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Abstract

CAMPOS, Warlley Hudson, D.Sc., Universidade Federal de Vicosa, January, 2021. Tight-
binding analysis of topological materials and new directions in optical tweez-
ers. Adviser: Winder Alexander de Moura Melo. Co-Advisers: Jakson Miranda Fonseca,
Joaquim Bonfim Santos Mendes and Afranio Rodrigues Pereira.

Optical tweezers (OT) is a powerful technique to manipulate microscopic objects using
light. Dielectric particles are stably trapped, while metallic beads are usually deflected
by radiometric forces. The optical trapping of semi-transparent particles have been over-
looked in the literature. In this regard, we have observed that BiyTes, BiySe; [both
are topological insulators (TT’s)] and germanium particles behave like optically induced
oscillators under a Gaussian laser beam OT. The oscillations take place in a plane per-
pendicular to the optical axis of the laser beam as a result of the competition between
gradient and radiometric forces. Remarkably, the oscillation direction of the germanium
particles depends on the polarization of the laser beam. We propose an effective model
to describe these effects, which reproduces the experimental data with good accuracy.
Furthermore, we propose a generalization of the Ashkin’s model for OT in the geometri-
cal optics regime, accounting for light absorption by the trapped particle. We have also
studied the interplay between topological materials and magnetic ordering. These materi-
als exhibit very unusual properties, such as metallic surface states with “spin-momentum
locking” in TI’s and corner-localized states in second order TI’s. Here, we show that an
electrically charged wire near a semi-cylindrical cavity in a TI can be used to induce a Hall
current reversion on its surface. Furthermore, preliminary investigations have indicated
higher order topology on spinful ferromagnetic and antiferromagnetic variations of the
2D SSH model. Similar analysis have shown that an effect analogous to the topological
metal-insulator transition for antiferromagnetic CuMnAs takes place in its ferromagnetic
variation. Among the possible applications of our results, stand out the optical rheol-
ogy of soft matter interfaces, dynamical force measurements in macromolecules, colloid
science and biopolymers, as well as a possible experimental realization of a microscopic
single-particle thermal machine. In turn, topological materials are quoted as promising
candidates for near future technology, with possibilities for applications in spintronics,
quantum computation and advanced low-dissipation devices.

Keywords: Topological Materials. Optical Tweezers. Semiconductors. Topological

Insulators.



Resumo

CAMPOS, Warlley Hudson, D.Sc., Universidade Federal de Vicosa, janeiro de 2021.
Analise em tight-binding de materiais topolégicos e novas diregoes em pingas
opticas. Orientador: Winder Alexander de Moura Melo. Coorientadores: Jakson Mi-
randa Fonseca, Joaquim Bonfim Santos Mendes e Afranio Rodrigues Pereira.

A pinga 6ptica (PO) é uma técnica poderosa para manipular objetos microscépicos us-
ando luz. Particulas dielétricas sao aprisionadas de forma estavel, enquanto que particulas
metalicas geralmente sdo repelidas por forgas radiométricas. O aprisionamento 6ptico de
particulas semitransparentes tem sido negligenciado na literatura. Nesse sentido, observa-
mos que particulas de BiyTes, BisSes [ambos sdo isolantes topologicos (IT’s)] e germénio
se comportam como osciladores induzidos opticamente sob uma PO de feixe de laser
gaussiano. As oscila¢oes ocorrem num plano perpendicular ao eixo éptico do laser como
resultado da competicao entre forcas gradientes e radiométricas. Notavelmente, a direcao
de oscilagao das particulas de germanio depende da polarizacao do laser. Nos propomos
um modelo efetivo descrevendo esses efeitos, que reproduz os dados experimentais com
boa precisao. Além disso, propomos uma generalizagdo do modelo de Ashkin para PO’s
no regime de Optica geométrica, contabilizando a absorcao de luz pela particula aprision-
ada. Noés também estudamos a combinacao de materiais topologicos com ordenamento
magnético. Esses materiais exibem propriedades muito incomuns, como estados metélicos
de superficie com "spin-momentum locking" em IT’s e estados localizados em cantos nos
IT’s de segunda ordem. Aqui, mostramos que um fio eletricamente carregado perto de
uma cavidade semicilindrica de um IT pode ser usado para induzir uma reversao da cor-
rente Hall na sua superficie. Além disso, investigagdes preliminares indicaram topologia
de ordem superior em variagdes ferromagnéticas e antiferromagnéticas do modelo SSH
em 2D. Anélises semelhantes mostraram que um efeito andlogo a transi¢do topoldgica
metal-isolante no CuMnAs antiferromagnético acontece na sua variagdo ferromagnética.
Entre as possiveis aplicacoes dos nossos resultados, se destacam a reologia 6ptica de in-
terfaces de matéria mole, medidas dindmicas de forca em macromoléculas, ciéncia de
colbides e biopolimeros, bem como uma possivel realizacao experimental de uma méaquina
térmica microscopica de particula tinica. Por sua vez, materiais topolégicos sao citados
como candidatos promissores para tecnologia em um futuro préximo, com possibilidades
de aplicacoes em spintronica, computacao quantica e dispositivos avancados de baixa
dissipacao.

Palavras-chave: Materiais Topolgicos. Pincas Opticas. Semicondutores. Isolantes

Topolbgicos.
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Chapter 1

Introduction

In this thesis we present the results of our theoretical and experimental investi-
gations regarding the application of semi-transparent microparticles in optical tweezers
(OT). First, we have reported that BiyTe; and BisSes topological insulator (TI) particles
present an unusual behavior whenever subjected to a Gaussian laser beam OT [1] [W. H.
Campos et. al., ACS Photonics 5, 741 (2018)]. In fact, we have seen that these particles
oscillate toward the optical axis of the laser beam in a quasi-periodic motion. We analyze
the dynamic quantities such as amplitude and frequency of oscillations, as well as their
dependencies on the size of the particle and power of the laser beam. An effective model
is also proposed to describe the optical and radiometric forces exerted on the particles. It
is worth mentioning that, to our best knowledge, this effect was not previously reported
in the literature. We also discuss the absorption of light by semi-transparent particles,
which contributes to the generation of radiation pressure and heating of the system. A
microscopic model for the optical trapping of light-absorbing particles requires a clear
distinction between the radiative and radiometric forces. Unfortunately, most theoretical
models available in literature usually neglect such effects [2-6]. In this regard, we propose
a generalization of the Ashkin’s model for the radiative force exerted by a light ray on a
spherical bead, including the contribution due to absorption/attenuation of light by the
particle [7] [W. H. Campos et. al., Appl. Opt. 57, 7216 (2018)]. Finally, we present
our results regarding the optical trapping of germanium particles in an OT setup [8] [W.
H. Campos et. al., Phys. Rev. Research 1, 033119 (2019)]. We have observed that
these particles also exhibit quasi-periodic oscillations, with the novelty that the direction

of oscillation highly depends on the polarization of the laser beam. We also propose a
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modification in our model for the inclusion of such a new feature.

In addition to the works mentioned above, this thesis is also devoted to our works
on topological states of matter. More specifically, during my Masters studies (concluded
in 2016) we have started with the investigation of the topological magneto-electric ef-
fect in TT’s, for which we showed that the position of a point-like electric charge near
the magnetically caped semi-spherical surface of a TI can be used to reverse the sign of
the induced image magnetic monopole inside its bulk. During the first semester of my
PhD, we have extended this investigation to a semi-cylindrical TT surface. For the sake of
completeness, here we discuss both results, which are very similar and were published to-
gether in Ref. [9] [W. H. Campos et. al., Phys. Lett. A 381, 417 (2017)]. We also present
our preliminary results on the higher order topology analysis of electronic band struc-
tures in models with magnetic ordering. More specifically, we have investigated spinful
(anti)ferromagnetic variations of a second order TT and the topological antiferromagnetic
(AF) material CuMnAs, as well as its ferromagnetic (FM) variation. These last studies
were started during my PhD “Sandwich” scholarship in Germany, in the groups of Prof.
Jairo Sinova and Dr. Karin Everschor-Sitte. Since our investigations are still in progress,
the results are not published yet.

This thesis is structured as follows: Chapter 1 provides an introduction about both
themes of the thesis, in which Section 1.1 is devoted to OT and Section 1.2 is devoted
to topological states of matter. Thereafter, the thesis is divided into two parts. Part
I includes three chapters discussing our investigations in OT, while in Part II has two
chapters discussing our investigations with topological matter. Finally, in Chapter 7 we
present our final conclusions and prospects for future research.

Before we proceed to Sections 1.1 and 1.2 of the Introduction, an important note
is in order. Most chapters of this thesis discuss works that have already been published
in scientific journals, having me as their first author. In the absence of specific/clear
policies regarding the inclusion of published material in thesis and dissertations of the
Federal University of Vigosa (UFV), and in mutual agreement with the advisor, both text
and figures from these papers were used in the corresponding chapters. The published
contents were used in their entirety, with some changes for pedagogical and formatting
purposes. For example, parts of the texts were modified and used in short introductions

at the beginning of each chapter and figures were renumbered for better referencing along
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the document. In our understanding, such use by the authors is covered by the copyright
policies available on each publisher’s website. When such information was not available,
written permission was obtained from the publisher (via email). Some publishers adopt
the RightsLink system, from which automatic permissions were obtained. The appropriate
citations and copyright credit lines are included in the beginning of each chapter containing

published material, along with direct links to the webpages of the works.

1.1 Optical tweezers

The idea of optical trapping and manipulation of micrometer-sized objects was
conceived by A. Ashkin and collaborators and disclosed in their early 70’s seminal papers
[2,10,11]. Their work gave rise to the rapidly growing field of optical tweezers (OT) and
Ashkin himself applied the technique for the remote manipulation of viruses and bacterias
in aqueous solution [12]. His invention of OT and their application to biological systems
granted A. Ashkin half of 2018’s Nobel Prize “for groundbreaking inventions in the field of
laser physics”, with the other half being split between G. Mourou and D. Strickland [13].

Several variations of the experimental setup initially proposed by Ashkin can be
found in the literature [14-16]. Although much modern apparatus such as holographic
tweezers [16,17] are becoming popular nowadays, it is still more frequent to come across
OT whose laser intensity has a Gaussian profile [18-20]. Besides being simple and ac-
cessible, Gaussian laser beam OT can be equipped with phase contrast masks to bring
about interesting variations, such as annular profile beams [21]. In this thesis we work
exclusively with Gaussian laser beam OT, in which an objective lens of high numerical
aperture is used to focus the beam, producing the optical trap [18].

When subject to a highly focused Gaussian light beam, dielectric particles are
known to yield stable trapping in three dimensions. There are three main theoretical de-
scriptions for OT, in which the applicability of each one of them is based on the comparison
between the particle radius, [, and the laser wavelength, A. A theoretical description in
the geometrical optics regime can be applied whenever A << [ and was developed by R.
Gauthier, S. Wallace and A. Ashkin [2,3]. This description uses the Snell’s law of refrac-
tion in order to calculate the optical forces. In turn, J. Gordon provided a description for

OT in the Rayleigh regime [4], which treats the spherical particle as a dipole moment and
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can be applied whenever A >> [. Finally, P. Maia Neto, H. M. Nussenzveig and coworkers
developed a formalism based on the Mie-Debye spherical aberration theory which is valid
for an arbitrary particle radius. However, due to high computational cost it is often more
appropriate to be used in the Mie regime, i.e. when A ~ [ [5,6]. In order to introduce
the basic ideas and a first qualitative analysis of OT, we focus on the geometrical optics
regime, for it is much more intuitive and also leads to very good results when compared
with experiments. A detailed qualitative description of the optical forces in the geomet-
rical optics regime is given in Subsection 1.1.1. In Subsections 1.1.2 and 1.1.3, we briefly
discuss the Rayleigh and Mie regimes, respectively.

In the usual form, OT work based on linear momentum transfer from a highly
focused laser beam to a particle with refractive index greater than that of the surrounding
medium, n, > n,, (deionized water have n,, ~ 1.33, being used in the majority of the
experiments). The gradient force comes about by refraction of the light rays reaching the
surface of the particle, being responsible for its trapping near the focus of the objective
lens. Fig. 1.1 (left panel) depicts a spherical particle under a Gaussian laser beam OT,
with two rays being refracted by the particle surface. The beam intensity at the objective

entrance decays with the radial distance from its center, p, and can be written as:

1) = toexo (). (1)

where I is the intensity at p = 0. The beam waist, o, is obtained by fitting Eq. (1.1)
with experimental data. Usual techniques consist of analyzing a digital image of the laser
beam with a ruler calibration or measuring the intensity profile from the laser power going
through a diaphragm as a function of its radius [18,22,23]. The ray with wave vector
Ky coming from the central portion of the beam generates a force F on the sphere when
refracted by its surface. As F points toward the focus of the beam, it favors the trapping
of the particle. On the other hand, a ray with wave vector ks coming from the farthest
portion of the beam generates a force ]32 that opposes the trapping. However, as the
intensity profile has a Gaussian shape, |ﬁ1| > |ﬁ2|, and the resulting force points toward
the laser focus. Fig. 1.1 (right panel) shows a different situation, in which the particle is
above the objective focus. Notice that even in this situation the resultant force happens
to point toward the laser focus. The reader can easily convince himself that, regardless

the relative position of the particle, the total gradient force resulting from all the rays
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reaching the particle points towards the focus of the laser beam [18].

Objective

Objective

Figure 1.1: Sketch of a spherical bead under a Gaussian laser beam optical tweezers.
If the refractive index of the particle is greater than that of the surrounding medium,
refraction of the light rays at the particle surface generates a gradient force that pulls it
toward the focus of the laser beam. Adapted from Ref. [18].

The optical force is a result from the
competition between the gradient force,
generated by refraction related linear mo-
mentum transfer, and radiation pressure,
for which both reflection and absorption of
light are responsible. The former is usu-
ally attractive, while the latter tends to
drive the particle away from the focus re-
gion. Besides radiation pressure, the ab-
sorption of light from the laser beam gener-
ates inhomogeneous heating of the particle
and the surrounding medium due to energy
transfer. The resulting temperature gradi-
ent generates a radiometric force pointing
toward the coldest region in the vicinity of
the particle (Fig. 1.2). Since the laser in-

tensity increases as we approach the optical

spherical particle

Figure 1.2: Generation of the radiometric
force by inhomogeneous heating of a spher-
ical particle and its surrounding medium.
The unbalance between the kinetic energy of
the water molecules in regions with temper-
atures T and T5 results in net force towards
the region of smaller temperature. Adapted

from Ref. [24].

axis, there is a component of the radiometric force toward the opposite direction, hin-

dering the trapping. In other words, radiation pressure and radiometric forces tend to
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push the object away from the laser focus, while gradient forces compose the attractive
counterpart. Successful optical trapping takes place whenever the gradient force overcome
the repulsive ones [2,10,25,26]. Therefore, dielectric transparent particles are adopted in
most experiments with optical tweezers, in order to avoid heating effects and improve the
trapping efficiency.

Nowadays, OT represent an important tool in many interdisciplinary areas be-
tween physics, chemistry and biology. Some examples are the study of biological cells,
macromolecular systems, single biopolymers, interface and colloid science, microfluidics,
material sciences, solution-phase chemistry and others, allowing mechanical studies of
small soft matter systems [12,16,17,27-45]. More recently, optical tractor beams have
been used for microscopic transport of airborne particles [46], contributing to studies in
aerosol science [47-54]. The OT technique has also been applied to probe Casimir interac-
tions at the micro and nanometer scale [55,56]. Broad review articles and a step-by-step

guide to the realization of OT can be found in Refs. [14-17,57].

1.1.1 Geometrical optics regime

Here we show how to obtain the optical forces exerted by a single light ray on a
spherical bead in the geometrical optics regime. In addition, we exemplify how the result
can be applied to calculate the total radiative force on a particle under a Gaussian laser
beam OT.

The theory for OTs in the geometrical optics regime was developed by R. Gauthier,
S. Wallace and A. Ashkin [2,3], so here we follow the main ideas of Ref. [2] to obtain the
optical forces. In their model, the authors obtain the radiative force by computing the
variation of the linear momentum of light, as a result of the interaction with the particle
surface. They do not consider absorption of light by the particle, so that only reflection
or refraction by the surface change the linear momentum of the light ray.

Consider a single ray of power dP interacting with a spherical bead (Fig. 1.3).
When the ray reaches the bead surface, a fraction R of the incoming power is reflected
and a fraction Ty, face = 1— R is transmitted through the interface (i.e. R is the reflectivity
and Ty fqce 15 the transmissivity at the surface). It is worth emphasizing that in many
papers and textbooks the transmissivity concerns the fraction of the power remaining after

crossing the entire length of the material in the direction of light propagation. However,
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in Ashkin’s model only the transmissivity at the surface is taken into account. This is
not important for their model because the particle is considered to be fully transparent
in the bulk, that is, all light that penetrates the surface will reach the opposite side of the
particle. However, in Chapter 3 we will see that changes have to be made in the model if

one deals with light-absorbing materials.

RdP

83
\
dP &<~ °N__ L
v -
S v+n
o
,f
//’
T?dP

Figure 1.3: Light ray interacting with a transparent particle. Once the light ray is reflected
and refracted by the external surface of the particle, its refracted portion splits again every
time it reaches the inside surface. Linear momentum is transferred from the light ray to
the particle, contributing to its trapping. £ and ( are the incidence and refraction angles,
respectively, and [ is the sphere radius. Adapted from Ref. [7].

An expression for R can be obtained by considering a linearly polarized light ray
and taking the average over the two laser polarizations, TE and TM. Assuming no pref-

erential polarization, the reflectivity can be written as [18,58]:

sin(€ + ¢)

1 [sin@ - <>r 1 [tan(f — or 12)
2 [tan(§ + ()] '
The refraction angle reads ((§) = arcsin [% sin f} (Snell’s law), where £ is the angle of
incidence, n,, is the refractive index of the surrounding medium and n, is the refractive
index of the particle.

As a result of the reflection and refraction, linear momentum is transferred from
the light ray to the bead, exerting a force whose magnitude and direction depends on the
angle of incidence, £. Let us choose the z’-axis to be in the direction of the incident ray,

and the y'-axis to be in the plane of incidence, which contains both the light ray and the
center of the particle (Fig. 1.3). Details on the calculations are provided below, but the
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final force exerted on the bead can be written as [2,18]:
dF = Z[Re(Q))2' + Im(Q1)y)dP, (1.3)

where ¢ is the speed of light, and

2exp[2i(§ — ()]

Qi =1+ Rexp(2i€) — T*—F =

(1.4)

is the dimensionless force efficiency (also known as the dimensionless vector efficiency
factor).

In order to obtain Eq. (1.3), we notice that once the incident light ray penetrates
the interface, there will be new reflections/refractions every time it interacts with the
inside surface (Fig. 1.3). In each interaction, a fraction T?R" of the initial power leaves
the particle in a different direction than that of the incident ray (n accounts for the number
of times the ray was reflected before leaving the particle), i.e., there is also a transfer of
linear momentum from the ray to the particle due to multiple reflections/refractions. The
change in the linear momentum of the sphere is obtained by summing the infinite series
of ray-surface interactions, with dpparticie = —dPray-

From Fig. 1.3, it can be seen that the component of the radiative force along

Z'-axis is given by [2]:
n =
dF, = m{l—i—Rcos (26) = T*>_ R"cos (1/+m7)}dP, (1.5)
¢ n=0

where n = 0,1,2,3... is an integer number, and the angles &, (,v,n are indicated in Fig.

1.3. This can be easily shown to be

(&

n . w
dF, = " Rel1 4 Re¢ T?,}dp. 1.6
k Re{ 4 Re o (1.6)

Using the geometric relations v = 2§ — 2¢ and n = 7 — 2(, one obtains

aFs — "ped1 4 perie _ 20 Vi 1.7
o= TRt R T T P (L.7)

In turn, along 3/-axis, we have that:
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Nom, , 2 =X
dF, = C{R sin(28) — 7% > R"sin (v + nn)}dP. (1.8)

n=0

Proceeding in an analogous way, one gets:

(2i(6-C) }

_ M 2%E 2
dFy, = . Im{Re T 1T e o< dP

(1.9)

Note that the compact expression (1.3) is equivalent to Egs. (1.7) and (1.9).

Now, consider a Gaussian laser beam OT, whose intensity profile at the objective
entrance is given by Eq. (1.1). The power element of a particular incident ray labeled
by the cylindrical coordinates p and ¢ (the azimuthal angle) can be obtained using dP =
I(p)dA, where I(p) is given by Eq. (1.1) and dA = pdpdp is an area element of the
objective. Therefore,

_ 9,2

dP = Iyexp ( UQp ) pdpdep. (1.10)

If we calculate the total beam power before the coverslip,

2T oo -9 2 2
P :/ / Ioexp< 2p )Pdpdso =71, (1.11)
o Jo o 2
then Eq. (1.10) can be written as
2P, —2p?
dP = —; Xp < 2p > pdpdp. (1.12)
o o

After the objective, however, it is more convenient to label the ray by the angle
0 between the ray and the optical axis. Let the z-axis be placed along the optical axis,
pointing toward the objective lens [Fig. 1.4 (left panel)], and choose the origin of the
coordinate system to be at the laser focus. Now, we use the Abbe sine condition for

microscope objectives [18],

p= fsinf, (1.13)

where f = ny,Ro/NA is the focal length of the objective. n, is the glass refractive index,
Ry is the maximum value of p and NA is the numerical aperture of the objective. Applying
the Abbe sine condition to Eq. (1.12), the power increment dP of a single light ray can

be written as
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Figure 1.4: (Left panel) Reference coordinate frame for a single light ray being focused
by the objective lens. p and 6 are the radial distance and the angle between the optical
axis and the point where the ray leaves the objective, respectively. The origin of the
coordinate frame is chosen to be at the objective focus. (Right panel) Spherical particle
in an arbitrary position near the focus of the objective lens. 7" labels the particle position
relative to the objective focus. 7 is the angle between 7 and the z-axis. l'and d = 7+ are
the vectors connecting the center of the particle and the origin of the coordinate frame
to the point where the incident ray intersects the particle surface, respectively. Adapted
from Ref. [18].

dp = =t .

To?

2P —2f2%sin?
L exp (fsm&) f? sin 0 cos 0dOd . (1.14)

o

With Egs. (1.3) and (1.14) in hands, we can proceed to the calculation of the total

optical force with

o 2 rbo
F= / dF, (1.15)
0 0

Notice that not all the rays of the beam will actually reach the particle. As the rays go
through the objective, they undergo refraction at the glass-medium interface. It is easy
to see that 6y depends on the distance h from the center of the particle to the coverslip
surface. Due to spherical aberration, fewer rays reach the particle as h increases [18]. If
we consider the particle to be nearly touching the coverslip surface, than all rays that
pass through the coverslip surface will reach the particle and 6y is the critical angle for
total internal reflection. For an interface of glass with deionized water used in most
experiments, we have 6y = 63.55° for the critical angle [18].

In order to actually calculate the total force exerted on the particle, we need to

write Eq. (1.3) as a function of # and . For this, notice that ¢); depends on the angles
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¢ and (. Therefore, all we have to do is to write these angles as functions of # and ¢.
Fig. 1.4 (right panel) shows the particle in an arbitrary position near the focus of
the objective lens. The position of the particle is given by the vector 7, where the origin
of the coordinate frame is taken as the objective focus and ~ is the angle between i and
the z-axis. Let [ be the vector connecting the center of the particle to the surface point
where the incident ray intersects the particle and d = 7+ [ the vector connecting the
origin of the coordinate frame to the same surface point. From Fig. 1.4 (right panel), one

can see that

2 2 .2
d“ﬂ | (1.16)

& = arccos [ 51d

with

d= \/l2 — 12+ r2(sin~ysin @ cos ¢ + cosy cos )2 + r(siny sin § cos ¢ + cosy cos f). (1.17)

The ¢ angle is given by the Snell’s law, ( = arcsin [% sin 5}, while the unitary vectors

are given by

2" = (—sinf cos p, —sin O sin p, — cos §) (1.18)
and
2 x (Fx 2)
= . 1.19
Y= %% (7" x 2" ( )

Now that all variables are written in terms of # and ¢, one can calculate the force

exerted on the particle by numerical evaluation of Eq. (1.15).

1.1.2 The Rayleigh regime

The theory for OT in the Rayleigh regime was proposed by J. Gordon [4], being
applicable whenever the radius of the particle is much smaller than the light wavelength
(I << A). Actually, the Rayleigh scattering is valid in situations in which the beam phase
shift is small when refracted by the particle, so that 2ki(n, — 1) << 1 [18], where k is the
wave vector in the surrounding medium, [ is the particle radius and n, = n,/n,, is the
relative refractive index. As in most experimental setups of OT the surrounding medium
is deionized water (n, > 1), the previous condition can be usually simplified to | << A,

since k = 27, /.
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In this approach, the small particle is considered to be an electric dipole induced
by the electric field of the laser beam, which in turn is taken as approximately uniform
around the dipole. The dipole moment of a dielectric sphere located in an uniform electric

field, E , is solved in many textbooks on electromagnetic theory and is given by [58,59]

r 1 o
E —PE. (1.20)

p = 4men,

where €, = €,/€,, is the relative permittivity, €, and ¢,, are the particle and medium
electric permittivities, respectively.

In turn, the force exerted on the dipole reads

—

F=—(p-V)E. (1.21)

By substituting Eq. (1.20) into (1.21) and using the relation

- = — —

VE? =2(E-V)E +2E x (V x E), (1.22)

along with VxE= 0, we obtain the gradient force exerted on a spherical particle in the

Rayleigh regime:

o 1 -
F, = 5WEP, (1.23)
where
€ — 1
= dme,, ——13 1.24
“ e € + 2 (1.24)

is the particle polarizability [60,61].

1.1.3 Mie regime

In many applications of OT, the size of the trapped object is comparable to the
laser wavelength, so that neither a geometrical optics nor Rayleigh scattering description
is appropriate. Therefore, it was necessary the development of a first-principles theory
that allows for absolute calibration even in these situations. The theory accounts for the
spherical aberration at the glass-medium interface and is based on an optical (electromag-

netic) representation of the highly focused laser beam produced by the objective [62]. The
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Mie-Debye spherical aberration (MDSA) theory is valid for an arbitrary value of the par-
ticle radius, and the calculations were performed by P. Maia Neto, H. M. Nussenzveig and
coworkers [5,6]. Although more complicated, this theory involves no adjustable parame-
ters, so that an absolute comparison between theory and experiments can be achieved [18].

A detailed description of the MDSA theory is beyond the scope of this thesis.
Therefore, we only briefly discuss the results for the transverse trap stiffness and their
comparison with experimental data. For this, we consider a highly focused laser beam

represented in cylindrical coordinates and define the dimensionless efficiency factor, @ =

(Qpa Qqﬁa Qz)7 as
cF

Q:nmP

(1.25)

where c is the velocity of light in vacuum, F is the total force exerted on the particle and

P is the power of the incident laser beam. In turn, the transverse stiffness reads [62]

n, P (0Q,
=— —< . 1.2
" ¢ ( p >: 20

where z., is the equilibrium position at the z-axis, i.e. the point in the optical axis at
which @ = 0.

Historically, there were two major steps on the development of the MDSA theory.
Fist, the electromagnetic generalization of Debye’s scalar theory for a strongly focused
beam was combined with the Mie scattering theory for a dielectric sphere, so that spherical
aberration produced at the interface between the glass coverslip and the medium is taken
into account [23,63]. The results reproduced very well the experimental data for large
particle sizes. However, for particle radius smaller then the laser wavelength the MDSA
theory highly overestimates the trapping stiffness [22]. The second step concerns the
implementation of optical setup aberrations to the model, which finally led to very good
agreement with experiments for all particle sizes [6].

Fig. 1.5 shows the results for the transverse trap stiffness for either Mie-Debye
spherical aberration theory (MDSA) and its extension with inclusion of optical aberration
effects (MDSA+), for a spherical particle of radius ¢, ranging from Rayleigh to geometrical
optics regimes. Experimental results for four different particle sizes are also included

for comparison. Notice that optical setup aberration effects, specially astigmatism, are
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Figure 1.5: Transverse trap stiffness per unit power, x,/P, versus particle radius, ¢, for
experimental measurements (black dots), MDSA (dashed) and MDSA+ (red line) theories
from Rayleigh (k o< £*) to geometrical optics (k o< 1/¢) regimes. Adapted from Ref. [62].

extremely important for the Rayleigh and Mie regimes. Remarkably, the theoretical
results for MDSA+ theory agree with experimental data within error bars, with absolutely
no fitting procedure.

Although calculations based on MDSA scattering theory leads to very accurate re-
sults, for spheres of radius ¢ larger than the light wavelength, A\, the Mie series converges
slowly and intricate computational techniques are necessary to overcome this inconve-
nience [64,65]. In such regime, the geometrical optics approach leads to simpler results
with considerably good accuracy, being very practical and efficient for comparison with

experimental observations [7].

1.1.4 Metallic particles in OT

In order to trap small particles in optical tweezers, one has to consider the optical
properties of the material from which they are made, since they are decisive for the action
of the final forces on the object. As explained before, the optical trapping of dielectric
particles is based on the competition between radiation pressure and the gradient force.
The former occurs whenever light is reflected or absorbed by the particles, while the
latter comes about from light refraction. In general, stable trapping occurs whenever
gradient force dominates, in such a way that the particle is kept around the laser beam
focus [18]. The absorbed part of the ray also generates the so-called radiometric force,
related to thermal effects. If the particle is transparent, this force is smaller than the

gradient force, and it is expected that fully transparent particles should be trapped in
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optical tweezers, while metallic particles should not. In fact, when subjected to a highly
focused Gaussian light beam, dielectric particles are known to yield stable trapping in
three dimensions, since gradient forces overcome both radiation pressure and radiometric
forces [1,18,34,66]. On the other hand, metallic particles are usually pushed away, since
light is mostly reflected and/or absorbed by the material. In fact, the stable optical
trapping of metallic particles only occurs under very special conditions [66-69].

In the Rayleigh regime, in which particles are very small, the gradient force is
proportional to the polarizability of the material [Eq. (1.23)] and metallic particles can
be trapped in three dimensions more efficiently than dielectric ones. For the ratio of the
gradient by the scattering force in the Rayleigh regime, we have F ;m)/ F§§;2 o [73[66].
It is important to say that in this regime the trapping force is very small, regardless if
the particle is dielectric or metallic. Also, heating of the system by absorption of light,
and therefore the radiometric force, are known to be negligible for Rayleigh particles.
In the Mie and geometrical optics regimes, the optical trapping of metallic particles is
more complicated. A possible way is to implement an inverted "doughnut" laser beam

to levitate the bead using the radiometric force [See Fig. 1.6 (left panel)] [70]. Another
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Figure 1.6: (Left panel) Metallic particle trapped in an inverted "doughnut' laser beam.
The radiometric force exerted by the light on the particle balances its weight and prevents
its escaping sideways. Adapted from Ref. [70]. (Right panel) Metallic spherical particle
trapped against a substrate (blue) by radiation pressure. (a) If the bead is between the
focal plane (green) and the objective lens, stable trapping can be achieved. (b) Otherwise,
the particle is scattered by the light beam. Adapted from Ref. [71].

option is to hold the particle against a substrate [See Fig. 1.6 (right panel)], in which the
radiation pressure itself can be used to yield the trapping [71]. Notice that in this case
the stability of the optical trapping is bi-dimensional, and highly depends on the height
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of the particle relative to the focal plane. If the metallic bead is between the objective
lens and the focal plane, radiation pressure can trap the particle. On the other hand, a
bead below the focal plane is scattered by the radiation pressure. Due to this delicate
dependence on the radiation pressure, trapping in this configuration is only possible when
it overcomes the radiometric force.

In Ref. [72], the authors provide a theoretical description for the trapping of metal-
lic particles in the geometrical optics regime, considering that all the incoming light is
reflected by the surface. The scattering and gradient forces exerted by a single light ray

reads

dF :n—m(l + R cos 20)
¢ (1.27)

dF, =" sin 20,
C

where 6 is the angle of incidence at the particle surface.

1.1.5 Absorption of light by the particle

Absorption of light by trapped particles in OT is usually neglected in theoreti-
cal models and avoided in experiments, for it results in the generation of radiometric
forces (also called photophoretic forces, when caused by light [10,73]) [70,72]. However,
radiometric effects have become not only important, but also useful in optical control
and manipulation of microparticles. For example, inhomogeneous heating of the medium
was recently reported as an efficient method for the optothermal trapping of particles
in a hollow-core photonic crystal fiber [74,75]. In usual Gaussian beam setups, the pho-
tophoretic forces tend to scatter the particles from the optical region, but they are exactly
the same forces responsible to levitate metallic particles in a “doughnut” laser beam [70].
In Ref. [76], the authors propose a method for measuring the incident laser power using
the absorption of light by a small mercury bead that jumps when it reaches the boiling
temperature of water. Although for metallic materials the radiometric forces highly over-
comes the radiative forces, if the particle is semi-transparent they can compete, eventually
yielding to quasi-periodic oscillations, as recently observed for TI (BiyTes and BiySes)

particles in aqueous solution (see Chapter 2) [9]. Additionally, similar effects were also
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observed to occur for germanium (Ge) [8] and silicon (Si) [77] microparticles under OT
with Gaussian intensity profiles.

The optical trapping and manipulation of light-absorbing particles have been stud-
ied experimentally in different configurations [46,47,49,51,54]. It has been also studied
analytically in Rayleigh regime [66], and by finite-difference time-domain simulations for
particles in Lorentz-Mie regime [78]. However, to our best knowledge, an analytical ex-
pression for the radiative force exerted on an absorbing particle in the geometrical optics
regime is still lacking. In Chapter 3, we propose a generalization of the Ashkin’s model
in order to account for absorption/attenuation of light in the bulk of the particle, con-

tributing to fill this gap in the literature [7].

1.1.6 The Stokes force and the Brownian motion

Any object moving in a viscous medium, such as air or water, experiences a drag
force that opposes to its movement. If the object is a small spherical particle, this force
is also known as the Stokes force, and plays a very important role in OT experiments. In
fact, it is a key ingredient for the classic calibration of OT [18]. As the name suggests, an

expression for the Stokes force was derived by G. Stokes in 1851 [79], being written as

Fs = —6mnl7, (1.28)

where 7 is the viscosity of the medium, [ is the radius of the particle and v = dr’/dt is its
instantaneous velocity. All experiments in this thesis were conducted in deionized water,
for which n = 8.9 x 107* Pa.s at 25°C.

For usual optical traps, in which displacements are small, the particle-trap inter-
action is approximately that of a harmonic potential [18,80]. The “spring constant” in
this case is called trap stiffness, being usually represented by the Greek letter . It is
also important to mention that the trapped particles suffer position fluctuations due to
thermal excitation, the well-known Brownian motion [81,82]. As long as these fluctu-
ations are within the confining harmonic potential, the particle remains trapped in the
optical region. Many other forces can be in place, such as adhesion forces between parti-
cles, electrostatic forces, magnetic forces and more [83]. Therefore, the overall dynamics

is very complicated, and its full understating is still an ongoing effort. In the works of
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this theses we are concerned either with the optical forces or with dynamics regimes in
which Brownian motion is negligible. For this reason, it is not taken into account in our

calculations and experiments.

1.2 Topological matter

Topology has been one of the most remarkable and important concepts in con-
densed matter physics in the last decade [84-95]. Although the discovery of the TI’s
in 2006 was definitely responsible for the large increase of interest in this area, the idea
of topological order appeared in the early 70’s with the Berezinskii-Kosterlitz-Thouless
transition [96,97] and topological states of matter such as quantum Hall systems and
superfluid helium are known since the early 1980’s [98-102]. Mathematicians formalized
the idea of topology to classify three-dimensional objects based on properties that are
preserved under continuous (or smooth) transformations, such as stretching or twisting,
but not under drastic transformations, such as tearing or gluing. Consider, for example,
objects with simple surfaces, such as billiard balls or light bulbs. The surfaces of these
objects can be classified as topologically trivial, as opposed to the surfaces of objects such
as coffee mugs or “doughnuts”, which have single holes in their surfaces, making them
topologically nontrivial. Naturally, the classification can be extended if we include more
complex objects, such as pretzels with 3 holes, and so forth. Different objects falling into
the same class can be smoothly deformed into each other and are said to be topologically
equivalent [92]. Nowadays, topology is used in many areas of physics, but an essential
feature is that each topological class is characterized by a robust quantity, called topolog-
ical invariant. Such quantity plays a very important role in any topological classification,
since it does not change as an object is smoothly deformed into a topologically equivalent
one.

The topology of the objects in the example above can be analyzed using the “Gauss-
Bonnet theorem”, which relates the integral of the Gaussian curvature over the surface
with its “genus”, that is, the number of holes on the object [103]. Therefore, the genus is
a topological invariant, since it does not change as the object is continuously deformed. In
condensed matter physics, the “object” to be classified is the Hamiltonian of the system.

In order to define a “smooth” transformation in this context, we consider an energy gap
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separating the occupied states from the empty ones. A transformation in this Hamiltonian
carried out so that its parameters change slowly (adiabatic interpolation) is said to be
smooth if it does not close such energy gap. In what follows, we discuss these ideas with
a little more detail, starting with the TKNN topological invariant for the quantum Hall
effect, followed by 2D and 3D TI’s. Along with these examples, we also introduce other
topological phases of matter that are relevant to us, such as topological crystalline insula-
tors (TCI’s) and higher order topological insulators (HOTI’s). Finally, we briefly discuss
a very recent subarea at the interface between topology and spintronics, the “topological

antiferromagnetic spintronics”.

1.2.1 The quantum Hall effect and the TKNN invariant

The discovery of the classical Hall effect in 1879 by Edwin Hall [104] was of great
importance to material physics. Due to the Lorentz force acting on the free electrons,
a magnetic field applied perpendicularly to a sheet of metal induces an electric voltage
across a region in a direction perpendicular to that of the applied charge current. The
Hall effect provides a simple means of determining the sign of the charge carriers in metals
and semiconductors. In a two-dimensional electron gas at a very low temperature and
subjected to a strong perpendicular magnetic field, quantum effects play an important
role. The Hall conductance becomes quantized in units of €*/h (e is the electronic charge
and h is the Planck constant), while longitudinal resistance drops to zero [105]. In fact,
in 1980 K. von Klitzing reported the experimental observation of the quantum Hall effect
(QHE) [98]. This discovery was as important as its classical counterpart, because it has
encouraged researchers to expand our understanding of condensed matter systems. Until
then, all known states of matter could be described by the formalism proposed by Landau,
in which a phase transition is always related to the breaking of an intrinsic symmetry of
the system.

Topology is at the heart of the QHE, which was the first topologically non-trivial
state of matter to be observed. All previously known states are topologically trivial, whose
response functions are well-behaved except at critical points. Phases with topological
order, on the other hand, have at least one response function which is a topological
invariant, that is, that do not change smoothly with continuous deformations in the

Hamiltonian. In fact, they are very robust to perturbations, except at special points
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where they change abruptly. In the quantum Hall effect, such response function happens
to be the Hall conductivity. The QHE can be easily understood within a semi-classical
picture. Let a 2D electron gas be subjected to a perpendicular magnetic field. Due to
the Lorentz force, electrons in the bulk develop cyclotron orbits, so that they do not
contribute to the electronic transport and the bulk band structure is similar to that
of a normal insulator (see Fig. 1.7). On the other hand, electrons at the boundaries
cannot perform a closed orbit, so they propagate along the edges (“skipping orbits”)
and constitute one-dimensional channels [106,107]. In other words, the electronic band
structure of the QHE presents a robust “chiral” (that propagates in only one direction)
edge-state connecting the bulk valence and conduction bands. If the Fermi level lies within
the bulk band gap, the edge-state electrons propagate along the boundaries, while bulk

electrons do not contribute to the conductivity [105].
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Figure 1.7: Representation of the quantum Hall effect. Electrons in the bulk of the
material perform cyclotron orbits, yielding an energy band structure similar to the in-
sulating state of matter. However, electrons are allowed to propagate along the edges
of bi-dimensional material, forming a chiral channel in one dimension. Adapted from

Ref. [108].

The theoretical investigation of the QHE on topological grounds was first per-
formed by David Thouless and collaborators [99], constituting a milestone in the history
of topological matter. In fact, D. Thouless shared the 2016 Nobel Prize with F. Haldane
and J. Kosterlitz “for theoretical discoveries of topological phase transitions and topo-
logical phases of matter”. The analytical expression for the quantized Hall conductivity
is derived using the fundamental Kubo formula, whose result for a crystal lattice with

periodic potential can be written as

e2 occ 9 611%' auE au,; au];
_ ,n N _ 1 T 12
el = orh zn:/Bzd g K v | ok o | ok )] (1.29)
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where n labels the occupied electronic bands below the Fermi level and |u,;n) is the Bloch
state for crystal momentum k and band index n. It turns out that each term of Eq. (1.29)
is nothing but the Berry phase for the band n computed over the Brillouin zone (BZ),
multiplied by the factor e?/27h [92,105]. Considering the Berry connection

A (k) = i(ug | Viluz.,), (1.30)

we define the Berry curvature as

Fo() = O A, — O Ay = i DEn Qi /O | OV 1.31
n(k) = O Ay = O, A ok | ke )TN\ ke o ) (131)
so that the Hall conductivity reads
occ 9
OHall = 5 hz d°kF( (1.32)

Due to the periodicity of the BZ in both x and y directions, it can be unequivocally
mapped onto the closed surface of a 3D torus. As shown in detail in Ref. [109] by cutting
the surface of the torus and integrating the Berry connection along the boundaries of the
BZ, the single valuedness of the Bloch wave function implies that the total Berry curvature
must be an integer multiple of 27 [92,109]. Therefore, Eq. (1.29) can be written as

o2

OHall = EC’, (1.33)
where C' is an integer number, known as the total Chern number. C' is in fact obtained
by summing the Chern numbers associated to each individual band, C' = >~ C,,, where
= 1/(27) [, d2kF,(K). Tt is a remarkable fact that a complicated property such
as the electric conductivity depends only on fundamental constants. This relationship
between the Hall conductivity and the Chern number is the so-called TKNN invariant
(after Thouless, Kohomoto, Nightingale and den Nijs), that is, the topological invariant

associated to the QHE.
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1.2.2 Topological insulators
The quantum spin Hall effect and 2D topological insulators

The discovery of the QHE gave rise to the search for new states of matter presenting
topological order. In 2005, an intriguing topological phenomena known as the quantum
spin Hall effect (QSHE) was predicted by C. Kane and E. Mele to take place in graphene
[110]. The QSHE resembles its precursor, but have a distinct physical origin. While the
QHE requires breaking of time reversal symmetry (TRS) to be realized (implemented
by the application of an external magnetic field), the QSHE arises naturally from the
spin-orbit coupling (SOC) in the bulk of the material. The SOC manifests in such a way
that electrons experience an "effective Lorentz force", and therefore, it is often said in the
literature that the SOC plays the role of the magnetic field. Interestingly, the direction
of this force depends on the spin of the electron, so that electrons with opposite spins
propagate in opposite directions along one-dimensional edge channels at the boundaries
of the material [111] (Fig. 1.8). This remarkable property is known as "spin-momentum
locking", i.e., the linear momentum direction of an electron is coupled to the direction of
its spin. Due to this correlation between spin and crystal momentum, these edge-states
are often referred to as helical edge-states [107]. Roughly speaking, the QSHE is the sum
of two independent quantum Hall insulators of opposite chirality, so that the system is
invariant under TRS. As a result, the total Hall conductance is zero, but the spin Hall
conductance is finite and quantized as 2= [111].

The QSHE could not be experimentally observed in graphene, because it has a very
weak spin-orbit coupling, which is essential for this topological phase to occur [112,113].
However, in 2006 Bernevig and collaborators predicted that such effect could be observed
in HgTe quantum wells [114], which was in fact confirmed experimentally by Konig et. al.
in the following year [115]. It is important to stress that the metallic edge-states arise as a
consequence of the bulk band topology, which is known as bulk-boundary correspondence.
In their paper, Bernevig et. al. used k- p perturbation theory to derive an effective model
Hamiltonian for the bulk, which is known as the BHZ (after Bernevig, Hughes and Zhang)

model:

H = w(k) 0 (1.34
= ~ , . )
0 h*(—Fk)
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where h(k) = €(k)laxs + 30, do(K)o®, Toxs is the 2 x 2 identity matrix and

I

e(k)
do(k) = (Aky, = Aky, M(K)) (1.35)

C—D(k2+k)

M(k) =M - B (K2 + k),
where A, B, C', D and M are material parameters that depend on the geometry of the
quantum well. 0% (a = 1,2,3) are the Pauli matrices representing pseudospin degrees of
freedom. It is important to point out that the real spin is not a good quantum number,
since the BHZ model preserves TRS. As discussed in Ref. [116], not every basis state of
the BHZ Hamiltonian [Eq. (1.34)] is purely spin up or down. However, explicit calculation
of the expectation value of ho,/2 yields ~ £h/2, and therefore, the basis states can be

considered as approximately spin-polarized [116].
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Figure 1.8: Representation of the quantum spin Hall effect and its band diagram. Elec-
trons in the bulk of the material are localized and do not contribute to the electric cur-
rent. The boundaries support two counter-propagating edge-states with spin-momentum
locking, i.e. electrons propagating in opposite directions have opposite spins. These
edge-states lie in the gap separating the bulk valence and conduction bands and can be
described by an effective one-dimensional Dirac Hamiltonian. Adapted from Ref. [108].

Projecting Eq. (1.34) onto the edge-states leads to the following effective Dirac
Hamiltonian [106]

Hedge = hUD]CyO'Z, (136)

where vp is the Dirac velocity of the edge-states. The eigenvalues of this Hamiltonian
constitute the Dirac cone (or an “X”, as the edge is one-dimensional) for the edge-states
appearing in the band gap between the valence and conduction bands of the bulk (Fig.

1.8). This is the manifestation of the aforementioned bulk-boundary correspondence, i.e.,
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the appearance of metallic edge-states as a consequence of the topological properties
(more details on the topological aspects are given below) of the bulk. Note that crystal
momentum is directly coupled to the electron spin (Hegge o ky0?), leading to the so-called
spin-momentum locking. As a result, the counter-propagating edge-states' have opposite
spin-polarizations.

An important consequence of the spin-momentum locking in the QSHE is that
backscattering between counter-propagating edge-states is forbidden. To understand this,
consider the scattering of forward-moving electrons with spin up by a non-magnetic impu-
rity (i.e., TRS is preserved). In the scattering, the electron can perform either a clockwise
or a counterclockwise turn around the impurity. Since only spin-down electrons can move
backwards, the spin of the incident electron must undergo either either a 7w or a —7 rota-
tion in the process. These two paths have the same probability to occur and differ by a
spin rotation of 27. It is well-known that a rotation of 27 renders a negative sign to the
wave function of a spin-'2 particle. As a result, the two paths interfere destructively, and
no backscattering can take place between the counterpropagating edge-states [106].

We have seen that an important quantity that characterizes the topology of the
QHE is the TKNN invariant. However, the Hall conductivity is odd under TRS, so it is
not a good indicator of topology for the QSHE, which is a time-reversal invariant system.
In fact, if one calculates the TKNN invariant for the QSHE, it is found that oy = 0.
In order to define the topological invariant for the QSHE, we examine the role of TRS
for spin-"/2 particles [107]. The TRS can be represented by the antiunitary operator
© = exp(inS,/h) K, where S, is the y component of the spin operator and K represents
complex conjugation. For a time-reversal invariant system in a periodic lattice, the Bloch

Hamiltonian? H (k) satisfies

OH(K)O™" = H(—Fk). (1.37)

This, and the fact that ©2 = —1 for spin-Y2 electrons, results in the celebrated Kramers’
theorem: for each eigenstate of the Bloch Hamiltonian at momentum E, there is an

orthogonal eigenstate at momentum —k with the same energy eigenvalue.

'Remember that the electron group velocity is given by (vy); = (1/h)0k, Ey (k;).
2The Bloch theorem states that the eigenfunctions of a Hamiltonian () periodic in 7 can be written
2 — ik
as ¢, p(r) = e

periodicity of (7). It can be easily shown that the k-dependent energy bands E, (k) are obtained from

u,, (), where u, 7(r) are functions (called cell-periodic Bloch states) with the same
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The time-reversal invariant momentum (TRIM) points T'; of the BZ are defined as
those k points in which k=-k+G , Where Gisa reciprocal lattice vector. A well-known
property of Bloch Hamiltonians is that ’H(/;) = ’H(E + é), and therefore, at the TRIM

points Eq. (1.37) becomes

OH(T)O™" = H(T)). (1.38)

This means that at these points the eigenstates of a time-reversal invariant Hamiltonian

are at least two-fold degenerate.
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Figure 1.9: The two possible configurations of edge-states in a 2D time-reversal invari-
ant Hamiltonian. At each degenerate point, the two crossing bands are related by the
Kramer’s theorem, and therefore, have opposite spin orientations (blue arrows). (a) The
degenerate end states connect pairwise and the edge-states intersect the Fermi level an
even number of times. In this case they are not robust and can be displaced out of the
bulk band gap by an adiabatic deformation on the energy spectrum [106,107]. (b) The
degenerate end states “switch partners”; so that the edge-states intersect the Fermi level
an odd number of times. In this case the edge-states are robust and protected by TRS,
constituting a TI. Adapted from Ref. [107].

The existence or nonexistence of states bound to the edge depends on details of
the Hamiltonian. If they are present, however, there are two possibles scenarios in which
they can appear. Consider a projection of the band structure onto the k, direction. As a
result of the Kramers’ theorem, any edge-states must come in pairs, which in turn must be
degenerate at k, = I', and k, = I'y (the only two TRIM in this projected BZ). Since the
two crossing bands are related by the Kramers’ theorem, they necessarily have opposite
spin orientations. Fig. 1.9 shows the two possible ways in which the states at k, = ', and

k, = T, can connect. In Fig. 1.9(a), they connect pairwise, so that the bands intersect

H(E)unE(F) =k, (l;)unE(F), where H (k) = e’iE"?H(ﬁeiE'F is sometimes called the "Bloch Hamiltonian"
[117,118].
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the Fermi level necessarily an even number of times. In this case, the edge-states can be
pushed out of the bulk energy gap even by an adiabatic transformation on the energy
spectrum [106,107]. If the Fermi level does not cross any energy level, the edges become
insulating and electron transport cannot take place in the material. Another possible way
for these states to connect is to “switch partners” at the time-reversal invariant momentum
points, as shown in Fig. 1.9(b). In this case, the bands intersect the Fermi level an odd
number of times, and the edge-states cannot be eliminated unless the bulk band gap is
closed somehow [107]. Therefore, the edge-states in the topological phase are said to be
protected by TRS.

Overall, the bulk is insulating in the QSHE but the boundaries of the material be-
have as a conductor. These counter-propagating metallic states present spin-momentum
locking, are protected by time reversal symmetry and cannot be easily destroyed by pertur-
bations in the material, neither by mechanical deformation nor addition of non-magnetic
impurities [106-108]. Fig. 1.9(b) illustrates the spin-momentum locking feature, where
bands with positive or negative slopes have opposite spin orientations. Due to this intrin-
sic topological protection, QSHE systems were named (2D) topological insulators (TT’s).

The topological invariant for the 2D TI can be defined in several different ways.
One approach is to define the unitary matrix element of the time reversal operator between

states with time-reversal conjugate momenta k and —k [106,107,119]

Wi (k) = (i () O (F) ) (1.39)

Notice that at the TRIM, w(E = fz) is antisymmetric, which allow us to define the

following quantity

ae o ()
Prfu(®)]

SN2 o
where Pf stands for the Pfaffian of an antisymmetric matrix. As Pf [w (Fz)] = det {w (Fz)} ,

5 = (1.40)

we have §; = £1. Considering the four TRIM in the 2D bulk BZ, a Z, topological invariant
vop can be defined by [119]

(=1)r = f[éi, (1.41)
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where 1 = 1, 2, 3, 4 labels the TRIMs. The index v,p determines in which way the Kramers’
pairs of edge-states are connected, as discussed before. If (—1)"2P = +1, the system is
a trivial insulator. On the other hand, (—1)"2> = —1 implies that the Kramers’ pairs
switch partners at the TRIM, and the system is a TI. It is evident that the topological

invariant is only defined modulo 2. Therefore,

vop = 0,1 mod 2, (1.42)

with 0 for trivial insulators and 1 for TI’s.

3D topological insulators

A natural question that arose with the discovery of the QSHE is if there could
be a generalization of the TI phase from two to three dimensions. The answer to this
question came in 2006, from three independent research groups [107]. L. Fu et. al. [120],
J. Moore and L. Balents (which coined the term “topological insulator”) [121] and R.
Roy [122] found out that the strong spin-orbit interaction in some three-dimensional
materials can result in topological order, as a natural generalization of the QSHE [107].
The electronic structure of 3D TI’s features very similar characteristics to those of their
2D analogues. The bulk band structure is characterized by an energy gap separating
the valence and conduction bands, while the strong SOC brings about metallic surface
states described by a single gapless Dirac cone [107,123]. Just as the helical states in
2D TT’s, the gapless surface states in 3D TT’s are also protected by TRS and exhibit the
remarkable spin-momentum locking. In this case, however, electrons are free to move in
any direction along the surface, as long as spin and momentum are perpendicular and
both lies tangent to the surface (Fig. 1.10) [106-108,120,123-126]. Another important
distinction between 2D and 3D TT’s is that, although the spin-momentum locking in 3D
TTI’s also prevents against backscattering between states with k and —E, the existence
of pairs of states with non-collinear momenta allows for small angle scattering in the TI
metallic surface [127,128].

In 2007, several specific materials were predicted to be 3D TT’s, including the
Bi;_,Sh, alloy, as well as a-Sn and HgTe under uniaxial strain [130]. The first experi-
mental realization was accomplished with Bi;_,Sb, in the following year [124]. In 20009,

BiyTes, SboTes [131] and BisSes [131,132] were also predicted to be TI’s. Shortly after,
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surface

Figure 1.10: Illustration of electrons propagating in the surface of a 3D TI. Due to spin-
momentum locking, the spin and momentum of the electrons are necessarily perpendicular
to each other. The helicity of each band is given by the spin texture of the surface states,
being left-handed for a clockwise rotation around the Dirac point and right-handed if the

rotation is counter-clockwise (as the conduction band in this figure) [108,129]. Adapted
from Ref. [108].

angle-resolved photoemission spectroscopy (ARPES) measurements ensured their exper-
imental confirmation, along with the observation of their surface states in the shape of
a single Dirac cone (Fig. 1.11) [85,132,133]. Broad reviews with many other features of
both 2D and 3D TT’s can be found in Refs. [106,107,125,126].
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Figure 1.11: Angle-resolved photoemission spectroscopy (ARPES) measurements for
BisSes, evidencing the Dirac cone describing the surface states between the conduction
and valence bands of the bulk. Adapted from Ref. [134].

A low-energy effective Hamiltonian for 3D TT’s can be obtained from k- P pertur-
bation theory by considering the symmetries of the material. BisSes, BisTez and SbhyTes
[131], for example, share the same rhombohedral crystal structure with five atoms per unit
cell. For these materials, the important symmetries are TRS, three-fold rotation symme-

try about the z axis and inversion symmetry. By requiring these symmetries and keeping
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only the terms up to quadratic order in E, one obtains the generic four-bands Hamiltonian

valid near the I' point of the BZ (known as the 3D BHZ model) [106,129, 131, 135]:

(M(E) Ak, 0 Ak |
. . Ak, —M(E) Ak 0
HE) = eo(B)Iasa + | (k) A - , (1.43)
0 A2k+ M(l{) _Alkz
| Ak, 0 —Atk. —M(k)]

- —

where ki = k, & iky, eo(k) = C + D1k? + Dok?, M(k) = M — B1k? — Bok? and k* =
k2 + k; The parameters can be obtained by fitting the energy spectrum of the effective
Hamiltonian with that of ab-initio calculations, for each specific compound [129, 131].

In analogy to 2D TI’s, projecting the bulk Hamiltonian [Eq. (1.43)] onto the surface
states leads to the surface effective Dirac model [106,129, 131, 135]:

Hp = +hvp? - (k x 3), (1.44)

where the Pauli matrix, ¢ = (0., 0y, 0,), is proportional to the physical spin. The helicity
of the spin-texture (4/— sign; see Fig. 1.10) depends on material properties such as the
atomic SOC, and is determined by the sign of the parameter A;/B; [106,129].

The BZ of a system with simple cubic lattice has eight distinct TRIM points,
which can be expressed in terms of the primitive reciprocal lattice vectors as I'i— (5, nony) =
(nll;l +n252 —|—n353> /2, with n; = 0,1. The 2D BZ of a surface perpendicular to a
reciprocal lattice vector, é, has four TRIM which are projections of bulk TRIM pairs
differing by G /2. The energy spectrum of such surface BZ is characterized by 2D Dirac
points at these TRIM. The surface band structure along any path connecting two distinct
Dirac points resembles one of the situations in Fig. 1.9, intersecting the Fermi level an
odd or even number of times depending on the Kramers’ pairs “switching partners” or
being connected pairwise, respectively [120].

It turns out that, for the eight TRIM in 3D insulators there are 16 invariant
configurations for the quantity §; in Eq. (1.40), which can be distinguished by 4 Z,
indices: vp; (v11913), defined by [120]

(=" =TI Oninsnss (1.45)

n;=0,1
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(=)= =TT Gninans (1.46)

n;2=0,1m;=1

There are two classes of phases depending on the parity of the topological indices
defined above. For vy = 0, the phases can be trivial, if v; = 0 for ¢ = 1,2, 3, or “weak
TI's”, if v; = 1 for at least one of the other indices. The weak T1 phase can be interpreted
as a stack of 2D QSH state layers, so that surfaces perpendicular to the stacking direction
are insulating, but the remaining ones are metallic. An important feature of the surface
states in weak TT’s is that they require translational symmetry to be topologically robust.
In fact, if the associated translational symmetry is broken, even a small perturbation can
open a gap in these surface states, making the system topologically equivalent to a trivial
insulator [107,120]. The vy = 1 phases are more robust, and all of them fall into the
classification of “strong TIT’s”. In this case the surface states are described by a single
Dirac cone [Eq. (1.44)], defining a two-dimensional “topological metal”. The Kramers’
theorem requires that states at momenta k and —k have opposite spin. Therefore, the
spin rotates by 27 as k circles around a Dirac point (Fig. 1.10), so that the electron
acquires a non-trivial Berry phase of = [107,120]. As the surface states of a strong
TT are topologically protected by TRS, their stability is very robust to non-magnetic
perturbations, such as mechanical deformations or chemical doping. In fact, the surface
states cannot be localized even for strong disorder, as long as it does not close the bulk
energy gap [107,136].

The physics of the surface states becomes very interesting if one breaks the TRS
protecting their topology. This can be achieved by coating the TI surface with a thin FM
layer of magnetization perpendicular to the surface, for example. Such a perturbation
opens a gap in the Dirac cone describing the energy spectrum of the surface states,
leading to the topological magneto-electric effect (TMEE) [106,107]. Once the TMEE is
in order, an external electric (magnetic) field induces both polarization (magnetization)
and magnetization (polarization) on the TI. This effect can be exploited to induce and
control electric polarization in a conical T1, which highly depends on its geometry. In fact,
wider or narrower aperture angles of the cone lead to opposite polarizations [137]. Other
consequences of the TMEE are the topological Faraday and Kerr effects, in which light
rays reflected and refracted by the surface experience a rotation of the light polarization,
respectively [106,107,125,126]. It has been predicted that the topological Kerr effect gives

rise to a residual force perpendicular to the incident plane whenever a light ray interacts
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with the surface of a magnetically capped spherical TT bead [138].

Opening a gap in the energy spectrum of the surface states by breaking TRS also
leads to the surface half-integer quantum Hall effect, with Hall conductivity given by
oz = (m./|m.|)e?/2h. m, is the mass term determined by the magnetization of the
coating FM layer, in which m, > 0 if the magnetization points outwards and m, < 0
if it points inwards [106,107]. The Hall conductivity can be calculated with the Kubo
Formula from linear-response theory, with the use of current-operator matrix elements

between momentum-dependent ground |0) and excited |n) states [139]:

_h 2, 1m((0]jz|n) (n]jy|0))
Oy =55 |, d k%:o BB (1.47)

In the absence of interactions or disorder, Eq. (1.47) reduces to:

B (01111, 10)

U:ry N 27'('2 DP (El — E0>2/h2 ’

(1.48)

where |0) and |1) represents the valence and conduction bands of the single-particle state,
respectively. Performing the integration, one obtains the Hall conductivity of the half-

integer quantum Hall effect for each surface:

m, e’

—_— 1.4
m.]2h (1.49)

Oay = sgn(V)

where V represents the sense of the vorticity of the momentum-space valence-band-spinor
texture [139].

A very interesting manifestation of the surface quantum Hall effect described above
is the possibility of inducing an image magnetic monopole inside a TI. In fact, Qi et.
al. [123] have shown that if an electric charge is placed near the surface of a TI hosting the
TMEE, the magnetic field generated by the surface Hall current is exactly that produced
by a magnetic monopole located inside the TI. Such a magnetic monopole can be seen
as a mirror image of the electric charge, with the TI surface acting as the mirror plane
(see Fig. 1.12). Furthermore, in Ref. [9] [W. H. Campos et al., Phys. Lett. A 381, 417
(2017)], we have shown that the charge of this magnetic monopole can be reversed by
exploiting the geometry of the TI surface, namely, under a semi-spherical cavity. Also in
Ref. [9], we have proposed a setup to produce anti-parallel Hall currents of reversible flow

on the surface of a semi-cylindrical cavity in a TI. In Chapter 5 we discuss these results
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Figure 1.12: Induction of an image magnetic monopole inside the bulk of a TI. Whenever
an electric charge is placed near the surface of a TI hosting the TMEE, the magnetic
field generated by the Hall current is the same as that produced by an image magnetic
monopole located inside the TI. Adapted from Ref. [123].

in more detail.

It is worth mentioning that the discovery of TI’s attracted much attention from the
condensed matter community and motivated an intense search for new topological phases
of matter. Nowadays TI’s belong to a very active area of condensed matter physics that
studies a wide range of topological phenomena, such as topological superconductors with
localized Majorana states [140-142], Weyl and Dirac semimetals [143] and even analogues
in photonics [144-146] and acoustic [147,148] physics. These materials have several in-
triguing properties closed related to the geometric Berry phase of the electron states. Due
to spin-momentum locking, TIT’s constitute an excellent platform for the realization spin
Hall effect (SHE), which is among the most important mechanisms in spintronics. The
SHE enforces electrons with opposite spin configurations to flow in opposite directions,
allowing for the conversion of spin current into electric current (spin-to-charge conver-
sion) and vice-versa [149]. Therefore, TT’s are quoted as both spin current generators and
detectors for spintronics applications. Such conversion mechanisms are very important,
because spin currents cannot be detected directly and need to be converted into charge

currents to be measured experimentally [150].
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1.2.3 Topological crystalline insulators

We have seen that TI’s have insulating bulk that host metallic boundary states. A
more precise definition of an insulating topological phase of matter asserts that the many-
body ground state of its Hamiltonian cannot be adiabatically connected to the atomic
limit corresponding to a trivial insulator, i.e. with vanishing hopping between the sites of
the lattice. This definition can be further extended by requiring that a certain symmetry
must be preserved during the adiabatic interpolation. An insulating topological phase in
the latter sense is said to be protected by the corresponding symmetry, so that a pertur-
bation which respects such symmetry cannot destroy the topological phase [151]. In TT’s,
TRS is the responsible for such protection, which makes them robust against non-magnetic
perturbations [106,107]. It turns out that time reversal is not the only symmetry capable
of protecting insulating topological states of matter with bulk-boundary correspondence.
In fact, it has recently been proposed a number of systems in which topology is pro-
tected by non-local spatial symmetries, like mirror and rotation, or even the combination
of spatial and time reversal symmetries (for a more detailed discussion and definition
of non-local symmetries in this context, see Ref. [152]). These “topological crystalline
insulators” (TCI’s) present gapped bulk band structure and gapless modes at the bound-
aries that respect the corresponding symmetries. Furthermore, their band structures are
characterized by new topological invariants, which remain unchanged as long as the bulk
energy gap does not close [151,153,154].

As crystal symmetries can be broken by boundaries (unlike TRS), depending on the
termination, often the very same TCI sample has some topologically protected metallic
surfaces coexisting with insulating or topologically fragile surfaces oriented in different
directions. Consider, for example, a 3D crystal structure with tetragonal lattice and unit
cell of two inequivalent atoms A and B [Fig. 1.13(a)]. This system is invariant under
both TRS (7)) and four-fold rotation (Cj,) around the z-axis (but not around the z and
y axes). A minimal model Hamiltonian neglecting spin-orbit interactions is developed in
Ref. [153]. Here, we are interested in the symmetry-related topological properties of the
system, which do not require the explicit form of the Hamiltonian to be discussed. The
authors have shown that this system has a gapped bulk band structure [see Fig. 1.14(a)],
but only top and bottom surfaces hosting topologically protected gapless states. The

reason for this is that, as discussed below, the topology is protected by the combination
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of 7 and Cy, symmetries. The latter is preserved for surfaces perpendicular to the z-axis,

but broken by surfaces oriented in other directions.

(@) (b)
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Figure 1.13: Topological crystalline insulator protected by Cy, and T symmetries. (a)
Tetragonal crystal structure with two inequivalent atoms in its unit cell. (b) 3D BZ of

the model, emphasizing straight lines connecting two adjacent high symmetry points I,
M, A and Z. Adapted from Ref. [153].

To understand how the topological protection is achieved, notice that the Bloch

Hamiltonian of the system, H(k), satisfies [153]

OH (ky, ky, k)OO = H(—ky, —ky, —k.)
! ! (1.50)
CrH by, by, k) Ot = H(—ky, ka, k2),

where k is the crystal momentum, © is the time reversal operator for spinless electrons
(©? = 1) and C,, is the operator of four-fold rotations around the z-axis. There are four
high symmetry points, ki = {I'=(0,0,0), M = (w,7,0),A= (m,7,7),Z =(0,0,m)} [Fig.
1.13(b)], in which [’H(l%), C4.] = 0, so that the energy bands are eigenstates of Cy, with
possible eigenvalues 1, -1, ¢ and —i. At these points, it can be shown that energy bands
with £ eigenvalues are guaranteed to be degenerate.

Considering a slab geometry with periodic boundary conditions along x and y,
one can solve the Hamiltonian of this system to obtain the energy spectrum of the states
localized along the (001) surface [Fig. 1.14(b)]. These surface states are double degenerate
at the T' = (0,0) and M = (m, ) high symmetry points of the surface BZ. Just as for
TT’s, there are two different possibilities for connecting these two degenerate end states.
If the states “switch partners” at the high symmetry points, there is an odd number of
band crossings at the Fermi energy (considered to be inside the bulk band gap) and the

surface states are topologically protected. If there is an even number of band crossings,

any possible surface state is fragile, so that changing the surface potential can push them
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Figure 1.14: (a) Bulk band structure of the TCI protected by Cy, and 7 symmetries. (b)
Energy band structure of the TCI in a slab geometry with periodic boundary conditions

along x and y, evidencing the gapless boundary states localized along the (001) surface
(red curves). Adapted from Ref. [153].

out. For the above example, a new Z, topological invariant, v, that reflects the band

connectivity can be defined in order to characterize the system’s topology [153]:

(=17 = (=) (=1)", (1.51)

oo, 10-8) 5]
(—1)"RF> = exp z/ AR - dk:> il A (1.52)
Pt [w (k1)
where A(k) = —i > <uj(l;) ‘ﬁg‘ uJ(E)> is the Berry connection. The elements of the
matrix w are defined by w,,, (E,) = <um (EZ> |Cy.O|u, (EZ)> It can be shown that w
is antisymmetric as a result of the relations [H (EZ> ,042@} =0 and (C,,0)* = —1. Pf
stands for the Pfaffian. The integral in Eq. (1.52) can be calculated along any arbitrary
line connecting lgl and Eg, as long as it lies in the 2D plane perpendicular to the z axis
and which contains both k; and k, [153].

The Zs topological invariant defined above characterizes the band structure of
the system: vy = 0 corresponds to a trivial phase adiabatically connected to an atomic
insulator and vy = 1 corresponds to a TCI with gapless surface states on the (001) surface.
This TCI does not have gapless surface states in other surface terminations which break
Cy, symmetry. Naturally, perturbations that break either Cy, or 7 can open up an energy
gap and destroy the protected surface states, while moderate perturbations that preserve
the symmetries protecting a TCI cannot destroy its topological phase [151].

Its is worth emphasizing that TCI’s do not require spin-orbit interactions to exist,
allowing for surface states with quadratic energy dispersion [see Fig. 1.14(b)], in contrast

to the Dirac materials with linear dispersion originating from strong SOC [153]. In 2012,
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the semicondutor SnTe was the first material predicted [155] and experimentally confirmed
[156] to be a TCI, which was shown to have topologically protected metallic surface states
with an even number of Dirac cones on the {001}, {110} and {111} high-symmetry crystal
surfaces. Shortly after, both Pb;_,Sn,Se and Pb;_,Sn,Te were also observed to assume

TCI phases [157,158].

1.2.4 Higher order topological insulators

The concept of TCI’s can be extended to include a recently discovered class of ma-
terials known as higher order topological insulators (HOTI’s) [159-161]. These materials
also have metallic boundary states with at least one spatial symmetry involved on the
topological protection. The main difference dwell on the dimension of these boundary
states when compared to the dimension of the system. Usual topological materials in 2D
present metallic boundaries in 1D, like the QHE and the QSHE. 3D TT’s host metallic
surfaces, that is, topological states in a 2D boundary. The HOTI’s represent an inter-
esting generalization of the “bulk-boundary” correspondence. The order of a HOTT is
given by the codimension of the boundary state in a given system, which is defined as
the difference between the dimension of the system and the dimension of the metallic
boundary. A 2D second order T1I, for example, does not have gapless metallic edge-states,
but “corner states” at the vertices of the sample, since they have codimension 2. In 3D,
a second order TT host “hinge states” (codimension 2), while a third order TI present
“corner states” (codimension 3) [160,162-167].

Although the discovery of these materials is very recent, they have attracted a
tremendous attention from the condensed matter community and the literature on the sub-
ject is rapidly growing. Different combinations of spatial symmetries, along with TRS, can
be responsible for the protection of higher order topology. A few examples are reflection-
symmetric second order TT’s (SOTT’s) [168], chiral and helical SOTT’s protected by the
combination of time-reversal with four-fold rotation symmetry and time-reversal plus
mirror symmetries, respectively [160]. Furthermore, inversion-protected HOTT’s [169],
hexagonal SOTI’s with Z3 topological index protected by inversion time-reversal symme-
try (I7) and rotoinversion symmetry (/Cs) [170] have also been proposed. In Ref. [171],
it was shown that an external magnetic field can be used to induce a topological switch

between SOTI’s and TCI’s, where both phases are protected by mirror and inversion
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symmetries.

Real materials predicted to be HOTT’s include phosphorene in the rhombus struc-
ture [164], Sm-doped BisSes [172] and even the prominent twisted bilayer graphene with
large angles [173]. Ref. [161] also present some material candidates in 2D systems with
significant spin-orbit coupling. Experimental observations have confirmed that bismuth,
contrary to the former belief of trivial topology, is a HOTI with hinge modes protected
by TRS, three-fold rotation and inversion symmetry [174].

Charged modes at the boundaries of a finite system are usually associated with the
polarization of electric dipole moment in the bulk. In Ref. [159], Benalcazar et. al. have
suggested two and three-dimensional generalizations of the Su-Schrieffer-Heeger (SSH)
model and have shown that they lead to HOTI phases with gapless, topological corner
excitations corresponding to quantized higher electric multipole moments. The topologi-
cally protected quadrupole moment in 2D and octupole moment in 3D, along with edge
polarizations, are all boundary manifestations of the bulk, reinforcing the generalization
of bulk-boundary correspondence for HOTI’s (see Figure 1.15). The energy spectrum of
surfaces and hinges are gapped, but the corner states carry fractional charges that are
quantized to be £e/2 in the presence of certain symmetries, exhibiting fractionalization

at the boundary of the boundary.

A

Figure 1.15: Illustration of the corner states (@), along with edge polarizations (p' =
(Pzs Dy, D), for the (a) 2D electric quadrupole insulator and (b) 3D electric octupole
insulator. ¢, and o,,, represent the quadrupole and octupole moments, respectively.
Adapted from Ref. [159].

A toy-model for the electric quadrupole insulator describes spinless electrons on

-,

a square lattice with four orbitals per unit cell. The 4-band Bloch Hamiltonian, H(k),
reads [see tight-binding model representation in Figure 1.16(a)] [159]
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H(E) = [y + Acos (k)] Ty + Asin (k) Ts + [y + Acos (k)] Tz + Asin (k) Ty, (1.53)

where I'g = 13w, I} = —mw; and I'y = 7wy for [ = 1,2 and 3. Here, 7 and w are Pauli
matrices representing pseudospin degrees of freedom within a unit cell. v and A are the
strengths of the hopping terms between neighboring atoms within a unit cell and between
adjacent unit cells, respectively. Furthermore, the model has bond dimerization in both
x and y directions, as shown in Fig. 1.16(a).

Consider a finite system with open boundary conditions along both z and y direc-
tions. Solving the eigenvalue problem for such a system with the Hamiltonian defined in
Eq. (1.53) gives the energy spectrum for the corner states. Figure 1.16(b) shows the en-
ergy spectrum of this system with mid-gap corner states highlighted in red. For |y/A| > 1,
the whole system is insulating and it has trivial topology. A topological phase transition
occurs for |y/A| = 1, in which the bulk energy gap closes and corner states appear at
the vertices of the sample. The corner states remain robust for all points in the range
|7/A| < 1, constituting the quantized electric quadrupole phase. Figure 1.16(c) shows a

plot of the electronic charge density in the nontrivial phase.
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Figure 1.16: Electronic properties of the quantized electric quadrupole insulator. (a) Tight
binding representation of [Eq. (1.53)], in which solid (dashed) lines represent positive
(negative) hopping terms, with blue (red) color for the A () parameter. (b) Quantized
energy spectrum of the finite system with square geometry as a function of the hopping
parameters. The energy eigenvalues of the corner-localized states are highlighted in red.
(c) Electron density for a mid-gap state. Adapted from Ref. [159].

There are three spatial symmetries relevant to the topological protection of the

quantized electric multipole moment. Inversion symmetry, Z : (x,y) — (—z, —y), ensures



1 Introduction 50

the locking of the vanishing bulk polarization, while mirror symmetries along z, M, :
r — —x, and y, M, : y — —y, ensure the quantization of edge polarizations, and
consequently, the quantization of the electric quadrupole moment [159]. Clearly, the only
high-symmetry points of the BZ invariant under the three symmetries above are I' = (0, 0)
and M = (m, ), which reflects the localization of the metallic states at the corners.

A topological invariant for this system can be obtained via the “nested” Wilson

loops, which resembles a “Berry phase of a Berry phase”. More specifically, let us define

[ka]mn = <UZR+A1€$|UZ>7 (1.54)

where k, is the crystal momentum along z, Ak, = (27/N,,0) (N, is the number of lattice
sites along z) and |u}) is the Bloch state for the n occupied energy band. The Wilson

loop along = direction can be defined by

Waz,k = Fx,k+NzAkI---Fx,k+AkIFx,k- (1-55)

With full periodic boundary conditions, the Wilson loop for the model above with

two occupied energy bands diagonalizes as

Wx,k - Z

==+

vy e (| (1.56)

where the eigenstates Vik> have components [Vik}", n = 1,2. The spectra v (k,) are

named Wannier bands, which are used to define the Wannier band subspaces

’wfk> = > |up) {Vifk]n. (1.57)

n=1,2

In the thermodynamic limit, the polarization of the Wannier band is given by

el
+ ]_ T 2 0 W > 1
Ve _ 2k = 1.58
Py (2m)2 /BZ Ay’k 1/2 b -1 ’ ( )
(Al
where
fljk =—i <wik ‘(9;% w;tk> (1.59)

is the Berry potential over the Wannier band v=.

Finally, the quadrupole invariant ¢,, can be defined as [159]
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Quy = 26]92319;’3E =0ore/2. (1.60)

In analogy to the previously discussed topological phases, perturbations preserving
the Z, M, and M, symmetries cannot eliminate the corner states present in this system.
An interesting feature of the Benalcazar’s model is that a transition from the quadrupole
phase to a phase with vanishing quadrupole moment, but quantized edge polarizations, is
not signaled by a closing of the 2D bulk energy gap. Instead, the transition is characterized
by a gap closing in the energy spectrum of the 1D Hamiltonian describing the edge-states
of the system.

As it is recurrent in topological physics, analogues of the quantized electric multi-
pole insulator have been observed in very different areas of research, such as the phononic
quadrupole insulator in a mechanical metamaterial [175], the topological corner modes
in a topolectrical-circuit [176] and the quantized microwave quadrupole insulator with
topologically protected corner states [177]

In Section 6.3, we discuss our preliminary results in a project initiated in collabo-
ration with Dr. Libor Smejkal and Prof. Jairo Sinova (Johannes Gutenberg Universitét
Mainz, Germany) during my Ph.D. “Sandwich” scholarship abroad. We have been work-
ing on an extension of the model described above, in which we add spin degrees of freedom

and consider both FM and AF configurations for the underlying lattice.

1.2.5 Topological antiferromagnetic spintronics

The term “spintronics” refers to the area of condensed matter physics devoted to
study the properties and active manipulation of spin (or magnetic, in general) degrees of
freedom in order to process and store information. Magnetic devices are considered as
a viable alternative to the usual charge-based ones, for they are robust against charge
perturbations such as ionizing radiation, which can lead to data loss. It has led to
valuable insights, both for technological applications and fundamental physics, having
already started to be implemented in modern technologies [149,150,178-182]. The prod-
ucts of spintronics play an important role when it comes to the storage of information.
The tunneling magnetoresistance (TMR), giant magnetoresistance (GMR) and electrical

spin injection allowed for the development of modern hard drives [150]. Furthermore,
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a brand new generation of magnetic random access memory (MRAM) devices utilizing
spin-transfer torques (STT) is already in production routes [149,183,184]. The mecha-
nism of spin-orbit torque (SOT) will lead to even more efficient non-volatile MRAM’s,
for they require less electric current to operate and would generate even less heat in the
process [149,183]. Besides applications in magnetic storage and MRAM’s, there have been
several proposals for using spin degrees of freedom in magneto-logic gates [150,185-188].

It is evident that for spintronics it is necessary to explore materials with strong
magnetic properties. Most studies consider FM materials, for they are easier to manip-
ulate and their properties better understood. However, FM materials are sensitive to
external magnetic perturbations or even internal fields within the circuitry. This can lead
to undesired reorientation of the magnetic moments carrying information. In this regard,
AF materials have attracted much attention lately. There are several advantages of using
AF materials for magnetic devices. Due to the zero net magnetization resulting from
opposite orientation of adjacent magnet moments, these materials experience vanishing
torques generated by external magnetic fields, making them robust against both charge
and magnetic perturbations. For the same reason, AF’s also keep the stored data safe
against external magnetic probes, since they do not produce external magnetic fields.
Besides that, they allow for ultrafast spin dynamics, and there is a broad range of known
materials with AF order at room temperature [189].

Obviously, in order to store and manipulate information in AF’s it is necessary
some mechanism capable of controlling their magnetic ordering. Several types of materials
have been considered as promising for AF spintronics, but probably the most intriguing of
them are the Dirac materials. They are termed like this because their low-energy physics is
described by the massless Dirac equation, which leads to a linear energy-momentum spec-
trum. In these materials, the relativistic spin-orbit coupling (SOC) plays an important
role, and crystal momentum can be coupled to pseud-spin or spin degrees of freedom,
as occurs for graphene [190] and for the surface states of TI’s, respectively [150, 180].
Graphene constitutes a sheet of carbon atoms arranged in a 2D hexagonal lattice, having
two Dirac cones in its energy spectrum. In turn, 3D TI’s are materials with gapped bulk
band structure and 2D topological metallic surfaces with a single Dirac cone protected by
TRS (see Subsection 1.2.2). Some AF materials with SOC present Fermi surfaces whose

chirality of the helical spin texture associated to each sublattice are opposite to each other.
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A unidirectional electric current is capable of generating spin accumulations of opposite
orientations in each sublattice, exerting staggered internal fields whose sign alternates
with the periodicity of the AF lattice. As a result, the Néel vector tend to align perpen-
dicularly to the applied current (Fig. 1.17) [189]. In other words, the current-induced
torque on each of the magnetic moments adds up instead of canceling each other. These
fields couple strongly to the AF order, allowing for electrical switching of the Néel vector

direction between different stable configurations [189,191].

A

Figure 1.17: Staggered current-induced field in AF CuMnAs. The helical spin texture of
the Fermi surface associated to each sublattice (labeled by A and B in the figure) have
opposite chirality. The nonequilibrium redistribution of charge carriers under an applied
electric current J (black arrow) induces an staggered in-plane spin polarization (thick red
and purple arrows), allowing for reorientation of the Néel vector. Adapted from Ref. [189].

The manipulation of the Néel vector by electric currents mentioned above was pre-
dicted and experimentally confirmed to take place in the tetragonal phase of the AF CuM-
nAs [189], which can be stabilized by molecular beam epitaxial growth, as recently shown
in Ref. [191]. Furthermore, V. Hill et. al. [192] investigated the phase transition from
paramagnetic to AF order in this material using neutron diffraction and electrical trans-
port measurements (Fig. 1.18). The observed Néel temperature was considerably high
(Tny = 480K), making CuMnAs a very promising candidate for room temperature appli-
cations in magnetic devices. Besides current-induced torques, AF order can be efficiently
manipulated by optical mechanisms such as inertia-driven spin switching, least dissipative
impulsive excitation of spins, among others [182,193]. The possibility of manipulating the
Néel vector by light or electric currents is among the main reasons why AF materials have
been considered as very suitable candidates for memory applications [192,194,195].

Besides the intense research on AF and Dirac materials in spintronics, there is
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Figure 1.18: Phase transition from paramagnetic to AF order in tetragonal CuMnAs from
neutron diffraction and electric transport measurements. (a) Experimental data (orange
dots) for the intensity of the magnetic neutron diffraction peak, which is sensitive to the
AF order, vs. temperature fitted to a (T —1')?’ power law, leading to a Néel temperature
of Ty = 480K. (b) Resistivity and its temperature derivative vs. temperature, whose peak
signals an increase in the carrier scattering rate due to spin fluctuations near the critical
temperature. Adapted from Ref. [192].

an emerging area that explores the interplay between AF spintronics and topological
materials in order to achieve even more sophisticated mechanisms. The “topological
antiferromagnetic spintronics” is devoted to study new types of phenomena taking place
in materials that present both AF and topological order, providing a promising platform
for high-performance spintronics. This is a new and very exciting area of research in an
early stage, in which many ideas where only addressed theoretically so far. A particularly
interesting effect discovered in this context is the topological metal-insulator transition
in 3D AF Dirac semimetals. Here, current-induced spin-orbit torques can be used in
order to achieve a topological phase transition [196,197]. The effect is intermediated by
reorientation of the Néel vector by the electric current, so that the symmetries necessary
for protection of the band crossing can be switched on and off, allowing for easy external
control of the topological phase. Fig. 1.19 shows this effect taking place in the tetragonal
AF CuMnAs. A generic minimal model can be written considering only the Mn atoms
forming a stack of crinkled3quasi-2D square lattices, whose Bloch Hamiltonian reads [196,

197]

3The term crinkled (used by the authors in Ref. [196]) refers to the appearance of the unit cell
constructed over two stacked sublattices connected by the combination of half-primitive cell translations
along all the [100], [010] and [001] directions. Such construction gives a “crinkled” aspect to the unit cell,
as can be seen in Fig. 1.19(b).
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- k. k
H(k) = — 2tt, cos — cos - — t' (cos k, + cos k,) +
22 (1.61)

+ A7, (oysink, — o, sinky) + 1.J,0 - 7,
where t is the first nearest-neighbor hopping (inter-sublattice hopping), ¢’ is the second
nearest-neighbor hopping (intrasublattice hopping), A is the second-neighbor SOC, and
J, is the AF exchange coupling [see Fig. 1.19(b)]. k is the crystal momentum,  is the
Néel vector, and 7 and & are Pauli matrices describing the crystal sublattice and the spins

degrees of freedom, respectively.
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Figure 1.19: Illustration of the topological metal-insulator transition in tetragonal AF
CuMnAs. (b) Minimal model with nonsymmorphic glide mirror plane symmetry extracted
from CuMnAs. §54 p represent the staggered nonequilibrium spin polarizations induced
by an electric current J to manipulate the Néel vector. (e) Band dispersion for three
distinct orientations of the Néel vector, 71 || [100] (solid blue line), 7 || [110] (dashed black
line) and 7 || [010] (solid red line). When glide mirror plane symmetry along x or y
directions is preserved, the system is a topological AF Dirac semimetal. Breaking such
symmetry opens a gap on the entire spectrum, inducing a topological phase transition to
a trivial insulator. Adapted from Ref. [196].

Fig. 1.19(e) shows the band dispersion obtained from Eq. (1.61), for three distinct
orientations of the Néel vector. When 7 is along the [100] axis, the system is invariant
under nonsymmorphic glide mirror plane symmetry along x, G, = {MI|%OO} (combina-~
tion of mirror symmetry M, along the (100) plane with the half-primitive cell translation
along the [100] axis), and the material is a topological AF Dirac semimetal protected
by this symmetry. On the other hand, for 7 along the [110] axis this symmetry is no
longer preserved and the entire spectrum is gapped, constituting a trivial insulator. Fi-
nally, reorientation of the Néel vector along the [010] axis recovers the glide mirror plane
symmetry, now along y, and the system is again a topological AF Dirac semimetal [196].

In Section 6.4 we discuss our preliminary results (also in collaboration with Dr. Libor



1 Introduction 56

Smejkal and Prof. Jairo Sinova) on a modified version of the model described above, in
which we have been investigating the possible existence of edge and/or corner states on
ribbon and rectangular finite samples.

In conclusion, the fields of spintronics, topological materials and magnetism con-
stitute very active and exciting areas of research, with many perspectives for near future
applications. The new and rapidly growing research in topological AF spintronics com-
bine these three different fields of condensed matter physics and has just started to be
appropriately explored. Further examples of topological AF spintronics include the ex-
istence of Weyl fermions in antiferromagnets, the anomalous Hall effect in non-collinear
antiferromagnets, the topological Hall effect in antiferromagnets and others that can be
reviewed in Ref. [197]. New topological materials have been discovered in an unbelievable
pace and it is important to examine how their unique properties can be employed to

instigate novel technological advances.
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Chapter 2

Topological insulator particles as

optically induced oscillators

In this chapter we provide a detailed analysis of the findings described in Ref. [1]
[Adapted with permission from (W. H. Campos, J. M. Fonseca, V. E. de Carvalho et.
al., “Topological Insulator Particles As Optically Induced Oscillators: Toward Dynamical
Force Measurements and Optical Rheology,” ACS Photonics 5(3), 741-745 (2018)). Copy-
right © (2018) American Chemical Society.! http://pubs.acs.org/articlesonrequest/
AOR-xSCxJBnD3IYfIgpcicMn|, where we report the first experimental study upon the op-
tical trapping and manipulation of topological insulator (TT) microparticles. We have
observed that, by virtue of their unique properties, such particles present a peculiar be-
havior whenever subjected to a single Gaussian laser beam optical tweezers (OTs): they
oscillate in a plane perpendicular to the direction of the laser propagation. In other words,
TI particles behave as optically induced oscillators, allowing dynamical measurements
with unprecedented simplicity and purely optical control. As discussed in Section 1.1,
transparent dielectric particles present low reflection and absorption of light. Therefore,
radiometric effects can be neglected and the trapping efficiency is usually high. Metal-
lic particles, otherwise, undergo rapid heating due to light absorption, so that they are
scattered almost instantaneously by radiometric forces [66-69]. In this case, the gradient
force is small and can be safely neglected. In our experiments, we have observed that the

TT particles do not fit in any of these two categories. In fact, they seem to behave like

LCopyright credit line obtained along with permission via RightsLink system (link available in the
article’s website under “Rights and Permissions”; click here to be redirected to the corresponding page).
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semi-transparent beads whenever illuminated by light of wavelength A ~ 1064nm. As a
result, both the gradient and radiometric forces significantly contribute to their dynam-
ics. The former attracts the particles toward the optical axis, while the latter repels them
from the optical region. Since the seminal papers by Ashkin and collaborators [10,12], the
optical trapping and manipulation of micrometer-sized particles have found applications
in many areas, from interface and colloid science to single molecule biophysics [16,34,35].
In addition, improvements have been achieved regarding the use of optical tweezers as
a tool for materials science [36-39], and more recently, in the study of solution-phase
chemistry [40].

In turn, topological insulators (TI’s) are materials with unique properties, whose
robust stability is topologically protected by time reversal symmetry. They are known
to have insulating (dielectric) bulk, but conducting surface states that support charges
flowing without dissipation. In addition, the electromagnetic response of TI’s is such that
an external electric (and/or magnetic) field induces both magnetization and polarization,
the so-called topological magnetoelectric effect. As a direct consequence, whenever light
comes onto a TI, reflected and refracted rays experience topological Faraday and Kerr
rotations, respectively [106, 107, 125,126]. Furthermore, it has been recently predicted
that the topological Kerr effect gives rise to a residual force perpendicular to the incident
plane whenever light is shed onto a magnetically capped spherical topological insulator
bead [138]. Such a topological-like force goes around some dozens of femtoNewtons, about
the Casimir force scale [55]. Thus, whenever subjected to a highly focused light beam,
like those used in optical tweezers, it is expected that a TI particle should experience
competing effects coming from the interaction of light with its conducting surface and
insulating bulk. We should wonder about the resulting effect of such an interaction to the
TI-particle dynamics.

In this work, we conduct an experimental study regarding the optical trapping
and manipulation of TI particles. We have observed that these particles present a quite
unusual dynamics under a highly focused light beam: they oscillate perpendicularly to
the direction of laser propagation. In other words, they behave as optically induced os-
cillators, making them unique candidates to open an avenue for novel applications of
optical manipulation techniques, allowing dynamical measurements with unprecedented

simplicity. Actually, rheology of soft matter interfaces and biological membranes, dynam-
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ical force measurements in macromolecules and biopolymers may be quoted as some of

feasible achievements by using TI-beads as optical oscillators.

2.1 Objectives

Even though our present investigation was initially motivated by the prediction
reported in Ref. [138], we did not expect to carry out a direct observation of such a
topological-like force, mainly for we have used TI-particles without any magnetic cap,
whose field would open an energy gap at the surface states, making topological Kerr
effect possible. Therefore, the results reported in this chapter do not confirm such a
theoretical prediction (nor do rule it out).

We devote ourselves to evidence and systematically study the behavior of TI mi-
croparticles under OTs by conducting a quantitative analysis of their dynamics. Inves-
tigating how the position of the particles evolves in time, we are able to obtain their
instantaneous velocities and accelerations, which can be used to calculate the forces ex-
erted on the particle during the experiment. We also aim to explain the observed oscil-
lations by referring to present effects previously discussed in the literature, along with
the development a comprehensive effective model for the forces involved. Comparison of
our model with experimental data is an important component of this work in order to
verify its validity and applicability. Additionally, we investigate the dynamic properties
of the system, such as the amplitude and period of oscillations, and how they depend on
controllable parameters , such as the power of the laser beam, and the particle size. We
suggest how the observed oscillations can be useful in practical applications and discuss

further improvements to be considered in future investigations.

2.2 Materials and methods

The BiyTesz and BisSes particles are TI’s at room temperature and have been
obtained from single crystals by the laser ablation technique. Measurements were made
for both composites and they present the same general behavior. However, it is important
to say that not all TI particles obtained by laser ablation are satisfactorily spherical.
Actually, most of them present an irregular shape. The concentration of nearly spherical

particles in deionized water available for our experiments is much higher for Bi;Tes than
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for BisSes. Consequently, they have presented much better results, with smaller error

bars and better defined frequencies of oscillation. In order to be more succinct, in this

thesis we present only the results for BiyTes, even though the oscillatory behavior have

been observed for all beads.

2.2.1 Experimental setup

For the optical experiment, we have
selected only those particles with a nearly
spherical shape, and average diameter be-
tween 3 pm and 7 pum. Later, they have
been suspended in deionized water and
placed in the sample chamber, which con-
sists of an o-ring glued in a microscope
coverslip. In fact, we have observed that
the beads remain suspended around 4 pm
above the coverslip surface, before and dur-
ing the laser incidence. The optical tweez-
ers consist of a 1064 nm ytterbium-doped
fiber laser (IPG Photonics) operating in
the TEMyy mode, mounted on a Nikon Ti-
S inverted microscope with a 100x NA 1.4
objective (Fig. 2.1). In all experiments we
have used a laser power of 25 mW measured
at the objective entrance. The only excep-

tion is the one used to obtain the data of

Oprtical axis

Figure 2.1: Experimental setup yielding the
oscillatory dynamics and definition of the co-
ordinate system, along with the relevant pa-
rameters. A TI particle is located around z ~
10 pm below the focal plane and it oscillates
perpendicularly to the optical axis direction.

Adapted from Ref. [1].

Fig. 2.7, in which we investigate the dependence of period and amplitude of oscillation

with the laser power.

2.2.2 Experimental procedure used to obtain the forces

For each TT particle investigated, we film its motion for various oscillating cycles

using videomicroscopy. A CCD camera (JAI BM-500GE) was used, allowing us to ob-

tain movies with 15 frames per second and with a resolution of 29 pixels/um. Some



2 Topological insulator particles as optically induced oscillators 62

n n "
26 27 28 29 30

h i E time (s)

Figure 2.2: Successive video frames showing the displacement of a BiyTes particle moving
away from the optical axis (yellow cross mark) and then moving back towards the focus.
The graph shows the distance of the particle from the optical axis over time. Frame 1
was taken at time t; = 25.74s, frame 2 at ¢, = 26.87s and frame 3 at t3 = 27.80s.
This experiment was performed with a BisTes spherical-like bead with average diameter
~ 4.6 um. The bead have been placed at z ~ 10 um. The motion presents a well-defined
frequency for the oscillations, with period 7' ~ 2s. The uncertainty in the measurement
of position is 0.017 ym. Adapted from Ref. [1].

exemplifying movies can be found on the web as supplementary files of Ref. [1]. They
show in real time the standard behavior of TI microparticles at our optical tweezers setup
(see Video-1, Video-2 and Fig. 2.2). The BiyTes beads are nearly-spherical, but os-
cillating movement was also observed for irregular shapes. The light beam is inciding
perpendicular to the plane of the video, with optical axis being represented by a yellow
cross mark. Variations in the shape of the shadow indicate rotations of the TI particle.
At Video-3, we purposely used a dielectric particle in order to show its trapping, while
the surrounding TI particles oscillate towards the optical axis. The mean value of the
dielectric particle position after trapping was set as the optical axis position. The typical
dynamics r(um) x time(s) of a TI-particle (for a period of the oscillation) associated with
frames of Video-2 can be seen in Fig. 2.2.

The ImageJ software [198] was used to determine the coordinates (z, y) of the
centroid of the TI particles for each frame. Such procedure allowed us to obtain the
particle position » = /22 4+ y? as a function of time. The TI particles oscillate in a
zy-plane (parallel to the focal plane and perpendicular to the optical axis - see Fig.
2.1). Knowing the bead position as a function of time, the instantaneous velocities and
accelerations can be promptly calculated using the method of finite differences. For a set

of data points {t;,r;}, the derivative of the function r(¢;) at point ¢; can be obtained by
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the centered difference approximation, i.e. the average of the line segment slopes between

(t;,r;) and the neighboring points:

L friga—m 1 — 1
wa0:2<“4 H LT j' (2.1)

tiyi =t ti =l

The Stokes force F on the particle is then calculated as
Fs = 6mnav, (2.2)

where n = 8.9x107* Pa.s is the water viscosity at 25°C, a is the particle mean radius,
and v = dr/dt is the particle velocity. The mean radius of the TT particles were obtained
directly from the movies using the measurement tools of the ImageJ software.
On the other hand, the resulting force F,.; acting on the particle can be calculated
as
4 d*r

FTES = gﬂ'asp@7

(2.3)
where p is the density of the TT particle. For BiyTes particles, p = 7.85x10% kg/m?.

The resulting force has three components, the optical force, the radiometric force,
and the Stokes force. As will be seen in Section 2.3, our model gives an expression for the
two first components (optical + radiometric forces), which we call F. Therefore

— —

Frowy=F+F (2.4)

w0

2.2.3 Preparation of the samples

In this Subsection we discuss the procedures for growing the crystals of topological
insulators, as well as the preparation of micrometer-sized particles of these materials.
The crystals of BisTes and BiySes were grown by the Bridgman-Stockbarger method in a
vertical arrangement. From these crystals, we prepared TI particles with the use of laser

ablation synthesis in liquid solution.

Growth of the topological insulators crystals: Bi;Tez and Bi;Ses

Both crystals (Biy Tes and BisSes) were grown by the Bridgman-Stockbarger method

in a vertical arrangement. Pure starting materials, Bismuth (99.999%), Selenium (99.99%)
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and Tellurium (%99.99), supplied by Aldrich Chem. Co., were used. The crystals growth
took place in two steps. First, the stoichiometric compounds were synthesized by heating
the pure elements (Bi and Te (Se)) in an ampoule at about 300°C (for BiyTez) and 120°C
(for BisSes) in a hydrogen environment to eliminate oxidized species. On suite, the am-
poules were evacuated at room temperature and for BisTes, it was heated to 200°C for
24 hours and then up to 587°C at a rate of 0.50°C/min and left there for three hours.
The system was then, cooled down at 0.20°C/min in 72 hours. In the case of BiySes the
ampoule was heated up to 750°C at a rate of 0.50°C/min and left there for 24 hours.
After that the system was cooled down at a rate of 1.00°C/min. At this point, the ob-
tained products were inspected by x-ray diffraction and the synthesis of the compound
was confirmed. In a second step, the single crystals were grown by heating the obtained
compounds inside an evacuated and sealed quartz ampoule. In the case of BiyTes, the
temperature was increased up to 271°C, at a rate of 0.50°C/min, and kept at this value,
for two hours and then it was increased again, up to 587°C, at a rate of 2°C/min and left
at this point for 24 hours. For BiySes the temperature was increased up to 750°C, at a
rate of 20°C/min, and stayed at this value for 24 hours. After that both systems were

then cooled down to room temperature at 0.10°C/min.

Synthesis of TI-particles by laser ablation technique in liquid solution

The particles of BiyTes and BisSez were synthesized by laser ablation technique
in liquid solution. The experimental setup used to synthesize the particles of BisTes
(and BisSe3) compound consists of using TI-crystals as a target material dispersed in
a beaker, which is filled with 10cm?® of HyO solution. The target was irradiated for 10
min under magnet stirring with the second harmonic of a pulsed Nd:YAG laser (A = 532
nm; Quantel, model Brilliant B), operating at 10 Hz with 5 ns of pulse width, which was
focused on the target with a spot size of about 1 mm in diameter using a lens with a focal

length of 50 mm. The experiments were conducted at room temperature (~ 295 K).

2.2.4 Characterization of the Bi;Tez and BisSes crystals

First, the obtained single crystals were characterized by X-ray (Laue) diffraction

in order to probe their crystallinities. Then, the impurity levels were measured by XPS
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and Auger electron spectroscopies, resulting in values below the detection limit of each
technique. For the BiyTe; the Seebeck coefficient was also measured and its value (191.6x
V/K) was found to be in good agreement with published results for high-quality BisTes
crystals [199]. Also, ARPES measurements have clearly shown the presence of a single,
nondegenerated Dirac point at the center of the Brillouin zone (I' point) in the band gap,
which is a characteristic of strong topological insulators. The experimental value of the
bulk band gap for this compound has been found to be on the range from 130 to 170
meV (about 6 times larger than the energy scale of room temperature, KgT ~ 26 meV,
therefore not allowing thermal excitations of electrons from the valence to the conduction
band). Recent band structure calculations have confirmed an indirect gap about of 120
meV [200]. For the BisSes single crystal a detailed XPS and EELS study of the valence
band have identified only features characteristic of the compound. Also, by comparison
of the energies of the Bisd5 and Bisd3 interband transitions, as measured by the two
techniques, it was possible to determine the position of the bottom of the conduction
band of the compound to be 1.2 eV above the Fermi level [201]. Although the BisSes
samples used in this work has not been examined by ARPES measurements, it is expected
that - as well discussed in the literature [87] - it has a single nondegenerated Dirac cone
on the energy band similar to Bi;Tes and has spin-momentum locking as predicted for
strong topological insulators. Crystals of BisTes have quintuple atomic layers structure as
fundamental building blocks with height ¢ ~ 30,49 A [202]. Therefore, the micrometer-
sized particles used in our experiments have about 1400 quintuple atomic layers and are

expected to behave as bulk topological insulators, like the sample that was characterized.

2.3 Results and discussion

Fig. 2.1 shows our experimental setup along with the relevant parameters. TI
particles located z ~ 10 um below the focal plane have been observed to oscillate perpen-
dicularly to the optical axis direction, say, parallel to the focal plane. On the other hand,
if the particle is close enough to the focal plane (z < 3.5 pm), then the resultant repulsive

force becomes high enough to drift it away, like occurs to typical metallic particles.
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2.3.1 Effective model

Here, we propose a simple model that takes into account the competition between
gradient force and the resulting repulsive force that act on the TI particle. Such repulsive
force is mainly due to the radiometric effect that plays a role when the particles consid-
erably absorb light from the laser beam (radiometric force). Our model allows one to
predict the resultant force on the particle yielding its oscillatory dynamics. Let r be the
radial distance from the optical axis and z be the vertical distance from the focal plane.
For a Gaussian beam profile, the laser intensity at an arbitrary position (7, z), normalized
by the corresponding intensity at the optical axis (r = 0, z), can be written appropriately

by:

In = exp <;(2;;2>, (2.5)

where w(z) is the beam waist at a height z from the focal plane; it is related to the beam

waist at the focal plane, w(z = 0) = wy, as below:

2 2
w(z) = woy/1+ (Z) : 2R = ™% (2.6)
ZR A

Whenever we focus our attention at a height where the particle has no dynamics
along the laser beam direction, we are only left with a non-vanishing force in the plane
perpendicular to the optical axis. As the intensity profile presents azimuthal symmetry,
the forces should depend only on the radial distance from the optical axis, . Therefore,
we are left with the problem of determining the net force dictating the particle dynamics
along r, as it follows.

The effective resulting radiometric force acting on the particle is proportional to

the laser intensity reaching it [72]. Therefore we write

F. = Fexp (;f;;) (2.7)

where F,. accounts for the maximum magnitude of this force, at r = 0. Observe that
equation (2.7) also implicitly includes the resulting effect of radiation pressure on the

particle, since this force is also proportional to the laser intensity.
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In turn, the gradient force, is given by:

P 4r A
T w(z)

A (;@) (28)

since F}, is proportional to the negative derivative of the beam intensity. The constant

A is proportional to the maximum magnitude of the gradient force, F,, which occurs at

r=(1/2)w(z), by:

A= ;]—'gw(z) exp(1/2). (2.9)

Finally, the resultant force I’ = F, + F, can be written as:

b (-

In Fig. 2.3 it is shown how such
forces behave as r varies. For that, we
have taken: w(z) = 5pum, F,. = 4pN and
A = 10pN.um, corresponding to F, ~
2.43 pN. For these parameters the resultant
force is repulsive for r < 2.5 um and at-
tractive for r > 2.5 ym. Indeed, the value
of r where the crossover between repul-
sive and attractive regimes occurs is given
by r. = Fw(z)/2F,exp(1/2). In addi-
tion, as long as F,/2F, exp(1/2) > 1, then
r. > w(z), yielding the repulsive regime,
say, radiometric force dominates over gra-
dient force and no oscillatory motion takes
place. A more precise description of this
dynamics would involve a number of other
parameters such as the absorption coeffi-
cient of the particle, the relative refrac-
tive index, aberration effects and so forth.
Although such effects could be taken into

account, the agreement between the ex-

2rF, eXp(1/2)> oxp <_27~2 )

w(z)

B (2.10)

= Resultant force
e Gradient force
= Radiometric force

Figure 2.3: Typical theoretical behavior of
the radiometric, gradient and resultant forces
as functions of the TI-particle position, r.
The radiometric (gradient) force is always
positive (negative), while the resultant force
is positive near the optical axis and negative
otherwise. Here, we have used the param-
eters w(z) = 5 pm, F. = 4 pN, and A =
10 pN.pm, corresponding to F, ~ 2.43 pN.
Adapted from Ref. [1].
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perimental data and our proposed model,

clearly indicates that such further effects are relatively less important and they could only
bring minor quantitative corrections to those already accounted by the current model. At
this point, it should be stressed that metallic beads experiences only the repulsive regime,
once the radiometric forces (and also radiation pressure) are much higher than gradi-
ent force. Conversely, whenever ordinary dielectric particles are in order, gradient force
largely dominates, yielding the usually observed trapping around the optical focus. Our
findings regarding TT microsized beads open a new possibility, once they behave like light
induced oscillators, whose quasiperiodic motion may be used to probe important prop-
erties in a number of experiments concerning optical tweezers, namely dynamical force

measurements and microrheology studies.

2.3.2 Experimental results and comparison with theoretical model

The procedure used to obtain the forces in the experiments is detailed in Subsection
2.2.2. Essentially, the bead position is recorded using videomicroscopy, from which other
dynamical variables, like velocity and acceleration are readily obtained, as well as, the
net force acting on the bead. Such a force comes from three independent contributions:
the optical, the radiometric, and the viscous (Stokes) force. Actually, in order to obtain
the resultant force for comparison with the theoretical model described above, equation
(2.10), one needs to subtract the contribution coming from the viscous force, which was
calculated using the instantaneous velocity of the particle. [Three movies showing the
motion of BiyTe; TI-particles can also be found in Ref. [1] as a Supplementary Material].

In Fig. 2.4 it is shown the typical dynamics of the TI-particles, where its position
relative to the optical axis, r, is plotted as function of the time, . Such results have
been obtained for a BisTes spherical-like bead with diameter ~ 4.2 ym centered at z ~
10 pm. The oscillations are well-defined in time with period T" ~ 3 s. Their amplitudes
vary between ~ 7 um — 9 pm, with closest approximation to the optical axis observed
to be ~ 3.2 ym. In addition, the variation in the amplitudes comes from the fact that
r(t) only computes the motion parallel to the focal plane, whereas the particle position
sometimes presents small fluctuations along z direction. Besides, once the TI particles
are not perfect spheres, some deviations in the amplitude could be also associated to their

shape.
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With the data from the first oscil-
latory cycle in Fig. 2.4, we have calcu-
lated the instantaneous velocity and ac-
celeration of the particle at each instant
of time. Knowing the density of BiyTes
(p ~ 7.85-103kg/m?), the viscosity of the
medium (7 = 8.9 x 10™* for deionized wa-
ter) and calculating the Stokes force from
Eq. (1.28), we have obtained the resultant
force (gradient force + radiometric force)
exerted on the bead from Eq. (2.4).

During a complete oscillating cycle
of a TI particle, gradient force is dominant
in the attractive motion, in which the par-
ticle approaches the optical axis. Radio-
metric force, on the other hand, is domi-
nant in the repulsive motion, in which the
particle moves away from the optical axis.
The dynamics of the two motion regimes
(attractive and repulsive) are quite dis-
tinct. Such a difference is not evident if
one restricts to the results of the particle

position, shown in Fig. 2.4, but it becomes

10 v T v T

r (um)

Figure 2.4: Typical dynamics of the TI-
particles, r(t) x t. The particle position (%)
is measured relative to the optical axis, at
r = 0. These experimental data have been
obtained for a single BisTes spherical-like
bead with average diameter ~ 4.2 ym. The
bead have been placed at z ~ 10 um. The
motion presents a well-defined frequency for
the oscillations, with period T' ~ 3 s. The
uncertainty in the measurement of position

r(t) is 0.017 pum. Adapted from Ref. [1].

clearer whenever one looks at the forces. Indeed, in Fig. 2.5 it is shown the resultant

force (radiometric 4+ gradient force) as function of particle position, r, for both attrac-

tive (particle approaching the optical axis) and repulsive (particle moving away from the

optical axis) motion regimes, obtained from the data of Fig. 2.4.

Note the difference in the behavior of the forces between attractive and repulsive

regimes. Observe that in the attractive regime, the gradient force is dominant, and the

resultant force is negative. As the particle approaches the optical axis, however, heating

of the system generates a strong radiometric force that overcomes the gradient force and

dominates the repulsive regime, so that the resultant force is positive. It is evident that in
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the attractive regime the resultant force presents the characteristic behavior predicted by
the effective model, being more appropriate for the fitting. In addition, it is noteworthy
that our model fits the experimental data accurately, with the following values for the
physical parameters: w(z) = (5.55+0.15) pm, F, = (4.1£0.6) pN and F, = (2.1£0.2) pN.
For the other oscillatory cycles, the variations in the oscillation amplitude impart on the
values of the forces F, and F,, making them to vary from one cycle to the other, namely
whenever very distinct amplitude cycles are considered. On the other hand, it is worthy
to mention that the parameter w(z) is very robust against amplitude variation, what
is expected since w(z) is a characteristic of the laser beam. Its average value, found
considering different particle motions, reads w(z) = (5.7 £ 0.3) um. Taking z ~ 10 um
to equation (2.6), yields wy,,, = (0.45 £ 0.02) pm, which is in good agreement to the
predicted value of 2\/7TNA ~ 0.36 pym [203].
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Figure 2.5: (Left panel) Experimental resultant force obtained from the first oscillatory
cycle in Fig. 2.4, as function of particle position r. The attractive regime is represented
by the black circles, while the open circles account for the repulsive regime. (Right panel)
Fitting of Eq. (2.10) with the experimental data for the attractive regime shown in the left
panel. Experimental data (black circles) are well-fitted by the theoretical model (dashed
line). The estimated mean uncertainty in the calculation of the force is 0.03 pN. Adapted
from Ref. [1].

The repulsive motion shown in Fig. 2.5 here can also be fitted to the model. Since
w(z) is a characteristic of the laser beam and therefore is the same for the two motions, the
characteristic forces F, and F, must be different for the two types of motion. In fact, as
discussed previously, for the attractive (repulsive) motion one must have F, /2F, exp(0.5)
< (>) 1. We have performed such analysis, however, since the resultant force in this

regime presents a simpler behavior and the data dispersion is large (see Fig. 2.5), the
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results returned from the fitting have high error bars. Physically, it is expected that
our effective model is more accurate to fit the attractive regime, because in the repulsive

regime the motion is driven by the radiometric forces, which are much more intricate to

modelate.
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Figure 2.6: (Left panel) Period of the oscillatory motion as a function of the particle
diameter. Experimental results (black circles) along with their respective errors (black
bars). Note that as particle size increases the period diminishes in a way relatively well-
described within the harmonic oscillatory regime (traced fitting curve). The inset shows
the average amplitude for the particles with different sizes. Dashed red line is just a guide
for the eyes and it illustrates its linear decreasing with diameter. All these measurements
have been conducted with the particles around z = 10 um, where oscillations show up
more evident. (Right panel) Average resultant forces as a function of the TI particle
diameter. The forces here were calculated as averages over a complete oscillating cycle,
separating the attractive (black circles) and repulsive (open circles) motions. The dashed
lines are linear fits to the data that serve only as guides to the eyes. Adapted from Ref. [1].

Fig. 2.6 (left panel) shows how the period and amplitude (inset) of the oscillations
depends upon beads diameter. Although the amplitude has a simple linear decreasing,
the period shows a more interesting behavior. Smaller beads tend to oscillate slower than
larger ones. For instance, a bead with diameter ~ 4.2 ym has a period ~ 3.5 s (frequency
~ 0.3 Hz), while another with ~ 6 pm has its frequency increased to ~ 1 Hz. Although
these oscillations are not harmonic (recall the expression of the force, equation (2.10),
along with the viscous dissipation), a first approximation for the equation describing the
period as a function of the particle diameter can be obtained, and such a behaviour is
well-captured within the simple harmonic regime, as follows. For that, recall that the
gradient force comes from volumetric bulk refractions, then as particle radius, a, varies it

is expected that F, ~ Aa® (a is the bead radius). Once radiometric force increases with
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the particle area then F, ~ Ba?, while Stokes force goes like Fig ~ Ca, where A, B, and
C are constants. Restricting ourselves to simple harmonic oscillatory description dictated
by these forces, the period, T' ~ 2ﬂ\/m (m = 4mpa®/3 is the particle mass) goes like
T ~ Q/WZ%CG. For the fitting depicted in Fig. 2.6 we have T ~ ‘/WPM’ with
A~181s72, B~ 389 um s2, and C~ —46.50 um? s—2.

In order to investigate how the magnitude of the measured forces (gradient force
+ radiometric force) depends on the particle size, in Fig. 2.6 (right panel) we present
some measurements of the average forces as a function of the TT particle diameter. The
forces here were calculated as averages over a complete oscillating cycle, separating the
attractive (black circles) and repulsive (open circles) motions. The dashed lines are linear
fits to the data that serve only as guides to the eyes.

Observe that in both regimes the average force increases with the particle size. In
addition, the resultant average force is always higher in the attractive regime, at least for
the diameter range studied here (~ 3.5 - 6.5 um).

Particles with diameters within this range can be approximately considered in the
geometrical optics regime [18], since the wavelength used was 1.064 pum. In this regime,
if the particles were ordinary dielectric ones, it would be expected that the trap stiffness
(and consequently the optical force at a fixed distance from the optical axis) decreases with
the particle diameter [18]. Nevertheless, the results shown in Fig. 2.6 strongly suggest
the opposite behavior. This result is certainly related to the frequency of oscillation of
the TT particles, which increases with the particle diameter [see Fig. 2.6 (left panel)]. In
fact, higher frequencies imply higher accelerations, and thus higher forces.

An important point to be stressed here concerns the actual possibility of tuning
the particle period/frequency by just varying its size. Other improvements are certainly
obtained by adjusting other physical parameters, like the beam power and so forth. In
fact, we have performed an experiment with a single TT particle of 4.8940.29 um diameter
to explicitly investigate how the period and amplitude of oscillations depend on the laser
power (see Fig. 2.7). During the experiment, we increase the laser power from 37 mW
to 100 mW, and have shown that the amplitude of oscillations increases linearly with the
laser power, excluding the possibility of second order effects. The period of oscillation
seems to be weakly affected by the power, presenting only a slight increase in such range.

This results strongly suggest that, along with the particle size, the laser power can be
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Figure 2.7: Average period (black circles) and amplitude (red squares) of oscillations as a
function of the laser power. The same single particle of 4.89 + 0.29 ym diameter was used
in all measurements. The amplitude linearly increases with the power of the beam, while
the period presents only a small variation. The vertical bars are standard errors over the
averages. Adapted from Ref. [1].

used to control the dynamic quantities of the optically induced oscillators, of interest for

future applications.

2.4 Conclusions

We have observed that micro-sized topological insulator (BisTes and BisSes) par-
ticles oscillate perpendicularly to the optical axis whenever subject to a highly focused
Gaussian laser beam optical tweezers. Physically, such oscillations are a result of a del-
icate balance in the competition between gradient forces and radiometric forces. This
last component acts as a driving force, changing the usual overdamped motion obtained
for ordinary dielectric particles into a driven (but also damped) oscillatory motion. Even
though the oscillations are not harmonic, the period/frequency appears to remain prac-
tically constant during a number of cycles, being well-defined in time. We have also
observed that frequency and amplitude of oscillations are also dependent on the particle
size, the former increases with the beads diameter in such a way well-described by a sim-
ple harmonic approach. Both of these features are important for practical purposes and
they may be further improved by combining particle size/shape with modulated intensi-
ty/power laser beam. For instance, beads having more regular spherical shape are crucial

for highly precise experiments. This precision is important to make such optically induced



2 Topological insulator particles as optically induced oscillators 74

oscillators useful in dynamical force measurements in macromolecules and biopolymers.
They may also play an important role in optical rheology of biological membranes and
soft matter interfaces. In such type of experiments one usually needs to induce oscillating
forces on the investigated systems. Nowadays, the straightforward approach is to me-
chanically oscillate the microscope stage using piezoelectric actuators. The main results
of our present work strongly suggest that these oscillatory forces can be implemented in
the system in a more suitable way: the intrinsic oscillations of TT microparticles under a
laser beam are such that those desired oscillatory forces are applied to the system with
complete and pure optical control, without the necessity of mechanical interventions on
the laser setup.

One may wonder whether our observations regarding T1T optically induced oscilla-
tors may occur to other materials-made microspheres. To our best findings, this may be
the case provided that the beads have an intermediary surface conductivity (density of
charged states) along with a good transparent bulk (relatively high skin depth). These
two key characteristics are accomplished by topological insulator beads. Whether other
materials may present similar characteristics remains to be investigated and it should

enlarge even more the issue of optically induced oscillators.
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Chapter 3

Extending the Ashkin’s model to

light-absorbing particles

In this chapter, we discuss the results reported in Ref. [7] [Adapted with permis-
sion from (W. H. Campos, J. M. Fonseca, J. B. S. Mendes et. al., “How light absorption
modifies the radiative force on a microparticle in optical tweezers,” Applied Optics 57(25),
7216-7224 (2018). https://doi.org/10.1364/A0.57.007216) © The Optical Society]’,
where we propose a generalization of the Ashkin’s model for the radiative force exerted on
a spherical bead. Besides the usual forces related to refraction and reflection of light, the
model accounts for the contribution due to attenuation/absorption of light in the bulk of
the particle. We discuss in detail the balance between refraction, reflection, and absorp-
tion for different optical parameters and particle sizes. Such a contribution is important
because absorption is known to generate radiation pressure, and it has also shown to play
an important role in the optically induced oscillations reported in Ref. [1]. Our findings
contribute to the understanding of the optical trapping of light-absorbing particles, and
may be used to predict whenever absorption is important in real experiments.

Whenever light is absorbed by a particle subjected to a laser beam, a “microscopic”
description of the exerted forces requires a clear distinction between thermally originated
and radiative effects. In Subsection 1.1.1, we have seen that reflection and refraction
of light can be used to trap small dielectric particles. The Ashkin’s model captures

the main results for the radiative (gradient + radiation pressure) force exerted on a

!Copyright credit line obtained, along with permission, via email made available for this purpose by
the publisher at https://www.osapublishing.org/submit/review/copyright_permissions.cfm.
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dielectric particle in the geometrical optics regime [2,3,18]. It can also be adapted to
describe the radiation pressure in a fully reflective (metallic) bead (see Subsection 1.1.4)
[72].  Absorption of light by the bead is usually neglected in theoretical calculations
for the geometrical optics regime, but it is known that it occurs in the trapping of semi-
transparent particles, which interpolate between fully transparent and fully reflective ones.

In this work, we propose a generalization of the usual model accounting for the
radiative force exerted on a spherical particle by a single light ray in the geometrical
optics regime [2,3]. The absorption/attenuation of light is included in such a way that
the model captures the limiting cases of fully transparent (dielectric) and fully reflective
(metallic) particles [2,3,72], with the novelty of accounting for any intermediary value
of the absorption coefficient, namely the case of semi-transparent particles made from
semiconductor materials. Our results suggest that such a consideration is important
mainly when the skin depth of the light is comparable to the size of the particle.

As a direct example of how the model can be applied, we calculate the total radia-
tive force exerted by a Gaussian laser beam on a particle highly out of the laser focus, a
setup similar to that reported in the work of Ref. [9], and discuss upon the modifications
on this force caused by different values of the absorption coefficient. Our results suggest
that finite values of absorption can either increase or decrease the magnitude of the radia-
tive force, depending on the particle size. Also, we show that our proposal significantly
improves the comparison between recently reported experiments and the radiative force
calculated with the usual Ashkin’s model. We also discuss how the particle weight be-
comes comparable to the optical forces if its density is high enough, which is the case of
the topological insulator microparticles used in Ref. [9], and a number of semiconductor

materials where light absorption is expected to be important.

3.1 Objectives

We devote ourselves to derive an analytical expression for the radiative force in the
geometrical optics regime, including the attenuation/absorption of light by the bulk of
the particle. The expression should account for any value of the absorption coefficient, in-
cluding the two limiting cases exploited previously on the literature, say, fully transparent

and fully reflective beads. We investigate how the balance between refraction, reflection
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and absorption of light modifies the radiative force, by exploring different values of the
refractive index and the absorption coefficient. We also calculate the total radiative force
exerted by a Gaussian laser beam on a spherical particle out of the laser focus, investigate
how it is modified by light absorption and compare the calculations with experimental
results. Furthermore, we investigate the importance of the apparent weight of the particle
on optical tweezers experiments, comparing it with the z component of the total optical

force.

3.2 Methods

The methods applied in this study are those of geometrical optics at interfaces.
Basically, an incoming light ray is partially reflected and refracted at the surface of a
spherical particle, according Snell’s law. Multiple reflections at the inside surface are
also taken into account, along with attenuation/absorption of the ray in the bulk of
the material, according to the Beer’s law. The force exerted on the particle is calculated
considering the transfer of linear momentum from the light ray to the material, accounting

for all reflections at the surface.

3.3 The model: spherical absorbing particle

As usual in geometrical optics regime, we follow the main ideas of Ref. [2] to obtain
the radiative force exerted by a light ray on a spherical bead. In their model, the authors
obtain the radiative force by computing the variation of the linear momentum of light,
as a result of the interaction with the particle surface. They do not consider absorption
of light by the particle, so that only reflection or refraction at the surface can modify the
linear momentum of the light ray.

Here, we consider a single ray of power dP interacting with an absorbing spher-
ical bead (Fig. 3.1). Every time the ray reaches the bead surface, a fraction R of the
incoming power is reflected and a fraction Ty, fqce = 1 — R is transmitted through the
interface (i.e. R is the reflectivity and 7' is the transmissivity at the surface). As a
result of the reflection and refraction, linear momentum is transferred from the light
ray to the bead, exerting a force whose magnitude and direction depends on the an-

gle of incidence, . If absorption is not considered, 100% of the power transmitted
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through the surface reaches the opposite side. Say, the particle is supposed to be per-
fectly transparent, which works well for dielectric beads usually made of polystyrene.
However, for general materials the absorp-
tion of light cannot be neglected, and we
expect that only a fraction e (2030 of =F=="r&sSI~~r SINTTTTT T Z7--
the transmitted power will travel across
the absorbing particle (Beer’s law), where

[ is the particle radius and ( is the an- T2e—c(2lcos) g p

~

gle of refraction. « is the absorption co-

!/
n ( \ All o
efficient of the material, which can be re- T2R[e=*(2lcosO)2gp Yy
lated to the extinction coefficient, k, by

a = 47k /X [204]. Note that we are work-

Figure 3.1: Light ray interacting with an ab-
ing with the real component of the refrac-

sorbing particle. Besides the initial reflec-
tive index of the particle, n,, which results

tion and refraction suffered when it reaches
in a real value for the angle of refraction

the particle, the ray splits again every time
¢, since n,, siné = n,sin(. A completely

it reaches the inside surface. Furthermore,
equivalent approach could be used, where

it suffers an attenuation when propagating
both the refractive index and the angle of

throughout the bulk of the particle to the
refraction are complex numbers. In such

opposite side. and ( are the incidence
case, Ny, siné = /e +ie’sin(, where € PP ¢ ¢

and refraction angles, respectively, and [ is
and €’ are the real and imaginary parts

the sphere radius. See text for discussion.
of the complex relative dielectric constant,

Adapted from Ref. [7].

respectively [204]. In the former approach,

light absorption is accounted by «, while ¢ accounts for absorption in the latter approach.
Once the incident light ray penetrates the interface, there will be new reflections/-

transmissions every time it interacts with the inside surface (Fig. 3.1). In each interaction,

n+1
a(2 cos C)} of the initial power leaves the particle in a different di-

a fraction T?R" |exp~
rection than that of the incident ray (n accounts for the number of times the ray was
reflected before leaving the particle), i.e., there is also a transfer of linear momentum
from the ray to the particle due to multiple reflections/transmissions.

We choose the z’-axis to be in the direction of the incident ray, and the y’-axis

to be in the plane of incidence, which contains both the light ray and the center of the
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particle. The change in the linear momentum of the sphere is obtained by summing up the
individual contributions of each ray-surface interaction, with dpparticie = —dpray. Details
on the calculations are provided in Appendix A, but the final force exerted on the bead

can be written as [2,18]:
dF = “"[Re(Q1)2' + Im(Q)y'dP, (3.1)

where n,, is the refractive index of the surrounding medium, c is the speed of light, and

o expl2i( — 0
e2lacos( + Re—QiC '

Q: = 1+ Rexp(2i€) (3.2)

This result covers the two limiting cases studied previously in the literature. In-
deed, taking o = 0, one recovers the usual expression of @), for fully transparent /dielectric
beads [18]. In turn, taking @ — +oo one recovers the expression for metallic particles
reflecting all the incoming light, say, Q; = 1 + Rexp(2i&) [72].

To get intuition about when consideration of the absorption coefficient is important,
let us investigate the skin depth, which can be defined as § = 1/a. The skin depth gives
an estimation of the distance traveled by light before its power falls to 1/e of its value
at the surface. Particles used in optical tweezers are usually a few micrometers large,
and transparent materials have § — 400, so that light can travel a distance much larger
than the particle size before being considerable attenuated. In such case the transfer of
momentum due to absorption is minimal and can be safely neglected, as usual. Otherwise,
if the particle is metallic, 6 — 0 (or usually a few nanometers). This is equivalent of
considering a non-absorptive particle with fully reflective surface, i. e. light cannot
reach the bulk, and therefore, cannot be attenuated. Here, transfer of momentum due
to both refraction and absorption is minimal and can be neglected. A more interesting
scenario arises when we consider a skin depth comparable to the particle radius, 6 ~ [.
Semiconductors materials, for example, can have a skin depth on the order of micrometers,
making the microparticles semi-transparent. In such case, absorption of light by the
particle is significant and should not be neglected in theoretical calculations. In this case,
a small change in the absorption coefficient can lead to an appreciable modification in the
radiative force. This will be discussed in more details in Section 3.4.

Now, consider a linearly polarized light ray and take the average over the two laser
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polarizations, TE and TM. Assuming no preferential polarization, the reflectivity R can

be written as [18,58]:

: 2 2
R Q) = ; lM] +; [m] . (3.3)
The refraction angle reads ((§) =
arcsin [’;—’: sin 5} (Snell’s law), where n, is 1.0 . .
the refractive index of the particle. Fig. 0.8} —n,=55
3.2 shows the behavior of the reflectivity go.s 3 B
R(&,() = R(&) for 0 < ¢ < 7/2 and dif- %0.4-
ferent values of n, > n,,. For polystyrene - 0.2f
particles (usually adopted in experiments), 0.0 - - P i
€ (rad)

which have n, ~ 1.6, light is mostly trans-
mitted throughout the material. The ex-
ception is for £ — m/2 (tangent angles),
where light is mostly reflected by the sur-
face. However, in particles with higher in-
dex of refraction, such as the BiyTes topo-
logical insulator (typical value of n, ~ 5.5
[205]), a considerable amount of light is re-
flected even for small angles, generating ra-

diation pressure. If the material has a very

Figure 3.2: Surface reflectivity, R, as func-
tion of incident angle, £&. Higher refractive
index of the particle, n,, leads to higher re-
flectivity. Also, light is more reflected for
tangent angles of incidence, £ — 7/2. We
take n,, = 1.33, the refractive index of deion-

ized water. Adapted from Ref. [7].

high refractive index, reflectivity is close to one. Therefore, the surface does not allow

penetration of light rays to the bulk, and the particles should not distinguish between

different values of the bulk absorption coefficient a.

3.4 Results and Discussion

The balance between refraction, reflection and absorption can be better understood

by studying the real and imaginary components of the adimensional factor );. As usual

in the literature, we define (); = Re(Q;) and ), = Im(Q);). The former corresponds to the

component of the force along z’-axis, and indicates the strength in which the ray pushes

the particle along its direction of incidence. The latter corresponds to the component of
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the force along y/-axis and indicates the strength in which the bead is attracted (), < 0)
or deflected (), > 0) along the transverse direction. Fig. 3.3 shows the plots of Q)5 and
(), as function of the incident angle £ for a particle with radius [ = 2.1 ym and different

values of n, and a.

15 np=1.6 np=3 n,=55

1.2 — Qg, =0 —Qs,a=0.5pm'1
— Qg @=0 —— q; a=05pm"

09} L

06

03

0.0

-0.3F

0.6 s . . N N s . . N N 2 . . N
0 /8 nl4 3n/8 /2 0 /8 nl4 3n/8 /2 0 /8 nl4 3n/8 nl2

& (rad) & (rad) € (rad)

Figure 3.3: Plots of (s and @), as functions of the incidence angle, &, for different values
of the refractive index, n,, and absorption coefficient, o. As n, increases, the influence
of absorption in the bulk is minimized, since a significant fraction of the light is reflected
by the surface and cannot be attenuated in the bulk. We have used n,, = 1.33, and
[ = 2.1 pm for the sphere radius. Adapted from Ref. [7].

The low reflectivity of particles with small refractive index allows a great amount
of light to be transmitted through the surface. As a consequence, these particles are very
sensitive to different values of the absorption coefficient. In fact, for n, = 1.6, Fig. 3.3
(left panel) shows that there are significant changes in the behavior of @, and @, for
different values of «. Note the increasing in the adimensional force along z’-axis, Q)s,
as the absorption coefficient changes from o = 0 to o = 0.5 um™!, which is expected
since absorption must generate radiation pressure. If a = 0, @, < 0 for all values of &,
and the force along y/-axis is attractive, as known for polystyrene particles. However, for

1

a = 0.5 um™" such attraction is weakened by the absorbing bulk of the particle. In this

1

case, the skin depth 6 = o' = 2 um is smaller than the particle diameter (4.2 ym), so

the light ray is attenuated before all multiple reflections can contribute significantly to
Qy-

For a particle with intermediary refractive index, say n, = 3 (Fig. 3.3, center
panel), Qs is higher than in the previous example even for o« = 0. This is a consequence of
the higher reflectivity, R, which allows the light to be only partially transmitted through

the surface. Nevertheless, = 0.5 um™! implies in an increasing of the adimensional
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force along 2’ -axis, @)y, since a fraction of the light penetrates the bulk in order to be
attenuated. Notice that in this case, )y < 0 if o = 0, but an absorption coefficient of
a = 0.5 um™! eliminates the attractive behavior along 1/-axis.

For higher values of n,, a greater amount of light is reflected by the surface, and
absorption does not change the behavior of (); in a significant way, since only a small
fraction of light penetrates into the bulk (Fig. 3.3, right panel). Note that in this case
(n, = 5.5), even if & = 0 we have @), > 0 for most values of &, i.e. reflection assures that
the particle will not be attracted along y'-axis . It can be shown that in the limit of very
high refractive index (say n 2 20, in our calculations) there are virtually no distinctions
between ); for o = 0 and for o # 0, since the interface reflects all the incoming light.

It is evident, from the above results, that when considering interaction of a light
ray with a spherical bead, the main consequences of a non-zero value of the absorption
coefficient is to partially suppress the multiple reflections/transmissions taking place in
the inside surface. Such a suppression can become total if the skin depth is much lower

than the particle radius, § << [.

Radiative force exerted by a focused (Gaussian beam

As a direct example of how the model can be applied, let us consider a focused
Gaussian laser beam propagating along z-axis, toward the focal plane (Fig. 3.4). This is
a very common setup, found in many applications of optical tweezers [18-20]. According
to the experimental results reported in Ref. [9], if an absorbing particle is placed close
enough to the focal plane, the radiometric force is very high and completely overcome the
radiative. Therefore, we are interested in a situation where the bead is placed highly out
of the beam focus. Fig. 3.4 depicts the spherical particle at a distance z below the focal
plane, while the origin of the coordinate system was chosen to be at the beam focus. We
set the z-axis along the optical axis, toward the objective lens. The z-axis was chosen so
that the center of the sphere lies in the z-z plane, and p is the radial distance from the
optical axis to the geometrical center of the sphere.

The procedure used to calculate the total radiative force exerted on the spherical
bead is described in Appendix B. In summary, the force exerted by a single ray is calcu-
lated using Eq. (3.1), and integration over all the rays reaching the sphere gives the final

result. In order to perform the numerical calculations, we set P, = 15.4mW for the total
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laser power, and o = 0.136 cm for the beam waist before it passes through the objective.
The focal length and the refractive index of the medium are taken f = 0.375cm and
n, = 1.33, respectively. These are typical values from experiments with optical tweezers.

Figure 3.5 (top panel) shows the ra-
_Focal Plane

dial component of the radiative force along

=2V

r-axis for a particle of refractive index

n, = 3, and different values of the absorp-

tion coefficient, «, and radius, . Observe A
Laser
that for smaller particles (I = 2.1 um), a propagation

higher value of o implies in an increasing Zp--

of the radial force pushing the particle to-

ward the optical axis, similar to the force

T iiieiieioeeeeeeieee —
driven by reflection of light in the surface Objective lens

of metallic particles, when trapped in two

dimensions [71]. This can be understood Figure 3.4: Illustration of a focused Gaussian

by the fact that all the incoming rays are light beam and definition of the coordinate

directed toward the focus of the light beam, system. The spherical particle is placed a dis-

and their linear momentum is transferred tance z below the focal plane, and a distance

{0 the particle through absorption /reflec- p from the optical axis. The laser propagates

tion. Surprisingly, the situation is inverted from the objective lens to the origin of the

for bigger particles (I = 4 um). Tn this case, coordinate system. Adapted from Ref. [7].
a higher value for o decreases the magni-
tude of F,, weakening the attraction toward the optical axis. This result suggests that
attraction of bigger particles is driven mainly by the multiple reflections/transmissions at
the inside surface, and suppression of such interactions by absorption of light in the bulk
causes the magnitude of the radial force to decrease. This result is consistent with the
known fact that tri-dimensional stable trapping of very small metallic particles (Rayleigh
regime) are more efficient than that of dielectric ones [66], while bigger metallic particles
cannot be stably trapped in three dimensions [71].

Figure 3.5 (bottom panel) shows the azimuthal component of the optical force

along z-axis for different values of the absorption coefficient, «, and the particle radius,

[. No inversion is observed for bigger particles, i.e. for both [ = 2.1 ym and [ = 4 pm,
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a higher value of the absorption coefficient @ implies in an increasing at the magnitude

of the force pushing the particle toward the focal plane (observe in Fig. 3.4-a) that the

z-axis points down, so a negative value of F, means a force pointing up to the focal plane).

From Fig. 3.5 (top panel), it is ev-
ident that there must be a critical radius
[, where the behavior of the force with ab-
sorption coefficient is reversed. Actually,
in geometrical optics regime, the waist of
the laser beam is expected to significantly
influence the critical radius. In fact, Fig.
3.6 shows that [. increases linearly with the
beam waist, . At the critical radius, the
absorption coefficient a almost does not
contribute to the radiative force exerted on
the particle.

The absorption of light can have an
effect on the transfer of angular momen-
tum to the sphere, eventually making the
particle to rotate. However, here we are
devoted only to describe the total radia-
tive force exerted on an absorbing particle
in optical tweezers. The well-known phe-
nomena of torque generation by transfer
of spin and orbital angular momentum has
been extensively investigated in the litera-
ture for both absorbing and non-absorbing
particles [206-209].

It is important to say that we are
not describing any particle dynamics here,
since this demands inclusion of radiometric

forces. Nevertheless, in what follows we
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Figure 3.5: Radial and azimuthal compo-
nents of the optical force along x-axis and
z-axis, respectively, as function of the radial
distance p. We set n, = 3 for the refractive
index of the bead. The top panel shows the
behavior of the radial force, F), for different
values of the particle radius, [, and absorp-
tion coefficient, oo. The bottom panel shows
the behavior of the azimuthal force, F,, for
the same parameters. See text for discussion.

Adapted from Ref. [7].

discuss about how the buoyancy and weight of denser particles can influence the optically
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Figure 3.6: Critical radius, [., as function of the laser beam waist, o. Notice that the
increasing is approximately linear. Adapted from Ref. [7].

induced oscillations reported in Ref. [9]. Consider a particle of radius [ ~ 2.1 ym, which
leads to a buoyancy around ~ 0.38 pN. If the particle is made from polystyrene (density
~ 1.04 x 10® kg/m?), it has a weight around ~ 0.4 pN. These forces balance each other
and become negligible in most experiments, when compared to the magnitude of the
other forces involved. However, here we are interested in materials with non-negligible
absorption, such as Ge, BisTes, and BisSes. These materials are usually denser, and the
weight can overcomes the buoyancy. For instance, the density of the Bi;Tes topological
insulator used in Ref. [9] reads ~ 7.85 x 10® kg/m3, corresponding to a weight around
w ~ 2.98 pN.

To be clearer, let us define the z”-axis to be antiparallel to the z-axis, so that the
weight points in its negative direction. Fig 3.7 shows the plot of F,» — w' (F,» is the
radiative force along z”, and w' is the apparent weight) as function of the radial distance
p. Near the optical axis, F,» overcomes the apparent weight, pushing the particle toward
the focal plane. Radiometric forces would also contribute to the force along this direction.
However, at larger values of p it is the apparent weight that overcomes the optical force,
and the particle must fall toward the coverslip. This point is important in dynamic
systems such as that reported in Ref. [9], where the particle approaches and moves away
from the optical axis in a quasi-periodic motion. Such a remark leads us to predict that
oscillations also take place along the z-axis, where the apparent weight should compete
with the radiative and radiometric forces. This is not discussed in the work of Ref. [9],

but certainly worth experimental investigation in the future.
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\ —_—a=0
-=-a=0.5pum"
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Figure 3.7: Resultant force (F,» — w') along z"-axis as function of the radial distance,
p, for a particle with radius [ = 2.1 um, n, = 5.5, and density ~ 7.85 x 10°kg/m? (as
known for BiyTeg TI’s). The particle is pushed toward the focal plane for positive values
of the resultant force, while for negative values the weight overcomes the optical force.
The same behavior is observed for both a = 0 and a = 0.5 um™'. Adapted from Ref. [7].

Although many calculations regarding optical trapping rely on the generalized
Lorenz-Mie scattering theory, for spheres of size a larger than the light wavelength, A,
the Mie series converges slowly, and intricate computational techniques are necessary to
overcome this inconvenience [64,65]. In such regime, the geometric optics approach leads
to simpler results, being useful for comparison with experimental observations.

Fig. 3.8 shows the predicted radiative force for the usual (o« = 0) and generalized
(a = 0.11 um™?') Ashkin’s model, along with experimental data, for a BiyTes particle of
radius about a ~ 3.1 um optically trapped in deionized water. Spherical aberration was
included in numerical calculations for both curves as described in Ref. [18]. We have used
n, = 5.5 for the particle refractive index, as reported in Ref. [205]. The methods used to
obtain the experimental data are described in Ref. [9], where it was reported that BisTes
particles oscillate perpendicularly to the optical axis of a Gaussian laser beam optical
tweezers, remaining suspended about ~ 4 ym above the coverslip and ~ 10 um below
the focal plane. The closest approximation to the optical axis was observed to be about
~ 3.2 pum. Notice that the usual Ashkin’s model (neglecting light absorption) greatly
overestimates the magnitude of the radiative force obtained from the experimental data.
On the other hand, by using the generalized model one can find an effective value for o
so that comparison between theory and experiment is significantly improved. It is worth

noting that, so far, there is no microscopic and adequate model that completely explains



3 Extending the Ashkin’s model for light-absorbing particles 87

the forces exerted on the BiyTes particles. Our results represent a step toward the full

understanding of such a novel and intriguing phenomena.
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Figure 3.8: Predicted and observed radiative force exerted on a BiyTes particle of radius
a ~ 3.1 um, trapped in a Gaussian laser beam optical tweezers. The purple curve shows
the radiative force for neglected absorption (a = 0, usual Ashkin’s model), and the blue
curve shows the radiative force for an effective absorption of @ = 0.11 um~!. The red
dots represent the experimental data. In both calculations and experiments, we have
used a laser power of 25 mW, measured at the objective entrance. The uncertainty in
the measurement of position is 0.017 um, and the estimated mean uncertainty in the
calculation of the force is 0.03 pN. Adapted from Ref. [7].

3.5 Conclusions

Although the optical trapping of dielectric and metallic particles in optical tweezers
has been well understood, this is not the case for semi-transparent materials. If the skin
depth is comparable to the size of the bead, absorption of light can significantly modify
the properties of the trapping. A simple generalization of Ashkin’s model [2] is proposed
in order to include absorption/attenuation of light into account, when considering a spher-
ical bead under the incidence of a single light ray. Our results account for an arbitrary
value of the absorption coefficient in the bulk of the bead, including the two limiting cases
previously studied in the literature, namely, perfectly dielectric [18] and perfectly metallic
particles [72]. Our findings suggest that attenuation effects becomes important mainly
when the skin depth is comparable to the particle size. The radiative force along the light
ray direction increases with the absorption coefficient, and the radiative force along the

transverse direction (which is usually attractive) can be suppressed and become repulsive
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with an increase in the absorption coefficient. We have also calculated the radiative force
exerted on a spherical particle under a Gaussian laser beam optical tweezers. Interest-
ingly, our results suggest that the effective contribution of absorption/attenuation of light
by the particle bulk highly depends on its size. If the particle is small, increasing in the
absorption coefficient leads to an increasing in the radial force pushing the particle toward
the optical axis. However, for bigger particles the attraction is driven mainly by the mul-
tiple reflections/transmissions at the inside surface, which are suppressed by absorption
of light in the bulk, causing the magnitude of the radial force to decrease. The critical
radius where this inversion occurs is shown to be proportional to the laser beam waist.
We compare the theoretically predicted radiative force with recent experimental
observations (Fig. 3.8), namely, BiyTes particles trapped in a Gaussian laser beam optical
tweezers [9]. Compared to the usual Ashkin’s model, the present model accounting for
absorption significantly improves the prediction of the minimum point of the radiative
force, and mainly, it gives the quantitatively correct value for the force exerted on the
particles. As there is no microscopic and adequate model that completely explains the
experimental observations, we believe that our results represent a significant contribution

to the field of optical trapping, mainly regarding the novel phenomena reported in Ref. [9].

Appendix A

From Fig. 3.1, it can be seen that the component of the radiative force along

Z'-axis is given by [2]:

Nm = _ ~1n+1
dF, = C{l + Rcos (26) = T* Y R" {6 2zacobg}

n=0

cos (v + nn)}dP, (3.4)

where n,, is the index of refraction of the medium, n = 0,1, 2,3 ... is an integer number,

and the angles &, (, v, n are indicated in Fig. 3.1. This can be easily shown to be:

df;/::nwﬁRe{1+aRe%5——Iﬂ ¢ }d}% (3.5)
C

e2lacos( _ Ren

Using the geometric relations v = 2§ — 2¢ and n = m — 2(, one gets:

2i(6—0) }

_ N 2¢ 2
AFs = ""Re{1 4 R T2 O

(3.6)
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In turn, along 3/-axis, we have that:

400 n
dF@::ﬁT{Rﬁnﬂg)—TQE:Bwk—%WWﬂ’”gn@»+nm}dp (3.7)

n=0

Proceeding in an analogous way, one gets:

(3.8)

(2i(€—C) }

Ny 2i¢ 2
dF, = CIm{Re -7 e2lacos¢ | Re—2iC

Note that the compact expression (3.1) is equivalent to Egs. (3.6) and (3.8).

Appendix B

Consider an optical tweezers made of a highly focused laser beam, whose intensity is
modulated as a Gaussian profile. Let the z-axis be placed along the optical axis, pointing
toward the objective lens (Fig. 3.9-a)). If we choose the origin of the coordinate system
to be at the laser focus, it is well-known that power increment dP of a single light ray

can be written as [18]:

dP: Eexp 5

2P —2f2sin?
L (fsm&) f? sin 0 cos HdBdo, (3.9)

g

where 6 is the angle between the light ray and the optical axis of the Gaussian beam, and
¢ is the usual azimuthal angle. The limits of integration for  and ¢ will be discussed in
details below. P, is the total power before the laser enters the objective, ¢ is the beam
waist, and f is the focal length.

Fig. 3.9-a) depicts the spherical particle (radius ) at a distance z below the focal
plane, at position 7. The vector d represents the position where the incoming light ray
reaches its surface. The z-z plane was chosen to cross the center of the sphere, and ~ is
the angle between 7 and the optical axis. Let p be the radial distance from the optical
axis to the geometric center of the sphere.

Writing o/, 2/, and all the variables as functions of § and ¢, and integrating Eq.
(3.1), one obtains the total radiative force exerted on the bead by all light rays reaching
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its surface. The vectors 7 and d can be written as [18]:

—

7 =r(sin~, 0, cos ),
3} (3.10)
d =d(sin# cos ¢, sin d sin ¢, cos ),

where

d= \/l2 — 72 + r2(sin~ysin  cos ¢ + cosy cos#)? + r(siny sin 6 cos ¢ + cosy cos ). (3.11)

The £ angle can be written as

a) X b) § : 3
d?+12—r? B\
§ = arccos | ———— | . (3.12) ] A\ N
2ld A\ ™
6 |7_0| (\__\‘_, "X:‘omaz
N A F omi ‘\ F )
The unitary vectors 2z’ and gy’ are given by: ! A
2P
P ) ]
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L 2 v vz
I —(—q — i 1 —co<f) =00 e T seeseesseeeeeeeeioos oo
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(3.13) Figure 3.9: a) Spherical particle placed out

Note that only a portion of the light of the focus, along with the definition of

rays leaving the objective lens actually the coordinate system. See text for details.

reaches the sphere, whenever it is placed Fig. b) illustrates the fact that only those

out of the focus of the laser beam. The rays between Oy — Max|0, v — arcsin(l/r)]

limits of integration for # are given by (see

Fig. 3.9-b)):

and 0., = v + arcsin(l/r) reach the sphere.
Adapted from Ref. [7].
Omin =Max[0,y — arcsin(l/r)],

(3.14)
Omaz = Min[fy, v + arcsin(l/r)],

where 6 is the critical angle for the glass-medium interface at the coverslip (6 = 1.109
rad for glass-water interface [18]).

To determine the limits of integration for ¢, notice that they correspond to the
situations where the light rays are tangent to the surface of the bead (Fig. 3.10-a)). This

defines a curve at the surface, whose equation can be obtained by subjecting the equation
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of the sphere to the constraint d = dy = d(f = v + arcsin(l/r),¢ = 0). Therefore, this
curve must satisfy (z — z¢)? + (y — v0)?® + (2 — 20)? = [, where (see Fig. 3.10-b)):

x =dysinfcos¢, x9=rsin-y,
y = dosinfsin ¢, yo = 0, (3.15)
z = dycosb, Zo = I COS 7.
a) >
o T
Omin /'/
do /s

Yz
b) AY

dos'me
%o >
rsiny U T

Figure 3.10: Illustration of the procedure used to calculate the limits of integration for ¢.
In a) one sees the curve on the surface of the sphere corresponding to the tangent angles
of incidence. The rays tangency the sphere at a fixed distance dy from the origin for all
values of ¢g(6). b) shows a cross-section parallel to the focal plane, with the coordinates of
a tangent ray, together with the limit of integration for the azimuthal angle, ¢o. Adapted
from Ref. [7].

As a result, ¢nin(0) = —po(0) and ¢pe.(0) = ¢o(0), where

d2 2 l2
¢0(0) = arccos Ko—zrd — cos 6 cos 7) csc f csc 7] . (3.16)
rao

This is valid when p > [, and the z-axis does not intercept the sphere. However, if
p < [, one needs to be more careful with the limits of integration. Fig. 3.11 shows a cross
section parallel to the focal plane in such case. For 0 < 6 < |y—arcsin(l/r)| (region 1), we

have —m < ¢ < 7, while for 6§ > |y — arcsin(l/r)| (region 2) we have —¢o(0) < ¢ < ¢o(0).

Therefore, in this case

T, 0 <6< |y—arcsin(l/r
¢maa: = h/ ( / )| (317)
oo(0), |y —arcsin(l/r)| <0 < Opas.

It is easy to see that ¢pin = —Omaz-
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Figure 3.11: Cross-section parallel to the focal plane for the situation where p < [. If
0 < |y — arcsin(l/r)| (region 1-green), the light ray crosses the sphere for all values of
¢. However, if > |y — arcsin(l/r)| (region 2-blue), only those rays parametrized by
& € [—o, o] cross the sphere. Adapted from Ref. [7].
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Chapter 4

Germanium microparticles as

optically induced oscillators

In this chapter we discuss our results reported in Ref. [8] [Adapted from (W. H.
Campos, T. A. Moura, O. J. B. J. Marques et. al., “Germanium microparticles as optically
induced oscillators in optical tweezers,” Physical Review Research 1(3), 033119 (2019).
https://doi.org/10.1103/PhysRevResearch.1.033119). Published by the American
Physical Society under the terms of the Creative Commons Attribution 4.0 International
(CC BY 4.0) license]', regarding the trapping of germanium (Ge) spherical particles under
a Gaussian laser beam optical tweezers. We show that Germanium semiconductor beads
behave as optically induced oscillators when subjected to a highly focused laser beam.
Such unusual motion is due to the competition between the usual optical forces and the
radiometric force related to thermal effects, as discussed for topological insulator particles
in Chapter 2. Actually, the behavior of Ge particles present an additional attribute, their
direction of oscillation highly depends on the polarization of the laser beam, i.e. the
particles oscillate perpendicularly to the direction of the light polarization. Also, vertical
oscillations were observed to take place, as predicted in Ref. [7] (see Section 3.4). We
characterize the behavior of the Germanium beads in detail and propose a modification
on the effective model developed in Ref. [1] in order to account for the new results,

which have shown a good agreement with the experimental data. Such kind of system

! According to the CC BY 4.0 license’s website (https://creativecommons.org/licenses/by/4.0/)
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made and a link to the license’s website.
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can potentially revolutionize the field of optical manipulation, contributing to the design
of single molecule machines and to the application of oscillatory forces in fundamental
physics, cellular manipulation, fluid dynamics, and other soft matter systems.

Over 100 years after its discovery, Germanium (Ge) is one of the most important
and well-characterized materials used in the manufacture of micro and nano devices, and
continues to attract tremendous attention in different areas of condensed matter physics
and materials science. Although nowadays silicon dominates the semiconductor electron-
ics, in the initial years, the solid-state industry were almost exclusively based on ger-
manium diode and bipolar-junction-transistor technology. Recently, germanium devices
have being considered as a possible high-mobility substitute for the silicon MOSFET
technology, since germanium has the highest hole mobility of all the known semicon-
ductor materials [210]. Due to its suppression of spin relaxation, the group IV semi-
conductors, such as Ge and Si, has aroused interest in timely research branches, like
spintronics [211-215]. Furthermore, compared with Si, Ge possesses a much higher car-
rier mobility [214]. In this way, the solid-state device research community is returning
to investigate the high-mobility Germanium to improve the performance of transistors
based on this material [215]. Nowadays, Ge has application in optical fibers, polymer-
ization catalysts, and Si-Ge alloys in microchip manufacturing, with feature sizes on the
chips reaching 7 nm (< 60 Ge atomic layers) [215,216]. However, to our best knowledge,
the trapping of Ge microparticles in OT has not been investigated so far.

For A = 1064 nm (wavelength used in our experiments), Ge has a relatively high
refractive index, n &~ 4.41, and an extinction coefficient of £ = 0.11 [217]. This value for
the refractive index is comparable to that of BisTes topological insulators. In Chapter 3,
we also show that the radiative force on a particle is significantly influenced by absorption
of light, mainly when the skin depth is comparable to the particle size. The extinction
coefficient of Ge leads to an absorption coefficient of & = 1.30 um™!. As this corresponds
to a skin depth of 6 = 0.77 um, we should expect interesting effects when subjecting
microscopic Ge particles under an optical tweezers setup. For more details on the optical
properties of germanium and other semi-conductors materials, we refer to Ref. [204].

Surprisingly, Ge beads are observed to oscillate in a plane perpendicular to the
optical axis with relatively well-defined amplitude and frequency controllable by the laser

power. Fig. 4.1(a) shows our experimental setup, in which the particles are located
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Figure 4.1: (a) Experimental setup yielding the optically induced oscillations of Ge micro-
spheres. The beads are suspended in deionized water and subjected to a Gaussian laser
beam OT. The sample chamber consists of an o-ring glued in a microscope coverslip. We
have observed that, after placing the beads in the sample chamber with deionized water,
they remain suspended around 4 um above the coverslip surface, before and during the
laser incidence. The inset shows the radial displacement of a bead, relative to the optical
axis of the laser. (b) Scanning electron microscopy (SEM) of Ge microspheres obtained
by the laser ablation technique. The particles present a well-defined spherical shape with
smooth and homogeneous surface. Adapted from Ref. [8].

around z ~ —5 pum below the focal plane. The position of a 3 um diameter Ge particle
relative to the optical axis as function of time is shown in the inset, illustrating their
typical oscillatory dynamics. In addition, we show that laser polarization can be used to
easily guide the oscillations to a preferential direction, an appealing feature for practical
applications. Such an oscillatory motion has the potential of extending usual OT setup
capabilities for investigating dynamical properties of macromolecules and small systems,

like DNA molecules and biological membranes.

4.1 Objectives

We are interested in studying the oscillatory behavior of germanium microparticles
under a Gaussian laser beam optical tweezers. For this, we should investigate how some
dynamical quantities, such as the amplitude and frequency of oscillations, depend on
the power of the laser beam. We are also interested in providing an effective theoretical
description for the additional effects observed on this system, say, dependence of the

direction of oscillations with the polarization of the laser beam.
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4.2 Materials and methods

4.2.1 Synthesis and characterization of the Ge microparticles

Microparticle Ge

Bulk Ge

Intensity (arb. units)

250 300 ] 350
Raman Shift (cm™)

Figure 4.2: Representative Raman spectra acquired from the Ge-bulk (red color) and a
Ge-microparticle (blue color), highlighting the fundamental unstrained Ge Raman line
at ~ 300 em~!, which corresponds to the bulk Ge phonon mode. The Raman spectra
indicates that the particles did not experience chemical changes during the synthesis
process. Adapted from Ref. [§].

The microparticles of Ge were synthesized by pulsed laser ablation technique in
liquid solution. Pulsed laser ablation in liquids (PLAL) was carried out in a Nd:YAG laser
Quantel, model Brilliant B. The laser light used for the ablation was the second harmonic
wave (A = 532 nm) with a pulse energy of 70 mJ and 10 Hz in the nanosecond regime. The
experimental set up used to synthesize the micro particles consists of using Ge-crystals
(99,999%) as a target material immersed in 10 ml of distilled water as a working liquid
for ablation. The target was ultrasonically cleaned in distilled water before the process
and placed at the bottom of a beaker. The laser beam was focused onto the germanium
surface under a liquid layer of approximately 10 mm thick with a spot size of about 1
mm in diameter using focal lens of 50 mm. The target was moved perpendicularly to the
laser beam during 5 minutes to irradiate fresh surfaces during the whole process. The
experiments were conducted at room temperature (~ 295 K) and pressure of 1 atm.

The high quality of the Ge microparticles was confirmed by Scanning Electron
Microscope (SEM) [see Fig. 4.1(b)] and Raman spectroscopy analysis has proven that
our Ge-beads maintained their chemical structure during the laser ablation process (Fig.

4.2). Additional characterizations by energy dispersive X-ray (EDX) analysis have also
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demonstrated that the synthesized particles have no impurities in their composition.

4.2.2 Optical tweezers setup

The OT consists of a 1064 nm ytterbium-doped fiber laser (IPG Photonics) oper-
ating in the TEMyy mode, mounted on a Nikon Ti-S inverted microscope with a 100x NA
1.4 objective. We have set the laser power at 37 mW, measured at the objective entrance.

The sample chamber consists of an o-ring glued in a microscope coverslip.

4.2.3 Experimental procedures and data analysis to obtain the

forces

For the optical experiment, we have selected those particles with well-defined spher-
ical shape. The individual motion of each Ge microparticle for various oscillation cycles
was recorded using videomicroscopy. We have used a CCD camera (JAI BM-500GE) with
a recording rate of 15 frames per second and a resolution of 29 pixels/um. An exemplify-
ing video showing the typical dynamics of a 3 um diameter Ge-microsphere under linearly
polarized Gaussian laser beam optical tweezers can be found as a supplemental file of
Ref. [8]. Fig. 4.3 shows successive frames of the video, along with a number of features
of the particle oscillatory motion. From the video it is evident that whenever a Ge parti-
cle is placed near the optical region, it is naturally impelled to oscillate in a preferential
direction, i.e. perpendicular to the light polarization [Fig. 4.3(b)]. The video also shows
that the Ge microparticles used in our experiments present a very good spherical shape,
justifying the use of the laser ablation technique.

The videos were analyzed using the ImagelJ software, which allows us to obtain
the coordinates of the particle centroid as a function of time. The optical axis position,
(zo,Y0), can be obtained by trapping a dielectric particle and taking the time average of

its coordinates. Then, the radial position of the particle relative to the optical axis can

be calculated by p = \/ (x —x0)%2 + (y — yo)?2. The velocity (acceleration) necessary to
determine the Stokes (resultant) force is calculated by taking the first (second) order time
derivative of the particle position. In order to compare the experimental results with the
theoretical model accounting for radiometric and radiative forces, one has to subtract the

contribution from the Stokes force:
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Figure 4.3: Ge microparticle of 3.1 um diameter under a linearly polarized Gaussian laser
beam OT. (a) Successive video frames showing the microsphere oscillating toward the
optical axis (origin of the coordinate frame). (b) Direction of light polarization (green
arrow), along with the definition of the azimuthal angle, ¢. (c¢) Radial displacement of
the particle, p, as function of time. The blue (red) background indicates oscillations along
the y-axis (z-axis), while the green background points out the transient from one axis to
the other. This typical oscillatory dynamics indicated by the numbers in red correspond
to the frames shown in (a). (d) How the azimuthal angle, ¢, varies in time. The inset
shows the amplitude of the oscillations vs. ¢. Adapted from Ref. [8].

F = F...— Fs, (4.1)
where ﬁg = —67r77a%’: and F.., = %W ange% are the Stokes and resultant forces, respec-
tively. n is the medium viscosity (we have used deionized water, n = 8.9 x 10™* Pa.s), a
is the particle radius and pg. ~ 5323 kg/m? is the Germanium density.

The period of oscillation can be estimated by taking the time difference between
two consecutive minimum (or maximum) displacements from the optical axis. In turn,
the amplitude of oscillation is defined as the distance between the minimum and the

maximum radial displacement of a given cycle.
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4.3 Results and discussions

Let us define a cylindrical coordinate system whose origin is at the laser beam focus,
say, xo = yo = 0 [see Fig. 4.3(a-b)]. The z-axis is taken along the optical axis, pointing in
the direction of the laser propagation. We take the y-axis along the polarization direction,
and the z-axis defined by the right-hand rule. As usual, the position of the particle is
represented by 7 = (p, @, z), where p is the radial distance between the particle and the
optical axis, while ¢ is the azimuthal angle, measured relative to the z-axis. How the
particle radial distance, p(z,y) = /22 + y2, varies over time is plotted in Fig. 4.3(c).
Notice that the particle is initially in a position parallel to the light polarization, say,
along y-axis (¢ = m/2), where it begins to oscillate toward the optical axis. However,
the oscillation direction changes with time, eventually reaching a direction perpendicular
to the polarization axis, as shown in Fig. 4.3(d). Once there, the oscillatory direction
is relatively stable around the z-axis (¢ = 0,7). The amplitude of oscillation appears
to increase linearly with the azimuthal angle, ¢, in the range of [0,7/2] [see inset of
Fig. 4.3(d)]. In addition, the diffraction pattern of the microparticle changes periodically
in time [see Video.avi in Ref. [8] and Fig. 4.3(a)], indicating that it is also subject to

oscillations along the direction of the laser propagation, a behavior predicted in Ref. [7].

4.3.1 Theoretical model

As briefly mentioned before, the oscillatory dynamics of semi-transparent particles
in optical tweezers results from a delicate balance between optical (gradient force and
radiation pressure) and radiometric forces [9]. The former is related to linear momentum
transfer from the light beam to the particle and it has been extensively investigated
in the last decades [2-6,18]. In turn, the radiometric force comes as a consequence of
the temperature gradient induced on the surrounding medium, due to inhomogeneous
heating of the particle, repelling it from the focal region. A satisfactory microscopic
model describing this effect in a Gaussian laser beam optical tweezers is still lacking.

In Ref. [6], the authors extended the Mie-Debye spherical aberration theory to
linearly polarized optical tweezers. They have shown that linear polarization introduces
strong axial asymmetry on the optical force due to Mie resonance effects. In other words,

the components of the force acquire a sinusoidal dependence on ¢. These effects become
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particularly important when the lateral displacement is of the order of the particle radius.
The components of the optical force in a linearly polarized Gaussian laser beam optical

tweezers read [6]:

‘F}(p7 ¢7 Z) = f'j/(pa Z) - ]:]/‘I(p, Z) COS(2§Z§)7 j =p,z

(4.2)
Fd’(ﬂ? ?, Z) = _F¢(p’ Z) SiIl(Q(b).

The functions F; and F;' take a factor proportional to the laser intensity [6]:

I[(7) = Iy(2) exp (;é“;) , (4.3)

where Iy(z) is the intensity at the optical axis, for a height z above the focal plane.
w(z) = woy/1 + (2/2r)? is the beam waist for a given value of z, with zp = w2 /. wy is
the beam waist at the focal plane, and X is the laser wavelength.

In order to incorporate these results into the effective model proposed in Ref. [9],
Fjand FJ (j = p,z) are taken proportional to 9;/(r). Therefore, the radial component

of the gradient force reads:

Fep, =

_ 2pFgpexp(1/2) « —2p°
w(z)(1+1,) p<w<z>2

Fap is the maximum magnitude of Fg, for a given value of z, which occurs at p = w(z)/2,

> (1 —1n,cos2¢). (4.4)

and ¢ = £7/2. 1), is a parameter that accounts for the relative strength of the asymmetric

term. An analogous calculation for the z-component gives:

2eszp2 _2p2
FGZ = p

_ eGP 2P ) (1= 1. cos 26). 45
Sy o () 0 e o
The maximum magnitude of Fg., Fa., occurs at p = w(z)/v/2 and ¢ = +7/2. e is the

Euler’s number and 7, accounts for the relative strength of the asymmetric term. Finally,

Mie scattering theory also predicts a component of the force along qg [6]:

2pFaeexp(1/2) —2p°
FGd) = — ex w(Z)Q

Fee 1s the maximum magnitude of Fgy,, occurring at p = w(z)/2 and ¢ = nw/4d,n =

41,43, 45, +7.

) sin 26. (4.6)

The radiometric force is related to the temperature gradient caused by inhomo-
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geneous heating of the particle and its surrounding medium. Such effect is in order due
to the spatially-varying intensity profile of the laser beam, which causes the hemisphere
facing the optical axis to be heated more than the opposite side. Because heating is
a consequence of light absorption, it is present whenever the extinction coefficient of
the particle material is non-zero in the wavelength of the microscope (A = 1064 nm, in
our experiments), which is often the case for most metals and semi-conductor materi-
als [1,2]. Developing a microscopic model for the radiometric force is challenging, but for
the purpose of this work it suffices to consider it proportional to the intensity of the laser

beam [1,4]:

. ) ) R . —92p%
Fr = Fryp+ Fr.2 = (Frpp + Fr.2) exp ( P ) . (4.7)

w(z)?
Therefore, the resultant force exerted on the particle (after subtraction of the

Stokes force), F = Fp + Fg, reads:

= B 2pFc,exp(1/2) o R

ZGszPQ
+ |\ Fr: ¥ g
[ T w(2)2(1 4 1.)

_2p]:G¢ exp(1/2) (sin 2¢)¢A5} exp ( 2 )

w(z) w(z)?

(1 —mn, cos 2(25)] 2 (4.8)

While the radiometric force and radiation pressure tend to push the particle away,
gradient force works as a restoring action towards the laser beam focus. Depending on the
optical properties of the material from which the particle is made, three main scenarios
emerge: 1) Radiometric force dominates: as occurs to metallic beads, large absorption
of the incident light results in inhomogeneous heating of the medium and the particles
are drifted away; 2) Suitable conditions favoring optical trapping are accomplished: for
example, a dielectric microsphere in which absorption and reflection of light are negli-
gible and gradient force dominates; 3) Special situation takes place whenever both of
such forces have comparable magnitudes: the competition between them may yield os-
cillatory motion, as we have observed to occur with Ge-microspheres. Actually, similar
oscillations also happen with topological insulator BiyTeg and BisSes beads [1]. Once such

a kind of compounds share some electrical and optical properties with semiconductors,
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we may wonder whether optically induced oscillatory motion is the typical dynamics of
semiconductor beads under the action of focused laser light, as commonly used in OT

setup.

4.3.2 Comparison between theory and experiments

We now proceed with the discussion of a very important aspect of this effective
model. In the real experiments, the local temperature in all points of the system is con-
stantly varying, heating up and cooling down as the particle oscillates. For example, as
the particle approaches the optical axis, its temperature rapidly increases due to light ab-
sorption. When the radiometric force overcomes the gradient force, the particle is pushed
away towards the outermost region of the beam. During its removal the particle cools
down, as heat is transferred to the surrounding medium. Thermal equilibrium is achieved
when the particle is far from the optical axis, then the cycle restarts. A precise descrip-
tion beyond our effective model is much more involved, once the physical parameters
comprised in the resultant force, Eq. (4.8), are expected to bear complicated dependence
on the microsphere and medium optical properties at each time instant. Therefore, as
the forces depend on the refractive index, extinction coefficient and other temperature
sensitive properties, one should not expect the parameters of the model to be constant
along all the oscillation cycle. An exception would be wy, which is a characteristic of the
laser beam [1]. In order to simplify our analysis, we can consider the effective values of
the model parameters (Fg,, Fr,, etc) to be static, as long as we separate each cycle into
two regimes: Approach and removal.

Approach regime refers to the time interval in which the particle is moving toward
the optical axis [e.g. from 1 to 2 in Fig. 4.3(c)]. The particle is initially at the outermost
part of the optical region, in thermal equilibrium with the solution. The gradient force
attracts the particle toward the optical axis and heating generates a radiometric force
that opposes to the trapping. Fig. 4.4(a) shows a vector plot of the resultant force in
the approach regime, at a cross-section of height z = —0.5 um below the focal plane (see
caption for parameters). The color bar represents the subtraction F, — w, where i is the
apparent weight of the particle. The vector plot shows red arrows for F, —w > 0 and
blue arrows for F, —w < 0, which explains the small deviations from the oscillation plane

that can be seen in the videos. The strong axial asymmetry induced by the polarization
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is evident, and the particle tends to oscillate in a preferential direction, i.e. the x-axis.
Notice that there are two “stable” points along this direction, so that the particle will be

eventually attracted to one of them. However, for a particle initially placed at the y-axis,
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Figure 4.4: (a) Typical vector plot of the resultant force, [Eq. (4.8)], in the approach
regime. We have taken the following numeric values for the parameters: w(z) = 5.2 um,
Fap = 3.5pN, Fgy = 0.7pN, n, = 0.22, Fr, = 7.0pN, Fr, = 1.3pNand n, = 0.1. The in-
plane vectors where plotted using the z and y components of the resultant force, while the
color bar represents the total force along z-direction, F, —w, where W = —(4/3)ma3(pge —
Pm)gZ is the apparent weight of the particle [7]. F, —w > 0 for red vectors, while blue ones
stand for F, —w < 0. a ~ 1.55 um is the sphere radius, g = 9.8m/s? is the acceleration
of gravity, pge = 5323kg/m? and p,, = 997kg/m? are the Ge and medium (deionized
water) densities, respectively. (b) Fitting of the radial component of the resultant force,
[Eq. (4.8)], to experimental data in the approach regime. Red dots are experimental data
extracted from the third oscillatory cycle in Fig. 4.3(c), which takes place mostly along
the polarization direction (y-axis, in which the azimuthal component, F}, is negligible).
The dotted line is the fitting of the radial component of the resultant force with data
from the approach regime. The fitting parameters along with their standard errors read
as: Frp, = (7.0 £ 1.4) pN, Fr, = (3.59 = 0.56) pN and w(z) = (5.20 £ 0.18) um. Adapted
from Ref. [§].

the time required for it to reach a stable point is longer than the oscillation period, so
that it performs a few oscillations before displacing to the z-axis. Along this direction
the amplitude of the oscillations decreases whenever compared to the y-axis (notice the
smaller modulus of the resultant force vectors), by virtue of the polarization effect. Fig.
4.4(b) shows the radial component of the resultant force, F},, as function of the radial
position, p, for the approach regime of the third oscillatory cycle in Fig. 4.3(c). The
dashed line represents a theoretical fitting of F, [Eq. (4.8)] with experimental data.
Among the fitting parameters, we have w(z ~ —5um) = (5.20 + 0.18) pm. From w(z),

the experimental parameter wp_e,, = (0.327 £ 0.011) pm is readily obtained, whose value
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is in good agreement with its theoretical counterpart wy = 0.36 um. [Taking the average
over many cycles, we have obtained (wp_ez) = (0.31 £ 0.02) pm]. The good fitting and
the small error bars suggest that the approximation of static parameters works well for
the approach regime. As the particle moves toward the region of higher intensity, the
temperature increases very fast around a particular distance to the optical axis. As a
consequence, radiometric force overcomes the gradient and the transition to the removal
regime takes place very abruptly, resulting sharp peaks in the particle position evolution

at the points of minimum radial distance [p ~ 3 um in Fig. 4.3(c)].
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Figure 4.5: (a) Typical vector plot of the resultant force [Eq. 4.8] in the removal regime.
The values of the parameters for the gradient force are the same as those used to generate
Fig. 4.4(a). For the radiometric force, we have taken Fr, = 13pN and Fg, = 7.3pN.
It is clear from the plot that the radiometric force overcomes the gradient force along
all removal of the particle, until it approaches the outermost part of the optical region
and reaches thermal equilibrium with the surrounding medium. (b) Fitting of the radial
component of the resultant force [Eq. (4.8)] to experimental data, in the removal regime.
As the behavior of the experimental data points is much simpler than the general behavior
of Eq. (4.8), the fitting return parameters with large error bars. Adapted from Ref. [§].

Removal regime refers to the time interval in which the particle is moving away
from the optical axis [e.g. from 2 to 3 in Fig. 4.3(c)]. The particle is initially at minimum
radial distance and repulsive radiometric force dominates. Due to the high temperature
gradient, the radiometric force is at its maximum, and repels the particle away from the
optical axis. The radiometric force overcomes the gradient force along all the removal
regime, until the particle reaches the outermost part of the optical region. Other effects
can also contribute to repel the particle from the optical axis. We can cite for example the
increase of radiation pressure due to particle heating, which changes the effective number

of charge carriers in the semiconductor particle, and a possible inversion in the direction of
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the gradient force that can occur due to changes on the dielectric constant of the particles,
which occurs also due to heating [72,218]. At the end of this regime, the particle cools
down until it reaches thermal equilibrium with the solution at the point of maximum
distance. Thus, smooth transition to the approach regime takes place, restarting the
cycle with the gradient force dominating the dynamics. Fig. 4.5(a) shows a vector plot of
the resultant force in the removal regime and Fig. 4.5(b) shows the fitting of the radial
component of the resultant force, Eq. (4.8), to the experimental data for the removal
regime. The oscillation cycle chosen to extract this data is the same as for Fig. 4.4(b).
Although the model visually fits the experimental data, we must be attentive to the large
error bars obtained from the fitting. The simpler behavior of the experimental data,
compared to the general form of Eq. (4.8), results in too much freedom for the values
extracted from the fitting. Therefore, the approximation of static parameters is not very

accurate for the removal regime.
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Figure 4.6: Period (black dots) and amplitude (red squares) of oscillation for different
laser power. Vertical bars are standard errors over averages. Adapted from Ref. [8].

An animated image showing the dynamics of the resultant force field [Eq. (4.8)] is
available as a supplemental file in Ref. [8]. To generate the animation, we have manually
set the values of Fr, and Fp, for each frame, while the parameters of the gradient force
were kept constant [the same used to generate Fig. 4.4(a)]. Therefore, it should not be
interpreted as a simulation, but rather as an illustration of the effective model.

We have also observed that fundamental control over period and amplitude of
oscillations can be achieved by tuning laser power (see Fig. 4.6). These observations

constitute a very robust experimental result, measured also for other similar particles



4 Germanium particles as optically induced oscillators 106

(see for example Ref. [1]).

4.3.3 Single particle thermal machine

We believe that the opto-thermal oscillations of the Ge microparticles constitute
a very rich scenario for the experimental realization of a single particle thermal machine
(microscopic engine) [219-221]. It has been recently reported the realization of a Brownian
Carnot engine in which the working substance is a single polystyrene colloidal particle
trapped in an OT [222]. However, important features make thermal machines with Ge
particles a promising alternative. 1) Robust dynamics: it depends only on the optical
properties of the particles and the medium. No external perturbation is necessary in
order to achieve a thermodynamic cycle. 2) Injection of heat takes place via absorption of
light, so the laser beam itself plays the role of the hot bath. A significant amount of energy
that is usually wasted in conventional traps is converted into work in such system. 3)
The large amplitude of oscillations is exceptionally appealing when it comes to practical
applications of a thermal machine, such as exerting dynamic forces on polymers and other
microscopic objects.

We may estimate the work done by cycle, W = F. dlﬁ7 and the efficiency,

cycle
Net, 0f our Ge-microsphere faced as an opto-mechanical engine. For that, let us recall
that the forces F; and Fp have components with magnitudes varying from Fg4 = 0.7 pN
to Fr, = 7.0pN (see caption from Fig. 4.4 for details). Larger amplitude particle
oscillations, Fig. 4.3(c-d), cover distances from ppi, & 3um to pnax &~ 9um, at frequencies
~ 0.5—1Hz. In turn, shorter oscillations, taking place along the direction perpendicular to

the laser polarization, go from pp;, =~ 3.5um to puax ~ 5.5um, with frequency ~ 1 —2 Hz.

Evaluating the integrals is lengthy but after some algebra we obtain:

W ~ 10718 up to 10717J

= g = ~ 1075 up to 1074,

Uin

where the incident light energy onto the microsphere during a cycle reads

Uin = / I(z)ma’exp(—2p* /w?) dt ~ 2.5 x 107%] (4.9)
cycle
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(at z & —5um one has w = w(z) ~ 5.2um and Iy(z) ~ 5 x 105W/m?). Specifically, the
work done during the cycle presented in Fig. 4.4(b) gives 4.3 x 10718]. The performance
of our Ge-microsphere engine is comparable to that recently realized for a light absorbing
microparticle whose dynamics comes about by demixing processes [74]. In this case the
estimated (maximum) work/cycle gives 373kgT ( ~ 1.5 x 107'8]J at room temperature)
and efficiency of 1.16 x 1074, Such values are also comparable to those obtained for
light absorbing microparticles propelled by explosive bubbles due to excess heating [223].
For instance, a lum-size bead was reported to perform work/cycle ~ 10717 J. Above
performances are higher than those reported for colloidal heat Brownian-Carnot engine
(Winax = bkpT ~ 2.1 x 1072 J, at room temperature range) [222] and micrometer-scaled
heat engine (Wiax = 0.3kgT =~ 1.2 x 10721 J), see Ref. [224].

It is worth emphasizing that our proposal for a microscopic engine does not depend
on mixing different specific liquids nor on boiling bubbles that interact with the beads (as
it is the case for Refs. [74] and [223], respectively). The engine operates in the simplest
possible medium and works at temperatures below the water boiling temperature. Fur-
thermore, to our best knowledge, our work is the first with direct experimental verification
of the results pointed out in Ref. [6], regarding the asymmetry in the optical force gener-
ated by linear polarization. Our approach suggests a new application for semiconductors,
opening an avenue of possibilities for the application of such materials in optical tweezers

and single molecule experiments.

4.4 Conclusions

In summary, Ge microparticles suspended in water are observed to oscillate when-
ever subject to a highly focused laser beam, with remarkable similarity to what occur to
BiyTes and BisSes topological insulator beads [1]. Once such a kind of compounds share
some electrical and optical properties with semiconductors, we may wonder whether op-
tically induced oscillatory motion is the typical dynamics of semiconductor beads under
the action of focused laser light. More specifically, Ge-particles tend to oscillate in a di-
rection perpendicular to the linear polarization of the laser beam. A possible explanation
for such a dependence on the laser polarization is based on the theory of charge carriers

in crystal lattice materials: Ge has a considerable density of free carriers inside its bulk,
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rendering a strong response to the light polarization. In contrast, topological insulator
compounds have most of their free electrons lying on the surface, due to the energy band
gap in the bulk of the material. This would justify why the topological insulator beads
are practically insensitive to light polarization, as reported in Ref. [1]. Our present find-
ings suggest that semiconductor-type beads tend to oscillate under the action of highly
focused laser beams, as those used in OT setups. In fact, it has recently been verified the
signature of this behavior for silicon (Si) microparticles [77], which indicates that such a
novel phenomenon may be typical of conventional semiconductor materials. In Ref. [77]
the authors propose that, in some semiconductor materials, the decreasing of the refrac-
tive index due to plasmonic resonances [218,225] can cause an inversion of the gradient
force sign as the particle approach the optical axis. As a result, the gradient force can also
contribute to the repulsive force responsible for the removal regime of the oscillations.
In face of these results, we believe that semiconductor materials could find appli-
cations in dynamical measurements of mechanical properties of small systems, including

macromolecules such as DNA, membranes and so forth.
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Chapter 5

Geometrically induced reversion of
Hall current in a topological

insulator cavity

This Chapter is devoted to the results reported in Ref. [9] [Adapted from (W. H.
Campos, W. A. Moura-Melo, J. M. Fonseca, “Geometrically induced reversion of Hall cur-
rent in a topological insulator cavity,” Physics Letters A 381(5), 417-421 (2017). https:
//doi.org/10.1016/j.physleta.2016.11.037) Copyright © 2016 Elsevier B.V.]!. Tt is
known that an electric charge near the surface of a topological insulator induces an im-
age magnetic monopole, as long as time reversal symmetry is broken and the topological
magneto-electric effect is in order. Here, we show that if the topological insulator sur-
face has a negative curvature, i.e., in the case of a semispherical cavity, the induced Hall
current reverses its rotation as the electric charge crosses the semisphere geometric focus.
Such a reversion is shown to be equivalent of inverting the charge of the image magnetic
monopole. We also discuss the case of a semicylindrical cavity, where the Hall current
reversion appears to be feasible of probing in realistic experiments.

Condensed matter states described by Landau’s theory are characterized by order
parameters which are well-behaved, except at phase transitions, where they are related

to symmetry breaking in the material structure. Instead, topological insulators (TT’s)

IThis article was published under an Elsevier user license. According to information obtained from
the RightsLink system (click here to be redirected to the corresponding page) and from Elsevier copy-
right webpage (https://www.elsevier.com/about/policies/copyright), permission is not required
for authors to include their article’s content in their thesis, provided it is not published commercially and
appropriate reference is made.
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[106, 107, 126] constitute a recently discovered state of matter that presents topological
order. In such materials the bulk is gapped as in conventional insulators, but they support
gapless metallic surface states as a manifestation of topological order. These metallic
states are protected by time reversal symmetry (TRS) and their stability is robust against
non-magnetic impurities or mechanical deformations on the surface. In addition, the
motion of the carriers obeys spin-momentum locking, with their spins lying on the surface
and pointing perpendicularly to momentum everywhere [226].

Such surface states may acquire a gap whenever TRS is broken, for instance, by
means of a magnetic perturbation (applied field and/or film coating). As a consequence,
a superficial Hall conductivity o,, = (n + %)% is predicted (we use CGS units; n is an
integer, e is the electronic charge, h is the Planck constant). In addition, low energy
topological insulating phase properties may be described in terms of the so-called topo-
logical magneto-electric effect (TMEE) [84,106,126], which is a (topological) ground-state
response function [227]. Such an effect may be readily accounted for in the usual electro-

dynamics, keeping the Maxwell equations unaltered in form, but changing the constitutive

relations according to [84,123]:

D =E + 47P — 2aP;B
(5.1)
H =B — 47M + 2a P5E,

where o = €?/hc ~ 1/137 is the fine structure constant and Pj is the electric-magnetic
polarization [84,123]. In conventional insulators Py = 0, while Py = sign[M -n]/2 = +1/2
for a TT. The direction of the surface magnetization, M, determines the sign of Ps: + (-) if
it points out of (into) the TT surface (11 is a unit vector normal to the surface). Physically,
we clearly realize how TMEE dictates the unique T1 electromagnetic behavior: an electric
(and/or magnetic) field induces both an electric polarization and a magnetization, i.e., an

electric field crossing the TI surface induces on its surface a Hall current given by [84,106]:

2
JHaH = Pg%ﬁ x E. (52)

This current clearly depends on the surface geometry, and its associated magnetic field
may have special features. For instance, in a conical TI this current yields a topological

electric polarization that depends on the cone aperture angle. Under the same external
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conditions, wider (§ > 30°) and narrower (§ < 30°) cones appear to polarize in opposite
directions [137]. On the other hand, a point-like electric charge located near a TI flat
surface induces a magnetic field resembling that produced by a magnetic monopole [123].
It should be stressed that such an image magnetic monopole is not an elementary neither
an emergent excitation at all: it rather comes to be an artificial particle that describes
the physical effects associated to the Hall sources on the surface of a TI, as described
by TMEE. Therefore, the monopoles discussed here look like images of Dirac magnetic
monopoles [228]. In addition, they should not be confused with the emergent monopoles
observed in spin ice systems, even though in both cases the monopole appears attached
to a physical string of dipoles. Actually, in spin ices, the original degrees of freedom
(magnetic dipoles) are shown to fractionalize into isolated magnetic poles connected in
pairs by physical strings [229-231]. Here, we consider the case of a concave TI surface,
namely, a semispherical cavity. [The semicylindrical cavity is also discussed in some
detail]. Besides realizing the induced image monopole, we also find that whenever the
electric charge crosses the semispherical focus the magnetic charge of the monopole is
reversed. Physically, such a picture corresponds to a reversion in the rotation of the

induced Hall current whenever the electric charge exactly crosses the focus.

5.1 The semispherical geometry and the monopole
reversion

Let the left half-space, (z < 0), be a TT with an electric permittivity and magnetic
permeability (€z, p2) whereas the right side, (z > 0), is occupied by an ordinary insulator
with (€1, p1). A semispherical cavity, radius R centered at z = 0, is made in the TI,
according to Fig. 5.1. Let also the electric charge, ¢, be placed along z-axis, say, at z.
Whenever one breaks TRS on the cavity surface, for instance, by coating it with a thin
ferromagnetic film, a Hall current is induced by the electric field produced by ¢, according
to Eq. (5.2), as depicted in Fig. 5.1. Note that the magnetic field produced by such a
current is equivalent to that generated by an image magnetic monopole, ¢;, along with
an image magnetic string extending from it to z — —oo. However, as a whole the Hall
current produces both, electric and magnetic fields, in such a way that the induced image

carries both electric and magnetic charges, (¢1,91): it resembles a dyon. In addition,
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Figure 5.1: Schematic illustration of the semisphere cavity and its coordinate system.
The z-axis origin is set at the focus F, zy accounts for the position of the electric charge,
q, while (€1, 1) and (€g, o) are the electric permittivity and magnetic permeability of
conventional and TI, respectively. The magnetic monopole charge is reversed whenever
the electric charge crosses the semisphere focus. In figure a), zo > 0, the Hall current,
Eq. (2), rotates clockwise (see inset), being equivalent to a negative image monopole,
g1 < 0. In figure b), whenever zy < 0 the Hall current rotates counterclockwise, whose
magnetic field resembles that produced by a monopole with charge g; > 0 (see inset).
Electric charge ¢ was assumed to be positive, otherwise the Hall current and therefore
all image charges experience a change of sign. The red lines represent the electric field
and the black circles represent the circulating surface current, Jy,;. The magnetic field
lines have been omitted for simplicity. Actually, the image object is a dyon, carrying both
electric and magnetic charges (¢; and g;); attached to it there is a string of electric and
magnetic charges, 1;(z) and Aj(z) (see text for details). There is also a dyon (g2,92) at
2o, attached to a string (n2(2),A2(2)); these (image) objects describes the magnetic field
inside the TI. The latter dyon does not reverses its sign. 6 is the usual spherical polar
angle; due to the azimuthal symmetry of the cavity, its related angle, ¢, is not shown.
Adapted from Ref. [9].

there are also image strings carrying electric and magnetic charges extending from the
dyon to z — —oo, accounted respectively by 7;(z) and Ai(2) in Fig.5.1. The physical
reason why such strings must be in order comes from the fact that V- B = 0, so that
the total magnetic charge of the image string must exactly cancel the monopole charge:
[ Ai(2)dz = —g;. In order to describe the magnetic field inside TI, there is also an image
dyon (g2, g2) located at zy and attached to a string (12(z), A2(2)) extending from it to
the semisphere focus F. This picture is analogous to that realized in planar and spherical
topological insulators, as reported in Ref. [123].

The main finding here concerns the reversion of the magnetic charge sign according
to the location of the electric charge: if ¢ is placed at z > 0 (on the right of the focus, F)

Juan rotates clockwise, which corresponds to a negative magnetic monopole, g; < 0, panel
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a) in Fig.5.1; whereas for zg < 0 the current flows counter-clockwise, whose magnetic field
resembles that produced by a positive monopole, g; > 0, as depicted in panel b) Fig.5.1.
The electric charge of the dyon, ¢;, does not experience any inversion in its sign as charge
q crosses the focus, neither do the image charges inside the cavity.

In order to show the results above in further details, let us consider the simple
situation where both dielectrics have the same (e, ), say, 1 = ps = € = ¢ = 1. In

addition, consider only the first order contribution to the electric field, say, that due to

the charge ¢: E = ¢==22%;. Thus, Hall current is obtained, up to order o = 2 /hc (linear
|7P—z02]

response regime), to read:

ac qzosin 6
47 (R? + 292> — 2Rzy cos 0)

JHall = 3/2(/257 (53)

where we have used Py = +1/2. Higher order contribution, O(a?), only correct the

current by very small values and have been neglected.

02l L L L L 1 1
-20 15 -10 -05 00 05 1.0

z (cm)

Figure 5.2: Behavior of the magnetic field along z-axis, for ¢ fixed at different positions,
20- Namely, note the change in the field sign whenever the electric charge crosses the

2
cavity focus, z = 0 (we have set R = lcm, and k = 2775—th3). Adapted from Ref. [9].
c

From the expression above, one clearly realize the magnetic charge reversion when-
ever the charge ¢ crosses the cavity focus, zp = 0. Taking this current to the Biot-Savart
equation, we obtain its generated magnetic field, B, Eq. (5.7). Such a calculus is tedious
and length; it is presented in the Appendix. How B behaves along z-axis is shown in Fig.
(5.2) for several values of zy. Notice the change in the magnetic field when the electric
charge is on the right or left of the focus, evidencing the reversion of the magnetic charge.

For the sake of completeness, let us also briefly discuss the case of a a semicylindrical cav-
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ity. Instead of a unique point charge, let also a wire carrying charge density A extending

above the cavity along y-axis, as depicted in Fig.5.3. The wire height z; may be varied

Figure 5.3: The semicylindrical cavity, along with a straight wire of charge density (black
bars along y-axis). In this case, the induced Hall current splits into two branches flowing
in opposite directions, as indicated by white arrows. As the wire height crosses the cavity
focus, zp = 0, both branches reverse their flows. Adapted from Ref. [9].

and as it crosses zg = 0 each branch of the induced Hall current reverses its direction
along the wire axis. Electric contacts at the cavity borders may directly measure the

current properties and its reversion, as well. Therefore, while the straight wire splits the
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Figure 5.4: How the Hall current behave. Left branch corresponds to 7 < 6 < 37/2 while
0 € [r/2,7) accounts for the right branch (Fig. 5.3). We have taken a unity radius for
the cavity, R = 1, and put the wire in a number of heights inside the cavity (zo < 0).
Adapted from Ref. [9].

current into two longitudinal branches, the negative curvature of the cavity encompass its
flow reversion, like occurs in the semisphere. Actually, the induced Hall current is readily
obtained to be (up to a'):

ac (2X)zpsin 6 .
47t R? + 23 — 2Rz cos 0 v

JHall =
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The above-mentioned current reversion may be easily realized from the expression
above by setting zp — —z2p. The current behavior is plotted against € in Fig. 5.4. From a
magnetic monopole point of view, this can be understood as a reversion of the monopole
charge, analogously to what occurs in the semispherical case. Such a similarity may be

clearly realized if we consider the 2D slice of both cases, giving us a semicircle problem.

5.2 Magnetic monopole picture

We shall discuss on the magnetic monopole description of the problem taking into
account the semispherical cavity results. A similar picture may be done for semicylindrical

cavity in an analogous way.

20 -15 -1.0 -05 00 05 10
z (cm)

Figure 5.5: Whenever the electric charge is placed very close to the interface, the experi-
enced magnetic field is essentially that produced by an image point-like magnetic charge.
Note the large increasing in the magnitude of B as one places the charge near to the
interface, zp ~ —1. Adapted from Ref. [9].

The peaks at the interface, z = —1, presented in Fig. 5.2 are clear evidences of the
monopole, and may be better understood whenever ¢ is taken close to z = —1, as shown in
Fig. 5.5. Therefore, near the interface one experiences a magnetic field largely dominated
by the monopole, so that as z — —1 one practically realize only the point-like monopole
itself. This is an expected result, since whenever one approaches the interface one should
recover the result of a plane TT discussed in [123], say: charge ¢ induces an image point-
like magnetic monopole. Essentially, the contribution due the image magnetic string is
very small. Geometrically speaking, whenever ¢ is close to the interface, their relative
separation is much smaller than the cavity curvature radius, say (R — |z9]) << R, then

the surface seems to be flat.
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In Fig. (5.6) we have plotted the magnetic field generated by the Hall current, Eq.
(5.7), with that produced by a unique point-like magnetic monopole, B,, = 11 /(2 —zm)?.
To improve the comparison, the monopole is slightly shifted around its exact position,
Zm = Ij—j, by 6z, = +0.02R. At each of these shifted positions, the field due to the
monopole alone approaches the real field, Eq. (5.7). Actually, if the monopole is taken
to z,, its field fits that due to the induced Hall current with high precision. Such results
further support the picture of the physical situation as that provided by a point-like
magnetic monopole, namely, when we are close to the interface. But, how close does this
picture remains valid? As wee shall see below, it is in good accordance even if the charge
is taken to about zy ~ —0.8R, provided that the probe is kept near to the interface,
2~ —R.

Outside Tl (z,= -0.95)

500

400 Real field
R?/z, - 0.02

300 Rifz, +0.02

-1.00 095 090 -085 -0.80
z (cm)

Figure 5.6: Magnetic fields generated by the Hall current (blue curve), Eq. (5.7), and by
the image point-like magnetic monopole, B,, = p191/(z — z,)?, slightly shifted from its
exact position, z,,, by dz,, = £0.02R. We have taken R = 1 cm and placed ¢ close to the
interface, at zo = —0.95R. As the magnetic monopole is placed at z,, its field fits almost
exactly the real curve. Adapted from Ref. [9].

In Ref. [123] the authors have found that the strength of the image magnetic
monopole decreases with the inverse of the distance between the electric charge and the
center of the spherical surface. Here, by virtue of the negative curvature of the semispher-
ical cavity, the magnitude linearly increases, as shown in Fig. (5.7). Such a behavior
occurs whenever ¢ is sufficiently close to the interface, say, the regime in which the point-
like magnetic picture of the real problem is applicable. According to Fig. (5.7), such a
picture remains to be valid at least up to zyp ~ —0.8R. In particular, such an interval
comprises the results presented in Fig. 5.6.

However, if we get apart from the interface, say, observing the system from a far

away point, z >> R, then magnetic field goes as 1/z3. This is not surprising, once as
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Figure 5.7: Behavior of the image magnetic monopole strength as the electric charge
is taken apart from the interface. Since monopole strength, g, linearly increases up to
20 ~ —0.8 R, the magnetic monopole picture is valid at least to such a separation, provided
we also remain close to the interface (further details below). Adapted from Ref. [9].

seen far away, the set magnetic string plus monopole looks like a magnetic dipole around
Zm. At some extent, this is what happens with the tip of a magnetic needle, as reported
in Ref. [232].

On the other hand, Hall current field spreads throughout the bulk of the topological
insulator, as well. Therefore, from the point of view of an observer located inside the
bulk, the magnetic field seems to be that produced by an image magnetic monopole, gs,
located at zy, along with a string, As. Then, as a whole, such an observer realize that all
the electromagnetic field resembles that generated by a dyon placed at zy along with a
string carrying both electric and magnetic charges, but extending from the monopole to
the focus.

Following the discussion made by Konig et al [233], we emphasize that in realistic
3D TT’s experiments the thickness of the sample takes only a few hundred atomic layers
(around a few dozens of nanometers), constituting therefore a thin film. In such a case,
an external field applied to a border side may cross the bulk reaching the opposite surface
of the film. This is important because each surface contributes with a single Dirac cone
yielding a net Hall conductivity of o; = (—=1)""(n; + %)%, with ¢ = 1,2 accounting for
upper and bottom surface, respectively. Taking the linear response approach, the total

magnetic field is simply the superposition of those generated by each Hall current.
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5.3 Conclusions and Prospects

In summary, we have seen that an electric charge placed near to a semispherical
topological insulator cavity induces a superficial Hall current which reverses its rotation
whenever the charge crosses the semisphere focus. Such a current is known to generate a
magnetic field analogous that produced by an image magnetic monopole. Thus, current
reversion is shown to be equivalent to invert the sign of the magnetic monopole.

Experimentally, to probe both the induced Hall current along with its reversion
(monopole reversion) a gap must be open in the surface states of the TI in a such a
way that the Fermi level is kept within the gap. An efficient way to achieve this is
by doping the as-grown TI with Mn and Fe dopants [134]. Later, let the TT cavity be
coated with a soft ferromagnetic insulator, say, whose magnetization points normal to its
surface. [Alternatively, Cr-doped Biy(Se,Te;_,)s ferromagnetic TT’s could be used. In
this case, the magnetic order to break TRS is intrinsically provided by the compound
itself, without necessity of further coating. See Ref. [234] for details]. Now, whenever
placing the electric charge near the cavity, its induced magnetic field does modify the
film magnetization whose profile is dependent on the monopole parameters, like strength
and sign. Therefore, magnetic force microscopy (MFM) may be used to probe such a
magnetization pattern. For the sake of completeness, if we consider a cavity of radius
R = lcm, then an electric charge around ¢ = 10'°e induces a magnetic field about
100 Gauss, which is enough to modify the magnetization of the film in a detectable way:.

Along these lines, the use of the semicylindrical cavity, as illustrated in Fig. 5.3,
may be much more feasible for experiments. In this case, it is relatively easy to move the
wire to vary its height to the cavity, leading to Hall current reversion. Such a current,
along with its reversion may be directly measured by gate potential connected to the cav-
ity borders. Even more important, such a set up may be useful to detect the half-integer
Hall conductivity in direct transport experiments, as pointed out in the work of Ref. [233].
Usually, the electric contacts attached to the surface are not able to capture only the local
properties of the Hall current, due its curl character around the diode generating the bias
potential. Here, the current flows straight along the wire axis diminishing considerably

curl effects.
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Appendix: Magnetic Field for semispheric geometry

To obtain the magnetic field along z axis, one uses the current given by Eq. (5.3)

in the Biot-Savart law [58]:

B(:3) — /S Tha(r) x (22 =), (5.5)

c |22 — /|3
where S represents the semispherical interface, da’ is the infinitesimal area element and ¢

is the speed of light. After some algebra, we obtain:

2 . : /
Bl = - ong Sl | i
2h ¢ z (a+bcost +dcos? )2

T : / 2 n/
B / sin @’ cos? 6 3d9’}2, (5.6)
5 (a+bcost + dcos? )z

2

where a = (R* + 22)(R* + 2%), b= —2R(2R*+ 222 + 20R* + 202%), and d = 4R?22.
The first integral may be readily solved, while the second one needs the result from

Eq. (2.264-7), Ref. [235]. The final expression takes the form below, which has been used

in Sections 5.1 and 5.2, mainly for numeric evaluation of a number of plots. It should be

stressed that such an expression is exact up to 1st order in « (linear response regime).
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Chapter 6

Higher order topology analysis of
electronic band structures in (anti)

ferromagnetic systems

In this chapter we discuss our investigations in collaboration with Dr. Libor Sme-
jkal and Prof. Jairo Sinova during my Ph.D. “Sandwich” scholarship with their group in
Germany, at the Johannes Gutenberg Universitidt Mainz (JGU). It should be stressed that
the results reported here are very preliminary, so that their refinement and interpretation
are still in progress. We have studied a modified version of the spinless model proposed
by Benalcazar et. al. in Ref. [159] for the quantized electric quadrupole moment in a
higher order topological insulator (HOTI) phase (see Subsection 1.2.4). Here, we consider
spinful electrons hopping between atoms with either ferromagnetic (FM) or antiferromag-
netic (AF) ordering. We have also analyzed the minimal model inspired by the tetragonal
AF CuMnAs, proposed by Smejkal et. al. in Ref. [196], as well as its FM variation. The
lattice tight-binding approach is applied to all systems above to investigate the existence
of metallic edge-states, corner states, and their topology. With the experience obtained
by analyzing these models, we intend to expand our investigations to more complex and

realistic materials.
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6.1 Objectives

Our main goal is to propose a theoretical model for an AF crystal presenting also
HOTI phase. We expect to predict topologically quantized corner states which are time
reversal symmetry (TRS) broken counterparts of the spinless corner states present in
the electric quadrupole phase [159] (see Subsection 1.2.4), corresponding to a magnetic
quadrupole phase. We believe that adjacent corners would exhibit localized states of
opposite spin-polarizations in such system, which could find interesting applications in
spintronics. Our strategy is to first reproduce the main results of Ref. [159] for the energy
spectrum of quantized electric multipole insulators in two and three dimensions. Subse-
quently, we define the systems of interest by adding a Zeeman-like term that couples the
spin degrees of freedom to either a uniform or staggered exchange field. By calculating the
energy spectrum for the bulk, edges and corners, we aim to investigate the presence of lo-
calized states in such systems. We also calculate the Wannier charge centers (WCC'’s) for
the systems above to investigate their topology. Following the same line of reasoning, we
reproduce the main results for the minimal model inspired by the tetragonal AF CuMnAs
reported in Ref. [196], define an analogous model with FM order and investigate the pres-
ence of localized states and topology for both systems. The analysis of the systems above
gives us experience with the numerical simulation of electronic band structures of mag-
netic materials and topological materials protected by crystal symmetries. By performing
these tasks, we have learned programming in Python using the “PythTB” package for
numerical simulations in condensed matter quantum systems. Furthermore, we have also
implemented parallel computing in “High Performance Computing” (HPC) with “Message
Passing Interface” (MPI). After the successful accomplishment of the objectives above,

we aim to identify real materials in which the desired effects could manifest.

6.2 Methods

All numerical simulations in this Chapter were performed in Python, using the
PythTB package developed by S. Coh, D. Vanderbilt and collaborators [236]. The pack-
age is able cut the system in either ribbon or rectangular geometries, diagonalize the
Hamiltonian and return the eingenvalues and eingenvectors for each crystal momentum

k. Tt can also calculate Berry phases and WCC'’s, being very useful for our purposes.
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Detailed definitions and discussions about WCC’s can be found in Ref. [237] and
in the Supplementary Material of Ref. [159]. Here, we restrict ourselves to provide a brief
physical interpretation and to discuss how they can be used to infer the topology of a
system.

Consider the projection operator onto the set of occupied energy bands, defined as

occ

Pky) = 3> [9np) (il (6.1)

n Tk
where | ) = eiE'F|unE> are the extended Bloch functions, |u,_ ;) are the cell-periodic Bloch
states, k= (kg, ky) and n are the crystal momentum and the band index, respectively.
Notice that the summation in n runs only over the occupied energy bands (indicated by
“occ”), while the summation in &, runs over the Brillouin Zone (BZ).

The eigenstates of the band-projected position operator P(k,)yP(k,) are known
as maximally localized Wannier functions (WF’s) and can be written as unitary transfor-
mations of the cell-periodic Bloch states:

Wi, (k) = 5 [ e 0, ), (62

2m JBZ

where [, is a layer index. Due to the U(N) gauge freedom (NN is the number of occupied
states for each E—point) in the choice of |u, ), the WF’s are gauge-dependent. This allows
for a convenient gauge choice that minimizes the spread of the WFE’s, so that they become
maximally localized [237].

The WCC'’s of the WE’s along y direction, which are also eigenvalues of the band-
projected position operator P(k,)jP(k,), are defined as the expectation values of the
position operator ¢ for the WEF’s with [, = 0, that is

Un(ka) = (Who(ka)[9]Who(kz)). (6.3)

Therefore, the WCC’s correspond to the average positions of the electrons relative to the
origin of the unit cell.

As discussed in Ref. [237], the WCC’s share the same kind of topological infor-
mation as the boundary energy bands. If the Fermi level is located inside the bulk gap,
crossing the energy eigenvalues of the boundary states an even number of times, then the

system is in a trivial phase and the WCC’s also present a trivial behavior. In turn, if the
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system is topological and the Fermi level crosses the boundary states an odd number of
times, the WCC'’s present a zig-zag structure, changing partners at high-symmetry points
just as the energy bands of topological boundary states. This allows for the topological
classification of materials by analyzing the WCC'’s.

In the present study, we are also interested in the E—dependent spin-polarization of
the energy bands, defined as [238]

0;

Pz'nE = <¢ng‘ 0}

Vi) (6.4)

where o; (i = z,y, z) are the Pauli matrices representing spin degrees of freedom. It is
implemented in our code as follows.

Let [¢;,) be the tight-binding basis for the orbital of type j, spin s = £1/2 (along
z), in cell R. In the PythTB package, the Bloch-like basis reads

Xfi) = 2 e ()
R

Diijs) (6.5)

where t; is the location of the atom hosting orbital j relative to the center of the unit

cell. The Bloch eigenstates can be expanded as

X ) - (6.6)

V) = LG
7

Finally, the k-dependent spin-polarization (along i) of state ‘¢né> can be calculated by
substituting Eq. (6.6) in Eq. (6.4). When calculating the spin-polarization along z, it

can be easily shown to be

2 1 n_‘ n-)
s= 52 (I - 1C5EP) (6.7)

J

nk __ nk
Pz - Z ’st
js

where 7= +1/2 and |= —1/2.



6 Higher order topology analysis of electronic band structures in
(anti)ferromagnetic systems 126

6.3 Spinful quantized electric quadrupole moment in

the (anti)ferromagnetic 2D SSH model

Topological states have been one of the most active topics of condensed matter
physics in the last two decades. Special attention has been given to TCI’s and HOTT’s
[153,239]. In both cases, protection of the topological boundary states involves at least
one crystal point group symmetry, and may or may not involve TRS. In addition, many of
these materials do not require SOC, being fundamentally distinct from their TI’s cousins.

In Ref. [159], Benalcazar et. al. have proposed two and three-dimensional analogues

¢ e— 9 o—
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Figure 6.1: Tight binding model for the spinless electric quadrupole insulator in 2D,
along with definition of the coordinate system. Solid (dashed) lines represent positive
(negative) hopping terms, in which lines representing the hopping of strength v between
orbitals within the same unit cell are colored red and those representing the hopping
of strength A between orbitals in adjacent unit cells are colored blue. Adapted from
Ref. [159].

of the spinless Su-Schrieffer-Heeger (SSH) model [240], which they have shown to host
HOTT phases. These systems are said to host quantized electric multipole insulators,
for they represent a generalization of the dipole polarization to higher electric multipole
moments, with fractional electric charge of +e/2 at the boundaries of the boundaries.
In Subsection 1.2.4, we have presented the 4-band Bloch Hamiltonian [Eq. (1.53)] for
their toy-model describing an electric quadrupole insulator in 2D. Here, to perform the

numerical simulations, we write this model in tight-binding as (see Fig. 6.1)

_ T
H = Zﬁzi<jtijaé,iaﬁ7j+

s ol ) 0y 050 0]
+)‘ZR[<QE+@3“RJ+aﬁz+@,2aR74 T\ 4% — Oy 0%83) |
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where

tig =1t34a=0
12 34 (6.9)

lis =ty = —taz =12 =7,
R labels the unit cell and {i,7} = 1,2,3,4 label the four orbitals within each unit cell.
The first term in Eq. (6.8) accounts for hopping of strength v between orbitals within the
same unit cell, while the second term accounts for hopping of strength A between orbitals
in neighboring cells. R+ 7 is the cell immediately to the right of R and R+ 7 is the cell
immediately above (we consider the lattice constant to be normalized).

This model has a very simple form, so that it is invariant under many symmetries,
including time-reversal, charge-conjugation and fourfold rotations. However, the ones
important for the topological protection of the corner states are mirror symmetry about
z [M, : (z,y) = (—z,y)] and y [M, : (z,y) = (x,—y)], and inversion symmetry [Z :
(x,y) — (—x,—y)]. According to Refs. [159,241], Z ensures the quantization of the
clectrical polarization, while the M, and M, symmetries are responsible for quantizing
the electric quadrupole moment [159].

Here, we modify the spinless model above by adding new degrees of freedom to
be acted upon by Pauli matrices & = (04, 0y,0,). In principle, the physical meaning of
these degrees of freedom depends on microscopic details of the atomic orbitals. For our
preliminary analysis of this toy-model, we consider them to be spin degrees of freedom
coupled to an external exchange field through a Zeeman-like term Hy = — > 537, ¢ a%’ivsg,;-
dag,,. The B, field can represent either a uniform (éuniform) or a staggered (Eﬁtagg)
exchange field, i.e. the equivalent of FM or AF configurations of atoms at the underlying
lattice, respectively. Even if such construction turns out not to be feasible in solid state
systems, it could be engineered by using ultracold atoms in optical lattices [159,242-244).

Although the model Hamiltonian in Eq. (6.8) is two-dimensional, we allow the
exchange field to be perpendicular to the crystal plane, along the z direction. Notice that
we are fundamentally changing important attributes of the system. First, the number
of degrees of freedom is doubled with spin, so that the new model leads to eight energy
bands, instead of four. Second, the exchange field B, can break one or more of the three
important symmetries. In fact, a uniform exchange field perpendicular to the crystal

plane preserves Z but breaks both M, and M,. A staggered exchange field, on the other

hand, preserves both inversion and mirror symmetries. Therefore, it is expected that the
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Figure 6.2: Bulk band structure of the FM model (B; = guniform, along %) on a 8 X 8
lattice with PBC. Each column from left to right shows our results for v = —1.5,0.0 and
1.5, respectively. In the original model, the system is in the trivial phase for |y| = 1.5
and in the topological electrical quadrupole phase for v = 0. Each line (of graphs) from
top to bottom shows our results for B torm = 0.0,0.4 and 1.0, respectively, in which the
color scale indicates the spin-polarization defined by Eq. (6.4). For |y| = 1.5, the bulk
undergoes a metal-insulator transition with the variation of the exchange field, while for
v = 0 it remains insulating with such variation.

system present topological order in the latter situation. The fact that electrons are now

spinful might change the symmetry criteria for the existence of a topological phase, a

detail that still has to be investigated.
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With all that in mind, we write the modified version of the model as

— ol .
H= % 5 tijog; O,
R <08
o0 50 + (g 80~ 50
+)\ Z Z |:(aﬁ+i,3,SaR»1vs + aR‘+CAC,2,SaR74’s + aé+ﬁ,4,SaRzlvs aé+ﬁ,2,SaR:3vs

R s

S Sap, B dag,

=g )by

B 48
(6.10)
where s labels the spin degrees of freedom, ¢;; (o< 7) is given in Eq. (6.9), and
S Eum form uniform exchange field,
Bi={"" (6.11)
Btagg staggered exchange field.

At first, we consider periodic boundary conditions (PBC) in both z and y to
obtain information about the bulk. Fig. 6.2 shows the bulk band structure for uniform
exchange fields (FM model), éuniform = Buniform?%, With Buyniform = {0.0,0.4,1.0} and
v ={-1.5,0.0,1.5}. We have set A = 1 in all our calculations. As discussed in Subsection
1.2.4, v = 0 represents the topological phase limit for the original model, and |y| = 1.5
represents its trivial insulator phase. The color scale indicates the spin-polarization [Eq.
(6.4)] for each k-point in the Brillouin zone (BZ). As expected, the exchange field splits
the degeneracy of the energy bands, which now become spin-polarized. For |y| = 1.5,
notice that increasing Byniform leads to the closing of the energy gap, so that the bulk
becomes metallic. For even higher values of Byy;form, the bands intercept each other but
do not interact. For v = 0, the energy bands are horizontal and the group velocities,
v, = (1/ R)ViE,, are equal to zero for any value of the exchange field. Therefore, the
bulk is always insulator in this case. Fig. 6.3 shows the band structure for staggered
exchange fields (AF model), égtagg = (—1)"Bstagg?, with Bggy = {0.0,0.4,1.0} and v =
{=1.5,0.0,1.5}. Although the energy bands are split by the field, they are not spin-
polarized. Also, the energy spectrum remains gapped regardless the values of + and
Bitagg, so that the bulk of the antiferromagnetic model is always insulating.

Now, we keep PBC in z but set open boundary conditions (OBC) in y to obtain
a ribbon geometry. The energy spectrum of the ribbon gives information about the
edge-states of the system, which is gapped for both trivial and topological phases of the

original model, since the metallic states are localized at the corners [159]. Figs. 6.4 and
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Figure 6.3: Bulk band structure of the AF model (B; = Bt along 2) on a 8 x 8 lattice

stagg’
with PBC. From left to right, each column shows our results for v = —1.5,0.0 and 1.5,

respectively. From top to bottom, each line shows our results for Bg,g, = 0.0,0.4 and
1.0, respectively. The color scale indicates the spin-polarization. Regardless the values of
~v and of the staggered exchange field, the bulk of the system is insulating.

6.5 show the band structures of the ribbon system for uniform and staggered exchange
fields, respectively. The results are very similar to those of the bulk band structures.
For uniform exchange fields, there is splitting and spin-polarization of the energy bands,
with a gap closing for higher exchange fields. For staggered exchange fields the energy
bands also split but they are not spin-polarized, and the energy gap cannot be closed.
This robustness of the bulk and edge energy gaps reinforces our presumption that the
topological phase is preserved after including spin and the staggered exchange field, i.e.
even changing from spinless to spinful electrons and doubling the number of degrees of
freedom, the symmetry criteria for topology appears to be the same.

Finally, we set OBC in both = and y to study the energy spectrum of the corner
states. Fig. 6.6 (top panel) shows our results for the FM model with different values of
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Figure 6.4: Band structure for the FM model on a 8 x 8 lattice with PBC in x and
OBC in y, i.e. a ribbon geometry. The graphs from top to bottom show our results for
Buniform = 0.0,0.4 and 1.0, respectively. For |y| = 1.5, we see that the energy bands are
spin-polarized and the ribbon becomes metallic as we increase the magnitude of the field.
For v = 0, the bands also become spin-polarized but the ribbon remains insulating.

the uniform exchange field, Bypiform = {0.0,0.4,1.0}, and v varying continuously from
—1.5 to 1.5. Again, we can see the Zeeman splitting of the bands, along with their
spin-polarization. Naturally, for zero exchange field we recover the results reported by
Benalcazar et. al. in Ref. [159] (see Subsection 1.2.4). By increasing the exchange field,
the zero energy modes initially localized at the corners are split and end up crossing with
the bulk-like states of opposite spin-polarization [Fig. 6.6 (right of top panel)]. In the
continuation of this work, we intend to verify if these states are kept localized at the
corners or if the exchange field somehow delocalizes the wave functions.

To study the topology of the system, we now investigate the behavior of the WCC’s
for the ribbon geometry with PBC in z and OBC in y. Fig. 6.6 (bottom panel) shows
the WCC’s along the y direction for both k, = 0 and k, = 7, Buniform = {0.0,0.4,1.0}
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Figure 6.5: Band structure for the AF model on a 8 x 8 lattice with PBC in x and
OBC in y, i.e. a ribbon geometry. The graphs from top to bottom show our results for
Bgtagg = 0.0,0.4 and 1.0, respectively. Regardless the value of v and By, the ribbon
remains insulating and is not spin-polarized.

and —2 < v < 2. Let us consider the graph for By,iform = 0 (left of bottom panel) as
reference, since we already know which values of v represent a trivial phase and which
ones represent the topological quantized electric quadrupole insulator phase. Focusing
our attention on the trivial phase for v < —1, we can see pairs of WCC’s for both k, =0
and k, = 7, whose pattern is maintained for all the trivial phase range. As v — —1, the
pattern is maintained for k, = 7, but the WCC’s for k, = 0 reverse their polarization,
changing their pattern. Therefore, now the polarizations for k, = 0 and k, = 7 are
opposite to each other, so the system enters the topological phase. This is analogous to
the inverted time-reversal polarizations for adjacent projections of time-reversal invariant
points in TI’s [119,120]. The new pattern is maintained along all the topological phase
range, but as v — 1 the polarization for the k, = 7 centers is also reversed. Since now

both end points have the same polarization, the system returns to its topologically trivial
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Figure 6.6: (Top panel) Energy spectrum of the FM model on a 8 x 8 lattice with OBC
in x and vy, i.e., a finite system with square geometry. The mid-gap horizontal bands for
—1 < /X <1 and Byyiform = 0 are corner-localized states [159]. For higher values of the
field, the energy bands split and become spin-polarized. (Bottom panel) WCC’s along
y direction for the FM model on a ribbon with PBC in x and OBC in y, in a 10 x 4
lattice. The circles (triangles) label the WCC'’s for k, = 0 (k, = 7). The behavior of the
WCC’s as function of v for Bypiform = 0.2 equals that of the original model, suggesting
that the topological phase transition at v = 41 is still achieved for small fields. For
Buniform = 0.4, the pattern is broken and a new phase seems to appear in a region near
the v = %1 points.

phase.

For small exchange fields (Byniform = 0.2; center of bottom panel in Fig. 6.6) we
can see that the behavior of the WCC’s is exactly the same as that for zero field, which
is an indicative that the system preserves the topological phase, even though we have
broken the mirror symmetries. This observation remains to be analyzed in more detail.
It can also be seen that the WCC’s are not spin-polarized, just as for zero exchange
field. Looking at the energy spectrum for this case, it appears that the system has both
spin-up and spin-down corner-localized states, with an energy gap separating them. For
Buniform = 0.4 (right of bottom panel in Fig. 6.6), in which the energy bands of the
corner-localized states intersect the bulk-like bands, a different behavior of the WCC’s
manifests. It can be seen that for a small range —1 < v < —0.6 the WCC'’s for k, = 0

become spin-polarized and present an unusual pattern. For —0.6 < v < 0.6, it can be seen
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that the topological electric quadrupole phase is still present. The same unusual pattern
can be observed for k, = 7 in the range 0.6 < v < 1. A more detailed investigation
of the system within the ranges with unusual WCC’s pattern will be performed in the

continuation of this work.
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Figure 6.7: (Top panel) Energy spectrum of the AF model on a 8 x 8 lattice with OBC
in z and y, for Bgag, = {0.1,0.3,0.6} and —1.5 < /A < 1.5. The energy bands are not
spin-polarized for the staggered field. For Bg,g, = 0.1, the mid-gap horizontal bands split
into two degenerate branches, forming a gap in the corner states. For Byq49 = 0.3, the gap
increases and the corner states are pushed towards the bulk-like bands. For Byqgy = 0.6,
the bulk-like bands touch each other, suggesting a possible phase transition. (Bottom
panel) WCC’s along y direction for the AF model on a ribbon with PBC in z and OBC
in y, in a 10 x 4 lattice. The circles (triangles) label the WCC’s for k, = 0 (k, = 7). The
behavior of the WCC’s for Bgiagg = 0.1 and Bgeg = 0.3 suggests that the topological
phase transition at v = £1 is achieved for small values of the field. For Byuitorm = 0.6,
the pattern is changed and a new topological phase seems to be in order for —1 < vy < 1.

Fig. 6.7 (top panel) shows the energy spectrum for the corner states of the AF
model with different values of the staggered exchange field, Byiqyy = {0.1,0.3,0.6}, and v
varying continuously from —1.5 to 1.5. Notice that, for Byaee = 0.1 (left of top panel), an
energy gap is opened by the staggered field but the states are not spin-polarized. Also,
it can be seen that the bands are degenerate for small v values. The behavior of the
WCC’s can be seen in Fig. 6.7 (left of bottom panel) and present the same pattern as
that for zero field, which is an indication that that topological phase is still present. We
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plan to investigate this in more detail by studying the localization of the wave functions
of the horizontal energy bands. For By, = 0.3 (center of bottom panel), the horizontal
bands are lifted and intercept the bulk-like states. Despite the small discontinuity around
v = #£1, it can be seen that the behavior of the WCC’s is similar to that for zero exchange
field. Therefore, we believe that the quantized electric quadrupole phase can still be found
for —1 < v < 1, which also remains to be verified.

Interesting and unexpected results are found for both the energy spectrum and
WCC’s when Bgqgy = 0.6. As the horizontal bands are lifted away from the zero-energy
region (Fig. 6.7, right of top panel), the bulk-like valence and conduction bands end up
closing the energy gap and connecting with each other. There are two different behaviors
for the WCC'’s in this case (Fig. 6.7, right of bottom panel). For the central region, 1.25 <
y < 2.25, it can be seen that the WCC’s reverse their polarization in the —1 < v < 1
range. However, there is a subtle difference from the previous cases. When reversing their
polarization, a WCC intercepts another coming not from the same unit cell, but from the
adjacent one. The WCC’s for regions close to the boundaries appears not to reverse their
polarization as v is changed. However, this might be a consequence from the fact that we
are calculating the WCC’s for a ribbon. We intend to perform this calculations for PBC
along both directions in order to recover the periodic behavior of the WCC’s. We expect

that all WCC’s will present similar behavior as those from the central region.

6.4 Tetragonal Copper Manganese Arsenide (CuM-
nAs)

In this section, we report our preliminary investigations on the existence of edge
and/or corner-localized states in the minimal model for tetragonal AF CuMnAs proposed
by L. Smejkal et. al. in Ref. [196]. We anticipate that the main purpose when performing
these simulations is to acquire expertise in implementing the tight-binding approach on
our search for higher order topology in AF materials with SOC. Although our results are
very preliminary, this work was important for our better understanding of systems with
topological phases protected by crystal symmetries. The next step is to include new terms
in the Hamiltonian that could generate higher order topology.

The tetragonal CuMnAs, in which Mn nearest-neighbors are coupled antiferromag-
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netically, can be obtained by epitaxial growth on III-V substrates of GaAs or GaP [191].
As discussed in Subsection 1.2.5, when the Néel vector describing the orientation of
the Mn magnetic moments is along the x or y directions, the tetragonal AF CuMnAs
is a Dirac semimetal topologically protected by glide mirror plane symmetry about z
(Go = {M,|300}; combination of mirror symmetry along the (100) plane with a half-
primitive cell translation along the [100] axis) or y (G, = {M,]|050}; combination of
mirror symmetry along the (010) plane with a half-primitive cell translation along the
[010] axis), respectively. Because of this remarkable feature, CuMnAs serves as a plat-
form for the topological metal-insulator transition, in which G, (or G,) is broken by the
reorientation of the Néel vector and the model becomes insulating. This can be achieved,
for example, by applying an electric current perpendicular to the desired orientation for
the Néel vector [189,196].

We perform numerical calculations of the bulk band structure of CuMnAs for
different orientations of the Néel vector, reproducing the main results reported for the
minimal model in Ref. [196]. For learning purposes, we have also studied a ferromagnetic
variation of such model with magnetization parallel to the xy-plane. Furthermore, we
calculate the energy spectrum and WCC’s positions for both FM and AF models in
a ribbon geometry, as well as the energy spectrum for a finite rectangular sample, for
different orientations of the Néel vector.

In Subsection 1.2.5, we have shown the original minimal model Bloch Hamiltonian
[Eq. (1.61)] from Ref. [196], which is constructed considering only the Mn atoms of
CuMnAs in a stack of crinkled quasi-2D lattices [Fig. 1.19(a)], with the Néel vector lying
parallel to the zy-plane. From Eq. (1.61), we derive a tight-binding Hamiltonian that

accounts for either FM or AF ordering:

H=—-t Z C§§)TUOC§?) —t Z {cﬁ”aocgf) + cﬁﬁaocz(‘f)}
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where (V1 (cz(-B)T) and ¥ (CEB)) are the electron creation and annihilation operators in

sublattice A (B) of the unit cell in site ¢, respectively. og is the 2 x 2 identity matrix,

7 = (04,0y,0,) is the Pauli vector representing the spin degrees of freedom and ci;j is a
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vector connecting site i to site j. The parameters t, t'; A and J,, are the nearest-neighbor
hopping, next-nearest-neighbor hopping (intrasublattice hopping), next-nearest-neighbor
SOC and the AF exchange coupling, respectively. In the last term of the Hamiltonian, 4+
accounts for either ferromagnetic (4) or antiferromagnetic (—) order. 7 represents either

the magnetization direction for the FM model or the Néel vector for the AF model.
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Figure 6.8: Bulk band structure for the AF model on a 5 x 5 lattice with PBC in z
and y. The orientation of the Néel vector 77 is indicated at the top of each panel, along
with the model parameters. The red-blue (green-purple) color scale represents the spin-
polarization [Eq. (6.4)] along the x (y) direction. If i = & or 7 = ¢, glide mirror plane
symmetry is preserved, protecting the band crossings so that the system is in a metallic
phase. If 7 = (& +¢)/v/2, glide mirror plane symmetry is broken and the bands interact.
In this case, a gap is opened and the system becomes insulating.

We start with the results for the AF model with PBC in both x and y. Fig. 6.8
shows the bulk band structures for three distinct orientations of the Néel vector; namely
=% 7= (t+%9)/v2and 7i = §. In order to compare our results with their calculations,
we have used the same parameters provided in Ref. [196], i.e. ' = 0.08t, A = 0.8¢ and
J599 = (.6t [stagg indicates that we have used the minus sign in the last term of Eq.
(6.12)]. Notice that the energy bands are doubly degenerate over all the BZ. This is
because the AF CuMnAs is symmetric under the combined P7T symmetry (P is the space
inversion and 7T is the TRS), although both P and T are broken individually. In analogy
to the Kramers degeneracy for T-invariant systems, two orthogonal states of opposite
spins are guaranteed to be degenerate at the same E—point over the whole BZ! [196]. Our
results for the bulk band structure are exactly the same reported in Ref. [196]. For the
Néel vector along the x (y) direction, band crossings appear and are protected by glide

mirror plane symmetry G, (G,). In such case the model is in a metallic phase. On the

Tt can be shown that [H, PT] = 0 = PTH(K)(PT)~' = H(k), where H is given by Eq. (6.12) and
H(k) = e~ * " Hei*™ is the Bloch Hamiltonian. Furthermore, the Bloch eigenstates |uy, (k)) and PT |u,, (k))

are orthogonal, since (PT)2 = —1 [245]. As a result, for each k-vector there are two orthogonal states
with the same energy.
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other hand, for the Néel vector along the @i = (& + §)/v/2 direction, neither G, nor G,
symmetry is preserved, so that a gap is opened and the bulk is insulating. The color scale
indicates the spin-polarization [Eq. (6.4)] for each k-point in the BZ. However, it is not
clear from the graph if the energy bands are spin-polarized or not, because the overlap of
the degenerate bands is preventing the proper visualization of their coloring. We intend
to perform projections of the energy bands also on the orbital degrees of freedom in order

to obtain a clearer picture of the spin-polarization.
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Figure 6.9: Energy band structure for the AF model on a 5 x 5 lattice with PBC in x
and OBC y, constituting a ribbon geometry. There is an energy gap for any orientation
of the Néel vector n and, therefore, the ribbon is insulating. The appearance of such gap
for the ribbon geometry is very likely due to the finite size effect.

Fig. 6.9 shows the band structures for the AF model in a ribbon geometry, with
PBC in x and OBC in y. As the system with ribbon geometry is also invariant under
PT symmetry, the energy bands are doubly degenerate over all the edge BZ. The energy
spectrum of the ribbon is gapped regardless the orientation of the the Néel vector, so the
ribbon is insulating. We plan to study the energy spectrum of the ribbon for different
widths in order to be sure if the origin of the energy gap is the finite size effect, in which
wave functions tend to hybridize. Once again, it is not clear from the graphs if the energy
bands are spin-polarized or not, due to degeneracy.

In Fig. 6.10 (left panel), we show the energy spectrum for the AF model with
OBC in both x and y, as a function of the azimuthal angle between the Néel vector and
the z-axis. The spectrum is gapped regardless the orientation of the Néel vector. Fig.
6.10 (right panel) shows the WCC’s along the y direction for the AF model in a ribbon
geometry with PBC in z and OBC in y. The WCC’s are localized approximately at the
same positions as the fixed Mn atoms and, as could be expected, are polarized according
to the magnetic moments of the atoms in each sublattice. As the Néel vector is rotated

parallel to the xy-plane, the spin-polarization of the WCC’s changes with the magnetic
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Figure 6.10: (Left panel) Energy spectrum for the AF model on a 10 x 10 lattice with OBC
in both x and y. There is an energy gap regardless of the orientation of the Néel vector,
which shows that there are no corner-localized metallic states for this model. (Right
panel) WCC’s along the y direction for the AF model on a 10 x 10 lattice with PBC
in z and OBC in y. ¢ is the azimuthal angle of the Néel vector relative to the z-axis.
The WCC’s are located at the same positions of the Mn atoms in each sublattice, with
spin-polarization following the direction of their magnetic moments.

moments of the Mn atoms, reversing their sign at ¢ = £7/2. As the behavior of the
WCC’s positions with the variation of ¢ is trivial, there is no evidence of higher topology
in the AF model.

Now, we turn to the results for the FM model with PBC in both x and y. Fig.
6.11 shows the bulk band structures for three distinct orientations of the magnetization
direction. For the sake of comparison, we have used the same parameters as in the AF
model, i.e. ¥ = 0.08t, A = 0.8t and J*"/o™ = (.6t [uni form indicates that we have used
the plus sign in the last term of Eq. (6.12)]. Now, as the PT symmetry is broken by
the uniform magnetization, the energy bands are no longer doubly degenerate over all the
BZ. Notice that G, (G,) is preserved even for the FM model, as long as the magnetization
is along the z (y) direction. As a result, band crossings are also present and protected,
and the model is in a metallic phase. As neither G, nor G, symmetry is preserved when
i = (2 +9)/v/2, a gap is opened and the bulk is insulating in this situation. Therefore,
the topological metal-insulator transition seems to be achievable also in the FM model.
One can see that the spin-polarization, defined in Section 6.2 as the expectation value of

the spin operator for a particular Bloch eigenstate [(, r|0:/2[¢, ), Eq. (6.4)], varies with
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the crystal momentum k due to SOC.
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Figure 6.11: Bulk band structure for the FM model on a 5 x 5 lattice with PBC in x and
y. The model parameters and the orientation of the magnetization n are indicated at the
top of each graph. The red-blue (green-purple) color scale represents the E—dependent
spin-polarization [Eq. (6.4)] along the = (y) direction. If 7 = & or @ = ¢, glide mirror
plane symmetry is preserved, protecting the band crossings so that the system is in a
metallic phase. If 77 = (& 4 §)/v/2, glide mirror plane symmetry is broken and the bands
interact. In this case, a gap is opened and the system becomes insulating.

Fig. 6.12 shows the band structures for the FM model on a ribbon geometry with
PBC in # and OBC in y. Just as for the bulk band structure, the energy bands for the
ribbon are split by the P7T-breaking magnetization. When the magnetization is oriented
along the i = & or 7 = (& +1)+/2 directions, the band structure is gapped and the ribbon
is insulating. On the other hand, the gap is closed for 77 = ¢ and metallic states appear in
the ribbon. This result can be a starting point for the construction of a FM TCI model
hosting a topological edge-state metal-insulator transition [in analogy to the topological
(bulk) metal-insulator transition in Ref. [196]] mediated by the uniform magnetization.
Again, as a result of the coupling between spin and momentum due to the SOC, the
spin-polarization of the energy bands varies with the crystal momentum k.

In Fig. 6.13 (left panel), we show the energy spectrum for the FM model with
OBC in both z and y as a function of the azimuthal angle between the magnetization
direction and the z-axis. The band structure is gapped regardless the orientation of the
magnetization. Fig. 6.13 (right panel) shows the WCC’s along the y direction for the
FM model in a ribbon geometry, with PBC in x and OBC in y. The polarization of the
WCC’s are also reversed when ¢ = +x/2, but notice that the uniform magnetization
splits their degeneracy. Just as for the AF model, the behavior of the WCC’s positions
with the variation of ¢ in the FM is trivial. Therefore, there is no evidence of higher

topology in the Hamiltonian (6.12).
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Figure 6.12: Energy band structure for the FM model on a 5 x 5 lattice with PBC in x
and OBC in y, constituting a ribbon geometry. If the magnetization vector reads 17 = &
or i = (2 + 9)/V/2, a small gap is opened and the ribbon becomes insulating. If 7 = 4,
the band structure has no gap and the ribbon is in a metallic phase. The E—dependent
spin polarization along x or y are indicted by the red-blue and green-purple color scales,
respectively.

6.5 Conclusions and prospects

We have analyzed the higher order topology of electronic band structures in 2D
ferromagnetic and antiferromagnetic models. For this, we calculate the energy spectrum
of both ribbon and square geometries and the corresponding positions of their Wannier
charge centers.

For the spinful 2D SSH model with ferromagnetic order, we have found that the
uniform exchange field causes the splitting and spin-polarization of the energy bands, as
can be expected. Furthermore, the initially gapped energy spectrum of both periodic and
ribbon systems become metallic as the strength of the coupling between electrons spin and
atomic magnetic moments increases. Inspection of the Wannier charge centers have indi-
cated that aspects of the topological phase of the original model [159] are preserved in the
presence of magnetization. We believe that in this case the electric polarization (which
is protected by the preserved space inversion symmetry) remains quantized, while the
electric quadrupole moment (protected by the mirror symmetries about = and y, broken
by the magnetization) does not. Further analysis will be made to confirm this hypothesis.
For higher values of the coupling between spin and the uniform exchange field, the hor-
izontal bands of the corner energy spectrum intercept the bulk-like conduction/valence
bands. Simultaneously, a new phase seems to appear, in which the Wannier charge cen-
ters at specific terminations have their degeneracy lift and become spin-polarized. These
two results are probably related and we hope to have a clearer picture of their physical

consequences soon.
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Figure 6.13: (Left panel) Energy spectrum for the FM model on a 10x 10 lattice with OBC
in both x and y. There is an energy gap regardless of the orientation of the magnetization
vector 77, indicating that there are no corner-localized metallic states for this model.
(Right panel) WCC’s along the y direction for the FM model on a 10 x 10 lattice with
PBC in x and OBC in y. ¢ is the azimuthal angle of the magnetization vector relative
to the z-axis. The E—dependent spin-polarizations of the WCC’s reverse their sign at
¢ = +m/2, but do not intercept, which also indicates that the model has no higher order
topology.

For the antiferromagnetic variation of the spinful 2D SSH model, the exchange
field also split the degeneracy of the bands, but they do not become spin-polarized. By
studying the energy spectrum of the system with either periodic boundary conditions
and in a ribbon geometry, we have seen that both bulk and edges of the system remain
insulating regardless the strength of the exchange field. The antiferromagnetic order does
not break either the space inversion or mirror symmetries protecting the quantized electric
quadrupole moment. The analysis of the Wannier charge centers shows that, apparently,
the higher order topology with corner-localized states is still present in this case, although
a gap appears between the horizontal bands of the corner energy spectrum. For strong
coupling between the spin and the exchange field, the bulk-like valence and conduction
bands enter the gap between the horizontal bands and connect to each-other. From
the Wannier charge centers analysis for this case, it seems that a new topological phase
appears, in which the Wannier charge centers migrate from the unit cell to the adjacent
one.

We have also studied a minimal model inspired by the tetragonal antiferromag-
netic CuMnAs, which hosts the topological metal-insulator transition [196]. This model

describes a Dirac semi-metal when the Néel vector preserves mirror glide plane symmetry
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about x or y, but becomes a trivial insulator otherwise. By calculating the energy spec-
trum of this model on both ribbon and square geometries, we have shown that both edges
and corners are insulating, regardless the orientation of the Néel vector. Although the
Wannier charge centers indicate trivial higher order topology, they become spin-polarized
according to the magnetic moments in the adjacent sublattices. For the ferromagnetic
version of this model, our calculations show that the direction of the magnetization can
also be used to induce a topological metal-insulator transition. In fact, the mirror glide
plane symmetry about x or y is preserved when the magnetization is parallel to the re-
spective axis, and broken otherwise. Furthermore, the uniform magnetization (along with
SOC) leads to the E—dependent spin-polarization of the bands, which does not happen
for the antiferromagnetic model. The band structure calculations for the ferromagnetic
model on a ribbon geometry have shown that the magnetization direction can also be
used to manipulate the gap closing of the ribbon energy states. In fact, when the sys-
tem is magnetized along the ribbon, it is insulating. On the other hand, a transversal
magnetization closes the energy gap and the ribbon becomes metallic. The energy spec-
trum for the corner states is gapped regardless the direction of the magnetization vector.
Furthermore, in the ferromagnetic version the Wannier charge centers not only become
spin-polarized but also split their degeneracy, reversing their spin-polarization according
to the magnetization direction.

Although our results are preliminary, this work has provided us with an important
understating of higher order topology in magnetic systems and numerical calculations in
the tight-binding approach. Such experience will be very beneficial to our goal of propos-
ing a generalization from quantized electric multipoles to quantized magnetic multipoles.
We also intend to expand our investigations to more complex and realistic systems, as

well as to investigate in which materials the effects predicted here could be realized.
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Chapter 7

Final conclusions and prospects

In this thesis we have summarized the main results of our research in two very
different and celebrated areas of physics. Namely, optical tweezers (OT), which allows
for the trapping and manipulation of microscopic objects with a focused laser beam, and
topological states of matter, with unique electronic properties that cannot be described
by conventional spontaneous-symmetry-breaking related phase transition theories.

We have shown that BisTes and BisSes topological insulator (TI) microparticles
behave like optically induced oscillators whenever subject to a highly focused Gaussian
laser beam OT. Such dynamics results from a delicate balance in the competition between
gradient and radiometric forces. The period of oscillations is well-defined in time, remain-
ing virtually constant during a number of cycles. We have also observed that frequency
and amplitude of oscillations depend on both particle size and power of the laser beam,
providing additional control over the system. The optically induced oscillations are not
restricted to TI beads, as we have reported that they also take place for germanium (Ge)
microparticles in a similar setup. We have observed that the oscillation direction of the
Ge particles can be controlled by the polarization of the laser beam. Such a novel feature
could be very useful in applications, as it would allow for dynamic measurements along
a defined direction. Our approach suggests a new application for semiconductors, open-
ing an avenue of possibilities for the application of such materials in OT. In fact, it was
recently reported that these optically induced oscillations also take place for silicon mi-
croparticles [77], indicating that this effect may be typical of conventional semiconductor
materials.

We also propose an effective model to explain the optically induced oscillations,
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based on the competition between radiometric and gradient forces. The model is shown to
reproduce the experimental data with good accuracy, and successfully captures the strong
asymmetry on the optical force observed for the germanium microparticles. Furthermore,
we propose a generalization of the well-known Ashkin’s model for optical tweezers in the
geometrical optics regime. The model is extended for inclusion of the radiation pressure
generated by absorption of light in the bulk of the particle. Our results account for an
arbitrary value of the absorption coefficient in the bulk of the bead, including the two
limiting cases previously studied in the literature, namely, perfectly dielectric and per-
fectly metallic particles. Our findings suggest that attenuation effects becomes important
mainly when the skin depth is comparable to the particle size. This result is important
for a complete understanding of the optically induced oscillations, since a microscopic
description of the phenomena requires a separation of the individual contributions of ra-
diometric and radiative forces. We show that our generalization significantly improves the
comparison of the Ashkin’s model with the radiative force obtained in the experiments
with TT particles in OT.

In addition to the works discussed above, it is worth mentioning our recent /ongoing
collaborations, such as the investigation on the trapping of superparamagnetic beads in
an annular-shaped laser beam [21] [L. Oliveira, W. H. Campos and M. S. Rocha, Meth.
Protoc. 1(4), 44 (2018)] and the calculation of the Kerr topological force exerted on
magnetically caped T1 particles in OT [Y. Miiller, W. H. Campos et. al., work in progress].

Our results open an avenue for dynamical force measurements with unprecedented
simplicity and purely optical control. Among the possible applications, stand out the
optical rheology of soft matter interfaces and biological membranes, as well as single
molecule biophysics and dynamical force measurements in macromolecules, colloid sci-
ence and biopolymers. In fact, oscillatory dynamics often appears in studies of biological
systems, in which a piezoelectric stage is used for the manipulations. In contrast, the
optically induced oscillations do not require any mechanical interventions on the laser
setup, so that oscillatory forces can be implemented in a much more suitable way. Fur-
thermore, our investigations indicate that this recently discovered effect constitute a very
rich scenario for the experimental realization of a single-particle thermal machine in OT.

In our recent investigations, we have shown that an electric charge placed near a

semispherical T1 cavity induces a surface Hall current which reverses its rotation whenever
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the charge crosses the semisphere focus. Such a current is known to generate a magnetic
field analogous that produced by an image magnetic monopole, so that the Hall current
reversion is equivalent to reversing the sign of the magnetic monopole. Here, we show
that an electrically charged wire near a semi-cylindrical cavity in a TI can be used to
induce a simultaneous Hall current reversion of the antiparallel channels on its surface.

We have performed a higher order topology analysis of electronic band structures
in 2D ferromagnetic (FM) and antiferromagnetic (AF) models by calculating their energy
spectrum in both ribbon and square geometries, along with the corresponding positions
of their Wannier charge centers. For the spinful 2D SSH model with FM order, the
energy band spectrum becomes spin-polarized and its degeneracy is split by the uniform
magnetization, as can be expected. Inspection of the Wannier charge centers indicates
that, in the presence of a small magnetization, their behavior as function of the model
parameters is preserved, suggesting that corner-localized metallic states are still in place.
For higher values of the coupling between spin and magnetization, a new phase seems
to appear, in which the degeneracy of the Wannier centers at specific terminations is
split and they become spin-polarized. For the AF variation of this model, although the
exchange field also split the degeneracy of the bands, they do not become spin-polarized.
The analysis of the Wannier centers in this case shows that, apparently, the higher order
topology with corner-localized states is still present, although a gap appears between the
horizontal bands of the corner energy spectrum. For strong coupling between the spin and
the exchange field, it seems that a new topological phase appears, in which the bulk-like
conduction and valence bands connect to each other and the Wannier centers migrate
from a unit cell to the adjacent one as the model parameters are varied.

We have also studied a minimal model inspired by the tetragonal AF CuMnAs,
which hosts the topological metal-insulator transition. Our analysis have shown that
both edges and corners of the system are insulating, regardless the orientation of the
Néel vector. Despite trivial higher order topology, the Wannier charge centers become
spin-polarized according to the atomic magnetic moments in the adjacent sublattices.
Our calculations for the FM version of this model have also manifested topological metal-
insulator transition, in which the magnetization direction determines the phase. The
band structure calculations for the FM model on a ribbon geometry have shown that

the magnetization direction can also be used to manipulate the gap closing of the spin-
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polarized energy bands of the ribbon. In fact, when the system is magnetized along
the ribbon, the edges are insulating. On the other hand, a perpendicular magnetization
closes the energy gap and the edges become metallic. The corner energy spectrum is
gapped regardless the direction of the magnetization vector. Furthermore, in addition to
reversing their spin-polarization according to the magnetization direction, the Wannier
charge centers in the FM version also experience a splitting of their degeneracy.

Our results regarding the higher order topology analysis of electronic band struc-
tures on magnetic models are preliminary. However, they represent an important step
forward towards our goal of proposing topological systems with quantized magnetic mul-
tipoles. We have also been expanding our investigations to more complex and realistic
systems, to predict in which materials our results could be observed experimentally.

Due to their unique properties, both topological materials and magnetism have
been the subject of intense research of condensed matter physicists in the last decade.
The strong spin-orbit coupling in TT’s leads to important effects, such as the conversion
of charge current into spin current and vice-versa. New topological materials have been
discovered at an unbelievable pace, and further examples include Weyl and Dirac semimet-
als, topological superconductors, Majorana fermions, topological crystalline insulators and
higher order TT’s. These materials have been quoted as promising candidates for near fu-
ture technology, with possibilities for applications in spintronics, quantum computation

and advanced devices with low-energy dissipation.
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