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♦❜t✐❞♦s ♣❛r❛ ✐♥t❡r❢❛❝❡s ❝✐r❝✉❧❛r❡s ❝♦♠ t❡♠♣♦s t = 10s ❡ t = 30s r❡✲

s♣❡❝t✐✈❛♠❡♥t❡✳ ❏á ♦s sí♠❜♦❧♦s ♥ã♦ ♣r❡❡♥❝❤✐❞♦s ❛③✉✐s ❡ ♣úr♣✉r♦s ❢♦r❛♠

♦❜t✐❞♦s ♣❛r❛ ❝r❡s❝✐♠❡♥t♦s ♣❧❛♥♦s ❝♦♠ t❡♠♣♦s t = 20s ❡ t = 60s r❡✲

s♣❡❝t✐✈❛♠❡♥t❡✳ ❋✐❣✉r❛ ❡①tr❛í❞❛ ❞❡ ❬✺✶❪✳ ✭❜✮ ●rá✜❝♦ ❞❛ s❦❡✇♥❡ss ✭❝✐r❝✉✲

❧♦s✮ ❡ ❝✉rt♦s❡ ✭❝r✉③❡s✮ ❞♦ ❝r❡s❝✐♠❡♥t♦ ❝✉r✈♦ ✭❛③✉❧✮ ❡ ♣❧❛♥♦ ✭✈❡r♠❡❧❤♦✮✳

❖ ●rá✜❝♦ ♠♦str❛ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❞✐str✐❜✉✐çõ❡s ❡♠ ✭❛✮ é ✉♠

❞❡s❧♦❝❛♠❡♥t♦ ♥❛ ♠é❞✐❛✱ ♣♦✐s ❛ s❦❡✇♥❡ss ❡ ❛ ❝✉rt♦s❡ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ♦s

r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ❞❡ ❬✶✶❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✹✳✻ ✭❛✮ ●rá✜❝♦ ✉t✐❧✐③❛❞♦ ♥❛ ❡st✐♠❛t✐✈❛ ❞♦ ✈❛❧♦r ❞❡ v∞✳ ❊ss❡ ✈❛❧♦r ❢♦✐ ♦❜t✐❞♦

❡①tr❛♣♦❧❛♥❞♦ ❞✐✈❡rs♦s ❛❥✉st❡s r❡❛❧✐③❛❞♦s ♥❛ r❡❣✐ã♦ ❞❡ t−2/3 ♣❡q✉❡♥♦s✳

✭❜✮ ❊st✐♠❛t✐✈❛ ❞♦ ✈❛❧♦r ❞❡ Γ✳ P❛r❛ ✐ss♦ ❞✐✈❡rs❛s ❧❡✐s ❞❡ ♣♦tê♥❝✐❛ ❢♦r❛♠

❛❥✉st❛❞❛s ♥❛ r❡❣✐ã♦ ❞❡ t❡♠♣♦s ❣r❛♥❞❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✷

✐✈



✺✳✶ ❊①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞♦s ♠♦❞❡❧♦s ✭❛✮ ❘❙❖❙ ❡ ✭❜✮ ❊t❝❤✐♥❣ ♣❛r❛

❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❧❛t❡r❛✐s✳ ❆s ❧✐♥❤❛s tr❛❝❡❥❛❞❛ sã♦ ❝♦rr❡s♣♦♥❞❡♥t❡s

❛ β = 1/3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

✺✳✷ ●rá✜❝♦s ❞❛ ✭❛✮ ❙❦❡✇♥❡ss ❡ ❞❛ ✭❜✮ ❈✉rt♦s❡ ❡♠ ❢✉♥çã♦ ❞❡ t−2β ❞❛ ❞✐s✲

tr✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s ❞♦ ♠♦❞❡❧♦ ❙✐♥❣❧❡✲st❡♣ ❡♠ s✉❜str❛t♦s q✉❡ ❝r❡s❝❡♠

❧❛t❡r❛❧♠❡♥t❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✺✳✸ ❈❛❧❝✉❧♦ ❞❛ ❝♦rr❡çã♦ ζt−β−1 ✉s❛♥❞♦ ❛ ♠é❞✐❛ ❞❛ ✭❛✮ ●❖❊ ❡ ❞❛ ✭❜✮ ●❯❊✳ ✹✾

✺✳✹ ●rá✜❝♦s ❞❡ ζ ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❞♦s ♠♦❞❡❧♦s ✭❛✮ ❘❙❖❙✱ ✭❜✮

❊t❝❤✐♥❣ ❡ ✭❝✮ ❙✐♥❣❧❡✲st❡♣✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✺✳✺ ❈á❧❝✉❧♦ ❞♦ ❞❡s✈✐♦ ❞❛ ❞✐str✐❜✉✐çã♦ ✭❛✮ s❡♠ ❝♦♥s✐❞❡r❛r ♦ ζ ln t✱ ❡ ❡♠ ✭❜✮

❝♦♥s✐❞❡r❛♥❞♦ ❡ss❛ ❝♦rr❡çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✺✳✻ ●rá✜❝♦s ❞❡ 〈η〉 ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❞♦s ♠♦❞❡❧♦s ✭❛✮ ❘❙❖❙✱

✭❜✮ ❊t❝❤✐♥❣ ❡ ✭❝✮ ❙✐♥❣❧❡✲st❡♣✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✺✳✼ ✭❛✮ ●rá✜❝♦ q✉❡ ♠♦str❛ ♦ ❝❛rát❡r ❞❡t❡r♠✐♥íst✐❝♦ ❞❡ ζ✳ ✭❜✮ ❈✉r✈❛ q✉❡

♠♦str❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝♦rr❡çõ❡s ❞❡ ♦r❞❡♠ ♠❛✐♦r ❡♠ ✺✳✹ ❡ q✉❡ 〈η2〉c 6= 0✳ ✺✸

✺✳✶✶ ✭❛✮ ●rá✜❝♦ ❞❡ 〈(~∇h)2〉 ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ♣❛r❛ s✉❜str❛t♦s ❞❡ t❛♠❛♥❤♦

✜①♦✱ ❝✉r✈❛ ♣r❡t❛ ✭❝ír❝✉❧♦s✮✱ ❡ s✉❜str❛t♦s ❝r❡s❝❡♥t❡s✱ ❝✉r✈❛ ✈❡r♠❡❧❤❛

✭q✉❛❞r❛❞♦s✮✳ ✭❜✮ ◆ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ❞❡♣♦s✐t❛❞❛s ❞✐✈✐❞✐❞♦ ♣❡❧♦

♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❛rtí❝✉❧❛s q✉❡ t❡♥t❛r❛♠ s❡r ❞❡♣♦s✐t❛❞❛s✳ ❈✉✈❛ ✈❡r✲

♠❡❧❤❛ ✭q✉❛❞r❛❞♦s✮ ❡stá ❛ss♦❝✐❛❞❛ ❛♦ ❝❛s♦ ❝r❡s❝❡♥t❡ ❡ ❛ ♣r❡t❛ ✭❝ír❝✉❧♦s✮

♣❛r❛ s✉❜str❛t♦s ❝♦♠ t❛♠❛♥❤♦ ✜①♦✳ ❆ ❧✐♥❤❛ ❛③✉❧ tr❛❝❡❥❛❞❛ é ♦ ✈❛❧♦r ❞❡

v∞ ❞♦ ♠♦❞❡❧♦ ❙❖❙✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✺✳✶✷ ●rá✜❝♦ ❞❡ ❡✈♦❧✉çã♦ ❞❛ ❛❧t✉r❛ ♠é❞✐❛ ♣❛r❛ ♦s ♠♦❞❡❧♦s ✭❛✮ ❙✐♥❣❧❡✲st❡♣ ❡

✭❜✮ ❊t❝❤✐♥❣ ❝♦♠ s✉❜str❛t♦ ❞❡ t❛♠❛♥❤♦ ✜①♦✱ ❝✉r✈❛ ♣r❡t❛✱ ❡ s✉❜str❛t♦

❝r❡s❝❡♥❞♦ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ vw = 100✱ ❝✉r✈❛ ✈❡r♠❡❧❤❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✺✳✶✺ ●rá✜❝♦ ❞❛ ✭❛✮ s❦❡✇♥❡ss ❡ ❞❛ ✭❜✮ ❝✉rt♦s❡ ♣❛r❛ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ✐♥✐✲

❝✐❛✐s✳ ❆ ❝✉r✈❛ ♣❛r❛ L0 = 20 ❡♠ ❢✉♥çã♦ ❞❡ L/L0 ♥ã♦ ✜❝❛r✐❛ ✈✐sí✈❡❧ ♥❡ss❛

❡s❝❛❧❛✱ ♣♦r ✐ss♦ ❡❧❛ ❡stá ❡♠ ❢✉♥çã♦ ❞❡ t/640 ♥♦s ❞♦✐s ❣rá✜❝♦s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✈



✻✳✷ ✭❛✮ ❱❡❧♦❝✐❞❛❞❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ❞❡ s✐st❡♠❛✳ ❆

❧✐♥❤❛ tr❛❝❡❥❛❞❛ é ♦ ✈❛❧♦r ❞❡ v∞✳ ✭❜✮ ●rá✜❝♦ ❞❡∆v ❡♠ ❢✉♥çã♦ ❞❡ 1/L2−2α✳

❖ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r ❞❡ss❛ r❡t❛ é ✐❣✉❛❧ ❛ −λA/2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✻✳✸ ❊①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐✲

❞❛❞❡s ❞♦s ♠♦❞❡❧♦s ✭❛✮ ❙✐♥❣❧❡✲st❡♣✱ ✭❜✮ ❊t❝❤✐♥❣ ❡ ✭❝✮ ❘❙❖❙✳ ❆ ❧✐♥❤❛

tr❛❝❡❥❛❞❛ r❡♣r❡s❡♥t❛ ♦ ✈❛❧♦r β = 0, 24✱ q✉❡ é ♦ ✈❛❧♦r ❞♦ ❡①♣♦❡♥t❡ ❞❛

❝❧❛ss❡ ❑P❩ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✻✳✹ ❊st✐♠❛t✐✈❛ ❞❛ ✭❛✮ s❦❡✇♥❡ss ❡ ❞❛ ✭❜✮ ❝✉rt♦s❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s

✉s❛♥❞♦ ♦ ♠♦❞❡❧♦ ❙✐♥❣❧❡✲st❡♣✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✻✳✺ ✭❛✮ ●rá✜❝♦s ♣❛r❛ ♦ ❝❛❧❝✉❧♦ ❞♦ ✈❛❧♦r ❞❡ g1✳ ❆ ❝✉r✈❛ ❝♦♠ q✉❛❞r❛❞♦s ❢♦✐

tr❛ç❛❞❛ s❡♠ ❝♦♥s✐❞❡r❛r ♥❡♥❤✉♠❛ ❝♦rr❡çã♦ ❡ ❛ ❝♦♠ ❝ír❝✉❧♦s ❛♣ós ❝✐♥❝♦

♣❛ss♦s ❞❛ ✐t❡r❛çã♦✳✭❜✮ ●rá✜❝♦s ♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ ❝♦rr❡çã♦✳ ❆

❝✉r✈❛ ❝♦♠ q✉❛❞r❛❞♦s ❢♦✐ tr❛ç❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♣r✐♠❡✐r♦ g1 ❝❛❧❝✉❧❛❞♦

❡ ❛ ❝♦♠ ❝ír❝✉❧♦s ✉t✐❧✐③❛♥❞♦ ♦ ✈❛❧♦r ✜♥❛❧ ❞❡ g1✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✻✳✻ ●rá✜❝♦s ❞❡ ζ ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❞♦s ♠♦❞❡❧♦s ✭❛✮ ❘❙❖❙✱ ✭❜✮

❊t❝❤✐♥❣ ❡ ✭❝✮ ❙✐♥❣❧❡✲st❡♣✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✻✳✼ ✭❛✮ ●rá✜❝♦ q✉❡ ♠♦str❛ ❛ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ s❡ ❝❛❧❝✉❧❛r ζ ♣❛r❛ ❛ ✈❡❧♦❝✐✲

❞❛❞❡ vw = 2✳ ✭❜✮ ❈✉r✈❛ ❞❡ g1t
β−1 ♣❛r❛ ❛s ✈❡❧♦❝✐❞❛❞❡s vw = 2 ✭❝ír❝✉❧♦s✮

❡ vw = 6 ✭q✉❛❞r❛❞♦s✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✻✳✽ ●rá✜❝♦s ❞❡ 〈η〉 ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❞♦s ♠♦❞❡❧♦s ✭❛✮ ❘❙❖❙✱

✭❜✮ ❊t❝❤✐♥❣ ❡ ✭❝✮ ❙✐♥❣❧❡✲st❡♣✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✈✐



❘❡s✉♠♦

❈❆❘❘❆❙❈❖✱ ■s♠❛❡❧ ❙❡❣✉♥❞♦ ❞❛ ❙✐❧✈❛✳ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱
❢❡✈❡r❡✐r♦ ❞❡ ✷✵✶✹✳ ❊st✉❞♦ ❞❡ ♠♦❞❡❧♦s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞✐s❝r❡t♦s ❡♠ s✉❜str❛t♦s

q✉❡ ❝r❡s❝❡♠ ❧❛t❡r❛❧♠❡♥t❡✳ ❖r✐❡♥t❛❞♦r✿ ❚✐❛❣♦ ❏♦sé ❖❧✐✈❡✐r❛✳ ❈♦♦r✐❡♥t❛❞♦r❡s✿ ❙í❧✈✐♦
❈♦st❛ ❋❡rr❡✐r❛ ❏ú♥✐♦r ❡ ❙✐❞✐♥❡② ●❡r❛❧❞♦ ❆❧✈❡s✳

❆ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s é✱ ❡♠ ❣❡r❛❧✱ ♠❛✐s ❞✐❢í❝✐❧ ❞❡ ❡st✉❞❛r✱ t❛♥t♦ ❛♥❛❧ít✐❝❛

q✉❛♥t♦ ❝♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✱ q✉❡ ❛s ♣❧❛♥❛s✳ ■st♦ t❡♠ ♠♦t✐✈❛❞♦ tr❛❜❛❧❤♦s ❝♦♥s✐❞❡r❛♥❞♦

♠♦❞❡❧♦s tí♣✐❝♦s ❞❡ ❝r❡s❝✐♠❡♥t♦ ♣❧❛♥♦ ❡♠ s✉❜str❛t♦s q✉❡ ❝r❡s❝❡♠ ❧❛t❡r❛❧♠❡♥t❡ ❛♦ ❧♦♥❣♦

❞♦ t❡♠♣♦ ❝♦♠♦ ✉♠❛ ♣r✐♠❡✐r❛ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ❛♥❛❧✐s❛r ✐♥t❡r❢❛❝❡s ✈❡r❞❛❞❡✐r❛♠❡♥t❡ ❝✉r✲

✈❛s✳ ❊♥tr❡t❛♥t♦✱ t♦❞♦s ❡st❡s ❡st✉❞♦s ❜❛s❡❛r❛♠✲s❡ ❡♠ ❝á❧❝✉❧♦s ❞❡ ❡①♣♦❡♥t❡s ❞❡ ❡s❝❛❧❛

❞❛ r✉❣♦s✐❞❛❞❡ ❡✱ ♣♦rt❛♥t♦✱ ♥ã♦ ❞❡♠♦♥str❛♠ ❝♦♥❝❧✉s✐✈❛♠❡♥t❡ s❡ ❡st❛ s✐♠♣❧✐✜❝❛çã♦ ❧❡✈❛

❛ ✉♠❛ ❞✐♥â♠✐❝❛ s✐♠✐❧❛r à ❞❛s s✉♣❡r❢í❝✐❡s ❝✉r✈❛s✳ P❛r❛ ❡s❝❧❛r❡❝❡r ❡st❡ ♣♦♥t♦✱ ♥ós ❡s✲

t✉❞❛♠♦s ♠♦❞❡❧♦s ♦♥❞❡ ❛ ❞❡♣♦s✐çã♦ ❞❡ ♣❛rtí❝✉❧❛s ❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❞♦ s✉❜str❛t♦

sã♦ r❡❛❧✐③❛❞♦s ❡st♦❝❛st✐❝❛♠❡♥t❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ s✉❛s r❡s♣❡❝t✐✈❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s✳ ❊st❡

♠ét♦❞♦ ♣❡r♠✐t❡✲♥♦s ❡st✉❞❛r q✉❛❧q✉❡r ♠♦❞❡❧♦ ❞✐s❝r❡t♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡♠ s✉❜str❛t♦s

q✉❡ ❛✉♠❡♥t❛♠ ❧❛t❡r❛❧♠❡♥t❡✳ ❊♥tr❡t❛♥t♦✱ ❛q✉✐ ♥ós ♥♦s r❡str✐♥❣✐♠♦s ❛ ♠♦❞❡❧♦s ♥❛

❝❧❛ss❡ ❑❛r❞❛r✲P❛r✐s✐✲❩❤❛♥❣ ✭❑P❩✮✱ ♦♥❞❡ ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s ❞❛s s✉♣❡r❢í❝✐❡s sã♦

❞✐❢❡r❡♥t❡s ♣❛r❛ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s ❡ ♣❧❛♥❛s✳ ◆ós ♦❜t✐✈❡♠♦s q✉❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡st❛s

❞✐str✐❜✉✐çõ❡s sã♦ ❞❛❞❛s ♣❡❧❛s ❞✐str✐❜✉✐çõ❡s ❞❛s ✐♥t❡r❢❛❝❡s ❝✉r✈❛s✱ t❛♥t♦ ❡♠ s✉❜str❛t♦s

✉♥✐❞✐♠❡♥s✐♦♥❛✐s q✉❛♥t♦ ❜✐❞✐♠❡♥s✐♦♥❛✐s✳ ◆♦ ú❧t✐♠♦ ❝❛s♦✱ ♦♥❞❡ ❛ ❢♦r♠❛ ❛♥❛❧ít✐❝❛ ❞❛

❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛ ♥ã♦ é ❝♦♥❤❡❝✐❞❛ ❡①❛t❛♠❡♥t❡✱ ♥ós ♦❜t✐✈❡♠♦s ❡st✐♠❛t✐✈❛s ♣r❡❝✐s❛s

❞♦s s❡✉s ♣r✐♠❡✐r♦s ❝✉♠✉❧❛♥t❡s ❡ ❝♦♥✜r♠❛♠♦s s✉❛ ✉♥✐✈❡rs❛❧✐❞❛❞❡✳ ❙✉r♣r❡❡♥❞❡♥t❡♠❡♥t❡✱

❝♦rr❡çõ❡s ❧♦❣❛rít♠✐❝❛s ❢♦r❛♠ ❡♥❝♦♥tr❛❞❛s ♥♦ ❑P❩ ✏❛♥s❛t③✑ ♣❛r❛ ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧✲

t✉r❛s✱ q✉❡ ♥ã♦ ❡①✐st❡♠ ♥♦s ♠❡s♠♦s ♠♦❞❡❧♦s ❡♠ s✉❜str❛t♦s ❡stát✐❝♦s✳ ❆ ♦r✐❣❡♠ ❞❡st❛s

✈✐✐



❝♦rr❡çõ❡s ❢♦✐ ❡①♣❧✐❝❛❞❛ ❝♦♠♦ ✉♠ ❡❢❡✐t♦ ❞❛s ❞✉♣❧✐❝❛çõ❡s ❞❡ ❝♦❧✉♥❛s ♥♦ ❝r❡s❝✐♠❡♥t♦ ❧❛t✲

❡r❛❧ ❞♦ s✉❜str❛t♦✳ ■♥✐❝✐❛♥❞♦ ♦ ❝r❡s❝✐♠❡♥t♦ ❡♠ s✉❜str❛t♦s ❣r❛♥❞❡s✱ ✉♠ ❝r♦ss♦✈❡r ❢♦✐

❡♥❝♦♥tr❛❞♦ ♥❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s ❞❡ ♣❧❛♥♦ ♣❛r❛ ❝✉r✈♦✳
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❆❜str❛❝t

❈❆❘❘❆❙❈❖✱ ■s♠❛❡❧ ❙❡❣✉♥❞♦ ❞❛ ❙✐❧✈❛✳ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❢❡❜r✉✲
❛r② ✷✵✶✹✳ ❙t✉❞② ♦❢ ♠♦❞❡❧s ♦❢ ❞✐s❝r❡t❡ ❣r♦✇t❤ ♦♥ s✉❜str❛t❡s t❤❛t ❣r♦✇ ❧❛t✲

❡r❛❧❧②✳ ❆❞✈✐s❡r✿ ❚✐❛❣♦ ❏♦sé ❖❧✐✈❡✐r❛✳ ❈♦✕❆❞✈✐s❡rs✿ ❙í❧✈✐♦ ❈♦st❛ ❋❡rr❡✐r❛ ❏ú♥✐♦r ❛♥❞
❙✐❞✐♥❡② ●❡r❛❧❞♦ ❆❧✈❡s✳

❚❤❡ ❞②♥❛♠✐❝s ♦❢ ❝✉r✈❡❞ ✐♥t❡r❢❛❝❡s ✐s✱ ✐♥ ❣❡♥❡r❛❧✱ ♠♦r❡ ❞✐✣❝✉❧t t♦ st✉❞②✱ ❜♦t❤ ❛♥❛✲

❧②t✐❝❛❧❧② ❛♥❞ ❝♦♠♣✉t❛t✐♦♥❛❧❧②✱ t❤❛♥ t❤❡ ✢❛t ♦♥❡s✳ ❚❤✐s ❤❛s ♠♦t✐✈❛t❡❞ s♦♠❡ ✇♦r❦s

❝♦♥s✐❞❡r✐♥❣ t②♣✐❝❛❧ ✢❛t ❣r♦✇t❤ ♠♦❞❡❧s ♦♥ s✉❜str❛t❡s ✇❤✐❝❤ ❣r♦✇ ❧❛t❡r❛❧❧② ✐♥ t✐♠❡✱ ❛s

❛ ✜rst ❛♣♣r♦❛❝❤ ❢♦r ❛♥❛❧②③❡ tr✉❧② ❝✉r✈❡❞ ✐♥t❡r❢❛❝❡s✳ ❍♦✇❡✈❡r✱ ❛❧❧ t❤❡s❡ st✉❞✐❡s ✇❡r❡

❜❛s❡❞ ♦♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ s❝❛❧✐♥❣ ❡①♣♦♥❡♥ts✱ ❢r♦♠ t❤❡ r♦✉❣❤♥❡ss ❞②♥❛♠✐❝ s❝❛❧✐♥❣✱ ❛♥❞✱

t❤✉s✱ t❤❡② ❞♦ ♥♦t s❤♦✇ ❝♦♥❝❧✉s✐✈❡❧② ✐❢ t❤✐s s✐♠♣❧✐✜❝❛t✐♦♥ ❧❡❛❞s t♦ ❛ ❞②♥❛♠✐❝ s✐♠✐❧❛r

t♦ t❤❡ ♦♥❡ ♦❢ ❝✉r✈❡❞ s✉r❢❛❝❡s✳ ■♥ ♦r❞❡r t♦ ❝❧❛r✐❢② t❤✐s ♣♦✐♥t✱ ✇❡ st✉❞② ♠♦❞❡❧s ✇❤❡r❡

♣❛rt✐❝❧❡ ❞❡♣♦s✐t✐♦♥ ❛♥❞ ❧❛t❡r❛❧ ❣r♦✇t❤ ♦❢ t❤❡ s✉❜str❛t❡ ❛r❡ st♦❝❤❛st✐❝❛❧② ♣❡r❢♦r♠❡❞ ❛❝✲

❝♦r❞✐♥❣❧② t♦ t❤❡✐r r❡s♣❡❝t✐✈❡ ♣r♦❜❛❜✐❧✐t✐❡s✳ ❚❤✐s ♠❡t❤♦❞ ❛❧❧♦✇s ✉s t♦ st✉❞② ❛♥② ❞✐s❝r❡t❡

❣r♦✇t❤ ♠♦❞❡❧ ♦♥ ❣r♦✇✐♥❣ s✉❜str❛t❡s✳ ❍♦✇❡✈❡r✱ ❤❡r❡ ✇❡ r❡str✐❝t ♦✉rs❡❧✈❡s t♦ ♠♦❞❡❧s ✐♥

❑❛r❞❛r✲P❛r✐s✐✲❩❤❛♥❣ ✭❑P❩✮ ❝❧❛ss✱ ✇❤❡r❡ s✉r❢❛❝❡ ❤❡✐❣❤t ❞✐str✐❜✉t✐♦♥s ❛r❡ ❞✐✛❡r❡♥t ❢♦r

❝✉r✈❡❞ ❛♥❞ ✢❛t ✐♥t❡r❢❛❝❡s✳ ❲❡ ❢♦✉♥❞ t❤❛t ❛s②♠♣t♦t✐❝❛❧❧② t❤❡s❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ ❣✐✈❡♥

❜② t❤❡ ♦♥❡s ♦❢ ❝✉r✈❡❞ ✐♥t❡r❢❛❝❡s✱ ✐♥ ♦♥❡✲ ❛s ✇❡❧❧ ❛s ✐♥ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ s✉❜str❛t❡s✳ ■♥ t❤❡

❧❛st ❝❛s❡✱ ✇❤❡r❡ t❤❡ ❛♥❛❧②t✐❝❛❧ ❢♦r♠ ♦❢ t❤❡ ❤❡✐❣❤t ❞✐str✐❜✉t✐♦♥s ❛r❡ ♥♦t ❦♥♦✇♥ ❡①❛❝t❧②✱

✇❡ ♦❜t❛✐♥ ❛❝❝✉r❛t❡ ❡st✐♠❛t❡s ♦❢ t❤❡✐r ✜rst ❝✉♠✉❧❛♥ts ❛♥❞ ❝♦♥✜r♠ t❤❡✐r ✉♥✐✈❡rs❛❧✐t②✳

❙✉r♣r✐s✐♥❣❧②✱ ❧♦❣❛r✐t❤♠✐❝ ❝♦rr❡❝t✐♦♥s ✇❡r❡ ❢♦✉♥❞ ✐♥ t❤❡ ❑P❩ ❛♥s❛t③ ❢♦r t❤❡ ❤❡✐❣❤t ❞✐s✲

tr✐❜✉t✐♦♥s✱ ✇❤✐❝❤ ❞♦ ♥♦t ❡①✐st ❢♦r t❤❡ s❛♠❡ ♠♦❞❡❧s ♦♥ st❛t✐❝ s✉❜str❛t❡s✳ ❚❤❡ ♦r✐❣✐♥ ♦❢

t❤❡s❡ ❝♦rr❡❝t✐♦♥s ✇❛s ❡①♣❧❛✐♥❡❞ ❛s ❛♥ ❡✛❡❝t ♦❢ t❤❡ ❞✉♣❧✐❝❛t✐♦♥ ♦❢ ❝♦❧✉♠♥s ✐♥ t❤❡ ❧❛t❡r❛❧

❣r♦✇t❤ ♦❢ t❤❡ s✉❜str❛t❡✳ ❙t❛rt✐♥❣ t❤❡ ❣r♦✇t❤ ♦♥ ❧❛r❣❡ s✉❜str❛t❡s✱ ❛ ❝r♦ss♦✈❡r ✇❛s ❢♦✉♥❞

✐①



✐♥ t❤❡ ❤❡✐❣❤t ❞✐str✐❜✉t✐♦♥s ❢r♦♠ ✢❛t t♦ ❝✉r✈❡❞ ♦♥❡s✳
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❆ ❡✈♦❧✉çã♦ ❞❡ ✉♠❛ ✐♥t❡r❢❛❝❡ q✉❡ s❡♣❛r❛ ❞♦✐s ♠❡✐♦s ❞✐st✐♥t♦s é ✉♠ ✐♠♣♦rt❛♥t❡

♣r♦❜❧❡♠❛ ❞❡ ❢ís✐❝❛ ❡st❛tíst✐❝❛ ❢♦r❛ ❞♦ ❡q✉✐❧í❜r✐♦✱ ✐ss♦ ♣♦rq✉❡ ❡ss❡ t✐♣♦ ❞❡ s✐st❡♠❛ é ♠✉✐t♦

❝♦♠✉♠ ♥❛ ♥❛t✉r❡③❛✳ ❊①❡♠♣❧♦s s✐♠♣❧❡s s❡r✐❛♠✿ ❢r❡♥t❡ ❞❡ ❝❤❛♠❛s ❬✶❪ ❡ ✢✉①♦ ❞❡ ❧íq✉✐❞♦

❡♠ ✉♠♠❡✐♦ ♣♦r♦s♦ ❬✷❪✳ ❆❧é♠ ❞❡ss❡s✱ ♣♦❞❡♠♦s ❝✐t❛r ❢❡♥ô♠❡♥♦s ❞❡ ✐♠♣♦rt❛♥t❡ ❛♣❧✐❝❛çã♦

t❡❝♥♦❧ó❣✐❝❛✱ ❝♦♠♦ ❛ ❞❡♣♦s✐çã♦ ❞❡ ✜❧♠❡s ✜♥♦s ❬✸❪✳ ❙✉♣❡r❢í❝✐❡s t❛♠❜é♠ ❡stã♦ ♣r❡s❡♥t❡s

❡♠ s✐st❡♠❛s ❜✐♦❧ó❣✐❝♦s✱ ❝♦♠♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ ❝♦❧ô♥✐❛ ❞❡ ❜❛❝tér✐❛s ❬✹❪ ❡ t✉♠♦r❡s ❬✺❪✱

♠✉✐t♦ r❡❧❡✈❛♥t❡s ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ♠é❞✐❝♦✳ ❖✉tr❛s ❛♣❧✐❝❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s

❡♠ ❬✻❪✳

❯♠ ❡①❡♠♣❧♦ ❞❡ ✜❧♠❡s ✜♥♦s q✉❡ ♣♦❞❡♠♦s ❝✐t❛r ❛ tít✉❧♦ ❞❡ ✐❧✉str❛çã♦ é ♦ t❡❧✉r❡t♦

❞❡ ❝á❞♠✐♦ ✭❈❞❚❡✮ ❝r❡s❝✐❞♦ s♦❜r❡ s✐❧í❝✐♦ ❬✼❪✳ ❖ ❈❞❚❡ ♣♦ss✉✐ ♣r♦♣r✐❡❞❛❞❡s q✉❡ sã♦

✐♥t❡r❡ss❛♥t❡s ♣❛r❛ ❛♣❧✐❝❛çõ❡s t❡❝♥♦❧ó❣✐❝❛s✳ ❯♠❛ ❞❡❧❛s é ♦ ❣❛♣ ❞❡ ❡♥❡r❣✐❛ ❞✐r❡t♦ Eg =

1, 528❡❱ à 300❑✱ ♦♥❞❡ ❡ss❛ ❡♥❡r❣✐❛ é r❡❧❛❝✐♦♥❛❞❛ ❛ ❧✉③ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛

❞❛ ♦r❞❡♠ ❞❡ 827♥♠✳ ❆❧é♠ ❞✐ss♦✱ ❡❧❡ ♣♦ss✉✐ ✉♠ ❛❧t♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛❜s♦rçã♦ ó♣t✐❝❛✱

❞❛ ♦r❞❡♠ ❞❡ 5 × 105cm−1✳ ❊ss❛s ♣r♦♣r✐❡❞❛❞❡s s❡♠✐❝♦♥❞✉t♦r❛s ❡ ó♣t✐❝❛s t♦r♥❛♠ ❡ss❡

❝♦♠♣♦st♦ ♠✉✐t♦ út✐❧ ♥❛ ❢❛❜r✐❝❛çã♦ ❞❡ ❞✐s♣♦s✐t✐✈♦s ♦♣t♦ ❡❧❡trô♥✐❝♦s ❡ ❢♦t♦✈♦❧t❛✐❝♦s✳ ◆❛

✜❣✉r❛✶✳✶ ❛♣r❡s❡♥t❛♠♦s ❞✉❛s ✐♠❛❣❡♥s ❞❡ ❆❋▼ q✉❡ ♠♦str❛♠ ❝♦♠♦ ✉♠ ✜❧♠❡ ❞❡ ❈❞❚❡

✜❝❛ ♠❛✐s r✉❣♦s♦ ❛ ♠❡❞✐❞❛ q✉❡ ♠❛✐s ♣❛rtí❝✉❧❛s sã♦ ❞❡♣♦s✐t❛❞❛s✳ ▼❛✐s ❞❡t❛❧❤❡s s♦❜r❡

❡ss❡ s✐st❡♠❛ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✽❪✳

❊♠ s✐st❡♠❛s ❜✐♦❧ó❣✐❝♦s é ♠✉✐t♦ ❝♦♠✉♠ q✉❡ ❛s ✐♥t❡r❢❛❝❡s s❡❥❛♠ ❝✉r✈❛s✳ ❯♠

❡①❡♠♣❧♦ ✐❧✉str❛t✐✈♦ s❡r✐❛ ✉♠❛ ❝✉❧t✉r❛ ❞❡ ❝é❧✉❧❛s t✉♠♦r❛✐s✱ ❝♦♠♦ ♥❛ ✜❣✉r❛ ✶✳✷✳ ❊ss❡

✶
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❋✐❣✉r❛ ✶✳✶✿ ■♠❛❣❡♥s ❞❡ ❆❋▼ ❞❡ ❈❞❚❡✴❙✐✭✵✵✶✮ ♦❜t✐❞❛s ♥♦ ❧❛❜♦r❛tór✐♦ ❞❡ ♥❛♥♦s❝♦♣✐❛ ❞❛
❯❋❱✳ ✭❛✮ ❈r❡s❝✐♠❡♥t♦ ❝♦♠ t = 60♠✐♥ ❡ ✭❜✮ t = 240♠✐♥✳ ❋✐❣✉r❛ ❡①tr❛í❞❛ ❞❡ ❬✾❪✳

t✐♣♦ ❞❡ ✐♥t❡r❢❛❝❡ é ♠❛✐s ❞✐❢í❝✐❧ ❞❡ tr❛t❛r t❛♥t♦ ❛♥❛❧✐t✐❝❛♠❡♥t❡ q✉❛♥t♦ ❡♠ s✐♠✉❧❛çã♦✳

❆s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s r❡❧❛❝✐♦♥❛❞❛s à ❞✐♥â♠✐❝❛ sã♦ ♠❛✐s ❝♦♠♣❧✐❝❛❞❛s ❡♠ ❣❡♦♠❡tr✐❛

❝✉r✈❛✱ ❞✐✜❝✉❧t❛♥❞♦ ♦ tr❛t❛♠❡♥t♦ ❛♥❛❧ít✐❝♦ ❬✶✸❪✳ ❈♦♠♣✉t❛❝✐♦♥❛❧♠❡♥t❡✱ ♠♦❞❡❧♦s ❝❧ás✲

s✐❝♦s ❝♦♠♦ ♦ ❞❡ ❊❞❡♥ ❬✶✵❪✱ ❝r❡s❝✐❞♦s ❡♠ r❡❞❡s✱ ♣r♦❞✉③❡♠ s✉♣❡r❢í❝✐❡s q✉❡ ❛♣r❡s❡♥t❛♠

❛♥✐s♦tr♦♣✐❛s✱ ♣❡r❞❡♥❞♦ ❛ s✐♠❡tr✐❛ s♦❜ r♦t❛çã♦ ❬✶✹✱✶✺❪✳ P♦r ✐ss♦✱ ❛ ❛♥á❧✐s❡ ❡st❛tíst✐❝❛

❞❡✈❡ s❡ ❧✐♠✐t❛r ❛ ❛❧❣✉♥s ♣♦♥t♦s ❡q✉✐✈❛❧❡♥t❡s ❞❛ ✐♥t❡r❢❛❝❡✱ ❞❡s♣❡r❞✐ç❛♥❞♦✱ ❞❡ ❝❡rt❛ ❢♦r♠❛✱

♦ t❡♠♣♦ ❞❡ s✐♠✉❧❛çã♦ ♥❡❝❡ssár✐♦ ♣❛r❛ ❣❡r❛r ✉♠❛ s✉♣❡r❢í❝✐❡ ✐♥t❡✐r❛✳ P❛r❛ ❝♦♥t♦r♥❛r ❡ss❡

♣r♦❜❧❡♠❛✱ ✉♠❛ ♦♣çã♦ é ❢❛③❡r ♦ ❝r❡s❝✐♠❡♥t♦ ❢♦r❛ ❞❡ r❡❞❡✱ ♦♥❞❡✱ ❛♣❡s❛r ❞❡ ❤❛✈❡r ✈ár✐❛s

❢♦r♠❛s ❞❡ s❡ ✐♠♣❧❡♠❡♥t❛r ❬✶✻✕✶✽❪✱ ♥♦r♠❛❧♠❡♥t❡ ❡ss❡s ❝r❡s❝✐♠❡♥t♦s ❡①✐❣❡♠ ❛❧❣♦r✐t♠♦s

❝♦♠♣❧❡①♦s q✉❡ ✜❝❛♠ ❝❛❞❛ ✈❡③ ♠❛✐s ❞✐❢í❝❡✐s ❞❡ s❡ ✐♠♣❧❡♠❡♥t❛r ❛ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛✲

♠♦s ❛s ❞✐♠❡♥sõ❡s ❞❛ ✐♥t❡r❢❛❝❡✳ ❆ss✐♠ ♥♦t❛♠♦s q✉❡ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s sã♦ ❞❡ ❢❛t♦ ♠❛✐s

❝♦♠♣❧✐❝❛❞❛s q✉❡ ❛s ♣❧❛♥❛s ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ t❡ór✐❝♦✳

❉✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❡①❝❧✉s✐✈❛s ❞❛s ✐♥t❡r❢❛❝❡s ❝✉r✈❛s sã♦✿ ❝r❡s❝✐♠❡♥t♦ ❞❛ ár❡❛

❞❛ ✐♥t❡r❢❛❝❡ ❡ ❝✉r✈❛t✉r❛ ♥ã♦ ♥✉❧❛ ❞❛ s✉♣❡r❢í❝✐❡✳ P♦r ❝❛✉s❛ ❞❛s ❞✐✜❝✉❧❞❛❞❡s ♣r❡s❡♥t❡s

♥♦ ❡st✉❞♦ ❞❡ ❝r❡s❝✐♠❡♥t♦s ❝✉r✈♦s✱ t❡♠ s✐❞♦ ♣r♦♣♦st♦ ❡♠ tr❛❜❛❧❤♦s ❛♥❛❧ít✐❝♦s ❬✶✾❪ ❡

❡♠ s✐♠✉❧❛çã♦ ❬✷✵✱✷✶❪ ✉♠❛ ❛❜♦r❞❛❣❡♠ s✐♠♣❧✐✜❝❛❞❛ ❡♥✈♦❧✈❡♥❞♦ ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s✳

◆❡ss❡ t✐♣♦ ❞❡ ✐♥t❡r❢❛❝❡✱ ❝♦♥s✐❞❡r❛♠♦s ✉♠ s✉❜str❛t♦ ♣❧❛♥♦ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦

♣❡r✐ó❞✐❝❛s q✉❡ ❝r❡s❝❡ ❧❛t❡r❛❧♠❡♥t❡ ❝♦♠ ♦ t❡♠♣♦✱ ♦✉ s❡❥❛✱ t❡♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ár❡❛

❝r❡s❝❡♥t❡✱ ♣♦ré♠✱ s❡♠ ❝✉r✈❛t✉r❛ ♠❛❝r♦s❝ó♣✐❝❛✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ❞♦♠í♥✐♦ ❝r❡s❝❡♥t❡ ♣♦❞❡

s❡r ✈✐st♦ ❝♦♠♦ ✉♠ ♠❡✐♦ t❡r♠♦ ❡♥tr❡ ♦s ❝❛s♦s ♣❧❛♥♦ ❡ ❝✉r✈♦✳

✷
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❋✐❣✉r❛ ✶✳✷✿ ■♠❛❣❡♠ ❞❡ ✉♠❛ ❝✉❧t✉r❛ ❞❡ ❝é❧✉❧❛s t✉♠♦r❛✐s ♦❜t✐❞❛ ✈✐❛ ♠✐❝r♦s❝♦♣✐❛ ó♣t✐❝❛ ♥♦
❧❛❜♦r❛tór✐♦ ❞❡ ❢ís✐❝❛ ❜✐♦❧ó❣✐❝❛ ❞❛ ❯❋❱✱ ❝♦rt❡s✐❛ ❞❡ ❚✐❛❣♦ ❱❡♥③❡❧✳

❆❧❣✉♥s ❞♦s ❛✈❛♥ç♦s ❛❧❝❛♥ç❛❞♦s ♥❛ ú❧t✐♠❛ ❞é❝❛❞❛ ❝❤❛♠❛r❛♠ ❛ ❛t❡♥çã♦ ♣❛r❛

❛ ❝❧❛ss❡ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ❑❛r❞❛r✕P❛r✐s✐✕❩❤❛♥❣ ✭❑P❩✮✱ ♦♥❞❡ ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧✲

t✉r❛s ✭❍❉s✮ ❡♠ ❞❂✶✰✶ ❢♦r❛♠ ♦❜t✐❞❛s ❡①❛t❛♠❡♥t❡ ❬✶✶❪✳ ❋♦✐ ♠♦str❛❞♦ ♣♦r Prä❤♦❢❡r

❡ ❙♣♦❤♥ q✉❡ ❛s ❍❉s ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛s ❞✐str✐❜✉✐çõ❡s ❚r❛❝②✲❲✐❞♦♠ ❞❛ t❡♦r✐❛

❞❡ ♠❛tr✐③❡s ❛❧❡❛tór✐❛s✳ ❊❧❡s ♦❜t✐✈❡r❛♠ q✉❡ ♥♦s ❝❛s♦s ♣❧❛♥♦s ❛ ❞✐str✐❜✉✐çã♦ é ❞❛❞❛ ♣❡❧♦

❡♥s❡♠❜❧❡ ❣❛✉ss✐❛♥♦ ♦rt♦❣♦♥❛❧ ✭●❖❊✮✲✭●❛✉ss✐❛♥ ♦rt❤♦❣♦♥❛❧ ❡♥s❡♠❜❧❡✮✱ ❡ ♥♦s ❝✉r✈♦s

♣❡❧♦ ❡♥s❡♠❜❧❡ ❣❛✉ss✐❛♥♦ ✉♥✐tár✐♦ ✭●❯❊✮✲✭●❛✉ss✐❛♥ ✉♥✐t❛r② ❡♥s❡♠❜❧❡✮✳ ❉❡ss❛ ❢♦r♠❛✱

♣♦❞❡♠♦s ❞✐③❡r q✉❡ ❛ ❝❧❛ss❡ ❑P❩ s❡ s✉❜❞✐✈✐❞❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❣❡♦♠❡tr✐❛ ❞❛ ✐♥t❡r❢❛❝❡✳

❆❧é♠ ❞❡ss❡s ❛✈❛♥ç♦s✱ ❡①♣❡r✐♠❡♥t♦s ♣r❡❝✐s♦s ❢♦r❛♠ r❡❛❧✐③❛❞♦s ✉t✐❧✐③❛♥❞♦ t✉r❜✉❧ê♥❝✐❛ ❡♠

❝r✐st❛❧✲❧íq✉✐❞♦ ♣♦r ❚❛❦❡✉❝❤✐ ❬✶✷❪✱ ♦♥❞❡ ❢♦r❛♠ ❝♦♥✜r♠❛❞♦s ♦s r❡s✉❧t❛❞♦s t❡ór✐❝♦s✳

❊①✐st❡ ✉♠❛ ❞✐s❝✉ssã♦ s♦❜r❡ ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❛ ❛♥á❧✐s❡ ❞❡ ❡s❝❛❧❛ ❡♠ ✐♥t❡r❢❛❝❡s

❝✉r✈❛s ❬✷✾✕✸✷❪✳ ■♥t❡r❡ss❛❞♦s ❡♠ r❡s♦❧✈❡r ❡ss❡ ✐♠♣❛ss❡✱ ♦s ♣❡sq✉✐s❛❞♦r❡s q✉❡ ❡st✉❞❛r❛♠

♦s ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s s❡ ♣r❡♦❝✉♣❛r❛♠ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❝♦♠ ❛ ❛♥á❧✐s❡ ❞❡ ❡s❝❛❧❛ ❞❛ r✉✲

❣♦s✐❞❛❞❡ ❬✶✾✕✷✶❪✳ ◆♦ ❡♥t❛♥t♦✱ ♦♥❞❡ ❛ ❛♥á❧✐s❡ ❞❡ ❡s❝❛❧❛ ❢✉♥❝✐♦♥❛✱ ♥ã♦ ❤á ❞✐st✐♥çã♦

❡♥tr❡ ♦ ❝❛s♦ ❝✉r✈♦ ❡ ♦ ♣❧❛♥♦✱ ♣♦✐s ♦s ❡①♣♦❡♥t❡s ❝rít✐❝♦s sã♦ ♦s ♠❡s♠♦s✳ ❈♦♠♦ ❞✐t♦

❛♥t❡r✐♦r♠❡♥t❡✱ ❡ss❛ ❞✐st✐♥çã♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❡st✉❞❛♥❞♦ ❛s ❍❉s ❞❡ ♠♦❞❡❧♦s ♥❛ ❝❧❛ss❡

❑P❩✱ ♣♦✐s ❡❧❛s ❞✐❢❡r❡♠ ❞♦ ❝✉r✈♦ ♣❛r❛ ♦ ♣❧❛♥♦✳ ❉❡ss❛ ❢♦r♠❛✱ s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❡st✉❞❛r

❛s ❍❉s ❡♠ ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s✱ ✐ss♦ ❛ ✜♠ ❞❡ ❛♥❛❧✐s❛r s❡ ❡❧❛s sã♦ ✐❣✉❛✐s ❛♦ ❝❛s♦ ❝✉r✈♦

♦✉ ❛♦ ♣❧❛♥♦✱ ♦✉ ❛✐♥❞❛ s❡ ❞✐❢❡r❡♠ ❞❡ ❛♠❜♦s ❡✱ ❛ss✐♠✱ s❛❜❡r s❡ ♦ ❞♦♠í♥✐♦ ❝r❡s❝❡♥t❡ é

✉♠❛ ❛♣r♦①✐♠❛çã♦ r❛③♦á✈❡❧ ♣❛r❛ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s✳

◆❡st❛ ❞✐ss❡rt❛çã♦ ❡st✉❞❛♠♦s ❞✐✈❡rs♦s ♠♦❞❡❧♦s ❞✐s❝r❡t♦s ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡♠ s✉❜✲
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✶ ■♥tr♦❞✉çã♦

str❛t♦s q✉❡ ❝r❡s❝❡♠ ❝♦♠ ♦ t❡♠♣♦✱ ♦✉ s❡❥❛✱ ❛ ❝❛❞❛ ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦ ♦ ♥ú♠❡r♦ ❞❡ sít✐♦s

❞❛ r❡❞❡ ❛✉♠❡♥t❛✳ ❯t✐❧✐③❛♥❞♦ ❛❧❣♦r✐t♠♦s q✉❡ ❞❡s❡♥✈♦❧✈❡♠♦s ❡♠ (1 + 1)d ❡ (2 + 1)d✱

❡st✉❞❛♠♦s ❛ ❞✐♥â♠✐❝❛ ❞♦s q✉❛tr♦ ♣r✐♠❡✐r♦s ❝✉♠✉❧❛♥t❡s ❞❛s ❍❉s ♣❛r❛ ❞✐❢❡r❡♥t❡s t❛①❛s

❞❡ ❝r❡s❝✐♠❡♥t♦✳ ◆♦ss♦s r❡s✉❧t❛❞♦s ♠♦str❛r❛♠ q✉❡ ❛♣❡s❛r ❞❡ ❤❛✈❡r ❢♦rt❡s ❝♦rr❡çõ❡s ♥❛

s✉❛ ❞✐♥â♠✐❝❛✱ ♦s ❝✉♠✉❧❛♥t❡s ❝♦♥✈❡r❣❡♠ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❛r❛ ♦s ❝✉♠✉❧❛♥t❡s ❞❛ ●❯❊

♥♦ ❝❛s♦ (1 + 1)d✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❛ ❣❡♦♠❡tr✐❛ ❝✉r✈❛✳ ❊♠ ❞✉❛s ❞✐♠❡♥sõ❡s✱

❛♣❡s❛r ❞❛s ❞✐str✐❜✉✐çõ❡s ❝✉r✈❛ ❡ ♣❧❛♥❛ ❛✐♥❞❛ ♥ã♦ t❡r❡♠ s✐❞♦ ❝❛❧❝✉❧❛❞❛s ❛♥❛❧✐t✐❝❛♠❡♥t❡✱

♦s ✈❛❧♦r❡s ❞♦s ♣r✐♠❡✐r♦s ❝✉♠✉❧❛♥t❡s ❞❡❧❛s ❢♦r❛♠ ♦❜t✐❞♦s ♥✉♠❡r✐❝❛♠❡♥t❡ ❬✷✻✕✷✽❪✳ P❛r❛

s✉❜str❛t♦s ❜✐❞✐♠❡♥s✐♦♥❛✐s✱ t❛♠❜é♠ ♦❜t✐✈❡♠♦s q✉❡ ♦s ❝✉♠✉❧❛♥t❡s ❝♦♥✈❡r❣❡♠ ❛ss✐♥t♦t✐✲

❝❛♠❡♥t❡ ♣❛r❛ ♦ ❝❛s♦ ❝✉r✈♦✳

◆♦s tr❛❜❛❧❤♦s ❬✷✵✱✷✶❪✱ s❡✉s ❛✉t♦r❡s ❛✜r♠❛♠ q✉❡ ♦ t❛♠❛♥❤♦ ✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛

♥ã♦ ❛❧t❡r❛ ❞❡ ❢♦r♠❛ s✐❣♥✐✜❝❛t✐✈❛ ❛ ❞✐♥â♠✐❝❛ ❞♦s ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s✳ ◆♦ ❡♥t❛♥t♦✱ ♥ós

♦❜s❡r✈❛♠♦s q✉❡ s❡ ♦ t❛♠❛♥❤♦ ✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛ é r❡❧❛t✐✈❛♠❡♥t❡ ❣r❛♥❞❡✱ ❛s ❍❉s t❡♥❞❡♠

♣r✐♠❡✐r♦ ❛ ●❖❊ ❡ s♦❢r❡♠ ✉♠ ❝r♦ss♦✈❡r ♣❛r❛ ●❯❊✱ ♦✉ s❡❥❛✱ t❡♠♦s ✉♠ ❝r♦ss♦✈❡r ❞❡

♣❧❛♥♦ ♣❛r❛ ❝✉r✈♦ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❛♠❛♥❤♦ ✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛✳
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❈❛♣ít✉❧♦ ✷

❈♦♥❝❡✐t♦s ❜ás✐❝♦s ❡♠ ❞✐♥â♠✐❝❛ ❞❡

✐♥t❡r❢❛❝❡

◆❡ss❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ✐♥tr♦❞✉③✐r ♦s ♣r✐♥❝✐♣❛✐s ❝♦♥❝❡✐t♦s ♥❡❝❡ssár✐♦s ♣❛r❛ s❡ ❝♦♠✲

♣r❡❡♥❞❡r ♦ tr❛❜❛❧❤♦ r❡❛❧✐③❛❞♦✳ ■♥✐❝✐❛r❡♠♦s ❞❡s❝r❡✈❡♥❞♦ ❜r❡✈❡♠❡♥t❡ ♦❜❥❡t♦s ❢r❛❝t❛✐s✱

♦♥❞❡ ✜❝❛rá ❝❧❛r❛ ✉♠❛ s✐♠❡tr✐❛ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♥♦ ❡st✉❞♦ ❞❡ ✐♥t❡r❢❛❝❡s✳ ❊♠ s❡❣✉✐❞❛

❞✐s❝✉t✐r❡♠♦s ❛ ❡s❝❛❧❛ ❞✐♥â♠✐❝❛ ❞❛ r✉❣♦s✐❞❛❞❡✱ q✉❡ é ❛ ♣r♦♣r✐❡❞❛❞❡ s✉♣❡r✜❝✐❛❧ ♠❛✐s

✉t✐❧✐③❛❞❛ ♣❛r❛ s❡ ❝❛r❛❝t❡r✐③❛r ❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s✳ ❉❡♣♦✐s ✈❛♠♦s ✐♥tr♦❞✉③✐r ♦

❝♦♥❝❡✐t♦ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♥♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ s✉♣❡r❢í❝✐❡✱ ❞❛♥❞♦ ♠❛✐♦r ❡♥❢❛s❡ ❛ ❝❧❛ss❡

❑P❩✱ q✉❡ s❡rá ♦ ❢♦❝♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✳ P❛r❛ ✜♥❛❧✐③❛r ♦ ❝❛♣ít✉❧♦ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ❛s

♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s✱ q✉❡ t❛♠❜é♠ sã♦ ♠✉✐t♦ út❡✐s ♥❛

❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ✐♥t❡r❢❛❝❡s✱ ❛❧é♠ ❞❡ s❡r❡♠ ♦ ♣♦♥t♦ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ♥♦ss♦ ❡st✉❞♦✳

✷✳✶ ❋r❛❝t❛✐s ❡ ❛✉t♦✲❛✜♥✐❞❛❞❡

◆❛ ❣❡♦♠❡tr✐❛ ❡✉❝❧✐❞✐❛♥❛ ❡①✐st❡♠ ❞❡✜♥✐çõ❡s ❞❡ ❞✐✈❡rs❛s ❢♦r♠❛s ❣❡♦♠étr✐❝❛s✱ ❝♦♠♦

❝✉❜♦s✱ ❝ír❝✉❧♦s✱ ♣❡♥tá❣♦♥♦s ❡ ♦✉tr♦s✳ ◆♦ ❡♥t❛♥t♦✱ ♥❡♠ s❡♠♣r❡ ♦s ♦❜❥❡t♦s ❡♥❝♦♥tr❛❞♦s

♥❛ ♥❛t✉r❡③❛ ♣♦❞❡♠ s❡r ❛♣r♦①✐♠❛❞♦s ♣♦r ❡ss❛s ❢♦r♠❛s ✐❞❡❛❧✐③❛❞❛s✳ P♦r ❝❛✉s❛ ❞❛ ❝♦♠✲

♣❧❡①✐❞❛❞❡ ❡♥✈♦❧✈✐❞❛ ♥❛ ❢♦r♠❛çã♦ ❞❡ ❛❧❣✉♥s s✐st❡♠❛s✱ ♣♦❞❡♠ ❛♣❛r❡❝❡r ✐rr❡❣✉❧❛r✐❞❛❞❡s

q✉❡ ♥ã♦ sã♦ tr❛tá✈❡✐s ♥❛ ❣❡♦♠❡tr✐❛ ❞❡✜♥✐❞❛ ♣♦r ❊✉❝❧✐❞❡s✳ ❊ss❛s ❡str✉t✉r❛s ❡①✐❣❡♠ ✉♠

❢♦r♠❛❧✐s♠♦ ♠❛t❡♠át✐❝♦ ♠❛✐s ❣❡r❛❧ ♣❛r❛ s❡r❡♠ ❡st✉❞❛❞❛s✳ ❇❡♥♦✐t ▼❛♥❞❡❧❜r♦t ❝❤❛♠♦✉
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✷✳✶ ❆✉t♦✲❛✜♥✐❞❛❞❡

❡ss❡s ♦❜❥❡t♦s ❝♦♠♣❧❡①♦s ❞❡ ❢r❛❝t❛✐s ❡ ✐♥✐❝✐♦✉ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❡ ❢♦r♠❛❧✐s♠♦✳ ❆s

s✉❛s ♣r✐♥❝✐♣❛✐s ✐❞❡✐❛s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✷✷❪ ❡ ✉♠❛ r❡✈✐sã♦ ❞❡ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s

❡♠ ❬✷✸❪✳

❋✐❣✉r❛ ✷✳✶✿ ❖❜❥❡t♦ ❡✉❝❧✐❞✐❛♥♦ ♦❜s❡r✈❛❞♦ ❡♠ ❞✐❢❡r❡♥t❡s ❡s❝❛❧❛s✳

❉❡ ♠❛♥❡✐r❛ s✐♠♣❧✐✜❝❛❞❛✱ ♣♦❞❡♠♦s ❞✐❢❡r❡♥❝✐❛r ♦❜❥❡t♦s ❢r❛❝t❛✐s ❞♦s ❡✉❝❧✐❞✐❛♥♦s

❛♥❛❧✐s❛♥❞♦ ♦ ❡❢❡✐t♦ ❞❡ ♠✉❞❛♥ç❛s ❞❛ ❡s❝❛❧❛ ❞❡ ♦❜s❡r✈❛çã♦ s♦❜r❡ s✉❛ ❢♦r♠❛✳ ❈♦♥s✐❞❡r❡

✉♠ ❝✐r❝✉❧♦ ❝♦♠♦ ❡①❡♠♣❧♦✳ ➚ ♠❡❞✐❞❛ q✉❡ ♦❜s❡r✈❛♠♦s ✉♠❛ ♣♦rçã♦ ❞♦ ❝✐r❝✉❧♦ ❝♦♠ ❝❛❞❛

✈❡③ ♠❛✐s ♠❛❣♥✐✜❝❛çã♦✱ ❡❧❛ ✈❛✐ t♦r♥❛♥❞♦✲s❡ ♠❛✐s s✉❛✈❡✳ ◗✉❛♥t♦ ♠❛✐♦r ❛ ♠❛❣♥✐✜❝❛çã♦✱

♠❡♥♦r ♣❛r❡❝❡ s❡r ❛ ❝✉r✈❛t✉r❛ ❞♦ ❛r❝♦✱ ❝♦♠♦ ♥❛ ✜❣✉r❛ ✷✳✶✱ ✐ss♦ ❛té ♦ ❧✐♠✐t❡ ❡♠ q✉❡ ♦

❛r❝♦ s❡ t♦r♥❛ ✉♠❛ r❡t❛✳ ❏á ❛s ❡str✉t✉r❛s ❢r❛❝t❛✐s ♥ã♦ s❡ s✉❛✈✐③❛♠ à ♠❡❞✐❞❛ ❡♠ q✉❡

sã♦ ♦❜s❡r✈❛❞❛s ❡♠ ❡s❝❛❧❛s ❝❛❞❛ ✈❡③ ♠❡♥♦r❡s✳ ❊ss❡s ♦❜❥❡t♦s sã♦ ♥❛ ✈❡r❞❛❞❡ ✐♥✈❛r✐❛♥t❡s

s♦❜r❡ ♠✉❞❛♥ç❛s ❞❡ ❡s❝❛❧❛✳

❯♠❛ ♠✉❞❛♥ç❛ ❞❡ ♠❛❣♥✐✜❝❛çã♦ ♣♦❞❡ s❡r ✈✐st❛ ♠❛t❡♠❛t✐❝❛♠❡♥t❡ ❝♦♠♦ ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ❞❡ ❡s❝❛❧❛✳ P❡♥s❛♥❞♦ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❝❛rt❡s✐❛♥♦✱ ❡ss❛

tr❛♥s❢♦r♠❛çã♦ s❡r✐❛ ❡q✉✐✈❛❧❡♥t❡ ❛ ♠✉❧t✐♣❧✐❝❛r ❝❛❞❛ ❡✐①♦ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡✱ ❝❤❛♠❛❞❛

❢❛t♦r ❞❡ ❡s❝❛❧❛✳ ◗✉❛♥❞♦ ✉t✐❧✐③❛♠♦s ❛ ♠❡s♠❛ ❝♦♥st❛♥t❡ ❡♠ t♦❞♦s ♦s ❡✐①♦s✱ t❡♠♦s ✉♠❛

tr❛♥s❢♦r♠❛çã♦ ✐s♦tró♣✐❝❛✱ s❡ ❢♦r ♦ ❝♦♥trár✐♦ ❡❧❛ é ❞✐t❛ ❛♥✐s♦tró♣✐❝❛✳ ❖❜❥❡t♦s ✐♥✈❛r✐✲

❛♥t❡s s♦❜r❡ ♠✉❞❛♥ç❛s ✐s♦tró♣✐❝❛s ❞❡ ❡s❝❛❧❛ sã♦ ❝❤❛♠❛❞♦s ❞❡ ❛✉t♦✕s✐♠✐❧❛r❡s✱ ♥♦ ❝❛s♦

❛♥✐s♦tró♣✐❝♦ sã♦ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❛✉t♦✲❛✜♥s✳ ◆❛ ✜❣✉r❛ ✷✳✷ t❡♠♦s ✉♠❛ ❡str✉t✉r❛ ❛✉t♦✲

❛✜♠✳ ◆♦t❡ ❝♦♠♦ ❛ ❝❛❞❛ ♥♦✈❛ ❛♠♣❧✐❛çã♦ ♦ ♦❜❥❡t♦ ♣❛r❡❝❡ ♠❛✐s ❛❝❤❛t❛❞♦✱ ✐ss♦ ♣♦rq✉❡

❡❧❡ ❡①✐❣❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❝♦♠ ❢❛t♦r ❞❡ ❡s❝❛❧❛ ❞✐❢❡r❡♥t❡ ❡♠ ❝❛❞❛ ❡✐①♦ ♣❛r❛ q✉❡ ❡❧❡

♠❛♥t❡♥❤❛ ❛s ♠❡s♠❛s ❝❛r❛❝t❡ríst✐❝❛s✳

P❛r❛ ✐❧✉str❛r ♠❡❧❤♦r ♦ q✉❡ é ✉♠ ❢r❛❝t❛❧ ✈❛♠♦s ✉s❛r ❝♦♠♦ ❡①❡♠♣❧♦ ♦ tr✐❛♥❣✉❧♦ ❞❡

✻



✷✳✶ ❆✉t♦✲❛✜♥✐❞❛❞❡

❋✐❣✉r❛ ✷✳✷✿ ❖❜❥❡t♦ ❢r❛❝t❛❧ ♦❜s❡r✈❛❞♦ ❡♠ ❞✐❢❡r❡♥t❡s ❡s❝❛❧❛s✳ ❋✐❣✉r❛ ❡①tr❛í❞❛ ❞❡
♠❛t❡♠❛t✐❝❛♥❛❝✐❞❛❞❡❧❛✳❜❧♦❣s♣♦t✳❝♦♠✳❜r

❙✐❡r♣✐♥s❦✳ ❊ss❡ ❢r❛❝t❛❧ é ♦❜t✐❞♦ ❛tr❛✈és ❞❡ ✉♠❛ r❡❣r❛ r❡❝✉rs✐✈❛✳ ❚♦♠❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡

✉♠ tr✐❛♥❣✉❧♦ ❡q✉✐❧át❡r♦ ❞❡ ❧❛❞♦ ✐❣✉❛❧ ❛ ✉♠✳ ❊♠ s❡❣✉✐❞❛✱ r❡t✐r❛♠♦s ✉♠ tr✐❛♥❣✉❧♦

❢♦r♠❛❞♦ ♣❡❧♦s s❡❣♠❡♥t♦s q✉❡ ✉♥❡♠ ♦s ♣♦♥t♦s ♠é❞✐♦s ❞♦s ❧❛❞♦s ❞♦ tr✐❛♥❣✉❧♦ ✐♥✐❝✐❛❧✳ ❆

❝❛❞❛ ♣❛ss♦ r❡♠♦✈❡♠♦s ✉♠ tr✐❛♥❣✉❧♦ ❡q✉✐❧át❡r♦ ❞♦ ❝❡♥tr♦ ❞❡ ❝❛❞❛ tr✐❛♥❣✉❧♦✱ ❝♦♠♦ ♥❛

✜❣✉r❛ ✷✳✸✭❛✮✳ ❆♣ós ✉♠ ♥ú♠❡r♦ ❣r❛♥❞❡ ❞❡ ✐t❡r❛çõ❡s ♦❜t❡♠♦s ❛ ✜❣✉r❛ ✷✳✸✭❜✮✳ ◆♦t❡

q✉❡ ♦ ♦❜❥❡t♦ é ❛✉t♦✕s✐♠✐❧❛r✱ s❡ ❛♠♣❧✐❛♠♦s ✉♠ ❞♦s tr✐â♥❣✉❧♦s ❞❛ ✜❣✉r❛ ✷✳✸✭❜✮ ✐r❡♠♦s

♦❜t❡r ❛ ♠❡s♠❛ ✜❣✉r❛ ♥♦✈❛♠❡♥t❡✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✷✳✸✿ ✭❛✮ ■❧✉str❛çã♦ ❞♦ ♣r♦❝❡ss♦ r❡❝✉rs✐✈♦ ❞❡ ❢♦r♠❛çã♦ ❞♦ tr✐❛♥❣✉❧♦ ❞❡ ❙✐❡r♣✐♥s❦✳ ✭❜✮
❖❜❥❡t♦ ♦❜t✐❞♦ ❞❡♣♦✐s ❞❡ ✉♠ ♥ú♠❡r♦ ❣r❛♥❞❡ ❞❡ ✐t❡r❛çõ❡s✳ ❋✐❣✉r❛ ❡①tr❛í❞❛ ❞❡ ❬✷✸❪✳

✼



✷✳✶ ❆✉t♦✲❛✜♥✐❞❛❞❡

❆♥❛❧✐s❛♥❞♦ ♦ tr✐❛♥❣✉❧♦ ❞❡ ❙✐❡r♣✐♥s❦ ♣♦❞❡♠♦s ❡✈✐❞❡♥❝✐❛r ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛

♠✉✐t♦ ✐♥tr✐❣❛♥t❡ ❞♦s ♦❜❥❡t♦s ❢r❛❝t❛✐s✿ ❡❧❡s ♥ã♦ ♣♦❞❡♠ s❡r ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡s❝r✐t♦s

♣❡❧❛s ❞✐♠❡♥sõ❡s ❡✉❝❧✐❞✐❛♥❛s✳ ❱❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ t❡♥t❛r ❝❛❧❝✉❧❛r ❛ s✉❛ ár❡❛✳ ◆♦ ♥í✈❡❧

③❡r♦ s✉❛ ár❡❛ é A0 =
√
3/4✳ ◆♦ ♣❛ss♦ s❡❣✉✐♥t❡ r❡t✐r❛♠♦s ✉♠ tr✐❛♥❣✉❧♦ ❞❡ ár❡❛ 1

22

√
3
4
✳

◆♦ ♥í✈❡❧ ❞♦✐s ✐r❡♠♦s r❡♠♦✈❡r três tr✐â♥❣✉❧♦s ❞❡ ár❡❛ 1
42

√
3
4
✳ ➱ s✐♠♣❧❡s ♠♦str❛r q✉❡ ♥♦

♣❛ss♦ N ❛ ár❡❛ é

AN = A0 −
√
3

12

N
∑

i=1

(

3

4

)i

. ✭✷✳✶✮

❙❡ N → ∞ ❛ s♦♠❛
∑N

i=1

(

3
4

)i → 3✱ ❡ ❛ss✐♠ ❛ ár❡❛ t♦t❛❧ ❞♦ tr✐â♥❣✉❧♦ ❞❡ ❙✐❡r♣✐♥s❦ t❡♥❞❡

♣❛r❛ ③❡r♦✳ P♦r ✐ss♦ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ❡ss❡ ♦❜❥❡t♦ ♥ã♦ ♣♦ss✉✐ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ❥á q✉❡

s✉❛ ár❡❛ é ♥✉❧❛✳

❆❣♦r❛ ✈❛♠♦s ❝❛❧❝✉❧❛r ♦ ♣❡rí♠❡tr♦✳ ◆♦ ♥í✈❡❧ ③❡r♦ ♦ ♣❡rí♠❡tr♦ é três✳ ◆♦ s❡❣✉♥❞♦

♣❛ss♦ t❡r❡♠♦s três tr✐â♥❣✉❧♦s ❞❡ ❧❛❞♦ 1/2✳ ◆♦ ♥í✈❡❧ ❞♦✐s t❡♠♦s ♥♦✈❡ tr✐â♥❣✉❧♦s ❞❡ ❧❛❞♦

1/4✳ ❆ss✐♠ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ ♣❡rí♠❡tr♦ ♥♦ ♣❛ss♦ N ♠✉❧t✐♣❧✐❝❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡

tr✐â♥❣✉❧♦s✱ 3N ✱ ♣❡❧♦ ♣❡rí♠❡tr♦ ❞❡ ❝❛❞❛ tr✐â♥❣✉❧♦ ✱ 3/2N ✱ r❡s✉❧t❛♥❞♦ ❡♠

PN = 3N
3

2N
= 3

(

3

2

)N

. ✭✷✳✷✮

❉❡ss❛ ❢♦r♠❛✱ q✉❛♥❞♦ N → ∞ ♦ ♣❡rí♠❡tr♦ PN → ∞✳ ❆ss✐♠ ♦ tr✐â♥❣✉❧♦ ❞❡ ❙✐❡r♣✐♥s❦

♥ã♦ ♣♦❞❡ s❡r ♠❡❞✐❞♦ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦✳

◆♦t❡♠♦s q✉❡ ♦ tr✐â♥❣✉❧♦ ❞❡ ❙✐❡r♣✐♥s❦ ♥ã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ♣♦r ❞✉❛s ❞✐♠❡♥sõ❡s✱

♣♦✐s s✉❛ ár❡❛ s❡ ❛♥✉❧❛✱ ❡ t❛♠❜é♠ ♥ã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t♦ ♣♦r ✉♠❛ ú♥✐❝❛ ❞✐♠❡♥sã♦✱ ♣♦✐s

s❡✉ ♣❡rí♠❡tr♦ ❞✐✈❡r❣❡✳ ❆ss✐♠✱ é ❝♦♠♦ s❡ ❡ss❡ ♦❜❥❡t♦ ♣♦ss✉íss❡ ✉♠ ♥ú♠❡r♦ ❞❡ ❞✐♠❡♥sõ❡s

❢r❛❝✐♦♥ár✐♦✱ ❡♥tr❡ ✉♠❛ ❡ ❞✉❛s ❞✐♠❡♥sõ❡s ❡✉❝❧✐❞✐❛♥❛s✳ ❉❛í ✈❡♠ ♦ ♥♦♠❡ ❞❡ ❢r❛❝t❛❧✱

❥á q✉❡ ❡❧❡ ♥ã♦ ♣♦❞❡ s❡r ♠❡♥s✉r❛❞♦ ♣❡❧❛s ❞✐♠❡♥sõ❡s ✐♥t❡✐r❛s ❞❡✜♥✐❞❛s ♣♦r ❊✉❝❧✐❞❡s✳

◆♦ ❢♦r♠❛❧✐s♠♦ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ▼❛♥❞❡❧❜r♦t✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ ❞✐♠❡♥sã♦ ❢r❛❝t❛❧ ❞♦

tr✐â♥❣✉❧♦ ❞❡ ❙✐❡r♣✐♥s❦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❬✻✱✷✸❪✱

df = lim
l→0

lnS(l)

ln 1/l
, ✭✷✳✸✮

♦♥❞❡ S(l) é ♦ ♥ú♠❡r♦ ❞❡ tr✐â♥❣✉❧♦s ❞❡ ❧❛❞♦ l ♥❡❝❡ssár✐♦s ♣❛r❛ r❡❝♦❜r✐r t♦❞♦ ♦ ♦❜❥❡t♦ ❞❡

✽



✷✳✷ ❊s❝❛❧❛ ❞✐♥â♠✐❝❛ ❞❛ r✉❣♦s✐❞❛❞❡

❙✐❡r♣✐♥s❦✳ ❈♦♠♦ ❥á ✈✐♠♦s ♣❡❧♦s ❝á❧❝✉❧♦s ❞❛ ár❡❛ ❡ ❞♦ ♣❡rí♠❡tr♦✱ ♥♦ ♥í✈❡❧ N ♦ ♥ú♠❡r♦

❞❡ tr✐â♥❣✉❧♦s é 3N ❡ ♦ ❧❛❞♦ ❞❡❧❡s é (1/2)N ✳ ❯s❛♥❞♦ ✐ss♦ ♥❛ ❡q✳ ✷✳✸ t❡r❡♠♦s

df = lim
N→∞

ln 3N

ln 2N
=

ln 3

ln 2
≈ 1, 5850 . ✭✷✳✹✮

❆ss✐♠ ♥♦t❛♠♦s q✉❡✱ ❞❡ ❢❛t♦✱ ❛ ❞✐♠❡♥sã♦ ❢r❛❝t❛❧ ❞♦ tr✐❛♥❣✉❧♦ ❞❡ ❙✐❡r♣✐♥s❦ é 1 < df < 2✳

❖ tr✐â♥❣✉❧♦ ❞❡ ❙✐❡r♣✐♥s❦ é ✉♠ ❡①❡♠♣❧♦ ❞❡ ❢r❛❝t❛❧ ❞❡t❡r♠✐♥íst✐❝♦✱ ♣♦✐s é ♣r♦✲

❞✉③✐❞♦ ♣♦r ✉♠❛ r❡❣r❛ r❡❝✉rs✐✈❛✳ ❯♠❛ ❛♠♣❧✐❛çã♦ ❞❛ ✜❣✉r❛ ❧❡✈❛ ❛ ✉♠❛ r❡♣r♦❞✉çã♦

✐❞ê♥t✐❝❛ ❞♦ ♦❜❥❡t♦✱ ❛ss✐♠ s✉❛ ❛✉t♦✕s✐♠✐❧❛r✐❞❛❞❡ é ❡①❛t❛✳ ◆❛ ♥❛t✉r❡③❛✱ ❡♥❝♦♥tr❛♠♦s

♦❜❥❡t♦s ❛✉t♦✕s✐♠✐❧❛r❡s ♦✉ ❛✉t♦✕❛✜♥s ❡♠ ✉♠ s❡♥t✐❞♦ ♠❡♥♦s rí❣✐❞♦✳ P♦r ❡①❡♠♣❧♦✱ s❡

t♦♠❛♠♦s ❛ ❢♦❧❤❛ ❞❛ ✜❣✉r❛ ✷✳✷✱ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ ✉♠ r❛♠♦ ❡①tr❛í❞♦ ❞❡❧❛ s❡ ♣❛r❡❝❡

❝♦♠ ❛ ❢♦❧❤❛ ✐♥t❡✐r❛✱ ♥♦ ❡♥t❛♥t♦✱ ❡ss❡ ♣❡q✉❡♥♦ r❛♠♦ ♥ã♦ é ✉♠❛ r❡♣r♦❞✉çã♦ ✐❞ê♥t✐❝❛

❞♦ ♦❜❥❡t♦ ❝♦♠♦ ✉♠ t♦❞♦✳ ❊♠ ✐♥t❡r❢❛❝❡s✱ s❡ t❡♠♦s ✉♠❛ s✉♣❡r❢í❝✐❡ ❛✉t♦✲❛✜♠✱ ❡st❛♠♦s

❞✐③❡♥❞♦ q✉❡ ✉♠❛ ♣♦rçã♦ ❞❡❧❛ r❡❡s❝❛❧❛❞❛ ❞❡ ♠❛♥❡✐r❛ ❛♣r♦♣r✐❛❞❛ ♣♦ss✉✐ ❛s ♠❡s♠❛s ♣r♦✲

♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s q✉❡ ❛ ✐♥t❡r❢❛❝❡ ❝♦♠♦ ✉♠ t♦❞♦✳ P♦r ✐ss♦✱ ❡♠ ❢❡♥ô♠❡♥♦s ♥❛t✉r❛✐s

❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❛✉t♦✕s✐♠✐❧❛r✐❞❛❞❡ ♥♦ s❡♥t✐❞♦ ❡st❛tíst✐❝♦✳

❆ ❛✉t♦✕❛✜♥✐❞❛❞❡ é ✉♠❛ s✐♠❡tr✐❛ ♠✉✐t♦ út✐❧ ♥♦ ❡st✉❞♦ ❞❡ ✐♥t❡r❢❛❝❡s✳ ❙❡ ❝♦♥s✐❞❡✲

r❛♠♦s q✉❡ h(~x, t) é ❛ ❛❧t✉r❛ ❞❡ ❝❛❞❛ ♣♦♥t♦ ❞❡ ✉♠❛ ✐♥t❡r❢❛❝❡ ❡♠ ✉♠ ✐♥st❛♥t❡ ❞❡ t❡♠♣♦✱

✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❡s❝❛❧❛ ❛♥✐s♦tró♣✐❝❛ ❣❡r❛❧ s❡rá

~x → ~x′ ≡ b~x , h → h′ ≡ bαh e t → t′ ≡ bzt , ✭✷✳✺✮

♦♥❞❡ b é ✉♠ ❢❛t♦r ❞❡ ❡s❝❛❧❛ ❛r❜✐trár✐♦✱ ♦s ❡①♣♦❡♥t❡s α ❡ z sã♦ r❡❧❛❝✐♦♥❛❞♦s à ❛♥✐s♦tr♦♣✐❛

❞❛ tr❛♥s❢♦r♠❛çã♦✳ ❙❡ ❡ss❛ ✐♥t❡r❢❛❝❡ ❢♦r ❛✉t♦✕❛✜♠✱ ❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❡ h sã♦

✐❣✉❛✐s ❛s ❞❡ h′✳ ❊ss❛ s✐♠❡tr✐❛ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞❛ ❡♠ ❝á❧❝✉❧♦s ❛♥❛❧ít✐❝♦s✱ ❝♦♠♦ ❢❛r❡♠♦s

♥❛ s❡çã♦ ✷✳✸✳✸✳

✷✳✷ ❊s❝❛❧❛ ❞✐♥â♠✐❝❛ ❞❛ r✉❣♦s✐❞❛❞❡

❆s ❞✐✈❡rs❛s ✐♥t❡r❢❛❝❡s ❡♥❝♦♥tr❛❞❛s ♥❛ ♥❛t✉r❡③❛ sã♦ ❢r✉t♦ ❞❛s ♠❛✐s ❞✐st✐♥t❛s ✐♥✲

t❡r❛çõ❡s ❢✉♥❞❛♠❡♥t❛✐s ❡♥tr❡ s❡✉s ❝♦♥st✐t✉✐♥t❡s✳ ◆♦ ❡♥t❛♥t♦✱ ♥♦t❛✲s❡ q✉❡ s✐st❡♠❛s ♠✉✐t♦

✾



✷✳✷ ❊s❝❛❧❛ ❞✐♥â♠✐❝❛ ❞❛ r✉❣♦s✐❞❛❞❡

❞✐st✐♥t♦s ♣♦❞❡♠ ❛♣r❡s❡♥t❛r ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s s✐♠✐❧❛r❡s✳ ❊ss❡ ❝♦♠♣♦rt❛♠❡♥t♦

✉♥✐✈❡rs❛❧ t✐♣✐❝❛♠❡♥t❡ ❛♣❛r❡❝❡ ♥❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❡s❝❛❧❛ ❞❛ r✉❣♦s✐❞❛❞❡✳ P❛r❛ ❞❡✜♥✐r ❛

r✉❣♦s✐❞❛❞❡ ❞❡✈❡♠♦s✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ❞❡✜♥✐r ❛ ❛❧t✉r❛ ♠é❞✐❛✱ q✉❡ ❡♠ ✉♠❛ r❡❞❡ ❞✐s❝r❡t❛

❝♦♠ L sít✐♦s ♣♦ss✉✐ ❛ ❢♦r♠❛

h(t) =
1

L

L
∑

i=1

hi(t) , ✭✷✳✻✮

♦♥❞❡ hi é ❛ ❛❧t✉r❛ ❞♦ ✐✲és✐♠♦ sít✐♦ ❞❛ r❡❞❡ ❡ ❛ s♦♠❛ é ❢❡✐t❛ s♦❜r❡ t♦❞♦s ♦s sít✐♦s ❞❛

s✉♣❡r❢í❝✐❡✳ ❆ r✉❣♦s✐❞❛❞❡ ❞❛ ✐♥t❡r❢❛❝❡✱ q✉❡ ❝❛r❛❝t❡r✐③❛ ❛s ✢✉t✉❛çõ❡s ❡♠ t♦r♥♦ ❞❛ ♠é❞✐❛✱

é s✐♠♣❧❡s♠❡♥t❡ ♦ ❞❡s✈✐♦ q✉❛❞rát✐❝♦ ♠é❞✐♦ ❞❛s ❛❧t✉r❛s✱ ❞❛❞♦ ♣♦r

W (L, t) =

√

√

√

√

〈

1

L

L
∑

i=1

(hi(t)− h(t))2

〉

. ✭✷✳✼✮

♦♥❞❡ 〈. . . 〉 s✐❣♥✐✜❝❛ ✉♠❛ ♠é❞✐❛ s♦❜r❡ ❞✐❢❡r❡♥t❡s ❛♠♦str❛s✳

◗✉❛♥❞♦ ❡st✉❞❛♠♦s ♣r♦❜❧❡♠❛s ❡♠ ❣❡♦♠❡tr✐❛ ♣❧❛♥❛✱ ♥♦r♠❛❧♠❡♥t❡ ✐♥✐❝✐❛♠♦s ❝♦♠

✉♠ s✉❜str❛t♦ ❧✐s♦ ❡✱ ♣♦rt❛♥t♦✱ ❝♦♠ r✉❣♦s✐❞❛❞❡ ♥✉❧❛✳ ➚ ♠❡❞✐❞❛ q✉❡ ❛s ♣❛rtí❝✉❧❛s ✈ã♦

s❡♥❞♦ ❛❞✐❝✐♦♥❛❞❛s ❛♦ s✉❜str❛t♦✱ ♠❛✐s ❛❧t✉r❛s sã♦ ❛❝❡ssí✈❡✐s ❛♦ s✐st❡♠❛✱ ❛✉♠❡♥t❛♥❞♦ ❛s

✢✉t✉❛çõ❡s ❡♠ t♦r♥♦ ❞❛ ♠é❞✐❛✱ ✐♠♣❧✐❝❛♥❞♦ ♥✉♠ ❛✉♠❡♥t♦ ❞❛ r✉❣♦s✐❞❛❞❡✳ ■♥❞❡♣❡♥❞❡♥t❡

❞❛s ♣❡❝✉❧✐❛r✐❞❛❞❡s ❞❡ ❝❛❞❛ s✐st❡♠❛✱ ❝♦♥t❛♥t♦ q✉❡ ❛s ♣❛rtí❝✉❧❛s ❞❡♣♦s✐t❛❞❛s ✐♥✢✉❡♥❝✐❡♠

♥❛ ❞❡♣♦s✐çã♦ ❡♠ sít✐♦s ✈✐③✐♥❤♦s✱ ❛ r✉❣♦s✐❞❛❞❡ ❡✈♦❧✉✐ q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ❝♦♠♦ ♥❛ ✜❣✉r❛

✷✳✹✳ ◆❡ss❡ ❣rá✜❝♦ ♣♦❞❡♠♦s ✈❡r q✉❡ ❛ r✉❣♦s✐❞❛❞❡ ❛♣r❡s❡♥t❛ ❞♦✐s r❡❣✐♠❡s ❝❛r❛❝t❡ríst✐❝♦s✳

■♥✐❝✐❛❧♠❡♥t❡ ❡❧❛ ❝r❡s❝❡ ❝♦♠♦ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❡ ❞❡♣♦✐s ❤á ✉♠ ❝r♦ss♦✈❡r ♣❛r❛ ✉♠

r❡❣✐♠❡ ❞❡ s❛t✉r❛çã♦✱ ♦♥❞❡ ♣❛ss❛ ❛ ✢✉t✉❛r ❡♠ t♦r♥♦ ❞❡ ✉♠ ✈❛❧♦r ♠é❞✐♦✳ ❊st❛ ❞✐♥â♠✐❝❛

✐♥✐❝✐❛❧ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ r❡❣✐♠❡ ❞❡ ❝r❡s❝✐♠❡♥t♦✱ ❡ ♥❡❧❛ ❛ r✉❣♦s✐❞❛❞❡ s❡❣✉❡ ❛ ❢♦r♠❛

W (L, t) ∼ tβ ♣❛r❛ t ≪ tx , ✭✷✳✽✮

♦♥❞❡ β é ♦ ❡①♣♦❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❛ ❞✐♥â♠✐❝❛ ❞❛ r✉❣♦s✐❞❛❞❡✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❡①♣♦❡♥t❡

❞❡ ❝r❡s❝✐♠❡♥t♦✱ ❡ tx é ♦ t❡♠♣♦ ❞❡ ❝r♦ss♦✈❡r ❡♥tr❡ ♦s ❞♦✐s r❡❣✐♠❡s✳ ◆♦r♠❛❧♠❡♥t❡ ❛

✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦ é ❞❡✜♥✐❞❛ t❛❧ q✉❡ ❡♠ ∆t = 1 t❡♥t❛♠♦s ❞❡♣♦s✐t❛r ✉♠❛ ♠♦♥♦❝❛♠❛❞❛

❞❡ ♣❛rtí❝✉❧❛s✳

✶✵



✷✳✷ ❊s❝❛❧❛ ❞✐♥â♠✐❝❛ ❞❛ r✉❣♦s✐❞❛❞❡

❋✐❣✉r❛ ✷✳✹✿ ❈♦♠♣♦rt❛♠❡♥t♦ tí♣✐❝♦ ❞❛ r✉❣♦s✐❞❛❞❡ ❝♦♠♦ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳ ❆s ❧✐♥❤❛s
tr❛❝❡❥❛❞❛s ✐❧✉str❛♠ ♦ ♠ét♦❞♦ ❝♦♠✉♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡st✐♠❛r ♦ t❡♠♣♦ ❞❡ s❛t✉r❛çã♦ tx✳

❆♣ós ❡ss❡ r❡❣✐♠❡ ❞❡ ❝r❡s❝✐♠❡♥t♦✱ t❡♠♦s ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ r❡❧❛❝✐♦♥❛❞♦ ❛♦

tr❛♥s✐❡♥t❡ ♣❛r❛ ♦ r❡❣✐♠❡ ❞❡ s❛t✉r❛çã♦✳ ◆❡ss❡ ♥♦✈♦ r❡❣✐♠❡ ❛ r✉❣♦s✐❞❛❞❡ ✢✉t✉❛ ❡♠ t♦r♥♦

❞❡ ✉♠ ✈❛❧♦r ✜①♦✱ ❡ ❛ss✐♠ t❡♠♦s

W (L, t) = Wsat(L) ♣❛r❛ t ≫ tx . ✭✷✳✾✮

t

W
(L
,t
)

L

2L

4L

8L

16L

❋✐❣✉r❛ ✷✳✺✿ ❈♦♠♣♦rt❛♠❡♥t♦ tí♣✐❝♦ ❞❛ r✉❣♦s✐❞❛❞❡ ♣❛r❛ s✐st❡♠❛s ❞❡ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s✳

❈♦♠♦ ♠♦str❛ ❛ ✜❣✉r❛ ✷✳✺✱ ❡ss❡ ✈❛❧♦r ❞❡ s❛t✉r❛çã♦ ❞❡♣❡♥❞❡ ❞♦ t❛♠❛♥❤♦ ❞♦

✶✶



✷✳✷ ❊s❝❛❧❛ ❞✐♥â♠✐❝❛ ❞❛ r✉❣♦s✐❞❛❞❡

s✐st❡♠❛✳ ❙❡ tr❛ç❛♠♦s ✉♠ ❣rá✜❝♦ ❝♦♠ ♦s ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ Wsat ❡♠ ❢✉♥çã♦ ❞♦

t❛♠❛♥❤♦ ❞♦ s✐st❡♠❛ ✭✜❣✉r❛ ✷✳✻✭❛✮✮✱ ♥♦t❛♠♦s q✉❡ ♦ ✈❛❧♦r ❞❡ s❛t✉r❛çã♦ ❝r❡s❝❡ ❝♦♠♦

✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛✱ ❛ss✐♠ t❡♠♦s

Wsat(L) ∼ Lα , ✭✷✳✶✵✮

♦♥❞❡ α é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❡①♣♦❡♥t❡ ❞❡ r✉❣♦s✐❞❛❞❡✳

❆ss✐♠ ❝♦♠♦ ♦ ✈❛❧♦r ❞❡ s❛t✉r❛çã♦ ❝r❡s❝❡ ❝♦♠ ♦ t❛♠❛♥❤♦ ❞♦ s✐st❡♠❛✱ ♦ t❡♠♣♦

❞❡ s❛t✉r❛çã♦ tx t❛♠❜é♠ ❛✉♠❡♥t❛✳ ❖ ♠ét♦❞♦ ♥♦r♠❛❧♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❡st✐♠❛r ❡ss❡

✈❛❧♦r ❢♦✐ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✷✳✹✳ ❇❛s✐❝❛♠❡♥t❡ é ♦ t❡♠♣♦ q✉❡ ♦ ♣r♦❧♦♥❣❛♠❡♥t♦ ❞♦ r❡❣✐♠❡

❞❡ ❝r❡s❝✐♠❡♥t♦ ❣❛st❛r✐❛ ♣❛r❛ ❛❧❝❛♥ç❛r ♦ ✈❛❧♦r ❞❡ s❛t✉r❛çã♦✳ ❆♥❛❧✐s❛♥❞♦ ❛ ❞❡♣❡♥❞ê♥❝✐❛

❞❡ tx ❝♦♠ L✱ ✜❣✉r❛ ✷✳✻✭❜✮✱ ♦❜t❡♠♦s

tx ∼ Lz , ✭✷✳✶✶✮

♦♥❞❡ z é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❡①♣♦❡♥t❡ ❞✐♥â♠✐❝♦✳

L

W
s
a
t

L
α

✭❛✮

L

t x L
z

✭❜✮

❋✐❣✉r❛ ✷✳✻✿ ❈♦♠♣♦rt❛♠❡♥t♦s tí♣✐❝♦s✿✭❛✮ ❞❛ r✉❣♦s✐❞❛❞❡ ❞❡ s❛t✉r❛çã♦ ❡♠ ❢✉♥çã♦ ❞♦ t❛♠❛♥❤♦
❞♦ s✐st❡♠❛✱ ✭❜✮ ❞♦ t❡♠♣♦ ❞❡ s❛t✉r❛çã♦ ❡♠ ❢✉♥çã♦ ❞♦ t❛♠❛♥❤♦ ❞♦ s✐st❡♠❛✳

❆ s❛t✉r❛çã♦ ❞❛ r✉❣♦s✐❞❛❞❡ é ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ ✉♠ ♣r♦❝❡ss♦ ♠❛✐s s✉t✐❧ q✉❡ ♦❝♦rr❡

♥❛ ✐♥t❡r❢❛❝❡ ❞✉r❛♥t❡ ♦ ❝r❡s❝✐♠❡♥t♦✳ ❊ss❡ ♣♦❞❡ s❡r ❡①♣❧✐❝✐t❛❞♦ ♥♦t❛♥❞♦ q✉❡ q✉❛♥❞♦

♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ ✉♠ sít✐♦ ❞❡♣❡♥❞❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❞♦s s❡✉s ✈✐③✐♥❤♦s✱ ❡①✐st❡ ✉♠❛

❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛s ❛❧t✉r❛s ❞❛ ✐♥t❡r❢❛❝❡✳ ❆ ♠❡❞✐❞❛ q✉❡ ❛s ♣❛rtí❝✉❧❛s ✈ã♦ s❡♥❞♦ ❛❞✐✲
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✷✳✸ ❈❧❛ss❡s ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♥❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s

❝✐♦♥❛❞❛s✱ ❝♦rr❡❧❛çõ❡s s❡ ♣r♦♣❛❣❛♠ ♣❡❧❛ s✉♣❡r❢í❝✐❡✳ ❆ss✐♠✱ ❡①✐st❡ ✉♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡

❝♦rr❡❧❛çã♦ ❧❛t❡r❛❧ ✭ξ||✮ ❞❡♥tr♦ ❞♦ q✉❛❧ ❞♦✐s sít✐♦s ♣♦❞❡♠ s❡r ❞✐t♦s ❝♦rr❡❧❛❝✐♦♥❛❞♦s✳ ❊ss❡

❝♦♠♣r✐♠❡♥t♦ ❝r❡s❝❡ ❞❡ ❛❝♦r❞♦ ❝♦♠

ξ|| ∼ t1/z . ✭✷✳✶✷✮

◗✉❛♥❞♦ ξ|| ≈ L✱ ♦ s✐st❡♠❛ s❡ ❡♥❝♦♥tr❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✳ ❆ss✐♠✱ ❛

❞✐♥â♠✐❝❛ ❞❡ ❝❛❞❛ sít✐♦ ♣❛ss❛ ❛ ❡st❛r r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ t♦❞♦s ♦s ❞❡♠❛✐s✱ ✐♠♣❡❞✐♥❞♦ q✉❡

❛s ✢✉t✉❛çõ❡s ❡♠ t♦r♥♦ ❞❛ ♠é❞✐❛ ❛✉♠❡♥t❡♠✱ ♣♦r ✐ss♦ ❛ r✉❣♦s✐❞❛❞❡ ♣❛r❛ ❞❡ ❝r❡s❝❡r✳

P♦❞❡♠♦s ❛❝❤❛r ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦s ❡①♣♦❡♥t❡s α✱ β ❡ z ❛tr❛✈és ❞❡ ✉♠ r❛❝✐♦❝í♥✐♦

❜❡♠ s✐♠♣❧❡s✳ ❙❡ ❛❝♦♠♣❛♥❤❛r♠♦s ❛ ❡✈♦❧✉çã♦ ❞❛ r✉❣♦s✐❞❛❞❡✱ s❡ ♥♦s ❛♣r♦①✐♠❛r♠♦s

❞❡ tx ♣❡❧♦ r❡❣✐♠❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ t❡♠♦s W (L, t) ∼ tβx✱ ❥á ♣❡❧♦ ❞❡ s❛t✉r❛çã♦ t❡♠♦s

W (L, t) = Wsat ∼ Lα✳ ❉❡ss❛ ❢♦r♠❛✱ ♥♦ ❝r♦ss♦✈❡r t❡r❡♠♦s tβx ∼ Lα✱ ❛ss✐♠ ❞❛ ❡q✳ ✷✳✶✶

❝♦♥❝❧✉í♠♦s q✉❡ Lβz ∼ Lα✱ ❧♦❣♦

zβ = α . ✭✷✳✶✸✮

✷✳✸ ❈❧❛ss❡s ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♥❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r✲

❢❛❝❡s

❙✐st❡♠❛s ♥♦s q✉❛✐s ❛ ❞✐♥â♠✐❝❛ ❡♥✈♦❧✈❡ ❛ ❡✈♦❧✉çã♦ ❞❡ ✐♥t❡r❢❛❝❡s sã♦ ♦♥✐♣r❡s❡♥t❡s

♥❛ ♥❛t✉r❡③❛✳ ❊ss❡ t✐♣♦ ❞❡ ❢❡♥ô♠❡♥♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ♥❛s ♠❛✐s ❞✐st✐♥t❛s ❡s❝❛❧❛s✳

❉❡s❞❡ s✐st❡♠❛s ♠✉✐t♦ ❣r❛♥❞❡s✱ ❝♦♠♦ ♣r♦❝❡ss♦s ❞❡ ❡r♦sã♦ ❞❡ t❡rr❡♥♦s ❡ ♠♦♥t❛♥❤❛s✱ ❛té

s✐st❡♠❛s ♠✉✐t♦ ♣❡q✉❡♥♦s✱ ❝♦♠♦ ❞❡♣♦s✐çã♦ ❞❡ ✜❧♠❡s ✜♥♦s✳ ❉❡ss❛ ❢♦r♠❛✱ é ❡✈✐❞❡♥t❡ q✉❡

❡ss❡s s✐st❡♠❛s sã♦ ♣r♦❞✉③✐❞♦s ♣❡❧♦s ♠❛✐s ❝♦♠♣❧❡①♦s ❡ ❞✐st✐♥t♦s ♠❡❝❛♥✐s♠♦s ❢✉♥❞❛♠❡♥✲

t❛✐s✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ❥á ❞✐t♦✱ ❛♣❡s❛r ❞❛s ❣r❛♥❞❡s ❞✐❢❡r❡♥ç❛s ❡♥tr❡ ❡ss❡s s✐st❡♠❛s✱

♥♦t❛✲s❡ q✉❡ s✐st❡♠❛s ♠✉✐t♦ ❞✐st✐♥t♦s ♣♦❞❡♠ ❛♣r❡s❡♥t❛r ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s s✐♠✲

✐❧❛r❡s✳ ❊ss❛s s❡♠❡❧❤❛♥ç❛s s✉❣❡r❡♠ q✉❡ ♣♦❞❡♠♦s ❛❣r✉♣❛r ♦s s✐st❡♠❛s ❡♠ ❝❧❛ss❡s ❞❡

✉♥✐✈❡rs❛❧✐❞❛❞❡✳ ❆ ❞❡✜♥✐çã♦ ♠❛✐s ❝♦♠✉♠ ❞❡ ❝❧❛ss❡ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ❞✐③ q✉❡ s✐st❡♠❛s

q✉❡ ♣♦ss✉❡♠ ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦ ❞❡ ❡①♣♦❡♥t❡s ❝rít✐❝♦s ♣❡rt❡♥❝❡♠ ❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ✉♥✐✲

✈❡rs❛❧✐❞❛❞❡✳ ◆♦ ❡♥t❛♥t♦✱ ❛s s❡♠❡❧❤❛♥ç❛s ♥ã♦ ♣❛r❛♠ ♥❡ss❡s ❡①♣♦❡♥t❡s✱ ❞❡♥tr♦ ❞❡ ✉♠❛
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✷✳✸ ❈❧❛ss❡s ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♥❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s

♠❡s♠❛ ❝❧❛ss❡ ❡♥❝♦♥tr❛r❡♠♦s ✉♥✐✈❡rs❛❧✐❞❛❞❡ ❡♠ ❞✐✈❡rs❛s ♣r♦♣r✐❡❞❛❞❡s✱ ♣♦r ❡①❡♠♣❧♦✱

♥❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s ❬✶✶✱✹✹❪✱ ❞✐str✐❜✉✐çõ❡s ❞❡ ❡①tr❡♠♦s ❬✹✺✱✹✻❪ ❡ ❞✐str✐❜✉✐çã♦ ❞❡

r✉❣♦s✐❞❛❞❡ ❬✹✼✱✹✽❪✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❛s s❡♠❡❧❤❛♥ç❛s t❛♠❜é♠ s✉❣❡r❡♠ q✉❡ ❛s ❞✐♥â♠✐❝❛s

❞❡ s✐st❡♠❛s ♣❡rt❡♥❝❡♥t❡s ❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♣♦❞❡♠ s❡r ♠♦❞❡❧❛❞❛s ♣♦r

✉♠❛ ♠❡s♠❛ ❡q✉❛çã♦ ❡st♦❝ást✐❝❛✳ ❈❛❞❛ ❡q✉❛çã♦✱ ❛ss✐♠ ❝♦♠♦ ❛s ❝❧❛ss❡s ❞❡ ✉♥✐✈❡rs❛❧✲

✐❞❛❞❡✱ ♣♦ss✉✐ ♦s ♣r✐♥❝✐♣❛✐s ♠❡❝❛♥✐s♠♦s ❡ s✐♠❡tr✐❛s ❡♥✈♦❧✈✐❞❛s ♥♦ t✐♣♦ ❞❡ ✐♥t❡r❢❛❝❡ ❛s

q✉❛✐s ❡❧❛ ❡stá r❡❧❛❝✐♦♥❛❞❛✳

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❞✐s❝✉t✐r três ❝❧❛ss❡s ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡✿ ❞❡♣♦s✐çã♦ ❛❧❡❛tór✐❛

✭❘❉✮✱ ❊❞✇❛r❞s✕❲✐❧❦✐♥s♦♥ ✭❊❲✮ ❡ ❑❛r❞❛r✕P❛r✐s✐✕❩❤❛♥❣✭❑P❩✮✳ ❆♣❡s❛r ❞❡ ♥♦ss♦s ♣r✐♥✲

❝✐♣❛✐s r❡s✉❧t❛❞♦s ❡st❛r❡♠ r❡❧❛❝✐♦♥❛❞♦s ❛ ❝❧❛ss❡ ❑P❩✱ é út✐❧ ❞✐s❝✉t✐r ❡ss❛s ♦✉tr❛s ❝❧❛ss❡s

♣❛r❛ ✐♥tr♦❞✉③✐r ❞❡ ❢♦r♠❛ ❣r❛❞✉❛❧ ❛❧❣✉♥s ❞♦s ♠❡❝❛♥✐s♠♦s ❡♥✈♦❧✈✐❞♦s ♥❛ ❞✐♥â♠✐❝❛ ❞❡

✐♥t❡r❢❛❝❡s✳ ❉✐s❝✉t✐r❡♠♦s ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s s❡♣❛r❛❞❛♠❡♥t❡ ♥❛ ♣ró①✐♠❛ s❡çã♦✱

♦♥❞❡ ✉t✐❧✐③❛r❡♠♦s ❞❡ ❞✐✈❡rs♦s ❝♦♥❝❡✐t♦s ✐♥tr♦❞✉③✐❞♦s ❛q✉✐✳

✷✳✸✳✶ ❊q✉❛çõ❡s ❡st♦❝ást✐❝❛s ❡ ♣r✐♥❝í♣✐♦s ❞❡ s✐♠❡tr✐❛

❊q✉❛çõ❡s ❡st♦❝ást✐❝❛s sã♦ ❢♦r♠✉❧❛çõ❡s ♠❛t❡♠át✐❝❛s q✉❡ ❛♣❛r❡❝❡♠ ❡♠ ❞✐✈❡rs♦s

♣r♦❜❧❡♠❛s ❞❛ ❢ís✐❝❛ ❡ ár❡❛s ❛✜♥s✳ ◆♦ ❝♦♥t❡①t♦ ❞❡ s✉♣❡r❢í❝✐❡s✱ ❡ss❛s ❢♦r♠✉❧❛çõ❡s sã♦

♣r♦♣♦st❛s ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s✳ ❊st❛ ♠♦❞❡❧❛❣❡♠ é ❢❡✐t❛ ♥♦ ❧✐♠✐t❡

❝♦♥tí♥✉♦✱ ♣❛r❛ t❛♠❛♥❤♦s ❞❡ s✐st❡♠❛ ❡ t❡♠♣♦s ♠✉✐t♦ ❣r❛♥❞❡s✳ ◆♦r♠❛❧♠❡♥t❡ ✉t✐❧✐③❛✲s❡

❡q✉❛çõ❡s ❞♦ t✐♣♦ ▲❛♥❣❡✈✐♥ ❝♦♠ r✉í❞♦ ❛❞✐t✐✈♦ ♥❡ss❛ ♠♦❞❡❧❛❣❡♠✳ ❉❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ❡ss❡

t✐♣♦ ❞❡ ❡q✉❛çã♦ é ❞❛❞❛ ♣♦r

∂h(~x, t)

∂t
= G(h(~x, t), ~x, t) + η(~x, t) , ✭✷✳✶✹✮

♦♥❞❡ h(~x, t) é ✉♠ ♣r♦❝❡ss♦ ❡st♦❝ást✐❝♦✱ q✉❡ ♥♦ ♥♦ss♦ ❝❛s♦ sã♦ ❛s ❛❧t✉r❛s ❞❛ ✐♥t❡r❢❛❝❡✱

G(h(~x, t), ~x, t) é ✉♠❛ ❢✉♥çã♦ q✉❡ r❡♣r❡s❡♥t❛ t♦❞♦s ♦s t❡r♠♦s ❞❡t❡r♠✐♥íst✐❝♦s ❞❛ ❡q✉❛çã♦

❡ η(~x, t) é ✉♠ r✉í❞♦ ❜r❛♥❝♦ r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ❛❧❡❛t♦r✐❡❞❛❞❡ ♥♦ s✐st❡♠❛✱ s❡♥❞♦ q✉❡

〈η(~x, t)〉 = 0 ❡ ✭✷✳✶✺✮
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✷✳✸ ❈❧❛ss❡s ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♥❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s

〈η(~x, t)η(~x′, t′)〉 = 2Dδd(~x− ~x′)δ(t− t′) , ✭✷✳✶✻✮

♦♥❞❡ D é ✉♠❛ ❝♦♥st❛♥t❡ q✉❡ ♠❡❞❡ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ r✉í❞♦✱ δ é ❛ ❢✉♥çã♦ ❞❡❧t❛ ❞❡ ❉✐r❛❝

❡ d é ❛ ❞✐♠❡♥sã♦ ❞♦ s✉❜str❛t♦✳ ❆ ♣r✐♠❡✐r❛ r❡❧❛çã♦ ♥♦s ❞✐③ q✉❡ ❡ss❡ r✉í❞♦ ♥ã♦ ❛❧t❡r❛ ❛

❛❧t✉r❛ ♠é❞✐❛✱ ❡ ❛ s❡❣✉♥❞❛ q✉❡ ❡❧❡ é t♦t❛❧♠❡♥t❡ ❞❡s❝♦rr❡❧❛❝✐♦♥❛❞♦✳

❱♦❧t❛♥❞♦ ❛ ❡q✉❛çã♦ ✷✳✶✹✱ ♦ t❡r♠♦ G(h(~x, t), ~x, t) ❞❡t❡r♠✐♥❛ ❛s s✐♠❡tr✐❛s ❡ ❛s ❧❡✐s

❞❡ ❝♦♥s❡r✈❛çã♦ q✉❡ ♦ ♣r♦❝❡ss♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ✐rá s❛t✐s❢❛③❡r✳ ❆ss✐♠✱ ❛ ❝♦♥str✉çã♦ ❞❛

❡q✉❛çã♦ ❡st♦❝ást✐❝❛ é ❢❡✐t❛ r❡♣r❡s❡♥t❛♥❞♦ ❡♠ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧ ♦ t✐♣♦ ❞❡ ♣r♦❝❡ss♦ ❞❡

r❡❧❛①❛çã♦ q✉❡ é r❡❧❡✈❛♥t❡ ♥❛ s✉♣❡r❢í❝✐❡✳ ❆s s✐♠❡tr✐❛s q✉❡ ♥♦r♠❛❧♠❡♥t❡ sã♦ s❛t✐s❢❡✐t❛s

♣❡❧❛s ✐♥t❡r❢❛❝❡s sã♦✿

✶✳ ■♥✈❛r✐â♥❝✐❛ s♦❜r❡ tr❛♥s❧❛çõ❡s ❡s♣❛ç♦✕t❡♠♣♦r❛✐s (~x → ~x + ~a, t → t + b)✱ ♦✉ s❡❥❛✱

❛ ✐♥t❡r❢❛❝❡ s❡r✐❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ♦r✐❣❡♠ ( ~x0, t0) ❞♦ ♥♦ss♦ s✐st❡♠❛ ❞❡

❝♦♦r❞❡♥❛❞❛s✳ ❊ss❛ s✐♠❡tr✐❛ ✐♠♣❡❞❡ q✉❡ G s❡❥❛ ❢✉♥çã♦ ❡①♣❧✐❝✐t❛ ❞❡ ~x ♦✉ t✳

✷✳ ❙✐♠❡tr✐❛ s♦❜r❡ tr❛♥s❧❛çã♦ ♥❛ ❞✐r❡çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦✳ ❆♥á❧♦❣♦ ❛♦ ❝❛s♦ ❛♥t❡r✐♦r✱

❛ ✐♥t❡r❢❛❝❡ s❡r✐❛ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ ♦r✐❣❡♠ ♥❛ ♠❡❞✐❞❛ ❞❛ ❛❧t✉r❛✳ ❊ss❛

s✐♠❡tr✐❛ ✐♠♣❡❞❡ q✉❡ G ❞❡♣❡♥❞❛ ❡①♣❧✐❝✐t❛♠❡♥t❡ ❞❡ h✳

✸✳ ❙✐♠❡tr✐❛ s♦❜r❡ r♦t❛çã♦ ❡♠ t♦r♥♦ ❞❛ ❞✐r❡çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦✳ ❯♠❛ r♦t❛çã♦ ❡s♣❡❝í✲

✜❝❛ s❡r✐❛ t❛❧ q✉❡ ~x → −~x✱ ❡❧❛ ❢❛r✐❛ ❝♦♠ q✉❡ ❛ ❞❡r✐✈❛❞❛ ∂h/∂(−x) = −∂h/∂x✳

❆ss✐♠ ♥❡ss❡ s✐st❡♠❛ ❣✐r❛❞♦ ❛ ❡q✉❛çã♦ t❡r✐❛ s✐♥❛✐s ❞✐❢❡r❡♥t❡s✳ ❉❡ss❛ ❢♦r♠❛✱ ❛

s✐♠❡tr✐❛ s♦❜r❡ r♦t❛çõ❡s ❡①✐❣❡ q✉❡ G ❞❡♣❡♥❞❛ ❞❡ ❞❡r✐✈❛❞❛s ❞❡ ♦r❞❡♠ ♣❛r ❞❡ h ♦✉

❞❡r✐✈❛❞❛s ❞❡ ♦r❞❡♠ í♠♣❛r ❡❧❡✈❛❞❛s ❛ ✉♠❛ ♣♦tê♥❝✐❛ ♣❛r✱ ♣♦r ❡①❡♠♣❧♦✱ ∇nh ♦✉

(∇h)n ❝♦♠ n ♣❛r✳

✹✳ ■♥✈❛r✐â♥❝✐❛ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s s♦❜r❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❡s❝❛❧❛

❛♥✐s♦tró♣✐❝❛s✱ ❝♦♠♦ ❛s ❞❛ ♣á❣✐♥❛ ✾✳ ❊ss❛ s✐♠❡tr✐❛ ❡①✐❣❡ q✉❡ ❛s ❡str✉t✉r❛s ❢♦r✲

♠❛❞❛s s❡❥❛♠ ❛✉t♦✲❛✜♥s✳

❙♦❜r❡ ❛s ❧❡✐s ❞❡ ❝♦♥s❡r✈❛çã♦✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ s✐st❡♠❛✱ ❛s ♣❛rtí❝✉❧❛s q✉❡ ❝❤❡❣❛♠

❛♦ ❛❣r❡❣❛❞♦ ♣♦❞❡♠ s❡ ♦r❣❛♥✐③❛r ❞❡ ❢♦r♠❛ q✉❡ ❛ ❡✈♦❧✉çã♦ ❞❛ ❛❧t✉r❛ ♠é❞✐❛ s❡❥❛ ♠❛✐♦r

q✉❡ ♦ ✢✉①♦ ♠é❞✐♦ ❞❡ ♣❛rtí❝✉❧❛s✱ ♦✉ ♠❡♥♦r ❝❛s♦ ❛❧❣✉♠❛s ❞❛s ♣❛rtí❝✉❧❛s ♥ã♦ s❡ ❛❣r❡❣✉❡♠
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✷✳✸ ❈❧❛ss❡s ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♥❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s

à ✐♥t❡r❢❛❝❡✳ ◆❛ ❢♦r♠❛ ♠❛t❡♠át✐❝❛✱ ✉♠ s✐st❡♠❛ ❝♦♥s❡r✈❛t✐✈♦ é t❛❧ q✉❡

1

Ld

∫ L1

0

. . .

∫ Ld

0

Gdd~x = F , ✭✷✳✶✼✮

♦♥❞❡ ❋ é ♦ ✢✉①♦ ♠é❞✐♦ ❞❡ ♣❛rtí❝✉❧❛s ❡ ❛ ✐♥t❡❣r❛çã♦ é ❢❡✐t❛ s♦❜r❡ ❛s d ❞✐♠❡♥sõ❡s ❞♦

s✐st❡♠❛✳ ❯♠ s✐st❡♠❛ q✉❡ s❛t✐s❢❛ç❛ ❡ss❛ ❡q✉❛çã♦ ♣♦ss✉✐rá ∂〈h〉/∂t = F ✱ ♦✉ s❡❥❛✱ ❛

❝❛❞❛ ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦ ❛ ❛❧t✉r❛ ♠é❞✐❛ ❛✉♠❡♥t❛ ❞❡ ✉♠ ✈❛❧♦r ✐❣✉❛❧ ❛♦ ✢✉①♦ ♠é❞✐♦ ❞❡

♣❛rtí❝✉❧❛s✳

✷✳✸✳✷ ❉❡♣♦s✐çã♦ ❛❧❡❛tór✐❛ ✭❘❉✮

❊st❛ ❝❧❛ss❡ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ é ♦ ♠♦❞❡❧♦ ♠❛✐s s✐♠♣❧❡s q✉❡ ♣♦❞❡♠♦s ✐♠❛❣✐♥❛r✳

◆❡❧❛ t❡♠♦s ✐♥t❡r❢❛❝❡s q✉❡ sã♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ❞❡s❝♦rr❡❧❛❝✐♦♥❛❞❛s✱ ♦✉ s❡❥❛✱ ♦ ❝r❡s❝✐♠❡♥t♦

❡♠ ✉♠ ❧♦❝❛❧ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ s✉❛ ✈✐③✐♥❤❛♥ç❛✳ ❉❡ss❛ ❢♦r♠❛✱ ❝♦♠♦ ❞✐ss❡♠♦s ♥❛ ♣á❣✐♥❛

✶✷✱ ❛s r✉❣♦s✐❞❛❞❡s ❞❛s ✐♥t❡r❢❛❝❡s ❞❡ss❛ ❝❧❛ss❡ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♥✉♥❝❛ s❛t✉r❛♠✱ s❡♥❞♦

❛ss✐♠ ♥ã♦ t❡r❡♠♦s ♦s ❡①♣♦❡♥t❡s α ❡ z ❜❡♠ ❞❡✜♥✐❞♦s✳

❯♠ ♠♦❞❡❧♦ ❞✐s❝r❡t♦ q✉❡ ❡①❡♠♣❧✐✜❝❛ ❡ss❛ ❝❧❛ss❡ s❡r✐❛ ♦ s❡❣✉✐♥t❡✿ ❡♠ ✉♠❛ r❡❞❡

❞✐s❝r❡t❛ ❝♦♠ ▲ sít✐♦s✱ ❡s❝♦❧❤❡♠♦s ❛❧❡❛t♦r✐❛♠❡♥t❡ ✉♠ ❞❡ss❡s sít✐♦s ❡ ❛❞✐❝✐♦♥❛♠♦s ✉♠❛

♣❛rtí❝✉❧❛ ❛ ❡❧❡✳ ❈♦♠♦ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ ✉♠ sít✐♦ é ❝♦♠♣❧❡t❛♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ s❡✉s

✈✐③✐♥❤♦s✱ ✜❝❛ ❡✈✐❞❡♥t❡ q✉❡ ♥ã♦ ❤❛✈❡rá ♣r♦♣❛❣❛çã♦ ❞❡ ❝♦rr❡❧❛çõ❡s ♥❛ s✉♣❡r❢í❝✐❡✱ ♣♦r ✐ss♦

❛s r✉❣♦s✐❞❛❞❡s ❞❛s ✐♥t❡r❢❛❝❡s ♣r♦❞✉③✐❞❛s ♥✉♥❝❛ s❛t✉r❛♠✳

P❡♥s❛♥❞♦ ♥❛ ❡q✉❛çã♦ ❡st♦❝ást✐❝❛ r❡❧❛❝✐♦♥❛❞❛ ❛ ❡ss❛ ❝❧❛ss❡ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡✱

s❡ ❡①✐❣✐♠♦s q✉❡ ❛ ❡q✉❛çã♦ s❛t✐s❢❛ç❛ ❛s s✐♠❡tr✐❛s ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱ G(h(~x, t), ~x, t) ✜❝❛

r❡str✐t♦ ❛ ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s ❞❡ ♦r❞❡♠ ♣❛r ❞❡ h ♦✉ ❞❡r✐✈❛❞❛s ❞❡ ♦r❞❡♠ í♠♣❛r ❡❧❡✈❛❞❛s ❛

✉♠❛ ♣♦tê♥❝✐❛ ♣❛r✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦❧♦❝❛r ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s ♥♦ t❡r♠♦ G s❡r✐❛ ❞✐③❡r q✉❡✱

❞❡ ❛❧❣✉♠❛ ❢♦r♠❛✱ ♦ ❝r❡s❝✐♠❡♥t♦ ❡♠ ✉♠ ♣♦♥t♦ ❞❛ ✐♥t❡r❢❛❝❡ ❞❡♣❡♥❞❡ ❞❛ s✉❛ ✈✐③✐♥❤❛♥ç❛✳

❉❡ss❛ ❢♦r♠❛✱ ❛ ❡q✉❛çã♦ ♣❛r❛ ❡ss❛ ❝❧❛ss❡ é

∂h(~x, t)

∂t
= F + η(~x, t) , ✭✷✳✶✽✮

❧❡♠❜r❛♥❞♦ q✉❡ ❋ é ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ♣❛rtí❝✉❧❛s ♣♦r sít✐♦ q✉❡ ❝❤❡❣❛♠ ❛♦ s✉❜str❛t♦
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✷✳✸ ❈❧❛ss❡s ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♥❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s

❡♠ ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✳

P♦r ❝❛✉s❛ ❞❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞❡ss❛ ❡q✉❛çã♦✱ ♣♦❞❡♠♦s ❢❛❝✐❧♠❡♥t❡ ❝❛❧❝✉❧❛r ♦ ❡①✲

♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦✳ ■♥t❡❣r❛♥❞♦ ✷✳✶✽ ♥♦ t❡♠♣♦✱ t❡r❡♠♦s

h(~x, t) = Ft+

∫ t

0

η(~x, t′)dt′ , ✭✷✳✶✾✮

t✐r❛♥❞♦ ❛ ♠é❞✐❛ ❡s♣❛❝✐❛❧

〈h(~x, t)〉 = Ft+

∫ t

0

〈η(~x, t′)〉dt′ , ✭✷✳✷✵✮

✉s❛♥❞♦ ❛ ❡q✳✷✳✶✺ r❡s✉❧t❛ ❡♠

〈h(~x, t)〉 = Ft . ✭✷✳✷✶✮

❆❣♦r❛✱ ❡❧❡✈❛♥❞♦ ❛ ❡q✳✷✳✶✾ ❛♦ q✉❛❞r❛❞♦ ❡ ✉s❛♥❞♦ ❛s ❡q✉❛çõ❡s ✷✳✶✺ ❡ ✷✳✶✻ t❡♠♦s

〈h2(~x, t)〉 = F 2t2 + 2Dt . ✭✷✳✷✷✮

❆ r✉❣♦s✐❞❛❞❡ s❡rá ❞❛❞❛ ♣♦r

W =
√

〈h2〉 − 〈h〉2 =
√
2Dt . ✭✷✳✷✸✮

❆ss✐♠ ♦ ❡①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ s❡rá β = 1/2✳

✷✳✸✳✸ ❆ ❝❧❛ss❡ ❞❡ ❊❞✇❛r❞s✕❲✐❧❦✐♥s♦♥✭❊❲✮

❊ss❛ ❝❧❛ss❡ ❢♦✐ ♣r♦♣♦st❛ ♣♦r ❊❞✇❛r❞s ❡ ❲✐❧❦✐♥s♦♥ ❬✹✾❪✱ ✐♥❝❧✉✐♥❞♦ ✉♠ t❡r♠♦

r❡❧❛❝✐♦♥❛❞♦ ❛ t❡♥sã♦ s✉♣❡r✜❝✐❛❧ ❞❛ ✐♥t❡r❢❛❝❡ ♥❛ ❡q✉❛çã♦ ✷✳✶✽✳ ❊ss❡ t❡r♠♦ t❡♥❞❡ ❛

r❡❞✐str✐❜✉✐r ♦ ♠❛t❡r✐❛❧ ♥❛ ✐♥t❡r❢❛❝❡ ❞❡ ❢♦r♠❛ ❛ s✉❛✈✐③á✲❧❛✳ Pr✐♠❡✐r♦ ✈❛♠♦s ♦❜t❡r ❛

❡q✉❛çã♦ ❡st♦❝ást✐❝❛ ❛tr❛✈és ❞❡ ❛r❣✉♠❡♥t♦s ❞❡ s✐♠❡tr✐❛ ❡ ❞❡♣♦✐s ❛♥❛❧✐s❛r❡♠♦s ❡♠ ❞❡t❛❧❤❡

♦ ❡❢❡✐t♦ ❞❡ss❛ t❡♥sã♦ s✉♣❡r✜❝✐❛❧✳

❆ ❡q✉❛çã♦ ❞❡ ❊❞✇❛r❞s✲❲✐❧❦✐♥s♦♥ ✭❊❲✮ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❡①✐❣✐♥❞♦ ♠❛✐s ✉♠❛

s✐♠❡tr✐❛ ❛❧é♠ ❞❛s ❞✐s❝✉t✐❞❛s ♥❛ ♣á❣✐♥❛ ✶✺✳ ❆❞✐❝✐♦♥❛♥❞♦ ❛ ✐♥✈❛r✐â♥❝✐❛ s♦❜r❡ r❡✢❡①ã♦

❡♠ t♦r♥♦ ❞❛ ❛❧t✉r❛ ♠é❞✐❛✱ ♦✉ s❡❥❛✱ s✐♠❡tr✐❛ s♦❜ ❛ tr❛♥s❢♦r♠❛çã♦ h → −h ♥♦ r❡❢❡r❡♥❝✐❛❧
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✷✳✸ ❈❧❛ss❡s ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♥❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s

q✉❡ s❡ ❞❡s❧♦❝❛ ❥✉♥t♦ à ❛❧t✉r❛ ♠é❞✐❛✳ ❊ss❛ tr❛♥s❢♦r♠❛çã♦ ❧❡✈❛ ∂h/∂t → −∂h/∂t✱ ♣♦r

✐ss♦ ♣r❡❝✐s❛♠♦s q✉❡ G → −G✱ q✉❡ ♣r♦í❜❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ t❡r♠♦s (∇h)n ❝♦♠ n ♣❛r✱

s♦❜r❛♥❞♦ ❛♣❡♥❛s ∇nh ❝♦♠ n ♣❛r✳ ❆ ❡q✉❛çã♦ ♠❛✐s s✐♠♣❧❡s q✉❡ ✐rá s❛t✐s❢❛③❡r ❡ss❛s

❝♦♥❞✐çõ❡s s❡rá
∂h(~x, t)

∂t
= ν∇2h+ η(~x, t) , ✭✷✳✷✹✮

♦♥❞❡ ν é ✉♠ ♣❛râ♠❡tr♦ ❞❛ ❡q✉❛çã♦✱ ♦✉ s❡❥❛✱ ✈❛r✐❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s ✐♥❞✐✈✐❞✉❛❧✐❞❛❞❡s ❞❡

❝❛❞❛ s✐st❡♠❛✳ ❖ ✢✉①♦ ♠é❞✐♦ ❞❡ ♣❛rtí❝✉❧❛s F ♥ã♦ ❛♣❛r❡❝❡ ♣♦✐s ❡st❛♠♦s ♥♦ r❡❢❡r❡♥❝✐❛❧

❞❛ ❛❧t✉r❛ ♠é❞✐❛✳

❈♦♠♦ ❥á ❢♦✐ ❛❞✐❛♥t❛❞♦✱ ♦ t❡r♠♦ ν∇2h r❡♣r❡s❡♥t❛ ❛ t❡♥sã♦ s✉♣❡r✜❝✐❛❧ ♥❛ ✐♥✲

t❡r❢❛❝❡✳ ❊ss❡ t❡r♠♦ r❡❞✐str✐❜✉✐ ♦ ♠❛t❡r✐❛❧ ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ♠❛♥❡✐r❛ ❝♦♥s❡r✈❛t✐✈❛✱ ♥ã♦

♠♦❞✐✜❝❛♥❞♦ ♦ ✈❛❧♦r ❞❛ ❛❧t✉r❛ ♠é❞✐❛✳ ❆ ✐♥t❡♥s✐❞❛❞❡ ❞❡ss❡ ❡❢❡✐t♦ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❛♦

♣❛râ♠❡tr♦ ν✱ ♦✉ s❡❥❛✱ ❡ss❡ ♣❛râ♠❡tr♦ r❡❧❛❝✐♦♥❛ ❛ ❡q✉❛çã♦ ❡st♦❝ást✐❝❛ ❛ ❝❛❞❛ s✐st❡♠❛

❡♠ ♣❛rt✐❝✉❧❛r✳ ◆❛ ✜❣✉r❛ ✷✳✼ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡①❡♠♣❧♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❞♦ ❡❢❡✐t♦ ❞❡ss❡

t❡r♠♦ s♦❜r❡ ✉♠ ✈❛❧❡ ❞❛ ✐♥t❡r❢❛❝❡✳ ◆♦t❡ ❝♦♠♦ ❡❧❡ t❡♥❞❡ ❛ s✉❛✈✐③❛r ❛ ✐♥t❡r❢❛❝❡✱ ❞✐♠✐♥✲

✉✐♥❞♦ ❛ ♣r♦❢✉♥❞✐❞❛❞❡ ❡ ❛✉♠❡♥t❛♥❞♦ ❛ ❧❛r❣✉r❛ ❞♦ ✈❛❧❡✳

0 50 100 150
x

0

0,2

0,4

0,6

0,8

1

1,2

h(x)

d
2
h/dx

2

h(x) + d
2
h/dx

2

❋✐❣✉r❛ ✷✳✼✿ ❊❢❡✐t♦ ❞♦ t❡r♠♦ ν∇2h s♦❜r❡ ✉♠ ✈❛❧❡ ❡♠ ✉♠❛ ✐♥t❡r❢❛❝❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❯t✐✲
❧✐③❛♠♦s ν = 8 ♥❡ss❛ ✐❧✉str❛çã♦✳

P♦r ❝❛✉s❛ ❞❛ s✐♠♣❧✐❝✐❞❛❞❡ ❞❛ ❡q✉❛çã♦ ❊❲✱ ♦s ❡①♣♦❡♥t❡s ❝rít✐❝♦s ♣♦❞❡♠ s❡r ❝❛❧✲

❝✉❧❛❞♦s ❢❛❝✐❧♠❡♥t❡✳ ■ss♦ ♣♦❞❡ s❡r ❢❡✐t♦ r❡s♦❧✈❡♥❞♦ ❞✐r❡t❛♠❡♥t❡ ❛ ❡q✉❛çã♦ ✷✳✷✹ ✈✐❛ ✉♠❛

tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ♥♦ ❡s♣❛ç♦ ❡ ♥♦ t❡♠♣♦✱ ❝♦♠♦ ❢❡✐t♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✻❪✳ ◆♦ ❡♥t❛♥t♦✱
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✷✳✸ ❈❧❛ss❡s ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♥❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s

é ♠✉✐t♦ ♠❛✐s s✐♠♣❧❡s ✉t✐❧✐③❛r ♦ ❢❛t♦ ❞❡ q✉❡ ❛s ✐♥t❡r❢❛❝❡s ♣r♦❞✉③✐❞❛s ♣❡❧❛ ❡q✉❛çã♦ ❊❲

sã♦ ✐♥✈❛r✐❛♥t❡s s♦❜r❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❡s❝❛❧❛ ❛♥✐s♦tró♣✐❝❛ ❛♣r♦♣r✐❛❞❛✱ ♦✉ s❡❥❛✱

sã♦ ❡str✉t✉r❛s ❛✉t♦✲❛✜♥s✳ ❉❡ss❛ ❢♦r♠❛✱ ❢❛③❡♠♦s

~x → ~x′ ≡ b~x , h → h′ ≡ bαh e t → t′ ≡ bzt , ✭✷✳✷✺✮

♦♥❞❡ b é ✉♠ ❢❛t♦r ❞❡ ❡s❝❛❧❛✳

❖ ❡❢❡✐t♦ ❞❡ss❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ❡s❝❛❧❛ s♦❜r❡ ♦ r✉✐❞♦ η ♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦

❛tr❛✈és ❞❛ ❞❡✜♥✐çã♦ ✷✳✶✻✱ ❧❡♠❜r❛♥❞♦ q✉❡ δd(a~x) = a−dδ(~x)✱ ❛ss✐♠ t❡r❡♠♦s

〈η(b~x, bzt)η(b~x′, bzt′)〉 = 2Db−(d+z)δd(~x− ~x′)δ(t− t′) . ✭✷✳✷✻✮

❉❡ss❛ ❢♦r♠❛✱ ❞❡♣♦✐s ❞❛s tr❛♥s❢♦r♠❛çõ❡s ✷✳✷✺ ❛ ❡q✉❛çã♦ ✷✳✷✹ s❡ t♦r♥❛

bα−z ∂h(~x, t)

∂t
= νbα−2∇2h+ b−(d+z)/2η(~x, t) , ✭✷✳✷✼✮

q✉❡ ❞✐✈✐❞✐♥❞♦ ♣♦r bα−z r❡s✉❧t❛ ❡♠

∂h(~x, t)

∂t
= νbz−2∇2h+ b−(d−z)/2−αη(~x, t) . ✭✷✳✷✽✮

❆ ❛✉t♦✲❛✜♥✐❞❛❞❡ ❡①✐❣❡ q✉❡ ♦s r❡s✉❧t❛❞♦s ❞❡ss❛ ❡q✉❛çã♦ s❡❥❛♠ ♦s ♠❡s♠♦s q✉❡ ♦s ❞❛

✷✳✷✹✱ ❛ss✐♠ ♦s ❡①♣♦❡♥t❡s ❞❡ b ❞❡✈❡♠ s❡ ❛♥✉❧❛r✳ ❙❡ ✉s❛r♠♦s t❛♠❜é♠ ❛ r❡❧❛çã♦ ❡♥tr❡ ♦s

❡①♣♦❡♥t❡s ✷✳✶✸ ✈❛♠♦s ♦❜t❡r

z = 2 , α =
2− d

2
e β =

2− d

4
✭✷✳✷✾✮

❊ss❡s sã♦ ♦s ❡①♣♦❡♥t❡s ❞❡ ❡s❝❛❧❛ r❡❧❛❝✐♦♥❛❞♦s ❛ ❝❧❛ss❡ ❊❲✳ ◆♦t❡ q✉❡ ❡❧❡s ❞❡♣❡♥❞❡♠ ❞♦

♥ú♠❡r♦ ❞❡ ❞✐♠❡♥sõ❡s d ❞❛ ✐♥t❡r❢❛❝❡✳
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✷✳✹ ❉✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s

✷✳✸✳✹ ❆ ❝❧❛ss❡ ❞❡ ❑❛r❞❛r✕P❛r✐s✐✕❩❤❛♥❣✭❑P❩✮

❖ ♠♦❞❡❧♦ ❝♦♥tí♥✉♦✱ ♦✉ ❡q✉❛çã♦ ❡st♦❝ást✐❝❛✱ ❛ss♦❝✐❛❞♦ ❛ ❡st❛ ❝❧❛ss❡ ❢♦✐ ♣r♦♣♦st♦

♣♦r ❑❛r❞❛r✱ P❛r✐s✐ ❡ ❩❤❛♥❣ ❬✸✹❪✳ ◆❡ss❡ tr❛❜❛❧❤♦✱ ❡❧❡s ❛❞✐❝✐♦♥❛r❛♠ ✉♠ t❡r♠♦ à ❡q✉❛çã♦

❊❲ ✷✳✷✹ q✉❡ é r❡s♣♦♥sá✈❡❧ ♣♦r ✉♠ ❝r❡s❝✐♠❡♥t♦ ❧♦❝❛❧♠❡♥t❡ ♥♦r♠❛❧ à ✐♥t❡r❢❛❝❡✳ ❊ss❡

t❡r♠♦ ♠♦❞❡❧❛✱ ♣♦r ❡①❡♠♣❧♦✱ s✐st❡♠❛s ♥♦s q✉❛✐s ❛s ♣❛rtí❝✉❧❛s t❡♥❞❡♠ ❛ s❡ ❛❣r❡❣❛r ♥♦

♣♦♥t♦ ♦♥❞❡ ❡❧❛s t♦❝❛♠ ❛ ✐♥t❡r❢❛❝❡✳

❆ ❡q✉❛çã♦ ♠❛✐s s✐♠♣❧❡s q✉❡ s❛t✐s❢❛③ ❛s s✐♠❡tr✐❛s ❞❛ ♣á❣✐♥❛ ✶✺✱ ♦✉ s❡❥❛✱ q✉❡❜r❛

❛ s✐♠❡tr✐❛ (h → −h) ❞❛ ❝❧❛ss❡ ❊❲✱ é ❞❛❞❛ ♣♦r

∂h(~x, t)

∂t
= ν∇2h+

λ

2
(∇h)2 + η(~x, t) , ✭✷✳✸✵✮

♦♥❞❡ λ é ✉♠ ♣❛râ♠❡tr♦ r❡❧❛❝✐♦♥❛❞♦ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ❡❢❡✐t♦ ❝❛✉s❛❞♦ ♣❡❧♦ t❡r♠♦ ♥ã♦✲

❧✐♥❡❛r✳ ❈♦♠♦ ❥á ❢♦✐ ❞✐t♦✱ ♦ t❡r♠♦ λ
2
(∇h)2 é r❡s♣♦♥sá✈❡❧ ♣♦r ✉♠ ❝r❡s❝✐♠❡♥t♦ ❧♦❝❛❧♠❡♥t❡

♥♦r♠❛❧ à ✐♥t❡r❢❛❝❡✱ ❛ss✐♠✱ ❛♣❛r❡❝❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❧❛t❡r❛❧ ♥♦ ❝r❡s❝✐♠❡♥t♦ ❞❛ s✉♣❡r❢í✲

❝✐❡✳ ❊ss❡ t❡r♠♦ ❝❛✉s❛ ✉♠ ❝r❡s❝✐♠❡♥t♦ ♥ã♦ ❝♦♥s❡r✈❛t✐✈♦✱ r❡❧❛❝✐♦♥❛❞♦ ❛ ✉♠ ❡①❝❡ss♦ ♦✉

r❡❞✉çã♦✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ s✐♥❛❧ ❞❡ λ✱ ♥❛ t❛①❛ ❞❡ ❛✉♠❡♥t♦ ❞❛ ✐♥t❡r❢❛❝❡✳ ❆ ❝♦♥tr✐❜✉✐çã♦

❞❡ss❡ t❡r♠♦ é ❞✐t❛ ♥ã♦ ❝♦♥s❡r✈❛t✐✈❛ ♣♦r ♠♦❞✐✜❝❛r ❛ ❞✐♥â♠✐❝❛ ❞❛ ❛❧t✉r❛ ♠é❞✐❛✳ ◆❛

✜❣✉r❛ ✷✳✽ ♠♦str❛♠♦s ♦ ❡❢❡✐t♦ ❞♦ t❡r♠♦ ♥ã♦✲❧✐♥❡❛r s♦❜r❡ ✉♠ ✈❛❧❡ ❞❛ ✐♥t❡r❢❛❝❡✳ ◆♦t❡

❝♦♠♦ ✜❝❛ ❡✈✐❞❡♥t❡ ❛ ❝♦♠♣♦♥❡♥t❡ ❧❛t❡r❛❧ q✉❡ ❛♣❛r❡❝❡ ♥♦ ❝r❡s❝✐♠❡♥t♦✱ ❝♦♠♦ ♦ ✈❛❧❡ ✜❝❛

♠❛✐s ❡str❡✐t♦ ❝♦♠ ❛s ❞❡s❝✐❞❛s ♠❛✐s í♥❣r❡♠❡s✳

P♦r ❝❛✉s❛ ❞❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❡q✉❛çã♦ ❑P❩✱ ❡❧❛ ♥ã♦ ♣♦ss✉✐ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛

❝♦♥❤❡❝✐❞❛✳ ❆❧é♠ ❞✐ss♦✱ ♦s ❡①♣♦❡♥t❡s ♥ã♦ ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞♦s ❛tr❛✈és ❞❡ tr❛♥s❢♦r✲

♠❛çõ❡s ❞❡ ❡s❝❛❧❛✱ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♣❛r❛ ❊❲✳ ■ss♦ ♣♦rq✉❡ ♦s ♣❛râ♠❡tr♦s ν✱ λ ❡ D ♥ã♦

r❡♥♦r♠❛❧✐③❛♠ ❞❡ ❢♦r♠❛ ✐♥❞❡♣❡♥❞❡♥t❡✱ ✜❝❛♥❞♦ ❛❝♦♣❧❛❞♦s ❛♣ós ❛ tr❛♥s❢♦r♠❛çã♦✱ ♦ q✉❡

❧❡✈❛ ❛ três ❡q✉❛çõ❡s ✐♥❝♦♥s✐st❡♥t❡s ♣❛r❛ ❞♦✐s ❞♦s ❡①♣♦❡♥t❡s✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ ✉♠❛

❞✐♠❡♥sã♦✱ ♦s ❡①♣♦❡♥t❡s ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❛tr❛✈és ❞♦ ❣r✉♣♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦✱ ❝♦♠♦

é ❢❡✐t♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✸✹❪✳ ❊ss❡ tr❛t❛♠❡♥t♦ ❧❡✈❛ ❛ α = 1/2✱ β = 1/3 ❡ z = 3/2✳ ❘❡✲

s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ❛♣♦♥t❛♠ q✉❡ ♣❛r❛ ❞✉❛s ❞✐♠❡♥sõ❡s ♦s ❡①♣♦❡♥t❡s sã♦✿ α ≈ 0, 38✱

β ≈ 0, 24 ❡ z ≈ 1, 67 ❬✻✱✷✻✱✷✽❪✳
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0 50 100 150 200
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0
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0,4

0,6

0,8

1

1,2

h(x)

(dh/dx)
2

h(x)+(dh/dx)
2

❋✐❣✉r❛ ✷✳✽✿ ❊❢❡✐t♦ ❞♦ t❡r♠♦ λ
2 (∇h)2 s♦❜r❡ ✉♠ ✈❛❧❡ ❞❡ ✉♠❛ ✐♥t❡r❢❛❝❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳

❯t✐❧✐③❛♠♦s λ = 100 ♥❡ss❛ ✐❧✉str❛çã♦✳

✷✳✹ ❉✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s

◗✉❛♥❞♦ ❞❡✜♥✐♠♦s ❛s ❝❧❛ss❡s ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡✱ ❢♦✐ ❞✐t♦ q✉❡ ✐♥t❡r❢❛❝❡s ❝✉❥❛s

❞✐♥â♠✐❝❛s sã♦ r❡❣✐❞❛s ♣❡❧♦s ♠❡s♠♦s ❡①♣♦❡♥t❡s ❝rít✐❝♦s ♣❡rt❡♥❝❡♠ à ♠❡s♠❛ ❝❧❛ss❡✳

◆♦ ❡♥t❛♥t♦✱ ❛s ❧❡✐s ❞❡ ❡s❝❛❧❛ ❞❛ r✉❣♦s✐❞❛❞❡ ♥ã♦ sã♦ ❛s ú♥✐❝❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐✲

❝❛s ✉♥✐✈❡rs❛✐s ♥♦ ❝r❡s❝✐♠❡♥t♦ ❞❡ ✐♥t❡r❢❛❝❡s✳ ❉❡♥tr❡ ♦✉tr❛s✱ ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛

✭❍❉✬s✮✕✭❤❡✐❣❤t ❞✐str✐❜✉t✐♦♥✮ ❞❛s ✐♥t❡r❢❛❝❡s t❛♠❜é♠ ❛♣r❡s❡♥t❛♠ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ❡✱ ❛ss✐♠✱

♣♦❞❡♠ s❡r ✉t✐❧✐③❛❞❛s ♣❛r❛ ❝❧❛ss✐✜❝á✲❧❛s✳

❈♦♠♦ ♦ ♣ró♣r✐♦ ♥♦♠❡ s✉❣❡r❡✱ ❛ ❍❉ é ✉♠❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ ♦✉ s❡❥❛✱

é ✉♠❛ ❢✉♥çã♦ p(h) ♦♥❞❡ p(h)dh é ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r♠♦s ✉♠❛ ❛❧t✉r❛ ❡♥tr❡ h

❡ h+dh✳ P❛r❛ ❞❡✐①❛r ♠❛✐s ❝❧❛r♦ ♦ q✉❡ s❡ ❡s♣❡r❛ ❞❡ss❛s ❞✐str✐❜✉✐çõ❡s✱ ✈❛♠♦s ❛♥❛❧✐sá✲❧❛s

♣❛r❛ ❛s três ❝❧❛ss❡s q✉❡ ✐♥tr♦❞✉③✐♠♦s ♥❛ s❡çã♦ ♣❛ss❛❞❛✳

■♥✐❝✐❛♥❞♦ ♣❡❧❛ ❝❧❛ss❡ ❘❉✱ ❝♦♥s✐❞❡r❛♠♦s ✉♠ ♠♦❞❡❧♦ ❞✐s❝r❡t♦ ♦♥❞❡ t❡♠♦s ✉♠❛

r❡❞❡ ❞❡ L sít✐♦s✱ ❝✉❥❛ ✐♥t❡r❢❛❝❡ é ❣❡r❛❞❛ s♦rt❡❛♥❞♦ sít✐♦s ❛❧❡❛t♦r✐❛♠❡♥t❡ ❡ ❛❞✐❝✐♦♥❛♥❞♦

✉♠❛ ✉♥✐❞❛❞❡ ❛ s✉❛ ❛❧t✉r❛✳ ❆♥❛❧✐s❛♥❞♦ ✉♠❛ ❝♦❧✉♥❛ ❞❛ ✐♥t❡r❢❛❝❡✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❛

❛❧t✉r❛ s❡r h é ✐❣✉❛❧ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ sít✐♦ ❝♦rr❡s♣♦♥❞❡♥t❡ s❡r s♦rt❡❛❞♦ h ✈❡③❡s ❞❡♥tr♦

❞♦ ♥ú♠❡r♦ t♦t❛❧ N ❞❡ ♣❛rtí❝✉❧❛s ❞❡♣♦s✐t❛❞❛s✳ ❙❡♥❞♦ 1/L ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦ sít✐♦ ❞❡

✐♥t❡r❡ss❡ s❡r s♦rt❡❛❞♦ ❡ 1− 1/L ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡❧❡ ♥ã♦ s❡r✱ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ p(h)
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s❡rá ✉♠❛ ❞✐str✐❜✉✐çã♦ ❜✐♥♦♠✐❛❧✱ ❧♦❣♦

p(h) =
N !

h!(N − h)!

(

1

L

)h(
L− 1

L

)N−h

✭✷✳✸✶✮

◆♦ ❧✐♠✐t❡ ❡♠ q✉❡ N → ∞✱ q✉❡ é ❜❛s✐❝❛♠❡♥t❡ t → ∞✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ ❡ss❛

❞✐str✐❜✉✐çã♦ t❡♥❞❡ ♣❛r❛ ✉♠❛ ❣❛✉ss✐❛♥❛✳ ❊ss❛ ❞❡♠♦♥str❛çã♦ é ❢❡✐t❛ ♥♦ ❛♣ê♥❞✐❝❡ ✶✳

❙❡❣✉✐♥❞♦ ♦s ❝á❧❝✉❧♦s ❞❡ss❡ ❛♣ê♥❞✐❝❡ t❡♠♦s q✉❡ ❡ss❛ ❞✐str✐❜✉✐çã♦ ♣❛r❛ ❛ ❝❧❛ss❡ ❘❉ é

❞❛❞❛ ♣♦r

pRD(h) =
1√
2πt

exp

(−(h− t)2

2t

)

. ✭✷✳✸✷✮

■♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❛ ❝❧❛ss❡ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡✱ ❛ ❛♠♣❧✐t✉❞❡ ❞❛ ✈❛r✐â♥❝✐❛ ❡ ❛

t❛①❛ ❞❡ ❛✉♠❡♥t♦ ❞❛ ❛❧t✉r❛ ♠é❞✐❛ ❞❡♣❡♥❞❡♠ ❞♦s ♣❛râ♠❡tr♦s ❞❛s ❡q✉❛çõ❡s ❡st♦❝ást✐❝❛s

❡✱ ❛ss✐♠✱ ❛ss✉♠❡♠ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ♣❛r❛ ❝❛❞❛ s✐st❡♠❛ ❡♠ ♣❛rt✐❝✉❧❛r✳ ❉❡ss❛ ❢♦r♠❛✱

♣❛r❛ ❝♦♠♣❛r❛r ❞✐str✐❜✉✐çõ❡s ♦❜t✐❞❛s ❡♠ t❡♠♣♦s ❞✐❢❡r❡♥t❡s✱ ♦✉ s✐st❡♠❛s ❞✐st✐♥t♦s✱ é ♠❛✐s

✐♥t❡r❡ss❛♥t❡ r❡❡s❝❛❧á✲❧❛s ♣❛r❛ ♠é❞✐❛ ♥✉❧❛ ❡ ✈❛r✐â♥❝✐❛ ✉♥✐tár✐❛✳ ❊ss❛ tr❛♥s❢♦r♠❛çã♦ ✐rá

❝♦❧❛♣s❛r ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❞✐❢❡r❡♥t❡s s✐st❡♠❛s ✭♣❡rt❡♥❝❡♥t❡s ❛ ✉♠❛ ♠❡s♠❛ ❝❧❛ss❡✮ ❡♠

✉♠❛ ❝✉r✈❛ ✉♥✐✈❡rs❛❧✱ q✉❡ é ✉♠❛ ❝❛r❛❝t❡ríst✐❝❛ ✐♥trí♥s❡❝❛ ❞❛ ❝❧❛ss❡ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡✳

❉❡ss❛ ❢♦r♠❛✱ é ♠❛✐s ✐♥t❡r❡ss❛♥t❡ ❡st✉❞❛r ❛s ❍❉✬s r❡❡s❝❛❧❛❞❛s ♣❡❧❛ s❡❣✉✐♥t❡ tr❛♥s❢♦r✲

♠❛çã♦✿

p(h) −→ p′(h) ≡ Wp(h) e h → h′ ≡ h− 〈h〉
w

✭✷✳✸✸✮

❖ ❝á❧❝✉❧♦ ♣❛r❛ ❛ ❝❧❛ss❡ ❊❲ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✸✾❪✳ ❊ ❛ ❍❉

t❛♠❜é♠ é ❣❛✉ss✐❛♥❛✳ ■♥✐❝✐❛❧♠❡♥t❡ ❛ ❡✈♦❧✉çã♦ ❞❛ ❞✐str✐❜✉✐çã♦ é ❛♥á❧♦❣❛ à ❞❛ ❝❧❛ss❡ ❘❉✱

♥♦ ❡♥t❛♥t♦✱ q✉❛♥❞♦ ❛ r✉❣♦s✐❞❛❞❡ ❞❛ ✐♥t❡r❢❛❝❡ s❛t✉r❛✱ ❛ ✈❛r✐â♥❝✐❛ ❞❛ ❞✐str✐❜✉✐çã♦ ♣❛r❛

❞❡ ❛✉♠❡♥t❛r✳ ❊ss❛ ❍❉ ❝♦♥t✐♥✉❛rá ❛ s❡ ❞❡s❧♦❝❛r ♣♦r ❝❛✉s❛ ❞❛ ❡✈♦❧✉çã♦ ❞❛ ❛❧t✉r❛ ♠é❞✐❛✱

♠❛s ❝♦♠ ❧❛r❣✉r❛ ✜①❛ ❛♣ós ❛ s❛t✉r❛çã♦✳

❆♥t❡s ❞❡ ❞✐s❝✉t✐r♠♦s ❛s ❍❉✬s ❞❛ ❝❧❛ss❡ ❑P❩✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦ ♠♦❞❡❧♦ P◆●

✭P♦❧②♥✉❝❧❡❛r ●r♦✇t❤ ♠♦❞❡❧✮✱ ♣♦rq✉❡ ❡❧❡ ❢♦✐ ✐♠♣♦rt❛♥t❡ ♥♦ ❝á❧❝✉❧♦s ❡①❛t♦ ❞❡ss❛s ❞✐s✲

tr✐❜✉✐çõ❡s✳ ❯♠❛ ❞❛s ✐❞❡❛❧✐③❛çõ❡s ✐♥✐❝✐❛✐s ❞❡ss❡ ♠♦❞❡❧♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥❛ r❡❢❡r✲

ê♥❝✐❛ ❬✹✵❪✱ ❡ s❡✉ ❛❧❣♦r✐t♠♦ ♣❛r❛ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ♥❛

r❡❢❡rê♥❝✐❛ ❬✹✶❪✳ ◆❡ss❡ ♠♦❞❡❧♦✱ ✐❧❤❛s sã♦ ♥✉❝❧❡❛❞❛s ❛ ✉♠❛ t❛①❛ J ✱ ♣♦r sít✐♦ ❞❛ r❡❞❡✱ ❡♠

✷✷
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♣♦s✐çõ❡s ❛❧❡❛tór✐❛s✳ ❆s ✐❧❤❛s ❝♦♠❡ç❛♠ ❝♦♠ r❛✐♦ ♥✉❧♦ ❡ s❡ ❡①♣❛♥❞❡♠ ❝♦♠ ✉♠❛ ✈❡❧♦❝✐✲

❞❛❞❡ r❛❞✐❛❧ v✳ ❚❛♥t♦ ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ q✉❛♥t♦ ❛ ❞❡ ♥✉❝❧❡❛çã♦ sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s

❞♦ t❡♠♣♦ ❡ ❞❛ ♣♦s✐çã♦ ♥❛ ✐♥t❡r❢❛❝❡✳ ◗✉❛♥❞♦ ❞✉❛s ✐❧❤❛s s❡ ❡♥❝♦♥tr❛♠ ❡❧❛s ❝♦❛❧❡s❝❡♠✱

❢♦r♠❛♥❞♦ ✉♠❛ ú♥✐❝❛ ✐❧❤❛ ♠❛✐♦r✳ ◆❛ ✜❣✉r❛ ✷✳✾✱ ✐❧✉str❛♠♦s ❛ ❢♦r♠❛ ❞❡ ❝r❡s❝✐♠❡♥t♦

❞❡ss❡ ♠♦❞❡❧♦ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦✳

❋✐❣✉r❛ ✷✳✾✿ ■❧✉str❛çã♦ ❞❛ r❡❣r❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ P◆●✳ ❆ s❡t❛ ✈❡rt✐❝❛❧ ✐♥❞✐❝❛ ❛
♣♦s✐çã♦ ❞❡ ✉♠❛ ✐❧❤❛ r❡❝é♠ ♥✉❝❧❡❛❞❛✳ ❋✐❣✉r❛ ❡①tr❛í❞❛ ❞❡ ❬✹✷❪✳

➱ ♣♦ssí✈❡❧ ✉t✐❧✐③❛r ♦ ♠♦❞❡❧♦ P◆● ♣❛r❛ ♣r♦❞✉③✐r ✐♥t❡r❢❛❝❡s ❝✉r✈❛s✳ P❛r❛ ✐ss♦

❜❛st❛ ✐♥✐❝✐❛r ♦ ❝r❡s❝✐♠❡♥t♦ ❝♦♠ ✉♠❛ ♥✉❝❧❡❛çã♦ ♥❛ ♦r✐❣❡♠ ❡ só ❢❛③❡r ♥♦✈❛s ♥✉❝❧❡❛çõ❡s

s♦❜r❡ ❛ r❡❣✐ã♦ ❝♦♠♣r❡❡♥❞✐❞❛ ♣♦r ❡ss❛ ♣r✐♠❡✐r❛ ✐❧❤❛✳ ■♥t❡r❢❛❝❡s ❣❡r❛❞❛s ❞❡ss❛ ♠❛♥❡✐r❛

t❡♠ ❛ ❢♦r♠❛ ❞❡ ✉♠❛ ❣♦t❛✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ é ❛♣r❡s❡♥t❛❞♦ ♥❛ ✜❣✉r❛ ✷✳✶✵✳

❋✐❣✉r❛ ✷✳✶✵✿ ❙✉♣❡r❢í❝✐❡ ♣r♦❞✉③✐❞❛ ♣❡❧♦ ♠♦❞❡❧♦ P◆● ♥❛ ❢♦r♠❛ ❞❡ ❣♦t❛✳ ❋✐❣✉r❛ ❡①tr❛í❞❛
❞❡ ❬✹✷❪✳

P❛r❛ ❛ ❝❧❛ss❡ ❑P❩✱ ♣♦r ❝❛✉s❛ ❞❛ ♥ã♦✲❧✐♥❡❛r✐❞❛❞❡ ❞❛ ❡q✉❛çã♦ ❡st♦❝ást✐❝❛✱ ♦❜t❡r

✷✸



✷✳✹ ❉✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s

❍❉ é ✉♠❛ t❛r❡❢❛ ♠✉✐t♦ ❝♦♠♣❧❡①❛✳ ❯♠ ❞♦s ♣r✐♠❡✐r♦s ♣❛ss♦s ♥❡ss❡ s❡♥t✐❞♦ ❢♦✐ ❞❛❞♦

♣♦r ❏♦❤❛♥ss♦♥ ❬✹✸❪✱ q✉❡ ❝❛❧❝✉❧♦✉ ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❛ ❞✐str✐❜✉✐çã♦ ❛ss✐♥tót✐❝❛ ❞❡ ✉♠ ♠♦❞✲

❡❧♦ s✐♠✐❧❛r ❛♦ ❙✐♥❣❧❡✲❙t❡♣ ✭❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦ ✹✳✷✳✸✮✳ ❖ ❛✉t♦r ♠♦str♦✉ q✉❡ ❡ss❛

❞✐str✐❜✉✐çã♦ ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ ❚r❛❝②✲❲✐❞♦♠ ❞♦ ♠❛✐♦r ❛✉t♦ ✈❛❧♦r ❞♦ ❡♥s❡♠✲

❜❧❡ ❣❛✉ss✐❛♥♦ ✉♥✐tár✐♦ ✭●❯❊✕●❛✉ss✐❛♥ ✉♥✐t❛r② ❡♥s❡♠❜❧❡✮✱ q✉❡ é ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❛

t❡♦r✐❛ ❞❡ ♠❛tr✐③❡s ❛❧❡❛tór✐❛s✳ P♦✉❝♦ ❞❡♣♦✐s✱ Prä❤♦❢❡r ❡ ❙♣♦❤♥ ❬✶✶✱✹✹❪ ❝♦♥s❡❣✉✐r❛♠

❝❛❧❝✉❧❛r ❛ ❞✐str✐❜✉✐çã♦ ❞♦ ♠♦❞❡❧♦ P◆● ♥❛ ❢♦r♠❛ ♣❧❛♥❛ ✭✜❣✳ ✷✳✾✮ ❡ ♥❛ ❞❡ ❣♦t❛ ✭✜❣✳

✷✳✶✵✮✳ ❊❧❡s ♠♦str❛r❛♠ q✉❡✱ ❛♦ ❝♦♥trár✐♦ ❞♦ ❡①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦✱ q✉❡ é ✐♥❞❡♣❡♥✲

❞❡♥t❡ ❞❛ ❝✉r✈❛t✉r❛✱ ❛ ❍❉ ❞❛ ❝❧❛ss❡ ❑P❩ ❞❡♣❡♥❞❡ ❞❛ ❣❡♦♠❡tr✐❛ ❞❛ ✐♥t❡r❢❛❝❡✳ ◆♦ ❝❛s♦

♣❧❛♥♦✱ ❡ss❛ ❍❉ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❛♦ ❡♥s❡♠❜❧❡ ❣❛✉ss✐❛♥♦ ♦rt♦❣♦♥❛❧ ✭●❖❊✕●❛✉ss✐❛♥ ♦r✲

t❤♦❣♦♥❛❧ ❡♥s❡♠❜❧❡✮✱ ❡ ♥♦ ❝❛s♦ ❝✉r✈♦ ❛♦ ❡♥s❡♠❜❧❡ ❣❛✉ss✐❛♥♦ ✉♥✐tár✐♦ ✭●❯❊✮✳ ❆ss✐♠✱ ❛

❝❧❛ss❡ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ❑P❩ s❡ ❞✐✈✐❞❡ ❡♠ s✉❜❝❧❛ss❡s ❝♦♠ ♣r♦♣r✐❡❞❛❞❡s ❞❡♣❡♥❞❡♥t❡s

❞❛ ❣❡♦♠❡tr✐❛ ❞❛ ✐♥t❡r❢❛❝❡✳

P♦❞❡♠♦s ❡s❝r❡✈❡r ❛s ❛❧t✉r❛s ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❛ ❝❧❛ss❡ ❑P❩ ❝♦♠♦

h(x, t) = v∞t+ s✐❣(λ)(Γt)βχ , ✭✷✳✸✹✮

♦♥❞❡ s✐❣(λ) = +1 ♦✉ − 1 ♥♦s ❞á ♦ s✐♥❛❧ ❞❡ λ ✭♥❛ ❡q✳ ✷✳✸✵✮✱ v∞ ❡ Γ sã♦ ♣❛râ♠❡tr♦s

♥ã♦✲✉♥✐✈❡rs❛✐s ✭❞❡♣❡♥❞❡♥t❡s ❞♦ ♠♦❞❡❧♦✮✱ ❡♥q✉❛♥t♦ χ é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛ ❞❛❞❛ ♣♦r

✉♠❛ ❞✐str✐❜✉✐çã♦ ✉♥✐✈❡rs❛❧ ❡ β é ♦ ❡①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦✳ ❖ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ ❧❛❞♦

❞✐r❡✐t♦ r❡♣r❡s❡♥t❛ ✉♠❛ ♣❛r❝❡❧❛ ❞❡t❡r♠✐♥íst✐❝❛ ❞♦♠✐♥❛♥t❡ ♥♦ ❛✉♠❡♥t♦ ❞❛ ❛❧t✉r❛ ♠é❞✐❛✳

❏á ♦ s❡❣✉♥❞♦ é ✉♠ t❡r♠♦ ❛❧❡❛tór✐♦ r❡❧❛❝✐♦♥❛❞♦ às ✢✉t✉❛çõ❡s ♣r❡s❡♥t❡s ♥❛ ✐♥t❡r❢❛❝❡✳

◆❡st❡ t❡r♠♦✱ χ é ❞❛❞❛ ♣❡❧❛ ●❖❊ ♦✉ ●❯❊✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ❣❡♦♠❡tr✐❛✱ ❡ Γ é ✉♠❛

❝♦♥st❛♥t❡ r❡❧❛❝✐♦♥❛❞❛ à ❛♠♣❧✐t✉❞❡ ❞❡ss❛s ✢✉t✉❛çõ❡s✳

◆♦ ❝❛s♦ ♣❧❛♥♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ❛♣ós ❛ s❛t✉r❛çã♦ ❞❛ r✉❣♦s✐❞❛❞❡ ❛ ❍❉ ❞❛ ❝❧❛ss❡

❑P❩ s♦❢r❡ ✉♠ ❝r♦ss♦✈❡r ❞❡ ●❖❊ ♣❛r❛ ✉♠❛ ❣❛✉ss✐❛♥❛ ❬✻❪✳ ❆ss✐♠✱ ❛ ❍❉ ♣❛ss❛ ❛ s❡r

s✐♠étr✐❝❛ ❛♣ós ❛ s❛t✉r❛çã♦✱ ♦✉ s❡❥❛✱ ❛ ✐♥t❡r❢❛❝❡ ♣❛ss❛ ❛ t❡r s✐♠❡tr✐❛ s♦❜ r❡✢❡①ã♦ ❡♠

t♦r♥♦ ❞❛ ❛❧t✉r❛ ♠é❞✐❛✱ ❝♦♠♦ ♥❛ ❝❧❛ss❡ ❊❲✳

❊ss❡s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s s♦❜r❡ ❛ ❞✐✈✐sã♦ ❞❛ ❝❧❛ss❡ ❑P❩ ❡♠ ♣❧❛♥♦ ❡ ❝✉r✈♦ ❢♦r❛♠

❝♦♥✜r♠❛❞♦s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡ ♥❛ r❡❢❡rê♥❝✐❛ ❬✺✵✱✺✶❪✳ ■ss♦ ❢♦✐ ❢❡✐t♦ ✉t✐❧✐③❛♥❞♦ ❡❧❡tr♦
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❝♦♥✈❡❝çã♦ ❞❡ ❝r✐st❛❧ ❧íq✉✐❞♦ ♥❡♠át✐❝♦✳ ❈♦♥✜♥❛♥❞♦ ❡ss❡ ❝r✐st❛❧ ❧íq✉✐❞♦ ❡♠ ✉♠❛ r❡❣✐ã♦

❡str❡✐t❛ ❡♥tr❡ ❞♦✐s ♣❧❛♥♦s ❡ ❛♣❧✐❝❛♥❞♦ ✉♠❛ t❡♥sã♦ ❛❧t❡r♥❛❞❛ ♥♦ s✐st❡♠❛✱ ❡❧❡ ❛♣r❡s❡♥t❛

❞✉❛s ❢❛s❡s t✉r❜✉❧❡♥t❛s✱ s❡♥❞♦ ✉♠❛ ♠❡t❛❡stá✈❡❧ ❡ ❛ ♦✉tr❛ ❡stá✈❡❧✳ ❖ ❡①♣❡r✐♠❡♥t♦ ✐♥✐❝✐❛✈❛

❝♦♠ ♦ ❝r✐st❛❧ ❧íq✉✐❞♦ ♥❛ ❢❛s❡ ♠❡t❛❡stá✈❡❧ ❡✱ ❡♥tã♦✱ ❡r❛ ❛♣❧✐❝❛❞❛ ✉♠❛ ♣❡rt✉r❜❛çã♦ q✉❡ ♦

❢❛③✐❛ tr❛♥s✐t❛r ♣❛r❛ ❛ ❢❛s❡ ❡stá✈❡❧✳ ❈♦♠♦ ❡ss❡s ❡st❛❞♦s ❡s♣❛❧❤❛♠ ❧✉③ ❞❡ ❢♦r♠❛ ❞✐❢❡r❡♥t❡✱

é ♣♦ssí✈❡❧ r❡❣✐str❛r ❛ ❡✈♦❧✉çã♦ ❞❛ ✐♥t❡r❢❛❝❡ q✉❡ s❡♣❛r❛ ❛s ❞✉❛s ❢❛s❡s✳ ▼❛✐s ❞❡t❛❧❤❡s

s♦❜r❡ ❡ss❡ ❡①♣❡r✐♠❡♥t♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛ r❡❢❡rê♥❝✐❛ ❬✺✷❪✳ ❆ ✐♥t❡r❢❛❝❡ ♦❜t✐❞❛ é

❝✉r✈❛ s❡ ❛ ♣❡rt✉r❜❛çã♦ ❢♦r ❛♣❧✐❝❛❞❛ ❛ ✉♠ ú♥✐❝♦ ♣♦♥t♦✱ ❡ ♣❧❛♥❛ ❝❛s♦ ❛♣❧✐❝❛❞❛ ❡♠ ✉♠❛

❧✐♥❤❛✳ ❆❧é♠ ❞❡ ❡♥❝♦♥tr❛r❡♠ ♦s ❡①♣♦❡♥t❡s ❞❛ ❝❧❛ss❡ ❑P❩✱ ♦s ❛✉t♦r❡s ♠♦str❛♠ q✉❡ ♥❡ss❡

s✐st❡♠❛ ❛s ❍❉✬s sã♦ ❝♦♥s✐st❡♥t❡s ❝♦♠ ❛ ❡q✉❛çã♦ ✷✳✸✹✳ ◆❛ ✜❣✉r❛ ✷✳✶✶✭❛✮ ♠♦str❛♠♦s ❛

❝♦♠♣❛r❛çã♦ ❞♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❝♦♠ ♦s ❛♥❛❧ít✐❝♦s✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✷✳✶✶✿ ✭❛✮ ❉✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s ❞❛ ❡❧❡tr♦✲❝♦♥✈❡❝çã♦ ❞❡ ❝r✐st❛✐s ❧íq✉✐❞♦s ❝♦♠♣❛r❛❞❛s
❝♦♠ ❛s ♣r❡✈✐sõ❡s t❡ór✐❝❛s✳ ❆ ❝✉r✈❛ tr❛❝❡❥❛❞❛ é ❛ ●❯❊ ❡ ❛ ♣♦♥t✐❧❤❛❞❛ ❛ ●❖❊✳ ❖s sí♠❜♦❧♦s
♣r❡❡♥❝❤✐❞♦s ❛③✉✐s ❡ ✈❡r♠❡❧❤♦s ❢♦r❛♠ ♦❜t✐❞♦s ♣❛r❛ ✐♥t❡r❢❛❝❡s ❝✐r❝✉❧❛r❡s ❝♦♠ t❡♠♣♦s t = 10s
❡ t = 30s r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❏á ♦s sí♠❜♦❧♦s ♥ã♦ ♣r❡❡♥❝❤✐❞♦s ❛③✉✐s ❡ ♣úr♣✉r♦s ❢♦r❛♠ ♦❜t✐❞♦s
♣❛r❛ ❝r❡s❝✐♠❡♥t♦s ♣❧❛♥♦s ❝♦♠ t❡♠♣♦s t = 20s ❡ t = 60s r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❋✐❣✉r❛ ❡①tr❛í❞❛
❞❡ ❬✺✶❪✳ ✭❜✮ ●rá✜❝♦ ❞❛ s❦❡✇♥❡ss ✭❝✐r❝✉❧♦s✮ ❡ ❝✉rt♦s❡ ✭❝r✉③❡s✮ ❞♦ ❝r❡s❝✐♠❡♥t♦ ❝✉r✈♦ ✭❛③✉❧✮
❡ ♣❧❛♥♦ ✭✈❡r♠❡❧❤♦✮✳ ❖ ●rá✜❝♦ ♠♦str❛ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s ❞✐str✐❜✉✐çõ❡s ❡♠ ✭❛✮ é ✉♠
❞❡s❧♦❝❛♠❡♥t♦ ♥❛ ♠é❞✐❛✱ ♣♦✐s ❛ s❦❡✇♥❡ss ❡ ❛ ❝✉rt♦s❡ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ♦s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s
❞❡ ❬✶✶❪✳

❆♣❡s❛r ❞❛ s❦❡✇♥❡ss ❡ ❞❛ ❝✉rt♦s❡ ❞❛s ❞✐str✐❜✉✐çõ❡s ❡♠ ✷✳✶✶✭❛✮ ❝♦♥❝♦r❞❛r❡♠

❝♦♠ ❛ ♣r❡✈✐sã♦ t❡ór✐❝❛✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r ♥❛ ✜❣✉r❛ ✷✳✶✶✭❜✮✱ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡

♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s s❡ ❡♥❝♦♥tr❛♠ ❧✐❣❡✐r❛♠❡♥t❡ ❞❡s❧♦❝❛❞♦s ❡♠ r❡❧❛çã♦ às ❝✉r✈❛s
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t❡ór✐❝❛s✳ ❈♦♠♦ ♠♦str❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✺✶❪✱ ❡ss❛ ❞✐❢❡r❡♥ç❛ ♥♦ ✈❛❧♦r ♠é❞✐♦ ❞❡❝❛✐ ❝♦♠

t−1/3✳ ❊ss❡ ❞❡s❧♦❝❛♠❡♥t♦ t❛♠❜é♠ ❢♦✐ ❡♥❝♦♥tr❛❞♦ ❡♠ s✐♠✉❧❛çõ❡s ❬✺✸❪ ❡ ♥❛ s♦❧✉çã♦ ❞❛

❡q✉❛çã♦ ❑P❩ ❬✺✹❪✳ ■ss♦ s✉❣❡r❡ ♦ ❛❝rés❝✐♠♦ ❞❡ t❡r♠♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ❝♦rr❡çõ❡s ♥❛ ❡q✳

✷✳✸✹✳ ❆❧✈❡s ❡t ❛❧✳ ❬✸✺❪ ♣r♦♣✉s❡r❛♠ ❛ ❡q✉❛çã♦✿

h(x, t) = v∞t+ s✐❣(λ)(Γt)βχ+ η + ζt−γ + . . . , ✭✷✳✸✺✮

♦♥❞❡ η ❡ ζ ♣♦❞❡♠ s❡r ✈❛r✐á✈❡✐s ❛❧❡❛tór✐❛s ♦✉ ❞❡t❡r♠✐♥íst✐❝❛s✳ ❖ η ❛♣❛r❡❝❡ ❞❡✈✐❞♦ ❛ ✉♠

❞❡s❧♦❝❛♠❡♥t♦ ♥❛ ♠é❞✐❛ ❞❛ ❞✐str✐❜✉✐çã♦✱ ♦✉ s❡❥❛✱ ♥❛ ♠é❞✐❛ ❞❛s ❛❧t✉r❛s✳ ❱❛❧❡ r❡ss❛❧t❛r

q✉❡ ❡ss❡ η ♥ã♦ é ♦ r✉✐❞♦ ❜r❛♥❝♦ q✉❡ ❛♣❛r❡❝❡ ♥❛s ❡q✉❛çõ❡s ❡st♦❝ást✐❝❛s ❞❛ s❡çã♦ ✷✳✸✳ ❖

s❡❣✉♥❞♦ t❡r♠♦ ❛❝r❡s❝❡♥t❛❞♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛♦ t❡♠♣♦ ❞❡ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦s ♠♦♠❡♥t♦s

❞❛ ❞✐str✐❜✉✐çã♦✱ s❡♠ ❛❧t❡r❛r ♦s s❡✉s ✈❛❧♦r❡s ❛ss✐♥tót✐❝♦s✳ ❆s r❡t✐❝ê♥❝✐❛s ♥♦ ✜♥❛❧ ❞❛

❡q✉❛çã♦ r❡♣r❡s❡♥t❛♠ ♦✉tr❛s ❝♦rr❡çõ❡s q✉❡ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ③❡r♦ ♠❛✐s rá♣✐❞♦ q✉❡ t−γ✳

❚♦❞♦s ❡ss❡s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s às ❍❉✬s ❞❛ ❝❧❛ss❡ ❑P❩ ❢♦r❛♠ ♦❜t✐❞♦s ♣❛r❛ ♦

❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❊♠ ❞✉❛s ❞✐♠❡♥sõ❡s ♥ã♦ ❡①✐st❡♠ r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s r❡❧❛❝✐♦♥❛❞♦s

às ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s✳ ◆♦ ❡♥t❛♥t♦✱ r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ❬✷✻✕✷✽❪ s✉❣❡r❡♠ q✉❡

✉♠❛ ❡q✉❛çã♦ s✐♠✐❧❛r à ✷✳✸✹ ❢✉♥❝✐♦♥❛ ❜❡♠ ❡♠ s✐st❡♠❛s ❜✐❞✐♠❡♥s✐♦♥❛✐s✳ ◆❡ss❡ ❝❛s♦✱ ♦s

♣❛râ♠❡tr♦s v∞ ❡ Γ sã♦ ❞✐❢❡r❡♥t❡s ❞♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❞✐str✐❜✉✐çã♦

❛♥á❧♦❣❛ ❛♦ χ ❞❛ ✷✳✸✹ t❛♠❜é♠ é ❞✐❢❡r❡♥t❡ ❞❛s ❞✐str✐❜✉✐çõ❡s ❚r❛❝②✲❲✐❞♦♠✳ ◆♦ ❡♥t❛♥t♦✱

❛ss✐♠ ❝♦♠♦ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦✱ χ ❞❡♣❡♥❞❡ ❞❛ ❣❡♦♠❡tr✐❛ ❞❛ ✐♥t❡r❢❛❝❡✳

➱ ❞✐❢í❝✐❧ q✉❛♥t✐✜❝❛r ❛s ❞✐❢❡r❡♥ç❛s ❡♥tr❡ ❞✐str✐❜✉✐çõ❡s ❛♥❛❧✐s❛♥❞♦ ❛♣❡♥❛s ❛ ❝✉r✈❛

❞❡ p(h) ♣♦r h✳ P♦r ✐ss♦ é ✐♥t❡r❡ss❛♥t❡ ❡st✉❞❛r ❛s ❞✐str✐❜✉✐çõ❡s ❛tr❛✈és ❞❡ s❡✉s ❝✉♠✉✲

❧❛♥t❡s✳ ❖ ♠♦♠❡♥t♦ ❞❡ ♦r❞❡♠ ♥ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s p(h) é ❞❛❞♦ ♣♦r

〈hn〉 = 1

L

L
∑

i=1

hn
i . ✭✷✳✸✻✮

❖s ❝✉♠✉❧❛♥t❡s ❞❛ ❞✐str✐❜✉✐çã♦ ♣♦❞❡♠ s❡r ❡s❝r✐t♦s ❝♦♠♦ ❝♦♠❜✐♥❛çõ❡s ❧✐♥❡❛r❡s ❞♦s ♠♦✲
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♠❡♥t♦s ❬✺✺❪✳ ❆té ♦ ❝✉♠✉❧❛♥t❡ ❞❡ q✉❛rt❛ ♦r❞❡♠ t❡♠✲s❡✿

〈h〉c = 〈h〉 ;

〈h2〉c = 〈h2〉 − 〈h〉2 ; ✭✷✳✸✼✮

〈h3〉c = 〈h3〉 − 3〈h2〉〈h〉+ 2〈h〉3 ;

〈h4〉c = 〈h4〉 − 4〈h3〉〈h〉 − 3〈h2〉2 + 12〈h2〉〈h〉2 − 6〈h〉4 .

➱ ♣♦ssí✈❡❧ ❞❡✜♥✐r ❞✐✈❡rs❛s r❛③õ❡s ❛❞✐♠❡♥s✐♦♥❛✐s ❞❡ss❡s ❝✉♠✉❧❛♥t❡s✳ ❚rês ❞❡❧❛s

sã♦ ❡s♣❡❝✐❛❧♠❡♥t❡ ✐♥t❡r❡ss❛♥t❡s✿ ❛ ❝✉rt♦s❡K✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛ss✐♠❡tr✐❛ S✱ ♦✉ s❦❡✇♥❡ss✱

❡ ✉♠❛ r❛③ã♦ ❡♥tr❡ ♦s ❞♦✐s ♣r✐♠❡✐r♦s ❝✉♠✉❧❛♥t❡s R✳ ❊ss❛s ❣r❛♥❞❡③❛s sã♦ ❞❡✜♥✐❞❛s ♣♦r

R =
〈h〉c

〈h2〉1/2 , S =
〈h3〉c
〈h2〉3/2c

❡ K =
〈h4〉c
〈h2〉2c

. ✭✷✳✸✽✮

❊♠ ❞✐str✐❜✉✐çõ❡s s✐♠étr✐❝❛s✱ S = 0✱ ❛ ♠é❞✐❛ é ✐❣✉❛❧ ❛ ♠♦❞❛✱ ♦♥❞❡ ❡st❡ ú❧t✐♠♦ é

♦ ✈❛❧♦r ♠❛✐s ♣r♦✈á✈❡❧ ❞❛ ❞✐str✐❜✉✐çã♦✳ ◆♦s ❝❛s♦s ❡♠ q✉❡ S > 0✱ ❛ ♠♦❞❛ é ♠❡♥♦r q✉❡

❛ ♠é❞✐❛✱ ❡ ❛ ❝❛✉❞❛ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ t❡♥❞❡ ❛ ③❡r♦ ♠❛✐s ❞❡✈❛❣❛r q✉❡ ❛ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦✳

◗✉❛♥❞♦ S < 0 ❛❝♦♥t❡❝❡ ♦ ❝♦♥trár✐♦✳ ■❧✉str❛♠♦s ✐ss♦ ♥❛ ✜❣✉r❛ ✷✳✶✷✳

❋✐❣✉r❛ ✷✳✶✷✿ ❙❦❡✇♥❡ss ❞❡ ❞✐str✐❜✉✐çõ❡s ❛ss✐♠étr✐❝❛s✳

❆ ❝✉rt♦s❡ ♥♦s ❞á ✐♥❢♦r♠❛çã♦ s♦❜r❡ ♦ ♣❡s♦ ❞❛s ❝❛✉❞❛s ❞❛ ❞✐str✐❜✉✐çã♦✳ ❈♦♠♦

❛ ❞✐str✐❜✉✐çã♦ é ♥♦r♠❛❧✐③❛❞❛✱ q✉❛♥t♦ ♠❛✐♦r ♦ ♣❡s♦ ❞❛s ❝❛✉❞❛s ♠❛✐s ❡str❡✐t♦ é ♦ ♣✐❝♦✳

◗✉❛♥❞♦ K > 0 t❡♠♦s ✉♠ ♣✐❝♦ ♠❛✐s ❡str❡✐t♦ ❡ ❝❛✉❞❛s ♠❛✐s ♣❡s❛❞❛s q✉❡ ✉♠❛ ❣❛✉ss✐❛♥❛✱

❡ q✉❛♥❞♦ K < 0 ♦❝♦rr❡ ♦ ❝♦♥trár✐♦✳ ■ss♦ é ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛ ✷✳✶✸✳

❖s ✈❛❧♦r❡s ❞♦s ♣r✐♠❡✐r♦s ❝✉♠✉❧❛♥t❡s ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s ❞❛ ❝❧❛ss❡ ❑P❩ ❡♠

✉♠❛ ❡ ❞✉❛s ❞✐♠❡♥sõ❡s ❡stã♦ r❡s✉♠✐❞♦s ♥❛ t❛❜❡❧❛ ✷✳✶✳ ❖s ✈❛❧♦r❡s ♣❛r❛ ✉♠❛ ❞✐♠❡♥sã♦
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✷✳✹ ❉✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s

❋✐❣✉r❛ ✷✳✶✸✿ ❘❡♣r❡s❡♥t❛çã♦ q✉❛❧✐t❛t✐✈❛ ❞❛ ❝✉rt♦s❡✳

❢♦r❛♠ ❡①tr❛í❞♦s ❞❛ r❡❢❡rê♥❝✐❛ ❬✶✶❪✱ ♣❛r❛ ❞✉❛s ❞✐♠❡♥sõ❡s t✐r❛♠♦s ❛ ♠é❞✐❛ ❞♦s ✈❛❧♦r❡s

♦❜t✐❞♦s ♣❛r❛ ♦s ❞✐❢❡r❡♥t❡s ♠♦❞❡❧♦s ♣❧❛♥♦s ❬✷✻❪ ❡ ❝✉r✈♦s ❬✷✼❪ ❡st✉❞❛❞♦s✳

●❖❊ ●❯❊ P❧❛♥♦ ✷❞ ❈✉r✈♦ ✷❞
〈χ〉c ✲✵✱✼✻✵✵✼ ✲✶✱✼✼✶✵✾ ✲✵✱✼✺✭✻✮ ✲✷✱✸✭✼✮
〈χ2〉c ✵✱✻✷✽✵✺ ✵✱✽✶✸✷✵ ✵✱✷✹✭✷✮ ✵✱✸✸✭✷✮
❙ ✵✱✷✾✸✺ ✵✱✷✷✹✶ ✵✱✹✷✸✭✽✮ ✵✱✸✸✭✷✮
❑ ✵✱✶✻✺✷ ✵✱✵✾✸✹✺ ✵✱✸✹✭✶✮ ✵✱✷✶✷✭✾✮

❚❛❜❡❧❛ ✷✳✶✿ ❱❛❧♦r❡s ❞❛s ❍❉✬s ♣❧❛♥❛ ❡ ❝✉r✈❛ ❞❛ ❝❧❛ss❡ ❑P❩ ❡♠ ✉♠❛ ❡ ❞✉❛s ❞✐♠❡♥sõ❡s✳

P❛r❛ ✜♥❛❧✐③❛r ❡st❛ s❡çã♦✱ ✈❛♠♦s r❡ss❛❧t❛r ❝♦♠♦ ❛ s✉❜❞✐✈✐sã♦ ❞❛ ❝❧❛ss❡ ❑P❩

é ♣r♦♣í❝✐❛ ♣❛r❛ ♥♦ss♦ tr❛❜❛❧❤♦✳ ❈♦♠♦ ❢♦✐ ❞✐t♦ ♥❛ ✐♥tr♦❞✉çã♦✱ s✉❜str❛t♦s ❝r❡s❝❡♥t❡s

tê♠ s✐❞♦ ✉t✐❧✐③❛❞♦s ❝♦♠♦ ❛♣r♦①✐♠❛çõ❡s ❞❡ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s✳ ❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s

❡♠ ❛✈❛❧✐❛r s❡ ❡ss❡s ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s sã♦ ❞❡ ❢❛t♦ ✉♠❛ ❜♦❛ ❛♣r♦①✐♠❛çã♦✳ ❈♦♠♦ ❛

❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s ❞❛ ❝❧❛ss❡ ❑P❩ ❞❡♣❡♥❞❡ ❞❛ ❣❡♦♠❡tr✐❛✱ ♥❡ss❛ ❝❧❛ss❡ ♣♦❞❡♠♦s

❡st✉❞❛r ❛ ❍❉ ❞♦ ❞♦♠í♥✐♦ ❝r❡s❝❡♥t❡ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ❡❧❛ é ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ ❍❉ ❝✉r✈❛

♦✉ ❞❛ ♣❧❛♥❛✳ ❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s t❛♠❜é♠ ❞❡t❡r♠✐♥❛r s❡ ❛ ❝✉r✈❛t✉r❛ ❣❧♦❜❛❧ é✱ ♦✉ ♥ã♦✱

♦ ❢❛t♦r ♣r✐♥❝✐♣❛❧ ♥❛ ♣r♦❞✉çã♦ ❞❡ ❞✐❢❡r❡♥t❡s ❞✐str✐❜✉✐çõ❡s
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❈❛♣ít✉❧♦ ✸

■♥t❡r❢❛❝❡s ❝✉r✈❛s ❡ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡

❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s

❱❛♠♦s ❝♦♠❡ç❛r ❡st❡ ❝❛♣ít✉❧♦ ❞✐s❝✉t✐♥❞♦ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s✳ ■r❡♠♦s ❞✐s❝✉t✐r s✉❛s

♣r✐♥❝✐♣❛✐s ❝❛r❛❝t❡ríst✐❝❛s ❡ ❞✐❢❡r❡♥ç❛s ❡♠ r❡❧❛çã♦ ❛♦ ❝❛s♦ ♣❧❛♥♦✳ ❆❧é♠ ❞✐ss♦✱ ✈❛♠♦s

❛♣♦♥t❛r ❛s ❞✐✜❝✉❧❞❛❞❡s q✉❡ ❛♣❛r❡❝❡♠ ♥❡ss❛ ❣❡♦♠❡tr✐❛✱ t❛♥t♦ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❛♥❛❧ít✐❝♦

q✉❛♥t♦ ❝♦♠♣✉t❛❝✐♦♥❛❧✳ ❋❡✐t♦ ✐ss♦✱ ✈❛♠♦s ✐♥tr♦❞✉③✐r ♦s ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s✳ ■r❡♠♦s

❛♣r❡s❡♥t❛r ♦♥❞❡ ❡❧❡s ❢♦r❛♠ ✉s❛❞♦s ❝♦♠♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ♦ ❝❛s♦ ❝✉r✈♦ ❡ r❡s✉♠✐r

❛❧❣✉♥s ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ❛ss✉♥t♦✳

✸✳✶ ❈r❡s❝✐♠❡♥t♦ ❞❡ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s

❉✐✈❡rs♦s ❢❡♥ô♠❡♥♦s ♥❛t✉r❛✐s ❡♥✈♦❧✈❡♠ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s✳ ❈r❡s❝✐✲

♠❡♥t♦s ❝♦♠ ❡ss❛ ❣❡♦♠❡tr✐❛ sã♦ ❡s♣❡❝✐❛❧♠❡♥t❡ ❝♦♠✉♥s ❡♠ s✐st❡♠❛s ❜✐♦❧ó❣✐❝♦s✳ ❊①❡♠✲

♣❧♦s q✉❡ ♣♦❞❡rí❛♠♦s ❝✐t❛r s❡r✐❛♠✿ ❝♦❧ô♥✐❛s ❞❡ ❜❛❝tér✐❛s✱ t✉♠♦r❡s ❡ ❢✉♥❣♦s ❬✹✱✺✱✺✻❪✳

◗✉❛♥❞♦ ❝♦♠♣❛r❛♠♦s s✉♣❡r❢í❝✐❡s ❝✉r✈❛s ❝♦♠ ♣❧❛♥❛s ♥♦t❛♠♦s ❞✉❛s ❞✐❢❡r❡♥ç❛s

♣r✐♥❝✐♣❛✐s✳ ❆ ♣r✐♠❡✐r❛ é q✉❡ ❡♠ s✐st❡♠❛s ❝✉r✈♦s ❛ ✐♥t❡r❢❛❝❡ ❛✉♠❡♥t❛ ❝♦♠ ♦ t❡♠♣♦✳

◆♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣♦r ❡①❡♠♣❧♦✱ s❡♠♣r❡ q✉❡ ♦ r❛✐♦ ❞♦ ❛❣r❡❣❛❞♦ ❝r❡s❝❡ ❞❡ ✉♠❛

✉♥✐❞❛❞❡ ♦ ♣❡rí♠❡tr♦ ❞❛ ✐♥t❡r❢❛❝❡ ❝r❡s❝❡ ❞❡ 2π✳ ❆ ♦✉tr❛ ❞✐❢❡r❡♥ç❛ é ❛ ❝✉r✈❛t✉r❛ ❡♠ s✐✳

❆s ❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s ♥❛s ❡q✉❛çõ❡s ❡st♦❝ást✐❝❛s r❡❧❛❝✐♦♥❛♠ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ♣♦♥t♦

❝♦♠ ❛ s✉❛ ✈✐③✐♥❤❛♥ç❛✳ ❯♠❛ ❝✉r✈❛t✉r❛ ❣❧♦❜❛❧ ♥❛ ✐♥t❡r❢❛❝❡ ❛❧t❡r❛ ♦ r❡s✉❧t❛❞♦ ❞❡ss❛s

✷✾



✸✳✶ ❈r❡s❝✐♠❡♥t♦ ❞❡ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s

❞❡r✐✈❛❞❛s ❡s♣❛❝✐❛✐s✱ ♦ q✉❡ ♠✉❞❛ t♦❞❛ ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛✳

❉❛ ♠❡s♠❛ ♠❛♥❡✐r❛ q✉❡ é ❢❡✐t♦ ❡♠ ❝r❡s❝✐♠❡♥t♦s ♣❧❛♥♦s✱ ♣♦❞❡♠♦s ❝❧❛ss✐✜❝❛r ✐♥✲

t❡r❢❛❝❡s ❝✉r✈❛s ❛tr❛✈és ❞♦s ❡①♣♦❡♥t❡s ❝rít✐❝♦s q✉❡ r❡❣❡♠ ❛ ❞✐♥â♠✐❝❛ ❞❛ r✉❣♦s✐❞❛❞❡✳

P♦ré♠✱ ❛♦ ❝♦♥trár✐♦ ❞♦s s✐st❡♠❛s ♣❧❛♥♦s✱ ♥♦s ❝✉r✈♦s ❛ r✉❣♦s✐❞❛❞❡ ♥ã♦ s❛t✉r❛✳ ■ss♦

♣♦rq✉❡ ❛ ✐♥t❡r❢❛❝❡ ❛✉♠❡♥t❛ ❝♦♠ ♦ t❡♠♣♦✳ ❆♣❡s❛r ❞❛s ❝♦rr❡❧❛çõ❡s s❡ ♣r♦♣❛❣❛r❡♠ ♣❡❧♦

s✐st❡♠❛✱ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❡st❡ ✐♠♣❡❞❡ q✉❡ t♦❞❛ ❛ s✉♣❡r❢í❝✐❡ ✜q✉❡ ❝♦rr❡❧❛❝✐♦♥❛❞❛✳ ❆ss✐♠✱

❡①✐st❡ ❛♣❡♥❛s ♦ r❡❣✐♠❡ ❞❡ ❝r❡s❝✐♠❡♥t♦✱ ♦♥❞❡ ❛ r✉❣♦s✐❞❛❞❡ ❡s❝❛❧❛ ❝♦♠ tβ✱ s❡♥❞♦ ♦ ❡①✲

♣♦❡♥t❡ β ✐❣✉❛❧ ❛♦ ❡♥❝♦♥tr❛❞♦ ♥♦ ❝❛s♦ ♣❧❛♥♦✳ ▼❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❡ss❡ ❛ss✉♥t♦ s❡rã♦

tr❛t❛❞♦s ♥❛ s❡çã♦ ✸✳✷✳

❊st✉❞❛r ❛♥❛❧✐t✐❝❛♠❡♥t❡ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s ❣❡r❛❧♠❡♥t❡ é ♠❛✐s ❞✐❢í❝✐❧ ❞♦ q✉❡ ♦ ❝❛s♦

♣❧❛♥♦✳ ■ss♦ ♣♦rq✉❡ ❛❧é♠ ❞❛s ❞❡r✐✈❛❞❛s ✜❝❛r❡♠ ♠❛✐s ❝♦♠♣❧❡①❛s q✉❛♥❞♦ ❡s❝r✐t❛s ❡♠

❝♦♦r❞❡♥❛❞❛s ❝✉r✈✐❧í♥❡❛s✱ ❛ ♣ró♣r✐❛ r❡♣r❡s❡♥t❛çã♦ ❞♦s ❡❢❡✐t♦s é ♠❛✐s ❝♦♠♣❧✐❝❛❞❛✱ ❝♦♠♦

à t❡♥sã♦ s✉♣❡r✜❝✐❛❧✱ ♣♦r ❡①❡♠♣❧♦ ❬✺✼❪✳ P❛r❛ ✐❧✉str❛r ❡ss❡ ❢❛t♦ ♣♦❞❡♠♦s ❛♥❛❧✐s❛r ❛

❡q✉❛çã♦ ❑P❩ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ q✉❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❬✷✾✱✺✽❪ s❡ t♦r♥❛

∂R

∂t
=

Ω

R2

∂2R

∂θ2
− Ω

R
+Ψ

[

1 +
1

2R2

(

∂R

∂θ

)2
]

+
η(θ, t)√

R
. ✭✸✳✶✮

♦♥❞❡ Ω ❡ Ψ sã♦ ♦s ♣❛râ♠❡tr♦s ❞❛ ❡q✉❛çã♦✱ ❡s❝r✐t♦s ❝♦♠ ♦✉tr❛s ❧❡tr❛s ♣❛r❛ ❢r✐s❛r q✉❡

♥ã♦ sã♦ ♦s ♠❡s♠♦s ✈❛❧♦r❡s ❞♦ ❝❛s♦ ♣❧❛♥♦✳ ❊ss❛ ❡q✉❛çã♦ é ❝❧❛r❛♠❡♥t❡ ♠❛✐s ❞✐❢í❝✐❧ ❞❡

tr❛❜❛❧❤❛r q✉❡ ❛ ❑P❩ ♣❧❛♥❛✱ ❡q✳ ✷✳✸✵✱ ♣♦✐s ♦ t❡r♠♦ r❡❧❛❝✐♦♥❛❞♦ ❛ ❞❡r✐✈❛❞❛ s❡❣✉♥❞❛✱

q✉❡ ❡r❛ ❧✐♥❡❛r ♥♦ ❝❛s♦ ♣❧❛♥♦✱ ♣❛ss❛ ❛ s❡r ♥ã♦✲❧✐♥❡❛r✳

❊①✐st❡ ✉♠❛ ❝♦♥tr♦✈érs✐❛ ❡♠ r❡❧❛çã♦ ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❛ ❛♥❛❧✐s❡ ❞❡ ❡s❝❛❧❛✱ ♥❛

❢♦r♠❛ ❞❡s❡♥✈♦❧✈✐❞❛ ♣❛r❛ ✐♥t❡r❢❛❝❡s ♣❧❛♥❛s✱ ❡♠ ❝❛s♦s ❝✉r✈♦s✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❬✷✾❪✱ ❛

❛♥❛❧✐s❡ ❞❡ ❡s❝❛❧❛ é ❞❡s❡♥✈♦❧✈✐❞❛ s♦❜r❡ ❛s ❤✐♣ót❡s❡s ❞❡ q✉❡ ❛ ✐♥t❡r❢❛❝❡ ♣♦❞❡ s❡r ❞❡s❝r✐t❛

♣♦r ✉♠ r❡❢❡r❡♥❝✐❛❧ ❡✉❝❧✐❞✐❛♥♦ ❡ q✉❡ ❡❧❛ ♥ã♦ ♠✉❞❛ ❞❡ t❛♠❛♥❤♦ ❞✉r❛♥t❡ ❛ ❞✐♥â♠✐❝❛ ❞♦

s✐st❡♠❛✳ ◆❡ss❡ ♠❡s♠♦ tr❛❜❛❧❤♦✱ ❊s❝✉❞❡r♦ ♠♦str❛ q✉❡ ♣❛r❛ ❛ ❞❡♣♦s✐çã♦ ❛❧❡❛tór✐❛ ✭❘❉✮

♥❛ ❣❡♦♠❡tr✐❛ ❝✉r✈❛✱ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦ ❛ r✉❣♦s✐❞❛❞❡ ❡♠ t❡♠♣♦s ♠✉✐t♦ ❧♦♥❣♦s ✈❛✐ ♣❛r❛

W = (ln(t))0.5✱ ❡ q✉❡ ♣❛r❛ ❞✉❛s ♦✉ ♠❛✐s ❞✐♠❡♥sõ❡s ❛ s✉♣❡r❢í❝✐❡ s❡ t♦r♥❛ ♣❧❛♥❛ ♣♦rq✉❡

♦s r✉í❞♦s s❡ t♦r♥❛♠ ✐rr❡❧❡✈❛♥t❡s✳ ❊ss❡s r❡s✉❧t❛❞♦s ❝❛✉s❛r❛♠ ✉♠❛ r❛③♦á✈❡❧ ❞✐s❝✉ssã♦

❬✸✵✱✸✶❪✱ ❛❧é♠ ❞❡ ❝♦♥tr❛❞✐③❡r r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s ❬✸✷❪✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡
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✸✳✶ ❈r❡s❝✐♠❡♥t♦ ❞❡ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s

❞❛ ❛♥á❧✐s❡ ❞❡ ❡s❝❛❧❛ tr❛❞✐❝✐♦♥❛❧ à ❝r❡s❝✐♠❡♥t♦s ❝✉r✈♦s é ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ❛❜❡rt♦ ♥❛

❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s✳

■♥t❡r❢❛❝❡s ❝✉r✈❛s t❛♠❜é♠ sã♦ ♠❛✐s ❞✐❢í❝❡✐s ❞❡ ❧✐❞❛r ❡♠ s✐♠✉❧❛çã♦✳ ❈♦♠♦ ❡①✲

❡♠♣❧♦✱ ✈❛♠♦s t♦♠❛r ♦ ♠♦❞❡❧♦ ❞❡ ❊❞❡♥ ❬✶✵❪✳ ❊ss❡ ♠♦❞❡❧♦ ❢♦✐ ♣r♦♣♦st♦ ♣❛r❛ s✐♠✉❧❛r

♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ✉♠❛ ❝✉❧t✉r❛ ❞❡ ❝é❧✉❧❛s ❡ ❝♦♥s✐st❡ ❡♠✱ ✐♥✐❝✐❛♥❞♦ ❝♦♠ ✉♠❛ s❡✲

♠❡♥t❡ ♥❛ ♦r✐❣❡♠ ♥✉♠❛ r❡❞❡ q✉❛❞r❛❞❛ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ❝r❡s❝❡r ♦ ❛❣r❡❣❛❞♦ ❛❞✐❝✐♦♥❛♥❞♦

❛❧❡❛t♦r✐❛♠❡♥t❡ ♣❛rtí❝✉❧❛s ❛ s✉❛ ✈✐③✐♥❤❛♥ç❛ ✭❜♦r❞❛✮✳ ❖ ❛❣r❡❣❛❞♦ ❣❡r❛❞♦ ♣♦r ❡ss❡ ♠♦❞✲

❡❧♦ é ❛♥✐s♦tró♣✐❝♦✱ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ ❞❡t❡r♠✐♥❛❞❛s ❞✐r❡çõ❡s ❝r❡s❝❡r❡♠ ♠❛✐s rá♣✐❞♦ q✉❡

♦✉tr❛s✳ ❊ss❡ ❡❢❡✐t♦ é ✉♠ r❡✢❡①♦ ❞❛ ❛♥✐s♦tr♦♣✐❛ ❞❛ ♣ró♣r✐❛ r❡❞❡ q✉❛❞r❛❞❛✳ ◆❛ ✜❣✉r❛

✸✳✶ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡①❡♠♣❧♦ ❞❡ ✐♥t❡r❢❛❝❡ ♦❜t✐❞❛ ♣❡❧♦ ♠♦❞❡❧♦ ❞❡ ❊❞❡♥✱ ♦♥❞❡ ♣♦❞❡✲

♠♦s ♥♦t❛r q✉❡ ♦ ♣❡rí♠❡tr♦ ❧❡♠❜r❛ ✉♠ ❧♦s❛♥❣♦✱ ♥ã♦ ✉♠❛ ❝✐r❝✉♥❢❡rê♥❝✐❛✳ ❊ss❛ ❢♦r♠❛

❛♥✐s♦tró♣✐❝❛ tr❛③ ♣r♦❜❧❡♠❛s ♥♦ ❡st✉❞♦ ❞❛ ❞✐♥â♠✐❝❛ ❞❛ r✉❣♦s✐❞❛❞❡ ❬✶✺❪✳

❋✐❣✉r❛ ✸✳✶✿ ▼é❞✐❛ ❞❡ ♥♦✈❡ ♣❡rí♠❡tr♦s ♦❜t✐❞♦s ❝♦♠ ❛ ✈❡rsã♦ ❆ ❞♦ ♠♦❞❡❧♦ ❞❡ ❊❞❡♥ ✭✈❡r
❞❡✜♥✐çã♦ ❡♠ ❬✶✹❪✮✳ ❈❛❞❛ ♣❡rí♠❡tr♦ ❢♦✐ ❝r❡s❝✐❞♦ ❛té q✉❛tr♦ ♠✐❧❤õ❡s ❞❡ ♣❛rtí❝✉❧❛s✳ ❊①tr❛í❞❛
❞❡ ❬✶✹❪✳

❆ ❢♦r♠❛ ❛♥✐s♦tró♣✐❝❛ é ❝❛✉s❛❞❛ ♣❡❧♦ ❝r❡s❝✐♠❡♥t♦ ♥❛ ❞✐r❡çã♦ ❞❛ r❡❞❡ s❡r ♠❛✐s

rá♣✐❞♦✱ ♣♦✐s✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❛♥❞♦ s❡ s♦rt❡✐❛ ✉♠ ✈✐③✐♥❤♦ ❞❛ s❡♠❡♥t❡✱ ❛♣❡♥❛s q✉❛tr♦

❞✐r❡çõ❡s ❞❡ ❝r❡s❝✐♠❡♥t♦ sã♦ ♣♦ssí✈❡✐s✱ ❛s ❞✐❛❣♦♥❛✐s ✜❝❛♠ ❞❡♣❡♥❞❡♥t❡s ❞❡ ✉♠ s❡❣✉♥❞♦

s♦rt❡✐♦ ♣❛r❛ ❝r❡s❝❡r❡♠✳ ❊ss❛ ❞✐❢❡r❡♥ç❛ ♥❛ ✈❡❧♦❝✐❞❛❞❡✱ ❧❡♠❜r❛♥❞♦ ❞❛ ❡q✉❛çã♦ ✷✳✸✹✱ ♥♦s

✐♥❞✐❝❛ q✉❡ ♦ v∞ ❞❡✈❡ ✈❛r✐❛r ❛♥❣✉❧❛r♠❡♥t❡✳ ❖ Γ t❛♠❜é♠ ❞❡✈❡ s❡r ❢✉♥çã♦ ❞♦ â♥❣✉❧♦✱

♣♦✐s ♥❛s ❞✐r❡çõ❡s ❞❛ r❡❞❡ ♦s r❛✐♦s sã♦ ♠❛✐♦r❡s q✉❡ ♦ r❛✐♦ ♠é❞✐♦ ❡ ♥❛s ❞✐❛❣♦♥❛✐s ♦s
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✸✳✶ ❈r❡s❝✐♠❡♥t♦ ❞❡ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s

r❛✐♦s sã♦ ♠❡♥♦r❡s✱ ♦♥❞❡ ❡ss❛ ❞✐❢❡r❡♥ç❛ ❡♠ r❡❧❛çã♦ ❛♦ ❝ír❝✉❧♦ ❞❡ r❛✐♦ ♠é❞✐♦ ❞❡✈❡ ❧❡✈❛r

❛ ✉♠ Γ ♠❛✐♦r ❡✱ ❡♥tr❡ ❡ss❛s r❡❣✐õ❡s✱ t❡♠♦s ✐♥t❡rs❡çõ❡s ❞♦ ♣❡rí♠❡tr♦ ❞♦ ❛❣r❡❣❛❞♦ ❝♦♠

♦ ❝ír❝✉❧♦✱ ♦♥❞❡ ♦ Γ ❞❡✈❡ s❡r ♠❡♥♦r✳ ❉❡ss❛ ❢♦r♠❛✱ q✉❛♥❞♦ ❡st✉❞❛♠♦s ❛ ❞✐str✐❜✉✐çã♦ ❞♦s

r❛✐♦s ❞♦ ♠♦❞❡❧♦ ❞❡ ❊❞❡♥ ❞❡✈❡♠♦s ♥♦s ❧✐♠✐t❛r ❛ ❞✐r❡çõ❡s ❡s♣❡❝í✜❝❛s ❞❛ r❡❞❡✱ ✐ss♦ ♣❛r❛

❣❛r❛♥t✐r q✉❡ ❡st❛♠♦s ❡st✉❞❛♥❞♦ ♣♦♥t♦s ❝♦♠ ♦s ♠❡s♠♦s ✈❛❧♦r❡s ♥♦s ♣❛râ♠❡tr♦s ♥ã♦

✉♥✐✈❡rs❛✐s✳ ❊ss❡ ♣r♦❜❧❡♠❛ ♣r❡❥✉❞✐❝❛ ♠✉✐t♦ ❛ ❡st❛tíst✐❝❛✱ ♣♦✐s ✉t✐❧✐③❛♠♦s ♣♦✉❝♦s ♣♦♥t♦s

♣♦r ❛❣r❡❣❛❞♦ ❝r❡s❝✐❞♦✱ ❡①✐❣✐♥❞♦ ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ❛♠♦str❛s ♣❛r❛ ♦❜t❡r r❡s✉❧t❛❞♦s

r❛③♦á✈❡✐s✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s ✉♠ ❣r❛♥❞❡ ❞❡s♣❡r❞í❝✐♦ ❞❡ r❡❝✉rs♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ♣♦✐s

❛ ♠❛✐♦r ♣❛rt❡ ❞❛ ✐♥t❡r❢❛❝❡ é s✐♠♣❧❡s♠❡♥t❡ ❞❡s❝❛rt❛❞❛✳

❯♠❛ ❢♦r♠❛ ❞❡ ❝♦♥t♦r♥❛r ❡ss❡ ♣r♦❜❧❡♠❛ é ✐♠♣❧❡♠❡♥t❛♥❞♦ ♦ ❝r❡s❝✐♠❡♥t♦ ❢♦r❛ ❞❡

r❡❞❡✳ ❆✐♥❞❛ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♠♦❞❡❧♦ ❞❡ ❊❞❡♥✱ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ♦ ❛❧❣♦r✐t♠♦ ✐♥tr♦❞✉③✐❞♦

❡♠ ❬✶✼❪ ❝♦♠♦ ❡①❡♠♣❧♦✳ ◆❡ss❡ ❛❧❣♦r✐t♠♦ ❛s ♣❛rtí❝✉❧❛s sã♦ ❞✐s❝♦s ❝♦♠ ❞✐â♠❡tr♦ a q✉❡ sã♦

❛❝r❡s❝❡♥t❛❞❛s ❛ ✉♠ ♣❧❛♥♦ ❞❡ ❝r❡s❝✐♠❡♥t♦✳ ■♥✐❝✐❛♥❞♦ ❝♦♠ ✉♠❛ s❡♠❡♥t❡✱ ♦ ❝r❡s❝✐♠❡♥t♦

é ❢❡✐t♦ s♦rt❡❛♥❞♦ ✉♠❛ ♣❛rtí❝✉❧❛ ❞♦ ♣❡rí♠❡tr♦ ❞♦ ❛❣r❡❣❛❞♦ ❡ ❛❝r❡s❝❡♥t❛♥❞♦ ✉♠❛ ♥♦✈❛

♣❛rtí❝✉❧❛ à s✉❛ ✈✐③✐♥❤❛♥ç❛✱ q✉❡ é ❝♦❧♦❝❛❞❛ t♦❝❛♥❞♦ ❛ ❜♦r❞❛ ❞❛ q✉❡ ❢♦✐ s♦rt❡❛❞❛✳ ❆

♣❛rtí❝✉❧❛ é ❛❞✐❝✐♦♥❛❞❛ ❡♠ ✉♠❛ ❞✐r❡çã♦ ❛❧❡❛tór✐❛✱ ❝♦♥t❛♥t♦ q✉❡ ❡❧❛ ♥ã♦ s❡ s♦❜r❡♣♦♥❤❛ ❛

♦✉tr❛s ❥á ❡①✐st❡♥t❡s✳ ❯♠ ❡①❡♠♣❧♦ ❞❡ ❛❣r❡❣❛❞♦ ❣❡r❛❞♦ ♣♦r ❡ss❡ ❛❧❣♦r✐t♠♦ é ❛♣r❡s❡♥t❛❞♦

♥❛ ✜❣✉r❛ ✸✳✷✳

❋✐❣✉r❛ ✸✳✷✿ ❆❣r❡❣❛❞♦ ❝♦♠ s❡✐s ♠✐❧ ♣❛rtí❝✉❧❛s ❣❡r❛❞♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ❊❞❡♥ ❢♦r❛ ❞❛ r❡❞❡✳
❖ ♣❡rí♠❡tr♦ ❡stá r❡❛❧ç❛❞♦ ❡♠ ✈❡r♠❡❧❤♦✳ ❊①tr❛í❞❛ ❞❡ ❬✺✾❪✳
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❊①✐st❡♠ ❞✐✈❡rs❛s ❢♦r♠❛s ❞❡ s❡ ✐♠♣❧❡♠❡♥t❛r ❝r❡s❝✐♠❡♥t♦s ❢♦r❛ ❞❛ r❡❞❡✱ ♦✉tr❛s

♦♣çõ❡s ♣❛r❛ ❊❞❡♥ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✶✻✱✶✽❪✳ ◆♦ ❡♥t❛♥t♦✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡✱

❞❡ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ❛ s✐♠✉❧❛çã♦ ❞❡ ❝r❡s❝✐♠❡♥t♦s ❢♦r❛ ❞❛ r❡❞❡ é ♠❛✐s ❝♦♠♣❧✐❝❛❞❛✳ ■ss♦

♣♦rq✉❡ ♦s ❛❧❣♦r✐t♠♦s s❡ t♦r♥❛♠ ❝❛❞❛ ✈❡③ ♠❛✐s ❝♦♠♣❧❡①♦s ❛ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛♠♦s ❛s

❞✐♠❡♥sõ❡s ❞❛ ✐♥t❡r❢❛❝❡✳ ❆❧é♠ ❞✐ss♦✱ ♥♦r♠❛❧♠❡♥t❡ ❡ss❡ t✐♣♦ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡①✐❣❡ ♠❛✐s

♦♣❡r❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s ♣♦r ♣❛rtí❝✉❧❛ ❛ s❡r ❛❝r❡s❝❡♥t❛❞❛✱ ❢❛③❡♥❞♦ q✉❡ ♦ ❝r❡s❝✐♠❡♥t♦

❞❡ ❛❣r❡❣❛❞♦s ❣r❛♥❞❡s ❞❡♠❛♥❞❡♠ ♠✉✐t♦ t❡♠♣♦ ❞❡ ❝♦♠♣✉t❛çã♦✳

❚♦❞❛s ❡ss❛s ❝♦♠♣❧✐❝❛çõ❡s ❡♥✈♦❧✈❡♥❞♦ ♦ ❡st✉❞♦ ❡♠ ❣❡♦♠❡tr✐❛ ❝✉r✈❛ ♠♦t✐✈❛r❛♠

✉♠❛ t❡♥t❛t✐✈❛ ❞❡ s✐♠♣❧✐✜❝❛r ❡ss❡ ♣r♦❜❧❡♠❛✳ ❈♦♠♦ ❞✐ss❡♠♦s✱ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s ♣♦ss✉❡♠

♣❡rí♠❡tr♦s ❝r❡s❝❡♥t❡s ❡ ❝✉r✈❛t✉r❛s ❣❧♦❜❛✐s✳ ❆ ❛♣r♦①✐♠❛çã♦ q✉❡ t❡♠ s✐❞♦ ♣r♦♣♦st❛

❝♦♥s✐st❡ ❡♠ ❞❡s❝❛rt❛r ❛ ❝✉r✈❛t✉r❛ ❡ ❝♦♥s✐❞❡r❛r s✐st❡♠❛s ♣❧❛♥♦s ❝♦♠ ✐♥t❡r❢❛❝❡s q✉❡

❝r❡s❝❡♠ ❧❛t❡r❛❧♠❡♥t❡✳ ◆❛ ♣ró①✐♠❛ s❡çã♦ ✈❛♠♦s ❞✐s❝✉t✐r ♦s r❡s✉❧t❛❞♦s ❥á ❛❧❝❛♥ç❛❞♦s

♥❡ss❡ ❛ss✉♥t♦✳

✸✳✷ ❉♦♠í♥✐♦s ❝r❡s❝❡♥t❡s

❖s ♣r✐♠❡✐r♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠

❬✷✶❪✳ ◆❡ss❡ tr❛❜❛❧❤♦✱ ♦s ❛✉t♦r❡s ❡st✉❞❛r❛♠ ♦ ♠♦❞❡❧♦ ❞❡ ❊❞❡♥ ❡♠ s✐st❡♠❛s ♣❧❛♥♦s q✉❡

❝r❡s❝❡♠ ❧❛t❡r❛❧♠❡♥t❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛✳ ❖ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ♦❝♦rr❡

❞❡ ❢♦r♠❛ ❞❡t❡r♠✐♥íst✐❝❛ ❢❛③❡♥❞♦ ❛ s❡❣✉✐♥t❡ ❝♦♠♣❛r❛çã♦✿

L < L0

(

N

L

)a

✭✸✳✷✮

♦♥❞❡ L é ♦ t❛♠❛♥❤♦ ✐♥st❛♥tâ♥❡♦ ❞♦ s✐st❡♠❛✱ L0 ♦ t❛♠❛♥❤♦ ✐♥✐❝✐❛❧✱ N é ♦ ♥ú♠❡r♦ ❞❡

♣❛rtí❝✉❧❛s ❞❡♣♦s✐t❛❞❛s ❡ a ❞❡✜♥❡ ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ L̇ ∼ ata−1✳ ❙❡ ❛ ❝♦♥❞✐çã♦ ❞❛

❡q✉❛çã♦ ✸✳✷ ❢♦r s❛t✐s❢❡✐t❛✱ ✉♠❛ ❝♦❧✉♥❛ ❞♦ ❛❣r❡❣❛❞♦ s♦rt❡❛❞❛ ❡ ❞✉♣❧✐❝❛❞❛✱ ❛ ♥♦✈❛ ❝♦❧✉♥❛

é ❛❞✐❝✐♦♥❛❞❛ ❛♦ ❧❛❞♦ ❞❛ ♦r✐❣✐♥❛❧✳

❆ ❡s❝❛❧❛ ❞❛ r✉❣♦s✐❞❛❞❡ ❞❡ss❡ ♠♦❞❡❧♦ é ❛❢❡t❛❞❛ ♣❡❧♦ ✈❛❧♦r ❞❡ a✳ ❙❡ a > 1/z✱ ♦♥❞❡

z é ♦ ❡①♣♦❡♥t❡ ❞✐♥â♠✐❝♦✱ ❡①✐st❡ ❛♣❡♥❛s ✉♠ r❡❣✐♠❡ ♥♦ q✉❛❧ ❛ r✉❣♦s✐❞❛❞❡ ❝r❡s❝❡ ❝♦♠ tβ✱

♦♥❞❡ β é ♦ ❡①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦✱ ♦✉ s❡❥❛✱ ❡❧❛ ♥✉♥❝❛ s❛t✉r❛✳ ■ss♦ ♣♦rq✉❡ ❛ ♣r♦♣❛❣❛çã♦

❞❛s ❝♦rr❡❧❛çõ❡s é ♠❛✐s ❧❡♥t❛ q✉❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❞♦ s✐st❡♠❛ ❡✱ ❛ss✐♠✱ ❡❧❡ ♥✉♥❝❛ ✜❝❛
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❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ a < 1/z✱ ❡♠ ❛❧❣✉♠ ♠♦♠❡♥t♦ ❤❛✈❡rá

✉♠ ❝r♦ss♦✈❡r ❞❡ss❡ r❡❣✐♠❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ✉s✉❛❧ ♣❛r❛ ♦✉tr♦ ❝✉❥❛ r✉❣♦s✐❞❛❞❡ ❝r❡s❝❡ ❝♦♠

aα✱ ♦♥❞❡ α é ♦ ❡①♣♦❡♥t❡ ❞❛ r✉❣♦s✐❞❛❞❡✳ ■ss♦ ♦❝♦rr❡ ♣♦rq✉❡✱ ❛♣❡s❛r ❞❛s ❝♦rr❡❧❛çõ❡s ❥á

t❡r❡♠ s❡ ❡s♣❛❧❤❛❞♦ ♣❡❧❛ s✉♣❡r❢í❝✐❡✱ ❛ r✉❣♦s✐❞❛❞❡ ♥ã♦ s❛t✉r❛ ♣♦rq✉❡ ♦ s✐st❡♠❛ ❝♦♥t✐♥✉❛

❝r❡s❝❡♥❞♦✳ ❆ss✐♠✱ ❛ r✉❣♦s✐❞❛❞❡ ♣❛ss❛ ❛ ❡s❝❛❧❛r ❝♦♠♦ W (L, t → ∞) ∼ Lα✱ ♠❛s✱ ❝♦♠♦

L ∼ ta✱ t❡♠♦s W ∼ taα✳ ❆ ✜❣✉r❛ ✸✳✸ ♠♦str❛ ♦ r❡s✉❧t❛❞♦ ♣❛r❛ a = 0.2 ❡♠ ❞✐❢❡r❡♥t❡s

t❛♠❛♥❤♦s ✐♥✐❝✐❛✐s ❞♦ s✐st❡♠❛✳ ❆ ♣r✐♠❡✐r❛ r❡t❛ é ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❝♦♠ ❡①♣♦❡♥t❡

β1 = 0.33✳ ❆♣ós ❛ tr❛♥s✐çã♦ ❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ s❡ t♦r♥❛ β2 = 0.1 = aα✳

❋✐❣✉r❛ ✸✳✸✿ ❉✐♥â♠✐❝❛ ❞❛ r✉❣♦s✐❞❛❞❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❬✷✶❪ ❝♦♠ a = 0.2 ❡ ❞✐❢❡r❡♥t❡s
t❛♠❛♥❤♦s ✐♥✐❝✐❛✐s✳ ◗✉❛❞r❛❞♦s sã♦ ♣❛r❛ L0 = 128✱ ❝ír❝✉❧♦s L0 = 64✱ tr✐â♥❣✉❧♦s L0 = 32 ❡
❧♦s❛♥❣♦s L0 = 8✳ ❆ r❡t❛ só❧✐❞❛ t❡♠ ✐♥❝❧✐♥❛çã♦ β1 = 0.33 ❡ ❛ r❡t❛ tr❛❝❡❥❛❞❛ β2 = 0.1✳ ❊①tr❛✐❞♦
❞❡ ❬✷✶❪✳

P♦st❡r✐♦r♠❡♥t❡✱ ♣❛rt❡s ❞❡ss❡s r❡s✉❧t❛❞♦s ❢♦r❛♠ ♦❜t✐❞♦s ❛♥❛❧✐t✐❝❛♠❡♥t❡ ♣♦r ❊s✲

❝✉❞❡r♦ ❬✶✾❪✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❡q✉❛çã♦ ❣❡r❛❧ ❝♦♠ ✉♠ ♦♣❡r❛❞♦r ❞✐❢✉sã♦ ❞❡ ♦r❞❡♠ ζ✱

q✉❡ ♣❛r❛ ❑P❩ ❡ ❊❲ é ❞❡ ♦r❞❡♠ ❞♦✐s✳ ❊s❝✉❞❡r♦ ♠♦str❛ q✉❡ s❡ a > 1/ζ ❛ s✉♣❡r❢í❝✐❡

♥✉♥❝❛ s❛t✉r❛✱ ❝♦♠♦ ❢♦✐ ♦❜t✐❞♦ ❡♠ ❬✷✶❪✳ ◆♦ ❡♥t❛♥t♦✱ ♣❛r❛ a < 1/ζ✱ ♦ ❛✉t♦r ❛♣❡♥❛s ❝♦♥✲

❝❧✉✐ q✉❡ ❛ ✐♥t❡r❢❛❝❡ s❡ t♦r♥❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞❛✱ s❡♠ ♦❜t❡r ❛ ❧❡✐ ❞❡ ❡s❝❛❧❛

♣r❡s❡♥t❡ ♥♦s r❡s✉❧t❛❞♦s ❞❡ ❬✷✶❪✳
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❆ ❞✐s❝✉ssã♦ ❡♠ r❡❧❛çã♦ ❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❞❛ ❛♥❛❧✐s❡ ❞❡ ❡s❝❛❧❛ tr❛❞✐❝✐♦♥❛❧ à ✐♥t❡r✲

❢❛❝❡s ❝✉r✈❛s ✈♦❧t❛ à t♦♥❛ ❝♦♠ ♦ tr❛❜❛❧❤♦ ❞❡ ▼❛s♦✉❞✐ ❡t ❛❧✳ ❬✷✵❪✳ ❊ss❡s ❛✉t♦r❡s ✜③❡r❛♠

❝á❧❝✉❧♦s ❛♥❛❧ít✐❝♦s ♣❛r❛ ❣❡♦♠❡tr✐❛ ❝✉r✈❛ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦ q✉❡ ❝♦♥tr❛❞✐③❡♠ ♦s r❡s✉❧✲

t❛❞♦s ❞❡ ❊s❝✉❞❡r♦✱ ♠♦str❛♥❞♦ ❛ ✈❛❧✐❞❛❞❡ ❞❛ ❛♥á❧✐s❡ ❞❡ ❡s❝❛❧❛ ✉s✉❛❧✳ P❛r❛ ❝♦rr♦❜♦r❛r

s❡✉s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s✱ ❡❧❡s ❛♣r❡s❡♥t❛♠ t❛♠❜é♠ r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♦♥❞❡ ❛ ❛♥á❧✐s❡

❞❡ ❡s❝❛❧❛ ❢✉♥❝✐♦♥❛ ❜❡♠✳ ◆♦ ❡♥t❛♥t♦✱ ❛s s✐♠✉❧❛çõ❡s ❞❡❧❡s ♥ã♦ sã♦ ❞❡ s✐st❡♠❛s ❝♦♠♣r♦✲

✈❛❞❛♠❡♥t❡ ❝✉r✈♦s✱ ♠❛s ♥❛ ✈❡r❞❛❞❡ tr❛t❛♠✲s❡ ❞❡ ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s✳ ❉❡ss❛ ❢♦r♠❛✱ ❛

♣r✐♥❝í♣✐♦✱ ♥ã♦ ❤á r❡❧❛çã♦ ❞✐r❡t❛ ❡♥tr❡ s❡✉s r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s ❡ ❛s s✐♠✉❧❛çõ❡s✳

◆♦ ❛❧❣♦r✐t♠♦ ✉t✐❧✐③❛❞♦ ❡♠ ❬✷✵❪✱ ❢♦✐ ❝♦♥s✐❞❡r❛❞♦ ✉♠ s✉❜str❛t♦ ♣❧❛♥♦ ❡ ♠♦❞❡❧♦s

❞✐s❝r❡t♦s ❥á ❝♦♥❤❡❝✐❞♦s✱ s❡♥❞♦ ❡❧❡s ♦s ♠♦❞❡❧♦s ❘❉❙❘ ❬✸✼❪ ❡ ❘❙❖❙ ❬✸✽❪✱ ❞❛s ❝❧❛ss❡s

❊❲ ❡ ❑P❩ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♠ ❝❛❞❛ ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✱ ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡♣♦s✐t❛✲s❡

✉♠ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ✐❣✉❛❧ ❛♦ t❛♠❛♥❤♦ ❧❛t❡r❛❧ ❞❛ r❡❞❡✳ ❋❡✐t♦ ✐ss♦✱ ❛ ✉♥✐❞❛❞❡ ❞❡

t❡♠♣♦ t❡r♠✐♥❛ ❛♣ós s❡✐s ❝♦❧✉♥❛s s❡r❡♠ ❛❞✐❝✐♦♥❛❞❛s ❛♦ s✉❜str❛t♦ ❞❡ ♠❛♥❡✐r❛ ✐❣✉❛❧♠❡♥t❡

❡s♣❛ç❛❞❛✳ P❛r❛ ❞❡✜♥✐r ♦ ✈❛❧♦r ❞❡ss❛s ❛❧t✉r❛s ❛ s❡r❡♠ ❛❞✐❝✐♦♥❛❞❛s✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡

❛❧t✉r❛s ❞❛ ✐♥t❡r❢❛❝❡ é ❝♦♥str✉í❞❛✱ ❡ ♥❡❧❛ sã♦ s♦rt❡❛❞♦s ♦s ✈❛❧♦r❡s ❞❛s ❛❧t✉r❛s✱ ❡ss❡ s♦rt❡✐♦

é r❡❢❡✐t♦ s❡ ✉♠❛ ❛❧t✉r❛ ♥ã♦ s❛t✐s❢❛③ ❛s r❡str✐çõ❡s ❞♦ ♠♦❞❡❧♦✳ ❆ ✐♥❝❧✉sã♦ ❞❛s ❝♦❧✉♥❛s ❞❡

❢♦r♠❛ ❞❡t❡r♠✐♥íst✐❝❛ ♥♦ ✜♥❛❧ ❞❛s ✉♥✐❞❛❞❡s ❞❡ t❡♠♣♦ é ❜❡♠ ❞✐st✐♥t❛ ❞❡ ✉♠ ❛❣r❡❣❛❞♦

✈❡r❞❛❞❡✐r❛♠❡♥t❡ ❝✉r✈♦✱ ♣♦✐s ❛ss✐♠ ❝♦♠♦ s❡✉ r❛✐♦ ❝r❡s❝❡ ❛❧❡❛t♦r✐❛♠❡♥t❡✱ ♦ ♣❡rí♠❡tr♦

❞❛ ✐♥t❡r❢❛❝❡ t❛♠❜é♠ ❞❡✈❡ s❡❣✉✐r ✉♠❛ ❞✐♥â♠✐❝❛ ❡st♦❝ást✐❝❛✳ ❆❧é♠ ❞✐ss♦✱ ❛s s✉♣❡r❢í❝✐❡s

♣r♦❞✉③✐❞❛s ♣♦r ❡ss❡ ♠♦❞❡❧♦ ♥ã♦ ♣♦ss✉❡♠ ❝✉r✈❛t✉r❛ ❣❧♦❜❛❧ ❡✱ ❛ss✐♠✱ ❡ss❡ ❛❧❣♦r✐t♠♦ é ♥❛

✈❡r❞❛❞❡ ✉♠ ❞♦♠í♥✐♦ ❝r❡s❝❡♥t❡✱ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ s❡❣✉✐♥❞♦ ❛ ♠❡s♠❛ ❞✐♥â♠✐❝❛ q✉❡

s✐st❡♠❛s ❝✉r✈♦s✳

P❡❧❛s ❞✐s❝✉ssõ❡s ❛♣r❡s❡♥t❛❞❛s ♥❡ss❛ s❡çã♦✱ ✜❝❛ ❡✈✐❞❡♥t❡ q✉❡ s❡r✐❛ ✐♥t❡r❡ss❛♥t❡

❡st✉❞❛r ♠❛✐s ❛ ❢✉♥❞♦ ♠♦❞❡❧♦s ❞❡ ❝r❡s❝✐♠❡♥t♦ s♦❜r❡ s✉❜str❛t♦s q✉❡ ❛✉♠❡♥t❛♠ ❧❛t❡r❛❧✲

♠❡♥t❡ ❡ ❞❡t❡r♠✐♥❛r s❡ ❡ss❛ ❛♣r♦①✐♠❛çã♦✱ ❞❡ ❢❛t♦✱ ♣r♦❞✉③ ✐♥t❡r❢❛❝❡s ❝♦♥s✐st❡♥t❡s ❝♦♠ ♦

❝❛s♦ ❝✉r✈♦✳

✸✺



❈❛♣ít✉❧♦ ✹

▼♦❞❡❧♦s ❞✐s❝r❡t♦s ♣❛r❛ ♦ ❝r❡s❝✐♠❡♥t♦

❧❛t❡r❛❧ ❡ ✈❡rt✐❝❛❧ ❞❛ ✐♥t❡r❢❛❝❡

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ♠♦❞❡❧♦s ✉t✐❧✐③❛❞♦s ♥♦ ♥♦ss♦ tr❛❜❛❧❤♦✳ ❱❛♠♦s

✐♥✐❝✐❛r ❞✐s❝✉t✐♥❞♦ ♦ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❞❛ ✐♥t❡r❢❛❝❡✱ ❞❡s❝r❡✈❡♥❞♦ ♦ ♠♦❞❡❧♦ q✉❡ ♥ós

✉t✐❧✐③❛♠♦s ♣❛r❛ ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s✳ ❉❡♣♦✐s ❛♣r❡s❡♥t❛r❡♠♦s ❛s r❡❣r❛s ❞❡ ❛❣r❡❣❛çã♦ ❞❡

❝❛❞❛ ♠♦❞❡❧♦ ❡st✉❞❛❞♦✳

✹✳✶ ❈r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❞♦ s✉❜str❛t♦

◆ós ❞❡✜♥✐♠♦s ✉♠ ♠♦❞❡❧♦ ❝♦♠ ❛❧❣♦r✐t♠♦ ♣❛r❡❝✐❞♦ ❛♦s ❞❡ ❬✷✵✱✷✶❪✱ ♣♦ré♠ ♠❛✐s

❡st♦❝ást✐❝♦✳ ◆♦ ♥♦ss♦ ♠♦❞❡❧♦✱ ❛s ❞❡♣♦s✐çõ❡s ❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❞♦ s✉❜str❛t♦ ❛❝♦♥t❡❝❡♠

s✐♠✉❧t❛♥❡❛♠❡♥t❡✱ ❡ ❞❡ ❢♦r♠❛ ❛❧❡❛tór✐❛✳ ❖ ❛❧❣♦r✐t♠♦ q✉❡ ❞❡✜♥✐♠♦s é ♦ s❡❣✉✐♥t❡✿

• ❉❡✜♥✐♠♦s ✉♠❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ δ✱ q✉❡ s❡rá ♦ ♥✉♠❡r♦ ♠é❞✐♦

❞❡ ❝♦❧✉♥❛s ❛❞✐❝✐♦♥❛❞❛s à r❡❞❡ ♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✳

• ❈♦♠❡ç❛♠♦s ❝♦♠ ✉♠ s✉❜str❛t♦ ❞❡ t❛♠❛♥❤♦ L0 = δ✱ ♦✉ s❡❥❛✱ ❞❡✜♥✐♠♦s ♦ t❛♠❛♥❤♦

✐♥✐❝✐❛❧ ✐❣✉❛❧ ❛♦ ♠ó❞✉❧♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ vw = δ✳

• ❉❡✜♥✐♠♦s ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣❛r❛ ❝❛❞❛ ❡✈❡♥t♦ q✉❡ ♣♦❞❡ ♦❝♦rr❡r ♥❛ s✉♣❡r❢í❝✐❡✳

❋❛③❡♠♦s Pg =
L

L+δ
s❡r ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ s❡ ❞❡♣♦s✐t❛r ✉♠❛ ♣❛rtí❝✉❧❛ ❡ Pw = δ

L+δ

❛ ❞♦ s✉❜str❛t♦ ❝r❡s❝❡r ❧❛t❡r❛❧♠❡♥t❡✳

✸✻



✹✳✶ ❈r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❞♦ s✉❜str❛t♦

• ❖ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ é ❢❡✐t♦ ❞✉♣❧✐❝❛♥❞♦ ✉♠❛ ❝♦❧✉♥❛ ❡s❝♦❧❤✐❞❛ ❛❧❡❛t♦r✐❛♠❡♥t❡✳ ❆

♥♦✈❛ ❝♦❧✉♥❛ é ❛❞✐❝✐♦♥❛❞❛ ❛ ❞✐r❡✐t❛ ❞❛ s♦rt❡❛❞❛✳

• ❆ ❝❛❞❛ ❡✈❡♥t♦ ♦ t❡♠♣♦ é ✐♥❝r❡♠❡♥t❛❞♦ ❞❡ ∆t = 1
L+δ

✳ ❆ss✐♠✱ ❡♠ ❝❛❞❛ ✉♥✐❞❛❞❡

❞❡ t❡♠♣♦✱ é ❞❡♣♦s✐t❛❞♦✱ ❡♠ ♠é❞✐❛✱ ✉♠ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ✐❣✉❛❧ ❛♦ t❛♠❛♥❤♦

♠é❞✐♦ ❞♦ s✉❜str❛t♦ ♥❡ss❡ ✐♥t❡r✈❛❧♦✱ ❡ ❞✉♣❧✐❝❛❞❛s δ ❝♦❧✉♥❛s ❡♠ ♠é❞✐❛✳

❋✐❣✉r❛ ✹✳✶✿ ■❧✉str❛çã♦ ❞♦ ♠♦❞❡❧♦ ♣❛r❛ ♦ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❞♦ s✉❜str❛t♦✳

❖ s✉❜str❛t♦ ❝r❡s❝❡ ❝♦♠ ✉♠❛ t❛①❛ ❝♦♥st❛♥t❡ ♣♦rq✉❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠ ❝r❡s❝✐✲

♠❡♥t♦ ❝✉r✈♦✱ s❡ ♦ r❛✐♦ ❝r❡s❝❡ ❝♦♠ ✉♠❛ t❛①❛ ❝♦♥st❛♥t❡✱ ♣♦r ❡①❡♠♣❧♦✱ R = vt✱ ♦

♣❡rí♠❡tr♦ P = 2πR = 2πvt t❛♠❜é♠ ❝r❡s❝❡rá ❝♦♠ ✉♠❛ t❛①❛ ✜①❛✳ ❈♦♠♦ ❛s ❛❧t✉r❛s

♥♦ ♥♦ss♦ ♠♦❞❡❧♦ ❝r❡s❝❡♠ ❝♦♠ ∂th = v∞+βΓβtβ−1χ✱ q✉❡ é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❝♦♥st❛♥t❡

❡♠ t❡♠♣♦s ❣r❛♥❞❡s✱ ✉♠❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❝♦♥st❛♥t❡ é ♦ ♠❛✐s ♥❛t✉r❛❧✳

❙♦❜r❡ ♦ t❛♠❛♥❤♦ ✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛✱ ♥ós ❡s❝♦❧❤❡♠♦s L0 = δ ♣♦rq✉❡ é ♦ ♠❡♥♦r

t❛♠❛♥❤♦ ♦♥❞❡ ❤❛✈❡rá ✉♠ ♥ú♠❡r♦ ❛♣r❡❝✐á✈❡❧ ❞❡ ❞❡♣♦s✐çõ❡s✱ ♣♦✐s s❡ L0 ≪ δ ♥❛ ♣r✐♠❡✐r❛

✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦ ♣r❛t✐❝❛♠❡♥t❡ só ♦❝♦rr❡r✐❛♠ ❞✉♣❧✐❝❛çõ❡s✳ ❊s❝♦❧❤❡♠♦s ♦ t❛♠❛♥❤♦

✐♥✐❝✐❛❧ ❞❡ss❛ ❢♦r♠❛ ♣♦rq✉❡ ♥♦t❛♠♦s q✉❡ ❡ss❡ ♣❛râ♠❡tr♦ ♣♦ss✉✐ ✉♠ ❡❢❡✐t♦ ✐♠♣♦rt❛♥t❡

♥❛ ❞✐♥â♠✐❝❛ ❞❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s✳ ❙❡ ♦ t❛♠❛♥❤♦ ✐♥✐❝✐❛❧ ❢♦r ♠✉✐t♦ ❣r❛♥❞❡✱ ❛s

❍❉✬s ❑P❩ t❡♥❞❡♠ ✐♥✐❝✐❛❧♠❡♥t❡ ♣❛r❛ ●❖❊ ✭♣❧❛♥♦✮ ❡ ❞❡♣♦✐s ❝♦♥✈❡r❣❡♠ ♣❛r❛ ❛ ●❯❊✳

❉✐s❝✉t✐r❡♠♦s ❡ss❡ ❝r♦ss♦✈❡r ❡♠ ❞❡t❛❧❤❡ ♥❛ s❡çã♦ ✺✳✹✳
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✹✳✶ ❈r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❞♦ s✉❜str❛t♦

100 1000 10000
t

10W
β=0,33

β=0,20

❋✐❣✉r❛ ✹✳✷✿ ❈♦♠♣❛r❛çã♦ ❞❛ ❡s❝❛❧❛ ❞❛ r✉❣♦s✐❞❛❞❡ ♣❛r❛ ❞❡♣♦s✐çã♦ ❜❛❧íst✐❝❛ ❡♠ s✉❜str❛t♦s
❝r❡s❝❡♥t❡s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♥♦ss♦ ♠♦❞❡❧♦ ✭♣♦♥t♦s ♣r❡t♦s✮ ❡ ♦ ❞❡ ❬✷✵❪ ✭♣♦♥t♦s ✈❡r♠❡❧❤♦s✮✳

◗✉❛♥❞♦ t❡st❛♠♦s ♦ ❛❧❣♦r✐t♠♦ ❞❡ ❬✷✵❪ ♥♦ ♠♦❞❡❧♦ ❞❡ ❞❡♣♦s✐çã♦ ❜❛❧íst✐❝❛ ❡♠ d =

1 + 1✱ ❞❡✜♥✐❞♦ ♥❛ s❡çã♦ ✹✳✸✱ q✉❡ ♥ã♦ ♣♦ss✉✐ r❡str✐çõ❡s ❞❡ ❛❧t✉r❛✱ ♦❜t✐✈❡♠♦s ❡①♣♦❡♥t❡s

❞❡ ❝r❡s❝✐♠❡♥t♦ ♠✉✐t♦ ❞✐st❛♥t❡s ❞♦ β = 1/3 ❞❛ ❝❧❛ss❡ ❑P❩✳ ◆♦ ❡♥t❛♥t♦✱ s❡ ❛♣❡♥❛s

❞✉♣❧✐❝❛♠♦s ❛s ❝♦❧✉♥❛s✱ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ❡♠ ❬✷✶❪✱ ♦ ❡①♣♦❡♥t❡ ✜❝❛ ♠✉✐t♦ ♠❛✐s ♣ró①✐♠♦✱

❝♦♠♦ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✷✳ ■ss♦ ♦❝♦rr❡ ♣♦rq✉❡ ❛♦ ❛❝r❡s❝❡♥t❛r ✉♠ sít✐♦ ❝♦♠ ✉♠❛

❛❧t✉r❛ q✉❛❧q✉❡r ❞❛ ❍❉ ❞❛ ✐♥t❡r❢❛❝❡✱ ♣♦❞❡ ❛❝♦♥t❡❝❡r ❞❡ss❛ ♥♦✈❛ ❝♦❧✉♥❛ ♣♦ss✉✐r ❛❧t✉r❛

♠✉✐t♦ ❞✐❢❡r❡♥t❡ ❞♦s s❡✉s ✈✐③✐♥❤♦s✳ ❯♠❛ ❝♦❧✉♥❛ ❝♦♠ ❛❧t✉r❛ ♠✉✐t♦ ♠❛✐♦r q✉❡ ♦s ✈✐③✐♥❤♦s✱

♣♦r ❡①❡♠♣❧♦✱ ♣r♦❞✉③✐rá ♦ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❞❡ ✉♠❛ ❡str✉t✉r❛ s♦♠❜r❡❛♥❞♦ t♦❞❛ s✉❛

❡①t❡♥sã♦✳ ■ss♦ ❞❡✈❡ ✐♥tr♦❞✉③✐r ❢♦rt❡s ❝♦rr❡❧❛çõ❡s ❞❡ ❡s❝❛❧❛ ♥♦ s✐st❡♠❛✳

◆♦ ♠♦❞❡❧♦ ❘❙❖❙ ✉t✐❧✐③❛❞♦ ❡♠ ❬✷✵❪✱ ❛s ❞✐❢❡r❡♥ç❛s ❞❡ ❛❧t✉r❛ sã♦ ♥♦ ♠á①✐♠♦ ±1✳

P❛r❛ ✉♠❛ ❝♦❧✉♥❛ s❡r ❛❞✐❝✐♦♥❛❞❛✱ ❡❧❛ ❞❡✈❡ s❛t✐s❢❛③❡r ❡ss❛ ❝♦♥❞✐çã♦✱ ♣♦r ✐ss♦ ♦s r❡s✉❧t❛❞♦s

❞❡ ❬✷✵❪ ♥ã♦ ♣♦ss✉❡♠ ♦ ♣r♦❜❧❡♠❛ q✉❡ ❡♥❝♦♥tr❛♠♦s ♥❛ ❞❡♣♦s✐çã♦ ❜❛❧íst✐❝❛✳ P♦ré♠✱ ✉♠

♣r♦❜❧❡♠❛ ❞♦s ♠♦❞❡❧♦s ❝♦♠ r❡str✐çã♦ ❞❡ ❛❧t✉r❛ é q✉❡ ♦ t❡♠♣♦ ❞❡ ❝♦♠♣✉t❛çã♦ ♣♦❞❡

s❡r ♠✉✐t♦ ❣r❛♥❞❡✱ ♣♦✐s ♣♦❞❡♠ s❡r ♥❡❝❡ssár✐♦s ✈ár✐♦s s♦rt❡✐♦s ❛té q✉❡ ✉♠❛ ❝♦❧✉♥❛ q✉❡

s❛t✐s❢❛ç❛ ❛ r❡str✐çã♦ s❡❥❛ ❡♥❝♦♥tr❛❞❛✳

P♦r ❝❛✉s❛ ❞❛s ❝♦♥s✐❞❡r❛çõ❡s ❛♥t❡r✐♦r❡s✱ ♥♦ ♥♦ss♦ ❛❧❣♦r✐t♠♦ ❛ ❛❞✐çã♦ ❞❡ ❝♦❧✉♥❛s

é ❢❡✐t❛ ❞✉♣❧✐❝❛♥❞♦ ❧❛t❡r❛❧♠❡♥t❡ ❛ ❛❧t✉r❛ ❞❡ ✉♠ sít✐♦ ❡s❝♦❧❤✐❞♦ ❛❧❡❛t♦r✐❛♠❡♥t❡✱ ❝♦♠♦ é

❢❡✐t♦ ❡♠ ❬✷✶❪✳
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✹✳✷ ▼♦❞❡❧♦s ❞✐s❝r❡t♦s ❞❛ ❝❧❛ss❡ ❑P❩

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦s ♠♦❞❡❧♦s ❞❡ ❬✷✵✱✷✶❪✱ ❛q✉✐ ✐♠♣❧❡♠❡♥t❛♠♦s ❛ ❞✐♥â♠✐❝❛ ❞❛

❢♦r♠❛ ♠❛✐s ❡st♦❝ást✐❝❛ ♣♦ssí✈❡❧✱ ♣❛r❛ ♥ã♦ ✐♥tr♦❞✉③✐♠♦s ❝♦rr❡❧❛çõ❡s ❛❞✐❝✐♦♥❛✐s ♥♦ s✐s✲

t❡♠❛✳ P❛r❛ t❛♥t♦✱ ❞❡✜♥✐♠♦s ♦ t❡♠♣♦ ❞❡ ❢♦r♠❛ ❛ ❣❛r❛♥t✐r q✉❡✱ ❡♠ ♠é❞✐❛✱ ❞❡♥tr♦ ❞❡ ✉♠❛

✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✱ δ ❝♦❧✉♥❛s ❢♦ss❡♠ ❞✉♣❧✐❝❛❞❛s ❡ q✉❡ L ♣❛rtí❝✉❧❛s ❢♦ss❡♠ ❞❡♣♦s✐t❛❞❛s✳

◆ós t❛♠❜é♠ ❡st✉❞❛♠♦s s✐st❡♠❛s ❜✐❞✐♠❡♥s✐♦♥❛✐s ❝♦♠ ✉♠❛ ✈❛r✐❛♥t❡ ❞♦ ♠♦❞❡❧♦

♣r♦♣♦st♦✳ P❛r❛ ✐ss♦ t✐✈❡♠♦s q✉❡ ❢❛③❡r ✉♠❛ s✐♠♣❧❡s ❣❡♥❡r❛❧✐③❛çã♦✱ ❛♦ ✐♥✈és ❞❡ ❞✉♣❧✐✲

❝❛r♠♦s ✉♠ sít✐♦✱ ❝♦♠♦ ♥❛ r❡❞❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♣❛ss❛♠♦s ❛ ❞✉♣❧✐❝❛r ✉♠❛ ❧✐♥❤❛ ♦✉

❝♦❧✉♥❛ ✐♥t❡✐r❛ ❞❡ sít✐♦s✳ ❆ss✐♠✱ ✈❛♠♦s t❡r três ❡✈❡♥t♦s ♣♦ssí✈❡✐s ♥❛ r❡❞❡✿ ❞❡♣♦s✐t❛r

✉♠❛ ♣❛rtí❝✉❧❛✱ ❞✉♣❧✐❝❛r ✉♠❛ ❧✐♥❤❛ ♦✉ ✉♠❛ ❝♦❧✉♥❛✳ ❊♥tã♦✱ ❢♦✐ ♥❡❝❡ssár✐♦ r❡❞❡✜♥✐r ❛s

♣r♦❜❛❜✐❧✐❞❛❞❡s✳ ❆ ❝❤❛♥❝❡ ❞❡ ❤❛✈❡r ✉♠❛ ❞❡♣♦s✐çã♦ ❝♦♥t✐♥✉❛ s❡♥❞♦ Pg = L1L2

L1L2+2δ
✱ ♦♥❞❡

L1 ❡ L2 sã♦ ♦s ❧❛❞♦s ❞♦ s✉❜str❛t♦ ❡ δ é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡♠ ❝❛❞❛ ❞✐r❡çã♦✱

♦✉ s❡❥❛✱ ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ❝♦❧✉♥❛s ✭♦✉ ❧✐♥❤❛s✮ q✉❡ s❡rã♦ ❞✉♣❧✐❝❛❞❛s ♣♦r ✉♥✐❞❛❞❡ ❞❡

t❡♠♣♦✳ ❉✐✈✐❞✐♠♦s ✐❣✉❛❧♠❡♥t❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❞✉♣❧✐❝❛çã♦ ❡♥tr❡ ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s✱

❛ss✐♠ ❛♠❜❛s sã♦ Pw1 = Pw2 =
δ

L1L2+2δ
✳ ■❧✉str❛♠♦s ❡ss❛ ❣❡♥❡r❛❧✐③❛çã♦ ♥❛ ✜❣✉r❛ ✹✳✸✳

❋✐❣✉r❛ ✹✳✸✿ ●❡♥❡r❛❧✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ ♣❛r❛ ✐♥t❡r❢❛❝❡s ❜✐❞✐♠❡♥s✐♦♥❛✐s✳
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✹✳✷ ▼♦❞❡❧♦s ❞✐s❝r❡t♦s ❞❛ ❝❧❛ss❡ ❑P❩

✹✳✷ ▼♦❞❡❧♦s ❞✐s❝r❡t♦s ❞❛ ❝❧❛ss❡ ❑P❩

◆❡st❛ s❡çã♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛s r❡❣r❛s ❞❡ ❛❣r❡❣❛çã♦ ❞❡ t♦❞♦s ♦s ♠♦❞❡❧♦s q✉❡

❡st✉❞❛♠♦s✳ ❈♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s ❞❛ ❝❧❛ss❡ ❑P❩✱ t♦❞♦s

♦s ♠♦❞❡❧♦s ❞❡ss❛ s❡çã♦ ♣❡rt❡♥❝❡♠ ❛ ❡ss❛ ❝❧❛ss❡✳ ◆ós ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛♣❡♥❛s ❛s r❡❣r❛s

✉♥✐❞✐♠❡♥s✐♦♥❛✐s ❞♦s ♠♦❞❡❧♦s✱ ♣♦✐s s✉❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ❞✉❛s ❞✐♠❡♥sõ❡s é ✐♠❡❞✐❛t❛✳

✹✳✷✳✶ ❘❡str✐❝t❡❞ s♦❧✐❞ ♦♥ s♦❧✐❞ ✭❘❙❖❙✮

❊ss❡ ♠♦❞❡❧♦ ❢♦✐ ♣r♦♣♦st♦ ♣♦r ❑✐♠ ❡ ❑♦st❡r❧✐t③ ❬✸✽❪✳ ❆ r❡❣r❛ ❝♦♥s✐st❡ ❡♠ r❡✲

str✐♥❣✐r ❛s ❞✐❢❡r❡♥ç❛s ❞❡ ❛❧t✉r❛ ❞❛ s✉♣❡r❢í❝✐❡✱ ♦ q✉❡ é ❢❡✐t♦ ❞❡✜♥✐♥❞♦ ✉♠ ♣❛râ♠❡tr♦ M

❝♦♠♦ ❛ ♠❛✐♦r ❞✐❢❡r❡♥ç❛ ❞❡ ❛❧t✉r❛ ♣❡r♠✐t✐❞❛ ❡♥tr❡ sít✐♦s ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s✳ ■♥✐❝✐❛♥❞♦

❝♦♠ ✉♠ s✉❜str❛t♦ ❧✐s♦ ❞❡ t❛♠❛♥❤♦ L✱ ♦ ❝r❡s❝✐♠❡♥t♦ tr❛♥s❝♦rr❡ t❡♥t❛♥❞♦ s❡ ❞❡♣♦s✐t❛r

L ♣❛rtí❝✉❧❛s ♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦ ❡♠ sít✐♦s s♦rt❡❛❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡✳ ❙❡ ❛ ❞❡♣♦s✐çã♦

❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ✐rá ♣r♦❞✉③✐r ❞✐❢❡r❡♥ç❛ ❞❡ ❛❧t✉r❛ ♠❛✐♦r q✉❡ M ✱ ❛ ♣❛rtí❝✉❧❛ é r❡❥❡✐t❛❞❛✳

❆ r❡❝✉s❛ ❞❡ ♣❛rtí❝✉❧❛s ♥❡ss❡ ♠♦❞❡❧♦ é r❡s♣♦♥sá✈❡❧ ♣❡❧♦ ❡①❝❡ss♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡

❝❛r❛❝t❡ríst✐❝♦ ❞❛ ❝❧❛ss❡ ❑P❩✳ ◆❡ss❡ ❝❛s♦✱ ❡♠ ✈❡③ ❞❡ ✉♠ ❝r❡s❝✐♠❡♥t♦ ♥♦r♠❛❧ ❛ ✐♥t❡r❢❛❝❡✱

❡①✐st❡ ✉♠❛ r❡❝✉s❛ ❛ ❝r❡s❝✐♠❡♥t♦ ❡♠ ♣♦rçõ❡s ✐♥❝❧✐♥❛❞❛s ❞❛ ✐♥t❡r❢❛❝❡✳ ❊ss❛ r❡❞✉çã♦

é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠ λ ♥❡❣❛t✐✈♦ ♥❛ ❡q✉❛çã♦ ❑P❩ ✭❡q✳ ✷✳✸✵✮✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ t❛①❛ ❞❡

❝r❡s❝✐♠❡♥t♦ ❞❛ ❛❧t✉r❛ ♠é❞✐❛ é ♠❡♥♦r q✉❡ ♦ ✢✉①♦ ❞❡ ♣❛rtí❝✉❧❛s ❡✱ ❛ss✐♠✱ ♦ ❡①❝❡ss♦ ❞❡

✈❡❧♦❝✐❞❛❞❡ é ♥❡❣❛t✐✈♦✳

◗✉❛♥❞♦ ❛ r❡str✐çã♦ ❞❡ ❛❧t✉r❛ é ❢❡✐t❛ ✐❣✉❛❧ ❛ ✉♠✱ ♦ ♠♦❞❡❧♦ ❘❙❖❙ é ♦ q✉❡ ♣♦ss✉✐

❝♦rr❡çõ❡s ♠❛✐s ❢r❛❝❛s ❞❡♥tr❡ ♦s ❞❡ss❛ ❝❧❛ss❡✳ P♦r ✐ss♦ ❡❧❡ é ♦ ♠♦❞❡❧♦ ❞✐s❝r❡t♦ ♠❛✐s

✉t✐❧✐③❛❞♦ ♣❛r❛ r❡♣r❡s❡♥t❛r ❛ ❝❧❛ss❡ ❑P❩✳ ❚♦❞♦s ♦s ❣rá✜❝♦s ❞❛ s❡çã♦ ✷✳✷ ❢♦r❛♠ ❢❡✐t♦s

✉t✐❧✐③❛♥❞♦ ❡ss❡ ♠♦❞❡❧♦✳

❊♠ ✉♠❛ ❞✐♠❡♥sã♦✱ ♦s ♣❛râ♠❡tr♦s ♥ã♦ ✉♥✐✈❡rs❛✐s ❞❡ss❡ ♠♦❞❡❧♦ ❢♦r❛♠ ♦❜t✐❞♦s

♥✉♠❡r✐❝❛♠❡♥t❡ ❡♠ ❬✸✺❪✳ ❙❡♥❞♦ v∞ = 0, 419030(3)✱ Γ = 0, 252(1) ❡ 〈η〉 = −0, 32(4)✳

❚❛♠❜é♠ ❡①✐st❡♠ r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♣❛r❛ ❞✉❛s ❞✐♠❡♥sõ❡s q✉❡✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❬✷✻❪✱

sã♦✿ v∞ = 0, 31270✱ Γ = 0, 66144 ❡ 〈η〉 = −0, 5(1)✳ ❊ss❡s ú❧t✐♠♦s r❡s✉❧t❛❞♦s ♥ã♦

♣♦ss✉❡♠ ❜❛rr❛s ❞❡ ❡rr♦ ♣♦rq✉❡ ♦ ❛✉t♦r ❝❛❧❝✉❧♦✉ ❛♣❡♥❛s ♦ ✈❛❧♦r ♠é❞✐♦✳
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❋✐❣✉r❛ ✹✳✹✿ ■❧✉str❛çã♦ ❞❛ r❡❣r❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ❘❙❖❙ ❝♦♠ r❡str✐çã♦ M = 1✳

✹✳✷✳✷ ❊t❝❤✐♥❣

❊ss❡ ♠♦❞❡❧♦ ❢♦✐ ♣r♦♣♦st♦ ♣♦r ▼❡❧♦ ❡t✳ ❛❧ ❡♠ ❬✷✺❪✳ ◆❡❧❡ ♦ ❝r❡s❝✐♠❡♥t♦ ✐♥✐❝✐❛

❝♦♠ ✉♠ s✉❜str❛t♦ ❧✐s♦ ❞❡ t❛♠❛♥❤♦ L✱ ♦♥❞❡ ❞❡♣♦s✐t❛✲s❡ L ♣❛rtí❝✉❧❛s ♣♦r ✉♥✐❞❛❞❡ ❞❡

t❡♠♣♦ ❡♠ sít✐♦s s♦rt❡❛❞♦s ❛❧❡❛t♦r✐❛♠❡♥t❡✳ ❆♦ ❞❡♣♦s✐t❛r ✉♠❛ ♣❛rtí❝✉❧❛ ❡♠ ✉♠ sít✐♦ i

❞❛ r❡❞❡✱ ❛♥❛❧✐s❛✲s❡ ❛s ❛❧t✉r❛s ❞♦s sít✐♦s ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s✱ ♦ sít✐♦ q✉❡ ♣♦ss✉✐r ❛❧t✉r❛

♠❡♥♦r q✉❡ h(i)− 1 ❞❡✈❡rá s❡r ❝r❡s❝✐❞♦ ❛té ❡ss❡ ✈❛❧♦r✳

❆ r❡❣r❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ss❡ ♠♦❞❡❧♦ é ✐❧✉str❛❞❛ ♥❛ ✜❣✉r❛ ✹✳✺✳ ◆❡ss❡ ♠♦❞❡❧♦

❛s ❛❧t✉r❛s ❞♦ ❞❡♣ós✐t♦ ❝r❡s❝❡♠ ❞❡ ✉♠ ✈❛❧♦r ♠❛✐♦r q✉❡ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❛rtí❝✉❧❛s

❛❞✐❝✐♦♥❛❞❛s ❛♦ s✐st❡♠❛✱ ♦ q✉❡ ❞❡✐①❛ ❜❡♠ ❝❧❛r♦ ❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ❡①❝❡ss♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡✳

❘❡❧❛❝✐♦♥❛♥❞♦ ❝♦♠ ❛ ❡q✉❛çã♦ ❑P❩ ✭❡q✳ ✷✳✸✵✮✱ ❡ss❡ ❝r❡s❝✐♠❡♥t♦ ❡①tr❛ ❡st❛r✐❛ ❛ss♦❝✐❛❞♦

❛ ✉♠ λ ♣♦s✐t✐✈♦✱ ❛♦ ❝♦♥trár✐♦ ❞♦ ♠♦❞❡❧♦ ❘❙❖❙✳

❋✐❣✉r❛ ✹✳✺✿ ■❧✉str❛çã♦ ❞❛ r❡❣r❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❊t❝❤✐♥❣✳
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P❛r❛ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ♦s ♣❛râ♠❡tr♦s ♥ã♦ ✉♥✐✈❡rs❛✐s ❞❡ss❡ ♠♦❞❡❧♦ ❢♦r❛♠ ❝❛❧❝✉✲

❧❛❞♦s ❡♠ ❬✷✽❪✳ ❋♦✐ ❡♥❝♦♥tr❛❞♦ v∞ = 3, 3340(1)✱ (Γ)β〈χ〉 = −2, 348(3) ❡ 〈η〉 = 0, 6(1)✳

◆❡ss❡ tr❛❜❛❧❤♦ ♦s ❛✉t♦r❡s ♥ã♦ ❝❛❧❝✉❧❛r❛♠ ❡①♣❧✐❝✐t❛♠❡♥t❡ ♦ ✈❛❧♦r ❞❡ Γ ♣♦r ♥ã♦ ❤❛✈❡r

❝á❧❝✉❧♦s ❛♥❛❧ít✐❝♦s ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✳

◆ós ♥ã♦ ❡♥❝♦♥tr❛♠♦s ♥❛ ❧✐t❡r❛t✉r❛ r❡s✉❧t❛❞♦s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ♥ã♦ ✉♥✐✈❡rs❛✐s

❡♠ ✉♠❛ ❞✐♠❡♥sã♦✳ P❛r❛ ❡st✐♠á✲❧♦s✱ ♥ós ❝r❡s❝❡♠♦s s✉♣❡r❢í❝✐❡s ❝♦♠ 220 sít✐♦s ❛té ✉♠

t❡♠♣♦ ✜♥❛❧ ❞❡ t = 5× 103✳ ◆♦ t♦t❛❧✱ ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ✷✺✵ ❛♠♦str❛s ♣❛r❛ ❛ r❡❛❧✐③❛çã♦

❞❛ ❡st❛tíst✐❝❛✳ P❛r❛ ♦❜t❡r v∞✱ ♥ós ❞❡r✐✈❛♠♦s ❛ ❡q✉❛çã♦ ✷✳✸✹ ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦✱ q✉❡

r❡s✉❧t❛ ❡♠
∂〈h〉
∂t

= v∞ + β Γβtβ−1〈χ〉 ✭✹✳✶✮

❉❡ss❛ ❢♦r♠❛✱ s❡ tr❛ç❛♠♦s ✉♠ ❣rá✜❝♦ ❞❡ ∂h/∂t ❡♠ ❢✉♥çã♦ ❞❡ tβ−1 ❞❡✈❡♠♦s ♦❜t❡r ✉♠❛

r❡t❛✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✻✭❛✮✳ ❊①tr❛♣♦❧❛♥❞♦ ❡ss❛ r❡t❛ ♣❛r❛ t → ∞ ♦❜t❡♠♦s ♦

✈❛❧♦r v∞ = 2, 13995(8)✳

P❛r❛ ♦❜t❡r♠♦s ♦ ✈❛❧♦r ❞❡ Γ ♥ós ✐s♦❧❛♠♦s ♦ t❡r♠♦ Γβ tβ−1✳ ◆❛ ✜❣✉r❛ ✹✳✻✭❜✮

tr❛ç❛♠♦s ✉♠ ❣rá✜❝♦ ❞❡ ∂th−v∞
β〈χ〉 ❡♠ ❢✉♥çã♦ ❞❡ t✳ P❛r❛ ❞❡t❡r♠✐♥❛r ♦ ✈❛❧♦r ❞❡ Γ ❛❥✉st❛♠♦s

✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ♥❛ r❡❣✐ã♦ ❞❡ t❡♠♣♦s ❣r❛♥❞❡s✱ ♦♥❞❡ ❛s ❝♦rr❡çõ❡s ❞❡✈❡♠ ❡st❛r ♠❛✐s

♣ró①✐♠❛s ❞❡ ③❡r♦✳ ❖ r❡s✉❧t❛❞♦ q✉❡ ♦❜t✐✈❡♠♦s ❢♦✐ Γ = 4, 90(9)✳
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❋✐❣✉r❛ ✹✳✻✿ ✭❛✮ ●rá✜❝♦ ✉t✐❧✐③❛❞♦ ♥❛ ❡st✐♠❛t✐✈❛ ❞♦ ✈❛❧♦r ❞❡ v∞✳ ❊ss❡ ✈❛❧♦r ❢♦✐ ♦❜t✐❞♦ ❡①tr❛✲
♣♦❧❛♥❞♦ ❞✐✈❡rs♦s ❛❥✉st❡s r❡❛❧✐③❛❞♦s ♥❛ r❡❣✐ã♦ ❞❡ t−2/3 ♣❡q✉❡♥♦s✳ ✭❜✮ ❊st✐♠❛t✐✈❛ ❞♦ ✈❛❧♦r ❞❡
Γ✳ P❛r❛ ✐ss♦ ❞✐✈❡rs❛s ❧❡✐s ❞❡ ♣♦tê♥❝✐❛ ❢♦r❛♠ ❛❥✉st❛❞❛s ♥❛ r❡❣✐ã♦ ❞❡ t❡♠♣♦s ❣r❛♥❞❡s✳
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✹✳✷✳✸ ❙✐♥❣❧❡✲st❡♣

❆ ❞❡✜♥✐çã♦ ❞❡ss❡ ♠♦❞❡❧♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷✹❪✳ ❊ss❡ ♠♦❞❡❧♦ é ❞❡ ❝❡rt❛

❢♦r♠❛ s✐♠✐❧❛r ❛♦ ❘❙❖❙ ❝♦♠ M = 1✱ ♣♦r t❛♠❜é♠ ♣r♦❞✉③✐r s✉♣❡r❢í❝✐❡s ❜❡♠ s✉❛✈❡s ❡

❝♦♠ ❝♦rr❡çõ❡s r❡❧❛t✐✈❛♠❡♥t❡ ❢r❛❝❛s✳ ◆❡❧❡✱ ❛s ❞✐❢❡r❡♥ç❛s ❞❡ ❛❧t✉r❛ sã♦ s❡♠♣r❡ ✐❣✉❛✐s

❛ ✉♠✱ ♦ q✉❡ ❞✐❢❡r❡ ❞♦ ❘❙❖❙ q✉❡ ♣❡r♠✐t❡ ❛❧t✉r❛s ✐❣✉❛✐s✳ ◆❡ss❡ ♠♦❞❡❧♦✱ ❝♦♠❡ç❛♠♦s

❝♦♠ ✉♠ s✉❜str❛t♦ q✉❡ t❡♥❤❛ ❛ ♠❡♥♦r r✉❣♦s✐❞❛❞❡ ❡ s❛t✐s❢❛ç❛ ❛ ❝♦♥❞✐çã♦ ❞❡ ❞✐❢❡r❡♥ç❛s

❞❡ ❛❧t✉r❛ s❡♠♣r❡ ✐❣✉❛❧ ❛ ✉♠✱ ♦✉ s❡❥❛✱ sít✐♦s ❞❡ ❛❧t✉r❛ ✉♠ ❡ ③❡r♦ ❛❧t❡r♥❛❞♦s ❡♠ t♦❞♦

♦ s✉❜str❛t♦✳ ❆s ♣❛rtí❝✉❧❛s ❞❡ss❡ ♠♦❞❡❧♦ sã♦ ❞í♠❡r♦s ✈❡rt✐❝❛✐s ❡ sã♦ ❛❝❡✐t❛s ❛♣❡♥❛s

q✉❛♥❞♦ ❞❡♣♦s✐t❛❞❛s ❡♠ ♠í♥✐♠♦s ❧♦❝❛✐s✳ ❆ r❡❣r❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ é ✐❧✉str❛❞❛ ♥❛ ✜❣✉r❛

✹✳✼✳

❋✐❣✉r❛ ✹✳✼✿ ■❧✉str❛çã♦ ❞❛ r❡❣r❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ❙✐♥❣❧❡✲st❡♣

❊ss❡ ♠♦❞❡❧♦ é s✐♠✐❧❛r ❛♦ ❘❙❖❙ ♥♦ s❡♥t✐❞♦ ❞❡ ♥ã♦ ❞❡♣♦s✐t❛r ❡♠ ♣♦rçõ❡s ✐♥❝❧✐✲

♥❛❞❛s ❞❛ ✐♥t❡r❢❛❝❡✱ ❡ ❛ss✐♠ t❡♠♦s ✉♠❛ r❡❝✉s❛ ❛ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧✳ ❈♦♠♦ ♥♦ ❘❙❖❙✱

♦ λ é ♥❡❣❛t✐✈♦ r❡❧❛❝✐♦♥❛❞♦ ❛ ✉♠ ❡①❝❡ss♦ ❞❡ ✈❡❧♦❝✐❞❛❞❡ q✉❡ r❡❞✉③ ❛ ❡✈♦❧✉çã♦ ❞❛ ❛❧t✉r❛

♠é❞✐❛✳

❆ ❡①✐❣ê♥❝✐❛ ❞❡ q✉❡ ❛s ❞✐❢❡r❡♥ç❛s ❞❡ ❛❧t✉r❛ s❡❥❛♠ s❡♠♣r❡ ✐❣✉❛✐s ❛ 1 ♥♦s ✐♠♣❡❞❡

❞❡ ❛♣❧✐❝❛r ❛ r❡❣r❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❞♦ s✉❜str❛t♦ ♥❛ ❢♦r♠❛ ❝♦♠♦ ❞❡✜♥✐♠♦s ♥❛

s❡çã♦ ✹✳✶✳ ■ss♦ ♣♦rq✉❡ ❛♦ ❞✉♣❧✐❝❛r ✉♠❛ ❝♦❧✉♥❛ ❝r✐❛♠♦s ✉♠❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❛❧t✉r❛ ♥✉❧❛

♥❛ s✉♣❡r❢í❝✐❡✳ P❛r❛ ❝♦♥t✐♥✉❛r s❛t✐s❢❛③❡♥❞♦ ❛ ❝♦♥❞✐çã♦ ❞♦ ❙✐♥❣❧❡✲st❡♣✱ ♥ós t❡♠♦s q✉❡

❞✉♣❧✐❝❛r ❞✉❛s ❝♦❧✉♥❛s✱ ❛ s♦rt❡❛❞❛ ❡ ❛ ❞❡ s❡✉ ✈✐③✐♥❤♦ ❡sq✉❡r❞♦✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ✜❣✉r❛

✹✸



✹✳✸ ❖✉tr♦s ♠♦❞❡❧♦s

✹✳✽✳ ❉❡ss❛ ♠❛♥❡✐r❛✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ♣❛ss❛ ❛ s❡r vw = 2δ✳

❋✐❣✉r❛ ✹✳✽✿ ❘❡❣r❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❞♦ s✉❜str❛t♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❙✐♥❣❧❡✲st❡♣✳

P❛r❛ ✉♠❛ ❞✐♠❡♥sã♦✱ ❡ss❡ ♠♦❞❡❧♦ ♣♦❞❡ s❡r ♠❛♣❡❛❞♦ ♥♦ ♣r♦❜❧❡♠❛ ❞❡ ✉♠❛ r❡❞❡

❧✐♥❡❛r ❝♦♠ ♣❛rtí❝✉❧❛s ❞❡ s♣✐♥ ♠❡✐♦✳ ❆tr❛✈és ❞❡ss❛ ♠✉❞❛♥ç❛ ❞❡ r❡♣r❡s❡♥t❛çã♦✱ ♦s

♣❛râ♠❡tr♦s ♥ã♦ ✉♥✐✈❡rs❛✐s ❢♦r❛♠ ❝❛❧❝✉❧❛❞♦s ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❡♠ ❬✻✸❪✱ ♦♥❞❡ ❢♦✐ ♦❜t✐❞♦

v∞ = 1/2 ❡ Γ = 1/2✳ P❛r❛ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ❡ss❡s ♣❛râ♠❡tr♦s ❢♦r❛♠ ❞❡t❡r♠✐♥❛❞♦s ♥✉✲

♠❡r✐❝❛♠❡♥t❡ ❡♠ ❬✷✽❪✱ s❡♥❞♦ v∞ = 0, 341368(3)✱ (Γ)β〈χ〉 = −0, 881(1) ❡ 〈η〉 = −0, 6(1)✳

✹✳✸ ❖✉tr♦s ♠♦❞❡❧♦s

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❛♣❡♥❛s ❞❡✜♥✐r ❛ r❡❣r❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ ❞♦✐s ♠♦❞❡❧♦s q✉❡

❢♦r❛♠ ✉t✐❧✐③❛❞♦s ❡♠ ❛❧❣✉♥s t❡st❡s q✉❡ r❡❛❧✐③❛♠♦s✳ ❯♠ ❞❡❧❡s é ♦ ♠♦❞❡❧♦ ❞❡ ❞❡♣♦s✐çã♦

❜❛❧íst✐❝❛✱ q✉❡ ♣❡rt❡♥❝❡ ❛ ❝❧❛ss❡ ❑P❩✳ ◆❡❧❡✱ ❛ ♣❛rtí❝✉❧❛ s❡ ❛❣r❡❣❛ ❡①❛t❛♠❡♥t❡ ♥❛ ♣♦s✐çã♦

❡♠ q✉❡ t♦❝❛ ❛ ✐♥t❡r❢❛❝❡✳ ◆❛ r❡❞❡✱ s❡ ❞❡♣♦s✐t❛♠♦s ✉♠❛ ♣❛rtí❝✉❧❛ ♥♦ sít✐♦ i✱ t❡r❡♠♦s

h(i) = max[h(i−1), h(i)+1, h(i+1)]✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✾✳ ▼❛✐s ✐♥❢♦r♠❛çõ❡s

s♦❜r❡ ❡ss❡ ♠♦❞❡❧♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✻✱✻✵✱✻✶❪✳

❖ s❡❣✉♥❞♦ ♠♦❞❡❧♦ q✉❡ ✈❛♠♦s ❞❡✜♥✐r é ♦ ❞❡ ❋❛♠✐❧②✱ q✉❡ é ♣❡rt❡♥❝❡♥t❡ ❛ ❝❧❛ss❡

❊❲✳ ◆❡ss❡ ♠♦❞❡❧♦✱ ❛ ♣❛rtí❝✉❧❛ r❡❝é♠ ❞❡♣♦s✐t❛❞❛ ♣♦❞❡ ❞✐❢✉♥❞✐r ❧❛t❡r❛❧♠❡♥t❡ ❝❛s♦ ♦s

✈✐③✐♥❤♦s ❞♦ sít✐♦ s❡❧❡❝✐♦♥❛❞♦ t❡♥❤❛♠ ❛❧t✉r❛s ♠❡♥♦r❡s✳ ❊❧❛ s❡ ❛❣r❡❣❛rá ♥❛ ♣♦s✐çã♦ ❞❡

♠❡♥♦r ❛❧t✉r❛ ❡♥tr❡ ♦s s❡✉s ✈✐③✐♥❤♦s ❡ ❛ ❝♦❧✉♥❛ ❞❡ ✐♥❝✐❞ê♥❝✐❛ i✳ ❙❡ ❛s ❛❧t✉r❛s ❞♦s

✹✹



✹✳✸ ❖✉tr♦s ♠♦❞❡❧♦s

❋✐❣✉r❛ ✹✳✾✿ ■❧✉str❛çã♦ ❞❛ r❡❣r❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❞❡♣♦s✐çã♦ ❜❛❧íst✐❝❛✳

✈✐③✐♥❤♦s ❢♦r❡♠ ✐❣✉❛✐s ❡ ♠❡♥♦r❡s q✉❡ hi✱ ✉♠ s♦rt❡✐♦ é r❡❛❧✐③❛❞♦ ♣❛r❛ ❞❡✜♥✐r ❡♠ q✉❛❧

sít✐♦ ❛ ♣❛rtí❝✉❧❛ s❡ ❛❣r❡❣❛✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✹✳✶✵✳ ▼❛✐s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❡ss❡

♠♦❞❡❧♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✻✱✻✷❪✳

❋✐❣✉r❛ ✹✳✶✵✿ ■❧✉str❛çã♦ ❞❛ r❡❣r❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❋❛♠✐❧②✳

✹✺



❈❛♣ít✉❧♦ ✺

❘❡s✉❧t❛❞♦s ❡♠ ✉♠❛ ❞✐♠❡♥sã♦

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦s r❡s✉❧t❛❞♦s ❞❛s ♥♦ss❛s s✐♠✉❧❛çõ❡s ❞❡ ❞♦♠í♥✐♦s

❝r❡s❝❡♥t❡s ❡♠ ✉♠❛ ❞✐♠❡♥sã♦✳ ❈♦♠♦ ❞✐t♦ ♥♦ ❝❛♣ít✉❧♦ ♣❛ss❛❞♦✱ ❡st✉❞❛♠♦s ♦s ♠♦❞❡❧♦s ❞❡

❊t❝❤✐♥❣✱ ❘❙❖❙ ❡ ❙✐♥❣❧❡✲st❡♣✳ P❛r❛ ❝❛❞❛ ♠♦❞❡❧♦✱ ❝r❡s❝❡♠♦s s✉♣❡r❢í❝✐❡s ❝♦♠ ✈❡❧♦❝✐❞❛❞❡s

❧❛t❡r❛✐s vw = 6, 12, 20 ❡ 100 ❝♦❧✉♥❛s ♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✳ P❛r❛ ❝❛❞❛ ✈❡❧♦❝✐❞❛❞❡✱

❝r❡s❝❡♠♦s ❡♥tr❡ ❞❡③ ♠✐❧ ❡ ✈✐♥t❡ ♠✐❧ ❛♠♦str❛s✳ ◆❛ ♣r✐♠❡✐r❛ s❡çã♦ ✈❛♠♦s ♠♦str❛r ♦s

❡①♣♦❡♥t❡s ❞❡ ❝r❡s❝✐♠❡♥t♦ ♦❜t✐❞♦s ✐♥✐❝✐❛♥❞♦ ♦ s✉❜str❛t♦ ❝♦♠ t❛♠❛♥❤♦ L0 = vw✳ ❊♠

s❡❣✉✐❞❛ ✈❛♠♦s ❞✐s❝✉t✐r ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛ ❞❡ss❡s ♠♦❞❡❧♦s ❡♠ s✉❜str❛t♦s ❝r❡s❝❡♥t❡s✳

❉❡♣♦✐s ✈❛♠♦s ❞✐s❝✉t✐r ❝♦♠♦ ❛s ❞✉♣❧✐❝❛çõ❡s ♣r♦❞✉③❡♠ ❛s ❝♦rr❡çõ❡s ❧♦❣❛rít♠✐❝❛s q✉❡

❛♣❛r❡❝❡♠ ♥❡ss❡s ❝r❡s❝✐♠❡♥t♦s✳ P♦r ú❧t✐♠♦✱✈❛♠♦s ♠♦str❛r ♦ ❡❢❡✐t♦ ❞♦ t❛♠❛♥❤♦ ✐♥✐❝✐❛❧

❞♦ s✉❜str❛t♦✱ q✉❡ ♣r♦❞✉③ ✉♠ ❝r♦ss♦✈❡r ❞❡ ●❖❊ ♣❛r❛ ●❯❊ q✉❛♥❞♦ L0 é ♠✉✐t♦ ❣r❛♥❞❡✳

✺✳✶ ❊①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦

❈♦♥❢♦r♠❡ ❞✐s❝✉t✐❞♦ ♥♦ ❝❛♣ít✉❧♦ ✸✱ ❡♠ tr❛❜❛❧❤♦s ❛♥t❡r✐♦r❡s ❝♦♥s✐❞❡r❛♥❞♦ s✉❜✲

str❛t♦s ❝r❡s❝❡♥t❡s ❬✷✵✱✷✶❪✱ ♦ ❢♦❝♦ ♣r✐♥❝✐♣❛❧ ❢♦✐ ♦ ❡①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦✳ ◆ós ❛♥❛❧✲

✐s❛♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ❡①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡❢❡t✐✈♦✱ ♦❜t✐❞♦ ❝❛❧❝✉❧❛♥❞♦ ❛

❞❡r✐✈❛❞❛ ❞❛ ❝✉r✈❛ ❞❡ lnW ♣♦r ln t✳ ❉❡ss❛ ❢♦r♠❛✱ t❡♠♦s ❡①♣♦❡♥t❡s ❡❢❡t✐✈♦s q✉❡ ❞❡♣❡♥✲

❞❡♠ ❞♦ t❡♠♣♦✳ ◆❛ ✜❣✉r❛ ✺✳✶✭❛✮ ❛♣r❡s❡♥t❛♠♦s t❛✐s ❡①♣♦❡♥t❡s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❘❙❖❙ ❡♠

s✉❜str❛t♦s q✉❡ ❛✉♠❡♥t❛♠ ❧❛t❡r❛❧♠❡♥t❡✳ ◆❡ss❡ ❣rá✜❝♦✱ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ ❛ ❝♦♥✈❡r❣ê♥✲

❝✐❛ ❞♦ ❡①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡♣❡♥❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❧❛t❡r❛❧✱ ♦✉ s❡❥❛✱ ❛s ❝♦rr❡çõ❡s ❞❡

✹✻



✺✳✷ ❉✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛

❡s❝❛❧❛ ❞❡♣❡♥❞❡♠ ❞❡ vw✳ ❊ss❡ ❝♦♠♣♦rt❛♠❡♥t♦ é s✐♠✐❧❛r ♥♦ ♠♦❞❡❧♦ ❙✐♥❣❧❡✲st❡♣✳ ◆♦

♠♦❞❡❧♦ ❞❡ ❊t❝❤✐♥❣ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❡①♣♦❡♥t❡ t❛♠❜é♠ ❞❡♣❡♥❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❧❛t❡r❛❧✱

♣♦ré♠ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ❞✐❢❡r❡♥t❡ ❝♦♠♦ ♣♦❞❡ s❡r ♥♦t❛❞♦ ♥❛ ✜❣✉r❛ ✺✳✶✭❜✮ ✳ ◆♦ ❡♥t❛♥t♦✱

♣❛r❛ t♦❞❛s ❛s ✈❡❧♦❝✐❞❛❞❡s ❡ t♦❞♦s ♦s ♠♦❞❡❧♦s ♥♦t❛♠♦s q✉❡ ♦ ❡①♣♦❡♥t❡ ❝♦♥✈❡r❣❡ ♣❛r❛

β = 1/3 ❡♠ t❡♠♣♦s ❧♦♥❣♦s✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ❡①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❡ss❡s s✐st❡♠❛s

q✉❡ ❝r❡s❝❡♠ ❧❛t❡r❛❧♠❡♥t❡ ❝♦♥t✐♥✉❛♠ ❝♦♥s✐st❡♥t❡s ❝♦♠ ❛ ❝❧❛ss❡ ❑P❩✱ ❝♦♠♦ t❛♠❜é♠ ❢♦✐

❡♥❝♦♥tr❛❞♦ ❡♠ ❬✷✵✱✷✶❪✳
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❋✐❣✉r❛ ✺✳✶✿ ❊①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞♦s ♠♦❞❡❧♦s ✭❛✮ ❘❙❖❙ ❡ ✭❜✮ ❊t❝❤✐♥❣ ♣❛r❛ ❞✐❢❡r❡♥t❡s
✈❡❧♦❝✐❞❛❞❡s ❧❛t❡r❛✐s✳ ❆s ❧✐♥❤❛s tr❛❝❡❥❛❞❛ sã♦ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ β = 1/3✳

✺✳✷ ❉✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s

❱❛♠♦s ✐♥✐❝✐❛r ❛ ♥♦ss❛ ❞✐s❝✉ssã♦ s♦❜r❡ ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s ❞♦s ❞♦♠í♥✐♦s

❝r❡s❝❡♥t❡s ❛♣r❡s❡♥t❛♥❞♦ ♦s ♥♦ss♦s r❡s✉❧t❛❞♦s ♣❛r❛ s❦❡✇♥❡ss ❡ ❝✉rt♦s❡✳ ❱❛♠♦s r❡♣❡t✐r

❛q✉✐ ❛ ❡q✉❛çã♦ ✷✳✸✺ ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ❧❡✐t✉r❛✱ s❡♥❞♦ ❡❧❛

h(x, t) = v∞t+ s✐❣(λ)(Γt)βχ+ η + ζt−γ + . . . . ✭✺✳✶✮

❖❜t❡r ❛ r❡❧❛çã♦ ❡♥tr❡ ❛ s❦❡✇♥❡ss ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛ ❡ ❛ ❞❛ ✈❛r✐á✈❡❧ χ é s✐♠♣❧❡s✱

♣♦✐s ♦ t❡r♠♦ v∞t✱ ❡ ❞❡♠❛✐s t❡r♠♦s ❞❡t❡r♠✐♥íst✐❝♦s✱ ❞❛ ❡q✉❛çã♦ ✺✳✶ s❡ ❝❛♥❝❡❧❛♠ ♥♦

❝á❧❝✉❧♦ ❞♦s ❝✉♠✉❧❛♥t❡s ❞❡ ♦r❞❡♠ ♠❛✐♦r q✉❡ ✉♠✳ ❆ss✐♠✱ ❝♦♠♦ ♣♦❞❡ s❡r ❢❛❝✐❧♠❡♥t❡
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✺✳✷ ❉✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛

♠♦str❛❞♦✱ ♦ t❡r♠♦ ❞♦♠✐♥❛♥t❡ ♥❡ss❡s ❝✉♠✉❧❛♥t❡s é 〈hn〉c = (Γt)nβ〈χn〉c + . . . ✳ ◗✉❛♥❞♦

❝❛❧❝✉❧❛♠♦s ❛ s❦❡✇♥❡ss t❡♠♦s

S =
〈h3〉c
〈h2〉3/2c

=
(Γt)3β〈χ3〉c + . . .

((Γt)2β〈χ2〉c + . . . )3/2
≈ 〈χ3〉c

〈χ2〉3/2c

+ . . . . ✭✺✳✷✮

❉❡ss❛ ❢♦r♠❛✱ ❛ r❡❧❛çã♦ ❡♥tr❡ ❛ s❦❡✇♥❡ss ❞❛ ❍❉ ❡ ❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛ ✈❛r✐á✈❡❧ χ é

❞✐r❡t❛✳ ❯♠ ❝á❧❝✉❧♦ ❛♥á❧♦❣♦ ♠♦str❛ q✉❡ ♦ ♠❡s♠♦ é ✈❛❧✐❞♦ ♣❛r❛ ❛ ❝✉rt♦s❡✳

◆❛s ✜❣✉r❛s ✺✳✷✭❛✮ ❡ ✺✳✷✭❜✮ ❛♣r❡s❡♥t❛♠♦s ❛ ❞✐♥â♠✐❝❛ ❞❛ s❦❡✇♥❡ss ❡ ❛ ❞❛ ❝✉r✲

t♦s❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❙✐♥❣❧❡✲st❡♣ ❡♠ s✉❜str❛t♦s ❝r❡s❝❡♥t❡s✳ ❊ss❡s ❣rá✜❝♦s ♠♦str❛♠ q✉❡

t❛♥t♦ ❛ s❦❡✇♥❡ss q✉❛♥t♦ ❛ ❝✉rt♦s❡ sã♦ ♠✉✐t♦ ♠❛✐s ♣ró①✐♠❛s ❞❛ ●❯❊ ✭❝✉r✈♦✮ ❞♦ q✉❡

❞❛ ●❖❊✳ ❊ss❛s ❝✉r✈❛s ❞❡✐①❛♠ ❡✈✐❞❡♥t❡ q✉❡ ♥♦ r❡❣✐♠❡ ❛ss✐♥tót✐❝♦ ✭t → ∞✮✱ ❡ss❡s ❝✉✲

♠✉❧❛♥t❡s t❡♥❞❡♠ ♣❛r❛ ●❯❊✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ss❛s ❣r❛♥❞❡③❛s ❞❡♣❡♥❞❡ ❞❛

✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧✳ ❆♥❛❧✐s❛♥❞♦ ❡ss❡s ❣rá✜❝♦s ✜❝❛ ❡✈✐❞❡♥t❡ q✉❡✱ ♥❛ ❣❛♠❛

❞❡ ✈❛❧♦r❡s q✉❡ ❡st✉❞❛♠♦s✱ q✉❛♥t♦ ♠❛✐♦r ❛ ✈❡❧♦❝✐❞❛❞❡ ❧❛t❡r❛❧ ♠❛✐s rá♣✐❞♦ ❛ ❞✐str✐❜✉✐çã♦

s❡ ❛♣r♦①✐♠❛ ❞❛ ●❯❊✳ ❊ss❡ ❝♦♠♣♦rt❛♠❡♥t♦ s❡ r❡♣❡t❡ ♥♦s ♠♦❞❡❧♦s ❘❙❖❙ ❡ ❊t❝❤✐♥❣✳
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❋✐❣✉r❛ ✺✳✷✿ ●rá✜❝♦s ❞❛ ✭❛✮ ❙❦❡✇♥❡ss ❡ ❞❛ ✭❜✮ ❈✉rt♦s❡ ❡♠ ❢✉♥çã♦ ❞❡ t−2β ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡
❛❧t✉r❛s ❞♦ ♠♦❞❡❧♦ ❙✐♥❣❧❡✲st❡♣ ❡♠ s✉❜str❛t♦s q✉❡ ❝r❡s❝❡♠ ❧❛t❡r❛❧♠❡♥t❡✳

❆ ❞✐♥â♠✐❝❛ ❞❛ s❦❡✇♥❡ss ❡ ❛ ❞❛ ❝✉rt♦s❡ ♥♦s ♣❡r♠✐t❡ ❛✜r♠❛r q✉❡ ♦ s❡❣✉♥❞♦✱

t❡r❝❡✐r♦ ❡ ♦ q✉❛rt♦ ❝✉♠✉❧❛♥t❡s ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s t❡♥❞❡♠ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❛r❛

❛ ❞✐str✐❜✉✐çã♦ ❞♦ ❝❛s♦ ❝✉r✈♦✳ ❆ ❛♥á❧✐s❡ ❞♦ ♣r✐♠❡✐r♦ ❝✉♠✉❧❛♥t❡ é ✉♠ ♣♦✉❝♦ ♠❛✐s tr❛❜❛✲

❧❤♦s❛✱ ♣♦✐s t♦❞♦s ♦s t❡r♠♦s ❞❛ ❡q✉❛çã♦ ✺✳✶ sã♦ r❡❧❡✈❛♥t❡s✳ P❛r❛ ❡st✉❞❛r ❡ss❡ ❝✉♠✉❧❛♥t❡
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✈❛♠♦s ✉s❛r ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s v∞ ❡ Γ q✉❡ ❢♦r❛♠ ❝❛❧❝✉❧❛❞♦s ♣❛r❛ ♦s s✉❜str❛t♦s ❝♦♠

t❛♠❛♥❤♦ ✜①♦✳ ❆ ❝♦❡rê♥❝✐❛ ❞♦s ❝á❧❝✉❧♦s q✉❡ ✈❛♠♦s r❡❛❧✐③❛r ♥❡ss❛ s❡çã♦ ❡✈✐❞❡♥❝✐❛ q✉❡

❡ss❡s ♣❛râ♠❡tr♦s ❞❡ ❢❛t♦ ♥ã♦ ♠✉❞❛♠✱ ❝❛s♦ ❝♦♥trár✐♦✱ ❡❢❡✐t♦s ❛♥á❧♦❣♦s ❛♦s q✉❡ ✈❛♠♦s

❞✐s❝✉t✐r ♥♦ ♣ró①✐♠♦ ♣❛rá❣r❛❢♦ ♦❝♦rr❡r✐❛♠ ❡♠ t♦❞❛s ❛s ❛♥á❧✐s❡s q✉❡ r❡❛❧✐③áss❡♠♦s✳ ◆❛

s❡çã♦ ✺✳✸✱ ✈❛♠♦s ❞✐s❝✉t✐r ♠❛✐s s♦❜r❡ ❛ ✐♥✈❛r✐â♥❝✐❛ ❞❡ss❡s ♣❛râ♠❡tr♦s✳
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❋✐❣✉r❛ ✺✳✸✿ ❈❛❧❝✉❧♦ ❞❛ ❝♦rr❡çã♦ ζt−β−1 ✉s❛♥❞♦ ❛ ♠é❞✐❛ ❞❛ ✭❛✮ ●❖❊ ❡ ❞❛ ✭❜✮ ●❯❊✳

❈♦♥s✐❞❡r❛♥❞♦ q✉❡ v∞ ❡ Γ sã♦ ♦s ♠❡s♠♦s✱ ♣❛r❛ ❡st✉❞❛r ❛ 〈h〉 ♣r❡❝✐s❛♠♦s ♦❜t❡r

η ❡ ζ✳ P♦❞❡♠♦s ❡❧✐♠✐♥❛r ♦ η t✐r❛♥❞♦ ❛ ♠é❞✐❛ ❡ ❞❡r✐✈❛♥❞♦ ❛ ❡q✉❛çã♦ ✺✳✶✱ ♦ q✉❡ r❡s✉❧t❛

❡♠
∂〈h(x, t)〉

∂t
= v∞ + s✐❣(λ)βΓβtβ−1〈χ〉 − γζt−γ−1 + . . . . ✭✺✳✸✮

❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ❞❡ ζ s❡ s♦✉❜❡r♠♦s ♦ ✈❛❧♦r ❞❡ 〈χ〉✳ ❈♦♠♦ ♦

t❡r♠♦ s✐❣(λ)βΓβtβ−1〈χ〉 t❡♥❞❡ ❛ ③❡r♦ ♠✉✐t♦ ♠❛✐s ❧❡♥t❛♠❡♥t❡ q✉❡ ❛ ❝♦rr❡çã♦ ζt−γ−1✱ s❡

✉t✐❧✐③❛r♠♦s ✉♠ ✈❛❧♦r ❡rr❛❞♦ ♥❛ 〈χ〉 ✈❛♠♦s ♦❜t❡r ✉♠❛ ❝✉r✈❛ r❡❧❛❝✐♦♥❛❞❛ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡

❡ss❡ ✈❛❧♦r ❡ ♦ ❝♦rr❡t♦✳ ■s♦❧❛♥❞♦ ♦ t❡r♠♦ ζt−γ−1✱ s❡ ✉t✐❧✐③❛♠♦s ❛ ♠é❞✐❛ ❞❛ ●❖❊✱ ❝♦♠♦

♥❛ ✜❣✉r❛ ✺✳✸✭❛✮✱ ♦❜t❡♠♦s ✉♠❛ ❢✉♥çã♦ q✉❡ ❞❡❝❛✐ ❝♦♠ t−0.64✳ ◆♦ ❡♥t❛♥t♦✱ −0.64 ≈ β−1✱

q✉❡ é ❛ ❧❡✐ ❞❡ ♣♦t❡♥❝✐❛ ❞♦ t❡r♠♦ q✉❡ ♠✉❧t✐♣❧✐❝❛ 〈χ〉✱ ❧♦❣♦✱ ❛ ♠é❞✐❛ ❞❛ ●❖❊ ♥ã♦ é ♦ ✈❛❧♦r

❝♦rr❡t♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ✉t✐❧✐③❛r♠♦s ♦ ✈❛❧♦r ❞❛ ♠é❞✐❛ ❞❛ ●❯❊✱ ❝♦♠♦ ♥❛ ✜❣✉r❛ ✺✳✸✭❜✮✱

♦❜t❡♠♦s ✉♠❛ ❝✉r✈❛ q✉❡ ❞❡❝❛✐ ♠❛✐s rá♣✐❞♦ q✉❡ tβ−1✳✶ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ♦

♣r✐♠❡✐r♦ ❝✉♠✉❧❛♥t❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛ t❛♠❜é♠ ❝♦♥✈❡r❣❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❛r❛
✶◆♦t❡ q✉❡ s❡ ♦ ✈❛❧♦r ❞❡ Γ ❢♦ss❡ ❞✐❢❡r❡♥t❡✱ ❝♦♥t✐♥✉❛rí❛♠♦s t❡♥❞♦ ✉♠❛ ❝✉r✈❛ q✉❡ ❞❡❝❛✐ ❛♣r♦①✐♠❛❞❛✲

♠❡♥t❡ ❝♦♠ tβ−1✳
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♦ ❝❛s♦ ❝✉r✈♦✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❝♦rr❡çã♦ ❞❡❝❛✐ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❝♦♠ t−1✱ ♦✉

s❡❥❛✱ t❡♠♦s q✉❡ ζt−γ → ζ ln t ♥❛ ❡q✉❛çã♦ ✺✳✶✳ ❊ss❡ ❧♦❣❛r✐t♠♦ ❛♣❛r❡❝❡✉ ❡♠ t♦❞❛s ❛s

✈❡❧♦❝✐❞❛❞❡s ❧❛t❡r❛✐s ❞♦s ♠♦❞❡❧♦s q✉❡ ❡st✉❞❛♠♦s✳ ❆ss✐♠✱ ♦❜t❡♠♦s q✉❡ ❛s ❛❧t✉r❛s ❞❡ss❡s

s✉❜str❛t♦s q✉❡ ❝r❡s❝❡♠ ❧❛t❡r❛❧♠❡♥t❡ sã♦ ❞❛❞❛ ♣♦r

h(x, t) = v∞t+ s✐❣(λ)(Γt)βχ+ η + ζ ln t+ . . . . ✭✺✳✹✮

❖s ✈❛❧♦r❡s ζ ♦❜t✐❞♦s ♣❛r❛ ♦s ♠♦❞❡❧♦s ❘❙❖❙✱ ❊t❝❤✐♥❣ ❡ ❙✐♥❣❧❡✲st❡♣ sã♦ ❛♣r❡✲

s❡♥t❛❞♦s ♥♦s ❣rá✜❝♦s ✺✳✹✭❛✮✱ ✺✳✹✭❜✮ ❡ ✺✳✹✭❝✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ ❡ss❡s ❣rá✜❝♦s

♠♦str❛♠✱ ♣❛r❛ ❝❛❞❛ ♠♦❞❡❧♦✱ ζ ♥ã♦ ❞❡♣❡♥❞❡ ♠✉✐t♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❧❛t❡r❛❧✱ ❡ss❡ ✈❛❧♦r é

❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❝♦♥st❛♥t❡ ❞❡♥tr♦ ❞❛s ❜❛rr❛s ❞❡ ❡rr♦✳
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✭❝✮

❋✐❣✉r❛ ✺✳✹✿ ●rá✜❝♦s ❞❡ ζ ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❞♦s ♠♦❞❡❧♦s ✭❛✮ ❘❙❖❙✱ ✭❜✮ ❊t❝❤✐♥❣

❡ ✭❝✮ ❙✐♥❣❧❡✲st❡♣✳

P♦❞❡♠♦s ❝♦♥✜r♠❛r ❛ ♣r❡s❡♥ç❛ ❞❡ss❡ ❧♦❣❛r✐t♠♦ t❡♥t❛♥❞♦ ❝❛❧❝✉❧❛r ♦ ❞❡s❧♦❝❛♠❡♥t♦

✺✵
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〈η〉 ❞❛ ❞✐str✐❜✉✐çã♦✳ P❛r❛ ✐ss♦ ✐s♦❧❛♠♦s ❡ss❡ t❡r♠♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

〈h〉 − v∞t− ζ ln t

(Γt)β
− 〈χ〉 = 〈η〉

(Γt)β
. ✭✺✳✺✮

◆❛ ✜❣✉r❛ ✺✳✺✭❛✮ tr❛ç❛♠♦s ♦ ❣rá✜❝♦ ❞❡ 〈η〉/(Γt)β s❡♠ ❝♦♥s✐❞❡r❛r ❛ ❝♦rr❡çã♦ ❧♦❣❛rít♠✐❝❛

ζ ln t✳ ❆♥❛❧✐s❛♥❞♦ ❡ss❛ ❝✉r✈❛ ❡♠ ❡s❝❛❧❛ ❧♦❣❛rít♠✐❝❛ ✜❝❛ ❡✈✐❞❡♥t❡ q✉❡ ❡❧❛ ♥ã♦ s❡❣✉❡ ✉♠❛

❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❜❡♠ ❞❡✜♥✐❞❛✱ ✐♠♣♦ss✐❜✐❧✐t❛♥❞♦ ♦ ❝á❧❝✉❧♦ ❞❡ 〈η〉✳ P♦ré♠✱ s❡ ❝♦♥s✐❞❡r✲

❛♠♦s ♦ t❡r♠♦ ζ ln t✱ ❝♦♠♦ ❡♠ ✺✳✺✭❜✮✱ ♦❜t❡♠♦s ✉♠❛ ❝✉r✈❛ q✉❡ ❞❡❝❛✐ ❛♣r♦①✐♠❛❞❛♠❡♥t❡

❝♦♠ t−β✱ q✉❡ é ❝♦♥s✐st❡♥t❡ ❝♦♠ 〈η〉/(Γt)β✱ ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❝❛❧❝✉❧❛r ♦s ❞❡s✈✐♦ ♥❛

❞✐str✐❜✉✐çã♦✳ ❉❡ss❛ ❢♦r♠❛✱ ♦ ❧♦❣❛r✐t♠♦ ❞❡ ❢❛t♦ ❢❛③ ♣❛rt❡ ❞❛ ❡q✉❛çã♦ q✉❡ ❞❡s❝r❡✈❡ ❛s

❛❧t✉r❛s ❞❛ ✐♥t❡r❢❛❝❡✳
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✭❜✮

❋✐❣✉r❛ ✺✳✺✿ ❈á❧❝✉❧♦ ❞♦ ❞❡s✈✐♦ ❞❛ ❞✐str✐❜✉✐çã♦ ✭❛✮ s❡♠ ❝♦♥s✐❞❡r❛r ♦ ζ ln t✱ ❡ ❡♠ ✭❜✮ ❝♦♥✲
s✐❞❡r❛♥❞♦ ❡ss❛ ❝♦rr❡çã♦✳

◆ós ❝❛❧❝✉❧❛♠♦s ♦ ✈❛❧♦r ❞❡ss❡ ❞❡s✈✐♦ ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❧❛t❡r❛✐s ❞♦s

♠♦❞❡❧♦s q✉❡ ❡st✉❞❛♠♦s✱ ❛♣r❡s❡♥t❛♠♦s ❡ss❡s ✈❛❧♦r❡s ♥♦s ❣rá✜❝♦s ✺✳✻✭❛✮✱ ✺✳✻✭❜✮ ❡ ✺✳✻✭❝✮✳

❆ss✐♠ ❝♦♠♦ ζ✱ ❡ss❡s ❣rá✜❝♦s ♠♦str❛♠ q✉❡ 〈η〉 t❛♠❜é♠ ♥ã♦ ✈❛r✐❛ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❝♦♠

❛ ✈❡❧♦❝✐❞❛❞❡✳

❈♦♠♦ ❥á ✜❝♦✉ ✐♠♣❧í❝✐t♦ ♣❡❧❛ ♥♦t❛çã♦ q✉❡ ✉t✐❧✐③❛♠♦s ❛té ❛q✉✐✱ ζ é ✉♠❛ ✈❛r✐á✈❡❧

❞❡t❡r♠✐♥íst✐❝❛ ❡ η é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳ P❛r❛ ❡①♣❧✐❝✐t❛r ❛ ♥❛t✉r❡③❛ ❞❡ss❛s ✈❛r✐á✈❡✐s✱

❝♦♥s✐❞❡r❛♠♦s ❛ ❡q✉❛çã♦ ✺✳✹ ♣❛r❛ ❝❛❧❝✉❧❛r ♦ s❡❣✉♥❞♦ ❝✉♠✉❧❛♥t❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡

✺✶
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✭❝✮

❋✐❣✉r❛ ✺✳✻✿ ●rá✜❝♦s ❞❡ 〈η〉 ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❞♦s ♠♦❞❡❧♦s ✭❛✮ ❘❙❖❙✱ ✭❜✮ ❊t❝❤✐♥❣

❡ ✭❝✮ ❙✐♥❣❧❡✲st❡♣✳

❛❧t✉r❛s✱ ♦ q✉❡ r❡s✉❧t❛ ❡♠

〈h2〉c = (Γt)2β〈χ2〉c + 〈η2〉c + 〈ζ2〉c ln2 t+ . . . , ✭✺✳✻✮

♦♥❞❡ s✉♣♦♠♦s q✉❡ ♥ã♦ ❡①✐st❡ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s χ✱ η ❡ ζ✳ P❛r❛ ♠♦str❛r q✉❡

ζ é ❞❡t❡r♠✐♥íst✐❝♦✱ ❞❡r✐✈❛♠♦s ❡ss❛ ❡q✉❛çã♦ ❡ ♠❛♥✐♣✉❧❛♠♦s ♣❛r❛ ♦❜t❡r

∂t〈h2〉c − 2βΓ2βt2β−1〈χ2〉c = 2〈ζ2〉c
ln t

t
+ . . . . ✭✺✳✼✮

◆❛ ✜❣✉r❛ ✺✳✼✭❛✮✱ tr❛ç❛♠♦s ✉♠ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❡q✉❛çã♦ ❛♥t❡r✐♦r✱

✉s❛♥❞♦ 〈χ2〉c ❞❛ ●❯❊✳ ❈♦♠♦ ❡ss❛ ✜❣✉r❛ ❞❡✐①❛ ❝❧❛r♦✱ ❡ss❛ ❝✉r✈❛ t❡♥❞❡ ❛ ③❡r♦ ♠✉✐t♦ ♠❛✐s

✺✷
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rá♣✐❞♦ q✉❡ ln t/t✱ ❧♦❣♦✱ ❛ ✈❛r✐â♥❝✐❛ ❞❡ ζ é ♥✉❧❛ ❡✱ ❛ss✐♠✱ ❡❧❛ é ✉♠❛ ✈❛r✐á✈❡❧ ❞❡t❡r♠✐♥íst✐❝❛✳

❈♦♠ r❡❧❛çã♦ ❛ η✱ ✈♦❧t❛♠♦s ♥❛ ❡q✉❛çã♦ ✺✳✻ ❡ ✐s♦❧❛♠♦s 〈η2〉c✳ ◆❛ ✜❣✉r❛ ✺✳✼✭❜✮✱

tr❛ç❛♠♦s ✉♠ ❣rá✜❝♦ ❞❡ 〈η2〉c + . . . ❡♠ ❢✉♥çã♦ ❞❡ t✳ ❆♣❡s❛r ❞❡ss❛ ❝✉r✈❛ ♥ã♦ ♥♦s

♣❡r♠✐t✐r ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ❞❡ 〈η2〉c✱ ♦ ❢❛t♦ ❞❡❧❛ ♥ã♦ t❡♥❞❡r ❛ ③❡r♦ ♠♦str❛ q✉❡ 〈η2〉c 6=
0✱ ♦✉ s❡❥❛✱ η é ✉♠❛ ✈❛r✐á✈❡❧ ❛❧❡❛tór✐❛✳ ❈♦♠♦ t❡r♠♦s ❞❡t❡r♠✐♥íst✐❝♦s s❡ ❛♥✉❧❛♠ ♥❛

❡q✉❛çã♦ ✺✳✻✱ ❛ ✈❛r✐❛çã♦ t❡♠♣♦r❛❧ ❞❛ ❝✉r✈❛ ❡♠ ✺✳✼✭❜✮ ♠♦str❛ q✉❡ ❡①✐st❡♠ ❝♦rr❡çõ❡s

❡st♦❝ást✐❝❛s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ♥♦ t❡♠♣♦✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❛s ❝♦rr❡çõ❡s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r

❞❡✈❡♠ s❡r ❢✉♥çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧✱ ♣♦✐s ❡❧❛s s❡r✐❛♠ r❡s♣♦♥sá✈❡✐s

♣❡❧❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛ ❞❡♣❡♥❞❡r ❞❡ss❛ ✈❡❧♦❝✐❞❛❞❡✱ ❝♦♠♦ ❛s ✜❣✉r❛s

✺✳✷✭❛✮ ❡ ✺✳✷✭❜✮ ♠♦str❛♠✳

0 10000
t

-0,0004

0

0,0004

0,0008

d
<

 h
2
>

c
/d

t 
- 

2
β

Γ
2
β
<

 χ
2
>

c
 t2

β
−

1

RSOS  v
w

= 20

✭❛✮

0 10000 20000
t

0

0,2

0,4

<
 h

2
>

c
 -

 (
Γ

t)
2
β
<

 χ
2
>

c

RSOS  v
w

= 20

✭❜✮

❋✐❣✉r❛ ✺✳✼✿ ✭❛✮ ●rá✜❝♦ q✉❡ ♠♦str❛ ♦ ❝❛rát❡r ❞❡t❡r♠✐♥íst✐❝♦ ❞❡ ζ✳ ✭❜✮ ❈✉r✈❛ q✉❡ ♠♦str❛ ❛
❡①✐stê♥❝✐❛ ❞❡ ❝♦rr❡çõ❡s ❞❡ ♦r❞❡♠ ♠❛✐♦r ❡♠ ✺✳✹ ❡ q✉❡ 〈η2〉c 6= 0✳

❆ r✐❣♦r✱ ♥ã♦ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ζ ln t é ✉♠❛ ❝♦rr❡çã♦✱ ♣♦✐s ❡ss❡ t❡r♠♦ ❞✐✈❡r❣❡

q✉❛♥❞♦ t → ∞✳ ◆♦ ❡♥t❛♥t♦✱ ❡❧❡ é s❡♠♣r❡ ♠✉✐t♦ ♠❡♥♦r q✉❡ ♦s t❡r♠♦s v∞t ❡ (Γt)βχ✳

❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ζ ln t r❡♣r❡s❡♥t❛ ✉♠❛ ❡s♣é❝✐❡ ❞❡ ❝♦rr❡çã♦ ❢♦rt❡ ❝❛✉s❛❞❛

♣❡❧❛ ❞✉♣❧✐❝❛çã♦ ❞❛s ❝♦❧✉♥❛s✳ ◆❛ s❡çã♦ ✺✳✸ ✈❛♠♦s ❝♦♠❡♥t❛r ♠❛✐s s♦❜r❡ ❡ss❡ ❧♦❣❛r✐t♠♦

❡ s✉❛s ♦r✐❣❡♥s✳

➱ ✐♥tr✐❣❛♥t❡✱ ❞❡ ❝❡rt❛ ❢♦r♠❛✱ q✉❡ ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s ❞♦s ❞♦♠í♥✐♦s ❝r❡s✲

❝❡♥t❡s ❞❡ ❢❛t♦ ❝♦♥✈✐r❥❛♠ ♣❛r❛ ♦ ❝❛s♦ ❝✉r✈♦✳ ❆ ✐♥t❡r❢❛❝❡ é ♣❧❛♥❛ ♥❡ss❡s ♠♦❞❡❧♦s q✉❡

❡st✉❞❛♠♦s✱ ♥ã♦ ❤á ❝✉r✈❛t✉r❛ ❣❧♦❜❛❧✱ ♦ s✉❜str❛t♦ ❛♣❡♥❛s ❝r❡s❝❡ ❧❛t❡r❛❧♠❡♥t❡✳ ◗✉❛♥❞♦

❝♦♥s✐❞❡r❛♠♦s q✉❡ ✉♠❛ ✐♥t❡r❢❛❝❡ ❝✉r✈❛ é ❜❛s✐❝❛♠❡♥t❡ ❝♦♠♣♦st❛ ♣♦r ✉♠ ♣❡rí♠❡tr♦ ❝r❡s✲
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✺✳✸ ❊❢❡✐t♦s ❞❛s ❞✉♣❧✐❝❛çõ❡s ❡ ♦r✐❣❡♠ ❞❛s ❝♦rr❡çõ❡s

❝❡♥t❡ ❡ ✉♠❛ ❝✉r✈❛t✉r❛ ❣❧♦❜❛❧✱ ❛ ♣r✐♠❡✐r❛ ✈✐st❛ ❛ ❝✉r✈❛t✉r❛ é ❛ ❝♦♠♣♦♥❡♥t❡ ♠❛✐s ❝❛r✲

❛❝t❡ríst✐❝❛✳ ◆❛ ♣ró①✐♠❛ s❡çã♦ ✈❛♠♦s ❞❡✐①❛r ❝❧❛r♦ ♦ q✉❡ ❝❛✉s❛ ❛ ♠✉❞❛♥ç❛ χgoe → χgue

♥♦s s✐st❡♠❛s ❞❡ s✉❜str❛t♦ ❝r❡s❝❡♥t❡✳

✺✳✸ ❊❢❡✐t♦s ❞❛s ❞✉♣❧✐❝❛çõ❡s ❡ ♦r✐❣❡♠ ❞❛s ❝♦rr❡çõ❡s

❋✐❣✉r❛ ✺✳✽✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦s ❡❢❡✐t♦s ❞❛s ❞✉♣❧✐❝❛çõ❡s s♦❜r❡ ❛s ♣r✐♥❝✐♣❛✐s ❝❛r❛❝t❡ríst✐❝❛s
❞❛ r❡❞❡✳

❱❛♠♦s ✐♥✐❝✐❛r ❛ ♥♦ss❛ ❞✐s❝✉ssã♦ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ✜❣✉r❛ ✺✳✽✱ ♦♥❞❡ ❝♦♥s✐❞❡r❛♠♦s

t♦❞♦s ♦s t✐♣♦s ❞❡ ✈✐③✐♥❤❛♥ç❛s q✉❡ ♣♦❞❡♠ ❡①✐st✐r ♣❛r❛ ✉♠ sít✐♦ ❞♦ ♠♦❞❡❧♦ ❘❙❖❙ ❡♠

d = 1+1✳ ◆❛ ✈❡r❞❛❞❡✱ ❡①✐st❡♠ ♠❛✐s três t✐♣♦s ❞❡ sít✐♦s✱ ♣♦ré♠ ❡❧❡s sã♦ ❛♣❡♥❛s r❡✢❡①õ❡s

❡♠ t♦r♥♦ ❞♦ sít✐♦ ❝❡♥tr❛❧ ❞♦s t✐♣♦s D✱ E ❡ F ✱ ❛ss✐♠✱ ♣❛r❛ s✐♠♣❧✐✜❝❛r✱ ❝♦♥s✐❞❡r❛♠♦s

q✉❡ ❡ss❡s três t✐♣♦s t❛♠❜é♠ r❡♣r❡s❡♥t❛♠ s✉❛s r❡✢❡①õ❡s✳ ❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠

✐❞❡♥t✐✜❝❛r ♦ q✉❡ ♠✉❞❛ ♥❡ss❛s ♣❡q✉❡♥❛s ♣♦rçõ❡s ❞❛ ✐♥t❡r❢❛❝❡ q✉❛♥❞♦ ❞✉♣❧✐❝❛♠♦s ♦s sít✐♦s

❞❡st❛❝❛❞♦s ❡♠ ❛③✉❧✳ ◆❛ ❝♦❧✉♥❛ ✐♥t✐t✉❧❛❞❛ ❚r❛♥s✐çõ❡s ❡st❛♠♦s ♠♦str❛♥❞♦ q✉❡ t✐♣♦s ❞❡

sít✐♦s sã♦ ♣r♦❞✉③✐❞♦s q✉❛♥❞♦ ♦❝♦rr❡ ✉♠❛ ❞✉♣❧✐❝❛çã♦✳ P♦r ❡①❡♠♣❧♦✱ ♥❛ ú❧t✐♠❛ ❧✐♥❤❛
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✺✳✸ ❊❢❡✐t♦s ❞❛s ❞✉♣❧✐❝❛çõ❡s ❡ ♦r✐❣❡♠ ❞❛s ❝♦rr❡çõ❡s

t❡♠♦s F → D,E✱ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ❛♦ ❞✉♣❧✐❝❛r♠♦s ✉♠ sít✐♦ ❞♦ t✐♣♦ F ❡❧❡ s❡ tr❛♥s❢♦r♠❛

❡♠ ✉♠ sít✐♦ ❞♦ t✐♣♦ D ❡ ♣r♦❞✉③ ✉♠ ♦✉tr♦ sít✐♦ ❞♦ t✐♣♦ E✳ ◆❛s ❝♦❧✉♥❛s s❡❣✉✐♥t❡s

♠♦str❛♠♦s ❝♦♠♦ ✈ár✐❛s ♣r♦♣r✐❡❞❛❞❡s s✉♣❡r✜❝✐❛✐s sã♦ ❛❧t❡r❛❞❛s ♣❡❧❛ ❞✉♣❧✐❝❛çã♦✳

◆❛ ❝♦❧✉♥❛ ∆〈h〉 ♠♦str❛♠♦s ❝♦♠♦ ❛ ❞✉♣❧✐❝❛çã♦ ♠✉❞❛ ❧♦❝❛❧♠❡♥t❡ ❛ ❛❧t✉r❛ ♠é❞✐❛✱

♦✉ s❡❥❛✱ ❛ ❛❧t✉r❛ ♠é❞✐❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ três✱ ♦✉ q✉❛tr♦ sít✐♦s✳ P❛r❛ ✐❧✉str❛r✱ ✈❛♠♦s ❝♦♥✲

s✐❞❡r❛r ❛ s❡❣✉♥❞❛ ❧✐♥❤❛✳ ❚♦♠❛♥❞♦ ❛ ❛❧t✉r❛ ♠❛✐s ❜❛✐①❛ ✐❣✉❛❧ ❛ ③❡r♦✱ ❛♥t❡s ❞❛ ❞✉♣❧✐❝❛çã♦

❛ ❛❧t✉r❛ ♠é❞✐❛ ❞❡ss❡s três sít✐♦s é 1/3✱ ❛♣ós ❛ ❞✉♣❧✐❝❛çã♦ t❡♠♦s q✉❛tr♦ sít✐♦s ❝♦♠ ❛❧t✉r❛

♠é❞✐❛ 1/2✳ P❛r❛ ❝❛❧❝✉❧❛r♠♦s ♦ ❡❢❡✐t♦ t♦t❛❧ ❞❛s ❞✉♣❧✐❝❛çõ❡s s♦❜r❡ ❛ ❛❧t✉r❛ ♠é❞✐❛✱ ♥ã♦

❜❛st❛ s✐♠♣❧❡s♠❡♥t❡ s♦♠❛r ❡ss❛ ❝♦❧✉♥❛✱ ✐ss♦ ♣♦rq✉❡ ❡ss❡s sít✐♦s ♥ã♦ ❛♣❛r❡❝❡♠ ♥❛ r❡❞❡

❝♦♠ ♠❡s♠❛ ❢r❡q✉ê♥❝✐❛✱ ♦✉ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❆ ✜❣✉r❛ ✺✳✾ ♠♦str❛ ❝♦♠ q✉❡ ♣r♦❜❛❜✐❧✐✲

❞❛❞❡ ❝❛❞❛ t✐♣♦ ❞❡ sít✐♦ é ❡♥❝♦♥tr❛❞♦ ♥❛ r❡❞❡ ❞❡ t❛♠❛♥❤♦ ✜①♦ ✭❝✉r✈❛s tr❛❝❡❥❛❞❛s✮ ❡ ♥❛

❝r❡s❝❡♥t❡ ✭❧✐♥❤❛s só❧✐❞❛s✮✳ ◆♦t❡ ❝♦♠♦ ♦s sít✐♦s ❞♦ t✐♣♦ F s❡ t♦r♥❛♠ ♠❡♥♦s ❢r❡q✉❡♥t❡s

q✉❛♥❞♦ ❢❛③❡♠♦s ❛s ❞✉♣❧✐❝❛çõ❡s✱ ❡♥tã♦✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞♦s ❞❡♠❛✐s sít✐♦s ❞❡✈❡ ❛✉♠❡♥✲

t❛r✳ ❆ ✜❣✉r❛ ✺✳✾ ❞❡✐①❛ ❝❧❛r♦ q✉❡ ♦ ♠❛✐♦r ❛✉♠❡♥t♦ ♦❝♦rr❡ ♥♦s sít✐♦s sít✐♦s A✱ D ❡ E✱

q✉❡ sã♦ ❛q✉❡❧❡s ❝♦♠ ✈✐③✐♥❤♦s ❞❡ ♠❡s♠❛ ❛❧t✉r❛✱ ❝♦♠♦ ❡r❛ ❞❡ s❡ ❡s♣❡r❛r ♣♦r s❡ tr❛t❛r ❞❡

❞✉♣❧✐❝❛çõ❡s✳
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❋✐❣✉r❛ ✺✳✾✿ ●rá✜❝♦ ❝♦♠ ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ❝❛❞❛ t✐♣♦ ❞❡ sít✐♦ s❡r ❡♥❝♦♥tr❛❞♦ ♥❛ r❡❞❡✳ ❆s
❧✐♥❤❛s tr❛❝❡❥❛❞❛s sã♦ r❡❧❛❝✐♦♥❛❞❛s ❛ s✐st❡♠❛s ❝♦♠ t❛♠❛♥❤♦ ✜①♦ ❡ ❛s só❧✐❞❛s ❛♦s ❝r❡s❝❡♥t❡s✳

✺✺



✺✳✸ ❊❢❡✐t♦s ❞❛s ❞✉♣❧✐❝❛çõ❡s ❡ ♦r✐❣❡♠ ❞❛s ❝♦rr❡çõ❡s

❆♥❛❧✐s❛♥❞♦ ❛s ❞✐❢❡r❡♥ç❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡♥tr❡ ♦ s✉❜str❛t♦ ❞❡ t❛♠❛♥❤♦ ✜①♦ ❡ ♦

❝r❡s❝❡♥t❡✱ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r s❡ ❤❛✈❡rá ❛❝rés❝✐♠♦ ❧íq✉✐❞♦ ♥❛ ❛❧t✉r❛ ♠é❞✐❛ ❝❛✉s❛❞♦ ♣❡❧❛s

❞✉♣❧✐❝❛çõ❡s✳ ❈♦♠♦ A ❡ F ♥ã♦ ♣r♦❞✉③❡♠ ∆〈h〉 ❛s ❞✐❢❡r❡♥ç❛s ❡♠ s✉❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s

♥ã♦ é ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ❛❧t✉r❛ ♠é❞✐❛✳ ❖s sít✐♦s ❞♦ t✐♣♦ B ❡ C q✉❛s❡ ♥ã♦ ❛❧t❡r❛♠ s✉❛

♣r♦❜❛❜✐❧✐❞❛❞❡ ❡✱ ❛ss✐♠✱ t❛♠❜é♠ ♥ã♦ ❝❛✉s❛rã♦ ♥❡♥❤✉♠ ❡❢❡✐t♦✳ ❏á ♥♦s sít✐♦s D ❡ E✱ ❛s

♣r♦❜❛❜✐❧✐❞❛❞❡s ♠✉❞❛♠ ❞❡ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✐❣✉❛❧✳ ❈♦♠♦ ♦s ∆〈h〉✬s
✐♥tr♦❞✉③✐❞♦ ♣♦r ❡❧❡s ♣♦ss✉❡♠ ♠❡s♠♦ ♠ó❞✉❧♦✱ ♣♦ré♠✱ s✐♥❛✐s ❝♦♥trár✐♦s✱ t❛✐s ❞✉♣❧✐❝❛çõ❡s

t❛♠❜é♠ ♥ã♦ ❞❡✈❡♠ ❝❛✉s❛r ❡❢❡✐t♦s ❧íq✉✐❞♦s✳

P❛r❛ ❝♦♥✜r♠❛r q✉❡ ♦ ❡❢❡✐t♦ ❧íq✉✐❞♦ ❞❛s ❞✉♣❧✐❝❛çõ❡s ♥❛ ♠é❞✐❛ s❡ ❛♥✉❧❛♠✱ ♥ós

r❡❛❧✐③❛♠♦s s✐♠✉❧❛çõ❡s r❡❣✐str❛♥❞♦ ❛ ✈❛r✐❛çã♦ ♥❛ ❛❧t✉r❛ ♠é❞✐❛ ❞❛ ✐♥t❡r❢❛❝❡ ❝❛✉s❛❞❛ ♣♦r

❝❛❞❛ ❞✉♣❧✐❝❛çã♦✳ ◆❡ss❡ ❝❛s♦ ❡st❛♠♦s ❛♥❛❧✐s❛♥❞♦ ❛ ❞✐❢❡r❡♥ç❛ ✐♥tr♦❞✉③✐❞❛ ♥❛ ✐♥t❡r❢❛❝❡

❝♦♠♦ ✉♠ t♦❞♦✱ ❡ ♥ã♦ ❛♣❡♥❛s ♥♦ sít✐♦ ❞✉♣❧✐❝❛❞♦ ❡ s✉❛ ✈✐③✐♥❤❛♥ç❛✳ ◆ós t✐r❛♠♦s ❛

♠é❞✐❛ ❡♥tr❡ ❞✐✈❡rs❛s ❛♠♦str❛s ❞♦ ∆〈h〉 t♦t❛❧ ✐♥tr♦❞✉③✐❞♦ ♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✳ ❈♦♠♦

♣♦❞❡♠♦s ✈❡r ♥❛ ✜❣✉r❛ ✺✳✶✵✱ ❡ss❡s ✈❛❧♦r❡s ✢✉t✉❛♠ ❡♠ t♦r♥♦ ❞❡ ③❡r♦ ❝♦♠ ❛♠♣❧✐t✉❞❡ q✉❡

r❛♣✐❞❛♠❡♥t❡ ✜❝❛ ♠❡♥♦r q✉❡ 10−6✳ ❙❡ ❝❛❧❝✉❧❛♠♦s ❛ ♠é❞✐❛ t♦t❛❧ ❞❡ss❛ ❝✉r✈❛ ♥♦ t❡♠♣♦✱ ♦

r❡s✉❧t❛❞♦ é ❞❛ ♦r❞❡♠ ❞❡ 10−9✳ ❊ss❡s r❡s✉❧t❛❞♦s ♥♦s ✐♥❞✐❝❛♠ q✉❡ ❞❡ ❢❛t♦ ♦ ∆〈h〉 ❞❡✈❡ s❡r
③❡r♦✳ P❡♥s❛♥❞♦ ♠❛✐s ❛ ❢✉♥❞♦ ♥♦t❛♠♦s q✉❡ ✐ss♦ ❡r❛ ❞❡ s❡ ❡s♣❡r❛r✱ ♣♦✐s ❛♦ s♦rt❡❛r♠♦s

❝♦❧✉♥❛s ❞❛ r❡❞❡ ♣❛r❛ ❞✉♣❧✐❝❛r✱ ♥ós ❡st❛♠♦s ✐♥tr♦❞✉③✐♥❞♦ ❛❧t✉r❛s ❛❧❡❛t♦r✐❛♠❡♥t❡ ❞❡

❛❝♦r❞♦ ❝♦♠ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s✱ ❛ss✐♠ ♥❛t✉r❛❧♠❡♥t❡ ❛ ♠é❞✐❛ ❞❡ss❛s ❝♦♥tr✐❜✉✐çõ❡s

❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ♠é❞✐❛ ❞❛ ❞✐str✐❜✉✐çã♦✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ♥❛ ♠é❞✐❛ ♦s

∆〈h〉✬s ✐♥tr♦❞✉③✐❞♦s ♣❡❧❛s ❞✉♣❧✐❝❛çõ❡s sã♦ ♥✉❧♦s✳

❘❡t♦r♥❛♥❞♦ ❛ ✜❣✉r❛ ✺✳✽✱ ♥❛ ❝♦❧✉♥❛ ∆〈~∇2h〉 ❛♥❛❧✐s❛♠♦s ♦ ❡❢❡✐t♦ ❞❛s ❞✉♣❧✐❝❛çõ❡s

s♦❜r❡ ❛ ♠é❞✐❛ ❞❛ ❞❡r✐✈❛❞❛ s❡❣✉♥❞❛✳ ◆❡❧❛ ❝❛❧❝✉❧❛♠♦s ❛ ❞❡r✐✈❛❞❛ s❡❣✉♥❞❛ ❞❡ ❢♦r♠❛

♥✉♠ér✐❝❛ ❡♠ ❝❛❞❛ sít✐♦ ❛③✉❧✱ ♦ q✉❡ é ❢❡✐t♦ ❝♦♥s✐❞❡r❛♥❞♦ ∆2h/∆x2 = h(x+ 1) + h(x−
1) − 2h(x)✳ P♦❞❡♠♦s r❡♣❡t✐r ❛ ♠❡s♠❛ ❞✐s❝✉ssã♦ s♦❜r❡ ❛ ✈❛r✐❛çã♦ ❞❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s

❞♦s sít✐♦s ♥❛ r❡❞❡✱ r❡❧❛❝✐♦♥❛❞❛ à ✜❣✉r❛ ✺✳✾✳ ◆♦✈❛♠❡♥t❡✱ ❛s ❝♦♥tr✐❜✉✐çõ❡s ❞❡ D ❡

E✱ B ❡ C✱ s❡ ❛♥✉❧❛r❛♠ ♠✉t✉❛♠❡♥t❡✳ P❛r❛ ❝♦♥✜r♠❛r ✐ss♦ ♥ós r❡❛❧✐③❛♠♦s s✐♠✉❧❛çõ❡s

q✉❡ ♠♦str❛r❛♠ q✉❡ 〈~∇2h〉 é ❡①❛t❛♠❡♥t❡ ③❡r♦ ❡♠ t♦❞♦s ♦s ✐♥st❛♥t❡s ❞❡ t❡♠♣♦✱ ♠❡s♠♦

❛♣ós ❝❛❞❛ ❞❡♣♦s✐çã♦ ♦✉ ❞✉♣❧✐❝❛çã♦ ✳ ■ss♦ ❝♦♥✜r♠❛ q✉❡ ♥ã♦ ❤á ❡❢❡✐t♦ ❧íq✉✐❞♦ ♥❛ ❞❡r✐✈❛❞❛

s❡❣✉♥❞❛✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ∂2h
∂x2 ❡stá r❡❧❛❝✐♦♥❛❞❛ ❛ ❝✉r✈❛t✉r❛ ❞❛ ✐♥t❡r❢❛❝❡✱ ❡ss❡ r❡s✉❧t❛❞♦

✺✻
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❋✐❣✉r❛ ✺✳✶✵✿ ▼é❞✐❛ ♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦ ❞♦s ∆〈h〉 ✐♥tr♦❞✉③✐❞♦s ♣❡❧❛s ❞✉♣❧✐❝❛çõ❡s✳

❞❡✐①❛ ❝❧❛r♦ q✉❡ ❞✉♣❧✐❝❛çõ❡s ♥ã♦ ♣r♦❞✉③❡♠ ✉♠❛ ❝✉r✈❛t✉r❛ ❣❧♦❜❛❧ ♥❛ r❡❞❡✳ ❊ss❡ r❡s✉❧t❛❞♦

é ❡s♣❡r❛❞♦ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❛♥❛❧ít✐❝♦✱ ♣♦✐s✱ ❝♦♠♦ é tr✐✈✐❛❧ ❞❡ s❡ ♠♦str❛r ✭❛♣ê♥❞✐❝❡

❇✮✱ q✉❛❧q✉❡r ❢✉♥çã♦ s✉❛✈❡ ❝♦♠ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥t♦r♥♦ ♣❡r✐ó❞✐❝❛ ♣♦ss✉✐
〈

dnh
dxn

〉

= 0✳

◆❛ ú❧t✐♠❛ ❝♦❧✉♥❛ ❞❛ ✜❣✉r❛ ✺✳✽✱ ♥ós ❝❛❧❝✉❧❛♠♦s ♦ ❡❢❡✐t♦ s♦❜r❡ ❛ ❞❡r✐✈❛❞❛ ♣r✐♠❡✐r❛

❛♦ q✉❛❞r❛❞♦✳ P❛r❛ ✐ss♦ s♦♠❛♠♦s ♦ ♠ó❞✉❧♦ ❞❛s ❞✐❢❡r❡♥ç❛s ❞❡ ❛❧t✉r❛ ❡ ❞✐✈✐❞✐♠♦s ♣♦r

❞♦✐s ❛♥t❡s ❞❛ ❞✉♣❧✐❝❛çã♦✱ ♣♦✐s ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❞❡❣r❛✉s ♣♦ssí✈❡✐s✱

❡ ❞✐✈✐❞✐♠♦s ♣♦r três ❛♣ós ❛ ❞✉♣❧✐❝❛çã♦✳ ■♥❞❡♣❡♥❞❡♥t❡♠❡♥t❡ ❞❡ss❡s ✈❛❧♦r❡s✱ t♦❞❛s ❛s

❝♦♥tr✐❜✉✐çõ❡s sã♦ ♥❡❣❛t✐✈❛s✱ ♦ q✉❡ ❞❡✐①❛ ❡✈✐❞❡♥t❡ q✉❡ ❤❛✈❡rá ✉♠❛ ❛❧t❡r❛çã♦ ❧íq✉✐❞❛

♥❡ss❛ ❣r❛♥❞❡③❛✳ ❉❡ ❢❛t♦✱ ♦ ❣rá✜❝♦ ❞❛ ✜❣✉r❛ ✺✳✶✶✭❛✮ ♠♦str❛ q✉❡ ♦ 〈(~∇h)2〉 ♥♦ s✉❜str❛t♦

❝r❡s❝❡♥t❡ ✭q✉❛❞r❛❞♦s✮ é ♠❡♥♦r q✉❡ ♥♦ ❝♦♠ t❛♠❛♥❤♦ ✜①♦ ✭❝ír❝✉❧♦s✮✳ ❊ss❡ r❡s✉❧t❛❞♦

é ❞❡ ❝❡rt❛ ❢♦r♠❛ ✐♥t✉✐t✐✈♦✱ ♣♦✐s s❡ ❝♦♥s✐❞❡r❛♠♦s ✉♠❛ ❝✉r✈❛ ❝♦♥tí♥✉❛ q✉❡ ♣♦ss✉✐ ✉♠

♠♦rr♦ ❞❡ ❛❧t✉r❛ ∆h ❡ ❧❛r❣✉r❛ ∆x✱ ♥❡ss❡ ❝❛s♦ ❝♦♥tí♥✉♦ ❛s ❞✉♣❧✐❝❛çõ❡s s❡r✐❛♠ ✉♠❛

❡s♣é❝✐❡ ❞❡ ❛❧♦♥❣❛♠❡♥t♦ ♥♦ ❡✐①♦ ❤♦r✐③♦♥t❛❧✳ ❆♥t❡s ❞❡ss❡ ❛❧♦♥❣❛♠❡♥t♦ t❡rí❛♠♦s ∆h/∆x

❡ ❞❡♣♦✐s ∆h/∆x′ ❝♦♠ ∆x′ > ∆x✱ ❧♦❣♦ ∆h/∆x > ∆h/∆x′✱ ♦ q✉❡ ❡✈✐❞❡♥❝✐❛ ❛ r❡❞✉çã♦

♥♦ ❣r❛❞✐❡♥t❡ ♠é❞✐♦✳
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❋✐❣✉r❛ ✺✳✶✶✿ ✭❛✮ ●rá✜❝♦ ❞❡ 〈(~∇h)2〉 ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ♣❛r❛ s✉❜str❛t♦s ❞❡ t❛♠❛♥❤♦ ✜①♦✱
❝✉r✈❛ ♣r❡t❛ ✭❝ír❝✉❧♦s✮✱ ❡ s✉❜str❛t♦s ❝r❡s❝❡♥t❡s✱ ❝✉r✈❛ ✈❡r♠❡❧❤❛ ✭q✉❛❞r❛❞♦s✮✳ ✭❜✮ ◆ú♠❡r♦ ❞❡
♣❛rtí❝✉❧❛s ❞❡♣♦s✐t❛❞❛s ❞✐✈✐❞✐❞♦ ♣❡❧♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❛rtí❝✉❧❛s q✉❡ t❡♥t❛r❛♠ s❡r ❞❡♣♦s✐t❛❞❛s✳
❈✉✈❛ ✈❡r♠❡❧❤❛ ✭q✉❛❞r❛❞♦s✮ ❡stá ❛ss♦❝✐❛❞❛ ❛♦ ❝❛s♦ ❝r❡s❝❡♥t❡ ❡ ❛ ♣r❡t❛ ✭❝ír❝✉❧♦s✮ ♣❛r❛ s✉❜✲
str❛t♦s ❝♦♠ t❛♠❛♥❤♦ ✜①♦✳ ❆ ❧✐♥❤❛ ❛③✉❧ tr❛❝❡❥❛❞❛ é ♦ ✈❛❧♦r ❞❡ v∞ ❞♦ ♠♦❞❡❧♦ ❙❖❙✳

❙❡♥❞♦ ❛ ❡q✉❛çã♦ ❡st♦❝ást✐❝❛ ❞❛ ❝❧❛ss❡ ❑P❩ ❞❛❞❛ ♣♦r

∂h(~x, t)

∂t
= ν∇2h+

λ

2
(∇h)2 + η(~x, t) , ✭✺✳✽✮

❞✐s❝✉t✐♠♦s ♥❛ s❡çã♦ ✹✳✷✳✶✱ ♥❛ q✉❛❧ ✐♥tr♦❞✉③✐♠♦s ♦ ♠♦❞❡❧♦ ❘❙❖❙✱ q✉❡ ♥❡ss❡ ♠♦❞❡❧♦

♦ λ é ♥❡❣❛t✐✈♦✱ ♦ q✉❡ r❡✢❡t❡ ❡♠ ✉♠❛ r❡❝✉s❛ ❞❛ ❞❡♣♦s✐çã♦ ❡♠ ♣♦rçõ❡s ✐♥❝❧✐♥❛❞❛s ❞❛

s✉♣❡r❢í❝✐❡✳ ❉❡ss❛ ❢♦r♠❛✱ ❛ r❡❞✉çã♦ ❞♦ 〈(~∇h)2〉 ❞❡✈❡ ❧❡✈❛r ❛ ✉♠ ❛✉♠❡♥t♦ ♥❛ t❛①❛ ❞❡

❞❡♣♦s✐çã♦ ❞❡ ♣❛rtí❝✉❧❛s✳ ◆❛ ✜❣✉r❛ ✺✳✶✶✭❜✮✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❣rá✜❝♦ ♠♦str❛♥❞♦ q✉❡

♥♦ s✉❜str❛t♦ ❝r❡s❝❡♥t❡ ✭q✉❛❞r❛❞♦s✮ ❛ t❛①❛ ❞❡ ❞❡♣♦s✐çã♦ é ♠❛✐♦r q✉❡ ♥♦ s✉❜str❛t♦ ❝♦♠

t❛♠❛♥❤♦ ✜①♦ ✭❝ír❝✉❧♦s✮✳ ❆ss✐♠ ♥♦t❛♠♦s q✉❡ ❛s ❞✉♣❧✐❝❛çõ❡s ❛❢❡t❛♠ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞♦

t❡r♠♦ ♥ã♦✲❧✐♥❡❛r ❞❛ ❡q✉❛çã♦ ❑P❩✳

❈♦♥❤❡❝❡♥❞♦ ♦ ❡❢❡✐t♦ ❞❛s ❞✉♣❧✐❝❛çõ❡s s♦❜r❡ ❛ ✐♥t❡r❢❛❝❡✱ ♣♦❞❡♠♦s ♠♦str❛r ❞❡ ♦♥❞❡

✈❡♠ ❛ ❝♦rr❡çã♦ ζ ln t ❞❛ ❡q✉❛çã♦ ✺✳✹✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r q✉❡ ❡♠ ✉♠ ✐♥st❛♥t❡ ❞❡

t❡♠♣♦ t ♦ s✉❜str❛t♦ t❡♥❤❛ t❛♠❛♥❤♦ L✱ ❞❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ {S}L = {S1, S2, . . . , SL}
❞❡ sít✐♦s✳ ❙❡ ♥ã♦ ❤♦✉✈❡r❡♠ ❞✉♣❧✐❝❛çõ❡s✱ t❡r❡♠♦s

〈(~∇h)2〉Ft+1 =
1

L

∑

{S}L

(~∇h)2F ≡ K

L
. ✭✺✳✾✮
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P♦ré♠✱ s❡ ❞✉♣❧✐❝❛♠♦s vw ❝♦❧✉♥❛s ♥♦ t❡♠♣♦ t✱ ✉♠ ❝♦♥❥✉♥t♦ {S}vw =

{SL+1, SL+2, . . . , SL+vw} s❡rá ✐♥tr♦❞✉③✐❞♦ ♥♦ s✐st❡♠❛ ❡✱ ❞❛í✱

〈(~∇h)2〉Gt+1 =
1

L+ vw





∑

{S}L

(~∇h)2G +
∑

{S}vw

(~∇h)2



 . ✭✺✳✶✵✮

❙❡ L ≫ vw✱ ❡♥tã♦
∑

{S}L(
~∇h)2F ≈

∑

{S}L(
~∇h)2G ≈ K✳ ❉❡✜♥✐♥❞♦ ~∇h ≡ hi − hi−1✱

t❡♠♦s q✉❡ ~∇h ≈ 0 ♣❛r❛ t♦❞❛s ❛s ❝♦❧✉♥❛s ❛❞✐❝✐♦♥❛❞❛s✳ ▲♦❣♦✱
∑

{S}vw (
~∇h)2 ≈ 0✳ ❊♥tã♦✱

〈(~∇h)2〉Gt+1 ≈
K

L+ vw
< 〈(~∇h)2〉Ft+1 =

K

L
✭✺✳✶✶✮

P♦❞❡♠♦s ❡s❝r❡✈❡r

K

L+ vw
=

K

L
− a ⇒ a =

K

L

(

1− 1

1 + ε

)

, ✭✺✳✶✷✮

♦♥❞❡ ε ≡ vw/L✳ ❙❡ ε ≪ 1✱ ♣♦❞❡♠♦s ❡①♣❛♥❞✐r (1 + ε)−1 ❡ ♦❜t❡r

a =
K

L

(

ε+O(ε2)
)

⇒ a ≈ Kvw
L2

. ✭✺✳✶✸✮

▲♦❣♦✱
K

L+ vw
≈ K

L

(

1− vw
L

)

. ✭✺✳✶✹✮

❈♦♠♦ L = vw(t+ 1)✱ ♣❛r❛ t ≫ 1 t❡♠♦s L ≈ vwt ❡✱ ❛ss✐♠✱

〈(~∇h)2〉Gt+1 ≈ 〈(~∇h)2〉Ft+1

(

1− 1

t

)

✭✺✳✶✺✮

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦

∂〈h〉
∂t

=
λ

2
〈(~∇h)2〉G ≈ λ

2
〈(~∇h)2〉F − λµ

t
, ✭✺✳✶✻✮

♦♥❞❡ µ é ✉♠ ♣❛râ♠❡tr♦ q✉❡ ❛❞✐❝✐♦♥❛♠♦s ♣♦rq✉❡ ❛ ❛♠♣❧✐t✉❞❡ ❞❡ss❛ ❝♦rr❡çã♦✱ ♣♦r ❝❛✉s❛

❞❛s ❛♣r♦①✐♠❛çõ❡s q✉❡ ✜③❡♠♦s✱ ♥ã♦ é s✐♠♣❧❡s♠❡♥t❡ λ✳ ❆ss✐♠✱ ♥♦t❛♠♦s q✉❡✱ ❞❡ ❢❛t♦✱

❞❡✈❡♠♦s t❡r ✉♠❛ ❝♦rr❡çã♦ q✉❡ ❡s❝❛❧❛ ❝♦♠ ♦ ❧♦❣❛r✐t♠♦ ❞♦ t❡♠♣♦ ♥❛ ❡q✉❛çã♦ ♣❛r❛ ❛s

✺✾



✺✳✸ ❊❢❡✐t♦s ❞❛s ❞✉♣❧✐❝❛çõ❡s ❡ ♦r✐❣❡♠ ❞❛s ❝♦rr❡çõ❡s

❛❧t✉r❛s✳

❆té ❛q✉✐ ❛♥❛❧✐s❛♠♦s ❛♣❡♥❛s ♦ ♠♦❞❡❧♦ ❘❙❖❙✳ ◆♦ ❡♥t❛♥t♦✱ ♣♦❞❡♠♦s ❝♦♥✜r♠❛r

❛ ❝♦♥s✐stê♥❝✐❛ ❞❡ss❛ ❞✐s❝✉ssã♦ ✐♥tr♦❞✉③✐♥❞♦ ♦s ❞❡♠❛✐s ♠♦❞❡❧♦s✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ♦ q✉❡

❢♦✐ ❞✐t♦✱ ❝♦♠♦ λ ❞♦ ♠♦❞❡❧♦ ❙✐♥❣❧❡✲st❡♣ é ♥❡❣❛t✐✈♦✱ ❞❡✈❡♠♦s t❡r ✉♠ ❛✉♠❡♥t♦ ♥❛ t❛①❛

❞❡ ❞❡♣♦s✐çã♦ ❞❡ss❡ ♠♦❞❡❧♦✳ ■ss♦ é ❝♦♥✜r♠❛❞♦ ♣❡❧❛ ✜❣✉r❛ ✺✳✶✷✭❛✮✱ q✉❡ ♠♦str❛ q✉❡ ❛

❛❧t✉r❛ ♠é❞✐❛ ❞♦ s✉❜str❛t♦ ❝r❡s❝❡♥t❡ ✭q✉❛❞r❛❞♦s✮ ❛✉♠❡♥t❛ ❧✐❣❡✐r❛♠❡♥t❡ ♠❛✐s rá♣✐❞♦ q✉❡

♦ ❝❛s♦ ❝♦♠ t❛♠❛♥❤♦ ✜①♦ ✭❝ír❝✉❧♦s✮✳ ❏á ♦ ♠♦❞❡❧♦ ❞❡ ❊t❝❤✐♥❣ ♣♦ss✉✐ λ ♣♦s✐t✐✈♦✱ ❛ss✐♠

❛ s✉❛✈✐③❛çã♦ ❝❛✉s❛❞❛ ♣❡❧❛s ❞✉♣❧✐❝❛çõ❡s ❞❡✈❡ r❡❞✉③✐r ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦✱ ♦ q✉❡ é

❝♦♥✜r♠❛❞♦ ♣❡❧❛ ✜❣✉r❛ ✺✳✶✷✭❜✮✱ ♦♥❞❡ ❛ ❛❧t✉r❛ ♠é❞✐❛ ❞♦ s✐st❡♠❛ ❝r❡s❝❡♥t❡ ✭q✉❛❞r❛❞♦s✮

é ♠❡♥♦r q✉❡ ❛ ❞♦ ❝♦♠ t❛♠❛♥❤♦ ✜①♦ ✭❝ír❝✉❧♦s✮✳ ❉❡ss❛ ❢♦r♠❛ ♥♦t❛♠♦s q✉❡ ❛ ♥♦ss❛

❞✐s❝✉ssã♦ é ❞❡ ❢❛t♦ ❝♦♥s✐st❡♥t❡✳

450 550 650
t

220

260

300

340

<
h
>

Single-step

✭❛✮

400 550
t

900

1200

<
h
>

400 550

900

1200

Etching

✭❜✮

❋✐❣✉r❛ ✺✳✶✷✿ ●rá✜❝♦ ❞❡ ❡✈♦❧✉çã♦ ❞❛ ❛❧t✉r❛ ♠é❞✐❛ ♣❛r❛ ♦s ♠♦❞❡❧♦s ✭❛✮ ❙✐♥❣❧❡✲st❡♣ ❡ ✭❜✮
❊t❝❤✐♥❣ ❝♦♠ s✉❜str❛t♦ ❞❡ t❛♠❛♥❤♦ ✜①♦✱ ❝✉r✈❛ ♣r❡t❛✱ ❡ s✉❜str❛t♦ ❝r❡s❝❡♥❞♦ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡
vw = 100✱ ❝✉r✈❛ ✈❡r♠❡❧❤❛✳

❆❣♦r❛ q✉❡ ❝♦♠♣r❡❡♥❞❡♠♦s ♦s ❡❢❡✐t♦s ❞❛s ❞✉♣❧✐❝❛çõ❡s s♦❜r❡ ❛ s✉♣❡r❢í❝✐❡✱ ✈❛♠♦s

❝♦♥s✐❞❡r❛r ♦ t❡r♠♦ ζ ln t ❞❛ ❡q✉❛çã♦ ✺✳✹✳ ❈♦♠♦ ❡st❛♠♦s ❞✐s❝✉t✐♥❞♦ ❛ ❛❧t❡r❛çã♦ ♥❛ t❛①❛

❞❡ ❝r❡s❝✐♠❡♥t♦✱ ✈❛♠♦s ❛♥❛❧✐s❛r ❛ ❞❡r✐✈❛❞❛ ❞❛ ❡q✉❛çã♦ ✺✳✹✱ q✉❡ é

∂〈h(x, t)〉
∂t

= v∞ + s✐❣(λ)βΓβtβ−1〈χ〉+ ζt−1 . ✭✺✳✶✼✮

❈♦♠♦ ❢♦✐ ♠♦str❛❞♦ ♥❛ s❡çã♦ ✺✳✷✱ ζ ♣♦ss✉✐ s✐♥❛❧ ♣♦s✐t✐✈♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡

❊t❝❤✐♥❣ ❡ s✐♥❛❧ ♥❡❣❛t✐✈♦ ♣❛r❛ ♦s ♠♦❞❡❧♦s ❙✐♥❣❧❡✲st❡♣ ❡ ❘❙❖❙✳ ❖ q✉❡ ♣❛r❡❝❡ ❝♦♥tr❛❞✐③❡r
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✺✳✸ ❊❢❡✐t♦s ❞❛s ❞✉♣❧✐❝❛çõ❡s ❡ ♦r✐❣❡♠ ❞❛s ❝♦rr❡çõ❡s

t♦❞❛ ❛ ❞✐s❝✉ssã♦ q✉❡ ✜③❡♠♦s ♥❡ss❛ s❡çã♦✳ ◆♦ ❡♥t❛♥t♦✱ ❛s ❞✉♣❧✐❝❛çõ❡s ❢❛③❡♠ ♦ t❡r♠♦

s✐❣(λ)(Γt)βχgoe → s✐❣(Γt)βχgue✱ s❡♥❞♦ 〈χ〉goe = −0.76007 ❡ 〈χ〉gue = −1.77109✳ ❉❡ss❛

❢♦r♠❛✱ s❡♥❞♦ λ ♣♦s✐t✐✈♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ❊t❝❤✐♥❣✱ ❡ss❡ t❡r♠♦ ✜❝❛rá ♠❛✐s ♥❡❣❛t✐✈♦ q✉❛♥❞♦

❞✉♣❧✐❝❛♠♦s ❝♦❧✉♥❛s✳ ❈♦♠♦ ❛ ❝♦rr❡çã♦ ζ/t t❡♥❞❡ ❛ ③❡r♦ ♠❛✐s rá♣✐❞♦✱ ♣♦❞❡♠♦s ❞✐③❡r

q✉❡ ❡ss❡ t❡r♠♦ ✐rá ❛♠❡♥✐③❛r ❛ ❞✐❢❡r❡♥ç❛ ❝❛✉s❛❞❛ ♣❡❧❛ ♠✉❞❛♥ç❛ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ●❖❊

♣❛r❛ ●❯❊✳ P❛r❛ ♦s ♠♦❞❡❧♦s ❙✐♥❣❧❡✲st❡♣ ❡ ❘❙❖❙✱ ❝♦♠♦ t❛♥t♦ λ q✉❛♥t♦ ζ ♠✉❞❛♠ ❞❡

s✐♥❛❧✱ é ❡✈✐❞❡♥t❡ q✉❡ ❛ ❝♦♥❝❧✉sã♦ s❡rá ❛♥á❧♦❣❛✳

10 1000
t

0,39

0,41

v
∞

+
 .
..

RSOS v
w

=20

❋✐❣✉r❛ ✺✳✶✸✿ ●rá✜❝♦ ❞❡ ∂t〈h(x, t)〉 − s✐❣(λ)βΓβtβ−1〈χ〉goe ❞♦ ♠♦❞❡❧♦ ❘❙❖❙ ❡♠ s✉❜✲
str❛t♦ ❞❡ t❛♠❛♥❤♦ ✜①♦ ✭❝ír❝✉❧♦s✮✱ ∂t〈h(x, t)〉−s✐❣(λ)βΓβtβ−1〈χ〉gue ✭tr✐â♥❣✉❧♦s✮ ❡ ∂t〈h(x, t)〉−
s✐❣(λ)βΓβtβ−1〈χ〉gue − ζ/t ✭q✉❛❞r❛❞♦s✮ ♥♦ s✉❜str❛t♦ ❝r❡s❝❡♥❞♦ ❝♦♠ vw = 20✳

❚❡♥t❛♥❞♦ ❝♦♠♣r❡❡♥❞❡r ♠❛✐s ❛ ❢✉♥❞♦ ♦ ♣❛♣❡❧ ❞♦ t❡r♠♦ ζ/t✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠

❝r❡s❝✐♠❡♥t♦ ❘❙❖❙ ❡♠ s✉❜str❛t♦ q✉❡ é ♣❧❛♥♦ ✐♥✐❝✐❛❧♠❡♥t❡✳ ◆♦s ✐♥st❛♥t❡s ✐♥✐❝✐❛✐s✱ ❛

t❛①❛ ❞❡ ❞❡♣♦s✐çã♦ ♥ã♦ ❞❡✈❡ s❡r ♠✉✐t♦ ✐♥✢✉❡♥❝✐❛❞❛ ♣❡❧❛s ❞✉♣❧✐❝❛çõ❡s✱ ♣♦✐s ♣r❛t✐❝❛♠❡♥t❡

t♦❞❛s ❛s ♣❛rtí❝✉❧❛s sã♦ ❛❝❡✐t❛s✱ ❥á q✉❡ ❡①✐st❡♠ ♣♦✉❝❛s ❞✐❢❡r❡♥ç❛s ❞❡ ❛❧t✉r❛ ♥❛ r❡❞❡✳ P❛r❛

t❡♠♣♦s ❣r❛♥❞❡s t❡r❡♠♦s ❛ ❝♦♠♣❡t✐çã♦ ❡♥tr❡ ❞♦✐s ❡❢❡✐t♦s✳ ❯♠ ❞❡❧❡s é q✉❡ q✉❛♥t♦ ♠❛✐♦r

❛ r✉❣♦s✐❞❛❞❡ ♠❛✐s ❞✐❢❡r❡♥ç❛s ❞❡ ❛❧t✉r❛s t❡r❡♠♦s ♥❛ r❡❞❡✱ ❡ ❛ss✐♠ ♠❛✐♦r s❡r✐❛ ♦ ❡❢❡✐t♦

❞❛s ❞✉♣❧✐❝❛çõ❡s s♦❜r❡ ❛ t❛①❛ ❞❡ ❞❡♣♦s✐çã♦✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ♥♦ss♦ s✐st❡♠❛ é ❝r❡s❝❡♥t❡✱

q✉❛♥t♦ ♠❛✐s ♦ t❡♠♣♦ ♣❛ss❛ ♠❛✐♦r é ♦ t❛♠❛♥❤♦ ❧❛t❡r❛❧ ❞❛ s✉♣❡r❢í❝✐❡✱ t♦r♥❛♥❞♦ ♠❡♥♦s

r❡❧❡✈❛♥t❡ ♦ ❡❢❡✐t♦ ❞❛ ❞✉♣❧✐❝❛çã♦ ❞❡ ❛❧❣✉♠❛s ❝♦❧✉♥❛s✳ ❆ss✐♠✱ ❛♣❡s❛r ❞❡ s❡r ♠❛✐s ❞✐❢í❝✐❧

❢❛③❡r ❛✜r♠❛çõ❡s ♣❛r❛ t❡♠♣♦s ❣r❛♥❞❡s✱ ♥♦s ✐♥st❛♥t❡s ✐♥✐❝✐❛✐s ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛
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✺✳✸ ❊❢❡✐t♦s ❞❛s ❞✉♣❧✐❝❛çõ❡s ❡ ♦r✐❣❡♠ ❞❛s ❝♦rr❡çõ❡s

❝r❡s❝❡♥t❡ ❞❡✈❡r✐❛ s❡r s✐♠✐❧❛r ❛ ❞♦ s✐st❡♠❛ ❞❡ t❛♠❛♥❤♦ ✜①♦✱ ♦✉ s❡❥❛✱

s✐❣(λ)βΓβtβ−1〈χ〉goe ≈ s✐❣(λ)βΓβtβ−1〈χ〉gue + ζ/t . ✭✺✳✶✽✮

P❛r❛ ✈❡r✐✜❝❛r s❡ ✐ss♦ é ✈❡r❞❛❞❡✱ ♥❛ ✜❣✉r❛ ✺✳✶✸ tr❛ç❛♠♦s ♦s ❣rá✜❝♦s ❞❡ ∂t〈h(x, t)〉 −
s✐❣(λ)βΓβtβ−1〈χ〉 ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ♣❛r❛ ♦ ❝❛s♦ q✉❡ ❝r❡s❝❡ ✭tr✐â♥❣✉❧♦s✮ ❡ ♦ q✉❡ ♥ã♦

❝r❡s❝❡ ✭❝ír❝✉❧♦s✮ ✉s❛♥❞♦ 〈χ〉gue ❡ 〈χ〉goe r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ ❝✉r✈❛ ✈❡r♠❡❧❤❛ ✭q✉❛❞r❛❞♦s✮

é ♦ ❝❛s♦ ❝r❡s❝❡♥t❡ ❝♦♥s✐❞❡r❛♥❞♦ ♦ t❡r♠♦ ζ/t✳ ❆♥❛❧✐s❛♥❞♦ ❛ ✜❣✉r❛ ♥♦t❛♠♦s q✉❡ ❡❧❛

❝♦rr♦❜♦r❛ ❝♦♠ ❛ ❛♣r♦①✐♠❛çã♦ ✺✳✶✽✳ ❉❡ss❛ ❢♦r♠❛✱ ❞❡ ❢❛t♦ ❛ ❢✉♥çã♦ ❞♦ t❡r♠♦ ζ/t é

❛♠❡♥✐③❛r✱ ♥♦s t❡♠♣♦s ✐♥✐❝✐❛✐s✱ ❛ ❞✐❢❡r❡♥ç❛ ❝❛✉s❛❞❛ ♣❡❧♦ s✉❜str❛t♦ ❝r❡s❝❡♥t❡ s❡❣✉✐r ❛

❞✐str✐❜✉✐çã♦ ●❯❊ ❛♦ ✐♥✈és ❞❛ ●❖❊✳

❯♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ q✉❡ ♣♦❞❡r✐❛ s❡r ❝♦♥s✐❞❡r❛❞❛ é q✉❡ ❛♦ ✐♥✈és ❞❛ χgoe → χgue✱

q✉❡♠ s♦❢r❡ ✉♠❛ ❛❧t❡r❛çã♦ é ♦ ♣❛râ♠❡tr♦ Γ ✐♥❞♦ ❞❡ Γ → Γ′✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦

♠♦str❛♠♦s ♥❛ s❡çã♦ ✺✳✷✱ ♦ Γ s❡ ❝❛♥❝❡❧❛ ♥♦ ❝á❧❝✉❧♦ ❞❛ s❦❡✇♥❡ss ❡ ♥♦ ❞❛ ❝✉rt♦s❡ ❞❛

❍❉✳ ❉❡ss❛ ❢♦r♠❛✱ Γ ♥ã♦ ♣♦❞❡r✐❛ s❡r r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛ s❦❡✇♥❡ss ❡ ❞❛

❝✉rt♦s❡ ♣❛r❛ ❛ ●❯❊✳ ❆ss✐♠ ❝♦♥❝❧✉í♠♦s q✉❡ ❡ss❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ Γ → Γ′ s✉❜st✐t✉✐r✐❛

χgoe → χgue é ❢❛❧s❛✳

0 10000
t

0,985

1

1,015

d
<
h
>
/d
t

Family

❋✐❣✉r❛ ✺✳✶✹✿ ❚❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❞❛ ❛❧t✉r❛ ♠é❞✐❛ ❞♦ ♠♦❞❡❧♦ ❞❡ ❋❛♠✐❧② ❡♠ s✉❜str❛t♦ ❝♦♠
t❛♠❛♥❤♦ ✜①♦ ✭❧✐♥❤❛ tr❛❝❡❥❛❞❛✮ ❡ ♥♦ ❝r❡s❝❡♥t❡ ✭❝✉r✈❛ só❧✐❞❛✮✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❞✐s❝✉ssã♦ ❞❡s❡♥✈♦❧✈✐❞❛ ♥❡ss❛ s❡çã♦✱ ♦ ❝r❡s❝✐♠❡♥t♦ ❞❛ s✉♣❡r❢í❝✐❡
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❛❢❡t❛ ♦ (~∇h)2 ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s ❞❛ ✐♥t❡r❢❛❝❡ ♠✉❞❛ ❞❡ ●❖❊

♣❛r❛ ●❯❊✳ P❛r❛ ✜♥❛❧✐③❛r✱ ❛♣r❡s❡♥t❛♠♦s ♥❛ ✜❣✉r❛ ✺✳✶✹ ♦ r❡s✉❧t❛❞♦ ❞♦ ❝r❡s❝✐♠❡♥t♦

❧❛t❡r❛❧ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❛ ❝❧❛ss❡ ❊❲✱ ♦ ♠♦❞❡❧♦ ❞❡ ❋❛♠✐❧②✱ ❞❡✜♥✐❞♦ ♥❛ s❡çã♦ ✹✳✸✳ ◆❡ss❛

✜❣✉r❛ ❛ ❝✉r✈❛ ✈❡r♠❡❧❤❛ ✭só❧✐❞❛✮ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❛ ∆t〈h〉 ❞♦ s✉❜str❛t♦ ❝r❡s❝❡♥t❡ ❡ ❛

♣r❡t❛ ✭❧✐♥❤❛ tr❛❝❡❥❛❞❛✮ ❛♦ ❝♦♠ t❛♠❛♥❤♦ ✜①♦✳ ❈♦♠♦ ♥❡ss❛ ❝❧❛ss❡ (~∇h)2 ♥ã♦ ❛❢❡t❛ ❛

❞✐♥â♠✐❝❛✱ ❛s ❞✉♣❧✐❝❛çõ❡s ❛♣❡♥❛s ✐♥tr♦❞✉③❡♠ ✢✉t✉❛çõ❡s ♥❛ ❞❡r✐✈❛ ❞❛ ❛❧t✉r❛ ♠é❞✐❛✱ s❡♠

❛❧t❡r❛r ❣❧♦❜❛❧♠❡♥t❡ ❛ ❡✈♦❧✉çã♦ ❞❛ ❛❧t✉r❛ ♠é❞✐❛✳ ❈♦♠♦ ❥á ❢♦✐ ❞✐s❝✉t✐❞♦✱ ❡ss❛s ✢✉t✉❛çõ❡s

✈ê♠ ❞❛s ❝♦❧✉♥❛s ❛❝r❡s❝❡♥t❛❞❛s ♥ã♦ ♣♦ss✉ír❡♠ ❛❧t✉r❛ ✐❣✉❛❧ à ❛❧t✉r❛ ♠é❞✐❛✳

✺✳✹ ❈r♦ss♦✈❡r ❞❡ ●❖❊ ♣❛r❛ ●❯❊

◆♦s r❡s✉❧t❛❞♦s ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱ ✉t✐❧✐③❛♠♦s ♦ t❛♠❛♥❤♦ ✐♥✐❝✐❛❧ ❞♦ s✉❜str❛t♦ ✐❣✉❛❧

❛♦ ♥ú♠❡r♦ ❞❡ ❝♦❧✉♥❛s q✉❡ ❡r❛♠ ❞✉♣❧✐❝❛❞❛s ♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✱ ❝♦♠♦ ❢♦✐ ❡①♣❧✐❝❛❞♦

♥❛ s❡çã♦ ✹✳✶✳ ❙❡ ❡st✉❞❛♠♦s ❛ s❦❡✇♥❡ss ❡ ❛ ❝✉rt♦s❡ ♣❛r❛ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ✐♥✐❝✐❛✐s✱

♥♦t❛♠♦s q✉❡ s✉❛ ❞✐♥â♠✐❝❛ ❞❡♣❡♥❞❡ ❞❡ss❡ ♣❛râ♠❡tr♦✳ ◆❛ ✜❣✉r❛ ✺✳✶✺✭❛✮ ♠♦str❛♠♦s ♦

❣rá✜❝♦ ❞❛ s❦❡✇♥❡ss ❡ ♥❛ ✺✳✶✺✭❜✮ ♦ ❞❛ ❝✉rt♦s❡ ♣❛r❛ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ✐♥✐❝✐❛✐s✳ ◆♦ ❡✐①♦

❞❛s ❛❜s❝✐ss❛s✱ ♦ t❡♠♣♦ ❢♦✐ tr♦❝❛❞♦ ♣❡❧♦ t❛♠❛♥❤♦ ❞❛ ✐♥t❡r❢❛❝❡ ❞✐✈✐❞✐❞♦ ♣❡❧♦ t❛♠❛♥❤♦

✐♥✐❝✐❛❧✱ s❡♥❞♦ L = L0 + vwt✳ ❆♥❛❧✐s❛♥❞♦ ❡ss❛s ❝✉r✈❛s✱ ♣♦❞❡♠♦s ✈❡r q✉❡ ♣❛r❛ L0 ≫
vw✱ ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s ✐♥✐❝✐❛❧♠❡♥t❡ s❡ ❛♣r♦①✐♠❛♠ ❞❛ ●❖❊ ❡ ❞❡♣♦✐s t❡♥❞❡♠

❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❛r❛ ❛ ●❯❊✳ ❊ss❛s ❞✐str✐❜✉✐çõ❡s t❡♥❞❡r❡♠ ♣❛r❛ ❛ ●❖❊ ✐♥✐❝✐❛❧♠❡♥t❡

❡r❛ ❞❡ ❝❡rt❛ ❢♦r♠❛ ❡s♣❡r❛❞♦✱ ♣♦✐s ❡♠ ✉♠ s✉❜str❛t♦ ♠✉✐t♦ ❣r❛♥❞❡ ❛ ❞✉♣❧✐❝❛çã♦ ❞❡

❛❧❣✉♠❛s ❝♦❧✉♥❛s ❞❡✈❡ t❡r ✉♠ ❡❢❡✐t♦ ✐♥✐❝✐❛❧ ♣❡q✉❡♥♦ s♦❜r❡ ❛ ♠é❞✐❛ ❡ ❞❡♠❛✐s ❝✉♠✉❧❛♥t❡s

❞❛ ❞✐str✐❜✉✐çã♦✳ P♦ré♠✱ é ✐♥t❡r❡ss❛♥t❡ q✉❡ ♠❡s♠♦ ♣❛r❛ t❛♠❛♥❤♦s ✐♥✐❝✐❛✐s ♠✉✐t♦ ❣r❛♥❞❡s

❡ss❛s ❞✐str✐❜✉✐çõ❡s t❡♥❞❛♠ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❛r❛ ❛ ●❯❊ ❡♠ t❡♠♣♦s ❧♦♥❣♦s✳

❖s ❣rá✜❝♦s ✺✳✶✺✭❛✮ ❡ ✺✳✶✺✭❜✮ ♠♦str❛♠ q✉❡ ❛s ❝✉r✈❛s ♣❛r❛♠ ❞❡ s❡ ❛♣r♦①✐♠❛r

❞❡ ●❖❊ ❡ ❝♦♠❡ç❛♠ ❛ s❡ ❞✐r✐❣✐r ♣❛r❛ ●❯❊ ❡♠ Lc/L0 ∼ 2✱ ♦♥❞❡ Lc é ♦ t❛♠❛♥❤♦

❞❡ ❝r♦ss♦✈❡r✳ ❙❡♥❞♦✱ Lc = L0 + vwtc✱ t❡♠♦s q✉❡ ♦ t❡♠♣♦ ❞❡ ❝r♦ss♦✈❡r ❡s❝❛❧❛ ❝♦♠

tc ∼ L0/vw✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ♠✐♥✐♠✐③❛r ❡ss❡ t❡♠♣♦ ❞❡ ❝r♦ss♦✈❡r ❢❛③❡♥❞♦ L0 = vw✳

❯t✐❧✐③❛r t❛♠❛♥❤♦s ♠❡♥♦r❡s ❢❛r✐❛ ❝♦♠ q✉❡ ♥❛ ♣r✐♠❡✐r❛ ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

❞❡ ❞✉♣❧✐❝❛r ❢♦ss❡ ♠❛✐♦r q✉❡ ❛ ❞❡ ❞❡♣♦s✐t❛r✳ ❆ss✐♠✱ ❤❛✈❡r✐❛♠ ❞✐✈❡rs❛s ❞✉♣❧✐❝❛çõ❡s ❞❡
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❋✐❣✉r❛ ✺✳✶✺✿ ●rá✜❝♦ ❞❛ ✭❛✮ s❦❡✇♥❡ss ❡ ❞❛ ✭❜✮ ❝✉rt♦s❡ ♣❛r❛ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ✐♥✐❝✐❛✐s✳ ❆
❝✉r✈❛ ♣❛r❛ L0 = 20 ❡♠ ❢✉♥çã♦ ❞❡ L/L0 ♥ã♦ ✜❝❛r✐❛ ✈✐sí✈❡❧ ♥❡ss❛ ❡s❝❛❧❛✱ ♣♦r ✐ss♦ ❡❧❛ ❡stá ❡♠
❢✉♥çã♦ ❞❡ t/640 ♥♦s ❞♦✐s ❣rá✜❝♦s✳

❝♦❧✉♥❛s ✐❣✉❛✐s ❡✱ ♥♦ ✜♥❛❧ ❞❡ss❛ ♣r✐♠❡✐r❛ ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✱ t❡rí❛♠♦s ✉♠ s✉❜str❛t♦ ❝♦♠

t❛♠❛♥❤♦ ❞❛ ♦r❞❡♠ ❞❡ vw ❝♦♠ ♣♦✉❝❛s ♣❛rtí❝✉❧❛s ❞❡♣♦s✐t❛❞❛s✱ ♦ q✉❡ ❞❛r✐❛ ♣r❛t✐❝❛♠❡♥t❡

♥♦ ♠❡s♠♦ q✉❡ ✐♥✐❝✐❛r ❝♦♠ vw sít✐♦s✳ ❉❡ss❛ ❢♦r♠❛✱ s❡ ✉t✐❧✐③❛♠♦s L0 = vw✱ ♠✐♥✐♠✐③❛♠♦s

♦ t❡♠♣♦ ❞❡ ❝r♦ss♦✈❡r✱ ❢❛③❡♥❞♦ ❡❧❡ s❡r ❞❛ ♦r❞❡♠ ❞❡ ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✳

❆♥❛❧✐s❛♥❞♦ ♠❛✐s ❛ ❢✉♥❞♦ ❛ ✜❣✉r❛ ✺✳✶✺✭❜✮✱ ♥♦t❛♠♦s q✉❡ ❛s ❝✉r✈❛s ❞❡ L0 =

5× 103, 104 ❡ 2× 104 ❛tr❛✈❡ss❛♠ ♦ ✈❛❧♦r ❞❛ ●❯❊✱ ❞❛♥❞♦ ❛ ✐♠♣r❡ssã♦ q✉❡ ❛s ❝✉rt♦s❡s

✈ã♦ ❝♦♥✈❡r❣✐r ♣❛r❛ ✉♠ ✈❛❧♦r ♠❡♥♦r q✉❡ ♦ ❞❛ ●❯❊✳ ◆♦ ❡♥t❛♥t♦✱ ♥❛ s❡çã♦ ✺✳✷✱ ♥ós

♠♦str❛♠♦s q✉❡ ❛ ❝✉r✈❛ ♣❛r❛ L0 = 20 ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ ●❯❊ ♥♦ r❡❣✐♠❡ ❛ss✐♥tót✐❝♦✳

❆ss✐♠✱ ❝♦♠♦ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ss❡ ❝✉♠✉❧❛♥t❡ ❡①✐❣❡ ✉♠ t❡♠♣♦ ♠✉✐t♦ ♠❛✐♦r q✉❡ ♦ t❡♠♣♦

❞❡ ❝r♦ss♦✈❡r✱ ❛s ❝✉r✈❛s L0 = 5× 103, 104 ❡ 2× 104 ❞❡✈❡♠ s❡ ❛♣r♦①✐♠❛r ❞❛ ❝♦♠ L0 = 20

❡ ❡❧❛s ❞❡✈❡♠ ❝♦♥✈❡r❣✐r ❥✉♥t❛s ♣❛r❛ ❛ ●❯❊✳
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❈❛♣ít✉❧♦ ✻

❘❡s✉❧t❛❞♦s ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s

◆❡st❡ ❝❛♣ít✉❧♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ s✉❜str❛t♦s ❝r❡s❝❡♥t❡s

❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✳ P♦ré♠✱ ❝♦♠♦ ✈✐♠♦s ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❛s ❛♥á❧✐s❡s ❞♦s r❡s✉❧t❛✲

❞♦s ❞❡♣❡♥❞❡♠ ❞♦s ♣❛râ♠❡tr♦s ♥ã♦ ✉♥✐✈❡rs❛✐s✳ ❈♦♠♦ ❛❧❣✉♥s ❞♦s ♣❛râ♠❡tr♦s q✉❡ ✈❛♠♦s

✉t✐❧✐③❛r ❛✐♥❞❛ ♥ã♦ ❢♦r❛♠ ♦❜t✐❞♦s ♥❛ ❧✐t❡r❛t✉r❛✱ ♥❛ ♣r✐♠❡✐r❛ s❡çã♦ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦s

❝á❧❝✉❧♦s ❞❡st❡s ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✳ ❊♠ s❡❣✉✐❞❛✱ ✈❛♠♦s ❡st✉❞❛r ♦s ❡①♣♦❡♥t❡s ❞❡ ❝r❡s❝✐✲

♠❡♥t♦ ❞♦s ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s ❜✐❞✐♠❡♥s✐♦♥❛✐s✳ ❋❡✐t♦ ✐ss♦✱ ✐r❡♠♦s ❛♣r❡s❡♥t❛r ♥♦ss♦s

r❡s✉❧t❛❞♦s ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s✳ ❈♦♠♦ ❡ss❛s ❞✐str✐❜✉✐çõ❡s ♥ã♦ ❢♦r❛♠ ❝❛❧❝✉✲

❧❛❞❛s ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ♥ós ✈❛♠♦s ✉t✐❧✐③❛r ♥♦ss♦s r❡s✉❧t❛❞♦s ♣❛r❛

❡st✐♠❛r ♣r❡❝✐s❛♠❡♥t❡ s❡✉s ❝✉♠✉❧❛♥t❡s✳ ◆ós t❛♠❜é♠ ❞❡t❡r♠✐♥❛♠♦s ❛s ❝♦rr❡çõ❡s ❡♠

❞✉❛s ❞✐♠❡♥sõ❡s✳ P❛r❛ ✜♥❛❧✐③❛r✱ ✈❛♠♦s ♠♦str❛r ❝♦♠♦ ❛s ❞✐s❝✉ssõ❡s ❞❛ s❡çã♦ ✺✳✸ s❡

❡st❡♥❞❡♠ ♣❛r❛ ♦ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✳

❚♦❞♦s ♦s ♠♦❞❡❧♦s ❢♦r❛♠ ❡st✉❞❛❞♦s ❝♦♠ ❝❛❞❛ ❧❛❞♦ ❝r❡s❝❡♥❞♦ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡s

vw = 2, 4, 6 ❡ 10✳ ❈r❡s❝❡♠♦s ❡♥tr❡ ✈✐♥t❡ ♠✐❧ ❡ tr✐♥t❛ ♠✐❧ ❛♠♦str❛s ♣❛r❛ ❝❛❞❛ ✈❡❧♦❝✐❞❛❞❡✳

✻✳✶ P❛râ♠❡tr♦s ♥ã♦ ✉♥✐✈❡rs❛✐s

◗✉❛♥❞♦ ❝❛❧❝✉❧❛♠♦s ❛s ❝♦rr❡çõ❡s ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ✜③❡♠♦s ✉s♦ ❞♦s ♣❛râ♠❡tr♦s

♥ã♦ ✉♥✐✈❡rs❛✐s v∞ ❡ Γ✳ ❖s ✈❛❧♦r❡s ❞❡ v∞ ❞♦s ♠♦❞❡❧♦s q✉❡ ❡st✉❞❛♠♦s ❥á ❢♦r❛♠ ❝❛❧❝✉❧❛❞♦s✱

❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ♥♦ tr❛❜❛❧❤♦ ❬✸✺❪✳ ❊ss❡s ✈❛❧♦r❡s ♣♦❞❡♠ s❡r ♦❜t✐❞♦s ❞❛ ♠❡s♠❛ ❢♦r♠❛

q✉❡ ❢♦✐ ❢❡✐t♦ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦ ✭s❡çã♦ ✹✳✷✳✷✮✳ ◆♦ ❡♥t❛♥t♦✱ ♦s ✈❛❧♦r❡s ❞❡ Γ ❡♠ ❞✉❛s
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✻✳✶ P❛râ♠❡tr♦s ♥ã♦ ✉♥✐✈❡rs❛✐s

❞✐♠❡♥sõ❡s sã♦ ♠❛✐s ❞✐❢í❝❡✐s ❞❡ s❡ ♦❜t❡r✱ ♣♦✐s ♥❡ss❡ ❝❛s♦ ♥ã♦ ❝♦♥❤❡❝❡♠♦s ❡①❛t❛♠❡♥t❡ ❛

❞✐str✐❜✉✐çã♦ ❞❛ ✈❛r✐á✈❡❧ χ ❡✱ ❛ss✐♠✱ ❛ ❡q✉❛çã♦ ✺✳✶ só ♥♦s ♣❡r♠✐t❡ ♦❜t❡r ♦s ♣r♦❞✉t♦s

Γnβ〈χn〉c✳
◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ♦s r❡s✉❧t❛❞♦s ❞❡ ❞✐✈❡rs❛s s✐♠✉❧❛çõ❡s q✉❡ ❢♦r❛♠

♥❡❝❡ssár✐❛s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡ Γ✱ ❡♠ t♦❞❛s ❡❧❛s ♦ s✉❜str❛t♦ ♥ã♦ ❝r❡s❝❡ ❧❛t❡r❛❧♠❡♥t❡ ❝♦♠

♦ t❡♠♣♦✳

P❛r❛ ❝❛❧❝✉❧❛r ♦s ✈❛❧♦r❡s ❞❡ Γ ♥ós s❡❣✉✐♠♦s ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ✉t✐❧✐③❛❞♦

❡♠ ❬✷✻❪ ✭❡①♣❧✐❝❛çõ❡s ♠❛✐s ♣r♦❢✉♥❞❛s s♦❜r❡ ❛s ❡q✉❛çõ❡s q✉❡ ✈❛♠♦s ✉t✐❧✐③❛r ♣♦❞❡♠ s❡r

❡♥❝♦♥tr❛❞❛s ❡♠ ❬✻✸✱✻✹✱✻✻❪✮✳ ❖ ✈❛❧♦r ❞❡ Γ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ♣❡❧❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

Γ = A1/αλ , ✭✻✳✶✮

♦♥❞❡ λ é ♦ ❝♦❡✜❝✐❡♥t❡ ❞♦ t❡r♠♦ ♥ã♦✲❧✐♥❡❛r ❞❛ ❡q✉❛çã♦ ❑P❩ ✭✷✳✸✵✮✱ A é ❛ ❛♠♣❧✐t✉❞❡ ❞❛s

❝♦rr❡❧❛çõ❡s ❛❧t✉r❛✲❛❧t✉r❛ ♥♦ ❡s♣❛ç♦ ❞❡ ❋♦✉r✐❡r 〈|h(~k)|2〉 = Ak2−2α✳ ❉❡ss❛ ❢♦r♠❛✱ ♣❛r❛

❝❛❧❝✉❧❛r ♦s ✈❛❧♦r❡s ❞❡ Γ✱ ♣r❡❝✐s❛♠♦s ♣r✐♠❡✐r♦ ♦❜t❡r ❡ss❡s ♦✉tr♦s ♣❛râ♠❡tr♦s✳

0 0,2 0,4
m

0,28

0,3

0,32

v
(m

)

RSOS

❋✐❣✉r❛ ✻✳✶✿ ●rá✜❝♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡♠ ❢✉♥çã♦ ❞❛ ✐♥❝❧✐♥❛çã♦ ❞♦ s✉❜str❛t♦
♣❛r❛ ♦ ♠♦❞❡❧♦ ❘❙❖❙ ❝♦♠ L = 2048✳

❖ λ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ♠❛♥✐♣✉❧❛♥❞♦ ♦ ❡❢❡✐t♦ ❞♦ t❡r♠♦ ♥ã♦ ❧✐♥❡❛r ❞❛ ❡q✉❛çã♦

❑P❩ ❬✻✱✻✺❪✳ ❙❡ t✐r❛♠♦s ❛ ♠é❞✐❛ ❞❡ss❛ ❡q✉❛çã♦ ♥♦ r❡❢❡r❡♥❝✐❛❧ ❡stát✐❝♦ ❞♦ s✉❜str❛t♦
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t❡♠♦s

v = F +
λ

2L

∫ L

0

d2x(~∇h)2 , ✭✻✳✷✮

♦♥❞❡ ❝❤❛♠❛♠♦s 〈∂th〉 = v ❡ F é ♦ ✢✉①♦ ♠é❞✐♦ ❞❡ ♣❛rtí❝✉❧❛s ♣♦r sít✐♦✳ ❈♦♠♦ ❥á ❢♦✐

❞✐s❝✉t✐❞♦ ❞✐✈❡rs❛s ✈❡③❡s✱ ♦ t❡r♠♦ ♥ã♦ ❧✐♥❡❛r é r❡s♣♦♥sá✈❡❧ ♣♦r ✉♠ ❝r❡s❝✐♠❡♥t♦ ♥♦r♠❛❧

à s✉♣❡r❢í❝✐❡ ❡ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❡ss❡ ❡❢❡✐t♦ é ♠❡♥s✉r❛❞❛ ♣♦r λ✳ ❉❡ss❛ ❢♦r♠❛✱ s❡ ✐♥s❡r✐r✲

♠♦s ❛rt✐✜❝✐❛❧♠❡♥t❡ ✉♠❛ ✐♥❝❧✐♥❛çã♦ ❣❧♦❜❛❧ ♥♦ s✉❜str❛t♦ 〈~∇h〉 = m✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡

❝r❡s❝✐♠❡♥t♦ ❞❡✈❡ s❡r ❛❧t❡r❛❞❛✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ✻✳✷✱ t❡r❡♠♦s

v(m) = v(0) +
λ

2
m2 . ✭✻✳✸✮

❆ss✐♠✱ ♣♦❞❡♠♦s ❛❥✉st❛r ✉♠❛ ♣❛rá❜♦❧❛ à ❝✉r✈❛ ❞❡ v(m) ♣♦r m ♣❛r❛ ♦❜t❡r ♦ ✈❛❧♦r ❞❡

λ✳ ◆❛ ✜❣✉r❛ ✻✳✶ ♠♦str❛♠♦s ✉♠ ❣rá✜❝♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡♠ ❢✉♥çã♦ ❞❛

✐♥❝❧✐♥❛çã♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❘❙❖❙✳ ❖ ✈❛❧♦r ❞❡ v(m) é ❝❛❧❝✉❧❛❞♦ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❢♦✐

♦❜t✐❞♦ ♦ v∞ ❞♦ ♠♦❞❡❧♦ ❞❡ ❊t❝❤✐♥❣ ♥❛ s❡çã♦ ✹✳✷✳✷✳

P❛r❛ ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ❞❡ A ✈❛♠♦s ✉t✐❧✐③❛r ♦ ❡❢❡✐t♦ ❞❡ t❛♠❛♥❤♦ ✜♥✐t♦ ♥❛ ✈❡❧♦❝✐❞❛❞❡

❞❡ ❝r❡s❝✐♠❡♥t♦✳ ❈♦♠♦ ✜❝❛ ❡✈✐❞❡♥t❡ ♥❛ ✜❣✉r❛ ✻✳✷✭❛✮✱ ❡ss❛ ✈❡❧♦❝✐❞❛❞❡ ❛❧❝❛♥ç❛ ✉♠ ✈❛❧♦r

❧✐♠✐t❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ ❞♦ t❛♠❛♥❤♦ ❞♦ s✐st❡♠❛✳ ❉❡ ❛❝♦r❞♦ ❝♦♠ ❬✻✻❪✱ ❡ss❡ ❡❢❡✐t♦ ❞❡

t❛♠❛♥❤♦ ✜♥✐t♦ s❡❣✉❡ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

∆v = v(L)− v∞ = − Aλ

2L2−2α
. ✭✻✳✹✮

❈♦♥❤❡❝❡♥❞♦ ♦ ✈❛❧♦r ❞❡ λ ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❡ss❛ ❡q✉❛çã♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ✈❛❧♦r ❞❡

A✳ ◆❛ ✜❣✉r❛ ✻✳✷✭❜✮ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❣rá✜❝♦ ❞❡ ∆v ♣♦r 1/L2−2α✳ ❊s❝❛❧❛♥❞♦ ♦ ❡✐①♦

❞❛s ❛❜s❝✐ss❛s ❞❡ss❛ ♠❛♥❡✐r❛✱ ♦❜t❡♠♦s ✉♠❛ r❡t❛ ❞❡ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r −λA/2✳ ❊♥tã♦✱

✉t✐❧✐③❛♥❞♦ ♦ ✈❛❧♦r ❞❡ λ ❡st✐♠❛❞♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s ♦ ✈❛❧♦r ❞❡ A✳

❉❡ ♣♦ss❡ ❞♦s ✈❛❧♦r❡s ❞❡ A ❡ λ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ❞❡ Γ ♣❛r❛ ❝❛❞❛ ♠♦❞❡❧♦✳

❆♣r❡s❡♥t❛♠♦s ♦s ✈❛❧♦r❡s ❞❡ss❡s ♣❛râ♠❡tr♦s ♥❛ t❛❜❡❧❛ ✻✳✶✳ ❖s ❡rr♦s ❢♦r❛♠ ♣r♦♣❛❣❛❞♦s

✉t✐❧✐③❛♥❞♦ ♦ ♠ét♦❞♦ ❞❛ ❞❡r✐✈❛❞❛✳ P❛r❛ ♦ ♠♦❞❡❧♦ ❘❙❖❙✱ ❡ss❡s ♣❛râ♠❡tr♦s ❥á ❤❛✈✐❛♠

s✐❞♦ ❝❛❧❝✉❧❛❞♦s ❡♠ ❬✷✻❪✱ ♦♥❞❡ ❢♦✐ ❡♥❝♦♥tr❛❞♦ λ = −0, 414✱ A = 1, 2005 ❡ Γ = 0, 66144✳

❉♦ ♥♦ss♦s r❡s✉❧t❛❞♦s✱ λ é ♦ ú♥✐❝♦ q✉❡ ♥ã♦ é ❝♦♥s✐st❡♥t❡ ❝♦♠ ♦ ✈❛❧♦r ♦❜t✐❞♦ ❡♠ ❬✷✻❪✱
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❋✐❣✉r❛ ✻✳✷✿ ✭❛✮ ❱❡❧♦❝✐❞❛❞❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ❞❡ s✐st❡♠❛✳ ❆ ❧✐♥❤❛
tr❛❝❡❥❛❞❛ é ♦ ✈❛❧♦r ❞❡ v∞✳ ✭❜✮ ●rá✜❝♦ ❞❡ ∆v ❡♠ ❢✉♥çã♦ ❞❡ 1/L2−2α✳ ❖ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r
❞❡ss❛ r❡t❛ é ✐❣✉❛❧ ❛ −λA/2✳

♥♦ ❡♥t❛♥t♦✱ s❡ ♦ ❛✉t♦r t✐✈❡ss❡ ❝❛❧❝✉❧❛❞♦ ❛s ❜❛rr❛s ❞❡ ❡rr♦✱ ♣r♦✈❛✈❡❧♠❡♥t❡ ♦s r❡s✉❧t❛❞♦s

t❡r✐❛♠ ❛❧❣✉♠❛ s♦❜r❡♣♦s✐çã♦✳

❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❡ss❡ ♣❛râ♠❡tr♦s ❢♦r❛♠ ❝❛❧❝✉❧❛❞♦s ❡♠ s✐st❡♠❛s q✉❡ ♥ã♦

❝r❡s❝❡♠✳ ❉❡❧❡s ✉t✐❧✐③❛r❡♠♦s ❛♣❡♥❛s ♦ Γ✳

v∞ λ A Γ

❘❙❖❙ ✵✳✸✶✷✼✵✭✶✮ ✲✵✱✹✵✺✭✼✮ ✶✱✷✷✭✹✮ ✵✱✻✽✭✻✮
❊t❝❤✐♥❣ ✸✳✸✸✹✵✭✶✮ ✷✱✶✹✼✭✹✮ ✸✱✻✷✾✭✾✮ ✺✽✱✺✭✺✮

❙✐♥❣❧❡✲st❡♣ ✵✳✸✹✶✸✻✽✭✸✮ ✲✵✱✹✽✶✭✸✮ ✶✱✹✹✭✺✮ ✶✱✷✭✶✮

❚❛❜❡❧❛ ✻✳✶✿ ❱❛❧♦r❡s ❞❡ ❛❧❣✉♥s ❞♦s ♣❛râ♠❡tr♦s ♥ã♦ ✉♥✐✈❡rs❛✐s ❞♦s ♠♦❞❡❧♦s ❘❙❖❙✱ ❊t❝❤✐♥❣ ❡
❙✐♥❣❧❡✲st❡♣✳ ❖s ✈❛❧♦r❡s ❞❡ v∞ ❢♦r❛♠ ❡①tr❛í❞♦s ❞❡ ❬✷✽❪✳

✻✳✷ ❊①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦

❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❢♦✐ ❢❡✐t♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ✈❛♠♦s ❛♥❛❧✐s❛r ❛ ❝♦♥✈❡r❣ê♥✲

❝✐❛ ❞♦ ❡①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ♦ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❛❢❡t❛ ❛ ❝❧❛ss❡ ❞❡

✉♥✐✈❡rs❛❧✐❞❛❞❡ ❞❛ ✐♥t❡r❢❛❝❡✳ ◆❛s ✜❣✉r❛s ✻✳✸✭❛✮✱ ✻✳✸✭❜✮ ❡ ✻✳✸✭❝✮ ❛♣r❡s❡♥t❛♠♦s ❡ss❡s

r❡s✉❧t❛❞♦s ♣❛r❛ ♦s ♠♦❞❡❧♦s ❙✐♥❣❧❡✲st❡♣✱ ❊t❝❤✐♥❣ ❡ ❘❙❖❙ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ ♦❝♦rr❡

❡♠ ✉♠❛ ❞✐♠❡♥sã♦✱ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞♦ ❡①♣♦❡♥t❡ ❞❡♣❡♥❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❧❛t❡r❛❧✳ P❛r❛

❝❛❞❛ ✈❡❧♦❝✐❞❛❞❡✱ ♦ s✉❜str❛t♦ t❡♠ ✉♠ t❛♠❛♥❤♦ ❞✐❢❡r❡♥t❡ ❡♠ ✉♠ ♠❡s♠♦ ✐♥st❛♥t❡ ❞❡
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t❡♠♣♦✳ ❆ss✐♠✱ ❝♦♠♦ ❡ss❡ ❡①♣♦❡♥t❡ s♦❢r❡ ❡❢❡✐t♦s ❞❡ t❛♠❛♥❤♦ ✜♥✐t♦✱ é ♥❛t✉r❛❧ q✉❡ ❛

❝♦♥✈❡r❣ê♥❝✐❛ ❞❡ss❡ ❡①♣♦❡♥t❡ ❞❡♣❡♥❞❛ ❞❛ ✈❡❧♦❝✐❞❛❞❡✳ ❆❧é♠ ❞✐ss♦✱ ❛ss✐♠ ❝♦♠♦ ❡♠ ✉♠❛

❞✐♠❡♥sã♦✱ ❞❡✈❡♠ ❡①✐st✐r ❝♦rr❡çõ❡s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r q✉❡ ❞❡♣❡♥❞❡♠ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡

❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧✳ ❖s ❣rá✜❝♦s ♠♦str❛♠ q✉❡ ♦s ❡①♣♦❡♥t❡s t❡♥❞❡♠ ♣❛r❛ ✉♠ ✈❛❧♦r ♣ró①✲

✐♠♦ ❞❡ β ≈ 0, 24 ❞❛ ❝❧❛ss❡ ❑P❩✳ ◆❡ss❡ ❝❛s♦✱ ❝♦♠♦ ♦ s✐st❡♠❛ ❝r❡s❝❡ ❝♦♠ ♦ q✉❛❞r❛❞♦

❞♦ t❡♠♣♦✱ t♦r♥❛✲s❡ ✐♥✈✐á✈❡❧ ❛❧❝❛♥ç❛r t❡♠♣♦s ♠✉✐t♦ ❣r❛♥❞❡s✱ ♣♦r ✐ss♦✱ ♥❡ss❛ ❞✐♠❡♥s✐♦✲

♥❛❧✐❞❛❞❡✱ ♣❛r❛ ❛❧❣✉♥s vw✬s✱ ♦s ❡①♣♦❡♥t❡s s❡ ❡♥❝♦♥tr❛♠ ❧♦♥❣❡ ❞♦ ❡s♣❡r❛❞♦ ♠❡s♠♦ ♥♦s

♠❛✐♦r❡s t❡♠♣♦s s✐♠✉❧❛❞♦s✳ P♦❞❡♠♦s ♥♦t❛r q✉❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❊t❝❤✐♥❣✱ ❡ss❡s ❡①✲

♣♦❡♥t❡s s❡ ❡♥❝♦♥tr❛♠ ♠❛✐s ❞✐st❛♥t❡s q✉❡ ♥♦s ♦✉tr♦s ♠♦❞❡❧♦s✱ ♦ q✉❡ ♦❝♦rr❡ ♣♦rq✉❡ ❡ss❡

♠♦❞❡❧♦ s♦❢r❡ ♠❛✐s ❡❢❡✐t♦s ❞❡ t❛♠❛♥❤♦ ✜♥✐t♦ q✉❡ ♦s ❞❡♠❛✐s✳
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❋✐❣✉r❛ ✻✳✸✿ ❊①♣♦❡♥t❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❞♦s
♠♦❞❡❧♦s ✭❛✮ ❙✐♥❣❧❡✲st❡♣✱ ✭❜✮ ❊t❝❤✐♥❣ ❡ ✭❝✮ ❘❙❖❙✳ ❆ ❧✐♥❤❛ tr❛❝❡❥❛❞❛ r❡♣r❡s❡♥t❛ ♦ ✈❛❧♦r β = 0, 24✱
q✉❡ é ♦ ✈❛❧♦r ❞♦ ❡①♣♦❡♥t❡ ❞❛ ❝❧❛ss❡ ❑P❩ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✳
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✻✳✸ ❉✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s

❆♥❛❧✐s❛♥❞♦ ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s ♥❡ss❛ ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡✱ ♥♦t❛♠♦s q✉❡

❛ss✐♠ ❝♦♠♦ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦✱ ♦s ❝✉♠✉❧❛♥t❡s ❞❛ ❍❉✬s ❞♦s ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s t❡♥❞❡♠

♣❛r❛ ✈❛❧♦r❡s ♣ró①✐♠♦s ❞♦s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s r❡❧❛❝✐♦♥❛❞♦s à ✐♥t❡r❢❛❝❡s ❝✉r✈❛s✳ ❈♦♠♦

♥ã♦ ❡①✐st❡♠ r❡s✉❧t❛❞♦s ❛♥❛❧ít✐❝♦s s♦❜r❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ χ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ♥ós

t❡♥t❛♠♦s ❡st✐♠❛r ♥✉♠❡r✐❝❛♠❡♥t❡ ♦s ❝✉♠✉❧❛♥t❡s ❞❡ss❛ ❞✐str✐❜✉✐çã♦ ❝♦♠ ❜❛s❡ ❡♠ ♥♦ss♦s

r❡s✉❧t❛❞♦s✳ ❆ ❡st✐♠❛t✐✈❛ ❞❛ s❦❡✇♥❡ss ❡ ❞❛ ❝✉rt♦s❡ ❢♦✐ ❢❡✐t❛ tr❛ç❛♥❞♦ ♦ ❣rá✜❝♦ ❞❡ss❛s

❣r❛♥❞❡③❛s ❡♠ ❢✉♥çã♦ ❞❡ t−2β ❡ ❡①tr❛♣♦❧❛♥❞♦ ♣❛r❛ t → ∞✳ ◆❛s ✜❣✉r❛s ✻✳✹✭❛✮ ❡ ✻✳✹✭❜✮

✐❧✉str❛♠♦s ❡ss❛s ❡①tr❛♣♦❧❛çõ❡s ♣❛r❛ ❛ s❦❡✇♥❡ss ❡ ❛ ❝✉rt♦s❡ ❞♦ ♠♦❞❡❧♦ ❙✐♥❣❧❡✲st❡♣✳

❚✐r❛♥❞♦ ✉♠❛ ♠é❞✐❛ ❞❛s ❡①tr❛♣♦❧❛çõ❡s ❡♠ ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s✱ ❝❛❧❝✉❧❛♠♦s ♦ ✈❛❧♦r ❞❛

s❦❡✇♥❡ss ❡ ❞❛ ❝✉rt♦s❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❝❛❞❛ ♠♦❞❡❧♦✳ ◆❛ t❛❜❡❧❛ ✻✳✷

♠♦str❛♠♦s ❡ss❡s r❡s✉❧t❛❞♦s✱ ❛s ❜❛rr❛s ❞❡ ❡rr♦ ❢♦r❛♠ ❡st✐♠❛❞❛s ♣❡❧♦ ❞❡s✈✐♦ ♣❛❞rã♦ ❞♦s

r❡s✉❧t❛❞♦s ❞❛s ❡①tr❛♣♦❧❛çõ❡s ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s✳
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❋✐❣✉r❛ ✻✳✹✿ ❊st✐♠❛t✐✈❛ ❞❛ ✭❛✮ s❦❡✇♥❡ss ❡ ❞❛ ✭❜✮ ❝✉rt♦s❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s ✉s❛♥❞♦
♦ ♠♦❞❡❧♦ ❙✐♥❣❧❡✲st❡♣✳

P❛r❛ ❛♥❛❧✐s❛r ❛ ♠é❞✐❛ ❞❛ ❞✐str✐❜✉✐çã♦✱ ❝♦♠♦ ♥ã♦ s❛❜❡♠♦s ❡①❛t❛♠❡♥t❡ ♦ ✈❛❧♦r

❞❡ 〈χ〉 ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ♥ós ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣r♦❞✉t♦ Γβ〈χ〉 = g1✳ P❛r❛
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❡st✐♠❛r ❡ss❡ ♣r♦❞✉t♦ ♥ós ❞❡r✐✈❛♠♦s ❛ ❡q✉❛çã♦ ✷✳✸✹ ❡ ❛ ♠❛♥✐♣✉❧❛♠♦s ♣❛r❛ ♦❜t❡r

∂t〈h〉 − v∞
β

= s✐❣(λ)Γβ〈χ〉tβ−1 . ✭✻✳✺✮

❉❡ss❛ ❢♦r♠❛✱ s❡ tr❛ç❛♠♦s ✉♠ ❣rá✜❝♦ ❞❡ (∂t〈h〉 − v∞)/β ❡♠ ❢✉♥çã♦ ❞❡ tβ−1 ❞❡✈❡♠♦s

♦❜t❡r ✉♠❛ r❡t❛ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r g1 = Γβ〈χ〉✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ♣♦❞❡♠♦s ✈❡r

♥❛ ❝✉r✈❛ ❝♦♠ ❝ír❝✉❧♦s ❞❛ ✜❣✉r❛ ✻✳✺✭❛✮✱ ♥ã♦ ♦❜t❡♠♦s ✉♠❛ ❜♦❛ r❡t❛✱ ♦ q✉❡ ♥♦s ✐♥❞✐❝❛

q✉❡ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s t❛♠❜é♠ ❡①✐st❡♠ ❝♦rr❡çõ❡s ❢♦rt❡s✳ P♦ré♠✱ ♣❛r❛ ♦❜t❡r ❡ss❛s

❝♦rr❡çõ❡s ♣r❡❝✐s❛♠♦s ❞♦ ✈❛❧♦r ❞❡ g1✱ ❝♦♠♦ ❢♦✐ ❢❡✐t♦ ♥❛ s❡çã♦ ✺✳✷✱ ♦ q✉❡ ♥♦s ❞❡✐①❛ ❡♠

✉♠ ✐♠♣❛ss❡✳

0 0,2 0,4

t
β-1

0

0,4

0,8

g
1

 tβ
-1

RSOS v
w

= 6

✭❛✮

1 100
t

0,001

0,1
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tγ /β

RSOS v
w

= 6

✭❜✮

❋✐❣✉r❛ ✻✳✺✿ ✭❛✮ ●rá✜❝♦s ♣❛r❛ ♦ ❝❛❧❝✉❧♦ ❞♦ ✈❛❧♦r ❞❡ g1✳ ❆ ❝✉r✈❛ ❝♦♠ q✉❛❞r❛❞♦s ❢♦✐ tr❛ç❛❞❛
s❡♠ ❝♦♥s✐❞❡r❛r ♥❡♥❤✉♠❛ ❝♦rr❡çã♦ ❡ ❛ ❝♦♠ ❝ír❝✉❧♦s ❛♣ós ❝✐♥❝♦ ♣❛ss♦s ❞❛ ✐t❡r❛çã♦✳✭❜✮ ●rá✜❝♦s
♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ ❝♦rr❡çã♦✳ ❆ ❝✉r✈❛ ❝♦♠ q✉❛❞r❛❞♦s ❢♦✐ tr❛ç❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♣r✐♠❡✐r♦
g1 ❝❛❧❝✉❧❛❞♦ ❡ ❛ ❝♦♠ ❝ír❝✉❧♦s ✉t✐❧✐③❛♥❞♦ ♦ ✈❛❧♦r ✜♥❛❧ ❞❡ g1✳

❆ s♦❧✉çã♦ q✉❡ ❡♥❝♦♥tr❛♠♦s ♣❛r❛ ❡ss❡ ♣r♦❜❧❡♠❛ ❢♦✐ ✉t✐❧✐③❛r ✉♠ ♠ét♦❞♦ ❛✉t♦✲

❝♦♥s✐st❡♥t❡✳ ◆ós ❛❥✉st❛♠♦s ✉♠❛ r❡t❛ ♥❛ r❡❣✐ã♦ ❞❡ t → ∞ ❞♦ ❣rá✜❝♦ ✻✳✺✭❛✮✱ ❡ ♦❜t❡♠♦s

✉♠ ✈❛❧♦r ♣r♦✈✐sór✐♦ ♣❛r❛ g1✱ ✉t✐❧✐③❛♥❞♦ ❡ss❡ ✈❛❧♦r ♥ós ❝❛❧❝✉❧❛♠♦s ❛ ❝♦rr❡çã♦ ζt−γ✳

❈♦♠♦ ♦ ✈❛❧♦r ❞❡ g1 ♥ã♦ é ♦ ❝♦rr❡t♦✱ ♥❛t✉r❛❧♠❡♥t❡ ❛ ❝✉r✈❛ ❞❛ ❝♦rr❡çã♦ t❛♠❜é♠ ♥ã♦

❛♣r❡s❡♥t❛ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❜❡♠ ❞❡✜♥✐❞❛✱ ❝♦♠♦ ♠♦str❛♠♦s ♥❛ ❝✉r✈❛ ❞❡ ♣♦♥t♦s

❝✐r❝✉❧❛r❡s ❞❛ ✜❣✉r❛ ✻✳✺✭❜✮✳ ▼❡s♠♦ ❛ss✐♠✱ ♥ós ❡st✐♠❛♠♦s ✉♠❛ ❢♦r♠❛ ♣r♦✈✐sór✐❛ ♣❛r❛ ❛

❝♦rr❡çã♦ ❛❥✉st❛♥❞♦ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❡♠ t❡♠♣♦s ♣❡q✉❡♥♦s✳ ❊♠ s❡❣✉✐❞❛✱ ✉t✐❧✐③❛♠♦s

❡ss❛ ❝♦rr❡çã♦ ♣❛r❛ ❝❛❧❝✉❧❛r ✉♠ ♥♦✈♦ ✈❛❧♦r ❞❡ g1✳ ❈♦♠ ❡ss❡ ♥♦✈♦ ✈❛❧♦r✱ r❡❝❛❧❝✉❧❛♠♦s
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❛ ❝♦rr❡çã♦✳ ❈♦♥t✐♥✉❛♠♦s ❝❛❧❝✉❧❛♥❞♦ ❡ss❛s q✉❛♥t✐❞❛❞❡s ❛té ❡❧❛s ♣❛r❛r❡♠ ❞❡ ✈❛r✐❛r

s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ♥❛s ✐t❡r❛çõ❡s✳ P❛r❛ ❛s ✈❡❧♦❝✐❞❛❞❡s q✉❡ ❡st✉❞❛♠♦s✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡

❝✐♥❝♦ ♣❛ss♦s ❢♦r❛♠ ♦ s✉✜❝✐❡♥t❡s ♣❛r❛ ❡ss❡s ✈❛❧♦r❡s ❝♦♥✈❡r❣✐r❡♠✳ ◆♦s ❣rá✜❝♦s ✻✳✺✭❛✮

❡ ✻✳✺✭❜✮✱ ♠♦str❛♠♦s ❛ ❝✉r✈❛ ✜♥❛❧ ❞❡ g1 ❡ ❞❛ ❝♦rr❡çã♦✱ ❛♠❜❛s sã♦ r❡♣r❡s❡♥t❛❞❛s ♣❡❧❛s

❝✉r✈❛s ❝♦♠ ♣♦♥t♦s q✉❛❞r❛❞♦s✳ ◆♦t❡ ❝♦♠♦ ❞❡ ❢❛t♦ ♦ ❣rá✜❝♦ ❞❡ ✻✳✺✭❛✮ ✭q✉❛❞r❛❞♦s✮

♣♦ss✉✐ ✉♠❛ ❜♦❛ r❡t❛ ❡ ✻✳✺✭❜✮ ✭q✉❛❞r❛❞♦s✮ s❡❣✉❡ ✉♠❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ ❜❡♠ ❞❡✜♥✐❞❛

❛♣ós ❛s ✐t❡r❛çõ❡s✱ q✉❡ ❛ss✐♠ ❝♦♠♦ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦ é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ t−1✳

❊♠ ❞✉❛s ❞✐♠❡♥sõ❡s✱ ♦❜t✐✈❡♠♦s ♥♦✈❛♠❡♥t❡ ✉♠❛ ❝♦rr❡çã♦ ❞♦ t✐♣♦ ζ ln t ❡♠ ❤

✭❡q✳ ✺✳✶✮✳ ◆♦s ❣rá✜❝♦s ❞❛s ✜❣✉r❛s ✻✳✻✭❛✮✱ ✻✳✻✭❜✮ ❡ ✻✳✻✭❝✮✱ ♥ós ♠♦str❛♠♦s q✉❡✱ ❛ss✐♠

❝♦♠♦ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦✱ ζ ♥ã♦ ✈❛r✐❛ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❝♦♠ ❛ ✈❡❧♦❝✐❞❛❞❡ ❧❛t❡r❛❧ ♣❛r❛

♥❡♥❤✉♠ ❞♦s ♠♦❞❡❧♦s✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❛ ❝♦rr❡çã♦ ♥ã♦ ❛♣❛r❡❝❡ ♥❛ ✈❛r✐â♥❝✐❛✱ ♣♦r ✐ss♦

❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ζ é ✉♠❛ ✈❛r✐á✈❡❧ ❞❡t❡r♠✐♥íst✐❝❛✳
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✭❝✮

❋✐❣✉r❛ ✻✳✻✿ ●rá✜❝♦s ❞❡ ζ ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❞♦s ♠♦❞❡❧♦s ✭❛✮ ❘❙❖❙✱ ✭❜✮ ❊t❝❤✐♥❣

❡ ✭❝✮ ❙✐♥❣❧❡✲st❡♣✳

◆♦s ❣rá✜❝♦s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❊t❝❤✐♥❣ ♥ã♦ ❝♦❧♦❝❛♠♦s ♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥✲
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❞❡♥t❡s às ✈❡❧♦❝✐❞❛❞❡s vw = 1 ❡ 2✱ ✐ss♦ ♣♦rq✉❡✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✻✳✼✭❛✮✱ ❛s

❝♦rr❡çõ❡s ζ ln t ❡ ❛s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r✱ q✉❡ ♥ós ❞❡s❝♦♥s✐❞❡r❛♠♦s ❛té ❛q✉✐✱ ♣❛r❡❝❡♠

❝♦♠♣❡t✐r ❢❛③❡♥❞♦ ❛ ❝✉r✈❛ ❡♠ ✻✳✼✭❛✮ ❝r✉③❛r ♦ ③❡r♦ ❞✐✈❡rs❛s ✈❡③❡s✳ ❊ss❡ ♣r♦❜❧❡♠❛ ❛❝♦♥✲

t❡❝❡ ♠❡s♠♦ s❡ ✉t✐❧✐③❛r♠♦s ♦ ✈❛❧♦r ✜♥❛❧ ❞❡ g1 ♦❜t✐❞♦ ❝♦♠ ♦✉tr❛s ✈❡❧♦❝✐❞❛❞❡s✳ ❊ss❡ ❡❢❡✐t♦

♥♦s ✐♠♣❡❞✐✉ ❞❡ ❝❛❧❝✉❧❛r ♦ ✈❛❧♦r ❞❡ ζ ❡ 〈η〉 ♣❛r❛ ❡ss❛s ✈❡❧♦❝✐❞❛❞❡s✳ P♦❞❡♠♦s ♥♦t❛r q✉❡✱

❞❡ ❢❛t♦✱ ❛s ❝♦rr❡çõ❡s ✜❝❛♠ ♣❡q✉❡♥❛s ♥❡ss❛s ✈❡❧♦❝✐❞❛❞❡s q✉❛♥❞♦ t❡♥t❛♠♦s ❝❛❧❝✉❧❛r ♦s

✈❛❧♦r❡s ❞❡ g1✳ ◆❛ ✜❣✉r❛ ✻✳✼✭❜✮✱ ♠♦str❛♠♦s ♦ ❣rá✜❝♦ ❞❡ss❡ ❝á❧❝✉❧♦ ♣❛r❛ vw = 2 ✭❝ír✲

❝✉❧♦s✮ ❡ vw = 6 ✭q✉❛❞r❛❞♦s✮ s❡♠ ❝♦♥s✐❞❡r❛r ♥❡♥❤✉♠❛ ❝♦rr❡çã♦✳ ◆❡ss❛ ✜❣✉r❛ ♥♦t❛♠♦s

q✉❡ ♦ ❣rá✜❝♦ ♣❛r❛ vw = 2 ✜❝❛ ❜❡♠ ♠❛✐s ❧✐♥❡❛r q✉❡ ♦ ♣❛r❛ vw = 6✳ ❈♦♠♦ ❛s ❝♦rr❡çõ❡s

sã♦ ♣❡q✉❡♥❛s ♥❛s ✈❡❧♦❝✐❞❛❞❡s vw = 1 ❡ 2✱ ♥ã♦ t✐✈❡♠♦s ♣r♦❜❧❡♠❛s ♣❛r❛ ❝❛❧❝✉❧❛r ❛ ♠é❞✐❛

❞❛ ❞✐str✐❜✉✐çã♦ s❡♠ ❝♦♥s✐❞❡rá✲❧❛s✳
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✭❜✮

❋✐❣✉r❛ ✻✳✼✿ ✭❛✮ ●rá✜❝♦ q✉❡ ♠♦str❛ ❛ ✐♠♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ s❡ ❝❛❧❝✉❧❛r ζ ♣❛r❛ ❛ ✈❡❧♦❝✐❞❛❞❡
vw = 2✳ ✭❜✮ ❈✉r✈❛ ❞❡ g1t

β−1 ♣❛r❛ ❛s ✈❡❧♦❝✐❞❛❞❡s vw = 2 ✭❝ír❝✉❧♦s✮ ❡ vw = 6 ✭q✉❛❞r❛❞♦s✮✳

◆ós t❛♠❜é♠ ❝❛❧❝✉❧❛♠♦s ♦ ❞❡s✈✐♦ 〈η〉 ❞❛ ❞✐str✐❜✉✐çã♦✳ ■ss♦ ❢♦✐ ❢❡✐t♦ ❞❡ ♠❛♥❡✐r❛

❛♥á❧♦❣❛ ❛♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱ ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ✺✳✷✳ ❆ss✐♠ ❝♦♠♦ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦✱

❡ss❡s ✈❛❧♦r❡s ♥ã♦ ✈❛r✐❛♠ s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❝♦♠ ❛ ✈❡❧♦❝✐❞❛❞❡✳ ◆♦✈❛♠❡♥t❡✱ ♥ã♦ s❛❜❡♠♦s

s❡ η é ❞❡t❡r♠✐♥íst✐❝♦ ♦✉ ❡st♦❝ást✐❝♦✳ ❙❡ ❡ss❛ ❣r❛♥❞❡③❛ ❢♦r ❡st♦❝ást✐❝❛✱ ♦ ❝á❧❝✉❧♦ q✉❡ ♥ós

r❡❛❧✐③❛♠♦s ❞❡t❡r♠✐♥❛ ❛♣❡♥❛s ♦ ✈❛❧♦r ♠é❞✐♦ ❞❡ss❛ ✈❛r✐á✈❡❧✳

❙❛❜❡♥❞♦ ♦ ✈❛❧♦r ❞❡ Γ✱ ♥ós ❝❛❧❝✉❧❛♠♦s ♦ ✈❛❧♦r ❞❡ 〈χ〉 ✉s❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ♣❛r❛

g1✳ ❊ss❡s ✈❛❧♦r❡s ❡stã♦ ❞✐s♣♦st♦s ♥❛ t❛❜❡❧❛ ✻✳✷✳ ◆♦✈❛♠❡♥t❡ ❢♦✐ t✐r❛❞❛ ❛ ♠é❞✐❛ ❡ ♦

❞❡s✈✐♦ ♣❛❞rã♦ ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❡♠ ✉♠ ♠❡s♠♦ ♠♦❞❡❧♦✳
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✻✳✸ ❉✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛

0 4 8
v
w

-2,2

-1,8

<
η

>

RSOS

✭❛✮

4 8
v
w

4,6

5

<
η

>

Etching

✭❜✮

0 4 8
v
w

-1,6

-1,2

<
η

>

Single-step

✭❝✮

❋✐❣✉r❛ ✻✳✽✿ ●rá✜❝♦s ❞❡ 〈η〉 ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s ❞♦s ♠♦❞❡❧♦s ✭❛✮ ❘❙❖❙✱ ✭❜✮ ❊t❝❤✐♥❣

❡ ✭❝✮ ❙✐♥❣❧❡✲st❡♣✳

❉❡ ♣♦ss❡ ❞❛s ❝♦rr❡çõ❡s✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r t❛♠❜é♠ ❛ r❛③ã♦ R = 〈χ〉c/〈χ2〉0,5c ✳

❊ss❛ ❡st✐♠❛t✐✈❛ ❢♦✐ ❢❡✐t❛ ❞❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ❛ s❦❡✇♥❡ss ❡ ❛ ❝✉rt♦s❡✱ ♣♦ré♠ ✉t✐❧✐③❛♥❞♦

t−β ♣❛r❛ ❛ ❡①tr❛♣♦❧❛çã♦✳ ❖s r❡s✉❧t❛❞♦s ❡stã♦ ♥❛ t❛❜❡❧❛ ✻✳✷✳

❆♥❛❧✐s❛♥❞♦ ❛ t❛❜❡❧❛ ✻✳✷✱ ♥♦t❛♠♦s q✉❡ ♦s ♥♦ss♦s r❡s✉❧t❛❞♦s ❡stã♦ ❞❡ ❛❝♦r❞♦

❝♦♠ ♦s ♦❜t✐❞♦s ❡♠ ❬✷✼✱✷✽❪ ♣❛r❛ ❛ ❣❡♦♠❡tr✐❛ ❝✉r✈❛ ❞❛ ❝❧❛ss❡ ❑P❩ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✳

❆♥❛❧✐s❛♥❞♦ ❛ ♠❛r❣❡♠ ❡♠ q✉❡ ♦s r❡s✉❧t❛❞♦s ❞❡ ❬✷✼❪ ✈❛r✐❛♠✱ ♥♦t❛♠♦s q✉❡ ❛ 〈χ〉c ✈❛r✐❛
❡♥tr❡ −2, 22 ❡ −2, 41✱ 〈χ2〉c ❡♥tr❡ 0, 304 ❡ 0, 377✱ ❘ ❡♥tr❡ 3, 86 ❡ 4, 09✱ ❛ ❙❦❡✇♥❡ss ❡♥tr❡

0, 303 ❡ 0, 348 ❡ ❛ ❝✉rt♦s❡ ❡♥tr❡ 0, 201 ❡ 0, 230✳ ❏á ❡♠ ❬✷✽❪✱ ❡①✐st❡♠ r❡s✉❧t❛❞♦s ♣❛r❛

❞♦✐s ♠♦❞❡❧♦s ❡♠ ❣❡♦♠❡tr✐❛ ❝✉r✈❛✱ ♦s ✈❛❧♦r❡s ❞❡ ❙❦❡✇♥❡ss ❡♥❝♦♥tr❛❞♦s ❢♦r❛♠ 0, 32 ❡

0, 339 ❡ ♦s ❞❡ ❝✉rt♦s❡ 0, 21 ❡ 0, 20✳ ❈♦♠♣❛r❛♥❞♦ ♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s ❝♦♠ ♦s ❞❛
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✻✳✹ ❈♦♠♣❛r❛çã♦ ❝♦♠ ♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧

〈χ〉c 〈χ2〉c ❘ ❙❦❡✇♥❡ss ❈✉rt♦s❡

❘❙❖❙ ✲✷✱✷✸✭✾✮ ✵✱✸✸✽✭✸✮ ✸✱✾✹✭✹✮ ✵✱✸✷✽✭✹✮ ✵✱✷✶✵✭✹✮
❊t❝❤✐♥❣ ✲✷✱✸✶✭✾✮ ✵✱✸✹✷✭✽✮ ✸✱✾✭✶✮ ✵✱✸✸✻✭✻✮ ✵✱✷✶✭✶✮

❙✐♥❣❧❡✲st❡♣ ✲✷✱✷✽✭✻✮ ✵✱✸✸✹✭✺✮ ✹✱✵✼✭✹✮ ✵✱✸✷✾✭✼✮ ✵✱✷✵✻✭✸✮

❚❛❜❡❧❛ ✻✳✷✿ ▼é❞✐❛✱ ✈❛r✐â♥❝✐❛✱ ❘✱ ♠ó❞✉❧♦ ❞❛ ❙❦❡✇♥❡ss ❡ ❛ ❈✉rt♦s❡ ❞❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s
❞♦s ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s✳ ❊ss❡s ✈❛❧♦r❡s ❢♦r❛♠ ❝❛❧❝✉❧❛❞♦s t✐r❛♥❞♦ ❛ ♠é❞✐❛
❞♦ r❡s✉❧t❛❞♦ ♣❛r❛ ❛s ❞✐❢❡r❡♥t❡s ✈❡❧♦❝✐❞❛❞❡s✳

t❛❜❡❧❛ ✻✳✷✱ ♥♦t❛♠♦s q✉❡ ♥♦ss♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦s ❞✐❢❡r❡♥t❡s ♠♦❞❡❧♦s ✈❛r✐❛♠ ❞❡♥tr♦

❞❡ ✉♠❛ ♠❛r❣❡♠ ♠❡♥♦r q✉❡ ♦s ❡st✐♠❛❞♦s ❡♠ ❬✷✼❪ ❡ ❡♠ ❬✷✽❪✳ ❉❡ss❛ ❢♦r♠❛✱ ✉t✐❧✐③❛♥❞♦

❡ss❡s ♠♦❞❡❧♦s ❞✐s❝r❡t♦s ❞❡ ❣❡♦♠❡tr✐❛ ♣❧❛♥❛ ❡♠ s✉❜str❛t♦s ❝r❡s❝❡♥t❡s✱ ♥ós ❝♦♥s❡❣✉✐♠♦s

❡st✐♠❛r ♦s ❝✉♠✉❧❛♥t❡s ❞❛ ❞✐str✐❜✉✐çã♦ ❝✉r✈❛ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❛ ❝❧❛ss❡ ❑P❩ ❞❡ ♠❛♥❡✐r❛

♠❛✐s ♣r❡❝✐s❛ q✉❡ ♦s r❡s✉❧t❛❞♦s ❞❛ ❧✐t❡r❛t✉r❛ ♦❜t✐❞♦s ✉t✐❧✐③❛♥❞♦ ✐♥t❡r❢❛❝❡s ❝♦♠ ❝✉r✈❛t✉r❛✳

✻✳✹ ❈♦♠♣❛r❛çã♦ ❝♦♠ ♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧

❈♦♠♦ ❢♦✐ ♠♦str❛❞♦ ♥❡ss❡ ❝❛♣ít✉❧♦✱ ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s ❞♦s ❞♦♠í♥✐♦s ❝r❡s✲

❝❡♥t❡s ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s t❛♠❜é♠ ❝♦♥✈❡r❣❡♠ ♣❛r❛ ♦ ❝❛s♦ ❝✉r✈♦✳ ❆❧é♠ ❞✐ss♦✱ ❡❧❛s

t❛♠❜é♠ ♣♦ss✉❡♠ ✉♠❛ ❝♦rr❡çã♦ ❧♦❣❛rít♠✐❝❛✳

➱ ❡✈✐❞❡♥t❡ q✉❡ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s ❛s ❞✉♣❧✐❝❛çõ❡s t❛♠❜é♠ ❛❢❡t❛rã♦ ♦ t❡r♠♦

〈(~∇h)2〉✱ s✉❛✈✐③❛♥❞♦ ❛ s✉♣❡r❢í❝✐❡✳ ❆ss✐♠✱ ❛ ❞✐s❝✉ssã♦ r❡❧❛❝✐♦♥❛❞❛ ❛♦s ❡❢❡✐t♦s ❞❛s ❞✉♣❧✐✲

❝❛çõ❡s✱ r❡❛❧✐③❛❞❛ ♥❛ s❡çã♦ ✺✳✸✱ t❛♠❜é♠ é ✈á❧✐❞❛ ♥♦ ❝❛s♦ ❜✐❞✐♠❡♥s✐♦♥❛❧✳

❯♠ ❝á❧❝✉❧♦ ❛♥á❧♦❣♦ ❛♦ ❢❡✐t♦ ♥❛ s❡çã♦ ✺✳✸ ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♣❛r❛ ♠♦str❛r ❛

♦r✐❣❡♠ ❞❛ ❝♦rr❡çã♦ ❧♦❣❛rít♠✐❝❛✳ ❙❛❜❡♥❞♦ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ sít✐♦s ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s é

L1L2 ❡ q✉❡ vw(L1 + L2) sít✐♦s sã♦ ❛❞✐❝✐♦♥❛❞♦s✱ ❡♠ ♠é❞✐❛✱ ❡♠ ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✱

♣♦❞❡♠♦s ❢❛③❡r ❛s ♠❡s♠❛s ❝♦♥s✐❞❡r❛çõ❡s ❡ ♥♦ ❧✉❣❛r ❞❛ ❡q✉❛çã♦ ✺✳✶✹ ♦❜t❡r

K

L1L2 + vw(L1 + L2)
=

K

L1L2

(

1− vw(L1 + L2)

L1L2

)

. ✭✻✳✻✮

❈♦♠♦ L1 ≈ L2 ≈ vwt✱ s❡ t ≫ 1✱ t❡♠♦s

vw(L1 + L2)

L1L2

≈ 2v2wt

v2wt
2
∼ t−1 . ✭✻✳✼✮
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✻✳✹ ❈♦♠♣❛r❛çã♦ ❝♦♠ ♦ ❝❛s♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧

❙❡ ❝♦♥t✐♥✉❛r♠♦s ♦ ❝á❧❝✉❧♦✱ t❛♠❜é♠ ✈❛♠♦s ❝❤❡❣❛r ❛

∂〈h〉
∂t

=
λ

2
〈(~∇h)2〉G ≈ λ

2
〈(~∇h)2〉F − λµ

t
. ✭✻✳✽✮

❆ss✐♠✱ ❡♠ ❞✉❛s ❞✐♠❡♥sõ❡s t❛♠❜é♠ ❞❡✈❡♠♦s t❡r ✉♠❛ ❝♦rr❡çã♦ q✉❡ ❡s❝❛❧❛ ❝♦♠ ♦ ❧♦❣❛✲

r✐t♠♦ ❞♦ t❡♠♣♦ ♥❛ ❡q✉❛çã♦ ♣❛r❛ ❛s ❛❧t✉r❛s ✭❡q✳ ✺✳✶✮✳

◆❛ ✈❡r❞❛❞❡✱ é ❡✈✐❞❡♥t❡ q✉❡ ♦ t❡r♠♦ ζ ln t ❞❡✈❡ ❛♣❛r❡❝❡r ❡♠ q✉❛❧q✉❡r ❞✐♠❡♥s✐♦♥✲

❛❧✐❞❛❞❡✳ ❚❛♥t♦ ♥❛ ❡q✳ ✺✳✶✹ q✉❛♥t♦ ❡♠ ✻✳✻✱ ♥❛ ❢r❛çã♦ ❞❡♥tr♦ ❞♦ ♣❛rê♥t❡s❡ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦

❞❛ ❡q✉❛çã♦✱ t❡♠♦s ♦ ♥ú♠❡r♦ ❞❡ ❝♦❧✉♥❛s ❛❞✐❝✐♦♥❛❞❛s ❡♠ ✉♠❛ ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦ ❞✐✈✐❞♦

♣❡❧♦ t❛♠❛♥❤♦ ❞♦ s✐st❡♠❛✱ ♦✉ s❡❥❛✱ ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❞♦ s✐st❡♠❛ ❞✐✈✐❞✐❞❛

♣❡❧♦ t❛♠❛♥❤♦ ❞♦ s✐st❡♠❛✳ ❊♠ ✉♠ s✐st❡♠❛ d ❞✐♠❡♥s✐♦♥❛❧✱ ♦ ♥ú♠❡r♦ ❞❡ sít✐♦s ❡s❝❛❧❛

❝♦♠ td ❡✱ ❛ss✐♠✱ ❛ t❛①❛ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❡s❝❛❧❛ ❝♦♠ td−1✳ ❉❡ss❛ ❢♦r♠❛ é ♥❛t✉r❛❧ q✉❡ ❛

❢r❛çã♦ ❞❡ss❛s ❣r❛♥❞❡③❛s ❡s❝❛❧❡ ❝♦♠ t−1 ❡♠ q✉❛❧q✉❡r ❞✐♠❡♥s✐♦♥❛❧✐❞❛❞❡✳

✼✻



❈❛♣ít✉❧♦ ✼

❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s

◆❡st❛ ❞✐ss❡rt❛çã♦ ❛❜♦r❞❛♠♦s ❞❡ ❢♦r♠❛ ❞❡t❛❧❤❛❞❛ ❛ ❞✐♥â♠✐❝❛ ❞❡ ✐♥t❡r❢❛❝❡s ❡♠

s✉❜str❛t♦s q✉❡ ❝r❡s❝❡♠ ❧❛t❡r❛❧♠❡♥t❡✳ ❈♦♠♦ ❡ss❡s s✐st❡♠❛s ♣❧❛♥♦s q✉❡ ❝r❡s❝❡♠ ❧❛t❡✲

r❛❧♠❡♥t❡ tê♠ s✐❞♦ ✉s❛❞♦s ❝♦♠♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❛r❛ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s ❬✶✾✱✷✵❪✱ ♦

♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦ ❢♦✐ ❞❡t❡r♠✐♥❛r s❡ ❡ss❡ t✐♣♦ ❞❡ s✐st❡♠❛ é ✉♠❛ ❜♦❛

❛♣r♦①✐♠❛çã♦ ♣❛r❛ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s✳

◆ós ♣r♦♣✉s❡♠♦s ✉♠ ♠♦❞❡❧♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ❡st♦❝ást✐❝♦ ♣❛r❛ ✐♠♣❧❡♠❡♥t❛r ❞❡✲

♣♦s✐çõ❡s ❡♠ s✉❜str❛t♦s q✉❡ ❝r❡s❝❡♠ ❧❛t❡r❛❧♠❡♥t❡✳ ❈♦♠ ❡ss❡ ♠♦❞❡❧♦ ♥ós ❝r❡s❝❡♠♦s

✐♥t❡r❢❛❝❡s ❡♠ ✉♠❛ ❡ ❞✉❛s ❞✐♠❡♥sõ❡s✳

❊st✉❞❛♥❞♦ ♠♦❞❡❧♦s ❞✐s❝r❡t♦s ❞❛ ❝❧❛ss❡ ❑P❩ ♥❡ss❡s ❞♦♠í♥✐♦s ❝r❡s❝❡♥t❡s✱

♠♦str❛♠♦s q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛ ❞❡ss❡s s✐st❡♠❛s t❡♥❞❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❛r❛

❛ ❞✐str✐❜✉✐çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s✱ t❛♥t♦ ❡♠ ✉♠❛ q✉❛♥t♦ ❡♠ ❞✉❛s ❞✐✲

♠❡♥sõ❡s✳ ❆❧é♠ ❞✐ss♦✱ ❡st✐♠❛♠♦s ❞❡ ♠❛♥❡✐r❛ r❛③♦❛✈❡❧♠❡♥t❡ ♣r❡❝✐s❛ ♦s ♣r✐♠❡✐r♦s ❝✉♠✉✲

❧❛♥t❡s ❞❛ ❞✐str✐❜✉✐çã♦ ❞❛ ✈❛r✐á✈❡❧ χ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s ❜✐❞✐♠❡♥s✐♦♥❛✐s✳

❊ss❡s r❡s✉❧t❛❞♦s ♠♦str❛♠ q✉❡ ❛ ❝✉r✈❛t✉r❛ ❣❧♦❜❛❧ ♥ã♦ é ❡ss❡♥❝✐❛❧ ♣❛r❛ ❛ ♣r♦❞✉çã♦ ❞❡

✐♥t❡r❢❛❝❡s ❝♦♠ ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s q✉❡ sã♦ ❛ss♦❝✐❛❞❛s ❛ ❝r❡s❝✐♠❡♥t♦s ❝✉r✈♦s✳

❊st✉❞❛♥❞♦ ♦s ❡❢❡✐t♦s ❞♦ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧ ❞❛ ✐♥t❡r❢❛❝❡✱ ♥ós ♠♦str❛♠♦s q✉❡

s❡ ❡ss❡ ❝r❡s❝✐♠❡♥t♦ é r❡❛❧✐③❛❞♦ s✉❛✈✐③❛♥❞♦ ❛ ✐♥t❡r❢❛❝❡✱ ❡ss❛ s✉❛✈✐③❛çã♦ ❛❢❡t❛ ♦ t❡r♠♦

♥ã♦ ❧✐♥❡❛r (~∇h)2 ❞❛ ❡q✉❛çã♦ ❑P❩✳ ❯♠ ❞♦s ❡❢❡✐t♦s ❞❡ss❡ ❢❡♥ô♠❡♥♦ é ❛❧t❡r❛r ❛ t❛①❛ ❞❡

❝r❡s❝✐♠❡♥t♦ ❞❛s ❛❧t✉r❛s✱ ❢❛③❡♥❞♦ ♦ t❡r♠♦ (Γt)β〈χ〉goe + η → (Γt)β〈χ〉gue + η′ + ζ ln t

❞❛ ❡q✉❛çã♦ ✷✳✸✵✳ ❆❧é♠ ❞✐ss♦✱ ♠♦str❛♠♦s ❛♥❛❧✐t✐❝❛♠❡♥t❡ q✉❡ ✉♠ t❡r♠♦ ζ ln t ❞❡✈❡

✼✼



❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s

❛♣❛r❡❝❡r ♥❡ss❡s s✐st❡♠❛s q✉❡ ❝r❡s❝❡♠ ❧❛t❡r❛❧♠❡♥t❡✳

❆♥❛❧✐s❛♠♦s ❡♠ ❞❡t❛❧❤❡s ❛s ❝♦rr❡çõ❡s ❡♥✈♦❧✈✐❞❛s ♥❛ ❞✐♥â♠✐❝❛ ❞❡ss❡s s✐st❡♠❛s

❝r❡s❝❡♥t❡s ❡♠ ✉♠❛ ❡ ❞✉❛s ❞✐♠❡♥sõ❡s✳ ❈❛❧❝✉❧❛♠♦s ♦ ❞❡s✈✐♦ 〈η〉 ❞❛ ❞✐str✐❜✉✐çã♦ ❡ ♦ ✈❛❧♦r
❞❡ ζ ❞❛ ❝♦rr❡çã♦ ζ ln t q✉❡ ❛♣❛r❡❝❡♠ ♥❡ss❡s s✐st❡♠❛s✳ ◆♦t❛♠♦s q✉❡ ❡ss❛s ❝♦rr❡çõ❡s

♥ã♦ ❞❡♣❡♥❞❡♠ ❞❡ ❢♦r♠❛ s✐❣♥✐✜❝❛t✐✈❛ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❝r❡s❝✐♠❡♥t♦ ❧❛t❡r❛❧✳ ◆♦ ❡♥t❛♥t♦✱

r❡ss❛❧t❛♠♦s q✉❡ ❞❡✈❡♠ ❤❛✈❡r ❝♦rr❡çõ❡s ❞❡ ♦r❞❡♠ ♠❛✐♦r q✉❡✱ ❛❧é♠ ❞❡ ❡st♦❝ást✐❝❛s✱

❞❡✈❡♠ ❞❡♣❡♥❞❡r ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❛✉♠❡♥t♦ ❞♦ s✉❜str❛t♦✳

▼♦str❛♠♦s t❛♠❜é♠ q✉❡✱ ❡♠ ✉♠❛ ❞✐♠❡♥sã♦✱ s❡ ♦ t❛♠❛♥❤♦ ✐♥✐❝✐❛❧ ❢♦r ❣r❛♥❞❡✱

❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛ t❡♥❞❡ ✐♥✐❝✐❛❧♠❡♥t❡ ♣❛r❛ ●❖❊✳ ◆♦ ❡♥t❛♥t♦✱ ♠❡s♠♦ s❡ ❡ss❡

t❛♠❛♥❤♦ ✐♥✐❝✐❛❧ ❢♦r ♠✉✐t♦ ❣r❛♥❞❡✱ ❛♣ós ❡ss❡ tr❛♥s✐❡♥t❡ ✐♥✐❝✐❛❧ ♦♥❞❡ ❛ ❍❉ t❡♥❞❡ ♣❛r❛

●❖❊✱ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❛❧t✉r❛s ❝♦♥✈❡r❣❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ♣❛r❛ ●❯❊✳

❚❡♠♦s ❝♦♠♦ ♣❡rs♣❡❝t✐✈❛s ❢✉t✉r❛s ❛♣❧✐❝❛r ♦ ♥♦ss♦ ♠♦❞❡❧♦ ❛ ❝r❡s❝✐♠❡♥t♦s ❞❛ ❝❧❛ss❡

❑P❩ ❡♠ ❞✐♠❡♥sõ❡s s✉♣❡r✐♦r❡s✳ ❚❛❧✈❡③ s❡❥❛ ♣♦ssí✈❡❧ ❡st✐♠❛r ❝♦♠ ♣r❡❝✐sã♦ ♦s ♣r✐♠❡✐r♦s

❝✉♠✉❧❛♥t❡s ❞❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ❛❧t✉r❛s ❞❛s ✐♥t❡r❢❛❝❡s ❝✉r✈❛s ❡♠ três ♦✉ ♠❛✐s ❞✐♠❡♥sõ❡s✳

❖✉tr❛ ♣♦ss✐❜✐❧✐❞❛❞❡ s❡r✐❛ ✉t✐❧✐③❛r ♦ ♠♦❞❡❧♦ ♣r♦♣♦st♦ ❡♠ ❝r❡s❝✐♠❡♥t♦s ❞❡ ♦✉tr❛s

❝❧❛ss❡s ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡ ♥ã♦ ❧✐♥❡❛r❡s✱ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❝❧❛ss❡ ❱✐❧❧❛✐♥✕▲❛✐✕❉❛s ❙❛r♠❛

✭❱▲❉❙✮✳ ❉❡ss❛ ❢♦r♠❛✱ ✈❛♠♦s ♣♦❞❡r ✐❞❡♥t✐✜❝❛r s❡ ❡①✐st❡ ❛❧❣✉♠❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❛s

❞✐str✐❜✉✐çõ❡s ❞♦s s✐st❡♠❛s ❞❡ s✉❜str❛t♦ ❝r❡s❝❡♥t❡ ❡ ♦s ❞❡ t❛♠❛♥❤♦ ✜①♦✳ ❙❡ ❤♦✉✈❡r✱

♣♦❞❡♠♦s t❡♥t❛r ❝❛❧❝✉❧❛r ♥✉♠❡r✐❝❛♠❡♥t❡ ❡ss❛ ❞✐str✐❜✉✐çã♦ r❡❧❛❝✐♦♥❛❞❛ ❛♦s s✉❜str❛t♦s

❝r❡s❝❡♥t❡s ❡✱ ♣♦ss✐✈❡❧♠❡♥t❡✱ ❝♦♥❝❧✉✐r q✉❡ ❡❧❛ ❡st❡❥❛ r❡❧❛❝✐♦♥❛❞❛ ❛ ✐♥t❡r❢❛❝❡s ❝✉r✈❛s ❞❛

r❡s♣❡❝t✐✈❛ ❝❧❛ss❡ ❞❡ ✉♥✐✈❡rs❛❧✐❞❛❞❡✳

✼✽



❆♣ê♥❞✐❝❡ ❆

▲✐♠✐t❡ ❣❛✉ss✐❛♥♦ ❞❛ ❞✐str✐❜✉✐çã♦

❜✐♥♦♠✐❛❧

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❞✐str✐❜✉✐çã♦

p(h) =
N !

h!(N − h)!

(

1

L

)h(
L− 1

L

)N−h

, ✭❆✳✶✮

♥♦ r❡❣✐♠❡ ❡♠ q✉❡ N → ∞ ❛s ❛❧t✉r❛s t❛♠❜é♠ sã♦ ♠✉✐t♦ ❣r❛♥❞❡s✳ ❆ss✐♠✱ ❛♣❡s❛r

❞❛s ❛❧t✉r❛s ✈❛r✐❛r❡♠ ❞✐s❝r❡t❛♠❡♥t❡✱ ∆h = 1 é ✉♠❛ ✈❛r✐❛çã♦ ♠✉✐t♦ ♣❡q✉❡♥❛ q✉❛♥❞♦

❝♦♠♣❛r❛❞❛ à h✱ ♣♦r ✐ss♦ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r q✉❡ p(h) é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡ h✳

P❛r❛ ❧✐❞❛r ❝♦♠ ♦s ❢❛t♦r✐❛✐s ♥❡ss❡ r❡❣✐♠❡ ❛ss✐♥tót✐❝♦ é ❝♦♥✈❡♥✐❡♥t❡ ❛♣❧✐❝❛r ♦ ❧♦❣✲

❛r✐t♠♦ ❞♦s ❞♦✐s ❧❛❞♦s ❞❡ ❆✳✶✱ ♦ q✉❡ r❡s✉❧t❛ ❡♠

ln p(h) = lnN !− lnh!− ln(N − h)! + h ln

(

1

2

)

+ (N − h) ln

(

L− 1

L

)

✭❆✳✷✮

P♦❞❡♠♦s ❡❧✐♠✐♥❛r ♦s ❢❛t♦r✐❛✐s ✉t✐❧✐③❛♥❞♦ ❛ ❡①♣❛♥sã♦ ❛ss✐♥tót✐❝❛ ❞❡ ❙t✐r❧✐♥❣✳ ✶

lnN ! = N lnN −N +O(lnN) ✭❆✳✸✮

✶❆ ❞❡❞✉çã♦ ❞❡ss❛ ❡①♣❛♥sã♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✻✼❪✳

✼✾



▲✐♠✐t❡ ❣❛✉ss✐❛♥♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❜✐♥♦♠✐❛❧

❯s❛♥❞♦ ❡ss❛ ❢♦r♠✉❧❛ ❡♠ ❆✳✷ t❡♠♦s

ln p(h) = N lnN−h lnh−(N−h) ln(N−h)+h ln

(

1

2

)

+(N−h) ln

(

L− 1

L

)

. ✭❆✳✹✮

P❛r❛ ♦❜t❡r♠♦s ♦ ❧✐♠✐t❡ ❣❛✉ss✐❛♥♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❜✐♥♦♠✐❛❧ ✈❛♠♦s ❡①♣❛♥❞✐r ❡ss❡

❧♦❣❛r✐t♠♦ ❡♠ t♦r♥♦ ❞❡ s❡✉ ✈❛❧♦r ♠á①✐♠♦✱ q✉❡ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❡ p(h)

♣♦✐s ♦ ❧♦❣❛r✐t♠♦ é ✉♠❛ ❢✉♥çã♦ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ❝r❡s❝❡♥t❡✳ ❙❡♥❞♦

∂ ln p(h)

∂h
= − lnh+ ln(N − h) + ln

(

1

2

)

− ln

(

L− 1

L

)

, ✭❆✳✺✮

♥♦s ♣♦♥t♦s ❝rít✐❝♦s t❡♠♦s

ln(N − hm)− lnhm + ln

(

1

2

)

− ln

(

L− 1

L

)

= 0 , ✭❆✳✻✮

ln

(

N − hm

hm

)

= ln(L− 1) ⇒ hm =
N

L
. ✭❆✳✼✮

P❛r❛ ❞❡t❡r♠✐♥❛r s❡ ❡ss❡ ♣♦♥t♦ ❝rít✐❝♦ é ✉♠ ♠á①✐♠♦ ❢❛③❡♠♦s

∂2 ln p(h)

∂h2

∣

∣

∣

∣

∣

h=hm

= − 1

h+m
− 1

N − hm

< 0 , ✭❆✳✽✮

❛ss✐♠ hm é ❞❡ ❢❛t♦ ✉♠ ♠á①✐♠♦✳

❈♦♠♦ ◆ é ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♣❛rtí❝✉❧❛s ❞❡♣♦s✐t❛❞❛s✱ t❡♠♦s q✉❡ N =
∑L

i=0 hi✱

❛ss✐♠

hm =
N

L
=

1

L

L
∑

i=0

hi = h . ✭❆✳✾✮

▲♦❣♦ ♦ ♠á①✐♠♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ♠é❞✐❛✱ ❝♦♠♦ ❡♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❣❛✉ss✐❛♥❛✳

❆❣♦r❛ ✈❛♠♦s ❡①♣❛♥❞✐r ln p(h) ❡♠ sér✐❡ ❞❡ ❚❛②❧♦r ❡♠ t♦r♥♦ ❞♦ ♠á①✐♠♦✱

ln p(h) = ln p(hm)+
∂ ln p(h)

∂h

∣

∣

∣

∣

∣

h=hm

(h−hm)+
∂2 ln p(h)

∂h2

∣

∣

∣

∣

∣

h=hm

(h− hm)
2

2
+ . . . . ✭❆✳✶✵✮
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▲✐♠✐t❡ ❣❛✉ss✐❛♥♦ ❞❛ ❞✐str✐❜✉✐çã♦ ❜✐♥♦♠✐❛❧

◆♦ ♠á①✐♠♦ ❛ ❞❡r✐✈❛❞❛ ♣r✐♠❡✐r❛ s❡ ❛♥✉❧❛ ❡ ✜❝❛♠♦s ❝♦♠

ln p(h) = ln p(hm)−
L2

2N(L− 1)
(h− hm)

2 . ✭❆✳✶✶✮

❉❡s❝❛rt❛♥❞♦ ♦s t❡r♠♦s ❞❡ ♦r❞❡♠ ♠❛✐♦r t❡♠♦s

p(h) = C exp

( −L2

2N(L− 1)
(h− hm)

2

)

. ✭❆✳✶✷✮

❚r♦❝❛♠♦s p(hm) ♣♦r C ♣♦rq✉❡ ❛s ❞✐✈❡rs❛s ❛♣r♦①✐♠❛çõ❡s q✉❡ ✜③❡♠♦s ♥♦s ♦❜r✐❣❛♠ ❛

r❡♥♦r♠❛❧✐③❛r ❛ ❞✐str✐❜✉✐çã♦✳ ❉❡ss❛ ❢♦r♠❛✱ ❝❛❧❝✉❧❛♠♦s

∫ ∞

−∞
C exp

( −L2

2N(L− 1)
(h− hm)

2

)

dh =

√

π
2N(L− 1)

L2
, ✭❆✳✶✸✮

q✉❡ ✐♠♣❧✐❝❛ ❡♠ C = L/
√

2πN(L− 1)✳ ❉❡ss❛ ❢♦r♠❛ ❛ ❞✐str✐❜✉✐çã♦ ♥♦ ❧✐♠✐t❡ ❛ss✐♥tót✐❝♦

s❡ t♦r♥❛

pRD(h) =

√

L

2πt(L− 1)
exp

( −L

2t(L− 1)
(h− hm)

2

)

, ✭❆✳✶✹✮

♦♥❞❡ ✉s❛♠♦s q✉❡ N = Lt✳ ❙❡ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ♦ s✐st❡♠❛ é ♠✉✐t♦ ❣r❛♥❞❡ t❡r❡♠♦s

pRD(h) =
1√
2πt

exp

(−(h− t)2

2t

)

, ✭❆✳✶✺✮

♦♥❞❡ ✉t✐❧✐③❛♠♦s q✉❡ 〈h〉 = N/L = t
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❆♣ê♥❞✐❝❡ ❇

❯♠❛ ♣r♦♣r✐❡❞❛❞❡ s✐♠♣❧❡s ❞❡ ❢✉♥çõ❡s

♣❡r✐ó❞✐❝❛s

❈♦♥s✐❞❡r❡ ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ h(x)✱ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ L

❡ q✉❡ s❛t✐s❢❛ç❛ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ♣❡r✐ó❞✐❝❛s t❛✐s q✉❡ h(x) = h(x + L)✳ P♦❞❡♠♦s

❞❡r✐✈❛r ❡ss❛ ❝♦♥❞✐çã♦ ❞✐✈❡rs❛s ✈❡③❡s ❡ ❝♦♥❝❧✉✐r q✉❡✱ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡ n✱ ❛ s❡❣✉✐♥t❡

❡q✉❛çã♦ é ✈á❧✐❞❛✿
dnh(x)

dxn
=

dnh(x+ L)

dx
. ✭❇✳✶✮

P♦❞❡♠♦s ♠♦str❛r q✉❡ ❛ ♠é❞✐❛
〈

dnh
dxn

〉

é ♥✉❧❛ ❢❛③❡♥❞♦

〈

dnh

dxn

〉

=
1

L

∫ a+L

a

dnh

dxn
dx =

1

L

(

dn−1h

dxn−1

∣

∣

∣

∣

∣

a+L

− dn−1h

dxn−1

∣

∣

∣

∣

∣

a

)

, ✭❇✳✷✮

q✉❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❇✳✶ é ✐❣✉❛❧ ❛ ③❡r♦✳
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