.e.,

1 | Ry,
Te,2 = T0—c = F()/ T_;/ Tl?dr/ (108)

now with the cutoff at the characteristic linear dimension of the system. The double

integral of Eq. 10.8 can be easily performed and it yields

1 1 1 1
= RB(=_- = —(r* =13 . 10.9
What remains is to set the values of r., ro, and R;. For R, one can simply

estimate it as a characteristic length so that the volume V = L? of a cubic simulation box

equals the volume V = 47 R3 /3 of a sphere with radius R, and one gets

3\ 1/3

Rp=1|— L =~ 0.62L. 10.10

(1) (10.10)

We note that assuming spherical symmetry to compute the integral in Eq. 10.8

is an approximation when considering systems of different geometries. The advantage

is that one has a closed and simple form for 7.,. Besides, this should not be a major
problem given the approximate character of the approach.

Now, to incorporate the effect of the number concentration p = N/V into the

value of 79 (and 7.2), we consider the association process between only two particles

occurring in an effective small volume Vy = 4713 /3. Here, V; is a characteristic volume

that is estimated by considering that the two particles’ system has the same number
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concentration as the many-body system, that is, p = 2/V{, hence one has that

3 1/3
= (== 10.11
" (QW/)) (10.11)

so that rg is defined as the mean distance between two particles, which carries the de-
pendence on the number concentration p. Now we can give a clearer interpretation of
Eq. 10.5. The association rate k,(7") is defined by the reciprocal of the sum between 7. y
and 7._,,. The first term is the collision or hit time for a particle starting at a distance
ro to arrive at the border of the region with radius r., where the potential ceases to be
constant and becomes V(r), i.e., for r < r.. This process is governed by free diffusion,
and the influence of other particles is taken into account indirectly by the denominator in
Eq. 10.7. When the particle gets to 7., we then estimate the time it takes to go from r, to

the bounded “state” at r = ry, namely 7/_,,, now under the influence of the potential. Note

—b
that placing the cutoff on the inner integral of Eq. 10.6 at r., 7._,, is the MFPT computed
without allowing the particle to go beyond the region r > r.. This is justified because the
time it spends in the region r > r. is already taken into account by the collision time.
We have already defined the expressions for ry and Ry, so it only remains to
set a value for the cutoff distance r.. The determination of this parameter is a little
more subtle since it should be the distance where the potential becomes constant, but
V(r) changes continuously with r. Because of that, we consider a range for 7., which
should be system dependent. For example, in the systems studied below we consider
p=N/V ~625x1032 (ie., N =100 and V = L? = 1.6 x 10*0®) so that Eq. 10.11
yields o ~ 4.20, and, as the scheme in Fig. 10.2 indicates, r. should be smaller than 7.
In this way, we consider values of r. in the interval between r = 30 and r = 40, since,
as can be seen in Fig. 10.1, a minimum distance r where the potential V(r) seems to
become constant is around r = 30. By defining such a interval, one can estimate a range
of temperatures where T, is expected to lie within, as we demonstrate in the following

for the systems considered here.

10.3 Results and validation

Here we show the computed association and dissociation rates as described in
Sec. 10.2, and also the estimates of T}, defined by the temperature where both rates are
equal. To validate the theoretical estimates for T, we performed many-body Brownian
simulations for systems with N = 100 particles in a volume V = L? = 1.6 x 10%0® with
o = 1. The simulations were performed numerically integrating Eq. 5.3 in the same way
we had done for the pure LJ system in Sec. 5.2, but now for the pairwise potential given
by Eq. 10.1.

In Fig. 10.3 we show the theoretically computed association k,(7") and dissociation
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kq(T) rates as a function of temperature 7" for the ratios A/e = 8 in panels (a) and (b),
and A/e = 14 in panels (d) and (e). While in Figs. 10.3(a) and (d) we used r. = 3, in
Figs.(b) and (e) we considered r. = 4 for comparison. As can be seen in this figure, no
drastic changes are observed in the rates for the different values of r., although the values
of T, obtained from the condition that k.(7},) = kq(T},) are not really the same, as
indicated by the dashed lines, red for r. = 3 and orange for r. = 4. Besides, in panels (c¢)
and (f) of Fig. 10.3, we show the temperature-dependent specific heat Cy (T') computed
from the many-body simulations to corroborate the theoretically estimated transition
temperatures for each value of A/e. The specific heats were computed in the usual way
from the variance of the energy FE, considering the time series of F at each temperature,
that is, , )
or) - B a0
As can be seen in Figs. 10.3(c) and (f), the specific heats have a maximum near
the values of T}, estimated by the semi-analytical method we introduced in the previous
section. The maxima in the graphs of Cy(7T') indicate larger energy fluctuations near that
range of temperatures, suggesting that the crossover transition from a diluted state to
the equilibrium cluster phase occurs at temperatures close to the values of T,, predicted
from our new method. As detailed in the following, this scenario of microphase separation
was also verified qualitatively by looking the typical configurations obtained at different
temperatures around 7,,. Although the dependence of T,, on the parameter r. can be
seen as a weakness of the approach, it turned out that considering two limiting values for
r. is useful, because in this way it is possible to define a range of temperatures where the
true value of T,, should lie. This is justified as intermediate values of r. give predictions
inside that temperature range (data not shown). Moreover, the range of the theoretically
computed T}, is relatively small, at least for the system considered here. And, given the
approximate character of the approach, any of the values presented in Fig. 10.3 for the
evaluated T,, describes fairly well the crossover region in each of the systems considered.
In fact, for finite systems in general, transitions occur not in a single temperature but
instead in a range of temperatures (see e.g., Sec. 8.1 and 8.3). In this way, the proposed
approach can be valuable for the situations where the information about the crossover
region is scarce. Thus, through a simple and fast manner, one can estimate a limited
range of temperatures where the microphase separation is expected to happen. Then, a
more detailed analysis can be performed in that restricted region of temperatures.
Finally, we show in Fig. 10.4 the theoretical phase diagram, i.e., the estimated
temperatures 7, as a function of A/e, obtained using both r. = 3 and r, = 4, as dashed
lines. Moreover, we also show the crossover temperatures determined from the maxima
of Cy(T) obtained from the many-body Brownian simulations (filled orange symbols). It

can be seen that for the values of A/e considered, the symbols lie between the two dashed
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Figure 10.3: Tllustration of the semi-analytical method proposed to compute T,,. (a-c)
refers to A/e = 8, while (d-f) to A/e = 14. In (a) and (d), the rates are computed with
r. = 3, while in (b) and (e), with r. = 4. Continuous black and blue curves denote
the temperature-dependent dissociation k4(7T") and association k,(7T") rates, respectively.
Dashed red and orange vertical lines refer to the location of 7T}, according to the criteria
ka(T,) = ko(T),) for r. = 3 and r. = 4, respectively. Panels (c) and (e) represent the
specific heats Cy (T') also as a function of 7' computed from Brownian simulations of the
many-body systems with N = 100 particles and p = 6.25 x 1073,

lines, validating the theoretical approach introduced here. We also show representative
configurations of each region of the phase diagram. Particularly, we show configurations
for A/e = 10 at two distinct temperatures, as indicated by the blue and red crosses. It can
be seen that at low temperatures multiple small aggregates are formed in conformity with
the expected behavior observed in microphase separation, while at high temperatures the
system is almost all diluted. We note that for small values of A/e, deviations are expected,
since in that case the potential does not present a barrier, and one cannot interpret a
particle subject to that potential as a problem of two states (associated and disassociated);
thus, the association and dissociation rates defined by the inverse of the MFPTs might
not be meaningful. In those situations, the association and dissociation dynamics is closer

to a diffusion-limited process instead of a reaction-limited one, implicitly assumed in our
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Figure 10.4: Phase diagram where the dashed lines represent the theoretical estimates of
the temperature 7}, that delimits the onset of microphase separation as a function of A/e
for r. = 3 (top line) and 7. = 4 (bottom line). The orange points indicate the location of
the peak of the specific heats obtained by the many-body simulations. The configurations
on the top and bottom are typical ones of each region of the phase diagram; here we used
particularly A/e = 10, while 7= 0.4 and T = 0.6.

approach.

In conclusion, we expect that the approach that is being proposed here may be
valuable for first estimates of the regions of the phase diagram where microphase sepa-
ration, i.e., the appearance of the equilibrium cluster phase, takes place in systems with
competing interactions. It is worth noting that we have deliberately avoided calling 7,
a transition temperature since it is known that, for such systems, the microphase separa-
tion may preempt the usual first-order phase transition of simple colloidal particles with
attractive plus excluded volume interactions [114]|. Indeed, by increasing the strength of
the repulsion, e.g., by increasing the ratio A/e, the system passes through the so-called
Lifshitz point, where the first-order macrophase separation is replaced by microphase
separation [120]. The latter, which is also known as a crossover transition, does not
present signatures of a first-order phase transition, and it is not even clear if it can be
accommodated in a usual thermostatistical phase transition definition. Indeed, from the
simulations presented in this chapter, i.e., for A/e > 8, we did not find signatures of first-
order transitions. In particular, the PDFs of the RCs, such as energy E and the largest
cluster size n, do not display any bimodal behavior, which is characteristic of first-order
phase transitions in finite systems. Thus, we conclude that these points of the phase
diagram are above the Lifshitz point. This region was indeed the one we were interested
in, since below the Lifshitz point the system behaves like a simple aggregating colloidal
system [120], so that usual approaches for computing phase diagrams, such as the law of

correspondent states, should work better.
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We also note that the study presented in this chapter is still in progress and we
aim to perform complementary analyses in the future. For example, we used the peak of
the specific heats as an indicator of cooperative behavior associated with the formation
of the clusters. However, other approaches seem to rely on the structure factor, which
should present a peak at a finite value of the wavevector, indicating a characteristic size
directly related to the cluster sizes. We might perform such kind of additional analysis in
the future to see how it compares to our results. Although the structure factor analysis
provides more direct evidence of cluster formation, it also has a drawback because one
usually needs to use heuristic criterion to define a threshold for the height of the peak
related to the formation of finite-sized clusters [120]. Moreover, it will be interesting to
see how our theoretical computation of T,, performs at different concentrations, since we
were able to include some indirect information about the concentration via 7. n and ro,
albeit the analysis is almost strictly based on the properties of the pairwise potential. In
this way it should be possible to build a 3D phase diagram (T', A/e, p). Certainly, though,
the approach will fail for sufficiently higher concentrations, where many-body interactions

are important and other interesting phenomena, such as gelation, occur.
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Chapter 11
Concluding remarks

In this work we were mainly interested in the kinetic description of many-body
aggregating systems and also in how the kinetic properties are related with quantities
extracted from usual equilibrium analysis. This problem turns out to be an issue of
reduction of dimensionality. As one can not usually track the full system’s dynamics in
configurational space because of the huge dimensionality of such space, it is necessary to
perform projections of the configurational space onto low-dimensional RCs. Although one
can nowadays numerically integrate the configurational space by means of simulations,
low-dimensional RCs are still needed for interpretation of the results. Indeed, it would
be almost impossible even to visualize a space consisting of all positions of a many-body
system, let alone interpret it physically and build effective theories looking directly at that
high-dimensional space. This closely relates to the founding of thermodynamics, in which
it was necessary to derive a description of the equilibrium properties of systems with many
particles looking only at a limited set of macroscopic observables, such as energy, volume,
and others. The computation of order parameters, specifically, requires such reduction of
dimensionality. Here, we were interested in computing not only good order parameters,
which describe well the equilibrium states of the system, but also in a steep forward, that
is, reliable good reaction coordinates, which also describe the system’s kinetics.

In Part II, we trackled the problem of computing an exact or optimal RC, which
allows for a comprehensive, quantitative, and simple kinetic description. Although any
projected RC can, in principle, be described by the Mori-Zwanzig projector operator
formalism, the projection over usual RCs is expected to present strong non-Markovian
effects. In the Mori-Zwanzig formalism, such non-Markovian effects can be described with
generalized Langevin equations with a memory kernel, which is challenging to compute
in practical situations. Moreover, it complicates the simple interpretation of diffusion on
a potential landscape, which holds for the usual Langevin dynamics. By approximating
the description of the systems with a diffusive model, our results indicate that one usually
gets inaccurate descriptions with faster kinetics than the real one. One alternative is to

optimize the RC in order to mitigate the non-Markovian effects. In Part II we introduced
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a methodology to compute the optimal committor RC for the aggregation transition in
many-body systems [23]. By combining a systematic way of computing invariant collec-
tive coordinates with a nonparametric variational approach, we were able to determine
such optimal RC for both 2D lattice systems evolving through Monte Carlo stochastic
dynamics, as well as 3D systems with LJ interacting particles simulated with Brown-
ian dynamics. We confirmed that the projected dynamics along the committor can be
accurately described as simple diffusion on the associated free-energy landscape.

In Part ITI, we turn our focus to obtaining reliable kinetic information from subop-
timal reaction coordinates. We showed that energy can be used as an RC under specific
conditions, i.e., with a suitable separation of timescales. By doing that, we demonstrated
that our proposed closed expressions for the aggregation and dilution rates can accurately
describe the system’s kinetics [24]. This achievement allows one to make a more direct
connection of kinetic aspects of phase transformation with usual equilibrium descriptors,
since energy is the usual variable in thermostatistical approaches.

As a final contribution, we also demonstrated, in Part IV, that valuable information
about the phase diagram of systems with competing interactions can be obtained solely
by considering the pairwise interaction potential through the MFPT-based stochastic ap-
proach introduced here. By analyzing the association and dissociation of a single particle
subject to the potential, we could infer the phase behavior of many-body systems, i.e.,

the location of the regions where microphase separation occurs.
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Appendix A

Transition path segments

The transition path segments (TPS) are segments of the trajectory beginning and
ending at the boundary states A and B. Pathways returning to the same node (e.g., from
A and back to A) are included so that the states are still sampled with the equilibrium
probability and, in particular, detailed balance is still satisfied [17|. After partitioning the
trajectory into these segments, each of them is continued indefinitely by repeating the first
and last nodes infinitely in each direction. In fact, for practical purposes like computing
the profiles, it is sufficient to repeat both first and last nodes by At, the sampling interval
used to compute the profile. By selecting the segments in such a way that all transition
paths between the boundaries are accounted for by construction, there are no undetectable
transitions even for large At. As a consequence, Z¢1(q, At) is always independent of ¢
and At and equals the fixed value, N p. This can be viewed alternatively as follows. The
mathematical proof of the validation criteria Eq. 3.33 is based on the committor definition
Eq. 3.47. If Eq.3.47 holds for ¢, then Z¢ (g, At) is independent of ¢ and At [17]. However,
the boundary states satisfy Eq. 3.48 rather than Eq. 3.47. In this way, Z¢1(q, At) can
only vary for nodes i connected with the boundaries (n;4 # 0 or n;p # 0). For small
At, this corresponds only to a negligible fraction of the nodes near each boundary, but
for large enough At, the whole Z¢ (g, At) curve is dragged down. The transition path
segments simply recover the property of Eq. 3.47 for the boundaries so that Z¢ (g, At) is
constant everywhere [58].

An illustration of the construction of the TPS is given in Fig. A.1, and we con-
sider a simple system with only three states to exemplify how the total squared displace-
ment (TSD) and the cut-based profiles can be computed with the TPS, in a construction
adapted from Ref. [17].

The system has two boundary states, A and B, and an intermediate state I, and
is defined by the transition probabilities (in the MSM notation) P4y = Py = 1/2 and
Pry = Prp = 1. Recall that P;; is the probability of going from j to ¢. There is a set of
four possible transition paths: AIA, AIB, BIB, and BIA. Note also that all four paths are

equiprobable due to the rules we imposed on Pj;. Because of that, the equilibrium number
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Figure A.1: Illustration of the construction of transition path segments. The dashed plus
continuous lines represent part of the full trajectory. The transition paths are identified
as pathways returning to the same state (left panel) or going from one state to the other
(right panel). Then, the segments are extended by repeating the first and last nodes,
which are represented here by the continuous horizontal lines.

of segments of each type, for a trajectory of length 7 (in time units) sampled with Aty,
is T/(8Aty). This is because T /Aty is the total number of trajectory points, which is
divided by four to account for the four types of transition paths and by two because each
segment has two state changes.

Now we can calculate the TSD, A'r?(At) (we use a slightly different notation for
the TSD with a prime here, compared with Sec. 3.3.4 for a reason that will be clear
soon), of a general reaction coordinate r; and for different sampling intervals At = kAt
for this simple system using the TPS convention. We first consider segment AIB, which
is extended as ...AAAAIBBBB.... The contribution of this segment to the TSD for At =
Aty (k = 1) is A2 (Aty) = > [r(iAty) — r(iAty + Ato)]* = (ra — r1)*> + (r; — rp)?
where ¢ Tuns over the segment. Now, for At = 2Aty (k = 2), one has A'r?(2Aty) =
S r(iAtg) — r(iAty + 2At)]> = (ra — r1)> + (rr — rp)* + (ra — rp)®. Note that the
computation is performed with different starting snapshots here because At > Aty so
that if one starts at the second A before I, we have a transition from A to I and then
from I to B because k = 2. Conversely, starting from the first A before I, we have
a transition directly from A to B. Note also the reason why it is only necessary to
extend the segment by £At: for extended nodes further away from |Aty|, the transitions
are just inside each boundary. Repeating this procedure for At = kAt,, considering k
starting nodes, one gets Ar?(kAty) = >..[r(iAty) — r(iAty + kAt)]* = (ra —r1)* +
(rr —r)>+ (k — 1)(ra — rg)% For the segment BIA extended as ...BBBBIAAAA...,
one gets exactly the same result since it is just the same sequence reversed. Now, for the
segment AIA extended as ... AAAATAAAA... the contribution to the TSD for At = At is

A'r?(Atg) = (ra—rp)*+ (r; —ra)? Moreover, in this case increasing At does not change
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the contribution of this segment since for most starting nodes the displacement is null,
so we have A'r?(kAty) = (ra —r7)> + (r; — r4)%. In an analogous way, one has, for the
segment BIB extended as .. BBBBIBBBB..., A'r?(kAty) = (rg —r7)* + (r; — r5)?. The
TSD is then computed by summing it all up and multiplying by the number of segments
of each type, (T /(8Aty)), which gives

A'r?(kAty) = (T /8At)[4(ra — r1)* +4(rp —r1)* +2(k — 1)(ra — rB)?]. (A1)

We can then define the mean squared displacement (MSD), dividing the TSD
by the number of trajectory snapshots (7 /Aty). Note that such defined MSD grows
indefinitely with At (or k) even for a system with finite configuration space because it
is computed with segments growing in size while being divided by the original trajectory
length (7 /Aty), which is constant. It will not saturate at high At, as can be seen,
e.g., in Fig. 8.2. Conversely, the MSD computed in the conventional way, directly from
a trajectory time series, will always saturate to an equilibrium value for systems with
limited configuration space. Both ways to compute the MSD will be in agreement for
small times, when the boundary states can be neglected [17]. Moreover, in the more
usual way, one usually computes the MSD by selecting a single state as a starting point,
while when using the TSD, an average over all states as starting points (with equilibrium
probabilities) is considered.

Specifying Eq. A.1 for the committor ¢;, where for this simple system with three
states one simply has g4 = 0, ¢; = 1/2 and gp = 1, one gets

T

NP (kAt) = ——
¢ (kAto) 1AL,

k, (A.2)
while the MSD is simply k/4. Albeit the different numerical factors, both increase linearly
with At (k) for all times, as it is for simple diffusion. Now, recall that in Sec. 3.3.4 we
stated that, for the committor, the TSD attains a minimum given by Ag? = 2N 45, which
is independent of At (see Eq. 3.52). The matter is just that in Sec. 3.3.4 we defined
the TSD in a slightly different manner, without summing over different starting points
of the TPS (or the trajectory in general) for At > Atg, like we did in this section. That
is why we used the different notation with a prime A’r? here. Since for At = kAt,,
k > 1, there are k different starting points available, both definitions are simply related
by Ar? = A’'r?/k. In other words, for bigger sampling intervals, one can average over the
starting point, i.e., sum over the k starting points and then divide by k. In this way, for the
system with three states considered here, we have Ag?(kAty) = A'¢*(kAty) /k = T /(4Aty)
so that Nap = T/(8Aty) by virtue of Eq. 3.52. This is consistent since T /(8Atg) is
the equilibrium number of segments, AIB and BIA, which in this case is exactly the

number of transitions between the boundaries, which in equilibrium is equal in both
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directions Nap = Np4. The interpretation of a constant Ag?(kAty) is that while the total
squared displacement grows linearly with &, the number of trajectory points considered for
computing Aq?(kAtp) is reduced like k1. For example, for k = 2, only half the trajectory
points are considered. Equivalently, one can sum the two intercalating trajectories but
then take the mean, dividing by two.

Now we exemplify the computation of the cut-based profile, Z¢;(r, At), using the
TPS. Zci(r, At) is defined by Eq. 3.31 with a = 1. But as it equals half the sum of times
the trajectory passes through point r after successive time displacements At, weighted by

the length of each coordinate displacement, it can be written more compactly as
1 /
Ze(r kAt) = 5 > " |r(ikAty) — r(ikAty + kAty)| (A.3)

where the prime indicates that the sum is over all trajectory (or TPS) snapshots i such
that r is between r(ikAty) and r(ikAty + kAty). Similar to the TSD, it can be averaged
over the initial points for At > At

1 /
Ze(r ko) = o > " |r(isto) — r(ilty + kAty)). (A.4)

Now we can compute it for the system with three states. As a difference compared
to the computation of the TSD, here one needs to discriminate what transitions contribute
to each coordinate interval. We assume r4 < r; < rp, which will be valid for the
committor. Segment ...AAAAIAAAA..., for example, only contributes to the interval
ra < r < ry since there are only transitions between A and I, so these transitions
do not pass through B. For At = Aty, it contributes to the profile in that interval
by Zeai(r,Aty) = 1/2(|ra — ri| + |rr — ral) = |ra — ri7|. For At = 2At,, the same
transitions occur, but one needs to divide by two to average, so Z¢1(r, 2Aty) = 1/4(2|ra—
rr|) = 1/2|ra — r;|. Thus one has for At = kAty = 1/k|ra — r7]. Analogously, segment
...BBBBIBBBB... contributes with Z¢;(r, kAty) = 1/k|rp — r;|, but now for the interval
r; < r < rg. Now, segment ...AAAAIBBBB... contributes to both intervals. In relation
to the interval r4 < r < rr, one has for At = Aty, Zca(r,Aty) = 1/2|ra — r7|. For
At =2Aty, Zoa(r,2At) = 1/4(|ra — 1| + |ra — rB]), so for At = kAty, Zo1(r, kAty) =
1/(2k)[|ra —rr|+ (kK —1)|ra —rp|]. Similarly, in the interval r; < r < rg, Zcq(r, kAty) =
1/(2k)[|r; — rB| + (k — 1)|ra — rg|]. Note that transitions from A to B contribute to
both intervals. Finally, the segment ...BBBBIAAAA... contributes identically compared
to the ...AAAAIBBBB... segment. Summing it all up and multiplying by the equilibrium

number of each segment, 7 /(8Aty), one gets for each interval

T g|r _M+k—1
SAL, |k 4!

Zea(r, kAty) = lra —7rBl|, ra<r<ry (A.5)
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and

T (2, k]
8AL, | kP T T

Zea(r, kAty) = ra—7Bl]|, rr<r<rg (A.6)

Note that Z¢ (1, kAty) does not diverge with & since we have performed the average
by construction when dividing by k in Eq. A.4; instead, it becomes independent of k for
k — oo. In this limit Zc,(r, kAt) tends to NapAr' for both intervals since Nap =
T /(8Aty) and we defined Arf = |rp —ra|. Specifying for the committor, Eq. A.5 and A.6
give Zc1(q, kAt) = Nap not only in the high %k limit, but for all values of sampling
interval, which illustrate the committor validation test, Eq. 3.33, for this simple model.
That is to say that for any coordinate, the T'SD will become linear with k for high enough
k, while it is always in this diffusive regime for the committor. This is expected since for
any coordinate the memory effects will be negligible at some (unspecified) high enough
timescale. In contrast, for the committor, the diffusive model holds at all timescales.
These conclusions were illustrated using the simple three-state model but are in fact

rather general. In particular, Z¢; computed with the TPS will always converge for large
At as

1
Zeales1 =~ 5 (Naalra —ra| + Npplrg — 15|+ Nap|ra — rg| + Npalrg — ral) =

= NAB|TA — T’B| = NABAT’T, (A?)

because most of the transitions will be between the boundaries.

Now, using the identity [17]
A/TQ = 2k?ZC71(l€Ato), (Ag)

where Zo 1 (kAty) is the integral of Zc i (r, kAty), which can be computed in the high k
limit using Eq. A.7,

3 B B
Zolis :/ Zolksadr = NABATT/ dr = Nap(Arf)?, (A.9)
TA TA
so that for large k, the TSD is given by
A'r?|js1 = 2N4p(AT1)%E. (A.10)

Note that this is consistent with the leading term for high k (proportional to k) that
we obtained for the three-state model (Eq. A.1). Finally, the limiting value of the MSD

for an arbitrary coordinate at high temporal scales, when using the TPS construction, is
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obtained by dividing by the trajectory length 7 /At

Alr? ’k>>1

T/Ato QJAB(AT ) ]’CAtm (Al].)

where we used the definition of the flux Jap = Nap/T, the number of transitions per
unit time. Eq. A.11 specified for the energy gives the expected behavior for high &k that
we used in Sec. 8.2, i.e., the dashed line in Fig. 8.2(b).
Also in Sec. 8.2, we considered an energy-dependent diffusion coefficient obtained
via Eq. 3.34, i.e., [
, t
D(E,kAto) = - AZ)JZ(H = kAO)tO), (A.12)

but as we assumed an effective coordinate-independent D* to derive the rate equations in

that section, we implemented the equilibrium average in Eq. 8.17, i.e.,
D(kAty) = /peq(E)D(E, kAty)dE. (A.13)

D(kAty) varies with sampling interval At = kAty because energy is not an optimal
coordinate. In this way D* was defined by taking the value of D(kAty) in the limit of
high At or k, where the memory effects become negligible. The exact value of D* can
be computed as follows. First, note that pe(E) = Zy(E, Aty)/Z (Eq. 3.28), where the
normalization constant is just Z = T /At for a trajectory sampled with Aty. In this way

Eq. A.13 can be rewritten as

D(kAto) = % / kZu(E, kAto) D(E, kAto)dE, (A.14)

where we used Zy(E, Aty) = kZy(E, kAty). Now, using Eq. A.12

kAt [ Zoa(E, kAto)dE  Zcy(kAto)
T kAt N T

D(kAty) = (A.15)
Finally, the integral Z¢1(kAt) can be computed for k > 1 and is given in Eq. A.9 so
that

Nap(AET)?
D* = lim D(kAty) = Nap(AET)”
k—o0 T

Alternatively, one can consider the MSD as defined from the TSD to obtain another
estimate of the diffusion coefficient, say D(kAtg). It can be obtained in a usual way as
half the time derivative of the MSD:

= Jap(AET?. (A.16)

- 1 Aty dA'E?

note that D(kAty) is independent of the coordinate E because the TSD is already com-
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Figure A.2: Estimates of D(kAty) obtained via Eq. A.12-A.13 (blue circles) and of
D(kAty) obtained via Eq. A.17 (red circles) for the isotropic lattice system considered in
Sec. 8.2. Continuous lines are just guides to the eyes.

puted as an average over the initial states, as discussed above. In contrast, D(kAty) does
depend on At since the MSD is not linear with time for low k, see Fig. 8.2(b). Never-
theless, for high k, the MSD approaches the linear behavior. Then D* can be obtained
by performing the derivative in this limit. The estimate is just half the derivative of the
right-hand side of Eq. A.11 with respect to At = kAty, so that D* is equivalent to the
previously defined D*.

In Fig. A.2 we show both D(kAt,) obtained through Eq.A.12-A.13 and D(kAt)
from Eq. A.17 as functions of k for the isotropic lattice system that we considered in
Sec. 8.2. In the first case, the blue symbols represent the selected values of k in which we
computed Zc1(E, kAg). While in the second case, the red symbols represent the three-
point numerical derivatives that we performed from the data of the MSD displayed in
Fig. 8.2(b). In both cases the continuous lines are just guides to the eyes. It can be seen
that while both estimates deviate a bit for low k, they converge to the same value in the

high k limit, as expected.
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Appendix B

Permutationally invariant CVs

Here we report a detailed comparison of the committor estimates obtained using the
two more common ways of computing permutationally invariant CVS with our proposed
ordering strategy employing the full distance matrix d,;.

The first usual way of obtaining invariant CVs is to sum all features (distances
in our case) over all identical molecules (pairs of molecules for distances) [68]. We tried
summing functions of the pairwise distances d;;, such as exponential and Gaussian func-
tions, with free parameters that varied, allowing for the construction of a set of CVs. For
example, in Fig. B.1(a) we consider the isotropic lattice system with N = 400 and show
the F; validation criteria for a putative committor RC obtained by performing the opti-
mization scheme with a set of CVs with z,, = ij exp(—a,d;;), where {a,, } represents
a set of four hundred logarithmically spaced numbers between 0.01 and 15. As can be seen
in the figure, albeit being more optimal than n (compare with Fig. 5.4), the Fi; profiles
still vary considerably with At when compared with the same plots for our final proposed
committor, which we show again on Fig. B.1(d) at the same axis scale. Importantly, the
Fe 1 profiles change not only with A¢ but also with ¢, indicating that the optimization is
performed in a non-uniform way. Particularly, the computed Nap = 146 from the diffu-
sive model along the committor obtained with the sum-based CVs still deviates from the
real value computed directly from the trajectories Noyp = 112. Other choices of functions
gave similar results.

A second possible strategy is to perform a permutationally invariant ordering.
This is usually done by sorting all pairwise distances between the N molecules from the
smallest to the highest, as is usually done. The time series of each of those N(N —1)/2
distances is a permutationally invariant CV. But the large amount of such CVs led to
difficulties when dealing with them: one cannot use all of these time series together for
optimization due to memory limitations. We tried using a representative fraction of those
CVs. In Fig. B.1(b) we show the validation criteria for the resulting committor obtained
from the optimization scheme with z,, consisting of the j,,-th smallest distances with

G = int(28Fm/50) = 0,1,...,399, where the function int() converts the argument to
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Figure B.1: Generalized cut-based free-energy profiles F1(q, At)/kpT for different esti-
mates of the committor ¢. (a) Optimization performed with {z,,} obtained by summing
up exponential functions of the pairwise distances. (b) {x,,} consisting of selected sorted
distances in the usual way. (c) {x,,} consisting of the entries of only one axes d; 7 of the
sorted matrix. (d) Final estimate obtained employing eight axis of the sorted matrix. In
all plots, different colors correspond to different At = 2¢At,, with 1 = 0,1,2,...,15 (from
the bottom to the top). Figure adapted from Ref. [23].

the nearest smallest integer. The results are very similar compared to the sum-based
CVs, slightly more optimal for At = At (black curves). Both cases are worse even when
compared with the committor obtained considering only one axis of the sorted matrix, of
which we show the validation test in Fig. B.1(c). Not only do the Fi; profiles fluctuate
less in Fig. B.1(c), but they are optimized in a more uniform way, both in temporal (At)
and “spatial” (¢) domains. The choice of the m-th distances out of N(N — 1)/2 linearly
spaced entries illustrates the difficulty of selecting the representative set of distances.

In Fig. B.1(c) we consider the putative RC obtained by taking as {z,,} only the
axis d; 7 (a total of 400 CVs since N = 400) of the sorted matrix, and the RC is already
very close to the committor. Particularly, this putative RC is much more optimal than
the ones obtained by more usual strategies described above and displayed in Fig. B.1(a)
and (b) with the same number of CVs (400). Moreover, one can continue optimization
by subsequently considering other axes in order to improve the putative RC. To avoid
memory issues, we implemented that by performing the ordering at each time step or a
batch of time steps (which require the full matrix) but then only storing one axis time
series at a time. Depending on the memory available, this can be readily adapted to saving

more axes together if desired. In Fig. B.1(d) we show the validation test considering eight
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axes uniformly distributed between Ji; and JZ-AQ, and the resulting RC approaches almost
exactly, i.e., within statistical error, the true committor function. Importantly, simply
increasing the number of CVs employed in the other two strategies described before does
not seem to significantly improve the achieved results, since no substantial improvements
were detected going from 65 to the reported 400 number of CVs. It seems that when
dealing with the sorted distances in the usual way, one would need to employ a clever way
of selecting the representative subset of CVs, which seems to be much simpler using the

sorted matrix that we employ.
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Appendix C

Additional results for larger systems

Here we show some additional results obtained for larger isotropic systems. All
constructed committors were obtained with the same procedure described in Sec. 5.1
using the nonparametric approach Eq. 4.1-4.3 supplied with a few axes extracted from
the sorted matrix d.

In Table C.1 we show the number of transitions N g calculated from Eq. 3.52 and
directly from the time series for both ¢(n) and ¢, as well as 75,4 calculated via Eq. 3.39
and directly from the RC time series also for both RCs, for different system sizes. We
consider isotropic (§ = 1) systems of size L = 200 containing N = 400 molecules (same as
in Sec. 5.1.2), L = 260 containing N = 676 molecules, and L = 320 containing N = 1024
molecules, so that the concentration is fixed at p = N/L? = 1072. We note that the
discrepancies observed for the diffusive models along the n-based coordinate are persistent
with increasing system size and that the diffusive model over our proposed optimized
coordinate ¢ can be used to describe the kinetics of all system sizes considered. For
the system with N = 400 molecules, six simulations of length 10% MCs were considered,
while for the system with N = 676, we considered four simulations of the same length,
and for the system with N = 1024, we considered four simulations but with doubled
length. We note that for the largest system we used a slightly different temporal resolution
Aty = 2.5Aty = 10°MCs due to hardware limitations.
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Table C.1: Estimates for the number of transitions Nsp and the MFPT 75,4 obtained
from both the n-based RC ¢(n) and the commitor ¢ for systems with different numbers
of molecules N with the same concentration. All times are given in units of 10% x At,.

N =400 N = 676 N = 1024
(T*)~! 2.73087 2.69033 2.66521
Nap from Eq. 3.52 with ¢(n) 336 108 63
Nap from time series of ¢(n) 122 30 24
T4 from Eq. 3.39 with ¢(n) 1.8 3.1 9.9
T4 from time series of g(n) 4.7 8.7 23
N, from Eq. 3.52 with ¢ 113 29 21
Np from time series of ¢ 112 27 24
T_ from Eq. 3.39 with ¢ 5.4 13 31

T_4 from time series of ¢ 5.3 11 26
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Appendix D

Evaluation of the Gaussian integrals for

the rate equations

In Sec. 8.1 we arrived at the following GGaussian integrals for 7, _.4:

1 /Ed dFE /E
Tasd =N == | ——— [ pa(E;B)dE D.1
2T D (B B) (£:5) (D-1)

with p*(E; 8) and p,(E; ) given by the Gaussian expressions, Eq. 8.6 and 8.8, respectively.
Given that p*(E; ) and p,(E, ) are considerably different from zero only near E* and
E,, respectively, one can extend the integration limits to 00 in both integrals, which are

then computed as

~ B _2(9) [ = T8 [
/_oop*<E;/3>_F*<ﬁ> + d /_oop“<E’5)dE zopVn OV

so that
1 N 1 T.(B) 2«

Ta = 7~ = 5
Tk DT (B) VA
and using the expressions 8.7 and 8.9 for I'*(3) and T',((), one gets Eq. 8.13 for the

dilution rate.

(D.3)

Similarly, for 7;_.,, we had

1 (B dFE o
Tdsa =R 3/ B D) / pa(E; B)dE (D.4)

so that an analogous argument leads to

1 1 Tg(B) 2n
TR T D) Vi )

and using Eq. 8.7 and 8.9 leads to Eq. 8.12 for the aggregation rate.

In the expressions above, we used the Kramers-like approximations (see, e.g., Chap-
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ter 5 of Ref. [36]), which are expected to hold for high enough free-energy barriers. In
this way, by performing the algebra that leads from Eq. D.5 and D.3 to Eq. 8.12 and 8.13,
one arrives at the pre-factors given by Eq. 8.16.

When dealing with lower free-energy barriers, it turned out that a slightly different
approximation is more suitable. For 7,_,, we start again from Eq. D.1. For the first integral
we made the same approximation of extending the integration limits to 400, but in the
second integral we maintain the limits finite in the region where p, is appreciable so that

it can be related to error functions,

/E pa(E; B)AE = I;((g)) % {erf < %(E* _ Eo)) — erf (@(Ea — Eo))] , (D.6)

where Ey = E, — (8 — 8%)/7a (see Eq. 8.8) and erf(z) = [ e ¥ dy. As a final approx-
imation, we consider erf(x) &~ x so that the second integral in Eq.D.1 is given simply
by

| e~ 2 - B) = 2 AE, 0.7

while the first integral is still approximated by the first expression in Eq. D.2, so that one

has )
1 108 [2n
g = — A — 2 ZAEL D.
T kT D BV 08

Substituting the expressions for I'*(3) and ', (), one gets again Eq. 8.13 for the dilution

rate, but now with the pre-factor given by Eq. 8.15. And an analogous argument leads

1 1 Ta(B) [2m s
= | 09

Substituting the expressions for I'*(3) and T',(3), one gets Eq. 8.12 for the aggregation

to starting from Eq. D.4

rate with the pre-factor given by Eq. 8.15.



