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❆♦ ❣r❛♥❞❡ ❛♠✐❣♦ ❆❞❡♥✐s ❙✐❧✈❛ ♣❡❧♦ ❝♦♠♣❛♥❤❡✐r✐s♠♦✱ ❞✐❝❛s✱ tr♦❝❛ ❞❡ ✐❞é✐❛s ❡ ♥♦✐t❡s

❞❡ ❡st✉❞♦s✳

❆♦ ❛♠✐❣♦ ❈❛r❧♦s ❆②❛❧❧❛s ♣❡❧❛s ❞✐❝❛s ♥♦ ▲❆❚❊❳❡ ❘ ❡ ♣❡❧❛ ❣r❛♥❞❡ ✐♥s♣✐r❛çã♦ ♣❛r❛ ♦s

❡st✉❞♦s ❞❡ ❧✐♥❣✉❛❣❡♠ ❞❡ ♣r♦❣r❛♠❛çã♦✳
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❆♦ tr✐♦ ❊❞❝❛r❧♦s ▼✐r❛♥❞❛✱ ❆❞❡♠✐r ❙✐❧✈❛ ❡ ❱✐♥í❝✐✉s ❞♦s ❙❛♥t♦s ♣♦r t♦❞♦ ♦ ❛♣♦✐♦✳

❆ r❡♣ú❜❧✐❝❛ ❈✉r✈❛ ❞❡ ❘✐♦ ♣❡❧♦ ❛❝♦❧❤✐♠❡♥t♦✳
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❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❢♦✐ r❡❛❧✐③❛❞♦ ❝♦♠ ❛♣♦✐♦ ❞❛ ❈♦♦r❞❡♥❛çã♦ ❞❡ ❆♣❡r❢❡✐ç♦❛♠❡♥t♦
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❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ ❢♦✐ r❡❛❧✐③❛r ✉♠ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ ❞❡ ✈ár✐♦s ♠ét♦❞♦s ❞❡ ❝♦♥✲

❝♦r❞â♥❝✐❛ ♦✉ ❝♦✐♥❝✐❞ê♥❝✐❛ ❡♥tr❡ ♠♦❞❡❧♦s✱ ❡ ✉t✐❧✐③❛r✲s❡ ❞❡st❡s ♠ét♦❞♦s ❝♦♠♦ ❝r✐tér✐♦ ♣❛r❛

❝♦♠♣❛r❛çã♦ ❞❡ ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ♥ã♦ ❧✐♥❡❛r ❛♣❧✐❝❛❞♦s ❛♦ ❛❝ú♠✉❧♦ ❞❡ ♠❛ss❛ s❡❝❛ t♦t❛❧

❞❛ ♣❧❛♥t❛ ❞❡ ❛❧❤♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳ ❖ ❝r✐tér✐♦ ❞❡ ❆❦❛✐❦❡✱ ❝r✐tér✐♦ ❞❡ ✐❞❡♥t✐❞❛❞❡ ❞❡

♠♦❞❡❧♦s ❡ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ sã♦ ❛❧❣✉♥s ❝r✐tér✐♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡

✈❛r✐♦s ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦✱ ❡st❡ tr❛❜❛❧❤♦ ♣r♦♣õ❡ ✉t✐❧✐③❛r✲s❡ ❞❡ í♥❞✐❝❡s ❝♦♠♦ ❞❡ ❲✐❧❧♠♦tt✱

◆❛s❤✲❙✉t❝❧✐✛❡ ❡ ♣❛r❛ ✈❡r✐✜❝❛r ♦ ❣r❛✉ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ♦s ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ♥ã♦ ❧✐✲

♥❡❛r ▲♦❣íst✐❝♦ ❡ ●♦♠♣❡rt③✳ ❖s ✽✾ ❛❝❡ss♦s ❞❡ ❛❧❤♦ sã♦ ♦r✐✉♥❞♦s ❞♦ ❇❛♥❝♦ ❞❡ ●❡r♠♦♣❧❛s♠❛

❞❡ ❍♦rt❛❧✐ç❛s ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✭❇●❍✴❯❋❱✮✱ ❢♦✐ ❡s❝♦❧❤✐❞♦ ❝♦♥✈❡♥✐❡♥t❡✲

♠❡♥t❡ ❛♣❡♥❛s ♦ ❛❝❡ss♦ ❞❡ ❛❧❤♦ q✉❡ ♠❛✐s s❡ ❛❞❡q✉❛ ❛♦s ♠♦❞❡❧♦s ❝✐t❛❞♦s✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s

❛♣❡♥❛s ❡st❡s ❞♦✐s ♠♦❞❡❧♦s s✐❣♠♦✐❞❛✐s ♣♦rq✉❡ ♦s ❝r✐tér✐♦s ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❛♣r❡s❡♥t❛❞♦s

❛q✉✐ sã♦ ✉t✐❧✐③❛❞♦s ❞♦✐s ❛ ❞♦✐s✳ ❖ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ r❡✈❡❧♦✉ q✉❡ ♥❡♥❤✉♠ í♥❞✐❝❡ s♦③✐♥❤♦

♣♦❞❡ s✉❜st✐t✉✐r ♦s ❞❡♠❛✐s✳ ◆♦ ❛❝❡ss♦ ❞❡ ❛❧❤♦ ❡s❝♦❧❤✐❞♦✱ t♦❞♦s ♦s í♥❞✐❝❡s ❛♣r❡s❡♥t❛r❛♠

✈❛❧♦r❡s ❝♦♥❝♦r❞❛♥t❡s✳
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❚❤❡ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✇❛s t♦ ❝❛rr② ♦✉t ❛ s✐♠✉❧❛t✐♦♥ st✉❞② ♦❢ s❡✈❡r❛❧ ♠❡t❤♦❞s ♦❢ ❛❣r❡❡♠❡♥t

♦r ❝♦✐♥❝✐❞❡♥❝❡ ❜❡t✇❡❡♥ ♠♦❞❡❧s✱ ❛♥❞ t♦ ✉s❡ t❤❡s❡ ♠❡t❤♦❞s ❛s ❛ ❝r✐t❡r✐♦♥ ❢♦r ❝♦♠♣❛r✐♥❣

♥♦♥❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧s ❛♣♣❧✐❡❞ t♦ t❤❡ ❛❝❝✉♠✉❧❛t✐♦♥ ♦❢ t♦t❛❧ ❞r② ♠❛ss ♦❢ t❤❡ ❣❛r❧✐❝

♣❧❛♥t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t✐♠❡✳ ❚❤❡ ❆❦❛✐❦❡ ❝r✐t❡r✐♦♥✱ ♠♦❞❡❧ ✐❞❡♥t✐t② ❝r✐t❡r✐♦♥ ❛♥❞ ♠❡❛♥

sq✉❛r❡❞ ❡rr♦r ❛r❡ s♦♠❡ ❝r✐t❡r✐❛ ✉s❡❞ t♦ ❝♦♠♣❛r❡ ✈❛r✐♦✉s r❡❣r❡ss✐♦♥ ♠♦❞❡❧s✳ ❚❤✐s ✇♦r❦

♣r♦♣♦s❡s t♦ ✉s❡ ✐♥❞❡①❡s s✉❝❤ ❛s ❲✐❧❧♠♦tt✱ ◆❛s❤✲❙✉t❝❧✐✛❡ ❛♥❞ ▲✐♥ t♦ ✈❡r✐❢② t❤❡ ❞❡❣r❡❡

♦❢ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ▲♦❣✐st✐❝ ❛♥❞ ●♦♠♣❡rt③ ♥♦♥✲❧✐♥❡❛r r❡❣r❡ss✐♦♥ ♠♦❞❡❧s✳ ❚❤❡ ✽✾

❛❝❝❡ss✐♦♥s ♦❢ ❣❛r❧✐❝ ❝♦♠❡ ❢r♦♠ t❤❡ ❱❡❣❡t❛❜❧❡ ●❡r♠♣❧❛s♠ ❇❛♥❦ ♦❢ t❤❡ ❋❡❞❡r❛❧ ❯♥✐✈❡rs✐t②

♦❢ ❱✐ç♦s❛ ✭❇●❍ ✴ ❯❋❱✮✱ ♦♥❧② t❤❡ ❛❝❝❡ss ♦❢ ❣❛r❧✐❝ t❤❛t ❜❡st s✉✐ts t❤❡ ♠❡♥t✐♦♥❡❞ ♠♦❞❡❧s
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✺ ❆♣❧✐❝❛çã♦ à ❞❛❞♦s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ ♣❧❛♥t❛ ❞❡ ❛❧❤♦ ✺✵
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✺✳✵✳✹ ❘❡❣r❡ssã♦ ▲✐♥❡❛r ❝♦♠ ❡ s❡♠ ✐♥t❡r❝❡♣t♦ ❡ ❊rr♦ ◗✉❛❞rát✐❝♦ ♠é❞✐♦✳ ✳ ✺✷

✻ ❈♦♥❝❧✉sã♦ ✺✹

✼ ❘❡❢❡rê♥❝✐❛s ✺✺



✶✵

✶ ■♥tr♦❞✉çã♦

❆ ❝✐ê♥❝✐❛ ❞❡s❡♥✈♦❧✈❡✱ ❡✈♦❧✉t✐✈❛♠❡♥t❡✱ ♣❡sq✉✐s❛s✱ ❛❝♦♥t❡❝✐♠❡♥t♦s ❡ ♣r♦❣r❡ss♦s✳ ❊♠

❢❛❝❡ ❞❡ t❛✐s s✐t✉❛çõ❡s✱ ❛s ♣❡sq✉✐s❛s ❝✐❡♥t✐✜❝❛s✱ ♣❡❝✉❧✐❛r♠❡♥t❡✱ ❡①✐❣❡♠ ❞❡s❝r❡✈❡r ❛❧❣✉♠❛s

❡st✐♠❛t✐✈❛s q✉❡ ❞❡♠♦♥str❡✱ ❡♠ ❝❡rt❛ ♠❡❞✐❞❛✱ ❣r❛♥❞❡③❛✱ ♣♦✐s q✉❛♥❞♦ ❞❡♣❛r❛✲s❡ ❝♦♠ r❡s✉❧✲

t❛❞♦s ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ é ❢✉♥❞❛♠❡♥t❛❧ ✈❛❧✐❞❛r ❛s ❤✐♣ót❡s❡s ❝✐❡♥tí✜❝❛s ❢♦r♠✉❧❛❞❛s ♣♦r

♠❡✐♦ ❞❛ ♦❜s❡r✈❛çã♦ ❞❡ ✉♠ ❢❡♥ô♠❡♥♦✭❏❯◆●✱ ✷✵✵✾✮✳ ◆❛ ❡t❛♣❛ ❞❛ ❡①♣❡r✐♠❡♥t❛çã♦✱ ❛s ❡s✲

t✐♠❛t✐✈❛s ♣♦❞❡♠ s❡r ❞✐s❝r❡t❛s✭♣✳ ❡①✳ ♥ú♠❡r♦ ❞❡ ♣❡ss♦❛s ❝❧❛ss✐✜❝❛❞❛s ❡♠ ❞❡t❡r♠✐♥❛❞♦

❣r✉♣♦✮ ♦✉ ❝♦♥tí♥✉❛s✭♣✳ ❡①✳ ár❡❛ ❢♦❧✐❛r ❞❡ ✉♠❛ ♣❧❛♥t❛✮✱ ❡st❛ ú❧t✐♠❛ ❝♦♠ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❡

❡q✉✐♣❛♠❡♥t♦s ❞❡ ♠❡❞✐çã♦ ❞✐❣✐t❛❧ ♦✉ ❛♥❛❧ó❣✐❝♦s✳

❖s ✐♥str✉♠❡♥t♦s ❞❡ ♠❡❞✐çã♦✱ ❝♦♠ ♦ ♣❛ss❛r ❞♦s ❛♥♦s✱ ✐♥♦✈❛r❛♠ t❡❝♥♦❧♦❣✐❝❛♠❡♥t❡

❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♦❜t❡r ❡st✐♠❛t✐✈❛s ♠❛✐s ♣r❡❝✐s❛s✱ ♠❡♥♦s ✐♥✈❛s✐✈❛s ♦✉ ♠❡♥♦s ❞✐s♣❡♥❞✐✲

♦s❛s✭❖▲■❱❊■❘❆✱ ✷✵✶✻✮✳ ❚❛❧ ❝❡♥ár✐♦ ❝♦♥tr✐❜✉✐✉ ♣❛r❛ ♠❡❞✐r ❛s ❣r❛♥❞❡③❛s ❡①✐st❡♥t❡s ❝♦♠

❞✐st✐♥t♦s ❡q✉✐♣❛♠❡♥t♦s✱ ❡♥tr❡t❛♥t♦ ❡ss❛ ♣❧✉r❛❧✐❞❛❞❡ ❞❡ ❡q✉✐♣❛♠❡♥t♦s ♥❛t✉r❛❧♠❡♥t❡ ❣❡r❛

❞ú✈✐❞❛s ♥❛ ❞❡❝✐sã♦ ❞❡ q✉❛❧ ❡q✉✐♣❛♠❡♥t♦ s❡r✐❛ ♦ ♠❛✐s ❛❞❡q✉❛❞♦ ♣❛r❛ r❡❛❧✐③❛r ❛♥á❧✐s❡s q✉❡

♦❢❡rt❛♠ ❢❡rr❛♠❡♥t❛s ❡st❛tíst✐❝❛s✳

❯♠ ❡①❡♠♣❧♦✱ ❛t✉❛❧♠❡♥t❡ ✉t✐❧✐③❛❞♦✱ ♥❛ ❆❣r♦♠❡t❡♦r♦❧♦❣✐❛✱ é ❛ ♠❡❞✐❛çã♦ ❞❡ r❛❞✐❛çã♦

s♦❧❛r ✭❲▼ ✲ ✷✮✱ s❡♥❞♦ ❡st❛ ♠❡❞✐❞❛ ♣♦r ✉♠ s❡♥s♦r ♦✉ ♣♦r ✉♠❛ ❡q✉❛çã♦ ❞❡ ❞✐❢❡r❡♥ç❛ ❞❡

♦♥❞❛s ❝✉rt❛s ❡ ❧♦♥❣❛s ✭❙■▲❱❆ ❊❚ ❆▲✳ ✷✵✶✺✮✱ ❡♥❣❧♦❜❛ t❛♠❜é♠ ❆❣r♦♠❡t❡♦r♦❧♦❣✐❛✱ ❛ ❡✈❛✲

♣♦tr❛♥s♣✐r❛çã♦ q✉❡ ❝♦♥tr✐❜✉✐ ♣❛r❛ ♠❡❞✐çã♦ ❡✜❝✐❡♥t❡ ❞♦ ✈❛♣♦r ❞❡ á❣✉❛ ❡♠ ✉♠❛ s✉♣❡r❢í❝✐❡

❞❡ ✈❡❣❡t❛çã♦✱ ✉t✐❧✐③❛♠✲s❡ t❛♠❜é♠ ❡q✉✐♣❛♠❡♥t♦s ♣❛r❛ ❡st❛ ♠❡❞✐çã♦ s❡♥❞♦ ❡❧❡s✿ ❊st❛çã♦

♠❡t❡♦r♦❧ó❣✐❝❛✱ ▲✐sí♠❡tr♦ ❞❡ ♣❡s❛❣❡♠ ♦✉ ■rr✐❣â♠❡tr♦ ✭❚❆●▲■❆❋❊❘❘❊✱ ✷✵✵✻✮✳

❈♦rr♦❜♦r❛♥❞♦ ❝♦♠ t❛✐s ❛r❣✉♠❡♥t♦s✱ q✉❡ ❡①❡♠♣❧✐✜❝❛♠ ❝♦♠♦ ♦❝♦rr❡♠ ❛ ♠❡❞✐çã♦✱

♦ r❡❢❡r❡♥❝✐❛❧ t❡ór✐❝♦ ❞❛ ♣r❡s❡♥t❡ ♣❡sq✉✐s❛ t❡♠ ❝♦♠♦ ✐♥t✉✐t♦ ❞❡❧✐♥❡❛r t❛❧ s✐t✉❛çã♦✳ ❚♦❞❛✲

✈✐❛✱ ♥❡st❛ s✐t✉❛çã♦✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡✱ s❡rá ❞✐s❝r✐♠✐♥❛❞♦ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛ ❝♦rr❡❧❛çã♦ ❡

❝♦♥❝♦r❞â♥❝✐❛ ❞❡ ✈❛r✐á✈❡✐s✳ ❆❝r❡❞✐t❛✲s❡ q✉❡ ❞✉❛s ✈❛r✐á✈❡✐s ❜❡♠ ❝♦rr❡❧❛❝✐♦♥❛❞❛s é ✉♠❛ ❝♦♥✲

❞✐çã♦ ♥❡❝❡ssár✐❛✱ ♠❛s ♥ã♦ s✉✜❝✐❡♥t❡✱ ♦✉ s❡❥❛✱ ❞✉❛s ✈❛r✐á✈❡✐s ♣❡r❢❡✐t❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞❛s

♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ sã♦ ♣❡r❢❡✐t❛♠❡♥t❡ ❝♦♥❝♦r❞❛♥t❡s✱ ❡♥tr❡t❛♥t♦ ❛ r❡❝í♣r♦❝❛ é ✈❡r❞❛❞❡✐r❛✱

♣♦rq✉❡ ✉♠❛ ❜♦❛ ❝♦♥❝♦r❞â♥❝✐❛ é ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❡ ✉♠❛ ❜♦❛ ❝♦rr❡❧❛çã♦✳ ❚❛❧ s✐t✉❛çã♦

s❡rá ✐❧✉str❛❞❛ ❡ ♣r♦✈❛❞❛ ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ❡ ❣r❛✜❝❛♠❡♥t❡✳ ❆❞❡♠❛✐s✱ ❝❛❜❡ s❛❧✐❡♥t❛r q✉❡

❞❡ t♦❞♦s ♦s ♠ét♦❞♦s ✉t✐❧✐③❛❞♦s✱ ❛♣❡♥❛s ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ P❡❛rs♦♥✱ ✉t✐❧✐③❛❞♦ ✐s♦❧❛❞❛♠❡♥t❡

♣♦❞❡ s❡r ❡♥❣❛♥♦s♦ ♣❛r❛ ♦s ♣r♦♣ós✐t♦s ❞❡ ❛♥á❧✐s❡ ❝♦♥❝♦r❞â♥❝✐❛✳

❈♦♠ ✐♥t✉✐t♦ ❞❡ ❛♥❛❧✐s❛r t❛✐s ❛s♣❡❝t♦s✱ ❢♦✐ ✉t✐❧✐③❛❞♦ ❝♦♠♦ ♠❛t❡r✐❛❧✱ ♦ ❛❧❤♦ ✭❆❧❧✐✉♠

s❛t✐✈✉♠ ▲✳✮✱ é ✉♠❛ ❤♦rt❛❧✐ç❛ t✉❜❡r♦s❛ ✉t✐❧✐③❛❞❛ ♥♦ ♠✉♥❞♦ t♦❞♦ ♥❛ ❝✉❧✐♥ár✐❛ ❝♦♠♦ t❡♠♣❡r♦

❡ ❞❡✈✐❞♦ ❛ s✉❛s ♣r♦♣r✐❡❞❛❞❡s q✉í♠✐❝❛s✱ ✉t✐❧✐③❛✲s❡ t❛♠❜é♠ ♥❛ ❝♦♥s❡r✈❛çã♦ ❞❡ ❛❧✐♠❡♥t♦s ❡



✶✶

♣❛r❛ ✜♥s ♠❡❞✐❝✐♥❛✐s✭❇▲❖❈❑✱ ✷✵✶✵✮✳

❆ ♠❛tér✐❛ s❡❝❛ ❞❛ ♣❧❛♥t❛ é ❞❡✜♥✐❞❛ ❝♦♠♦ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♠❛t❡r✐❛❧ r❡st❛♥t❡ ❞❡

✉♠ ♦r❣❛♥✐s♠♦ ✈❡❣❡t❛❧ ❛♣ós ❛ ♣❡r❞❛ ❞❡ t♦❞❛ ❛ s✉❛ á❣✉❛ ❛tr❛✈és ❞❡ ❛❧❣✉♠ ♣r♦❝❡ss♦ ❧❛✲

❜♦r❛❧✭❇❘■❚❖✱ ✷✵✶✼✮✳ ❖ ♠❛t❡r✐❛❧ r❡st❛♥t❡ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ❡♠ ❜✐♦❝♦♠❜✉stí✈❡✐s ❡ ❡♠

✐♥s✉♠♦s ♣❛r❛ ❛❣r♦♣❡❝✉ár✐❛✱ ♥❡st❡ tr❛❜❛❧❤♦ ❢♦✐ ✉t✐❧✐③❛❞♦ ❛ ♠❛ss❛ s❡❝❛ t♦t❛❧ ❞❡ ♣❧❛♥t❛ ❝♦♠♦

✈❛r✐á✈❡❧ r❡s♣♦st❛✳

❖ ❝r❡s❝✐♠❡♥t♦ ❞❡ ♣❧❛♥t❛s ❡ ❛❧❣✉♠❛s ❞❡ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❝♦♠♦✱ ❛❧t✉r❛✱ ♠❛tér✐❛

s❡❝❛ ❡ ár❡❛ ❢♦❧✐❛r✱ s❡❣✉❡♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ s✐❣♠♦✐❞❛❧✳ ◆♦ ✐♥í❝✐♦✱ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡

❝é❧✉❧❛s ❡ ór❣ã♦s s❡❣✉❡♠ ✉♠ ♣❛❞rã♦ ❡①♣♦♥❡♥❝✐❛❧ ✭❧❡✐ ❞❡ ❝r❡s❝✐♠❡♥t♦ ♥❛t✉r❛❧✮ ❛té q✉❡ ❛s

✐♥t❡r❛çõ❡s ♠út✉❛s ❡♥tr❡ ✐♥❞✐✈í❞✉♦s ♣r♦✈♦❝❛♠ ✉♠❛ ✐♥✢❡①ã♦ ♥♦ ❝r❡s❝✐♠❡♥t♦ ❡ ❛ ❝✉r✈❛ t♦♠❛

❢♦r♠❛ ❞❡ ✉♠ s✐❣♠ó✐❞❡✭❘❊■❙✱ ✶✾✼✽✮✳ ❱❡r✐✜❝❛✲s❡✱ ♣♦r ♠❡✐♦ ❞♦ ❜❛♥❝♦ ❞❡ ❞❛❞♦s✭❇●❍✴❯❋❱✮✱

q✉❡ ❛ ♠❛✐♦r✐❛ ❞♦s ❣rá✜❝♦s ❞❡ ❞✐s♣❡rsã♦ ❛♣r❡s❡♥t❛♠ ❝♦♠♣♦rt❛♠❡♥t♦ s✐❣♠♦✐❞❛❧✱ ♣♦r t❛✐s

♠♦t✐✈♦s q✉❡ ❢♦r❛♠ ❡s❝♦❧❤✐❞♦s ♦s ♠♦❞❡❧♦s s✐❣♠♦✐❞❛✐s ❧♦❣íst✐❝♦ ❡ ●♦♠♣❡rt③✳

❆ s✐♠✉❧❛çã♦ ❞❡ ❞❛❞♦s ♣♦ss✉✐ ❞❡✜♥✐çõ❡s ✈❛r✐❛❞❛s ❝♦♠ ❞✐❢❡r❡♥t❡s ❡♥❢♦q✉❡s✳ ❆ ❞❡✜♥✐✲

çã♦ q✉❡ ♠❡❧❤♦r ❡①♣❧✐❝❛ ❡st❡ tr❛❜❛❧❤♦ é✿ ❯♠ r❡❝✉rs♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡st✉❞❛r

♣r♦♣r✐❡❞❛❞❡s ❞❡ ❛❧❣✉♠❛ ♠❡t♦❞♦❧♦❣✐❛ ❡st❛tíst✐❝❛ ❡ t❡r ♥♦çã♦ ❞❡ s✉❛ ❣❡♥❡r❛❧✐❞❛❞❡ ❡♠ ❞✐✲

❢❡r❡♥t❡s s✐t✉❛çõ❡s✳ ❖s ♠ét♦❞♦s ❡st❛tíst✐❝♦s ✉t✐❧✐③❛❞♦s ♥❛ s✐♠✉❧❛çã♦ ❢♦r❛♠ ♦s í♥❞✐❝❡s ❞❡

❲✐❧❧♠♦tt✱ ♦ ❞❡ ◆❛s❤✲❙✉t❝❧✐✛❡ ❡ ♦ ❞❡ ▲✐♥✱ ♣♦✐s s❡ tr❛t❛♠ ❞❡ ♠ét♦❞♦s ♥✉♠ér✐❝♦s✳ ❆♣❡♥❛s

♦ ♠ét♦❞♦ ❇❧❛♥❞✲❆❧t♠❛♥ é ❛♥❛❧✐s❛❞♦ ❣r❛✜❝❛♠❡♥t❡✱ ♦ q✉❡ r❡s✉❧t❛ ❡♠ ✉♠❛ ❞✐✜❝✉❧❞❛❞❡ ♥♦s

❡st✉❞♦s ❞❡ s✐♠✉❧❛çã♦✱ ❛♦ ♣❛ss♦ q✉❡ ❛❧❣✉♥s ❝♦♠♣♦♥❡♥t❡s ❞❡st❡ ♠ét♦❞♦ s♦♠❡♥t❡ ♣♦❞❡♠ s❡r

❛♥❛❧✐s❛❞♦ ♣♦r ❣rá✜❝♦✳

❈❛❜❡ ❞❡st❛❝❛r ❛✐♥❞❛ q✉❡ t♦❞♦s ♦s ♠ét♦❞♦s ❡st❛tíst✐❝♦s sã♦ ✈á❧✐❞♦s ♣❛r❛ ❞❛❞♦s

♣❛r❡❛❞♦s✱ ♦✉ s❡❥❛✱ ❞❡✈❡rá s❡r tr❛❜❛❧❤❛❞♦ ❝♦♠ ❛♣❡♥❛s ❞♦✐s ❡q✉✐♣❛♠❡♥t♦s ♦✉ ♠♦❞❡❧♦s ❞❡

r❡❣r❡ssã♦✱ tr❛❜❛❧❤❛r ❝♦♠ ♥ ♠♦❞❡❧♦s ❞❡♠❛♥❞❛ ✉♠ t♦t❛❧ ❞❡
(

n

2

)

♣r♦❝❡❞✐♠❡♥t♦s✳ ❆❞❡♠❛✐s✱

❛❧❣✉♠❛s ❧✐t❡r❛t✉r❛s ❞❡s❝r❡✈❡♠ q✉❡ ♦s ❝r✐tér✐♦s ✉s✉❛❧♠❡♥t❡ ♣❛r❛ ❝♦♠♣❛r❛r ♠♦❞❡❧♦s ❞❡

r❡❣r❡ssã♦ ♥ã♦✲❧✐♥❡❛r✱ ❣❡r❛❧♠❡♥t❡✱ sã♦ ♦ ❈r✐tér✐♦ ❞❡ ❆❦❛✐❦❡ ✭❆■❈✮ ❡ ♦ ❈r✐tér✐♦ ❞❡ ✐♥❢♦r♠❛çã♦

❇❛②❡s✐❛♥♦ ✭❇■❈✮✱ ❙♦♠❛ ❞❡ ◗✉❛❞r❛❞♦s ❞♦ ❘❡sí❞✉♦ ❡ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞❡t❡r♠✐♥❛çã♦ ❛❥✉st❛❞♦✱

♥❡st❡ tr❛❜❛❧❤♦ ❛ ❙♦♠❛ ❞❡ ◗✉❛❞r❛❞♦s ❞♦ ❘❡sí❞✉♦ ❢♦✐ ❡s❝♦❧❤✐❞♦ ♣❛r❛ ❝♦♠♣❧❡♠❡♥t❛r ❛ ❛♥á❧✐s❡

❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❞♦s ♠♦❞❡❧♦s✳



✶✷

✷ ❖❜❥❡t✐✈♦s

✶✳ ❋❛③❡r ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞♦s ♠ét♦❞♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ❛✈❛❧✐❛r ❝♦♥❝♦r❞â♥❝✐❛ ♦✉ ❝♦✐♥❝✐✲

❞ê♥❝✐❛ ❡♥tr❡ ❞♦✐s ♠♦❞❡❧♦s ❡ r❡❛❧✐③❛r ✉♠ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ❛❧❣✉♠

♠ét♦❞♦ s♦③✐♥❤♦✱ ♦✉ ✉♠ ❝♦♥❥✉♥t♦ ❞❡❧❡s✱ ♣♦❞❡✭♠✮ s✉❜st✐t✉✐r ♦s ❞❡♠❛✐s❀

✷✳ ❆♣❧✐❝❛r ♠ét♦❞♦s ❡st❛tíst✐❝♦s às ❡st✐♠❛t✐✈❛s ♣r♦✈❡♥✐❡♥t❡s ❞❡ ❞♦✐s ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦

♥ã♦ ❧✐♥❡❛r ●♦♠♣❡rt③ ❡ ▲♦❣íst✐❝♦ ♥♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ ♣❧❛♥t❛ ❞❡ ❛❧❤♦✱ ❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡

❞❡ ✈❡r✐✜❝❛r ❛ s✉❛ ❝♦♥❝♦r❞â♥❝✐❛✳



✶✸

✸ ❘❡❢❡r❡♥❝✐❛❧ ❚❡ór✐❝♦

✸✳✶ ❈♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ❞♦✐s ♠ét♦❞♦s

❉♦✐s ♠ét♦❞♦s ♦✉ ♠♦❞❡❧♦s sã♦ ❞✐t♦s ❝♦♥❝♦r❞❛♥t❡s q✉❛♥❞♦ ❡st❡s ❡st✐♠❛♠ s✉✜❝✐❡♥✲

t❡♠❡♥t❡ ❛ ♠❡s♠❛ ❝♦✐s❛✳ ❉❛❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛r❡s ❞❡ ❞❛❞♦s (x1, y1), (x2, y2), ..., (xn, yn)

s❡♥❞♦ xi ♦s ✈❛❧♦r❡s ♦❜t✐❞♦s ♣♦r ✉♠ ♠ét♦❞♦ ❆ ❡ yi ♦s ✈❛❧♦r❡s ♦❜t✐❞♦s ♣♦r ✉♠ ♠ét♦❞♦ ❇✱

♦s ❞♦✐s ♠ét♦❞♦s sã♦ ♣❡r❢❡✐t❛♠❡♥t❡ ❝♦♥❝♦r❞❛♥t❡s q✉❛♥❞♦ xi = yi ∀ i ∈ N✳ ◗✉❛♥❞♦ ✐st♦

❛❝♦♥t❡❝❡ ✉♠❛ ❢✉♥çã♦ q✉❡ ✐♥t❡r❝❡♣t❛ t♦❞♦s ♦s ♣♦♥t♦s é ✉♠❛ ❢✉♥çã♦ ❛✜♠ ❡ ♦ â♥❣✉❧♦ ❞❡❧❛ é

45o✳

✶✳ f(x) = x

✷✳ θ = arctg

[

d

dx
f(x)

]

= 45o

✸✳✷ ❈♦❡✜❝✐❡♥t❡ ❞❡ ❈♦rr❡❧❛çã♦ ❞❡ P❡❛rs♦♥

❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ P❡❛rs♦♥✭ρ✮ é ✉♠❛ ♠❡❞✐❞❛ ❛❞✐♠❡♥s✐♦♥❛❧ q✉❡ ❛❢❡r❡ ♦ ❣r❛✉ ❞❡ ❛ss♦✲

❝✐❛çã♦ ❧✐♥❡❛r ❡♥tr❡ ❞✉❛s ✈❛r✐á✈❡✐s✱ ♦ ❝♦❡❝✐❡♥t❡ ✈❛r✐❛ ❡♥tr❡ ✲✶ ❡ ✶ s❡♥❞♦✱ ✶ ✉♠❛ ❝♦rr❡❧❛çã♦

❧✐♥❡❛r ♣♦s✐t✐✈❛ ♣❡r❢❡✐t❛ ❡ ✲✶ ✉♠❛ ❝♦rr❡❧❛çã♦ ❧✐♥❡❛r ♥❡❣❛t✐✈❛ ♣❡r❢❡✐t❛ ❡ ✵ s❡♠ ❝♦rr❡❧❛çã♦

❧✐♥❡❛r✳ ❖ ❝♦❡✜❝✐❡♥t❡ é ❞❛❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ✭❋❊❘❘❊■❘❆✱ ✷✵✶✽✮✿

ρ =
COV (X, Y )
√

V (X)V (Y )

❈✉❥♦ ❡st✐♠❛❞♦r é ❞❡✜♥✐❞♦ ♣♦r✿

r =

n
∑

i,j=1

xiyi − nx̄ȳ

√

(
n

∑

i=1

x2

i − nx̄2) · (
n

∑

i=1

y2i − nȳ2)

=
SPXY√
SQXSQY

✭✶✮

❖ ♥✉♠❡r❛❞♦r ♠❡❞❡ ♦ t♦t❛❧ ❞❡ ❝♦♥❝❡♥tr❛çã♦ ❞♦s ♣♦♥t♦s ♥♦s q✉❛tr♦ q✉❛❞r❛♥t❡s

✭❇✉ss❛❜ & ▼♦r❡tt✐♥✱ ✷✵✶✼✮✱ ♦✉ s❡❥❛✱ ❛ ♠é❞✐❛ ❞♦s ♣r♦❞✉t♦s ❞♦s ✈❛❧♦r❡s ❝❡♥tr❛❞♦s ❞❛s

✈❛r✐á✈❡✐s✱ ✐st♦ é ♦ q✉❡ ❝❤❛♠❛♠♦s ❞❡ ❝♦✈❛r✐â♥❝✐❛✳

❯♠❛ ❜♦❛ ❝♦rr❡❧❛çã♦ ❧✐♥❡❛r ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛✱ ♠❛s ♥ã♦

s✉✜❝✐❡♥t❡ ♣❛r❛ s❡ t❡r ✉♠ ❜♦❛ ❝♦♥❝♦r❞â♥❝✐❛✱ ✐st♦ ♣♦❞❡ s❡r ✈❡r✐✜❝❛❞♦ ♥❛ ✜❣✉r❛ ✶ ❡♠ q✉❡

t♦❞♦s ♦s ❞❛❞♦s ♣♦ss✉❡♠ r = 1 ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ ❛♥❣✉❧❛r ❡ ❡s❝❛❧❛r✳ ♣♦❞❡✲s❡

♥♦t❛r t❛♠❜é♠ q✉❡ ❛♣❡s❛r ❞❡ t♦❞♦s s❡r❡♠ ♣❡r❢❡✐t❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s só ❛ r❡t❛ ✈❡r♠❡❧❤❛

é ♣❡r❢❡✐t❛♠❡♥t❡ ❝♦♥❝♦r❞❛♥t❡ ♣♦✐s s❛t✐s❢❛③ ❛s ❞✉❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❞❡s❝r✐t❛s ♥❛

s❡çã♦ ✭✸✳✶✮✿



✶✹

❋✐❣✉r❛ ✶✿ ❉✐❢❡r❡♥ç❛ ❣rá✜❝❛ ❡♥tr❡ ❞❛❞♦s ♣❡r❢❡✐t❛♠❡♥t❡ ❝♦♥❝♦r❞❛♥t❡s ❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s

Pr♦✈❛✿ ❆s r❡t❛s q✉❡ ✐♥t❡r❝❡♣t❛♠ ♦s ♣♦♥t♦s ♥♦ ❣rá✜❝♦ ❛♥t❡r✐♦r sã♦ r❡♣r❡s❡♥t❛❞❛s

♣♦r ✉♠❛ ❢✉♥çã♦ ❛✜♠✿

f(x) = ax+ b

❈♦♥s✐❞❡r❛♥❞♦ Y = aX + b ♦♥❞❡ ❳ ❡ ❨ sã♦ ✈✳❛✳ ❡ ❛✱❜ ❝♦♥st❛♥t❡s ❝♦♥❤❡❝✐❞❛s✱ ❛♣❧✐✲

❝❛♥❞♦ ♥♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ P❡❛rs♦♥✱

p =
COV (X, Y )
√

V (X)V (Y )
=

COV (X, aX + b)
√

V (X)V (aX + b)
=

COV (X, aX) + COV (X, b)
√

a2V 2(X) + V 2(X)V (b)

=
aCOV (X,X)

|a|V (X)
=

aV (X)

aV (X)
= 1 s❡ a ≥ 0

P❡r❝❡❜❡✲s❡ q✉❡✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ❞❡s❧♦❝❛♠❡♥t♦ ❛♥❣✉❧❛r ❡ ❧✐♥❡❛r ❞❛ r❡t❛✱ ♦ ❝♦❡✜❝✐✲

❡♥t❡ ❞❡ P❡❛rs♦♥ ♠❛♥té♠ ♦ ♠❡s♠♦ ✈❛❧♦r✱ ✐st♦ ❞❡♠♦♥str❛ q✉❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛çã♦ ❞❡

P❡❛rs♦♥ ✉s❛❞♦ s♦③✐♥❤♦ é ❡♥❣❛♥♦s♦ ♣❛r❛ ✈❡r✐✜❝❛çã♦ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❡ é ♥❡❝❡ssár✐♦ ❡st❛r

❛❝♦♠♣❛♥❤❛❞♦ ❞❡ ♦✉tr♦s í♥❞✐❝❡s✳

✸✳✸ ❚❡st❡ t ♣❛r❡❛❞♦

❯♠❛ ❢♦r♠❛ ❞❡ ✈❡r✐✜❝❛r s❡ ❞✉❛s ❛♠♦str❛s ❞❡♣❡♥❞❡♥t❡s✭♣❛r❡❛❞❛s✮ sã♦ ❡st❛t✐st✐❝❛✲

♠❡♥t❡ ❞✐❢❡r❡♥t❡s ♦✉ ♥ã♦ é ♣♦r ♠❡✐♦ ❞♦ ❚❡st❡ t ♣❛r❡❛❞♦✱ q✉❡ t❛♠❜é♠ é ✉s❛❞♦ ♣❛r❛ ✈❡r✐✜❝❛r

❛ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ♠♦❞❡❧♦s✳

❈♦♥s✐❞❡r❛♥❞♦ ♦s ♣❛r❡s (x1, y1)✱✳✳✳✱(xn, yn) q✉❡ sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s ✈❛❧♦r❡s ❛♥✲

t❡s ❡ ❞❡♣♦✐s ❞❡ ✉♠❛ ✐♥t❡r✈❡♥çã♦✱ ❞❡✜♥✐♠♦s Di = xi − yi ❡ ❝♦♥s✐❞❡r❡♠♦s Di ∼ N(µD, σ
2

D
)✳

❆ ❡st❛tíst✐❝❛ ❞♦ t❡st❡ é ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✱



✶✺

tcal =
D̄ − µ

SD√

n

∼ t(n−1) ✭✷✮

Pr♦✈❛✿

❯t✐❧✐③❛♥❞♦ ♦s s❡❣✉✐♥t❡s ❢❛t♦s✿

• 1√
n

n
∑

i=1

Zi ∼ N(0, 1)❀ Zi =

(

Xi − µ

σ

)

❡ X ∼ N(µ, σ2)

• (n− 1)S2
n−1

σ2
∼ χ2

n−1

• N(0, 1)
√

χ2
n

n

∼ tn

t =

∑
n

i=1
Zi

√

n
√

(n−1)S2

n−1

(n−1)σ2

=

∑
n

i=1
Xi−nµ

√

nσ
√

S2

n−1

σ2

=

√
n(X̄ − µ)
√

S2
n−1

=
(X̄ − µ)

SD√

n

∼ tn−1

❊♠ q✉❡✱

D̄✿ ▼é❞✐❛s ❞♦s Di✳ D̄ =

∑n

i=1 Di

n

SD✿ ❉❡s✈✐♦ ♣❛❞rã♦ ❞♦s Di✳ S2
D =

∑n

i=1(Di − D̄)2

n− 1

❆s ❤✐♣ót❡s❡s t❡st❛❞❛s sã♦ ❛s s❡❣✉✐♥t❡s✱







H0 : µD = 0

H1 : µD 6= 0
♦✉







H0 : µD = 0

H1 : µD < 0 ♦✉ µD > 0

❘❡❥❡✐t❛✲s❡ H0 ❝❛s♦ ♦ ✈❛❧♦r ♣ s❡❥❛ ♠❡♥♦r q✉❡ ✉♠ ❞❛❞♦ ♥í✈❡❧ ❞❡ s✐❣♥✐✜❝â♥❝✐❛✭α✮✱ ♦✉

s❡❥❛✱

✈❛❧♦r P ≤ α; ✈❛❧♦r ♣ = P (T∗ ≥ |Tcalc|)

❚r❛❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❞❡s❡❥❛✲s❡ ✈❡r✐✜❝❛r s❡ ❞♦✐s ♠ét♦❞♦s sã♦ ❝♦♥❝♦r❞❛♥t❡s ♦✉ ♥ã♦✱ ❧♦❣♦

♦s t❡st❡s ✉s❛❞♦s sã♦ ❜✐❧❛t❡r❛✐s✳



✶✻

✸✳✹ ❆♥á❧✐s❡ ❞❡ ❘❡❣r❡ssã♦ ▲✐♥❡❛r

✸✳✹✳✶ ❘❡❣r❡ssã♦ ▲✐♥❡❛r ❙✐♠♣❧❡s

❆ ❘❡❣r❡ssã♦ ▲✐♥❡❛r ❙✐♠♣❧❡s ❛ss♦❝✐❛ ✈❛r✐á✈❡✐s ✐♥❞❡♣❡♥❞❡♥t❡s ❝♦♠ ❞❡♣❡♥❞❡♥t❡s ❛tr❛✲

✈és ❞❡ ✉♠ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦✱ é ❞✐t❛ ❧✐♥❡❛r ♣♦r s❡ tr❛t❛r ❞❡ ✉♠ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞♦s

♣❛râ♠❡tr♦s✱ ❡ ❞✐t❛ s✐♠♣❧❡s ♣♦r ❛♣r❡s❡♥t❛r ✉♠❛ ú♥✐❝❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡✳ ❖s ✈❛❧♦r❡s ❳

sã♦ ♦s ✈❛❧♦r❡s ♣r❡❞✐t♦r❡s ❡ ❨ sã♦ ♦s ✈❛❧♦r❡s ♣r❡❞✐t♦s✳ ❖ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ é ❞❛ s❡❣✉✐♥t❡

❢♦r♠❛✿

Yi = β0 + β1Xi + εi; i = 1, 2, 3, ..., n ✭✸✮

Y ✿ ❱❛r✐á✈❡❧ r❡s♣♦st❛❀

X✿ ❱❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡❀

β0✿ ■♥t❡r❝❡♣t♦❀

β1✿ ❈♦❡✜❝✐❡♥t❡ ❞❡ r❡❣r❡ssã♦❀

ε✿ ❊rr♦ ❡①♣r✐♠❡♥t❛❧✳

❖ ❡st✐♠❛❞♦r ❞♦s ♣❛râ♠❡tr♦s β0 ❡ β1 ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ♣♦r ♠á①✐♠❛ ✈❡r♦ss✐♠✐✲

❧❤❛♥ç❛✱ ♠ét♦❞♦ ❞♦s ♠♦♠❡♥t♦s ❡ ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳

❆ ❛♥á❧✐s❡ ❞❡ r❡❣r❡ssã♦ ❞❡✈❡ s❛t✐s❢❛③❡r ✸ ♣r❡ss✉♣♦s✐çõ❡s ✐♠♣♦rt❛♥t❡s ✭❏Ú◆■❖❘✱

✷✵✶✷✮✿

✶✳ ◆♦r♠❛❧✐❞❛❞❡ ❞♦ ❡rr♦✳ εi ∼ N(0, σ2)

✷✳ ❖ ❡rr♦s sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s✳ Cov(εi, εj) = 0 ∀ i 6= j

✸✳ ❆ ✈❛r✐â♥❝✐❛ ❞♦ ❡rr♦ ❡①♣❡r✐♠❡♥t❛❧ é ❛ ♠❡s♠❛ ♣❛r❛ t♦❞❛s ❛s ♦❜s❡r✈❛çõ❡s ✭❍♦♠♦❝❡✲

❞❛st✐❝✐❞❛❞❡✮✳ V ar(ε|x1,i, ..., xp,i) = σ2✳

❆ s❡❣✉✐r ❛❧❣✉♠❛s ♣r♦✈❛s✿

• ❖ ❡st✐♠❛❞♦r ❞♦s ♣❛râ♠❡tr♦s é ❡①♣r❡ss♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

β̂1 =

n∑

i=1

xiyi − nx̄ȳ

n∑

i=1

x2
i − nx̄2

❡ β̂0 = ȳ − β̂1x̄

Pr♦✈❛✿

❆ ❡q✉❛çã♦ ✸ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ✉♠ ♠♦❞❡❧♦ ❧✐♥❡❛r ❞❡ ●❛✉ss✲▼❛r❦♦✈ ❧♦❣♦✱ Y ∼
N(β0 + β1xi, σ

2)

❆ss✐♠ f(y|β) = 1

σ
√
2π

e−
1

2
(
yi−β0−β1xi

σ
)2 é ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♠ ♦ ❙❝♦r❡✿



✶✼

l(β|yi) = σ−n(2π)−
n

2 −
1

2

n
∑

i=1

(
yi − β0 − β1xi

σ
)2✳

❊❝♦♥tr❛♥❞♦ ♦ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❞❛ ❢✉♥çã♦✿

∂l(β|yi)

∂β0

=
n

∑

i=1

(yi − β̂0 − β̂1xi) = 0

∂l(β|yi)

∂β1

=
n

∑

i=1

(xiyi − β̂0xi − β̂1x
2
i ) = 0

❈♦♠♦ ❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛s ❞♦ ♠♦❞❡❧♦ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ β ❖❜t❡♠♦s ♦ s❡❣✉✐♥t❡

s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♥♦r♠❛✐s✭▼❆❩❯❈❍❊▲■ & ❆❈❍❈❆❘✱ ✷✵✵✷✮✿


















nβ̂0 + β̂1

n
∑

i=1

xi =
n

∑

i=1

yi

β̂0

n
∑

i=1

xi + β̂1

n
∑

i=1

x2
i =

n
∑

i=1

xiyi

❆ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ é ❞❛❞♦ ♣♦r✿

β̂0MAV
= ȳ − β̂1MAV

x̄ ❡ β̂1MAV
=

n
∑

i=1

xiyi − nx̄ȳ

n
∑

i=1

x2
i − nx̄2

• ❖ t❡st❡ t s♦❜r❡ ♦s ♣❛râ♠❡tr♦s é ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

t(β̂0) =
β̂0 − β

Se

√

n
∑n

i=1(xi − x̄)2
∑n

i=1 x
2
i

t(β̂1) =
β̂1 − β

Se

√

√

√

√

n
∑

i=1

(xi − x̄)2

♣r♦✈❛✿

❙❛❜❡♥❞♦✲s❡ ❞❡ ❛❧❣✉♥s ✐t❡♥s✿

✶✳ β̂0 ∼ N

(

β0,
σ2
e

∑n

i=1 x
2
i

n
∑n

i=1(xi − x̄)2

)

✷✳ β̂1 ∼ N

(

β1,
σ2
e

∑n

i=1(xi − x̄)2

)

✸✳ Z =
β̂i − β

√

V ar(β̂i)
∼ N(0, 1)

✹✳
(n− 2)S2

e

σ2
e

∼ χ2
(n−2)❀ S

2
e =

∑n

i=1(yi − ŷi)
2

n− 2

✺✳
N(0, 1)
√

χ2
n

n

∼ tn



✶✽

❊♥tã♦✿

t(β̂0) =

β̂0−β√
V ar(β̂0)

√

(n−2)S2
e

σ2
e

n−2

=
β̂0 − β

Se

√

n
∑n

i=1(xi − x̄)2
∑n

i=1 x
2
i

∼ t(n−2)

t(β̂1) =

β̂1−β√
V ar(β̂1)

√

(n−2)S2
e

σ2
e

n−2

=
β̂1 − β

Se

√

√

√

√

n
∑

i=1

(xi − x̄)2 ∼ t(n−2)

❆s ❤✐♣ót❡s❡s t❡st❛❞❛s sã♦✿

H0 : β0 = 0 ✈s✳ H1 : β00 6= 0

H0 : β1 = 1 ✈s✳ H1 : β10 6= 1

✸✳✹✳✷ ❘❡❣r❡ssã♦ ❧✐♥❡❛r s✐♠♣❧❡s s❡♠ ✐♥t❡r❝❡♣t♦

❆ ❘❡❣r❡ssã♦ ❧✐♥❡❛r s❡♠ ✐♥t❡r❝❡♣t♦ é ✉♠ ❝❛s♦ ❡s♣❡❝✐❛❧ ❞❛ r❡❣r❡ssã♦ ❧✐♥❡❛r s✐♠♣❧❡s✱

♥❡❧❛ ♦ ✐♥t❡r❝❡♣t♦ ♥ã♦ ❡stá ♣r❡s❡♥t❡✱ ❝♦♠ ✐st♦ ❛ r❡t❛ ❞❡ r❡❣r❡ssã♦ ♣❛ss❛ ♦❜r✐❣❛t♦r✐❛♠❡♥t❡

♥❛ ♦r✐❣❡♠✱ ♦ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ é ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

Yi = β1Xi + εi ✭✹✮

Y ✿ ❱❛r✐á✈❡❧ r❡s♣♦st❛❀

X✿ ❱❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡❀

β1✿ ❈♦❡✜❝✐❡♥t❡ ❞❡ r❡❣r❡ssã♦❀

ε✿ ❊rr♦ ❡①♣r✐♠❡♥t❛❧✳

❆s ♣r❡ss✉♣♦s✐çõ❡s ❞♦ ♠♦❞❡❧♦ sã♦ ❛s ♠❡s♠❛s ❞❡ ✭✸✳✹✳✶✮

• ❖ ❡st✐♠❛❞♦r ❞♦ ♣❛râ♠❡tr♦ é ❞❛❞♦ ♣♦r✿ β̂1 =

∑n

i=1 xiyi
∑n

i=1 x
2
i

Pr♦✈❛✿

❈♦♠♦ ✭✸✮ s❡ tr❛t❛ ❞❡ ✉♠ ♠♦❞❡❧♦ ❧✐♥❡❛r ❞❡ ●❛✉ss✲▼❛r❦♦✈ ❧♦❣♦ Y ∼ N(βxi, σ
2)

❆ss✐♠ f(y|β) = 1

σ
√
2π

e−
1
2
(
yi−βxi

σ
)2 é ❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛ ❝♦♠ s❝♦r❡ ❞❛❞♦

♣♦r✱

l(β|yi) = σ−n(2π)−
n
2 − 1

2

n
∑

i=1

(
yi − βxi

σ
)2✳

❆❝❤❛♥❞♦ ♦ ♣♦♥t♦ ♠á①✐♠♦ ❞❛ ❢✉♥çã♦ ❞❡ ✈❡r♦ss✐♠✐❧❤❛♥ç❛✱

∂l(β|yi)
∂β

=
n

∑

i=1

(xiyi − β̂x2
i ) = 0 ⇒ β̂MAV =

∑n

i=1 xiyi
∑n

i=1 x
2
i

• ❖ t❡st❡ t s♦❜r❡ ♦s ♣❛râ♠❡tr♦s ❞❛ ❘❡❣r❡ssã♦ ▲✐♥❡❛r s❡♠ ✐♥t❡r❝❡♣t♦ ❛ss✐♠ é ❞❡✜♥✐❞♦✿



✶✾

t =
β̂1 − β

Se

√

√

√

√

n
∑

i=1

x2
i ; S2

e =

∑n

i=1(yi − ŷi)
2

n− 2
✭✺✮

Pr♦✈❛✿ ❯t✐❧✐③❛♥❞♦ ❛❧❣✉♠❛s ♣r♦♣✐❡❞❛❞❡s✿

✶✳ β̂1 ∼ N

(

β1,
σ2
e

∑n

i=1 x
2
i

)

✷✳ Z =
β̂1 − β1

√

V ar(β̂1)
∼ N(0, 1)

✸✳
(n− 1)S2

e

σ2
e

∼ χ2
(n−1)

✹✳
N(0, 1)
√

χ2
n

n

∼ tn

❊♥tã♦ t❡♠♦s✱

t =

β̂1−β1√
V ar(β̂1)

√

(n−1)S2
e

σ2
e

n−1

=

β̂1−β1√∑
n

i=1 x
2
i

Se

=
β̂1 − β1

Se

√

√

√

√

n
∑

i=1

x2
i ∼ tn−1

❆s ❤✐♣ót❡s❡s t❡st❛❞❛s sã♦✿

H0 : β1 = 1 ✈s✳ H1 : β10 6= 1



✷✵

✸✳✺ ●rá✜❝♦ ❞❡ ❇❧❛♥❞✲❆❧t♠❛♥

❖ ❣rá✜❝♦ ❞❡ ❇❧❛♥❞✲❆❧t♠❛♥ ❢♦✐ ❝r✐❛❞♦ ❝♦♠♦ ✉♠❛ ❛❧t❡r♥❛t✐✈❛ ❛♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦r✲

r❡❧❛çã♦ ❥❛ q✉❡ ❡st❡ ❛✈❛❧✐❛ ❛♣❡♥❛s ❛ss♦❝✐❛çã♦ ❧✐♥❡❛r ❡ ♥ã♦ ❝♦♥❝♦r❞â♥❝✐❛ q✉❡ sã♦ ❝♦✐s❛s

❞✐❢❡r❡♥t❡s✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ✭❍✐r❛❦❛t❛ & ❈❛♠❡②✱ ✷✵✵✾✮✱ ♦ ♠ét♦❞♦ ❛✈❛❧✐❛ ✹ ✐t❡♥s✿ ❱✐és✱ ❡rr♦✱

❖✉t❧✐❡rs ❡ ❚❡♥❞ê♥❝✐❛✳

❆ ❛♣❧✐❝❛çã♦ ❞♦ ❣rá✜❝♦ ❞❡ ❇❧❛♥❞✲❆❧t♠❛♥ r❡q✉❡r ♥♦r♠❛❧✐❞❛❞❡ ❞♦s ❞❛❞♦s ♣❛r❛ ❛

❛♣❧✐❝❛çã♦ ❞♦ t❡st❡ t ♣❛r❡❛❞♦✱ ♦ q✉❡ é ✉♠ ♣♦♥t♦ ♥❡❣❛t✐✈♦✳ ❆ ❆♥á❧✐s❡ ❝♦♥s✐st❡ ❡♠ ❝♦♥str✉✐r

✉♠ ❣rá✜❝♦ ❞❡ ❞✐s♣❡rsã♦ ❞❛s ❞✐❢❡r❡♥ç❛s ❝♦♠ ❛s ♠é❞✐❛s ❞♦s ✈❛❧♦r❡s ❞❡ Xi ❡ Yi✱ ❛ss✐♠ ♥♦

❡✐①♦ ① sã♦ ♣❧♦t❛❞❛s ❛s ♠é❞✐❛s (Xi + Yi)/2 ❡ ♥♦ ❡✐①♦ ② ❛s ❞✐❢❡r❡♥ç❛s (Di = Xi − Yi)✳

❖s ❧✐♠✐t❡s s✉♣❡r✐♦r ❡ ✐♥❢❡r✐♦r sã♦ ❞❡✜♥✐❞♦s✿







▲❙ = X̄ + 2SD

▲■ = X̄ − 2SD

❀ X̄ =

∑

n

i=1
Di

n
❡ S2

D
=

∑

n

i=1
(Di − D̄)2

n− 1

❖ ❣rá✜❝♦ ❞❡ ❇❧❛♥❞ ✫ ❆❧t♠❛♥ ✜❝❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

❋✐❣✉r❛ ✷✿ ●rá✜❝♦ ❞❡ ❇❧❛♥❞ ❆❧t♠❛♥♥

❋♦♥t❡✿ ❇❧❛♥❞ ✫ ❆❧t♠❛♥✭✶✾✽✻✮

❖ ❣rá✜❝♦ ❛♥t❡r✐♦r r❡♣r❡s❡♥t❛ ✉♠❛ s✐t✉❛çã♦ ✐❞❡❛❧ ♦♥❞❡ ♦s ❞❛❞♦s ♥ã♦ ❛♣r❡s❡♥t❛♠

t❡♥❞ê♥❝✐❛ ♣♦s✐t✐✈❛ ♦✉ ♥❡❣❛t✐✈❛✱ ❛ ♠é❞✐❛ ❡stá ♣ró①✐♠❛ ❞❡ ③❡r♦ ❡ ❛ ♠❛✐♦r✐❛ ❞♦s ❞❛❞♦s ❡stã♦

❞❡♥tr♦ ❞♦s ❧✐♠✐t❡s ❞❡ ❝♦♥❝♦r❞â♥❝✐❛✱ q✉❛♥❞♦ s❛t✐s❢❡✐t❛ ❡ss❛s ❝♦♥❞✐çõ❡s ♦s ❡q✉✐♣❛♠❡♥t♦s sã♦

❞✐t♦s ❝♦♥❝♦r❞❛♥t❡s✳



✷✶

✸✳✻ ❮♥❞✐❝❡s ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❞❡ ❲✐❧❧♠♦tt

✸✳✻✳✶ ❮♥❞✐❝❡ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❞❡ ❲✐❧❧♠♦tt✭✶✾✽✺✮

❖ í♥❞✐❝❡ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❞❡ ❲✐❧❧♠♦t ❢♦✐ ❝r✐❛❞♦ ♥❛ ❞é❝❛❞❛ ❞❡ ✽✵ ♣❛r❛ ❛✈❛❧✐❛r ♦ ❣r❛✉

❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❞❛❞♦s ♦❜s❡r✈❛❞♦s ❡ ♣r❡❞✐t♦s✱ t❛♠❜é♠ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛♥á❧✐s❡

❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ♠♦❞❡❧♦s✳

❖ í♥❞✐❝❡ ❞❡ ❲✐❧❧♠♦tt é ❞❛❞♦ ♣❡❧❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦✿

d = 1−

n
∑

i=1

(Yi −Xi)
2

n
∑

i=1

(|Yi − X̄|+ |Xi − X̄|)2
; d ∈ [0, 1] ✭✻✮

◗✉❛♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ ✶ ♠❛✐s ❝♦♥❝♦r❞❛♥t❡ sã♦ ❛s ❡st✐♠❛t✐✈❛s✳ ❆❧❣✉♥s tr❛❜❛❧❤♦s

❝♦♥s✐❞❡r❛♠ ♥♦s ❧✉❣❛r ❞❡ ❖ ❡ P✱ ❳ ❡ ❨ q✉❡ sã♦ ❛s ❡st✐♠❛t✐✈❛s ♦❜t✐❞❛s ♣♦r ❞♦✐s ♠ét♦❞♦s ❞❡

♠❡❞✐çã♦✳

✸✳✻✳✷ ❮♥❞✐❝❡ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❞❡ ❲✐❧❧♠♦tt ♠♦❞✐✜❝❛❞♦

❖ í♥❞✐❝❡ ❞❡ ❲✐❧❧♠♦tt ♠♦❞✐✜❝❛❞♦ ❞✐❢❡r❡ ❞♦ í♥❞✐❝❡ ♦r✐❣✐♥❛❧ ♣❡❧❛ s✉❜st✐t✉✐çã♦ ❞♦s

t❡r♠♦s q✉❛❞rát✐❝♦s ♣♦r t❡r♠♦s ❛❜s♦❧✉t♦s✳ ❈♦♠ ✐ss♦ ♦ ♥♦✈♦ í♥❞✐❝❡ s❡ ❛♣r♦①✐♠❛ ♠❛✐s

❧❡♥t❛♠❡♥t❡ ❞❡ ✶ ♦ q✉❡ ♣❡♥❛❧✐③❛ ♦ í♥❞✐❝❡ ♦r✐❣✐♥❛❧✳ ❖ í♥❞✐❝❡ ♠♦❞✐✜❝❛❞♦ é ❞❡✜♥✐❞♦ ♣♦r

✭▲❊●❆❚❊❙ ✫ ▼❈❈❆❇❊ ❏❘✱ ✶✾✾✾✮✿

dmod = 1−

n
∑

i=1

|Xi − Yi|

n
∑

i=1

∣

∣|Yi − X̄|+ |Yi − Ȳ |
∣

∣

; dmod ∈ [0, 1] ✭✼✮

✸✳✻✳✸ ❮♥❞✐❝❡ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❞❡ ❲✐❧❧♠♦tt r❡✜♥❛❞♦ ✭✷✵✶✷✮

❊st❡ ♥♦✈♦ í♥❞✐❝❡ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ q✉❡ ❛♣r❡s❡♥t❛ ✉♠❛ ♠❡❧❤♦r✐❛ ♥ã♦ tr✐✈✐❛❧ ❡♠ r❡❧❛✲

çã♦ ❛♦s s❡✉s í♥❞✐❝❡s ♣r❡❞❡❝❡ss♦r❡s ✭❲✐❧❧♠♦tt ❡t ❛❧✳✱ ✷✵✶✷✮✱ ♣♦ré♠ é ♠❛✐s ❡✜❝✐❡♥t❡✳ ❖ ♥♦✈♦

í♥❞✐❝❡ ✈❛r✐❛ ❞❡ ✲✶ ❛ ✶ ❡ é ❞❡✜♥✐❞♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿



✷✷

dref =































































1−

n
∑

i=1

|Xi − Yi|

2
n

∑

i=1

|Xi − X̄|

; q✉❛♥❞♦
n

∑

i=1

|Yi −Xi| ≤ 2
n

∑

i=1

|Xi − X̄|

2
n

∑

i=1

|Xi − X̄|

n
∑

i=1

|Yi −Xi|

− 1; q✉❛♥❞♦
n

∑

i=1

|Yi −Xi| > 2
n

∑

i=1

|Xi − X̄|

dref ∈ [−1, 1]

✭✽✮

◗✉❛♥t♦ ♠❛✐s ♣r♦①✐♠♦ ❞❡ ✶ ♠❛✐s ❝♦♥❝♦r❞❛♥t❡ sã♦ ♦s ✈❛❧♦r❡s ❡ ♠❛✐s ♣ró①✐♠♦ ❞❡ ✲✶

♠❡♥♦s ❝♦♥❝♦r❞❛♥t❡s sã♦✳

✸✳✼ ❮♥❞✐❝❡s ❞❡ ❡rr♦

❉❡ ❛❝♦r❞♦ ❝♦♠ ❖❧✐✈❡✐r❛✭✷✵✶✻✮ ♦ í♥❞✐❝❡ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❞❡✈❡ s❡r ❝♦♠♣❧❡♠❡♥t❛❞♦

♣❡❧♦ ❡rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦✭❊◗▼✮ ❛ss✐♠ ❝♦♠♦ ♦s ❝♦♠♣♦♥❡♥t❡s s✐st❡♠át✐❝♦s ❡ ♥ã♦ s✐st❡✲

♠át✐❝♦s✳ ❖s í♥❞✐❝❡s ❞❡ ❡rr♦ t❡♠ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦✿

EQM = EQMs + EQMn

❖♥❞❡✿

❊◗▼ ✲ ❊rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦❀

❊◗▼S ✲ ❊rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ s✐st❡♠át✐❝♦❀

❊◗▼N ✲ ❊rr♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ♥ã♦ s✐st❡♠át✐❝♦✳

❘❡s♣❡❝t✐✈❛♠❡♥t❡ t❡♠♦s✿

n
∑

i=1

(Yi −Xi)
2

n
=

n
∑

i=1

(Ŷi −Xi)
2

n
+

n
∑

i=1

(Yi − Ŷi)
2

n
✭✾✮

Pr♦✈❛✿

P❛r❛ ❞❡♠♦♥str❛r ❛ r❡❧❛çã♦ é ♥❡❝❡ssár✐♦ ❛s s❡❣✉✐♥t❡s r❡❧❛çõ❡s✿

✶✳ Ŷ = β̂0 + β̂1Xi

✷✳ β̂0 = Ȳ − β̂1X̄

✸✳ β̂1 =
SPXY

SQDX

❊①♣❛♥❞✐♥❞♦ ♦ t❡r♠♦✿



✷✸

n∑

i=1

(Yi −Xi)
2

n
=

n∑

i=1

(Yi − Ŷi + Ŷi −Xi)
2

n

=
n∑

i=1

(Yi − Ŷi)
2

n
+

n∑

i=1

2(Yi − Ŷi)(Ŷi −Xi)

n
+

n∑

i=1

(Ŷi −Xi)
2

n

❆❣♦r❛ ❜❛st❛ ♠♦str❛r♠♦s q✉❡✱

n∑

i=1

2(Yi − Ŷi)(Ŷi −Xi)

n
= 0

❊①♣❛♥❞✐♥❞♦ ♦ t❡r♠♦ ❛♥t❡r✐♦r✱
2

n
(

n∑

i=1

YiŶi −

n∑

i=1

XiYi −

n∑

i=1

Ŷi

2

+
n∑

i=1

XiŶi)

❯t✐❧✐③❛♥❞♦ ✷ ❡♠ ✶ ♦❜t❡♠♦s Ŷ = Ȳ + β̂1(Xi − X̄) ❡ ❛♣❧✐❝❛♥❞♦ ♥♦ t❡r♠♦ ❛♥t❡r✐♦r

•

n∑

i=1

YiŶi =
n∑

i=1

Yi[Ȳ +β̂1(Xi−X̄)] =
(
∑n

i=1
Yi)

2

n
+β̂1(

n∑

i=1

XiYi−nX̄Ȳ ) =
(
∑n

i=1
Yi)

2

n
+

β̂1 · SPXY

•

n∑

i=1

XiŶi =
n∑

i=1

Xi[Ȳ +β̂1(Xi−X̄)] =

∑n

i=1
Xi

∑n

i=1
Yi

n
+β̂1

[ n∑

i=1

X2

i −
(
∑n

i=1
Xi)

2

n

]

=

∑n

i=1
Xi

∑n

i=1
Yi

n
+ β̂1 · SQDX

•

n∑

i=1

Ŷi

2

=
n∑

i=1

[
Ȳ + β̂1(Xi − X̄)

]2
= nȲ 2 + 2Ȳ β̂1

n∑

i=1

(Xi − X̄)

︸ ︷︷ ︸

0

+β̂1

2
n∑

i=1

(Xi − X̄)2

︸ ︷︷ ︸

SQDX

=

(
∑n

i=1
Yi)

2

n
+ β̂1

2

· SQDX ✳

❆ss✐♠ t❡♠♦s✱

n∑

i=1

2(Yi − Ŷi)(Ŷi −Xi)

n
=

2

n

[(
∑n

i=1
Yi)

2

n
+ β̂1 · SPXY −

n∑

i=1

XiYi −
(
∑n

i=1
Yi)

2

n
−

β̂1

2

· SQDX +

∑n

i=1
Xi

∑n

i=1
Yi

n
+ β̂1 · SQDX

]

= 0

❊♠ ✉♠❛ s✐t✉❛çã♦ ✐❞❡❛❧ ♦ EQMs ❞❡✈❡ s❡r ♣ró①✐♠♦ ❞❡ ③❡r♦ ❡ EQMn ❞❡✈❡ s❡r ♣ró①✐♠♦

❞♦ ❊◗▼✳



✷✹

✸✳✽ ❮♥❞✐❝❡s ❞❡ ❉❡s❡♠♣❡♥❤♦

✸✳✽✳✶ ❮♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❈❛♠❛r❣♦ ✫ ❙❡♥t❡❧❤❛s ✭✶✾✾✼✮

❈❛♠❛r❣♦ ❡t✳ ❛❧ ✭✶✾✾✼✮ ♣r♦♣✉s❡r❛♠ ✉♠ ♥♦✈♦ í♥❞✐❝❡ ❞❡♥♦♠✐♥❛❞♦ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡✲

♥❤♦ q✉❡ r❡ú♥❡ ♦ ❈♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛çã♦ ❞❡ P❡❛rs♦♥✭ρ✮✱ ❞❡♥♦♠✐♥❛❞♦ t❛♠❜é♠ ♣♦r í♥❞✐❝❡

❞❡ ♣r❡❝✐sã♦✱ ❡ ♦ í♥❞✐❝❡ ❞❡ ❲✐❧❧♠♦tt✭❞✮ ❞❡♥♦♠✐♥❛❞♦ t❛♠❜é♠ ❞❡ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦✳ ❖

♥♦✈♦ í♥❞✐❝❡ ❞❡♥♦♠✐♥❛❞♦ í♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦✭❝✮ é ❞❡✜♥✐❞♦ ♣❡❧♦ ♣r♦❞✉t♦ ❞♦ ❝♦❡✜❝✐❡♥t❡

❞❡ ❝♦rr❡❧❛çã♦ ❞❡ P❡❛rs♦♥ ❡ ❞♦ í♥❞✐❝❡ ❞❡ ❲✐❧❧♠♦tt✳

c = ρ · d; c ∈ [0, 1] ✭✶✵✮

❆ t❛❜❡❧❛ ✶ ❢♦r♥❡❝❡ ♦s ✈❛❧♦r❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦✳

❚❛❜❡❧❛ ✶✿ ❚❛❜❡❧❛ ❞❡ ❉❡s❡♠♣❡♥❤♦ ❞❡ ❈❛♠❛r❣♦ ✫ ❙❡♥t❡❧❤❛s

❱❛❧♦r ❞❡ ❝ ❉❡s❡♠♣❡♥❤♦
❃✵✱✽✺ Ót✐♠♦

✵✱✼✺ ⊢ ✵✱✽✺ ▼✉✐t♦ ❇♦♠
✵✱✻✺ ⊢ ✵✱✼✺ ❇♦♠
✵✱✻✵ ⊢ ✵✱✻✺ ▼❡❞✐❛♥♦
✵✱✺✵ ⊢ ✵✱✻✵ ❙♦❢rí✈❡❧
✵✱✹✵ ⊢ ✵✱✺✵ ▼❛✉
≤ 0, 40 Péss✐♠♦

❋♦♥t❡✿ ❈❛♠❛r❣♦ ✫ ❙❡♥t❡❧❤❛s✱ ✶✾✾✼

✸✳✽✳✷ ❮♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❆❧✈❛r❡s ❡t ❛❧✳✭✷✵✶✸✮

❖ ♥♦✈♦ í♥❞✐❝❡ ♣r♦♣♦st♦ ♣♦r ❆❧✈❛r❡s ❡t ❛❧✳ ✭✷✵✶✸✮ é ✉♠❛ ❛t✉❛❧✐③❛çã♦ ❞♦ í♥❞✐❝❡ ❞❡

❞❡s❡♠♣❡♥❤♦ ♣r♦♣♦st♦ ♣♦r ❈❛♠❛r❣♦ ❡ ❈❡♥t❡❧❤❛s✱ ♦ í♥❞✐❝❡ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❞❡ ❲✐❧❧♠♦tt✭❞✮

é s✉❜st✐t✉í❞♦ ♣❡❧♦ í♥❞✐❝❡ ❞❡ ❲✐❧❧♠♦tt r❡✜♥❛❞♦✭dr✮✳ ❖ ♥♦✈♦ í♥❞✐❝❡ é ❞❛❞♦ ♣♦r✿

Pi = r · dr; Pi ∈ [−1, 1] ✭✶✶✮

❆ t❛❜❡❧❛ ✷ ❢♦r♥❡❝❡ ♦s ✈❛❧♦r❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♠ét♦❞♦✳



✷✺

❚❛❜❡❧❛ ✷✿ ❚❛❜❡❧❛ ❞❡ ❉❡s❡♠♣❡♥❤♦ ❞❡ ❆❧✈❛r❡s ❡t ❛❧✳

❱❛❧♦r ❞❡ ❝ ❉❡s❡♠♣❡♥❤♦
≥ 0, 75 Ót✐♠♦

✵✱✻✵ ⊢ ✵✼✽✺ ▼✉✐t♦ ❇♦♠
✵✱✹✺ ⊢ ✵✱✻✵ ❇♦♠
✵✱✸✵ ⊢ ✵✱✹✺ ▼❡❞✐❛♥♦ ♦✉ ❚♦❧❡rá✈❡❧
✵✱✶✺ ⊢ ✵✱✸✵ ❙♦❢rí✈❡❧ ♦✉ P♦❜r❡
✵✱✵✵ ⊢ ✵✱✶✺ ▼❛✉
❁ ✵✱✵✵ Péss✐♠♦

❋♦♥t❡✿ ❆❧✈❛r❡s ❡t ❛❧✳✱ ✶✾✾✼

✸✳✾ ❈♦❡✜❝✐❡♥t❡ ❞❡ ❝♦rr❡❧❛çã♦ ❡ ❝♦♥❝♦r❞â♥❝✐❛✭❈❈❈✮

❖ ♠ét♦❞♦ ♣r♦♣♦st♦ ♣♦r ▲✐♥ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ❛✈❛❧✐❛r ❛ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ❞♦✐s

♠ét♦❞♦s ❞✐st✐♥t♦s✱ ♦✉ s❡❥❛✱ ✈❛❧✐❞❛r ♠❡❞✐❞❛s ❞❡ ♥♦✈♦s ✐♥str✉♠❡♥t♦s✱ ❝♦♠♣❛r❛♥❞♦ ❡st❛s

♥♦✈❛s ♠❡❞✐❞❛s ❝♦♠ ♦✉tr❛s ❣❡r❛❞❛s ♣♦r ♠ét♦❞♦s ❥á ❝♦♥s❛❣r❛❞♦s ✭❣♦❧❞st❛♥❞❛r❞s✮✱ ♠❛s

q✉❡ ♣♦❞❡r✐❛ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛ ✈❡r✐✜❝❛çã♦ ❞❛ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣❛r❡s ❞❡ ♠❡❞✐❞❛s

✭❋■▲❍❖ ❡t ❛❧✳✱ ✷✵✵✺✮✳

❖ í♥❞✐❝❡ é ❞❛❞♦ ♣♦r✭▲■◆✱ ✶✾✽✾✮✿

ρ̂c =
2SY X

S2
Y + S2

X + (Ȳ − X̄)2
✭✶✷✮

Pr♦✈❛✿

❖ ❣r❛✉ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ é ♦❜t✐❞♦ ♣❡❧❛ ❡s♣❡r❛♥ç❛ ❞♦ q✉❛❞r❛❞♦ ❞❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❞✉❛s

♠❡❞✐❞❛s✱

E(Y −X)2 = E(Y 2)
︸ ︷︷ ︸

σ2
y
+µ2

y

−2 · E(XY )
︸ ︷︷ ︸

ρσxσy+µxµy

+ [E(X)]2
︸ ︷︷ ︸

σ2
x
+µ2

x

= (µy − µx)
2 + σ2

y + σ2

x − 2ρσyσx

P❛r❛ ❝r✐❛r ✉♠ í♥❞✐❝❡ ❞❡ ✲✶ ❛ ✶ ❢❛③✲s❡✱

ρc = 1−
E(Y −X)2

E[(Y −X)|ρ = 0]

ρc = 1−
σ2
y + σ2

x + (µy − µx)
2 − 2ρσyσx

σ2
y + σ2

x + (µy − µx)2
=

2ρσyσx

σ2
y + σ2

x + (µy − µx)2

❖❜t❡♠✲s❡ ✉♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛✱

ρc =
2ρσyσx

(µx − µy)2 + σ2
y + σ2

x



✷✻

❈✉❥♦ ❡st✐♠❛❞♦r✿

ρ̂c =
2SY X

(Ȳ − X̄)2 + S2

Y
+ S2

X

◗✉❛♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ ✶✱ ♠❛✐s ❝♦♥❝♦r❞❛♥t❡s sã♦ ♦s ✈❛❧♦r❡s ❡ q✉❛♥t♦ ♠❛✐s ♣ró①✐♠♦

❞❡ ✲✶ ♠❡♥♦s ❝♦♥❝♦r❞❛♥t❡s✳

✸✳✶✵ ❮♥❞✐❝❡s ❞❡ ◆❛s❤ ❙✉t❝❧✐✛❡

✸✳✶✵✳✶ ❮♥❞✐❝❡ ❞❡ ❊✜❝✐ê♥❝✐❛ ❞❡ ◆❛s❤✲❙✉t❝❧✐✛❡

❖ ♠ét♦❞♦ ❞❡ ◆❛s❤✲❙✉t❝❧✐✛❡ ❛✈❛❧✐❛ ♦ ♣♦❞❡r ♣r❡❞✐t✐✈♦ ❞❡ ♠♦❞❡❧♦s ❤✐❞r♦❧ó❣✐❝♦s ♠❛s

♣♦❞❡ s❡r ✉s❛❞♦ t❛♥t♦ ♣❛r❛ ❝❛❧✐❜r❛çã♦ ❝♦♠♦ ♠ét♦❞♦ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ❞♦✐s ♠♦❞❡❧♦s✱

❛ss✐♠ ❝♦♠♦ ♠ét♦❞♦ ❞❡ ❲✐❧❧♠♦tt✿ ❖ ❝♦❡✜❝✐❡♥t❡ ♦r✐❣✐♥❛❧♠❡♥t❡ ❛✈❛❧✐❛ ♦ ♣♦❞❡r ♣r❡❞✐t✐✈♦

❞❡ ♠♦❞❡❧♦s ❛✈❛❧✐❛♥❞♦ ❛ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ✈❛❧♦r❡s ♦❜s❡r✈❛❞♦s ❡ ♣r❡❞✐t♦s✱ ❡♠ ❡st✉❞♦s ❞❡

❝♦♥❝♦r❞â♥❝✐❛ ♦s ✈❛❧♦r❡s Pr❡❞✐t♦s ❡ ❖❜s❡r✈❛❞♦s sã♦ s✉❜st✐tú✐❞♦s ♣♦r ❡st✐♠❛t✐✈❛s ❞❡ ❞♦✐s

♠ét♦❞♦s ❞✐❢❡r❡♥t❡s✳ ❖ ❈♦❡✜❝❡♥t❡ é ❞❛❞♦ ♣♦r✿

NS = 1−

n∑

i=1

(Xi − Yi)
2

n∑

i=1

(Xi − X̄)2
; NS ∈ [−∞, 1] ✭✶✸✮

◗✉❛♥t♦ ♠❛✐s ♣ró①✐♠♦ ❞❡ ✶✱ ♠❛✐s ❝♦♥❝♦r❞❛♥t❡s sã♦ ♦s ✈❛❧♦r❡s ❳ ❡ ❨✳

✸✳✶✵✳✷ ❮♥❞✐❝❡ ❞❡ ❊✜❝✐ê♥❝✐❛ ❞❡ ◆❛s❤✲❙✉t❝❧✐✛❡ ♠♦❞✐✜❝❛❞♦

❆ss✐♠ ❝♦♠♦ ♦ í♥❞✐❝❡ ❞❡ ❲✐❧❧♠♦tt ♠♦❞✐✜❝❛❞♦✱ ♦ í♥❞✐❝❡ ❞❡ ◆❛s❤✲❙✉t❝❧✐✛❡ ♠♦❞✐✜❝❛❞♦

s✉❜st✐t✉✐ ❛ s♦♠❛ ❞❡ q✉❛❞r❛❞♦s ♣❡❧❛ s♦♠❛ ❛❜s♦❧✉t❛✱ ♦ ♦❜❥❡t✐✈♦ é ♣❡♥❛❧✐③❛r ♦s ✈❛❧♦r❡s

❡①tr❡♠♦s q✉❡ ♦ í♥❞✐❝❡ ♣♦❞❡ ❛ss✉♠✐r ✭❑❘❆❯❙❊ ❡t ❛❧✳✱ ✷✵✵✺✮✳

❖ í♥❞✐❝❡ é ❞❛❞♦ ♣♦r✿

NSmod = 1−

n∑

i=1

|Xi − Yi|

n∑

i=1

|Xi − X̄|

; NSmod ∈ [−∞, 1] ✭✶✹✮



✷✼

✸✳✶✶ ❘❡❣r❡ssã♦ ♥ã♦ ▲✐♥❡❛r

◆❛ ❛♥á❧✐s❡ ❞❡ r❡❣r❡ssã♦✱ ♦s ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦ ♥ã♦ ❧✐♥❡❛r sã♦ ❞❡✜♥✐❞♦s q✉❛♥❞♦

♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❞♦ ♠♦❞❡❧♦ ❡♠ r❡❧❛çã♦ ❛♦ ✉♠ ♣❛râ♠❡tr♦ ❞❡♣❡♥❞❡

❞❡ ♦✉tr♦ ♣❛râ♠❡tr♦✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ ♠♦❞❡❧♦ ❛❞♦t❛❞♦✱ té❝♥✐❝❛s ❞❡ ❧✐♥❡❛r✐③❛çã♦ ♣♦❞❡♠ s❡r

❛❞♦t❛❞❛s✳

❖ ♠♦❞❡❧♦ ❞❡ r❡❣r❡ssã♦ ♥ã♦ ❧✐♥❡❛r é ❡①♣r❡ss♦ ♣♦r ✭❙❖❯❩❆✱ ✶✾✾✽✮✿

yt = f(xt, θ
o) + ǫt ✭✶✺✮

❖♥❞❡✿

yk ❂ ❱❡t♦r ❞❡ ♦❜s❡r✈❛çõ❡s ❦✲❞✐♠❡♥s✐♦♥❛❧❀

θo ∈ Θ❂ P❛râ♠❡tr♦ ♣✲❞✐♠❡♥s✐♦♥❛❧❀

ǫt ❂ ❊rr♦ ❡①♣❡r✐♠❡♥t❛❧✳

◆♦ ♠♦❞❡❧♦ ❧✐♥❡❛r ❞❡ ●❛✉ss✲▼❛r❦♦✈ ❤á s❡♣❛r❛çã♦ ❞❛ ♠❛tr✐③ ❞❡ ❞❡❧✐♥❡❛♠❡♥t♦ ❡ ❞♦

✈❡t♦r ❞❡ P❛râ♠❡tr♦s ✭▲❯◆❆ ✫ ❖▲■◆❉❆✱ ✷✵✶✹✮✱ ❥á ❡♠ ✉♠❛ r❡❣r❡ssã♦ ♥ã♦ ❧✐♥❡❛r ✐st♦ ♥ã♦ é

♣♦ssí✈❡❧✱ ❛♦ ♣❛ss♦ q✉❡ ✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s é ♥❡❝❡ssár✐♦ ❛❧❣♦rít✐♠♦s

✐t❡r❛t✐✈♦s ❝♦♠♦ ♦ ❞❡ ●❛✉ss✲◆❡✇t♦♥ ♣❛r❛ s❡ ♦❜t❡r ♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s q✉❡ ❡stã♦ ♥❛

❢♦r♠❛ ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✭▼❆❩❯❈❍❊▲■ ✫ ❆❈❍❈❆❘✱ ✷✵✵✷✮✿

y = Xβ + e (▼♦❞❡❧♦ ▲✐♥❡❛r ❞❡ ●❛✉ss✲▼❛r❦♦✈)

y = f(x, θ) + e (▼♦❞❡❧♦ ♥ã♦ ▲✐♥❡❛r)

❯t✐❧✐③❛♥❞♦✲s❡ ❞♦ ♠ét♦❞♦ ❞❡ ♠í♥✐♠♦s ♣❛r❛ ❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s✿

SSE(θ) =
n∑

i=1

e2i =
n∑

i=1

[yi − f(xi, θ)]
2

∂SSE(θ)

∂θ1
= −2

n∑

i=1

[yi − f(xi, θ)]
∂f(xi, θ)

∂θ1
= 0

∂SSE(θ)

∂θ2
= −2

n∑

i=1

[yi − f(xi, θ)]
∂f(xi, θ)

∂θ2
= 0

✳✳✳
✳✳✳

∂SSE(θ)

∂θp
= −2

n∑

i=1

[yi − f(xi, θ)]
∂f(xi, θ)

∂θp
= 0



✷✽

❖❜t❡♠✲s❡ ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s✿



















































n
∑

i=1

∂f(xi, θ)

∂θ1
[yi − f(xi, θ̂)] = 0

n
∑

i=1

∂f(xi, θ)

∂θ2
[yi − f(xi, θ̂)] = 0

✳✳✳
n
∑

i=1

∂f(xi, θ)

∂θp
[yi − f(xi, θ̂)] = 0

◗✉❡ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ♥❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✿





















∂f(x1, θ)

∂θ1

∣

∣

∣

θ=θ̂

∂f(x2, θ)

∂θ1

∣

∣

∣

θ=θ̂
· · ·

∂f(xn, θ)

∂θ1

∣

∣

∣

θ=θ̂

∂f(x1, θ)

∂θ2

∣

∣

∣

θ=θ̂

∂f(x2, θ)

∂θ2

∣

∣

∣

θ=θ̂
· · ·

∂f(xn, θ)

∂θ2

∣

∣

∣

θ=θ̂
✳✳✳

✳✳✳
✳ ✳ ✳

✳✳✳
∂f(x1, θ)

∂θp

∣

∣

∣

θ=θ̂

∂f(x2, θ)

∂θp

∣

∣

∣

θ=θ̂
· · ·

∂f(xn, θ)

∂θp

∣

∣

∣

θ=θ̂





















(













y1

y2
✳✳✳

yn













−













f(x1, θ̂)

f(x2, θ̂)
✳✳✳

f(xn, θ̂)













)

=













0

0
✳✳✳

0













❊st❡ s✐st❡♠❛ é ♦ ❡q✉✐✈❛❧❡♥t❡ ❛ J ′

f (θ̂)[y−f(θ̂)] = 0✳ ❖♥❞❡ Jf (θ̂) é ❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥♦✳

✸✳✶✶✳✶ ▼ét♦❞♦ ❞❡ ◆❡✇t♦♥

❖ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ t❛♠❜é♠ ❝❤❛♠❛❞♦ ❞❡ ❛❧❣♦r✐t♠♦ ❞❡ ●❛✉ss✲◆❡✇t♦♥ ♣♦❞❡ s❡r

✉s❛❞♦ ♣❛r❛ ❢♦r♥❡❝❡❡ s♦❧✉ç♦❡s ❞❡ s✐st❡♠❛s ❞❡ ❡q✉❛çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ❛tr❛✈és ❞❡ ✉♠ ❛❧❣♦r✐t♠♦

✐t❡r❛t✐✈♦✱ ♥♦ ♣❛❝♦t❡ ▼❱❚◆❖❘▼ ❞♦ ❙♦❢t✇❛r❡ ❘ ✉s❛♥❞♦ ❛ ❢✉♥çã♦ ♥❧s ♦ ❛❧❣♦r✐t♠♦ ❞❡

●❛✉ss✲◆❡✇t♦♥ é ✉s❛❞♦ ♣♦r ❞❡❢❛✉❧t ♣♦r s❡r ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡ ♠❡♥♦s ❞✐s♣❡♥❞✐♦s♦✱ ✈ár✐♦s

❛❧❣♦r✐t✐♠♦s ♣♦❞❡♠ t❛♠❜é♠ s❡r ✉t✐❧✐③❛❞♦s ❝♦♠♦ ♦ ❛❧❣♦r✐t✐♠♦ ❞❡ ▲❡✈❡♥❜❡r❣✲▼❛rq✉❛r❞t ❡

◆❡✇t♦♥✲❘❛♣❤s♦♥ ❣❡♥❡r❛❧✐③❛❞♦✳

P♦r s❡ tr❛t❛r ❞❡ ✉♠ ❛❧❣♦r✐t♠♦ ✐t❡r❛t✐✈♦ é ♥❡❝❡ssár✐♦ ❜♦♥s ✈❛❧♦r❡s ✐♥✐❝✐❛s ♣❛r❛ ❝♦♥✲

✈❡r❣ê♥❝✐❛ ❞♦ ♠ét♦❞♦✱ ❝❤✉t❡s r✉✐♥s ♣♦❞❡♠ r❡s✉❧t❛r ❡♠ ❝♦♥✈❡r❣ê♥❝✐❛ ♣❛r❛ ♠í♥✐♠♦s ❧♦❝❛✐s✱

♠✉❧t✐♣❧♦s ♣❛ss♦s ❛té ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ♦✉ ❡♥tã♦ ♥❡♠ s❡q✉❡r ❝♦♥✈❡r❣✐r✱ ❞♦s ✈ár✐♦s ♠ét♦❞♦s

♣❛r❛ ❡♥❝♦♥t❛r ❜♦♥s ✈❛❧♦r❡s ✐♥✐❝✐❛s s❡rá ✉t✐❧✐③❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦ ♦ ♠ét♦❞♦ ❞❛ ❛♥á❧✐s❡ ❣rá✜❝❛

q✉❡ ❝♦♥s✐st❡ ❡♠ ❛♣r♦①✐♠❛r ❣r❛✜❝❛♠❡♥t❡ ❛ ❝✉r✈❛ ❞♦s ♣♦♥t♦s✳

❖ ♠ét♦❞♦ ❞❡ ◆❡✇t♦♥ é ❞❛❞♦ ♣❡❧❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ✭▼❆❚❚❖❙✱ ✷✵✶✸✮✿

θ(a+1) = θ(a) + [J
′(a)
f Ja

f ]
−1J ′(a)r(θ(a)) ✭✶✻✮

Pr♦✈❛✿ ❯t✐❧✐③❛♥❞♦ s❡ ❞♦s s❡❣✉✐♥t❡s ❢❛t♦s✿

✶✳ e = r(θ) = y − f(x, θ)

✷✳ SSE(θ) = r′(θ)r(θ)



✷✾

✸✳ f(x, θ) ≈ f(x, θa) + J(θa)(θ − θa)

❘❡s❝r❡✈❡♥❞♦ e = r(θ) ❡ ∆θa = θ − θa✳ ❆♣❧✐❝❛♥❞♦ ✭✸✮ ❡♠ ✭✶✮✿

r(θ) ≈ y − f(x, θa)− J(θa)(θ − θa) = r(θa)− J(θa)(θ − θa)

❆♣❧✐❝❛♥❞♦ ❡st❛ ♥♦✈❛ r❡❧❛çã♦ ❡♠ ✭✷✮✿

SSE(θ) ≈ [r(θa)− J(θa)∆θa]′[r(θa)− J(θa)∆θa]

≈ [r′(θa)−∆θ′aJ ′(θa)]′[r(θa)− J(θa)∆θa]

≈ r′(θa)r(θa)−r′(θa)J(θa)∆θa −∆θ′(a)J ′(θa)r(θa)
︸ ︷︷ ︸

−2∆θ′(a)J ′(θa)r(θa)

+∆θ′(a)J ′(θa)J(θa)∆θa

▼✐♥✐♠✐③❛♥❞♦ ❙❙❊✭θ✮ ❡♠ r❡❧❛çã♦ ❛ ∆θa✱

∂SSE(θ)

∂∆θa
= −2[J ′(θ̂a)J(θ̂a)∆θ̂a − J ′( ˆθa)r(θ̂a)] = 0

⇒ ∆θ̂a
︸︷︷︸

θ̂−θ̂a

= [J ′(θ̂a)J(θ̂a)]−1J ′(θ̂a)r(θ̂a)

❆ss✐♠ ♦❜t❡♠♦s ❛ ❢ór♠✉❧❛ ✐t❡r❛t✐✈❛✿

θ(a+1) = θ(a) + [J ′(θ̂(a))J(θ̂(a))]−1J ′(θ̂(a))r(θ̂(a))

◗✉❡ ♣♦❞❡ s❡r s✐♠♣❧✐✜❝❛❞❛ ♣❛r❛ ❢ór♠✉❧❛ ✶✻✳

✸✳✶✶✳✷ ▼♦❞❡❧♦ ▲♦❣íst✐❝♦

❖ ♠♦❞❡❧♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❧♦❣íst✐❝♦ ❥á ❡r❛ ❝♦♥❤❡❝✐❞♦ ❞❡s❞❡ ♦ sé❝✉❧♦ ❳■❳ ❡ s✉❛

❢✉♥çã♦ ❢♦✐ ❞❡r✐✈❛❞❛ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❊❉❖✭❊q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✮ ❡♠ q✉❡ ♦

❝r❡s❝✐♠❡♥t♦ ❞❛ ♣♦♣✉❧❛çã♦ é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ t❛♠❛♥❤♦ ❞❛ ♣♦♣✉❧❛ç❛♦ ❝♦♠ ✉♠❛ r❡str✐çã♦ ♥❛

❝❛♣❛❝✐❞❛❞❡ ❞❡ s✉♣♦rt❡ ❞❛ ♣♦♣✉❧❛çã♦ ✭❙❚❊❲❆❘❚✱ ✷✵✶✻✮✳

❖ ♠♦❞❡❧♦ é ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

yi =
β1

1 + β2 · e−β3·xi

+ εi ✭✶✼✮

❉❡♠♦♥str❛çã♦✿

❉❛❞❛ ❡ ❡q✉❛çã♦ ❉✐❢❡r❡♥❝✐❛❧ ▲♦❣íst✐❝❛ q✉❡ r❡♣r❡s❡♥t❛ ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ ✉♠❛

♣♦♣✉❧❛çã♦✭P✮ ♣r♦♣♦r❝✐♦♥❛❧✭❦✮ ❛♦ t❛♠❛♥❤♦ ❞❛ ♣ró♣✐❛ ♣♦♣✉❧❛çã♦✱ ♣♦ré♠ r❡str✐♥❣✐❞❛ ♣❡❧❛

❝❛♣❛❝✐❞❛❞❡ ❞❡ s✉♣♦rt❡✭▼✮ ✿

dP

dt
= kP

(

1−
P

M

)
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❈♦♠♦ s❡ tr❛t❛ ❞❡ ✉♠❛ ❡q✉❛çã♦ s❡♣❛rá✈❡❧ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✿

∫

dP

P (1− P
M
)
=

∫

kdt

❇❛st❛ r❡s♦❧✈❡r ❛ ✐♥t❡❣r❛❧ ❡ ✐s♦❧❛r P✿

•

∫

dP

P (1− P
M
)
=

∫

M

P (M − P )
dP =

∫
(

1

P
+

1

M − P

)

dP = ln|P |− ln|M −P |+ c1

•

∫

kdt = kt+ c2

■❣✉❛❧❛♥❞♦ ❡ ❝♦♥s✐❞❡r❛♥❞♦ C = c1 − c2✿

ln

∣

∣

∣

∣

M − P

P

∣

∣

∣

∣

= −kt− C ⇒

∣

∣

∣

∣

M − P

P

∣

∣

∣

∣

= e−kt−C = e−Ce−kt

❈♦♥s✐❞❡r❛♥❞♦ A = ±e−C

M

P
− 1 = Ae−kt ⇒

P

M
=

1

1 + Ae−kt
⇒ P (t) =

M

1 + Ae−kt

❘❡❡s❝r❡✈❡♥❞♦ P✭t✮❂②✱ M = β1✱ A = β2✱ k = β3 ❡ t = x ✜♥❛❧♠❡♥t❡ ♦❜t❡♠♦s ♦

♠♦❞❡❧♦ ❞❛ ❡q✉❛çã♦ ✶✼✳

✸✳✶✶✳✸ ▼♦❞❡❧♦ ❞❡ ●♦♠♣❡rt③

❖ ♠♦❞❡❧♦ ❞❡ ●♦♠♣❡rt③ ❛♣r❡s❡♥t❛ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ s✐❣♠♦✐❞❛❧ ❡ é ✉t✐❧✐③❛❞♦ ♣❛r❛

♠♦❞❡❧❛r ❝r❡s❝✐♠❡♥t♦ ❜♦✈✐♥♦ ❡ ♠❛tér✐❛ s❡❝❛ ❞❡ ♣❧❛♥t❛s✱ ♦ ♠♦❞❡❧♦ ✉t✐❧✐③❛❞♦ ♣♦ss✉✐ ✸ ♣❛râ✲

♠❡tr♦s ❡ é ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛ ✭❉❖▼■◆●❯❊❙✱ ✷✵✶✶✮✿

Yi = β1e
−β2e

−β3xi + εi ✭✶✽✮

❉❡♠♦♥str❛çã♦✿

❉❛❞❛ ❛ ❡q✉❛çã♦ ❉✐❢❡r❡♥❝✐❛❧ q✉❡ r❡♣r❡s❡♥t❛ ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ ✉♠❛ ♣♦♣✉✲

❧❛çã♦✭P✮ ♣r♦♣♦r❝✐♦♥❛❧✭r✮ ❛♦ t❛♠❛♥❤♦ ❞❛ ♣ró♣✐❛ ♣♦♣✉❧❛çã♦ ❝♦♠ ✉♠❛ r❡str✐çã♦ ❞❡ ❝r❡s❝✐✲

♠❡♥t♦✭❦✮✿

dN

dt
= rNln

(

k

N

)

❘❡♦r❣❛♥✐③❛♥❞♦ ❡ ❛♣❧✐❝❛♥❞♦ ❛ ✐♥t❡❣r❛❧ ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s✿

dN

Nln( k
N
)
= rdt ⇒

∫

dN

Nln( k
N
)
=

∫

rdt

❆❣♦r❛ ❜❛st❛ r❡s♦❧✈❡r ❛s ✐♥t❡❣r❛✐s ❡ ✐s♦❧❛r ◆



✸✶

• P❛r❛ r❡s♦❧✈❡r
∫

dN

Nln( k

N
)
✱ ❢❛ç❛♠♦s U = ln

(

k

N

)

⇒ dU = −
dN

N
∫

dN

Nln( k

N
)
= −

∫

dU

U
= −ln|U | = −ln

∣

∣

∣

∣

ln

(

k

N

)∣

∣

∣

∣

+ c1

•

∫

rdt = rt+ c2

❈♦♥s✐❞❡r❛♥❞♦ C = c2 − c1 ❡ A = ±e−C

ln

(

ln

∣

∣

∣

∣

k

N

∣

∣

∣

∣

)

= −rt− C ⇒

∣

∣

∣

∣

ln

(

k

N

)∣

∣

∣

∣

= e−rte−C ⇒ ln

(

k

N

)

= Ae−rt

⇒
k

N
= eAe−rt

⇒ N =
k

eAe−kt
⇒ N(t) = ke−Ae−rt

❘❡❡s❝r❡✈❡♥❞♦ N(t) = y✱ β1 = 1✱ β2 = A✱ β3 = r ❡ t❂① ♦❜t❡♠♦s ♦ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦

✶✽
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✸✳✶✷ ❉✐str✐❜✉✐çã♦ ◆♦r♠❛❧ ▼✉❧t✐✈❛r✐❛❞❛

P❛r❛ ♦ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ é ♥❡❝❡ssár✐♦ s✐♠✉❧❛r ♦s ❞❛❞♦s ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦

♥♦r♠❛❧ ❜✐✈❛r✐❛❞❛ ♣♦✐s s✐♠✉❧❛r ♦s ✈❛❧♦r❡s ❞❡ ① ❡ ② s❡♣❛r❛❞❛♠❡♥t❡ ♥ã♦ ❣❛r❛♥t❡ ✉♠❛ ❛❧t❛

❝♦rr❡❧❛çã♦ ❞❡ ❞❛❞♦s✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ✭❋❊❘❘❊■❘❆✱ ✷✵✵✽✮ ❛ ❞❡♥s✐❞❛❞❡ ❞❛ ❞✐str✐❜✉✐çã♦

♥♦r♠❛❧ ♠✉❧t✐✈❛r✐❛❞❛ é ❞❛❞❛ ♣♦r✿

f(x|µx, σx) = (2π)−p/2|Σ|−1/2e−
1

2
(x−µ)TΣ−1(x−µ) ✭✶✾✮

♦♥❞❡ Σ =













σ11 σ12 · · · σ1p

σ21 σ22 · · · σ2p

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

σp1 σp2 · · · σpp













❡ µ =













µ1

µ2

✳✳✳

µp













P♦❞❡✲s❡ ✉t✐❧✐③❛r ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ P❡❛rs♦♥ ♣❛r❛ r❡❡s❝r❡✈❡r ❛ ♠❛tr✐③ ❞❡ ❱❛r✐❛♥❝✐❛ ❡

❈♦✈❛r✐â♥❝✐❛✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦ ❜✐✈❛r✐❛❞♦ t❡♠♦s ❛ ♥♦✈❛ ♠❛tr✐③✱

Σ =

[

σ2
1 ρσ1σ2

ρσ2σ1 σ2
2

]

❀ ρ =
σij

σiσj

❉❡st❛ ❢♦r♠❛ é ♣♦ssí✈❡❧ s✐♠✉❧❛r ❞❛❞♦s ❛❧t❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦s ✉s❛♥❞♦ ♦ ❝♦❡✜❝✐✲

❡♥t❡ ❞❡ P❡❛rs♦♥✳



✸✸

✹ ❊st✉❞♦ ♣♦r s✐♠✉❧❛çã♦

❖ ❡st✉❞♦ ♣♦r s✐♠✉❧❛çã♦ ❞❡ ❛❧❣✉♥s í♥❞✐❝❡s ❢♦✐ r❡❛❧✐③❛❞♦ ❛tr❛✈és ❞♦ ❙♦❢t✇❛r❡ ❘ ✭❘

❉❊❱❊▲❖P▼❊◆❚ ❈❖❘❊ ❚❊❆▼✱ ✷✵✶✽✮ ✈❡rsã♦ ✸✳✻✳✶✳ P❛r❛ ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡

t♦❞♦s ♦s í♥❞✐❝❡s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ✈❛r✐❛çã♦ ❞❛ ❝♦rr❡❧❛çã♦ ❞♦s ❞❛❞♦s✱ ❢♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s

três ❝❛s♦s s❡♥❞♦ ❡❧❡s❀

• ❲✐❧❧♠♦tt ♦r✐❣✐♥❛❧ ✈s✳ ❲✐❧❧♠♦tt ♠♦❞✐✜❝❛❞♦ ✈s✳ ❲✐❧❧♠♦tt r❡✜♥❛❞♦❀

• ◆❛s❤✲❙✉t❝❧✐✛❡ ♦r✐❣✐♥❛❧ ✈s✳ ◆❛s❤✲❙✉t❝❧✐✛❡ ♠♦❞✐✜❝❛❞♦❀

• ❈❛♠❛r❣♦ & ❙❡♥t❡❧❤❛s ✈s✳ ❆❧✈❛r❡s ❡t ❛❧✳

◆♦ tr❛❜❛❧❤♦ ❞❡ P❡r❡✐r❛ ❡t ❛❧✳✭✷✵✶✽✮ ♦ í♥❞✐❝❡ ❞❡ ❲✐❧♠♦tt é ❝♦♠♣❛r❛❞♦ ❣r❛✜❝❛♠❡♥t❡

❝♦♠ s✉❛s ✈❛r✐❛çõ❡s ✈✐❛ s✐♠✉❧❛çã♦ ❝♦♥❢♦r♠❡ ❛ ✈❛r✐❛çã♦ ❞♦ ❡rr♦ ❡ r❡♣❡t✐çõ❡s ✱ ♥❡st❡ tr❛❜❛✲

❧❤♦ ❛ s✐♠✉❧❛çã♦ ❢♦✐ ❢❡✐t❛ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ♥ú♠❡r♦ ✜①♦ ❞❡ r❡♣❡t✐çõ❡s✱ ✈❛r✐❛♥❞♦ ❛♣❡♥❛s ♦

t❛♠❛♥❤♦ ❞❡ (x, y) ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ P❡❛rs♦♥✳

❖s ✈❛❧♦r❡s ❞❡ ❳ ❡ ❨ ❢♦r❛♠ s✐♠✉❧❛❞♦s ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ♥♦r♠❛❧ ❜✐✈❛r✐❛❞❛✱ ❝♦♥s✐✲

❞❡r❛♥❞♦ ✉♠❛ ❝♦rr❡❧❛çã♦ ❞❡ ✸✴✶✻ ❡ ✶✸✴✶✻ ♦ q✉❡ s✐❣♥✐✜❝❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✉♠❛ ❝♦rr❡❧❛çã♦

r✉✐♠ ❡ ✉♠❛ ❝♦rr❡❧❛çã♦ ❜♦❛ s❡♥❞♦ s✐♠✉❧❛❞♦s ❝♦♠ ❛ ♠❡s♠❛ ♠é❞✐❛ ❡ ✈❛r✐â♥❝✐❛✳ ■st♦ s✐❣♥✐✲

✜❝❛ q✉❡ ✉♠❛ ❜♦❛ ❝♦rr❡❧❛çã♦ ♥❡st❡ ❝❛s♦ ✐♠♣❧✐❝❛ ❡♠ ✉♠❛ ❜♦❛ ❝♦♥❝♦r❞â♥❝✐❛✳ ❆❞❡♠❛✐s✱ ❢♦✐

❝♦♥s✐❞❡r❛❞♦ q✉❛tr♦ t❛♠❛♥❤♦s ❞❡ ♣❛r❡s (x, y) s❡♥❞♦ ✶✵✱ ✷✵✱ ✺✵ ❡ ✶✵✵ ❡ ❝❛❞❛ ■✭①✱②✮ r❡♣❡t✐❞♦

✜①❛♠❡♥t❡ ✶✵✵ ✈❡③❡s✱ s❡♥❞♦ ■✭①✱②✮ ✉♠ í♥❞✐❝❡ q✉❛❧q✉❡r ❞❡ ① ❡ ②✳

❖s r❡s✉❧t❛❞♦s ❞❛ s✐♠✉❧❛çã♦ ✈ã♦ s❡r ❛♥❛❧✐s❛❞♦s ❣r❛✜❝❛♠❡♥t❡ ❡ ❛❝♦♠♣❛♥❤❛❞♦s ❞❡

✉♠❛ t❛❜❡❧❛ ❞❡ ♠❡❞✐❞❛s ❞❡s❝r✐t✐✈❛s ♣❛r❛ ❛✉①✐❧✐❛r ❛ ❛♥á❧✐s❡ ❣rá✜❝❛✱ ❛s ♠❡❞✐❞❛s s❡rã♦✿ ♠é❞✐❛✱

✈❛r✐â♥❝✐❛✱ ✐♥t❡r✈❛❧♦ ❞❛❞♦ ♣♦r ❬X̄ − SX , X̄ + SX ❪ ❡ ❋r❡q✉ê♥❝✐❛ ❘❡❧❛t✐✈❛ ❡♠ ♣♦r❝❡♥t❛❣❡♠

❞♦s ✈❛❧♦r❡s ❞❡♥tr♦s ❞♦s ✐♥t❡r✈❛❧♦s✳



✸✹

✹✳✵✳✶ ❈❡♥ár✐♦ ✶ ✲ ❲✐❧❧♠♦tt✭❞✮ ✈s✳ ❲✐❧❧♠♦tt ♠♦❞✐✜❝❛❞♦✭dmod✮ ✈s✳ ❲✐❧❧♠♦tt

r❡✜♥❛❞♦✭dref✮

✶✳ ❈♦♥s✐❞❡r❛♥❞♦ Σ =

(

16 13

13 16

)

❡ µ =

[

40

40

]

❋✐❣✉r❛ ✸✿ ❘❡s✉❧t❛❞♦s ●rá✜❝♦s ❞♦s í♥❞✐❝❡s ❞❡ ❲✐❧❧♠♦tt✭❧✐♥❤❛ ♣r❡t❛✮ ✈s✳ ❲✐❧❧♠♦tt ♠♦❞✐✜❝❛❞♦✭❧✐♥❤❛ ❛③✉❧✮
✈s✳ ❲✐❧❧♠♦tt r❡✜♥❛❞♦✭❧✐♥❤❛ ✈❡r♠❡❧❤❛✮ ❝♦♥s✐❞❡r❛♥❞♦ ρ = 13/16

❋♦♥t❡✿ ❖ ❛✉t♦r



✸✺

❚❛❜❡❧❛ ✸✿ ▼❡❞✐❞❛s ❞❡s❝r✐t✐✈❛s ❞♦s ✈❛❧♦r❡s ❞❡ ❞ ♣❛r❛ ρ = 13/16

❆♠♦str❛ ♥❂✶✵ ♥❂✷✵ ♥❂✺✵ ♥❂✶✵✵
▼é❞✐❛ ✵✳✽✼ ✵✳✽✽ ✵✳✾✵ ✵✳✽✾

❱❛r✐â♥❝✐❛ ✵✳✶✵ ✵✳✵✺ ✵✳✵✷ ✵✳✵✷
✐♥t❡r✈❛❧♦ ❬✵✳✼✻ ✱ ✵✳✾✼❪ ❬✵✳✽✷✱ ✵✳✾✻❪ ❬✵✳✽✼✱ ✵✳✾✷❪ ❬✵✳✽✼✱ ✵✳✾✶❪
❋❘✭%✮ ✾✸ ✼✼ ✻✾ ✻✾

❋♦♥t❡✿ ❖ ❛✉t♦r

❚❛❜❡❧❛ ✹✿ ▼❡❞✐❞❛s ❞❡s❝r✐t✐✈❛s ❞♦s ✈❛❧♦r❡s ❞❡ dmod ♣❛r❛ ρ = 13/16

❆♠♦str❛ ♥❂✶✵ ♥❂✷✵ ♥❂✺✵ ♥❂✶✵✵
▼é❞✐❛ ✵✳✻✼ ✵✳✻✼ ✵✳✻✾ ✵✳✻✾

❱❛r✐â♥❝✐❛ ✵✳✶✵ ✵✳✵✼ ✵✳✵✹ ✵✳✵✸
✐♥t❡r✈❛❧♦ ❬✵✳✺✻ ✱ ✵✳✼✼❪ ❬✵✳✻✵✱ ✵✳✼✺❪ ❬✵✳✻✹✱ ✵✳✼✸❪ ❬✵✳✻✻✱ ✵✳✼✷❪
❋❘✭%✮ ✻✾ ✼✵ ✻✽ ✼✸

❋♦♥t❡✿ ❖ ❛✉t♦r

❚❛❜❡❧❛ ✺✿ ▼❡❞✐❞❛s ❞❡s❝r✐t✐✈❛s ❞♦s ❱❛❧♦r❡s ❞❡ dref ♣❛r❛ ρ = 13/16

❆♠♦str❛ ♥❂✶✵ ♥❂✷✵ ♥❂✺✵ ♥❂✶✵✵
▼é❞✐❛ ✵✳✻✻ ✵✳✻✽ ✵✳✻✽ ✵✳✻✾

❱❛r✐â♥❝✐❛ ✵✳✶✸ ✵✳✵✻ ✵✳✵✹ ✵✳✵✸
✐♥t❡r✈❛❧♦ ❬✵✳✺✷✱ ✵✳✼✾❪ ❬✵✳✻✷✱ ✵✳✼✺❪ ❬✵✳✻✸✱ ✵✳✼✸❪ ❬✵✳✻✺✱ ✵✳✼✷❪
❋❘✭%✮ ✼✹ ✼✸ ✻✼ ✻✸

❋♦♥t❡✿ ❖ ❛✉t♦r

●r❛✜❝❛♠❡♥t❡✱ ✈❡r✐✜❝♦✉✲s❡ q✉❡ ♦ í♥❞✐❝❡ ❞❡ ❲✐❧❧♠♦tt✭❞✮ ❛♣r❡s❡♥t♦✉ s❡♠♣r❡ ♦s ♠❛✐♦✲

r❡s ✈❛❧♦r❡s ❡♠ r❡❧❛çã♦ ❛♦s í♥❞✐❝❡s ❞❡❲✐❧❧♠♦tt ♠♦❞✐✜❝❛❞♦✭dmod✮ ❡ r❡✜♥❛❞♦✭dref ✮✳ ❊s♣❡r❛✈❛✲

s❡ ❡ss❡ r❡s✉❧t❛❞♦✱ ♣♦✐s ❡st❡s ❢♦r❛♠ ❝r✐❛❞♦s ♣❛r❛ ♣❡♥❛❧✐③❛r ♦ í♥❞✐❝❡ ♦r✐❣✐♥❛❧✳ ❊♠ t♦❞♦s ♦s

❣rá✜❝♦s✱ ❡st❡s ❞♦✐s í♥❞✐❝❡s r❡✈❡❧❛r❛♠ ❢♦rt❡ ❝♦✐♥❝✐❞ê♥❝✐❛ ❞❡♠♦♥str❛♥❞♦ q✉❡ t❛♥t♦ ❢❛③ ✉s❛r

✉♠ ♦✉ ♦✉tr♦✳ ■ss♦ ♣♦r s✉❛ ✈❡③ ❝♦rr♦❜♦r❛ ❝♦♠ ❛s ❚❛❜❡❧❛s ✸✱ ✹ ❡ ✺✳ ➚ ♠❡❞✐❞❛ q✉❡ ♦ t❛♠❛♥❤♦

❞❛ ❛♠♦str❛ ❛✉♠❡♥t❛ ✜❝❛ ♠❛✐s ❢á❝✐❧ ✈❡r ♦s ❞✐st❛♥❝✐❛♠❡♥t♦s ❞❡ ❞ ❝♦♠ dmod ❡ dref ✳



✸✻

✷✳ ❈♦♥s✐❞❡r❛♥❞♦ Σ =

(

16 3

3 16

)

✱ µ =

[

40

40

]

❡ ♥❂✶✵✵

❋✐❣✉r❛ ✹✿ ❘❡s✉❧t❛❞♦s ●rá✜❝♦s ❞♦s í♥❞✐❝❡s ❞❡ ❲✐❧❧♠♦tt ♦r✐❣✐♥❛❧✭❧✐♥❤❛ ♣r❡t❛✮ ✈s✳ ❲✐❧❧♠♦tt ♠♦❞✐✜❝❛❞♦✭❧✐♥❤❛
❛③✉❧✮ ✈s✳ ❲✐❧❧♠♦tt r❡✜♥❛❞♦✭❧✐♥❤❛ ✈❡r♠❡❧❤❛✮ ❝♦♥s✐❞❡r❛♥❞♦ ρ = 3/16

❋♦♥t❡✿ ❖ ❛✉t♦r



✸✼

❚❛❜❡❧❛ ✻✿ ▼❡❞✐❞❛s ❞❡s❝r✐t✐✈❛s ❞♦s ❱❛❧♦r❡s ❞❡ ❞ ♣❛r❛ ρ = 3/16

❆♠♦str❛ ♥❂✶✵ ♥❂✷✵ ♥❂✺✵ ♥❂✶✵✵
▼é❞✐❛ ✵✳✺✵ ✵✳✹✽ ✵✳✹✾ ✵✳✺✵

❱❛r✐â♥❝✐❛ ✵✳✶✼ ✵✳✶✸ ✵✳✵✽ ✵✳✵✻
✐♥t❡r✈❛❧♦ ❬✵✳✸✸✱ ✵✳✻✽❪ ❬✵✳✸✹✱ ✵✳✻✶❪ ❬✵✳✹✵✱ ✵✳✺✽❪ ❬✵✳✹✹✱ ✵✳✺✼❪
❋❘✭%✮ ✻✷ ✻✺ ✻✹ ✻✼

❋♦♥t❡✿ ❖ ❛✉t♦r

❚❛❜❡❧❛ ✼✿ ▼❡❞✐❞❛s ❞❡s❝r✐t✐✈❛s ❞♦s ❱❛❧♦r❡s ❞❡ dmod ♣❛r❛ ρ = 3/16

❆♠♦str❛ ♥❂✶✵ ♥❂✷✵ ♥❂✺✵ ♥❂✶✵✵
▼é❞✐❛ ✵✳✸✼ ✵✳✸✺ ✵✳✸✺ ✵✳✸✻

❱❛r✐â♥❝✐❛ ✵✳✶✷ ✵✳✵✾ ✵✳✵✻ ✵✳✵✹
✐♥t❡r✈❛❧♦ ❬✵✳✷✹✱ ✵✳✹✾❪ ❬✵✳✷✻✱ ✵✳✹✹❪ ❬✵✳✷✾✱ ✵✳✹✷❪ ❬✵✳✸✷✱ ✵✳✹✵❪
❋❘✭%✮ ✻✻ ✻✻ ✻✽ ✼✶

❋♦♥t❡✿ ❖ ❛✉t♦r

❚❛❜❡❧❛ ✽✿ ▼❡❞✐❞❛s ❞❡s❝r✐t✐✈❛s ❞♦s ❱❛❧♦r❡s ❞❡ dref ♣❛r❛ ρ = 3/16

❆♠♦str❛ ♥❂✶✵ ♥❂✷✵ ♥❂✺✵ ♥❂✶✵✵
▼é❞✐❛ ✵✳✸✸ ✵✳✸✸ ✵✳✸✺ ✵✳✸✺

❱❛r✐â♥❝✐❛ ✵✳✶✻ ✵✳✶✶ ✵✳✵✽ ✵✳✵✺
✐♥t❡r✈❛❧♦ ❬✵✳✶✻✱ ✵✳✺✵❪ ❬✵✳✷✷✱ ✵✳✹✹❪ ❬✵✳✷✼✱ ✵✳✹✸❪ ❬✵✳✸✵✱ ✵✳✹✶❪
❋❘✭%✮ ✻✽ ✺✾ ✼✵ ✼✶

❋♦♥t❡✿ ❖ ❛✉t♦r

◆❛ ❋✐❣✉r❛ ✼✱ ❝♦♠♦ ♥❛s ❚❛❜❡❧❛s ✾ ❡ ✶✵✱ ❤♦✉✈❡ ✉♠ ❞❡❝❛✐♠❡♥t♦ ❞❛ ♠é❞✐❛ ❞❡ t♦❞♦s

♦s í♥❞✐❝❡s✱♦ r❡❝✉rs♦ ❣rá✜❝♦ ✜❝♦✉ ❝♦♠♣r♦♠❡t✐❞♦ ♣♦ré♠✱ ♣❛r❛ ♥❂✺✵ é ✈✐sí✈❡❧ q✉❡ ♦ í♥❞✐❝❡

♦r✐❣✐♥❛❧ ❛✐♥❞❛ s✉♣❡r❛ ♦s ❞❡♠❛✐s í♥❞✐❝❡s✱ ❡ ❡st❡s ❛✐♥❞❛ ❛♣r❡s❡♥t❛♠ ✉♠❛ ❢♦rt❡ ❝♦✐♥❝✐❞ê♥❝✐❛✳

❆ ❝♦♥❝❧✉sã♦ ❞❛ s✐♠✉❧❛çã♦ ❞♦ ❝❡♥ár✐♦ ✶ é q✉❡ ♦s í♥❞✐❝❡s r❡✜♥❛❞♦ ❡ ♠♦❞✐✜❝❛❞♦ ♣♦❞❡♠

s✉❜st✐t✉✐r ✉♠ ❛♦ ♦✉tr♦ ♣❛r❛ ❛❧t❛ ♦✉ ❜❛✐①❛ ❝♦♥❝♦r❞â♥❝✐❛✳



✸✽

✹✳✵✳✷ ❈❡♥ár✐♦ ✷ ✲ ◆❛s❤✲❙✉t❝❧✐✛❡ ✈s✳ ◆❛s❤✲❙✉t❝❧✐✛❡ ▼♦❞✐✜❝❛❞♦

✶✳ ❈♦♥s✐❞❡r❛♥❞♦ Σ =

(

16 13

13 16

)

❡ µ =

[

40

40

]

❋✐❣✉r❛ ✺✿ ❘❡s✉❧t❛❞♦s ❣rá✜❝♦s ♣❛r❛ ♦s í♥❞✐❝❡s ❞❡ ◆❛s❤✲❙✉t❝❧✐✛❡✭❧✐♥❤❛ ♣r❡t❛✮ ✈s✳ ◆❛s❤✲❙✉t❝❧✐✛❡ ♠♦❞✐✜✲
❝❛❞♦✭❧✐♥❤❛ ✈❡r♠❡❧❤❛✮ ❝♦♥s✐❞❡r❛♥❞♦ p = 13/16

❋♦♥t❡✿ ❖ ❛✉t♦r

❚❛❜❡❧❛ ✾✿ ▼❡❞✐❞❛s ❞❡s❝r✐t✐✈❛s ❞♦s ❱❛❧♦r❡s ❞❡ ◆❙ ♣❛r❛ ρ = 13/16

❆♠♦str❛ ♥❂✶✵ ♥❂✷✵ ♥❂✺✵ ♥❂✶✵✵
▼é❞✐❛ ✵✳✹✾ ✵✳✺✺ ✵✳✺✼ ✵✳✻✶

❱❛r✐â♥❝✐❛ ✵✳✸✻ ✵✳✷✶ ✵✳✶✶ ✵✳✵✼
✐♥t❡r✈❛❧♦ ❬✵✳✶✸ ✱ ✵✳✽✻❪ ❬✵✳✸✹✱ ✵✳✼✼❪ ❬✵✳✹✺✱ ✵✳✻✾❪ ❬✵✳✺✸✱ ✵✳✻✾❪
❋❘✭✪✮ ✼✻ ✼✻ ✻✺ ✻✼

❋♦♥t❡✿ ❖ ❛✉t♦r



✸✾

❚❛❜❡❧❛ ✶✵✿ ▼❡❞✐❞❛s ❞❡s❝r✐t✐✈❛s ❞♦s ❱❛❧♦r❡s ❞❡ NSmod ♣❛r❛ ρ = 13/16

❆♠♦str❛ ♥❂✶✵ ♥❂✷✵ ♥❂✺✵ ♥❂✶✵✵
▼é❞✐❛ ✵✳✸✷ ✵✳✸✹ ✵✳✸✹ ✵✳✸✼

❱❛r✐â♥❝✐❛ ✵✳✷✻ ✵✳✶✺ ✵✳✵✾ ✵✳✵✻
✐♥t❡r✈❛❧♦ ❬✵✳✵✺ ✱ ✵✳✺✽❪ ❬✵✳✶✽✱ ✵✳✺✵❪ ❬✵✳✷✺✱ ✵✳✹✹❪ ❬✵✳✸✶✱ ✵✳✹✹❪
❋❘✭✪✮ ✻✺ ✼✷ ✻✷ ✻✾

❋♦♥t❡✿ ❖ ❛✉t♦r

◆❛ ❋✐❣✉r❛ ✺✱ ❝♦♠♦ ♥❛s ❚❛❜❡❧❛s ✾ ❡ ✶✵✱ ❛♣❡s❛r ❞❡ ❛♠❜♦s ❛♣r❡s❡♥t❛r❡♠ ♠é❞✐❛s

✐♥❢❡r✐♦r❡s ❛s ♠é❞✐❛s ❞♦s í♥❞✐❝❡s ❞❡ ❲✐❧❧♠♦tt✱ ❛ ✐♥t❡r♣r❡t❛çã♦ ❢❛✈♦rá✈❡❧ ♦✉ ♥ã♦ ♣❛r❛ ❝♦♥✲

❝♦r❞â♥❝✐❛ ❞❡♣❡♥❞❡ ❞❛ ár❡❛ ❞♦ ♣r♦❜❧❡♠❛✱ ❣r❛✜❝❛♠❡♥t❡ ♦ í♥❞✐❝❡ ♦r✐❣✐♥❛❧ s✉♣❡r❛ ♦ í♥❞✐❝❡

♠♦❞✐✜❝❛❞♦ ♦ q✉❡ ❥❛ ❡r❛ ❡s♣❡r❛❞♦ ♣❡❧❛s ♣r♦♣✐❡❞❛❞❡s ♠❛t❡♠át✐❝❛ ❞♦s í♥❞✐❝❡s✳



✹✵

✷✳ ❈♦♥s✐❞❡r❛♥❞♦ Σ =

(

16 3

3 16

)

❡ µ =

[

40

40

]

❋✐❣✉r❛ ✻✿ ❘❡s✉❧t❛❞♦s ❣rá✜❝♦s ♣❛r❛ ♦s í♥❞✐❝❡s ❞❡ ◆❛s❤✲❙✉t❝❧✐✛❡✭❧✐♥❤❛ ♣r❡t❛✮ ✈s✳ ◆❛s❤✲❙✉t❝❧✐✛❡ ♠♦❞✐✜✲
❝❛❞♦✭❧✐♥❤❛ ✈❡r♠❡❧❤❛✮ ❝♦♥s✐❞❡r❛♥❞♦ ρ = 3/16

❋♦♥t❡✿ ❖ ❛✉t♦r



✹✶

❚❛❜❡❧❛ ✶✶✿ ▼❡❞✐❞❛s ❞❡s❝r✐t✐✈❛s ❞♦s ❱❛❧♦r❡s ❞❡ ◆❙ ♣❛r❛ ρ = 3/16

❆♠♦str❛ ♥❂✶✵ ♥❂✷✵ ♥❂✺✵ ♥❂✶✵✵
▼é❞✐❛ ✲✵✳✽✸ ✲✵✳✼✻ ✲✵✳✼✵ ✲✵✳✻✽

❱❛r✐â♥❝✐❛ ✵✳✾✶ ✵✳✼✷ ✵✳✹✶ ✵✳✷✽
✐♥t❡r✈❛❧♦ ❬✲✶✳✼✺ ✱ ✵✳✵✼❪ ❬✲✶✳✹✾✱ ✵❪ ❬✲✶✳✶✶✱ ✲✵✳✷✾❪ ❬✲✵✳✾✻✱✲✵✳✸✾❪
❋❘✭✪✮ ✼✾ ✽✷ ✻✽ ✻✽

❋♦♥t❡✿ ❖ ❛✉t♦r

❚❛❜❡❧❛ ✶✷✿ ▼❡❞✐❞❛s ❞❡s❝r✐t✐✈❛s ❞♦s ❱❛❧♦r❡s ❞❡ NSmod ♣❛r❛ ρ = 3/16

❆♠♦str❛ ♥❂✶✵ ♥❂✷✵ ♥❂✺✵ ♥❂✶✵✵
▼é❞✐❛ ✲✵✳✸✹ ✲✵✳✸✶ ✲✵✳✷✾ ✲✵✳✷✽

❱❛r✐â♥❝✐❛ ✵✳✸✹ ✵✳✷✺ ✵✳✶✻ ✵✳✶✶
✐♥t❡r✈❛❧♦ ❬✲✵✳✻✽ ✱ ✵❪ ❬✲✵✳✺✼✱ ✵❪ ❬✲✵✳✹✺✱ ✲✵✳✶✸❪ ❬✲✵✳✸✾✱✲✵✳✶✼❪
❋❘✭✪✮ ✼✶ ✼✸ ✻✻ ✻✼

❋♦♥t❡✿ ❖ ❛✉t♦r

◆❛ ✜❣✉r❛ ✻ ❡ ♥❛s t❛❜❡❧❛s ✶✶ ❡ ✶✷ ✈❡r✐✜❝❛✲s❡ q✉❡ ♦ í♥❞✐❝❡ ❞❡ ◆❛s❤✲❙✉t❝❧✐✛❡ ♦r✐❣✐♥❛❧

❛♣r❡s❡♥t♦✉ ✈❛❧♦r❡s ♠✉✐t♦ ❡①tr❡♠♦s✱ ❛ ✈❛r✐❛❜✐❧✐❞❛❞❡ ❞❡ ❛♠❜♦s sã♦ ❛s ♠❛✐s ❛❧t❛s ❞❡ t♦❞♦s ♦s

❝❡♥ár✐♦✱ ❛s ♠é❞✐❛s ✜❝❛r❛♠ ♥❡❣❛t✐✈❛s ❝♦♠ ♥❡♥❤✉♠ ❞♦s í♥❞✐❝❡s ❝❤❡❣❛♥❞♦ ❛ ✈❛❧♦r❡s ❛❝❡✐tá✲

✈❡✐s✳ ❆ ❝♦♥❝❧✉sã♦ ❞❛ s✐♠✉❧❛çã♦ ❞♦ ❝❡♥ár✐♦ ✶ é q✉❡ ♦ í♥❞✐❝❡ ♠♦❞✐✜❝❛❞♦ é ♦ ♠❛✐s ❛❞❡q✉❛❞♦

♣♦r t❡r t❡♥❞ê♥❝✐❛s ♠❡♥♦s ❡①tr❡♠❛s ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♠❛✐s ❝♦♥✜á✈❡❧✳



✹✷

✹✳✵✳✸ ❈❡♥ár✐♦ ✸ ✲ ❮♥❞✐❝❡ ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❈❛♠❛r❣♦ ✫ ❙❡♥t❡❧❤❛s ❡ ❆❧✈❛r❡③

❡t ❛❧✳

✶✳ ❈♦♥s✐❞❡r❛♥❞♦ Σ =

(

16 13

13 16

)

❡ µ =

[

40

40

]

❋✐❣✉r❛ ✼✿ ❘❡s✉❧t❛❞♦s ❣rá✜❝♦s ❞♦s í♥❞✐❝❡s ❞❡ ❈❛♠❛r❣♦ ✫ ❙❡♥t❡❧❤❛s✭❧✐♥❤❛ ♣r❡t❛✮ ❡ ❆❧✈❛r❡s ❡t ❛❧✳✭❧✐♥❤❛
✈❡r♠❡❧❤❛✮ ♣❛r❛ ρ = 13/16

❋♦♥t❡✿ ❖ ❛✉t♦r

❚❛❜❡❧❛ ✶✸✿ ❈❧❛ss✐✜❝❛çã♦ ♣❡r❝❡♥t✉❛❧ ❞♦s ✈❛❧♦r❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❈❛♠❛r❣♦ & ❙❡♥t❡❧❤❛s ♣❛r❛ ρ = 13/16

❉❡s❡♠♣❡♥❤♦ ♥ ❂ ✶✵ ♥ ❂ ✷✵ ♥ ❂ ✺✵ ♥ ❂ ✶✵✵
Ót✐♠♦ ✶✷ ✶✵ ✶ ✵

▼✉✐t♦ ❇♦♠ ✷✺ ✸✻ ✸✽ ✸✹
❇♦♠ ✹✶ ✷✽ ✹✺ ✻✷

▼❡❞✐❛♥♦ ✶✷ ✾ ✶✷ ✸
❙♦❢rí✈❡❧ ✼ ✶✵ ✹ ✶
▼❛✉ ✸ ✹ ✵ ✵

Péss✐♠♦ ✵ ✸ ✵ ✵

❋♦♥t❡✿ ❖ ❛✉t♦r



✹✸

❚❛❜❡❧❛ ✶✹✿ ❈❧❛ss✐✜❝❛çã♦ ♣❡r❝❡♥t✉❛❧ ❞♦s ✈❛❧♦r❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❆❧✈❛r❡s ❡t ❛❧✳ ♣❛r❛ ρ = 13/16

❉❡s❡♠♣❡♥❤♦ ♥ ❂ ✶✵ ♥ ❂ ✷✵ ♥ ❂ ✺✵ ♥ ❂ ✶✵✵
Ót✐♠♦ ✸ ✶ ✵ ✵

▼✉✐t♦ ❇♦♠ ✸✵ ✹✵ ✷✻ ✷✷
❇♦♠ ✺✶ ✹✵ ✻✻ ✼✼

▼❡❞✐❛♥♦ ♦✉ t♦❧❡rá✈❡❧ ✶✺ ✶✺ ✽ ✶
❙♦❢rí✈❡❧ ♦✉ ♣♦❜r❡ ✶ ✹ ✵ ✵

▼❛✉ ✵ ✵ ✵ ✵
Péss✐♠♦ ✵ ✵ ✵ ✵

❋♦♥t❡✿ ❖ ❛✉t♦r

P❡r❝❡❜❡ ✲s❡ ♥❛ ❋✐❣✉r❛ ✼ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛♠❜♦s ♦s í♥❞✐❝❡s ❛✉♠❡♥t❛ ❝♦♥❢♦r♠❡

❛ ❛♠♦str❛ ❛✉♠❡♥t❛✳ ❊♥tr❡t❛♥t♦✱ ❛♣❡s❛r ❞❛ ❞✐❢❡r❡♥ç❛ ❣rá✜❝❛ ♦ ❝r✐tér✐♦ ❞❡ ✐♥t❡r♣r❡t❛çã♦ é

❞✐❢❡r❡♥t❡ ♣❛r❛ ❛♠❜♦s ♦s í♥❞✐❝❡s✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦ ❣rá✜❝♦ ❞❡ P✐ ✈❛❧♦r❡s ❞❡ ✵✱✹✺ ❛ ✵✱✻✵ sã♦

❝♦♥s✐❞❡r❛❞♦s ❜♦♥s✱ ❡ ❝♦♥s✐❞❡r❛♥❞♦ ❡st❡ ✐♥t❡r✈❛❧♦ ♥♦ ❣rá✜❝♦ ❞❡ ❝ ♦s ✈❛❧♦r❡s sã♦ ❝♦♥s✐❞❡r❛❞♦s

♠❛✉ ♦✉ s♦❢rí✈❡❧✳

◆♦t❛✲s❡ q✉❡ ♥❛s ❚❛❜❡❧❛s ✶✸ ❡ ✶✹✱ ❛♣❡s❛r ❞❡ ❡①✐st✐r ❞✐❢❡r❡♥ç❛s ❣rá✜❝❛ ❡♥tr❡ ❝ ❡ P✐

✱ ✈❡r✐✜❝❛✲s❡ q✉❡ ♦s ❞♦✐s ♠ét♦❞♦s ❛♣r❡s❡♥t❛♠ r❡s✉❧t❛❞♦s s❡♠❡❧❤❛♥t❡s ❞❡ ❞❡s❡♠♣❡♥❤♦✳ ❖s

í♥❞✐❝❡s ❞❡ P✐ ❛♣r❡s❡♥t❛♠ ✉♠❛ ♣❡q✉❡♥❛ ♣❡♥❛❧✐③❛çã♦✱ ♣♦✐s ❡st❡ ❝❧❛ss✐✜❝♦✉ ✼✼✪ ❞♦s ❞❛❞♦s

❝♦♠♦ ❜♦♠ ❡ ✷✷✪ ❞♦s ❞❛❞♦s ❝♦♠♦ ♠✉✐t♦ ❜♦♠✱ ❡♥q✉❛♥t♦ q✉❡ ♦s r❡s✉❧t❛❞♦s ❝ ❞❡ ❈❛♠❛r❣♦

✫ ❙❡♥t❡❧❤❛s ❝❧❛ss✐✜❝♦✉ ✻✷✪ ❞♦s ❞❛❞♦s ❝♦♠♦ ❜♦♠ ❡ ✸✹✪ ❝♦♠♦ ♠✉✐t♦ ❜♦♠✳



✹✹

✷✳ ❈♦♥s✐❞❡r❛♥❞♦ Σ =

(

16 3

3 16

)

❡ µ =

[

40

40

]

❋✐❣✉r❛ ✽✿ ❘❡s✉❧t❛❞♦s ❣rá✜❝♦s ❞♦s í♥❞✐❝❡s ❞❡ ❈❛♠❛r❣♦ ✫ ❙❡♥t❡❧❤❛s ❡ ❆❧✈❛r❡s ❡t ❛❧✳ ♣❛r❛ ρ = 3/16

❋♦♥t❡✿ ❖ ❛✉t♦r

❚❛❜❡❧❛ ✶✺✿ ❈❧❛ss✐✜❝❛çã♦ ♣❡r❝❡♥t✉❛❧ ❞♦s ✈❛❧♦r❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❈❛♠❛r❣♦ & ❙❡♥t❡❧❤❛s ♣❛r❛ ρ = 3/16

❉❡s❡♠♣❡♥❤♦ ♥❂✶✵ ♥❂✷✵ ♥❂✺✵ ♥❂✶✵✵
Ót✐♠♦ ✵ ✵ ✵ ✵

▼✉✐t♦ ❇♦♠ ✵ ✵ ✵ ✵
❇♦♠ ✶ ✵ ✵ ✵

▼❡❞✐❛♥♦ ✵ ✵ ✵ ✵
❙♦❢rí✈❡❧ ✸ ✵ ✵ ✵
▼❛✉ ✺ ✺ ✶ ✵

Péss✐♠♦ ✾✶ ✾✺ ✾✾ ✶✵✵

❋♦♥t❡✿ ❖ ❛✉t♦r



✹✺

❚❛❜❡❧❛ ✶✻✿ ❈❧❛ss✐✜❝❛çã♦ ♣❡r❝❡♥t✉❛❧ ❞♦s ✈❛❧♦r❡s ❞❡ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❆❧✈❛r❡s ❡t ❛❧✳ ♣❛r❛ ρ = 3/16

❉❡s❡♠♣❡♥❤♦ ♥❂✶✵ ♥❂✷✵ ♥❂✺✵ ♥❂✶✵✵
Ót✐♠♦ ✵ ✵ ✵ ✵

▼✉✐t♦ ❇♦♠ ✵ ✵ ✵ ✵
❇♦♠ ✶ ✵ ✵ ✵

▼❡❞✐❛♥♦ ♦✉ t♦❧❡rá✈❡❧ ✺ ✶ ✷ ✵
❙♦❢rí✈❡❧ ♦✉ ♣♦❜r❡ ✶✼ ✶✹ ✶✷ ✺

▼❛✉ ✹✼ ✻✸ ✼✻ ✾✶
Péss✐♠♦ ✸✵ ✷✷ ✶✵ ✹

❋♦♥t❡✿ ❖ ❛✉t♦r

●r❛✜❝❛♠❡♥t❡ ❛ ♠❛✐♦r✐❛ ❞♦s ✈❛❧♦r❡s ❞❡ ❝ ❞❛ ❋✐❣✉r❛ ✽ sã♦ ♠❛✐♦r❡s q✉❡ Pi✱ ❡♥tr❡t❛♥t♦

♦s ✈❛❧♦r❡s ❞❡ ❛♠❜♦s sã♦ ❡①tr❡♠❛♠❡♥t❡s ❝♦✐♥❝✐❞❡♥t❡s✳ ◆❛s t❛❜❡❧❛ ✶✺ ❡ ✶✻ ♦s í♥❞✐❝❡s ❝

❡stã♦ ❡①tr❡♠❛♠❡♥t❡ ❝♦♥❝❡♥tr❛❞♦s ♥❛ ❝❛t❡❣♦r✐❛ ✧♣éss✐♠♦✧❡♥q✉❛♥t♦ ♦s í♥❞✐❝❡s ❞❡ Pi ❡stã♦

❝♦♥❝❡♥tr❛❞♦s ♥❛ ❝❛t❡❣♦r✐❛ ✧♠❛✉✧❛♣❡s❛r ❞❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡st❡ s❡ ❞❛r ♠❛✐s ❧❡♥t❛♠❡♥t❡✳ ◆♦

❝❡♥ár✐♦ ❛♥t❡r✐♦r ❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦s í♥❞✐❝❡s ❞❡ Pi ❞✐❢❡r✐r❛♠ ❞❡ ❝ ♣♦r ❛♣❡♥❛s ✉♠❛ ❝❛t❡❣♦r✐❛

❛❜❛✐①♦✱ ♥❡st❡ ❝❡♥ár✐♦ ❤♦✉✈❡ ✉♠❛ ✐♥✈❡rsã♦✱ ♦s í♥❞✐❝❡s ❞❡ Pi ❡stã♦ ❝♦♥❝❡♥tr❛❞♦s ❡♠ ✉♠❛

❝❛t❡❣♦r✐❛ ❛❝✐♠❛✳
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✺ ❆♣❧✐❝❛çã♦ à ❞❛❞♦s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ ♣❧❛♥t❛ ❞❡ ❛❧❤♦

◆❛ ❛♣❧✐❝❛çã♦ ❞♦s ♠ét♦❞♦s ❡st❛tíst✐❝♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦ ♣❛r❛ ❛♥á❧✐s❡

❞❡ ❝♦♥❝♦r❞â♥❝✐❛✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s ❞♦✐s ♠♦❞❡❧♦s ▲♦❣íst✐❝♦ ❡ ●♦♠♣❡rt③✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❢♦✐

s✐♠✉❧❛❞♦ ✈❛❧♦r❡s ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡ ❡♥tr❡ ✻✵ ❡ ✶✺✵ q✉❡ r❡♣r❡s❡♥t❛♠ r❡s♣❡❝✲

t✐✈❛♠❡♥t❡✱ ♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ❡ s✉♣❡r✐♦r ❞❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ ❣❡r❛♥❞♦ ❛s ❡st✐♠❛t✐✈❛s

ŶLogistico ❡ ŶGompertz✳

✺✳✵✳✶ ❆❥✉st❡ ❞♦ ▼♦❞❡❧♦ ▲♦❣íst✐❝♦ ❡ ●♦♠♣❡rt③

❯t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❡ ❛♥á❧✐s❡ ❣rá✜❝❛ ♣❛r❛ ❡♥❝♦♥tr❛r ♦s ❝❤✉t❡s ✐♥✐❝✐❛s ❝♦♠ ♦

❙♦❢t✇❛r❡ ●❡♦❣❡❜r❛ ❡ ❛ ❢✉♥çã♦ ♥❧s ❞♦ ❘ ♣❛r❛ ❡st✐♠❛r ♦s ♣❛râ♠❡tr♦s✱ ♦ ❣rá✜❝♦ ❞❛ ✜❣✉r❛ ✾

é ❣❡r❛❞♦✳

❋✐❣✉r❛ ✾✿ ▼♦❞❡❧♦s ❧♦❣íst✐❝♦ ❡ ●♦♠♣❡rt③ ❛❥✉st❛❞♦s

❋♦♥t❡✿ ❖ ❛✉t♦r

❆ t❛❜❡❧❛ ✶✼ ❡♥❝♦♥tr❛✲s❡ ♦s ✈❛❧♦r❡s ❞♦s ❝❤✉t❡s ✐♥✐❝✐❛s✱ ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s✱

❙♦♠❛ ❞❡ q✉❛❞r❛❞♦s ❞♦ r❡sí❞✉♦ ❡ ♣❛ss♦s ❛té ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❛❧❣♦r✐t♠♦ ❞❡ ❡st✐♠❛çã♦ ❞♦s

♠♦❞❡❧♦s ▲♦❣íst✐❝♦ ❡ ●♦♠♣❡rt③✳ ❖ ♠♦❞❡❧♦ ❧♦❣íst✐❝♦ t❡♠ ♦ ♠❡♥♦r r❡sí❞✉♦ ♣♦ré♠ ❝♦♥✈❡r❣✐✉

♠❛✐s ❧❡♥t❛♠❡♥t❡ q✉❡ ♦ ❞❡ ●♦♠♣❡rt③✱ ✈❡r✐✜❝❛✲s❡ q✉❡ ❛s ❡st✐♠❛t✐✈❛s β̂1 ❡ β̂3 sã♦ s❡♠❡❧❤❛♥t❡s

♣❛r❛ ❛♠❜♦s ♦s ♠♦❞❡❧♦s s❡♥❞♦ q✉❡ t❡♥❞♦ ✉♠❛ ❞✐❢❡r❡♥ç❛ ❛❝❡♥t✉❛❞❛ ♥❛ s♦♠❛ ❞❡ q✉❛❞r❛❞♦ ❞♦

r❡s✐❞✉♦ ❡ t❡♥❞♦ ♦ ♠❛✐♦r ✈❛❧♦r ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ●♦♠♣❡rt③✳ ◆❛ ✜❣✉r❛ ✾ é ♥♦tá✈❡❧ ❛ ❞✐❢❡r❡♥ç❛

❞❛s ❝✉r✈❛s ❞♦ ♣r✐♠❡✐r♦ ❛♦ t❡r❝❡✐r♦ ♣♦♥t♦ ♦ q✉❡ ✐♥❞✐❝❛ ✉♠❛ ❞✐❢❡r❡♥ç❛ ❞❡ ♣♦❞❡r ♣r❡❞✐t✐✈♦

♥❡st❡s ✐♥t❡r✈❛❧♦s✱ ❞♦ t❡r❝❡✐r♦ ❛♦ q✉❛rt♦ ♣♦♥t♦ ♦s ✈❛❧♦r❡s ♣r❡❞✐t✐✈♦s sã♦ s❡♠❡❧❤❛♥t❡s✳
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❚❛❜❡❧❛ ✶✼✿ ❈❤✉t❡s ✐♥✐❝✐❛✐s✭βa

i
✮✱ ❡st✐♠❛t✐✈❛s ❞♦s ♣❛râ♠❡tr♦s✭β̂i✮✱ ❙♦♠❛ ❞❡ q✉❛❞r❛❞♦ ❞♦ r❡sí❞✉♦✭❙◗r❡s✮ ❡

♣❛ss♦s ❛té ❛ ❝♦♥✈❡r❣ê♥❝✐❛

▼♦❞❡❧♦s βa

1
βa

2
βa

3
β̂1 β̂2 β̂3 ❙◗r❡s ❈♦♥✈❡r❣ê♥❝✐❛

▲♦❣íst✐❝♦ ✷✵ ✸✾✺✱✶ ✵✱✵✼ ✷✷✱✺✸ ✻✶✶✽✵✱✵ ✵✱✶✵ ✵✱✽✼✼ ✶✻
●♦♠♣❡rt③ ✷✸ ✾✵✵ ✵✱✵✼ ✷✷✱✻✼ ✶✾✸✻✱✵ ✵✱✵✼✽ ✶✱✸✵✹ ✻

❋♦♥t❡✿ ❖ ❛✉t♦r

✺✳✵✳✷ í♥❞✐❝❡s ❞❡ ❲✐❧❧♠♦tt ♦r✐❣✐♥❛❧✱ ❝♦rr✐❣✐❞♦ ❡ r❡✜♥❛❞♦✱ ◆❛s❤✲❙✉t❝❧✐✛❡ ♦r✐❣✐✲

♥❛❧ ❡ ♠♦❞✐✜❝❛❞♦✱ ❈♦❡✜❝✐❡♥t❡ ❞❡ ▲✐♥ ❡ ❈♦❡✜❝✐❡♥t❡ ❞❡ P❡❛rs♦♥

❖ ❣rá✜❝♦ ❞❛ ✜❣✉r❛ ✶✵ ♠♦str❛ ♦s ✈❛❧♦r❡s ❞❡ ✶ ❛ ✶✵ ♣❛r❛ s✐♠✉❧❛çã♦ ❞❛ ❞✐str✐❜✉✐çã♦

✉♥✐❢♦r♠❡ ✉t✐❧✐③❛♥❞♦✲s❡ ❞❡ r✉♥✐❢✭♥✱✻✵✱✶✻✵✮ t❛❧ q✉❡ ♥ é ♦ ♥ú♠❡r♦ ❞❡ ✈❛❧♦r❡s s✐♠✉❧❛❞♦s✱ ❡ss❡

❣rá✜❝♦ ♠♦str❛ ✉♠ ❢♦rt❡ ✐♥❞✐❝❛t✐✈♦ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ♣♦rq✉❡ ❢♦✐ ♥❡❝❡ssár✐♦ ♥♦ ♠á①✐♠♦ ✸

✈❛❧♦r❡s ♣❛r❛ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ t♦❞♦s ♦s í♥❞✐❝❡s ❡ ❝♦❡✜❝✐❡♥t❡s✱ ♥❡st❡ ❝❛s♦ q✉❛♥t♦ ♠❡♥♦r ❢♦r

♦ ♣♦♥t♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ♠❡❧❤♦r✱ ♠❛s ❛♣❡s❛r ❞✐st♦ s❡rá ♥❡❝❡ssár✐♦ ✉s❛r ♠❛✐s ✈❛❧♦r❡s ♣❛r❛

♥ã♦ ♣r❡❥✉❞✐❝❛r ♦ ●rá✜❝♦ ❞❡ ❇❧❛♥❞ & ❆❧t♠❛♥♥ ❡ ❛❧❣✉♠❛s ♣r❡ss✉♣♦s✐çõ❡s ❞❡ q✉❛❧✐❞❛❞❡ ❞♦

❛❥✉st❛♠❡♥t♦✱ ♥❂✶✵ ♣❛r❛ s❡r ❡①❛t♦✳

❋✐❣✉r❛ ✶✵✿ ❈♦♥✈❡r❣ê♥❝✐❛ ❞♦s í♥❞✐❝❡s ❡♠ r❡❧❛çã♦ ❛♦ t❛♠❛♥❤♦ ❞❡ ♥

❋♦♥t❡✿ ❖ ❛✉t♦r

❚♦❞♦s ♦s í♥❞✐❝❡s ❛♣r❡s❡♥t❛r❛♠ ót✐♠♦s ✈❛❧♦r❡s ❡ ❛♣r❡s❡♥t❛r❛♠ ❢♦rt❡ ✐♥❞í❝✐♦s ❞❡

❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ♦s ❞♦✐s ♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦✱ ♣❛rt❡ ❞✐st♦ s❡ ❞❡✈❡ ❛ ✉♠ ❜♦♠ ❛❥✉st❡ ❞♦s

♠♦❞❡❧♦s ❞❡ r❡❣r❡ssã♦✳
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✺✳✵✳✸ ●rá✜❝♦ ❞❡ ❇❧❛♥❞✲❆❧t♠❛♥♥

❆♥❛❧✐s❛♥❞♦ ❛ ❝♦♥❝♦r❞â♥❝✐❛ ♣❡❧♦ ❣rá✜❝♦ ❞❡ ❇❧❛♥❞✲❆❧t♠❛♥ ♥❛ ❋✐❣✉r❛ ✶✶✱ ♥♦t❛✲s❡

✉♠❛ t❡♥❞ê♥❝✐❛ ♥❛ ❞✐s♣❡rsã♦ ❞♦s ❞❛❞♦s✱ ❛♣❡s❛r ❞❛s ♦✉tr❛s ❝♦♥❞✐çõ❡s ❡st❛r❡♠ s❛t✐s❢❡✐t❛s✱ ♦

t❡st❡ ❞❡ ❙❤❛♣✐r♦✲❲✐❧❦ ❢♦✐ ♥ã♦ s✐❣♥✐✜❝❛t✐✈♦✭✈❛❧♦r ♣❂✵✱✸✹✷✶✮✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❛ ♥♦r♠❛❧✐❞❛❞❡

❞♦s ❞❛❞♦s✱ s✉❜s❡q✉❡♥t❡♠❡♥t❡ ♦ t❡st❡ t ❢♦✐ ♥ã♦ s✐❣♥✐✜❝❛t✐✈♦✭✈❛❧♦r ♣❂✵✳✹✺✸✾✮✱ ♦ q✉❡ ✐♠♣❧✐❝❛

q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ♠é❞✐❛s Ŷlogistico ❡ ŶGompertz é ❡st❛t✐st✐❝❛♠❡♥t❡ ♥✉❧❛✱ ❡ t♦❞♦s ♦s

❞❛❞♦s ❡stã♦ ♥♦s ❧✐♠✐t❡s ❞❡ ❝♦♥❝♦r❞â♥❝✐❛✳

❋✐❣✉r❛ ✶✶✿ ●rá✜❝♦ ❞❡ ❇❧❛♥❞ ✫ ❆❧t♠❛♥ ❞❡ Ŷlogistico ❡ ŶGompertz

❋♦♥t❡✿ ❖ ❛✉t♦r

✺✳✵✳✹ ❘❡❣r❡ssã♦ ▲✐♥❡❛r ❝♦♠ ❡ s❡♠ ✐♥t❡r❝❡♣t♦ ❡ ❊rr♦ ◗✉❛❞rát✐❝♦ ♠é❞✐♦✳

❊♥❝♦♥tr❛✲s❡✱ ♥❛ ❚❛❜❡❧❛ ✶✽✱ ♦s r❡s✉❧t❛❞♦s ❞♦ t❡st❡ ❞❡ ❤✐♣ót❡s❡s s♦❜r❡ ♦s ♣❛râ♠❡tr♦s

❡ ♦s ✈❛❧♦r❡s ❞♦ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ ❡ s✉❛ ❞❡❝♦♠♣♦s✐çã♦ s✐st❡♠át✐❝❛ ❡ ♥ã♦ s✐st❡♠át✐❝❛✱

s❡♥❞♦ q✉❡ ♦ ♠❛✐♦r ✈❛❧♦r ❞♦ ❊◗▼ ♥ã♦ s✐st❡♠át✐❝♦ ❞❛ r❡❣r❡ssã♦ ❧✐♥❡❛r s❡♠ ✐♥t❡r❝❡♣t♦ é

r❡❢❡r❡♥t❡ ❛ r❡❣r❡ssã♦ ❧✐♥❡❛r s❡♠ ✐♥t❡r❝❡♣t♦✱ ✐st♦ ❡✈✐❞❡♥❝✐❛ ✉♠❛ ❢♦rt❡ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ♦s

♠♦❞❡❧♦s✳

❖s ✐t❡♥s ✸ ❡ ✹ ❛♣r❡s❡♥t❛r❛♠ ❛ ♠❛✐♦r ❞✐✜❝✉❧❞❛❞❡ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ♣♦✐s ❢♦✐ ♥❡❝❡ssár✐♦

❛♣❧✐❝❛r ♦ t❡st❡ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ❞❡ ❙❤❛♣✐r♦✲❲✐❧❦ ♣❛r❛ ♦ r❡sí❞✉♦ ❞❛ r❡❣r❡ssã♦ ❧✐♥❡❛r ❝♦♠ ❡

s❡♠ ✐♥t❡r❝❡♣t♦✱ ❛♣❧✐❝♦✉✲s❡ ♦s t❡st❡s t ♣❛r❛ ❛s três ❝♦♥❞✐çõ❡s ❛ s❡❣✉✐r✿

• P❛râ♠❡tr♦s ❞❛ r❡❣r❡ssã♦ ❧✐♥❡❛r s✐♠♣❧❡s ❝♦♠ ✐♥t❡r❝❡♣t♦❀

• P❛râ♠❡tr♦s ❞❛ r❡❣r❡ssã♦ ❧✐♥❡❛r s✐♠♣❧❡s ❝♦♠ ✐♥t❡r❝❡♣t♦ ❡



✹✾

❚❛❜❡❧❛ ✶✽✿ ❊st✐♠❛t✐✈❛s ❞♦s P❛râ♠❡tr♦s ❞❛ ❘❡❣r❡ssã♦ ❧✐♥❡❛r ❝♦♠ ❡ s❡♠ ✐♥t❡r❝❡♣t♦✭β̂i✮ ❝♦♠ s❡✉s r❡s♣❡❝t✐✈♦s
✈❛❧♦r ♣✭♣✮ ❡ ♣❡r❝❡♥t✉❛❧ ❞♦ ❊rr♦ ◗✉❛❞rát✐❝♦ ▼é❞✐♦ s✐st❡♠át✐❝♦✭❊◗▼s✮ ❡ ♥ã♦ s✐st❡♠át✐❝♦✭❊◗▼♥✮

❘❡❣r❡ssã♦ β̂0 β̂1 ❊◗▼♥✭%✮ ❊◗▼s✭%✮
❘▲❙ ✵✱✺✽✭♣❂✵✱✷✹✮ ✵✱✾✺✭♣❂✵✱✶✼✮ ✼✽✱✷✻ ✷✶✱✼✹

❘▲❙ s ✐♥t❡r❝❡♣t♦ ✲ ✵✱✾✽✭♣❂✵✱✹✺✮ ✾✸✱✻✾ ✻✱✸

❋♦♥t❡✿ ❖ ❛✉t♦r

• P❛r❛ ❞❛❞♦s ♣❛r❡❛❞♦s✳

❈♦♠♦ ♦s ✈❛❧♦r❡s ✉s❛❞♦s ♣❛r❛ ❡st❡s t❡st❡s sã♦ ❣❡r❛❞♦s ❞❛ ✈❛r✐á✈❡❧ r❡s♣♦st❛✱ ❝✉❥♦ ♦

❞♦♠í♥✐♦ ✈❡♠ ❞❡ ❞❛❞♦s s✐♠✉❧❛❞♦s ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ✉♥✐❢♦r♠❡✱ s✉❜s❡q✉❡♥t❡♠❡♥t❡ é só

r❡♣❡t✐r ❛ s✐♠✉❧❛çã♦ ♥ ✈❡③❡s ❛té q✉❡ t♦❞♦s ♦s t❡st❡s ♥ã♦ r❡❥❡✐t❡♠ ❛ ❤✐♣ót❡s❡ ❞❡ ♥✉❧✐❞❛❞❡✱ ❞❛s

♣r❡ss✉♣♦s✐çõ❡s ❞❡ q✉❛❧✐❞❛❞❡ ❞❡ ❛❥✉st❡✱ ❛ ❤♦♠♦❣❡♥❡✐❞❛❞❡ ❞❡ ✈❛r✐â♥❝✐❛s q✉❡ ❢♦✐ ❛ ❝♦♥❞✐çã♦

♠❛✐s r❡s✐st❡♥t❡ ❞❡ s❡r ❛t❡♥❞✐❞❛✳



✺✵

✻ ❈♦♥❝❧✉sã♦

❖ ❡st✉❞♦ ❞❡ s✐♠✉❧❛çã♦ ♠♦str♦✉ ❞✐✈❡r❣ê♥❝✐❛ ❡♥tr❡ ♦s í♥❞✐❝❡s ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ q✉❛♥❞♦

❡①♣♦st♦s ❛ ❜❛✐①❛ ❝♦rr❡❧❛çã♦ ❞❡ ❞❛❞♦s✱ ❡ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ t♦❞♦s ♦s í♥❞✐❝❡s q✉❛♥❞♦ ❡①✲

♣♦st♦s ❛ ✉♠❛ ❛❧t❛ ❝♦rr❡❧❛çã♦ ❞❡ ❞❛❞♦s✳

❖s ♠♦❞❡❧♦s ▲♦❣íst✐❝♦ ❡ ●♦♠♣❡rt③ sã♦ ❝♦♥❝♦r❞❛♥t❡s ❞❡ ❛❝♦r❞♦ ❝♦♠ t♦❞♦s ♦s ♠ét♦✲

❞♦s ❡st❛tíst✐❝♦s ❡①♣♦st♦s ♥❡st❡ tr❛❜❛❧❤♦ ❝♦♠ r❡ss❛❧✈❛ ❞❛ ❛♥á❧✐s❡ ❞❡ ❇❧❛♥❞ ✫ ❆❧t♠❛♥♥ ♣♦r

❛♣r❡s❡♥t❛r ❝❡rt❛ t❡♥❞❡♥❝✐♦s✐❞❛❞❡ ♥❛ ❞✐s♣❡rsã♦✳
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✼ ❘❡❢❡rê♥❝✐❛s

✳

❆▲❱❆❘❊❙✱ ❈✳❆✳✱❙❚❆P❊✱ ❏✳▲✱ ❙❊◆❚❊▲❍❆❙✱ P✳❈✳✱ ●❖◆➬❆▲❱❊❙✱ ❏✳▲✳▼✳ ▼♦❞❡❧✐♥❣ ♠♦♥t❤❧②

♠❡❛♥ ❛✐r t❡♠♣❡r❛t✉r❡ ❢♦r ❇r❛③✐❧✳ ❚❤❡♦r❡t✐❝❛❧ ❛♥❞ ❛♣♣❧✐❡❞ ❝❧✐♠❛t♦❧♦❣②✱ ❱✐❡♥♥❛✱ ✈✳

✶✶✸♥✳ ✸✲✹♣✳ ✹✵✼✲✹✷✼✱ ✷✵✶✸✳

❇▲❆◆❉✱ ❏✳ ▼✳✱ ❆▲❚▼❆◆✱ ❉✳ ❙t❛t✐st✐❝❛❧ ♠❡t❤♦❞s ❢♦r ❛ss❡ss✐♥❣ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t✇♦

♠❡t❤♦❞s ♦❢ ❝❧✐♥✐❝❛❧ ♠❡❛s✉r❡♠❡♥t✳ ▲❛♥❝❡t✱ ▲♦♥❞♦♥✱ ✈✳ ✸✷✼✱ ♥✳ ✽✹✼✻✱ ♣✳ ✸✵✼✲✸✶✵✱ ✶✾✽✻✳

❇❘■❚❖✱ ❋❡r♥❛♥❞♦✳ ❆❥✉st❡ ♥❛ ♠❛tér✐❛ s❡❝❛ ✭▼❙✮ ❞❛ ❞✐❡t❛ ❞❡ ❜♦✈✐♥♦s ❞❡ ❝♦rt❡✳

✷✵✶✼✳ ❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣s✿✴✴❛❣r♦❝❡r❡s♠✉❧t✐♠✐①✳❝♦♠✳❜r✴❜❧♦❣✴❛❥✉st❡✲♠❛t❡r✐❛✲s❡❝❛✴✳ ❆❝❡ss♦

❡♠✿ ✷✺ ❉❡③✳ ✷✵✶✾✳

❇❯❙❙❆❇✱ ❲✳ ❉✳ ❖✳✱ ▼❖❘❊❚❚■◆✱ P✳ ❆✳ ❊st❛tíst✐❝❛ ❜ás✐❝❛✳ ❙ã♦ P❛✉❧♦✿ ❙❛r❛✐✈❛✱ ✷✵✶✵✳

✺✹✵♣✳

❈❆▼❆❘●❖✱ ❆✳P✳✱ ❙❊◆❚❊▲❍❆❙✱ P✳❈✳ ❆✈❛❧✐❛çã♦ ❞♦ ❞❡s❡♠♣❡♥❤♦ ❞❡ ❞✐❢❡r❡♥t❡s ♠ét♦❞♦s

❞❡ ❡st✐♠❛t✐✈❛ ❞❛ ❡✈❛♣♦tr❛♥s♣✐r❛çã♦ ♣♦t❡♥❝✐❛❧ ♥♦ ❊st❛❞♦ ❞❡ ❙ã♦ P❛✉❧♦✱ ❇r❛s✐❧✳ ❘❡✈✐st❛

❇r❛s✐❧❡✐r❛ ❞❡ ❆❣r♦♠❡t❡♦r♦❧♦❣✐❛✱ ❈❛♠♣✐♥❛ ●r❛♥❞❡✱ ✈✳✺ ♥✳✶✱ ♣✳ ✽✾✲✾✼✱ ✶✾✾✼✳

❋❊❘❘❊■❘❆✱ ❉✳❋✳✱ ❊st❛tíst✐❝❛ ▼✉❧t✐✈❛r✐❛❞❛✳ ▲❛✈r❛s✱ ❊❞✐t♦r❛ ❯❋▲❆✳ ✷✵✵✽✳ ✻✻✷♣✳

❋❊❘❘❊■❘❆✱ ❏✳❱✳ ❊st❛tíst✐❝❛ ❡①♣❡r✐♠❡♥t❛❧ ❛♣❧✐❝❛❞❛ às ❝✐ê♥❝✐❛s ❛❣rár✐❛s✳ ❱✐ç♦s❛✱

❊❞✐t♦r❛ ❯❋❱✳ ✷✵✶✽✳ ✺✽✽♣✳

❋■▲❍❖❀ ❏✳❆✳▼✱ ▼❆▲❚❆●▲■❆❚❊✱ ▲✳❆✳❀ ❚❘❊❱■❙❆◆✱ ❋✳❀ ●■▲✱ ❈✳❚✳▲✳❆✳ ◆♦✈♦ ♠ét♦❞♦

❡st❛tíst✐❝♦ ♣❛r❛ ❛♥á❧✐s❡ ❞❡ r❡♣r♦❞✉t✐❧✐❞❛❞❡✳ ❘❡✈✳ ❉❡♥t✳ Pr❡ss ❖rt♦❞♦♥✳ ❖rt♦♣✳

❋❛❝✐❛❧✳ ▼❛r✐♥❣á✱ ✈✳ ✶✵✱ ♥✳ ✺✱ ♣✳ ✶✷✷✲✶✷✾✱ ✷✵✵✺✳

❍■❘❆❑❆❚❆✱ ❱✳◆✳❀ ❈❆▼❊❨✱ ❙✳❆✳ ❆♥á❧✐s❡ ❞❡ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ♠ét♦❞♦s ❇❧❛♥❞✲❆❧t♠❛♥✳

❘❡✈✐st❛ ❍♦s♣✐t❛❧ ❞❡ ❝❧í♥✐❝❛s ❞❡ P♦rt♦ ❆❧❡❣r❡✱ P♦rt♦ ❆❧❡❣r❡✱ ✈✳ ✷✾✱ ♣✳ ✷✻✶✲✷✻✽✱ ✷✵✵✾✳

❏❯◆●✱ ❈❛r❧♦s ❋❡r♥❛♥❞♦✳ ▼❡t♦❞♦❧♦❣✐❛ ❈✐❡♥tí✜❝❛ ❡ ❚❡❝♥♦❧ó❣✐❝❛✳ ❈❛♠♣✐♥❛s✿ ❯♥✐✲

❝❛♠♣✱ ✷✵✵✾✳ ✺✽ s❧✐❞❡s✱ ❝♦❧♦r✳ ❉✐s♣♦♥í✈❡❧ ❡♠✿ ❤tt♣✿✴✴✇✇✇✳❞s❝❡✳❢❡❡✳✉♥✐❝❛♠♣✳❜r✴ ❛♥t❡✲

♥♦r✴♠♦❞✻✳♣❞❢✳ ❆❝❡ss♦ ❡♠✿ ✷✺ ❉❡③✳ ✷✵✶✾✳

❏Ú◆■❖❘✱ ❏✳■✳❘✳ ▼ét♦❞♦s ❡st❛tíst✐❝♦s ❛♣❧✐❝❛❞♦s à ♠❡❧❤♦r✐❛ ❞❡ q✉❛❧✐❞❛❞❡✳ ❱✐✲
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ç♦s❛✱ ❊❞✐t♦r❛ ❯❋❱✱ ✷✵✶✷✱ ✸✽✺♣✳

❑❘❆❯❙❊✱ P✳✱ ❇❖❨▲❊✱❉✳P✳✱ ❇❆❙❊✱❋✳ ❈♦♠♣❛r✐s♦♥ ♦❢ ❞✐✛❡r❡♥t ❡✣❝✐❡♥❝② ❝r✐t❡r✐❛ ❢♦r ❤②✲

❞r♦❧♦❣✐❝❛❧ ♠♦❞❡❧ ❛ss❡ss♠❡♥t✳ ❆❞✈❡♥❝❡s ✐♥ ●❡♦s❝✐❡♥❝❡s✱✷✵✵✺✳

▲■◆✱ ▲✳■✳ ❆ ❈♦♥❝♦r❞❛♥❝❡ ❈♦rr❡❧❛t✐♦♥ ❈♦❡✣❝✐❡♥t t♦ ❊✈❛❧✉❛t❡ ❘❡♣r♦❞✉❝✐❜✐❧✐t②✳ ❇✐♦♠❡✲

tr✐❝s✳ ✈✳ ✹✺ ♥✳✶ ♣✳✷✺✺✲✷✻✽✱ ✶✾✽✾✳

▲❯◆❆✱❏✳●✳✱❖▲■◆❉❆✱❘✳❆✳ ■♥tr♦❞✉çã♦ ❛ ♠♦❞❡❧♦s ❧✐♥❡❛r❡s✳ ❙ã♦ P❛✉❧♦✳ ❡❞✉❡♣❜✱ ✷✵✶✹✳

✶✻✹♣✳

▼❆❩❯❈❍❊▲■✱ ❏✳✱ ❆❈❍❈❆❘✱ ❏✳❆✳ ❆❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s ❡♠ r❡❣r❡ssã♦ ♥ã♦ ❧✐♥❡❛r✳ ❆❝t❛

❙❝✐❡♥t✐❛r✉♠ ✳ ▼❛r✐♥❣á✱ ✈✳ ✷✹✱ ♥✳✻ ♣✳✶✼✻✶✲✶✼✼✵✱ ✷✵✵✷✳

▼■❘❆◆❉❆✱ ❆✳❈✳❘✳ ▼ét♦❞♦s ❞❡ s❡♣❛r❛çã♦ ❞♦s ❡s❝♦❛♠❡♥t♦s s✉♣❡r✜❝✐❛❧ ❞✐r❡t♦

❡ s✉❜t❡rrâ♥❡♦✿ ❊st✉❞♦ ❞❡ ❝❛s♦ ♣❛r❛ ❛ ❜❛❝✐❛ ❞♦ r✐♦ ❞❛s ✈❡❧❤❛s✳ ✷✵✶✷✳ ✽✸♣✳ ❉✐s✲

s❡rt❛çã♦ ✭▼❡str❛❞♦✮ ✲ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛ ✲ ❯❋❱✳ ❱✐ç♦s❛✱ ✷✵✶✷✳

▼❖❯❘❆✱ ❋✳❆✳❀❏❆❈■◆❚❖✱ ❈✳❆✳❈❀ ❋❊▲■❈■❙❙■▼❖✱ ❈✳❚✳❀ P❘❯❉✃◆❈■❖✱ ▼✳❱✳❀ ▼❊❘❈❆✲
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