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�/��$�+�� � �!$!� s3� ,� �3-�(����, #� +!#���3� ! $����� ,3���� "4/�#�� # ! Q 3,�����t� ,3��! t4+�(C u�#����� �, �(/3,�� (�#S�� $��-�� +(��! s3� ���� $�������� !* �"����$� ����� �, ,�3 #!,�* +�5� ��,5Q, � ����� "���!�� ��"�+���� s3� �� vw���, "����#���$����� !3 �#$�����,�#�� "��� � ���(�w�� ! $���� ���5�(S!Cx 	!(��#�* ,�#S� #�,!��$�* "!� ,� �#+�#��&�� � t�w�� � �#�+��� ! #� "1�./��$�� !*"!� ,� �3-�(��� #!� ���3$!� $3��#�� �!$! ! +3��!* "!� �+����� ,�3 ,�3 S3,!� s3�#$!�(/! ����&� ����$! +!, ,�3 ���5�(S!* "!� $��-�� $� t�w�� !3���� +!���� "��� ����� �!,�3 (�$! s3�#$! �3 ,��� "��+���&�* "!� ��,5Q, ����� ��+��&�#$! 3,� $�������� ! � "!��(/3,�� &�w�� �5$�+�� $!� ��3� � �� "��!+3"�� +!, !� ,�3� "�!5(�,��* "!� ��3 �,!� # !�1 �/��$��! ,�� $�$�+! ����� "4/�#��C u� �,!Cx 	�!t�C ���C ��,!#� ����� $� �!����* !���#��$!�� $���� $�������� !* s3� +!, �3���5�$!��� &�3 �, ,�, �(/3, "!��#+��(* ,� �#+�#��&�#$! � # ! $���#�,�� � # ! �5�#$!#��,�3� !5y���&!�* "�(�� ,3���� $��+3��z��* +!����z�� � �3/���z�� �! (!#/! $� +���� ! $����*,�� �+�,� $� �3$! "!� ��� +!,"���#��&� � "�+��#�� +!, ���� "��#+�"��#�� #! ���3$! $�����,4��+�Cx 	�!t�C ���C ������#� ��#$�� $� R��3�* +!.!���#��$!�� $���� $�������� !* "!� �3��y3$� +!, ! ��,� � �#������� #!� ���3(��$!�C�!� +!(�/�� $� +3��!* �!� s3� �#/�������, �#��� � $�"!�� $� ,�,* �!$!� &!+0� ��� !��#$! (�,5��$!� � ,���+�, ,�3� �/��$�+�,�#�!� "�(!� 5!#� � ,�3� ,!,�#�!� +!,"��.��(S�$!� �! (!#/! $! +3��!C�!� ���&�$!��� s3� ,�#��#S�, #!��� ��(� $� ���3$!� (�,"� � !�/�#�w�$� "��� ���,!�3, (!+�( $�/#! "��� ���3$��Cx ����� 2!����* ,�#S� , �* "!� �+��$���� �, ,�, $� !(S!� t�+S�$!� � "!� ��3 �,!��#+!#$�+�!#�(C � �* ���� &��1��� Q "�� &!+0C� '��#�#$� � {��,��* ,�#S� ��, � +3#S�$!* "�(!� ,3��!� ,!,�#�!� $� $��+!#���� !� "�(! �"!�! v#�#+���! �, �(/3#� v#��� $� ��,�#� � t����$!� �, s3� "3$� ,� �t����� $�)��!��C� ���54�� � 	�$�!* ,�3� �!5��#S!�* "!� ����, ,3��! �#��(�/�#��� � $���� t!�,� ,��#+�#��&���, � # ! v+�� "��� ��4�C�! ����3� � �6&��* ,�3 ��, ! � +3#S�$�* "!� ��5�� s3� ,��,! $����#��� ����&�,"��!+3"�$!� � �!�+�#$! "!� ,�,C T�/!�� �3 |,������}UC�!� ,�3� t�,�(����� �, /���(* "�(�� !���z�� � "!� ,� "�!"!�+�!#���,,3��!� ,!,�#�!�$� �(�/��� �! (!#/! $� �!$� � &�$�Cx �	'* ��"�+��(,�#�� % �(�3��* "!� ,�#��� ,�3 s3���! �#��+�! �#s3�#�! ����&� t!��� "!� ,� �+����� #!&�,�#�� �, �3� +��� +!,"(���#$! �/!�� s3��� 3,� $Q+�$� $� +!#.
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I � ��¤��� ��� ¥����� ������������ K¦OCP � ��"��! $!� �(�,�#�!� $� +!#���! C C C C C C C C C C C C C C C C C C C C C C P¡OCO � ��"��! $�� �3�&�� ��/�#$���#�� C C C C C C C C C C C C C C C C C C C C C C OPOCM '��#��� $� �#$�� 	(�#�� C C C C C C C C C C C C C C C C C C C C C C C C C C C C OM
§ �� ����������� �� ������� �� ������� �� ����� ������ §�MCP {#&����#��� u!"!(1/�+!� C C C C C C C C C C C C C C C C C C C C C C C C C C C C C M�MCO {#&����#��� ��"! )����(��& C C C C C C C C C C C C C C C C C C C C C C C C C C C C M�MCM �s3�&�(0#+�� $� '��#��� $� �#$�� 	(�#�� C C C C C C C C C C C C C C C C C C C M¨MCMCP �(����� $� '��#��� $� �#$�� � �(����� $� ��,����� C C C C C C C C C C M¡MC¢ �� {#&����#��� RO.�#$�"�#$�#��� C C C C C C C C C C C C C C C C C C C C C C C ¢¨MC¢CP � $��+��,�#�#�� C C C C C C C C C C C C C C C C C C C C C C C C C C C C C ¢¨MC¢CO �!.!���#���z�� $!� ������!� $� +!$�,�#� ! P $! $��+��,�#�#�� C C C ¢¡MC¢CM �� � �#&����#��� 54��+!� RO.�#$�"�#$�#��� C C C C C C C C C C C C C C �¢MC� �� �#&����#��� $� t��#��� $� !#$�� "(�#�� $�"�#$�#��� $�� !���#���z�� C C C ¡�MC�CP �� � �#&����#��� 54��+!� RO.$�"�#$�#��� C C C C C C C C C C C C C C C ¡�
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PCP u��#�&����(�$�$� C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C £PCO �� #1� � ! �"(�+��z�� ���4&��� �,
R

3 C C C C C C C C C C C C C C C C C C C C C PPPCM �!#� b2 = ac C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C POPC¢ ���+�,�#�! $� $3�� +±�"�$�� C C C C C C C C C C C C C C C C C C C C C C C C C C P�
OCP 	�!"�/�� ! $� !#$� C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C P¨OCO '��#�� $� !#$� #! �#���#��

t C C C C C C C C C C C C C C C C C C C C C C C C C C P¡OCM ��"��! $!� �(�,�#�!� $� +!#���! $! "(�#! C C C C C C C C C C C C C C C C C C P£OC¢ �3�&�� (�/�#$���#�� � �3�� "�!y��z�� t�!#����C C C C C C C C C C C C C C C C C O¢OC� �3�&�w�� ! $� 3, "!#�! $� +±�"�$�C C C C C C C C C C C C C C C C C C C C C C C O¨OC� '��#��� $� !#$�� "(�#�� !���#��$�� C C C C C C C C C C C C C C C C C C C C C C O¨OC¨ '��#��� $� !#$�� "(�#�� !���#��$�� � +!.!���#��$�� C C C C C C C C C C C C C C O¡OC¡ �� +±�"�$�� � �3�� +���+���6���+�� C C C C C C C C C C C C C C C C C C C C C C C O£OC£ '��#�� $� !#$� "(�#� +!, �"�#�� 3, "!#�! $� +±�"�$�C C C C C C C C C C C C MNOCPN '��#��� $� !#$�� +!, $!�� "!#�!� $� +±�"�$�C C C C C C C C C C C C C C C C C MNOCPP u���!� $� $3�� t��#��� $� !#$�� "(�#�� �s3�&�(�#��� C C C C C C C C C C C C C MPOCPO ��,�#S! �#��� �� t��#��� $� !#$� α �
β C C C C C C C C C C C C C C C C C C C C MPOCPM �� $3�� t��#��� $� !#$�� "(�#�� � ! �s3�&�(�#���² C C C C C C C C C C C C C C MPOCP¢ 
,� ��#����&� $� �#+!#���� 3, +�,�#S! �#��� �� t��#��� $� !#$�� α �

β C C MOOCP� '��#��� $� !#$�� "(�#�� 54��+�� +!, 6#$�+��
i
�
µ
$�$!�C C C C C C C C C C C MMOCP� '�,6(�� $� +3�&�� "(�#�� 54��+�� $� ��#!($C C C C C C C C C C C C C C C C C C M¢

MCP '��#��� $� !#$�� /�#Q��+�� � # ! /�#Q��+��C C C C C C C C C C C C C C C C C C C M¨MCO �&�#�!� (!+�(,�#�� # ! /�#Q��+!�C C C C C C C C C C C C C C C C C C C C C C C C M¡MCM �&�#�!� $! ��"! K RO.�#$�"�#$�#���* RO.$�"�#$�#��� � �3�� ��,������ C C ¢NMC¢ �&�#�!� $! ��"! T RO.�#$�"�#$�#���* RO.$�"�#$�#��� � �3�� ��,������ C C ¢PMC� �&�#�!� $! ��"! Π RO.�#$�"�#$�#���* RO.$�"�#$�#��� � �3�� ��,������ C C ¢OMC� �&�#�!� $! ��"! Λ RO.�#$�"�#$�#���* RO.$�"�#$�#��� � �3�� ��,������ C C ¢OMC¨ �-�,"(! $� 3, +�,�#S! /�#Q��+!C C C C C C C C C C C C C C C C C C C C C C C C ¢MMC¡ �� $!�� +�,�#S!� +!#�+��, �� ,��,�� t��#��� $� !#$��C C C C C C C C C C C ¢¢MC£ ��,�#S! /�#Q��+!C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C ¢¢MCPN �3�� t��#��� $� !#$�� "(�#�� J+.�s3�&�(�#���C C C C C C C C C C C C C C C C C ¢�MCPP �3�� t��#��� $� !#$�� "(�#�� J−.�s3�&�(�#���C C C C C C C C C C C C C C C C C ¢�MCPO �3�� t��#��� $� !#$�� "(�#�� Sp.�s3�&�(�#���C C C C C C C C C C C C C C C C C ¢�MCPM �3�� t��#��� $� !#$�� "(�#�� λ.�s3�&�(�#���C C C C C C C C C C C C C C C C C C ¢�
&��



MCP¢ {(3����� ! "��� ! $��+��,�#�#�� #! ��"��! Ω1,0 C C C C C C C C C C C C C C C C C ¢¡MCP� 
, +�,�#S! �#��� � t��#�� $� !#$� ω1,0
"��� �(� ,��,�C C C C C C C C C C C ¢£MCP� ��3w�,�#�! "�(! ������! $� "!#�!� ���"(!�C C C C C C C C C C C C C C C C C C C �NMCP¨ �-�,"(! $� t��#�� $� !#$� !���#��$� "����#$! "!� 3, "!#�! ���"(!C C C C C �PMCP¡ ��$�, +6+(�+� $!� (�$!� $!� ���³#/3(!� $���"���+�#$!�C C C C C C C C C C C C �PMCP£ ��$� (�$! $! ���³#/3(! $���"���+�#$! ��, �3� "�1"��� !���#��� !C C C C C C �PMCON u��³#/3(!� s3� #��+�, � ,!���, � ��3� ��#���C C C C C C C C C C C C C C C C C �OMCOP �� +!.!���#���z�� (!+��� $! ������! $� +!$�,�#� ! P C C C C C C C C C C C C C �MMCOO �!��0#+�� (!+�( #! ������! KK C C C C C C C C C C C C C C C C C C C C C C C C ��MCOM �!��0#+�� (!+�( #! ������! TT C C C C C C C C C C C C C C C C C C C C C C C C C �¨MCO¢ �!��0#+�� (!+�( #! ������! ΠΠ C C C C C C C C C C C C C C C C C C C C C C C C C �¨MCO� �!��0#+�� (!+�( #! ������! ΛΛ C C C C C C C C C C C C C C C C C C C C C C C C C �¡MCO� �!��0#+�� (!+�( #! ������! KΠ C C C C C C C C C C C C C C C C C C C C C C C C C �£MCO¨ �!��0#+�� (!+�( #! ������! KT C C C C C C C C C C C C C C C C C C C C C C C C C �NMCO¡ �!��0#+�� (!+�( $! ������! Π

#! ������! TΠ C C C C C C C C C C C C C C C C C C �PMCO£ �!.!���#��� ! $! ������! T "���! $! ������! TΠ C C C C C C C C C C C C C C C �PMCMN �!��0#+�� (!+�( #! ������! TΠ C C C C C C C C C C C C C C C C C C C C C C C C C �OMCMP �!��0#+�� (!+�( #! ������! ΠΛ C C C C C C C C C C C C C C C C C C C C C C C C C �MMCMO �� ��,!� # ! � ! +!#�+��$!� "!� 3,� t��#�� $� !#$� ��, +±�"�$�C C C C C C �¢MCMM �� ��,!� # ! � ! +!#�+��$!� "!� 3,� t��#�� $� !#$� ��, +±�"�$�C C C C C C �¢MCM¢ 
, +�,�#S! # ! +!#��4��( �, Ω1,2 C C C C C C C C C C C C C C C C C C C C C C ��MCM� 
, +�,�#S! # ! +!#��4+��( �, Ω1,0 C C C C C C C C C C C C C C C C C C C C C C �¨MCM� 
, +�,�#S! # ! +!#��4+��( �, Ωn−1,0 C C C C C C C C C C C C C C C C C C C C C �¡MCM¨ � "����/�, $� 3, (��! "!� 3, "�� $� +±�"�$�� C C C C C C C C C C C C C C C �¡MCM¡ �3�( ! &�(!� $!� �#&����#��� �, α
² C C C C C C C C C C C C C C C C C C C C C C �£MCM£ 	������!�´� $�

β "��� α C C C C C C C C C C C C C C C C C C C C C C C C C C C C C �£MC¢N �-�,"(! $� �!,� +!#�-� $� $3�� t��#��� $� !#$�� "(�#��C C C C C C C C C C ¨NMC¢P �6�+3(!� +!, +!.!���#���z�� !"!����C C C C C C C C C C C C C C C C C C C C C C ¨NMC¢O 	!#��� �, "!���z�� $�t���#��� C C C C C C C C C C C C C C C C C C C C C C C C C C ¨PMC¢M ��,�#S! �#���
θ
�
ω1,0 C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C ¨PMC¢¢ '��#��� $� !#$�� 54��+�� ωi,0 C C C C C C C C C C C C C C C C C C C C C C C C C C ¨OMC¢� ��,�#S! �#���

θ
�
γ C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C C ¨MMC¢� �� &�(!��� $!� �#&����#��� $�� +3�&�� ω1,µ C C C C C C C C C C C C C C C C C C C ¨MMC¢¨ � �!,� +!#�-� $3��#�� �� "������!�´�� C C C C C C C C C C C C C C C C C C C C ¨¢MC¢¡ 	������!�´� �(�,�#���

P1 C C C C C C C C C C C C C C C C C C C C C C C C C C C C ¨�MC¢£ 	������!�´� �(�,�#���
P2 C C C C C C C C C C C C C C C C C C C C C C C C C C C C ¨�MC�N 	������!�´� �(�,�#���
P3 C C C C C C C C C C C C C C C C C C C C C C C C C C C C ¨�MC�P 	������!�´� �(�,�#���
P4 C C C C C C C C C C C C C C C C C C C C C C C C C C C C ¨�MC�O 	������!�´� �(�,�#���
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C∞(S1,M)C����,* ��+��$� �, ¸��P¹ +!#��$��!3 ! $��+��,�#�#��
∆

$�
C∞(S1,M)

+!,! ��#$! �-�.��,�#�� ! +!#y3#�! $�� +3�&�� (�/�#$���#�� +!, t��#��� $� !#$�� # ! /�#Q��+��C )���,!�s3� !� �#&����#��� ���!+��$!� %� t��#��� $� !#$�� ��� ! ��(�+�!#�$�� �!� ��/3�#��� �&�#�!�L�3�!.��#/0#+���* "!#�!� ���"(!�* ��#/0#+�� +!, +±�"�$� � #��+�,�#�! $� +±�"�$�C����� +�"6�3(!* +(����v+�,!� !� $�t���#��� ������!� $� +!$�,�#� ! 1
$�

∆
* �, ��/3�$��,"!,!� 3,� +!#$�� ! $� +!.!���#��5�(�$�$� �!5�� !� ������!� $� +!$�,�#� ! 2 !5��#$!3, �����,� $� �s3��z�� (�#�����* +S�,�$! ;:;<=Ö8 @Â=>=A<=C '�#�(,�#�� ��+!(S�,!� 3,+!#y3#�! ��,"(�� $� /���$!��� (�#���,�#�� �#$�"�#$�#��� $! +!#y3#�! �!(3� ! $! �����,�+!���#�� � ����&Q� $� +!,5�#��z�� (�#����� $����� �!(3�z�� $����,�#�,!� !� �#&����#���$�� t��#��� $� !#$�� "(�#��C u�,5Q, ,!����,!� �(/3,�� "�!"���$�$�� $����� �#&����#���*"!� �-�,"(! s3� � ! �$���&!� "�(� �!,� +!#�-�C'�#�(,�#�� #! ��"6�3(! 4

* 5����#$!.#!� #! ���5�(S! ¸�R.�'¹* $��+��&�,!� 3,,Q�!$!"��� +�(+3(�� !� �#&����#��� $� t��#��� $� !#$�� $� ��+��$�C ���� ,Q�!$! +!#����� �, $�.+!,"!� 3,� t��#�� $� !#$� �, t��#��� $� !#$�� 54��+�� ����&Q� $� "!#��� � +�#���C �t1�,3(� s3� ����5�(�+�,!� �s3� #!� "��,��� !5��� !� �#&����#��� $� t��#�� $� !#$� �#�+��(�, ���,!� $!� �#&����#��� $�� t��#��� $� !#$�� 54��+��* ��$3w�#$! +!#��$���&�(,�#�� !�+4(+3(!�C �(Q, $���!* ���� ,Q�!$! ��,5Q, "��,��� ����#$�� ! +4(+3(! $!� �#&����#��� "���+!(��z�� $� t��#��� $� !#$�� "(�#��C�, ���3,! !� "��#+�"��� ���3(��$!� $��+3��$!� #���� $�������� ! � ! !� ��/3�#��� ��"!�$� �s3�&�(0#+��L
. �s3�&�(0#+�� +!,! #1� (�/�#$���#!� ����&Q� $!� 6#$�+�� $� |�S��#� } � $� ���(!&*#! +�"6�3(! OÙ
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. �s3�&�(0#+�� +!,! t��#��� $� !#$�� "(�#�� ����&Q� $!� �#&����#��� $� ��+��$�
RO.$�"�#$�#���Ù

��#$! s3� !� 6#$�+�� $��S��#�  � ���(!& � ! �#&����#��� +!,"(��!� � !� $�,��� �#&����#���# ! � !C
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����� +�"6�3(! &���,!� �(/3#� ���3(��$!� � $�v#��z�� 54��+�� $� u!"!(!/�� ��t���#+��(� �(/3,�� �Q+#�+�� $� u�!��� $� ��#/3(���$�$�� s3� "!$�, ��� �#+!#���$!� �, &4��!�(�&�!� $� 5�5(�!/��v� +!,! ¸2�5¹* ¸2!.23¹ � ¸��.�'¹C '3#$�,�#��(,�#�� !� ���3(��$!�$� y��!�* �!"!(!/��� $� �S��#� * ���#�&����(�$�$� � ����5�(�$�$� "!$�, ��� �#+!#���$!�#!� +�"6�3(!� {{ � {{{ $� ¸2!.23¹C
àáà âãäåæçè éêëìíîïêè ê ìðñçîïêè
u!$�� �� &����$�$�� � �"(�+��z�� s3� &�,!� +!#��$���� ��� ! C∞

� ,�#!� s3� �� $�/� !+!#��4��!C��$�� $3�� &����$�$�� $�t���#+�4&��� X �
Y

$�#!��,!� "!�L
�U

Cr(X, Y ) :=
��"��! $� �!$�� �� �"(�+��z�� $�

X
�, Y

$� +(����
Cr C ��

X = Y��+��&���,!� ��,"(��,�#��
Cr(X)C��U

C∞(X, Y ) :=
��"��! $� �!$�� �� �"(�+��z�� $�

X
�, Y

$� +(����
C∞

$�
X

�, Y C��
X = Y

��+��&���,!� ��,"(��,�#��
C∞(X)C

���������� K·K ?=ò8Ö X = Y Æ8>:=Ã8Ã=; Ã:× =>=A@:óÆ=:; = f : X −→ Y ÅÖ8 8ØÈ:@8ôõÂÃ:× =>=A@:óÆ=Èö ?= f <=Ö ØÂ;<Â Öó÷:ÖÂø =A<õÂù
:ú f û ÅÖ8 üýþÿ��� ;=ø = ;ÂÖ=A<= ;=ø dimX ≤ dimY.

::ú f û ÅÖ8 ���ýþÿ��� ;=ø = ;ÂÖ=A<= ;=ø dimX ≥ dimY.

:::ú f û ÅÖ ýþÿ����� ;=ø = ;ÂÖ=A<= ;=ø f û ÅÖ8 :Ö=>;õÂ :Aò =<:Æ8ö
��®����� K·I ?=ò8Ö α, β : I −→ R

2

s 7−→ α(s), β(s)

Ø8>8Ö=<>:�8ô	=; Ã= @Å>Æ8; ØÈ8A8;ö Õ:�=

ÖÂ; �Å= α = β ;õÂ ��ý��
�ü��� ;=ø = ;ÂÖ=A<= ;=ø =÷:;<= ÅÖ8 8ØÈ:@8ôõÂ @ÂA<�AÅ8

ϕ : I × I −→ R
2

(s, t) 7−→ ϕ(s, t)

�



� ���� �����

<8È �Å= {
ϕ(s, 0) = α(s)
ϕ(s, 1) = β(s)

Ø8>8 <ÂÃÂ s ∈ I ö� 8ØÈ:@8ôõÂ ϕ û @Ê8Ö8Ã8 ÊÂÖÂ<ÂØ:8 =A<>= α = β ö
��w�,!� s3� �� +3�&�� α �

β
� ! �����¤���� ��* � �!,�#�� ��*

α
�
β
� ! S!,!�1"�+��� "��� +�$�

t ∈ I
� �"(�+�� ! ϕt = ϕ|I×{t}

Q 3,� �,��� !* !3 ��y�*
α

�
β

� ! ��!�1"�+����* � �!,�#�� ��* �-����
ϕ : I × I −→ R

2

(s, t) 7−→ ϕ(s, t)

�"(�+�� ! +!#�6#3� ��( s3� {
ϕ(s, 0) = α(s)
ϕ(s, 1) = β(s)

"��� �!$! s ∈ I
�

ϕt : I −→ R
2

s 7−→ ϕt(s) = ϕ(s, t)
Q �,��� ! "��� �!$! t ∈ I C

àá� �çñðè
��®����� K·§ ?=ò8Ö X = Y Æ8>:=Ã8Ã=; Ã:× =>=A@:óÆ=:; Ã= Ã:Ö=A;	=; m = nø >=;Ø=@<:Æ8
Ö=A<=ø = ;=ò 8 x ∈ X ö Õ8Ã8; ÃÅ8; 8ØÈ:@8ô	=; f, g : (X, x) → (Y, y)ø @ÂÖ f(x) = y = g(x) ö

:ú Õ:>=ÖÂ; �Å= f = g <=Ö ������� �þ �ÿüýþüÿ� �ÿ�þý =Ö x ;= (df)x = (dg)x
@ÂÖÂ8ØÈ:@8ô	=; Ã= TxX → TyY ø = Ã=AÂ<8ÖÂ; ØÂ> f ∼ g ö

::ú Õ:>=ÖÂ; �Å= f = g <=Ö ������� �þ �ÿ�þý
k =Ö x ;= (df) : TX → TY <=Ö @ÂA<8<ÂÃ= Â>Ã=Ö k − 1 @ÂÖ (dg) =Ö <ÂÃÂ ØÂA<Â =Ö TxX ø = Ã=AÂ<8ÖÂ; ØÂ> f ∼k g

ö
���������� K·©  �Å:Æ8È=A<=Ö=A<=ø ;=ò 8 U ÅÖ ;Å!@ÂAòÅA<Â 8!=><Â Ã=

R
n = p ÅÖ ØÂA<ÂÃ= U ö ?=ò8Ö f, g : U −→ R

n
8ØÈ:@8ô	=; Ã:× =>=A@:óÆ=:;ø =A<õÂ f ∼k g

=Ö x ;=ø = ;ÂÖ=A<=;=
∂|α|fi
∂xα

(x) =
∂|α|gi
∂xα

(x),

∀α ÖÅÈ<:
�AÃ:@= <8È �Å= |α| ≤ k ø ÂAÃ= fi = gi ;õÂ 8; ×ÅAô	=; @ÂÂ>Ã=A8Ã8; Ã= f = g @ÂÖ
1 ≤ i ≤ n = x1, ..., xm

8; @ÂÂ>Ã=A8Ã8; Ã= p =Ö U ö ";<Â �Å=> Ã:�=> �Å= f ∼k g
;=ø = ;ÂÖ=A<=;=ø f = g ØÂ;;Å=Ö Â Ö=;ÖÂ Ã=;=AÆÂÈÆ:Ö=A<Â Ã= Á8#ÈÂ> Ã= Â>Ã=Ö k ö

� ��(�� ! |+!#���! $� !�$�, k
} $�v#�$� �+�,� Q 3,� ��(�� ! $� �s3�&�(0#+�� �!5�� !+!#y3#�! Crx,y(X, Y )

$�� �"(�+��z�� r &�w�� $�t���#+�4&��� $� X �, Y
* +3y� �,�/�, $�

x
Q

y C ��#!����,!� "!� Jk,rx,y(X, Y ) = Crx,y/ ∼k C �3�#$! r = ∞
* t�w�,!� Jkx,y(X, Y )C ��y�,

Jk,r(X, Y ) =
⋃

(x,y)∈X×Y ) J
k,r
x,y(X, Y )

�
Jk(X, Y ) =

⋃
(x,y)∈X×Y ) J

k
x,y(X, Y ).

��®����� K·� $; =È=Ö=A<Â; Ã= Jk(X, Y ) ;õÂ @Ê8Ö8ÃÂ; k%&���� Ã= 8ØÈ:@8ô	=; Ã=X =Ö
Y ö



¨ ���� �����

��®����� K·' ?=ò8 σ = jkf(x) ∈ Jk(X, Y ) ÅÖ k 
ò 8<Âø ÂAÃ= f û ÅÖ >=Ø>=;=A<8A<= Ã8
@È8;;= Ã= =�Å:Æ8È(A@:8 Ã= σ =Ö Jkx,f(x)(X, Y ) ö ÄÊ8Ö8>=ÖÂ; x ∈ X

Ã= )���þ Ã= σ =
y = f(x)

8 ýþ�� Ã= σ ö ÄÂA;=�Å=A<=Ö=A<= <=ÖÂ; 8 ���ü��*�� )���þα : Jk(X, Y ) → X =8 ���ü��*�� ýþ��β : Jk(X, Y ) → Y ø Ã8Ã8; >=;Ø=@<:Æ8Ö=A<= ØÂ>α(σ) = x =β(σ) = f(x).

�� $�#!��,!� "!� Akm ! ��"��! $!� "!(�#+,�!� $� /��3 ,�#!� !3 �/3�( � k �, m &�.��4&���* +!, +!�v+��#��� �,
R

� s3� �� �#3(�, #� !��/�, ����,!� ! ��/3�#�� ��!,!�v�,!
Akm ≈ R

N * !#$� N = d(m, k) + d(m, k − 1) + . . . + d(m, 1)
�

d(m, k) = (m+k−1)!
(m−1)!k!

C �!#��s3�#��,�#�� "!$�,!� +!#��$���� Akm 3,� &����$�$� C∞ C�� t!�,� �#�(!/�* Bk
m,n = ⊕n

i=1A
k
m

Q ��,5Q, 3,�
C∞.&����$�$�* +3y� $�,�#� ! Q

dimBk
m,n = n · dimAkm = n ·N C

������� K·¦ ,-F�GF�. p.40./ ?=ò8Ö X = Y C∞ 
Æ8>:=Ã8Ã=; <8:; �Å= dimX = m =
dimY = n ö  A<õÂ Jk(X, Y ) û ÅÖ8

C∞ 
Æ8>:=Ã8Ã= Ã= Ã:Ö=A;õÂ m + n + dimBk
m,n

= 8;8ØÈ:@8ô	=; α = β ;õÂ ;Å!Ö=>;	=; C∞ ö
��y�, X

�
Y &����$�$�� C∞ C ��#!��,!� "!� Xs = X ×X × ...×X︸ ︷︷ ︸

s
&�w��

� $�v#�,!�L

X(s) =
{

(x1, ..., xn) ∈ Xs; xi 6= xj
"��� 1 ≤ i < j ≤ s

}

��y�
α : Jk(X, Y ) −→ X

� �"(�+�� ! t!#��* $�v#�,!� � �"(�+�� !
αs : (Jk(X, Y ))s −→ Xs

(σ1, ..., σs) 7−→ αs(σ1, ..., σs)$� ��/3�#�� t!�,�
αs(σ1, ..., σs) = (α(σ1), ..., α(σs)) = (x1, ..., xs).

��®����� K·0 ?=ò8 Jk(X, Y )
8 Æ8>:=Ã8Ã= ÃÂ; k 
ò 8<Â; Ã= X =Ö Y ø Ã=1A:ÖÂ; Â þ���*��þ ý���ü%&���� �þ �ÿ�þý k
þý

s 2�ÿü32þü�ø Ã=AÂ<8ÃÂ ØÂ>
sJ

k(X, Y )ø @ÂÖÂ ;=AÃÂ Â;=9Å:A<= ;Å!@ÂAòÅA<Â Ã= Jk(X, Y )s ù
sJ

k(X, Y ) = (αs)−1(X(s)), ÂÅ ;=ò8
sJ

k(X, Y ) =
{

(σ1, ..., σs) ∈ Jk(X, Y )s;α(σi) 6= α(σj),
Ø8>8 <ÂÃÂi 6= j

}
.

���������� K·ª ÄÂÖÂ X(s) û 8!=><Â =Ö Xs ;=9Å= �Å=
sJ

k(X, Y ) = (αs)−1(X(s)) û ÅÖ8!=><Â =Ö (Jk(X, Y ))s ø = ØÂ><8A<Â ÅÖ8 ;Å!Æ8>:=Ã8Ã= Ã:× =>=A@:óÆ=Èö
��®����� K·KJ ?=ò8 f : X −→ Y ÅÖ8 8ØÈ:@8ôõÂCr ø Â s%ý���ü k %&��� Ã= f û 8 8ØÈ:@8ôõÂ
sj
kf : X(s) −→s J

k(X, Y )
Ã8Ã8 ØÂ>ù

sj
kf(x1, ..., xs) = (jkf(x1), ..., j

kf(xs)).



¡ ��4� � C∞5��6�7�8Ì� 9: ;<Ì�=:>

àá? â
C∞@ñðAðãðäíç éê BCíñìêD

��y�, X
�
Y &����$�$�� $�t���#+�4&���C �!#��$���,!� k 3, #±,��! �#����! # ! #�/���&!�

U
3, �35+!#y3#�! $�

Jk(X, Y )C ��#!��,!� "!� Mk(U) ! ��/3�#�� �35+!#y3#�! $�
C∞(X, Y )

L
Mk(U) = {f ∈ C∞(X, Y ) : jkf(X) ⊆ U}.Ë t4+�( &�� s3� Mk(U)

⋂
Mk(V) = Mk(U

⋂
V).

���� K·KK � × 8Ö�È:8 Ã= ;Å!@ÂAòÅA<Â; {
Mk(U)

}ø ÂAÃ=U û ÅÖ 8!=><Â Ã=Jk(X, Y )ø × Â>Ö8
ÅÖ8 !8;= Ø8>8 ÅÖ8 <ÂØÂÈÂ9:8 =Ö C∞(X, Y ) ö
��®����� K·KI � <ÂØÂÈÂ9:8 :A<>ÂÃÅ�:Ã8 AÂ È=Ö8 EöEE û @Ê8Ö8Ã8

Ck %�������ü� �þ F�ü�%�þG =Ö C∞(X, Y )ø Ã=AÂ<8Ã8 ØÂ> Wk
ö

��®����� K·K§ �
C∞ %�������ü� �þ F�ü��þG =Ö C∞(X, Y ) û 8�Å=È8 @Åò8 !8;= û Ã8Ã8

ØÂ> W =

∞⋃

k=0

Wk

���������� K·K© � Ã=1A:ôõÂ Ã8Ã8 8@:Ö8 Å<:È:�8 8 AÂôõÂ Ã= k 
ò 8<Â; = =;<ó @ÂA<=÷<Å8È:
�8Ã8 @ÂÖ 8 ;=ôõÂ 8A<=>:Â> = @ÂÖ Â �Å= Æ=>=ÖÂ; 8 ;=9Å:>öHÂ =A<8A<Âø Ø8>8 Â AÂ;;Â @8;Â ØÂÃ=ÖÂ; <8Ö!ûÖ Å<:È:�8> 8 Ã=1A:ôõÂ Ã= C∞ 
<ÂØÂÈÂ9:8Ã= IÊ:<A=# Ã8Ã8 ØÂ> J:>;@Ê KJL ö
��y�, M

�
N &����$�$�� $� $�,�#�z��

m
�
n
* ���"�+��&�,�#��C ��$! f ∈ Cr(M,N)

*+!#��$���,!� ! ��/3�#�� �5���!
U(f) = {g ∈ Cr(M,N); ||Dk(ψifφi)(x) −Dk(ψigφi)(x)|| < Ei(x)},

!#$�
Φ = {φi, Ui}i∈Λ

Q 3, ��(�� "��� �
m.&����$�$�M,

Ψ = {ψi, Vi}i∈Λ
Q 3, ��(�� "��� �

n.&����$�$� N,
K = {Ki}i∈Λ

Q 3,� t�,6(�� $� +!,"�+�!� �,M,

+!, Ki ⊂ Ui
*
x ∈ φi(Ki)

*
g(Ki) ⊂ Vi

� Ei : M −→ R
∗
+

x 7−→ Ei(x)
* "��� �!$! iC� �!"!(!/�� �, Cr(M,N)

s3� ��, "!� 5��� !� �5���!� +!,! !� $��+���!� �+�,� Q+S�,�$�
Cr
G��¤������ «���� ,������/ !3 Cr

G��¤������ �� MN����O $�#!��$� "!�
Crs (M,N)C�

C∞
G��¤������ �� MN����O Q � 3#� ! $�� �!"!(!/��� �#$3w�$�� "!� C∞(M,N) →

Crs (M,N).
,� &�w $�$� 3,� �!"!(!/�� �!5�� C∞(X, Y )
* "!$�,!� t�(�� $� +!#y3#�!� $�#�!� �����$3��� �, C∞(X, Y )C
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��®����� K·K� ?=ò8X ÅÖ =;Ø8ôÂ <ÂØÂÈS9:@Âø Ã:�=ÖÂ; �Å=
:ú U ⊂ X û ÿþ�ü���� ;=ø = ;ÂÖ=A<= ;= û ØÂ;;�Æ=È =;@>=Æ(
ÈÂ @ÂÖÂ ÅÖ8 :A<=>;=ôõÂ=AÅÖ=>óÆ=È Ã= @ÂAòÅA<Â; 8!=><Â; Ã=A;Â;ø ÂÅ ;=ò8ø U ⊂ X û ÿþ�ü����⇔ U =

⋂

i∈N

Xi ø
ÂAÃ= @8Ã8 Xi û 8!=><Â =Ö X =Xi = X, ∀i ö

::ú X û ÅÖ þ���*� �þ T�üÿþ ;= <ÂÃÂ ;Å!@ÂAòÅA<Â >=;:ÃÅ8È Ã=X û Ã=A;Â =Ö X ö
���¤������ K·K' ,-F�GF�. p.44./ ?=ò8Ö X = Y Æ8>:=Ã8Ã=; Ã:× =>=A@:óÆ=:;ö  A<õÂ
C∞(X, Y ) û ÅÖ =;Ø8ôÂ Ã= U8:>= @ÂÖ 8

C∞ 
<ÂØÂÈÂ9:8 Ã= IÊ:<A=#ö
àáV WXçìèYêXèçãíéçéê
��®����� K·K¦ ?=ò8Ö X = Y Æ8>:=Ã8Ã=; Ã:× =>=A@:óÆ=:; = f : X → Y ÅÖ8 8ØÈ:@8ôõÂÃ:× =>=A@:óÆ=Èö ?=ò8Ö W ÅÖ8 ;Å!Æ8>:=Ã8Ã= Ã= Y = x ÅÖ ØÂA<Â =Ö X ø Ã:�=ÖÂ; �Å= fü��þÿ�þ��� W �ÿ���2þÿ���ýþ��þ þý

x = Ã=AÂ<8ÖÂ; ØÂ> f∩>W =Ö x ;=ø = ;ÂÖ=A<= ;=øù
:ú ÂÅ f(x) /∈W Z
::ú ÂÅ f(x) ∈W = Tf(x)Y = Tf(x)W + dxf(TxX) ö

����¤��[ ��y�, X = R = W
*
Y = R

2 �
f(x) = (x, x2)C �#� ! f ∩>W

�, �!$! x 6= 0 C� v/3�� PCP �(3���� ���� �-�,"(! � (�/����� "���3�5��z�� s3�
f "!$� �!t��� $� ,!$! s3�+!#��#3� ���#�&����( � W C

W

R
2

W

R
2

W

R
2

'�/3�� PCPL u��#�&����(�$�$�

��®����� K·K0 ?=ò8Ö X = Y Æ8>:=Ã8Ã=; Ã:× =>=A@:óÆ=:;ø A ÅÖ ;Å!@ÂAòÅA<Â Ã= X = WÅÖ ;Å!@ÂAòÅA<Â Ã= Y ø Ã:�=ÖÂ; �Å=ù
:ú f ü��þÿ�þ��� W

�ÿ���2þÿ���ýþ��þ þý
Aø = Ã=AÂ<8ÖÂ; ØÂ> f∩>W =Ö A ;=ø =;ÂÖ=A<= ;=ø f∩>W =Ö xø Ø8>8 @8Ã8 x ∈ A ö
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::ú f ü��þÿ�þ��� W �ÿ���2þÿ���ýþ��þ ;= f∩>X =Ö X.

���¤������ K·Kª ,-F�GF�. p.51./ ?=ò8Ö X = Y Æ8>:=Ã8Ã=; Ã:× =>=A@:óÆ=:; = W ÅÖ8
;Å!Æ8>:=Ã8Ã= Ã= Y ö ?ÅØÂAÊ8 dimW + dimX < dimY ø Ã8Ã8

f : X → Y ÅÖ8 8ØÈ:@8ôõÂÃ:× =>=A@:óÆ=Èø ;= f ∩>W =A<õÂ f(X) ∩W = ∅ ö
��®����� K·IJ ?=ò8Ö M ÅÖ8

m
Æ8>:=Ã8Ã= = K ÅÖ8 ;Å!Æ8>:=Ã8Ã= Ã=M Ã= Ã:Ö=A;õÂ
k ø 8 ���üýþ���� Ã=K =ÖM ø Ã=AÂ<8Ã8 ØÂ> codimK ø û Â ;=9Å:A<= AaÖ=>Âù

codimK = m− k.

HÂ @8;Â =Ö �Å= codimK = 1
Ã:�=ÖÂ; �Å=K û ÅÖ8 �ü�þÿ���þÿ)b�üþ Ã=M ö

���¤������ K·IK ,-F�GF�. p.52./ ?=ò8ÖX = Y Æ8>:=Ã8Ã=; Ã:× =>=A@:óÆ=:;øW ÅÖ8 ;Å!
Æ8>:=Ã8Ã= Ã= Y = f : X → Y ÅÖ8 8ØÈ:@8ôõÂ Ã:× =>=A@:óÆ=È <8È �Å= f ∩>W ø =A<õÂ f−1(W ) ûÅÖ8 ;Å!Æ8>:=Ã8Ã= Ã= X
Ã= Ö=;Ö8 @ÂÃ:Ö=A;õÂ �Å= W ö  Ö Ø8><:@ÅÈ8>ø ;=

dimX = codimW ø f−1(W ) @ÂA;:;<= ;ÂÖ=A<= Ã= ØÂA<Â; :;ÂÈ8ÃÂ;ö
������� K·II ,������� �� ���������������� �� �N��c -F�GF�. p.54./ ?=ò8Ö
X = Y Æ8>:=Ã8Ã=; Ã:× =>=A@:óÆ=:; = W ÅÖ8 ;Å!Æ8>:=Ã8Ã= Ã= Jk(X, Y ) ö ?=ò8
TW = {f ∈ C∞(X, Y )/jkf ∩> W}ø =A<õÂ TW û ÅÖ ;Å!@ÂAòÅA<Â >=;:ÃÅ8È =Ö C∞(X, Y )@ÂÖ 8

C∞ 
<ÂØÂÈÂ9:8 Ã= IÊ:<A=#ö �ÈûÖ Ã:;;Âø ;=W û × =@Ê8ÃÂø =A<õÂ TW û 8!=><Âö
������� K·I§ ,������� �� ���������������� ¤��� E����Gd����c -F�GF�. p.57./?=ò8Ö
X = Y Æ8>:=Ã8Ã=; Ã:× =>=A@:óÆ=:; = W ÅÖ8 ;Å!Æ8>:=Ã8Ã= Ã=

sJ
k(X, Y ). ?=ò8

TW = {f ∈ C∞(X, Y )/sj
kf ∩>W}ø =A<õÂ TW û ÅÖ ;Å!@ÂAòÅA<Â >=;:ÃÅ8È =Ö C∞(X, Y )@ÂÖ 8

C∞ 
<ÂØÂÈÂ9:8 Ã= IÊ:<A=#ö �ÈûÖ Ã:;;Âø ;=W û @ÂÖØ8@<8ø =A<õÂ TW û 8!=><Âö
àáe âAãífçîïêè gèñhYêíè
��®����� K·I© ?=ò8Ö f, g ∈ C∞(X, Y )ø @ÂÖ X = Y Æ8>:=Ã8Ã=; Ã:× =>=A@:óÆ=:;ö Õ:�=ÖÂ;�Å= f ûA%þi�ü2��þ��þ � g ø f ∼A g ø ;= =÷:;<=Ö φ : X → X = ψ : Y → Y

Ã:× =ÂÖÂ>1;ÖÂ;<8:; �Å= Â ;=9Å:A<= Ã:89>8Ö8 û @ÂÖÅ<8<:ÆÂù
X

f
//

φ

��

Y

ψ

��

X g
// Y

��®����� K·I� Õ:�=ÖÂ; �Å= f ∈ C∞(X, Y ) û A%þ��32þ� ;= =÷:;<= W Æ:�:AÊ8Aô8 Ã= f=Ö C∞(X, Y ) @ÂÖ 8
C∞ 
<ÂØÂÈÂ9:8 Ã= IÊ:<A=# <8È �Å= f ∼A f

′ ∀f ′ ∈W ö
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������[ )�,!� $�#!��� "!� E(X, Y ) ! �35+!#y3#�! $�
C∞(X, Y )

$�� �"(�+��z�� ���4&���$�
X

�, Y C�! (�&�! $� u!"!(!/�� ��t���#+��( $� 2!(35���´  � 23�((�,�# T&�y� ¸2!.23¹U �#+!#.���,!� �-�,"(!� $� �"(�+��z�� ���4&��� $!� s3��� $����+�,!� !� ��/3�#���L ����¤���[
1
U u!$�� �� �35,���z�� � ! ���4&���C

2
U
f ∈ C∞(X, Y )

�
X

+!,"�+�! �#� ! !� ,��/3(S!� � ! �"(�+��z�� ���4&���C
3
U
f ∈ C∞(X, Y )

*
X

+!,"�+�!* � $�, Y ≥ 2
$�, X + 1

f
Q ���4&�( ⇔ f

Q 3, ,��/3(S!C
3′
U �1� � ! ,��/3(S!� $� S1 �,

R
3 * "!���#�! � ! �-�,"(!� $� �"(�+��z�� ���4&���C�� t��!* S1 Q +!,"�+�! �

dimS1 = 1
�(Q, $���! dimR

3 = 3 = 2.1+1.
�� v/3��PCO ��� ! ��"����#��$!� �(/3#� #1� �,

R
3 C

'�/3�� PCOL �� #1� � ! �"(�+��z�� ���4&��� �,
R

3

� v/3�� PCO �(3���� #1� �,
R

3 +!, ��Q
7
|+�3w�,�#�!�}C � #!��� ! �#$�+�$�#� v/3�� �� $�&� � RC �C �(�-�#$�� � 2C ���//� �, 3, ����/! $� P£O¨ !#$� !#±,��! �#$�+� ! #±,��! $� |+�3w�,�#�!�} s3� ! #1 "!��3� � ! 6#$�+� $�#!���!$!� !� #1� +!, ���� s3�#��$�$� $� +�3w�,�#�!�C

���������� K·I' $ ;Å!@ÂAòÅA<Â Ã8; 8ØÈ:@8ô	=; =;<óÆ=:; =Ö ÅÖ Ã=<=>Ö:A8ÃÂ @ÂAòÅA<Â Ã=8ØÈ:@8ô	=; A=Ö ;=ÖØ>= û Ã=A;Â jAÂ @ÂAòÅA<Â Ã8; 8ØÈ:@8ô	=;úö  Ö KkÂ
kÅL =A@ÂA<>8ÖÂ;@ÂAÃ:ô	=; Ø8>8 8;;=9Å>8> �Å8AÃÂ Â @ÂAòÅA<Â E(X, Y ) û Ã=A;Â =Ö C∞(X, Y )
Ã8; �Å8:;Ã=;<8@8ÖÂ; Â ;=9Å:A<= @8;Âù?=ò8Ö X ÅÖ8

m
Æ8>:=Ã8Ã= = Y ÅÖ8
n
Æ8>:=Ã8Ã=ø ;= q = n−m û <8È �Å= 0 ≤ q ≤ 3 =

n < 7q + 9ø =A<õÂ E(X, Y ) û Ã=A;Â =Ö C∞(X, Y ) ö
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�� �"(�+��z�� ���4&��� +!#��$���$�� #���� ���5�(S! � ! �"(�+��z�� ���4&���* �,���z��*$�
S1 �, 3,� M.&����$�$� M C 	!���#�!* "�(� !5���&�� ! �+�,�* ! �35+!#y3#�! t!�,�$!"!� ���� �,���z�� Q $�#�! #! +!#y3#�! $�� �,���z�� $�

S1 �, M C
àán oíèfXíæíìçìñê
����� ���5�(S! &�,!� 3��(�w�� � u�!��� $� )����(��& "��� ���3$�� �� t��#��� $� !#$�� "(�#��*#���� ��!��� � t����,�#�� "��#+�"�( "��� ! ���3$! $� �#&����#��� �!"!(1/�+!� Q � ����3�3��$! $��+��,�#�#��* � /�!��! ,!$! ! $��+��,�#�#�� $� 3,� &����$�$�M Q 3,� �35&����$�$�
N

$�
M

s3� �����t�w 3,� $����,�#�$� "�!"���$�$�C
��®����� K·I¦ $ �ü��ÿüýü����þ Ã8 Æ8>:=Ã8Ã= C∞(X, Y )ø Ã=AÂ<8ÃÂ ØÂ> ∆ø û Â ;Å!@ÂA
òÅA<Â Ã8; 8ØÈ:@8ô	=; =Ö C∞(X, Y ) AõÂ =;<óÆ=:;ö

	��� �#��#$��,!� 3, "!3+! +!,! "!$� ��� $�v#�$! 3, $��+��,�#�#�� +!#��$���,!�! ��/3�#�� +��!L� $��+��,�#�#�� $�
H2(2)

* ! ��"��! $!� "!(�#+,�!� S!,!/0#�!� $� /��3 $!�� �, $3��
&���4&���* !3 ��y�*

H2(2) = {f(x, y) = ax2 + 2bxy + cy2; a, b ∈ R},

Q ! +!#y3#�!L
∆ = {f(x, y) ∈ H2(2); f

�$,��� ��6w�� ,±(��"(��}.�!�� s3�
f

�$,��� ��6w�� ,±(��"(�� ��* � �!,�#�� ��*
b2 = acC �� �$�#��v+�,!� +�$�

"!(�#+,�! +!, ! "!#�! (a, b, c)
$!� ��3� +!�v+��#��� �,

R
3 ����,!� s3� ! $��+��,�#�#��

∆
Q ! +!#� ��"����#��$! #� v/3�� PCMC

a

b

c

'�/3�� PCML �!#� b2 = ac

�� "���� �#���#� (�,���$� "�(! +!#� ��� ! !� "!(�#+,�!� s3� "!��3�, $3�� ��6w��+!,"(�-�� +!#y3/�$�� �#s3�#�! s3� #� "���� �-���#� ��� ! �s3�(�� s3� "!��3�, $3����6w�� ����� $����#���C �! "!#�! $� &���� $� t!�,�� s3�$�4��+�� +!, 2 &���4&���* $�#��! $!+!#�* $! (�$! $�����!* �� �#+!#���, �� $�v#�$�� "!����&��* $! (�$! ��s3��$!* �� $�v#�$��#�/���&�� � $! (�$! $� t!�� �� ��,�.$�v#�$��C �� "!#�!� ��/3(���� $! +!#� � ! !� $� t!�,�$� "!��! 1
� ! &Q���+� � t!�,� #3(� $� "!��! zeroC
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���������� K·I0 pó @ÂÖ=A<8ÖÂ; �Å= 8; @Å>Æ8; <>8<8Ã8; A=;<= <>8!8ÈÊÂ ;õÂ 8ØÈ:@8ô	=;=;<óÆ=:; Ã= S1 =Ö ÅÖ8 q
Æ8>:=Ã8Ã=M ø 8; 8ØÈ:@8ô	=; AõÂ =;<óÆ=:; Ã= S1 =ÖM ;õÂ 8�Å=
È8; �Å= ØÂ;;Å=Ö 8Ø=A8; ÅÖ ÃÂ; =Æ=A<Â;ù 8Å<Â
<8A9(A@:8ø ØÂA<Â; <>:ØÈÂ;ø <8A9(A@:8 @ÂÖ@a;Ø:Ã= ÂÅ A8;@:Ö=A<Â Ã= @a;Ø:Ã=;ö
����¤���[

1
U �, C∞(S1,M) ! $��+��,�#�#�� Q $�$! "!�L

∆ = {f ∈ C∞(S1,M); f "!��3� �(/3, $!� �&�#�!� +���$!� #� !5���&�� ! PCO¡C}
2
U �, C∞(S1,R3)

* � �35&����$�$� N = {f ∈ C∞(S1,R3); f
Q 3, #1 �,

R
3}

Q ! +!,."(�,�#��� $! $��+��,�#�#��* ���! Q*
N = C∞(S1,R2)\∆C

��������r��[
1
U � $��+��,�#�#�� "!$� ��� &���! +!,! ! +!,"(�,�#��� $�� �"(�+��z�� ���4&��� �,+�$� +��!C

2
U �-����, +���Q��!� "��� $����,�#�� �� �"(�+��z�� ���4&��� � "��!��C

���������� K·Iª �Â ;= =;<>8<:1 @8> ÅÖ =;Ø8ôÂ Â!<=ÖÂ; =;<>8<Â; Ã= Ã:× =>=A<=; @ÂÃ:Ö=A
;	=;ö
�!,! !5���&�,!� #!� �-�,"(!� �#����!��� ! $��+��,�#�#�� $�&� �#+(3�� �!$!� �s3�(���(�,�#�!� $! ��"��! +!, 3, +���! /��3 $� $�/�#���� !* $���� t!�,� t�w ��#��$! �����.��v+�� ! $��+��,�#�#�� ��/3#$! ! /��3 $� $�/�#���� ! T#! +��! $�� t!�,�� s3�$�4��+��! /��3 $� $�/�#���� ! Q ! +!"!��! $� t!�,�* �#s3�#�! #! +��! s3� ���3$�,!� ���4 �+!$�,�#� ! � � +(���� $� ��#/3(���$�$�UC 	��� !5���,!� �#t!�,��z�� �!"!(1/�+�� � ���"���!$! +!,"(�,�#��� $! $��+��,�#�#�� Q �,"!���#�� ��5�� +!,! ��� ! $��"!��!� !� ������!�$! $��+��,�#�#�� �#��� ��C 
����,!� � (�#/3�/�, $� y��!� �#��!$3w�$� #� ��� ! PCO "����$�#��v+�� s3��� �(�,�#�!� ����� ! #! $��+��,�#�#�� � �, ������!� $� s3��� +!$�,�#�z��C�!,! ����,!� ���3$�#$! �� �"(�+��z�� ���4&��� f $�

C∞(X, Y )
* +!#��$���,!� �3��-��#� ! �, ,3(��y��!�L

sj
kf : X(s) −→ sJ

k(X, Y )

(x1, . . . , xs) 7−→

(
x1, f(x1),

∂|α|fi
∂xα

(x1), . . . , xs, f(xs),
∂|α|fi
∂xα

(xs)

)
.

	��+���,!� ��5�� �� �� ��#/3(���$�$�� � ! $� t!�,� /�#Q��+� � "��� ��#�! $�&�,!� ����, ,�#��L� ��"! $� ��#/3(���$�$� s3� ����,!� ���3$�#$! Q ���$3w�$! "!� �s3��z�� �!5�� ��+!,"!#�#��� (a1, b1, . . . , as, bs, . . .)
$�

sJ
k(X, Y )C �!��,!� s3� $�"�#$�#$! $! #±,��!
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$� �s3��z��* $�v#�,!� 3,� �35&����$�$� �(/Q5��+� S �,
sJ

k(X, Y )
* !#$� ����,!� ���.5�(S�#$! +!, 3,� ��#/3(���$�$� ,3(��(!+�(* $� +!$�,�#� ! �/3�( �! #±,��! $� �s3��z��(�#���,�#�� �#$�"�#$�#���C
,� �"(�+�� ! f

���4 ��#/3(���$�$�� $! ��"! �-�/�$! ��* � �!,�#�� ��*
sj
kf(X(s)) ∩ S 6= ∅ C 	!� !3��! (�$!* Q t4+�( &���v+�� s3� dimX(s) < cod

sJk(X,Y )(S)C ����,�"(�+�#$! � 	�!"!��� ! PCP£ �
sj
kf : X(s) −→s J

k(X, Y )
� � �35&����$�$� S ��,!� s3�

jkf ∩> S
��* � �!,�#�� ��*

sj
kf(X(s)) ∩ S = ∅ C	�(! u�!��,� $� u��#�&����(�$�$� "��� ,3(��y��!�* TS = {f ∈ C∞(X, Y );s j

kf ∩> S}Q $�#�! �, C∞(X, Y )
� �(Q, $���! TS = {f ∈ C∞(X, Y ); sj

kf(X(s)) ∩ S = ∅} C ��#$!����,* ���� �"(�+��z�� # ! ��� ! ���� ��"! $� ��#/3(���$�$�* !3 �, (�#/3�/�, $� y��!�* 3,�
f /�#Q��+� �����t�w

sj
kf(X(s)) ∩ S = ∅ C {��! s3�� $�w�� s3� �� �"(�+��z�� +!, ���� ��"! $���#/3(���$�$� ��� ! #! $��+��,�#�#��C	��� �� �"(�+��z�� s3� ��� ! #! $��+��,�#�#�� +3y�� ��#/3(���$�$�� # ! � ! $����,�.#�$�� $� t!�,� /�#Q��+�* "!$�,!� �������v+4.(�� !3 �35$�&�$�.(�� $�"�#$�#$! $! /��3 $�$�/�#���� ! !3 $� +!$�,�#� !C � ��/3�� �-"(�+���,!� +!,! Q t���! ���� "�!+�$�,�#�!L	��,���!* +!#���36,!� 3,� t�,6(�� $� �"(�+��z�� +!, "��³,���!� �3v+��#��� ���� s3�

dimX(s) + dimU = cod
sJk(X,Y )(S)

* !#$� U Q ! ��"��! $!� "��³,���!�* �#� ! !5��,!� s3�
sj
kF (X(s) × U) ∩ S 6= ∅ !#$� F $�v#� 3,� t�,6(�� /�#Q��+� �

dimU ."��³,���!�L
jksF : X(s) × U −→ Jks (X, Y )

(x1, . . . , xs, u) 7−→

(
x1, Fu(x1),

∂|α|Fui

∂xα
(x1), . . . , xs, Fu(xs),

∂|α|Fui

∂xα
(xs)

)

���! Q*
∃u ∈ U

��( s3�
Fu

"!��3� � ��#/3(���$�$� �-�/�$�C ����� ,!$! $����,�#�,!� !#±,��! ,6#�,! $� "��³,���!� #�+���4��!� "��� s3� �, 3,� t�,6(�� /�#Q��+� +!, ����#±,��! $� "��³,���!� +!#��#S� �! ,�#!� 3,� �"(�+�� ! +!, ���� ��"! $� ��#/3(���$�$�C���� #±,��! Q ! s3� +S�,���,!� ���������� �� ������������� Ts3�� $�w�� s3� ������#/3(���$�$� �1 "�!$3w t�,6(��� � ���� #±,��! $� "��³,���!�U � ! s3� #!� $��4 ! /��3 $�$�/�#���� ! $! �(�,�#�! $! $��+��,�#�#��C � #!,�#+(��3�� �+�,� �� $�&� �! t��! $� s3����� #±,��! ��,5Q, Q � +!$�,�#� ! $! �35+!#y3#�! !3 ������! $� �!$�� �� �"(�+��z��s3� "!��3�, ���� ��#/3(���$�$� #! ��"��! C∞(X, Y )C)�,!� �-�,"(�v+�� � $��+��� ! �+�,� �#�(���#$! ��"!� $� ��#/3(���$�$�� $� +3�&��"(�#��* �#��� "!�Q, &�,!� $�v#�� ���� ��#/3(���$�$��L
��®����� K·§J sÖ8 @Å>Æ8 ØÈ8A8 α : I −→ R

2
ØÂ;;Å: ÅÖ8 ����%����t��ü� ;=ø = ;Â
Ö=A<= ;=ø =÷:;<=Ö t0, t1 ∈ I ø @ÂÖ t0 6= t1

<8:; �Å= α(t0) = α(t1)
= α′(t0) = cα′(t1)ø ÂÅ;=ò8ø ;= ØÂA<Â; Ã:;<:A<Â; ÃÂ ÃÂÖ�A:Â ØÂ;;Å=Ö 8 Ö=;Ö8 :Ö89=Ö = 8ÈûÖ Ã:;;Â Â; Æ=<Â>=;<8A9=A<=; ØÂ;;Å=Ö 8 Ö=;Ö8 Ã:>=ôõÂ A=;<= ØÂA<Âö

��®����� K·§K sÖ8 @Å>Æ8 ØÈ8A8 α : I −→ R
2 ØÂ;;Å: ÅÖ ����� �ÿü��� ;=ø = ;ÂÖ=A<=;=ø =÷:;<=Ö t1, t2, t3 ∈ I ø ÃÂ:; 8 ÃÂ:; Ã:;<:A<Â; <8:; �Å= α(t1) = α(t2) = α(t3)

ö
��®����� K·§I sÖ8 @Å>Æ8 ØÈ8A8 α : I −→ R

2
ØÂ;;Å: ÅÖ8 ����t��ü� ��ý �u��ü�þ;=ø = ;ÂÖ=A<= ;=ø =÷:;<=Ö t0, t1 ∈ I ø @ÂÖ t0 6= t1

<8:; �Å= α(t0) = α(t1)
= AõÂ =÷:;<= 8È9ÅÖÃÂ; Æ=<Â>=; <8A9=A<=; A=;<= ØÂA<Âö
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����¤���[ ��y�, C∞(S1,M)
�
M

+!,! #! �-�,"(! PC�C )�,!� $�#!��� ! $��+��,�#�#��"!�
∆ = ∆K ∪ ∆St ∪ ∆Π ∪ ∆λ,!#$� ∆X

Q ! +!#y3#�! $� �,���z�� +!, �!,�#�� 3, ��"! $� ��#/3(���$�$�C ��
X = K�#� ! � ��#/3(���$�$� s3� � �,��� ! "!��3� Q � �3�!.��#/0#+���*St $�#!�� �� �,���z�� +3y����#/3(���$�$�� � ! !� "!#�!� ���"(!�* Π �� �,���z�� +!, ��#/3(���$�$�� $! ��"! ��#/0#+���+!, +±�"�$�� � λ $�#!�� �� �,���z�� +3y�� ��#/3(���$�$�� � ! !� #��+�,�#�!� $� +±�"�$��C

PU �!#��$���,!� γ ∈ ∆K
* ��/3� $�6 s3� � �-��#� ! P.y��! $� �3� "�!y�� ! γF L

2j
1γF : S1 × S1 −→ 2J

1(S1,R2) ' S1 × S1 × R
2 × R

2 × R
2 × R

2

(s, t) 7−→ (s, t, γF (s), γF (t), γ′F (s), γ′F (t))

&���v+�L �-���� (s, t) ∈ S1 × S1 ��( s3�
{

γF (s) = γF (t)
γ′F1

(s)γ′F2
(t) = γ′F1

(t)γ′F2
(s),

!#$� (γ′F1
, γ′F2

)
� ! �� t3#�z�� +!!�$�#�$�� $� γ′F .�� �� +!!�$�#�$�� �,

2J
1(S1,R2)

� ! (x, y, a1, a2, b1, b2, c1, c2, d1, d2),
����� �s3��z��$�v#�, 3, �35��"��! W $� +!$�,�#� ! 3

�,
2J

1(S1,R2),
t!�,�$! "!� �!$!� !�"!#�!� ���� s3� a1 = b1, a2 = b2

�
c1d2 = c2d1.�� �!,�,!� 3,� t3#� ! /�#Q��+� δ ∈ C∞(S1,M), "�(! u�!��,� $� u��#�&����(�$�$�$� uS!, � 3��#$! � 	�!"!��� ! PCP£* ��,!�

2j
1δF ∩> W ⇐⇒ 2j

1δF (S1 × S1) ∩ W = ∅.

�!,! g ∈ ∆K

��* � �!,�#�� ��*
2j

1δF (S1 × S1) ∩ W 6= ∅,
��/3� s3� "����#+���

∆K

# ! Q 3,� "�!"���$�$� /�#Q��+�C 	!� ���!* �!,�,!� 3,� t�,6(�� /�#Q��+� �
1."��³,���!

2j
1G : S1 × S1 × S1 −→ 2J

1(S1,R2)
(s, t, u) 7−→

(
s, t, Gu(s), Gu(t), G

′
u(s), G

′
u(t)

) ,

$� ,!$! s3�
2j

1G
+!����4 W �, "!#�!� ��!(�$!�* ���! Q* �-�����4 u ∈ IR

��( s3�
Gu ∈ ∆K C 	!���#�!* codim∆K = 1.OU �!#��$���,!� γ ∈ ∆St

* ��/3� $�6 s3� � �-��#� ! N.y��! $� �3� "�!y�� ! t�!#��( γF L
3j

1γF : S1 × S1 × S1 −→ 2J
1(S1,R2) ' S1 × S1 × S1 × R

2 × R
2 × R

2

(s, t, w) 7−→ (s, t, w, γF(s), γF (t), γF (w))

&���v+�L �-���� (s, t, w) ∈ S1 × S1 × S1 ��( s3�
γF (s) = γF (t) = γF (w)
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�� �� +!!�$�#�$�� �,
3J

1(S1,R2)
� ! (x, y, z, a1, a2, b1, b2, c1, c2),

����� �s3��z�� $�.v#�, 3, �35��"��! W
$� +!$�,�#� ! 4

�,
2J

1(S1,R2),
t!�,�$! "!� �!$!� !�"!#�!� ���� s3� a1 = b1 = c1

�
a2 = b2 = c2.�� �!,�,!� 3,� t3#� ! /�#Q��+� δ ∈ C∞(S1,M), "�(! u�!��,� $� u��#�&����(�$�$�$� uS!, � 3��#$! � 	�!"!��� ! PCP£* ��,!�

3j
1δF ∩> W ⇐⇒ 3j

1δF (S1 × S1) ∩ W = ∅.

�!,! g ∈ ∆K

��* � �!,�#�� ��*
3j

1δF (S1 × S1) ∩ W 6= ∅,
��/3� s3� "����#+���

∆St

# ! Q 3,� "�!"���$�$� /�#Q��+�C 	!� ���!* �!,�,!� 3,� t�,6(�� /�#Q��+� �
1."��³,���!

3j
0H : S1 × S1 × S1 × S1 −→ 3J

0(S1, IR2)
(s, t, w, u) 7−→ (s, t, w,Hu(s), Hu(t), Hu(w))

,

$� ,!$! s3�
3j

0F
+!����4 S �, "!#�!� ��!(�$!�* ���! Q* �-�����4 u ∈ IR

��( s3�
Fu ∈ ∆St C 	!���#�!* codim∆St = 1.

���������� K·§§ H8; Ã=1A:ô	=; Eöqv 8 Eöqw 8Ø>=;=A<8ÖÂ; ;:A9ÅÈ8>:Ã8Ã=; Ã=× Â>Ö8 8A8È�<:@8øAÂ =A<8A<Â Ø8>8 Â @8;Â �Å= Æ8ÖÂ; =;<ÅÃ8> 8�Å: A=Ö ;=ÖØ>= ;=>ó ØÂ;;�Æ=È <8È Ø>Â@=Ã:Ö=A<Âö�; @Å>Æ8; ØÈ8A8; �Å= Æ8ÖÂ; =;<ÅÃ8> ;õÂ Ø>Âò =ô	=; Ã= :Ö=>;	=; Ã= S1 =Ö ÅÖ8 q
Æ8>:=Ã8Ã=ø 8�Å: Â@Â>>= ÅÖ <:ØÂ Ã= ;:A9ÅÈ8>:Ã8Ã= �Å= ;S ØÂÃ=ÖÂ; :AÃ:@8> 9=ÂÖ=<>:@8Ö=A<=ø8 ;8!=>ø Â A8;@:Ö=A<Â Ã= ÃÅ8; @a;Ø:Ã=; @ÂÖÂ ÖÂ;<>8 8 19Å>8 8!8:÷Âù

% %

'�/3�� PC¢L ���+�,�#�! $� $3�� +±�"�$��



ÚiÛÜp�Ýq x

y zrÛi¿q jir Ú�h{ir ¯kgkojhkioir

� "����#�� +�"6�3(! ��, +!,! !5y���&! "��#+�"�( �"����#��� �� +3�&�� (�/�#$���#��s3� ��� ! ���"!#�4&��� "�(! $���#&!(&�,�#�! $! "��#+�"�( ���3#�! $���� $�������� ! s3�� ! !� �#&����#��� $�� t��#��� $� !#$�� "(�#��C 	��� ��#�!* #�+������,!� $� #!�z�� $��(�,�#�!� $� +!#���!C�� ���3(��$!� �s3� �"����#��$!� # ! ��� ! $�,!#����$!� "!�� t!/�, $! !5y���&! "��#.+�"�( $� $�������� !C 	��� ���� $�,!#�����z�� &�y� ¸2�P¹ � ¸2�O¹C�(Q, $���! &���,!� #���� +�"6�3(! � $�v#�� ! $� t��#��� $� !#$�� "(�#��* �#��� "!�Q,*
&�y�,!� 3,� #!� ! /�!,Q���+� $� ���� +3�&�� "(�#��L�� t��#��� $� !#$�� "(�#�� t!�,�, 3,� +(���� $� +3�&�� t�+S�$�� #! "(�#! s3� "!��3�,+���!� ��"!� $� ��#/3(���$�$��C )�,!� "�#��� #! ��/3�#�� �-�,"(!L �3"!#S�,!� s3� �"�!"�/�� ! $� !#$�� �, 3,� (�/!� T!3 ��#$� � "�!"�/�� ! $� (3w !3 $! �!,U �� $0 +!,&�(!+�$�$� +!#���#�� � s3� �, 3, $����,�#�$! �#���#��* �� "�#���,!� #� (�/!� +!,! 3,"(�#!* �� !#$�� +!#v/3��, �(�"��� s3� �� �#+�,�#S�, $� t!�� "��� $�#��!* !3 ��y�* #�$���� ! $!� &��!��� #!�,��� �#���#!� $� �(�"�� �#�+��(C T&�y� v/3�� OCPUC

'�/3�� OCPL 	�!"�/�� ! $� !#$�
� "����� $� 3, $����,�#�$! �#���#��

t ! s3� &���,!� # ! ��� ! ,��� �� �(�"��� � ��,�(/3,�� +3�&�� +!, "���� $� +±�"�$��* +!,! ,!���� � v/3�� �5��-!C

P¨
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t

'�/3�� OCOL '��#�� $� !#$� #! �#���#��
t

����� +±�"�$�� ��� ! ���4&���L �� #1� ,�-�,!� �3�&�,�#�� � t��#�� $� !#$� !��/�#�( T��(�"��U* �� ��#/3(���$�$�� # ! �� ! $���"���+�� ,�� & ! �"�#�� �� $��(!+�� (�/����,�#��C� t��#�� $� !#$� /�#Q��+� #� &�w�#S�#�� $! "!#�! $� +±�"�$� $�&�* "!� 3,� ,3$�#��$� +!!�$�#�$��* ��� ��$3w�$� � |t!�,� +�#+#�+� #!�,�(}
x2 = y3 C ���� t��#�� # ! "!��3��4#�#S3,� ��#/3(���$�$� #! "(�#! �(Q, $�� +±�"�$�� � $!� "!#�!� $3"(!� ���#�&������ !5��.$!� "!� $!�� ��,!�C �3�(s3�� !3��� ��#/3(���$�$� ,��� +!,"(�+�$� �� ��$3w #����� $!����"!� $� ��#/3(���$�$� s3�#$! � t��#�� $� !#$� �#�+��( Q ���#�t!�,�$� "!� 3,� "�s3�#�"���35�� ! /(!5�(C

�áà | êèAçîð éðè êãêæêìñðè éê fðìñçñð
��®����� I·K sÖ þ�þýþ��� �þ ������� =Ö

R
n û ÅÖ Ê:Ø=>ØÈ8AÂ Ø8;;8AÃÂ ØÂ> ÅÖØÂA<Â (x1, x2, ..., xn−1, z)

Ã=1A:ÃÂ Ø=È8 =�Å8ôõÂù
dz −

n−1∑

i=1

pidxi = 0

ÂAÃ= pi ;õÂ AaÖ=>Â; >=8:;ö $ ���&���� ��� þ�þýþ���� �þ ������� ØÂÃ= ;=> :Ã=A<:1 @8ÃÂ@ÂÖ
R
n × R

n−1 = R
2n−1 Å<:È:�8AÃÂ 8; @ÂÂ>Ã=A8Ã8; (x1, ..., xn−1, z, p1, ..., pn−1)

ö
���������� I·I $ =È=Ö=A<Â Ã= @ÂA<8<Â Ã:Æ:Ã= Â =;Ø8ôÂ

R
n =Ö ÃÂ:; ;=Ö:
=;Ø8ôÂ;ö �

=;@ÂÈÊ8 Ã= ÅÖ Ã=;<=; ÃÂ:; ;=Ö:
=;Ø8ôÂ; û Â �Å= @Ê8Ö8ÖÂ; ��%�ÿüþ���*�� ÃÂ =È=Ö=A<ÂÃ= @ÂA<8<Âö $Å ;=ò8ø =;@ÂÈÊ=AÃÂ ÅÖ ÃÂ; ÃÂ:; ;=Ö:
=;Ø8ôÂ; ØÂÃ=ÖÂ; Ã:�=> �Å= Â; =È=Ö=A<Â;Ã= @ÂA<8<Â =;<õÂ ��%�ÿüþ������ö
����¤��[ 
, �(�,�#�! $� +!#���! $! "(�#! !���#��$!

R
2 �, �(/3, "!#�! p0 ∈ R

2 Q��,"(��,�#�� 3,� ���� !���#��$� "����#$! "�(! "!#�! p0.
���� ���� Q 3#�+�,�#�� $����.,�#�$� "!� p0

� "!� 3, ³#/3(! θ0 C 	!$�,!� "�#��� #���� ³#/3(! θ0 +!,! 3, �(�,�#�!$! +6�+3(! S1 * � ����, ! ��"��! $!� �(�,�#�!� $� +!#���! $�
R

2 "!$� ��� �$�#��v+�$! +!,! "�!$3�!
R

2 × S1.�!��,!� s3� "��� ���� +��! "����+3(��* � ���� $�&�$� ! "(�#!
R

2 �, $!�� ��,�."(�#!�C
, $����� +!#��, ! ³#/3(! s3� Q � �#+(�#�� ! $� ���� � ! !3��! +!#��, ! �3"(�,�#���$���� ³#/3(!C ����� t!�,�* � +!.!���#��� ! $! �(�,�#�! $� +!#���! ���4 $�v#�$� "�(���+!(S� $� 3, $����� ³#/3(!�C
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��y�, ∂x
�
∂y

&��!��� 3#��4��!� #�� $����z�� +!!�$�#�$�� $�
R

2 �, 3, $�$! "!#�!
(x0, y0, θ0) ∈ R

2 × S1. u��� &��!��� "!$�, ��� &���!� +!,! &��!��� ��#/�#��� $�� +3�&��
x 7−→ (x0 + x, y0, θ0),

y 7−→ (x0, y0 + y, θ0).�� ,�#���� �#4(!/�* "!$�,!� t�(�� $! &��!� ��#/�#�� ∂θ $� +3�&�
θ 7−→ (x0, y0, θ0 + θ).

	!$�,!� &�� #� v/3�� OCM* !#$� θ Q ,�$�$! �! (!#/! $� 3, ��-! ���(* s3� ���! Q �"�#��! &��!� 3#��4��! #� $���� ! $� +!!�$�#�$� θ.

x

y

x

y
p

elemento de contato

x

y

x

0

p
0

0

0

q

q

0

0

p
0

q
0

,( )
p
0

q
0

,( )

'�/3�� OCML ��"��! $!� �(�,�#�!� $� +!#���! $! "(�#!

, "(�#! $� +!#���!* $�#!��$! "!� ξ(p0,θ0) * �, 3, "!#�! (p0, θ0) ∈ R

2 × S1 ���4 !"(�#! /���$! "�(!� &��!���
(∂θ , cos θ0∂x + sin θ0∂y).�!�� s3� "��� +�$� "!#�! (p0, θ0) ∈ R

2 × S1 ��,!� 3, |"�$��!} $� "(�#! �,
R

3 * s3�"!$� ��� 3, $��+! !3 3, ���³#/3(!C
��®����� I·§ ?=ò8M ÅÖ8 Æ8>:=Ã8Ã= Ck Ã= Ã:Ö=A;õÂ n = TpM 8 AÂ<8ôõÂ Ø8>8 Â ØÈ8AÂ<8A9=A<= 8 ÅÖ ØÂA<Â p Ã=M ö �;;:Öø Â }�ÿ��� ����þ��þ Ã8 Æ8>:=Ã8Ã=M û 8 ÅA:õÂ Ã=<ÂÃÂ; Â; =;Ø8ôÂ; <8A9=A<=; =Ö @8Ã8 ØÂA<Â Ã8 Æ8>:=Ã8Ã=M ø ÂÅ ;=ò8ø

TM =
⋃

p∈M

TpM.

��®����� I·© ?=ò8M ÅÖ8 Æ8>:=Ã8Ã= Ã:× =>=A@:óÆ=Èö sÖ ��ý�� �þ ������ ξ =Ö M ûÅÖ ;Å!@ÂAòÅA<Â ÃÂ 1!>8ÃÂ <8A9=A<= TM <8È �Å= ξp = TpM ∩ ξ û ÅÖ ;Å!=;Ø8ôÂ !:Ã:Ö=A
;:ÂA8È Ã= TpM Ø8>8 @8Ã8 p ∈ M.

����¤���[



ON ���� � :�6�^� 9�� :7:m:=��� 9: ]�=����

PU �!#��$��� � M.&����$�$� M = Σ × S1 * !#$� Σ
Q 3,� �3"��t6+��C �#� ! "��� +�$�

p = (x, θ) ∈ Σ × S1 ��y�
ξp = TxΣ ⊂ TpM C ��/3� s3�

ξp
Q 3, +�,"! $� "(�#!� �,

M.OU ��y�
α
3,� P.t!�,� $�t���#+�4&�( �, N

* !#$� N Q 3,� M.&����$�$� $�$�C 	��� +�$�"!#�! p ∈ N
��,!� 3,� �"(�+�� ! (�#���

αp : TpN −→ R.

����,*
kerα

Q !3 3, "(�#! !3 �!$! TpN C �� �3"!,!� s3� � �"(�+�� ! #3#+� ��,+!,! #±+(�! �!$! TpN * ��/3� s3�
ξ = kerα

Q 3, +�,"! $� "(�#!�C
�� &��$�$�* (!+�(,�#��* ��,"�� Q "!��6&�( ��"����#��� 3, +�,"! $� "(�#!� +!,! !#±+(�! $� 3,� P.t!�,� $�t���#+�4&�(C

��®����� I·� ?=ò8 ξ ÅÖ @8ÖØÂ Ã= ØÈ8AÂ; Ã=1A:ÃÂ @ÂÖÂ Â Aa@È=Â Ã= ÅÖ8 E
× Â>Ö8 Ã:× =
>=A@:óÆ=È αø ξ û @Ê8Ö8ÃÂ ÅÖ8 þ��ÿ���ÿ� �þ ������� ;=ø = ;ÂÖ=A<= ;=ø α ∧ dα 6= 0.Õ:>=ÖÂ; �Å= 8 =;<>Å<Å>8 Ã= @ÂA<8<Â û ���ü�ü2� ;=ø = ;ÂÖ=A<= ;=ø α∧dα > 0.
 �þ���ü2�ø@8;Â @ÂA<>ó>:Âö

�!��,!� s3� ! �-�,"(! P # ! �� ����� $� 3,� ����3�3�� $� +!#���!C �� t��!* ! +�,"!$� "(�#!� Q $�v#�$! "�(� P.t!�,�
α = dθ

� ����, dα = d(dθ) = 0.����¤��[ �!��,!� $! �-�,"(! OCP s3� �� �!,�,!� �!$!� !� �(�,�#�!� $� +!#���!#! "(�#! ����,!� 3, +�,"! $� "(�#!� �,
R

3 * s3� $�#!����,!� ��,"(��,�#�� "!� ξ * �$�v#���,!� +!,! ! #±+(�! $� P.t!�,� $�t���#+�4&�(
ω = cos θdx+ sin θdy.

�(Q, $���!* ���� +�,"! $� "(�#!� Q 3,� ����3�3�� $� +!#���!C �� t��!*
dω = − sin θdθ ∧ dx+ cos θdθ ∧ dy

� ����,*
ω ∧ dω = − sin2 θdθ ∧ dx ∧ dy + cos2 θdθ ∧ dy ∧ dx

= sin2 θdθ ∧ dy ∧ dx+ cos2 θdθ ∧ dy ∧ dx

= dθ ∧ dy ∧ dx 6= 0.

����� t!�,�* �� t�w�,!� M = R
2 × S1 * ��/3� s3�

(M, ξ)
Q 3,� &����$�$� $� +!#���!$! "(�#!

R
2, !#$� !� �(�,�#�!� $� +!#���! +!.!���#��$!� (x, y, θ(mod2π)) ∈ M

��� !�$�#��v+�$!� +!, � ���� $�
R

2 "����#$! "!� (x, y)
+!, &��!� #!�,�( −→n = (cos θ, sin θ).�-����, $�&����� �����3�3��� $� +!#���! s3� "!$�, ��� $�v#�$�� �, 3,� &����$�$�$� $�,�#� ! M* ����� ����3�3��� � ! $�&�$�$�� #�� +S�,�$�� =;<><Å<Å>8; Ã= @ÂA<8<Â ;ÅØ=>
<Â>@:Ã8; � �� =;<>Å<Å>8; Ã= @ÂA<8<Â <=A;8;C ��5�,!� s3� �� �����3�3��� $� +!#���! ��#���t!�#�+�, �#t!�,��z�� �#�������#��� s3�#$! ���3$�$�� y3#��,�#�� +!, !� #1�C

���������� I·' Eú ~Å8AÃÂ 8 =;<>Å<Å>8 Ã= @ÂA<8<Â û ØÂ;:<:Æ8 Ã:�=ÖÂ; �Å= Â; =È=Ö=A
<Â; Ã= @ÂA<8<Â =;<õÂ ��%�ÿüþ������ ���ü�ü2�ýþ��þö
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wú sÖ8 Æ8>:=Ã8Ã= Ã:× =>=A@:óÆ=È M ÖÅA:Ã8 Ã= ÅÖ8 =;<>Å<Å>8 Ã= @ÂA<8<Â û @Ê8Ö8Ã8
ÅÖ8 2�ÿüþ���þ �þ �������ö

�!,! "!$�,!� $�v#�� $�&����� ����3�3��� $� +!#���! �, 3,� ,��,� &����$�$� �
"!$�,!� ��,5Q, $�v#�� � ,��,� ����3�3�� $� +!#���! �, &����$�$�� $�t���#���* &�y�,!�� ��/3�#�� $�v#�� !L
��®����� I·¦ ÕÅ8; Æ8>:=Ã8Ã=; Ã= @ÂA<8<Â (M1, ξ1)

= (M2, ξ2)
;õÂ Ã:<8; ��������ý�ÿ)��;= =÷:;<= ÅÖ Ã:× =ÂÖÂ>1;ÖÂ f : M1 −→ M2

@ÂÖ Tf(ξ1) = ξ2
ÂAÃ= Tf : TM1 −→ TM2Ã=AÂ<8 8 8ØÈ:@8ôõÂ Ã=>:Æ8Ã8 Ã= f ö H=;<= @8;Â f û @Ê8Ö8ÃÂ ÅÖ ��������ý�ÿ}�ý�ö

������� I·0 ,�������/ ?=ò8 α ÅÖ8 ×Â>Ö8 Ã= @ÂA<8<Â =Ö ÅÖ8 Æ8>:=Ã8Ã= M Ã= Ã:
Ö=A;õÂ (2n + 1) = p ÅÖ ØÂA<Â =Ö M ö  A<õÂ =÷:;<=Ö @ÂÂ>Ã=A8Ã8; x1, ..., xn, y1, ..., yn, z=Ö ÅÖ8 Æ:�:AÊ8Aô8 U ⊂M
Ã= p <8È �Å=

α|U = dz +

n∑

j=1

xjdyj.

���� ��!��,� #!� $�w s3� �!$! "!#�! �, 3,� &����$�$� ��, 3,� &�w�#S�#�� +!#��+.�!,!�t� � ����3�3�� $� +!#���! $�v#�$� �#�+��(,�#�� #���� ��� !C � $�,!#����� ! $������!��,� "!$� ��� �#+!#���$� �, ¸2�M¹C
�á� | gèAçîð éçè �åXYçè �êäêìéXêçìçè

,� ����3�3�� $� +!#���! �, 3,� &����$�$� $� $�,�#� ! M* $����,�#� $3�� +(����� $�+3�&��* 8; È=9=AÃ>=8A8; = 8; <>8A;Æ=>;8:;C ����� $�������� ! ������,!� �#�������$!� �"�#��#�� +3�&�� (�/�#$���#��C�! (!#/! $� �!$� ���� ��� !* &�,!� 3��� � &����$�$� $� +!#���! (M, ξ)

+!, ξ =
dz − ydx

* "�(! s3� !5���&�,!� #! v#�( $� ��� ! �#����!�C
��®����� I·ª ?=ò8 γ : S1 −→ M ÅÖ8 :Ö=>;õÂö Õ:�=ÖÂ; �Å= γ û ÅÖ8 ��ÿ2� �þ�þ�%�ÿþ��� ;= =È8 û <8A9=A<= 8Â; ØÈ8AÂ; Ã8 =;<>Å<Å>8 Ã= @ÂA<8<Â (M, ξ)ø :;<Â ûø

Tγ(s)M ⊂ ξγ(s)
Ø8>8 <ÂÃÂ s ∈ S1.


����,!� � (���� /��/� Ω "��� $���/#�� ! ��"��! $�� +3�&�� (�/�#$���#��* !3 ��y�*
Ω = {γ : S1 −→ M / Tγ(s)M ⊂ ξγ(s)

"��� �!$! s ∈ S1} C ����,!� s3� Ω
Q ! ��"��! $��

L
G�����r��C

��®����� I·KJ sÖ8 @Å>Æ8 È=9=AÃ>=8A8 × =@Ê8Ã8 û Ã:<8 �ÿüþ����� ;= Â @�>@ÅÈÂ Ã= ;Å8Ø>û
:Ö89=Ö û Â>:=A<8ÃÂö
��®����� I·KK sÖ8 @Å>Æ8 È=9=AÃ>=8A8 û Ã:<8 ��%�ÿüþ����� ;= Â; =È=Ö=A<Â; Ã= @ÂA<8<Â8Â ÈÂA9Â Ã8 Ö=;Ö8 ;õÂ @Â
Â>:=A<8ÃÂ;ö
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�!#��$���,!� �! (!#/! $���� ���5�(S! �� +3�&�� (�/�#$���#�� !���#��$�� � +!.!���#��$����(&! ,�#� ! +!#��4���C
��®����� I·KI ?=ò8Ö γ =γ @Å>Æ8; È=9=AÃ>=8A8; =ÖΩ ö Õ:�=ÖÂ; �Å=γ =γ ;õÂ �þ�þ��ÿþ%��ý��
�ü��� ;= =÷:;<= ÅÖ8 ×8Ö�È:8 Ã:× =>=A@:óÆ=È 8 E
Ø8>�Ö=<>Â

Φ : [0, 1] × S1 −→ (R3, ξ)
(t, s) 7−→ Φ(t, s) = γt(s)

,

ÂAÃ= γt ∈ Ω = γ0 = γ = γ1 = γ ö
��®����� I·K§ ?= ÅÖ8 @Å>Æ8 È=9=AÃ>=8A8 û ÅÖ Ö=>9ÅÈÊÂø =A<õÂ =È8 û @Ê8Ö8Ã8 �
 �þ%�þ��ÿþ���ö
��®����� I·K© Õ8ÃÂ; γ1

= γ2
AS; È=9=AÃ>=8AÂ;ø Ã:�=ÖÂ; �Å= γ1

= γ2
;õÂ ü�����ü��%ýþ��þ þi�ü2��þ��þ� ;= γ1

= γ2

ØÂÃ=Ö ;=> @ÂA=@<8ÃÂ; ØÂ> ÅÖ @8Ö:AÊÂ Ã:× =>=A@:óÆ=È Ã=AS; È=9=AÃ>=8AÂ;ö� @È8;;= Ã= :;Â<ÂØ:8 È=9=AÃ>=8A8 Ã= ÅÖ AS È=9=AÃ>=8AÂ û @Ê8Ö8Ã8 �ü�� �þ �
 �þ�þ�%�ÿþ���ö
�5���&�,!� s3� ! ��"��! Ω

Q 3, ��"��! $�,����$! �5�����!* "!���#�! &���v+�� s3� 3,+�,�#S! �-���� "���+� 3, ���5�(S! ,3��! $�t6+�(C ����� t!�,�* 53�+���,!� 3,� ,�#�����(���#���&� $� $����,�#�� ����� �s3�&�(0#+���C ��$� 3,� +3�&� (�/�#$���#� "!$�,!�$�v#�� $!�� #±,��!� �#����!� s3� #!� �y3$�� ! #� +(����v+�� ! $� ���� �,���z�� T!3 ,��./3(S!�UC
��®����� I·K� ?=ò8Ö γ : S1 −→ M ÅÖ8 :Ö=>;õÂ È=9=AÃ>=8A8 = π2 : R

2 × S1 −→ S1 8Ø>Âò =ôõÂ Ã8 Æ8>:=Ã8Ã=M A8 ;=9ÅAÃ8 @ÂÂ>Ã=A8Ã8 S1 ö ÄÂA;:Ã=>=ÖÂ; 8 ;=9Å:A<= 8ØÈ:@8ôõÂ
g1 = π2 ◦ γ : S1 −→ S1

t 7−→ g1(t) = π2 ◦ (γ ∗ u)(t)
,

ÂAÃ= u û Â @8ÖØÂ Ã= Æ=<Â>=; <8A9=A<=; Â>:=A<8AÃÂ Â @�>@ÅÈÂ Ã= <8È ÖÂÃÂ �Å= γ ∗ u ûÅA:<ó>:Âø � b��ü�þ �� ��ÿ2� �þ�þ��ÿþ��� γ ø Ã=AÂ<8ÃÂ ØÂ> i(γ)ø û Ã=1A:ÃÂ @ÂÖÂ ;=AÃÂÂ 9>8Å Ã8 8ØÈ:@8ôõÂ g1 ø ÂAÃ= g1 û Æ:;<8 @ÂÖÂ ÅÖ8 8ØÈ:@8ôõÂ Ã= k8Å;; = Â 9>8Å û Æ:;<Â@ÂÖÂ Â AaÖ=>Â Ã= ÆÂÈ<8; Ã= g1(S
1) =Ö S1 ö

��®����� I·K' ?=ò8Ö γ : S1 −→ M ÅÖ8 @Å>Æ8 È=9=AÃ>=8A8 = π2 : R
2 × S1 −→ S1 8Ø>Âò =ôõÂ Ã8 Æ8>:=Ã8Ã=M A8 ;=9ÅAÃ8 @ÂÂ>Ã=A8Ã8 S1 ö ÄÂA;:Ã=>=ÖÂ; 8 ;=9Å:A<= 8ØÈ:@8ôõÂ

g2 = π2 ◦ γ : S1 −→ S1

t 7−→ g2(t) = π2 ◦ (γ ∗ v)(t)
,

ÂAÃ= v û Â @8ÖØÂ Ã= Æ=<Â>=; AÂ>Ö8:; @Â
Â>:=A<8AÃÂ Â; =È=Ö=A<Â; Ã= @ÂA<8<Â Ã= <8È ÖÂÃÂ�Å= γ ∗v û ÅA:<ó>:Âø � b��ü�þ �þ �����2 �� ��ÿ2� �þ�þ��ÿþ��� γ ø Ã=AÂ<8ÃÂ ØÂ> µ(γ)øû Ã=1A:ÃÂ @ÂÖÂ ;=AÃÂ ���� 2þ�þ� Â 9>8Å Ã8 8ØÈ:@8ôõÂ g2 ø ÂAÃ= g2 û Æ:;<8 @ÂÖÂ ÅÖ88ØÈ:@8ôõÂ Ã= k8Å;; = Â 9>8Å û Æ:;<Â @ÂÖÂ Â AaÖ=>Â Ã= ÆÂÈ<8; Ã= g2(S
1) =Ö S1 ö
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������� I·K¦ ,F�����G-�./ ÕÅ8; @Å>Æ8; È=9=AÃ>=8A8; ;õÂ ÊÂÖÂ<ÂØ:@8Ö=A<= =�Å:Æ8
È=A<=; ;=ø = ;ÂÖ=A<= ;=ø =È8; ØÂ;;Å=Ö Â Ö=;ÖÂ �AÃ:@= i = Â Ö=;ÖÂ �AÃ:@= Ã= 78;ÈÂÆ µ ö$Å ;=ò8ø Ã8Ã8; γ = γ =Ö Ωø γ h.e.
∼ γ ;=ø = ;ÂÖ=A<= ;=ø i(γ) = i(γ) = µ(γ) = µ(γ) ö

� "�1-�,� $�v#�� ! Q �,"���+�#$6&�( "��� s3� "!���,!� "!�����!�,�#�� $�v#�� !��#&����#��� $� t��#��� $� !#$�� "(�#��C
��®����� I·K0 ?=ò8 γ : S1 −→ M ÅÖ8 @Å>Æ8 È=9=AÃ>=8A8ø Ã8ÃÂ ÅÖ ØÂA<Â t0 ∈ S1 ø<ÂÖ8>=ÖÂ; ÅÖ =È=Ö=A<Â Ã= @ÂA<8<Â (x0, y0, θ0) ∈M <8È �Å= γ(t0) = (x0, y0, θ0)

=;<8ÖÂ;�Ö8>@8AÃÂ� 8 @Å>Æ8 È=9=AÃ>=8A8 8 Ø8><:> Ã=;<= ØÂA<Âö �;;:Öø @Ê8Ö8>=ÖÂ; ÅÖ8 :Ö=>;õÂÃÂ @�>@ÅÈÂ S1 =ÖM @ÂÖ 8 :Ö89=Ö Ã= ÅÖ ØÂA<Â =;@ÂÈÊ:ÃÂ ;=AÃÂ ÅÖ =È=Ö=A<Â Ã= @ÂA<8<Â<8Ö!ûÖ =;@ÂÈÊ:ÃÂ Ã=L
:Ö=>;õÂý�ÿ����ö s;8>=ÖÂ; 8 AÂ<8ôõÂΩ0
i,µ

Ø8>8 Ã=AÂ<8> Â =;Ø8ôÂÃ8; L
:Ö=>;	=; Ö8>@8Ã8; @ÂÖ �AÃ:@=; i = µ ö
���������� I·Kª ÄÂA;:Ã=>=ÖÂ;
G3 = {σ : R

2 −→ R
2; σ û ÅÖ ÖÂÆ:Ö=A<Â AÂ ØÈ8AÂ  Å@È:Ã=8AÂ}ø ÂÅ ;=ò8ø G3 û Â @ÂAòÅA<ÂÃ8; :;ÂÖ=<>:8; ØÈ8A8; �Å= ;õÂ Ã8Ã8; ØÂ> @ÂÖØÂ;:ô	=; Ã= 8<û <>(; >=� =÷	=;ö$ 9>ÅØÂ G3

89= ;=Ö ØÂA<Â; 1÷Â; AÂ =;Ø8ôÂ Ã8; L
:Ö=>;	=; Ã= ÖÂÃÂ �Å= Ã8Ã8 ÅÖ8
L
:Ö=>;õÂ Ö8>@8Ã8 AÂ =;Ø8ôÂ Ω0

i,µ
= ×8�=AÃÂ Â 9>ÅØÂG3

89:> ;Â!>= =;<8 :Ö=>;õÂ <=>=ÖÂ;<ÂÃ8; 8; :Ö=>;	=; ÃÂ =;Ø8ôÂ Ωi,µ
ö $Å ;=ò8ø Â =;Ø8ôÂ Ωi,µ û ÊÂÖ=ÂÖÂ>× Â 8Â Ø>ÂÃÅ<Â Ã:>=<Â

Ω0
i,µ ×G3.

�á? �Xêìñêè éê |ìéçè �ãçìçè
�� ��� ! �#����!� &�,!� s3� !� #1� (�/�#$���#!� � ! 3,� +(���� $� #1� �!"!(1/�+!� �,
R × S1 s3� � ! ��#/�#��� � 3,� ����3�3�� $� +!#���!C

~Å8:; ;=>õÂ =A<õÂ 8; Ø>ÂØ>:=Ã8Ã=; Ã=;<8 @È8;;= Ã= AS;�
'���,!� 3, ���3$! $!� #1� (�/�#$���#!� ����, +!,! ! s3� Q t���! ���$�+�!#�(,�#��"��� ! ���3$! $� #1� �!"!(1/�+!�* !3 ��y�* �, ���,!� $� �3�� "�!y��z�� �, 3, "(�#!*���! ���4 t���! �, ���,!� $�� "�!y��z�� t�!#����C )���,!� s3� +!, ���� "�!y�� ! ����,!�+�"�w�� $� $�w�� �� � ,��,� ��"����#�� !3 # ! 3, #1 (�/�#$���#! � �(Q, $���! ��+3"����! #1 � "����� $���� "�!y�� !C

��®����� I·IJ sÖ8 )ÿþ��þ �þ ���� �����ø ÂÅ ;:ÖØÈ=;Ö=A<= ÅÖ8 )ÿþ��þ �þ ����øû ÅÖ8 8ØÈ:@8ôõÂ α : S1 −→ R
2 Ã= ÅÖ @�>@ÅÈÂ AÂ ØÈ8AÂø <8È �Å= 8 Ã:× =>=A@:8È û :Aò =<:Æ8=÷@=<Â =Ö ØÂA<Â; :;ÂÈ8ÃÂ; ÂAÃ= =;<õÂ Ã=1A:Ã8; >=<8; <8A9=A<=;ö � :Ö89=Ö Ã= ÅÖ8 ×>=A<=Ã= ÂAÃ8 û @Ê8Ö8Ã8 �ÿ�*�ö

��®����� I·IK ?=ò8Ö γ : S1 −→ M ÅÖ AS È=9=AÃ>=8AÂ = π1 : M = R
2 × S1 −→ R

2 8Ø>Âò =ôõÂ AÂ ×8<Â>
R

2 Ã=M ö � 8ØÈ:@8ôõÂ @ÂÖØÂ;<8 π1 ◦ γ : S1 −→ R
2 ø Ã=AÂ<8Ã8 ØÂ> γF ø û@Ê8Ö8Ã8 �ÿ�&þ*�� )ÿ����� ÃÂ AS È=9=AÃ>=8AÂ γ. j�=ò8 19Å>8 wö�ú
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Curvas Legendreanas

Projeções Frontais

x

z

y

'�/3�� OC¢L �3�&�� (�/�#$���#�� � �3�� "�!y��z�� t�!#����C
���������� I·II sÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 ØÂÃ= ;=> Æ:;<8 @ÂÖÂ 8 Ø>Âò =ôõÂ ×>ÂA<8È Ã=ÅÖ AS È=9=AÃ>=8AÂö ";<Â ;:9A:1 @8 �Å= Ã8ÃÂ ÅÖ AS È=9=AÃ>=8AÂ <=ÖÂ; ÅÖ8 ×>=A<= Ã= ÂAÃ88;;Â@:8Ã8 8 =È= = Æ:@= Æ=>;8ø Ã8Ã8 ÅÖ8 ×>=A<= Ã= ÂAÃ8 =÷:;<= ÅÖ AS È=9=AÃ>=8AÂ @Åò8Ø>Âò =ôõÂ ×>ÂA<8È û 8 ×>=A<= Ã= ÂAÃ8 Ã8Ã8ö
���������� I·I§ ÄÂA;:Ã=>=ÖÂ; 8 =;<>Å<Å>8 Ã= @ÂA<8<Â Â!<:Ã8 @ÂÖÂ Â Aa@È=Â Ã8 E
 × Â>Ö8Ã:× =>=A@:óÆ=È ω = dz − xdy ö 7Â;<>=ÖÂ; @ÂÖÂ û ØÂ;;�Æ=È >=@ÅØ=>8> ÅÖ AS È=9=AÃ>=8AÂ 8Ø8><:> Ã= ÅÖ8 ×>=A<= Ã= ÂAÃ8 Ã8Ã8ö ÄÂA;:Ã=>=ÖÂ;

α : S1 −→ R
2

s 7−→ α(s) = (x(s), y(s))
,

ÅÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8ö ÇÂÃ=ÖÂ; =A@ÂA<>8> ÅÖ8 @Å>Æ8 È=9=AÃ>=8A8 γ 8 Ø8><:> Ã8 ×>=A<=Ã= ÂAÃ8 αø !8;<8 ;=9Å:>ÖÂ; Â; ;=9Å:A<=; Ø8;;Â;ù
Eú ÄÂA;:Ã=>= ÅÖ ØÂA<Â s0 ∈ S1 Zwú  A@ÂA<>= 8 >=<8 <8A9=A<= 8

α(s0) ø :;<Â ûø 8 >=<8 rt(λ) = α(s0) + λα′(s0)
ö  ;<8>=<8 û Â =È=Ö=A<Â Ã= @ÂA<8<Â ÃÂ ØÂA<Â α(s0)ø @Åò8 :A@È:A8ôõÂ û Ã8Ã8 ØÂ> dy

dx
(s0) =

y′

x′
(s0)

= <=>=ÖÂ; ÅÖ ØÂA<Â AÂ =;Ø8ôÂ ÃÂ; =È=Ö=A<Â; Ã= @ÂA<8<Â @ÂÖ @ÂÂ>Ã=A8Ã8;
( dy
dx

(s0), x(s0), y(s0))
ö

qú É8�=AÃÂ Â Ö=;ÖÂ Ø8>8 <ÂÃÂ; Â; ØÂA<Â; s ∈ S1 Â!<=ÖÂ; 8 @Å>Æ8 È=9=AÃ>=8A8 Ø>Â@Å
>8Ã8 Ã=1A:Ã8 ØÂ>
γ : S1 −→ (R3, ξ)

s 7−→ γ(s) = ( dy
dx

(s), x(s), y(s))
.
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� @È8>Â �Å= :;<Â ;S × 8� ;=A<:ÃÂ Ø8>8 x′(s) 6= 0 ö k=A=>:@8Ö=A<=ø Â; �=>Â; Ã8 ×ÅAôõÂ
x′(s) ;õÂ :;ÂÈ8ÃÂ;ø @Â>>=;ØÂAÃ=AÃÂ 8 ØÂA<Â; Ã= @a;Ø:Ã= :;ÂÈ8ÃÂ; ÂAÃ= γF 8:AÃ8 <=Ö ÅÖ8
:A@È:A8ôõÂ !=Ö Ã=1A:Ã8ö
����¤��[ �!#��$��� � +3�&� t�+S�$� "(�#�

α : [0, 2π] −→ R
2

s 7−→ α(s) = (cos3(s), sin3(s))
,

+3y! ����! Q ,!����$! � ��/3��C
1

1-1

-1

x

y

Traço da curva a

u!,�
s0 ∈ [0, 2π]

* � ���� ��#/�#�� �
α(s0)

Q $�$� "!�L
rt(λ) = (cos3(s0), sin

3(s0)) + λ(−3 sin(s0) cos2(s0), 3 sin2(s0) cos(s0)),

!#$� α′(s0) = (−3 sin(s0) cos2(s0), 3 sin2(s0) cos(s0))
� ����,* � �#+(�#�� ! $� ���� �, α(s0)Q $�$� "!� dy

dx
(s0) = − tan(s0)C�!#��$��� �#� ! ! "!#�! (− tan(s0), cos3(s0), sin

3(s0))
#! ��"��! $!� �(�,�#�!� $� +!#.���!C '�w�#$! ���� "�!+�$�,�#�! "��� �!$! s ∈ [0, 2π]

* � +3�&� $�v#�$� "!�
γ : [0, 2π] −→ (R3, ξ)

s 7−→ α(s) = (− tan(s), cos3(s), sin3(s))
,

Q � +3�&� (�/�#$���#� +3y� "�!y�� ! #! "(�#! yz Q � t��#�� $� !#$� "(�#� α C�� ��+��&�,!� 3,� +3�&� (�/�#$���#� γ �, ���,!� $� �3�� t3#�z�� +!!�$�#�$�� +!,!
γ(s) =

(
x(s), y(s), z(s)

)* $� $�v#�� ! ��/3� s3�L
γ′(s) ∈ ξγ(s),
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!3 +!,! ξ = ker(dz − xdy)
�#� !

z′(s) − x(s)y′(s) = 0.
TOCPU

�!��,!� s3� �#s3�#�! γ Q 3, ,��/3(S!* γF "!$� #�, ��� ��s3�� 3,� �,��� !C ��t��!* &�y� s3� � �s3�� ! OCP �,"(�+� s3�
z′(s) = x(s)y′(s)

!#$� y′(s) = 0
�,"(�+� z′(s) = 0 C ��6 ��

γF
* s3� Q � "�!y�� ! #! "(�#! yz * Q 3,� �,��� !��/3� s3� y′(s) #3#+� $�&� �� �#3(��C � s3� �,"(�+� s3� γF # ! "!��3� ��#/0#+��� &����+���*,�� Q +(��! s3� �� �,���z�� $�

S1 �,
R

2 "!$�, +!#��� ��#/0#+��� &����+���C {��! #!� (�&��! "��,���! t��! �,"!���#�� � ���"���! $�� "�!y��z�� t�!#����C���¤�������� �� ���d��r�� ��������
��� KC 	�!y��z�� t�!#���� γF # ! "!��3�, ��#/0#+��� &����+���C

��
γF

# ! t!� 3,� �,��� !² 	�(� $��+3�� ! �+�,� #!��,!� s3� z′(s) �� �#3(� "�(! ,�#!�s3�#$! y′(s) �� �#3(�C ����, "!$�,!� ��,"�� �#+!#���� � +!!�$�#�$� x $�
γ "�(� γF����&Q� $� �s3�� !

x(s) = −
z′(s)

y′(s)
,

TOCOU
��
y′(s)

Q # ! #3(!C � ��
y′

Q w��! "��� �(/3, s0
��,!�

tan z(s0) = lim
s→s0

x′(s0)

y′(s0)
.

TOCMU
�-����, #1� (�/�#$���#!� #!� s3���

y′(s) = 0
�, �#���&�(!� �5���!�* &�y� � "�����3"���!� $� v/3�� OC�* #! �#��#�! ���� # ! Q 3, t�#1,�#! ���4&�(C 	!$�,!� t�+�(,�#��|�3�&�w��} ! "!#�! $� +±�"�$� #� "�!y�� !* &�y� � "���� �#t���!� $� v/3�� OC�C {��! #!�(�&� � 3,� ��!�!"�� (�/�#$���#� #! ��+! !#$� y′(s) = 0

�!,�#�� �, 3, "!#�!C '���! ���!"!$�,!� $�w�� s3� "��� 3, #1 (�/�#$���#! �, M
*
y′(s)

�1 �� �#3(� �, "!#�!� ��!(�$!�C�(Q, $���!* #����� "!#�!� ��!(�$!� ��#$� ���4 5�, $�v#�$� 3,� ���� ��#/�#��C
��� IC 	�!y��z�� t�!#���� "!$�, ��� "���,����w�$�� "!� �"(�+��z�� s3� � ! �,��.�z�� �-+��! "��� 3, #±,��! v#��! $� "!#�!�* #!� s3��� ��#$� ���4 5�, $�v#�$�3,� ���� ��#/�#��C u��� "!#�!� � ! +S�,�$!� ���¤���� �������������C
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x

y

y

x

y

y

z

z

'�/3�� OC�L �3�&�w�� ! $� 3, "!#�! $� +±�"�$�C
�� &��$�$�* ���� +!#$�� ! /���#�� s3� � +!!�$�#�$� z $�v#�$� "�(� �s3�� ! OCO Q3,� t3#� ! $� +(����

C0 C 	��+���,!� $� ,��� +!#$��z�� �!5�� �� ��/3#$�� $���&�$�� $��t3#�z�� x �
y "��� !5��� 3,� +!!�$�#�$� z $� +(���� C1 C ����� t!�,�* &�,!� ��,"�� �3"!�s3� �� t3#�z�� +!!�$�#�$�� � ! $� +(����

C∞ ! s3� #!� �,"(�+� $�w�� s3� �� +±�"�$�� � !+±�"�$�� ��,�.+±5�+��* !3 ��y�* +!, 3,� ,3$�#�� $� +!!�$�#�$�* ����,!�
{
x(s) = 3s3

y(s) = 2s2

���������� I·I© � Ø8><:> Ã= 89Â>8 ×8È8>=ÖÂ; Ã= ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; AÂ ÈÅ98> Ã=Ø>Âò =ô	=; ×>ÂA<8:; = Ã:>=ÖÂ; �Å= 8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 û ÅÖ8 8ØÈ:@8ôõÂ α : S1 −→ R
2�Å= Ã=:÷8 Ã= ;=> ÅÖ8 :Ö=>;õÂ Ø8>8 ÅÖ AaÖ=>Â 1A:<Â Ã= ØÂA<Â; :;ÂÈ8ÃÂ; ÂAÃ= Â@Â>>=Ö 8;@a;Ø:Ã=; = A=;<=; ØÂA<Â; 8:AÃ8 =;<õÂ Ã=1A:Ã8; 8; >=<8; <8A9=A<=;ö

����,!� +!#��$���#$! +3�&�� (�/�#$���#�� !���#��$�� � +!.!���#��$��* ����, &�,!�+!#��$���� ��,5Q, t��#��� $� !#$�� "(�#�� !���#��$�� � +!.!���#��$��C
��®����� I·I� Õ:�=ÖÂ; �Å= 8 ×>=A<= Ã= ÂAÃ8 =;<ó �ÿüþ����� ;= Â @�>@ÅÈÂ S1 Ã= ;Å8Ø>û
:Ö89=Ö =;<ó Â>:=A<8ÃÂö �=ò8 19Å>8 wö�ö

'�/3�� OC�L '��#��� $� !#$�� "(�#�� !���#��$��
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�! (!#/! $� 3,� t��#�� $� !#$� "(�#� γF +3y! #1 (�/�#$���#! Q γ(s) = (x(s), y(s), θ(s))
*��,!� 3, +�,"! #!�,�( $�t���#+�4&�( $�$! "!� −→n (t) = (cos θ(s), sin θ(s))C � ���� +�,"!$� "(�#!� +S�,�,!� ��G���������� $� t��#�� $� !#$� "(�#�C

���������� I·I' HÂ<=ÖÂ; �Å= 8 Â>:=A<8ôõÂ Ã8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 û Ã=1A:Ã8 Ø=È8Ã:>=ôõÂ ÃÂ @8ÖØÂ <8A9=A<= 8Â ÈÂA9Â Ã= ;=Å <>8ôÂö  ;<= @8ÖØÂ <8A9=A<= Ã=1A= ÃÂ:; @8ÖØÂ;AÂ>Ö8:; 8Â ÈÂA9Â Ã=;<8 ×>=A<= Ã= ÂAÃ8 Ã= ÖÂÃÂ �Å= 8 @Â
Â>:=A<8ôõÂ Ö=A@:ÂA8Ã8 8@:Ö8
A8Ã8 Ö8:; û ÃÂ �Å= 8 =;@ÂÈÊ8 Ã= ÅÖ Ã=;<=; @8ÖØÂ; AÂ>Ö8:;ö

'�/3�� OC¨L '��#��� $� !#$�� "(�#�� !���#��$�� � +!.!���#��$��
��®����� I·I¦ sÖ 8>@Â ;=Ö ØÂA<Â; Ã= @a;Ø:Ã= ÂÅ ØÂA<Â; ÃÅØÈÂ; <>8A;Æ=>;8:; ÃÂ <>8ôÂÃ= ÅÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 û @Ê8Ö8ÃÂ ÿ�ý� Ã8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8ö
��®����� I·I0 ?=ò8Ö γ(s) = (x(s), y(s), θ(s)) ÅÖ AS È=9=AÃ>=8AÂö $ @8ÖØÂ Æ=<Â>:8È
−→n (s) = (cos(θ(s)), sin(θ(s))) û ÅÖ @8ÖØÂ AÂ>Ö8È 8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8γF = (x(s), (y(s))8;;Â@:8Ã8 8Â AS γ ö Õ:�=ÖÂ; �Å= Â >8ÖÂ Ã= ÅÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 γF û ���ü�ü2���þ���ü2�� ;=

−x′ sin θ + y′ cos θ > 0 (< 0)A8�Å=È= >8ÖÂö
���������� I·Iª ÄÂA;:Ã=>=ÖÂ; Â Ø8> Â>Ã=A8ÃÂ jÆ=<Â> <8A9=A<=ø Æ=<Â> AÂ>Ö8Èú 8Â ÈÂA9ÂÃ= ÅÖ >8ÖÂ Ã8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8ø ;=9Å= Ã8 Ã=1A:ôõÂ wöw� �Å= ;= Â Ø8> Ã=1A= ÅÖ8
Â>:=A<8ôõÂ ØÂ;:<:Æ8 jA=98<:Æ8ú Ø8>8 Â ØÈ8AÂø =A<õÂ Â >8ÖÂ û ���ü�ü2� ��þ���ü2��ö

��/3�#$! � !���#��� ! $� 3,� t��#�� $� !#$� "(�#� �! (!#/! $� ��3� ��,!� "��+�5�,!�s3� �! "�����,!� "!� 3, "!#�! $� +±�"�$� ! ��,! s3� ��� "!����&! �� �!�#� #�/���&! �
&�+�.&����C �(Q, $���!* ! ³#/3(! #!�,�(

θ(s)
* +!#��$���$! �!5�� S1 * /��� #! ��#��$! S!�4��!!3 �#��.S!�4��! s3�#$! "����,!� "�(! "!#�! $� +±�"�$�C

��®����� I·§J $ ;:A8È Ã= ÅÖ ØÂA<Â Ã= @a;Ø:Ã= û Ã=1A:ÃÂ Ã8 ;=9Å:A<= × Â>Ö8ù
;:A8È ÃÂ >8ÖÂ �A9ÅÈÂ AÂ>Ö8È ;:A8È Ã8 @a;Ø:Ã=

− → +
8A<:
ÊÂ>ó>:Â +

− → +
ÊÂ>ó>:Â −

+ → −
8A<:
ÊÂ>ó>:Â −

+ → −
ÊÂ>ó>:Â +
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���������� I·§K sÖ8 @a;Ø:Ã= Ã= ÅÖ8 ×>=A<= Â>:=A<8Ã8 = @Â
Â>:=A<8Ã8 û Ã:<8 ���ü�ü2�;= Â Æ=<Â> AÂ>Ö8È @Â
Â>:=A<8ÃÂ AÂ ØÂA<Â Ã= @a;Ø:Ã= Ø=><=A@= 8Â ;=Ö:
ØÈ8AÂ È:Ö:<8ÃÂ Ø=È8>=<8 <8A9=A<= 8Â ØÂA<Â Ã= @a;Ø:Ã= �Å= @ÂA<=Ö Â >8ÖÂ ;8:AÃÂ ÃÂ ØÂA<Â Ã= @a;Ø:Ã=ö Ä8;Â@ÂA<>ó>:Âø Ã:�=ÖÂ; �Å= 8 @a;Ø:Ã= û �þ���ü2�ö �=ò8 19Å>8 wö�ö
��®����� I·§I sÖ ØÂA<Â Ã= @a;Ø:Ã= Ã= ÅÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 Â>:=A<8Ã8 = @Â
Â>:=A<8Ã8 û ÃÂ <:ØÂ ���þ��þ��þ ÂÅ �þ��þ��þ��þ ;= 8Â ÂÈÊ8>ÖÂ; Â ;=9Ö=A<Â @ÂA<=AÃÂ <8ÈØÂA<Â Ã8 =;�Å=>Ã8 Ø8>8 8 Ã:>=:<8ø 8 @a;Ø:Ã= 8ØÂA<8 Ø8>8 @:Ö8 ÂÅ Ø8>8 !8:÷Âö ��Å: =;<8ÖÂ;;ÅØÂAÃÂ Â ØÈ8AÂ Â>:=A<8ÃÂ Ø=ÈÂ >=× =>=A@:8È jØ8>8 8 Ã:>=:<8ø Ø8>8 @:Ö8úö �=ò8 19Å>8 wö�ö

   ascendente e negativa              descendente e positiva

  ascendente e positiva              descendente e negativa

'�/3�� OC¡L �� +±�"�$�� � �3�� +���+���6���+��
���������� I·§§ HÂ<=ÖÂ; �Å=ø ØÂÃ=ÖÂ; 8:AÃ8 @8>8@<=>:�8> ÅÖ ØÂA<Â Ã= @a;Ø:Ã= ØÂ;:
<:ÆÂ Ã= ÅÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 Â>:=A<8Ã8 = @Â
Â>:=A<8Ã8 Ã8 ;=9Å:A<= Ö8A=:>8ù
Eú ÂÅ Â ØÂA<Â Ã= @a;Ø:Ã= û ÃÂ <:ØÂ 8;@=AÃ=A<= = Â >8ÖÂ ;8:AÃÂ ÃÂ ØÂA<Â û ØÂ;:<:ÆÂZ
wú ÂÅ Â ØÂA<Â Ã= @a;Ø:Ã= û ÃÂ <:ØÂ Ã=;@=AÃ=A<= = Â >8ÖÂ ;8:AÃÂ ÃÂ ØÂA<Â û A=98<:ÆÂZ

Õ:�=ÖÂ; �Å= ÅÖ ØÂA<Â Ã= @a;Ø:Ã= û A=98<:ÆÂ @8;Â @ÂA<>ó>:Âö
�����¬���� �� ���¤���� �� ��� «����� �� �����!��,!� s3� ! #±,��! $� +±�"�$�� $� 3,� t��#�� $� !#$� "(�#�* "!� ���� ����� +!.!���#��$�* $�&� ��� ��,"�� "��C �� t��!* "!$�,!� $��-�� ���! +(��! t�w�#$! ! �-�,"(!"��� 3,� ±#�+� +±�"�$� �, 3,� t��#�� $� !#$� +!.!���#��$�C
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'�/3�� OC£L '��#�� $� !#$� "(�#� +!, �"�#�� 3, "!#�! $� +±�"�$�C
��+!(S�,!� 3, "!#�! ,��+�$! #� t��#�� $� !#$� "(�#� � ��+!(S�,!� +!,! &��!� +!.!���#��� ! ! &��!� �#���#!* #!�� s3� �! "�����,!� "�(! "!#�! $� +±�"�$�* � +!.!���#��� !Q �#&����$� � ����,* �! &!(���,!� �! "!#�! �#�+��( ��,!� 3,� �#+!,"���5�(�$�$� $� +!.!���#���z��C���� "�!5(�,� Q t�+�(,�#�� ���!(&�$! $��$� s3� �-���� !3��� +±�"�$� +!, ! ,��,!��#�( $� �#����!�* s3� &�� ,�#��� � +!.!���#��� ! �#�+��( y4 s3� � ��/3#$� +±�"�$� &���#&����� � +!.!���#��� ! #!&�,�#�� !3 !3��� +±�"�$� +!, ��#�( +!#��4��! s3� "��,����4 !+�#+�(�,�#�! $�� $3�� � ����, � +!.!���#��� ! &�� ����� 5�, $�v#�$�C )�y� v/3�� �5��-!C

'�/3�� OCPNL '��#��� $� !#$�� +!, $!�� "!#�!� $� +±�"�$�C
�, 53�+� $� +(����v+�� ! $!� #1� +!, ���"���! �!� ��3� $�t���#��� ��"!�* � ��#$! �,&���� � ��(�� ! �-����#�� �#��� 3, #1 (�/�#$���#! � �3� t��#�� $� !#$� "(�#� T&�y� !5���.&�� ! OCOOU s3���,!� ��5�� �� $!�� #1� (�/�#$���#!� � ! #1� ��!�!"�+�,�#�� (�/�#$���#!���* � �!,�#�� ��* �(�� � ! ��!�1"�+!� +!,! #1� !�$�#4��!� #�� "�!y��z�� t�!#���� � "!��3�,!� ,��,!� 6#$�+�� i � 6#$�+�� $� ���(!& µ C	�(! ,�#!� "��� #1� ���&����* +!,! "!$� ��� &���! #!� ���5�(S!� $� ¸�¹ � ¸'¹* ��5�,!�s3� ! !5y���&! �+�,� t!� �(+�#��$!C��$�� $3�� t��#��� $� !#$�� "(�#�� s3���,!� "!$�� ���"!#$�� �� ����� t��#��� $� !#$��� ! �� |,��,��} �, ���,!� $� #1� (�/�#$���#!�C

��®����� I·§© ÕÅ8; ×>=A<=; Ã= ÂAÃ8; α, β : S1 −→ R
2 ;õÂ þi�ü2��þ��þ� ��ý� �
��þ�þ��ÿþ���� ;=ø = ;ÂÖ=A<= ;=ø =÷:;<= ÅÖ8 8ØÈ:@8ôõÂ @ÂA<�AÅ8

ψ : [0, 1] × S1 −→ R
2

(t, s) 7−→ ψ(t, s)
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<8È �Å= Ø8>8 <ÂÃÂ t ∈ [0, 1]
8 8ØÈ:@8ôõÂ ψt = ψ|{t}×S1 : S1 −→ R

2

s 7−→ ψt(s) = ψ(t, s)
û Ã:× =


>=A@:óÆ=Èø ψt û ÅÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 = ψ0 = α = ψ1 = β ö
������[ α ∼ βs;8>=ÖÂ; 8 Ø8È8Æ>8 ��ýü��� @ÂÖÂ ;=AÃÂ 8 ×8Ö�È:8 8 E
Ø8>�Ö=<>Â Ã= ×>=A<=; Ã= ÂAÃ8;ØÈ8A8;ö
�� v/3��� OCPP � OCPO �(3����, !� ����!� $� $3�� t��#��� $� !#$�� "(�#�� � 3, +�,�#S!�#��� ����� t��#��� $� !#$��* ���"�+��&�,�#��C

~

'�/3�� OCPPL u���!� $� $3�� t��#��� $� !#$�� "(�#�� �s3�&�(�#���

% % % %

%

%% %

a

b

'�/3�� OCPOL ��,�#S! �#��� �� t��#��� $� !#$� α �
β

�-���� 3, +�,�#S! (�/�#$! �� t��#��� $� !#$�� "(�#�� $� v/3�� OCPM²

~
?

ab

'�/3�� OCPML �� $3�� t��#��� $� !#$�� "(�#�� � ! �s3�&�(�#���²
� v/3�� OCP¢ ,!���� 3, +�,�#S! �#��� �� t��#��

α
�
β.
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% % %

a

b

'�/3�� OCP¢L 
,� ��#����&� $� �#+!#���� 3, +�,�#S! �#��� �� t��#��� $� !#$�� α �
β C

�!��,!� s3� � ���+���� �,�/�, #� v/3�� OCP¢ # ! �� ����� $� 3,� t��#�� $� !#$�"(�#�* "!�� +!,! &�,!� #� "4/�#� O£* �� +±�"�$�� �"���+�, �, t��#��� $� !#$�� "(�#��+!.!���#��$�� �!� "����C ����� t!�,� � v/3�� OCP¢ # ! ��"����#�� 3, +�,�#S! &4(�$!�#��� �� t��#���
α
�
β C ���� t��! #!� (�&� � �+��$���� s3�

α
�
β
# ! � ! �s3�&�(�#���C {��!#!� (�&� � ��/3�#�� "��/3#��L

~Å8AÃÂ ØÂÃ=>=ÖÂ; 81>Ö8> �Å= AõÂ =÷:;<= ÅÖ @8Ö:AÊÂ ψt =A<>= ÃÅ8; ×>=A<=; Ã= ÂAÃ8;�Å8:;�Å=>�
�� +!#+���!� s3� #!� �3-�(��� ! � ���"!#$�� ���� "��/3#�� � ! !� 6#$�+�� i � µ $� +3�&��(�/�#$���#�� s3� "!$�, ��� +�(+3(�$!� ��,5Q, "��� t��#��� $� !#$�� "(�#��L

������� I·§� ?=ò8Ö γ ÅÖ8 @Å>Æ8 È=9=AÃ>=8A8 = γF ;Å8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 8;;Â@:8Ã8øÂ b��ü�þ Ã8 @Å>Æ8 γ ø Ã=AÂ<8ÃÂ ØÂ> i(γ)ø û Â AaÖ=>Â Ã= ÆÂÈ<8; ÃÂ Æ=<Â> AÂ>Ö8È −→n (t) �Å=@Â
Â>:=A<8 8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 γF ö
������� I·§' ?=ò8Ö γ ÅÖ8 @Å>Æ8 È=9=AÃ>=8A8 = γF ;Å8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 8;;Â@:
8Ã8ø Ã=AÂ<8ÖÂ; ØÂ> µ+ Â AaÖ=>Â Ã= @a;Ø:Ã=; ØÂ;:<:Æ8; = ØÂ> µ− Â AaÖ=>Â Ã= @a;Ø:Ã=;A=98<:Æ8; Ã= ÅÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8ö $ b��ü�þ �þ �����2 Ã8 @Å>Æ8 γ ø Ã=AÂ<8ÃÂØÂ> µ(γ)ø û 8 Ã:× =>=Aô8 =A<>= Â AaÖ=>Â Ã= @a;Ø:Ã=; ØÂ;:<:Æ8; = A=98<:Æ8; Ã= γF ø :;<Â ûø
µ(γ) = µ+(γF ) − µ−(γF ).

���������� I·§¦ $ ;:A8È ÃÂ �AÃ:@= i AõÂ Ã=Ø=AÃ= Ã8 @Â
Â>:=A<8ôõÂ Ã8 ×>=A<= Ã= ÂAÃ8ØÈ8A8 = <>Â@8 �Å8AÃÂ 8; Â>:=A<8ô	=; ÃÂ ØÈ8AÂ ÂÅ Ã8 ×>=A<= Ã= ÂAÃ8 ;õÂ <>Â@8Ã8;ö $ �AÃ:@=Ã= 78;ÈÂÆ µ ÖÅÃ8 ;=Å ;:A8È �Å8AÃÂ 8 Â>:=A<8ôõÂ ÂÅ 8 @Â
Â>:=A<8ôõÂ Ã8 ×>=A<= û <>Â@8Ã8= û :AÃ=Ø=AÃ=A<= Ã8 Â>:=A<8ôõÂ ÃÂ ØÈ8AÂö
� ��"��! $�� t��#��� $� !#$�� "(�#�� +!, 3, $�$! 6#$�+�

i
� 3, $�$! 6#$�+� $����(!& µ ���4 $�#!��$! "!� Ωi,µ C

������� I·§0 ,-�©./ $ =;Ø8ôÂ Ã8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; @ÂÖ ÅÖ Ã8ÃÂ �AÃ:@= = ÅÖÃ8ÃÂ �AÃ:@= Ã= 78;ÈÂÆ × Â>Ö8 ÅÖ8 @ÂÖØÂA=A<= @ÂA=÷8 AÂ =;Ø8ôÂ Ã= <ÂÃ8; 8; ×>=A<=; Ã=ÂAÃ8; ØÈ8A8;ö
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i
m

0

0

1

2

2

...

...

...

...

... ... ... ... ... ...

4 6

'�/3�� OCP�L '��#��� $� !#$�� "(�#�� 54��+�� +!, 6#$�+��
i
�
µ
$�$!�C

¥������¬����� �� ������� I·§0L
PU �� t��#��� $� !#$�� α �

β
$� v/3�� OCPM # ! � ! �s3�&�(�#��� +!,! #1� (�/�#$���#!�C�� t��!* �,5!�� µ(α) = µ(β) = 0

* ! 6#$�+�
i
$�� t��#��� $� !#$�� "(�#�� � !$�t���#���* �#s3�#�! i(α) = 1

*
i(β) = 0 C {��! ��/#�v+� s3� �� $3�� t��#��� $� !#$��"(�#�� ��� ! �, +!,"!#�#��� +!#�-�� $����#��� � "!���#�! # ! �-���� 3, +�,�#S!$� t��#��� $� !#$�� "(�#�� (�/�#$! �� $3��C

OU �� t��#��� $� !#$�� "(�#�� $� v/3�� OCPP � ! �s3�&�(�#��� +!,! #1� (�/�#$���#!�*,�� # ! "��+���,!� ,��� $! +�,�#S! ,!����$! #� v/3�� OCPO "��� /���#��� ���!C����� 3��� ! ��!��,�C
MU 	!$�,!� ����5�(�+�� +(����� $� �s3�&�(0#+�� $� t��#��� $� !#$�� 5����$!� #!� 6#$�+��

i
�
µ C 	��� +�$� +(���� Q ����536$� 3, ����! ���#$��$* s3� $�#!����,!� "!� ωi,µ *!#$� i � µ � ! ���"�+��&�,�#�� ! 6#$�+� � ! 6#$�+� $� ���(!&C


������[ ωi,µ $�#!�� � t��#�� $� !#$� $� 6#$�+�
i
� 6#$�+� $� ���(!& µ C

¥����� ������ H­�����
��®����� I·§ª sÖ8 ��ÿ2� )þ����� ����� û ÅÖ8 8ØÈ:@8ôõÂ Ã:× =>=A@:óÆ=È
φ : S1 −→ IR2 Ã= ÅÖ @�>@ÅÈÂ AÂ ØÈ8AÂ @Åò8 Ã:× =>=A@:8È û :Aò =<:Æ8ø :;<Â ûø ÅÖ8 :Ö=>;õÂ ÃÂ@�>@ÅÈÂ AÂ ØÈ8AÂö



M¢ ��4� �Q:=�:� 9: �=9�� 67�=��

��®����� I·©J Õ8Ã8 ÅÖ @Å>Æ8 ØÈ8A8 × =@Ê8Ã8αø Â b��ü�þ �þ F�ü��þG Ã=α û Â AaÖ=>ÂÃ= >Â<8ô	=; ÃÂ Æ=<Â> <8A9=A<= �Å8AÃÂ ÅÖ ØÂA<Â Ø=>@Â>>= 8 @Å>Æ8 AÂ ;=A<:ÃÂ ØÂ;:<:ÆÂö
������� I·©K ��F�ü� �þ�ÿþý� �þ F�ü��þG� $ =;Ø8ôÂ Ã= :Ö=>;	=; ÃÂ @�>@ÅÈÂ AÂØÈ8AÂ @ÂÖ Â; Ö=;ÖÂ; �AÃ:@=; × Â>Ö8Ö ÅÖ8 @ÂÖØÂA=A<= @ÂA=÷8 AÂ =;Ø8ôÂ Ã= :Ö=>;	=; ÃÂ@�>@ÅÈÂ AÂ ØÈ8AÂö
��®����� I·©I sÖ8 @Å>Æ8 ØÈ8A8 × =@Ê8Ã8 α û @Ê8Ö8Ã8 �þ��ÿü�� ;=ø = ;ÂÖ=A<= ;=ø α<=Ö @ÂÖÂ ;:A9ÅÈ8>:Ã8Ã=; ØÂA<Â; ÃÅØÈÂ; <>8A;Æ=>;8:; = AõÂ ØÂ;;Å: ØÂA<Â; Ã= 8Å<Â
<8A9(A@:8øA=Ö ØÂA<Â; <>:ØÈÂ;ö

����&Q� $! 6#$�+� $� �S��#�  "!$�,!� �������v+�� ! +!#y3#�! $�� �,���z�� $! +6�+3(!#! "(�#! +!#��$���#$! �� +(����� $�� +3�&�� s3� �0, ! ,��,! 6#$�+�* � ,�#!� $� ��#�(C��$� +(���� Q +S�,�$� ��"����#��� ! +�#+#�+� $� +3�&�* $�#!��$� "!� Ki
* +!, i ∈ IN C����,* 3,� ��"����#��� ! +�#+#�+�

Ki

Q ! +!#y3#�! $� �!$�� �� +3�&�� "(�#�� t�+S�$��+!, 6#$�+� $� �S��#�  Iw = ±iC��#!($ �, ¸�P¹ ����5�(�+�3 ��"����#��#��� "��� +�$� ��"����#��� ! +�#+#�+�
Ki

$�.#!,�#�#$!.�� ������ �­�����C ����� +3�&�� t!�,�, ! s3� +S�,�,!� $� «������ �������� �­����� �(3����$� #� v/3�� �5��-!L

K K K K K
0 211 43

. . . 

'�/3�� OCP�L '�,6(�� $� +3�&�� "(�#�� 54��+�� $� ��#!($C
���������� I·©§ �; @Å>Æ8; !ó;:@8; Ã= �>AÂÈÃ =;<õÂ :A@ÈÅ:Ã8; A8; ×>=A<=; Ã= ÂAÃ8;ØÈ8A8;ö Á8:; @Å>Æ8; �Å= ;õÂ >=Ø>=;=A<8Ã8; ØÂ>Ki

;=ÖØ>= ØÂ;;Å=Ö �AÃ:@= i :9Å8È 8Â �AÃ:@=Ã= IÊ:<A=# = �AÃ:@= Ã= 78;ÈÂÆ µ = 0 ö �Â9Âø A8 19Å>8 wöE� =;<8; @Å>Æ8; ;õÂ =�Å:Æ8È=A<=;@ÂÖÂ AS; È=9=AÃ>=8AÂ; 8; @Å>Æ8; Ã8 Ø>:Ö=:>8 @ÂÈÅA8ö
�!, ����� +!#��$����z�� "!$�,!� $�w�� s3� $3�� +3�&�� (�/�#$���#�� � ! (�/�#$��.S!,!�1"�+�� !3 s3� $!�� #1� (�/�#$���#!� � ! (�/�#$��.��!�1"�+!� +!#S�+�#$! �3�� t��#���$� !#$�� "(�#�� � +�(+3(�#$! #����� !� 6#$�+�� i � µ * ����&Q� $! u�!��,� OCP¨



ÚiÛÜp�Ýq �

yr ¾o{ihmiopkr jk fmlihjm jk °hkopkr jk
yojir ßÝioir

� !5y���&! $���� +�"6�3(! Q �"����#��� !� �#&����#��� $� t��#��� $� !#$�� "(�#�� s3�t!��, �#��!$3w�$! "!� 'C ��+��$� �, ¸��P¹* !� +!#+���!�* ���3(��$!� � "�!"���$�$�� �"��.��#��$!� �s3� ��� ! 5����$!� #���� ��-�!C 	��� ���! &�,!� �#��!$3w�� � #!� ! $� �#&����#���!"!(1/�+! � $��+��&�� +!,! � ! !5��$!� !� �#&����#��� ��"! )����(��& $� t��#��� $� !#$��"(�#�� s3� ��� ! ��(�+�!#�$!� +!, $�t���#��� ������!� $! +!#y3#�! $��+��,�#�#�� t!�,�$!"�(�� t��#��� $� !#$�� "(�#�� # ! /�#Q��+��C
?áà �ìYçXíçìñêè WðAðã�äífðè

, $!� "�!5(�,�� +�#����� $� u!"!(!/�� Q $����,�#�� s3�#$! $!�� ��"��!� �!"!(1/�+!�� ! �s3�&�(�#��� TS!,�!,!�t!�U* !3 ��y�* �-���� 3, S!,�!,!�v�,! �#��� �(��C �� ,!$!/���(* # ! Q ���&��( $����,�#�� �� $!�� ��"��!� � ! !3 # ! � ! �s3�&�(�#���* "!�� $�$!� $!����"��!� s3���s3�� # ! Q ����t� t4+�( �-�5�� ! S!,�!,!�v�,! �#��� �(�� !3 "�!&�� s3� # !�-���� 3, ��( S!,�!,!�v�,!C�� 53�+� $� t����,�#��� �3-�(����� "��� $����,�#�� � �s3�&�(0#+�� $� ��"��!� �!"!(1/�.+!� �3�/�, !� :AÆ8>:8A<=; <ÂØÂÈS9:@Â; s3� � +�$� ��"��! �!"!(1/�+! ���!+�� 3, �(�,�#�!�, 3, $����,�#�$! +!#y3#�! � �� $!�� ��"��!� � ! S!,�!,!�t!�* �#� ! !� �(�,�#�!����!+��$!� $�&�, ��� !� ,��,!�C�!/!* 3, �#&����#�� �!"!(1/�+! Q 3,� �"(�+�� !

Υ : T −→ X
X 7−→ Υ(X),

!#$� T
Q ! +!#y3#�! $!� ��"��!� �!"!(1/�+!� �

X
Q 3, +!#y3#�! ��( s3� ��

X, Y ∈ T�
X

�
Y

� ! S!,�!,!�t!�* �#� ! Υ(X) = Υ(Y )C 
, �#&����#�� �!"!(1/�+! Q $��! 3,���������� ���¤���� �� ��,"�� s3�
Υ(X) = Υ(Y )

��&��,!� X �
Y

S!,�!,!�t!�C

M�
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?á� �ìYçXíçìñêè ñíAð  çèèíãíêY
�� �#&����#��� 3��(�w�$!� #���� ���5�(S! � ! !� �#&����#��� ��"! )����(��&* $���#&!(&�$!� "!�&!(�� $! �#! $� P£¡£ "�(! "�1"��! )����(��& "��� ���3$�� +!,"(�,�#�!� $� $��+��,�#�#����, ��"��!� $� �"(�+��z��C ����� �#&����#��� "�!"!�+�!#���, 3,� #!&� "���"�+��&� #!���3$! $� �#&����#��� $� #1� �,

R
3 C	!�����!�,�#��* "!� &!(�� $� P££� )C ��#!($ 3��(�w!3 ���� ��!��� $� )����(��& "����#��!$3w�� �#&����#��� �! +!#y3#�! $�� �,���z�� $�

S1 �,
R

2 * !3 ��y�* $�� +3�&�� "(�#��t�+S�$��C �����#$!.�� #! ���3$! $���#&!(&�$! "!� ��#!($ "��� +3�&�� "(�#�� 'C ��+��$�$����,�#!3 !� �#&����#��� ��"! )����(��& $�� t��#��� $� !#$�� "(�#�� ��/3�#$! !� ��/3�#���"���!�L
P¡U �!#��$��!3 ! +!#y3#�! $��+��,�#�#��

∆(S1,M)
$�

C∞(S1,M)CO¡U �(����v+!3 !� ������!� $� +!$�,�#� ! P* s3� #���� +��! � ! !� �35+!#y3#�!� $!$��+��,�#�#�� s3� "!��3�, �"�#�� 3, $!� ��/3�#��� �&�#�!�L �3�!.��#/0#+��* "!#�!����"(!�* ��#/0#+�� +!, +±�"�$� !3 #��+�,�#�! $� +±�"�$��C
M¡U �3#�3 +�$� ������! $� +!$�,�#� ! P +!, 3,� +!.!���#��� !C
¢¡U ��v#�3 ! &�(!� $! ��(�! �(�,�#��� $� 3,� t3#� ! (!+�( +!����"!#$�#��* s3� Q # !#3(� �!,�#�� #! +�3w�,�#�! $���� ������!C
�¡U {,"!� 3,� +!#$�� ! $� +!.!���#��5�(�$�$� �, +�$� ������! $� +!$�,�#� ! O* !5.���&�#$! s3� ! �#+��,�#�! $!� �#&����#��� (!+��� �! (!#/! $� 3, "�s3�#! +�,�#S!t�+S�$! �, �!�#! $���� ������! $�&� ��� #3(!C
�¡U �5��&� 3, �����,� $� �s3��z�� (�#�����* ;:;<=Ö8 @Â=>=A<=* "��� !� ��(�!� $�v#�#$!!� P.+!+�+(!�C
¨¡U ���!(&�3 ! �����,� +!���#�� � ��+!(S�3 3, +!#y3#�! ��,"(�� $� /���$!��� (�#���,�#���#$�"�#$�#��� $! ��"��! �!(3� !C �� +!����"!#$�#��� +!,5�#��z�� (�#����� $� ��(�!��(�,�#����� $�v#��, !� P.+!+�+(!� 54��+!�C
¡¡U )���v+!3 s3� �� +(����� $� +!S!,!(!/�� $!� P.+!+�+(!� 54��+!� $�v#�$!� #! "���! ¨ ���#3(�,C ����,* ! ��(�! $� +�$� P.+!+�+(! 54��+! Q "!���#�! ! ��(�! $� 3, �#&����#��54��+!C
£¡U ��v#�3 !� &�(!��� $!� �#&����#��� 54��+!� #�� +3�&�� 54��+�� Ωi,µ

* "��� +�$�
i
� +�$�

µ
* ���� s3� !� �#&����#��� ��y�, �$���&!� "�(� �!,� +!#�-� $� $3�� t��#���C

��+��$� "�!&!3 ��#$� s3� !� �#&����#��� !5��$!� #! ��s3�,� �+�,� � ! �#�s3�&!+�,�#��$�v#�$!� "�(� +!#$�� ! $� �$���&�$�$� T�$���&!� "�(� �!,� +!#�-�UC
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?á? g¤åíYçã¥ìfíç éê �Xêìñêè éê |ìéçè �ãçìçè
��®����� §·K sÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 �þ��ÿü�� û ÅÖ8 @Å>Æ8 α : S1 −→ R

2 @Åò8;aA:@8; ;:A9ÅÈ8>:Ã8Ã=; ;õÂ Â; ØÂA<Â; ÃÅØÈÂ; <>8A;Æ=>;8:; = 8; @a;Ø:Ã=; ;=Ö:
@a!:@8;ö
���������� §·I Õ:�=> �Å= ÅÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 û 9=Aû>:@8 ;:9A:1 @8 �Å= 8Â ;= ×8�=>ÅÖ8 Ø=�Å=A8 Ø=><Å!8ôõÂ A8 ×>=A<= Ã= ÂAÃ8 Â; × =A¦Ö=AÂ; �Å= Â@Â>>=Ö ;Â!>= =È8; AõÂ ;=8È<=>8Öö HÂ<8ÖÂ; �Å= ;= ÅÖ8 @Å>Æ8 <=Ö ØÂA<Â; Ã= 8Å<Â
<8A9(A@:8ø ØÂA<Â; <>:ØÈÂ;ø <8A9(A
@:8; @ÂÖ @a;Ø:Ã= ÂÅ A8;@:Ö=A<Â Ã= ÅÖ >8!Â Ã= 8AÃÂ>:AÊ8 �Å8È�Å=> Ø=�Å=A8 Ø=><Å!8ôõÂÂ; Ã=;× 8�ø @ÂÖÂ :ÈÅ;<>8 8 19Å>8 qöEö

� v/3�� MCP ,!���� $3�� t��#��� /�#Q��+��* �� $3�� "��,����� % ��s3��$�C �� $�,���t��#��� $� !#$�� $� v/3�� � ! # ! /�#Q��+�� "!�� �(Q, $� "!#�!� $3"(!� ���#�&������ � ��+±�"�$�� ��,�.+±5�+�� � t��#�� $� !#$� α "!��3� "!#�!� ���"(!�* � t��#�� $� !#$� β "!��3��3�!.��#/0#+�� � � t��#�� $� !#$� γ "!��3� ��#/0#+�� +!, +±�"�$�C
a

b

g

'�/3�� MCPL '��#��� $� !#$�� /�#Q��+�� � # ! /�#Q��+��C
���������� §·§ sÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 α û @È8;;:1 @8Ã8 @ÂÖÂ �þ��ÿü�� ;= ;8<:;× 8�8; ;=9Å:A<=; @ÂAÃ:ô	=;ù
Eú Â; aA:@Â; ØÂA<Â; ;:A9ÅÈ8>=; �Å= ØÂÃ=Ö Â@Â>>=> ;õÂ Â; ØÂA<Â; ÃÅØÈÂ; <>8A;Æ=>;8:; =§ÂÅÂ; Ã= × Â>Ö8 Ã= @a;Ø:Ã=ø ÂÅ ;=ò8ø AõÂ =÷:;<=Ö 8Å<Â
<8A9(A@:8; 8Â ÈÂA9Â ÃÂ ;=Å <>8ôÂZ
wú Â; >8ÖÂ; AõÂ ×8�=Ö ØÂA<Â; <>:ØÈÂ;Z
qú Â; ØÂA<Â; Ã= @a;Ø:Ã= AõÂ :A<=>;=@<8Ö Â; >8ÖÂ;ö
�ú Â; ØÂA<Â; Ã= @a;Ø:Ã= ;õÂ <ÂÃÂ; Ã:× =>=A<=;ø ÂÅ ;=ò8ø AõÂ ;Å>9=Ö >8!Â; Ã= 8AÃÂ>:AÊ88Â ÈÂA9Â ÃÂ ;=Å <>8ôÂö

��®����� §·© sÖ @8Ö:AÊÂ ψt : S1 −→ R
2 û ÅÖ ��ýü��� �þ��ÿü��ø ;= Ø8>8 @8Ã8 tøÂÅ ψt û 9=Aû>:@8 ÂÅ @ÂA<ûÖ AÂ Öó÷:ÖÂ ÅÖ ÃÂ; ;=9Å:A<=; =Æ=A<Â;ù

Eö �Å<Â
<8A9(A@:8Z
wö ÇÂA<Â; <>:ØÈÂ;Z
qö Á8A9(A@:8 @ÂÖ @a;Ø:Ã=Z
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�ö �H8;@:Ö=A<Â jÖÂ><=ú � Ã= @a;Ø:Ã=ö

(1) (2)

(3)
(4)

'�/3�� MCOL �&�#�!� (!+�(,�#�� # ! /�#Q��+!�C
� v/3�� MCO # ! ,!���� �� !���#���z�� � +!.!���#���z�� $�� t��#��� $� !#$�� "(�#��� #�, ,��,! � !���#��� ! $! "(�#! $� ,!$! s3� !� �&�#�!� �+�,� ,�#+�!#�$!� ��#$�"!$�, ��� �35$�&�$�$!� �, �&�#�!� $����#�!�* $�"�#$�#$! $�� !���#���z�� $! "(�#! � $�t��#�� $� !#$� � $� +!.!���#��� ! $� t��#��C

¨©¨©ª «¬­®®¯® °¯ ±²¯³´¯® °¯ µ³°­® ¯ «¬­®®¯® °¯ ¶·¸¯´²·­
��®����� §·� sÖ8 �����þ �þ )ÿþ��þ �þ ���� û ÅÖ8 @È8;;= Ã= L
:Ö=>;	=; @ÂA<=AÃÂ×>=A<=; 9=Aû>:@8; 8 Ö=AÂ; Ã= Ã:× =ÂÖÂ>1;ÖÂ; Ø>=;=>Æ8AÃÂ 8; Â>:=A<8ô	=; ÃÂ ØÈ8AÂ = ÃÂ@�>@ÅÈÂ Ã= ;Å8 Ø>û
:Ö89=Öö
��®����� §·' ?=ò8G ÅÖ 9>ÅØÂ 89:AÃÂ AÂ =;Ø8ôÂ Ã8; L
:Ö=>;	=;ö sÖ8 @È8;;= Ã= ×>=A<=;Ã= ÂAÃ8; ØÈ8A8; [γ] û @Ê8Ö8Ã8

G%ü�2�ÿü���þ ;= [Gγ] = [γ] ö
��y�

Ωi,µ
! ��"��! $�� �,���z�� $! +6�+3(! !���#��$! #! +!#y3#�! $!� �(�,�#�!� $�+!#���! +!.!���#��$!� $! "(�#! !���#��$! +!, 6#$�+�� v-!� i � µ C)�,!� ��"����#��� 3, �(�,�#�! $�

Ωi,µ
+!,! ! /�4v+! $� �"(�+�� ! $! +6�+3(! �,M

*���! Q* +!,! 3,� +3�&� ,!��#$! #! ��"��! S1 ×M
+!, +!!�$�#�$��

t(mod2π), x(t), y(t), φ(t)(mod2π).

��®����� §·¦ sÖ8 ü�2���*�� AÂ ØÈ8AÂ û ÅÖ8 8ØÈ:@8ôõÂ T : R
2 −→ R

2 �Å= ;8<:;× 8�
T ◦ T = Id

�!#��$���,!� �#� ! �� ��/3�#��� �#&!(3�z�� �/�#$! #! ��"��! $�� +3�&�� (�/�#$���#��� +!#��s3�#��,�#�� #! ��"��! $�� t��#��� $� !#$�� "(�#��L
�U � �#&!(3� ! a s3� �#&���� � !���#��� ! $! "(�#! (x, y)

Ù
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5U � �#&!(3� ! b s3� �#&���� � !���#��� ! $! +6�+3(! S1 � +!#��s3�#��,�#�� �#&���� �!���#��� ! $� t��#�� $� !#$�Ù
+U � �#&!(3� ! c s3� �#&���� � +!.!���#��� ! $!� �(�,�#�!� $� +!#���! � ����, �#&����� +!.!���#��� ! $� t��#�� $� !#$�C
�� �#&!(3�z�� �+�,� �/�#$! #�� +(����� $� t��#��� "!$�, ��� ��"����#��$�� "�(����/3�#��� ,����w�� �/�#$! #�� �,���z��L
�U �#&!(3� ! aL

a =




1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1




5U �#&!(3� ! bL

b =




−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1




+U �#&!(3� ! cL

c =




1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1




��®����� §·0 $ 9>ÅØÂ 9=>8ÃÂ ØÂ> =;<8; :AÆÂÈÅô	=;ø @Ê8Ö8ÃÂ RO jÃÂ :A9È(; ¹=Æ=>;:A9$>:=A<8<:ÂA;
:AÆ=><=AÃÂ Â>:=A<8ô	=;úø û ÅÖ 9>ÅØÂ @ÂÖÅ<8<:ÆÂ Ã= Â>Ã=Ö 8 ö �;;:Öø
RO = {I, a, b, c, ab, ac, bc, abc}.

��$! 3, �&�#�! # ! /�#Q��+! !+!���#$! �, 3,� t��#�� $� !#$� "(�#�* � �� ! $�
RO�!5�� ���� �&�#�! ! ���#�t!�,� �, !3��!� �&�#�!�C � #±,��! $� �&�#�!� $����#�!� /���$!�"!� ���� �� ! $�"�#$��4 $! ��"! $� ��,����� $! �&�#�! !��/�#�(C )�,!� �$�#��v+�� � +(��.��v+�� ����� �&�#�!� �, $3�� +(�����L 3, �&�#�! �����4 #� "��,���� +(���� �� �(� �#$�"�#$�$�� !���#���z�� � +!.!���#��� ! � +S�,���,!� ���� +(���� $� ������ ����¤�������C �!��(�,�#�!� $���� +(���� $�,!� ! #!,� $� �������

RO
G����¤��������C	!� !3��! (�$!* 3, �&�#�! �����4 #� ��/3#$� +(���� �� � !���#��� ! � � +!.!���#��� !� ! (�&�$�� �, +!#��* +S�,���,!� ���� +(���� $� ������ ��¤������� � !� �(�,�#�!� s3�� +!,"!�, $� �������

RO
G��¤��������C

���������� §·ª Eú $ ;Å!9>ÅØÂR(x)(y)
Ã=RO :AÃ:@8 Â <:ØÂ Ã= ;:Ö=<>:8 Ã= @8Ã8 =Æ=A<Âø:;<Â ûø û Â ;Å!9>ÅØÂ 9=>8ÃÂ Ø=È8; :AÆÂÈÅô	=; x = y =Ö >=È8ôõÂ 8; �Å8:; Â =Æ=A<Â û:AÆ8>:8A<=ö
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wú � × ó@:È Æ=> �Å= AõÂ =÷:;<= =Æ=A<Â ;:A9ÅÈ8> @ÂA;:Ã=>8AÃÂ 8; Â>:=A<8ô	=; = @Â
Â>:=A<8ô	=;�Å= ;=ò8 :AÆ8>:8A<= Ø8>8 <ÂÃÂ Â 9>ÅØÂ RO.
��������� ��� �������� �� ¥���������

1�������
K
L ��"����#�� �� �3�!.��#/0#+��� �#��� !� ��,!� $� 3,� t��#�� $� !#$�"(�#�C �� �6,5!(!� $� +�,�

+
�
−

��/#�v+�, ���"�+��&�,�#�� ! "���(�(��,! � ! �#��."���(�(��,! #! "!#�! $� ��#/0#+�� $!� &��!��� #!�,��� +!.!���#��$!� $!� $!�� ��,!�C ���6,5!(!� $� 5��-! C !3 D
��/#�v+�, s3� !� &��!��� ��#/�#��� !���#��$!� #! "!#�! $���#/0#+�� � ! "���(�(!� T+!#+!�$�#���U !3 �#��."���(�(!� T$��+!�$�#���UC � ��#�(

+ !3 −s3� �+!,"�#S� �� (����� �, 5��-! Q ! ��#�( $� �,5!� !� ��,!� ��#/�#���* s3�#$! �(��+!�#+�$�,C �S�,���,!� �� �3�!.��#/0#+��� s3� "!��3�, ! ��#�(
+ (−)

#� "���� $� +�,�$� �3�!.��#/0#+��� ���������� ,�������/C R4 �� �3�!.��#/0#+��� +!, � (����
C (D)

��� !�� �3�!.��#/0#+��� ������� ,��������/C	��� �#��#$�� !� !3��!� �6,5!(!� "����#��� #! �&�#�! K +!#��$��� � 4��� (�,���$�t!�,�$� "�(!� $!�� ��,!� �"1� ! �&�#�! $� ��#/0#+��C � �6,5!(! $� 5��-! i T�#���#!U !3
e
T�-���#!U ��/#�v+� s3� !� &��!��� +!.!���#��$!� �, �,5!� !� ��,!� ��� ! $�#��! !3 t!��$���� 4���C �3�#$! � (����

i
T
e
U &�, �+!,"�#S�$� $� 3, ��#�(

+ !3 −
s3�� $�w�� s3�

! ±#�+! &��!� #!�,�( $�#��! $� 4��� "����#+� �! ��,! "!����&! T#�/���&!U !3 #�/���&!T"!����&!UC�� �#&!(3�z�� a �
b
�#&����, !� 6#$�+�� T

+
*
−
U $! ������! K C � �#&!(3� ! c �#&����!� ,��,!� ��#��� � ��!+� i +!, e

* $��-�#$! �#� ! �#�(����$!� i+ �
i− C ����� t!�,� !�+���+�����

C
�
D

� !� ��#��� �3"���!��� � ! RO.�#$�"�#$�#���C

KC

+

K
+

C+

+

C-

c

R(ab)(bc)

KD

+

+

D, i +

+

D, i

c c

R(ab)(c)

KC

-

-

C, i

-

C,e

a, b a, b

c

R(a)(b)

KD

-

-

D+,e

-

D+,i

-

D-,e

-

D-,i

c

a,b c

a,b

R(ab)

-

K

K K

K K

K K K
K

a               b

a               b

'�/3�� MCML �&�#�!� $! ��"! K RO.�#$�"�#$�#���* RO.$�"�#$�#��� � �3�� ��,������
�������

T
L ��"����#�� !� "!#�!� ���"(!� �#��� !� ��,!� $� 3,� t��#�� $� !#$� "(�#�C
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�!#��$��� !� ��0� ��,!� s3� �� �#+!#���, #! "!#�! ���"(! +!,! �� $��/!#��� $� 3,S�-4/!#! ��/3(��C ��w�,!� s3� ! "!#�! ���"(! Q $! ��"! B !3 $! ��"! A �� � 3#� ! $!���0� ��,!� !���#��$!� ��, !3 # ! ��, � ��,����� $� !�$�, ��0� $! S�-4/!#!C {��! ��/#�v+�s3� �"(�+�#$! 3,� �!��� ! $� PON◦ #����� $��/!#���* � $��"!��� ! $�� ����� # ! �� �(����C��&� v+�� +(��! �s3� s3� # ! v-�,!� !� #±,��!� s3� �#$�+�, � &����� $! ��,! #����,!,�#�!C� �6,5!(! �3"���!� I $���/#� s3� !� ��#��� $!� ��0� ��,!� +!�#+�$�,*
II

�
III

��/#�v.+�, s3� !� ��#��� # ! +!�#+�$�,* � #! +��! �, s3� ! "!#�! ���"(! Q $! ��"! A !� ��#���
"!$�, �� �(���#��

(III) !3 # ! (II)C�� ����� "��� � $������ !3 "��� � ��s3��$� �#$�+�, ! ��/3�#��L +!#��$��� �� ��0�$����z�� ���#$! $! "!#�! ���"(! +!,! ��0� "!#�!� #! +6�+3(! +�#���$! #! "!#�! ���"(!C� !�$�, +6+(�+� $�� ��0� &������ $!� ��,!� +!����"!#$�#��� $�v#�, 3,� !���#��� ! $!+6�+3(!C 
��,!� � ���� "��� � $������ �� ���� !���#��� ! Q "!����&� � � ���� "��� � ��s3��$��� Q #�/���&�C�� ��0� ��#��� � ! !� ��#��� $!� ��0� ��,!�* +!,���#$! ��,"�� +!, ! ��,! ,��� ���s3��$� � $�6 ��/3�#$! ! ��#��$! S!�4��! "��� !� !3��!� ��,!�C �s3� +!#��$���,!� !"(�#! ��#$! !���#��$! "�(! ��t���#+��( T"��� � $������* "��� +�,�UC� �#&!(3� ! a �#&���� �� �����* ��!+� !� ��#��� $!� ��,!� � �� !�$�#� $!� ,��,!�Ù� �#&!(3� ! b �#&���� �� ����� � !� ��#��� $!� ��,!�Ù � �#&!(3� ! c �#&���� �!,�#�� !���#��� $!� ��,!�C �� +���+�����
A

�
B
* 5�, +!,! � +!�#+�$0#+�� $!� ��0� ��#��� � �3���(���#³#+��� T#! +��! AU* � ! RO.�#$�"�#$�#���C

T
I

A

1

T
+++

A%
T

+++

A
T
---

A T
---

A

R(ab)

T
II

A

T
++

A

--

T
++

A

- T
A

-++
T

A

-++

T
A

-

+ --T
A

+

1

-T
A

+- -T
A

+-
%

assimétrico

T
III

A

TA

+-+
TA!

+-+
TA

-+- TA
-+-

R(ab)

T
I

B

T
+++

B % T
+++

B !
T
---

B
T
---

B !

R(ab)

T
B

II

T
++

B%
-

T
++

B

- --T
B

+ --T
B

+

R(ab)

1 1 1

1 1 1 1

1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

2 2 2 2

3 3 3 3

3 3 3 3

3 3
3 3

3 3 3 3

3 3 3 3

3 3 3 3

! % !

! !

!
!

!

! !% %

%

% %

%

%

'�/3�� MC¢L �&�#�!� $! ��"! T RO.�#$�"�#$�#���* RO.$�"�#$�#��� � �3�� ��,������
�������

Π
L ��"����#�� ! �&�#�! $� ��#/0#+�� +!, +±�"�$�C � �6,5!(! C !3 D�#$�+�, s3� �� !���#���z�� $! ��,! +!#��#$! ! "!#�! $� +±�"�$� � $! !3��! ��,! ��,��#/3(���$�$�� � ! +!#+!�$�#��� !3 $��+!�$�#���C
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� ���� "��� +�,� !3 "��� 5��-! �#$�+� s3� � +±�"�$� Q $! ��"! ��+�#$�#�� !3 $��+�#.$�#��* ! "(�#! !���#��$! "�(! ��t���#+��( T"��� $������ � "��� +�,�UC� "��,���! $!� $!�� ��#��� Q ! ��#�( $! ��,! $��-�#$! ! "!#�! $� +±�"�$�* � ! ��/3#$!Q ! ��#�( $! !3��! ��,! ��, ��#/3(���$�$�� s3� +�3w� � +±�"�$�C� �#&!(3� ! a �#&���� � ���� � �!$!� !� ��#���Ù � �#&!(3� ! b �#&���� � ���� � ! ��/3#$!��#�(Ù � �#&!(3� ! c �#&���� �!,�#�� !� ��#���C �!,�#�� !� +���+�����
C

�
D

� ! RO.�#$�"�#$�#���C

P P +-
C7 P-

C7
- P +

C7
+ P+-

C7

P +-
C6 P-

C6
-

P
+

C6

+ P+-
C6

C

assimétrico

P +-
D7 P-

D7
- P +

D7
+ P+-

D7

P +-
D6 P-

D6
- P

+
D6

+ P+-
D6

P
D

assimétrico

'�/3�� MC�L �&�#�!� $! ��"! Π RO.�#$�"�#$�#���* RO.$�"�#$�#��� � �3�� ��,������
�������

Λ
L ��"����#�� ! �&�#�! $� |#��+�,�#�!} $� +±�"�$�C � ���� "��� +�,� !3"��� 5��-! ��/#�v+� s3� �� $3�� +±�"�$�� ��+Q, #��+�$�� � ! �,5�� $! ��"! ��+�#$�#��!3 $! ��"! $��+�#$�#��C � ��#�( Q �s3�(� $! ��,! �#��� $! #��+�,�#�! $�� +±�"�$��C ���#&!(3�z�� a �
b
�#&����, � ���� � ! ��#�(Ù � �#&!(3� ! c �#&���� �!,�#�� ! ��#�(C

L+

7

L-

7 L+

6

L-

6

L R(ab)

'�/3�� MC�L �&�#�!� $! ��"! Λ RO.�#$�"�#$�#���* RO.$�"�#$�#��� � �3�� ��,������
�!#t!�,� &�,!� #� $��+��� ! �+�,�* +�$� ��"! $� �&�#�! # ! /�#Q��+! T�3�!.��#/0#+��*"!#�!� ���"(!�* +�3w�,�#�! "!� +±�"�$� � |#��+�,�#�!} $� +±�"�$�U �#/(!5� $�&���!� ��"!�
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$� �&�#�!� $�"�#$�#��� $�� !���#���z�� � +!.!���#��� !C ����,* ��,!� ! ��/3�#�� ���3(.��$!C
���¤������ §·KJ Eú $ @ÂAòÅA<Â × Â>Ö8ÃÂ Ø=È8; �
:Ö=>;	=; @ÂÖ ×>=A<=; AõÂ 9=Aû>:@8;@ÂÖ ÅÖ8 8Å<Â
<8A9(A@:8ø Ã=AÂ<8ÃÂ ØÂ> ∆K ø @ÂA<=Ö Ev =Æ=A<Â; Ã:× =>=A<=;

(K+
C+, ..., K

−
D−,i)

Ã=Ø=AÃ=A<= Ã8; Â>:=A<8ô	=;ø @Â>>=;ØÂAÃ=AÃÂ 8 � =Æ=A<Â;
RO 
:AÃ=Ø=AÃ=A<=; (K+

C , ..., K
−
D)ø @ÂÖÂ ÖÂ;<>8 8 <8!=È8 qöqZ

wú $ @ÂAòÅA<Â × Â>Ö8ÃÂ Ø=È8; �
:Ö=>;	=; @ÂÖ ×>=A<=; AõÂ 9=Aû>:@8; @ÂÖ ÅÖ ØÂA<Â<>:ØÈÂø Ã=AÂ<8ÃÂ ØÂ> ∆T ø @ÂA<=Ö w� =Æ=A<Â; Ã:× =>=A<=; (T+++
A→ , ..., T−−−B← )

Ã=Ø=A
Ã=A<=; Ã8; Â>:=A<8ô	=;ø @Â>>=;ØÂAÃ=AÃÂ 8 � =Æ=A<Â; RO 
:AÃ=Ø=AÃ=A<=; (T IA, ..., T
II
B )øÖÂ;<>8ÃÂ A8 <8!=È8 qö�Z

qú $ @ÂAòÅA<Â × Â>Ö8ÃÂ Ø=È8; �
:Ö=>;	=; @ÂÖ ×>=A<=; AõÂ 9=Aû>:@8; @ÂÖ ÅÖ @>Å�8Ö=A<ÂØÂ> @a;Ø:Ã=ø Ã=AÂ<8ÃÂ ØÂ> ∆Π ø @ÂA<=Ö E� =Æ=A<Â; Ã:× =>=A<=; (Π+−
C↑ , ...,Π

+−
D↓ )

Ã=Ø=A
Ã=A<=; Ã8; Â>:=A<8ô	=;ø @Â>>=;ØÂAÃ=AÃÂ 8 w =Æ=A<Â; RO 
:AÃ=Ø=AÃ=A<=; (ΠC ,ΠD)ø@ÂÖÂ ÖÂ;<>8 8 <8!=È8 qö�Z
�ú $ @ÂAòÅA<Â × Â>Ö8ÃÂ Ø=È8; �
:Ö=>;	=; @ÂÖ ×>=A<=; AõÂ 9=Aû>:@8; @ÂÖ A8;@:Ö=A<ÂÃ= @a;Ø:Ã=;ø Ã=AÂ<8ÃÂ ØÂ> ∆Λ ø @ÂA<=Ö � =Æ=A<Â; Ã:× =>=A<=; (Λ↑+, ...,Λ

↓
−)

Ã=Ø=AÃ=A<=Ã8; Â>:=A<8ô	=;ø @Â>>=;ØÂAÃ=AÃÂ 8 E =Æ=A<Â RO 
:AÃ=Ø=AÃ=A<= (Λ)ø @ÂÖÂ ØÂÃ=ÖÂ;Æ=> A8 <8!=È8 qö�ö
� v/3�� MC¨ ,!���� ! ,��,! +�,�#S! /�#Q��+! $� v/3�� OCPO* ,�� �/!�� �#$�+�#$!+�$� �&�#�! !5��$! $�� ��5�(�� �+�,�C

L
7

+ KD ,i+

PD7
-+

-
KD ,i+

-

KD ,i+
-L

7

+

% % % %

%

%% %

a

b

'�/3�� MC¨L �-�,"(! $� 3, +�,�#S! /�#Q��+!C
�� v/3�� �+�,� !� $����#�!� �&�#�!� s3� !+!���, #! +�,�#S! ��� ! �#$�+�$!� +!, �#!��� ! 3��$� #� 	�!"!��� ! MCPN�� $3�� t��#��� $� !#$�� "(�#�� "!$�, ��� +!#�+��$�� "!� 3, +�,�#S! �#� ! �-����3, +�,�#S! /�#Q��+! (�/�#$! �� $3�� t��#��� $� !#$��C )�y� "!� �-�,"(! � v/3�� MC¡C
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% % % %

CAMINHO NÃO GENÉRICO

%

T
B

--+

!

%

P
D

-+

7

% %

P
D

-
7
-

% %

CAMINHO GENÉRICO

'�/3�� MC¡L �� $!�� +�,�#S!� +!#�+��, �� ,��,�� t��#��� $� !#$��C
� v/3�� �+�,� ��"����#�� $!�� +�,�#S!� +!#�+��#$! �� ,��,�� t��#��� $� !#$�� "!�Q,! "��,���! Q # ! /�#Q��+! � ! ��/3#$! Q /�#Q��+!C����� +�,�#S!� +!#�+��, ! ,��,! "�� $� t��#��� $� !#$�� "(�#��C � "��,���! +�,�#S!Q # ! /�#Q��+! "!� +�3�� $�� ��/3#$� � $� s3���� t��#�� $� !#$� s3� �"���+�,* &�,!�#!� ��t���� � �(�� +!,! ψa �

ψb
* ���"�+��&�,�#��C �!�� s3� ψa +!#�Q, !� �&�#�!� $� �3�!.��#/0#+�� � "!#�!� ���"(!� �! ,��,! ��,"! T+�$� 3, !5�$�+�#$! �� �3�� !���#���z��U �

ψb
+!#��, +�3w�,�#�! "!� +±�"�$� � "!#�!� ���"(!� �! ,��,! ��,"!C 	!$�,!� +���� 3,+�,�#S! /�#Q��+! � "����� $� 3, +�,�#S! # ! /�#Q��+! t�w�#$! 3,� |$�+!,"!��� !} $�

ψa
�
ψb C �!�� s3� �, �,5�� �� t��#��� ! "�!5(�,� ���4 #� ,3(��"(�+�$�$� $� �&�#�!� # !/�#Q��+!� !+!���#$! ��,3(��#��,�#��C �! �#��#�!* "!$�,!� ���!(&�� ! "�!5(�,� $� t��#��$� !#$� ψa "����#$! "��,���! "�(! "!#�! ���"(! � s3�#�! � t��#��

ψb
"!$�,!� "����� "�(!�+�3w�,�#�!� "!� +±�"�$�� 3, $� +�$� &�wC��/3� s3� �� "��,���,!� s3� !+!���, s3���s3�� �&�#�!� �"����#��$!� #�	�!"!��� ! MCPN �! (!#/! $� 3, +�,�#S! /�#Q��+! (�/�#$! $3�� t��#��� $� !#$�� "(�#��*����,!� � �s3�&�(0#+�� +!,! #1� (�/�#$���#!� �"����#��$� #! ��"6�3(! 2 C	!� !3��! (�$!* �� # ! "��,���,!� #�#S3, $!� �&�#�!� +���$!� #� 	�!"!��� ! MCPN �,3, +�,�#S! /�#Q��+! �#��� $3�� t��#��� $� !#$��* � #!� ! $� �s3�&�(0#+�� ���3(��#�� # !Q #�$� �#�������#��* +!,! �� "!$� &�� #� v/3�� MC£C

~

'�/3�� MC£L ��,�#S! /�#Q��+!C
	!���#�!* &�,!� ��� ,��� ��(���&!� �! ������#/�� !� �&�#�!� # ! /�#Q��+!� s3� ��� !"��,���$!� �, ��( +�,�#S!C �-�,�#�#$! �� +!#��s30#+��� $� ������� �(/3, �&�#�! # !/�#Q��+! $! +�,�#S! /�#Q��+!* +S�/���,!� %� #!&�� �s3�&�(0#+��� s3� ����,!� "�!+3��#$!C	!$�,!� ��v#�� ��#$� ,��� � �s3�&�(0#+�� �#��� �� t��#��� $� !#$�� "(�#�� �� "����,!�� +!#��$���� �3�� !���#���z�� � +!.!���#���z��C
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� ��/3�� $�v#���,!� �� �s3�&�(0#+��� s3� (�&�, �, +!#�� �� !���#���z�� � +!.!���#���z��$�� t��#��� $� !#$�� "(�#��C��®����� §·KK j8ú ÕÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; ψ0, ψ1 : S1 −→ R
2 ;õÂ

J+ %þi�ü2��þ��þ� ;= =÷:;<= ÅÖ @8Ö:AÊÂ 9=Aû>:@Â ψt =A<>= =È8; <8È �Å=ø Ø8>8 <ÂÃÂ
tø Â @8Ö:AÊÂ AõÂ @ÂA<=Ö A=AÊÅÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 @ÂÖ 8Å<Â
<8A9(A@:8; 8>
>:;@8Ã8; =A<>= ;=Å; >8ÖÂ;ö

~
J

+

% % % % %

'�/3�� MCPNL �3�� t��#��� $� !#$�� "(�#�� J+.�s3�&�(�#���C
j!ú ÕÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; ψ0, ψ1 : S1 −→ R

2 ;õÂ J− %þi�ü2��þ��þ� ;= =÷:;<= ÅÖ@8Ö:AÊÂ 9=Aû>:@Âψt =A<>= =È8; <8È �Å=ø Ø8>8 <ÂÃÂ tø Â @8Ö:AÊÂ AõÂ @ÂA<=Ö A=AÊÅÖ8×>=A<= Ã= ÂAÃ8 ØÈ8A8 @ÂÖ 8Å<Â
<8A9(A@:8; ;=9Å>8; =A<>= ;=Å; >8ÖÂ;ö

~
J
-

% % % %

'�/3�� MCPPL �3�� t��#��� $� !#$�� "(�#�� J−.�s3�&�(�#���C
j@ú ÕÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; ψ0, ψ1 : S1 −→ R

2 ;õÂ Sp%þi�ü2��þ��þ� ;= =÷:;<= ÅÖ@8Ö:AÊÂ 9=Aû>:@Âψt =A<>= =È8; <8È �Å=ø Ø8>8 <ÂÃÂ tø Â @8Ö:AÊÂ AõÂ @ÂA<=Ö A=AÊÅÖ8×>=A<= Ã= ÂAÃ8 ØÈ8A8 @ÂÖ ØÂA<Â; <>:ØÈÂ; A=Ö <8A9(A@:8; @ÂÖ @a;Ø:Ã=;ö

~
Sp

% % %

'�/3�� MCPOL �3�� t��#��� $� !#$�� "(�#�� Sp.�s3�&�(�#���C
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jÃú ÕÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; ψ0, ψ1 : S1 −→ R
2 ;õÂ h%þi�ü2��þ��þ� ;= =÷:;<= ÅÖ@8Ö:AÊÂ 9=Aû>:@Âψt =A<>= =È8; <8È �Å=ø Ø8>8 <ÂÃÂ tø Â @8Ö:AÊÂ AõÂ @ÂA<=Ö A=AÊÅÖ8×>=A<= Ã= ÂAÃ8 ØÈ8A8 @ÂÖ 8Å<Â
<8A9(A@:8; Ã= �Å8È�Å=> A8<Å>=�8 = @ÂÖ @>Å�8Ö=A<ÂØÂ> @a;Ø:Ã=;ö

j=ú ÕÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; ψ0, ψ1 : S1 −→ R
2 ;õÂ λ%þi�ü2��þ��þ� ;= =÷:;<= ÅÖ@8Ö:AÊÂ 9=Aû>:@Âψt =A<>= =È8; <8È �Å=ø Ø8>8 <ÂÃÂ tø Â @8Ö:AÊÂ AõÂ @ÂA<=Ö A=AÊÅÖ8×>=A<= Ã= ÂAÃ8 ØÈ8A8 @ÂÖ �A8;@:Ö=A<Â jÖÂ><=ú � Ã= @a;Ø:Ã=;ö

~
l

% % % %

'�/3�� MCPML �3�� t��#��� $� !#$�� "(�#�� λ.�s3�&�(�#���C
���������� §·KI j8ú Õ:�=> �Å= ÃÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; ;õÂ J+ 
=�Å:Æ8È=A<=; û ÂÖ=;ÖÂ �Å= Ã:�=> �Å= AõÂ Ã=Æ=Ö Â@Â>>=> Â; =Æ=A<Â; K+

C
=K+

D

8Â ÈÂA9Â ÃÂ @8Ö:AÊÂ@ÂA=@<8AÃÂ =;<8; ×>=A<=; Ã= ÂAÃ8;ö
j!ú Õ:�=> �Å= ÃÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; ;õÂ J− 
=�Å:Æ8È=A<=; û Â Ö=;ÖÂ �Å= Ã:�=>�Å= AõÂ Ã=Æ=Ö Â@Â>>=> Â; =Æ=A<Â; K−C =K−D 8Â ÈÂA9Â ÃÂ @8Ö:AÊÂ @ÂA=@<8AÃÂ =;<8;×>=A<=; Ã= ÂAÃ8;ö
j@ú Õ:�=> �Å= ÃÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; ;õÂ h
=�Å:Æ8È=A<=; û Â Ö=;ÖÂ �Å= Ã:�=>�Å= AõÂ Ã=Æ=Ö Â@Â>>=> Â; =Æ=A<Â; ÃÂ <:ØÂ T jØÂA<Â; <>:ØÈÂ;ú = Π j<8A9(A@:8 @ÂÖ@a;Ø:Ã=ú ÖÂ;<>8ÃÂ; A8; 19Å>8; qö� = qö� 8Â ÈÂA9Â ÃÂ @8Ö:AÊÂ @ÂA=@<8AÃÂ =;<8;×>=A<=; Ã= ÂAÃ8;ö
jÃú Õ:�=> �Å= ÃÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; ;õÂ Sp
=�Å:Æ8È=A<=; û Â Ö=;ÖÂ �Å= Ã:�=>�Å= AõÂ Ã=Æ=Ö Â@Â>>=> Â; =Æ=A<Â; ÃÂ <:ØÂ K j8Å<Â
<8A9(A@:8ú = Π ÖÂ;<>8ÃÂ; A8;19Å>8; qöq = qö� 8Â ÈÂA9Â ÃÂ @8Ö:AÊÂ @ÂA=@<8AÃÂ =;<8; ×>=A<=; Ã= ÂAÃ8;ö
j=ú Õ:�=> �Å= ÃÅ8; ×>=A<=; Ã= ÂAÃ8; ;õÂ λ
=�Å:Æ8È=A<=; û Â Ö=;ÖÂ �Å= Ã:�=> �Å= AõÂÃ=Æ=Ö Â@Â>>=> Â; =Æ=A<Â; ÃÂ <:ØÂΛ jA8;@:Ö=A<Â Ã= @a;Ø:Ã=ú ÖÂ;<>8ÃÂ; A819Å>8 qö�8Â ÈÂA9Â ÃÂ @8Ö:AÊÂ @ÂA=@<8AÃÂ =;<8; ×>=A<=; Ã= ÂAÃ8;ö

���������� §·K§ HÂ<= �Å= 8; � =�Å:Æ8È(A@:8; 8@:Ö8 8Ø>=;=A<8Ã8; :ÖØÈ:@8Ö A8 =�Å:Æ8
È(A@:8 @ÂÖÂ AS; È=9=AÃ>=8AÂ;ø ÂÅ ;=ò8ø ;= ÃÅ8; ×>=A<=; Ã= ÂAÃ8; ;õÂ =�Å:Æ8È=A<=; >=È8<:
Æ8Ö=A<= 8 8È9ÅÖ8 Ã8; =�Å:Æ8È(A@:8; Ã=1A:Ã8; =Ö qöEE =A<õÂ =È8; ;õÂ =�Å:Æ8È=A<=; @ÂÖÂAS; È=9=AÃ>=8AÂ;ö



¢¨ 4�P� �� Ì=R�QÌ�=�:�
RO5Ì=9:6:=9:=�:�

����¤��[ �3"!#S�,!� s3�
α

�
β

� ! $3�� +3�&�� (�/�#$���#�� λ.�s3�&�(�#���C {��!s3�� $�w�� s3� �-���� 3, +�,�#S! �#��� �� t��#��� $� !#$�� $� α �
β
s3� # ! +!#��, 3,�+3�&� (�/�#$���#� σ +3y� t��#�� $� !#$� "(�#� "!��3� 3, #��+�,�#�! $� +±�"�$�* ,������ ,��,! +�,�#S! "!$� +!#��� s3�(s3�� !3��! ��"! $� �&�#�!* +!,! �3�!.��#/0#+���*"!#�!� ���"(!� � +�3w�,�#�!� "!� +±�"�$��C ��#$! ����,* �� +3�&�� (�/�#$���#�� α �

β
� !�s3�&�(�#��� +!,! #1� (�/�#$���#!�C� "����� $� �/!�� s3�#$! "��/3#��,!� �� $3�� t��#��� $� !#$�� � ! �s3�&�(�#��� # !������,!� ,��� �#�������$!� �, ��5�� �� �� t��#��� � ! �s3�&�(�#��� +!,! #1� (�/�#$���#!�� ��, �� �(�� � ! �s3�&�(�#��� ��(���&�,�#�� �� �s3�&�(0#+��� $�v#�$�� #� $�v#�� ! MCPPC	��� ��#�!* $�&�,!� ����� ,��� ���#�!� �!� �&�#�!� s3� !+!���, �, +�,�#S!� (�/�#$!$3�� t��#��� $� !#$�� "(�#��C

?áV |è �ìYçXíçìñêè RO@íìéêAêìéêìñêè
����� ��� ! �"����#����,!� !� �#&����#��� $� t��#��� $� !#$�� "(�#�� s3� � ! ���"!#�4&���"�(� +(����v+�� ! $� t��#��� $� !#$�� "(�#�� ��(���&�,�#�� %� �s3�&�(0#+��� $�v#�$�� �!v#�( $� ��� ! �#����!�C )���,!� s3� �� $3�� t��#��� $� !#$�� "(�#�� "!��3�, !� ,��,!�&�(!��� "��� 3, $�$! �#&����#�� ���! # ! s3�� $�w�� #�+�������,�#�� s3� �� ,��,�� � !�s3�&�(�#��� �, ��(�� ! � ���� �#&����#�� ��"�+6v+!* ,�� �� !� &�(!��� $! �#&����#�� #�����$3�� t��#��� t!��, $�t���#��� y4 "!$�,!� /���#��� � # ! �s3�&�(0#+��� $�� ,��,��C
¨©º©ª µ °·®»²·¸·³­³´¯
�!#��$���,!� ! ��"��! t!�,�$! "�(�� t��#��� $� !#$�� "(�#�� $�� �,���z�� (�/�#$���#��C)�,!� #� ��� ! �#����!� s3� "!$�,!� +(����v+�� �� t��#��� $� !#$�� "(�#�� � "����� $��(/3,�� ��(��z�� $� �s3�&�(0#+��C � ��"��! Ω0

i,µ

* $�� +3�&�� (�/�#$���#�� ,��+�$��* Q S!.,!�!"�+�,�#�� �s3�&�(�#�� � 3, +6�+3(!* � ��5�� ! +6�+3(! $� �!$�� �� $����z�� "!��6&���$� +3�&� (�/�#$���#� ,��+�$� #! "(�#! $� +!#���! #! "!#�! ��+!(S�$!C ��#$! ! $��+��,�.#�#�� � �3�� +!.!���#���z�� G3
.�#&����#��� "!$�,!� +!#���3�� !� �#&����#��� $� t��#��� $�!#$�� "(�#�� +!#��$���#$! �!,�#�� �� "�!y��z�� t�!#���� $� L.�,���z�� ,��+�$��C

��®����� §·K© sÖ8 )ÿþ��þ �þ ���� ����� �þ�þ�þÿ���ø Ã= @ÂÃ:Ö=A;õÂ Eø û ÅÖ8×>=A<= Ã= ÂAÃ8 �Å= ØÂ;;Å: 8Ø=A8; ÅÖ ÃÂ; �� =Æ=A<Â; =÷:!:ÃÂ; A8 Ç>ÂØÂ;:ôõÂ qöEvö
� +!#y3#�! t!�,�$! "�(�� t��#��� $� !#$�� $�/�#���$�� t!�,�, 3,� S�"���3"��t6+��$��+��,�#�#�� $� +!$�,�#� ! PC ��#$! ����,* "!$�,!� $�v#�� ! $��+��,�#�#�� +!,! ��/3�C

��®����� §·K� �; ×>=A<=; Ã= ÂAÃ8; Ã=9=A=>8Ã8; × Â>Ö8Ö ÅÖ ;Å!@ÂAòÅA<Â Ã= C∞(S1,M)ø@Ê8Ö8Ã8 �ü�þÿ���þÿb�üþ �ü��ÿüýü����þ �þ ���üýþ����
1ø Ã=AÂ<8Ã8 ØÂ> ∆ ö

)�,!� $�#!��� ��,5Q,L
∆K = {f ∈ C∞(S1,M);

�3� "�!y�� ! t�!#��( "!��3� �3�!.��#/0#+���}
∆T = {f ∈ C∞(S1,M);

�3� "�!y�� ! t�!#��( "!��3� "!#�!� ���"(!�}
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∆Π = {f ∈ C∞(S1,M);
�3� "�!y�� ! t�!#��( "!��3� ��#/0#+��� �#��� ��,!� � +±�"�$��}

∆Λ = {f ∈ C∞(S1,M);
�3� "�!y�� ! t�!#��( "!��3� |#��+�,�#�! T,!���U} $� +±�"�$��}.��/3� $�6 s3�L

∆ = ∆K ∪ ∆T ∪ ∆Π ∪ ∆Λ���������� §·K' Õ8ÃÂ; ÅÖ �AÃ:@= i = ÅÖ �AÃ:@= Ã= 78;ÈÂÆ µ <=ÖÂ; �Å= Â Ã:;@>:Ö:A8A<=Ã:Æ:Ã= Â =;Ø8ôÂ Ωi,µ
=Ö @ÂÖØÂA=A<=; @ÂA=÷8;ö Ä8Ã8 @ÂÖØÂA=A<= ÃÂ @ÂÖØÈ=Ö=A<8> ÃÂÃ:;@>:Ö:A8A<= @ÂA;:;<= =Ö ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; AõÂ Ã=9=A=>8Ã8; ÃÂ Ö=;ÖÂ <:ØÂö

����¤��[ � S�"���3"��t6+�� $��+��,�#�#�� "��� � �s3�&�(0#+�� Π
* s3� +S�,���,!� ��,."(��,�#�� $� $��+��,�#�#��

Π
* Q +!,"!��! "!� �!$�� �� t��#��� $� !#$�� "(�#�� +!#��#$!��#/0#+��� +!, +±�"�$��C �� $3�� t��#��� $� !#$�� "(�#�� ψ0, ψ1

��� ! �, 3,� ,��,�+!,"!#�#�� +!#�-� $! +!,"(�,�#��� $! $��+��,�#�#��
Π
* "!$�,!� +���� 3, +�,�#S!/�#Q��+! ψt $� 3,� "��� !3��� s3� # ! +!#��, #�#S3,� ��#/0#+�� +!, +±�"�$�* ���! Q*

ψt
���4 �#�����,�#�� +!#��$� #���� +!,"!#�#�� � # ! +!#��, #�#S3,� t��#�� $� !#$�$�/�#���$�C ����,*

ψ0 ∼Π ψ1 C	!$�,!� t�w�� � ,��,� �#4(��� "��� !� !3��!� �#&����#���C � v/3�� MCP¢ �(3���� !$��+��,�#�#�� "��� ! ��"��! Ω1,0 C

%

%

%

%

% %

%

%

K

TP

L

i=1,m=0

'�/3�� MCP¢L {(3����� ! "��� ! $��+��,�#�#�� #! ��"��! Ω1,0 C

¨©º©¼ «½¾½²·¯³´­¿À¯® °½® ¯®´²­´½® °¯ »½°·¸¯³®Á½ ª °½ °·®»²·¸·¾³­³´¯
��+��$� $�v#�3 � �#&����#��� $� t��#��� $� !#$�� "(�#�� s3� � ! �#$�"�#$�#��� $�� !���#.���z�� $! "(�#! � $� t��#�� $� !#$� "(�#� 5�, +!,! $� +!.!���#��� ! $� t��#�� $� !#$�
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"(�#�C ����� �#&����#��� � ! ���"!#�4&��� "!� $�w�� s3�#$! $3�� t��#��� $� !#$�� "(�#��# ! � ! J+.Â J−.Â Sp.Â h.Âλ.�s3�&�(�#���C�! s3� ��/3� �"����#����,!� �#&����#��� �#$�"�#$�#��� s3� ��� ! ��(�+�!#�$!� +!,�� �s3�&�(0#+��� $� $�v#�� ! MCPPC ���� ���$� $���,!� �� $�v#��z�� �-�!,4��+��L
• J+ Q ! �#&����#�� 54��+! ���!+��$! �!� +�3w�,�#�!� $! $��+��,�#�#��

K
T�3�!.��#/0#+���U* ,��� ��"�+�v+�,�#�� �!� �&�#�!�K+

C

�
K+
D

T�3�!.��#/0#+��� �����+�$��UC
• J−

Q ! �#&����#�� 54��+! ���!+��$! �!� +�3w�,�#�!� $! $��+��,�#�#��
K
* ,��� ��."�+�v+�,�#�� �!� �&�#�!� K−C �

K−D
T�3�!.��#/0#+��� ��/3���UC

• Sp
Q ! �#&����#�� 54��+! ���!+��$! �!� +�3w�,�#�!� $!� $��+��,�#�#���

Π
T��#/0#+��+!, +±�"�$�U � T T"!#�!� ���"(!�UC

• h
Q ! �#&����#�� 54��+! ���!+��$! �!� +�3w�,�#�!� $!� $��+��,�#�#���

K
�

ΠC
• λ

Q ! �#&����#�� 54��+! ���!+��$! �!� +�3w�,�#�!� $! $��+��,�#�#��
Λ

T#��+�,�#�!$� +±�"�$�UC�� �#&����#��� +!#��, T+!, ��#���U � s3�#��$�$� $� &�w�� s3� 3, +�,�#S! �#��� t��#���$� !#$�� "(�#�� +�3w�, 3, $����,�#�$! ������! $! $��+��,�#�#��C ��� +!#��� �!,�#��! #±,��! $� &�w�� # ! "���+� ! 5����#��C �!#��$���,!� �#� ! � v/3�� MCP�C

% %
L L

'�/3�� MCP�L 
, +�,�#S! �#��� � t��#�� $� !#$� ω1,0
"��� �(� ,��,�C

� v/3�� MCP� ,!���� 3, +�,�#S! $� t��#�� $� !#$� ω1,0
�, �� ,��,� #! s3�( t�w�,!�|#��+��} 3, ��5! $� �#$!��#S� T$3�� +±�"�$��U � $�"!�� ����� +±�"�$�� |,!���,}C �!,!+!,���,!� � ���,�#�,!� +!, � ,��,� t��#�� $� !#$� ��"���,!� ��� !� ,��,!� &�(!���"��� !� �#&����#���C �� ��,"(��,�#�� +!#��,!� ! #±,��! $� &�w�� s3� ! +�,�#S! "���!3"�(! $��+��,�#�#��

Λ
* ! &�(!� $! ,��,! #� +3�&� � $������ $�&� ��� $�t���#�� $! $� +3�&�� ��s3��$�C 	��+���,!� +�(+3(�� ����� +�3w�,�#�!� "�(!� $��+��,�#�#���* $� ,!$! s3� !��/3#$! +�3w�,�#�! +�#+�(� ! "��,���!C	��� ���!(&�� ���� "�!5(�,�* &�,!� ���!+��� � +�$� +�3w�,�#�! ���#�&����( "!� 3,"!#�! # ! /�#Q��+! 3, ��#�(C ���� ��#�( Q +S�,�$! ��G���������� �� �������C �5���&�.,!� s3� �,5!�� ��+�5� � ,��,� #!,�#+(��3�� �� +!.!���#���z�� $� t��#��� $� !#$� � $!������! � ! +!���� $�t���#���C� +!.!���#��� ! $! ������! �-���� "��� s3� "!���,!� &���v+�� �� 3,� +���� t��#�� $�

!#$� #! +�,�#S! �#��� $3�� !3���� +�3w� ! $��+��,�#�#�� #! ��#��$! "!����&! !3 #�/���&!*���! Q* #!� "��,��� &���v+�� �� ! �&�#�! �, s3��� ! �!t���4 3, �3,�#�! !3 3,� $�,�#3�� !#! &�(!� $! ��3 ��(�!C
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)�,!� ����53�� 3, ��#�( � +�$� ������! $! $��+��,�#�#�� $� �+!�$! +!, !���#��� ! �+!.!���#��� ! � &�,!� ��,5Q, ����"3(�� ! &�(!� $���� ��(�!C
��®����� §·K¦ sÖ ����� þ�þýþ���ÿø =Ö ÅÖ =;<>8<Â ÈÂ@8Èø û Â �AÃ:@= Ã= �8;;:È:=Æ Ø>û
Ã=<=>Ö:A8ÃÂ Ø8>8 8�Å=È= =;<>8<Â =;Ø=@�1 @Âö

����� �� ���������� �� ������� �� ����G����¬�����
•

� +�3w�,�#�! ���#�&����( "!� 3,� �3�!.��#/0#+�� $����� T��/3�� !3 �����+�$�U QL
¤������� �� ! #±,��! $� "!#�!� $3"(!� �3,�#�� � �������� �� ! #±,��! $� "!#�!�$3"(!� $�,�#3�C

•
� +�3w�,�#�! ���#�&����( "!� 3,� �3�!.��#/0#+�� �#&���� T��/3�� !3 �����+�$�U QL¤������� �� ! #±,��! $� "!#�!� $3"(!� $�,�#3�Ù �������� �� ! #±,��! $� "!#�!�$3"(!� �3,�#��C

���������� §·K0 � :ÖØÂ><8A<= >=;;8È<8> 8�Å: �Å= Â; =Æ=A<Â; AõÂ 9=Aû>:@Â; 8;;Â@:8ÃÂ; 8;8Å<Â
<8A9(A@:8; �Å= ;õÂ Ã=Ø=AÃ=A<=; Ã8; Â>:=A<8ô	=; <8Ö!ûÖ <=>õÂ 8 Ö=;Ö8 @Â
Â>:=A<8ôõÂÃ8Ã8 8@:Ö8 �Å8AÃÂ 8È9ÅÖ @8Ö:AÊÂ @>Å�8> Â Ã:;@>:Ö:A8A<= A=;<= ØÂA<Âö
����� �� ���������� �� ������� �� ������ ���¤���
•

���� +��! Q 3, "!3+! ,��� +!,"(�+�$! $! s3� !� �#����!��� � ! ,Q�!$! "��� $����.,�#�� ! ��#�( "��� ���� $��+��,�#�#�� �� $�&� � ��#!($ ¸�O¹C�! "���! �5��-! t���,!� � $��+��� ! $� +!,! Q ����53�$! 3, ��#�( � 3, +�3w�,�#�!$���� ��"!L
−

�3�#$! !+!��� ! +�3w�,�#�! "!� 3, "!#�! ���"(! ��,!� ! s3� +S�,�,!� $����³#/3(!� $���"���+�#$!C �-���,�#�� �#��� $���� +�3w�,�#�! ��,!� 3, ���³#./3(!* s3� +S�,���,!� $� ���³#/3(! |,!��!} � �-���,�#�� �"1� ! +�3w�,�#�!��,!� 3, !3��! ���³#/3(!* s3� ���4 +S�,�$! ���³#/3(! |��+Q,.#��+�$!}C � +�$�3, $���� ���³#/3(!� ���4 ����53�$! 3, ��#�(C T)�y� v/3�� MCP�UC

'�/3�� MCP�L ��3w�,�#�! "�(! ������! $� "!#�!� ���"(!�C
−

	��� $����,�#�� ! ��#�( $����� ���³#/3(!� $�&�,!� +!#��$���� � !���#��� ! $!+6�+3(! $� "�Q.�,�/�, $� t��#�� $� !#$� "(�#�* !3 ��y�* � "�1"��� !���#��� !$� t��#�� $� !#$� "(�#�* +!,! #� v/3�� �5��-!L
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% %

'�/3�� MCP¨L �-�,"(! $� t��#�� $� !#$� !���#��$� "����#$! "!� 3, "!#�! ���"(!C
� !���#��� ! $� t��#�� $� !#$� "(�#� "�!$3w 3,� !�$�, +6+(�+� #!� (�$!� $!���³#/3(! $���"���+�#$!* � ��5�� � !�$�, �, s3� � t��#�� $� !#$� "���� "!������ (�$!�C {��! $�v#� 3,� !���#��� ! "��� ! ���³#/3(! T&�y� v/3�� MCP¡UC

1

2 3

1

23

'�/3�� MCP¡L ��$�, +6+(�+� $!� (�$!� $!� ���³#/3(!� $���"���+�#$!�C
�(Q, $���!* +�$� (�$! $! ���³#/3(! "!��3� 3,� !���#��� ! $�$� "�(� !���#��� !$� "�1"��� t��#�� $� !#$� T&�y� v/3�� MCP£UC

'�/3�� MCP£L ��$� (�$! $! ���³#/3(! $���"���+�#$! ��, �3� "�1"��� !���#��� !C
� !���#��� ! $� +�$� 3, $!� (�$!� $! ���³#/3(! "!$� +!�#+�$�� !3 # ! +!,� !���#��� ! $! ���³#/3(!C 	��� +�$� ���³#/3(! &�,!� +!#��$���� ! #±,��! q+!,! ��#$! ! AaÖ=>Â Ã= È8ÃÂ; @Åò8 Â>:=A<8ôõÂ @Â:A@:Ã= @ÂÖ 8 Â>:=A<8ôõÂ ÃÂ<>:�A9ÅÈÂC �!�� s3�

q "!$� �!,�� !� ��/3�#��� &�(!���L N* P* O !3 MC )�,!�$�v#�� ! ��#�( $! ���³#/3(! $���"���+�#$! +!,! ��#$! (−1)q C
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1

2 3

1

23

triângulo morto
q=0

(-1)  =1
q

positivo

triângulo que nasce

q=3

(-1)  =-1
q

negativo

'�/3�� MCONL u��³#/3(!� s3� #��+�, � ,!���, � ��3� ��#���C
−

� ����� �� ���������� ¤��� ¤���� ���¤�� Q ! ��#�( $! ���³#/3(! ��+Q,.#��+�$!C
���������� §·Kª Eú $ ;:A8È ÃÂ <>:�A9ÅÈÂ ÖÂ><Â û ;=ÖØ>= ÂØÂ;<Â 8Â ;:A8È ÃÂ <>:�A9ÅÈÂ�Å= A8;@=ø Ã=;;8 × Â>Ö8 ØÂÃ=ÖÂ; Ã=1A:> Â ;:A8È ÃÂ @>Å�8Ö=A<Â @ÂÖÂ ;=AÃÂ Â ÂØÂ;<ÂÃÂ ;:A8È ÃÂ <>:�A9ÅÈÂ ÖÂ><Âö
wú $ ;:A8È ÃÂ <>:�A9ÅÈÂ �Å= A8;@= A8 19Å>8 qöwv û A=98<:ÆÂø ;=AÃÂ 8;;:Ö Â @>Å�8
Ö=A<Â Ã=;@>:<Â A8; 19Å>8; qöEÃ
qöwv û ÅÖ @>Å�8Ö=A<Â A=98<:ÆÂö ÇÂÃ=ÖÂ; @ÂA@ÈÅ:>8 Ö=;Ö8 @Â:;8 ÂÈÊ8AÃÂ Ø8>8 Â ;:A8È ÃÂ <>:�A9ÅÈÂ ÖÂ><Âø �Å= û ØÂ;:<:ÆÂö
����� �� ���������� �� ������� �� ����¬���� ��� ���¤���
•

� +�3w�,�#�! ���#�&����( "�(! ������! $� ��#/0#+�� +!, +±�"�$� ����������� (ΠC)QL ¤������� �� ! #±,��! $� "!#�!� $3"(!� �3,�#��Ù �������� �� ! #±,��! $� "!#�!�$3"(!� $�,�#3�C
•

� +�3w�,�#�! ���#�&����( "�(! ������! $� +�3w�,�#�! "!� +±�"�$� �����������
(ΠD)

QL ¤������� �� ! #±,��! $� "!#�!� $3"(!� $�,�#3�Ù �������� �� ! #±,��! $�
"!#�!� $3"(!� �3,�#��C

����� �� ���������� ¤��� ������� �� ���������� �� ���¤����
•

� +�3w�,�#�! Q ¤������� �� ! #±,��! $� +±�"�$�� �3,�#�� �"1� ! +�3w�,�#�! "�(!������! � Q �������� �� ! #±,��! $� +±�"�$�� $�,�#3�C
� ��5�(� �5��-! ���3,� ! s3� ���5�(�+�,!� ��Q �s3� � ���"���! $� +!.!���#��� ! $� +�$�������!C )�,!� ��,5Q, �"����#��� ! &�(!� "��� +�$� ��(�! �(�,�#��� "�(! +�3w�,�#�!��"�+6v+! $�#!��$! "!� ∆ξ C
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ESTRATO                         COORIENTAÇÃO LOCAL                            SALTO ELEMENTAR                    

K
+

C
DJ

+

c=Dn

K
+

D
DJ

+

D= -Dn

K
-

C DJc=Dn
-

KD

-

DJ
D= -Dn
-

PC Dp
C= Dn

PD
Dp

D= -Dn

L Dl = 2Dn

T DSt=   2

'�/3�� MCOPL �� +!.!���#���z�� (!+��� $! ������! $� +!$�,�#� ! P
���������� §·IJ Eú �; @Â
Â>:=A<8ô	=; >=Ø>=;=A<8Ã8; A8 <8!=È8 qöwE ;õÂ :AÃ=Ø=AÃ=A<=;Ã8 Â>:=A<8ôõÂ ÃÂ ØÈ8AÂø Ã8 Â>:=A<8ôõÂ Ã8 ×>=A<= = Ã8 @Â
Â>:=A<8ôõÂ Ã8 ×>=A<= Ã= ÂAÃ8ö
wú $; ;8È<Â; =È=Ö=A<8>=; Ø8>8 Â; =;<>8<Â; K ø St = Λ ;õÂ ;=ÖØ>= =;@ÂÈÊ:ÃÂ; =Ö <=>ÖÂ;Ã8 Æ8>:8ôõÂ ∆n

Ã= AaÖ=>Â Ã= ØÂA<Â; ÃÅØÈÂ;ö
qú $ ;8È<Â =È=Ö=A<8> Ø8>8 Â =;<>8<Â T ;=9Å= 8 >=9>8 ÃÂ; <>:�A9ÅÈÂ; �Å= �A8;@=Ö� =�ÖÂ>>=Ö� 8ÃÂ<8Ã8 ØÂ> �>AÂÈÃø =Ö!Â>8 8�Å: =È= <=AÊ8 Æ8ÈÂ> Ã:× =>=A<= ÃÂ 8<>:!Å�ÃÂØÂ> �>AÂÈÃö
�ú  ;<=; Æ8ÈÂ>=; ;õÂ 8<>:!Å�ÃÂ; 8Â; =;<>8<Â; Ã=;;8 × Â>Ö8 ØÂ:; 8;;:Ö Â; :AÆ8>:8A<=; �Å=;õÂ @ÂÖ!:A8ô	=; Ã=;<=; =;<>8<Â; ;=>õÂ 8Ã:<:ÆÂ; ;Â! 8 ;ÂÖ8 @ÂA=÷8ö
�ú H8; 19Å>8; 8 @Â
Â>:=A<8ôõÂ ÈÂ@8È Ã= ÅÖ =;<>8<Â û :AÃ:@8Ã8 Ø=ÈÂ; Æ=<Â>=; AÂ>Ö8:; 8Â=;<>8<Â 8ØÂA<8AÃÂ A8 Ã:>=ôõÂ ØÂ;:<:Æ8ö
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¨©º©¨ µ® Ä ·³Å­²·­³´¯® ÆÇ®·»½® RO¾·³°¯È¯³°¯³´¯®�/!�� ,!������,!� +!,! � ! $�v#�$!� !� � �#&����#��� (!+��� 54��+!� RO.�#$�"�#$�#��� �,!������,!� #! ±(��,! ��!��,� $���� ��� ! s3� �(�� ���(,�#�� �-����, � s3� � ! ±#�+!� �,�#!� $� ��+!(S� $� +!#���#�� #! ��(�! �(�,�#��� $!� ������!� $� +!$�,�#� ! P $�v#�$!��+�,�C��,5��#$! s3� ��Q �/!��* ��/3�#$! !� "���!� $� )����(��& "��� � $����,�#�� ! $��#&����#��� vw�,!� � +(����v+�� ! $!� ������!� $� +!$�,�#� ! P $! $��+��,�#�#��C )�,!��,"!� 3,� +!#$�� ! �!5�� !� ������!� $� +!$�,�#� ! O +!, � v#�(�$�$� $� �#+!#���� !��#&����#���C�� �������� �� ����������
2 "!$�, ��� &���!� +!,!L

T�U $!�� �&�#�!� !+!���#$! ��,3(��#��,�#�� �, "!#�!� $����#�!� $� t��#�� $� !#$� "(�#�Ù
T5U $!�� �&�#�!� !+!���#$! ��,3(��#��,�#�� �, 3, ,��,! "!#�! $� t��#�� $� !#$�"(�#�C


������[ ��$! ξ 3, �&�#�! RO.�#$�"�#$�#�� �, 3,� t��#�� $� !#$� "(�#�* $�#!����.,!� "!� ∇ξ ! +!�v+��#�� $! ��(�! �(�,�#��� ���!+��$! �
ξ C�!#��$���,!� ! +!#y3#�! ∇

$� PO #±,��!�
(∇J+

C ,∇J
+
D ,∇J

−
C ,∇J

−
D ,∇πC ,∇πD,∇St

I
A,∇St

II
A ,∇St

III
A ,∇StIB,∇St

II
B ,∇λ).

∇
Q ! &��!� $!� +!�v+��#��� $! ��(�! RO.�#$�"�#$�#��

ζ = ∇J+
C∆J+

C + ...+ ∇λ∆λ,

!#$� ∆ξ
��"����#�� ! &�(!� $! ��(�! T+!, ��3 ���"�+��&! ��#�(U �

∇ξ
��"����#�� ! #±,��!$� &�w�� s3� ! +�,�#S! (�/�#$! $3�� t��#��� $� !#$�� "(�#�� ����&���!3 ! ������! ξ C

��®����� §·IK Õ:�=ÖÂ; �Å= Â ;8È<Â ζ Ã=1A= ÅÖ É%���ü��� ;=ø = ;ÂÖ=A<= ;=ø Â Æ=<Â> ∇Æ=>:1 @8 ÅÖ ;:;<=Ö8 Ã= =�Å8ô	=; È:A=8>=;
M∇ = 0

TMCPU
@Ê8Ö8ÃÂ � �ü��þý� �þ ��þÿt��ü�ö
���������� §·II "ÖØÂ> 8 @ÂAÃ:ôõÂ ;Â!>= Â; =;<>8<Â; Ã= @ÂÃ:Ö=A;õÂ w û ;:ÖØÈ=;Ö=A<=Ø=Ã:> �Å= Â @ÂAòÅA<Â Ã= AaÖ=>Â; ∇ ;8<:;× 8ô8 Â ;:;<=Ö8 Ã= @Â=>(A@:8ö
���� §·I§ $ ÂØ=>8ÃÂ> È:A=8>M û Ã=1A:ÃÂ Ø=È8 ;=9Å:A<= Ö8<>:�
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M =




1 −1 0 0 −1 1 0 0 0 0 0 0
0 0 1 −1 −1 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 −1 0 0 0
0 0 0 0 0 0 1 0 0 −1 0 0
0 0 0 0 0 0 0 1 0 0 −1 0
0 0 0 0 0 0 0 0 1 0 −1 0
0 0 0 0 0 0 1 0 0 0 −1 0
0 0 0 0 0 0 0 0 1 −1 0 0
0 0 0 0 0 0 1 −1 0 0 0 0
0 0 0 0 1 1 −1 0 0 0 0 0
0 0 0 0 1 1 0 −1 0 0 0 0




������������[ ��5�,!� s3� !� ������!� $� +!$�,�#� ! O $! ��"! T�U # ! �#Ê3�#+��,#� !5��#� ! $�� (�#S�� $� ,����w
M

* "����,!� ����, % �#4(��� $� +�$� +��! $! ��"! T5U+!, !� ������!� $� +!$�,�#� ! P s3� "!��36,!�C�� �&�#�!� $� +!$�,�#� ! O s3� #!� �#�������, � ! !� ¡ ��/3�#���L
KK : "!#�! $� �3�!.��#/0#+�� +±5�+� $� t��#�� $� !#$� "(�#�;
TT : "!#�! s34$�3"(!;
ΠΠ :

�3"��"!��� ! $� $!�� "!#�!� $� +±�"�$��;
ΛΛ : "!#�! ��#/3(�� $� !�$�, 5/4;

KΠ : "!#�! $� �3�!.��#/0#+�� +!�#+�$�#$! +!, 3, "!#�! $� +±�"�$�;
KT : "!#�! $� �3�!.��#/0#+�� +!�#+�$�#$! +!, 3, "!#�! ���"(!;
TΠ :

�3"��"!��� ! $� 3, "!#�! $3"(! � 3, "!#�! $� +±�"�$�;
ΠΛ : "!#�! $3"(! +!�#+�$�#$! +!, 3, "!#�! ��#/3(�� $� !�$�, 4/3.

����� �&�#�!� $� +!$�,�#� ! O t!��, !5��$!� t�w�#$! �� "!��6&��� +!,5�#��z�� +!,!� �&�#�!� $� +!$�,�#� ! P s3� "!��3��,!�C�!��,!� s3� !� ������!� $� +!$�,�#� ! O s3� #!� �#������� #�$� ,��� � ! s3� ��3#�z��$� ������!� $� +!$�,�#� ! P � "!���#�! �, �!�#! $���� ������! $� +!$�,�#� ! O �3�/�,�(/3#� �&�#�!� $� +!$�,�#� ! PC��$! 3, +�,�#S! t�+S�$!* �, �!�#! $! ������! $� +!$�,�#� ! O* "������,!� "!�������!� $� +!$�,�#� ! PC �-�/�,!� s3� � t��#�� $� !#$� �#�+��( � v#�( Ts3� � ! ��,��,��U # ! �!t��, s3�(s3�� �(����� ! #!� &�(!��� $!� ��3� �#&����#���* y4 s3� ! +�,�#S!+!#��, �&�#�!� $� +!$�,�#� ! PC �! "�����,!� "!� ���� +�,�#S!* &�,!� !5��� 3,��s3�� ! �#&!(&�#$! !� ��(�!� �(�,�#����� $!� ������!� $� +!$�,�#� ! PC �� +!�v+��#���$����� ��(�!� �(�,�#����� Q s3� t!�#�+�� ! �� (�#S�� $� ,����w
M C ��&�,!� �#�(���� +�$�+��! ��"���$�,�#��C�!����,!�* "��,����,�#��* s3� !� ������!� KK *

TT
*
ΠΠ

�
ΛΛ

� ! �3�!,���+�,�#�������t���!� � # ! �#Ê3�#+��, �, #�$� #� !5��#� ! $� ,����w
M C�������

KKC �-����, ¢ ��"!� $� ������! KK "!�s3� !� $!�� ��,!� $! ������! Ks3� �� �#+!#���, $�&�, ��� $! ,��,! ��"! T�,5!� $! ��"! K+
C , K

+
D, K

−
C

!3 K−D UC ��
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t��!* ��+!(S�$! � !���#��� ! � � +!.!���#��� ! $� t��#�� $� !#$� "(�#� �� ���3��z�� �, $!��"!#�!� /�#Q��+!� a �
b
� ! �� ,��,�� T&�y� v/3�� MCOOUC ����� t!�,�* �� +!.!���#���z��$! ������! ��,5Q, +!�#+�$�, �, KK

� ����, � +!#$�� ! $� +!��0#+�� #! ������! KK Q�3�!,���+�,�#�� �����t����* 3,� &�w s3� � �s3�� ! !5��$� �! +!#�!�#��,!� ! ������! $�+!$�,�#� ! O $�#$! 3,� &!(�� +!,"(��� !5����,!� � �s3�� !L
∇J ji −∇J ji = 0, !#$� i ∈ {C,D}

�
j ∈ {−,+}.
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D

+

a
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-
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a

b

K
D

-
K

D
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'�/3�� MCOOL �!��0#+�� (!+�( #! ������! KK
�������

TT C � ! Q #�+���4��! �#�(���� �!$!� !� +��!� "!��6&���L � ��/3�#�� !5���.&�� ! Q �3v+��#�� "��� +!#+(3�� s3� "��� ���� ������! � +!#$�� ! $� +!.!���#��5�(�$�$�Q �3�!,���+�,�#�� �����t����C �!#��$��� $!�� "!#�!� /�#Q��+!� (a)
�

(b) "����#+�#$! �!������! T ��,����+�,�#�� +!, ���"���! $! ������! TT T&�y� v/3�� MCOMUC � s3� �+!#��+�#! "!#�! ���"(! #!� +��!� (a)
�

(b)
Q +!,"(���,�#�� �#$�"�#$�#�� $� "!��� ! $! s3���!��/,�#�!* $�6 s3� �� +!.!���#���z�� $� T �, (a)

� �, (b)
+!�#+�$�,* ���! Q* !� ���³#/3(!�$���"���+�#$! #� "���� $� 5��-! $! ��-! ��"����#��#$! ! ������! T #!� "!#�!� (a)

�
(b)��, �,5!� ��#��� "!����&!� !3 #�/���&!�C {��! &�(� "��� s3�(s3�� ������! T � $�6 s3� !������! TT �����t�w � +!#$�� ! $� +!��0#+��C
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T

T

T

T

T

T

T

T

a b

'�/3�� MCOML �!��0#+�� (!+�( #! ������! TT
�������

ΠΠC �� $����#�!� +��!� $� ������!� $� +�3w�,�#�!� "!� +±�"�$�� �� $�&�,�� !���#���z�� $! ��,! ��, ��#/3(���$�$�� � $! ��,! ���#$! $! "!#�! $� +±�"�$�* ���!Q* $�&�.�� !(S�� �� �(�� � ! +!#+!�$�#��� !3 $��+!�$�#���* ΠC
!3 ΠD C �!/! �-����, O+��!� $����#�!� T&�y� v/3�� MCO¢U "��� ! +�3w�,�#�! $� $3�� +±�"�$�� $�$!� "�(�� $3��

"!���5�(�$�$��L T�U �,5�� �� +±�"�$�� � ! $! ,��,! ��"! T��+�#$�#�� !3 $��+�#$�#��U �T5U �� +±�"�$�� � ! $� ��"!� $�t���#���C �,5!� !� +��!� t!�#�+�, � ,��,� �s3�� ! ���&��(
∇πC −∇πD + ∇πD −∇πC = 0.

	!���#�!* � +!#$�� ! $� +!.!���#��5�(�$�$� Q �3�!,���+�,�#�� �����t����C

PP

PC

PC

PD

PD

PP

PC

PCPD

PD

(a) (b)

'�/3�� MCO¢L �!��0#+�� (!+�( #! ������! ΠΠ

�������
ΛΛ C � v/3�� MCO� ,!���� s3� !� $!�� ������!� Λ

�� �#+!#���#$! #! ������!
ΛΛ

��� ! +!���#��,�#�� +!.!���#��$!�C �� $!�� ������!� Π
� ! ��,"�� $! ��"! ΠC

* �
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��,5Q, ��� ! +!���#��,�#�� +!.!���#��$!�C �!&�,�#�� � �s3�� ! $� +!.!���#��5�(�$�$�*
∇λ+ ∇πC −∇πC −∇λ = 0

Q ���&��(,�#�� �����t����C
PC PC

L LLL

'�/3�� MCO�L �!��0#+�� (!+�( #! ������! ΛΛ

�/!�� "���+� +(��! +!,! $�&�,!� �#�(���� !� �&�#�!� $� +!$�,�#� ! O* t���,!� "���!� ��,�#��+�#���C�������
KΠC �s3� !+!��� ! �#+!#��! $� $!�� ������!� (!+��� $! ��"!K � $!�� ������!�(!+��� $! ��"! ΠC ��

K.������!� � ! !3 �,5!� $! ��"! K+ !3 �,5!� $! ��"! K− C �!�#��#�! 3, $�(�� Q $! ��"! C � ! !3��! Q $! ��"! D C �� &��$�$� T&�� v/3�� MCO�U !��/,�#�! +�3w�#$! ! "!#�! $� +±�"�$� � �3+����&�,�#�� ��#/�#�� � 3, $!� ��3� ��,!��#&���� �3�� !���#���z�� �� (!+!,!&�#$! $� ��s3��$� "��� � $������ #�� v/3��� T��#$!&����+�( #! +�#��!* #! ������! KΠ
UC	!���#�!* �� ���z�� t!�,�$�� "�(!� ������!� K �

Π
#! "!#�! KΠ

+!, ³#/3(!� �/3$!�
. ! (�$! K � ! (�$! Π . � ! �,5!� $! ��"! C !3 �,5!� $! ��"! D C R4 s3� ! #±,��! $�
"!#�!� $3"(!� Q ,��!� #����� ���z��* !� &��!��� $! ������! $� ��"! C �"!#��, �, $���� !�! �#����!� $����� ���z�� �#s3�#�! �s3�(� $! ��"! D �"!#��, �, $���� ! �! �-����!� $��,��,��C �� $!�� +��!� s3�#$! ! ������! K � ! $! ��"! K+

T�U � $! ��"! K− T5U � !���"!#�4&��� "�(�� (�#S�� TPU � TOU $� ,����w
M

* y4 s3� �� �s3��z�� !5��$�� #����� +��!�� ! �� ��/3�#���L
�U

∇J+
C −∇πC −∇J+

D + ∇πD = 0;

5U ∇J−C −∇πC −∇J−D + ∇πD = 0.
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PC

PD

(a)

(b)

-

-

'�/3�� MCO�L �!��0#+�� (!+�( #! ������! KΠ

�������
KTC �� $!�� ������!� (!+��� $! ��"! K

� ! $! ,��,! ��"! � �3�� +!.!���#���z�� � ! +(���,�#�� +!���#��� T! ��"! $� �3�!.��#/0#+�� # ! $�"�#$� $� "!��� ! $!���+���! ��/,�#�!UC 	!���#�! �� �s3��z�� ���3(��#��� �#&!(&�, �!,�#�� !� $!�� ������!�
T C �� +!.!���#���z�� $!� $!�� ������!� $! ��"! T � ! +!,"��6&��� � "!$�, ��� ��5���4����y4 s3� � !�$�, +6+(�+� $�� &������ $! "!#�! ���"(! # ! Q v-�$�C �� +��!� $����#�!� � !$�$!� �!,�#�� "�(!� $�t���#��� ��"!� $! ������! T C u��� +��!� � ! ,!����$!� #� v/3��MCO¨C �, T�U � T5U !� ��"!� � ! !� ,��,!�* $�6 s3� � +!,"���5�(�$�$� Q �3�!,���+�,�#�������t����C �!� !3��!� +��!� T+U* T$U* T�U* � TtU !5��,!� �� (�#S�� TMU* T¢U* T�U � T�U $�,����w

M
* ����&Q� $�� ��/3�#��� �s3��z��L

�U
∇StIA −∇StIA = 0;

5U ∇StIIA −∇StIIA = 0;

+U
∇StIIA −∇StIIIA = 0;$U
∇StIA −∇StIB = 0;�U
∇StIIA −∇StIIB = 0;tU
∇StIIIA −∇StIIB = 0.
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KT
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(e)

KT

T
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T
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(f )

'�/3�� MCO¨L �!��0#+�� (!+�( #! ������! KT
�������

TΠC �� $3�� ����� $! ��"! Π
#� v/3�� MCO¡ "!$�, ��� $! ��"! ΠC

�
ΠD

��#$�"�#$�#��� 3,� $� !3���C ��3� ��"!�* 5�, +!,! �3�� !���#���z�� +!�#+�$�, #!� $!����,!� !"!��!�C �� &��$�$� �, $!�� "!#�!� !"!��!� T"!� �-�,"(! #!� "!#�!� T�U � T5U #�v/3�� MCO¡U !� ��"!� $� +�3w�,�#�!� "!� +±�"�$�� � ! !� ,��,!�C 	!���#�! ����� ������!�#!� $ ! #!&�,�#�� �s3��z�� �!,�#�� "��� !� ��(�!� $! ��"! ∆StC�� $!�� ��,!� $! ������! T ��� ! +!���#��,�#�� +!.!���#��$!�* +!,! ,!���� � v/3��MCO£C �!� s3���! "�s3�#!� ���³#/3(!� $���"���+�#$! #!� $!�� "!#�!� ���"(!� �, T+U � T$U$� v/3�� MCO¡* �� !�$�#� +6+(�+�� $�� &������ $!� (�$!� � ! �� ,��,��C �� !���#���z�� $!�$!�� (�$!� � ! �� ,��,��C � !���#��� ! $! ���+���! (�$!* ��#$! 3, ��,! $� +±�"�$�* Q!"!��! �, T+U � T$U Tv/3�� MCO£UC 	!���#�! % ��s3��$� � % $������ $! ������! T "���! $�T+U � $� T$U !� ���³#/3(!� $���"���+�#$! ��, ��#��� !"!��!�C ��,�(��,�#�� !� ���³#/3(!�
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$���"���+�#$! % $������ $! ������! T �, T+U � �, T$U ��, ��#��� !"!��!�C ����� t!�,� ��+!.!���#���z�� �, T+U � T$U � ! ��,Q���+��* ���! Q* �(�� � ! +!,"��6&��� #! ������! TΠC�� $����#�!� +��!� "��� ! ������! TΠ
� ! ,!����$!� #� v/3�� MCMNC �!� +��!� T�U � T5U!� ������!� RO.�#$�"�#$�#��� � ! !� ,��,!�C �� +��!� T+U* T$U* T�U � TtU #!� t!�#�+�, ��(�#S�� T�U* T¨U* T¡U � T£U $�M C �� $����#��� �s3��z�� "��� ���� +��! � ! ,!����$�� �5��-!L

�U
∇StIIIA −∇StIIIA = 0;

5U ∇StIIA −∇StIIA = 0;

+U
∇StIIA −∇StIIB = 0;$U
∇StIA −∇StIIB = 0;�U
∇StIIIA −∇StIB = 0;tU
∇StIA −∇StIIA = 0.

T

TT

P

P P

PP
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b

c d

'�/3�� MCO¡L �!��0#+�� (!+�( $! ������! Π
#! ������! TΠ

1

2
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1

2
3

1

2
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T

d

1

2

3

'�/3�� MCO£L �!.!���#��� ! $! ������! T "���! $! ������! TΠ
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(d)
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BA

III I

(e)

T T
AA
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(f )

'�/3�� MCMNL �!��0#+�� (!+�( #! ������! TΠ

�������
ΠΛC � +!.!���#��� ! $! ������! Λ

# ! �� �(���� #! ������! ΠΛ C �� $!��������!� $! ��"! Π
� ! ��,"�� 3, $! ��"! ΠC

� 3, $! ��"! ΠD C �(�� � ! +!.!���#��$!��, $����z�� !"!���� Ty4 s3� ! #±,��! $� "!#�!� $3"(!� �+�,� $! ������! Π
#� v/3�� MCMPQ ,��!� s3� �5��-! $�(�UC� ������! $� "!#�!� ���"(!�* #���� +��!* # ! "!$� ��� $! ��"! TB �

T IIIA

* "!�� $3�� $��&������ #! "!#�! ���"(! � ! !5��$�� $� 3, ,��,! ��,!C � !�$�, +6+(�+� $�� &������ $!"!#�! ���"(! Q v-�$! "�(� !���#��� ! $� t��#�� $� !#$� "(�#�C 	!���#�! � +!.!���#��� ! $!������! T Q ��,"�� +!,! ,!����$! #� v/3�� MCMP* ���! Q* +!,"��6&�( +!, �� !���#���z��$�
ΠC

�
ΠD C �� s3���! +��!� $����#�!� � ! ,!����$!� #� v/3�� MCMP* !#$� T�U � T5U � !���"!#�4&��� "�(�� (�#S�� TPNU � TPPU $�

M
* +!,! ,!����, �� �s3��z��L

�U
∇πC −∇StIA + ∇πD = 0;

5U ∇πC −∇StIA + ∇πD = 0;

+U
∇πC −∇StIIA + ∇πD = 0;$U
∇πC −∇StIIA + ∇πD = 0.
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II
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T
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II

L

PD PC

T
A

II

(a) (b)

(c) (d)

'�/3�� MCMPL �!��0#+�� (!+�( #! ������! ΠΛ

����, ! (�,� ���4 "�!&�$!C
���¤������ §·I© $ =;Ø8ôÂ Ã= ;ÂÈÅô	=; ÃÂ ;:;<=Ö8 Ã= @Â=>(A@:8 <=Ö Ã:Ö=A;õÂ �ö �ÈûÖÃ:;;Âø 8; �R
;ÂÈÅô	=; ØÂÃ=Ö ;=> =;@ÂÈÊ:Ã8;ø ØÂ> =÷=ÖØÈÂø @ÂÖÂ Â; @:A@Â ;=9Å:A<=; Æ=<Â>=;ù
∆J+ = ∆J+

C + ∆J+
D

∆J− = ∆J−C + ∆J−D
∆Sp = ∆πC + ∆πD + 2∆(StIA + StIIA + StIIIA + StIB + StIIB )
∆h = ∆(J+

C + J−C + πC) − ∆(J+
D + J−D + πD)

∆λ

������������[ � "�!&� $���� "�!"!��� ! +!#����� �, ���!(&�� ! �����,� S!,!/0#�!s3� "!��3� +!,! ,����w $!� +!�v+��#��� � ,����w
M C ���� �!(3� ! "!$� ��� t�+�(,�#���#+!#���$� +!, ! �3-6(�! $� �!t�¼���� ,���,4��+!�* +!,! ! ��	��C� ��"��! �!(3� ! $! �����,� ��, $�,�#� ! �C ��+!(S�,!� ���� �!(3� ! ��"�+6v+� "!���������� �! +��! $� t��#��� $� !#$�� "(�#�� ��, +±�"�$�� !� ������!� J+, J−

�
Sp

� ! #�
&��$�$� !� ������!� J+, J−

�
St "��� +3�&�� "(�#�� �#��!$3w�$!� "!� ��#!($C)�,!� t�w�� � &���v+�� ! �#�(���#$! !� �#&����#��� +!����"!#$�#���C

T�U
J+ �������� � «������ �� ���� ��� ���¤��� Ë � �������

J+ ¤��� ������¤����� ��®���� ¤�� ������·
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�� t��!* "��� t��#��� $� !#$�� "(�#�� ��, +±�"�$�� 3,� �3�!.��#/0#+�� $����� Q ��,."�� �����+�$�C �� v/3�� MCMO ��� ! $!�� ��,!� $� 3,� t��#�� $� !#$� ��, +±�"�$���"����#��#$! 3,� �3�!.��#/0#+�� $����� � ��/3��C 	��+�5� s3� �! ��#���,!� (�/������� $!�� ��,!� "!� 3,� t��#�� $� !#$� ��, +±�"�$�� � +!.!���#��� ! v+� �#+!,."��6&�(C � ���� +!.!���#��� ! �1 ���4 +!,"��6&�( +!, � "����#�� $� 3,� +±�"�$�* !s3� # ! !+!���C

%

'�/3�� MCMOL �� ��,!� # ! � ! +!#�+��$!� "!� 3,� t��#�� $� !#$� ��, +±�"�$�C
T��U

J−
�������� � «������ �� ���� ��� ���¤��� Ë � �������

J−
¤��� ������¤����� ��®���� ¤�� ������·	��� t��#��� $� !#$�� "(�#�� ��, +±�"�$�� 3,� �3�!.��#/0#+�� �#&���� Q ��,"����/3��C �� v/3�� MCMM ��� ! $!�� ��,!� $� 3,� t��#�� $� !#$� ��, +±�"�$� ��"��.��#��#$! 3,� �3�!.��#/0#+�� �#&���� � �����+�$�C �3�#$! ��#��,!� (�/�� ����� $!����,!� "!� 3,� t��#�� $� !#$� "(�#� ��, +±�"�$� � +!.!���#��� ! v+� �#+!,"��6&�(C���� +!.!���#��� ! ���4 +!,"��6&�( +!, � "����#�� $� 3, ��,! +!, +±�"�$� (�/�#$!����� ��,!�* ! s3� # ! �+!#��+�C

%

'�/3�� MCMML �� ��,!� # ! � ! +!#�+��$!� "!� 3,� t��#�� $� !#$� ��, +±�"�$�C
T���U

Sp
�������� � «������ �� ���� ��� ���¤��� Ë � �������

St
¤��� ������ ¤�������®���� ¤�� ������·���* t��#��� $� !#$�� "(�#�� s3� # ! "!��3�, +±�"�$�� # ! "!��3�, +�3w�,�#�!"!� +±�"�$� � $���� t!�,� �!$!� !� ������!� $! ��"! Π

$���"���+�, $! ������! Sp�����#$! �!,�#�� !� +�3w�,�#�!� "!� "!#�!� ���"(!�C
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T�&U h
�������� � «������ �� ���� ��� ���¤��� Ë � ������ �� ¤����� ��¤���·

�!&�,�#�� !� ������!� $! ��"! Π
� ! $��+����$!� � ! ������! h v+�

∆h = ∆(J+
C + J−C ) − ∆(J+

D + J−D).

���* +!,! &�,!� �+�,� ��,5Q, # ! �-����, +�3w�,�#�!� "!� �3�!.��#/0#+��� $���.��� � ��/3���* #�, "!� �3�!.��#/0#+��� �#&����� � �����+�$��C ��#$! ����,* ! ������!
h
�� ������#/� �

∆h = ∆J+
C − ∆J−Ds3� Q ! #±,��! $� "!#�!� $3"(!� "��� t��#��� $� !#$�� ��, +±�"�$��CT&U λ �������� � «������ �� ����� ¤����� ��� ���¤��� Ë ����·�� t��!* �� ����,!� +!#��$���#$! +3�&�� "(�#�� ��, +±�"�$� � ��,5Q, # ! &�,!��$,���� #��+�,�#�! $� +±�"�$�� ����,!� s3� ∆λ = 0 C

��®����� §·I� $; þ��ÿ���� �3�ü��� ��%�ÿüþ������ RO%ü��þ�þ��þ��þ�ù
K+ = K+

C +K+
D

K− = K−C +K−D
Sp = ΠC + ΠD + 2(T IA + T IIA + T IIIA + T IB + T IIB )
H = K+

C +K−C + ΠC −K+
D −K−D − ΠD

Λ;õÂ 8; Ê:Ø=>;ÅØ=>× �@:=; @Â
Â>:=A<8Ã8;ø Ã=1A:Ã8; Ø=ÈÂ; 9=>8ÃÂ>=; Ã8; ;ÂÈÅô	=; ÃÂ ;:;<=Ö8 Ã=@Â=>(A@:8 @ÂÖÂ @ÂÖ!:A8ô	=; È:A=8>=; ÃÂ; =;<>8<Â; ÈÂ@8:; RO 
:AÃ=Ø=AÃ=A<=;ö
���������� §·I' ÁÂÃ8 ;ÂÈÅôõÂ ÃÂ ;:;<=Ö8 qöE Ã=1A= ÅÖ ;8È<Â Ã= ÅÖ E
@Â@:@ÈÂö  ;<=;8È<Â ØÂÃ= ;=> =;@>:<Â =Ö <=>ÖÂ; ÃÂ; ;8È<Â; Ã8ÃÂ; Ø=ÈÂ; 9=>8ÃÂ>=; Ã=1A:ÃÂ; A8 Ç>ÂØÂ;:ôõÂqöw�ö ÁÂÃÂ 9=>8ÃÂ> >=Ø>=;=A<8 ÅÖ E
@Â@:@ÈÂ j@Ê8Ö8ÃÂ ���ü��� �3�ü��úø @Åò Â Æ8ÈÂ> =ÖÅÖ8 @Å>Æ8 × =@Ê8Ã8 9=Aû>:@8 û 8 ;ÂÖ8 ÃÂ; @Â>>=;ØÂAÃ=A<=; ;8È<Â; 8Â ÈÂA9Â Ã=;<8 @Å>Æ8ö

)�,!� &���v+�� �/!�� s3� ����� P.+!+�+(!� � ! ���&����C
���������� §·I¦ HÂ �=Ö8 �Å= ;=9Å= Æ8ÖÂ; Å;8> ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; Ö8>@8Ã8; �Å=;õÂ Ø>Âò =ô	=; ×>ÂA<8:; Ã= @Å>Æ8; È=9=AÃ>=8A8; Ö8>@8Ã8;ö
��®����� §·I0 $; =Æ=A<Â; Ã= 8Å<Â
<8A9(A@:8 Ã:>=<8ø 8Å<Â
<8A9(A@:8 :AÆ=>;8ø ØÂA<Â; <>:
ØÈÂ;ø <8A9(A@:8 @ÂÖ @a;Ø:Ã=; = A8;@:Ö=A<Â Ã= @a;Ø:Ã=; =÷Ø=>:Ö=A<8ÃÂ; ØÂ> ÅÖ8 ×>=A<= Ã=ÂAÃ8 ØÈ8A8 �Å8AÃÂ 8 Ö=;Ö8 @>Å�8 ÅÖ @8Ö:AÊÂ 9=Aû>:@Â ;õÂ @Ê8Ö8ÃÂ; Ã= Ø=>=;<>Â:Ì8;ö

� #!,� "������!�´� t!� $�$! "��,����,�#�� "!� ��#!($ s3�#$! ���� ���3$�&� �� +3�&��"(�#�� t�+S�$��C
���� §·Iª $; E
@Â@:@ÈÂ; !ó;:@Â; RO 
:AÃ=Ø=AÃ=A<=;ø @Åò Â; ;8È<Â; ;õÂ Ã=1A:ÃÂ; A8Ç>ÂØÂ;:ôõÂ qöw�ø ;õÂ @ÂÊÂÖÂÈÂ9Â; 8 �=>Â AÂ =;Ø8ôÂ Ωi,µ.
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������������[ ��&�,!� "�!&�� s3� ! &�(!� $� s3�(s3�� $!� � +!+�+(!� 54��+!� �, 3,+�,�#S! t�+S�$! /�#Q��+! #! ��"��! $�� �.�,���z�� ,��+�$�� �� �#3(�C �� &��$�$� �!$�+!,"!#�#�� +!#�-� Ωi,µ

Q S!,!�!"�+�,�#�� �s3�&�(�#�� � 3, +6�+3(!* $�6 $�&�,!� t�w����( &���v+�� ! "��� +�,�#S!� # ! +!#��4+����C���� "�!&� Q �"�#�� 3,� /�#���(�w�� ! "��� !� � P.+!+�+(!� 54��+!� $� "�!&� $� ��#!($$! ,��,! (�,� "�!&�$! �, ¸��¹ "��� ! ������! K+ C��&�,!� $����#/3�� $!�� +��!�L¥��� KC � 6#$�+� $� ���(!& Q $�t���#�� $� w��!C����� +��!* $�$� 3,� t��#�� $� !#$� /�#Q��+� �, Ω0
i,µ (µ 6= 0)

* +!#��$��� � t�,6(�� $�t��#��� $� !#$�� ,��+�$�� !5��$�� $���� ,��+�#$! �3+����&�,�#�� �!$!� !� ��3� "!#�!�#� !�$�, $�$� "�(� �3� !���#��� !C {��! ��/#�v+� s3� $�&�,!� ��,"(��,�#�� ,!&�� �t��#�� $� !#$� #! "(�#! ��( s3� ! "!#�! ,��+�$! � ! &��!� #!�,�( +!.!���#��$! � ����"!#�! "��,�#�+�, v-�$!� T&�y� v/3�� MCM¢UC

'�/3�� MCM¢L 
, +�,�#S! # ! +!#��4��( �, Ω1,2

�3�#$! � &!(�� $� t��#�� $� !#$� ���4 +!,"(���* ���! Q* s3�#$! � t��#�� $� !#$� ���4#!&�,�#�� #� "!��� ! �#�+��(* ! &��!� ��#/�#�� %� t��#��� $� !#$�� #! "!#�! ,��+�$!t�w 3, #±,��! k = µ/2
$� &!(��� +!,"(���� #! "(�#! $� +!#���!* $�6 s3� ���� t�,6(��$� �.�,���z�� ,��+�$�� Q 3, +�,�#S! # ! +!#��4+��( �, Ω0

i,µ
C ���� +�,�#S! # ! �#���.��+�� s3�(s3�� ������! $! $��+��,�#�#��C 	!���#�! !� &�(!��� #���� +�,�#S! $!� P.+!+�+(!�54��+!� RO.�#$�"�#$�#��� � ! ���&��(,�#�� #3(!�C¥��� IC � 6#$�+� $� ���(!& Q �/3�( � w��!C����� +��!* +�,�#S!� /�#Q��+!� # ! +!#��4+���� �,Ω0

i,0

# ! � ! � ! ���&����C )���v+�,!�s3� � �!,� $!� ��(�!� $!� /���$!��� $�v#�$!� "�(� 	�!"!��� ! MCO¢ �, ���,!� $!� ��(�!��(�,�#����� �! (!#/! $� 3, +�,�#S! /�#Q��+! # ! +!#��4+��( #! ��"��! Ωi,0
"��� +�$�

&�(!� i $! 6#$�+� Q #3(�C
, +�,�#S! /�#Q��+! # ! +!#��4+��( �, Ω0
1,0

Q ,!����$! #� v/3�� MCM�C
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8

9

10

11 12 13 14

'�/3�� MCM�L 
, +�,�#S! # ! +!#��4+��( �, Ω1,0

u!$!� !� +�3w�,�#�!� /�#Q��+!� $! $��+��,�#�#�� �! (!#/! $���� +�,�#S! ��� ! �#3.,���$!� TP.P¢U* � !� +!����"!#$�#��� ��(�!� �(�,�#����� +!, ��3� ���"�+��&!� &�(!��� ��� !�#$�+�$!� #� ��/3�#�� ��5�(�L
Í Î Ï Ð Ñ Ò Ó

∆J−
D

= −2 ∆λ = −2 ∆πD = −2 ∆J−
D

= 2 ∆πD = −2 ∆J+
D

= 2 ∆λ = −2Ô Õ ÍÖ ÍÍ ÍÎ ÍÏ ÍÐ
∆λ = 2 ∆πC = 2 ∆J+

C
= −2 ∆πC = 2 ∆J−

C
= 2 ∆λ = 2 ∆J−

D
= 2� # ! +!#���+��(�$�$� Q &��6&�( #� ±(��,� "���� $! +�,�#S!* !#$� # ! !+!���, +�3w�.,�#�!� $! $��+��,�#�#�� ,�� !� "!#�!� ,��+�$!� �-"���,�#��, �� ,��,�� "������!�´��+!,! #! +��! µ 6= 0 C ��#!��,!� "!� T-U ! &�(!� $! ��(�! �(�,�#��� #! +�3w�,�#�! �#3.,���$! "!� -C �� �#+��,�#�!� δ $!� /���$!��� �! (!#/! $! +�,�#S! � ! $�$!� "�(����/3�#��� t1�,3(��L

δ(J+) = (6) + (10) = 0
δ(J−) = (1) + (4) + (12) + (14) = 0
δ(Sp) = (3) + (5) + (9) + (11) = 0
δ(h) = −(1) − (3) − (4) − (5) − (6) + (9) + (10) + (11) + (12)− (14) = 0
δ(λ) = (2) + (7) + (8) + (13) = 0�, 3, +��! ,��� /���(* +!,! #! ��"��! Ωn−1,0

* +!#��$��� ! +�,�#S! ,!����$! #�v/3�� MCM�C
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a b
c d

'�/3�� MCM�L 
, +�,�#S! # ! +!#��4+��( �, Ωn−1,0 C
�� T�U "��� T5U �� "������!�´�� � ! ��,�(���� %� "������!�´�� P.P¢ ,!����$�� #� v/3��MCM�C � ±#�+� $�t���#�� +!#����� #� "����#�� $!� n (��!� "���! $! "!#�! ,��+�$!* s3�"��,�#�+�, v-!� � # ! ��� ! �#&!(&�$!� #����� "������!�´��C )�,!� $� T5U "��� T+U*���#�"!���#$! !� n (��!� �(Q, $!� $!�� "!#�!� $� +±�"�$�C � v/3�� MCM¨ ,!���� s3� #�!"���� ! $� "����� 3, (��! "!� 3, "�� $� +±�"�$�� $� ,��,! ��#�(* ! 6#$�+� $� �#������ !+!, ! $��+��,�#�#�� # ! �!t�� #�#S3,� �(����� !C

1 2

34

'�/3�� MCM¨L � "����/�, $� 3, (��! "!� 3, "�� $� +±�"�$��
�� +�3w�,�#�!� $!� $��+��,�#�#��� ��� ! #3,���$!� � !� &�(!��� $!� ��(�!� �(�,�#������#$�+�$!� #� ��5�(� �5��-!L

P O M ¢
∆πD = −2 ∆πD = 2 ∆πC = 2 ∆πC = −2
��#$! � ,��,� #!��� ! $� �#���* +�(+3(�,!� �!,�#�� !� "!��6&��� �#+��,�#�!� # !#3(!� #!� +�3w�,�#�!� $! ������! Sp �

h
���"�+��&�,�#��L

δ(Sp) = (1) + (2) + (3) + (4) = 0

δ(h) = −(1) − (2) + (3) + (4) = 0�� !3��!� ������!� $! $��+��,�#�#�� # ! � ! +�3w�$!� #! +�,�#S! $� T5U "��� T+UC�� T+U "��� T$U T&�y� #!&�,�#�� � v/3�� MCM�U � t��#�� Q (�&�$� #! "(�#! � "!��� !!��/�#�(* $�6 # ! �-����, !3��!� +�3w�,�#�!� $! $��+��,�#�#�� #! +�,�#S! t�+S�$! # !+!#��4+��(C� (�,� ���4 "�!&�$!C
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� (�,� �#����!� /���#�� s3� �� t3#�z�� J+ * J− * Sp * h �
λ

$�v#�,* � ,�#!� $�+!#���#��� �$���&�� $�"�#$�#$! �!,�#�� $!� &�(!��� �5�!(3�!� $! 6#$�+� � $! 6#$�+� $����(!&* !� �#&����#��� 54��+!� (!+��� $�� t��#��� $� !#$�� "(�#�� �#$�"�#$�#��� $�� !��.�#���z��C {��! ��/#�v+� s3� �3�� &�����z�� �! (!#/! $� 3, +�,�#S! /�#Q��+! +!#�+��#$!$3��
L.�,���z�� # ! $�"�#$� $! +�,�#S!* ,�� ��, $��

L.�,���z�� �#�+��( � v#�(C����¤��[ ����y�,!� $��+!5��� ! &�(!� $!� �#&����#��� J+, J−, Sp, h
�
λ

$� t��#�� $�
!#$� α $� v/3�� MCM¡ � ��/3��C

a

'�/3�� MCM¡L �3�( ! &�(!� $!� �#&����#��� �, α
²

��5�#$! s3� � t��#�� $� !#$� α Q !5��$� $� t��#�� $� !#$� β "!� ,��! $� �(/3,��
"������!�´�� T+!,! ,!���� � v/3�� MCM£U � ��5�#$! ��#$� s3� !� &�(!��� $!� �#&����#���$� t��#�� $� !#$� β � ! $�$!� "�(� ��5�(� �5��-!*

J+ J− Sp h λ
β .¢ .M ¡ .P ¢

%
1

%
2

%
3

%
4

65

!
6

!
7

!
8

!
9

P
D

T P
D

P
D

K
C

+

K
-
D

K
-
D

P
D

b

a

'�/3�� MCM£L 	������!�´� $�
β "��� α C

����&Q� $� �s3�� !L
X(Final) −X(Inicial) = ∆X, !#$� X = J+, J−, Sp, h

�
λ� $!� &�(!��� $�� &�����z�� $!� �#&����#��� #! +�,�#S! �-�5�$!* s3� � !L

∆J+ = 2, ∆J− = 0, ∆Sp = −4, ∆h = 2
�

∆λ = 0,!5��,!� !� &�(!��� $!� �#&����#��� $� t��#�� $� !#$� α s3� ��� ! $��"!��!� #� ��/3�#����5�(�L
J+ J− Sp h λ

α .O .M ¢ P ¢
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���¤�������� ��� ����������� �­����� ROG����¤��������
��®����� §·§J Õ:�=ÖÂ; �Å= ÃÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; =;<õÂ �þ��ÿ���� þý �þýü%������ �ü�&����� ;= ØÂÃ=ÖÂ; <>8ô8> ÅÖ8 >=<8 AÂ ØÈ8AÂ = @8Ã8 ÅÖ8 Ã=;<8; ×>=A<=; Ã=ÂAÃ8; =;<ó :A<=:>8Ö=A<= @ÂA<:Ã8 =Ö ÅÖ ÃÂ; ÃÂ:; ;=Ö:
ØÈ8AÂ; 8!=><Â; Ã=<=>Ö:A8ÃÂ; ØÂ>=;<8 >=<8ö

���� ¥����� ���d���� �� ������� �� �����
��®����� §·§K Õ8Ã8; ÃÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; Â>:=A<8Ã8; = @Â
Â>:=A<8Ã8; α = β@ÂÖ ;=Å; >=;Ø=@<:ÆÂ; �AÃ:@=; i = µ �Å= ØÂÃ=Ö ;=> :9Å8:;ø 8 ��ý� ���þ×� �ü�&���� Ã=
α = β û ÅÖ8 AÂÆ8 ×>=A<= Ã= ÂAÃ8 Â!<:Ã8 8Â ;= @ÂA=@<8> 8; ÃÅ8; @Å>Æ8; Â>:9:A8:; 8<>8Æû;Ã= ÃÂ:; 8>@Â; Ø8>8È=ÈÂ; j@Ê8Ö8ÃÂ; ����þ�úø Ã8 ;=9Å:A<= Ö8A=:>8ù >=<:>8ÖÂ; ÅÖ :A<=>Æ8ÈÂØ=�Å=AÂ Ã= @8Ã8 ×>=A<= Ã= ÂAÃ8 = ÅA:ÖÂ; 8; @Å>Æ8; Ø=È8 ØÂA<= Ã= <8È ÖÂÃÂ �Å= 8 ×>=A<= Ã=ÂAÃ8 >=;ÅÈ<8A<= =;<ó @ÂA=@<8Ã8 = <=>ó Â>:=A<8ôõÂ = @Â
Â>:=A<8ôõÂ 9ÈÂ!8:; �Å= @ÂA@Â>Ã8Ö@ÂÖ 8; Â>:=A<8ô	=; = @Â
Â>:=A<8ô	=; Ã8; ×>=A<=; Ã= ÂAÃ8; :A:@:8:;ö

������[ α#β C 
, �-�,"(! "!$� ��� &���! #� v/3�� MC¢NC

# = = ~

'�/3�� MC¢NL �-�,"(! $� �!,� +!#�-� $� $3�� t��#��� $� !#$�� "(�#��C
�5���&�,!� s3� � �!,� +!#�-� # ! Q 3,� !"���� ! #� +(���� $� t��#��� $� !#$��"(�#��C �(/3#� "���� $� t��#��� $� !#$�� "(�#�� # ! "!$�, ��� �!,�$��* +!,! Q ! +��!$� $!�� +6�+3(!� +!, +!.!���#���z�� !"!���� T&�y� v/3�� MC¢PU* #���� +��! # ! �-���� 3,�"!#�� +�"�w $� +!#�+�4.(!�* #�, "�(� !���#��� ! � #�, "�(� +!.!���#��� !C ����� t!�,�*!#$� � �!,� +!#�-� ���4 $�v#�$�* � +(���� ���3(��#�� $�"�#$� $� ��+!(S� $! (!+�( !#$� �

"!#�� ���4 +!#�+��$� T&�y� v/3�� MC¢OUC

#

'�/3�� MC¢PL �6�+3(!� +!, +!.!���#���z�� !"!����C
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# = = ~

u
0,6 u

2,2
u

3,8

#

u
0,6 u

2,2

= = ~

u
1,8

'�/3�� MC¢OL 	!#��� �, "!���z�� $�t���#��� C
��®����� §·§I Õ:�=ÖÂ; �Å= ÅÖ :AÆ8>:8A<= ÈÂ@8È RO 
:AÃ=Ø=AÃ=A<=X û ��ü�ü2� ��� ���ý� ���þ×� �þ )ÿþ��þ� �þ ����� ;=ø = ;ÂÖ=A<= ;=ø ;8<:;× 8� 8; ;=9Å:A<=; @ÂAÃ:ô	=;ù

:ú X(θ) = 0ø ÂAÃ= θ û 8 @È8;;= ÃÂ @�>@ÅÈÂ @ÂÖ <ÂÃ8; 8; ØÂ;;�Æ=:; Â>:=A<8ô	=; = @Â
Â>:=A<8ô	=;ö
::ú X(α#β) = X(α) +X(β)

Ø8>8 <ÂÃ8 =;@ÂÈÊ8 9=Aû>:@8 Ã= ØÂA<Â; AÂ; <>8ôÂ; Ã8; ÃÅ8;×>=A<=; α =β ÂAÃ= 8 @ÂÈ89=Ö Ã8 ØÂA<= û × =:<8 j�Å8AÃÂ 8 Â>:=A<8ôõÂ = 8 @Â
Â>:=A<8ôõÂØ=>Ö:<=Ö =;<8 @ÂÈ89=Öúö
������� §·§§ ÁÂÃÂ; Â; :AÆ8>:8A<=; RO 
:AÃ=Ø=AÃ=A<=; Ã= ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; ;õÂ8Ã:<:ÆÂ; ;Â! 8 ;ÂÖ8 @ÂA=÷8ö
������������[ ��5�,!� s3� �!$!� !� �#&����#��� &�(�, w��! #� +(���� $! +6�+3(! +!,s3�(s3�� !���#��� ! � +!.!���#��� !C �� "���� �U $� $�v#�� ! $� �!,� +!#�-� ��,!� s3�
ω0,0

��, �!$!� !� �#&����#��� 54��+!� �/3��� � w��!* +!, �-+�� ! $�
J− = −1

�
h = 1 C

% %

KD
-

'�/3�� MC¢ML ��,�#S! �#���
θ
�
ω1,0 C

�!,! "��� +S�/�� #� t��#�� $� !#$� "(�#� ω1,0
� "����� $� +3�&� θ "����,!� "!� 3,��3�!.��#/0#+�� �#&���� ��/3�� #� $���� ! #�/���&� !� ±#�+!� �#&����#��� s3� & ! �!t���"!� ���� "����/�, � ! !� �#&����#��� J− �

h
T&�y� $�v#�� ! $!� ���"�+��&!� ������!� #�	�!"!��� ! MCO¢UC��5�#$! s3�

X(
'�#�(

) −X(
{#�+��(

) = ∆X,
TMCOU

!#$� X $�#!�� !� �#&����#��� J+ * J− * Sp * h �
λ
* "!$�,!� +�(+3(�� ! &�(!� $!� �#&����#���#� t��#�� $� !#$� ω1,0

"!�� �(� t!� !5��$� $� t��#�� $� !#$� θ * +3y!� &�(!��� $!� �#&����#���y4 � ! +!#S�+�$!�C ����� &�(!��� ��� ! �#$�+�$!� #� v/3�� MC¢¢C
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	!� !3��! (�$!* "!$�,!� !5��� � t��#�� $� !#$� ω1,0
+!,! � �!,� +!#�-� $� $3��t��#��� $� !#$�� �/3��� $! ��"! ω0,0 C ����� t!�,�* � "����� $� "���� ��U $� $�v#�� ! $��!,� +!#�-� ��,!� s3� !� �#&����#��� 54��+!� "��� � t��#�� $� !#$� ω0,0

� ! �!$!� �/3���� w��!* �-+��! J− = −1
�
h = 1

T&�y� v/3�� MC¢¢UC

q ¨ u1,0 = u0,0 # u0,0

Ui+1

a u
 i,0

J
+ 0 0 0 0

J
- 0 -2 -1 -(i +1)

Sp 0 0 0 0

h 0 2 1 (i +1)

l 0 0 0 0

'�/3�� MC¢¢L '��#��� $� !#$�� 54��+�� ωi,0 C
�5��,!� �� t��#��� $� !#$�� ωi,0 +!,! � �!,� +!#�-� $�

(i+ 1).+1"��� $� ω0,0 C�3�#$! �"(�+�,!� �� �#&!(3�z�� a �
b
#! +6�+3(! θ * ��3 6#$�+�

i(θ) = −1 C ����� +��!* �t��#�� $� !#$� !5��$� $�(� "!� 3, +�,�#S! +!,! ! s3� t!� t���! #� v/3�� MC¢M Q � t��#��$� !#$� ω−1,0
* ��"���#$! ! "�!+�$�,�#�! t���! "��� � t��#�� $� !#$� ω1,0

+S�/�,!� s3� �t��#�� $� !#$� ω−i,0 Q !5��$� +!,! (−i + 1).+1"��� $� t��#�� $� !#$� ω0,0

$�6 ��/3� s3�
!� �#&����#��� #���� +��! � !L
J+(ω−i,0) = 0, J−(ω−i,0) = −(−i+1), Sp(ω−i,0) = 0, h(ω−i,0) = −i+1, λ(ω−i,0) = 0.

�3 ��y�* 5���� �35����3�� i "!� −i #� ��5�(� MC¢¢C	��� $�v#�� !� &�(!��� $!� �#&����#��� 54��+!� #�� +3�&�� ω1,µ
&�,!� "�!+�$�� $���/3�#�� ,�#����C �!,���,!� #!&�,�#�� +!, � t��#�� $� !#$� θ * ���#�t!�,�#$!.� #�+3�&� γ � &���v+�,!� s3��� t!��, !� ������!� s3� t!��, +�3w�$!� � +!#��s3�#��,�#��s3��� �#&����#��� �!t��� ! �(/3,� �(����� ! "!� ����� +�3w�,�#�!� T&�y� v/3�� MC¢�UC
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% %

1

% % %

2
%

3

%%%%

4

%

5%

%

6

'�/3�� MC¢�L ��,�#S! �#���
θ
�
γ C

�� �&�#�!� ��� ! �#3,���$!� � � ��5�(� �5��-! �-�5� s3�( �&�#�! !+!���3 #! ���"�+��&!#±,��! � ! &�(!� $! ��(�! "�(! +�3w�,�#�! ����&Q� $���� ������!C
P O M ¢ � �

K−D = −2 K−D = −2 T IA = 2 K+
C = −2 Λ = 4 K−D = 4

�!��,!� s3� "��� !� #±,��!� 5
�

6
$� ��5�(� ! &�(!� $! +�3w�,�#�! "�(! ������! ���4,3(��"(�+�$! "!� O* ���! �� $�&� �! t��! $� !+!�����, $!�� �&�#�!� �/3���C	!$�,!� �v�,�� s3� !� &�(!��� $� �!$!� !� �#&����#���* +!, �-+�� ! $�

J−
* #� t��#��$� !#$� γ & ! �!t��� �(/3,� ,!$�v+�� ! �, ��(�� ! �!� &�(!��� #� t��#��

θ 5����#$! "������! 3��� � �s3�� ! MCOC � v/3�� MC¢� ,!���� s3��� � ! ����� &�(!���C	!� !3��! (�$!* � t��#�� $� !#$� γ "!$� ��� !5��$� +!,! 3,� �!,� +!#�-� $� $3��t��#��� $� !#$�� $! ��"! ω1,2 C

J
+

J
-

Sp

h
l

q ¨ g u
1,2

u
1,2

=
# a

m 2k

u
1,m

0                -2                 -1                                         -k

0                 0                  0                                          0

0                 4                  2                                         2k

0                -2                 -1                                         -k

0                 4                  2                                         2k

=

'�/3�� MC¢�L �� &�(!��� $!� �#&����#��� $�� +3�&�� ω1,µ
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�!&�,�#�� "�(� "���� T��U $� $�v#�� ! $� �!,� +!#�-� Q "!��6&�( �#+!#���� !� &�(!���$!� �#&����#��� "��� � +3�&� ω1,2
� ��,5Q, "��� �� t��#��� $� !#$�� ω1,µ

!5��$�� +!,!�!,� +!#�-� $�
k = µ/2

+1"��� $� ω1,2 C �� &�(!��� $!� �#&����#��� "��� �� t��#��� $� !#$��54��+�� ωi,µ � ! v#�(,�#�� !5��$!� +!,! �!,�� $!� &�(!��� $!� �#&����#��� $�� t��#��� $�!#$� ωi,0 � $�
ω1,µ

* y4 s3�
ωi,µ = ωi,0#ω1,µ.	��� +!#+(3�� � $�,!#����� !* $�&�,!� ,!����� s3� � +!#$�� ! T��U $� $�v#�� ! $��!,� +!#�-� �� &���v+� "��� �� t��#��� $� !#$�� 54��+��C {��! �,"(�+� s3� � +!#$�� ! T��UQ &4(�$� "��� �!$� �!,� +!#�-� $� �!$�� �� t��#��� $� !#$� α �

β C�3"!#S�,!� s3� p �
q
� ! "!#�!� #!� ����!� $� α � $�

β
* ���"�+��&�,�#��* !#$� !+!���� +!(�/�, $� "!#��C 	!$�,!� ��+!(S�� 3, "!#�! p ��5���4��! s3� vs3� �!5�� ! ����! $�

α
� (!#/� $!� "!#�!� �#&!(&�$!� #�� "������!�´��C��,"�� Q "!��6&�( ���#�t!�,�� � t��#�� $� !#$� α �, !3��� t��#�� $� !#$� +!, !�,��,!� 6#$�+�� T�, "����+3(�� #�� t��#��� $� !#$�� 54��+��U* "!�� �(�� � ! �s3�&�(�#���+!,! #1� (�/�#$���#!�C	!���#�!* "!$�,!� ���#�t!�,�� $3�� t��#��� $� !#$� α �

β
�, t��#��� $� !#$�� 54��+��$��-�#$! p �

q
#!� ��3� ����!� 3��#$! �(/3,�� "������!�´��C �, ��/3�$�* �t��3�,!� ��!,� +!#�-� $�� t��#��� $� !#$�� 54��+�� !5��$�� $� α �

β
#����� "!#�!� � $�6 !5��,!� 3,�t��#�� $� !#$� s3� "!$� ��� ��+3"���$� $�

α#β
�-���,�#�� "�(�� ,��,�� "������!�´��T&�y� v/3�� MC¢¨UC

a b

uu1,-2
0,4

'�/3�� MC¢¨L � �!,� +!#�-� $3��#�� �� "������!�´��
����, � &�(�$�$� $� "���� T��U "��� t��#��� $� !#$�� ��5���4���� α �

β
$�"�#$� $�

&�(�$�$� $� T��U "��� t��#��� $� !#$�� 54��+��C	��� ���#�t!�,�� � �!,� +!#�-� $� $3�� t��#��� $� !#$�� 54��+�� $! ��"! ωi,µ �
ωj,ν�, 3,� t��#�� $� !#$� 54��+�* $! ��"! ωi+j+1,µ+ν

* $�&�,!� "����� "!� 3,� �Q��� $�
"������!�´��C)�,!� &���v+�� s3� ! �#+��,�#�! #!� &�(!��� $!� �#&����#��� 54��+!�* #����� "���.���!�´��* ��� ! $� �+!�$! +!, �� ��/��� $� �!,� +!#�-�C� +!#y3#�! $� �!$�� �� "������!�´�� Q t!�,�$! "�(�� ��/3�#��� "������!�´�� �(�,�#������ "�(�� "������!�´�� !5��$�� $����� "�(� �� ! $�� �#&!(3�z�� $! /�3"! RO L
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���������Ø�� �����������
P1

L 	����/�, $� 3, (��! "!� 3, "!#�! $� +±�"�$� T$!�� +��!� &�y� v/3�� MC¢¡UC �,�,5!� !� +��!� !5��,.�� � "������!�´� �#&���� "!� 3,�
RO.�#&!(3� !C 	!���#�!* !�&�(!��� �#��� � $�"!�� $� "������!�´� $� 3, �#&����#�� RO.�#$�"�#$�#�� # ! "!$�,��� $�t���#���C

%

1

% % % %

a

%

1

% %

2

% % %

3

% %

4

%

% %

b

2

% %

3 4

'�/3�� MC¢¡L 	������!�´� �(�,�#���
P1

�� ��5�(�� �5��-! ��(�+�!#�, ! �&�#�! s3� !+!���3 $3��#�� � "������!�´� +!, !��3 &�(!� "�(� "����/�, "!� ���� �&�#�!C �!��,!� s3� #�#S3, �#&����#�� �!t��s3�(s3�� �(����� ! "!�� !� �&�#�!� !+!���, #� $���� ! "!����&� � �, ��/3�$� !+!���,#� $���� ! #�/���&� $!� ��3� ������!�C
P� O� M� ¢�

ΠC = 2 K+
C = −2 K+

C = 2 ΠC = −2

P5 O5 M5 ¢5
K−C = −2 ΠC = −2 ΠC = 2 Π−C = 2

P2

L 	����/�, $� 3, "!#�! $3"(! "!� 3, "�� $� +±�"�$�� $� ,��,! ��#�( T&�y� v/3��MC¢£UC���� "������!�´� "!��3� $!�� +�3w�,�#�!� !"!��!� "�(! ������! ΠC

T�� ! ��,! ��, �+±�"�$� �"!#�� "��� 5��-!U !3 "!� ΠD

T�� ! ��,! ��, � +±�"�$� �"!#�� "��� +�,�U*$�6 !� &�(!��� $!� �#&����#��� "��,�#�+�, �#�(����$!�C

%

1
% %

2
%

'�/3�� MC¢£L 	������!�´� �(�,�#���
P2

P3

L 	����/�, $� 3, "!#�! $3"(! "!� 3, (��! Tv/3�� MC�NUC����� "������!�´�* +!,! "!$�,!� &�� "�(� v/3�� � "�(� ��5�(� �5��-! ! &�(!� $!���(�!� �(�,�#����� �, +�$� �&�#�!* ��,!� ! ��/3�#�� �#+��,�#�! $!� �#&����#���L
|δ(J+)| = 2; |δ(J−)| = 2; |δ(Sp)| = 4; δ(h) = 0; δ(λ) = 0.
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%

1

% % %

2

%

3
%

'�/3�� MC�NL 	������!�´� �(�,�#���
P3

P O M
K−D = −2 T IA = 2 K+

C = −2

P4

L �(�,�#�� ! $� $!�� "!#�!� $� +±�"�$� $� ��#��� !"!��!� "�(� +���� ! $� 3, (��!Tv/3�� MC�PUC�� �#+��,�#�!� # ! #3(!� � !L
δ(J−) = −2; δ(h) = 2; δ(λ) = −2

+!,! "!$�,!� &�� #� v/3�� � #� ��5�(� #� ��s30#+��C

% %

1
%

2

%

'�/3�� MC�PL 	������!�´� �(�,�#���
P4

P O
K−D = −2 Λ = −2

P5

L �#�s3�(�� ! $� 3, "�� $� (��!� �#���#!.�-���#! Tv/3�� MC�OUC�#�(���#$! � v/3�� � !� &�(!��� #� ��5�(�* "!$�,!� &�� s3� "��� ���� "������!�´���,!�L
δ(J+) = 2; δ(J−) = 4; δ(Sp) = −4; δ(h) = −2; δ(λ) = 0.

% %

1

% %

2

%
3

% %

4

%

'�/3�� MC�OL 	������!�´� �(�,�#���
P5

P O M ¢
K+
C = 2 T IA = −2 K−D = 2 K−D = 2
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'����� ����� +!#��$����z��* ����,!� "�!#�!� "��� 3��(�w�� ����� "������!�´�� "��� �t���.&�� s3�(s3�� �!,� +!#�-� $� t��#��� $� !#$�� 54��+��C�5���&�,!� s3� �-����, ¢ "!���5�(�$�$�� "��� �� "!���z�� $!� "!#�!� p #!� ����!� $��t��#��� $� !#$�� 54��+�� T&�y� #� v/3�� MC�MUL
TPU �#��� 3, (��! � 3,� +±�"�$�Ù
TOU �, 3, (��!Ù
TMU �#��� $!�� "!#�!� $� +±�"�$�Ù
T¢U �#��� $!�� (��!�C

1
1

2 2 2

3 3

4 4

'�/3�� MC�ML �� "!#�!� ,��+�$!� �#$�+�, � "!��� ! $� "!��6&�( +!(�/�,C
�!��,!� s3� #!� +��!� TMU � T¢U �� $��-�,!� ! "!#�! p v-!* t�w�#$! 3�! $� "������!�´��$! ��"! P1

* Q "!��6&�( ���#�"!���� �!$�� �� +±�"�$�� "��� 3, (�$! � �!$!� !� (��!� "���! !3��! (�$! +!, ���"���! �! "!#�! p � ����, &!(��,!� �! +��! TPUC �!,! !� �#&����#���# ! �� �(����, "��� � "������!�´� P1
# ! "��+���,!� #!� "��!+3"�� +!, !� +��!� TMU � T¢U"��� ! "!#�! $� +!(�/�,C��#$! ����,* � ��+!(S� $!� "!#�!� p �

q "����#+�#$!* ���"�+��&�,�#��* �� t��#���54��+�� ωi,µ �
ωj,ν

* "!$� ��� t���� �#��� �� ��/3�#��� "!���5�(�$�$��L
T�U �,5!� !� "!#�!� ��� ! #� "!��� ! TPU � � +!(�/�, ���4 $! ��"! TPU.TPUÙ
T��U �,5!� !� "!#�!� ��� ! #� "!��� ! TOU � � +!(�/�, ���4 TOU.TOUÙ
T���U 
, $!� "!#�!� ���4 #� "!��� ! TPU � ! !3��! #� "!��� ! TOUÙ � � +!(�/�, ���4 $!��"! TPU.TOUC

)�,!� �/!�� �#�(���� +�$� 3, $!� +��!� ��"���$�,�#��C
¥��� ,K/G,K/· )�,!� �3"!� !� 6#$�+�� i � j $�� $3�� t��#��� $� !#$� # ! #�/���&!�T#!�� s3� �(�� $�&�, "!��3�� !� ,��,!� ��#��� "��� � +!(�/�, ����� 5�, $�v#�$�UC�"1� � +!(�/�,* �-����, $3�� "!���5�(�$�$�� T&�y� v/3�� MC�¢UC
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(1)-(1)
=

(a)

%
%

P4

%
P
1

%
P
1

%
%

P
5

(b)

'�/3�� MC�¢L �!,� +!#�-� $! ��"! TPU.TPU $� $3�� t��#��� $� !#$�� 54��+��
�! +��! T�U !� 6#$�+�� $� ���(!& $�� $3�� t��#��� $� !#$�� "!��3�, ! ,��,! ��#�(* �$�6 !5��,!� �-���,�#�� � +3�&� 54��+� ωi+j+1,µ+ν

+3y!� �#&����#��� � ! �-���,�#��� �!,� $!� �#&����#��� $�� t��#��� $� !#$�� +!(�$��CR4 #! +��! T5U !� 6#$�+�� $� ���(!& ��, ��#��� !"!��!�C ��y�, µ = 2m > 0
�

ν = −2k < 0
T
k,m > 0

U !� &�(!��� $!� 6#$�+�� $� ���(!& � �3"!#S�,!� ��, "��$�$� /�#���(�$�$� s3� k < mC ����� t!�,�* "�1-�,! �!� "!#�!� $� +!(�/�, p
�
q
�"1� �,��,� �-����, $3�� +±�"�$�� $� ��#��� !"!��!�C '�w�#$! 3,� "������!�´� �(�,�#���

P4
* !5��,!� 3, (��!* �#���#! !3 �-���#!C 	!� ,��! $� "������!�´�� �(�,�#����� $!��"! P1

"!$�,!� ���#�"!���� ���� (��! "�1-�,! �!� !3��!� (��!� T�� S!3&��U* ���!Q* "��� (!#/� $! +!#y3#�! $�� +±�"�$��C �!&�,�#�� ��,!� $3�� +±�"�$�� $� ��#���!"!��!�C '�w�#$! 3�! $� "������!�´� P4
,��� 3,� &�w !5��,!� 3, (��!* ��#$!���� $� !3��! ��"! ��(���&�,�#�� �! "��,���! (��! s3� vw�,!� �3�/�� T���! Q* �-���#!!3 �#���#!UC ��"�����,!� ���� "�!+���! 2k &�w�� !5��#$! k "���� $� (��!� �#���#!.�-���#!C 	��� !5��� � t��#�� $� !#$� 54��+� ωi+j+1,2m−2k

t�w�,!� 3�! $� "������!�´��(�,�#���
P5 k

&�w��C �! v#�( $���� "�!+���! $� "����� "!� 2k "������!�´�� P4
�
k"������!�´�� P5

!� �#+��,�#�!� $!� &�(!��� $!� �#&����#��� � !L
δ(J+) = 2k; δ(J−) = 0; δ(Sp) = −4k; δ(h) = 2k; δ(λ) = −4k.

	��� ����� &�����z�� δ(X) (X = J+, J−, Sp, h, λ) &���v+�,!� s3�L
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X(ωi,2m) + X(ωj,2k) Ù δ(X) = X(ωi+j+1,2m−2k)
J+ −m −k 2k −(m− k)
J− −(i+ 1) −(j + 1) 0 −(i+ j + 2)
Sp 2m 2k −4k 2(m− k)
h i+ 1 −m j + 1 − k 2k i+ j + 2 − (m− k)
λ 2m 2k −4k 2m− 2k

¥��� ,I/G,I/· �s3� !� ��#��� $!� 6#$�+�� ��#$� $�&�, ��� �/3��� "��� s3� ��y�
"!��6&�( � �!,� +!#�-� T&�y� v/3�� MC��UC ���� +��! �� ��$3w �! �#����!� "!� ,��!$� 3,� "������!�´� +3y!� �#+��,�#�!� � !L

δ(J−) = 2; δ(h) = −2.

(2)-(2)

%

%

'�/3�� MC��L �!,� +!#�-� $! ��"! TOU.TOU $� $3�� t��#��� $� !#$�� 54��+��
�� +3�&�� 54��+�� !5��$�� ��, 6#$�+� �/3�( � i + j − 1 C ��(+3(�#$! �/!�� +!, ��#!&�� &�����z�� +S�/�,!� #� ��/3�#�� ��5�(�L

X(ωi,2m) + X(ωj,2k) Ù δ(X) = X(ωi+j−1,2m−2k)
J+ −m −k 2k −(m− k)
J− −(i+ 1) −(j + 1) 2 −(i+ j)
Sp 2m 2k −4k 2(m− k)
h i+ 1 −m j + 1 − k 2(k − 1) i+ j − (m− k)
λ 2m 2k −4k 2m− 2k

¥��� ,K/G,I/· ����� +��! !� ��#��� $!� 6#$�+�� � ! !"!��!�C ��y�, !� &�(!��� $!�6#$�+�� $�� t��#��� $� !#$� 54��+� �/3��� � i � −j * +!, −j
��#$! ! 6#$�+� $� t��#��
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$� !#$� $! "!#�! $� ��"! TOUC �(Q, $���!* &�,!� +!#��$���� i ≥ j C �3"!#S�,!�s3� ! 6#$�+� $� ���(!& $�� t��#��� $� !#$�� ��y�, "!����&!� T&�y� v/3�� MC��UC

(1)-(2)

%

%
P3

%
P
2

%P1

%

P
5

'�/3�� MC��L �!,� +!#�-� $! ��"! TPU.TOU $� $3�� t��#��� 54��+��

u��#�"!���,!� !� j (��!� � �� 2k
+±�"�$�� +!,! ,!���� � v/3�� MC�� t�w�#$! �-���.,�#��

j &�w�� � "������!�´� P3
�
k &�w�� � "������!�´� P2 C �5��,!� 3,� t��#�� $�

!#$� +!, µ+ν
+±�"�$�� $� ,��,! ��#�(*

i+1
(��!� �-���#!� � j (��!� �#���#!�C 	!�,��! $� "������!�´�� $! ��"! P1

��3#�,!� �� +±�"�$�� $� 3, (�$! � !� (��!� $� !3��!C��6 �(�,�#�,!� !� j (��!� �#���#!� +!, j
(��!� �-���#!� "!� ,��! $�

j "������!�´��$! ��"! P5 C �!,! !� 6#$�+�� $� ���(!& "!��3�, ! ,��,! ��#�(* !5��,!� 3,� t��#��$� !#$� 54��+� +!, 6#$�+�
i− j + 1

* s3� "!��3� #� &��$�$� i− j + 2 "!#�!� $3"(!�C�� &�����z�� #!� &�(!��� $!� �#&����#��� � !
δ(J+) = 0; δ(J−) = 2j; δ(Sp) = 0; δ(h) = −2j; δ(λ) = 0.

����� �#+��,�#�!� +!�#+�$�, +!, �� $�t���#��� �#��� !� &�(!��� $� �!,� $!� �#&�.���#��� $�� t��#��� $� !#$�� �!,�$�� � !� &�(!��� $!� �#&����#��� $� +3�&� 54��+�
ωi−j+1,µ+ν

* +!,! ,!���� � ��/3�#�� ��5�(�L
X(ωi,2m) + X(ω−j,2k) + δ(X) = X(ωi−j+1,2m+2k)

J+ −m −k 0 −(m+ k)
J− −(i+ 1) −(j + 1) 2j −(i− j + 2)
Sp 2m 2k 0 2(m+ k)
h i+ 1 −m j + 1 − k −2j i− j + 2 − (m+ k)
λ 2m 2k 0 2m+ 2k
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� +��! i < j
Q ��,�(��C �� !� 6#$�+�� $� ���(!& # ! "!��3�, !� ,��,!� ��#���* �#� !&!(��,!� � ���3�� ! $! +��! TPU.TPUC����,* ! ��!��,� ���4 "�!&�$!C	!$�,!� ���3,�� ! s3� t!� &���! #! ��!��,� �#����!� #� ��/3�#�� ��5�(� s3� �-�5� !&�(!� $!� �#&����#��� 54��+!� "��� �� t��#��� $� !#$�� 54��+��C

&
n

n = i + 1     u i,0

CURVAS BÁSICAS J+

00 0

J- Sp h l

-(i+1) i+1

& k

m = 2k u1,m

-k 0 2k -k 2k

& k

&

n

n = i + 1     

m = 2k 

u i,m

-k -(i+1) 2k i+1-k 2k

0 0 0 0 0

q

'�/3�� MC�¨L �� &�(!��� $!� �#&����#��� 54��+!� #�� t��#��� $� !#$�� 54��+��
�#��� $� �#3#+��� ! ��!��,� "��#+�"�( $���� ��� ! "��+���,!� $� ,��� 3, (�,�C���� §·§© sÖ :AÆ8>:8A<= 8Ã:<:ÆÂ Ã= ×>=A<=; Ã= ÂAÃ8; Â>:=A<8Ã8; = @Â
Â>:=A<8Ã8; =ÖÅÖ ØÈ8AÂ Â>:=A<8ÃÂ û =Æ:Ã=A<=Ö=A<= Ã=1A:ÃÂ ØÂ> ;=Å; ;8È<Â; =È=Ö=A<8>=;ø Ã=;Ã= �Å= ;=ò8:AÆ8>:8A<= ;Â! Â Ø>Â@=;;Â Ã= :AÆ=>;õÂ Ã8 @Â
Â>:=A<8ôõÂ Ã8 ×>=A<= Ã= ÂAÃ8ö ?= AõÂ × Â>Ø=Ã:ÃÂ �Å= =È= ;=ò 8 :AÆ8>:8A<= ;Â! Â Ø>Â@=;;Â Ã= :AÆ=>;õÂ Ã8 @Â
Â>:=A<8ôõÂ Ã8 ×>=A<= Ã=ÂAÃ8ø =È= û Ã=1A:ÃÂ Ø=ÈÂ; ;8È<Â; =È=Ö=A<8>=; 8 Ö=AÂ; Ã8 8Ã:ôõÂ Ã= ÅÖ ÖaÈ<:ØÈÂ ÃÂ �AÃ:@=Ã= 78;ÈÂÆö

������������[ � $�t���#�� �#��� $!�� �#&����#��� +!, !� ,��,!� &�(!��� $!� ��(�!��(�,�#����� Q 3,� t3#� ! (!+�(,�#�� +!#���#��C ��6 "!$�,!� +!#��$���� ��( t3#� ! +!,!3,� t3#� ! #! +!#y3#�! $�� +!,"!#�#��� Ωi,µ

$! ��"��! $�� �,���z�� (�/�#$���#��C� �!,� +!#�-� $�v#� $3�� !"����z�� #���� +!#y3#�!C �� &��$�$�* �-����, s3���!"!��6&��� ��"!� $� "!#��� +!#�+��#$! $3�� t��#��� $� !#$�� !���#��$�� � +!.!���#��$��*3,� #! ��,�."(�#! % ��s3��$� � � !3��� #! ��,�."(�#! % $������ Tv/3�� MC�¡UC
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 1                      2                    3                     4

'�/3�� MC�¡L �� s3���! ��"!� $� "!#��� +!#�+��#$! $3�� t��#���
	!$�,!� "��"���� $!�� ��,!� �#&!(&�$!� �, 3,� �!,� +!#�-� $� ,!$! � 3��� s3���.s3�� $�� s3���! "!#��� 3��#$! "������!�´�� �(�,�#�����C )�y� #� v/3�� MC�£ +!,! ���!t3#+�!#�C

%

%

1

%

% % %
2

% %

%

% %

3

%

4

'�/3�� MC�£L 	��"���#$! ! ��,! "��� � +!(�/�, 3��#$! �� s3���! "!#���
	!���#�! "!$�,!� �!,�� $3�� t��#��� $� !#$�� "(�#�� $� s3���s3�� $3�� +(����� Ωi1,µ1�

Ωi2,µ2

3��#$! �(/3,� $�� s3���! "!#���C� 6#$�+� $� ���(!& Q �$���&! �!5 s3�(s3�� $!� s3���! ��"!� $� �!,� +!#�-�C � 6#$�+�$� �!,� Q
i1+i2+1 "��� �� $3�� "��,����� "!#��� T$�t���#$! �!,�#�� "�(� +!.!���#��� !U �

i1+i2−1 "��� ! !3��! "�� $� "!#��� T!5��$�� $! "��,���! "�� "�(� �#&��� ! $� !���#��� !UC	!���#�!* � �!,� +!#�-� $�v#� $3�� !"����z�� #! +!#y3#�! $� +!,"!#�#��� +!#�-��
Z2 = {i, k = µ/2}

L
A+ : (i1, k1), (i2, k2) 7→ (i1 + i2 + 1, k1 + k2)

A− : (i1, k1), (i2, k2) 7→ (i1 + i2 − 1, k1 + k2)�,5�� �� !"����z�� � ! +!,3����&�� +!,! !"����z�� �, Z2 C� �$���&�$�$� $� $�t���#�� $� $!�� �#&����#��� �$���&!� +!, ��(�!� �(�,�#����� �/3���"��� � �!,� +!#�-� A+
��/#�v+� s3� ���� t3#� ! Q (�#��� �,

Z2
+!, ���"���! � ����3�3��
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$� /�3"! �5�(��#! �,
Z2

* +3y! �(�,�#�! #3(! Q
(−1, 0)C u!$�� ����� t3#�z�� � ! $� t!�,�

f(i, k) = a(i+ 1) + bk C �� ,�#���� �#4(!/�* � �$���&�$�$� +!, ���"���! �! ��/3#$! ��"!$� �!,� +!#�-� �,"(�+� s3�
f(i, k) = c(i− 1) + dk C	!���#�!* f(i, k) = ek

* ! s3� "�!&� ! (�,�C
¥����­��� §·§� $; aA:@Â; :AÆ8>:8A<=; 8Ã:<:ÆÂ; ÈÂ@8:;RO 
:AÃ=Ø=AÃ=A<=; ;õÂ @ÂÖ!:A8ô	=;È:A=8>=; Ã= J+, J−, Sp, h, λ ö
������������[ 	�(� 	�!"!��� ! MCO¢* �� ±#�+�� "!���5�(�$�$�� "��� !� ��(�!�
RO.�#$�"�#$�#��� � ! �� +!,5�#��z�� (�#����� $�

J+ * J− * Sp * h �
λ C ����,* "�(! (�,��#����!�* !� ��(�!� $�v#�, $� t!�,� +(��� !� �#&����#���C

������� §·§' ÁÂÃÂ :AÆ8>:8A<= ÈÂ@8È Ã= ×>=A<=; Ã= ÂAÃ8; :AÃ=Ø=AÃ=A<=; Ã8; Â>:=A<8ô	=;= 8Ã:<:ÆÂ ;Â! 8 ;ÂÖ8 @ÂA=÷8 û ÅÖ8 @ÂÖ!:A8ôõÂ È:A=8> ÃÂ; � ;=9Å:A<=; :AÆ8>:8A<=; !ó;:@Â;ù
J+, J−, Sp, h, λ.

�ÈûÖ Ã:;;Âø Â; ;8È<Â; =;<õÂ Ã=1A:ÃÂ; AÂ �=Ö8 qöw� = ;=Å; Æ8ÈÂ>=; A8; @Å>Æ8; !ó;:@8; =;<õÂÃ=;@>:<Â; A8 <8!=È8 qö�Ãö
������������[ � �-���0#+�� $!� �#&����#��� ���4 "�!&�$� #! u�!��,� MCMM � � 3#�+�$�$�Q /���#��$� "�(! ��,� MCM¢ � ��3 �!�!(4��!C
����¤��[ � #±,��! n $� "!#�!� $3"(!� Q 3, �#&����#�� (!+�( �#$�"�#$�#�� $�� !���#.���z��* � ,��� Q 3,� +!,5�#�� ! (�#��� $!� �#&����#��� 54��+!� h �

λ
* +!,! ��/3�L

n = h+
1

2
λ


, ���3(��$! �#�������#�� s3� ��/3� $! ��!��,� �+�,� Q ! ��/3�#�� +!�!(4��! s3�
/���#�� � $�,�#3�� ! #! #±,��! $� $�t���#��� �&�#�!� # ! /�#Q��+!�* �, 3, +�,�#S!+!#�+��#$! $3�� +3�&�� $! ��"! ωi,0 �

Ki,0 C
¥����­��� §·§¦ ~Å8È�Å=> @8Ö:AÊÂ 9=Aû>:@Â =Ö Ωi,0

@ÂA=@<8AÃÂ ÃÅ8; L
:Ö=>;	=;ø @Åò8;×>=A<=; Ã= ÂAÃ8; ØÈ8A8; Ø=><=A@=Ö 8; @È8;;=; ωi,0 =Ki,0 ø @ÂA<=Ö Ø=ÈÂ Ö=AÂ; i− 1 =Æ=A<Â;ÃÂ <:ØÂ �8Å<Â
<8A9(A@:8 @ÂÖ @Â
Â>:=A<8ô	=; Ø8>8È=È8;� = Ø=ÈÂ Ö=AÂ; i− 2 =Æ=A<Â; ÃÂ <:ØÂ�8Å<Â
<8A9(A@:8 @ÂÖ @Â
Â>:=A<8ô	=; 8A<:
Ø8>8È=È8;�ö ?= �Å:;=>ÖÂ; =Æ:<8> 8 Â@Â>>(A@:8 Ã=ØÂA<Â; <>:ØÈÂ;ø =A<õÂ <=>=ÖÂ; Ø=ÈÂ Ö=AÂ; 2i − 2 @>Å�8Ö=A<Â; ØÂ> @a;Ø:Ã=ö ?= �Å=>=ÖÂ;=Æ:<8> 8 Â@Â>>(A@:8 Ã= @>Å�8Ö=A<Â; ØÂ> @a;Ø:Ã=ø =A<õÂ <=>=ÖÂ; Ø=ÈÂ Ö=AÂ; i − 1
ØÂA<Â;<>:ØÈÂ;ö

������������[ � "��,���� +!��� � t�w�� Q !5���&�� � ��/3�#�� ��5�(�L
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. . .

A

n=i+1

u
i,0

. . .T
n=i-1

K
i,0

         J           J           Sp          h          l

         0         -(i+1)        0           i+1       0

    -2(i-1)    -3(i-1)     4(i-1)        i-1        0

+ -

'�/3�� MC�NL {#&����#��� 54��+!� "��� �� t��#��� $� !#$�� "(�#�� ωi,0 �
Ki,0

� "��,���� (�#S� $� ��5�(� �"����#�� !� &�(!��� $!� �#&����#��� 54��+!� #�� t��#��� $�!#$�� "(�#�� $! ��"! ωi,0 � � ��/3#$� �"����#�� !� &�(!��� $!� �#&����#��� 54��+!� #��t��#��� $� !#$�� "(�#�� $! ��"! Ki,0 C ��� +!,! �� t��#��� $! ��/3#$! ��"! � ! �� +3�&��"(�#�� $� ��#!($ � &�,!� s3� J+, J−, Sp
�
h
�������!� � ����� +3�&�� � ! !� �#&����#���

J+, J−, St
�
n

T! #±,��! $� "!#�!� $3"(!�U* ���"�+��&�,�#��C � �#&����#�� λ # ! ��,3, �#&����#�� ��(�+�!#�$! � �(� #�� +3�&�� "(�#�� "!�� #���� +(���� $� +3�&�� ! #��+�,�#�!$� +±�"�$� # ! Q 3, �&�#�! # ! ���4&�(C�/!��* #!��,!� s3�*
J+(ωi,0) − J+(Ki,0) = 2(i− 1),

�
J−(ωi,0) − J−(Ki,0) = 2i− 4.

�(Q, $���!* Sp(ωi,0) − Sp(Ki,0) = 4i− 4 C���*
Sp(ωi,0) − Sp(Ki,0) =

∑
j(∆jπ + 2∆jSt)

"�(� 	�!"!��� ! MCO¢C �� &�,!� �&����!� "!#�!� ���"(!� ��/3� s3�
∆jSt = 0 ! s3� �,"(�+� ∑

j ∆jπ = 4i − 4 C ��5�,!� s3�+�$� +�3w�,�#�! "!� +±�"�$� +!#���53� +!, ±2 "��� ∑
j ∆jπ C 	!���#�! ! #±,��! $�+�3w�,�#�!� "!� +±�"�$� Q "�(! ,�#!� 2i− 2 C�� t!�,� �#4(!/�* �� �&���,!� !� +�3w�,�#�!� "!� +±�"�$�* ����,!� ∆jπ = 0 C ! s3��,"(�+� 2

∑
j ∆jSt = 4i− 4 C �!,! +�$� +�3w�,�#�! "!� "!#�! ���"(! ��,5Q, +!#���53�+!, ±2

* ���! ��/#�v+� $�w�� s3� ����,!� "�(! ,�#!� i − 1 "!#�!� ���"(!�* #! +�,�#S!(�/�#$! �� t��#��� $� !#$� ωi,0 �
Ki,0 C����¤��[ �� t��#��� $� !#$� "(�#� #� v/3�� MC�P � ! $!� ��"!� ω2,0

�
K2,0 C � +�,�#S!�#��� �(�� �&���#$! !� +�3w�,�#�!� "!� +±�"�$� "!��3� P "!#�! ���"(!* �#s3�#�! s3� !+�,�#S! �&���#$! !� "!#�!� ���"(! �-����, O +�3w�,�#�!� "!� +±�"�$�C
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%

%

St
%

%

%

%

%

%
%

%

% %

%

%

P P

'�/3�� MC�PL �-�,"(! "��� �� t��#��� $� !#$�� 54��+�� ω2,0
�
K2,0 C

?áe |è íìYçXíçìñêè éê ÚXêìñêè éê ðìéçè Aãçìçè éêAêì@éêìñêè éçè ðXíêìñçîïêè
����� ��� ! ��"�����,!� ! "�!+�$�,�#�! ��/3�$! #� "�!+3�� $!� �#&����#��� 54��+!� RO.�#$�"�#$�#���C � $��+��,�#�#�� +!#��$���$! �s3� ���4 ! ,��,! $� "���� �#����!� "!�� !��&�#�!� �s3� +!#��$���$!� # ! /�#Q��+!� � ! "���� $!� ������!� +!#��$���$!� �#����!�,�#��C
¨©Ä©ª µ® Û ·³Å­²·­³´¯® ÆÇ®·»½® RO¾°¯È¯³°¯³´¯®��+��$� $�v#�3 � �#&����#��� $� t��#��� $� !#$�� "(�#�� s3� � ! $�"�#$�#��� $�� !���#.���z�� $! "(�#! � $� t��#�� $� !#$� "(�#� 5�, +!,! $� +!.!���#��� ! $� t��#�� $� !#$�"(�#�C�� �#&����#��� RO.$�"�#$�#��� � ! !� ��/3�#���L

1) f+ �
f−

� ! !� �#&����#��� 54��+!� ���!+��$!� �!� +�3w�,�#�!� $!� $��+��,�#�#��� $��3�!.��#/0#+�� T
K
U* $� +�3w�,�#�! "!� +±�"�$� T

Π
U � #��+�,�#�! $� +±�"�$� T

Λ
UC���� ��"�+�v+�,�#��L

f+ ���4 ���!+��$! �!� �&�#�!� K+
C+, K

−
D+, ΠC , Π++

D↑ , Π−+
D↑ , Π++

D↓ ,Π
−+
D↓ , Λ↑+

�
Λ↓+

Ù
f−

���4 ���!+��$! �!� �&�#�!� K+
C−, K

−
D−, ΠC , Π+−

D↑ , Π−−D↑ , Π+−
D↓ ,Π

−−
D↓ , Λ↑−

�
Λ↓− C

2) p↑
�
p↓

� ! !� �#&����#��� 54��+!� ���!+��$!� �!� +�3w�,�#�!� $! $��+��,�#�#�� $�+�3w�,�#�! "!� +±�"�$� T
Π
UC ���� ��"�+�v+�,�#��L

p↑
���4 ���!+��$! �!� �&�#�!� Π++

C↑ , Π+−
D↑ , Π+−

C↑ , Π++
D↑ , Π−+

C↑ , Π−−D↑ ,Π
−−
C↑

�
Π−+
D↑

Ù
p↓

���4 ���!+��$! �!� �&�#�!� Π++
C↓ , Π+−

D↓ , Π+−
C↓ , Π++

D↓ , Π−+
C↓ , Π−−D↓ ,Π

−−
C↓

�
Π−+
D↓

C
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3) λ↑
�
λ↓

� ! !� �#&����#��� 54��+!� ���!+��$!� �! +�3w�,�#�! $! $��+��,�#�#�� $�#��+�,�#�! $� +±�"�$�� T
Λ
UC ���� ��"�+�v+�,�#��L

λ↑
���4 ���!+��$! �!� �&�#�!� Λ↑+,

�
Λ↑−

Ù
λ↓

���4 ���!+��$! �!� �&�#�!� Λ↓+,
�

Λ↓− C�� ��(�!� �(�,�#����� & ! !5�$�+�� �� ��/��� $�v#�$�� #� ��� ! �#����!� 5�, +!,! ��+!.!���#���z�� $!� ������!�C �� ��(�!� �(�,�#����� $�"�#$�#$! $�� !���#���z��* $�v#�$!�#! ��,� MCPN �!,�, �¢C �!��,!� s3� � +(����v+�� ! $!� ������!� $� +!$�,�#� ! P y4���4 +!#+(36$�C �/!�� &�,!� �,"!� +!#$��z�� �!5�� !� ������!� $� +!$�,�#� ! O* ����,+!,! vw�,!� �#����!�,�#��C�!,! ��,!� &4��!� ������!� $� +!$�,�#� ! P # ! Q +!#&�#��#�� ��+��&�� �!$! �����,�$� �s3��z�� $� +!��0#+��C )�,!�* �#� ! t�w�� 3�! $� 3, !3��! �����,�C
��®����� §·§0 sÖ �ü��þý� ��ÿ�ü�� �þ ��þÿt��ü� û ÅÖ @ÂAòÅA<Â Ã= =�Å8ô	=; Â!<:Ã8;8 Ø8><:> ÃÂ ;:;<=Ö8 Ã= @Â=>(A@:8 :A<=:>Â =AÆÂÈÆ=AÃÂ ;ÂÖ=A<= Â; ;8È<Â; AÂ; =;<>8<Â; Ã= ÅÖ<:ØÂ (K, T, Π ÂÅ Λ) ö �; ;ÂÈÅô	=; Ã=;;=; ;:;<=Ö8; ;õÂ @Ê8Ö8Ã8; ������ þ�þýþ���ÿþ�ÿþ���ü���ö

	��,����,�#�� �#+!#���,!� 3, +!#y3#�! $� ��(�!� �(�,�#����� ��$3w�$!�* $�6 "�������� #!&�� &���4&��� ��+��&�,!� �� !3���� �s3��z�� $� +!��0#+�� (!+�( #!� ������!� $�+!$�,�#� ! O �#&!(&�#$! $�t���#��� ��"!� $� ��(�!�C
���� §·§ª $; ;=9Å:A<=; ;8È<Â; =È=Ö=A<8>=; >=ÃÅ�:ÃÂ; × Â>Ö8Ö Â ;:;<=Ö8 ×ÅAÃ8Ö=A<8È Ã8;;ÂÈÅô	=; Ã8 ÅA:õÂ ÃÂ; ;:;<=Ö8; Ã= @Â=>(A@:8 Ø8>@:8È Ø8>8 Â; =;<>8<Â; K, T =Π ö
Eú

∆J+
C+wú

∆J+
C−qú

∆J+
D = ∆J+

D,i+ + ∆J+
D,i−�ú

∆J−C = ∆J−C,i + ∆J−C,e�ú
∆J−D+ = ∆J−D+,e + ∆J−D+,i

�ú ∆J−D− = ∆J−D−,e + ∆J−D−,i

Ãú
∆St =

∑

α,β,γ,η

∆StαβγA η +
∑

α,β,η

∆StααβB η

�ú
∆π−+
↑ = ∆π−+

C↑ + ∆−−D↑Üú
∆π−−↑ = ∆π−−C↑ + ∆−+

D↑Evú
∆π++
↑ = ∆π++

C↑ + ∆+−
D↑EEú

∆π+−
↑ = ∆π+−

C↑ + ∆++
D↑
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Ewú
∆π−+
↓ = ∆π−+

C↓ + ∆−−D↓Eqú
∆π−−↓ = ∆π−−C↓ + ∆−+

D↓E�ú
∆π++
↓ = ∆π++

C↓ + ∆+−
D↓E�ú

∆π+−
↓ = ∆π+−

C↓ + ∆++
D↓

E�ú ∆πC =
∑

α,β,η

∆παβC η
ø

ÂAÃ= Â; �AÃ:@=; α, β, γ Ø=>@Â>>=Ö Â @ÂAòÅA<Â Ã= ;:A8:; (+,−) = η Ø=>@Â>>= Â @ÂA
òÅA<Â Ã= ;=<8;ö
������������[ 	��,���! $�&�,!� ��+��&�� !� �����,�� $� +!��0#+�� "��+���� "��� !���(�!� ��$3w�$!� $! ��"! ∆J, ∆St, ∆π C 	��� � !5��#� ! $����� �����,��* $�&�,!� ��/3��� ,��,� �$Q�� $� $�,!#����� ! $! ��,� MCOM* �#�(���#$! +�$� +��! ��"���$�,�#��C �$�t���#�� Q s3� �s3� t���,!� � �#4(��� "!� ��"!� $� ��(�!�C� ��/3��* �#�(�����,!� ! +��! $! ������! KK C � $�,!#����� ! #! +��! $!� !3��!�������!� ��/3� $� ,�#���� �#4(!/�

�������
KK C 	��� !� ��(�!� ��$3w�$!� #���� ������! $� �3�!.��#/0#+���* ! �����,�$� +!��0#+�� Q

M(KK)∇J = 0
TMCMU

!#$� ∆J
Q ! &��!� $!� +!�v+��#��� $!� ��(�!� 54��+!� RO.$�"�#$�#��� $�v#�#$! !��(�!

ζ = ∇J+
C+.∆J

+
C+ + ... + ∇J−D−,i.∆J

−
D−,i,� ��5��

∇J = (∇J+
C+,∇J

+
C−,∇J

+
D,i+,∇J

+
D,i−,∇J

−
C,i,∇J

−
C,e,∇J

−
D+,e,∇J

−
D+,i,∇J

−
D−,e,∇J

−
D−,i)�

M(KK) =




0 0 1 −1 0 0 0 0 0 0
0 0 0 0 1 −1 0 0 0 0
0 0 0 0 0 0 1 −1 0 0
0 0 0 0 0 0 0 0 1 −1




�-����, � +��!� $�t���#��� �#&!(&�#$! !� PN ������!� (!+���RO.$�"�#$�#��� t!�#�+�#$!�� +!#$��z�� #! ������! KK $� +!$�,�#� ! OC �(�� ��� ! ,!����$!� #� v/3�� MC�OC �,T�U � T5U � +!#$�� ! $� +!.!���#��5�(�$�$� Q �3�!,���+�,�#�� �����t����* T+U* T$U* T�U � TtUt!�#�+�, ���"�+��&�,�#�� �� (�#S�� P.¢ $�
M(KK) C �� /���$!��� $� �!(3� ! $! �����,�MCM +!#�����, #!� ��(�!� ��$3w�$!� $�#!��$!� $� PU.�U #! �#3#+��$! $! (�,�C
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Kc

+

+

Kc

+

+

(a)

Kc

+

Kc

+

(b)

-

-

KD,

+

K
+

(c)

-

i+

D,i

KC,

K

(d)

-
i

C,e

-

KD+,

K

(e)

-
i

D+,e

-

KD-,

K

(f )

-

iD-,

e

-

'�/3�� MC�OL � ������! KK RO.$�"�#$�#��

�� ��/3�#��� #!���z�� ��� ! ±���� "��� t�+�(���� �� #!���z�� $!� �#&����#���RO.$�"�#$�#���C�!#��$���#$! !� ��(�!� ��$3w�$!� !5��$!� #! ��,� MCM£ &�,!� +!#��$���� �� ��/3�#���+!,5�#��z�� (�#�����L
∆πD =

∑

α,β,η

∆παβD η =
∑

α,β,η

∆παβη − ∆πC

∆π1+
↑ =

∑

β

∆π+β
↑

∆π1−
↑ =

∑

β

∆π−β↑

∆π1+
↓ =

∑

β

∆π+β
↓

∆π1−
↓ =

∑

β

∆π−β↓

∆π2+
↑ = ∆πC −

∑

αη

∆πα−η
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∆π2−
↑ = ∆πC −

∑

αη

∆πα+
η ,

!#$� α �
β "��+!���, ! +!#y3#�! $� ��#���

(+,−)
�
η "��+!��� ! +!#y3#�! $�� �����

(↑, ↓)C
���������� §·©J pó ;8!=ÖÂ; Ã8 ÇÂ>ØÂ;:ôõÂ qöEv �Å= ∆πC

= ∆πD
;õÂ Â; ;8È<Â; =È=
Ö=A<8>=; RO 
:AÃ=Ø=AÃ=A<=; Ã=1A:ÃÂ; AÂ =;<>8<Â Ã= @>Å�8Ö=A<Â ØÂ> @a;Ø:Ã=;ö

∆π1+
↑ û Â ;8È<Â AÂ =;<>8<Â Ã= @>Å�8Ö=A<Â ØÂ> @a;Ø:Ã= �Å= û AõÂ AÅÈÂ ;ÂÖ=A<= ;= 8

@a;Ø:Ã= û ÃÂ <:ØÂ Ø8>8 @:Ö8 = Â >8ÖÂ ;8:AÃÂ ÃÂ ØÂA<Â Ã= @a;Ø:Ã= û ØÂ;:<:ÆÂö �A8ÈÂ98Ö=A<=Ø8>8 ∆π1−
↑

ø ∆π1+
↓

= ∆π1−
↓

ø Â ;8È<Â û AõÂ AÅÈÂ ;ÂÖ=A<= AÂ; @8;Â; jØ8>8 @:Ö8ø A=98<:ÆÂúøjØ8>8 !8:÷Âø ØÂ;:<:ÆÂú = jØ8>8 !8:÷Âø A=98<:ÆÂúø >=;Ø=@<:Æ8Ö=A<=ö
∆π2+ (∆π2−) û Â ;8È<Â AÂ =;<>8<Â Ã= @>Å�8Ö=A<Â ØÂ> @a;Ø:Ã= AõÂ AÅÈÂ ;ÂÖ=A<= ;=Â ;=9Ö=A<Â ;=Ö @a;Ø:Ã= @>Å�8AÃÂ Â ØÂA<Â Ã= @a;Ø:Ã= û ØÂ;:<:ÆÂ jA=98<:ÆÂúö $ ;8È<Â

∆π2+ (∆π2−) <=Ö Â Æ8ÈÂ> ÂØÂ;<Â AÂ; @>Å�8Ö=A<Â; ØÂ;:<:ÆÂ; ÃÂ; =;<>8<Â; ΠC
= ΠD

ö
���������� §·©K HõÂ =÷:;<=Ö ;:;<=Ö8; Ã= @Â=>(A@:8 Ø8>@:8:; Ø8>8 Â; ;8È<Â; ÃÂ <:ØÂ ∆λø@ÂÖ :;<Â Ã=Æ=ÖÂ; 8Ã:@:ÂA8> 8Â @ÂAòÅA<Â Ã= E� ;8È<Â; =È=Ö=A<8>=; >=ÃÅ�:ÃÂ; :AÃ=Ø=AÃ=A<=;<ÂÃÂ; Â; � ;8È<Â; =È=Ö=A<8>=; ÃÂ <:ØÂ ∆λ ö �; �� :A@S9A:<8; AÂ ;:;<=Ö8 Ã= =�Å8ô	=; Ã=@Â=>(A@:8 ;= >=ÃÅ�=Ö 8 wv AÂÆ8; :A@S9A:<8;ö
��®����� §·©I Ç8>8 <ÂÃÂ ;8È<Â >=ÃÅ�:ÃÂ j= Ø8>8 <ÂÃ8 @ÂÖ!:A8ôõÂ È:A=8> Ã=;@>:<8 A8;Øó9:A8; �� = �Ãú Â; þ��ÿ���� ����ü� ÿþ���ü��� ;õÂ 8; @ÂÖ!:A8ô	=; È:A=8>=; ÃÂ; =;<>8<Â;ÈÂ@8:; @Â>>=;ØÂAÃ=AÃÂ 8Â; ;8È<Â; =È=Ö=A<8>=; �Å= @ÂÖØ	=Ö =;<= ;8È<Â >=ÃÅ�:ÃÂ ÂÅ @ÂÖ!:
A8ôõÂ È:A=8>ö

	��� ��+��&�� � ,����w $! �����,� $� +!��0#+�� $�#!��,!� ! ��(�! �#+1/#��� ζ T$�v#�#$!! P.+!+�+(!U "!�
ζ = ∇J+

C+.∆J
+
C+ + ... + ∇λ↓−.∆λ

↓
−� $�#!��,!� "!� ∇(r) ! &��!� $!� +!�v+��#���L

∇(r) = (∇J+
C+,∇J

+
C−,∇J

+
D ,∇J

−
C ,∇J

−
D+,∇J

−
D−,∇St,

∇π−+
↑ ,∇π−−↑ ,∇π++

↑ ,∇π+−
↑ ,∇π−+

↓ ,∇π−−↓ ,∇π++
↓ ,∇π+−

↓ ,∇πC ,

∇λ↑+,∇λ
↑
−,∇λ

↓
+,∇λ

↓
−)

���� §·©§ $ Æ=<Â> ∆(r) Ã=1A= ÅÖ E
@Â@:@ÈÂ ;=ø = ;ÂÖ=A<= ;=ø =È= Æ=>:1 @8 Â ;:;<=Ö8 Ã=@Â=>(A@:8
Mor∇(r) = 0

TMC¢U
;=AÃÂ Â ÂØ=>8ÃÂ> È:A=8>Mor

Ã=1A:ÃÂ Ø=È8 ;=9Å:A<= Ö8<>:�
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


−1 0 1 0 0 0 0 0 0 1 −1 0 0 0 0 1 0 0 0 0
0 0 0 −1 1 0 0 0 0 1 −1 0 0 0 0 1 0 0 0 0
0 −1 1 0 0 0 0 −1 1 0 0 0 0 0 0 1 0 0 0 0
0 0 0 −1 0 1 0 −1 1 0 0 0 0 0 0 1 0 0 0 0
−1 0 1 0 0 0 0 1 −1 0 0 0 0 0 0 1 0 0 0 0
0 0 0 −1 1 0 0 1 −1 0 0 0 0 0 0 1 0 0 0 0
0 −1 1 0 0 0 0 0 0 −1 1 0 0 0 0 1 0 0 0 0
0 0 0 −1 0 1 0 0 0 −1 1 0 0 0 0 1 0 0 0 0
−1 0 1 0 0 0 0 0 0 0 0 0 0 1 −1 1 0 0 0 0
0 0 0 −1 1 0 0 0 0 0 0 0 0 1 −1 1 0 0 0 0
0 −1 1 0 0 0 0 0 0 0 0 −1 1 0 0 1 0 0 0 0
0 0 0 −1 0 1 0 0 0 0 0 −1 1 0 0 1 0 0 0 0
−1 0 1 0 0 0 0 0 0 0 0 1 −1 0 0 1 0 0 0 0
0 0 0 −1 1 0 0 0 0 0 0 1 −1 0 0 1 0 0 0 0
0 −1 1 0 0 0 0 0 0 0 0 0 0 −1 1 1 0 0 0 0
0 0 0 −1 0 1 0 0 0 0 0 0 0 −1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 −1 0 0 0 0 0 −1 1 0 0
0 0 0 0 0 0 −1 1 0 0 0 0 0 0 0 0 1 −1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 −1 0 0 0 −1 1
0 0 0 0 0 0 0 0 0 0 0 −1 1 0 0 0 0 0 1 −1
0 0 0 0 0 0 −1 1 0 0 1 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 −1 0 1 1 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 −1 0 0 0 0 1 0 0 1 1 0 0 0 0
0 0 0 0 0 0 −1 0 0 0 0 0 1 1 0 1 0 0 0 0




$ ;:;<=Ö8 ×ÅAÃ8Ö=A<8È Ã= E
@Â@:@ÈÂ; Ã=>:Æ8ÃÂ Ã8; ;ÂÈÅô	=; Ã8 =�Å8ôõÂ qö� û × Â>Ö8ÃÂØ=ÈÂ; ;=9Å:A<=; ;8È<Â; !ó;:@Â;ù
∆J+ = ∆J+

C+ + ∆J+
C− + ∆J+

D

∆J− = ∆J−C + ∆J−D+ + ∆J−D−

∆Sp = 2∆St+ ∆πC + ∆πD

∆f+ = 2∆J+
C+ − 2∆J−D+ + ∆π2+ + ∆λ↑+ + ∆λ↓+

∆f− = 2∆J+
C− − 2∆J−D− + ∆π2− + ∆λ↑− + ∆λ↓−

∆p↑ = ∆π1+
↑ − ∆π1−

↑

∆p↓ = ∆π1+
↓ − ∆π1−

↓

∆λ↑ = ∆λ↑+ + ∆λ↑−

∆λ↓ = ∆λ↓+ + ∆λ↓−

������������[ �! ��,� MCM£ +!#��$���,!� �"�#�� !� ������!� s3� �#&!(&��, �!,�#��3, ��"! $� �&�#�!* #���� &�,!� +!#��$���� !� ������!� $� +!$�,�#� ! O s3� �#&!(&�, ,���$� 3, ������! +!,! KΠ
*
ΛΛ

�
ΠΛ C

�������
KΠ

· �� +!.!���#���z�� $!� ������!� (!+��� $� �3�!.��#/0#+��� � $� +�3w�.,�#�! "!� +±�"�$�� �� �#+!#���#$! #���� ������! � ��3� +���+�����
C

�
D

t!��,$��+3��$�� #! +��! RO.�#$�"�#$�#��C �! +��! RO.$�"�#$�#��* �-����, P� ���3��z��
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$����#���C �!#��$���,!� !� +��!� T�U � T5U $� v/3�� MC�M* �(�� � ! $����#/36&��� ��,.5Q, #! +��! RO.�#$�"�#$�#��C �!��,!� s3� #�� $3�� !+!��0#+��� $! +�3w�,�#�!"!� +±�"�$� �! (!#/! $! +�,�#S! t�+S�$! �, �!�#! $� ������! KΠ
$� +!$�,�#� !O* !� ��"!� Ø8>8 @:Ö8 !3 Ø8>8 !8:÷Â $�� +±�"�$�� � ! !� ,��,!� +!,! !� ��#��� $��!$!� !� ��/,�#�!�C 	!���#�!* !� $!�� ��(�!� �(�,�#����� $! ��"! ∆π
+!�#+�$�, #!���#��� $� +�,� � #�� �����C �, ���,!� $!� +!�v+��#���* !� ��(�!� �(�,�#����� $! ��"!

∆π
* #!� +��!� ,!����$!� �, T�U � T5U* t!�#�+�,L

∇π++
C↑ −∇J+

C+ −∇π++
D↑ + ∇J+

D = 0

∇π++
C↑ −∇J−C −∇π++

D↑ + ∇J−D+ = 0.

K
C

+

K
D

+

PD

(a)

++

7

PC

++

7

+ K
D

-

K
C

+

PC

(b)

++

7

PD
++

7

+

K
C-

K
D

+

PD

(c)

--
7

PC
--
7

+
K

D-

K
C

-

PC

(d)

--
7

PD
--
7

-

'�/3�� MC�ML �3���! �-�,"(!� $� KΠ
������! RO.$�"�#$�#��

��6 !5��,!� �� (�#S�� P � O $� ,����w
Mor * y4 s3� �, ���,!� $!� ��(�!� ��$3w�$!�*(�#���,�#�� �#$�"�#$�#��� ��,!�L

∇παβC↑ −∇παβD↑ = ∇παβ↑ −∇πα−β↑ + ∇πC .

�#+!#���,!� �� !3���� �s3��z�� �"(�+�#$! ��
RO.�#&!(3�z�� � ����� $!�� +��!�C�!��,!� s3� ���� �#&!(3�z�� # ! ,3$�, !� ��#��� $� +�,� $!� ��(�!� $! ��"! ∆J

* �!� +���+����� C �
D

$! ������! # ! �� �(����,C	!� �-�,"(!* !� +��!� T+U � T$U #� v/3�� t!�#�+�, �� (�#S�� M � ¢ $� ,����w
Mor *� ! !5��$!� �"(�+�#$! � �#&!(3� ! c �!� $!�� +��!� �#����!���C � ���3(��$! $�����#&!(3� ! �#&����#$! �!$!� !� ��#��� $!� ��/,�#�!� Q ! ��/3�#��L "��� !� ��(�!� $!��"! ∆J !� ��#��� $� 5��-! � ! �#&����$!�* �#s3�#�! "��� !� ��(�!� $! ��"! ∆π !���#��� $� +�,� � ! �#&����$!�C�� �"(�+�,!� � �#&!(3� ! b* #!&�,�#�� !� ��#��� $� 5��-! $!� ��(�!� $! ��"! ∆J� ! �#&����$!�* �#s3�#�! �!,�#�� ! ��/3#$! ��#�( $� +�,� T! ��#�( $! ��/,�#�! ��,
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��#/3(���$�$�� s3� +�3w� � +±�"�$�U Q �#&����$! �, ∆παβη C �(Q, $���! ! +���+���Ø8>8 @:Ö8 �� �!�#� Ø8>8 !8:÷ÂL
∆παβZ↑ −→ ∆πα−βZ↓ . (Z = C,D)

� �#&!(3� ! a �#&���� !� ��#��� $� 5��-! $!� ��(�!� $! ��"! ∆J
� �!$!� !� ��#��� $�+�,� � �� ����� $�

∆π C �! �#��#�! � �#&!(3� ! ab # ! �(���� !� ��(�!� $! ��"! ∆J
��� ����� $!� ��(�!� ∆π

* � �#&���� �!,�#�� ! "��,���! $!� ��#��� $� +�,� $�
∆π

L
∆παβZ↑ −→ ∆π−αβZ↑ , (Z = C,D)

���! Q* "��� !� �(�!� ��$3w�$!�
∆παβ↑ −→ ∆π−αβ↑ .����� ,�#���� !5��,!� �� (�#S�� �.¡ $�

Mor
$�� "��,����� ¢ (�#S��C�(Q, $���!* ��/3� s3� � �#&!(3� ! ac �#&���� �!,�#�� �� ����� $!� ��(�!� ��$3w�$!�#!� +�3w�,�#�!� "!� +±�"�$�C �5��,!� �� (�#S�� £.P� $� ,����w

Mor �"(�+�#$! �����#&!(3� ! �� (�#S�� P.¡C�!��,!� s3� �s3� ��+!(S�,!� ��,"�� ! +�,�#S! t�+S�$! �, �!�#! $! ������! KΠ$� +!$�,�#� ! O $� ,!$! s3� ! +�3w�,�#�! "�(! ������! ΠC

��y� ��,"�� "!����&!T&�y� v/3�� MC�MUC ����� t!�,�* ! +!�v+��#�� $�
∇πC

Q �/3�( � P �, �!$� �s3�� !C

���������� §·©© ?=9Å= ÃÂ Á=Â>=Ö8 qöq� �Å= ∆J+, ∆J− =∆Sp ;õÂ Â; ;8È<Â; ÃÂ; :AÆ8
>:8A<=; !ó;:@Â; RO 
:AÃ=Ø=AÃ=A<=;ø 8;;:Ö AÂ �Å= ;=9Å= Æ8ÖÂ; 8A8È:�8> ;ÂÖ=A<= Â; ÂÅ<>Â;;=:; AÂÆÂ; ØÂ;;�Æ=:; :AÆ8>:8A<=;ö
���� §·©� $; ;8È<Â; RO 
Ã=Ø=AÃ=A<=; Ã=1A:ÃÂ; AÂ �=Ö8 qöqÜ ;8<:;× 8�=Ö 8; ;=9Å:A<=;
RO 
;:Ö=<>:8;ù
j:ú ∆f+ = ∆f− ;õÂ R(ab)(bc)


:AÆ8>:8A<=ø 8; :AÆÂÈÅô	=; a, b = c <>Â@8Ö Â; Æ8ÈÂ>=; Ã=;<=;;8È<Â;ö
j::ú ∆p↑ = ∆p↓ ;õÂ :AÆ8>:8A<=; @ÂÖ >=;Ø=:<Â 8

R(abc) ø 8 :AÆÂÈÅôõÂ b <>Â@8 Â; Æ8ÈÂ>=;Ã=;<=; ;8È<Â;ø =A�Å8A<Â 8 :AÆÂÈÅôõÂ c :AÆ=><= Â; ;:A8:; ÃÂ; Æ8ÈÂ>=; Ã=;<=; ;8È<Â; = 8
:AÆÂÈÅôõÂ a 89= @ÂÖÂ 8 :AÆÂÈÅôõÂ bc ö

j:::ú ∆λ↑ =∆λ↓ ;õÂR(ab)(c)

:AÆ8>:8A<=ø 8; :AÆÂÈÅô	=; a = b <>Â@8Ö Â; Æ8ÈÂ>=; Ã=;<=; ;8È<Â;ö

������������[ 	��� $�,!#����� ���� (�,� $�&�,!� ���3$�� � �� ! $! /�3"! RO #!���(�!� ��$3w�$!�* $!� s3��� !� ��(�!� 54��+!� � ! +!,5�#��z�� (�#�����C�� ��(�!� ��$3w�$!� ∆J+
C+, ∆J−D+

�
∆π2+ � ! ���#�t!�,�$!� �, ∆J+

C−, ∆J−D−
�

∆π2−"�(� �� ! $�� �#&!(3�z�� a, b � cC �� &��$�$� ����� �#&!(3�z�� �#&����, !� ��#��� $� �!$!�!� ��/,�#�!� $� t��#�� $� !#$�C
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� ��(�! ��$3w�$! ∆π1+
↑

�� �!�#� ∆π1+
↓

�!5 � �� ! $� �#&!(3� ! bC ����� +��! ! +���+���Ø8>8 @:Ö8 Q ��!+�$! "!� Ø8>8 !8:÷Â � &�+�.&���� �#s3�#�! s3� ! ��#�( $! ��,! $��-�#$!! "!#�! $� +±�"�$� # ! �!t�� �(����� ! �(/3,� �!5� � �� ! $���� �#&!(3� !C � �#&!(3� !
c
* �#&����#$! ���� ��#�(* ���#�t!�,�

∆π1+ �, ∆π1− C � �#&!(3� ! a �/� �, ∆π
+!,! ��#&!(3� ! bcC� ��(�! ��$3w�$! ∆λ↑+

Q ���#�t!�,�$! �, ∆λ↓−
"�(�� �#&!(3�z�� a �

b
* +�$� 3,� $������#&!(3�z�� �#&���� � !���#��� ! (!+�(C � �#&!(3� ! c* �#&����#$! �!,�#�� � +!.!���#��� !*���#�t!�,�

∆λ+↑
�, ∆λ↑−.�� ��,������ $!� ��(�!� 54��+!� ��/3�, $�� ��,������ $!� ��(�!� ��$3w�$!� s3� !� +!#.����3�,C

��®����� §·©' �; Ê:Ø=>;ÅØ=>× �@:=;ø Ã=1A:Ã8; Ø=È8; ;ÂÈÅô	=; ÃÂ ;:;<=Ö8 qö� ÃÂ �=Ö8 qö�q@ÂÖÂ @ÂÖ!:A8ô	=; È:A=8>=; ÃÂ; =;<>8<Â; ÈÂ@8:; >=ÃÅ�:ÃÂ;ø ;õÂ @Ê8Ö8Ã8; þ��ÿ���� �3�ü�����%�ÿüþ������ RO%�þ�þ��þ��þ�ù
F+ = 2K+

C+ − 2K−D+ + Π2+ + Λ↑+ + Λ↓+

F− = 2K+
C− − 2K−D− + Π2− + Λ↑− + Λ↓−

P ↑ = Π1+
↑ − Π1−

↑

P ↓ = Π1+
↓ − Π1−

↓

Λ↑ = Λ↑+ + Λ↑−

Λ↓ = Λ↓+ + Λ↓−���� §·©¦ $; E
@Â@:@ÈÂ; !ó;:@Â; Ã=1A:ÃÂ; Ø=ÈÂ; ;8È<Â;∆f+, ∆f−, ∆p↑, ∆p↓, ∆λ↑ =∆λ↓;õÂ @ÂÊÂÖÂÈÂ9Â; 8 �=>Â AÂ =;Ø8ôÂ Ã8; L
:Ö=>;	=;ö
������������[ ��&�,!� &���v+�� s3� !� &�(!��� $� �!$!� !� P.+!+�+(!� 54��+!� �, �!$!+�,�#S! t�+S�$! �, Ωi,µ

� ! w��!C 	�!+�$�,!� �-���,�#�� +!,! #� $�,!#����� ! $!(�,� +!����"!#$�#�� #! +��! RO.�#$�"�#$�#��* t�w�#$! ���� &���v+�� ! "��� 3, ��"��.��#��#�� $� 3,� ±#�+� +(���� $� S!,!�!"�� $� +�,�#S!� # ! +!#��4���� #! ��"��! $��
L.�,���z�� ,��+�$�� "��� �!$!� &�(!��� $!� 6#$�+�� i � µ C�! +��! µ 6= 0

* �-����, +�,�#S!� t�+S�$!� # ! +!#��4���� �, Ω0
i,µ

���� s3� # ! �-����,+�3w�,�#�!� $! $��+��,�#�#�� T&�y� v/3�� MCM¢UC�! +��! (µ = 0, i = 1)
+!#��$��� ! +�,�#S! ,!����$! #� v/3�� MCM�* !#$� �!.$!� !� P¢ +�3w�,�#�!� $! $��+��,�#�#�� � ! �#3,���$!� � !� +!����"!#$�#��� ��(�!� �(.�,�#�����

RO.$�"�#$�#��� � ! �"����#��$!�C � �!,�
δ
$!� &�(!��� $!� ��(�!� 54��+!�

RO.$�"�#$�#��� �! (!#/! $���� +�,�#S! "!$� ��� t�+�(,�#�� +�(+3(�$! T! &�(!� $! ��(�!�, 3, �&�#�! x ��#$! $�#!��$! "!� (x)
UL

δ(f+) = −(5) + (7) + (8) + (9) + 2(10) = 0;

δ(f−) = −2(1) + (2) − (3) − 2(4) + (11) + (13) − 2(14) = 0;
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δ(p↑) = −(3) + (5) = 0;

δ(p↓) = (9) − (11) = 0;

δ(λ↑) = (7) + (13) = 0;

δ(λ↓) = (2) + (8) = 0.

�! +��! Ωi,0
+!, i 6= 0

* +!#��$��� #!&�,�#�� ! +�,�#S! ,!����$! #� v/3�� MCM�C ��
&�(!��� $�� P.+!+!���#��� 54��+�� #����� +�,�#S!� t�+S�$!� � ! ��#$� #3(!� �� ! � ! #�"���� $! +�,�#S! +!#�����#$! $� "����/�, $! (��! "!� 3, "�� $� +±�"�$�� $� ,��,!��#�(C �� +�3w�,�#�!� "�(! $��+��,�#�#�� � ��3� +!����"!#$�#��� ��(�!� �(�,�#�����

RO.$�"�#$�#��� � ! ,!����$!� � #3,���$!� #� v/3�� MCM�C 	!$�,!� ����, +�(+3(�� T+!, �,��,� #!��� ! $� �#���U !� &�(!��� $!� P.+!+�+(!� #!� +�,�#S!� t�+S�$!�
δ(f+) = −(1) − (2) + (3) + (4) = 0;

δ(f−) = 0;

δ(p↑) = (1) + (3) = 0;

δ(p↓) = −(2) − (4) = 0;

δ(λ↑) = 0;

δ(λ↓) = 0.	��� !� +�,�#S!� �, Ω±i,±µ
!5��,!� !� ,��,!� ���3(��$!� t�w�#$! �/�� #!� +�,�#S!�,!����$!� #� v/3�� MCM� �� �#&!(3�z�� b � c � �"(�+�#$! ! (�,� MC¢�C

���¤�������� ��� ����������� ROG��¤��������
��®����� §·©0 sÖ :AÆ8>:8A<= ÈÂ@8È RO 
Ã=Ø=AÃ=A<=X û ��ü�ü2� ;Â! 8 ;ÂÖ8 @ÂA=÷8 Ã=×>=A<=; Ã= ÂAÃ8; ;=ø = ;ÂÖ=A<= ;=ø ;8<:;× 8� 8; ;=9Å:A<=; @ÂAÃ:ô	=;ù

:ú X(θ) = 0 A8; �Å8<>Â @È8;;=; Ã= ×>=A<=; Ã= ÂAÃ8ø θ, aθ, cθ, acθø ÃÂ @�>@ÅÈÂ �Å= ;õÂ
R(ab)


:AÆ8>:8A<=;Z
::ú X(α#β) = X(α) +X(β)

Ø8>8 <ÂÃ8 =;@ÂÈÊ8 9=Aû>:@8 Ã= ØÂA<Â; AÂ; <>8ôÂ; Ã8; ÃÅ8;×>=A<=; α =β ÂAÃ= 8 @ÂÈ89=Ö Ã8 ØÂA<= û × =:<8 j�Å8AÃÂ 8 Â>:=A<8ôõÂ = 8 @Â
Â>:=A<8ôõÂØ=>Ö:<=Ö =;<8 @ÂÈ89=Öúö
:::ú ;=X(γ) = (f+, f−, p↑, p↓, λ↑, λ↓) ;õÂ Â; Æ8ÈÂ>=; ÃÂ; � :AÆ8>:8A<=; =Ö ÅÖ8 ×>=A<=9=Aû>:@8 γ ø =A<õÂ 8; ;=9Å:A<=; @ÂAÃ:ô	=; Ã= ;:Ö=<>:8 Ã=Æ=Ö ;=> ÆóÈ:Ã8; jØ=ÈÂ È=Ö8qö��úù
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X(γ) X(aγ) X(bγ) X(cγ)
f+ f− f− f−

f− f+ f+ f+

p↑ −p↓ p↓ −p↑

p↓ −p↑ p↑ −p↓

λ↑ λ↓ λ↓ λ↑

λ↓ λ↑ λ↑ λ↓

������� §·©ª ÁÂÃÂ; Â; :AÆ8>:8A<=;RO 
Ã=Ø=AÃ=A<=; Ã= ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; ;õÂ 8Ã:
<:ÆÂ; ;Â! 8 ;ÂÖ8 @ÂA=÷8ö
��/3� $!� ���3(��$!� �#����!��� ! ��/3�#�� ��!��,�L

������� §·�J ,������� �� �����¬���� � Ý��������/ ÁÂÃÂ :AÆ8>:8A<= ÈÂ@8È Ã=×>=A<=;Ã= ÂAÃ8; 8Ã:<:ÆÂ; ;Â! 8 ;ÂÖ8 @ÂA=÷8 û ÅÖ8 @ÂÖ!:A8ôõÂ È:A=8> ÃÂ; :AÆ8>:8A<=; RO 
:AÃ=Ø=AÃ=A<=;ø ÃÂ �AÃ:@= Ã= 78;ÈÂÆ = ÃÂ; � ;=9Å:A<=; :AÆ8>:8A<=; !ó;:@Â;ù
f+, f−, p↑, p↓, λ↑, λ↓,

@Åò Â; ;8È<Â; =;<õÂ Ã=1A:ÃÂ; AÂ �=Ö8 qö�qø = @Åò Â; Æ8ÈÂ>=; A8; ×>=A<=; !ó;:@8; =;<õÂ 8Ø>=
;=A<8ÃÂ; A8 <8!=È8 qö��ö
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Uk

Un

n=i+1

m=2k

u
i,m

n=i+1

m=2k

u
i,-m

n=i+1

m=2k

u
-i,m

n=i+1

m=2k

u
-i,-m

frentes de ondas básicas           f           f          p          p          l          l

                                      2(i+1)    0      -k      -k       k       k

                                     0     2(i+1)   k       k       k       k

                                  2(i+1)    0       k       k       k       k

                                     0     2(i+1)  -k     -k        k      k

                                       

+ - 7 6 7 6

'�/3�� MC�¢L {#&����#��� RO.$�"�#$�#��� "��� t��#��� $� !#$�� 54��+��C
� $�,!#����� ! $���� ��!��,� t!� t���� $���(S�$�,�#�� �, ¸��P¹* �����.�� $� 3,�$�,!#����� ! (!#/� � s3� ��"��� !� "�!+�$�,�#�!� $�� $�,!#�����z�� $!� (�,�� �+�,�* !"!#�! ����#+��( ��#�! #� �-���0#+�� s3�#�! #� 3#�+�$�$� $����� �#&����#���* s3� � ! �$���&!�"�(� �!,� +!#�-�* Q � ����53�� ! $!� &�(!��� $!� �#&����#��� 54��+!� RO.$�"�#$�#���*+!#t!�,� ��5�(� MC�¢C

¥����­��� §·�K  ÷:;<=Ö =÷8<8Ö=A<= Ev j:A@ÈÅ:AÃÂ Â �AÃ:@= Ã= 78;ÈÂÆú :AÆ8>:8A<=; !ó;:
@Â; ÈÂ@8:; Ã= ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; 8Ã:<:ÆÂ; Ø=È8 ;ÂÖ8 @ÂA=÷8ö
������������[ �� PN �#&����#��� � ! !� 6#$�+�� $� ���(!&* !� � �#&����#��� RO.$�"�#$�#��� $! u�!��,� MC�N � !� �#&����#��� J+ * J− �

Sp
* "�(! ��,� MC¢MC �� !3��!��#&����#��� 54��+!� RO.�#$�"�#$�#��� $! u�!��,� MCM� "!$�, ��� ��+���!� +!,! ��/3�L

h = f+ + f− − J+ + J− − λ

λ = λ↑ + λ↓.
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¥����­��� §·�I Ç8>8 :AÆ=><=> 8 @Â
Â>:=A<8ôõÂ Ã= ÅÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 !ó;:@8 @ÂÖ�AÃ:@= Ã= 78;ÈÂÆ :9Å8È 8 µø Ã=Æ=ÖÂ; Ø8;;8> ØÂ> Ø=ÈÂ Ö=AÂ; |µ| @>Å�8Ö=A<Â; ØÂ> @a;Ø:Ã=;ö
������������[ � $�t���#�� $!� &�(!��� $! �#&����#�� p = p↑ + p↓

�, $3�� t��#��� $�
!#$�� "(�#�� +!, +!.!���#���z�� !"!���� Q

2µ C �, �!$� +±�"�$�* ! +�3w�,�#�! "�(!$��+��,�#�#��
p ,3$� "!� ÙO !3 .OC

�������� ��¤������� ¤��� ������ ����������� H­�����
�, ¸�S.�3¹* ¸	.)¹ � ¸�S¹ �#+!#���,!� t1�,3(�� �-"(6+���� "��� �#&����#��� (!+��� $� �,��.�z�� $� 3, +6�+3(! #! "(�#! � "��� �#&����#��� RO.�#$�"�#$�#��� $� t��#��� $� !#$��C�-����, $3�� t1�,3(�� ��,"(�� "��� !� �#&����#��� f+ * f− * λ↑ � λ↓ $� 3,� t��#�� $�
!#$� "(�#� /�#Q��+� γ * +!,! ,!����,!� #� +!#��#3�� !L
���¤������ §·�§ ?=ò8Ö n↑ = n↓ ø >=;Ø=@<:Æ8Ö=A<=ø Â; AaÖ=>Â; Ã= ØÂA<Â; Ã= @a;Ø:Ã= Ã=
γ

ÃÂ <:ØÂ Ø8>8 @:Ö8 = ÃÂ <:ØÂ Ø8>8 !8:÷Âø =A<õÂù
n↑ = λ↑ = n↓ = λ↓������������[ �� γ Q 3,� t��#�� $� !#$� 54��+� ωi,µ (µ = 2k)

+!, k "!#�!� $� +±�"�$�$! ��"! Ø8>8 @:Ö8 �
k "!#�!� $� +±�"�$� $! ��"! Ø8>8 !8:÷Â* � !#$� λ↑ = λ↓ = k

* !���3(��$! Q &��$�$���!C R4 �, 3, #��+�,�#�! $� $!�� "!#�!� $� +±�"�$�* �(�� � ! �,5!�$! ��"! Ø8>8 @:Ö8 !3 �,5!� $! ��"! Ø8>8 !8:÷Â � +!����"!#$�, � 3, �#+��,�#�! "!� O$�
λ↑ !3 $�

λ↓ C � +���+���
↑ !3 ↓

$� 3,� +±�"�$� Q v-! �! (!#/! $� s3�(s3�� +�,�#S!�, Ωi,µ C
���¤������ §·�© ?=ò8Ö n+ = (n−)ø >=;Ø=@<:Æ8Ö=A<=ø Â AaÖ=>Â Ã= ØÂA<Â; ÃÅØÈÂ; Ã= γ <8È�Å= 8Ö!Â; Â; >8ÖÂ; ;= :A<=>;=@<8AÃÂ ;õÂ ØÂ;:<:ÆÂ; = A=98<:ÆÂ;ø =A<õÂù

f+ = 2n+ = f− = 2n−������������[ �, 3,� t��#�� $� !#$� 54��+� γ = ωi,µ
T&�y� ��5�(� MC�¢U* ! #±,��! $����� "!#�!� $3"(!� Q n+ = i + 1

�#s3�#�! f+ = 2(i + 1)
�
f− = 0 C � #±,��! $� "!#�!�$3"(!� $� aγ * bγ �

cγ
� ! �/3��� � n− = i+ 1

�#s3�#�! f+ = 0, f− = 2(i+ 1).� #±,��! n+ �3,�#�� "!� O �, 3, +�3w�,�#�! "!����&! $! ������! (!+�( K+
C+

��, 3, +�3w�,�#�! #�/���&! $! ������! (!+�( K−D+

* � # ! �� �(���� �, +�3w�,�#�!� "!�!3��!� ������!� (!+��� $� �3�!.��#/0#+���C �, 3, ������! $� +�3w�,�#�! "!� +±�"�$�* n+�3,�#�� "!� P s3�#$! π2+ = 2
� # ! �� �(���� �, !3��!� +��!�C �� &��$�$�* �, 3,+�3w�,�#�! "!� +±�"�$� !#$� ! ��,! s3� +�3w� ! "!#�! $� +±�"�$� Q "!����&!*∆π2+ = 2

�
∆n+ = 1

Ty4 s3� 3, $!� ��,!� #!� s3��� ! "!#�! $� +±�"�$� �� $�&�$� Q ��,"�� "!����&!UC�� ! ��/,�#�! s3� +�3w� ! "!#�! $� +±�"�$� Q #�/���&!*∆π2+ = ∆n+ = 0 C �(Q, $���!* n+�3,�#�� "!� P �#s�3#�! f+ �3,�#�� "!� O �, 3, +�3w�,�#�! "!����&! $! ������! (!+�(
Λ↑+

�
Λ↓+ C 	!���#�! f+ = 2n+ "��� s3�(s3�� t��#�� $� !#$� "(�#�C ��/3,�#�!� ��,�(����

&�(�, "��� ! �#&����#�� n− C
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���������� §·�� Õ8; Â!;=>Æ8ô	=; 8A<=>:Â>=; ;=9Å= �Å= Â; Æ8ÈÂ>=; ÃÂ; :AÆ8>:8A<=; f+ ø
f− ø λ↑ = λ↓ AõÂ ØÂÃ=Ö ;=> A=98<:ÆÂ;ö
���������� §·�' Õ8; :9Å8ÈÃ8Ã=;

h = f+ + f− − J+ + J− − λ

=
n = h+

1

2
λ;=9Å= �Å=ù

f+ + f− + J+ + J− −
λ

2
= h,

= Ã=;<8 :9Å8ÈÃ8Ã= Â!<=ÖÂ; 8 ×S>ÖÅÈ8 Ã= ÇÂÈ#8Ìù
J+ − J− = n+ − n−

ÂAÃ= n+ = ...ø n− = ... = f+ + f− = ... ö
)�,!� s3� !� �#&����#��� 54��+!� (!+��� �$���&!� � ! t3#�z�� +!#���#��� "�(� �� ! $!/�3"! $� $�t�!,!�v�,!� "�����&�#$! � !���#��� ! $! +6�+3(! � $! "(�#! �, +(����� $�t��#��� $� !#$��C�(/3#� $����� �#&����#��� ��,5Q, � ! �#&����#��� "�(� �� ! $� /�3"!� ,��!��� $�$�t�!,!�v�,!� $! "(�#! � $! +6�+3(! s3� # ! "�����&�, #�+�������,�#�� �!$�� �� !���#.���z��C
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����� ��� ! &�,!� $��+��&�� 3, ,Q�!$! "��� +�(+3(�� !� �#&����#��� $� ��+��$�*5����$! #� $�+!,"!��� ! $� 3,� t��#�� $� !#$� "(�#� $�$� �, t��#��� $� !#$�� "(�#��54��+�� 3#�$�� "!� "!#��� T&�y� ¸�R.�'¹UC �5��,!� 3,� t1�,3(� s3� #!� "��,����4+�(+3(�� !� �#&����#��� $� t��#�� $� !#$� �#�+��( �, ���,!� $!� �#&����#��� $� t��#���$� !#$�� 54��+�� s3� �"���+���, �, �3� $�+!,"!��� !C �, �(/3#� �-�,"(!� &���.,!� s3� ���� ,Q�!$! ��$3w +!#��$���&�(,�#�� � s3�#��$�$� $� +4(+3(! �, ��(�� ! �!,Q�!$! �"����#��$! #! ��"6�3(! 3 C �(Q, $���!* ! ,Q�!$! �s3� �"����#��$! "!$� �������#$�$! �! $� +!(��z�� $� t��#��� $� !#$�� "(�#�� $����,�#�#$! �, "����+3(�� �#&����#.���
T+(Γ1,Γ2), T

−(Γ1,Γ2), T
Sp(Γ1,Γ2), T

h(Γ1,Γ2)
�
T λ(Γ1,Γ2)

"��� "���� $� t��#��� $�
!#$�� "(�#��C�� +4(+3(!� $!� �#&����#��� J+, J−, Sp, h

�
λ
#���� +�"6�3(! ��� ! ��,"�� #!�,�(�w�.$!� $� �+!�$! +!, !� &�(!��� ���!+��$!� "!� ��+��$�* $�$!� #! +�"6�3(! �#����!� "��� �t�,6(�� $� t��#��� $� !#$�� ωi,µ C �3�#$! #!� ��t���,!� � 3,� t��#�� $� !#$� "(�#�* �������4 ��,"�� 3,� "�!y�� ! $� 3, +3�&� (�/�#$���#� +!, �3�!.�#������z�� ���#�&����� �+±�"�$�� ��,�.+±5�+��* "!$�#$! ��� 3,� !3 ,��� +!,"!#�#��� +!#�-��C

Váà �ìYçXíçìñêè éê fðìßåìñðè éê ÚXêìñêè éê ðìéçè Aãçìçè
º©ª©ª µ® ·³Å­²·­³´¯® T+ à T− à T h à T λ

¯
T Sp

��$! 3, "�� $� t��#��� $� !#$�� "(�#�� (Γ1,Γ2)
s3� �� �#���+�"��, #! "(�#!* "!$�,!���"���� Γ1

�
Γ2

�, ��,�."(�#!� $��y3#�!�* +!,! #� $�v#�� ! MCMN* t�w�#$! 3, ,!&�,�#�!�6/�$!* ����&Q� $� ���#�(��z�� � �!���z�� $� Γ2
� $��-�#$! Γ1

v-� #! "(�#!C �! (!#/! $����
"�!+���! $� ��"���� !* ���4 +(��! s3� # ! �3�/� �3�!.��#/0#+��* "!#�!� ���"(!�* +�3w�,�#.�!� "!� +±�"�$� !3 #��+�,�#�! $� +±�"�$�� #�, "��� Γ1

#�, "��� Γ2
��"���$�,�#��C�, !3���� "�(�&���* ��y� (Γ̃1, Γ̃2)

3, !3��! "�� $� t��#��� $� !#$�� #! "(�#! ���"�+��.&�,�#�� +!#/�3�#��� �
(Γ1,Γ2)

��( s3�
Γ̃1

�
Γ̃2

��� ! �, ��,�."(�#!� $��y3#�!� � ��y�
φt
*

t ∈ [0, 1]
*
φt(Γ1)

�
φt(Γ2)

+!#/�3�#��� � Γ1
�

Γ2
* ���"�+��&�,�#��C�! (!#/! $���� "�!+���! $� ��"���� ! $�� t��#��� $� !#$�� "(�#�� "!$�, !+!���� &4������#/0#+��� $� 3,� +!, � !3���* "!$�, �"���+�� "!#�!� ���"(!� t!�,�$!� "!� "!#�!�$3"(!� $� 3,� $�� t��#��� $� !#$� +!, �(/3, "!#�! $� !3��� � ��#$� +�3w�,�#�! "!�

££
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+±�"�$� $� 3, ��,! $� 3,� t��#�� $� !#$� +!, 3,� +±�"�$� $� !3���C �5���&�,!�s3� ���� ,!&�,�#�! "!$� ��,"�� ��� t���! ��+!(S�#$! 3, +�,�#S! s3� �&��� ��#/0#+���$�/�#���$�� �#��� �� t��#��� $� !#$��* #! ��#��$! $� s3� �� $3�� t��#��� $� !#$�� �0, 3,+!#���! $� "��,���� !�$�, #3, "!#�! +!,3,C�� ��#/0#+��� s3� �"���+�, �#��� �� t��#��� $� !#$�� "(�#�� "!$�, ��� $� 3, $!���/3�#��� ��"!� ��(���&�,�#�� �!� ��,!� �#&!(&�$!� #� ��#/0#+��L
�U �,5!� "!��3�, ,��,� !���#��� ! � +!.!���#��� ! T��#/0#+�� $����� �����+�$�UÙ
5U "!��3�, � ,��,� !���#��� ! "!�Q, +!.!���#���z�� $�t���#��� T��#/0#+�� $����� ��./3��UÙ
+U "!��3�, � ,��,� +!.!���#��� ! ,�� !���#���z�� $�t���#��� T��#/0#+�� �#&���� ��.���+�$�UÙ
$U "!��3�, !���#���z�� � +!.!���#���z�� $�t���#��� T��#/0#+�� �#&���� ��/3��UC
���!+��,!� 3, &�(!� ¤������� "��� +�$� ��#/0#+�� $����� �����+�$� !3 ��/3��* $��$�s3� ! #±,��! $� "!#�!� $3"(!� +!,3#� $�

Γ1
�

Γ2
������� �! "����� "�(� ��#/0#.+��C ���! +!#��4��!* ����536,!� 3, &�(!� �������� "��� ���� ���#��� !C 	!� !3��! (�$!*����536,!� 3, &�(!� ¤������� "��� �� ��#/0#+��� �#&����� �����+�$�� !3 ��/3��� s3�#$!���� #±,��! ������� � 3, �������� s3�#$! �(� �������C
������[ � ������ ����� �� ����¬����� ������� ����������* +!#��#$! ��3� ��#���*���4 $�#!��$! "!� T+

C (Γ1,Γ2)C� ������ ����� �� ����¬����� ������� �������* +!#��#$! ��3� ��#���* ���4 $�#!.��$! "!� T−C (Γ1,Γ2)C� ������ ����� �� ����¬����� �������� ����������* +!#��#$! ��3� ��#���* ���4$�#!��$! "!� T+
D (Γ1,Γ2)C� ������ ����� �� ����¬����� �������� �������* +!#��#$! ��3� ��#���* ���4 $�#!.��$! "!� T−D (Γ1,Γ2)C)�,!� +!#��$���� !� ��/3�#��� #±,��!� s3� � ! +!,5�#��z�� (�#����� $!� $�v#�$!��+�,�L

T+(Γ1,Γ2) = T+
C (Γ1,Γ2) + T+

D (Γ1,Γ2)

T−(Γ1,Γ2) = T−C (Γ1,Γ2) + T−D (Γ1,Γ2)
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%

%

%

%

T

T+

-
=

= 2

1

T  (>)D
+

T  (>)D
+

T  (>)D
-

'�/3�� ¢CPL ��"���� ! $� $3�� t��#��� $� !#$�� "(�#��
�� +�3w�,�#�!� "!� +±�"�$� s3� !+!���, #! "�!+���! $� ��"���� ! $� t��#��� $� !#$��"(�#�� Γ1

�
Γ2

"!$�, �� $�� $� ��/3�#�� ,�#����L
T�U ! ��,! ���#$! $! "!#�! $� +±�"�$� � ! ��,! ��, "!#�! $� +±�"�$� ��, ,��,�!���#��� ! T+�3w�,�#�! +!#+!�$�#��UÙ
T5U ! ��,! ���#$! $! "!#�! $� +±�"�$� � ! ��,! ��, "!#�! $� +±�"�$� ��, !���#���z��$�t���#��� T+�3w�,�#�! $��+!�$�#��UC
���!+��,!� 3, &�(!� ¤������� "��� +�$� +�3w�,�#�! "!� +±�"�$� $! ��"! T�U $��$�s3� ! #±,��! $� "!#�!� $3"(!� +!,3#� $�

Γ1
�

Γ2
������� s3�#$! "����,!� "!� �����&�#�!C ���! +!#��4��! ����536,!� 3, &�(!� �������� "��� ���� ���#��� !C 	!� !3��! (�$!*�� ! +�3w�,�#�! Q $! ��"! T5U �#� ! ����536,!� 3, &�(!� ¤������� s3�#$! ���� #±,��!������� � �������� s3�#$! ! #±,��! $� "!#�!� $3"(!� �������C
������[ � ������ ����� �� ����������� ¤�� ���¤��� ������������* +!#��#$!��3� ��#���* ���4 $�#!��$! "!� TΠ

C (Γ1,Γ2)C� ������ ����� �� ����������� ¤�� ���¤��� ������������* +!#��#$! ��3� ��#���*���4 $�#!��$! "!� TΠ
D (Γ1,Γ2)C�!#��$���,!� !3��! #±,��! s3� Q +!,5�#�� ! (�#��� $!� #±,��!� $�#!��$!� �+�,�L

T h(Γ1,Γ2) =
(
T+
C + T−C + TΠ

C

)
(Γ1,Γ2) −

(
T+
D + T−D + TΠ

D

)
(Γ1,Γ2)
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%

%

%

%

T   (>)
P

C

T   (<)
P

CT
h

=-3

'�/3�� ¢COL ��"���� ! $� t��#��� $� !#$�� +!#��#$! !� +�3w�,�#�!� "!� +±�"�$�C
��®����� ©·K ?=ò8 Γ = (Γ1, ...,Γm) ÅÖ @ÂAòÅA<Â Ã= ×>=A<=; Ã= ÂAÃ8; ØÈ8A8;ö sÖ ��������þ Ã= ÅÖ8 ×>=A<= Ã= ÂAÃ8 Γj ø �Å= @ÂÖØ	= Γø û ÅÖ ØÂA<Â 1÷8ÃÂ =Ö Γj

Ã:;<:A<Â Ã=�Å8È�Å=> ØÂA<Â ÖaÈ<:ØÈÂ Ã= Γ ö
�3"!#S�,!� s3�

Γ
��, �"�#�� $3�� +!,"!#�#��� +!#�-�� Γ1

�
Γ2

!���#��$�� � +!.!���#��$�� +!, "!#�! 5���C �!#��$���,!� ! "�!+���! $� ��"���� ! $����� t��#��� $� !#$���, ��,�."(�#!� $��y3#�!�* +!,! �+�,�C��y�
P

3, "!#�! ���"(! t!�,�$! �! (!#/! $� ��"���� ! $����� t��#��� $� !#$��C ��.#!��,!� "!� ξp,q(P ) ! &�(!� +!����"!#$�#�� �! "!#�! ���"(! P s3� "!$� �!,�� &�(!��� +1!3 −1
$� �+!�$! +!, ! ��/3�#�� +���Q��!L "��+!���#$! ����� t��#��� $� !#$�� � "����� $!�"!#�!� 5��� ���"����#$! � !�$�, � !���#��� ! $�� ,��,��* ���! $����,�#� 3,� !�$�,+6+(�+� #!� ��0� ��+!� s3� t!�,�, 3, $�$! "!#�! ���"(!* ����,* ! ��#�( $���� ���#��� ! Q$����,�#�$! "�(� ��/�� $! ���³#/3(! $�$� #� ��� ! MC¢CMC
������[ )�,!� �#$�+�� T St(Γ1,Γ2) =

∑
P ξp,q(P )

* !#$� ���� �!,� ��, +!#���53��z�� $��!$!� !� "!#�!� ���"(!� P s3� � ! t!�,�$!� "�(! "�� $� t��#��� $� !#$�� "(�#��* �! (!#/!$! "�!+���! $� ��"���� �� t��#��� $� !#$�� �, ��,�."(�#!� $��y3#�!�C
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6
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x
p,q(P)=-1

x
p,q(P)=1

x
p,q(P)=1

x
p,q(P)=1

T   =2

T   =0
St

St
T   =4

T   =0

Sp

Sp

p
q

p

q

p

q

qp

p

q

p

q

p

q

p

q

'�/3�� ¢CML ��"���� ! $� $3�� t��#��� $� !#$�� "(�#�� +!, "!#�! 5���
���¤������ ©·I $; AaÖ=>Â; T+(Γ1,Γ2)ø T−(Γ1,Γ2)

= T h(Γ1,Γ2)
Ã=Ø=AÃ=Ö ;ÂÖ=A<= ÃÂ<:ØÂ Ã= :;Â<ÂØ:8 ÃÂ Ø8> Ã= ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; Γ1

= Γ2
= AõÂ ÃÂ @8Ö:AÊÂ =;@ÂÈÊ:ÃÂØ8>8 ;=Ø8>8> =;<8; ×>=A<=; Ã= ÂAÃ8;ö�ÈûÖ Ã:;;Âø Â AaÖ=>Â T Sp(Γ1,Γ2)

AõÂ Ã=Ø=AÃ= ÃÂ @8Ö:AÊÂ =;@ÂÈÊ:ÃÂ Ø8>8 ;=Ø8>8> 8;@ÂÖØÂA=A<=; AÂ ØÈ8AÂø Ö8; Ã=Ø=AÃ= ÃÂ; ØÂA<Â; !8;= Ã= Γ1
= Γ2

ö
������������[ �� ��,!� 3, "�� $� t��#��� $� !#$�� "(�#�� Γ1

�
Γ2

�, ��,�."(�#!�$��y3#�!�* +!, Γ1
% ��s3��$� $�

Γ2
* � �, !3��! ,!,�#�! ��,!� �� ,��,�� t��#��� $� !#$��,�� �/!�� +!, Γ2

% ��s3��$� $�
Γ1

* ��5�,!� s3� !� &�(!��� $!� #±,��!� $! �#3#+��$! $�
"�!"!��� ! $�&�, ��� !� ,��,!�* ��#�! #! "��,���! s3�$�! s3�#�! #! ��/3#$!* "!�� ��,!�3, +!#y3#�! t!�,�$! "�(�� ,��,�� t��#��� $� !#$��C �!,! ��5�,!� s3� 3, +�,�#S!"!��6&�(* "��� (�&�� 3, s3�$�! #! !3��!* Q ! +�,�#S! !#$� �� t��#��� $� !#$�� # ! ��+�3w�,* �, #�#S3, ,!,�#�!* � #���� +�,�#S! # ! �-���� #�#S3, �#+��,�#�! "��� !�#±,��!� $! �#3#+��$!* ��/3� s3� s3�(s3�� !3��! +�,�#S! ��,5Q, # ! "!$� �#Ê3�#+���#����� &�(!���* "!�� !� �#&����#��� #! "��,���! s3�$�! � #! ��/3#$! � ! !� ,��,!�C
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� $�,!#����� ! $���� "�!"!��� ! ��/3� $� t!�,� �#4(!/� �! +!,�#�4��! �+�,�* 5�����#� ! +!#S�+�� 3, +�,�#S! s3� # ! �#Ê3�#+�� #!� &�(!��� $!� #±,��!� "��� ,!�����,!����� "�!"!��� !C��y�, f, g : S1 −→ R
2 $3�� t��#��� $� !#$�� "(�#��* !#$� ! "�� (Γ,Γ′)

Q � �,�/�, $�
(f, g)

#! "(�#!C �3"!#S�,!� s3� Γ
�

Γ′
�� �#��+�"��,C �!#��$���,!� ��,5Q, �� t��#���$� !#$�� "(�#�� f̂ , ĝ : S1 −→ R

2 +3y�� �,�/�#� #! "(�#! "!� (f̂ , ĝ)
��� ! ��"����#��$��"�(! "�� (Γ̂, Γ̂′)C �3"!#S�,!� ��#$� s3� �� t��#���

Γ̂
�

Γ̂′
��� ! �, ��,�."(�#!� $�t���#���� s3�

Γ
�

Γ′
� ! ���"�+��&�,�#�� +!#/�3�#��� �

Γ̂
�

Γ̂′ C��y�
φ : [0, 1] −→ C∞(S1 × S1,R2)

3, +�,�#S! /�#Q��+! s3� (�&� ! "�� (Γ,Γ′)
#!"�� (Γ̂, Γ̂′)

* ����&Q� $� ,!&�,�#�!� �6/�$!� T���#�(��z�� � �!���z��U +!, φ(0) = (f, g)
�

φ(1) = (f̂ , ĝ)C Ë +(��! s3� �� t��#��� $� !#$�� s3� � ! �,�/�#� "!� φ(t)
#! "(�#! � !��,"�� +!#/�3�#��� �� ���"�+��&�� t��#��� $� !#$�� Γ

�
Γ′
* "��� �!$! t ∈ [0, 1]C�5���&�,!� s3� �, �!�#! $� s3�(s3�� ������! $� +!$�,�#� ! O* �� +!#��$���,!� "���!� $!�� ��+!� �#&!(&�$!� #�� ���#���z�� $�

∆T+ * ∆T−
�

∆T h
+!,! �� t!���, $� 3,��1 t��#�� $� !#$�* ��,!� �-���,�#�� �� ���"�+��&�� ���#���z�� $�
J+ * J− �

hC ��5�,!�s3� ����� ���#���z�� �� �#3(�, �, �!�#! $� s3�(s3�� +�,�#S! t�+S�$!* #3,� "�s3�#�&�w�#S�#��* �, �!�#! $!� ������!� $� +!$�,�#� ! O �, D = C∞(S1 × S1,M) − E(S1 ×
S1,M)C �!/! �� ���#���z�� $�

∆T+ * ∆T−
�

∆T h
��,5Q, �� �#3(�, #���� +�,�#S!C	!���#�! T+ * T− �

T h
# ! $�"�#$�, $! +�,�#S! ��+!(S�$! �#���

γF
�
γ̂F C�#�(!/�,�#�� �� &���v+� s3�

T Sp
$�"�#$� $! "!#�! 5��� � # ! $! +�,�#S! s3� ��"����� $3�� t��#��� $� !#$�� "(�#��C {��! �� $�&� �! t��! $�

T St
$�"�#$�� $! "!#�! 5��� T&�y�v/3�� ¢CMU � # ! $! +�,�#S! s3� ��"��� �� t��#��� $� !#$�* �� +!,"���,!� +!, St

#�
&�w�#S�#�� $!� ������!� $� +!$�,�#� ! O "��� 3,� ±#�+� +!,"!#�#��C
���������� ©·§ HÂ<=ÖÂ; �Å= AõÂ ×8� ;=A<:ÃÂ ×8È8> Ã= ÅÖ AaÖ=>Â 8;;Â@:8ÃÂ 8Â A8;@:
Ö=A<Â Ã= @a;Ø:Ã=; A=;<= Ø>Â@=;;Â Ã= ;=Ø8>8ôõÂ Ã= ÃÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8;ø ò ó �Å= ÂÖ=;ÖÂ AõÂ Â@Â>>=ö
º©ª©¼ á³Å­²·­³´¯® °¯ â·»­²°· °¯ «½³ãä³´½® °¯ ±²¯³´¯® °¯ µ³°­®
��y�

Γ = (Γ1, ...,Γm)
3,� +!(�� ! $� t��#��� $� !#$�� "(�#�� +!, m

+!,"!#�#��� Γj
*!#$� +�$� 3,� $����� ��, 3, "!#�! 5���C ��#!��,!� "!� Γs = (Γs1, ...,Γ

s
m) ! +!#y3#�!$�

m
+!,"!#�#��� $� t��#��� $� !#$�� #! "(�#!* !#$� +�$�

Γsj
Q 3,� t��#�� $� !#$���"���$� �, ��,�."(�#!� $��y3#�!� $�� !3���� $! +!#y3#�! Γ

� +�$� +!,"!#�#�� Γsj
$�

ΓsQ ��!�1"�+� % +!,"!#�#�� Γj
$�

ΓC
������[ ��$! 3, +!#y3#�! $� t��#��� $� !#$�� "(�#�� +!, "!#�! 5���
Γ = (Γ1, ...,Γm)

* $�#!��,!� !� �#&����#��� $���� +!#y3#�! $� t��#��� ��"���$��* (Γs1, ...,Γsm)
*

+!,! X(Γs) =
m∑

j=1

X(Γsj)
* !#$� X = J+, J−, h, Sp, λ C

��®����� ©·© ?=ò8 Γ = (Γ1, ...,Γm) ÅÖ @ÂAòÅA<Â Ã= ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; @ÂÖ ØÂA<Â
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!8;=ö $; :AÆ8>:8A<=; Ã= Γ ;õÂ Ã8ÃÂ; ØÂ>ù
J+(Γ) = J+(Γs) −

m∑

l=1

j<l

T+(Γj,Γl),

J−(Γ) = J−(Γs) −
m∑

l=1

j<l

T−(Γj,Γl),

Sp(Γ) = Sp(Γs) −
m∑

l=1

j<l

T Sp(Γj,Γl),

h(Γ) = h(Γs) −
m∑

l=1

j<l

T h(Γj,Γl),

λ(Γ) = λ(Γs).

���¤������ ©·� Õ8ÃÂ; ÃÂ:; @ÂAòÅA<Â; Ã= ×>=A<=; Ã= ÂAÃ8; Γ =Ω @ÂA<:Ã8; =Ö ;=Ö:
ØÈ8AÂ;Ã:;òÅA<Â;ø ;= Æ=>:1 @8Ö
J+(Γ q Ω) = J+(Γ) + J+(Ω),

J−(Γ q Ω) = J−(Γ) + J−(Ω),

h(Γ q Ω) = h(Γ) + h(Ω),

Sp(Γ q Ω) = Sp(Γ) + Sp(Ω),

Λ(Γ q Ω) = Λ(Γ) + Λ(Ω),

ÂAÃ= p = q Ã=<=>Ö:A8Ö �Å= Â; @ÂAòÅA<Â; <(Ö 1÷8ÃÂ ÅÖ ØÂA<Â !8;= =Ö @8Ã8 ×>=A<= Ã= ÂAÃ8= ∐ Ã=AÂ<8 8 ÅA:õÂ Ã:;òÅA<8ö
������������[ �!#��$���,!� Γ = (Γ1, ...,Γm)

�
Ω = (Ω1, ...,Ωn)

* "!� $�v#�� !
J+(Γ q Ω) = J+((Γ q Ω)s) −

[
m∑

l=1

j≤l

T+(Γj,Γl) +

m∑

l=1

j≤l

T+(Γj ,Ωl)

+

m∑

l=1

j≤l

T+(Ωj ,Ωl)

]

= J+(Γs) + J+(Ωs) −

[
m∑

l=1

j≤l

T+(Γj,Γl) +

m∑

l=1

j≤l

T+(Ωj ,Ωl)

]

= J+(Γ) + J+(Ω),

!#$� � ��/3#$� �/3�($�$� ��/3� $! t��! s3�
T+(Γj,Ωl) = 0

* "��� j = 1, ..., n
�
l = 1, ..., mC� �/3�($�$� "��� J− * h* Sp �

Λ
�� &���v+� �#�(!/�,�#��C
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Vá� �ðìñêè ê fçìçíè
��®����� ©·' ?=ò8Ö Γ ∈ R

2 ÅÖ8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8 = C ÅÖ8 @ÂÖØÂA=A<= @ÂA=÷8 Ã=
R

2\Γ ö ÄÂA;:Ã=>= x ∈ C ÅÖ ØÂA<Â �Å8È�Å=> A=;<8 @ÂÖØÂA=A<=ö $ b��ü�þ Ã8 @ÂÖØÂA=A<=@ÂA=÷8C ø Ã=AÂ<8ÃÂ ØÂ> indΓ(C)ø û Â AaÖ=>Â Ã= ÆÂÈ<8; @ÂÖØÈ=<8; jAÂ ;=A<:ÃÂ 8A<:
ÊÂ>ó>:Âú× =:<8; Ø=ÈÂ >8:Â
Æ=<Â> Ã= x 8 ÅÖ ØÂA<Â �Å8È�Å=> 8Â ÈÂA9Â Ã8 ×>=A<= Ã= ÂAÃ8 Γ A8 Ã:>=ôõÂÃ=1A:Ã8 Ø=È8 ;Å8 Â>:=A<8ôõÂö
���������� ©·¦ 8ú $!;=>Æ= �Å= Â �AÃ:@= indΓ(C) AõÂ Ã=Ø=AÃ= Ã8 =;@ÂÈÊ8 ÃÂ ØÂA<Â x=Ö C Ö8; Ã=Ø=AÃ= Ã8 Â>:=A<8ôõÂ Ã8 ×>=A<= Ã= ÂAÃ8 ØÈ8A8ö
!ú $ �AÃ:@= Ã8 @ÂÖØÂA=A<= @ÂA=÷8 =÷<=>:Â> û �=>Âö

ind( C  ) = 2 ind( C  ) = 1 ind( C  ) = 0
1

C
1

C
2

C
3

2 3

'�/3�� ¢C¢L µ#$�+�� $� +!,"!#�#��� +!#�-�� $� 3,� t��#�� $� !#$� "(�#�
��y�, Γ

3, +!#y3#�! $� t��#��� $� !#$�� "(�#�� � γ 3,� !3��� t��#�� $� !#$� "(�#�+!#��$� #! ��3 +!,"(�,�#�!* +!#�+��#$! $!�� ��+!� A �
B

�, Γ
* �#��� !� ���"�+��&!�"���� $� "!#�!� $� �#������ ! (p1, q1)

�
(p2, q2)

* $� ��/3�#�� t!�,�L�35����3�,!� !� ��+!� x1y1 ⊂ A
�
x2y2 ⊂ B

* "�(!� ��+!� x1y2

T!3 x1x2)
�
x2y1

T!3
y2y1)

$� t��#�� $� !#$� γ * $� ��( t!�,� s3� !� ��+!� p1x1y2q2
T!3 p1x1x2p2)

�
p2x2y1q1

T!3
p2x2x1p1)

���"����, �� ���"�+��&�� !���#���z�� � +!.!���#���z�� $�� t��#��� $� !#$�� �,
ΓC � +!#�- ! $�

γ
#! +!#y3#�! $� t��#��� $� !#$�� Γ

* $�#!��$! "!� γ ∗ Γ
* Q +!,"��6&�(�� !� ��+!� A �

B
+!, !���#��� ! � +!.!���#��� ! $�

Γ
$�v#�, 3,� !���#��� ! � 3,�+!.!���#��� ! �, γ

* +!,! ,!���� � v/3�� ¢C�C
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1

1

1

2

2

2
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Cirurgia do tipo “          ”

Cirurgia do tipo “          ”

Cirurgia do tipo “          ”

Cirurgia do tipo “          ”

'�/3�� ¢C�L ���3�/�� #!� ��+!� $� Γ


, t��#�� $� !#$� $! ��"! |
0
} Q 3, +6�+3(! � 3,� t��#�� $� !#$� $! ��"! |

∞
} Q ����,+S�,�$� "!� +�3�� $� ��3 t!�,��!* ���� t��#�� $� !#$� Q ��,5Q, +!#S�+�$� +!,! +3�&�|!��!åC R4 3,� t��#�� $� !#$� $! ��"! |

0
} +!, +±�"�$� Q 3, +6�+3(! s3� "!��3� �"�#��$3�� +±�"�$�� $� ,��,! ��#�( � 3,� t��#�� $� !#$� $! ��"! |∞} +!, +±�"�$� Q 3,� v/3��|!��!} s3� "!��3� �"�#�� $3�� +±�"�$��* ��,5Q, $� ,��,! ��#�( � ����� +±�"�$�� $�&�,!+!���� ��,"�� $! ,��,! (�$! ��(���&�,�#�� �! "!#�! $3"(! "����#�� #� +3�&� |!��!}C

��®����� ©·0 Õ:�=ÖÂ; �Å= γ û ÅÖ8 �üÿ�ÿ�ü� =Ö Γ ;= γ û ÅÖ8 ×>=A<= Ã= ÂAÃ8 ÃÂ <:ØÂ�
0 �ø �∞ �ø �0 � @ÂÖ @a;Ø:Ã= ÂÅ �

∞ � @ÂÖ @a;Ø:Ã= �Å= @ÂA=@<8 @ÂÖØÂA=A<=; Ã= Γ ö j�=ò819Å>8 �ö�úö
��®����� ©·ª ?=ò8Ö Γ ÅÖ @ÂAòÅA<Â Ã= ×>=A<=; Ã= ÂAÃ8; = γ ÅÖ8 @:>Å>9:8 ;:ÖØÈ=; jÃ=ÅÖ ÃÂ; <:ØÂ; Ã=1A:ÃÂ; 8@:Ö8ú =Ö Γ ö Õ:�=ÖÂ; �Å= γ û ÅÖ8 ����þø Ã=AÂ<8Ã8 ØÂ> γp ø ;= γ@ÂA=@<8 8>@Â; Ã= ÃÅ8; ×>=A<=; Ã= ÂAÃ8; Ã:;<:A<8; Ã= Γ = γ û ÅÖ �����ø Ã=AÂ<8ÃÂ ØÂ> γc ø;= @ÂA=@<8 8>@Â; Ã= ÅÖ8 Ö=;Ö8 ×>=A<= Ã= ÂAÃ8 ÃÂ @ÂAòÅA<Â Γ ö

��y�, Γ
3, +!#y3#�! $� t��#��� $� !#$�� "(�#�� � γ 3,� +��3�/��* �! �#��!$3w�� 3,�"!#�� γp �, Γ

$�w�,!� s3� vw�,!� 3,� ���� $� t��#��� $� !#$�� Γ
� s3�#$! �t��3�,!�3, +�#�(

γc
�, Γ

$�w�,!� s3� vw�,!� 3,� �����¤������ $! +!#y3#�! ΓC��w�,!� ��,5Q, s3�
γc

�
γp

� ! ������¤�������� ��* � �!,�#�� ��*
γc ∗ Γ = Γ̃

�
γp ∗ Γ̃ = Γ.��y�, Γ

3, +!#y3#�! $� t��#��� $� !#$�� � γ 3,� +��3�/��* ���!+��,!� � γ 3, #±,��!�#����! η +!,! ��/3�L
ηγ =

{
1,

��
γ

Q 3, +�#�(
0,

��
γ

Q 3,� "!#��
��®����� ©·KJ ?=ò8ÖΓ ÅÖ @ÂAòÅA<Â Ã= ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; = γ ÅÖ8 @:>Å>9:8ø Ã=1A
:ÖÂ; Â b��ü�þ �þ �ý� �üÿ�ÿ�ü� γ ø Ã=AÂ<8ÃÂ ØÂ> iγ ø =Ö >=È8ôõÂ 8 ÅÖ8 ×>=A<= Ã= ÂAÃ8
Γ @ÂÖÂ ;=AÃÂ Â �AÃ:@= Ã= Cγ j@ÂÖØÂA=A<= ÃÂ @ÂÖØÈ=Ö=A<Â

R
2\Γ �Å= @ÂA<=Ö γ

ú Ã8ÃÂ A8Ã=1A:ôõÂ �ö�ø ÂÅ ;=ò8ø iγ = indΓ(Cγ).
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��$� 3,� t��#�� $� !#$� "(�#� Γ !���#��$� � +!.!���#��$�* ��y� A ⊂ Γ
3, ��+!+!#�+��$! "!� γ * ���!+��,!� � γ 3, #±,��! �#����! ϑA(γ)

s3� $�"�#$� $� !���#��� ! $!��+! A +!,! ��/3�L ϑA(γ) = +1
�� � +!,"!#�#�� $! +!,"(�,�#�! $� Γ

#! "(�#! +!#��#$!
γ
���4 $! (�$! ��s3��$! s3�#$! +�,�#S�,!� �!5�� ! ��+! A* ��/3�#$! � !���#��� ! $�

Γ
*+��! +!#��4��! ϑA(γ) = −1 C��

γ
+!#�+�� ��+!� A �

B
$�

Γ
�#� ! $�#!��,!� "!�
ϑγ = ϑA(γ) + ϑB(γ).

� v/3�� ¢C� �(3���� 3, $��/��,� +!, �!$�� �� "!���5�(�$�$�� $� "!#��� "!��6&�� "���!� ��+!� $� 3,� t��#�� $� !#$� "(�#� $��$� s3� # ! (�&�,!� �, +!#�� � +!.!���#��� ! $�t��#�� $� !#$�* #�(� ��,5Q, "!$�,!� &�� !� &�(!��� ϑγ "��� +�$� +��!C
G

G

 w =2g
 w =0g

 w =0g  w =-2g

'�/3�� ¢C�L 	!��6&��� "!#��� +!#�+��#$! ��+!� $� 3,� t��#�� $� !#$� "(�#�C
�(Q, $! #±,��! ϑγ ���!+��$! � !���#��� ! $! ��+! +!#�+��$! "!� γ * &�,!� ���!+�����,5Q, 3, #±,��! �#����! % +!.!���#��� ! $! ��+! +!#�+��$! "!� γ C ����, ����,!� 3,"�� $� #±,��!� +���+����w�#$! !� ��+!� +!#�+��$!� "!� γ C��$� 3,� t��#�� $� !#$� "(�#� Γ !���#��$� � +!.!���#��$�* ��y� A ⊂ Γ

3, ��+!+!#�+��$! "!� γ * ���!+��,!� �
γ

3, #±,��! �#����! σγ s3� $�"�#$� $� +!.!���#��� !$�
A

$� ��/3�#�� t!�,�L ��#$! ρA ! &��!� +!.!���#��� ! �
Γ

#! ��+! A* &�,!� ���!+���
σA(γ) = +1

��
ρA

�"!#�� "��� � +!,"!#�#�� $! +!,"(�,�#�! $� t��#�� $� !#$� s3�+!#�Q, � "!#�� γ �
σA(γ) = −1

+��! +!#��4��!C��
A

�
B

� ! $!�� ��+!� +!#�+��$!� "!� γ * �#� ! $�#!��,!�
σγ = σA(γ) + σB(γ).

�/!�� ��,!� ! "�� $� #±,��!� (ϑA(γ), σA(γ))
* ���!+��$! � !���#��� ! � +!.!���#��� !$!� ��+!� +!#�+��$!� "!� γ C�� s3���! $��/��,�� ���3,�, s3��� ��"!� $� +��3�/��� �-����, �#��� $!�� ��+!� $�t��#��� $� !#$�� !���#��$�� � +!.!���#��$��L
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'�/3�� ¢C¨L 	!��6&��� "!#��� "��� t��#��� $� !#$�� !���#��$�� � +!.!���#��$��C
���������� ©·KK ?= γc = γp ;õÂ @Â>>=;ØÂAÃ=A<=; =A<õÂ iγ±c = iγ∓p ∓ 1ø ØÂ:; γp @ÂA=@<88; @ÂÖØÂA=A<=; ;=Ø8>8Ã8; ØÂ> γc @ÂÖÂ ÖÂ;<>8 8 19Å>8 �ö�ö

i    +egc

i    +egc

G

G

gc igc

6

gp
i    =i    +egcg p

i    =i    +egcgp

igp

i    +egp

G
1

G2

'�/3�� ¢C¡L 	!#��� � +�#��� +!����"!#$�#���
����¤��[ � v/3�� ¢C£ �(3���� 3, �-�,"(! +!, Γ = (Γ1,Γ2)

* !#$�
i(Γ1) = 0, µ(Γ1) = 2

�
i(Γ2) = 1, µ(Γ2) = 0.

�� 6#$�+�� $���� +!,"!#�#��� $� Γ
+!#�+��$�� "�(�� $�t���#��� "!#��� � !L

i(γ0
1 ∗ Γ) = i(γ0

4 ∗ Γ) = 1, i(γ−2 ∗ Γ) = 2, i(γ+
3 ∗ Γ) = i(γ+

5 ∗ Γ) = 0.

� !� 6#$�+�� $� ���(!& $�
Γ
+!#�+��$�� "�(�� $�t���#��� "!#��� � !L

µ(γ0
1 ∗ Γ) = µ(γ−2 ∗ Γ) = µ(γ+

3 ∗ Γ) = µ(γ0
4 ∗ Γ) = µ(Γ+

5 ∗ Γ) = 2.
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'�/3�� ¢C£L �!,� $� $3�� t��#��� $� !#$�� +!, $�t���#��� "!#���

���������� ©·KI Õ8Ã8
Γ = (Γ1,Γ2)ø Â; �AÃ:@=; i = µ Ã8 @ÂA=÷õÂ =Ö Γ ;õÂ Ã8ÃÂ; ØÂ>

i(γ ∗ Γ) = i(Γ1) + i(Γ2) − i(γ),

µ(γ ∗ Γ) = µ(Γ1) + µ(Γ2). ;<= AaÖ=>Â :AÃ=Ø=AÃ= Ã= iγ = ÃÂ Ø8> (ϑγ, σγ)
ö ÇÂ><8A<Âø ;= γ1

= γ4
<(Ö Â; Ö=;ÖÂ;�AÃ:@=; i = Ö=;ÖÂ �AÃ:@= Ã= 78;ÈÂÆ µ =A<õÂ (γ1 ∗ Γ) = (γ2 ∗ Γ) =A@ÂA<>8Ö
;= A8 Ö=;Ö8

@ÂÖØÂA=A<= Ã= Ω jÆ=ò8 =÷=ÖØÈÂ �öwúöÇÂ> ÂÅ<>Â È8ÃÂø Â!;=>Æ8ÖÂ; �Å= ;ÂÖ8; Ã8; Ö=;Ö8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; 8<>8Æû; Ã=ØÂA<=; Ã= Ö=;ÖÂ �AÃ:@= AõÂ Ø>=@:;8Ö ;=> :;Â<SØ:@8; @ÂÖÂ AS; È=9=AÃ>=8AÂ;ø :;<Â ûø =;<8>A8 Ö=;Ö8 @ÂÖØÂA=A<= @ÂA=÷8 Ã= ε @ÂÖÂ ÖÂ;<>8 Â =÷=ÖØÈÂ A8 19Å>8 �öÜø ÂAÃ= (γ3 ∗ Γ) =
(γ5 ∗ Γ) ;õÂ @ÂA=@<8Ã8; ØÂ> ØÂA<=; Ã= Ö=;ÖÂ <:ØÂ = �AÃ:@=; = AõÂ ;õÂ :;Â<SØ:@8;ö ÇÂ>ûÖøÆ=>=ÖÂ; �Å= Â; :AÆ8>:8A<=; J+ ø J− = h Ã=Ø=AÃ=Ö ÃÂ �AÃ:@= Ã= γ = AõÂ Ã8 =;@ÂÈÊ8 ÃÂ;8>@Â; �Å= =;<8 @ÂA=@<8ö
º©¼©ª µ® ·³Å­²·­³´¯® J+ à J− à h ¯

λ
°¯

γ ∗ Γ����� ��� ! $����,�#�,!� ! �t���! $� +��3�/�� γ T+��3�/���U �!5�� !� �#&����#��� $� ��+��$�C�!����,!� #! +�"6�3(! M s3� !� �#&����#��� J+, J−, Sp, h, λ
� ! �$���&!� �!5 � �!,�+!#�-� $��y3#�� $� $3�� t��#��� $� !#$�� "(�#�� T�!,� $� t��#��� $� !#$�� �, ��,�."(�#!�$��y3#�!�U* ���! Q* $�#!��#$! X "!� J+, J−, Sp, h !3 λ

* �#� !L
X(γ ∗ (Γ1,Γ2)) = X(Γ1) +X(Γ2) +X(γ).

� "�1-�,! (�,� Q +!#��s30#+�� �,�$���� $���� �/3�($�$� � $� 	�!"!��� ! ¢C�
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���� ©·K§ ?=ò8Ö Γ = Ω
ÃÂ:; @ÂAòÅA<Â; Ã= ×>=A<=; Ã= ÂAÃ8; @ÂÖ ØÂA<Â; !8;=; @ÂA<:ÃÂ;=Ö ;=Ö:
ØÈ8AÂ; Ã:;òÅA<Â; = ;=ò8 γ ÅÖ8 ØÂA<= @ÂA=@<8AÃÂ ÅÖ 8>@Â Ã= Γ = ÂÅ<>Â Ã=Ω =A<õÂ

J+(γ ∗ (Γ q Ω)) = J+(Γ) + J+(Ω) + J+(γ),

J−(γ ∗ (Γ q Ω)) = J−(Γ) + J−(Ω) + J−(γ),

h(γ ∗ (Γ q Ω)) = h(Γ) + h(Ω) + h(γ),

Sp(γ ∗ (Γ q Ω)) = Sp(Γ) + Sp(Ω),

λ(γ ∗ (Γ q Ω)) = λ(Γ) + λ(Ω).

���������� ©·K© ?=ò8Ö Γ = (Γ1, ...,Γm) =Ω = (Ω1, ...,Ωn)
ÃÂ:; @ÂAòÅA<Â; Ã= ×>=A<=; Ã=ÂAÃ8; ØÈ8A8; @ÂA<:ÃÂ; =Ö ;=Ö:
ØÈ8AÂ; Ã:;òÅA<Â; = γ ÅÖ8 ØÂA<= @ÂA=@<8AÃÂ @ÂÖØÂA=A<=;Ã=;<=; ÃÂ:; @ÂAòÅA<Â;ö É:÷8AÃÂ Γ = ×8�=AÃÂ ÖÂÆ:Ö=A<Â; >�9:ÃÂ; j<>8A;È8ô	=; = >Â<8ô	=;ú;Â!>= Ω

ØÂÃ=ÖÂ; Â!<=> ÅÖ AÂÆÂ @ÂAòÅA<Â Ω′ @ÂA9>Å=A<= 8
Ω �Å= :A<=>@=Ø<8 Γ

Ã= Ö8A=:>8�Å= 8 ØÂA<= γ′ ø 89Â>8 @ÂA=@<8AÃÂ Γ = Ω′ ø ;=ò 8 :;Â<SØ:@8 æ γ = =;<=ò 8 :A<=:>8Ö=A<= @ÂA<:Ã8A8 >=9:õÂ :È:Ö:<8Ã8 ÃÂ @ÂÖØÈ=Ö=A<Â Ã= Γ = Ω′ AÂ ØÈ8AÂöÕ=AÂ<=ÖÂ; ØÂ> Γ̃ Â @ÂAòÅA<Â Γ q Ω ö ÕÂ È=Ö8 �öEq ;=9Å= �Å=
J±(γ′ ∗ Γ̃) = J±(γ′ ∗ (Γ q Ω))

= J±(Γ) + J±(Ω) + J±(γ′)

= J±(Γ) + J±(Ω) + J±(γ′) −
n∑

l=1

m∑

j=1

T±(Γj,Ωl)

= J±(Γs) −
∑

j<l

m∑

l=1

T±(Γj ,Γl) + J±(Ωs) −
∑

j<l

n∑

l=1

T±(Ωj ,Ωl) + J±(γ′)

−
n∑

l=1

m∑

j=1

T±(Γj,Ωl)

= J±((Γ q Ω)s) −

[
∑

j<l

m∑

l=1

T±(Γj,Γl) +
∑

j<l

n∑

l=1

T±(Ωj ,Ωl)

+
n∑

l=1

m∑

j=1

T±(Γj ,Ωl)

]

= J±(Γ̃s) −
∑

j<l

m+n∑

l=1

T±(Γ̃j, Γ̃l)

Õ= ×Â>Ö8 8AóÈÂ98 ØÂÃ=ÖÂ; ×8�=> Â @óÈ@ÅÈÂ Ø8>8 Â :AÆ8>:8A<= h ö���� ©·K� Õ8ÃÂ ÅÖ8 @:>Å>9:8 γ @ÂA=@<8AÃÂ ÃÂ:; 8>@Â; =÷<=>AÂ; Ã= Γ j!Â>ÃÂ Ã8 >=9:õÂ:È:Ö:<8Ã8 ÃÂ @ÂÖØÈ=Ö=A<Â Ã= Γ AÂ ØÈ8AÂúø ;= γ AõÂ :A<=>@=Ø<8 =Ö A=AÊÅÖ ÖÂÖ=A<Â 8;>=9:	=; ÃÂ ØÈ8AÂ È:Ö:<8Ã8 ØÂ> Γø =A<õÂ
J±(γ ∗ Γ) = J±(Γ) + J±(γ) + 2ηγ.
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������������[ �3�#$! γ +!#�+�� $3�� +!,"!#�#��� $����#��� $�
Γ
* !3 ��y�*

γ
Q 3,�"!#��* � �/3�($�$� �+�,� ��/3� $����! $� �5���&�� ! ¢CP¢* !#$� +!#��$���,!� ηγ = 0 C�3"!#S�,!� s3�

γ
+!#�+�� ��+!� $� 3,� ,��,� +!,"!#�#�� +!#�-� $�

ΓC 	�(�!5���&�� ! çç* γ ∗ Γ
��, ��,"�� 3,� +!,"!#�#�� � ,��� s3�

ΓC �(Q, $���!* �� γ Q $!��"! γ± ! +!,"(�,�#�! $�
γ ∗ Γ

#! "(�#! ��, 3,� +!,"!#�#�� � ,��� � $� 6#$�+� w��!T&�y� v/3�� ¢CPNU* +!, ! 5!�$! $���� +!,"!#�#�� $� !���#��� ! !"!��� �! ��+! �-���#!*"�!&!+�#$! ����, 3, �3,�#�! $�
∆T± = −1 C�!/!*

J±(γ ∗ Γ) = J±(Γ) + J±(γ) + 2.

(g ,s )=(-2,-2)
c c

6
(g ,s )=(2,2)

p p

6

(g ,s )=(-2,-2)
c c

'�/3�� ¢CPNL �!#�- ! $� ��+!� �-���#!�
�/!��* �� � "!#�� Q $! ��"! (0, 0)

�#� ! "!$�,!� +!#��$���� (0, 0)
+!,! 3,� +!,"!.#�#�� $� t��#�� $� !#$� s3� ���4 #3, ��,�."(�#! $��y3#�! $�

Γ
� &�,!� +!#�+��� � Γ

3,$!� ��+!� $�
(0, 0) "!� 3,� "!#�� $! ��"! (±2,±2) !5��#$! ����, 3,� #!&� t��#�� $�

!#$� Γ̃
* �#� !

J±(Γ̃) = J±(Γ) + J±((0, 0)).�!#�+��#$! #!&�,�#�� % ,��,� +!,"!#�#�� $�
Γ ! !3��! ��+! $�

(0, 0)
* "!� !3���"!#�� $! ��"! (±2,±2)

* "!$�,!� �"(�+�� ! +��! �#����!� T$� +!#�+��� (±2,±2)
#3,�,��,� +!,"!#�#��U* ����,

J±(γ ∗ Γ̃) = J±(Γ̃) + 2

= J±(Γ) + J±((0, 0)) + 2.
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�!/! "!$�,!� ��+��&��
J±(γ ∗ Γ) = J±(Γ) + J±(γ) + 2ηγ.

����¤��[ �, T�U $� v/3�� ¢CPP �(3����,!� ! +�#�(
Γ = γc ∗ Γ̃

* !#$� Γ = (Γ1,Γ2)C�!��,!� s3�L J+(Γ̃) = −1
�
J+(γc) = 0�! ��,� ¢CP� ��/3� s3�
J+(Γ) = J+(Γ̃) + J+(γc) + 2.1 = 1	��� +!#t���� ���� &�(!� "!$�,!� +�(+3(��

J+(Γ)
3��#$! � ��(�� !

J+(Γ) = J+(Γ1) + J+(Γ2) − T+(Γ1,Γ2)
* ��5�#$! s3�

J+(Γ1) = 0
*
J+(Γ2) = −1

�
T+(Γ1,Γ2) = −2�� ,!$! �#4(!/! ,!����,!� s3� J−(Γ)−1

* "!�� J−(Γ̃) = 0
�
J−(γc) = −3 !3 3��#$!! t��! J−(Γ1) = 0

*
J−(Γ2) = −3

�
T−(Γ1,Γ2) = −2 C

(a)

(b)

G
G

G

~ 1

2

U

U

U
~

1

2

gc

g p

'�/3�� ¢CPPL Γ
�
γc ∗ Γ̃

*
Ω̃

�
γp ∗ Ω

R4 �, T5U $� v/3�� ¢CPP �(3����,!� � "!#�� Ω̃ = γp ∗Ω
* !#$� Ω = (Ω1,Ω2)C ����� +��!��,!� s3� ηγ = 0

* (!/! J+(Ω̃) = J+(Ω)+J+(γp).
��5�#$! s3�

J+(Ω1) = −2
*
J+(Ω2) = 0

*
T+(Ω1,Ω2) = 0

�
J+(γp) = 0

��/3� s3�
J+(Ω̃) = −2 C��5�#$! ��#$� s3�

J−(Ω1) = −1
*
J−(Ω2) = −1

*
T−(Ω1,Ω2) = −4

�
J−(γp) = 0

��/3�s3�
J−(Ω̃) = 2 C
,� ,�#���� $� &���v+�� ����� �/3�($�$�� Q �!,�#$! � t��#�� $� !#$� Ω̃

� �#+!#���#$!3, +�,�#S! ��Q 3,� t��#�� $� !#$� 54��+� s3� y4 ��5�,!� ! &�(!� $!� ��3� �#&����#���C� (�,� �#����!� #!� "��,��� +�(+3(�� !� �#&����#��� J+ �
J− "��� 3, +!#y3#�! $�t��#��� $� !#$�� Γ

s3�#$! +!(!+�,!� � "!#�� !3 ! +�#�( #� "���� # ! (�,���$� "�(��+!,"!#�#��� $� Γ
* ,�� � �� ���� "!#�� !3 +�#�( # ! ��� ! #���� ��/� !²�! "�1-�,! �-�,"(! &�,!� +!#��$���� 3, +��! ,��� /���( s3� #!� $��4 3,� "�Q&��$� +!,! t3#+�!#��4 ! "�1-�,! ��!��,�C����¤��[
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'�/3�� ¢CPOL 	!#�� #� ��/� ! (�,���$� "�(�� t��#��� $� !#$� "(�#� $�
Γ

�3���,!� +�(+3(�� ! &�(!� $!� �#&����#��� J+ * J− * h* Sp �
λ
$� t��#�� $� !#$� Γ̃ =

γp ∗ Γ
* $� v/3�� ¢CPO* !#$� Γ = (Γ1,Γ2)C� (�,� �#����!� # ! �� �"(�+� � ���� +��! "!�� � "!#�� γp * s3� +!#�+�� !� ��+!� x1y1

$�
Γ1

�
x2y2

$�
Γ2

* �� �#+!#��� #� ��/� ! (�,���$� "�(�� t��#��� $� !#$�� "(�#�� $! +!#y3#�!
ΓC �� ��#����&� $� �!(3+�!#�� ���� "�!5(�,� "!$�,!� t�w�� ! s3� ��/3�L

�U ��(�+�!#�,!� !� ��+!� +!#�+��$!� "�(� "!#�� γp * x1y1
�
x2y2

$�
Γ1

�
Γ2

* ���"�+��&�.,�#��C
5U ���(!+�,!� ����� ��+!� ��(�+�!#�$!� #! ���, T�U "��� � "���� # ! (�,���$� "�(��t��#��� $� !#$�� "(�#�� $� ,!$! s3� �"�����, �!,�#�� ��#/0#+��� �#��� !� ��+!�Cu�,!� �#� ! !� ��+!� x1y1

�
x2y2

$� t��#��� $� !#$�� "(�#�� Γ1
�
Γ2

s3� � ! ��!�1"�+���� t��#��� $� !#$�� �#�+����C
+U �!#�+��,!� !� ��+!� x1y1

�
x2y2

$�
Γ1

�
Γ2

* ���"�+��&�,�#�� "!� 3, ,��,! ��"!$� "!#�� γp �#�+��(C
$U �!, �� t��#��� $� !#$�� +!#�+��$��* t!�,�#$! �"�#�� 3,� s3� ����,!� +S�,�#$!$�

Γ̃ "!$�,!� ����!+�$�� ! "�!+���! $! ���, T5U ��, $��+!#�+��� !� ��+!�* �!t��#$!#!&�,�#�� ,��� �(/3,�� ��#/0#+���C
�U '�#�(,�#�� !5��,!� � t��#�� $� !#$� Γ̃

� "!$�,!� +�(+3(�� ��3� �#&����#��� ,��$�&�,!� $��+!#��� �� ��#/0#+��� s3� !+!�����, �! (!#/! $���� "�!+���!C
	��� !� "�1-�,!� ���3(��$!� &�,!� +!#��$���� "!#��� #�� &�w�#S�#��� $� "!#�!� $3"(!�$!� $� +�3w�,�#�!� s3�#$!L



PP� P��� 6�=�:� : ]�=�Ì�

�U $!�� ��+!� $! +�3w�,�#�! "!��3�, ,��,� !���#��� !*
5U !� ��+!� "!��3�, !���#���z�� !"!���� � ,��,� +!.!���#��� !C
+U !� ��+!� "!��3�, !���#���z�� � +!.!���#���z�� !"!���� � ! "�� T&��!� ��#/�#��* &��!�#!�,�(U t!�,�, 3, ��t���#+��( "!����&! "��� ! "(�#!C

������� ©·K' ?=ò8ÖΓ ÅÖ @ÂAòÅA<Â Ã=×>=A<=; Ã= ÂAÃ8; ØÈ8A8; =γ ÅÖ8 @:>Å>9:8 @ÂA=@<8AÃÂ8>@Â; Ã= ÃÅ8; @ÂÖØÂA=A<=; Ã= Γø =A<õÂ
J+(Γ, γ) = J+(Γ) + J+(γ) − (σγ − 2ϑγ)iγ ,

J−(Γ, γ) = J−(Γ) + J−(γ) − (σγ − 2ϑγ)iγ ,

h(Γ, γ) = h(Γ) + h(γ),

λ(Γ, γ) = λ(Γ) + λ(γ).

������������[ ��/3�#$! ! ,��,! ��+�!+6#�! $! �-�,"(! ¢COCP* "3-�#$! !� ��+!� "�(�"!#�� ��Q � ��/� ! �(�,���$� $! +!,"(�,�#�! $�� t��#��� $� !#$� #! "(�#!* !5��#$! 3,�#!&� t��#�� $� !#$� Γ̂
* +!#�+��#$! � "!#�� γ̂ ��!�1"�+� �

γ
* $�"!�� (�&�#$! � t��#�� $�

!#$� γ̂ ∗ Γ̂
�!5�� γ ∗ Γ "!� 3, +�,�#S! /�#Q��+! � !5��#$! ����, !� �#+��,�#�!� ∆X(Γ)�

∆X(γ̂ ∗ Γ̂)
* "��� X = J+, J−, h, λ

��,!�
X(γ ∗ Γ) = x(Γ) +X(γ) +

[
∆X(Γ) + ∆X(γ̂ ∗ Γ̂)

]
.

T¢CPU
� ! &��$�$����� �� ��/3�#��� �/3�($�$��L

∆J±(Γ) + ∆J±(γ̂ ∗ Γ̂) = −(σγ − 2ϑγ)iγ ,
T¢COU

∆h(Γ) + ∆h(γ̂ ∗ Γ̂) = 0,
T¢CMU

∆λ(Γ) + ∆λ(γ̂ ∗ Γ̂) = 0
T¢C¢U

�35����3�#$! �� �/3�($�$�� ¢CO* ¢CM � ¢C¢ $�&�$�,�#�� "��� +�$�
X = J+, J−, h, λ�, ¢CP ! ��!��,� ���4 $�,!#����$!* (!/! &�,!� &���v+�� � &���+�$�$� $� ¢CO* ¢CM � ¢C¢C�5���&�,!� s3� s3�#$! "3-�,!� !� ��+!� As * s = 1, 2

* "��� � ��/� ! �(�,���$� $! +!,"(�.,�#�! $�
Γ
#! "(�#!* ��,!� &4��!� ��"!� $� ��#/0#+���C )�,!� $�#!��� "!� lij ! #±,��!$� ��+!� ��#/�#+��$!� "!� As * #���� ,!&�,�#�!* !#$� i +!����"!#$� � !���#��� ! $! ��+!�� "!����&� (i = +)

�� #�/���&� (i = −)
�
j
+!����"!#$� � +!.!���#��� ! $! ��+! �� "!����&�

(j = +)
�� #�/���&� (j = −)C �3�#$! "3-�,!� !� ��+!� ����� "!$�, ��� $� s3���! ��"!�$�t���#��� $�"�#$�#$! $� !���#��� ! � $� +!.!���#��� ! $� +�$� 3, +!,! "!$�,!� &��#� v/3�� ¢CPMC

A

A

A

A

1

2

3

4

'�/3�� ¢CPML 	!��6&��� ��+!� $� +!#�- !C
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èéêëì A1 A2 A3 A4

J+

C 2l++ 2l+− 2l−+ 2l−−

J+

D −2l−− −2l−+ −2l+− −2l++

J−
C 2l+− 2l++ 2l−− 2l−+

J−
D −2l−+ −2l−− −2l++ −2l+−

J+ 2l++ − 2l−− 2l+− − 2l−+ 2l−+ − 2l+− 2l−− − 2l+−

J− 2l+− − 2l−+ 2l++ − 2l−− 2l−− − 2l++ 2l−+ − 2l+−

u�5�(� ¢CPL �� �#+��,�#�!� ∆X
#! "�!+���! $� "3-�� !� ��+!� As

�� �#+��,�#�!� ∆X
#���� "�!+���! $� |"3-��} ! ��+! T&�y� v/3�� ççU � ! $�$!� #���5�(� ¢CML�!��,!� s3� �(/3,�� "!#��� "!��3�, +±�"�$� $� ,!$! s3� �3�/�, �#+��,�#�!� $!��"! ∆ΠC

�
∆ΠD

#! "�!+���! $� (�&�� !� ��+!� ÂrÂs T$�#!��$!� "!� ÂrsU +!#�+��$!� "!�
γ̂
�!5�� !� ��+!� ArAs +!#�+��$!� "!� γ C �� &�(!��� $!� �#+��,�#�!� ∆Jyx

�
∆Πx

* !#$�
x ∈ {C,D}

�
y ∈ {+,−}

* #���� "�!+���! ��� ! ��(�+�!#�$!� +!, !� ��+!� A1
*
A2

*
A3

�
A4$� ��/3�#�� t!�,�* !#$� X = Jyx

L
∆X(Â11) = −[∆X(A1) + ∆X(A3)], ∆X(Â12) = −[∆X(A3) + ∆X(A4)],

∆X(Â13) = −[∆X(A1) + ∆X(A3)], ∆X(Â14) = −[∆X(A1) + ∆X(A2)],

∆X(Â22) = −[∆X(A2) + ∆X(A4)], ∆X(Â23) = −[∆X(A1) + ∆X(A2)],

∆X(Â24) = −[∆X(A2) + ∆X(A4)], ∆X(Â33) = −[∆X(A1) + ∆X(A3)],

∆X(Â34) = −[∆X(A1) + ∆X(A2)], ∆X(Â44) = −[∆X(A2) + ∆X(A4)].

�!,�#$! !� �#+��,�#�!� $� Ar �
As

+!, !� $� Ârs "��� r, s = 1, 2, 3, 4
* � $�#!��#$!

∆X(Ars) = ∆X(Ar) + ∆X(As) + ∆X(Ârs)

��,!�
∆X(A11) = ∆X(A1) − ∆X(A3) = −∆X(A33) = −∆(A23),

∆X(A12) = ∆X(A1) + ∆X(A2) − ∆X(A3) − ∆X(A4) = −∆X(A34),

∆X(A13) = 0 = ∆X(A24),

∆X(A14) = ∆X(A4) − ∆X(A2) = −∆X(A22) = ∆(A44).�(Q, $���!* "!$�,!� &�� s3� ∆Πx
* !#$� x ∈ {C,D}

T&�y� ��5�(� ¢COU $� A11,
A13, A22, A24, A33

�
A44

� ! #3(!� �
∆Πx(A12) = −∆Πx(A14) = −∆Πx(A23) = −∆Πx(A34).��#$! ����, "!$�,!� ,!#��� �� ��/3�#��� ��5�(��L
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èéêë íëîïð
A11 (2, 2)

A12 (2, 0

A13 (0, 0)

A14 (0, 2)

A22 (2,−2)

A23 (0, 2)

A24 (0, 0)

A33 (−2,−2)

A34 (−2, 0)

A44 (−2, 2)

u�5�(� ¢COL �� "���� !�$�#�$! ���!+��$!� %� "!#��� (�/�#$! !� ��+!� Arsñòó¡ô
A11 A12 A13 A14

J+
C

2(l++ − l−+) 2(l++ + l+− − l−+ − l−−) 0 2(l−− − l+−)

J+
D

2(−l−− + l+−) 2(−l−− − l−+ + l+− + l++) 0 2(−l++ + l−+)

J−
C

2(l+− − l−−) 2(l+− + l++ − l−− − l−+) 0 2(l−+ − l++)

J−
D

2(−l−+ + l++) 2(−l−+ − l−− + l++ + l+−) 0 2(−l+− + l−−)
ΠC 0 2(−l++ − l+− + l−+ + l−−) 0 2(l++ + l+− − l−+ − l−−)
ΠD 0 2(−l++ − l+− + l−+ + l−−) 0 2(l++ + l+− − l−+ − l−−)

u�5�(� ¢CML )�(!� $!� ������!� s3�#$! ! "��,���! ��+! $� +��3�/�� Q $! ��"! A1

	�(� ��5�(� ¢CM ��,!� �� ��/3�#��� �/3�($�$��L
(∆J+

C + ∆J+
D)(A11) = (∆J−C + ∆J−D)(A11) = 2iγ ,

(∆J+
C + ∆J+

D)(A12) = (∆J−C + ∆J−D)(A12) = 4iγ ,

(∆J+
C + ∆J+

D)(A13) = (∆J−C + ∆J−D)(A13) = 0,

(∆J+
C + ∆J+

D)(A14) = (∆J−C + ∆J−D)(A14) = −2iγ .	�(� ��5�(� ¢C¢ ��/3� ! ��/3�#��L
(∆J+

C + ∆J+
D)(A23) = (∆J−C + ∆J−D)(A23) = −2iγ ,

(∆J+
C + ∆J+

D)(A24) = (∆J−C + ∆J−D)(A24) = 0.

�� ��5�(� ¢C� ��/3�L
(∆J+

C + ∆J+
D)(A33) = (∆J−C + ∆J−D)(A33) = −2iγ ,

(∆J+
C + ∆J+

D)(A34) = (∆J−C + ∆J−D)(A34) = −4iγ ,
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èéêëì A22 A23 A24

J+

C 2(l+− − l−−) 2(−l++ + l−+) 0

J+

D 2(−l−+ + l++) 2(l−− − l+−) 0

J−
C 2(l++ − l−+) 2(−l+− + l−−) 0

J−
D 2(−l−− + l+−) 2(l−+ − l++) 0

ΠC 0 2(l++ + l+− − l−+ − l−−) 0

ΠD 0 2(l++ + l+− − l−+ − l−−) 0

u�5�(� ¢C¢L )�(!� $!� ������!� s3�#$! ! "��,���! ��+! $� +��3�/�� Q $! ��"! A2èéêëì A33 A34

J+

C 2(−l++ + l−+) 2(−l++ − l+− + l−+ + l−−)

J+

D 2(l−− − l+−) 2(l−− + l−+ − l+− − l++)

J−
C 2(−l+− + l−−) 2(−l+− − l++ + l−− + l−+)

J−
D 2(l−+ − l++) 2(l−+ + l−− − l++ − l+−)

ΠC 0 2(l++ + l+− − l−+ − l−−)

ΠD 0 2(l++ + l+− − l−+ − l−−)

u�5�(� ¢C�L )�(!� $!� ������!� s3�#$! ! "��,���! ��+! $� +��3�/�� Q $! ��"! A3

èéêëì A44

J+

C 2(−l+− + l−−)

J+

D 2(l−+ − l++)

J−
C 2(−l++ + l−+)

J−
D 2(l−− − l+−)

ΠC 0

ΠD 0

u�5�(� ¢C�L )�(!� $!� ������!� s3�#$! ! "��,���! ��+! $� +��3�/�� Q $! ��"! A4

�!��,!� s3� �!$�� �� �/3�($�$�� �+�,� �����t�w�,
∆J±(Γ) + ∆J±(γ̂ ∗ Γ̂) = −(σγ − 2ϑγ)iγ,�#s3�#�! s3� "��� !� +��!� A22

�
A44

!5���&�,!� s3� !� ��+!� "!��3�, !���#���z�� � +!.!���#���z�� !"!���� � ! "�� T&��!� ��#/�#��* &��!� #!�,�(U t!�,�, 3, ��t���#+��( #�/���&!"��� ! "(�#!C �#� !
(∆J+

C + ∆J+
D)(A22) = (∆J−C + ∆J−D)(A22) = 2iγ = −(−σγ − 2ϑγ)iγ ,

(∆J+
C + ∆J+

D)(A44) = (∆J−C + ∆J−D)(A44) = −2iγ = −(−σγ − 2ϑγ)iγ ,
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��#$! ���� ±(��,� !5��$� $� ��5�(� ¢C�C�(Q, $���!*
∆h(Γ) + ∆h(γ̂ ∗ Γ̂) = (∆J+

C + ∆J−C + ΠC − ∆J+
D − ∆J−D − ΠD)(Ars) = 0,

"��� r, s = 1, 2, 3, 4,
$� !#$� ��/3� � �/3�($�$� $���y�$�Cu�,!� ��#$� s3� +!,! # ! #��+�, +±�"�$�� #! "�!+���! $� "3-�� !� ��+!� � #�,,��,! #��+�, +±�"�$�� #�� "!#��� s3� � ! (�/�$�� #!� ��+!� ��/3� ��,5Q, s3�

∆λ(Γ) + ∆λ(γ̂ ∗ Γ̂) = 0

º©¼©¼ µ ·³Å­²·­³´¯ Sp °¯
γ ∗ Γ� +4(+3(! $! �#&����#�� Sp "��� γ ∗ Γ

# ! "!$� ��� t���! +!,! vw�,!� "��� !� $�,����#&����#��� y4 s3� ! �#&����#�� Sp(Γp) $�"�#$� $! "!#�! 5��� �, +�$� +!,"!#�#�� $�
Γ
* #� &��$�$� � "��+�(� St $! �#&����#�� Sp $�"�#$� $! "!#�! 5��� $� +�$� +!,"!#�#��$�

Γ
* � �� +!#�+��,!�* "!� �-�,"(!* 3,� "!#�� γ �#��� $3�� +!,"!#�#��� $�

Γ
��,!�s3� ��+!(S�� 3, #!&! "!#�! 5��� "��� ���� #!&� t��#�� $� !#$�* !3 ,��,! $�+�$�� s3�($!� $!�� "!#�!� 5��� $�� +!,"!#�#��� +!#�+��$�� ���4 ! "!#�! 5��� "��� � #!&� t��#��$� !#$� �, γ ∗ ΓC � s3� &�,!� t�w�� �s3� Q +�(+3(�� �� �!,�#�� "��� "!#��� �#��� $3��+!,"!#�#���C �, &�w $� +!#��$���� �� +!,"!#�#��� +!, ! "!#�! 5���* &�,!� +!#�+��� �"!#�� γ !5��#$! ����, 3,� ±#�+� t��#�� $� !#$� � "!$�,!� $��"�#��� ! "!#�! 5���C��$! (γp ∗ (Γ1,Γ2)

* $�#!��,!�
T Stγ (Γ1,Γ2) =

∑

P

ξ(P ),

!#$� ���� �!,� ��, +!#���53��z�� $� �!$!� !� "!#�!� ���"(!� P "!� Γ1
�

Γ2
�! (!#/! $!"�!+���! $� ��"��4.(�� �, ��,�."(�#!� $��y3#�!�* !#$� ξ(P )

Q ! ,��,! #±,��! $�v#�$! �,¢CPCP "��� T St * �35����3�#$! � "!#�� "�(! "!#�! 5���C ����, +!,! T St $�"�#$� $!� "!#�!�5���* ! #±,��! T Stγ (Γ1,Γ2)
$�"�#$� $� !#$� ���4 +!#�+��$! � "!#�� γ * s3� $����,�#� !���#��� #� ��/�� $! ���³#/3(!C

���������� ©·K¦ Õ= Ö8A=:>8 8AóÈÂ98 æ Ç>ÂØÂ;:ôõÂ �öw ØÂÃ=ÖÂ; Æ=>:1 @8> �Å= Â AaÖ=>Â
T Stγ (Γ1,Γ2)

AõÂ Ã=Ø=AÃ= ÃÂ ÖÂÆ:Ö=A<Â =;@ÂÈÊ:ÃÂ Ø8>8 ;=Ø8>8> Γ1
= Γ2

=Ö ;=Ö:
ØÈ8AÂ;Ã:;òÅA<Â;ö
������� ©·K0 ?=ò8Ö Γ1

= Γ2
ÃÅ8; @ÂÖØÂA=A<=; Ã= ×>=A<=; Ã= ÂAÃ8; @ÂA=@<8Ã8; ØÂ> ÅÖ8ØÂA<= γ =A<õÂ

St(γ ∗ (Γ1,Γ2)) = St(Γ1) + St(Γ2) − T Stγ (Γ1,Γ2).

������������[ ��y�, Γ̃1
�

Γ̃2

$3�� t��#��� $� !#$�� +!#/�3�#��� %� ���"�+��&�� t��#���$� !#$�� Γ1
�

Γ2
* s3� ��� ! �, ��,�."(�#!� $��y3#�!�C ��y�

φ
3, +�,�#S! /�#Q��+! s3�(�&� ! "�� $� +3�&�� (Γ1,Γ2)

* +!#�+��$!� "�(� "!#�� γ * #! "�� (Γ̃1, Γ̃2)
$� ,�#���� s3� ��
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γ
+!#�+�� !� ��+!� x1y1 ∈ Γ1

�
x2y2 ∈ Γ2

�#� ! φ(γ)
$�&� +!#�+��� !� ��+!� φ(x1y1) ∈ Γ̃1�

φ(x2y2) ∈ Γ̃2 C ����,
St(γ̃ ∗ (Γ̃1, Γ̃2)) = St(γ ∗ (Γ1,Γ2) + ∆St(γ ∗ (Γ1,Γ2)),

T¢C�U
!#$�

∆St(γ ∗ (Γ1,Γ2)) = T Stγ (Γ1,Γ2),Q ! �#+��,�#�! $� ��"���� ! $�� t��#��� $� !#$��C��#!($ ,!���!3 �, ¹̧ s3�
St

Q �$���&! �!5 ���� �!,� |�����#S�} T��
γ

��, "!#�!�$3"(!� ����� $�&�, ����� t!�� $� ��/� ! $! +!,"(�,�#�! $! "(�#! (�,���$! "�(�� t��#���$� !#$��U* �#� !
St(γ̃ ∗ (Γ1,Γ2)) = St(Γ̃1) + St(Γ̃2)�!,! Γ̃j

Q +!#/�3�#�� �
Γj

*
j = 1, 2,

�35����3�#$! �� ±(��,�� �/3�($�$�� �, ¢C�* ��/3�s3�
St(γ ∗ (Γ1,Γ2)) = St(Γ1) + St(Γ2) − tStγ (Γ1,Γ2)

�! u�!��,� ¢CP� t!� ����5�(�+�$! !� &�(!��� $!� �#&����#��� J+ * J− * h �
λ
$!� +!#y3#�!�$� t��#��� $� !#$�� "(�#�� Γ

+!, 3,� +��3�/�� γ C ����, #!� t�(�� $����,�#�� ! �#&����#��
Sp

$�
(Γ, γ) "��� ���,!� �!$!� !� �#&����#��� �#$�"�#$�#���C {��! ���4 t���! #� "�1-�,�"�!"!��� !* �#��� "!�Q, !5���&�,!� s3� #� $�,!#����� ! $! u�!��,� ¢CP� !5��&�,!� ���/3�#�� �/3�($�$�

(∆ΠC + ∆ΠD)(Ars) = 2(σγ − ϑγ)iγ�#� ! "��� +�$� "�� $� t��#��� $� !#$�� ��,!�L
���¤������ ©·Kª Õ8Ã8; ÃÅ8; ×>=A<=; Ã= ÂAÃ8; ØÈ8A8; Γ1

= Γ2
= ÅÖ8 ØÂA<= γ @ÂA=@<8AÃÂ8; ÃÅ8; =A<õÂ

Sp(Γ1,Γ2, γ) = Sp(Γ1) + Sp(Γ2) − 2T Stγ (Γ1,Γ2) − 2(σγ − ϑγ)iγ .
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