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❆❣r❛❞❡ç♦ ❛ ❉❡✉s ♣♦r ♠❡ ✐❧✉♠✐♥❛r ♥❡ss❛ ❝❛♠✐♥❤❛❞❛✳

❆❣r❛❞❡ç♦ ❛♦s ❛♠✐❣♦s ❞❡ ❝✉rs♦ ♣♦r t♦❞♦s ♠♦♠❡♥t♦s ✈✐✈✐❞♦s✱ ♣❡❧❛s ❝♦♥✈❡rs❛s ❡ ♣❛❧❛✈r❛s
❞❡ ❝❛r✐♥❤♦ ❡ ✐♥❝❡♥t✐✈♦ ❞✉r❛♥t❡ ♦s ♠♦♠❡♥t♦s ❞✐❢í❝❡✐s✳

❆♦s ♣r♦❢❡ss♦r❡s ❞♦ ❉▼❆✲❯❋❱✱ ♣♦r t♦❞♦s ❡♥s✐♥❛♠❡♥t♦s✳ ❊♠ ❡s♣❡❝✐❛❧ ❛♦ ♠❡✉
♦r✐❡♥t❛❞♦r ❆❧❡①❛♥❞r❡ ♣❡❧❛ ❛t❡♥çã♦ ❡ ♣❡❧♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❝♦♠♣❛rt✐❧❤❛❞♦✳

❆♦s ♠❡✉s ♣❛✐s✱ ●❡♥é♥❡s✐♦ ❡ ●❡r❛❧❞❛✱ ♣♦r t♦❞♦ ✐♥❝❡♥t✐✈♦ ❡ ❝♦♥✜❛♥ç❛✳ ❆♦s ♠❡✉s ✐r♠ã♦s✱
❡♠ ❡s♣❡❝✐❛❧ ❉✐♦❣♦ q✉❡ ❞✉r❛♥t❡ t♦❞❛ ❡ss❛ ❝❛♠✐♥❤❛❞❛ ♠❡ ❛❝♦♠♣❛♥❤♦✉ ❞❡ ♣❡rt♦✳

P♦r ✜♠✱ ❛❣r❛❞❡ç♦ à ❈❆P❊❙ ♣❡❧♦ ✜♥❛♥❝✐❛♠❡♥t♦ ❞❛ ♠✐♥❤❛ ❜♦❧s❛✳



❘❡s✉♠♦

❙■▲❱❆✱ ❇r❛s✐❧✐♥♦ P❡❞r♦ ❙✐❧✈❛ ❡✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❞❡③❡♠❜r♦ ❞❡ ✷✵✷✵✳
❈♦♥❡①✐❞❛❞❡ ❞♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡ ❋✉♥çõ❡s ❘❛❝✐♦♥❛✐s✳ ❖r✐❡♥t❛❞♦r✿ ❆❧❡①❛♥❞r❡
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❖ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠♣❧❡①♦ P é ❝♦♥❡①♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛s ór❜✐t❛s ❞❡

s❡✉s ♣♦♥t♦s ❝rít✐❝♦s sã♦ ❧✐♠✐t❛❞❛s✳ ◆ã♦ s❡ tê♠ ✉♠ ❝r✐tér✐♦ tã♦ s✐♠♣❧❡s ♣❛r❛ ❛ ❝♦♥❡①✐❞❛❞❡ ❞♦

❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛♠♦s s♦❜ q✉❛✐s ❝♦♥❞✐çõ❡s ♦

❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s é ❝♦♥❡①♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❡st❛❜❡❧❡❝❡♠♦s ❝♦♥❞✐çõ❡s

s♦❜ ❛s q✉❛✐s ❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ é ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ é ❝♦♥❡①♦✳

❆❧é♠ ❞✐ss♦✱ é ♠♦str❛❞♦ q✉❡ ❛ ❝♦♥❡①✐❞❛❞❡ ❞❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ t❡♠ r❡❧❛çã♦ ❝♦♠ ❛s ór❜✐t❛s

❞❡ s❡✉s ♣♦♥t♦s ❝rít✐❝♦s✳ ❖❜t❡♠♦s ❛✐♥❞❛✱ ❞♦✐s ✐♠♣♦rt❛♥t❡s ❝r✐tér✐♦s ♣❛r❛ ❛ ❝♦♥❡①✐❞❛❞❡

❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s✳ ❊st❡s ❝r✐tér✐♦s ♥♦s ❞✐③ q✉❡✱ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s

♣ós✲❝rít✐❝❛s ✜♥✐t❛s ♦✉ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s ❝♦♠ ❝♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉✱ q✉❡ ♥ã♦ ♣♦ss✉❡♠ ❛♥é✐s ❞❡

❍❡r♠❛♥ ❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❋❛t♦✉ ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✱ t❡♠ ❝♦♥❥✉♥t♦

❞❡ ❏✉❧✐❛ ❝♦♥❡①♦✳
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❏✉❧✐❛ s❡t ♦❢ ❛ ❝♦♠♣❧❡① ♣♦❧②♥♦♠✐❛❧ P ✐s ❝♦♥♥❡❝t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♦r❜✐ts ♦❢ t❤❡ ❝r✐t✐❝❛❧

♣♦✐♥ts ❛r❡ ❧✐♠✐t❡❞✳ ❚❤❡r❡ ✐s ♥♦ s✉❝❤ s✐♠♣❧❡ ❝r✐t❡r✐❛ ❢♦r t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ t❤❡ ❏✉❧✐❛ s❡t ♦❢

r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ st✉❞② ✉♥❞❡r ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥s t❤❡ ❏✉❧✐❛ s❡t ♦❢ r❛t✐♦♥❛❧

❢✉♥❝t✐♦♥ ✐s ❝♦♥♥❡❝t❡❞✳ ❋✐rst✱ ✇❡ ❡st❛❜❧✐s❤ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ✇❤✐❝❤ t❤❡ ❜❛s✐♥ ♦❢ ❛ttr❛❝t✐♦♥

✐s ❝♦♠♣❧❡t❡❧② ✐♥✈❛r✐❛♥t ❛♥❞ t❤❡ ❏✉❧✐❛ s❡t ✐s ❝♦♥♥❡❝t❡❞✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s s❤♦✇♥ t❤❛t

t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦❢ t❤❡ ❜❛s✐♥ ♦❢ ❛ttr❛❝t✐♦♥ ✐s r❡❧❛t❡❞ t♦ t❤❡ ♦r❜✐ts t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥ts✳ ❲❡

❛❧s♦ ♦❜t❛✐♥ t✇♦ ✐♠♣♦rt❛♥t ❝r✐t❡r✐❛ ❢♦r ❝♦♥♥❡❝t✐✈✐t② ❏✉❧✐❛ s❡t ♦❢ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s✳ ❚❤❡s❡

❝r✐t❡r✐❛ t❡❧❧ ✉s t❤❛t✱ r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s ✇✐t❤ ❛ ✜♥✐t❡ ♣♦st❝r✐t✐❝❛❧ s❡t ♦r r❛t✐♦♥❛❧ ❢✉♥❝t✐♦♥s

✇✐t❤ ❛ ❋❛t♦✉ s❡t ✇❤✐❝❤ ♥♦ ❝♦♥t❛✐♥s ❍❡r♠❛♥ r✐♥❣s ❛♥❞ ❡❛❝❤ ❝♦♠♣♦♥❡♥t ♦❢ ✇❤✐❝❤ ❝♦♥t❛✐♥s

❛t ♠♦st ♦♥❡ ❝r✐t✐❝❛❧ ♣♦✐♥t✱ ❤❛✈❡ ❛ ❝♦♥♥❡❝t❡❞ ❏✉❧✐❛ s❡t✳

❑❡②✇♦r❞s✿ ❈♦♥♥❡❝t❡❞♥❡ss✳ ❏✉❧✐❛ s❡t✳ ❋❛t♦✉ s❡t✳ ❘❛t✐♦♥❛❧ ❋✉♥❝t✐♦♥s✳
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✹✳✷ ❈♦♥❡①✐❞❛❞❡ ❞❛ ❇❛❝✐❛ ❞❡ ❆tr❛çã♦ ❡ ❞♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✹✳✸ ❈♦♥❡①✐❞❛❞❡ ❊s♣❡❝✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✹ ❈♦♥❡①✐❞❛❞❡ ❞♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ♣❛r❛ ✉♠❛ ❢❛♠í❧✐❛ ❝ú❜✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✻✸



■♥tr♦❞✉çã♦

❊♠❉✐♥â♠✐❝❛ ❈♦♠♣❧❡①❛✱ é ❝♦♥❤❡❝✐❞♦ q✉❡ ♣❛r❛ ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠♣❧❡①♦ P ✱ s❡✉ ❝♦♥❥✉♥t♦
❞❡ ❏✉❧✐❛ JP é ❝♦♥❡①♦ s❡ ❡ s♦♠❡♥t❡ s❡ ❛s ór❜✐t❛s ❞❡ s❡✉s ♣♦♥t♦s ❝rít✐❝♦s sã♦ ❧✐♠✐t❛❞❛s✳ P❛r❛
✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ R = P/Q✱ ♦♥❞❡ P ❡ Q sã♦ ♣♦❧✐♥ô♠✐♦s ❝♦♠♣❧❡①♦s✱ ♥ã♦ s❡ t❡♠ ✉♠
❝r✐tér✐♦ s✐♠♣❧❡s ♣❛r❛ ❛ ❝♦♥❡①✐❞❛❞❡ ❞♦ s❡✉ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ JR✳ ❙❤✐s❤✐❦✉r❛ ♠♦str♦✉ q✉❡
❬✶✷❪✱ s❡ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ t❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦ r❡♣✉❧s♦r ❡♥tã♦ s❡✉ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛
é ❝♦♥❡①♦✳ ▼❛s t❛❧ r❡s✉❧t❛❞♦ ♥ã♦ ❞❡✜♥❡ ♠✉✐t♦ s♦❜r❡ ❛ ❝♦♥❡①✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❛s
❢✉♥çõ❡s r❛❝✐♦♥❛✐s✳

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❛ ❝♦♥❡①✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧
R = P/Q ❞❡ ❣r❛✉ > 2✳ P❛r❛ ✐ss♦✱ ♥♦ ❝❛♣ít✉❧♦ ✶✱ ✐♥tr♦❞✉③✐♠♦s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s
❜ás✐❝♦s ❞❡ ❆♥á❧✐s❡ ❈♦♠♣❧❡①❛✳ ❏á ♥♦ ❝❛♣ít✉❧♦ ✷✱ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ❝♦♥❝❡✐t♦s ❞❡ ❉✐♥â♠✐❝❛
❈♦♠♣❧❡①❛✱ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✱ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉ ❡ ♣r♦♣r✐❡❞❛❞❡s ❞♦s ❝♦♥❥✉♥t♦s ❞❡
❏✉❧✐❛ ❡ ❋❛t♦✉✳

❈♦♠♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r♠♦s ❛ ❝♦♥❡①✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ♣❛r❛ ✉♠❛ ❢✉♥çã♦
r❛❝✐♦♥❛❧✱ ♥♦ ❝❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣❛r❛ t❛❧ ❡st✉❞♦✳ ❯♠ ❞❡st❡s
r❡s✉❧t❛❞♦s✱ q✉❡ é ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♥♦ ❡st✉❞♦ ❞❛ ❝♦♥❡①✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✱
♥♦s ❞✐③ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ é ❝♦♥❡①♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡
❋❛t♦✉ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛❬✷❪✳ ❖✉tr❛ ❢❡rr❛♠❡♥t❛ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ❡st✉❞♦ é ❛ ❋ór♠✉❧❛
❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❬✶✺❪ q✉❡ ❞✐③✱ ❞❛❞❛ ✉♠❛ ❢✉♥çã♦ ❢✉♥çã♦ ♣ró♣r✐❛ f : D → G ❞❡ ❣r❛✉
k✱ ♦♥❞❡ D ❡ G sã♦ ❞♦♠í♥✐♦s m,n✲❝♦♥❡①♦s✱ ♦✉ s❡❥❛✱ s❡✉s ❝♦♠♣❧❡♠❡♥t❛r❡s ♣♦ss✉❡♠ m,n
❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡ f ♣♦ss✉✐ r ♣♦♥t♦s ❝rít✐❝♦s ❡♠ D✱ ❝♦♥t❛❞♦s ❝♦♠
❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡✱ ❡♥tã♦

m− 2 = k(n− 2) + r.

◆♦ ❝❛♣ít✉❧♦ ✹✱ ❥á ✐♥tr♦❞✉③✐❞❛s t♦❞❛s ❛s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s✱ ❛♣r❡s❡♥t❛♠♦s ♦s
r❡s✉❧t❛❞♦s ♣❛r❛ ❛ ❝♦♥❡①✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s R✳ Pr✐♠❡✐r❛♠❡♥t❡✱
❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s r❡s✉❧t❛❞♦s q✉❡ ❣❛r❛♥t❡♠ ❛ ❝♦♥❡①✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡ ✉♠❛
❢✉♥çã♦ r❛❝✐♦♥❛❧ R q✉❛♥❞♦✱ ♣❛r❛ ✉♠ ♣♦♥t♦ ✜①♦ ❛tr❛t♦r z0✱ s✉❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦✱ ❞❡♥♦t❛❞❛
♣♦r A(z0)✱ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ✐♠❡❞✐❛t❛✱ ❞❡♥♦t❛❞❛ ♣♦r A0(z0)✳ ◆♦ ❝❛s♦✱ ❡♠
q✉❡ ❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ✐♠❡❞✐❛t❛✱
❛♣r❡s❡♥t❛♠♦s ✉♠❛ sér✐❡ ❞❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❛ ❝♦♥❡①✐❞❛❞❡ ❞❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ❡ ❞❛ ❜❛❝✐❛
❞❡ ❛tr❛çã♦ ✐♠❡❞✐❛t❛✱ r❡s✉❧t❛❞♦s ❡ss❡s✱ ✐♠♣♦rt❛♥t❡s ♥❛ s❡q✉ê♥❝✐❛ ❞♦ tr❛❜❛❧❤♦✳ ❆✐♥❞❛✱
❛♣r❡s❡♥t❛♠♦s ❞♦✐s ❝❛s♦s ❞❡ ❝♦♥❡①✐❞❛❞❡ ❡s♣❡❝✐❛✐s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✱ q✉❛♥❞♦ R é ✉♠❛
❢✉♥çã♦ r❛❝✐♦♥❛❧ ♣ós✲❝rít✐❝❛ ✜♥✐t❛✱ ❡ q✉❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉ ❞❡ R ♥ã♦ ♣♦ss✉✐ ❛♥é✐s ❞❡
❍❡r♠❛♥ ❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ❝♦♥❥✉t♦ ❞❡ ❋❛t♦✉ ❞❡ R ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✱
❝♦♥t❛❞♦ s❡♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡✳ P♦r ú❧t✐♠♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡st✉❞♦ ♣❛r❛ ❛ ❝♦♥❡①✐❞❛❞❡ ❞♦
❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❛ ❢❛♠í❧✐❛ ❝ú❜✐❝❛ R = c(z3 − 2)/z✱ ♦♥❞❡ c ∈ R \ {0}✱ ❝♦♠♦ ❡①❡♠♣❧♦✳

✼



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ♥♦çõ❡s ❡ ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ♦
❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❡ tr❛❜❛❧❤♦✳

✶✳✶ ◆♦çõ❡s ❡♠ ❱❛r✐á✈❡❧ ❈♦♠♣❧❡①❛

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❛ s❡çã♦ ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s ❡♠ ❬✹❪✱❬✶✹❪✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❙❡❥❛♠ D ⊂ C ✉♠ ❛❜❡rt♦ ❡ f : D −→ C ✉♠❛ ❢✉♥çã♦ ❝♦♠♣❧❡①❛✳ ❉✐③❡♠♦s
q✉❡ ❢ é ❞❡r✐✈á✈❡❧ ❡♠ z0 ∈ D s❡✱

lim
z→z0

f(z)− f(z0)

z − z0

❡①✐st❡✱ ❡ ♦ ❞❡♥♦t❛♠♦s ♣♦r f ′(z0)✳ ❙❡ f ❢♦r ❞❡r✐✈á✈❡❧ ❡♠ t♦❞♦ z ∈ D ❞✐③❡♠♦s q✉❡ f é
❞❡r✐✈á✈❡❧ ❡♠ ❉✳ ◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ f é ❤♦❧♦♠♦r❢❛ ❡♠ D✳

❉❡✜♥✐çã♦ ✶✳✷✳ ❯♠ ❞♦♠í♥✐♦ é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ C q✉❡ é ❛❜❡rt♦ ❡ ❝♦♥❡①♦✳

❚❡♦r❡♠❛ ✶✳✸✳ ❙❡❥❛♠ D ⊂ C ✉♠ ❞♦♠í♥✐♦ ❡ f : D −→ C ✉♠❛ ❢✉♥çã♦ ❝♦♠♣❧❡①❛✳ ❙❡ f ❢♦r
❤♦❧♦♠♦r❢❛ ❡♠ D ❡♥tã♦ f é ❝♦♥tí♥✉❛ ❡♠ D✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ z0 ∈ D✳ ❚❡♠♦s q✉❡ ♠♦str❛r q✉❡ limz→z0 f(z) = f(z0)✱ ∀ z0 ∈ D✳
❈♦♠♦ f é ❤♦❧♦♠♦r❢❛✱ t❡♠✲s❡ q✉❡

lim
z→z0

f(z)− f(z0)

z − z0

✽



❈❆P❮❚❯▲❖ ✶✳ P❘❊▲■▼■◆❆❘❊❙ ✾

❡①✐st❡✳ ❆ss✐♠

lim
z→z0

(f(z)− f(z0)) = lim
z→z0

(
f(z)− f(z0)

z − z0
(z − z0)

)

= lim
z→z0

f(z)− f(z0)

z − z0
lim
z→z0

(z − z0)

= f ′(z0).0 = 0.

P♦rt❛♥t♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

➚ s❡❣✉✐r ✈❡r❡♠♦s q✉❡ ♣❛r❛ ❞❡t❡r♠✐♥❛r s❡ ✉♠❛ ❢✉♥çã♦ ❝♦♠♣❧❡①❛ f é ❞❡r✐✈á✈❡❧ ❡♠
z0 = x0 + iy0✱ é s✉✜❝✐❡♥t❡ ❛♥❛❧✐s❛r♠♦s ❛ ♣❛rt❡ r❡❛❧ ❡ ✐♠❛❣✐♥ár✐❛ ❞❡ f ✱ ♦✉ s❡❥❛✱ s❡ ❛
♣❛rt❡ r❡❛❧ ❡ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞❡ f ❛❞♠✐t❡♠ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡♠
z0 = (x0, y0)✱ ❡ s❡ ❡ss❛s ❞❡r✐✈❛❞❛s ✈❡r✐✜❝❛♠ ❛s ❝♦♥❞✐çõ❡ss ❞❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥ q✉❡ s❡rã♦
❛♣r❡s❡♥t❛❞❛s ❛❜❛✐①♦✳ ❊s❝r❡✈❡r❡♠♦s f : D −→ C t❛❧ q✉❡

f(z) = u(x, y) + iv(x, y),

♦♥❞❡ u, v : D −→ R sã♦ ❛s ♣❛rt❡s r❡❛❧ ❡ ✐♠❛❣✐♥ár✐❛ ❞❡ f r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❚❡♦r❡♠❛ ✶✳✹✳ ❙❡❥❛ f : D −→ C ❡ z0 = x0 + iy0✳ ❯♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡
♣❛r❛ q✉❡ f s❡❥❛ ❞❡r✐✈á✈❡❧ ❡♠ z0 é q✉❡ u(x, y) ❡ v(x, y) ♣♦ss✉❛♠ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❝♦♥tí♥✉❛s
❡♠ (x0, y0)✱ s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s

(∗) ∂u

∂x
(x0, y0) =

∂v

∂y
(x0, y0);

∂u

∂y
(x0, y0) = −∂v

∂x
(x0, y0).

❆❧é♠ ❞✐ss♦✱ s❡ f ′(z0) ❡①✐st❡ ❡♥tã♦

f ′(z0) =
∂u

∂x
+ i

∂v

∂x
=
∂f

∂x

=
∂v

∂y
− i

∂u

∂y
=

1

i

∂f

∂y
.

❆s ❝♦♥❞✐çõ❡s (∗) sã♦ ❝❤❛♠❛❞❛s ❡sq✉❛çõ❡s ❞❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥✳

❉❡♠♦♥str❛çã♦✳ P♦r ❞❡✜♥✐çã♦

f ′(z0) = lim
z→z0

f(z)− f(z0)

z − z0
.

❋❛③❡♥❞♦ z = x+ iy0 ♦❜t❡♠♦s

f ′(z0) = lim
x→x0

u(x, y0) + iv(x, y0)− u(x0, y0)− iv(x0, y0)

x− x0

= lim
x→x0

u(x, y0)− u(x0, y0)

x− x0
+ i lim

x→x0

v(x, y0) + v(x0, y0)

x− x0

=
∂u

∂x
(x, y0) + i

∂v

∂x
(x, y0).
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P♦r ♦✉tr♦ ❧❛❞♦ ❢❛③❡♥❞♦ z = x0 + iy ♦❜t❡♠♦s

f ′(z0) = lim
y→y0

u(x0, y) + iv(x0, y)− u(x0, y0)− iv(x0, y0)

i(y − y0)

=
1

i
lim
y→y0

u(x0, y)− u(x0, y0)

y − y0
+ lim

y→y0

v(x0, y) + v(x0, y0)

y − y0

=
1

i

∂v

∂y
(x0, y) +

∂u

∂y
(x0, y)

=
∂u

∂y
(x0, y)− i

∂v

∂y
(x0, y).

❈♦♠♦ ♦ ❧✐♠✐t❡ ❡①✐st❡ ❡♥tã♦ é ú♥✐❝♦✳ ▲♦❣♦

f ′(z0) =
∂u

∂x
+ i

∂v

∂x
=
∂u

∂y
− i

∂v

∂y
.

❉❛í
∂u

∂x
=
∂v

∂y
e

∂u

∂y
= −∂v

∂x
.

❊ ❛✐♥❞❛ t❡♠♦s
∂f

∂x
=

1

i

∂f

∂y
.

❆❣♦r❛ s✉♣♦♥❞♦ q✉❡ u ❡ v s❛t✐s❢❛③❡♠ ❛s ❡q✉❛çõ❡s ❞❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥ ❡ sã♦ ❞❡ ❝❧❛ss❡
C1✱ t❡♠♦s q✉❡ ❡①✐st❡♠ ❢✉♥çõ❡s ε1 ❡ ε2 ❞❡✜♥✐❞❛s ❡♠ t♦r♥♦ ❞❡ (0, 0) t❛✐s q✉❡ ♣❛r❛ t♦❞♦
r, s ∈ R s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦

u(x0 + r, y0 + s) =
∂u

∂x
(x0, y0)r +

∂u

∂y
(x0, y0)s+ ε1(r, s)

v(x0 + r, y0 + s) =
∂v

∂x
(x0, y0)r +

∂v

∂y
(x0, y0)s+ ε2(r, s)

❡

lim
(r,s)→(0,0)

ε1(r, s)√
r2 + s2

= lim
(r,s)→(0,0)

ε2(r, s)√
r2 + s2

= 0.

❆❣♦r❛ t♦♠❡ h = r + is✳ ❆❧é♠ ❞✐ss♦✱ ✉s❛♥❞♦ ❛s ❡q✉❛çõ❡s ❞❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥ t❡♠♦s
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f(z0 + h)− f(z0) = u(x0 + r, y0 + s)− u(x0, y0) + i(v(x0 + r, y0 + s)− v(x0, y0))

= ∂u
∂x
(x0, y0)r +

∂u
∂y
(x0, y0)s+ i ∂v

∂x
(x0, y0)r + i∂v

∂y
(x0, y0)s+ ε1(r, s) + iε2(r, s)

= ∂u
∂x
(x0, y0)r − ∂v

∂x
(x0, y0)s+ i ∂v

∂x
(x0, y0)r +

∂u
∂x
(x0, y0)s+ ε1(r, s) + iε2(r, s)

= ∂u
∂x
(x0, y0)(r + is) + i ∂v

∂x
(x0, y0)(r + is) + ε1(r, s) + iε2(r, s)

=
(
∂u
∂x
(x0, y0) + i ∂v

∂x
(x0, y0)

)
h+ ε1(r, s) + iε2(r, s).

❉❛í s❡❣✉❡ q✉❡

lim
h→0

f(z0 + h)− f(z0)

h
−
(
∂u

∂x
(x0, y0) + i

∂v

∂x
(x0, y0)

)

= lim
h=r+is→0

[
ε1(r, s)

r + is
+ i

ε2(r, s)

r + is

]
= 0.

❖ q✉❡ ♠♦str❛ q✉❡ f é ❞❡r✐✈á✈❡❧ ❡♠ z0 ❡

f ′(z0) =
∂u

∂x
(x0, y0) + i

∂v

∂x
(x0, y0).

❈♦r♦❧ár✐♦ ✶✳✺✳ ❙❡❥❛ f : D −→ C ❤♦❧♦♠♦r❢❛ ❡♠ ✉♠ ❞♦♠í♥✐♦ D✳ ❙❡ f ′(z) = 0 ❡♠ D✱
❡♥tã♦ f é ❝♦♥st❛♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ f ′(z) = ∂u
∂x
(x, y)+i ∂v

∂x
(x, y) = 0 ❡♠D✱ t❡♠♦s ♣❡❧❛s ❡q✉❛çõ❡s

❞❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥ q✉❡ ∂v
∂y
(x, y) − i∂u

∂y
(x, y) = 0 ❡♠ D✳ ▲♦❣♦ ∂u

∂x
(x, y) = ∂v

∂x
(x, y) =

∂v
∂x
(x, y) = ∂u

∂x
(x, y) ❡♠ D✳ P♦rt❛♥t♦ u ❡ v sã♦ ❝♦♥st❛♥t❡s✱ ✉♠❛ ✈❡③ q✉❡ D é ✉♠ ❞♦♠í♥✐♦✳

❉❛í f é ❝♦♥st❛♥t❡✳

❙❡ u(x, , y) ❡ v(x, y) ♣♦ss✉❡♠ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❝♦♥tí♥✉❛s✱ ❡♥tã♦
❞❡r✐✈❛♥❞♦ ❛s ❡q✉❛çõ❡s ❞❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥ t❡♠♦s

∂2u

∂x2
=

∂2v

∂x∂y
e
∂2u

∂y2
= − ∂2v

∂y∂x
.

P♦rt❛♥t♦✱

(∗∗) ∂2u

∂x2
+
∂2u

∂y2
= 0.

❯♠❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ (∗∗) é ❞✐t❛ ❤❛r♠ô♥✐❝❛✳

❉❡✜♥✐çã♦ ✶✳✻✳ ❙❡❥❛ D ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ C✱ a ✉♠ ❡❧❡♠❡♥t♦ ❞❡ D ❡ f : D\{a} −→
C ✉♠❛ ❛♣❧✐❝❛çã♦ ❤♦❧♦♠♦r❢❛✳ ❙❡ ❡①✐st✐r❡♠ ✉♠❛ ❛♣❧✐❝❛çã♦ ❤♦❧♦♠♦r❢❛ g : D −→ C t❛❧ q✉❡
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g(a) 6= 0 ❡ ✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦ n t❛❧ q✉❡ f(z) = g(z)
(z−a)n

♣❛r❛ t♦❞♦ z ∈ D \ {a}✱ ❡♥tã♦
a é ❞❡♥♦♠✐♥❛❞♦ ✉♠ ♣ó❧♦ ❞❡ f ❞❡ ♦r❞❡♠ n✳

❉❡✜♥✐çã♦ ✶✳✼✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f é ♠❡r♦♠♦r❢❛ ♥✉♠ ❛❜❡rt♦ U ⊂ C✱ s❡ ❡①✐st❡
✉♠ ❝♦♥❥✉♥t♦ ❞✐s❝r❡t♦ Γ ⊂ U t❛❧ q✉❡ f é ❤♦❧♦♠♦r❢❛ ❡♠ U \ Γ ❡ ♦s ♣♦♥t♦s ❞❡ Γ sã♦ ♣ó❧♦s
❞❡ f ✳

❉❡✜♥✐çã♦ ✶✳✽✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ♠❡r♦♠♦r❢❛ ❡ ✐♥❥❡t♦r❛ é ❞✐t❛ ❛♣❧✐❝❛çã♦ ✉♥✐✈❛❧❡♥t❡✳

❊①❡♠♣❧♦ ✶✳✾✳ ❆ ❢✉♥çã♦ f(z) = 1
z
é ♠❡r♦❢♦r♠❛✳ ❉❡ ❢❛t♦✱ f ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣ó❧♦ ❞❡

♦r❞❡♠ 1 ❡♠ 0✳ ❆❧é♠ ❞✐ss♦ f é ✐♥❥❡t♦r❛✱ ❧♦❣♦ ✉♥✐✈❛❧❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❯♠ ❝❛♠✐♥❤♦ s✉❛✈❡ ❡♠ C é ✉♠❛ ❛♣❧✐❝❛çã♦ γ : [a, b] ⊂ R → C ❝♦♠
❞❡r✐✈❛❞❛ ❝♦♥tí♥✉❛✳

❙❡❥❛ γ : [a, b] ⊂ R → C ✉♠ ❝❛♠✐♥❤♦ s✉❛✈❡ ❡♠ D ⊂ C ❡ s❡❥❛ f : D → C

✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛✳ ❊♥tã♦ σ = f ◦ γ t❛♠❜é♠ é ✉♠ ❝❛♠✐♥❤♦ s✉❛✈❡ ❡ σ′(t) =
f ′(γ(t))γ′(t)✳ ❙❡❥❛ z0 = γ(t0)✱ ❡ s✉♣♦♥❤❛ γ′(t0) 6= 0 ❡ f ′(z0) 6= 0✱ ❡♥tã♦ σ′(t0) 6= 0 ❡
arg(σ′(t0)) = arg(f ′(z0)) + arg(γ′(t0))✳ ❆❣♦r❛✱ s❡❥❛♠ γ1 ❡ γ2 ❞♦✐s ❝❛♠✐♥❤♦s s✉❛✈❡s t❛✐s
q✉❡ γ1(t1) = γ2(t2) = z0 ❡ γ′1(t1) 6= 0 6= γ′2(t2)❀ s❡❥❛♠ σ1 = f ◦ γ1 ❡ σ2 = f ◦ γ2✳ ❙❡ ♦s
❝❛♠✐♥❤♦s γ1 ❡ γ2 ♥ã♦ sã♦ t❛♥❣❡♥t❡s ✉♠ ❛♦ ♦✉tr♦ ❡♠ z0 ❡ γ′1(t1) 6= γ′2(t2) ❡♥tã♦ t❡♠♦s q✉❡

arg(γ′2(t2))− arg(γ′1(t1)) = arg(σ′
2(t2))− arg(σ′

1(t1)).

❖✉ s❡❥❛✱ ❞❛❞♦s q✉❛✐sq✉❡r ❞♦✐s ❝❛♠✐♥❤♦s ♣❛ss❛♥❞♦ ♣♦r z0✱ f ♠❛♣❡✐❛ ❡ss❡s ❞♦✐s ❝❛♠✐♥❤♦s
❡♠ ❞♦✐s ❝❛♠✐♥❤♦s ♣❛ss❛♥❞♦ ♣♦r f(z0) ❡ q✉❛♥❞♦ f ′(z0) 6= 0✱ ♦s â♥❣✉❧♦s ❡♥tr❡ ❛s ❝✉r✈❛s sã♦
♣r❡s❡r✈❛❞♦s✳

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❯♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛ f : D → C✱ ♦♥❞❡ D ⊂ C é ❛❜❡rt♦✱ q✉❡ t❡♠ ❛
♣r♦♣r✐❡❞❛❞❡ ❞❡ ♣r❡s❡r✈❛r â♥❣✉❧♦ é ❞✐t❛ ❝♦♥❢♦r♠❡✳

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❯♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❞❛ ❢♦r♠❛ f(z) = az+b
cz+d

✱ ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❝♦♠♣❧❡①♦s
t❛✐s q✉❡ ad− bc 6= 0✱ é ❝❤❛♠❛❞❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▼ö❜✐✉s✳

❙❡ f é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▼ö❜✐✉s ❡♥tã♦

f−1(z) =
dz + b

−cz + a

t❛♠❜é♠ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▼ö❜✐✉s✱ ♣♦✐s ad− bc 6= 0 ❡ ❛❧é♠ ❞✐ss♦

f
(
f−1(z)

)
= f

(
dz + b

−cz + a

)

=
a
(

dz+b
−cz+a

)
+ b

c
(

dz+b
−cz+a

)
+ d

=
adz − ab− bcz + ab

cdz − cb− cdz + ad

=
(ad− bc) z

(ad− bc) z
= z = f−1 (f(z)) .
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❉❛í t❡♠♦s q✉❡ f−1(z) é ❛ ✐♥✈❡rs❛ ❞❛ ❛♣❧✐❝❛çã♦ f ✳ ❙❡❥❛♠

f(z) =
az + b

cz + d
e g(z) =

rz + s

tz + w

tr❛♥s❢r♦♠❛çõ❡s ❞❡ ▼ö❜✐✉s✱ ❡♥tã♦

f ◦ g(z) = f(g(z)) =
(ar + bt)z + (as+ bw)

(cr + dt)z + (cs+ dw)

é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▼ö❜✐✉s✱ ♣♦✐s

(ar + bt)(cs+ dw)− (as+ bw)(cr + dt) = (ad− bc)(wr − st) 6= 0.

P♦rt❛♥t♦ ❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s t❡♠ ❡str✉t✉r❛ ❞❡ ❣r✉♣♦✳

❊①❡♠♣❧♦ ✶✳✶✸✳ ❆ ❢✉♥çã♦

f(z) =
z − i

z + i

é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▼ö❜✐✉s✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❛ ✐♥t❡❣r❛çã♦ ❝♦♠♣❧❡①❛✳

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❙❡❥❛ f : [a, b] ⊂ R → C ❞❛❞❛ ♣♦r f(t) = u(t) + iv(t)✳ ❉❡✜♥✐♠♦s ❛
✐♥t❡❣r❛❧ ❝♦♠♣❧❡①❛ ❞❡ f ♣♦r

b∫

a

f(t)dt =

b∫

a

u(t)dt+

b∫

a

iv(t)dt.

Pr♦♣r✐❡❞❛❞❡s ❞❛ ✐♥t❡❣r❛❧ ❝♦♠♣❧❡①❛ ✿
❈♦♥s✐❞❡r❡ f : [a, b] ⊂ R → C ❞❛❞❛ ♣♦r f(t) = u(t) + iv(t). ❊♥tã♦

✐✮ Re

(
b∫
a

f(t)dt

)
=

b∫
a

Re (f(t)) dt

✐✐✮ Im

(
b∫
a

f(t)dt

)
=

b∫
a

Im (f(t)) dt

✐✐✮
b∫
a

(f + g)(t)dt =
b∫
a

f(t)dt+
b∫
a

g(t)dt

✐✈✮ ❙❡ c ∈ C, c = a+ ib

c

b∫

a

f(t)dt = (a+ ib)




b∫

a

u(t)dt+

b∫

a

iv(t)dt


 =

b∫

a

(au− bv)dt+ i

b∫

a

(bu+ av)dt

❡
b∫

a

cf(t)dt =

b∫

a

(a+ ib)(u+ iv)dt =

b∫

a

(au− bv)dt+ i

b∫

a

(bu+ av)dt
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P♦rt❛♥t♦

c

b∫

a

f(t)dt =

b∫

a

cf(t)dt.

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❯♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ❞✐❢❡r❡♥❝✐á✈❡❧ γ : [a, b] ⊂ R → C é ✉♠❛
❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❝❧❛ss❡ C1 ❡ s❡✉ tr❛ç♦ é ♦ ❝♦♥❥✉♥t♦ {γ(t) : t ∈ [a, b] ⊂ R} .

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❯♠❛ ❢✉♥çã♦ γ : [a, b] ⊂ R → C é ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛ s❡ ❡①✐st❡ M > 0
t❛❧ q✉❡ ♣❛r❛ t♦❞❛ ♣❛rt✐çã♦ P = {a = t0 < t1 < ... < tn = b} t❡♠✲s❡

ν (γ, P ) = max
1≤k≤n

{| γ(tk)− γ(tk−1) |} ≤M.

❆ ✈❛r✐❛çã♦ t♦t❛❧ ❞❡ γ é ❞❡✜♥✐❞❛ ♣♦r

V (γ) = suppν(γ, P ).

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❯♠❛ ❝✉r✈❛ é r❡t✐✜❝á✈❡❧ s❡ ❡❧❛ é ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛✳

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❖ ♥ú♠❡r♦

I =

b∫

a

fdγ =

b∫

a

f(γ(t))dγ(t)

é ❝❤❛♠❛❞♦ ❞❡ ✐♥t❡❣r❛❧ ❞❡ ✉♠❛ ❢✉♥çã♦ f s♦❜r❡ γ✱ ♦♥❞❡ γ : [a, b] ⊂ R → C é ✉♠❛ ❝✉r✈❛✳

Pr♦♣♦s✐çã♦ ✶✳✶✾✳ ❙❡ γ : [a, b] ⊂ R → C é ❞❡ ❝❧❛ss❡ C1 ❡♠ [a, b] ❡♥tã♦ γ é r❡t✐✜❝á✈❡❧ ❡

V (γ) =

b∫

a

γ
′
(t)dt.

❉❡♠♦♥str❛çã♦✳ ❉❛❞❛ ✉♠❛ ♣❛rt✐çã♦ P = {a = t0 < t1 < ... < tn = b} t❡♠♦s

ν (γ, P ) =
n∑

k=1

| γ(tk)− γ(tk−1) |

=
n∑

k=1

|
tk∫

tk−1

γ
′
(t)dt |

6

n∑

k=1

tk∫

tk−1

| γ ′
(t) | dt =

b∫

a

| γ ′
(t) | dt.

▲♦❣♦ V (γ) 6
b∫
a

| γ ′
(t) | dt ❡ γ é ❞❡ ✈❛r✐❛çã♦ ❧✐♠✐t❛❞❛✳

❈♦♠♦ γ′ é ❝♦♥tí♥✉❛ ❡♠ [a, b]✭q✉❡ é ❝♦♠♣❛❝t♦✮✱ γ′ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥tí♥✉❛✳ ❉❛í✱ ❞❛❞♦
ε > 0 ❡①✐st❡ δ1 > 0 t❛❧ q✉❡ | s− t |< δ1 ✐♠♣❧✐❝❛ q✉❡ | γ′(s)−γ′(t) |< ε✳ ❆❣♦r❛✱ t♦♠❡ δ2 > 0
t❛❧ q✉❡ s❡ P = {a = t0 < t1 < ... < tn = b} ❡ ‖ P ‖= max {(tk − tk−1), 1 6 k 6 n} < δ2
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❡♥tã♦ ∣∣∣∣∣

∫ b

a

| γ′(t) | dt−
n∑

k=1

| γ′(τk) | (tk − tk−1)

∣∣∣∣∣ < ε

♦♥❞❡ τk é ✉♠ ♣♦♥t♦ ❡♠ [tk, tk−1]✳ ▲♦❣♦

∫ b

a

| γ′(t) | dt 6 ε+
n∑

k=1

| γ′(τk) | (tk − tk−1)

= ε+
n∑

k=1

∣∣∣∣∣

∫ k

tk−1

γ′(τk)dt

∣∣∣∣∣

6 ε+
n∑

k=1

∣∣∣∣∣

∫ k

tk−1

(γ′(τk)− γ′(t))dt

∣∣∣∣∣+
n∑

k=1

∣∣∣∣∣

∫ k

tk−1

γ′(τk)dt

∣∣∣∣∣ .

❙❡ ‖ P ‖= min(δ1, δ2)✱ ❡♥tã♦ | γ′(τk)− γ′(t) |< ε ♣❛r❛ t♦❞♦ t ∈ [tk, tk−1] ❡

∫ b

a

| γ′(t) | dt 6 ε+ ε(b− a) +
n∑

k=1

| γ(tk)− γ(tk−1) |

− ε(1 + (b− a)) + ν(γ, P )

6 ε(1 + (b− a)) + V (γ).

❋❛③❡♥❞♦ ε −→ 0 ♦❜t❡♠♦s
b∫

a

γ
′
(t)dt 6 V (γ),

❡ ♣♦rt❛♥t♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❙❡❥❛ γ : [a, b] → C ✉♠❛ ❝✉r✈❛ r❡t✐✜❝á✈❡❧ ❡ s❡❥❛ f ✉♠❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ❡
❝♦♥tí♥✉❛ ❡♠ γ✳ ❉❡✜♥✐♠♦s ❛ ✐♥t❡❣r❛❧ ❞❡ ❧✐♥❤❛ ❞❡ f s♦❜ ❛ ❝✉r✈❛ γ ♣♦r

∫

γ

f =

b∫

a

f(γ(t))γ
′
(t)dt.

❉❡✜♥✐çã♦ ✶✳✷✶✳ ❙❡❥❛ f : D ⊂ C −→ C✱ ❝♦♠ D ❛❜❡rt♦ ❡ f ❝♦♥tí♥✉❛✳ ❉✐③❡♠♦s q✉❡
F : D −→ C é ✉♠❛ ♣r✐♠✐t✐✈❛ ♣❛r❛ f s❡ F é ❤♦❧♦♠♦r❢❛ ❡ F

′
= f.

Pr♦♣♦s✐çã♦ ✶✳✷✷✳ ❙❡❥❛ f : D −→ C ❝♦♠tí♥✉❛ ❡♠ D✱ ♦♥❞❡ D é ✉♠ ❞♦♠í♥✐♦✳ ❙❡ F é
✉♠❛ ♣r✐♠✐t✐✈❛ ❞❡ f ✱ ❡♥tã♦ F + k✱ t❛♠❜é♠ ♦ é✱ ♠❛✐s ❛✐♥❞❛ q✉❛❧q✉❡r ♦✉tr❛ ♣r✐♠✐t✐✈❛ ❞❡ f
é ❞❛ ❢♦r♠❛ F + k✱ ♦♥❞❡ k é ✉♠❛ ❝♦♥st❛♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ H ♦✉tr❛ ♣r✐♠✐t✐✈❛ ❞❡ f ✳ ❡♥tã♦ H − F é ❤♦❧♦♠♦r❢❛ ❡

(H − F )
′
= H

′
(z)− F

′
(z) = f(z)− f(z) = 0.

❊♥tã♦ H − F = k✱ ❝♦♠ k ❝♦♥st❛♥t❡✳

❉❡✜♥✐çã♦ ✶✳✷✸✳ ❯♠❛ ❢✉♥çã♦ f : D ⊂ C −→ C é ❞✐t❛ s❡r ❛♥❛❧ít✐❝❛ s❡ ♣❛r❛ t♦❞♦ a ❡♠ D✱
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❡①✐st❡ r > 0 t❛❧ q✉❡ Br(a) ⊂ D ❡

f(z) =
∞∑

n=0

an(z − a)n, ∀ z ∈ Br(a).

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❙❡❥❛♠ γ1, γ2 : [0, 1] → D ⊂ C✭❛❜❡rt♦✮ ❞✉❛s ❝✉r✈❛s r❡t✐✜❝á✈❡✐s t❛✐s q✉❡
γ1(0) = γ2(0) = a ❡ γ1(1) = γ2(1) = b✳ ❊♥tã♦ γ1 ❡ γ2 sã♦ ❤♦♠♦tó♣✐❝❛s s❡ ❡①✐st❡ ✉♠❛
❢✉♥çã♦ ❝♦♥tí♥✉❛ Γ : [0, 1]× [0, 1] → D t❛❧ q✉❡

Γ(s, 0) = γ1(s) Γ(s, 1) = γ1(s)
Γ(0, t) = a Γ(1, t) = b.

✭✶✳✶✮

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❯♠ ❛❜❡rt♦ D ⊂ C é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ s❡ é ❝♦♥❡①♦ ❡ t♦❞❛ ❝✉r✈❛
❢❡❝❤❛❞❛ ❡♠ D é ❤♦♠♦tó♣✐❝❛ ❛ ③❡r♦✳

❚❡♦r❡♠❛ ✶✳✷✻✳ ❙❡❥❛ D ⊂ C ❛❜❡rt♦✳ ❙❡ f : D −→ C é ✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛✱ ❡♥tã♦ f é
❤♦❧♦♠♦r❢❛✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ f é ❛♥❛❧ít✐❝❛ t❡♠♦s

f(z) =
∞∑

n=0

an(z − a)n, ∀ z ∈ BR(a).

❈♦♥s✐❞❡r❡ a = 0✳ ❙❡❥❛ g : BR(a) → C ✉♠❛ ❢✉♥çã♦ ❞❛❞❛ ♣♦r

g(z) =
∞∑

n=1

nanz
n−1.

❋✐①❡ r > 0✱ t❛❧ q✉❡ r < R✳
P❛r❛ t♦❞♦ z, w ∈ Br(0), w 6= z, t❡♠♦s

g(z)− f(z)− f(w)

z − w
=

∞∑

n=1

an

(
nzn−1 − zn − wn

z − w

)
.

❖❜s❡r✈❡ q✉❡





nzn−1 = zn−1 + zn−1 + . . .+ zn−1

zn−wn

z−w
= zn−1 + zn−2w + zn−3w2 + . . .+ zwn−2 + wn−1.

❙✉❜tr❛✐♥❞♦ ❛ s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞❡ ❞❛ ♣r✐♠❡✐r❛ t❡♠♦s

zn−2(z − w) + zn−3(z2 − w2) + . . .+ z(zn−2 − wn−2) + (zn−1 − wn−1)

= (z − w)((n− 1)zn−1 + (n− 2)zn− 3w + . . .+ 2zwn−2 + wn−2).

▲♦❣♦✱
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∣∣nzn−1 − zn−wn

z−w

∣∣

≤ |z − w|((n− 1) + (n− 2) + . . .+ 2 + 1)rn−2

= |z − w|n(n−1)
2

rn−2.

❉❛í

∣∣∣g(z)− f(z)−f(w)
z−w

∣∣∣ =
∣∣∣∣∣

∞∑

n=1

an

(
nzn−1 − zn − wn

z − w

)∣∣∣∣∣

≤
∞∑

n=1

|an|
∣∣∣∣nz

n−1 − zn − wn

z − w

∣∣∣∣ ≤ |z − w|
∞∑

n=2

n(n− 2)

2
|an|rn−2.

P❡❧♦ t❡st❡ ❞❛ r❛③ã♦✱ ❛ sér✐❡
∞∑

n=2

n(n− 2)

2
|an|rn−2 ❝♦♥✈❡r❣❡✱ ✉♠❛ ✈❡③ q✉❡ r < R✳

❉✐❣❛♠♦s q✉❡
∞∑

n=2

n(n− 2)

2
|an|rn−2 = A <∞✱ ❧♦❣♦

∣∣∣∣g(z)−
f(z)− f(w)

z − w

∣∣∣∣ ≤ |z − w|A.

■ss♦ ♠♦str❛ q✉❡

lim
w→z

∣∣∣∣g(z)−
f(z)− f(w)

z − w

∣∣∣∣ = 0.

❖✉ s❡❥❛✱

g(z) = lim
w→z

f(z)− f(w)

z − w
= f

′
(z).

❈♦♠♦ r é ❛r❜✐trár✐♦✱ f
′
(z) = g(z) ❡♠ BR(0)✳ ❖ ❝❛s♦ a 6= 0 é ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ q✉❡ a = 0 ✱

❜❛st❛ tr♦❝❛r♠♦s zn ♣♦r (z − a)n ♥❛ ♣r♦✈❛ ❛❝✐♠❛✳

❉❡✜♥✐çã♦ ✶✳✷✼✳ ❯♠ ❝❛♠✐♥❤♦ ❡♠ C é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ γ : [a, b] ⊂ R → C✳
❉✐③❡♠♦s q✉❡ ✉♠ ❝❛♠✐♥❤♦ γ é ❢❡❝❤❛❞♦ s❡ γ(a) = γ(b)✳

❚❡♦r❡♠❛ ✶✳✷✽✳ ✭❚❡♦r❡♠❛ ■♥t❡❣r❛❧ ❞❡ ❈❛✉❝❤②✮ ❙❡ f : D ⊂ C −→ C✱ ❝♦♠ D
s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❡ f ❛♥❛❧ít✐❝❛✳ ❊♥tã♦

∫
γ

f = 0 ♣❛r❛ t♦❞❛ ❝✉r✈❛ γ ❞❡ ❏♦r❞❛♥✱ r❡❣✉❧❛r✱

✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞❛ ❡♠ D✳

❖❜s ✶✳✷✾✳ • γ s❡r ✉♠❛ ❝✉r✈❛ ❞❡ ❏♦r❞❛♥ s✐❣♥✐✜❝❛ q✉❡ γ é ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❡ s✐♠♣❧❡s✱
♦✉ s❡❥❛✱ γ é ✉♠❛ ❝✉r✈❛ s❡♠ ❛✉t♦✲✐♥t❡rs❡çõ❡s✳

• ❯♠❛ ❝✉r✈❛ γ : [a, b] ⊂ R → C é r❡❣✉❧❛r s❡ γ′(t) 6= 0, ∀ t ∈ [a, b]✳

❉❡♠♦♥str❛çã♦✳ ❱❡r r❡❢❡rê♥❝✐❛ ❬✹❪
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Pr♦♣♦s✐çã♦ ✶✳✸✵✳ ❙❡❥❛ D ⊂ C ❛❜❡rt♦ ❡ s❡❥❛ f : D −→ C ✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛✳ ❊♥tã♦
f ♣♦ss✉✐ ✉♠❛ ♣r✐♠✐t✐✈❛✱ ♠❛✐s ❛✐♥❞❛✱ s❡ γ é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ Br(a) ⊂ D ❡♥tã♦∫
γ

f = 0.

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ a ∈ D, ∃r > 0 t❛❧ q✉❡ Br(a) ⊂ D ❡

f(z) =
∞∑

n=0

an(z − a)n, ∀ z ∈ Br(a)

❡ ❝♦♥s✐❞❡r❡ F : Br(a) 7−→ C ❞❛❞❛ ♣♦r

F (z) =
∞∑

n=0

an
n+ 1

(z − a)n+1.

❙❛❜❡♠♦s q✉❡ ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ |z−a|
n+1

≤ r
n+1

< 1✱ ❡♥tã♦

∣∣∣∣
an(z − a)n+1

n+ 1

∣∣∣∣ =| an(z − a)n |
∣∣∣∣
z − a

n+ 1

∣∣∣∣ ≤| an(z − a)n | .

❊♥tã♦ F ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ✭r❛✐♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ r✮ ❡ F
′
= f ✳

❚❡♦r❡♠❛ ✶✳✸✶✳ ❉❛❞❛ f : D −→ C ❝♦♥tí♥✉❛✱ ♦♥❞❡ D ✉♠ ❞♦♠í♥✐♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱
❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s ✿

✶✳ f ♣♦ss✉✐ ✉♠❛ ♣r✐♠✐t✐✈❛ ❀

✷✳
∫
γ

fdz = 0 ♣❛r❛ t♦❞♦ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ γ ⊂ D❀

✸✳
∫
σ

fdz só ❞❡♣❡♥❞❡ ❞♦s ❡①tr❡♠♦s z1 ❡ z2 ❞❡ q✉❛❧q✉❡r ❝❛♠✐♥❤♦ σ ❝♦♥t✐❞♦ ❡♠ D✱ q✉❡

❧✐❣❛ z1 ❛ z2✳

❉❡♠♦♥str❛çã♦✳ (1) ⇒ (3) : ❙❡❥❛♠ σ(t) = x(t) + iy(t), t ∈ (a, b); f(z) = u + iv, F (z) =
N + iM ❡ z1 = σ(a) = x(a) + iy(a), σ(b) = x(b) + iy(b). ❙❛❜❡♠♦s q✉❡ F

′
= f ❡

F
′
=
∂N

∂x
+ i

∂M

∂x
=
∂M

∂y
− i

∂N

∂y
.

❊♥tã♦

{ ∂N
∂x

= u = ∂M
∂y

−∂N
∂y

= v = ∂M
∂x

✭✶✳✷✮

❡
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∫
γ

fdz =
b∫
a

(u(t)x
′
(t)− v(t)y

′
(t))dt+ i

b∫
a

(u(t)y
′
(t) + v(t)x

′
(t))dt

=
b∫
a

(
∂N
∂x
x

′
(t)− ∂N

∂y
y

′
(t)
)
+ i

b∫
a

(
∂M
∂y
y

′
(t) + ∂M

∂x
x

′
(t)
)
dt

=
b∫
a

d
dt
(N(x(t), y(t))) dt+ i

b∫
a

d
dt
(M(x(t), y(t))) dt

= N(x(t), y(t)) |ba +iM(x(t), y(t)) |ba

= N(x(b), y(b))−N(x(a), y(a)) + iM(x(b), y(b))−M(x(a), y(a))

= (N(x(b), y(b)) + iM(x(b), y(b)))− (N(x(a), y(a)) + iM(x(a), y(a)))

= F (x(b) + iy(b))− F (x(a) + iy(a))

= F (z2)− F (z1).

(1) ⇒ (2) : ❚♦♠❛♥❞♦ ❡♠ (1) ⇒ (3) z1 = z2 s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳
(2) ⇒ (3) : ❙❡❥❛♠ z1 ❡ z2 ❡♠ D✳ ❙❡❥❛ γ ✉♠ ❝❛♠✐♥❤♦ q✉❡ ❧✐❣❛ z1 ❛ z2 ❡ σ ✉♠ ❝❛♠✐♥❤♦ q✉❡
❧✐❣❛ z2 ❛ z1 ❛♠❜♦s ♦s ❝❛♠✐♥❤♦s ❞❡✜♥✐❞♦s ❡♠ D✳ ▲♦❣♦ γ− σ é ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ ❡♠ D✱
q✉❡ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❛ss✐♠

∫

γ−σ

fdz =

∫

γ

fdz −
∫

σ

fdz = 0,

❡♥tã♦ ∫

γ

fdz =

∫

σ

fdz.

(3) ⇒ (1) : ❆❣♦r❛ ✜①❡ z0 ∈ G✱ ❡ ❞❡✜♥❛

F : D → C

z 7→ F (z)
✭✶✳✸✮

♣♦r F (z) =
∫
γ

fdz✱ ♦♥❞❡ γ é ✉♠ ❝❛♠✐♥❤♦ q✉❡ ❧✐❣❛ z0 ❛ z✳ ◆♦t❡ q✉❡ F ❡stá ❜❡♠ ❞❡✜♥✐❞❛

♣♦r ❤✐♣ót❡s❡✱ ♣♦✐s ❛ ✐♥t❡❣r❛❧ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳
❆✜r♠❛çã♦ ✿ F

′
(z) = f(z), ∀ z ∈ D

❉❡ ❢❛t♦✱ ❝♦♠♦ D é ❛❜❡rt♦✱ ❡①✐st❡ r > 0 t❛❧ q✉❡ Br(z) ⊂ D✳ P❛r❛ h ∈ C ❝♦♠
| h |< r, z + h ∈ Br(z) ⊂ D. ▼❛✐s ❛✐♥❞❛✱ t❡♠♦s q✉❡ σ(t) = z + th ❝♦♠ t ∈ [0, 1]
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❡stá ❝♦♥t✐❞♦ ❡♠ Br(z) ⊂ D✱ ❧♦❣♦ t❡♠♦s

F (z + h) =

∫

γ+σ

f(w)dw =

∫

γ

f(w)dw +

∫

σ

f(w)dw

= F (w) +

∫

σ

f(w)dw.

❊♥tã♦
F (z + h)− F (z)

h
=

1

h

∫

σ

f(w)dw.

P♦r ♦✉tr♦ ❧❛❞♦✱
∫

σ

dw =

1∫

0

σ1(t)dt = h

❡ ❞❛í t❡♠♦s

F (z+h)−F (z)
h

− f(z) = 1
h

∫
σ

f(w)dw − f(z)

= 1
h

[∫
σ

f(w)dw − hf(z)

]
= 1

h

[∫
σ

f(w)dw − f(z)
∫
σ

dw

]

= 1
h

[∫
σ

f(w)dw −
∫
σ

f(z)dw

]
=
∫
σ

f(w)−f(z)
h

dw.

❈♦♠♦ f é ❝♦♥tí♥✉❛ ❞❛❞♦ ǫ > 0✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡ s❡ | w − z |< δ ❡♥tã♦
| f(w) − f(z) |< ǫ✳ ▲♦❣♦ t♦♠❛♥❞♦ δ = min {r, δ} ❡ s❡ h < δ✱ t❡♠♦s | f(w) − f(z) |< ǫ✱
❛ss✐♠ ❞❛❞♦ ǫ > 0 ❡①✐st❡ δ > 0 t❛❧ q✉❡

h < δ ⇒
∣∣∣∣
F (z + h)− F (z)

h
− f(z)

∣∣∣∣ =

∣∣∣∣∣∣

∫

σ

f(w)− f(z)

h
dw

∣∣∣∣∣∣
≤

∫

σ

|f(w)− f(z)|
| h | | dw |< ǫ

| h |

∫

σ

| dw |= ǫ

| h | | h |= ǫ.

❊♥tã♦ F
′
(z) = f(z).

◆♦s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ✐r❡♠♦s ♠♦str❛r q✉❡ s❡ D ⊂ C é ✉♠ ❞♦♠í♥✐♦ s✐♠♣❧❡s♠❡♥t❡
❝♦♥❡①♦ ❡ f : D −→ C é ❤♦❧♦♠♦r❢❛✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ f ❛♦ ❧♦♥❣♦ ❞❡
❝❛♠✐♥❤♦s ❢❡❝❤❛❞♦s ❝♦♥t✐❞♦s ❡♠ D✳

❚❡♦r❡♠❛ ✶✳✸✷✳ ❋ór♠✉❧❛ ■♥t❡❣r❛❧ ❞❡ ❈❛✉❝❤② ✿ ❙❡❥❛♠ f : D → C ✉♠❛ ❢✉♥çã♦
❤♦❧♦♠♦r❢❛ ♥♦ ❞♦♠í♥✐♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ D ⊂ C ❡ γ ✉♠ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ q✉❛❧q✉❡r
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❝♦♥t✐❞♦ ❡♠ D✳ ❙❡ z é ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ♥♦ ✐♥t❡r✐♦r ❞❛ r❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣♦r γ✱ ❡♥tã♦

f(z) =
1

2πi

∫

γ

f(ξ)dξ

ξ − z
.

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s❡♥❞♦ D ❛❜❡rt♦✱ ♣❛r❛ ❝❛❞❛ z ♥♦ ✐♥t❡r✐♦r ❞❡ γ ❡①✐st❡ ✉♠ ❞✐s❝♦
❢❡❝❤❛❞♦ ❞❡ ❝❡♥tr♦ z ❡ r❛✐♦ ρ > 0 ❝♦♥t✐❞♦ ♥♦ ✐♥t❡r✐♦r ❞❡ γ✳ ❙❡❥❛ Γ ❛ ❢r♦♥t❡✐r❛ ❞❡st❡ ❞✐s❝♦ ❡
s✉♣♦♥❤❛♠♦s q✉❡ γ ❡ Γ s❡❥❛♠ ❝❛♠✐♥❤♦s ♦r✐❡♥t❛❞♦s ♥♦ ♠❡s♠♦ s❡♥t✐❞♦✳ ❆ ❢✉♥çã♦ ξ 7→ f(ξ)

ξ−z

é ❤♦❧♦♠♦r❢❛ ❡♠ D \ int(Γ)✳ ❈♦♠♦ ✈✐st♦ ❛♥t❡r✐♦r♠❡♥t❡✱ t❡♠♦s

∫

γ

f(ξ)dξ

ξ − z
=

∫

Γ

f(ξ)dξ

ξ − z
.

❈♦♠♦ f(z) é ✉♠❛ ❝♦♥st❛♥t❡ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

∫

Γ

f(ξ)

ξ − z
dξ =

∫

Γ

f(ξ)− f(z) + f(z)

ξ − z
dξ

=

∫

Γ

f(ξ)− f(z)

ξ − z
dξ +

∫

Γ

f(z)

ξ − z
dξ.

❈♦♥s✐❞❡r❡ ❛ r❡♣r❡s❡♥t❛çã♦ ♣❛r❛♠étr✐❝❛ ❞❡ Γ ❞❛❞❛ ♣♦r Γ(t) = z + ρeit✱ ❝♦♠ 0 ≤ t ≤ 2π.
❉❛í✱ ∫

Γ

f(z)

ξ − z
dξ = 2πif(z).

❈♦♠♦ f é ❝♦♥tí♥✉❛✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡ δ > 0 t❛❧ q✉❡ 0 <| ξz |< δ ⇒| (f(ξ) − f(z) |< ε.
❊s❝♦❧❡♥❞♦ ρ ♠❡♥♦r ❞♦ q✉❡ δ ♦❜t❡♠♦s

∣∣∣∣
∫

Γ

f(ξ)− f(z)

ξ − z
dξ

∣∣∣∣ 6
∫

Γ

| f(ξ)− f(z) |
| ξ − z | | dξ |< ε

ρ
2πρ = 2πε.

❈♦♠♦ ε é ❛r❜✐trár✐♦ ❝♦♥❝❧✉✐♠♦s q✉❡
∫
Γ

f(ξ)−f(z)
ξ−z

dξ = 0 ❡ ♣♦rt❛♥t♦

∫

Γ

f(z)

ξ − z
dξ = 2πif(z).

❚❡♦r❡♠❛ ✶✳✸✸✳ ❙❡❥❛ f : D ⊂ C → C ✉♠❛ ❢✉♥çã♦ ❤♦❧♦♠♦r❢❛✱ ♦♥❞❡ D ✉♠ ❞♦♠í♥✐♦✱ ❡♥tã♦
f é ❛♥❛❧ít✐❝❛✱ ♦✉ s❡❥❛✱ ❞❛❞♦ a ∈ D ✱ ❡①✐st❡ Br(a) ⊂ D t❛❧ q✉❡

f(z) =
∞∑

n=0

an(z − a)n, ∀z ∈ Br(a).

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦ a ∈ D, ∃ R > 0 t❛❧ q✉❡ BR(a) ⊂ D✳ ❈♦♥s✐❞❡r❡ r t❛❧ q✉❡
0 < r < R✱ ❞❛í Br(a) ⊂ BR(a) ❡ f é ❤♦❧♦♠♦r❢❛ ❡♠ Br(a)✳ ▲♦❣♦ ♣❡❧❛ ❢ór♠✉❧❛ ✐♥t❡❣r❛❧ ❞❡
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❈❛✉❝❤② t❡♠♦s

f(z) =
1

2πi

∫

γ

f(w)dw

w − z
, γ = ∂Br(a) ∀z ∈ Br(a).

❆❣♦r❛ ♣❡r❝❡❜❛ q✉❡

1

w − z
=

1

(w − a)− (z − a)
=

1

(w − a)

(
1

1− z−a
w−a

)
.

❈♦♠♦ (z − a) < r ❡ | w − a |= r t❡♠♦s
∣∣ z−a
w−a

∣∣ < 1✱ ❛ss✐♠

1

w − z
=

1

w − a

∞∑

n=0

(
z − a

w − a

)n

∀z ∈ Br(a),

❧♦❣♦
f(w)

w − z
=

∞∑

n=0

f(w)(z − a)n

(w − a)n+1
∀z ∈ Br(a),

❡ ❞❛í

f(z) = 1
2πi

∫
γ

f(w)dw
w−z

= 1
2πi

∫
γ

f(w)

( ∞∑

n=0

(z − a)n

(w − a)n+1

)
dw

= 1
2πi

∫
γ

( ∞∑

n=0

f(w)(z − a)n

(w − a)n+1

)
dw = 1

2πi




∞∑

n=0

∫

γ

f(w)(z − a)n

(w − a)n+1


 dw




∞∑

n=0

1

2πi

∫

γ

f(w)

(w − a)n+1
dw


 (z − a)n =

∞∑

n=0

an(z − a)n,

♦♥❞❡

an =
1

2πi

∫

γ

f(w)

(w − a)n+1
dw =

fn(a)

n!
.

P♦rt❛♥t♦ f é ❛♥❛❧ít✐❝❛✳

❖❜s ✶✳✸✹✳ ❖ t❡♦r❡♠❛ ✶✳✷✻✱ ❥✉♥t♦ ❝♦♠ ♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♥♦s ❞✐③ q✉❡ f é ❛♥❛❧ít✐❝❛✱ s❡ ❡
s♦♠❡♥t❡ s❡✱ f é ❤♦❧♦♠♦r❢❛ ✳

❚❡♦r❡♠❛ ✶✳✸✺✳ ✭❚❡♦r❡♠❛ ❞❡ ▼♦r❡r❛✮ ❙❡❥❛ f : D → C ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ♥♦
❞♦♠í♥✐♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ D✳ ❙❡

∫

Γ

f(z)dz = 0

♣❛r❛ t♦❞♦ ❝❛♠✐♥❤♦ ❢❡❝❤❛❞♦ Γ ❝♦♥t✐❞♦ ❡♠ D✱ s❡❣✉❡✲s❡ q✉❡ f é ❤♦❧♦♠♦r❢❛ ❡♠ D✳
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❉❡♠♦♥str❛çã♦✳ ❈♦♠♦
∫
Γ

f(z)dz = 0 ♣❛r❛ t♦❞♦ ❝❛♠✐♥❤♦ ❝♦♥t✐❞♦ ❡♠ D✱ t❡♠♦s q✉❡ s❡

z0 ∈ D✱ ❛ ✐♥t❡❣r❛❧
z∫

z0

f(ξ)dξ = 0

❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡ z✳ ❉❛í

ϕ(z) =

z∫

z0

f(ξ)dξ = 0

❡stá ❞❡✜♥✐❞❛ ❡♠ D ❡ é ❞❡r✐✈á✈❡❧✱ ❝♦♠ ϕ
′
(z) = f(z)✳ P♦rt❛♥t♦✱ f é ✐❣✉❛❧ ❛ ❞❡r✐✈❛❞❛ ❞❡

✉♠❛ ❢✉♥çã♦ ❤♦❧♦♠♦r❢❛✱ ϕ✱ ❧♦❣♦ ❤♦❧♦♠♦r❢❛✱ ❡ s❡❣✉❡ ♦ ❚❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✶✳✸✻✳ ✭❚❡♦r❡♠❛ ❞❡ ▲✐♦✉✈✐❧❧❡✮ ❙❡ f : C → C é ❤♦❧♦♠♦r❢❛ ❡♠ t♦❞♦ C ❡♥tã♦
f é ❝♦♥st❛♥t❡

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ z0 ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞❡ C ❡ D(0, ρ) ✉♠ ❞✐s❝♦ ❛❜❡rt♦ ❝♦♠ ❝❡♥tr♦ ♥❛
♦r✐❣❡♠ ❝♦♥t❡♥❞♦ z0 ❡♠ s❡✉ ✐♥t❡r✐♦r✳ ❉❡♥♦t❛r❡♠♦s ♣♦r γ ❛ ❢r♦♥t❡✐r❛ ❞❡ D(0, ρ) ✳ ❙❡♥❞♦ f
❤♦❧♦♠♦r❢❛ ❡♠ C✱ ♣❡❧❛ ❢ór♠✉❧❛ ✐♥t❡❣r❛❧ ❞❡ ❈❛✉❝❤②✱

f(z0) =
1

2πi

∫

γ

f(ξ)dξ

ξ − z0
.

❚❡♠✲s❡ t❛♠❜é♠✱

f(0) =
1

2πi

∫

γ

f(ξ)dξ

ξ
.

❆ss✐♠✱

| f(z0)− f(0) |≤ 1

2π

∫

γ

| z0 || f(ξ) || dξ |
| ξ − z0 || ξ |

.

❈♦♠♦ f é ❧✐♠✐t❛❞❛ ❡♠ C✱ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ K > 0 t❛❧ q✉❡ | f(z) |< K ♣❛r❛ t♦❞♦
z ∈ C ✳ P♦rt❛♥t♦✱

| f(z0)− f(0) |≤ K | z0 |
2π

2π∫

0

| dξ |
| ξ − z0 || ξ |

❡ ξ ∈ γ✳ ▲♦❣♦ | ξ − z0 |≥ ρ− | z0 |✱ ❡ ♣♦rt❛♥t♦

| f(z0)− f(0) |≤ K | z0 |
(ρ− | z0 |)

.

❙❡♥❞♦ K✱ | z0 | ♥ú♠❡r♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ ρ✱ ❢❛③❡♥❞♦ ρ→ ∞ ♥❛ ❡①♣r❡ssã♦ ❛♥t❡r✐♦r t❡♠♦s
q✉❡ ♣❛r❛ t♦❞♦ z0 ∈ C, f(z0) = f(0) ♦ q✉❡ ♠♦str❛ q✉❡ f é ❝♦♥st❛♥t❡ ❡♠ C✳

❚❡♦r❡♠❛ ✶✳✸✼✳ ✭❚❡♦r❡♠❛ ❞♦ ▼ó❞✉❧♦ ▼á①✐♠♦✮ ❙❡❥❛ f : U → C ✉♠❛ ❢✉♥çã♦
❤♦❧♦♠♦r❢❛✱ ♦♥❞❡ U ⊂ C é ✉♠ ❛❜❡rt♦ ❝♦♥❡①♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛ z0 ∈ U t❛❧ q✉❡
| f(z) |≤| f(z0) | ♣❛r❛ t♦❞♦ z ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ z0✳ ❊♥tã♦ f é ❝♦♥st❛♥t❡ ❡♠ U ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ z0 ∈ U ✱ ❡ s✉♣♦♥❤❛♠♦s q✉❡ f(z0) =| f(z0) | eiθ0 ✳ ❈♦♥s✐❞❡r❡♠♦s ❛
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❢✉♥çã♦ g(z) = e−iθ0f(z)✳ ❚❡♠♦s | g(z) |=| f(z) |≤| f(z0) |= g(z0) ♣❛r❛ t♦❞♦ z ♥✉♠❛
✈✐③✐♥❤❛♥ç❛ ❞❡ z0✳ ❊s❝r❡✈❛♠♦s g(z) = u(z) + iv(z)✱ ♦♥❞❡ u = Re(g) ❡ v = Im(g)✳ ❈♦♠♦
g(z0) ∈ R ✭ ♣♦✐s g(z0) = e−iθ0f(z0) = e−iθ0eiθ0 | f(z0) | ✮✱ t❡♠♦s u(z0) = g(z0) ❡ v(z0) = 0✳
❆❣♦r❛ s❡❥❛ r > 0 t❛❧ q✉❡ D(z0, r) ⊂ U ⊂ C ❡ t♦♠❡♠♦s γr(θ) = z0 + reiθ✳ P❡❧❛ ❢ór♠✉❧❛
✐♥t❡❣r❛❧ ❞❡ ❈❛✉❝❤② ♣♦❞❡♠♦s ❡s❝r❡✈❡r

u(z0) = g(z0) =
1

2πi

∫

γr

g(w)

w − z0
dw =

1

2πi

2π∫

0

g(z0 + reiθ)

reiθ
ireiθdθ

=
1

2π

2π∫

0

g(z0 + reiθ)dθ =
1

2π

2π∫

0

u(z0 + reiθ)dθ +
i

2π

2π∫

0

v(z0 + reiθ)dθ.

■❣✉❛❧❛♥❞♦ ❛s ♣❛rt❡s r❡❛✐s ♦❜t❡♠♦s

u(z0) =
1

2π

2π∫

0

u(z0 + reiθ)dθ.

❆✜r♠❛çã♦ ✿ ❆ ❤✐♣ót❡s❡ ❞♦ t❡♦r❡♠❛ ❡ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ✐♠♣❧✐❝❛ q✉❡

u(z0) = u(z0 + reiθ) ∀θ ∈ [0, 2π].

❉❡ ❢❛t♦✱ s❡❥❛ h(θ) = u(z0)− u(z0 + reiθ). ❆ss✐♠ t❡♠♦s

u(z) ≤| u(z) |≤| g(z) |≤ g(z0) = u(z0) ∀z ∈ U.

❖❜t❡♠♦s q✉❡ h(θ) ≤ 0 ♣❛r❛ t♦❞♦ θ ∈ [0, 2π]✳ ◆♦t❡ q✉❡ s❡ h(θ1) > 0 ♣❛r❛ ❛❧❣✉♠ θ1 ∈ [0, 2π]✱
❡♥tã♦ t❡rí❛♠♦s h(θ) > 0 ♣❛r❛ θ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❝♦♥t❡♥❞♦ θ1✱ ♣♦✐s h é ❝♦♥tí♥✉❛✱ ♦ q✉❡
✐♠♣❧✐❝❛

0 <
1

2π

2π∫

0

h(θ)dθ =
1

2π

2π∫

0

(u(z0)− u(z0 + reiθ))dθ

= u(z0)−
1

2π

2π∫

0

u(z0 + reiθ)dθ

❡ q✉❡ ❣❡r❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ ✐❣✉❛❧❞❛❞❡ ✶✳✶✳ P♦rt❛♥t♦ u(z0+reiθ) = u(z0)✱ ∀θ ∈ [0, 2π]
❡ t♦❞♦ r > 0 t❛❧ q✉❡ D(r, z0) ⊂ U ⊂ C✳ ❉❛í ♦❜t❡♠♦s q✉❡ u é ✉♠❛ ❝♦♥st❛♥t❡ ❡♠ ✉♠ ❞✐s❝♦
❛❜❡rt♦ D ⊂ C ✱ ❝♦♠ ❝❡♥tr♦ ❡♠ z0✳ P♦r ♦✉tr♦ ❧❛❞♦ ❛s r❡❧❛çõ❡s ❞❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥

∂v

∂x
= −∂u

∂y
= 0,

∂u

∂x
= −∂v

∂y
= 0.

P♦rt❛♥t♦ v t❛♠❜é♠ é ❝♦♥st❛♥t❡ ❡♠ D✱ ♦✉ s❡❥❛✱ g = u + iv é ❝♦♥st❛♥t❡ ❡♠ D✳ ❈♦♠♦
f(z) = eiθ0g(z)✱ ❝♦♥❝❧✉í♠♦s q✉❡ f t❛♠❜é♠ é ❝♦♥st❛♥t❡ ❡♠ D✱ ❧♦❣♦ ❝♦♥st❛♥t❡ ❡♠ U ✱ ✉♠❛
✈❡③ q✉❡ U é ❝♦♥❡①♦ ❡ f é ❛♥❛❧ít✐❝❛✳

❈♦r♦❧ár✐♦ ✶✳✸✽✳ ❙❡❥❛ D ✉♠ ❞♦♠í♥✐♦ ❧✐♠✐t❛❞♦ ❞❡ C✳ ❙❡ f : D −→ C é ❤♦❧♦♠♦r❢❛ ❡♠ D
❡ ❝♦♥tí♥✉❛ ♥♦ ❢❡❝❤♦ D ❡♥tã♦ ♦ ♠á①✐♠♦ ❞❡ | f | é ❛ss✉♠✐❞♦ ❡♠ ✉♠ ♣♦♥t♦ ❞❛ ❢r♦♥t❡✐r❛ ❞❡
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∂D✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ | f | ❛ss✉♠❡ ♠á①✐♠♦ ♥♦ ✐♥t❡r✐♦r ❞❡ ❉✱ ❞✐❣❛♠♦s ❡♠
a ∈ intD✳ ❆ss✐♠

f(a) =
1

2π

2π∫

0

f(a+ reiθ)dθ,

❡

| f(a) |≤ 1

2π

2π∫

0

| f(a+ reiθ) | dθ ≤
2π∫

0

| f(a) | dθ =| f(a) | .

P♦rt❛♥t♦

1

2π

2π∫

0

| f(a+ reiθ) |=| f(a) |

❡ ❝♦♠♦
0 ≤| f(a+ reiθ) ≤| f(a) |

s❡❣✉❡ q✉❡
f(a+ reiθ) = f(a), ∀r ∈ [0, 2π].

❈♦♠♦ | f | é ❝♦♥tí♥✉❛✱ ❡♥tã♦ t❡♠♦s q✉❡ f é ❧♦❝❛❧♠❡♥t❡ ❝♦♥st❛♥t❡✱ ❡ ❞♦ ❢❛t♦ ❞❡ D s❡r
❝♦♥❡①♦ ❡ f ❝♦♥tí♥✉❛ s❡❣✉❡ q✉❡ f é ❝♦♥st❛♥t❡✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ❧♦❣♦ ♦ ♠á①✐♠♦ ❞❡ f
♥ã♦ ♣♦❞❡ ♦❝♦rr❡r ♥♦ ✐♥t❡r✐♦r ❞❡ D✳

❙✉♣♦♥❤❛ f ❤♦❧♦♠♦r❢❛ ❡ ❝♦♠ ✉♠ ③❡r♦ ❞❡ ♦r❞❡♠ m s♦❜r❡ z = a. ❆ss✐♠ f(z) =
(z − a)mg(z)✱ ♦♥❞❡ g(a) 6= 0✳ ❉❛í

f
′
(z)

f(z)
=

m

z − a
+
g

′
(z)

g(z)
.

❡ g′/g é ❤♦❧♦♠♦r❢❛ s♦❜r❡ z = a✱ ✉♠❛ ✈❡③ q✉❡ g(a) 6= 0✳ ❆❣♦r❛ s✉♣♦♥❤❛ q✉❡ f t❡♥❤❛ ♣ó❧♦
❞❡ ♦r❞❡♠ m s♦❜r❡ z = a✱ ✐st♦ é✱ f(z) = (z − a)−mg(z)✱ ♦♥❞❡ g é ❤♦❧♦♠♦r❢❛ ❡ g(a) 6= 0✳
❉❛í

f
′
(z)

f(z)
=

−m
z − a

+
g

′
(z)

g(z)
.

❡ g′/g é ❤♦❧♦♠♦r❢❛ s♦❜r❡ z = a✳

❉❡✜♥✐çã♦ ✶✳✸✾✳ ❙❡ γ é ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ r❡t✐✜❝á✈❡❧ ❡♠ C✱ ❡♥tã♦

n(γ; a) =
1

2πi

∫

γ

dz

(z − a)

é ❞❡♥✐♠✐♥❛❞♦ í♥❞✐❝❡ ❞❡ γ ❝♦♠ r❡❧❛çã♦ ❛♦ ♣♦♥t♦ a✳ ❉❡st❡ ♠♦❞♦ n(γ; a) é ♦ ♥ú♠❡r♦ ❞❡
✈♦❧t❛s q✉❡ s❡ ❞á s♦❜ γ t♦r♥♦ ❞❡ a✳

❚❡♦r❡♠❛ ✶✳✹✵✳ ❙❡❥❛ f ♠❡r♦♠♦r❢❛ ❡♠ ✉♠ ❛❜❡rt♦ D ❝♦♠ ♣ó❧♦s p1, p2, · · · , pm ❡ ③❡r♦s
z1, z2, · · · , zn ❝♦♥t❛♥❞♦ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡✳ ❙❡ γ é ✉♠❛ ❝✉r✈❛ r❡t✐✜❝á✈❡❧ ❤♦♠♦tó♣✐❝❛ ❛ ③❡r♦
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❡ ♥ã♦ ♣❛ss❛♥❞♦ ♣♦r p1, p2, · · · , pm ❡ t❛♠♣♦✉❝♦ ♣♦r z1, z2, · · · , zn✱ ❡♥tã♦

1

2πi

∫

γ

f
′
(z)

f(z)
dz =

n∑

k=1

n(γ, zk)−
n∑

j=1

n(γ, pj).

❚❡♦r❡♠❛ ✶✳✹✶✳ ✭❚❡♦r❡♠❛ ❞❡ ❘♦✉❝❤é✳✮ ❙✉♣♦♥❤❛ f ❡ g ♠❡r♦♠♦r❢❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛
❞❡ B(a,R)✱ s❡♠ ③❡r♦s ♦✉ ♣ó❧♦s ♥♦ ❝ír❝✉❧♦ γ = {z : |z − a| = R}✳ ❙❡ Zf , Zg(Pf , Pg) sã♦ ♦s
♥ú♠❡r♦s ❞❡ ③❡r♦ ✭♣ó❧♦s✮ ❞❡ f ❡ g ❞❡♥tr♦ γ ❡ ❝♦♥t❛♥❞♦ s✉❛s ♠✉❧t✐♣❧✐❝✐❞❛❞❡s ❡ s❡

|f(z) + g(z)| < |f(z)|+ |(z)|

s♦❜r❡ γ ❡♥tã♦
Zf − Pf = Zg − Pg.

❆s ❞❡♠♦♥str❛çõ❡s ❞♦s ❚❡♦r❡♠❛s ✶✳✹✵ ❡ ✶✳✹✶ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ♥❛ r❡❢❡rê♥❝✐❛ ❬✹❪✳



❈❛♣ít✉❧♦ ✷

◆♦çõ❡s ❞❡ ❉✐♥â♠✐❝❛ ❈♦♠♣❧❡①❛

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ ❝❛♣ít✉❧♦ ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s ♥❛s
r❡❢❡rê♥❝✐❛s ❬✷❪✱ ❬✸❪✱ ❬✹❪✱ ❬✽❪✳

✷✳✶ ◆♦çõ❡s ❇ás✐❝❛s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ♥♦çõ❡s ❡ r❡s✉❧t❛❞♦s ❣❡r❛✐s ❞❡ ❞✐♥â♠✐❝❛ ❝♦♠♣❧❡①❛✳

❙❡❥❛ U ⊂ C ❛❜❡rt♦ ❡ s❡❥❛ f : U −→ U ✉♠❛ ❛♣❧✐❝❛çã♦ ❤♦❧♦♠♦r❢❛✳

❉❡✜♥✐çã♦ ✷✳✶✳ ❉❡✜♥✐♠♦s ❛ ♥✲és✐♠❛ ✐t❡r❛❞❛ ❞❡ ❢ ❝♦♠♦ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❢ ♥✲✈❡③❡s ❝♦♥s✐❣♦
♠❡s♠❛

fn = f ◦ f ◦ ... ◦ f ✳

❉❡✜♥✐çã♦ ✷✳✷✳ ❯♠ ♣♦♥t♦ z0 é ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ ❢ s❡ f(z0) = z0✳

❉❡✜♥✐çã♦ ✷✳✸✳ ❯♠ ♣♦♥t♦ z é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ s❡ ❡❧❡ é ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ ❛❧❣✉♠❛ ✐t❡r❛❞❛
fk✱ ♦✉ s❡❥❛✱ fk(z) = z✳

❉❡✜♥✐çã♦ ✷✳✹✳ ❙❡❥❛ z ∈ U ✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s {z, f(z), f 2(z), ...} = {fn(z);n > 0} é
❝❤❛♠❛❞♦ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ z ❡ é ❞❡♥♦t❛❞♦ ♣♦r O+(z)✳ ❈❛s♦ ❢ ❢♦r ✐♥✈❡rsí✈❡❧✱ ♦ ❝♦♥❥✉♥t♦
❞❡ ♣♦♥t♦s {z, f−1(z), f−2(z), ...} = {fn(z);n 6 0} é ❝❤❛♠❛❞♦ ór❜✐t❛ ♥❡❣❛t✐✈❛ ❞❡ z ❡ é
❞❡♥♦t❛❞♦ ♣♦r O−(z)✳

❉❡✜♥✐çã♦ ✷✳✺✳ ❈♦♥s✐❞❡r❡ ❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✿

f : z0 7→ z1 7→ ... 7→ zn = z0.

❙❡ ♦s ♣♦♥t♦s z1, ..., zn sã♦ t♦❞♦s ❞✐st✐♥t♦s ❡♥tã♦ ♦ ✐♥t❡✐r♦ n ≥ 1 é ❞❡♥♦♠✐♥❛❞♦ ♣❡rí♦❞♦✳

❉❡✜♥✐çã♦ ✷✳✻✳ ❙❡❥❛ z0 ✉♠ ♣♦♥t♦ ♥ã♦ ♣❡r✐ó❞✐❝♦✳ ❙❡ ❡①✐st❡ n > 0 t❛❧ q✉❡ fn+i(z0) = f i(z0)✱
❝♦♠ i > 0✱ ❞❡♥♦♠✐♥❛r❡♠♦s z0 ♣♦r ♣♦♥t♦ ♣ré✲♣❡r✐ó❞✐❝♦✳

❉❡✜♥✐çã♦ ✷✳✼✳ ❙✉♣♦♥❤❛ z0 ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ ♣❡rí♦❞♦ ♥✳ ❖ ♥ú♠❡r♦ λ = (fn)′(z0) é
❝❤❛♠❛❞♦ ♠✉❧t✐♣❧✐❝❛❞♦r ❞❡ ❢ ❡♠ z0✳ ❈❧❛ss✐✜❝❛♠♦s ♦ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ z0 ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

✷✼
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✐✮ z0 é ❛tr❛t♦r s❡ 0 <| λ |< 1❀

✐✐✮ z0 é r❡♣✉❧s♦r s❡ | λ |> 1❀

✐✐✐✮ z0 é s✉♣❡r❛tr❛t♦r s❡ | λ |= 0❀

✐✈✮ z0 é ✐♥❞✐❢❡r❡♥t❡ s❡ | λ |= 1✳

❉❡✜♥✐çã♦ ✷✳✽✳ ❯♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ z0 é ❝❤❛♠❛❞♦ ♣❛r❛❜ó❧✐❝♦ s❡ ♦ ♠✉❧t✐♣❧✐❝❛❞♦r λ ❡♠ z0 é
✐❣✉❛❧ ❛ ✶✱ ❞❡s❞❡ q✉❡ fn ♥ã♦ s❡❥❛ ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ s❡ λ é ✉♠❛
r❛✐③ ❞❛ ✉♥✐❞❛❞❡ ❡ ♥❡♥❤✉♠❛ ✐t❡r❛❞❛ ❞❡ ❢ é ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✳

❉❡✜♥✐çã♦ ✷✳✾✳ ❙❡❥❛ z0 ✉♠ ♣♦♥t♦ ✜①♦ ❛tr❛t♦r✱ ♦✉ s❡❥❛✱ f(z0) = z0 ❡ 0 <| λ |< 1✳
❉❡✜♥✐♠♦s ❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ A(z0) ⊂ U ❞❡ z0 ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s z ∈ U
t❛✐s q✉❡

lim
n−→∞

fn(z) = z0.

❆ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ✐♠❡❞✐❛t❛✱ ❞❡♥♦t❛❞❛ ♣♦r A0(z0)✱ é ❞❡✜♥✐❞❛ ❝♦♠♦ ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛
❞❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ❞❡ z0 q✉❡ ❝♦♥té♠ z0✳

❉❡✜♥✐çã♦ ✷✳✶✵✳ ❙❡ O = {z1, ..., zn} é ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❛tr❛t♦r❛ ❞❡ ♣❡rí♦❞♦ n✱
❞❡✜♥✐♠♦s ❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ❝♦♠♦ s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ A ⊂ U ❝♦♥t❡♥❞♦ t♦❞♦s ♦s
♣♦♥t♦s z ∈ S ♣❛r❛ ♦s q✉❛✐s ❛s ✐t❡r❛❞❛s s✉❝❡ss✐✈❛s fn(z), f 2n, ..., fkn, ... ❝♦♥✈❡r❣❡♠ ♣❛r❛
❛❧❣✉♠ ♣♦♥t♦ ❞❡ O✳ ◆❡ss❡ ❝❛s♦✱ ❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ✐♠❡❞✐❛t❛ A0(O, f) é ❞❡✜♥✐❞❛ ❝♦♠♦ ❛
✉♥✐ã♦ ❞❛s ❜❛❝✐❛s ✐♠❡❞✐❛t❛s ❞❡ ❝❛❞❛ zj ∈ O✳

❚❡♦r❡♠❛ ✷✳✶✶✳ ✭▲✐♥❡❛r✐③❛çã♦ ❞❡ ❑♦❡♥✐♥❣s✮ ❙✉♣♦♥❤❛ q✉❡ f t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ ❛tr❛t♦r
❡♠ z0✱ ❝♦♠ ♠✉❧t✐♣❧✐❝❛❞♦r λ s❛t✐s❢❛③❡♥❞♦ 0 < |λ| < 1✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥❢♦r♠❡
ξ = ϕ(z) ❞❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ z0 s♦❜r❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ 0 q✉❡ ❝♦♥❥✉❣❛ f(z) ❝♦♠ ❛
❢✉♥çã♦ ❧✐♥❡❛r g(ξ) = λξ✳ ❆ ❝♦♥❥✉❣❛çã♦ é ú♥✐❝❛✱ ❛ ♠❡♥♦s ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ✉♠ ❢❛t♦r
❝♦♥st❛♥t❡ ♥ã♦ ♥✉❧♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s z0 = 0✳ ❉❡✜♥❛♠♦s ϕn(z) = λ−nfn(z) = z + bn+1z
n+1 + · · ·

✱ ❡♥tã♦ ϕn s❛t✐s❢❛③
ϕn ◦ f = λ−nfn+1 = λϕn+1.

❆ss✐♠ s❡✱ ϕn → ϕ ❡♥tã♦ ϕ ◦ f = λϕ ❡ t❡♠♦s q✉❡ ϕ ◦ f ◦ ϕ−1 = λξ ❡ ϕ é ✉♠❛ ❝♦♥❥✉❣❛çã♦✳
▼♦st❛r❡♠♦s ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❝✐t❛❞❛ ❛❝✐♠❛✱ ♦✉ s❡❥❛✱ q✉❡ ϕn → ϕ✳ ◆♦t❡ q✉❡ ♣❛r❛ δ > 0
♣❡q✉❡♥♦✱ t❡♠♦s

| f(z)− λz |≤ C| z |2, | z |≤ δ ❡ C > 0 ❝♦♥st❛♥t❡✳

❆ss✐♠

| f(z) |≤| λ || z | +C | z |2≤ (| λ | +Cδ) | z |,

❡ ♣♦r ✐♥❞✉çã♦ ❝♦♠ | λ | +Cδ < 1✱

|fn(z)| ≤ (λ+ Cδ)n|z|, |z| ≤ δ.
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❚♦♠❡ δ ♣❡q✉❡♥♦ ❞❡ ❢♦r♠❛ q✉❡ s❡ ρ = (|λ|+Cδ)2

λ
< 1✱ ♦❜t❡♠♦s

| ϕn+1(z)− ϕn(z) |=
∣∣∣∣
fn(f(z))λfn(z)

λn+1

∣∣∣∣ ≤
C | fn(z) |2
| λ |n+1

≤ ρnC|z|2
λ

♣❛r❛ |z| ≤ δ✳ ❉❡st❛ ❢♦r♠❛ ϕn(z) ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ |z| ≤ δ✱ ❡ ❡①✐st❡ ❛
❝♦♥❥✉❣❛çã♦✳ P❛r❛ ♣r♦✈❛r♠♦s ❛ ✉♥✐❝✐❞❛❞❡ é s✉✜❝✐❡♥t❡ ♠♦str❛r♠♦s q✉❡ ❛❧❣✉♠❛ ❝♦♥❥✉❣❛çã♦
❞❡ f(z) = λz s♦❜r❡ s✐ ♠❡s♠❛ é ✉♠❛ ❝♦♥st❛♥t❡ ♠✉❧t✐♣❧✐❝❛❞❛ ♣♦r z✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s
q✉❡ ϕ(z) = a1z + a2z

2 + ... s❡❥❛ t❛❧ ❝♦♥❥✉❣❛çã♦✱ ❡♥tã♦ ϕ(λz) = λϕ(z)✳ ❋❛③❡♥❞♦
❛s s✉❜st✐t✉✐çõ❡s t❡♠♦s anλn = λan✱ ❞❛í ♦❜t❡♠♦s q✉❡ an = 0 s❡ n ≥ 2✱ ♣♦rt❛♥t♦
ϕ(z) = a1z.

✷✳✷ ❈♦♥❥✉♥t♦s ❞❡ ❋❛t♦✉ ❡ ❏✉❧✐❛

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞♦s ❝♦♥❥✉♥t♦s ❞❡ ❋❛t♦✉ ❡ ❏✉❧✐❛✳

❉❡✜♥✐çã♦ ✷✳✶✷✳ ❯♠❛ ❢❛♠í❧✐❛ F ❞❡ ❛♣❧✐❝❛çõ❡s ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ (X, d) s♦❜r❡ ✉♠
❡s♣❛ç♦ ♠étr✐❝♦ (Y, d1) é ❞❡♥♦♠✐♥❛❞❛ ❡q✉✐❝♦♥tí♥✉❛ ❡♠ x0 s❡✱ ♣❛r❛ t♦❞♦ ε > 0 ❡①✐st❡ δ > 0
t❛❧ q✉❡ ♣❛r❛ t♦❞♦ x ∈ X ❡ ♣❛r❛ t♦❞❛ f ∈ F

d(x, x0) < δ ⇒ d1(f(x), f(x0)) < ε.

❆ ❢❛♠í❧✐❛ F é ❡q✉✐❝♦♥tí♥✉❛ ❡♠ ✉♠ ❝♦♥❥✉♥t♦ A ⊂ X s❡ é ❡q✉✐❝♦♥tí♥✉❛ ❡♠ ❝❛❞❛ x ∈ A.

❉❡♥♦t❛♠♦s ♣♦r C(U, V ) ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ❞❡ ❯ ❡♠ ❱✱
s❡♥❞♦ ❯ ❡ ❱ s✉❜❝♦♥❥✉♥t♦s ❞❡ C.

❉❡✜♥✐çã♦ ✷✳✶✸✳ ❯♠ ❝♦♥❥✉♥t♦ F ⊂ C(U, V ) é ❞❡♥♦♠✐♥❛❞♦ ♥♦r♠❛❧ s❡ ❝❛❞❛ s❡q✉ê♥❝✐❛ ❡♠
F ♣♦ss✉✐ s✉❜s❡q✉ê♥❝✐❛ q✉❡ ♦✉ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ ❝❛❞❛ ❝♦♠♣❛❝t♦ K ⊂ U ♣❛r❛
f ∈ C(U, V ) ♦✉ ❞✐✈❡r❣❡ ❧♦❝❛❧♠❡♥t❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❞❡ ❱✱ ✐st♦ é✱ s❡ ♣❛r❛ t♦❞♦ ❝♦♠♣❛❝t♦
K ⊂ U ❡ K ′ ⊂ V ✱ t❡♠✲s❡ fn(K) ∩K ′ = ∅✱ ♣❛r❛ ♥ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❚❡♦r❡♠❛ ✷✳✶✹✳ ✭❚❡♦r❡♠❛ ❞❡ ➚r③❡❧❛✲❆s❝♦❧✐✮ ❯♠ ❝♦♥❥✉♥t♦ F ⊂ C(U, V ) é ♥♦r♠❛❧ s❡✱
❡ s♦♠❡♥t❡ s❡✱ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ s❛t✐s❢❡✐t❛s ✿

✭✐✮ P❛r❛ ❝❛❞❛ z ∈ U, {f(z); f ∈ F} t❡♠ ❢❡❝❤♦ ❝♦♠♣❛❝t♦ ❡♠ V ❀

✭✐✐✮ F é ❡q✉✐❝♦♥tí♥✉❛ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❡ U ✳

❆ ❞❡♠♦str❛çã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✹❪✳

❚❡♦r❡♠❛ ✷✳✶✺✳ ❯♠❛ ❢❛♠í❧✐❛ F ❞❡ ❢✉♥çõ❡s ❤♦❧♦♠♦r❢❛s ❡♠ ✉♠ ❞♦♠í♥✐♦ D ❧✐♠✐t❛❞❛ ♣♦r
❛❧❣✉♠❛ ❝♦♥st❛♥t❡ ✜①❛ é ♥♦r♠❛❧✳

❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ➚r③❡❧❛✲❆s❝♦❧✐ é s✉✜❝✐❡♥t❡ ♣r♦✈❛r♠♦s ❛ ❡q✉✐❝♦♥t✐♥✉✐❞❛❞❡
❞❡ss❛ ❢❛♠í❧✐❛✳ ❙❡❥❛ C ❛ ❢r♦♥t❡✐r❛ ❞❡ ✉♠ ❞✐s❝♦ ❢❡❝❤❛❞♦ ❞❡ r❛✐♦ r ❝♦♥t✐❞♦ ❡♠ ❉✳ ❉❡st❛ ❢♦r♠❛
❞❛❞♦ ǫ > 0 t♦♠❡ δ < min

{
r
2
, ǫr
4M

}
✱ ♦♥❞❡ M é ✉♠❛ ❝♦♥st❛♥t❡ ✜①❛ ♣♦s✐t✐✈❛✳ ❙❡ z, z0 ❡stã♦

♥♦ ✐♥t❡r✐♦r ❞❡ C✱ ♣❡❧❛ ❢ór♠✉❧❛ ■♥t❡❣r❛❧ ❞❡ ❈❛✉❝❤② t❡♠♦s
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f(z)− f(z0) =
1

2πi

∫
C

f(ξ)
(ξ−z)

dξ − 1
2πi

∫
C

f(ξ)
(ξ−z0)

dξ

1
2πi

∫
C

(
1

(ξ−z)
− 1

(ξ−z0)

)
f(ξ)dξ = z−z0

2πi

∫
C

f(ξ)
(ξ−z)(ξ−z0)

dξ.

❙✉♣♦♥❤❛ q✉❡ M s❡❥❛ ❛ ❝♦♥st❛♥t❡ ✜①❛ q✉❡ ❧✐♠✐t❛ ❝❛❞❛ ❢✉♥çã♦ f ∈ F ✱ ✐st♦ é✱ | f |≤ M
❡♠ C✳ ❙❡ r❡str✐♥❣✐♠♦s z ❡ zo ❛♦ ❞✐s❝♦ ❝♦♥❝ê♥tr✐❝♦ ♠❡♥♦r ❞❡ r❛✐♦ r

2
✱ s❡❣✉❡✲s❡ q✉❡

| f(z)− f(z0) |= |z−z0|
2π

∫
C

|f(ξ)|
|(ξ−z)||(ξ−z0)| | dξ |

≤ |z−z0|
2π

4M
r2

∫
C

| dξ |= |z−z0|
2π

4M
r2
(2πr) = 4M |z−z0|

r

▲♦❣♦

| f(z)− f(z0) |≤
4M | z − z0 |

r
< ǫ.

❡ ♣♦rt❛♥t♦ ❛ ❢❛♠í❧✐❛ é ❡q✉✐❝♦♥tí♥✉❛✳ ❊ ♣♦r ❞❡❝♦rrê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ➚r③❡❧❛✲❆s❝♦❧✐ é
♥♦r♠❛❧✳

❚❡♦r❡♠❛ ✷✳✶✻✳ ✭❚❡♦r❡♠❛ ❞❛ ❆♣❧✐❝❛çã♦ ❞❡ ❘✐❡♠❛♥♥✮ ❙❡❥❛ U ✉♠ ❞♦♠í♥✐♦

s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❡♠ Ĉ✱ ❝✉❥❛ ❢r♦♥t❡✐r❛ ❝♦♥té♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s ♣♦♥t♦s✱ ❡♥tã♦ ❡①✐st❡
✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥❢♦r♠❡ ψ ❞♦ ❞✐s❝♦ ✉♥✐tár✐♦ ❛❜❡rt♦ D ♣❛r❛ U ✳ P♦❞❡♠♦s ❧❡✈❛r 0 ❡♠
q✉❛❧q✉❡r ♣♦♥t♦ ✜①♦ ❞❡ U ✱ ♣♦r ❛r❣✉♠❡♥t♦s ❡s♣❡❝í✜❝♦s s♦❜r❡ ψ

′
(0) ❡ ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ ❞❡

❘✐❡♠❛♥♥ é ú♥✐❝❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❛ r❡❢❡rê♥❝✐❛ ❬✶❪✳

▲❡♠❛ ✷✳✶✼✳ ❙❡ M = Ĉ\{0, 1} é ❛ ❡s❢❡r❛ ♣❡r❢✉r❛❞❛ três ✈❡③❡s✱ ❡♥tã♦ M é ❝♦♥❢♦r♠❛❧♠❡♥t❡
❡q✉✐✈❛❧❡♥t❡ ❛♦ ❞✐s❝♦ ✉♥✐tár✐♦ D✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ D é ❝♦♥❢♦r♠❛❧♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ à ♣❛rt❡ s✉♣❡r✐♦r ❞♦ ♣❧❛♥♦ H ={
z ∈ Ĉ : Im(z) > 0

}
✱ é s✉✜❝✐❡♥t❡ ❡♥❝♦♥tr❛r ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦❜❡rt✉r❛ ❞❡ H s♦❜r❡ M ✳

❙❡❥❛ E =
{
z : 0 < Re(z) < 1,

∣∣z − 1
2

∣∣ > 1
2

}
✳ ❊♥tã♦ ♣❡❧♦ t❡♦r❡♠❛ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ❘✐❡♠❛♥♥

❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ψ ❞❡ E ♣❛r❛ H ✜①❛♥❞♦ 0, 1,∞✳ ❉❡♥♦t❡ E∗ ❛ r❡✢❡①ã♦ ❞❡ ❊
s♦❜r❡ ♦ ❝ír❝✉❧♦

∣∣z − 1
2

∣∣ = 1
2
✳ P❡❧♦ ♣r✐♥❝í♣✐♦ ❞❡ r❡✢❡①ã♦ ❞❡ ❙❝❤✇❛r③✱ ❡①t❡♥❞❡♠♦s ψ ♣❛r❛

✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥❢♦r♠❡ ❞❡ E ∪ E∗ ♣❛r❛ C \ (∞, 0] ∪ [1,∞)✳ ❊①t❡♥❞❡♥❞♦ ψ ❛ t♦❞♦s
{0 < Re(z) < 1, Im(z) > 0} t♦♠❛♥❞♦ ♦s ✈❛❧♦r❡s ❡♠ Ĉ \ {0, 1}✳ P♦r r❡✢❡①ã♦ ❞❛s ❧✐♥❤❛s
✈❡rt✐❝❛✐s {Re(z) = n} ♣❛r❛ n ✐♥t❡✐r♦✱ ❡①t❡♥❞❡♠♦s ψ ♣❛r❛ t♦❞♦ H✳ P♦r ❝♦♥str✉çã♦ t❡♠♦s
q✉❡ ψ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦❜❡rt✉r❛ ❞❡ H s♦❜r❡ M ✳

❚❡♦r❡♠❛ ✷✳✶✽✳ ✭❚❡♦r❡♠❛ ❞❡ ▼♦♥t❡❧✮ ❙❡❥❛ U ✉♠ ❞♦♠í♥✐♦ ❡♠ Ĉ ❡ F ✉♠❛ ❢❛♠í❧✐❛ ❞❡

❛♣❧✐❝❛çõ❡s ❞❡ U ♣❛r❛ Ĉ q✉❡ ♦♠✐t❡ três ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s✳ ■st♦ é✱ ❡①✐st❡♠ ✈❛❧♦r❡s ❞✐st✐♥t♦s
a, b, c ❡♠ Ĉ t❛❧ q✉❡ f(U) ⊂ Ĉ \ {a, b, c} ♣❛r❛ t♦❞❛ f ❡♠ F ✳ ❊♥tã♦✱ ❛ ❢❛♠í❧✐❛ F é ♥♦r♠❛❧✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ❛ss✉♠✐r q✉❡ U é ✉♠ ❞✐s❝♦✳ P♦r ❝♦♠♣♦s✐çã♦ ❝♦♠ ✉♠❛
tr❛♥s❢♦r♠❛çã♦ ❞❡ ▼ö❜✐✉s✱ ❛ss✉♠✐♠♦s q✉❡ ❛s ❢✉♥çõ❡s f ❡♠ F ♥ã♦ ❛ss✉♠❡♠ ♦s ✈❛❧♦r❡s
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0, 1,∞✳ ❙❡❥❛ S = Ĉ \ {0, 1}✳ P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r ✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦❜❡rt✉r❛
ψ : D → S✳ ❙❡❥❛ f̃ : U → D ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ♣❛r❛ f ❡♠ F ✱ t❛❧ q✉❡ ψ ◦ f̃ = f ❊♥tã♦ ♣❡❧♦

t❡♦r❡♠❛ 2.14
{
f̃ : f ∈ F

}
é ✉♠❛ ❢❛♠í❧✐❛ ♥♦r♠❛❧✳ ❉❡st❡ ♠♦❞♦ F é ♥♦r♠❛❧✳

❉❡✜♥✐çã♦ ✷✳✶✾✳ ❙❡❥❛♠ Ĉ ❛ ❡s❢❡r❛ ❞❡ ❘✐❡♠❛♥♥ ❡ f : Ĉ −→ Ĉ ✉♠❛ ❛♣❧✐❝❛çã♦ ❤♦❧♦♠♦r❢❛✳
❖ ❞♦♠í♥✐♦ ❞❡ ♥♦r♠❛❧✐❞❛❞❡ ❞❛ ❝♦❧❡çã♦ ❞❡ ✐t❡r❛❞❛s fn é ❝❤❛♠❛❞♦ ❈♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉ ♣❛r❛
❢✱ ❞❡♥♦t❛❞♦ ♣♦r Ff ✳ ❖ s❡✉ ❝♦♠♣❧❡♠❡♥t❛r é ❝❤❛♠❛❞♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✱ Jf .

❊①❡♠♣❧♦ ✷✳✷✵✳ ❈♦♥s✐❞❡r❡ f(z) = z2✱ ❡♥tã♦ fn(z) = z2
n

. ❖❜s❡r✈❡ q✉❡ fn ❝♦♥✈❡r❣❡ ♣❛r❛
0 ❡♠ {z < 1} ❡ ❝♦♥✈❡r❣❡ ♣❛r❛ ∞ ❡♠ {z > 1} ❡ ♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡ f é ♦ ❝♦♥❥✉♥t♦
{z = 1} ❡ s❡✉ ❝♦♠♣❧❡♠❡♥t❛r é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉✳

❋✐❣✉r❛ ✷✳✶✿ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ♣❛r❛ f(z) = z2✳

❊①❡♠♣❧♦ ✷✳✷✶✳ ❈♦♥s✐❞❡r❡ f(z) = z2 − 0.75✳ ❖ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡ ❢✱ J(f)✱ é
r❡♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ❛❜❛✐①♦✳

❋✐❣✉r❛ ✷✳✷✿ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ♣❛r❛ f(z) = z2 − 0.75✳

✷✳✸ Pr♦♣r✐❡❞❛❞❡s ❞♦s ❈♦♥❥✉♥t♦s ❞❡ ❏✉❧✐❛ ❡ ❋❛t♦✉

❙❡❥❛ U ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ♥✲♣❡r✐ó❞✐❝❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉✳ ❊♥tã♦ ❡①❛t❛♠❡♥t❡ ✉♠❛
❞❛s s❡❣✉✐♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s ♦❝♦rr❡♠✿

✐✮ ❇❛❝✐❛ ❞❡ ❆tr❛çã♦✿ ❙❡ ♣❛r❛ t♦❞♦ z ∈ U ✱ limk→∞ fkn(z) = p ♦♥❞❡ p é ✉♠ ♣♦♥t♦
❛tr❛t♦r ♥✲♣❡r✐ó❞✐❝♦ ❡♠ U ✱ ❡♥tã♦ U é ✉♠❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦❀
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✐✐✮ ❇❛❝✐❛ P❛r❛❜ó❧✐❝❛✿ ❙❡ ∂U ❝♦♥té♠ ✉♠ ♣♦♥t♦ ♣ ♥✲♣❡r✐ó❞✐❝♦✱ ✐♥❞✐❢❡r❡♥t❡ r❛❝✐♦♥❛❧ ❡
limk→∞ fkn(z) = p✱ ♣❛r❛ t♦❞♦ z ∈ U ✱ ❡♥tã♦ U é ✉♠❛ ❇❛❝✐❛ P❛r❛❜ó❧✐❝❛❀

✐✐✐✮ ❆♥é✐s ❞❡ ❍❡r♠❛♥✿ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❛♥❛❧ít✐❝♦ φ : U → A
♦♥❞❡ A = {z : r1 | z |< r2}✱ r2 > r1 > 0✱ t❛❧ q✉❡

φ(fk(φ−1(z))) = e2iπαz

♣❛r❛ α ∈ R \Q✳ ❊♥tã♦ U é ❝❤❛♠❛❞♦ ❆♥❡❧ ❞❡ ❍❡r♠❛♥❀

✐✈✮ ❉✐s❝♦s ❞❡ ❙✐❡❣❡❧✿ U é ❝❤❛♠❛❞♦ ❉✐s❝♦ ❞❡ ❙✐❡❣❡❧ s❡ ❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❛♥❛❧ít✐❝♦
φ : U → D ♦♥❞❡ D é ✉♠ ❞✐s❝♦✱ t❛❧ q✉❡

φ(fk(φ−1(z))) = e2iπαz

♣❛r❛ α ∈ R\Q✳ ◆♦t❡ q✉❡✱ ♣♦r ❞❡✜♥✐çã♦✱ ❞✐s❝♦s ❞❡ ❙✐❡❣❡❧ sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦s✳

❚❡♦r❡♠❛ ✷✳✷✷✳ ✭▲❡♠❛ ❞❛ ✐♥✈❛r✐â♥❝✐❛✮ ❖ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ Jf ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦

❤♦❧♦♠♦r❢❛ f : Ĉ → Ĉ é ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ s♦❜r❡ f ✳ ■st♦ é✱ z ♣❡rt❡♥❝❡ ❛ Jf s❡✱ ❡
s♦♠❡♥t❡ s❡✱ f(z) ♣❡rt❡♥❝❡ ❛ Jf ✳ ❖ ♠❡s♠♦ ✈❛❧❡ ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡ ♥♦t❡ q✉❡ f−1(Ff ) ⊆ Ff ✱ ♣♦✐s f é ❤♦❧♦♠♦r❢❛ ❡ Ff é
❛❜❡rt♦✳ ❆❣♦r❛ s✉♣♦♥❤❛ q✉❡ z0 ∈ Ff ✱ ❡ q✉❡ ✉♠❛ s✉❜s❡q✉❡♥❝✐❛ fnj+1 = fnj ◦ f ❝♦♥✈❡r❣❡
✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ z0✳ ❈♦♠♦ f é ❛♥❛❧ít✐❝❛✱ ❡❧❛ ❛♣❧✐❝❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛
❞❡ z0 ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ f(z0)✳ ❊ ❛❧é♠ ❞✐ss♦✱ fnj ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ ✉♠❛
✈✐③✐♥❤❛♥ç❛ ❞❡ f(z0)✱ ♣♦✐s z0 ∈ Ff ✳ ❙❡❣✉❡ q✉❡ f(z0) ∈ Ff ✱ ❡ ❞❛í f(F ) ⊆ F ✱ ♣♦rt❛♥t♦ F é
❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡✳ ❈♦♠♦ Ĉ = Ff

.∪ Jf . t❡♠✲s❡ q✉❡ Jf t❛♠❜é♠ é ❝♦♠♣❧❡t❛♠❡♥t❡
✐♥✈❛r✐❛♥t❡✳

▲❡♠❛ ✷✳✷✸✳ ✭▲❡♠❛ ❞❛ ■t❡r❛çã♦✮ ❙❡❥❛ f : C → C ✉♠❛ ❛♣❧✐❝❛çã♦ ❤♦❧♦♠♦r❢❛ ✳ P❛r❛ t♦❞♦
k > 0✱ ♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ Jfk ❞❛ ❦✲és✐♠❛ ✐t❡r❛❞❛ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ Jf ✳

❉❡♠♦♥str❛çã♦✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡ f ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡ fk✱ ♣♦✐s
s❡ fk é ♥♦r♠❛❧ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ U ❡♥tã♦ fnk t❛♠❜é♠ é ♥♦r♠❛❧ s♦❜r❡ U ✳ P♦r
♦✉tr♦ ❧❛❞♦ s❡ fnk é ♥♦r♠❛❧ s♦❜r❡ U ❡♥tã♦ fk t❛♠❜é♠ é ♥♦r♠❛❧ s♦❜r❡ U ✱ ❡ ❞❛í s❡❣✉❡ ♦
r❡s✉❧t❛❞♦✳

▲❡♠❛ ✷✳✷✹✳ ❈❛❞❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❛tr❛t♦r❛ ❡stá ❝♦♥t✐❞❛ ♥♦ ❈♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉ Ff ✳ ❉❡
❢❛t♦✱ t♦❞❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ♣❛r❛ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❛tr❛t♦r❛ ❡stá ❝♦♥t✐❞❛ ♥♦ ❝♦♥❥✉♥t♦
❞❡ ❋❛t♦✉✳ ❆❧é♠ ❞✐ss♦✱ ❝❛❞❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ r❡♣✉❧s♦r❛ ❡stá ❝♦♥t✐❞❛ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r♦ ❝♦♥s✐❞❡r❡ ✉♠ ♣♦♥t♦ ✜①♦ z0 ❝♦♠ ♠✉❧t✐♣❧✐❝❛❞♦r λ✳ ❙❡ |λ| > 1✱
❡♥tã♦ ♥❡♥❤✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✐t❡r❛❞❛s ❞❡ f ♣♦❞❡ ❝♦♥✈❡r❣✐r ✉♥✐❢♦r♠❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ z0✳
❈♦♠♦ ❛ ♣r✐♠❡✐r❛ ❞❡r✐✈❛❞❛ ❞❡ fn ❡♠ z0 é λn✱ t❡♠♦s q✉❡ f t❡♥❞❡ ❛♦ ✐♥✜♥✐t♦ q✉❛♥❞♦ n→ ∞✳
❙❡ |λ| < 1 ❡ ❡s❝♦❧❤❡♥❞♦ c t❛❧ q✉❡ |λ| < c < 1 t❡♠♦s ♣❡❧❛ ❡①♣❛♥sã♦ ❞❡ ❚❛②❧♦r q✉❡

|f(z)− f(z0)| < c|z − z0|,

♣❛r❛ z s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦ ❞❡ z0✳ ❉❡st❛ ❢♦r♠❛ ❛s s✉❝❡ss✐✈❛s ✐t❡r❛❞❛s ❞❡ f r❡str✐t❛s
❛ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ z0 ❝♦♥✈❡r❣❡♠ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ ❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡ z → z0✳
P♦rt❛♥t♦ ❝♦♠♦ ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ f é ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ ❛❧❣✉♠❛ ✐t❡r❛çã♦ fn s❡❣✉❡ ♦
r❡s✉❧t❛❞♦✳



❈❆P❮❚❯▲❖ ✷✳ ◆❖➬Õ❊❙ ❉❊ ❉■◆➶▼■❈❆ ❈❖▼P▲❊❳❆ ✸✸

❈♦r♦❧ár✐♦ ✷✳✷✺✳ ❆s ór❜✐t❛s ♣❡r✐ó❞✐❝❛s r❡♣✉❧s♦r❛s sã♦ ❞❡♥s❛s ♥♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✳

❉❡♠♦♥str❛çã♦✳ ❱❛❧❡ ❧❡♠❜r❛r q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ Jf ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ✐s♦❧❛❞♦s✳ ❆ss✐♠
♣♦❞❡♠♦s ❡①❝❧✉✐r ✉♠ q✉❛♥t♦s ♣♦♥t♦s ❞❡ Jf q✉✐s❡r♠♦s✱ s❡♠ ❛❢❡t❛r ♦ ❛r❣✉♠❡♥t♦✳ ❙❡❥❛ z0
✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞❡ Jf q✉❡ ♥ã♦ s❡❥❛ ♣♦♥t♦ ✜①♦ ♥❡♠ ✈❛❧♦r ❝rít✐❝♦✳ P♦r ♦✉tr❛s ♣❛❧❛✈r❛s
❛ss✉♠✐♠♦s q✉❡ ❡①✐st❡♠ d ♣ré✲✐♠❛❣❡♥s z1, z2 · · · , zd q✉❡ sã♦ ❞✐st✐♥t❛s ✉♠❛s ❞❛s ♦✉tr❛s ❡
❞❡ z0✱ ♦♥❞❡ d ≥ 2 é ♦ ❣r❛✉ ❞❡ f ✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❋✉♥çã♦ ■♥✈❡rs❛✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r
d ❢✉♥çõ❡ss ❤♦❧♦r❢❛s z → φj(z) q✉❡ sã♦ ❞❡✜♥✐❞❛s ❡♠ ❛❧❣✉♠❛ ✈✐③✐♥❤❛♥ç❛ N ❞❡ z0✱ ❡ q✉❡
s❛t✐s❢❛③❡♠ f(φj(z)) = z✱ ❡♠ q✉❡ φj(z0) = zj✳ P❛r❛ ❛❧❣✉♠ n > 0 ❡ ♣❛r❛ ❛❧❣✉♠ z ∈ N ❛
❢✉♥çã♦ fn(z) ❞❡✈❡ ❛ss✉♠✐r ✉♠ ❞♦s três ✈❛❧♦r❡s z, φ1(z) ♦✉ φ2(z)✳ ❈❛s♦ ❝♦♥trár✐♦ ❛ ❢❛♠í❧✐❛
❞❛s ❢✉♥çõ❡s ❤♦❧♦♠♦r❢❛s

gn(z) =
(fn(z)− φ1(z))(z − φ2(z))

(fn(z)− φ2(z))(z − φ1(z))

❡♠ N ❡✈✐t❛r✐❛ ♦s ✈❛❧♦r❡s 0, 1 ❡∞✱ ❡ ❛ss✐♠ s❡r✐❛ ✉♠❛ ❢❛♠í❧✐❛ ♥♦r♠❛❧✳ ▲♦❣♦ {fn|N} t❛♠❜é♠
s❡r✐❛ ✉♠❛ ❢❛♠í❧✐❛ ♥♦r♠❛❧✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ N ✐♥t❡rs❡♣t❛ ♦ ❝♦♥❥✉♥t♦ ❞❡
❏✉❧✐❛✳

▲❡♠❛ ✷✳✷✻✳ ❈❛❞❛ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ♣❛r❛❜ó❧✐❝♦ ♣❡rt❡♥❝❡ ❛♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ w ✉♠ ♣❛râ♠❡tr♦ ❧♦❝❛❧ ❞❡ ✉♥✐❢♦r♠✐③❛çã♦ ❝♦♠ w = 0 ❝♦rr❡s♣♦♥❞❡❞♦
❛♦ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦✳ ❆ss✐♠✱ ❛❧❣✉♠❛ ✐t❡r❛❞❛ fn ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧♦❝❛❧ ❞♦
w✲♣❧❛♥♦ ❝♦♠ ✉♠❛ sér✐❡ ❞❡ ♣♦tê♥❝✐❛s ❞❛ ❢♦r♠❛ w → w+aqw

q +aq+1w
q+1+ ...✱ ♦♥❞❡ q ≤ 2✱

aq 6= 0✳ ❉❛í ❛ ❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♠ q ❞❡ fmk ❡♠ 0 é ✐❣✉❛❧ ❛ q!kaq q✉❡ t❡♥❞❡ ❛ ✐♥✜♥✐t♦ ❛
♠❡❞✐❞❛ q✉❡ k → ∞✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❈♦♥✈❡r❣ê♥❝✐❛ ❯♥✐❢♦r♠❡ ❞❡ ❲❡✐❡rstr❛ss✱ s❡❣✉❡ q✉❡
♥❡❤✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ fmkj ♣♦❞❡ ❝♦♥✈❡r❣✐r ❧♦❝❛❧♠❡♥t❡ ❞❡ ❢♦r♠❛ ✉♥✐❢♦r♠❡ ❛ ♠❡❞✐❞❛ q✉❡
kj → ∞✳

❉❡✜♥✐çã♦ ✷✳✷✼✳ ❈❤❛♠❛♠♦s ❣r❛♥❞❡ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦ z s♦❜ f : Ĉ → Ĉ✱ ❛♦ ❝♦♥❥✉♥t♦
GO(z, f) ❝♦♥s✐st✐♥❞♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s z

′ ∈ Ĉ ❝✉❥❛ ór❜✐t❛ ❡♠ ❛❧❣✉♠ ♠♦♠❡♥t♦ ✐♥t❡r❝❡♣t❛
❛ ór❜✐t❛ ❞❡ z✳ ❆ss✐♠ z ❡ z

′
t❡♠ ❛ ♠❡s♠❛ ❣r❛♥❞❡ ór❜✐t❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ fm(z) = fn(z

′
)

♣❛r❛ ❛❧❣✉♠❛ ❡s❝♦❧❤❛ ❞❡ m ≥ 0 ❡ n ≥ 0✳ ❯♠ ♣♦♥t♦ z ∈ Ĉ s❡rá ❝❤❛♠❛❞♦ ❣r❛♥❞❡ ór❜✐t❛
✜♥✐t❛ ♦✉ ❡①❝❡♣❝✐♦♥❛❧ s♦❜r❡ f s❡ s✉❛ ❣r❛♥❞❡ ór❜✐t❛ GO(z, f) ⊂ Ĉ é ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦✳

❉❡✜♥✐çã♦ ✷✳✷✽✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❞❡ Ĉ q✉❡ t❡♠ ❣r❛♥❞❡ ór❜✐t❛ ✜♥✐t❛ s❡rá ❞❡♥♦t❛❞♦
♣♦r ε(f)

❚❡♦r❡♠❛ ✷✳✷✾✳ ✭❚r❛♥s✐t✐✈✐❞❛❞❡✮ ❙❡❥❛ z1 ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛

J ⊂ Ĉ ❡ s❡❥❛ N ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛r❜✐trár✐❛ ❞❡ z1 ✳ ❊♥tã♦ ❛ ✉♥✐ã♦ U ❞❡ ✐♠❛❣❡♥s ❢✉t✉r❛s
fn(N) ❝♦♥té♠ t♦❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✱ ❡ ❝♦♥té♠ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ Ĉ ❀ à ❡①❝❡çã♦ ❞❡✱ ♥♦
♠á①✐♠♦ ❞♦✐s ♣♦♥t♦s

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡ ♥♦t❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡♠❡♥t❛r Ĉ \ U ♣♦❞❡ ❝♦♥t❡r ♥♦
♠á①✐♠♦ ❞♦✐s ♣♦♥t♦s✱ ♣♦✐s s❡ Ĉ \ U ❝♦♥té♠ ♠❛✐s ❞❡ ❞♦✐s ♣♦♥t♦s✱ ✉s❛♥❞♦ q✉❡ f(U) ⊂ U ✱
♦❜t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▼♦♥t❡❧ ✷✳✷ q✉❡ U ❞❡✈❡ ❡st❛r ❝♦♥t✐❞♦ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉✱
q✉❡ é ✐♠♣♦ssí✈❡❧✱ ♣♦✐s z1 ∈ U ∩ J ✳ ◆♦✈❛♠❡♥t❡ ✉s❛♥❞♦ q✉❡ f(U) ⊂ U ✱ t❡♠♦s q✉❡ ❛❧❣✉♠❛
♣ré✲✐♠❛❣❡♠ ❞❡ ✉♠ ♣♦♥t♦ z ∈ Ĉ \ U ❞❡✈❡ ♣❡rt❡♥❝❡r ❛♦ ❝♦♥❥✉♥t♦ ✜♥✐t♦ Ĉ \ U ✳ ❙❡❣✉✐♥❞♦
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❝♦♠ ❡st❡ ❛r❣✉♠❡♥t♦✱ q✉❡ ❛❧❣✉♠❛ ♣ré✲✐♠❛❣❡♠ ❞❡ ✐t❡r❛❞❛ z é ♣❡r✐ó❞✐❝❛✱ ❝♦♥❝❧í♠♦s q✉❡ z é
❡❧❡ ♠❡s♠♦ ♣❡r✐ó❞✐❝♦ ❡ ❝♦♠ ❣r❛♥❞❡ ór❜✐t❛ ✜♥✐t❛✳ ❆ss✐♠ ♦ ❝♦♥❥✉♥t♦ ε(f) ❞❡ ❣r❛♥❞❡ ór❜✐t❛
✜♥✐t❛ é ❞✐s❥✉♥t❛ ❞❡ J ✱ s❡❣✉❡ q✉❡ J ⊂ U ✳ ❋✐♥❛❧♠❡♥t❡✱ s❡ N é ♣❡q✉❡♥♦ ♦ s✉✜❝✐❡♥t❡ ❡♥tã♦
N ⊂ Ĉ \ ε(f)✱ s❡❣✉❡ q✉❡ U = Ĉ \ ε(f).

▲❡♠❛ ✷✳✸✵✳ ❙❡ f é ✉♠❛ ❛♣❧✐❝❛çã♦ r❛❝✐♦♥❛❧ ❞❡ ❣r❛✉ 2 ♦✉ ♠❛✐s✱ ❡♥tã♦ ♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛
Jf é ♥ã♦ ✈❛③✐♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ Jf = ∅✱ ❡♥tã♦ fn é ✉♠❛ ❢❛♠í❧✐❛ ♥♦r♠❛❧ s♦❜r❡ t♦❞♦ Ĉ✱ ❡
❡♥tã♦ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ {nj} t❛❧ q✉❡ fnj(z) → g(z) ♣❛r❛ ❛❧❣✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛
g ❞❡ Ĉ ♣❛r❛ Ĉ ✳ ❙❡ g é ❝♦♥st❛♥t❡ ❡♥tã♦ ❛ ✐♠❛❣❡♠ ❞❡ fnj ❡stá ❝♦♥t✐❞❛ ❡♠ ✉♠❛ ♣❡q✉❡♥❛
✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ✈❛❧♦r ❝♦♥st❛♥t❡✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧✱ ♣♦✐s fn ❝♦♥✈❡r❣❡ ❡♠ Ĉ ✳ ❙❡ g é ♥ã♦
❝♦♥st❛♥t❡ ❡♥tã♦ fnj t❡♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ③❡r♦s ❞❡ g✱ ♦ q✉❡ é ✐♠♣♦ssí✈❡❧ ❥á q✉❡ fn t❡♠
❣r❛✉ dn✳

❈♦r♦❧ár✐♦ ✷✳✸✶✳ ❙❡ ♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❝♦♥té♠ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r✱ ❡♥tã♦ ❡❧❡ ❞❡✈❡ s❡r
✐❣✉❛❧ ❛ t♦❞❛ ❛ ❡s❢❡r❛ ❞❡ ❘✐❡♠❛♥♥✳

❉❡♠♦♥str❛çã♦✳ ❙❡ Jf t❡♠ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r z1✱ ❡♥tã♦ ❡s❝♦❧❤❡♥❞♦ ✉♠❛ ✈✐③✐♥❤❛♥ç❛❛N ⊂ Jf
❞❡ z1 ❛ ✉♥✐ã♦ U ⊂ Jf ❞❡ ✐♠❛❣❡♥s ❢✉t✉r❛s ❞❡ N é ❞❡♥s❛ ❡♠ Jf ✱ ♣♦rt❛♥t♦ U = Ĉ✱ ❡ ❝♦♠♦
Jf é ❢❡❝❤❛❞♦ s❡❣✉❡ q✉❡ Jf = Ĉ.

❈♦r♦❧ár✐♦ ✷✳✸✷✳ ❙❡ A ⊂ Ĉ é ❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ❞❡ ❛❧❣✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❛tr❛t♦r❛✱ ❡♥tã♦
♦ ❜♦r❞♦ t♦♣♦❧ó❣✐❝♦ ∂A = A \ A é ✐❣✉❛❧ ❛ t♦❞♦ ♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✳ ❈❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞♦
❈♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉ F ♦✉ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛❧❣✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❛ ❜❛❝✐❛ A ♦✉ é ❞✐s❥✉♥t❛
❞❡ A✳

❉❡♠♦♥str❛çã♦✳ ❙❡ N é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ♣♦♥t♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✱ ❡♥tã♦ ♣❡❧♦
t❡♦r❡♠❛ ❞❛ tr❛♥s✐t✐✈✐❞❛❞❡ ✷✳✸ fn(N) ✐♥t❡r❝❡♣t❛ A✱ ❡ ❞❛í ♦ ♣ró♣r✐♦ N ✐♥t❡r❝❡♣t❛ A✱ ❡ ❛ss✐♠
t❡♠♦s q✉❡ Jf ⊂ A✳ ▼❛s Jf é ❞✐s❥✉♥t♦ ❞❡ A ❡♥tã♦ Jf ⊂ ∂A✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ N é ✉♠❛
✈✐③✐♥❤❛♥ç❛❛ ❞❡ ✉♠ ♣♦♥t♦ ❞❡ ∂A ❡♥tã♦ ❛❧❣✉♠❛ ✐t❡r❛❞❛ fn|N ❞❡✈❡ t❡r ✉♠❛ ❞❡s❝♦♥t✐♥✉✐❞❛❞❡
❡♥tr❡ A ❡ ∂A✱ ❡ ❛ss✐♠ ∂A ⊂ Jf ✳ ❋✐♥❛❧♠❡♥t❡✱ ♥♦t❡ q✉❡ ❛❧❣✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞♦
❝♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉ ✐♥t❡r❝❡♣t❛ A✱ ✉♠❛ ✈❡③ q✉❡ ♥ã♦ ♣♦❞❡ ✐♥t❡r❝❡♣t❛r ♦ ❜♦r❞♦ ❞❡ A✱ ❞❡✈❡
❝♦✐♥❝✐❞✐r ❝♦♠ ❛❧❣✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ A✳ P♦rt❛♥t♦ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❈♦r♦❧ár✐♦ ✷✳✸✸✳ ❙❡ z0 é ✉♠ ❛❧❣✉♠ ♣♦♥t♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ J = Jf ✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦

{z ∈ Ĉ; fn(z) = z0 para algum n ≥ 0} =
∞∪
n=0

f−n(z0)

é ❞❡♥s♦ ❡♠ Jf .

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡ ♥♦t❡ q✉❡ z0 /∈ ε(f)✱ ♣♦✐s z0 ∈ Jf ✳ P❡❧♦ t❡♦r❡♠❛ ✷✳✸ t❡♠♦s
q✉❡✱ s❡ z1 ∈ Jf ❡♥tã♦ ❡❧❡ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞♦ ♣♦r ❢❡❝❤❛❞♦s ❛r❜✐trár✐♦s q✉❡ ❝♦♥té♠ z q✉❡
♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧❛s ór❜✐t❛s ♣❛ss❛❞❛s ❞❡ z0.

❈♦r♦❧ár✐♦ ✷✳✸✹✳ ❙❡ f é ✉♠❛ ❛♣❧✐❝❛çã♦ r❛❝✐♦♥❛❧ ❞❡ ❣r❛✉ 2 ♦✉ ♠❛✐s✱ ❡♥tã♦ Jf ♥ã♦ t❡♠
♣♦♥t♦s ✐s♦❧❛❞♦s✳
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ z0 ∈ Jf ❡ U ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ z0✳ ❆ss✉♠✐r❡♠♦s q✉❡ z0 ♥ã♦
é ♣❡r✐ó❞✐❝♦ ❡ ❡s❝♦❧❤❡♠♦s z1 ❝♦♠ f(z1) = z0✱ ❡♥tã♦ fn(z0) 6= z1 ♣❛r❛ ❛❧❣✉♠ n ∈ N✳ ❉❡s❞❡
q✉❡ z1 ∈ Jf ✱ ❛s ✐t❡r❛❞❛s ♣❛ss❛❞❛s ❞❡ z1 sã♦ ❞❡♥s❛s ❡♠ J ✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ξ ∈ U ❝♦♠
fm(ξ) = z1✱ ❛ss✐♠ ξ ∈ Jf ∩ U ❡ ξ 6= z0✱ ❧♦❣♦ z0 ♥ã♦ é ✐s♦❧❛❞♦✳ ❆❣♦r❛ s✉♣♦♥❤❛ fn(z0) = z0
♣❛r❛ ❛❧❣✉♠ n ♠✐♥✐♠❛❧✳ ❙❡ z0 é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ fn(z0) = z0 ❡♥tã♦ z0 ❞❡✈❡r✐❛ s❡r ✉♠
♣♦♥t♦ ✜①♦ s✉♣❡r❛tr❛t♦r ❞❡ fn ❝♦♥tr❛❞✐③❡♥❞♦ q✉❡ z0 ∈ Jf ✳ P♦rt❛♥t♦ ❡①✐st❡ z1 6= z0 ❝♦♠
fn(z1) = z0✱ ❛❧é♠ ❞✐ss♦ f j(z0) 6= z1 ♣❛r❛ 0 ≤ j ≤ n✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ✐st♦ ❛ss❡❣✉r❛r✐❛
q✉❡ 0 ≤ j ≤ n ❡ ❞❛í f j(z0) = fn+j(z0) = fn(z1) = z0 ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡
n✳ ❆ss✐♠ ❝♦♠♦ ❛♥t❡r✐♦r♠❡♥t❡✱ z1 ❞❡✈❡r t❡r ✉♠❛ ♣ré✲✐♠❛❣❡♠ ❡♠ U ∩ Jf q✉❡ ♥ã♦ ♣♦❞❡ s❡r
z0✳

❈♦r♦❧ár✐♦ ✷✳✸✺✳ P❛r❛ t♦❞❛ ❛♣❧✐❝❛çã♦ r❛❝✐♦♥❛❧ ❞❡ ❣r❛✉ 2 ♦✉ ♠❛✐s✱ ♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ Jf
♦✉ é ❝♦♥❡①♦ ♦✉ t❡♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ♥ã♦ ❡♥✉♠❡rá✈❡❧ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✳

❈♦r♦❧ár✐♦ ✷✳✸✻✳ P❛r❛ ✉♠❛ ❡s❝♦❧❤❛ q✉❛❧q✉❡r ❞❡ ✉♠ ♣♦♥t♦ z ∈ Jf ✱ ❛ ór❜✐t❛ ❢✉t✉r❛

{z, f(z), f 2(z), ...}

é ❞❡♥s❛ ❡♠ t♦❞❛ ♣❛rt❡ ❞❡ Jf ✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ j > 0 ♣♦❞❡♠♦s ❝♦❜r✐r Jf ♣♦r ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❝♦♥❥✉♥t♦s
❛❜❡rt♦s Njk ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r ❞♦ q✉❡ 1

j
✉s❛♥❞♦ ❛ ♠étr✐❝❛ ❡s❢ér✐❝❛✳ P❛r❛ ❝❛❞❛ Njk s❡❥❛

Ujk ❛ ✉♥✐ã♦ ❞❛s ♣ré✲✐♠❛❣❡♥s ❞❡ ✐t❡r❛❞❛s ❞❡ f−n(Njk)✳ ❙❡❣✉❡ ❞♦ ❝♦r♦❧ár✐♦ ✷✳✸ q✉❡ ♦ ❢❡❝❤❛❞♦
Ujk ∩ Jf é ✐❣✉❛❧ ❛ t♦❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✱ ❡♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ Ujk ∩Jf é ✉♠ s✉❜❝♦♥❥✉♥t♦
❞❡♥s♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✳ ❆❣♦r❛ s❡ z ♣❡rt❡♥❝❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ss❡s ❝♦♥❥✉♥t♦s✱ ❡♥tã♦ ❛
ór❜✐t❛ ❞❡ z ✐♥t❡r❝❡♣t❛ ❝❛❞❛ Njk ❡ ♣♦r ✐ss♦ é ❞❡♥s♦ ❡♠ Jf .

❚❡♦r❡♠❛ ✷✳✸✼✳ ❙❡❥❛ f ✉♠❛ ❛♣❧✐❝❛çã♦ r❛❝✐♦♥❛❧ ❞❡ ❣r❛✉ ♠❛✐♦r ♦✉ ✐❣✉❛❧ 2✱ ❡ s❡❥❛ E ✉♠
s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞❛ ❡s❢❡r❛ ❞❡ ❘✐❡♠❛♥♥ ❝♦♠ ❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡ ♣❛r❛ t♦❞♦ z ∈ Ff ✱
❛ s❡q✉ê♥❝✐❛ {fn(z) : n ≥ 1} ♥ã♦ ❛❝✉♠✉❧❛ ❡♠ ♥❡♥❤✉♠ ♣♦♥t♦ ❞❡ E✳ ❊♥tã♦ ❞❛❞♦ ❛❧❣✉♠
❝♦♥❥✉♥t♦ ❛❜❡rt♦ U q✉❡ ❝♦♥té♠ Jf t❡♠♦s q✉❡ f−n(E) ⊂ U ♣❛r❛ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❛ ❝♦♥❝❧✉sã♦ s❡❥❛ ❢❛❧s❛✱ ♦✉ s❡❥❛✱ ❡①✐st❡ ❛❧❣✉♠❛ ✈✐③✐♥❤❛♥ç❛
❛❜❡rt❛ U ❞❡ Jf ✱ t❛❧ q✉❡ ♣❛r❛ n ❡♠ ❛❧❣✉♠❛ s❡q✉ê♥❝✐❛ {n1, n2, · · · } ♦s ♣♦♥t♦s zn ∈ f−n(E)
♠❛s ♥ã♦ ♣❡rt❡♥❝❡ ❛ U ✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ s✉♣♦♠♦s q✉❡ zn −→ w✱ ❝♦♠♦ U é
❛❜❡rt♦ ❡ w /∈ U ✱ t❡♠♦s q✉❡ w ∈ F ♣♦✐s Jf ⊂ U ✳ ❆❣♦r❛ s❡❥❛ ǫ > 0 ♣♦s✐t✐✈♦✱ ❡①✐st❡ δ > 0 t❛❧
q✉❡ s❡ |zn−w| < δ ✐♠♣❧✐❝❛ q✉❡ |fn(zn)−fn(w)| < δ ❡ ❝♦♠♦ fn(zn) ∈ E✱ ❛ss✐♠ ♠♦str❛♠♦s
q✉❡ fn(w) s❡ ❛❝✉♠✉❧❛ ❡♠ E ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❤✐♣ót❡s❡✳

❉❡✜♥✐çã♦ ✷✳✸✽✳ ❯♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ R é ♣ós✲❝rít✐❝❛ ✜♥✐t❛ s❡ t♦❞❛ ór❜✐t❛ ❝rít✐❝❛ é ✜♥✐t❛✳
❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♦✉ ❛s ór❜✐t❛s ❝rít✐❝❛s sã♦ ♣❡r✐ó❞✐❝❛s ♦✉ ♣ré✲♣❡r✐ó❞✐❝❛s✳

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠ ❞❡t❛❧❤❡s ♥❛s r❡❢❡rê♥❝✐❛s ❬✸❪ ❬✽❪✳

Pr♦♣♦s✐çã♦ ✷✳✸✾✳ ❙❡ R é ♣ós✲❝rít✐❝❛ ✜♥✐t❛ ❡♥tã♦ t♦❞❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ R é r❡♣✉❧s♦r❛
♦✉ s✉♣❡r❛tr❛t♦r❛✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ s✉♣♦♥❤❛ q✉❡ t♦❞❛ ór❜✐t❛ ❝rít✐❝❛ ❞❡ R s❡❥❛ ✜♥✐t❛ ♦✉
❝♦♥✈❡r❣❡ ♣❛r❛ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❛tr❛t♦r❛✳ ❊♥tã♦✱ t♦❞❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ ❢ é r❡♣✉❧s♦r❛
♦✉ ❛tr❛t♦r❛❀ ♥ã♦ ❤á ❝✐❝❧♦s ♣❛r❛❜ó❧✐❝♦s✱ ❝✐❝❧♦s ❞❡ ❈r❡♠❡r ♦✉ ❝✐❝❧♦s ❞❡ ❙✐❡❣❡❧✳
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▲❡♠❛ ✷✳✹✵✳ ❙❡❥❛ U ✉♠ ❛♥❡❧ ❞❡ ❍❡r♠❛♥✳ ❊♥tã♦✱ t♦❞♦s ♦s ♣♦♥t♦s ❧✐♠✐t❡s ❞❡ U ❡stã♦ ♥♦
❢❡❝❤♦ ❞❡ ❛❧❣✉♠ ♣♦♥t♦ ❝rít✐❝♦✳ ∂U ♣♦ss✉✐ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s✱ ❝❛❞❛ ✉♠❛ ❞❛s q✉❛✐s é ✉♠
❝♦♥❥✉♥t♦ ✐♥✜♥✐t♦✳

❚❡♦r❡♠❛ ✷✳✹✶✳ ❙❡❥❛ R ✉♠❛ ❢✉♥çã♦ ♣ós✲❝rít✐❝❛ ✜♥✐t❛✳ ❙❡ R ♥ã♦ ♣♦ss✉✐ ♥❡♥❤✉♠ ❝✐❝❧♦
s✉♣❡r❛tr❛t♦r ❡♥tã♦ JR = Ĉ✳

❉❡♠♦♥str❛çã♦✳ R ♥ã♦ ♣♦ss✉✐ ❉✐s❝♦s ❞❡ ❙✐❡❣❡❧ ❡ ❛♥é✐s ❞❡ ❍❡r♠❛♥ ♣♦✐s ❛♠❜♦s r❡q✉❡r❡♠
q✉❡ ❛s ór❜✐t❛s ❞♦s ♣♦♥t♦s ❝rít✐❝♦s s❡❥❛♠ ✐♥✜♥✐t❛s✱ ✉♠❛ ✈❡③ q✉❡ ❛s ór❜✐t❛s ❞♦s ♣♦♥t♦s
❝rít✐❝♦s é ❞❡♥s❛ ❡♠ s✉❛s ❢r♦♥t❡✐r❛s✳ ❖ ♠❡s♠♦ ❛❝♦♥t❡❝❡ ♣❛r❛ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ♣❛r❛❜ó❧✐❝❛✱
♦✉ s❡❥❛✱ R ♥ã♦ ❛s ♣♦ss✉✐✱ ✉♠❛ ✈❡③ q✉❡ ❝♦♥té♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✱ ❛s ✐t❡r❛çõ❡s ❞❡ss❡ ♣♦♥t♦
sã♦ ❞✐st✐♥t❛s✳ ❏á ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❛tr❛çã♦✱ q✉❡ ♥ã♦ é s✉♣❡r❛tr❛t♦r❛✱ t❡♠ ✉♠ ♣♦♥t♦
❝rít✐❝♦ ❝♦♠ ór❜✐t❛ ✐♥✜♥✐t❛✳ ▲♦❣♦ R t❛♠❜é♠ ♥ã♦ ♣♦ss✉✐ ❝♦♠♣♦♥❡♥t❡s ❞❡ ❛tr❛çã♦✳ ❆ ú♥✐❝❛
♣♦ss✐❜✐❧✐❞❛❞❡ é R ♣♦ss✉✐r ✉♠❛ ❝♦♠♣♦♥❡♥t❡ s✉♣❡r❛tr❛t♦r❛ ♠❛s ♣♦r ❤✐♣ót❡s❡ ✐ss♦ ♥ã♦ ♦❝♦rr❡✳
P♦rt❛♥t♦ FR = ∅ ❡ JR = Ĉ✳



❈❛♣ít✉❧♦ ✸

❋✉♥çõ❡s ❘❛❝✐♦♥❛✐s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣❛r❛ ❢✉♥çõ❡s r❛❝✐♦♥❛✐s ❝♦♠ r❡❧❛çã♦
❛♦s ❝♦♥❥✉♥t♦s ❞❡ ❋❛t♦✉ ❡ ❞❡ ❏✉❧✐❛ q✉❡ s❡rã♦ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛ ♣❛r❛ ❛ s❡q✉ê♥❝✐❛ ❞❡ss❡
tr❛❜❛❧❤♦✳

❙❡❥❛♠ P (z) e Q(z) ♣♦❧✐♥ô♠✐♦s ❝♦♠♣❧❡①♦s ❞❡ ❣r❛✉ d1 e d2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♥s✐❞r❡
✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ R(z) = P (z)�Q(z)✱ ♦♥❞❡ ♦ ❣r❛✉ ❞❡ R é ♦ ♠á①{d1, d2}✳

✸✳✶ ❆ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③

❉❡✜♥✐çã♦ ✸✳✶✳ ❙❡❥❛ D ⊂ Ĉ ✉♠ ❞♦♠í♥✐♦✳ ❙❡ ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ D ❝♦♥s✐st❡ ❞❡ ♥
❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✱ ❡♥tã♦ D é ❝❤❛♠❛❞♦ ♥✲❝♦♥❡①♦ ❡ ♥ é ❞✐t♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡
❞❡ D✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ D é ♥✲❝♦♥❡①♦ s❡ s✉❛ ❢r♦♥t❡✐r❛ ♣♦ss✉✐ ♥ ❝♦♠♣♦♥❡♥t❡s✳

❊①❡♠♣❧♦ ✸✳✷✳ ❙❡❥❛ A ⊂ Ĉ ✉♠ ❛♥❡❧ t❛❧ q✉❡ A = {z : r <| z |< 1}✳ ▲♦❣♦ A é ✉♠ ❞♦♠í♥✐♦
2− conexo✳

❋✐❣✉r❛ ✸✳✶✿ ❉♦♠í♥✐♦ ✷✲❝♦♥❡①♦✳

❙❡ f(z) = w0+ak(z−z0)k+· · · , ak 6= 0✱ é ✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡
z0✱ ❡♥tã♦ ❡①✐st❡♠ ✈✐③✐♥❤❛♥ç❛s s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s ❯ ❞❡ z0 ❡ ❱ ❞❡ w0✱ t❛✐s q✉❡ t♦❞♦ ♣♦♥t♦

✸✼
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❡♠ ❱ t❡♠ ❡①❛t❛♠❡♥t❡ ❦ ♣ré✲✐♠❛❣❡♥s ❡♠ ❯✱ ❝♦♥t❛❞❛s ❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡✳ ❉❡♥♦t❛r❡♠♦s
t❛❧ ❢❛t♦ ♣♦r

f : U
k:1−→ V ✳

❉❡✜♥✐çã♦ ✸✳✸ ✭❬✶✺❪✮✳ ❯♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛ ❞❡ ✉♠ ❞♦♠í♥✐♦ ❉ s♦❜r❡ ✉♠ ❞♦♠í♥✐♦ ● é
❝❤❛♠❛❞❛ ❞❡ ♣ró♣r✐❛✱ s❡ ❡①✐st❡ ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ ❦ t❛❧ q✉❡

f : D
k:1−→ G✳

❖ ♥ú♠❡r♦ ❦ é ❝❤❛♠❛❞♦ ❣r❛✉ t♦♣♦❧ó❣✐❝♦ ❞❡ ❢✳

❯♠❛ ❢✉♥çã♦ ♣ró♣r✐❛ f : D
k:1−→ G é ❞✐t❛ ♥ã♦✲r❛♠✐✜❝❛❞❛ s❡ ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ❝rít✐❝♦s✱ ❡

é ❞✐t❛ r❛♠✐✜❝❛❞❛ ❝❛s♦ ❝♦♥trár✐♦✳ ❯♠❛ ❢✉♥çã♦ ♣ró♣r✐❛ ♥ã♦ r❛♠✐✜❝❛❞❛ é ❧♦❝❛❧♠❡♥t❡ ✉♥í✈♦❝❛
❡ ❝♦♥❢♦r♠❡✱ ✐st♦ é✱ ✉♠❛ ❢✉♥çã♦ ♣ró♣r✐❛ ❞❡ ❣r❛✉ ✶✳

❯♠❛ ❢✉♥çã♦ ♣ró♣r✐❛ f : D
k:1−→ G s❡♠♣r❡ ♠❛♣❡✐❛ ♣♦♥t♦s ❞❡ ❢r♦♥t❡✐r❛ ❡♠ ♣♦♥t♦s ❞❡

❢r♦♥t❡✐r❛ ♥♦ s❡❣✉✐♥t❡ s❡♥t✐❞♦✱ ❞❛❞❛ q✉❛❧q✉❡r s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s (zn) ∈ D t❡♥❞❡♥❞♦ ♣❛r❛
❛❧❣✉♠ ♣♦♥t♦ ❞❛ ❢r♦♥t❡✐r❛ ❞❡ D✱ ❛ s❡q✉ê♥❝✐❛ ❞❡ ✐♠❛❣❡♥s f(zn) ♣♦ss✉✐ t♦❞♦s ♦s s❡✉s ♣♦♥t♦s
❧✐♠✐t❡ ♥❛ ❢r♦♥t❡✐r❛ ❞❡ G✳ ❊q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♣ré✲✐♠❛❣❡♥s ❞❡ ❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s sã♦
❝♦♠♣❛❝t♦s✳

❚❡♦r❡♠❛ ✸✳✹✳ ❯♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛ f : D −→ G q✉❡ ♠❛♣❡✐❛ ∂(D) ❡♠ ∂(G) é ✉♠❛
❢✉♥çã♦ ♣ró♣r✐❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✺❪✱ ♣á❣✐♥❛ ✺✳

❖❜s ✸✳✺✳ ❙❡❥❛ f : D
k:1−→ G ✉♠❛ ❢✉♥çã♦ ♣ró♣r✐❛ t❛❧ q✉❡ ❉ ❡ ● t❡♠ ♥ú♠❡r♦s ❞❡

❝♦♥❡❝t✐✈✐❞❛❞❡ ♠ ❡ ♥✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦ n 6 m 6 kn✭ ❱❡❥❛ ❬✶✺❪ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✮✳

❯♠ ❝♦rt❡ tr❛♥s✈❡rs❛❧ ❡♠ ✉♠ ❞♦♠í♥✐♦ D é ✉♠ ❛r❝♦ ❞❡ ❏♦r❞❛♥ ❝♦♥t✐❞♦ ❡♠ D✱ ❡①❝❡t♦
s❡✉s ♣♦♥t♦s ❡①tr❡♠♦s✱ q✉❡ ♣❡rt❡♥❝❡♠ à ❢r♦♥t❡✐r❛ ❞❡ D✳ ❆ ♣r♦♣r✐❡❞❛❞❡ ♠❛✐s ✐♠♣♦rt❛♥t❡
❞❡ ✉♠ ❝♦rt❡ tr❛♥s✈❡rs❛❧ γ é q✉❡ ❡❧❡ ❞✐✈✐❞❡ ✉♠ ❞♦♠í♥✐♦ D ❝♦♥❡①♦ ❡♠ ❞♦✐s ❞♦♠í♥✐♦s✱ ❝✉❥♦s
♥ú♠❡r♦s ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ s♦♠❛❞♦s ém+1✱ ♦✉ ❡♥tã♦ ♥ã♦ ❞✐✈✐❞❡D✱ ❡D\γ é (m−1)✲❝♦♥❡①♦✳
▼❛✐s ❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ✈✐st♦s ❡♠ ❬✾❪✳

❖s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s ✸✳✻ ❡ ✸✳✼ ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s ❡♠ ❬✶✺❪✳

▲❡♠❛ ✸✳✻✳ ❙✉♣♦♥❤❛ ❉ ✉♠ ❞♦♠í♥✐♦ ♠✲❝♦♥❡①♦✱ ❞✐✈✐❞✐❞♦ ♣♦r ❦ ❝♦rt❡s tr❛♥s✈❡rs❛✐s ❞✐s❥✉♥t♦s
✭❡♠ ❉✮✱ ❡♠ ❧ ❞♦♠í♥✐♦s ❝♦♠ ♥ú♠❡r♦s ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ m1, ...,ml✳ ❊♥tã♦

l∑

j=1

(mj − 2) = m− 2− k. ✭✸✳✶✮

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ s❡❣✉✐rá ♣♦r ✐♥❞✉çã♦✳ P❛r❛ k = 1✱ l = 1 ou l = 2✱ ❛ ❛✜r♠❛çã♦
é ❡q✉✐✈❛❧❡♥t❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❝♦rt❡s tr❛♥s✈❡rs❛✐s✳ ❙✉♣♦♥❤❛ ❛ ❛✜r♠❛çã♦
✈❡r❞❛❞❡✐r❛ ♣❛r❛ k − 1✳ ❱❡❥❛♠♦s q✉❡ ❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ❦✳ ❙✉♣♦♥❤❛ q✉❡ ✉♠
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❞♦s ❝♦rt❡s ❞✐✈✐❞❡ ❉✳ ❊♥tã♦✱ t❡♠♦s ❞♦✐s s✉❜❞♦♠í♥✐♦s✱ ❝❛❞❛ ✉♠ ❞✐✈✐❞✐❞♦ ♣♦r ♠❡♥♦s ❞❡ ❦
❝♦rt❡s✳ ❆s s♦♠❛s ❞❛ ❡q✉❛çã♦ 3.1 ❢♦r♥❡❝❡ ❛ ❛✜r♠❛çã♦✳ ❙❡✱ ♥♦ ❡♥t❛♥t♦✱ ♦ ❞♦♠í♥✐♦ ♥ã♦
❡st✐✈❡r ❞✐✈✐❞✐❞♦✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦rt❡✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❞♦♠í♥✐♦ D \ γ ❝♦♠♦ ❞✐✈✐❞✐❞♦
♣❡❧♦s k− 1 ❝♦rt❡s✳ ❖ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ✐❣✉❛❧❞❛❞❡ 3.1 ♥ã♦ ♠✉❞❛ ♣❛r❛ ❛ ♥♦✈❛ ❝♦♥✜❣✉r❛çã♦✱
❡ ✐ss♦ t❛♠❜é♠ é ✈á❧✐❞♦ ♣❛r❛ ♦ ❧❛❞♦ ❞✐r❡✐t♦✱ ❥á q✉❡ ♠ ❡ ❦ sã♦ ❞✐♠✐♥✉í❞♦s ❡♠ ✶✳ ■ss♦ ♣r♦✈❛
❛ ❛✜r♠❛çã♦ ♥♦ ❝❛s♦ ❞❡ ❦ ❝♦rt❡s✳

❚❡♦r❡♠❛ ✸✳✼✳ ✭❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③✮ ❙✉♣♦♥❤❛ ❘ ✉♠❛ ❛♣❧✐❝❛çã♦ ♣ró♣r✐❛
❞❡ ❣r❛✉ ❦ ❞❡ ✉♠ ❞♦♠í♥✐♦ ♠✲❝♦♥❡①♦ D s♦❜r❡ ✉♠ ❞♦♠í♥✐♦ ♥✲❝♦♥❡①♦ G ❡ q✉❡ ❘ ♣♦ss✉✐
❡①❛t❛♠❡♥t❡ r ♣♦♥t♦s ❝rít✐❝♦s ❡♠ D✱ ❝♦♥t❛❞♦s ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡✳ ❊♥tã♦

m− 2 = k(n− 2) + r.

❉❡♠♦♥str❛çã♦✳ P❛r❛ ♣r♦✈❛r♠♦s ❛ ❛✜r♠❛çã♦✱ ❧❡✈❛♠♦s ❉ ❡ ● ♣♦r ♠❡✐♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❞❡
❣r❛✉ ♠ ❡ ♥✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ❚❡♦r❡♠❛ ❞♦ ▼❛♣❡❛♠❡♥t♦ ❞❡ ❘✐❡♠❛♥♥✱ ♥♦s ❞♦♠í♥✐♦s D∗ ❡
G∗✱ ❝✉❥❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❧✐♠✐t❡ sã♦ ❝✉r✈❛s ❞❡ ❏♦r❞❛♥ ♦✉ ♣♦♥t♦s ✐s♦❧❛❞♦s✳ ■ss♦ ✐♥❞✉③ ✉♠❛
❢✉♥çã♦ ♣ró♣r✐❛ ❞❡ ❣r❛✉ ❦ ❞❡ D∗ ♣❛r❛ G∗

D∗ G∗

●❉

f ∗
ψ

f

φ

q✉❡ é ❛♥❛❧ít✐❝❛ ❡♠ D∗✳ P♦❞❡♠♦s ❛ss✐♠ ❛ss✉♠✐r q✉❡ ❢ é ❛♥❛❧ít✐❝❛ ❡♠ ❉✳ ❆❧é♠ ❞✐ss♦✱
❛ss✉♠✐♠♦s q✉❡ ❢ é ♥ã♦ r❛♠✐✜❝❛❞♦ ❡ r❡❞✉③✐rá ♦ ❝❛s♦ ❞❡ ❢ s❡r r❛♠✐✜❝❛❞♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✳

❆ ♣r♦✈❛ s❡❣✉✐rá ♣♦r ✐♥❞✉çã♦ s♦❜r❡ ♥✳ P❛r❛ n = 1✱ t♦❞♦ ✐♥✈❡rs♦ ❧♦❝❛❧ ❞❡ ❢ é
❛♥❛❧✐t✐❝❛♠❡♥t❡ ❝♦♥tí♥✉♦ ❛♦ ❧♦♥❣♦ ❞❡ q✉❛❧q✉❡r ❝❛♠✐♥❤♦ ❡♠ ● ❡✱ ♣♦rt❛♥t♦✱ é ❛♥❛❧ít✐❝♦
❡♠ ● ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ▼♦♥♦❞r♦♠✐❛✳ P♦rt❛♥t♦ ❢ é ✉♠❛ ❢✉♥çã♦ ❝♦♥❢♦r♠❡ ❞❡ ❉ ♣❛r❛ ●✳
■ss♦ ♣r♦✈❛ q✉❡ k = m = 1 ❡ q✉❡ ❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ é ✈á❧✐❞❛✳ ❖❜s❡r✈❡ ❛✐♥❞❛
q✉❡ r = 0✳

❙✉♣♦♥❤❛ n > 1✳ P♦r ♠❡✐♦ ❞❡ ✉♠ ❝♦rt❡ tr❛♥s✈❡rs❛❧ ❞✐♠✐♥✉í♠♦s ♦ ♥ú♠❡r♦ ❞❡
❝♦♥❡❝t✐✈✐❞❛❞❡ ❞❡ ●✳ ❊♥tã♦ G∗ = G \ γ é ✭♥✲✶✮✲❝♦♥❡①♦✱ ❡ ❛s ❦ ♣ré✲✐♠❛❣❡♥s ❞❡ γ ✭❡♠
❉✮ sã♦ ❝♦rt❡s tr❛♥s✈❡rs❛✐s ❞✐s❥✉♥t♦s ✭♦ ❢❛t♦ ❞❡ ❢ ♥ã♦ s❡r r❛♠✐✜❝❛❞♦ ❡ ❛♥❛❧ít✐❝♦ ❡♠ D ❡stá
s❡♥❞♦ ✉s❛❞♦ ❛q✉✐✮✱ ❡ ❡st❡s ❝♦rt❡s ❞✐✈✐❞❡♠ ♦ ❞♦♠í♥✐♦ ❉ ❡♠ ❞♦♠í♥✐♦s D1, ..., Dl✳ ❈❛❞❛
Dj é mj✲❝♦♥❡①♦ ❡ ❢ ♣ró♣r✐❛ ❞❡ ❣r❛✉ kj ❞❡ Dj ♣❛r❛ G∗✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❋ór♠✉❧❛ ❞❡
❘✐❡♠❛♥♥✲❍✉r✇✐t③ ✈❛❧❡ ♣❛r❛ (f,Dj, G

∗)✱ ✐st♦ é✱

mj − 2 = kj((n− 1)− 2)✱

❡✱ ❛❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r

m− 2 =
l∑

j=1

(mj − 2) + k =
l∑

j=1

(kj(n− 3)) + k = k(n− 2)✳
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❆❣♦r❛✱ s❡ ❢ ♣♦ss✉✐ ♣♦♥t♦s ❝rít✐❝♦s✱ ❝♦♥s✐❞❡r❛♠♦s ♦ ❞♦♠í♥✐♦ G∗ ✭♥✰s✮✲❝♦♥❡①♦✱ ❝♦♠ ●
♣❡r❢✉r❛❞♦ ♥♦s ✈❛❧♦r❡s ❝rít✐❝♦s ❞✐st✐♥t♦s w1, ..., ws✳ ❊♥tã♦ ❢ é ✉♠❛ ❢✉♥çã♦ ♣ró♣r✐❛ ♥ã♦✲
r❛♠✐✜❝❛❞❛ ❞❡ ❣r❛✉ ❦ ❞❡ D∗ = f−1(G∗) ♣❛r❛ G∗✳ P❛r❛ ❝❛❧❝✉❧❛r ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡
m∗ ❞❡ D∗ ♦❜s❡r✈❛♠♦s q✉❡ ❝❛❞❛ wj t❡♠ ❦ ♣ré✲✐♠❛❣❡♥s✱ pj ❞❛s q✉❛✐s sã♦ ❞✐s❥✉♥t❛s✱ ❡ ❛s

♠✉❧t✐♣❧✐❝✐❞❛❞❡s ❝♦rr❡s♣♦♥❞❡♥t❡s sã♦ qji ✳ ❈♦♠♦ r =
s∑

j=1

pj∑

i=1

(qji − 1) ❡♥tã♦
s∑

j=1

pj = ks− r✱

❡ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❞❡ D∗ é m∗ = m+ ks− r✳ ❆ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③✱
♣❛r❛ ♦ ❝❛s♦ ♥ã♦✲r❛♠✐✜❝❛❞♦ (f,Dj, G

∗)✱ ♥♦s ❞á

m+ ks− r − 2 = k(n+ s− 2)✳

P♦rt❛♥t♦ ❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ é ✈á❧✐❞❛ ♣❛r❛ ♦ ❝❛s♦ r❛♠✐✜❝❛❞♦✳

✸✳✷ ❉♦♠í♥✐♦s ❘❡❣✉❧❛r❡s

❙❡❥❛ f ✉♠❛ ❢✉♥çã♦ ❤♦❧♦♠♦r❢❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ z = 0 ❞❛❞❛ ♣♦r

f(z) = azk + a1z
k+1 + ..., a 6= 0, k > 1✳

❆ s❡q✉ê♥❝✐❛ (fn) é ❞❡✜♥✐❞❛ ❡ ♥♦r♠❛❧ ❡♠ ❛❧❣✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ ♦r✐❣❡♠ ❡ ❝♦♥✈❡r❣❡
✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ 0✳ ❈♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦ ❞❡ ❇ött❝❤❡r

φ ◦ f = a(φ)k. ✭✸✳✷✮

❖ ❚❡♦r❡♠❛ à s❡❣✉✐r ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠ ❞❡t❛❧❤❡s ❡♠ ❬✹❪ ❡ ❬✶✺❪✳

❚❡♦r❡♠❛ ✸✳✽✳ ❆ ❡q✉❛çã♦ ❞❡ ❇ött❝❤❡r (3.2) t❡♠ ✉♠❛ s♦❧✉çã♦ ❧♦❝❛❧ ❞❛❞❛ ♣♦r

φ(z) = z + a2z
2 + ...

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ ❞❛ ✉♥✐❝✐❞❛❞❡ ❢♦r♥❡❝❡ s✐♠✉❧t❛♥❡❛♠❡♥t❡ ✉♠❛ ✐❞é✐❛ ❞❡ ❝♦♠♦ ♣r♦✈❛r
❛ ❡①✐stê♥❝✐❛ ❞❡ ❢♦r♠❛ ❝♦♥str✉t✐✈❛✳ ❙❡ φ é ❛❧❣✉♠❛ s♦❧✉çã♦ ❡♠ | z |< r✱ ♦♥❞❡ ❛ss✉♠✐♠♦s
q✉❡ | f(z) |<| z | /2✳ ❉❛ ✐t❡r❛çã♦ ❞❛ ❡q✉❛çã♦ 3.2 t❡♠♦s

φ(z) =
kn

√
φ(fn(z))

a1+...+kn−1
= z

kn

√
φ(fn(z))

zkna1+...+kn−1
,

♦♥❞❡ ❛ s❡❣✉♥❞❛ r❛✐③ é ❞❡t❡r♠✐♥❛❞❛ ❡①❝❧✉s✐✈❛♠❡♥t❡ ♣♦r s❡✉ ✈❛❧♦r ❡♠ z = 0✿ kn
√
1 = 1.

❈♦♠♦
φ(fn(z))

fn(z)
−→ φ′(0) = 1

q✉❛♥❞♦ n −→ ∞✱ ❛ ✉♥✐❝✐❞❛❞❡ ❞❡❝♦rr❡ ❞❡
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φ(z) = lim
n−→∞

kn

√
fn(z)

a1+...+kn−1
= z lim

n−→∞
kn

√
fn(z)

zkna1+...+kn−1
.

◆❛ ♣r♦✈❛ ❞❛ ❡①✐stê♥❝✐❛ ❛ss✉♠✐♠♦s q✉❡ a = 1✱ ♣♦✐s✱ ❝❛s♦ ❝♦♥trár✐♦✱ ♣♦❞❡♠♦s s✉❜st✐t✉✐r ❢
♣❡❧♦ s❡✉ ❝♦♥❥✉❣❛❞♦ cf(z/c) ♦♥❞❡ ck−1 = a. ❚♦♠❛♥❞♦ r s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ t❛❧ q✉❡

| h(z) |=| f(z)
zk

− 1 |6 1

2
,

♣❛r❛ z ∈ D = {z; | z |< r}✱ ♦♥❞❡ rk−1 6
2
3
✳ ❊♥tã♦ 0 <| f(z) |< r ❡♠ D \ {0} ❡

φn(z) =
kn
√
fn(z) = z

kn

√
fn(z)

zkn
= z + ...

é ❜❡♠ ❞❡✜♥✐❞♦ ❡ ❤♦❧♦♠♦r❢❛ ❡♠ D✳ ❉❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❡❧❡♠❡♥t❛r

| m
√
1 + u− 1 |6 1

m
, para | u |6 1

2
,

s❡❣✉❡ q✉❡ | 1 + u |−1+ 1

m6 2. ❊♥tã♦

| φn+1(z)

φn(z)
− 1 |=| kn+1

√
1 + h(fn(z))− 1 |6 k−n−1.

❆ss✐♠✱ ♦ ♣r♦❞✉t♦

z

∞∏

n=0

φn+1(z)

φn(z)
= lim

n−→∞
φn(z)

❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ D ❡ s❡✉ ❧✐♠✐t❡ ❢♦r♥❡❝❡ ✉♠❛ s♦❧✉çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦ 3.2✳ ❖
❢❛t♦ ❞❡ φ s❛t✐s❢❛③❡r ❛ ❡q✉❛çã♦ 3.2 s❡❣✉❡ ❞❡ (φn+1)

k = φn ◦ f ✳

❉❡✜♥✐çã♦ ✸✳✾✳ φ é ❝❤❛♠❛❞❛ ❢✉♥çã♦ ❞❡ ❇ött❝❤❡r✳
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❉❡✜♥✐çã♦ ✸✳✶✵✳ ❙❡❥❛ f : D → C ✉♠❛ ❢✉♥çã♦ ❛♥❛❧ít✐❝❛ t❛❧ q✉❡ f(x, y) = u(x, y)+ iv(x, y)
❡ u, v ♣♦ss✉❡♠ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❝♦♥tí♥✉❛s✳ ❙❡

∂2u

∂x2
=

∂2v

∂x∂y
e
∂2u

∂y2
= − ∂2v

∂y∂x
,

❡♥tã♦ f é ❞✐t❛ ❤❛r♠ô♥✐❝❛✳

❉❡✜♥✐çã♦ ✸✳✶✶✳ ❙❡❥❛♠ ❉ ✉♠ ❞♦♠í♥✐♦ ❡ z0 ✉♠ ♣♦♥t♦ ♥♦ ✐♥t❡r✐♦r ❞❡ D✳ ❯♠❛ ❢✉♥çã♦
❣ ❤❛r♠ô♥✐❝❛ ❡♠ D \ {z0} é ❞✐t❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ♣❛r❛ ❉ ❝♦♠ ♣ó❧♦ ❡♠ z0 s❡ s❛t✐s❢❛③ ❛s
s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

• ❣ é ❝♦♥tí♥✉❛ ❡♠ D \ {z0} ❝♦♠ ✈❛❧♦r❡s ❞❡ ❢r♦♥t❡✐r❛ ✐❣✉❛✐s à ✵❀

• z0 é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ r❡♠♦✈í✈❡❧ ❞❡ g(z) + log | z − z0 |✭ ◆♦ ❝❛s♦ z0 = ∞ ❜❛st❛
s✉❜st✐t✉✐r | z − z0 | ♣♦r 1�z✮✳

❍á ♥♦ ♠á①✐♠♦ ✉♠❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ g(z, z0, D)✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦
❞♦ Prí♥❝✐♣✐♦ ❞♦ ▼á①✐♠♦✳ ❆ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ♥ã♦ ♣r❡❝✐s❛ ❡①✐st✐r✱ ✐ss♦ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡
❉ ❡ ♥ã♦ ❞❡ z0✳ ❙❡ ❡①✐st✐r✱ ❉ é ❝❤❛♠❛❞♦ r❡❣✉❧❛r✳

❉❡✜♥✐çã♦ ✸✳✶✷✳ ❯♠❛ s❡q✉ê♥❝✐❛ (Dn) ❞❡ ❞♦♠í♥✐♦s r❡❣✉❧❛r❡s é ❝❤❛♠❛❞❛ ❞❡ ❡①❛✉stã♦
r❡❣✉❧❛r ❞❡ ✉♠ ❞♦♠í♥✐♦ ❉ s❡

✐✮ Dn ⊂ Dn+1✱

✐✐✮ Dn ⊂ D✱

✐✐✐✮
⋃

n>0

Dn = D✳

❖❜s ✸✳✶✸✳ ❚♦❞♦ ❞♦♠í♥✐♦ ♣♦ss✉✐ ✉♠❛ ❡①❛✉stã♦ r❡❣✉❧❛r ♣♦r ♠❡✐♦ ❞❡ ❞♦♠í♥✐♦s ❧✐♠✐t❛❞♦s
♣♦r ❝✉r✈❛s ❞❡ ❏♦r❞❛♥✳ ✭ ❱❡❥❛❬✶✺❪✮✳

▲❡♠❛ ✸✳✶✹✳ ❙❡❥❛ ❱ ✉♠ ❞♦♠í♥✐♦ ❞❡ ❇ött❝❤❡r✳ ❙✉♣♦♥❤❛ D0 = {z :| z |< r} ✉♠❛ ✈✐③✐♥❤❛♥ç❛
✐♥✈❛r✐❛♥t❡ ❞♦ ♣♦♥t♦ ✜①♦ z = 0✱ ✐st♦ é✱ f(D0) ⊂ D0✳ ❙❡❥❛ Dn ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ f−n(D0)
❝♦♥t❡♥❞♦ D0✳ ❊♥tã♦ ❛ s❡q✉ê♥❝✐❛ (Dn) é ✉♠❛ ❡①❛✉stã♦ r❡❣✉❧❛r ❞❡ ❱✳ ❆❧é♠ ❞✐ss♦✱ ❱ é
s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ s❡ ❡ s♦♠❡♥t❡ s❡ ❝❛❞❛ Dn ♦ é✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ D∗
n = f−n(D0) ∩ V ✳ ❈♦♠♦ fn → 0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❧♦❝❛❧♠❡♥t❡ ❡♠ ❱

❡♥tã♦
⋃

n

D∗
n = V ✳ ❙❡ ❊ é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡ ❝♦♥❡①♦ ❞❡ ❱ ✐♥t❡rs❡çã♦ ❝♦♠ D0✱

❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❍❡✐♥❡✲❇♦r❡❧✱ ❡①✐st❡ n ∈ N t❛❧ q✉❡ E ⊂ D∗
n ❡✱ ♣♦rt❛♥t♦✱ E ⊂ Dn✳

■ss♦ t❛♠❜é♠ é ✈❡r❞❛❞❡✐r♦ ♣❛r❛ ❛❧❣✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❊ ❞❡ ❱✱ ♣♦✐s t❛❧ ❝♦♥❥✉♥t♦
♣♦❞❡ s❡r ✐♥❝♦r♣♦r❛❞♦ ❡♠ ❛❧❣✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♦ ❞❡s❝r✐t♦ ❛❝✐♠❛✳ P♦rt❛♥t♦ (Dn) é ✉♠❛
❡①❛✉stã♦ ❞❡ ❱ ❡ s✉❛ r❡❣✉❧❛r✐❞❛❞❡ s❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ q✉❡ Dn é ❧✐♠✐t❛❞♦ ♣♦r ❝✉r✈❛s ❞❡ ❏♦r❞❛♥✳
❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ (Dn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❝r❡s❝❡♥t❡✱ V =

⋃

n>0

é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ s❡ ❝❛❞❛

Dn ♦ é✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❱ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ♠❛s Dn ♥ã♦ é✱ ❡♥tã♦ Dn t❡♠ ❛❧❣✉♠❛
❝♦♠♣♦♥❡♥t❡ ❝♦♠♣❧❡♠❡♥t❛r ❈ ❝♦♥t✐❞❛ ❡♠ ❱✳ ◆❛ ❢r♦♥t❡✐r❛ ❞❡ ❈ t❡♠♦s q✉❡ | fn(z) |= r ❡
| fn(z) |< r ♥♦ ✐♥t❡r✐♦r ❞❡ ❈ ♣❡❧♦ Pr✐♥❝í♣✐♦ ❞♦ ▼á①✐♠♦✳ ◆♦ ❞♦♠í♥✐♦ Dn ∪ C t❡♠♦s q✉❡
| fn(z) |6 r✱ ❡ ❞❡ ❢❛t♦ | fn(z) |< r✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ Dn✳
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✸✳✸ ❉✐♥â♠✐❝❛ ❞❡ ❋✉♥çõ❡s ❘❛❝✐♦♥❛✐s

Pr♦♣♦s✐çã♦ ✸✳✶✺✳ ❙❡❥❛ D ⊂ Ĉ ❛❜❡rt♦✳ ❊♥tã♦ Ĉ \ D é ❝♦♥❡①♦ s❡ ❡ s♦♠❡♥t❡ s❡ ❝❛❞❛
❝♦♠♣♦♥❡♥t❡ ❞❡ ❉ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ ♦ ❝♦♠♣❧❡♠❡♥t❛r ❑ ❞❡ ❉ s❡❥❛ ❞❡s❝♦♥❡①♦✳ ❊♥tã♦✱
♣♦❞❡♠♦s s❡♣❛r❛r ❦ ♣♦r ✉♠❛ ❝✉r✈❛ ❞❡ ❏♦r❞❛♥ γ ❡♠ ❉ ❡✱ ❝♦♠♦ γ é ❝♦♥❡①❛✱ ❡❧❛ ❞❡✈❡ ❡st❛r
❡♠ ❛❧❣✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❉✳ ❖❜✈✐❛♠❡♥t❡ ❡st❛ ❝♦♠♣♦♥❡♥t❡ ♥ã♦ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳
❆ss✐♠✱ s❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❉ ❢♦r s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✱ ❑ s❡rá ❝♦♥❡①♦✳

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ ❑ s❡❥❛ ❝♦♥❡①♦ ❡ ❝♦♥s✐❞❡r❡ ❱ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ q✉❛❧q✉❡r ❞❡ ❉✳
❚♦♠❡ ◗ ❝♦♠♦ s❡♥❞♦ ❛ ✉♥✐ã♦ ❞❡ ❑ ❡ t♦❞❛s ❛s ♦✉tr❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❉✱ à s❛❜❡r Dn✱
❞✐st✐♥t❛s ❞❡ ❱✳ ❊♥tã♦ ◗✱ q✉❡ é ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ ❱✱ é ❝♦♠♣❛❝t♦✳ ❈♦♠♦ ∂Dn ⊂ K ❡
❝❛❞❛ ❝♦♥❥✉♥t♦ K ∪Dn é ❝♦♥❡①♦✱ ◗ é ❝♦♥❡①♦✳ ❈♦♠♦ ✉♠ ❞♦♠í♥✐♦ é ❝♦♥❡①♦ s❡ ❡ só s❡ s❡✉
❝♦♠♣❧❡♠❡♥t❛r é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❱ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳

❚❡♦r❡♠❛ ✸✳✶✻✳ ❙❡❥❛ ❘ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧✳ ❊♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ✭JR✮ é ❝♦♥❡①♦
s❡ ❡ s♦♠❡♥t❡ s❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉ ✭FR✮ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❛♥t❡r✐♦r✳

❚❡♦r❡♠❛ ✸✳✶✼✳ ❙❡❥❛ ❘ ✉♠❛ ❛♣❧✐❝❛çã♦ r❛❝✐♦♥❛❧ ❞❡ ❣r❛✉ ≥ 2✳ ❙✉♣♦♥❤❛ q✉❡ F0 é ✉♠❛
❝♦♠♣♦♥❡♥t❡ ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ❞❡ F (R). ❊♥tã♦✿

✐✮ ∂F0 = J(R)❀

✐✐✮ F0 ♦✉ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ♦✉ é ✐♥✜♥✐t❛♠❡♥t❡ ❝♦♥❡①♦❀

✐✐✐✮ t♦❞❛s ❛s ♦✉tr❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ F (R) sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s❀

✐✈✮ F0 é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ J(R) é ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ F0 é ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡✱ ♦ ♠❡s♠♦ ♦❝♦rr❡ ❝♦♠ s❡✉ ❢❡❝❤♦ F0✳
❆ss✐♠✱ ♣❡❧❛ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ JR✱ JR ⊂ F0✳ ❈♦♠♦ JR é ❞✐s❥✉♥t♦ ❞❡ F0✱ ❝♦♥❝❧✉í♠♦s q✉❡
JR = ∂F0✳ P♦rt❛♥t♦ ✭✐✮ ❡stá ♣r♦✈❛❞♦✳

P❛r❛ ♣r♦✈❛r♠♦s ✭✐✐✮✱ ❛ss✉♠✐♠♦s q✉❡ F0 é ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡
❝♦♠ ♥ú♠❡r♦ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ ❝ ❡ ❞❡♥♦t❛♠♦s ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ F0

♣♦r E1, ..., Ec✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✷✳✻ ❡♠ ❬✷❪✱ ❡①✐st❡ ♠ t❛❧ q✉❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ Ej é
❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ s♦❜ Rm✳ ❈♦♠♦ JR é ✐♥✜♥✐t♦✱ ✉♠ ❞♦s Ej ❞✐❣❛♠♦s E1✱ é ✐♥✜♥✐t♦✳
❆ ♠✐♥✐♠❛❧✐❞❛❞❡ ❞❡ J(Rm) ✐♠♣❧✐❝❛ q✉❡ ♦ ♠❡s♠♦ ❡stá ❡♠ E1✱ ❡ ❛ss✐♠

J(R) = J(Rm) ⊂ E1✳

P♦r ✭✐✮✱ ❝❛❞❛ Ej ❡♥❝♦♥tr❛ JR❀ ❛ss✐♠ c = 1 ❡ ✭✐✐✮ s❡❣✉❡✳

P❛r❛ ♣r♦✈❛r ✭✐✐✐✮✱ ♦❜s❡r✈❡ q✉❡ F0 = JR ∪ F0✳ ❈♦♠♦ ♦ ❢❡❝❤♦ ❞❡ ✉♠ ❝♦♥❥✉♥♦ ❝♦♥❡①♦
é ❝♦♥❡①♦✱ F0 é ❝♦♥❡①♦✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✸✳✶✺✱ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♠♣❧❡♠❡♥t❛r sã♦
s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s ❡ ❝♦♠♦ ❡ss❛s ❝♦♠♣♦♥❡♥t❡s sã♦ ❝♦♠♣♦♥❡♥t❡s ❞❡ FR✱ ❡①❝❡t♦ F0✱ ✭✐✐✐✮
s❡❣✉❡✳ ❆❣♦r❛✱ ❝♦♠♦ ❛ ❢r♦♥t❡✐r❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ é ❝♦♥❡①❛ s❡ ❡ s♦♠❡♥t❡ s❡ ♦ ❝♦♥❥✉♥t♦ ❢♦r
s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱❡ ♣♦r ✭✐✮✱ s❡❣✉❡ ✭✐✈✮✳
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❈♦r♦❧ár✐♦ ✸✳✶✽✳ ❙❡❥❛ ❘ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❞❡ ❣r❛✉ > 2✳ ❙✉♣♦♥❤❛ FR ❝♦♥❡①♦✱ ❡♥tã♦✿

✐✮ FR é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❡ JR é ❝♦♥❡①♦❀ ♦✉

✐✐✮ FR é ✐♥✜♥✐t❛♠❡♥t❡ ❝♦♥❡①♦ ❡ JR t❡♠ ✉♠ ♥ú♠❡r♦ ✐♥✜♥✐t♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s✳

❯♠ ♣♦♥t♦ ✜①♦ q✉❡ é r❡♣✉❧s♦r ♦✉ ♣❛r❛❜ó❧✐❝♦✱ ❝♦♠ ♠✉❧t✐♣❧✐❝❛❞♦r ✐❣✉❛❧ à ✶✱ é ❞✐t♦ ♣♦♥t♦
✜①♦ ❞❡ r❡♣✉❧sã♦ ❢r❛❝❛✳

❉✐③❡♠♦s q✉❡ ✉♠ ❝♦♥❥✉♥t♦ X ⊂ C s❡♣❛r❛ ❞♦✐s ❝♦♥❥✉♥t♦s A,B ⊂ C s❡ A ❡ B ❡stã♦
❝♦♥t✐❞♦s ❡♠ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞✐❢❡r❡♥t❡s ❞❡ C \X✳

❚❡♦r❡♠❛ ✸✳✶✾✳ ❙❡❥❛ ❘ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❞❡ ❣r❛✉ > 2✳ ❊♥tã♦✿

✐✮ ❙❡ ❘ t❡♠ ✉♠❛ ❜❛❝✐❛ ❛tr❛t♦r❛ ♦✉ ✉♠❛ ❜❛❝✐❛ ♣❛r❛❜ó❧✐❝❛ q✉❡ ♥ã♦ sã♦ s✐♠♣❧❡s♠❡♥t❡
❝♦♥❡①❛s✱ ❡♥tã♦ ❡①✐st❡♠ ❞♦✐s ♣♦♥t♦s ✜①♦s ❞❡ r❡♣✉❧sã♦ ❢r❛❝❛ q✉❡ sã♦ s❡♣❛r❛❞♦s ♣♦r
✉♠❛ ór❜✐t❛ ❞❛ ❜❛❝✐❛✳

✐✐✮ ❙❡ ❘ t❡♠ ✉♠ ❛♥❡❧ ❞❡ ❍❡r♠❛♥✱ ❡♥tã♦ ❡①✐st❡♠ ❞♦✐s ♣♦♥t♦s ✜①♦s ❞❡ r❡♣✉❧sã♦ ❢r❛❝❛ q✉❡
sã♦ s❡♣❛r❛❞♦s ♣♦r ✉♠❛ ór❜✐t❛ ❞♦ ❛♥❡❧✳

✐✐✐✮ ❙❡ ❉ é ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ ❋❛t♦✉ ✭FR✮ t❛❧ q✉❡ ❉ ♥ã♦ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛
❡ f(D) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✱ ❡♥tã♦ t♦❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ Ĉ \D ❝♦♥té♠ ✉♠ ♣♦♥t♦
✜①♦ ❞❡ r❡♣✉❧sã♦ ❢r❛❝❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡r r❡❢❡rê♥❝✐❛ ❬✶✷❪✱ ♣á❣✐♥❛ ✷✺✽✳

❚❡♦r❡♠❛ ✸✳✷✵✳ ❙❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ✭JR✮ ❞❡ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❘ é ❞❡s❝♦♥❡①♦✱
❡♥tã♦ ❡①✐st❡♠ ❞♦✐s ♣♦♥t♦s ✜①♦s ❞❡ ❘ t❛❧ q✉❡ ❝❛❞❛ ✉♠ ❞❡❧❡s é r❡♣✉❧s♦r ♦✉ ♣❛r❛❜ó❧✐❝♦✱ ❝♦♠
♠✉❧t✐♣❧✐❝❛❞♦r ✶✱ ❡ ♣❡rt❡♥❝❡♠ ❛ ❞✐❢❡r❡♥t❡s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛✭JR✮✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ JR ❞❡s❝♦♥❡①♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ FR q✉❡ ♥ã♦ é
s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳ ❙❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ♣❡r✐ó❞✐❝❛ ♥ã♦ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✱ ❡♥tã♦
♦s ✐t❡♥s ✭✐✮ ♦✉ ✭✐✐✮ ❞♦ ❚❡♦r❡♠❛ ❛♥t❡r✐♦r s❡ ❛♣❧✐❝❛✳ ❙❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ♣❡r✐ó❞✐❝❛s
sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s✱ ❡①✐st❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❯ ♣ré✲♣❡r✐ó❞✐❝❛ ❞❡ ♠♦❞♦ q✉❡ ❯ ♥ã♦ é
s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ ❡ R(U) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳ P♦rt❛♥t♦✱ ✭✐✐✐✮ ❞♦ ❚❡♦r❡♠❛ ❛♥t❡r✐♦r
s❡ ❛♣❧✐❝❛✳ ❉❡ q✉❛❧q✉❡r ♠❛♥❡✐r❛✱ ❡①✐st❡♠ ❞♦✐s ♣♦♥t♦s ✜①♦s r❡♣✉❧s♦r❡s q✉❡ sã♦ s❡♣❛r❛❞♦s
♣♦r FR✳

❚❡♦r❡♠❛ ✸✳✷✶✳ ❙❡❥❛ R ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❞❡ ❣r❛✉ > 2 ❡ s❡❥❛ z0 ✉♠ ♣♦♥t♦ ✜①♦
✭s✉♣❡r✮❛tr❛t♦r ❞❡ R✳ ❙❡ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ R ❡stã♦ ♥❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ✐♠❡❞✐❛t❛
A0(z0)✱ ❡♥tã♦ JR é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❈❛♥t♦r✳

❉❡♠♦♥str❛çã♦✳ ❆ ♣r♦✈❛ ❞♦ t❡♦r❡♠❛ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠ ❞❡t❛❧❤❡s ❡♠ ❬✷❪✱ ♣á❣✐♥❛ ✷✷✼✳



❈❛♣ít✉❧♦ ✹

❈♦♥❡①✐❞❛❞❡ ❞♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡

❋✉♥çõ❡s ❘❛❝✐♦♥❛✐s

✹✳✶ ❈♦♠♣♦♥❡♥t❡ ❈♦♠♣❧❡t❛♠❡♥t❡ ■♥✈❛r✐❛♥t❡

❈♦♥s✐❞❡r❡ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ R : Ĉ −→ Ĉ ❞❛ ❢♦r♠❛

R(z) =
P (z)

Q(z)
=

d1∑

j=0

ajz
j

d2∑

j=0

bjz
j

,

♦♥❞❡ P ❡ ◗ sã♦ ♣♦❧✐♥ô♠✐♦s q✉❡ ♥ã♦ ♣♦ss✉❡♠ ❢❛t♦r ❝♦♠✉♠✳

❙❡❥❛ D0(z0) = Dr(z0) ♦♥❞❡ Dr(z0) = {z; | z − z0 |< r} ⊂ A0(z0)✳ ◆♦ ❝❛s♦ q✉❡ z0 = ∞
t❡♠♦s q✉❡ D0(z0) = Ĉ \ Dr = {z; | z |> r}✳ ❉❡♥♦t❡ ♣♦r Dk+1(z0)✱ k ∈ N✱ ❛ ❝♦♠♣♦♥❡♥t❡

❝♦♥❡①❛ ❞❡ R−1(Dk(z0)) q✉❡ ❝♦♥té♠ z0✳ ❖❜s❡r✈❡ q✉❡ Dk(z0) ⊂ Dk+1(z0) ❡
∞⋃

k=0

Dk(z0) ❢♦r♠❛

✉♠❛ ❡①❛✉stã♦ r❡❣✉❧❛r ❞❡ A0(z0)✳

❊s❝r❡✈❡r❡♠♦s Dk ❡♠ ✈❡③ ❞❡ Dk(z0) s❡♠♣r❡ q✉❡ ❡st✐✈❡r ❝❧❛r♦ q✉❛❧ ♣♦♥t♦ ✜①♦ ❡stá s❡♥❞♦
❝♦♥s✐❞❡r❛❞♦✳

▲❡♠❛ ✹✳✶✳ ❙❡❥❛ z0 ✉♠ ♣♦♥t♦ ✜①♦ ❛tr❛t♦r ❞❡ R✳ ❊♥tã♦✿

❛✮ ❖ ♥ú♠❡r♦ ❞❡ ❝♦♥❡❝t✐✈✐❞❛❞❡ mDν
s❛t✐s❢❛③ ✿

✐✮ mDν+1
> mDν

✱ ν ∈ N✳

✐✐✮ ❙❡ mDk
> 2 ❡♥tã♦ mDν+1

> mDν
✱ ♣❛r❛ t♦❞♦ ν > k✳

✹✺
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❜✮ ❆s s❡❣✉✐♥t❡s r❡❧❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s ✿

✐✮ A0(z0) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❀

✐✐✮ Dν(z0) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ✱ ν ∈ N ❀

✐✐✐✮ kDν
= rDν

+ 1 ✱ ν = 1, 2, ...✱ ♦♥❞❡ kDν
é ♦ ❣r❛✉ t♦♣ó❧♦❣✐❝♦ ❡ rDν

é ♦ ♥ú♠❡r♦ ❞❡
♣♦♥t♦s ❝rít✐❝♦s ❡♠ Dν✱ ❝♦♥t❛❞♦s ❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡✳

❉❡♠♦♥str❛çã♦✳ ❛✮ ✐✮ ❙❡❣✉❡ ❞❛ ❉❡✜♥✐çã♦ ❞❡ Dν+1✳

✐✐✮ ❈♦♥s✐❞❡r❡ R : Dν → Dν−1✳ P❡❧❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ t❡♠♦s

mDν
− 2 = kDν

(mDν−1
− 2) + rDν

.

❙✉♣♦♥❤❛♠♦s mD1
> 2✳ ❱❡❥❛♠♦s q✉❡ rD1

> 2✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ ♦ ❝♦♥trár✐♦✱
♦✉ s❡❥❛✱ q✉❡ rD1

< 2✳ P❡❧❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ t❡♠♦s

mD1
= rD1

− kD1
+ 2.

❈❛s♦ rD1
= 0 t❡♠♦s q✉❡ mD1

< 2✱ ❛❜s✉r❞♦✳ ❆❣♦r❛✱ ❝❛s♦ rD1
= 1 t❡♠♦s q✉❡

mD1
= 3− kD1

♦ q✉❡ ✐♠♣❧✐❝❛ kD1
6 1✱ ♦ q✉❡ t❛♠❜é♠ é ❛❜s✉r❞♦ ♣♦✐s ❞❡✈❡♠♦s

t❡r✱ ♣❡❧❛ ♦❜s❡r✈❛çã♦ ✸✳✺✱ kD1
mD0

> mD1
✳ P♦rt❛♥t♦ rD1

> 2✳ ❈♦♠♦ Dν−1 ⊂ Dν ✱
rDν

> 2 ❡ mDν
> 2 ♣❛r❛ t♦❞♦ ν > 1✳ ❉❛í✱

(mDν
− 1)(kDν+1

− 1) + rDν+1
> 0

❞♦♥❞❡ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❜✮ (i) ⇔ (ii) ❙❡❣✉❡ ❞♦ ▲❡♠❛ ✸✳✶✹✳

(ii) ⇔ (iii) ❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③✳

❉♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡ mDν
= 1 ♣❛r❛ t♦❞♦ ν ♦✉ mDν

−→ ∞ s❡ ν −→ ∞✱ ♦✉
s❡❥❛ ✱ ❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ✐♠❡❞✐❛t❛ ❞❡ ✉♠ ♣♦♥t♦ ✜①♦ ❛tr❛t♦r é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ ♦✉ é
✐♥✜♥✐t❛♠❡♥t❡ ❝♦♥❡①❛✳ ❉❛í ✱ s❡ A0(z0) ❢♦r ✐♥✜♥✐t❛♠❡♥t❡ ❝♦♥❡①❛ ✱ JR é ❞❡s❝♦♥❡①♦✱ ♦✉ s❡❥❛✱
s❡ ❡①✐st❡ k > 1 t❛❧ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ❝♦♥t✐❞♦s ❡♠ Dk(z0) é ♣❡❧♦ ♠❡♥♦s ✐❣✉❛❧
❛♦ ♥ú♠❡r♦ ❞❡ ♣ré✲✐♠❛❣❡♥s ❞❡ z0 ✱ ❝♦♥t❛❞❛s ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡✱ JR é ❞❡s❝♦♥❡①♦✳

❚❡♦r❡♠❛ ✹✳✷✳ ❙❡❥❛ ❘ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❞❡ ❣r❛✉ d > 2 ❡ s❡❥❛ z0 ✉♠ ♣♦♥t♦ ✜①♦ ❛tr❛t♦r✳
❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛ ν̂ ∈ N t❛❧ q✉❡ Dν̂(z0) s❡❥❛ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❝♦♥t❡♥❞♦ t♦❞❛s ❛s
❞ ♣ré✲✐♠❛❣❡♥s ❞❡ z0✳ ❊♥tã♦ JR é ❝♦♥❡①♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ A(z0) ❝♦♥té♠ ❡①❛t❛♠❡♥t❡ d−1
♣♦♥t♦s ❝rít✐❝♦s✳

❉❡♠♦♥str❛çã♦✳ (⇐) ◆♦t❡ q✉❡ s❡ ❡①✐st✐r ν̂ ∈ N t❛❧ q✉❡ Dν̂(z0) ⊂ A0(z0) ❝♦♥té♠
t♦❞❛s ❛s d ♣ré✲✐♠❛❣❡♥s ❞❡ z0 ❡♥tã♦ A0(z0) = A(z0) ❡✱ ❛❧é♠ ❞✐ss♦✱ é ✉♠❛ ❝♦♠♣♦♥❡♥t❡
❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ❞❡ FR✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✼✱ t♦❞❛s ❛s ♦✉tr❛s ❝♦♠♣♦♥❡♥t❡s ❞❡
FR sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s✳ ▼♦str❛r❡♠♦s q✉❡ A(z0) t❛♠❜é♠ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳
❈♦♥s✐❞❡r❡ R : Dν̂ −→ Dν̂−1✳ ❈♦♠♦ Dν̂ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❡ Dν̂−1 ⊂ Dν̂ ✱ ♣❡❧♦ ▲❡♠❛
✹✳✶✱ mDν̂−1

= 1✳ ❉❛í✱ s❡❣✉❡ ♣❡❧❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ q✉❡ rDν̂
= d− 1✱ ♦✉ s❡❥❛✱

Dν̂ ❝♦♥té♠ ❡①❛t❛♠❡♥t❡ d − 1 ♣♦♥t♦s ❝rít✐❝♦s✳ ❙❡ ♥❡♥❤✉♠ ♦✉tr♦ ♣♦♥t♦ ❝rít✐❝♦ ❛❞✐❝✐♦♥❛❧

❡st✐✈❡r ❡♠ A(z0) ♥ã♦ ❡st❛rá ❡♠ ♥❡♥❤✉♠ Dν ♣♦✐s A(z0) =
∞⋃

ν=1

Dν(z0) ❡ ❛ss✐♠ ♣❡❧❛ ❋ór♠✉❧❛
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❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ t♦❞♦s ♦s D′
νs sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦s✳ ❙❡❣✉❡✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✱

q✉❡ A0(z0) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ ♦ q✉❡ ✐♠♣❧✐❝❛ A(z0) s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳ ▲♦❣♦ JR é
❝♦♥❡①♦✳

(⇒)❙❡ ❡①✐st✐r ❛❧❣✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❛❞✐❝✐♦♥❛❧ ❡♠ A0(z0) q✉❡ ♥ã♦ ❡stá ❡♠ Dν̂ ✱ ♣❡❧❛
♦❜s❡r✈❛çã♦ ❛♥t❡r✐♦r✱ JR é ❞❡s❝♦♥❡①♦✳

❚❡♦r❡♠❛ ✹✳✸✳ ❙❡❥❛ R =
ad1P

Q
✱ ♦♥❞❡ P ❡ ◗ sã♦ ♣♦❧✐♥ô♠✐♦s ♠ô♥✐❝♦s ❞❡ ❣r❛✉ d1 ❡ d2✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ t❛❧ q✉❡ d1 > d2 + 2✳ ❙✉♣♦♥❤❛ q✉❡ P ♣♦ss✉❛ t♦❞❛s ❛s s✉❛s r❛í③❡s ❡♠ Dr1

❡ ◗ ♣♦ss✉❛ t♦❞❛s ❛s s✉❛s r❛í③❡s ❡♠ {r2 <| z |6 r3} ♦♥❞❡ 0 < r1 < r2 < r3✳ ❙❡ ♦s r❛✐♦s
s❛t✐s❢❛③❡♠✿

r2 (r2 + r3)
d2

(r2 − r1)
d1

6| ad1 |,

❡♥tã♦ A(∞) = A0(∞)✳ ❆❧é♠ ❞✐ss♦ ✱ s❡ t♦❞❛s ❛s r❛í③❡s ❞❡ P ❡ ◗ sã♦ s✐♠♣❧❡s ❡ ❡stã♦ ♥♦s
✐♥t❡r✈❛❧♦s (−r1, r1) ❡ (r2, r3] ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✱ ad1 ∈ R ❡ R([−r1, r1]) ⊂ [−r1, r1] , ❡♥tã♦
JR é ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✳ ❆✜r♠❛♠♦s q✉❡ |R(z)| > |z| ♣❛r❛ |z| > r2 ✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ❛s r❛í③❡s ❞❡
P ❡stã♦ ❡♠ Dr1 ❡ ❛s r❛í③❡s ❞❡ ◗ ❡stã♦ ❡♠ {r2 <| z |6 r3} ❡♥tã♦ |P (z)| > (|z| − r1)

d1 ❡
|Q(z)| < (|z| + r3)

d2 ✳ ❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ (|z| − r1)
d1 > (r2 − r1)

d1 ❡ |z|(|z| + r3)
d2 >

r2(r2 + r3)
d2 ✳ ❉❛í✱ s❡❣✉❡ q✉❡

|R(z)|
|z| =

|ad1 ||P (z)|
|z||Q(z)| >

|ad1 |(|z| − r1)
d1

|z|(|z|+ r3)d2
>

|ad1 |(r2 − r1)
d1

r2(r2 + r3)d2
> 1.

❆❣♦r❛✱ ♦❜s❡r✈❡ q✉❡ Rn(z) → ∞, | z |> r2✳ ❈♦♠ ❡❢❡✐t♦✱ s❡ Rn(z) 9 ∞✱ Rn(z) é
❧✐♠✐t❛❞❛ ❡✱ ♣♦rt❛♥t♦ ♣♦ss✉✐ s✉❜s❡q✉ê♥❝✐❛ ❝♦♥✈❡r❣❡♥t❡✳ ❙✉♣♦♥❤❛♠♦sRnj ✉♠❛ s✉❜s❡q✉ê♥❝✐❛
❝♦♥✈❡r❣❡♥t❡ ❞❡ Rn(z) ❝♦♠ lim

nj→∞
Rnj(z) = z0, | z0 |> r2✳ ❉❛í✱ R( lim

nj→∞
Rnj(z)) = R(z0)✳

▼❛s✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ R( lim
nj→∞

Rnj(z)) = lim
nj→∞

Rnj+1(z) = z0✳ ❆ss✐♠✱ | R(z0) |=| z0 |✱ ♦
q✉❡ é ❛❜s✉r❞♦✱ ♣❡❧❛ ❛✜r♠❛çã♦ ❛❝✐♠❛✳ P♦rt❛♥t♦ Rn(z) → ∞, | z |> r2 ❡ t♦❞♦s ♦s ♣ó❧♦s ❞❡
❘ ❡stã♦ ❡♠ A0(∞) ❞♦♥❞❡ ❝♦♥❝❧✉í♠♦s q✉❡ A(∞) = A0(∞)✳

➚ s❡❣✉✐r✱ ♠♦str❛r❡♠♦s q✉❡ A(∞) ❝♦♥té♠ ❡①❛t❛♠❡♥t❡ d1 − 1 ♣♦♥t♦s ❝rít✐❝♦s✳ ❈♦♠♦✱
♣♦r ❤✐♣ót❡s❡✱ t♦❞♦s ❛s r❛í③❡s ❞❡ P ❡ Q sã♦ s✐♠♣❧❡s ❡ ❧♦❝❛❧✐③❛❞❛s ❡♠ (−r1, r1) ❡ [r2, r3)✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

P (z) = (z − w1)(z − w2)...(z − wd1)

Q(z) = (z − q1)(z − q2)...(z − qd2)
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♦♥❞❡ P (wi) = 0 ❡ Q(qj) = 0✳

❖❜s❡r✈❡ q✉❡

R′(z) = ad1
P ′Q− PQ′

Q2

❡ s❡✉ ❣r❛✉ é d1 + d2 − 1✳ ❉❛í✱ ∞ é ✉♠❛ r❛✐③ ❞❡ R′ ❞❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ d1 − d2 − 1✳

❈♦♥s✐❞❡r❡ ♦ ♥✉♠❡r❛❞♦r ❞❡ R′ ❝♦♠ ad1 ∈ R+✳ ◆♦t❡ q✉❡ ♦ ♥✉♠❡r❛❞♦r ❞❡ R′ ♣♦❞❡ s❡r
❡s❝r✐t♦ ❝♦♠♦✿

(P ′Q− PQ′) = [(z − w2)...(z − wd1) + ...+ (z − w1)...(z − wd1−1)]Q

− [(z − q2)...(z − wd2) + ...+ (z − q1)...(z − qd2−1)]P.

❉❛í✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ R′ ♣♦ss✉✐ ✉♠❛ r❛✐③ ❡♥tr❡ ❞✉❛s r❛í③❡s ❝♦♥s❡❝✉t✐✈❛s ❞❡ Q ❡ ✉♠❛ r❛✐③
❡♥tr❡ ❛ ♠❛✐♦r r❛✐③ ❞❡ Q ❡ ♦ ✐♥✜♥✐t♦✳ P♦rt❛♥t♦ A(∞) ♣♦ss✉✐ d1−d2−1+d2 = d1−1 ♣♦♥t♦s
❝rít✐❝♦s✳ ❚❛♠❜é♠ ❝♦♥❝❧✉✐✲s❡ q✉❡ R′ ♣♦ss✉✐ ✉♠❛ r❛✐③ ❡♥tr❡ ❞✉❛s r❛í③❡s ❝♦♥s❡❝✉t✐✈❛s ❞❡ P ✱
♦✉ s❡❥❛✱ R ♣♦ss✉✐ d1 − 1 ♣♦♥t♦s ❝rít✐❝♦s ❡♠ [−r1, r1]✳ ❈♦♠♦ ❘ ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ 2d1 − 2
♣♦♥t♦s ❝rít✐❝♦s✱ ❡♥tã♦ A(∞) ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ d1− 1 ♣♦♥t♦s ❝rít✐❝♦s✳ P❡❧❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡
R ❡♠ [−r1, r1] ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✱ JR é ❝♦♥❡①♦✳

✹✳✷ ❈♦♥❡①✐❞❛❞❡ ❞❛ ❇❛❝✐❛ ❞❡ ❆tr❛çã♦ ❡ ❞♦ ❈♦♥❥✉♥t♦ ❞❡

❏✉❧✐❛

◆❛ s❡çã♦ ❛♥t❡r✐♦r ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s q✉❡ ❣❛r❛♥t❡♠ ❛ ❝♦♥❡①✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡
❏✉❧✐❛ q✉❛♥❞♦ A(z0) = A0(z0)✳ ◆❡st❛ s❡çã♦✱ ❛♦ ❝♦♥trár✐♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱ ❛♣r❡s❡♥t❛♠♦s
r❡s✉❧t❛❞♦s q✉❡ ❣❛r❛♥t❡♠ ❛ ❝♦♥❡①✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ♠❛s A(z0) = A0(z0) ♥ã♦ é
♥❡❝❡ss❛r✐❛♠❡♥t❡ s❛t✐s❢❡✐t♦✳

❙❡❥❛ w ♣ré✲✐♠❛❣❡♠ ❞❡ z0 s♦❜ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❘✳ ❊♥tã♦ ❞❡✜♥✐♠♦s Uk+1(z0, w)
❝♦♠♦ s❡♥❞♦ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ R−1(Dk(z0)) ❝♦♥t❡♥❞♦ w✳ ❖❜s❡r✈❡ q✉❡ Uk(z0, z0) =
Dk(z0)✳ ❙❡ w1, w2, ..., wl sã♦ ♣ré✲✐♠❛❣❡♥s ❞❡ z0✱ Un(z0, w1), ..., Un(z0, wl) sã♦ ❞✐s❥✉♥t♦s
❡ Un+1(z0, w1) = ... = Un+1(z0, wl) ❡♥tã♦ ❞✐③❡♠♦s q✉❡ ❡ss❡s ❝♦♥❥✉♥t♦s s❡ ❢✉♥❞❡♠✳
❉❡♥♦t❛♠♦s ♣♦rW k

j (z0) ❛ ❥✲és✐♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ R−k(D0(z0)) ❝♦♠ ❛ ❝♦♥✈❡♥çã♦W k
0 (z0) :=

Dk(z0)✳

◗✉❛♥❞♦ ❡st✐✈❡r ❝❧❛r♦ q✉❛❧ ♣♦♥t♦ ✜①♦ z0 ❡stá s❡♥❞♦ ❝♦♥s✐❞❡r❛❞♦✱ ❡s❝r❡✈❡r❡♠♦s Dk ❡♠
✈❡③ ❞❡ Dk(z0)✱ Uk(w) ❡♠ ✈❡③ ❞❡ Uk(z0, w) ❡ W k

j ❡♠ ✈❡③ ❞❡ W k
j (z0)✳

❉❡✜♥✐çã♦ ✹✳✹✳ ❙❡❥❛ z0 ✉♠ ♣♦♥t♦ ✜①♦ ❛tr❛t♦r ❞❡ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❘✳ ❉✐③❡♠♦s q✉❡
✉♠ ♣♦♥t♦ ③ t❡♥❞❡ à z0 ✈✐❛ ✉♠❛ ♣ré✲✐♠❛❣❡♠ ❞❡ z0 s❡ ❤♦✉✈❡r ✉♠❛ ✐t❡r❛çã♦ ❞❡ ③ q✉❡ ❡stá
❡♠ ❛❧❣✉♠ Uk(w) ❛♥t❡s ❞❡ ❡st❛r ❡♠ Dk✱ ✐st♦ é✱ ❡①✐st❡♠ j ∈ N✱ w 6= z0 t❛❧ q✉❡ R(w) = z0
❡ k t❛✐s q✉❡

Rj(z) ∈ Uk(w) 6= Dk✳
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◆♦ ❝❛s♦ z0 = ∞ ❞✐③❡♠♦s q✉❡ ③ t❡♥❞❡ ❛♦ ∞ ✈✐❛ ✉♠ ♣ó❧♦✳

▲❡♠❛ ✹✳✺✳ ❙❡❥❛ z0 ✉♠ ♣♦♥t♦ ✜①♦ ❛tr❛t♦r ❡ s❡❥❛ ❆ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ Ĉ \ ⋃j W
n
j (z0)

♣❛r❛ ❛❧❣✉♠ n ∈ N✳ ❊♥tã♦ Rn(A ∩ JR) = JR✳

❉❡♠♦♥str❛çã♦✳ ❉❡✜♥❛ W n =
⋃

j W
n
j (z0)✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠ ♣♦♥t♦ z1 ∈ JR t❛❧ q✉❡

z1 /∈ Rn(A ∩ JR)✳ P♦r ✉♠❛ ❝♦♠♣♦s✐çã♦ ❝♦♠ ✉♠❛ ❚r❛♥s❢♦r♠❛çã♦ ❞❡ ▼ö❜✐✉s✱ ♣♦❞❡♠♦s
s✉♣♦r z0 = 0 ❡ z1 = ∞✳ ❉❛ ❞❡✜♥✐çã♦ ❞❡ W n

j ❡ ❞❡ D0 = Dr(0) = {z; | z |< r}✱ s❡❣✉❡ q✉❡

| Rn(z) |< r, z ∈ W n✳

P♦r ❤✐♣ót❡s❡✱ ∞ ❡ t♦❞❛s ❛s s✉❛s ♣ré✲✐♠❛❣❡♥s ❡stã♦ ❡♠ JR✳ ❆❧é♠ ❞✐ss♦✱ ∞ /∈ Rn(A∩JR) ❡
♣♦rt❛♥t♦ ∞ /∈ Rn(A)✱ ♣♦✐s✱ ❝❛s♦ ∞ ∈ Rn(A) ❡①✐st✐r✐❛ z ∈ A t❛❧ q✉❡ Rn(z) = ∞ ❡ z ∈ JR✳
❉❛í✱ ∞ ∈ Rn(A ∩ JR)✱ ♦ q✉❡ é ❝♦♥tr❛❞✐çã♦✳ ❈♦♠♦ ∞ /∈ Rn(A) ♥❡♥❤✉♠ ♣ó❧♦ ❞❡ ❘ ❡stá
❡♠ W n ∪ A✳ ❊♥tã♦ Rn é ❤♦❧♦♠♦r❢❛ ❡♠ W n ∪ A✳

◆♦t❡ q✉❡ W n ∪ A = int(W n ∪ A)✳ ❈♦♠ ❡❢❡✐t♦✱ s❡ z ∈ int(W n ∪ A)✱ ❡①✐st❡ ε > 0 t❛❧
q✉❡ B(z, ε) ⊂ W n ∪ A✱ ♦✉ s❡❥❛✱ B(z, ε) ⊂ W n ♦✉ B(z, ε) ⊂ A✳ ❙❡ B(z, ε) ⊂ A✱ é ó❜✈✐♦
q✉❡ z ∈ W n ∪ A✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ B(z, ε) ⊂ W n ❡♥tã♦ B(z, ε) ⊂ ∂W n ∪W n✳ ❈❛s♦
B(z, ε) ⊂ W n✱ z ∈ W n ∪A✳ ❈❛s♦ ❝♦♥trár✐♦✱ B(z, ε)∩A∪ (Ĉ \ (W n ∪A)) 6= ∅✳ ❖✉ ❛✐♥❞❛✱
B(z, ε)∩A 6= ∅ ♦✉ B(z, ε)∩(Ĉ\(W n∪A)) 6= ∅✳ ▼❛s B(z, ε)∩(Ĉ\(W n∪A)) 6= ∅ ❝♦♥tr❛r✐❛
♦ ❢❛t♦ ❞❡ Rn s❡r ❤♦❧♦♠♦r❢❛ ❡♠ W n ∪ A✳ P♦rt❛♥t♦ z ∈ W n ∪ A✳ ❆❣♦r❛✱ s❡ z ∈ W n ∪ A✱
❡♥tã♦ z ∈ W n ♦✉ z ∈ A✳ ❙❡ z ∈ W n é ó❜✈✐♦ q✉❡ z ∈ int(W n ∪ A)✳ ❙❡ z ∈ A ❡♥tã♦
z ∈ intA ♦✉ z ∈ ∂A✳ ❈❛s♦ z ∈ intA é ❡✈✐❞❡♥t❡ q✉❡ z ∈ int(W n ∪ A)✳ ❈❛s♦ ❝♦♥trár✐♦✱ s❡
z ∈ ∂A✱ ♣❛r❛ t♦❞♦ ε > 0 t❡♠♦s q✉❡ B(z, ε) ∩W n 6= ∅ ♦✉ B(z, ε) ∩ (Ĉ \ (W n ∪ A)) 6= ∅✳
▼❛s B(z, ε)∩ (Ĉ \ (W n ∪A)) 6= ∅ ❝♦♥tr❛r✐❛ ♦ ❢❛t♦ ❞❡ Rn s❡r ❤♦❧♦♠♦r❢❛ ❡♠ W n ∪A✳ ▲♦❣♦
z ∈ int(W n ∪ A)✳

❈♦♠♦W n∪A = int(W n ∪ A) ❡ Rn é ❤♦❧♦♠♦r❢❛ ❡♠W n∪A✱ ♣❡❧♦ Prí♥❝✐♣✐♦ ❞♦ ▼ó❞✉❧♦
▼á①✐♠♦ t❡♠♦s q✉❡ Rn ❛ss✉♠❡ ✈❛❧♦r ♠á①✐♠♦ ❡♠ ∂(W n ∪ A)✱ ♦✉ s❡❥❛✱ | Rn(z) |6 r, z ∈
W n ∪ A✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ t♦❞♦ z ∈ A✳ P♦rt❛♥t♦ s❡ z ∈ A t❛♠❜é♠ ♣❡rt❡♥❝❡ à W n✱ ♦
q✉❡ é ❝♦♥t❛❞✐çã♦✳

▲❡♠❛ ✹✳✻✳ ❙❡❥❛♠ A1, ..., Ar ⊂ FR ❞♦♠í♥✐♦s ❞✐s❥✉♥t♦s t❛✐s q✉❡ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡
Ĉ \ ⋃r

j=1Aj ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ♣♦♥t♦ ❞❡ JR✳ ❙❡❥❛ ❆ ✉♠ ❞♦♠í♥✐♦ t❛❧ q✉❡ A ⊂ FR ❡
r⋃

j=1

Aj ⊂ A✱ ❡♥tã♦

mA > (
r∑

j=1

mAj
)− (r − 1)✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡ ❝♦♥str✉ír❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ Br✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡
❝♦♥❡①♦✱ t❛❧ q✉❡ Ĉ \ A ⊂ Br✳ ❙❡❥❛ B ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r✳ ❉❡♥♦t❛♠♦s ♣♦r nc(B)
♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ B✳ ❉❡✜♥❛ B0 = Ĉ✱ ❞❡ ♠♦❞♦ q✉❡ nc(B0) = 1✳
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■♥❞✉t✐✈❛♠❡♥t❡✱ t♦♠❡ Bj = Bj−1 \Aj✳ ❖❜s❡r✈❡ q✉❡ ♦s ❝♦♥❥✉♥t♦s Bj sã♦ ❢❡❝❤❛❞♦s ❡ q✉❡ Bj

♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ Bj = Ĉ \
j⋃

k=1

Ak✳

◆♦t❡ q✉❡ nc(Bj) = n(Bj−1) +mAj
− 1. ❉❛í✱

nc(Br) = nc(Br−1) +mAr
− 1 = nc(Br−2) +mAr−1

+mAr
− 2 = ... =

mA1
+ ...+mAr

− r + 1 = (
r∑

j=1

mAj
)− (r − 1)✳

❈♦♠♦ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ Br = Ĉ \
r⋃

j=1

Aj ❝♦♥té♠ ❡❧❡♠❡♥t♦s ❞❡ JR ❡ Ĉ \ A ⊂ Br

❝♦♥❝❧✉í♠♦s q✉❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ Br t❛♠❜é♠ ❝♦♥té♠ ♣♦♥t♦s ❞❡ Ĉ \ A✳ ❉❛í Ĉ \ A
❝♦♥s✐st❡ ❡♠ ♣❡❧♦ ♠❡♥♦s nc(Br) ❝♦♠♣♦♥❡♥t❡s t❛✐s q✉❡

mA > nc(Br) = (
r∑

j=1

mAj
)− (r − 1)✳

❚❡♦r❡♠❛ ✹✳✼✳ ❙❡❥❛ z0 ✉♠ ♣♦♥t♦ ✜①♦ ❛tr❛t♦r ❞❡ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❘✳ ❊♥tã♦ A0(z0)
é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ Dν̂(z0) s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ν̂ ∈ N✱
t❛❧ q✉❡ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s q✉❡ ♥ã♦ ❡stã♦ ❡♠ Dν̂(z0)✱ ♦✉ ♥✉♥❝❛ ❡♥tr❛♠ ❡♠ A0(z0)
♦✉ t❡♥❞❡♠ à z0✱ ✈✐❛ ✉♠❛ ♣ré✲✐♠❛❣❡♠ ❞❡ z0 q✉❡ ♥ã♦ ❡stá ❡♠ Dν̂(z0)✳ ◆❡ss❡ ❝❛s♦✱
deg(R,A0(z0)) = deg(R,Dν̂(z0)) = rDν̂

− 1✳

❉❡♠♦♥str❛çã♦✳ (⇒) ❙✉♣♦♥❤❛♠♦s q✉❡ A0(z0) s❡❥❛ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳ P❡❧♦ ▲❡♠❛ ✹✳✶✱
Dν é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ♣❛r❛ t♦❞♦ ν ∈ N✳ ❚♦♠❡ ν̂ ∈ N t❛❧ q✉❡ Dν̂ ❝♦♥té♠ t♦❞♦s ♦s
♣♦♥t♦s ❝rít✐❝♦s ❞❡ R q✉❡ ❡stã♦ ❡♠ A0(z0)✳ ❊♥tã♦ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s r❡st❛♥t❡s ♥✉♥❝❛
❡♥tr❛♠ ❡♠ A0(z0) ♦✉ t❡♥❞❡♠ à z0 ✈✐❛ ✉♠❛ ♣ré✲✐♠❛❣❡♠ ❞❡ z0 q✉❡ ♥ã♦ ❡stá ❡♠ A0(z0) ❡✱
♣♦rt❛♥t♦✱ ♥ã♦ ❡stá ❡♠ Dν̂ ✳ ❆❣♦r❛✱ ❝♦♠♦ t♦❞♦s ♦s D′

νs sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦s ❡ Dν̂

❝♦♥té♠ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ❡♠ A0(z0)✱ ♣❡❧❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ t❡♠♦s

deg(R,Dν̂) = deg(R,A0(z0)) = rDν̂
− 1✳

(⇐) ❆❣♦r❛✱ ❛ ✐❞é✐❛ é ♠♦str❛r♠♦s q✉❡ ♦s ♣♦♥t♦s ❝rít✐❝♦s q✉❡ ♥ã♦ ❡stã♦ ❡♠ Dν̂ ♥ã♦
♣♦❞❡♠ ❡st❛r ❡♠ A0(z0)✳ ❙❡❥❛♠ c1, ..., cl ♦s ♣♦♥t♦s ❝rít✐❝♦s q✉❡ t❡♥❞❡♠ à z0 ✈✐❛ ♣ré✲
✐♠❛❣❡♥s wci /∈ Dν̂ ❡ s❡❥❛ zci ∈ {c1, ..., cl}✳ ❖❜s❡r✈❡ q✉❡ s❡ zci ∈ Dν , ν > ν̂✱ ❡♥tã♦
Dν = Uν(wi), wi /∈ Dν̂ ❡✱ s❡ Dν ♥ã♦ s❡ ❢✉♥❞❡ ❛ ♥❡♥❤✉♠ Uν ✱ ♣❛r❛ t♦❞♦ ν > ν̂✱ ❡♥tã♦
zci /∈ Dν ✳ ▲♦❣♦ s❡ Dν ♥ã♦ s❡ ❢✉♥❞❡ ❛ ♥❡♥❤✉♠ Uν ♣❛r❛ t♦❞♦ ν > ν̂ ❡♥tã♦ zci /∈ Dν ❡
deg(R,Dν) = rDν̂

− 1✳ P♦rt❛♥t♦✱ Dν é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ♣❛r❛ t♦❞♦ ν ∈ N✳ ❙❡❣✉❡ ❞♦
▲❡♠❛ ✹✳✶ q✉❡ A0(z0) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳ ❆❣♦r❛✱ s❡ Dν s❡ ❢✉♥❞❡ à ❛❧❣✉♥s U ′

νs✱ ♦✉ s❡❥❛✱
❡①✐st❡ ν > ν̂ t❛❧ q✉❡ deg(R,Dν̂) = deg(R,Dν) ✭♦ q✉❡ ✐♠♣❧✐❝❛ Dν s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✮✱
Dν 6= Uν(w1) 6= ... 6= Uν(wλ) ♠❛s Dν+1 = Uν+1(w1) = ... = Uν+1(wλ) ❡ ♦ r❡st❛♥t❡ ❞♦s
Uν+1 sã♦ ❞✐s❥✉♥t♦s ❞❡ Dν+1✱ ❡♥tã♦ ❘ ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦ ❝rít✐❝♦ ❡♠



❈❆P❮❚❯▲❖ ✹✳ ❈❖◆❊❳■❉❆❉❊ ❉❖ ❈❖◆❏❯◆❚❖❉❊ ❏❯▲■❆ ❉❊ ❋❯◆➬Õ❊❙ ❘❆❈■❖◆❆■❙✺✶

Dν+1 \ (Dν

λ⋃

j=1

Uν(wj))✳

▲♦❣♦

rDν+1
= rDν

+
λ∑

j=1

rUν
(wj).

❊✱ ♦❜✈✐❛♠❡♥t❡

kDν+1
= kDν

+
λ∑

j=1

kUν
(wj).

P❡❧❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ t❡♠♦s

R : Uν(wj) → Dν−1 : mUν(wj) − 2 = −kUν(wj) + rUν(wj).

R : Dν → Dν−1 : mDν
− 2 = kDν

(mDν−1
− 2) + rDν

⇒ −1 = −kDν
+ rDν

.

❈♦♥s✐❞❡r❡ R : Dν+1 → Dν ✳ P❡❧♦ ♦ q✉❡ ❢♦✐ ♠♦str❛❞♦ ❛❝✐♠❛ ❡ ♣❡❧❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲
❍✉r✇✐t③ t❡♠♦s q✉❡

mDν+1
− 2 = −kDν+1

+ rDν+1

= −(kDν
+

λ∑

j=1

kUν
(wj)) + rDν

+
λ∑

j=1

rUν
(wj)

= −1 +
λ∑

j=1

(mUν(wj) − 2)

❉❛í✱ s❡❣✉❡ q✉❡

mDν+1
= (

λ∑

j=1

mUν(wj))− (2λ− 1) < (
λ∑

j=1

mUν(wj))− (λ− 1)✳

P❡❧♦s ▲❡♠❛s ✹✳✺ ❡ ✹✳✻ t❡♠♦s q✉❡

mDν+1
> (

λ∑

j=1

(mUν(wj))− (λ− 1),

♦ q✉❡ é ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ ♣❛r❛ ❝❛❞❛ ν > ν̂✱ Dν ♥ã♦ s❡ ❢✉♥❞❡ à ♥❡♥❤✉♠ Uν ❡ Dν

❝♦♥té♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s q✉❡ Dν̂ ✳ ▲♦❣♦ ❝❛❞❛ Dν é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱
♦ q✉❡ ✐♠♣❧✐❝❛ A0(z0) s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ ❡ deg(R,Dν̂) = deg(R,A0(z0)) = rDν̂

− 1✳
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❚❡♦r❡♠❛ ✹✳✽✳ ❙❡❥❛♠ ❘ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❡ z0 ✉♠ ♣♦♥t♦ ✜①♦ ❛tr❛t♦r✳ ❙✉♣♦♥❤❛ Dν0(z0)✱
ν0 ∈ N✱ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❡ q✉❡ ♦s ♣♦♥t♦s ❝rít✐❝♦s c1, ..., cl ❡♠ A(z0)✱ q✉❡ ♥ã♦ ❡stã♦
❡♠ A0(z0)✱ t❡♥❞❡♠ à z0 ✈✐❛ ♣ré✲✐♠❛❣❡♥s ❞❡ z0 q✉❡ ♥ã♦ ❡stã♦ ❡♠ Dν0(z0)✳ ❙✉♣♦♥❤❛ q✉❡
❡①✐st❡ W k

jµ
(z0), µ = 1, ..., nl t❛❧ q✉❡

✐✮ W k
jµ
(z0) sã♦ ❞✐s❥✉♥t♦s❀

✐✐✮ ❈❛❞❛ ♣♦♥t♦ ❝rít✐❝♦ c1, ..., cl t❡♠ ✉♠❛ ✐t❡r❛çã♦ ❡♠

nl⋃

µ=1

W k
jµ
(z0)❀

✐✐✐✮ ❊①✐st❡ 1 6 k1 6 k t❛❧ q✉❡ ♣❛r❛ t♦❞♦ 1 6 ν 6 nl

Rk1(W k
jν
(z0)) = Dk−k1(z0) ❡

Rk1−1(W k
jν
(z0))

⋂
A0(z0) = ∅✳

✐✈✮ ❈❛❞❛W k
jµ
(z0) ❝♦♥té♠ ♥♦ ♠á①✐♠♦ deg(R,W k

jµ
(z0))−1 ♣♦♥t♦s ❝rít✐❝♦s✳ ◆❡♥❤✉♠ ♦✉tr♦

♣♦♥t♦ ❝rít✐❝♦ ❡♥tr❛ ❡♠ W k
jµ

♥♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛❞❛s✳

❊♥tã♦ A(z0) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳

❉❡♠♦♥str❛çã♦✳ ❆ ✐❞é✐❛ ❞❛ ♣r♦✈❛ é ♠♦str❛r♠♦s q✉❡ A0(z0) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ ❡ q✉❡
❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ U ❞❡ A(z0) t❛♠❜é♠ ♦ é✳ ❈♦♠♦ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s q✉❡ ♥ã♦
♣❡rt❡♥❝❡♠ à Dν0 t❡♥❞❡♠ à z0 ✈✐❛ ♣ré✲✐♠❛❣❡♥s q✉❡ ♥ã♦ ❡stã♦ ❡♠ Dν0 ✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✼✱
A0(z0) ❡ t♦❞♦s ♦s Dn sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦s ❡ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s q✉❡ ♥ã♦ ❡stã♦
❡♠ Dν0 ♥ã♦ ❡stã♦ ❡♠ A0(z0)✳ ❙❡❥❛ zc ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❡♠ R−k1(A0(z0))\A0(z0)✳ ❊♥tã♦

zc ∈
nl⋃

µ=1

W k
jµ

❡ zc /∈ R−k1+1(A0(z0))\A0(z0)✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ zc /∈
nl⋃

µ=1

W k
jµ
✳ P♦r ✭✐✐✮

❞❡✈❡ ❡①✐t✐r t > 1 t❛❧ q✉❡

Rt(zc) ∈
nl⋃

µ=1

W k
jµ
✳

❈♦♠♦ zc ∈ R−k1(A0(z0))\A0(z0)✱ Rk1(zc) ∈ A0(z0)✳ ▲♦❣♦

Rt(Rk1−1(zc)) = Rk1−1(Rt(zc)) ∈ A0(z0)

♦ q✉❡ é ❝♦♥tr❛❞✐çã♦ ❝♦♠ ✭✐✐✐✮✳ P♦rt❛♥t♦ zc ∈
nl⋃

µ=1

W k
jµ

❡ zc /∈ R−k1+1(A0(z0))\A0(z0)✳

❈♦♥s✐❞❡r❡ Rk1 : W k
jµ
(z0) −→ Dk−k1(z0)✳ ❈♦♠♦ t♦❞♦s ♦s Dn sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦s✱

♣❡❧❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ❡ ♣♦r ✭✐✈✮ s❡❣✉❡ q✉❡

mWk
jµ
− 2 = −kWk

jµ
+ rWk

jµ
⇒ mWk

jµ
− 2 6 −kWk

jµ
+ kWk

jµ
− 1 ⇒ mWk

jµ
= 1✱
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♦✉ s❡❥❛✱ W k
jµ

é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ♣❛r❛ t♦❞♦ µ = 1, ..., nl✳

❙❡❥❛ U ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ R−k1+1(A0(z0))\A0(z0)✳ ❈♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ U ♥ã♦
♣♦ss✉✐ ♣♦♥t♦s ❝rít✐❝♦s✳ P❡❧❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ s❡❣✉❡ q✉❡ mU = kU = 1✱ ✐st♦ é✱
U é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ P♦rt❛♥t♦ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ R−k1+1(A0(z0)) ♦ sã♦✳ ❆❧é♠
❞✐ss♦✱ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ R−k1+1(A0(z0))\A0(z0)✱ ❘ ❞❡✈❡ s❡r ✐♥❥❡t✐✈❛✱ ❞❡ ♠♦❞♦ q✉❡✱
❡♠ t❛❧ ❝♦♠♣♦♥❡♥t❡ ❡①✐st❡ ❛♣❡♥❛s ✉♠❛ ♣ré✲✐♠❛❣❡♠W k−1

j ❞❡ Dk−k1 ✳ ❱❡❥❛♠♦s q✉❡W k
jµ
✱ µ =

1, ..., nl✱ ❡stã♦ ❡♠ ❞✐❢❡r❡♥t❡s ❝♦♠♣♦♥❡♥t❡s ❞❡ A(z0)✳ ❙✉♣♦♥❤❛♠♦s ♦ ❝♦♥trár✐♦✱ ♦✉ s❡❥❛✱ q✉❡
❡①✐st❡ W k

j1
,W k

j2
, ...,W k

jσ
✱ σ 6 nl✱ q✉❡ ❡stã♦ ♥❛ ♠❡s♠❛ ❝♦♠♣♦♥❡♥t❡ U ❞❡ A(z0)✳ ❈♦♠♦ ❝❛❞❛

W k
jµ

é ❧❡✈❛❞♦ ♣♦r ❘ ♣❛r❛ R−k1+1(A0(z0)) ❡♥tã♦✱ ❝♦♠♦ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ R−k1+1(A0(z0))

é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ ❡ ❝♦♥té♠ ❛♣❡♥❛s ✉♠ W k−1
j ✱ R(W k

j1
) = ... = R(W k

jσ
) = W k−1

j0
⊂ V ✱

♦♥❞❡ V é ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ A(z0)✳ ❆ss✐♠ t❡♠♦s q✉❡✱ R : U
kU :1−→ V ❝♦♠

kU >

σ∑

µ=1

deg(R,W k
jµ
)✳ P❡❧❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③

mU − 2 = −kU + rU ❝♦♠ rU 6

σ∑

µ=1

deg(R,W k
jµ
)− 1✳

❞❡ ♦♥❞❡ s❡❣✉❡ q✉❡ mu − 2 6 −σ✱ σ < 2✳ P♦rt❛♥t♦ t♦❞♦s ♦s W k
jµ

❡stã♦ ❡♠ ❝♦♠♣♦♥❡♥t❡s
❞✐st✐♥t❛s ❞❡ A(z0) ❡ ✐♠♣❧✐❝❛ q✉❡ deg(R,W k

jµ
)− 1 = deg(R,U)− 1✳

P♦r ✭✐✈✮✱ s❡ Rn1(ci) ∈ W k
jα

❡ Rn2(cm) ∈ W k
jβ
✱ ci 6= cm ♦✉ s❡ Rn1(ci) ∈ W k

jα
❡

Rn1(cm) ∈ W k
jβ
✱ α 6= β✳ ❉❛í✱ ci ❡ cm ♥ã♦ ♣♦❞❡♠ ❡st❛r ♥❛ ♠❡s♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡

A(z0)✱ ♦✉ s❡❥❛✱ ci✱ i = 1, ..., l✱ é ♦ ú♥✐❝♦ ♣♦♥t♦ ❝rít✐❝♦ ❡♠ s✉❛ ❝♦♠♣♦♥❡♥t❡✳ P♦rt❛♥t♦✱ ❝❛❞❛
❝♦♠♣♦♥❡♥t❡ U ❞❡ A(z0) ❤á ❡①❛t❛♠❡♥t❡ ✉♠ ♦✉ ❡①❛t❛♠❡♥t❡ deg(R,W k

jµ
)−1 = deg(R,U)−1

♣♦♥t♦s ❝rít✐❝♦s✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s ❤á ❡①❛t❛♠❡♥t❡ deg(R,U)− 1 ♣♦♥t♦s ❝rít✐❝♦s ❡♠ U ✳

❙❡❥❛ U ⊂ A(z0) ✉♠❛ ❝♦♠♣♦♥❡♥t❡ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✱ ❡ s❡❥❛ V t❛❧ q✉❡ V = R−1(U)✳
P❡❧❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ s❡❣✉❡ q✉❡ mV = 1✱ ♦✉ s❡❥❛✱ q✉❡ V é s✐♠♣❧❡s♠❡♥t❡
❝♦♥❡①♦✳ P♦rt❛♥t♦ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ A(z0) sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s✳

❚❡♦r❡♠❛ ✹✳✾✳ ❙❡❥❛ ❘ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❡ s❡❥❛♠ z1, ..., zl s❡✉s ♣♦♥t♦s ✜①♦s ❛tr❛t♦r❡s✳
❙✉♣♦♥❤❛ q✉❡ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s s❡❥❛♠ ❡str✐t❛♠❡♥t❡ ♣ré✲♣❡r✐ó❞✐❝♦s ♦✉ ❡stã♦ ❡♠
l⋃

j=1

A(zj) ❡ ❝❛❞❛ A(zj), j = 1, ..., l s❛t✐s❢❛③ ✿

✐✮ ❊①✐st❡ ✉♠ νj ∈ N t❛❧ q✉❡ Dνj(zj) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❡ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s
❡♠ A(zj) q✉❡ ♥ã♦ ❡stã♦ ❡♠ Dνj(zj) t❡♥❞❡♠ à zj ❛tr❛✈és ❞❡ ♣ré✲✐♠❛❣❡♥s ❞❡ zj q✉❡
♥ã♦ ❡stã♦ ❡♠ Dνj(zj)✳

✐✐✮ ❆s ❝♦♥❞✐çõ❡s ✐✱ ✐✐✱ ✐✐✐ ❡ ✐✈ ❞♦ ❚❡♦r❡♠❛ ✹✳✽ sã♦ s❛t✐s❢❡✐t❛s ♣❛r❛ ❝❛❞❛ zj✳

❊♥tã♦ JR é ❝♦♥❡①♦✳
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❉❡♠♦♥str❛çã♦✳ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✽✱ A(zj) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ♣❛r❛ ❝❛❞❛ zj✳ ❈♦♠♦
q✉❛❧q✉❡r ♦✉tr❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ FR ❞❡✈❡ ❝♦♥t❡r ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♣❡r✐ó❞✐❝♦ ♦✉ ✉♠ ♣♦♥t♦
❝rít✐❝♦ ❝♦♠ ór❜✐t❛ ✐♥✜♥✐t❛ ❡ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ❡stã♦ ❡♠

⋃l

j=1A(zj) ❡♥tã♦ FR =⋃l

j=1A(zj)✳ P♦rt❛♥t♦ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ FR sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s ❡ JR é
❝♦♥❡①♦✳

✹✳✸ ❈♦♥❡①✐❞❛❞❡ ❊s♣❡❝✐❛❧

❚❡♦r❡♠❛ ✹✳✶✵✳ ❙❡❥❛ ❘ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ♣ós✲❝rít✐❝❛ ✜♥✐t❛✱ ❡♥tã♦ JR é ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ R é ♣ós✲❝rít✐❝❛ ✜♥✐t❛✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✹✶✱ R ♣♦ss✉✐ ❛♣❡♥❛s ❝✐❝❧♦s
s✉♣❡r❛tr❛t♦r❡s✳ ❙❡❥❛ zi ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❡♠ ❛❧❣✉♠ ❞♦s ❝✐❝❧♦s s✉♣❡r❛tr❛t♦r❡s ❞❡ R✳
❚♦♠❡ m t❛❧ q✉❡ ❝❛❞❛ zi é ♣♦♥t♦ ✜①♦ ❞❡ Rm✳ ❖❜s❡r✈❡ q✉❡ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ t♦❞♦s ♦s
♣♦♥t♦s ❝rít✐❝♦s sã♦ ✭♣ré✮♣❡r✐ó❞✐❝♦s ♥ã♦ é ❛❧t❡r❛❞❛ ✉♠❛ ✈❡③ q✉❡ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ Rm

sã♦ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ R✳ ❉❛í✱ ♣❡❧❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ FR✱ ♦✉ s❡❥❛✱ FR = FRm ✱ ♣♦❞❡♠♦s
❝♦♥s✐❞❡r❛r q✉❡ FR ❝♦♥s✐st❡ ❛♣❡♥❛s ❞❡ ❜❛❝✐❛s ❞❡ ❛tr❛çã♦ ❞❡ ♣♦♥t♦s s✉♣❡r❛tr❛t♦r❡s✳

❙❡❥❛ z0 ✉♠ ♣♦♥t♦ ✜①♦ s✉♣❡r❛tr❛t♦r✳ ▼♦str❛r❡♠♦s q✉❡ A(z0) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳
◆♦t❡ q✉❡ q✉❛❧q✉❡r ♣♦♥t♦ ❡♠ A(z0) q✉❡ s♦❜ ❛❧❣✉♠❛ ✐t❡r❛❞❛ ❞❡ R ♥ã♦ é ♠❛♣❡❛❞♦ ♣❛r❛ z0
♣♦ss✉✐ ór❜✐t❛ ✐♥✜♥✐t❛✳ ❈♦♠♦ ❘ é ♣ós✲❝rít✐❝❛ ✜♥✐t❛✱ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ❡♠ A(z0) sã♦
♠❛♣❡❛❞♦s s♦❜ ❛❧❣✉♠❛ ✐t❡r❛❞❛ ❞❡ R ♣❛r❛ z0✳ ❱❡❥❛♠♦s q✉❡ A0(z0) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳
❙❡❥❛ D0(z0) t❛❧ q✉❡ ❛ ú♥✐❝❛ ♣ré✲✐♠❛❣❡♠ ❞❡ z0 ❡♠ D1(z0) s❡❥❛ ♦ ♣ró♣r✐♦ z0✱ ♦ q✉❡ ✐♠♣❧✐❝❛
D1 s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ❈♦♠♦ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ❡♠ A(z0) sã♦ ♣ré✲✐♠❛❣❡♠ ❞❡ z0
s♦❜ ❛❧❣✉♠❛ ✐t❡r❛❞❛ ❞❡ ❘✱ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s q✉❡ ♥ã♦ ❡stã♦ ❡♠ D1 sã♦ ❧❡✈❛❞♦s ♣❛r❛
❛❧❣✉♠ wj ∈ R−1(z0)\ {z0} ❡✱ ♣♦rt❛♥t♦✱ t❡♥❞❡♠ à z0 ✈✐❛ ♣ré✲✐♠❛❣❡♠ q✉❡ ♥ã♦ ❡stá ❡♠ D1✳
❉❛í✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✼✱ A0(z0) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ❞❡✈❡♠♦s t❡r
deg(R,A0(z0)) = deg(R,D1) = rD1

− 1✱ z0 é ❛ ú♥✐❝❛ ♣ré✲✐♠❛❣❡♠ ❞❡ z0 ❡♠ A0(z0)✳

❙❡❥❛ U ✉♠❛ ❝♦♠♣♦♥❡♥t❡ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ ❞❡ A(z0) ❝♦♥t❡♥❞♦ ❛♣❡♥❛s ✉♠❛ ♣ré✲
✐♠❛❣❡♠ ❞❡ z0✱ ❝♦♥t❛❞❛ ❝♦♠ ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡✳ ❙❡❥❛ V ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ R−1(U)✳
❈♦♥s✐❞❡r❡ ❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ♣❛r❛ R : V −→ U ✳ ▲♦❣♦

mV − 2 = −kV + rV ✳

❙❡ rV = 0 ❡♥tã♦ mV = kV = 1✱ ♦✉ s❡❥❛✱ V é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦ ❡ ❝♦♥té♠ ❛♣❡♥❛s ✉♠❛
♣ré✲✐♠❛❣❡♠ ❞❡ z0✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛ µ > 1 ♣♦♥t♦s ❝rít✐❝♦s ❡♠ V ❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡s
r1, ..., rµ t❛❧ q✉❡ rV = r1 + ...+ rµ✳ ❈♦♠♦ t♦❞♦s ❡ss❡s µ ♣♦♥t♦s ❝rít✐❝♦s sã♦ ❡✈❡♥t✉❛❧♠❡♥t❡
♠❛♣❡❛❞♦s ♣❛r❛ z0 ❡ ❝♦♠♦ ❡①✐st❡ ❛♣❡♥❛s ✉♠❛ ♣ré✲✐♠❛❣❡♠ w0 ❞❡ z0 ❡♠ U ❝♦♥❝❧✉í♠♦s q✉❡
t♦❞♦s ♦s µ ♣♦♥t♦s ❝rít✐❝♦s sã♦ ♠❛♣❡❛❞♦s ♣❛r❛ w0✳ P♦rt❛♥t♦✱

kV >

µ∑

j=1

(rj + 1) = rV + µ✳

❡ ✐♠♣❧✐❝❛ q✉❡
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mV − 2 6 −rV − µ+ rV = −µ✳

▲♦❣♦ mV = µ = 1 ❡ kV = rV + 1✱ ✐st♦ é✱ ❡①✐st❡ ❛♣❡♥❛s ✉♠❛ ♣ré✲✐♠❛❣❡♠ ❞❡ z0 ❡♠ V
❡ V é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ P♦rt❛♥t♦ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ A(z0) sã♦ s✐♠♣❧❡s♠❡♥t❡
❝♦♥❡①❛s ❝♦♥t❡♥❞♦ ♥♦ ♠á①✐♠♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❡✱ ❛❧é♠ ❞✐ss♦✱ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ FR

sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s ❡ JR é ❝♦♥❡①♦✳

❚❡♦r❡♠❛ ✹✳✶✶✳ ❙❡❥❛ ❘ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❞❡ ❣r❛✉ > 2 t❛❧ q✉❡ FR ♥ã♦ t❡♥❤❛ ❛♥é✐s ❞❡
❍❡r♠❛♥ ❡ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ FR ❡①✐st❛ ♥♦ ♠á①✐♠♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✱ ❝♦♥t❛❞♦ s❡♠
♠✉❧t✐♣❧✐❝✐❞❛❞❡✳ ❊♥tã♦ JR é ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✳ ❆ ✐❞é✐❛ ❞❛ ♣r♦✈❛ é ♠♦str❛r♠♦s q✉❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♥❥✉♥t♦ ❞❡
❋❛t♦✉ ✭FR✮ sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s✳

❈♦♠♦ FR ♥ã♦ ♣♦ss✉✐ ❛♥é✐s ❞❡ ❍❡r♠❛♥ ❜❛st❛ ✈❡r✐✜❝❛r♠♦s ♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

✐✮ ❙✉♣♦♥❤❛ q✉❡ FR t❡♥❤❛ ✉♠ ❞✐s❝♦ ❞❡ ❙✐❡❣❡❧ ❯✳ P♦r ❞❡✜♥✐çã♦✱ ❯ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳
❙❡ q✉❛❧q✉❡r ♣ré✲✐♠❛❣❡♠ ❱ ❞❡ ❯ ❝♦♥té♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ r ❡♥tã♦
kV > r + 1✳ ▼❛s✱ ♣♦r ❤✐♣ót❡s❡✱ ♥ã♦ ❡①✐st❡ ♦✉tr♦ ♣♦♥t♦ ❝rít✐❝♦✳ ❊♥tã♦ ❛ ❋ór♠✉❧❛ ❞❡
❘✐❡♠❛♥♥✲❍✉r✇✐t③ ♠♦str❛ q✉❡

mV − 2 = −kV + r 6 −1 ⇒ mV = 1

❡ q✉❡ kV = r + 1✳ ▲♦❣♦ ❱ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳

❈♦♠♦ ❱ é t♦♠❛❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✱ ❝♦♥❝❧✉í♠♦s q✉❡ t♦❞❛s ❛s ♣ré✲✐♠❛❣❡♥s ❞❡ ❯ sã♦
s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s✳

✐✐✮ ❙✉♣♦♥❤❛ q✉❡ FR t❡♥❤❛ ✉♠ ❝✐❝❧♦ ❞❡ ❙✐❡❣❡❧✳ ❊♥tã♦ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❯ ❞♦ ❝✐❝❧♦ ❞❡
❙✐❡❣❡❧ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛✳ ❆ss✐♠✱ ❝♦♠♦ ♥♦ ❝❛s♦ ✭✐✮ ♠♦str❛✲s❡ q✉❡ t♦❞❛s ❛s s✉❛s
♣ré✲✐♠❛❣❡♥s sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s✳

✐✐✐✮ ❙✉♣♦♥❤❛ q✉❡ ❘ t❡♥❤❛ ✉♠ ♣♦♥t♦ ✜①♦ ❛tr❛t♦r ♦✉ ✉♠ ♣♦♥t♦ ✜①♦ ✐♥❞✐❢❡r❡♥t❡ r❛❝✐♦♥❛❧
❝♦♠ ❞❡r✐✈❛❞❛ ✐❣✉❛❧ à ✶✳ ❈♦♠♦ ❝❛❞❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ✐♠❡❞✐❛t❛ ❝♦♥té♠ ♣❡❧♦ ♠❡♥♦s
✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❡✱ ♣♦r ❤✐♣óts❡✱ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ FR ❝♦♥té♠ ♥♦ ♠á①✐♠♦ ✉♠
♣♦♥t♦ ❝rít✐❝♦✱ A0(z0) ❞❡✈❡ ❝♦♥t❡r ❡①❛t❛♠❡♥t❡ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡
D0(z0)✱ ♦ ♠❡s♠♦ é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❛ n > 0 t❛❧ q✉❡ Dn

s❡❥❛ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳

❛✮ ❈♦♥s✐❞❡r❛♥❞♦ ❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③ ♣❛r❛ R : Dn+1 −→ Dn t❡♠♦s
q✉❡✱ s❡ Dn+1 ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦ ❝rít✐❝♦ ❡♥tã♦

mDn+1
− 2 = −kDn

⇒ mDn+1
= 1✱

♦✉ s❡❥❛✱ Dn+1 é s✐♠♣❧❡♠❡♥t❡ ❝♦♥❡①♦✱ ♣❛r❛ t♦❞♦ ♥✳ P♦rt❛♥t♦ A0(z0) t❛♠❜é♠ ♦
é✳

❜✮ ❙❡ Dn+1 ❝♦♥té♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❝♦♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ r ❡♥tã♦ kDn+1
> r + 1✳

P❡❧❛ ❋ór♠✉❧❛ ❞❡ ❘✐❡♠❛♥♥✲❍✉r✇✐t③

mDn+1
− 2 = −kDn+1

+ r 6 −1 ⇒ mDn+1
= 1✳

▲♦❣♦ Dn+1 é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✱ ♣❛r❛ t♦❞♦ ♥✳ P♦rt❛♥t♦ A0(z0) t❛♠❜é♠ ♦ é✳
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P❛r❛ ♠♦str❛r♠♦s q✉❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ❜❛❝✐❛ ❞❡ ❛t❛çã♦ A(z0) sã♦
s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s ❜❛st❛ ❝♦♥s✐❞❡r❛r♠♦s U ⊂ A(z0) ✉♠❛ ❝♦♠♣♦♥❡♥t❡
s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛ ❡ V = R−1(U) ❡ ❝♦♠♦ ♥♦s ♣❛ss♦s ❛ ❡ ❜ ❝♦♥❝❧✉í♠♦s ♦ ❞❡s❡❥❛❞♦✳

✐✈✮ ❙✉♣♦♥❤❛ q✉❡ FR ❝♦♥t❡♥❤❛ ✉♠ ❝✐❝❧♦ ❛tr❛t♦r ♦✉ ✉♠ ❝✐❝❧♦ ✐♥❞✐❢❡r❡♥t❡ r❛❝✐♦♥❛❧ ♦♥❞❡
❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ✐♠❡❞✐❛t❛ t❡♠ ♣❡rí♦❞♦ ♥✳ ❙❡❥❛ z0 ✉♠ ♣♦♥t♦
♣❡r✐ó❞✐❝♦ ❞❡ ♣❡rí♦❞♦ ♥ ♥❡st❡ ❝✐❝❧♦✳ ❚♦♠❡ D0 ❝♦♥s✐❞❡r❛♥❞♦ z0 ♣♦♥t♦ ✜①♦ ❞❡ Rn✳✭◆♦
❝❛s♦ ❞❡ ✉♠ ❝✐❝❧♦ ✐♥❞✐❢❡r❡♥t❡ ❜❛st❛ ❝♦♥s✐❞❡r❛r Rµn✱ ♣❛r❛ ❛❧❣✉♠ µ✱ t❛❧ q✉❡ z0 é ♣♦♥t♦
✜①♦ ❡ t♦♠❛r ❛ ❝♦♠♣♦♥❡♥t❡ ✐♥✈❛r✐❛♥t❡ ❛♣r♦♣r✐❛❞❛ ❞❡ A0(z0)✮D0 é s✐♠♣❧❡s♠❡♥t❡
❝♦♥❡①♦ ♣❡❧❛ ❞❡✜♥✐çã♦✳ ❚♦♠❡ ❛ s❡q✉ê♥❝✐❛ (D0, D1, ...) ❞❛s ♣ré✲✐♠❛❣❡♥s s✉❝❡ss✐✈❛s
❞❡ D0 ❞❡♥tr♦ ❞♦ ❝✐❝❧♦✱ ❝♦♠ D(k−1)n ⊂ Dkn✱ ♣❛r❛ t♦❞♦ k > 1✳ ❈♦♠♦ ♥♦ ❝❛s♦
✭✐✐✐✮✱ ✈❡♠♦s q✉❡ t♦❞♦s Dn sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦s ❡✱ ♣♦rt❛♥t♦✱ ❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦
✐♠❡❞✐❛t❛ ❡✱ ❡♠ ❝♦♥s❡q✉ê♥❝✐❛✱ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦ ❞❡st❡ ❝✐❝❧♦
sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s✳

P♦rt❛♥t♦✱ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ FR sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s ❡ JR é ❝♦♥❡①♦✳

❈♦r♦❧ár✐♦ ✹✳✶✷✳ ❙❡❥❛ ❘ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❞❡ ❣r❛✉ 2✳ ❊♥tã♦ JR é ❝♦♥❡①♦ s❡ ❡ s♦♠❡♥t❡
s❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ FR ❝♦♥té♠ ♥♦ ♠á①✐♠♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳

❉❡♠♦♥str❛çã♦✳ (⇒) ❙✉♣♦♥❤❛ JR ❝♦♥❡①♦✳ ❊♥tã♦ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ FR sã♦
s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①❛s✳ ❙❡❥❛♠ ❯ ❡ ❱ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ FR✳ ❙❡❥❛ r ♦ ♥ú♠❡r♦ ❞❡
♣♦♥t♦s ❝rít✐❝♦s ❞❡ ❘ ❡♠ ❯✳ ❈♦♥s✐❞❡r❡ R : U −→ V ❡ s✉♣♦♥❤❛ kU ✱ ♦♥❞❡ kU ∈ {1, 2}✳
❘✐❡♠❛♥♥✲❍✉r✇✐t③ ♠♦str❛ q✉❡ kU = r + 1✳ ❉❛í✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s✿

✶✮ KU = 1 ❡ r = 0❀

✷✮ KU = 2 ❡ r = 1✳

❊♠ ❛♠❜♦s ♦s ❝❛s♦s✱ ❯ ❝♦♥té♠ ♥♦ ♠á①✐♠♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳

(⇐) ❙✉♣♦♥❤❛ q✉❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ FR ❝♦♥té♠ ♥♦ ♠á①✐♠♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳
❈♦♠♦ ♠♦str❛❞♦ ❡♠ ❬✶✸❪✱ t♦❞❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ q✉❛❞rát✐❝❛ ♥ã♦ ♣♦ss✉✐ ❛♥é✐s ❞❡ ❍❡r♠❛♥✳
P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✶✱ JR é ❝♦♥❡①♦✳

❚❡♦r❡♠❛ ✹✳✶✸✳ ❙❡ ✉♠❛ ❢✉♥çã♦ r❛❝✐♦♥❛❧ ❘ t✐✈❡r ❛♣❡♥❛s ✉♠ ♣♦♥t♦ ✜①♦ q✉❡ é r❡♣✉❧s♦r ♦✉
t❡♠ ♠✉❧t✐♣❧✐❝❛❞♦r ✶ ❡♥tã♦ JR é ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✵✳

❊①❡♠♣❧♦ ✹✳✶✹✳ ❙❡❥❛♠ p : C → C ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠♣❧❡①♦ ♥ã♦ ❝♦♥st❛♥t❡ ❡ Np : Ĉ → Ĉ

✉♠❛ ❡①t❡♥sã♦ ❝♦♥tí♥✉❛ ❞❛ ❢✉♥çã♦

z 7→ z − p(z)

p′(z)
(z ∈ C \ (p′)−1(0))

♣❛r❛ Ĉ✳ ❆ ❢✉♥çã♦ r❛❝✐♦♥❛❧ Np ✐♥❞✉③✐❞❛ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦ p é ❝❤❛♠❛❞❛ ❢✉♥çã♦ ❞❡ ◆❡✇t♦♥ ❞❡
p✳ ❖❜s❡r✈❡ q✉❡ ♦s ♣♦♥t♦s ✜①♦s ❞❡ Np sã♦✿ ❋✐①(Np) = p−1(0) ∪ {∞}✳ ◆♦t❡ ❛✐♥❞ q✉❡✱
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N ′
p(z) =

p(z)p′′(z)

(p′)2(z)

❡ q✉❡ ∞ é ♦ ú♥✐❝♦ ♣♦♥t♦ ✜①♦ r❡♣✉❧s♦r ❞❡ Np✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✸✱ JNp
é ❝♦♥❡①♦✳

❋✐❣✉r❛ ✹✳✶✿ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ♣❛r❛ ❛ ❢✉♥çã♦ ❞❡ ◆❡✇t♦♥ ✐♥❞✉③✐❞❛ ♣❡❧♦ ♣♦❧✐♥ô♠✐♦
p(z) = z4 − 1✳

✹✳✹ ❈♦♥❡①✐❞❛❞❡ ❞♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ♣❛r❛ ✉♠❛ ❢❛♠í❧✐❛

❝ú❜✐❝❛

Pr♦♣♦s✐çã♦ ✹✳✶✺✳ ❙❡❥❛ R(z) = c(z3 − 2)�z, c ∈ R\ {0}✳ ❙❡ − 3
√
2�3 6 c 6 2�3 ❡♥tã♦

JR é ❝♦♥❡①♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ JR é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❈❛♥t♦r✳

❉❡♠♦♥str❛çã♦✳ ❖s ♣♦♥t♦s ✜①♦s ❞❡ R sã♦

z0 =
1+ 1

α
+α

3c
,

z1 =
2− 1+i

√
3

α
−(1−i

√
3)α

6c
,

z2 =
2− 1−i

√
3

α
−(1+i

√
3)α

6c
.

♦♥❞❡ α = 3

√
1 + 27c3 + 3

√
c3(6 + 81c3).

❆ ❞❡r✐✈❛❞❛ ❞❡ R é

R′(z) =
3z3 − cz3 + 2c

z2
=

2c(z3 + 1)

z2

t❛❧ q✉❡ s❡✉s ♣♦♥t♦s ❝rít✐❝♦s sã♦
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zc,1 = −1, zc,2 = eiπ�3, zc,3 = e−iπ�3, zc,4 = ∞✳

❖❜s❡r✈❡ q✉❡ R(e2πik�3z) = e−2πik�3R(z), k ∈ {1, 2} . ❉❛í✱

R(−1) = R(eiπ) = R(e2πi�3eiπ�3) = e−2πik�3R(eiπ�3)✳

P♦rt❛♥t♦ é ♥❡❝❡ssár✐♦ ❝♦♥s✐❞❡r❛r♠♦s ❛♣❡♥❛s ♦ ♣♦♥t♦ ❝rít✐❝♦ zc,1 = −1 ♣♦✐s ♦s ♦✉tr♦s ❞♦✐s
♣♦♥t♦s ❝rít✐❝♦s ✜♥✐t♦s ❞❡✈❡♠ t❡r ❛s ♠❡s♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡✈✐❞♦ à s✐♠❡tr✐❛ ❞❡ R ✭à s❛❜❡r
R ♣♦ss✉✐ ✉♠❛ s✐♠❡tr✐❛ ❞♦ t✐♣♦ r♦t❛çã♦ ❞❡ 2π

3
✮✳ ❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡✱ ❝♦♠♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡

R sã♦ r❡❛✐s✱ ❛ ór❜✐t❛ ❞❡ −1 ❡stá ❝♦♥t✐❞❛ ❡♠ R✳ ❈♦♠♦ ❞✐s❝♦s ❞❡ ❙✐❡❣❡❧ ❡ ❛♥é✐s ❞❡ ❍❡r♠❛♥
❡stã♦ ❝♦♥t✐❞♦s ♥♦ ❢❡❝❤♦ ❞❛ ór❜✐t❛ ❞♦s ♣♦♥t♦s ❝rít✐❝♦s✱ ♣❡❧❛ s✐♠❡tr✐❛ ❞❡ R✱ ♦ ❝♦♥❥✉♥t♦ ❞❡
❋❛t♦✉ FR ♥ã♦ ♦s ♣♦❞❡ ❝♦♥t❡r✳

❙❡❥❛ z̃ ∈ {z0, z1, z2}✳ ❊♥tã♦

R′(z̃) =
c(3z̃3 − (z̃3 − 2))

z̃2
= 3cz̃ − 1.

❈❛s♦ ✶✿(c < 0) ◆♦t❡ q✉❡ R é ❝r❡s❝❡♥t❡ ♥♦ ✐♥t❡r✈❛❧♦ (−∞,−1) ❡ ❞❡❝r❡s❝❡♥t❡ ❡♠ (−1, 0)
❡ ❡♠ (0,∞)✳

❙✉❜❝❛s♦ ✶✳✶ ✿(c < − 3
√
2�3) ❖❜s❡r✈❡ q✉❡✱ ♥❡st❡ ❝❛s♦✱ α < −1 ❡ z0 > 0✱ ♦✉ s❡❥❛✱ R

♥ã♦ ♣♦ss✉✐ ♥❡♥❤✉♠ ♣♦♥t♦ ✜①♦ ❡♠ R− ❞❡ ♠♦❞♦ q✉❡ (−∞, 0] ⊂ A0(∞)✳ P♦rt❛♥t♦ t♦❞♦s ♦s
♣♦♥t♦s ❝rít✐❝♦s ❡stã♦ ❡♠ A0(∞)✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✶✱ JR é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❈❛♥t♦r✳

❙✉❜❝❛s♦ ✶✳✷ ✿(c = − 3
√
2�3) ◆❡st❡ ❝❛s♦✱ α = −1 ❡ ♦s ♣♦♥t♦s z1 = z2 = − 3

√
4 t❡♠

❞❡r✐✈❛❞❛ ✐❣✉❛❧ à ✶✱ ♦✉ s❡❥❛✱ sã♦ ♣♦♥t♦s ✜①♦s ✐♥❞✐❢❡r❡♥t❡s✳

❙✉❜❝❛s♦ ✶✳✸ ✿(− 3
√
2�3 < c < 0) ◆♦t❡ q✉❡ R ♣♦ss✉✐ ❞♦✐s ♣♦♥t♦s ✜①♦s p e q t❛✐s q✉❡

p < − 3
√
4 < q < 0. ❊✱ ❛✐♥❞❛ limc−→0 p = −∞, limc−→0 q = 0. ❉❛í

| cq |= cq 6| c | 3
√
4 6

3
√
2

3
3
√
4 =

2

3
.

▲♦❣♦

R′(q) = 3cq − 1 ∈ (−1, 1)

♦✉ s❡❥❛✱ q é ✉♠ ♣♦♥t♦ ✜①♦ ❛tr❛t♦r✳ P❡❧❛ s✐♠❡tr✐❛ ❞❡ R✱ qeiπ�3 ❡ qe−iπ�3 sã♦ ❞♦✐s ❝✐❝❧♦s
♣❡r✐ó❞✐❝♦s ❛tr❛t♦r❡s ❞❡ ♣❡rí♦❞♦ ✷ ❡ ❡♠ A0(q) ❡ A0(

{
qeiπ�3, qe−iπ�3

}
) ❞❡✈❡ t❡r ✉♠ ♣♦♥t♦

❝rít✐❝♦ ❞❡ R✳ P♦rt❛♥t♦✱ ❡♠ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❋❛t♦✉ FR ❡①✐st❡ ♥♦ ♠á①✐♠♦ ✉♠ ♣♦♥t♦
❝rít✐❝♦✳ ❉❛í✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✶✱ JR é ❝♦♥❡①♦✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ (c = − 3

√
2�3) t❛♠❜é♠

♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✶✱ ❝♦♥❝❧✉í♠♦s q✉❡ JR é ❝♦♥❡①♦✳
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❈❛s♦ ✷ ✿(c > 0) ❖❜s❡r✈❡ q✉❡ R é ❝r❡s❝❡♥t❡ ❡♠ (−1, 0) ❡ ❡♠ (0,∞) ❡ ❞❡❝r❡s❝❡♥t❡ ❡♠
(−∞,−1).

P❛r❛ c > 0 é ❢á❝✐❧ ✈❡r q✉❡ z0 ∈ R+ ❡ z1, z2 sã♦ ❝♦♠♣❧❡①♦s ❝♦♥❥✉❣❛❞♦s✳ ◆♦t❡ q✉❡

R′(z0) = 3cz0 − 1 =
1

α
+ α > 2,

♦✉ s❡❥❛✱ z0 é ✉♠ ♣♦♥t♦ ✜①♦ r❡♣✉❧s♦r✳

❙❡❥❛ z ∈ C.❱❡❥❛♠♦s q✉❡ | R(z) |>| z | q✉❛♥❞♦ | z |> z0+ε, ε > 0.❉❡ ❢❛t♦✱ s✉♣♦♥❤❛♠♦s
♦ ❝♦♥trár✐♦✱ ♦✉ s❡❥❛✱ q✉❡ | R(z) |<| z | q✉❛♥❞♦ | z |> z0 + ε, ε > 0. ❙❡❥❛ x ∈ R t❛❧ q✉❡
x > z0 + ε✳ ▲♦❣♦ x > 0✳ ❈♦♠♦ R é ❝r❡s❝❡♥t❡ ♣❛r❛ x > 0✱ R(x) > R(z0 + ε) > R(z0) = z0
❡ ♣♦r s✉♣♦s✐çã♦ x > R(x) ❡♥tã♦

x > R(x) > R2(x) > ... > Rn(x) > ...✱

✐st♦ é✱ Rn(x) → z0 ♦ q✉❡ é ❛❜s✉r❞♦ ♣♦✐s z0 é ✉♠ ♣♦♥t♦ ✜①♦ r❡♣✉❧s♦r✳ P♦rt❛♥t♦ | R(z) |>| z |
q✉❛♥❞♦ | z |> z0 + ε, ε > 0 ❡ Ĉ \ Dz0+ε ⊂ A0(∞).

❙✉❜❝❛s♦ ✷✳✶ ✿(c > 2�3) ◆❡st❡ ❝❛s♦✱ R(z) > z0 ♣❛r❛ t♦❞♦ z ∈ (−∞, 0] ❞❡ ♠♦❞♦ q✉❡
(−∞, 0] ⊂ A0(∞) ❡ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ❡stã♦ ❡♠ A0(∞). P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛
✸✳✷✶✱ JR é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❈❛♥t♦r✳

❙✉❜❝❛s♦ ✷✳✷ ✿(c = 2�3) ◆♦t❡ q✉❡ R(−1) = z0 = 2. P♦rt❛♥t♦ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s
✜♥✐t♦s sã♦ ♣ré✲♣❡r✐ó❞✐❝♦s ❝♦♠ ór❜✐t❛ ✜♥✐t❛✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✵✱ JR é ❝♦♥❡①♦✳

❙✉❜❝❛s♦ ✷✳✸ ✿(0 < c < 2�3) ❚❡♠♦s q✉❡ z0 > 2 ❡ z0 → ∞ q✉❛♥❞♦ c→ 0✳ P❡❧♦ ❣rá✜❝♦
❞❛ ❢✉♥çã♦ R q✉❛♥❞♦ z ∈ R ✈❡♠♦s q✉❡ ♦ ♣♦♥t♦ ✜①♦ z0 ♣♦ss✉✐ ❞✉❛s ♣ré✲✐♠❛❣❡♥s ❞✐st✐♥t❛s
❞❡ s✐ ♠❡s♠♦✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠ a2 < a1 < z0 t❛✐s q✉❡ a1 = R−1(z0) ❡ a2 = R−1(z0)✳
❙❡❥❛ a3 = R−1(a2)✳ P❡❧♦ ❣rá✜❝♦ ✈❡♠♦s q✉❡ a3 ∈ (0, z0). ❈♦♠♦ z0 ∈ JR✱ s❡❣✉❡ q✉❡
a1, a2, a3 ∈ JR.

❙❡❥❛ Ui = Ui(0) = Ui(∞, 0). ❈♦♠♦ z0 ∈ JR✱ s❡❣✉❡ q✉❡ a1, a2, a3 ∈ JR ❡ ♦❜✈✐❛♠❡♥t❡
(a1, 0] ⊂ U1 ⊂ U2 ❡ (0, a3) ⊂ U2 ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ (a1, a3) ⊂ U2.

❙❡❥❛ z ∈ (a2, z0)✳ P❡❧♦ ❣rá✜❝♦ ♣♦❞❡♠♦s ✈❡r q✉❡ z ∈ U2 ♦✉ R(z) ∈ (a2, z0)✱ ♦✉ s❡❥❛✱ ❛
ór❜✐t❛ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❡♠ (a2, z0) ♣❡r♠❛♥❡❝❡♠ ❧✐♠✐t❛❞❛s ♦✉ t❡♥❞❡♠ ❛♦ ✐♥✜♥✐t♦ ✈✐❛ U2.

❈♦♠♦ 0 < c < 2�3 t❡♠♦s q✉❡

R2(−1) =
27c3 − 2

3
∈
(−2

3
, 2

)
.

❈♦♠♦ z0 > 2 t❡♠♦s q✉❡ | R2(−1) |< z0✳ ▲♦❣♦ −1 /∈ W 2
j ❡ −1 /∈ U2 ✱ ♦✉

s❡❥❛✱ D0, D1, U1, U2 ♥ã♦ ♣♦ss✉❡♠ ♣♦♥t♦s ❝rít✐❝♦s✳ ❉❛í✱ ♣❡❧❛ ❋ór♠✉❧❛ ❘✐❡♠❛♥♥✲❍✉r✇✐t③✱
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❋✐❣✉r❛ ✹✳✷✿ ●rá✜❝♦ ❞❛ ❢✉♥çã♦ R(z) = c(z3 − 2)�z ♣❛r❛ 0 < c < 2�3✳

D0, D1, U1, U2 sã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦s✳ ❆❧é♠ ❞✐ss♦✱D1 6= U1 ❡D2 6= U2. ❉❛í✱ ❝♦♥❝❧✉í♠♦s
q✉❡ t♦❞♦s ♦s ♣♦♥t♦s ❝rít✐❝♦s ♣❡r♠❛♥❡❝❡♠ ❧✐♠✐t❛❞♦s ♦✉ t❡♥❞❡♠ ❛♦ ∞ ✈✐❛ ✉♠ ♣ó❧♦ q✉❡ ♥ã♦
❡stá ❡♠ D1✳ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✼✱ A0(∞) é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳

❖❜s❡r✈❡ q✉❡ U2 ∩ R = (a1, a3) ❡ s❡ z ∈ U2 ∩ R ❡♥tã♦ R(z) > z0 ♦✉ R(z) < a2✳ ◆❡st❡
❝❛s♦✱ t❡♠♦s q✉❡

a2 < −1 < −2
3
< R2(−1) < 2 < z0,

t❛❧ q✉❡ R(−1) /∈ U2. ■ss♦ ♠♦str❛ q✉❡ ❡♠ U2 ❞❡✈❡ t❡r ✸ ♣ré✲✐♠❛❣❡♥s ❞✐st✐♥t❛s W 3
1 ,W

3
2 ,W

3
3 .

✶✮ ❙❡ Rn(−1)
n→∞−→ ∞ ❡♥tã♦ ❡①✐st❡ µ > 1 t❛❧ q✉❡ Rµ(−1) ∈ W 3

1 , R
µ(zc,2) ∈

W 3
2 e R

µ(zc,3) ∈ W 3
3 . ▲♦❣♦ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✹✳✾ sã♦ s❛t✐s❢❡✐t❛s ❡ JR é ❝♦♥❡①♦✳

✷✮ ❙❡ Rn(−1) ♥ã♦ t❡♥❞❡ ❛♦∞ ❡♥tã♦ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✹✳✽ sã♦ s❛t✐s❢❡✐t❛s ❡ A(∞)
é s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦✳ ❈♦♠♦ R ♥ã♦ ♣♦ss✉✐ ❞✐s❝♦s ❞❡ ❙✐❡❣❡❧ ♦✉ ❛♥é✐s ❞❡ ❍❡r♠❛♥
❡♥tã♦ −1 t❛♠❜é♠ ❡stá ❡♠ JR✱ ❡ FR = A(∞) ❡ JR é ❝♦♥❡①♦✱ ♦✉ −1 é ❛tr❛í❞♦ ♣♦r
❛❧❣✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ r❡❛❧ ❞❡ ♣❡rí♦❞♦ ♠ ✭❛tr❛t♦r ♦✉ ✐♥❞✐❢❡r❡♥t❡ r❛❝✐♦♥❛❧✮✳ zc,2 ❡ zc,3
❞❡✈❡♠ ❝♦♥✈❡r❣✐r✱ ❝❛❞❛ ✉♠✱ ♣❛r❛ ✉♠ m✲❝✐❝❧♦ ♥ã♦ r❡❛❧✳ ❊♠ ❝❛❞❛ ❜❛❝✐❛ ❞❡ ❛tr❛çã♦
✐♠❡❞✐❛t❛ ❞❡ss❡s ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡✈❡ ❡①✐st✐r ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ R ❞❡ ♦♥❞❡ s❡
❝♦♥❝❧✉✐ q✉❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ FR ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳ ▲♦❣♦✱ ♣❡❧♦
❚❡♦r❡♠❛ ✹✳✶✶✱ JR é ❝♦♥❡①♦✳

❖❜s ✹✳✶✻✳ ❆ ♣r♦♣♦s✐❝ã♦ ✹✳✶✺ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ ❛ ❢❛♠í❧✐❛ R1(z) = (z3 − c2)�z✱ ♣♦✐s R ❡
R1 sã♦ ❧✐♥❡❛r♠❡♥t❡ ❝♦♥❥✉❣❛❞❛s✱ ♦✉ s❡❥❛✱
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R ◦ h = h ◦R1

♦♥❞❡ h(z) = z�c ❡ c2 = 2c3✳



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆❡st❡ tr❛❜❛❧❤♦ ✐♥✈❡st✐❣❛♠♦s ❛ ❝♦♥❡①✐❞❛❞❡ ❞♦ ❈♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦
❘❛❝✐♦♥❛❧ R(z) = P (z)/Q(z)✱ ♦♥❞❡ P ❡ Q sã♦ ♣♦❧✐♥ô♠✐♦s ❝♦♠♣❧❡①♦s ♥ã♦ ❝♦s♥t❛♥t❡s✱ ❡
♣✉❞❡♠♦s ❡st❛❜❡❧❡❝❡r s♦❜r❡ R ❝♦♥❞✐çõ❡s ❞❡ ♠♦❞♦ q✉❡ s❡✉ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ é ❝♦♥❡①♦✳
❱❡r✐✜❝❛♠♦s ❛ ❝♦♥❡①✐❞❛❞❡ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❡♠ ❞♦✐s ❝❛s♦s ❡s♣❡❝✐❛✐s✱ à s❛❜❡r✱ q✉❛♥❞♦ ❛
❢✉♥çã♦ ❘❛❝✐♦♥❛❧ R é ♣ós✲❝rít✐❝❛ ✜♥✐t❛ ❡ q✉❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❋❛t♦✉ ❞❡ R ♥ã♦ ♣♦ss✉✐ ❛♥é✐s
❞❡ ❍❡r♠❛♥ ❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❋❛t♦✉ ♣♦ss✉✐ ♥♦ ♠á①✐♠♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✱ ❝♦♥t❛❞♦
s❡♠ ♠✉❧t✐♣❧✐❝✐❞❛❞❡✳ P♦r ✜♠✱ ✈❡r✐✜❝❛♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❛ ❢❛♠í❧✐❛ ❝ú❜✐❝❛
R(z) = c(z3 − 2)/z, c ∈ R \ {0}✱ é ❝♦♥❡①♦ q✉❛♥❞♦ 3

√
2/3 6 c 6 2/3 ❡✱ ❝❛s♦ ❝♦♥trár✐♦✱ é

✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❈❛♥t♦r✳

❆♣ós t♦❞❛s ✐♥✈❡st✐❣❛çõ❡s ❝✐t❛❞❛s ❛❝✐♠❛ ❡ ❛❧❣✉♠❛s ♦❜s❡r✈❛çõ❡s ♠❡ q✉❡st✐♦♥❡✐ s❡ s❡r✐❛
♣♦ssí✈❡❧ ❡st❛❜❡❧❡❝❡r ♣❛r❛ q✉❛✐s ✈❛❧♦r❡s ❞❡ c ∈ R \ {0}✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❏✉❧✐❛ ❞❛ ❢❛♠í❧✐❛
R(z) = c(zd− (d−1))/z✱ ♦♥❞❡ d é ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ í♠♣❛r > 3✱ é ❝♦♥❡①♦✳ ◆♦ ♠♦♠❡♥t♦✱
tr❛❜❛❧❤❛♠♦s ♥❛ ❜✉s❝❛ ❞❡ r❡s♣♦st❛s ♣❛r❛ t❛❧ q✉❡st✐♦♥❛♠❡♥t♦✳
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