
❯◆■❱❊❘❙■❉❆❉❊ ❋❊❉❊❘❆▲ ❉❊ ❱■➬❖❙❆

❏❍❊◆■P❍❊❘ ❈▲❊❨❚❖◆ ❋❆●◆❊❘ ❚❊■❳❊■❘❆

❙❯P❊❘❋❮❈■❊❙ ▼❮◆■▼❆❙ ❊▼ M
2(κ)×f R

❱■➬❖❙❆ ✲ ▼■◆❆❙ ●❊❘❆■❙
✷✵✷✷



❏❍❊◆■P❍❊❘ ❈▲❊❨❚❖◆ ❋❆●◆❊❘ ❚❊■❳❊■❘❆

❙❯P❊❘❋❮❈■❊❙ ▼❮◆■▼❆❙ ❊▼ M
2(κ)×f R

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ à ❯♥✐✈❡rs✐❞❛❞❡
❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❝♦♠♦ ♣❛rt❡ ❞❛s ❡①✐❣ê♥✲
❝✐❛s ❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠
▼❛t❡♠át✐❝❛✱ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡
▼❛❣✐st❡r ❙❝✐❡♥t✐❛❡✳

❖r✐❡♥t❛❞♦r✿ ❆❞② ❈❛♠❜r❛✐❛ ❏✉♥✐♦r

❈♦♦r✐❡♥t❛❞♦r✿ ❈❛r❧♦s ❉✐♦s❞❛❞♦ ❊s♣✐♥♦③❛
P❡ñ❛✜❡❧

❱■➬❖❙❆ ✲ ▼■◆❆❙ ●❊❘❆■❙

✷✵✷✷





❏❍❊◆■P❍❊❘ ❈▲❊❨❚❖◆ ❋❆●◆❊❘ ❚❊■❳❊■❘❆

❙❯P❊❘❋❮❈■❊❙ ▼❮◆■▼❆❙ ❊▼ M
2(κ)×f R

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ à ❯♥✐✈❡rs✐❞❛❞❡ ❋❡✲
❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❝♦♠♦ ♣❛rt❡ ❞❛s ❡①✐❣ê♥❝✐❛s
❞♦ Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡✲
♠át✐❝❛✱ ♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❛❣✐st❡r
❙❝✐❡♥t✐❛❡✳

❆P❘❖❱❆❉❆✿ ✵✷ ❞❡ s❡t❡♠❜r♦ ❞❡ ✷✵✷✷✳

❆ss❡♥t✐♠❡♥t♦✿

❏❤❡♥✐♣❤❡r ❈❧❡②t♦♥ ❋❛❣♥❡r ❚❡✐①❡✐r❛
❆✉t♦r

❆❞② ❈❛♠❜r❛✐❛ ❏✉♥✐♦r
❖r✐❡♥t❛❞♦r



❆❣r❛❞❡❝✐♠❡♥t♦s

P❛r❛ ❝♦♠❡ç❛r q✉❡r♦ ❛❣r❛❞❡❝❡r ❛ ❉❡✉s ♣❡❧❛ ❢♦rç❛ q✉❡ ♠❡✉ ❞❡✉ ♣❛r❛ ❝♦♥s❡❣✉✐r ✜♥❛❧✐③❛r

♠❡✉ ♠❡str❛❞♦✳

❆♦s ♠❡✉s ♣❛✐s ❏♦sé ❚❡✐①❡✐r❛ ❡ ▲✉❝✐❛♥❛ ▼♦r❡✐r❛✱ q✉❡ s❡♠♣r❡ ❡st✐✈❡r❛♠ ❛♦ ♠❡✉ ❧❛❞♦ ❛♣♦✐✲

❛♥❞♦ ❛♦ ❧♦♥❣♦ ❞❡ t♦❞❛ ♠✐♥❤❛ tr❛❥❡tór✐❛✳ ❙♦✉ ❣r❛t♦ ♣♦r ♠❡ ✐♥❝❡♥t✐✈❛r❡♠ ❡ ❛❝r❡❞✐t❛r❡♠

q✉❡ s❡r✐❛ ❝❛♣❛③ ❞❡ s✉♣❡r❛r ♦s ♦❜stá❝✉❧♦s✳ ❖❜r✐❣❛❞♦ ♣♦r ♣♦r t♦❞♦ ♦ ❡s❢♦rç♦ ✐♥✈❡st✐❞♦ ♥❛

♠✐♥❤❛ ❡❞✉❝❛çã♦✱ ❝♦♥✜❛♥ç❛ ♥♦ ♠❡✉ ♣r♦❣r❡ss♦ ❡ ❛♣♦✐♦ ❡♠♦❝✐♦♥❛❧✳

❆s ♠✐♥❤❛s ✐r♠ãs✱ ❆r✐❡❧❡✱ ❇❡❛tr✐③ ❡ ❉✐❧❧✐❛♥✱ ♣♦r ❡st❛r❡♠ ❛♦ ♠❡✉ ❧❛❞♦ ❡ ♠❡ ❛❥✉❞❛r❡♠ s❡♠♣r❡

q✉❡ ♣r❡❝✐s❡✐✳

➚ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ♣❡❧❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ r❡❛❧✐③❛r ❛ ♣ós✲❣r❛❞✉❛çã♦✳ ❆♦s

♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❆✲❯❋❱✱ ♣❡❧♦s ❝♦♥❤❡❝✐♠❡♥t♦s ❝♦♠♣❛rt✐❧❤❛❞♦s ❡ s❡r✈✐ç♦s

♣r❡st❛❞♦s✳

❊♠ ❡s♣❡❝✐❛❧ q✉❡r♦ ❛❣r❛❞❡❝❡r ❛♦s ♠❡✉s ♦r✐❡♥t❛❞♦r❡s ❆❞②✭❯❋❱✮ ❡ ❈❛r❧♦s✭❯❋❘❏✮ ♣♦r t♦❞♦

♦ ♣r♦✜ss✐♦♥❛❧✐s♠♦✱ ❞✐s♣♦♥✐❜✐❧✐❞❛❞❡ ❡ ♣r♦♥t✐❞ã♦ ♣❛r❛ ♠❡ ❛❥✉❞❛r✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❢♦✐ r❡❛❧✐③❛❞♦ ❝♦♠ ❛♣♦✐♦ ❞❛ ❈♦♦r❞❡♥❛çã♦ ❞❡ ❆♣❡r❢❡✐ç♦❛♠❡♥t♦ ❞❡ P❡s✲

s♦❛❧ ❞❡ ◆í✈❡❧ ❙✉♣❡r✐♦r ✲ ❇r❛s✐❧ ✭❈❆P❊❙✮ ✲ ❈ó❞✐❣♦ ❞❡ ❋✐♥❛♥❝✐❛♠❡♥t♦ ✵✵✶✳

P♦r ✜♠✱ ❛❣r❛❞❡ç♦ ➚ ❋✉♥❞❛çã♦ ❞❡ ❆♠♣❛r♦ à P❡sq✉✐s❛ ❞♦ ❊st❛❞♦ ❞❡ ▼✐♥❛s ●❡r❛✐s ✭❋❆P❊✲

▼■●✮✱ ♣❡❧❛ ❝♦♥❝❡ssã♦ ❞❛ ❜♦❧s❛ ❞❡ ❡st✉❞♦s✳



❆ ●❡♦♠❡tr✐❛ ❢❛③ ❝♦♠ q✉❡ ♣♦ss❛♠♦s ❛❞q✉✐r✐r
♦ ❤á❜✐t♦ ❞❡ r❛❝✐♦❝✐♥❛r✱ ❡ ❡ss❡ ❤á❜✐t♦ ♣♦❞❡ s❡r
❡♠♣r❡❣❛❞♦✱ ❡♥tã♦✱ ♥❛ ♣❡sq✉✐s❛ ❞❛ ✈❡r❞❛❞❡ ❡
❛❥✉❞❛r✲♥♦s ♥❛ ✈✐❞❛✳

✭❏❛❝q✉❡s ❇❡r♥♦✉❧❧✐✮



❘❡s✉♠♦

❚❊■❳❊■❘❆✱ ❏❤❡♥✐♣❤❡r ❈❧❡②t♦♥ ❋❛❣♥❡r ❚❡✐①❡✐r❛✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱
s❡t❡♠❜r♦ ❞❡ ✷✵✷✷✳ ❙✉♣❡r❢í❝✐❡s ▼í♥✐♠❛s ❡♠ M

2(κ) ×f R✳ ❖r✐❡♥t❛❞♦r✿ ❆❞② ❈❛♠❜r❛✐❛
❏✉♥✐♦r✳ ❈♦♦r✐❡♥t❛❞♦r✿ ❈❛r❧♦s ❉✐♦s❞❛❞♦ ❊s♣✐♥♦③❛ P❡ñ❛✜❡❧✳

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ s✉♣❡r❢í❝✐❡s r♦t❛❝✐♦✲

♥❛✐s ♠í♥✐♠❛s ✐♠❡rs❛s ♥♦ ♣r♦❞✉t♦ ❞✐st♦r❝✐❞♦ ✭✇❛r♣❡❞ ♣r♦❞✉❝t✮ M2(κ)×f R✱ ♦♥❞❡ M2(κ) é

✉♠❛ ❢♦r♠❛ ❡s♣❛❝✐❛❧ ❞❡ ❝✉r✈❛t✉r❛ ♥ã♦ ♣♦s✐t✐✈❛✱ R é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s r❡❛✐s ❡ ❢ ❛ ❢✉♥✲

çã♦ ❞❡ ❞❡❢♦r♠❛çã♦ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❛♣r❡s❡♥t❛♠♦s

✉♠❛ ❞❡s❝r✐çã♦ ❝♦♠♣❧❡t❛ ❞❛ ❝✉r✈❛ ❣❡r❛❞♦r❛ ❞❡ ❝❛❞❛ s✉♣❡r❢í❝✐❡ r♦t❛❝✐♦♥❛❧ ♠í♥✐♠❛ q✉❛♥❞♦

❛ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥ s❛t✐s❢❛③ ❛❧❣✉♥s ❞❛❞♦s ❛❞♠✐ssí✈❡✐s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❲❛r♣❡❞ ♣r♦❞✉❝ts✳ ❙✉♣❡r❢í❝✐❡s r♦t❛❝✐♦♥❛✐s✳ ❙✉♣❡r❢í❝✐❡s ✐♥✈❛r✐❛♥t❡s✳ ❙✉✲

♣❡r❢í❝✐❡s ❞❡ ❲❡✐♥❣❛rt❡♥✳



❆❜str❛❝t

❚❊■❳❊■❘❆✱ ❏❤❡♥✐♣❤❡r ❈❧❡②t♦♥ ❋❛❣♥❡r ❚❡✐①❡✐r❛✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱
❙❡♣t❡♠❜❡r ✷✵✷✷✳ ▼✐♥✐♠❛❧ s✉r❢❛❝❡s ✐♥ M

2(κ) ×f R✳ ❆❞✈✐s♦r✿ ❆❞② ❈❛♠❜r❛✐❛ ❏✉♥✐♦r✳
❈♦✲❛❞✈✐s♦r✿ ❈❛r❧♦s ❉✐♦s❞❛❞♦ ❊s♣✐♥♦③❛ P❡ñ❛✜❡❧✳

■♥ t❤✐s ✇♦r❦ ✇❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡ ❛♥❞ ✉♥✐q✉❡♥❡ss ♦❢ ❛ ❢❛♠✐❧② ♦❢ ♠✐♥✐♠❛❧ r♦t❛t✐♦♥❛❧

s✉r❢❛❝❡s ✐♠♠❡rs❡❞ ✐♥ t❤❡ ✇❛r♣❡❞ ♣r♦❞✉❝t M
2(κ) ×f R✱ ✇❤❡r❡ M

2(κ) ✐s ❛ s♣❛❝❡ ❢♦r♠ ♦❢

♥♦♥✲♣♦s✐t✐✈❡ ❝✉r✈❛t✉r❡✱ R ✐s t❤❡ s❡t ♦❢ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ ❢ ✐s t❤❡ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥✳ ▼♦r❡

♣r❡❝✐s❡❧②✱ ✇❡ ♣r❡s❡♥t ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❣❡♥❡r❛t✐♥❣ ❝✉r✈❡ ♦❢ ❡❛❝❤ ♠✐♥✐♠❛❧ r♦✲

t❛t✐♦♥❛❧ s✉r❢❛❝❡ ✇❤❡♥ t❤❡ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥ s❛t✐s✜❡s s♦♠❡ ❛❞♠✐ss✐❜❧❡ ❞❛t❛✳

❑❡②✇♦r❞s✿ ❲❛r♣❡❞ ♣r♦❞✉❝ts✳ ❘♦t❛t✐♦♥❛❧ s✉r❢❛❝❡s✳ ■♥✈❛r✐❛♥t s✉r❢❛❝❡s✳ ❲❡✐♥❣❛rt❡♥ s✉r❢❛✲

❝❡s✳



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✶✳✶ ❙❡♠✐♣❧❛♥♦ ❞❡ P♦✐♥❝❛ré✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✶✳✷ ■♥✈❡rsã♦ ♣❡❧♦ ❝ír❝✉❧♦ ❈✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✶✳✸ ●❡♦❞és✐❝❛ ❞❡ H
2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✶✳✹ ❊①❡♠♣❧♦s ❞❡ ❣❡♦❞és✐❝❛s ❝♦♠♣❧❡t❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✶✳✺ ❊①❡♠♣❧♦s ❞❡ ❣❡♦❞és✐❝❛s ♣❛r❛❧❡❧❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✶✳✻ ❍♦r♦❝✐❝❧♦s ❞❡ H
2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✶✳✼ ■s♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✶✳✽ ■s♦♠❡tr✐❛ ♣❛r❛❜ó❧✐❝❛ ❝♦♠ x1 =∞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✶✳✾ ■s♦♠❡tr✐❛ ♣❛r❛❜ó❧✐❝❛ ❝♦♠ x1 ∈ R ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✶✳✶✵ ■s♦♠❡tr✐❛ ❡❧í♣t✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✶ ❈✉r✈❛ γ q✉❡ ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ r♦t❛❝✐♦♥❛❧ ❡♠ R
2 ×f R ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✷✳✷ ❈✉r✈❛ γ q✉❡ ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ r♦t❛❝✐♦♥❛❧ ❡♠ H
2 ×f R ✳ ✳ ✳ ✳ ✳ ✳ ✻✼



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✾

✶ Pr❡❧✐♠✐♥❛r❡s ✶✶

Pr❡❧✐♠✐♥❛r❡s ✶✶

✶✳✶ ❚❡♦r✐❛ ❣❡r❛❧ ❞❛ ❣❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✶✳✶ ■♠❡rsã♦ ■s♦♠étr✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✷ ❲❛r♣❡❞ Pr♦❞✉❝ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✶✳✸ ●❡♦♠❡tr✐❛ ❍✐♣❡r❜ó❧✐❝❛ P❧❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✶✳✸✳✶ ■♥✈❡rsã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✶✳✸✳✷ ■s♦♠❡tr✐❛s ❞❡ H
2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✶✳✸✳✸ ❈❧❛ss✐✜❝❛çã♦ ❞❛s ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s ❞❡ H2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

✶✳✹ Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✷ ❙✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s ❡♠ M
2(κ)×f R ✹✾

✷✳✶ ❖ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ M
2(κ)×f R ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✷✳✷ ❚❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✷✳✸ ●❡♦♠❡tr✐❛ ❞❛ ❝✉r✈❛ γ(s) ❡ s✉❛ ❝♦♠♣❧❡t✉❞❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✻✽

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✼✵



✾

■♥tr♦❞✉çã♦

❆s s✉♣❡r❢í❝✐❡s ❞❡ ❲❡✐♥❣❛rt❡♥ ✐♠❡rs❛s ❡♠ ✈❛r✐❡❞❛❞❡s tr✐❞✐♠❡♥s✐♦♥❛✐s é ✉♠ t❡♠❛ ❞❡ ❣r❛♥❞❡

✐♥t❡r❡ss❡ ❡♥tr❡ ♦s ♠❛t❡♠át✐❝♦s✳ ➱ ✉♠ ❝❛s♦ ✐♥t❡r❡ss❛♥t❡ q✉❛♥❞♦ ❛ s✉♣❡r❢í❝✐❡ ❞❡ ❲❡✐♥❣❛rt❡♥

é ✉♠❛ s✉♣❡r❢í❝✐❡ ❡s♣❡❝✐❛❧ ❞❡ ❲❡✐♥❣❛rt❡♥ ❞❡ t✐♣♦ ♠✐♥✐♠❛❧✳ P♦r ❡①❡♠♣❧♦✱ ❡♠ ❬✼❪ ♦s ❛✉t♦✲

r❡s ♣r♦✈❛r❛♠ ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ f0 s✉♣❡r❢í❝✐❡s s✐♠étr✐❝❛s r♦t❛❝✐♦♥❛✐s ✐♠❡rs❛s ♥♦

❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ tr✐❞✐♠❡♥s✐♦♥❛❧ R3✱ ❡ ♠❛✐s r❡❝❡♥t❡♠❡♥t❡ ♥♦ ❛rt✐❣♦ ❬✶✶❪ ♦ ❡st✉❞♦ ❞❡ t❛✐s

f0 s✉♣❡r❢í❝✐❡s r♦t❛❝✐♦♥❛✐s ❢♦✐ ❡st❡♥❞✐❞♦ ♣❛r❛ ❛s ✈❛r✐❡❞❛❞❡s H2 × R ❡ S
2 ×R✱ ♦♥❞❡ H

2 ❡ S
2

sã♦ ♦ ❡s♣❛ç♦ ❤✐♣❡r❜ó❧✐❝♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❡ ❛ ❡s❢❡r❛ ✉♥✐tár✐❛ ❡✉❝❧✐❞✐❛♥❛ ❜✐❞✐♠❡♥s✐♦♥❛❧✳

◆♦ss♦ ✐♥t❡r❡ss❡ ♣❡❧❛s s✉♣❡r❢í❝✐❡s r♦t❛❝✐♦♥❛✐s ♠í♥✐♠❛s ✈❡♠✱ ❛❧é♠ ❞❡ s✉❛ ♥❛t✉r❛❧✐❞❛❞❡✱ ❞♦

❢❛t♦ q✉❡ ❡①✐st❡♠ ♠✉✐t♦ ♣♦✉❝♦s ❡①❡♠♣❧♦s ❡①♣❧í❝✐t♦s ❞❡ t❛✐s s✉♣❡r❢í❝✐❡s ✐♠❡rs❛s ❡♠ ✇❛r♣❡❞

♣r♦❞✉❝ts ❡♠ ❣❡r❛❧✳

◆❡st❛ ❞✐ss❡rt❛çã♦✱ ♣❛r❛ ✉♠❛ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥ f ✐r❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ✇❛r♣❡❞ ♣r♦❞✉❝t

M
2(κ) ×f R ❝♦♠ ❝♦♦r❞❡♥❛❞❛s (x, y, t) ∈ M

2 ×f R ❡ ♠étr✐❝❛ g = ❞x2 + ❞y2 + e2f(x,y)❞t2✳

❖❜s❡r✈❡ q✉❡ q✉❛♥❞♦ f ≡ 0 ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ é ♦ R
3✱ ♦♥❞❡ ❛s s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s r♦t❛✲

❝✐♦♥❛✐s sã♦ ♣❛rt❡ ✐♥t❡❣r❛♥t❡ ❞❛s s✉♣❡r❢í❝✐❡s ❡s♣❡❝✐❛✐s ❞❡ ❲❡✐♥❣❛rt❡♥ ❞❡ t✐♣♦ ♠✐♥✐♠❛❧✱ q✉❡

❢♦r❛♠ ❛♣r❡s❡♥t❛❞❛s ❡♠ ❬✼❪✳ P♦rt❛♥t♦✱ ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ ✷ ❞❡st❡ tr❛❜❛✲

❧❤♦✱ s❡❣✉❡♠✱ ❛ ♠❡♥♦s ❞❛s ♣❡❝✉❧✐❛r✐❞❛❞❡s ❞❡ ❝❛❞❛ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡✱ ❛s ✐❞❡✐❛s ❛♣r❡s❡♥t❛❞❛s

❡♠ ❬✼❪✳

❈♦♥s✐❞❡r❡ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ❡♠ M
2(κ), ♦✉ s❡❥❛✱

{

x = ρ(κ) cos(ω)

y = ρ(κ) sin(ω)

♦♥❞❡

❼ s❡ κ = −1 t❡♠♦s ρ(κ) = tanh
(ρ

2

)

❀

❼ s❡ κ = 0 t❡♠♦s ρ(κ) = ρ✳

❝♦♠ ρ ∈ (0,+∞) ❡ ω ∈ [0, 2π). ◆❡ss❛s ❝♦♦r❞❡♥❛❞❛s ❛ ♠étr✐❝❛ g ♣❛ss❛ ❛ s❡r ❞❛❞❛ ♣♦r

g = ❞ρ2 + h2(ρ)❞ω2 + e2f(ρ(κ) cos(ω),ρ(κ) sin(ω))❞t2

◆♦ss♦ ♦❜❥❡t✐✈♦ é tr❛❜❛❧❤❛r ❝♦♠ ❛ ❢❛♠í❧✐❛ ❞❡ ✇❛r♣❡❞ ♣r♦❞✉❝t ♦♥❞❡ f é ❛❞♠✐ssí✈❡❧✳ ▼❛✐s

♣r❡❝✐s❛♠❡♥t❡✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✿



✶✵

❉❡✜♥✐çã♦✳ P❛r❛ ♦ ✇❛r♣❡❞ ♣r♦❞✉❝t M
2(κ) ×f R ❞✐③❡♠♦s q✉❡ ❛ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥

f : M2(κ) → R é ❛❞♠✐ssí✈❡❧ s❡ é ❧✐♠✐t❛❞❛ ❡ ❡①✐st❡ c, d ∈ R
∗
+ t❛❧ q✉❡ 0 < c < fρ(s) < d

♣❛r❛ t♦❞♦ s ∈M
2(κ)✳

❖ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧ ❛✜r♠❛ q✉❡ s❡ ❡①✐st✐r ρ0 > 0 ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦ q✉❡ ✈❡r✐✜❝❛

fρ(ρ0) +
hρ(ρ0)

h(ρ0)
> 0, ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ Σ ❝✉❥❛ ❛ ❝✉r✈❛ ❣❡r❛❞♦r❛ é

♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✳

❚❡♦r❡♠❛ ✭❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧✮✳ ❙❡❥❛ M
2(κ)×f R✱ ♦♥❞❡ ❛ ❢✉♥çã♦ ✇❛r♣✐♥❣ f : M2 → R é

❛❞♠✐ssí✈❡❧ ❡ ♣❛r❛ ❝❛❞❛ ρ0 s❛t✐s❢❛③❡♥❞♦ fρ(ρ0) +
hρ(ρ0)

h(ρ0)
> 0✱ ❡①✐st❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛

Σγ ✐♠❡rs❛ ❡♠ M
2(κ)×f R ❣❡r❛❞❛ ♣♦r ✉♠❛ ❝✉r✈❛ γ q✉❡ é ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦ ♣♦s✐t✐✈❛

ρ = ρ(t) ❡ ρ(0) = ρ0✳ ❆ ❢✉♥çã♦ ρ(t) é ❞❡✜♥✐❞❛ ♥♦ ✐♥t❡r✈❛❧♦ (✂t0, ✂t1) ♣❛r❛ ❛❧❣✉♠ ♥ú♠❡r♦
✂t0 < 0 < ✂t1 ❡ t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s✿

✶✳ ❖ ❣rá✜❝♦ ρ(t) t❡♠ ✉♠ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❡♠ t = 0 ❡ ♥ã♦ t❡♠ ✉♠ ♠á①✐♠♦ ❧♦❝❛❧❀

✷✳ ❆ ❢✉♥çã♦ ρ(t) é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❡♠ (0, ✂t1) ❡ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ❡♠

(✂t0, 0)❀

✸✳ ❖ ❣rá✜❝♦ ρ(t) ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ r❡t❛ t = ✂t1 ❡ t = ✂t0 q✉❛♥❞♦ t ❝♦♥✈❡r❣❡ ♣❛r❛ ✂t1 ❡ ✂t0✱

r❡s♣❡❝t✐✈❛♠❡♥t❡❀

✹✳ ❖ ❣rá✜❝♦ ρ(t) é ❝♦♥❝❛✈♦ ♣❛r❛ ❝✐♠❛ ❡♠ (✂t0, ✂t1)✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❡stá ❞✐✈✐❞✐❞♦ ❡♠ ❞✉❛s ♣❛rt❡s✳ ◆♦ ❝❛♣ít✉❧♦ ✶✱ ❛♣r❡s❡♥t❛♠♦s ✉♠❛

r❡✈✐sã♦ s♦❜r❡ ❣❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛✱ ✉♠❛ ❜r❡✈❡ ❛♣r❡s❡♥t❛çã♦ s♦❜r❡ ✇❛r♣❡❞ ♣r♦❞✉❝ts ❡

✉♠❛ r❡✈✐sã♦ ❞❡t❛❧❤❛❞❛ s♦❜r❡ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ♣❧❛♥❛✳ ◆♦ ❝❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛♠♦s ❛s

s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s r♦t❛❝✐♦♥❛✐s ❡♠ M
2(κ)×f R ❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❛ ❝✉r✈❛ ❡

s✉❛ ❝♦♠♣❧❡t✉❞❡✳



✶✶

❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❜r❡✈❡ r❡✈✐sã♦ ❞❛ t❡♦r✐❛ ❜ás✐❝❛ ❞❛ ❣❡♦♠❡tr✐❛ ❘✐❡♠❛♥✲

♥✐❛♥❛✱ ❞❡✜♥✐♠♦s ♦s ✇❛r♣❡❞ ♣r♦❞✉❝ts ❡ ❡♥✉♥❝✐❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡ r❡s✉❧t❛❞♦s

❞❡st❡s ❛♠❜✐❡♥t❡s ❡ ✜♥❛❧✐③❛♠♦s ♦ ❝❛♣ít✉❧♦ ❝♦♠ ✉♠❛ r❡✈✐sã♦ ❞❡t❛❧❤❛❞❛ s♦❜r❡ ❛ ❣❡♦♠❡tr✐❛

❤✐♣❡r❜ó❧✐❝❛ ♣❧❛♥❛✳ ❖s ❧✐✈r♦s ✉t✐❧✐③❛❞♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛s ❡ ❛s ❞❡♠♦♥str❛çõ❡s ❛q✉✐ ♦♠✐t✐❞❛s

♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✶❪✱ ❬✸❪✱ ❬✹❪✱ ❬✺❪✱ ❬✽❪✱ ❬✶✵❪✱ ❬✶✷❪ ❡ ❬✶✸❪✳

✶✳✶ ❚❡♦r✐❛ ❣❡r❛❧ ❞❛ ❣❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s✱ ♠é✲

tr✐❝❛s ❘✐❡♠❛♥♥✐♥❛✱ ❝♦♥❡①ã♦ ❛✜♠ ❡ ❝♦♥❡①ã♦ ❘✐❡♠❛♥♥✐❛♥❛s✳

❆ ♥♦çã♦ ❞❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s é ♥❡❝❡ssár✐❛ ♣❛r❛ ❡st❡♥❞❡r ♦s ♠ét♦❞♦s ❞♦ ❝á❧❝✉❧♦

❞✐❢❡r❡♥❝✐❛❧ ❛ ❡s♣❛ç♦s ♠❛✐s ❣❡r❛✐s q✉❡ ♦ R
n✳ ❆♥t❡s ❞❡ ❞❡✜♥✐r ❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s

✈❛♠♦s r❡❧❡♠❜r❛r ❛ ❞❡✜♥✐çã♦ ❞❡ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r ❞♦ R
3✿

❉❡✜♥✐çã♦ ✶✳✶✳ ❯♠ ❝♦♥❥✉♥t♦ S ⊂ R
3 é ✉♠❛ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r s❡✱ ♣❛r❛ t♦❞♦ ♣♦♥t♦ p ∈ S

❡①✐st❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛s V ❞❡ p ❡♠ R
3 ❡ ✉♠❛ ❛♣❧✐❝❛çã♦ x : U ⊂ R

2 → V ∩ S ❞❡ ✉♠

❛❜❡rt♦ U ⊂ R
2 s♦❜r❡ V ∩ S✱ t❛✐s q✉❡✿

✶✳ x é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❞✐❢❡r❡♥❝✐á✈❡❧❀

✷✳ ❆ ❞✐❢❡r❡♥❝✐❛❧ (dx)q : R2 → R
3 é ✐♥❥❡t✐✈❛ ♣❛r❛ t♦❞♦ q ∈ U ✳

❆ ❝♦♥s❡q✉ê♥❝✐❛ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ s✉♣❡r❢í❝✐❡ r❡❣✉❧❛r é ♦ ❢❛t♦ q✉❡ ❛s ♠✉❞❛♥✲

ç❛s ❞❡ ♣❛r❛♠❡tr✐③❛çõ❡s é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✱ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡ xα : Uα → xα(Uα) ⊂ S

❡ xβ : Uβ → xβ(Uβ) ⊂ S sã♦ ❞✉❛s ♣❛r❛♠❡tr✐③❛çõ❡s t❛✐s q✉❡ xα(Uα) ∩ xβ(Uβ) = W ̸= ∅
❡♥tã♦ ❛s ❛♣❧✐❝❛çõ❡s x−1

β ◦ xα : x−1
α (W )→ R

2 ❡ x−1
α ◦ xβ : x−1

β (W )→ R
2 sã♦ ❞✐❢❡r❡♥❝✐á✈❡✐s✳

▼❛s✱ ♦ ❞❡❢❡✐t♦ ❞❡ t❛❧ ❞❡✜♥✐çã♦ é ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛ r❡❧❛çã♦ ❛♦ R
3✳ ❊♥tã♦ ♣r❡❝✐s❛♠♦s ❞❡

✉♠❛ ❞❡✜♥✐çã♦ ♠❛✐s ❣❡r❛❧✱ q✉❡ é ❞❛❞❛ ❛ s❡❣✉✐r✿



✶✷

❉❡✜♥✐çã♦ ✶✳✷✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ ♥ é ✉♠ ❝♦♥❥✉♥t♦ M ❡ ✉♠❛

❢❛♠í❧✐❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❜✐❥❡t✐✈❛s xα : Uα ⊂ R
n → xα(Uα) ⊂ M ❞❡ ❛❜❡rt♦s Uα ❞❡ R

n ❡♠ M

t❛✐s q✉❡

✶✳
⋃

α

xα(Uα) =M ❀

✷✳ P❛r❛ t♦❞♦ ♣❛r α, β ❝♦♠ xα(Uα) ∩ xβ(Uβ) = W ̸= ∅✱ ♦s ❝♦♥❥✉♥t♦s x−1
α (W ) ❡ x−1

β (W )

sã♦ ❛❜❡rt♦s ❡♠ R
n ❡ ❛ ❛♣❧✐❝❛çã♦ x−1

β ◦ xα é ❞✐❢❡r❡♥❝✐á✈❡❧❀

✸✳ ❆ ❢❛♠í❧✐❛ {(Uα, xα)} é ♠á①✐♠❛ r❡❧❛t✐✈❛♠❡♥t❡ ❛s ❝♦♥❞✐çõ❡s ✶ ❡ ✷ ✳

❖ ♣❛r (Uα, xα) ❝♦♠ p ∈ xα(Uα) é ❝❤❛♠❛❞♦ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞❡M ❡♠ p✱ xα(Uα) é ❝❤❛✲

♠❛❞❛ ❞❡ ✈✐③✐♥❤❛♥ç❛ ❝♦♦r❞❡♥❛❞❛ ❡♠ ♣✳ ❯♠❛ ❢❛♠í❧✐❛ {(Uα, xα)} s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s

✶ ❡ ✷ ❞❛ ❉❡✜♥✐çã♦ ✶✳✷ é ❝❤❛♠❛❞❛ ❞❡ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ M ✳ ❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱

q✉❛♥❞♦ ✐♥❞✐❝❛r♠♦s ✉♠❛ ✈❛r✐❡❞❛❞❡ ♣♦r Mn✱ ♦ í♥❞✐❝❡ s✉♣❡r✐♦r n ✐♥❞✐❝❛rá ❛ ❞✐♠❡♥sã♦ ❞❡

M ✳ Pr❡❝✐s❛♠♦s ❡st❡♥❞❡r ❛ ♥♦çã♦ ❞❡ ❞✐❢❡r❡♥❝✐❛❧✐❞❛❞❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❡♥tr❡ ✈❛r✐❡❞❛❞❡s✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❙❡❥❛♠ Mn
1 ❡ Mm

2 ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❯♠❛ ❛♣❧✐❝❛çã♦ φ :M1 →M2

é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ p ∈ M1 s❡ ❞❛❞❛ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ y : V ⊂ R
m → y(V ) ⊂ M2 ❡♠

φ(p) ❡①✐st❡ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ x : U ⊂ R
n → x(U) ⊂ M1 ❡♠ ♣ t❛❧ q✉❡ φ(x(U)) ⊂ y(V )

❡ ❛ ❛♣❧✐❝❛çã♦ y−1 ◦ φ ◦ x : U ⊂ R
n → R

m é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ x−1(p)✳ ❉✐r❡♠♦s q✉❡ φ é

❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ✉♠ ❛❜❡rt♦ ❞❡ M1 s❡ ❡❧❛ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ t♦❞♦s ♦s ♣♦♥t♦s ❞❡st❡ ❛❜❡rt♦✳

●♦st❛rí❛♠♦s ❛✐♥❞❛ ❞❡ ❡st❡♥❞❡r às ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❛ ♥♦çã♦ ❞❡ ✈❡t♦r t❛♥❣❡♥t❡✳

P❛r❛ t❛❧✱ s❡❥❛ α : (−ε, ε) → R
n ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ R

n ❝♦♠ α(0) = p✱ ❡s❝r❡✈❛

α(t) = (x1(t), · · · , xn(t))✱ ❛ss✐♠ α′(0) = (x′1(0), · · · , x′n(0)) = v ∈ R
n ❡ ❝♦♥s✐❞❡r❡ f ✉♠❛

❢✉♥çã♦ r❡❛❧ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡✜♥✐❞❛ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p✳ P♦❞❡♠♦s r❡str✐♥❣✐r f ❛ ❝✉r✈❛ α

❡ ❡s❝r❡✈❡r ❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ s❡❣✉♥❞♦ ♦ ✈❡t♦r v ∈ R
n ❝♦♠♦

d(f ◦ α)
dt

∣

∣

∣

∣

t=0

=
n
∑

i=1

∂f

∂xi

∣

∣

∣

∣

∣

t=0

· dxi
dt

∣

∣

∣

∣

t=0

=

(

n
∑

i=1

x′i(0)
∂

∂xi

)

f.

♦♥❞❡ x′i(0) =
dxi
dt

∣

∣

∣

∣

t=0

. P♦rt❛♥t♦✱ ❛ ❞❡r✐✈❛❞❛ ❞✐r❡❝✐♦♥❛❧ s❡❣✉♥❞♦ v é ✉♠ ♦♣❡r❛❞♦r s♦❜r❡ ❛s

❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s q✉❡ ❞❡♣❡♥❞❡♠ ✉♥✐❝❛♠❡♥t❡ ❞❡ v✳ ❊st❛ ♣r♦♣r✐❡❞❛❞❡ s❡rá ✉s❛❞❛ ♣❛r❛

❞❡✜♥✐r♠♦s ✈❡t♦r t❛♥❣❡♥t❡s ❡♠ ✈❛r✐❡❞❛❞❡s✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❯♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ M é

✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ α : (−ε, ε)→M ✳ ❙✉♣♦♥❤❛ q✉❡ α(0) = p ❡ s❡❥❛ D ♦ ❝♦♥❥✉♥t♦

❞❛s ❢✉♥çõ❡s ❞❡ M ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ p✳ ❖ ✈❡t♦r t❛♥❣❡♥t❡ à ❝✉r✈❛ α ❡♠ t = 0 é ❛ ❢✉♥çã♦

α′ : D → R ❞❛❞❛ ♣♦r

α′(0)f =
d(f ◦ α)

dt

∣

∣

∣

∣

t=0

f ∈ D.



✶✸

❯♠ ✈❡t♦r t❛♥❣❡♥t❡ ❡♠ p é ♦ ✈❡t♦r t❛♥❣❡♥t❡ ❡♠ t = 0 ❞❡ ❛❧❣✉♠❛ ❝✉r✈❛ α : (−ε, ε) → M

❝♦♠ α(0) = p✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡s ❛ M ❡♠ p s❡r❛ ✐♥❞✐❝❛❞♦ ♣♦r TpM ✳

❊♠ ❝♦♦r❞❡♥❛❞❛s✱ s❡❥❛ x : U → Mn ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❡♠ p = x(0)✱ ♣♦❞❡♠♦s ❡①♣r✐♠✐r

❛ ❢✉♥çã♦ f ❡ ❛ ❝✉r✈❛ α ♥❡st❛ ♣❛r❛♠❡tr✐③❛çã♦ ♣♦r

f ◦ x(q) = f(x1, · · · , xn), q = (x1, · · · , xn) ∈ U ❡ x−1 ◦ α(t) = (x1(t), · · · , xn(t)),

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❘❡str✐♥❣✐♥❞♦ f à α ♦❜t❡♠♦s✿

α′(0)f =
d(f ◦ α)

dt

∣

∣

∣

∣

t=0

=
d

dt
f(x1(t), · · · , xn(t))

∣

∣

∣

∣

t=0

=
n
∑

i=1

∂f

∂xi
(x(t))

∣

∣

∣

∣

∣

t=0

· dxi
dt

∣

∣

∣

∣

t=0

=
n
∑

i=1

x′i(0)

(

∂f

∂xi

)

t=0

=

(

n
∑

i=1

x′i(0)
∂

∂xi

)

t=0

f,

♦✉ s❡❥❛✱ ♦ ✈❡t♦r α′(0) ♣♦❞❡ s❡r ❡①♣r❡ss♦ ♥❛ ♣❛r❛♠❡tr✐③❛çã♦ x ♣♦r

α′(0) =
∑

x′i(0)

(

∂

∂xi

)

t=0

.

◆♦t❡ q✉❡

(

∂

∂xi

)

t=0

é ♦ ✈❡t♦r t❛♥❣❡♥t❡ ❛ p à ❝✉r✈❛ ❝♦♦r❞❡♥❛❞❛ xi → x(0, 0, · · · , xi, · · · , 0).

❆ ❡①♣r❡ssã♦ α′(0) =
∑

x′i(0)

(

∂

∂xi

)

t=0

♠♦str❛ q✉❡ ♦ ✈❡t♦r t❛♥❣❡♥t❡ ❛ ✉♠❛ ❝✉r✈❛ α ❡♠

p ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛s ❞❡r✐✈❛❞❛s ❞❡ α ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✳ ❆✐♥❞❛✱ ♦ ❝♦♥❥✉♥t♦

TpM ❝♦♠ ❛s ♦♣❡r❛çõ❡s ✉s✉❛✐s ❞❡ ❢✉♥çõ❡s ❢♦r♠❛ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ n✱ ❡

q✉❡ ❛ ❡s❝♦❧❤❛ ❞❡ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ x : U → M ❞❡t❡r♠✐♥❛ ✉♠❛ ❜❛s❡ ❝♦♦r❞❡♥❛❞❛
{(

∂

∂x1

)

t=0

, · · · ,
(

∂

∂xn

)

t=0

}

.

❈♦♠ ❛ ♥♦çã♦ ❞♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ♣♦❞❡♠♦s ❡st❡♥❞❡r às ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❛ ♥♦çã♦

❞❡ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳

Pr♦♣♦s✐çã♦ ✶✳✶✳ ❙❡❥❛♠ Mn
1 ❡ Mm

2 ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ φ : M1 → M2 ✉♠❛ ❛♣❧✐✲

❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳ P❛r❛ ❝❛❞❛ p ∈ M1 ❡ ❝❛❞❛ v ∈ TpM1✱ ❡s❝♦❧❤❛ ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥✲

❝✐á✈❡❧ α : (−ε, ε) → M1 ❝♦♠ α(0) = p✱ α′(0) = v. ❉❡✜♥❛ β = φ ◦ α✳ ❆ ❛♣❧✐❝❛çã♦

dφp : TpM1 → Tφ(p)M2 ❞❛✈❛ ♣♦r dφp(v) = β′(0) é ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r q✉❡ ♥ã♦ ❞❡♣❡♥❞❡

❞❛ ❡s❝♦❧❤❛ ❞❡ α

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣á❣ ✶✵✳

❉❡✜♥✐çã♦ ✶✳✺✳ ❆ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r dφp ❞❛❞❛ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶ é ❝❤❛♠❛❞❛ ❞❡ ❞✐❢❡r❡♥❝✐❛❧

❞❡ φ ❡♠ p✳
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❉❡✜♥✐çã♦ ✶✳✻✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❯♠❛ ❛♣❧✐❝❛çã♦ φ : M → N é

✉♠❛ ✐♠❡rsã♦ s❡ dφp : TpM → Tφ(p)N é ✐♥❥❡t✐✈❛ ♣❛r❛ t♦❞♦ ♣♦♥t♦ p ∈M ✳

❉❡✜♥✐çã♦ ✶✳✼✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❉✐③❡♠♦s q✉❡ M é ♦r✐❡♥tá✈❡❧ s❡ M

❛❞♠✐t❡ ✉♠❛ ❡str✉t✉r❛ ❞✐❢❡r❡♥❝✐á✈❡❧ {(Uα, xα)} t❛❧ q✉❡ ♣❛r❛ t♦❞♦ α✱ β ❝♦♠

xα(Uα) ∩ xβ(Uβ) = W ̸= ∅ ❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛ xβ ◦ x−1
α t❡♠ ❞❡✲

t❡r♠✐♥❛♥t❡ ♣♦s✐t✐✈♦✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❞✐③❡♠♦s q✉❡ M é ♥ã♦ ♦r✐❡♥tá✈❡❧✳

❉❡✜♥✐çã♦ ✶✳✽✳ ❯♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡ X ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M é ✉♠❛

❝♦rr❡s♣♦♥❞ê♥❝✐❛ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ♣♦♥t♦ p ∈M ✉♠ ✈❡t♦r X(p) ∈ TpM ✱ ✐st♦ é✱ X é ✉♠❛

❛♣❧✐❝❛çã♦ ❞❡ ▼ ♥♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TM = {(p, v), p ∈ M ❡ v ∈ TpM}✳ ❉✐③❡♠♦s q✉❡ ♦

❝❛♠♣♦ é ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ ❛ ❛♣❧✐❝❛çã♦ X :M → TM ❢♦r ❞✐❢❡r❡♥❝✐á✈❡❧✳

❈♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ x : U ⊂ R
n →M é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r

X(p) =
n
∑

i=1

ai(p)
∂

∂xi
,

♦♥❞❡ ❝❛❞❛ ai : U → R é ✉♠❛ ❢✉♥çã♦ ❡♠ U ❡

{

∂

∂xi

}

é ❛ ❜❛s❡ ❛ss♦❝✐❛❞❛ x, ❝♦♠ i = 1, · · · , n✳

P♦❞❡♠♦s ♦❧❤❛r ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ X : D → F ✱ ♦♥❞❡ D é ♦

❝♦♥❥✉♥t♦s ❞❛s ❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ M ♥♦ ❝♦♥❥✉♥t♦ F ❞❛s ❢✉♥çõ❡s ❡♠ M ❞❡✜♥✐❞❛

❝♦♠♦

(Xf)(p) =
n
∑

i=1

ai(p)
∂

∂xi
, f ∈ D ✭✶✳✶✮

❊ ✈á❧✐❞♦ ♦❜s❡r✈❛r q✉❡ ❛ ❢✉♥çã♦ Xf ♦❜t✐❞❛ ♥❛ ❡q✉❛çã♦ ✭✶✳✶✮ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛

♣❛r❛♠❡tr✐③❛çã♦ x✳ ❆ ✐♥t❡r♣r❡t❛çã♦ ❞❡ X ❝♦♠ ✉♠ ♦♣❡r❛❞♦r ❞❡ D ♣❡r♠✐t❡ ❝♦♥s✐❞❡r❛r ♦s

✐t❡r❛❞♦s ❞❡ X✳ ❙❡ X ❡ Y sã♦ ❝❛♠♣♦s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ M ❡ f : M → R é ✉♠❛ ❢✉♥çã♦

❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❛s ❢✉♥çõ❡s X(Y f) ❡ Y (Xf)✳ ❊♠ ❣❡r❛❧✱ t❛✐s ♦♣❡r❛çõ❡s

♥ã♦ ❝♦♥❞✉③❡♠ ❛ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ♣♦r ❡♥✈♦❧✈❡r❡♠ ❞❡r✐✈❛❞❛s ❞❡ ♦r❞❡♠ s✉♣❡r✐♦r ❛ ♣r✐♠❡✐r❛✱

♣♦ré♠ ♣♦❞❡♠♦s ❛✜r♠❛r ♦ s❡❣✉✐♥t❡✿

▲❡♠❛ ✶✳✶✳ ❙❡❥❛♠ X, Y ❝❛♠♣♦s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ✈❡t♦r❡s ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧

▼✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ Z t❛❧ q✉❡ ♣❛r❛ t♦❞♦ f ∈ D, Zf = (XY −Y X)f ✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣á❣ ✷✽✳

❉❡✜♥✐çã♦ ✶✳✾✳ ❖ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❩ ❞❛❞♦ ♣❡❧♦ ▲❡♠❛ ✶✳✶ é ❝❤❛♠❛❞♦ ❞❡ ❝♦❧❝❤❡t❡ [X, Y ]✳
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❆ ♦♣❡r❛çã♦ ❝♦❧❝❤❡t❡ ❣♦③❛ ❞❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

Pr♦♣♦s✐çã♦ ✶✳✷✳ ❙❡ X, Y ❡ Z sã♦ ❝❛♠♣♦s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ M ✱ a, b sã♦ ♥ú♠❡r♦s r❡❛✐s

❡ f, g ❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♥tã♦✿

✶✳ [X, Y ] = −[Y,X] ✭❛♥t✐❝♦♠✉t❛t✐✈✐❞❛❞❡✮❀

✷✳ [aX + bY, Z] = a[X,Z] + b[Y, Z] ✭❧✐♥❡❛r✐❞❛❞❡✮❀

✸✳ [[X, Y ], Z] + [[Y, Z], X] + [[Z,X], Y ] = 0 ✭✐❞❡♥t✐❞❛❞❡ ❞❡ ❏❛❝♦❜✐✮❀

✹✳ [fX, gY ] = fg[X, Y ] + fX(g)Y − gY (f)X✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣á❣ ✷✾✳

❈♦♠♦ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ é ❧♦❝❛❧♠❡♥t❡ ❞✐❢❡♦♠♦r❢❛ ❛ ✉♠ R
n✱ ♦ t❡♦r❡♠❛ ❢✉♥❞❛♠❡♥✲

t❛❧ ❞❡ ❞❡♣❡♥❞ê♥❝✐❛s ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛s ♦r❞✐♥ár✐❛s s❡ ❡st❡♥❞❡

♥❛t✉r❛❧♠❡♥t❡ ❛ ✈❛r✐❡❞❛❞❡s ❡✱ ♣❛r❛ ✉s♦ ♣♦st❡r✐♦r❡s✱ ✐r❡♠♦s ❡♥✉♥❝✐❛r ❛❜❛✐①♦✿

❚❡♦r❡♠❛ ✶✳ ❙❡❥❛ X ✉♠ ❝❛♠♣♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ✈❡t♦r❡s ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧M

❡ p ∈M ✳ ❊♥tã♦ ❡①✐st❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ⊂M ❞❡ p✱ ✉♠ ✐♥t❡r✈❛❧♦ (−δ, δ), δ > 0✱ ❡ ✉♠❛

❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥çá✈❡❧ φ : (−δ, δ)×U →M t❛✐s q✉❡ ❛ ❝✉r✈❛ t→ φ(t, q), t ∈ (−δ, δ), q ∈ U ✱

é ❛ ú♥✐❝❛ ❝✉r✈❛ q✉❡ s❛t✐s❢❛③
∂φ

∂t
= X(φ(t, q)) ❡ X(φ(0, q)) = q✳

Pr❡❝✐s❛♠♦s ❛❣♦r❛ ✐♥tr♦❞✉③✐r ❛ ❝❛❞❛ ♣♦♥t♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧M ✉♠❛ ♠❛♥❡✐r❛

❞❡ ♠❡❞✐r ❝♦♠♣r✐♠❡♥t♦s ❞❡ ✈❡t♦r❡s t❛♥❣❡♥t❡s q✉❡ ✈❛r✐❛ ❞✐❢❡r❡♥❝✐❛✈❡❧♠❡♥t❡✳ ❈♦♠❡❝❡♠♦s

✐♥tr♦❞✉③✐♥❞♦ ❛ ♥♦çã♦ ❞❡ ♠❡❞✐❞❛✿

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❯♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ M

é ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ♣♦♥t♦ p ∈ M ✉♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ⟨ , ⟩p ✭✐st♦

é✱ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛✱ ♣♦s✐t✐✈❛ ❞❡✜♥✐❞❛✮ ♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ TpM q✉❡ ✈❛r✐❛ ❞❡

❢♦r♠❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♦✉ s❡❥❛✱ s❡ Φ : U ⊂ R
n → M é ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s

❡♠ t♦r♥♦ ❞♦ ♣♦♥t♦ p✱ ❝♦♠ Φ(x1, ..., xn) = q ∈ Φ(U) ❡
∂

∂xi
(q) = ❞Φ(0, ..., 1, ..., 0)✱ ❡♥tã♦

〈

∂

∂xi
(q),

∂

∂xj
(q)

〉

= gij(x1, ..., xn) é ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ U ✳

➱ ✈❛❧✐❞♦ ♥♦t❛r q✉❡ t❛❧ ❞❡✜♥✐çã♦ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✳

❆s ❢✉♥çõ❡s gij = gji sã♦ ❝❤❛♠❛❞❛s ❡①♣r❡ssã♦ ❞❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ♥♦ s✐st❡♠❛ ❞❡

❝♦♦r❞❡♥❛❞❛s Φ : U ⊂ R
n → M ❡ ❛✐♥❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ✉♠❛ ❞❛❞❛

♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ é ❝❤❛♠❛❞❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳

❆❣♦r❛ q✉❡ ❞❡✜♥✐♠♦s t❛❧ ❡str✉t✉r❛✱ ♣r❡❝✐s❛♠♦s ❡st❛❜❡❧❡❝❡r ✉♠❛ ♥♦çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♣❛r❛

t❛✐s ❡str✉t✉r❛s✳



✶✻

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❙❡❥❛♠ M, N ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s✳ ❯♠ ❞✐❢❡♦♠♦r✜s♠♦ ✭✐st♦ é✱ ✉♠❛

❜✐❥❡çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ✐♥✈❡rs❛ ❞✐❢❡r❡♥❝✐á✈❡❧✮ f :M → N é ❝❤❛♠❛❞♦ ❞❡ ✐s♦♠❡tr✐❛ s❡

⟨u, v⟩p = ⟨dfp(u), dfp(v)⟩f(p)

♣❛r❛ t♦❞♦ p ∈M ❡ u, v ∈ TpM.

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❙❡❥❛♠ M, N ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s✳ ❯♠❛ ❛♣❧✐❝❛çã♦ f : M → N é

✉♠❛ ✐s♦♠❡tr✐❛ ❧♦❝❛❧ ❡♠ p ∈M s❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ⊂M ❞❡ p t❛❧ q✉❡ f : U → f(U)

é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ s❛t✐s❢❛③❡♥❞♦ ❛ ❡q✉❛çã♦ ✭✶✳✷✮✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❯♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ V ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❝✉r✈❛ c : I →M é ✉♠❛ ❛♣❧✐❝❛çã♦

q✉❡ ❛ ❝❛❞❛ t ∈ I ❛ss♦❝✐❛ ✉♠ ✈❡t♦r t❛♥❣❡♥t❡ V (t) ∈ Tc(t)M ✳ ❉✐③❡♠♦s q✉❡ V é ❞✐❢❡r❡♥❝✐á✈❡❧

s❡ ♣❛r❛ t♦❞♦ f ∈ F ❛ ❢✉♥çã♦ t→ V (t)f é ✉♠❛ ❢✉♥çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ■✳

❆❣♦r❛ q✉❡ t❡♠♦s ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ♣♦❞❡♠♦s ✐♥❞✉③✐r ✉♠❛ ❝♦♥❡①ã♦ ❛✜♠ ♥❛ ✈❛✲

r✐❡❞❛❞❡✳ ❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡ ❝♦♥s✐❞❡r❛r❡♠♦s X (M) ♦ ❝♦♥❥✉♥t♦ ❞❡ ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❞❡

❝❧❛ss❡ C∞ ❡♠ M ❡ ♣♦r D(M) ♦ ❛♥❡❧ ❞❡ ❢✉♥çõ❡s r❡❛✐s ❞❡ ❝❧❛ss❡ C∞ ❞❡✜♥✐❞❛ ❡♠ M ✳

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❯♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧M é ✉♠❛ ❛♣❧✐❝❛çã♦

∇ : X (M)×X (M)→ X (M)

q✉❡ ✐♥❞✐❝❛r❡♠♦s ♣♦r ∇XY ❡ q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ∇fX+gYZ = f∇XZ + g∇YZ❀

✷✳ ∇X(Y + Z) = ∇XY +∇XZ❀

✸✳ ∇X(fY ) = f∇XY +X(f)Y ❀

♦♥❞❡ X, Y, Z ∈ X (M) ❡ f, g ∈ D(M)✳

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ❞❡✐①❛rá ♠❛✐s ❝❧❛r♦ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥❡①ã♦✿

Pr♦♣♦s✐çã♦ ✶✳✸✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ✉♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇✳ ❊♥✲

tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ q✉❡ ❛ss♦❝✐❛ ❛ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ V ❛♦ ❧♦♥❣♦ ❞❡

✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ c : I ⊂ R → M ✉♠ ♦✉tr♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧
DV

dt
❛♦ ❧♦♥❣♦ ❞❡ c✱

❞❡♥♦♠✐♥❛❞♦ ❞❡r✐✈❛❞❛ ❝♦✈❛r✐❛♥t❡ ❞❡ ❱ ❛♦ ❧♦♥❣♦ ❞❡ c t❛❧ q✉❡✿

✶✳
D

dt
(V +W ) =

DV

dt
+
DW

dt
❀

✷✳
D

dt
(fV ) =

df

dt
V + f

DV

dt
❀



✶✼

✸✳ ❙❡ V é ✐♥❞✉③✐❞♦ ♣♦r ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s Y ∈ X (M)✱ ♦✉ s❡❥❛✱ V (t) = Y (c(t)) ❡♥tã♦
DV

dt
= ∇dc

dt

Y

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣á❣ ✺✼✳

◆♦t❡ q✉❡ ♦ ✈❡t♦r ∇XY (p) ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ X(p) ❡ ❞♦ ✈❛❧♦r ❞❡ Y ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❝✉r✈❛

t❛♥❣❡♥t❡ ❛ X ❡♠ p✳ ❈♦♠ ❡❢❡✐t♦✱ ❝♦♥s✐❞❡r❡ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s (x1, · · · , xn) ❡♠
t♦r♥♦ ❞❡ p ∈M ✱ ❛ss✐♠

X =
∑

i

xiXi ❡ Y =
∑

j

yjXj

♦♥❞❡ Xi =
∂

∂xi
✳ ❯s❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛ ❉❡✜♥✐çã♦ ✶✳✶✹ t❡♠♦s✿

∇XY =
∑

i

xi∇Xi

(

∑

j

yjXj

)

=

=
∑

ij

xiyj∇Xi
Xj +

∑

ij

xiXi(yj)Xj.

❋❛③❡♥❞♦ ∇Xi
Xj =

∑

k

Γkij✱ t❡♠♦s q✉❡ Γkij sã♦ ❢✉♥çõ❡s ❞✐❢❡r❡♥❝✐❛r❡✐s ❡

∇XY =
∑

k

(

∑

ij

xiyjΓ
k
ij +X(yk)

)

Xk;

♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡∇XY (p) ❞❡♣❡♥❞❡ ❞❡ xi(p), yk(p) ❡ ❞❛s ❞❡r✐✈❛❞❛s X(yk)(p) ❞❡ yk s❡❣✉♥❞♦

p✳

P♦rt❛♥t♦ ♥♦çã♦ ❞❡ ❝♦♥❡①ã♦ ❢♦r♥❡❝❡ ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❞❡r✐✈❛r ✈❡t♦r❡s ❛♦ ❧♦♥❣♦ ❞❡ ❝✉r✈❛s✳

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❙❡❥❛ ▼ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ✉♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇✳ ❯♠

❝❛♠♣♦ ✈❡t♦r✐❛❧ V ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❝✉r✈❛ c : i→M é ❝❤❛♠❛❞♦ ❞❡ ❝❛♠♣♦ ♣❛r❛❧❡❧♦ q✉❛♥❞♦
D

dt
V = 0, ♣❛r❛ t♦❞♦ t ∈ I✳

❉❡✜♥✐çã♦ ✶✳✶✻✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ ✉♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇ ❡ ✉♠❛

♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ⟨ , ⟩✳ ❆ ❝♦♥❡①ã♦ é ❞✐t❛ s❡r ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♠étr✐❝❛ ⟨ , ⟩ q✉❛♥❞♦
♣❛r❛ t♦❞❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ c ❡ q✉❛✐sq✉❡r ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ♣❛r❛❧❡❧♦s P ❡ Q ❛♦ ❧♦♥❣♦

❞❡ c t✐✈❡r♠♦s ⟨P,Q⟩ = constante✳

❆ ❉❡✜♥✐çã♦ ✶✳✶✻ é ❥✉st✐✜❝❛❞❛ ♣❡❧❛ ♣r♦♣♦s✐çã♦ s❡❣✉✐♥t❡ q✉❡ ♠♦str❛ q✉❡ s❡∇ ❢♦r ❝♦♠♣❛tí✈❡❧

❝♦♠ ⟨ , ⟩ ❡♥tã♦ ♣♦❞❡♠♦s ❞✐❢❡r❡♥❝✐❛r ♦ ♣r♦❞✉t♦ ✐♥t❡r♠♦ ♣❡❧❛ ✧r❡❣r❛ ❞♦ ♣r♦❞✉t♦✧ ✉s✉❛❧✳



✶✽

Pr♦♣♦s✐çã♦ ✶✳✹✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛✳ ❯♠❛ ❝♦♥❡①ã♦ ∇ ❡♠ M é ❝♦♠♣❛✲

tí✈❡❧ ❝♦♠ ❛ ♠étr✐❝❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ t♦❞♦ ♣❛r V ❡ W ❞❡ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❛♦ ❧♦♥❣♦

❞❡ ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ c : I →M t❡♠✲s❡

d

dt
⟨V,W ⟩ =

〈

DV

dt
,W

〉

+

〈

V,
DW

dt

〉

t ∈ I. ✭✶✳✷✮

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣á❣ ✺✾✳

❈♦r♦❧ár✐♦ ✶✳✶✳ ❯♠❛ ❝♦♥❡①ã♦ ∇ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ▼ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛

♠étr✐❝❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

X⟨Y, Z⟩ = ⟨∇XY, Z⟩+ ⟨X,∇XZ⟩ ♦♥❞❡ X, Y Z ∈ X (M) ✭✶✳✸✮

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣á❣ ✻✵✳

❉❡✜♥✐çã♦ ✶✳✶✼✳ ❯♠❛ ❝♦♥❡①ã♦ ❛✜♠ ∇ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ é ❞✐t❛ s✐♠étr✐❝❛

q✉❛♥❞♦

∇XY −∇YX = [X, Y ], ∀X, Y ∈ X (M). ✭✶✳✹✮

❖❜s❡r✈❡ q✉❡ ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s (U, x)✱ ♦ ❢❛t♦ ❞❡ ∇ s❡r s✐♠étr✐❝❛ ✐♠♣❧✐❝❛

q✉❡ ♣❛r❛ t♦❞♦ i, j ∈ 1, · · · , n t❡♠♦s ∇Xi
Xj −∇Xj

Xi = [Xi, Xj] = 0✳

❚❡♦r❡♠❛ ✷ ✭▲❡✈✐✲❈✐✈✐t❛✮✳ ❉❛❞❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❝♦♥❡✲

①ã♦ ❛✜♠ ∇ ❡♠ M s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s

✶✳ ∇ é s✐♠étr✐❝❛❀

✷✳ ∇ é ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡ s✉♣♦♥❤❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ t❛❧ ∇✳ ❊♥tã♦✿

X⟨Y, Z⟩ = ⟨∇XY, Z⟩+ ⟨Y,∇XZ⟩ ✭✶✳✺✮

Y ⟨Z,X⟩ = ⟨∇YZ,X⟩+ ⟨Z,∇YX⟩ ✭✶✳✻✮

Z⟨X, Y ⟩ = ⟨∇ZX, Y ⟩+ ⟨X,∇ZY ⟩ ✭✶✳✼✮



✶✾

❙♦♠❛♥❞♦ ✭✶✳✺✮ ❡ ✭✶✳✻✮ ❡ s✉❜tr❛✐♥❞♦ ✭✶✳✼✮✱ t❡♠♦s ✉s❛♥❞♦ ❛ s✐♠❡tr✐❛ ❞❡ ∇ q✉❡✿

X⟨Y, Z⟩+ Y ⟨Z,X⟩ − Z⟨X, Y ⟩ = (⟨Y,∇XZ⟩ − ⟨∇ZX, Y ⟩) + (⟨∇YZ,X⟩ − ⟨X,∇ZY ⟩) +
+ (⟨∇XY, Z⟩ − ⟨Z,∇YX⟩) + ⟨Z,∇YX⟩+ ⟨Z,∇YX⟩ =
= ⟨[X,Z], Y ⟩+ ⟨[Y, Z], X⟩+ ⟨[X, Y ], Z⟩+ 2⟨Z,∇YX⟩ =

✭✶✳✽✮

▲♦❣♦✱

⟨Z,∇YX⟩ =
1

2
{X⟨Y, Z⟩+ Y ⟨Z,X⟩ − Z⟨X, Y ⟩ − ⟨[X,Z], Y ⟩ − ⟨[Y, Z], X⟩ −

− ⟨[X, Y ], Z⟩} ✭✶✳✾✮

❆ ❡q✉❛çã♦ ✶✳✾ é ❝❤❛♠❛❞❛ ❞❡ ❢ór♠✉❧❛ ❞❡ ❑♦s③✉❧ ❡ ♠♦str❛ q✉❡ ∇ ❡stá ✉♥✐✈♦❝❛♠❡♥t❡ ❞❡✲

t❡r♠✐♥❛❞❛ ♣❡❧❛ ♠étr✐❝❛ ⟨ , ⟩ ♣♦rt❛♥t♦✱ ❝❛s♦ ❡①✐st❛✱ s❡rá ú♥✐❝❛✳ P❛r❛ ♠♦str❛r ❛ ❡①✐stê♥❝✐❛

❜❛st❛ ❞❡✜♥✐r ∇ ♣♦r ✭✶✳✾✮✱ ❡ ❝❧❛r❛♠❡♥t❡ s❛t✐s❢❛③ ❛s ♣r♦♣r✐❡❞❛❞❡s ❡ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳

❖❜s❡r✈❛çã♦ ✶✳✶ ✭❙í♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧✮✳ ❆ ❝♦♥❡①ã♦ ❞❛❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✷ é ❝❤❛♠❛❞❛

❞❡ ❝♦♥❡①ã♦ ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ✭♦✉ ❘✐❡♠❛♥♥✐❛♥❛✮ ❞❡ M ✳ ❱❛♠♦s ❝❛❧❝✉❧á✲❧♦s ❡♠ ✉♠ s✐st❡♠❛

❞❡ ❝♦♦r❞❡♥❛❞❛s (U, x)✳ ◆♦t❡ q✉❡ ♦ ❢❛t♦ ❞❡ ∇ s❡r s✐♠étr✐❝❛ ✐♠♣❧✐❝❛ q✉❡ ♣❛r❛ t♦❞♦ i, j =

1, · · · , n

∇Xi
Xj −∇Xj

Xi = [Xi, Xj] = 0, ❝♦♠ Xi =
∂

∂xi
. ✭✶✳✶✵✮

❆s ❢✉♥çõ❡s Γkij ❞❡✜♥✐❞❛s ❡♠ ❯ ♣♦r ∇Xi
Xj =

∑

k

ΓkijXk sã♦ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ❝♦♥❡①ã♦ ∇
❡♠ ❯ ♦✉ ♦s sí♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧ ❞❛ ❝♦♥❡①ã♦✳ ❉❛ ❢♦r♠✉❧❛ ❞❡ ❑♦s③✉❧✱ t❡♠♦s

∑

ℓ

Γℓijgℓk =
1

2

{

∂

∂xi
gjk +

∂

∂xj
gki −

∂

∂xk
gij

}

♦♥❞❡ gij = ⟨Xi, Xj⟩. ✭✶✳✶✶✮

❈♦♠♦ ❛ ♠❛tr✐③ (gkm) ❛❞♠✐t❡ ✉♠❛ ✐♥✈❡rs❛ (gkm)✱ t❡r❡♠♦s

Γmij =
∑

k

1

2

{

∂

∂xi
gjk +

∂

∂xj
gki −

∂

∂xk
gij

}

gkm. ✭✶✳✶✷✮

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❆ ❝✉r✈❛t✉r❛ R ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M é ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥✲

❝✐❛ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ♣❛r X, Y ∈ X (M) ✉♠❛ ❛♣❧✐❝❛çã♦ R(X, Y ) : X (M)→ X (M) ❞❛❞❛



✷✵

♣♦r

R(X, Y )Z = ∇Y∇XZ −∇X∇YZ +∇[X,Y ]Z, Z ∈ X(M)

♦♥❞❡ ∇ é ❛ ❝♦♥❡①ã♦ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ M ✳

Pr♦♣♦s✐çã♦ ✶✳✺✳ ❆ ❝✉r✈❛t✉r❛ R ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ ❣♦③❛ ❞❛s s❡❣✉✐♥t❡s ♣r♦✲

♣r✐❡❞❛❞❡s✿

✶✳ ❘ é ❜✐❧✐♥❡❛r ❡♠ X (M)×X (M)❀

✷✳ P❛r❛ t♦❞♦ X, Y ∈ X (M) ♦ ♦♣❡r❛❞♦r ❝✉r✈❛t✉r❛ R(X, Y ) é ❧✐♥❡❛r✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣á❣ ✶✵✶✳

Pr♦♣♦s✐çã♦ ✶✳✻ ✭Pr✐♠❡✐r❛ ■❞❡♥t✐❞❛❞❡ ❞❡ ❇✐❛♥❝❤✐✮✳

R(X, Y )Z +R(Y, Z)X +R(Z,X)Y = 0

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣á❣ ✶✵✶✳

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ❡s❝r❡✈❡r❡♠♦s ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛✱ ⟨R(X, Y )Z, T ⟩ = (X, Y, Z, T ).

Pr♦♣♦s✐çã♦ ✶✳✼✳ ✶✳ ✭❳✱❨✱❩✱❚✮ ✰ ✭❨✱❩✱❳✱❚✮ ✰✭❩✱❳✱❨✱❚✮❂✵❀

✷✳ ✭❳✱❨✱❩✱❚✮❂✲✭❨✱❳✱❩✱❚✮❀

✸✳ ✭❳✱❨✱❩✱❚✮ ❂✲✭❳✱❨✱❚✱❩✮❀

✹✳ ✭❳✱❨✱❩✱❚✮❂ ✭❩✱❚✱❳✱❨✮✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣á❣ ✶✵✷✳

✶✳✶✳✶ ■♠❡rsã♦ ■s♦♠étr✐❝❛s

❙❡❥❛ f :M →M ✉♠❛ ✐♠❡rsã♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ M ❞❡ ❞✐♠❡♥sã♦ n ❡♠ ✉♠❛

✈❛r✐❡❞❛❞❡ ❘✐❡♠❛♥♥✐❛♥❛ M ❞❡ ❞✐♠❡♥sã♦ ✐❣✉❛❧ ❛ k = n +m✳ ❆ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡

M ✐♥❞✉③ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧ ✉♠❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ ❡♠ M ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

s❡ v1, v2 ∈ TpM ❞❡✜♥❛ ⟨v1, v2⟩ = ⟨dfp(v1), dfp(v2)⟩.

P♦rt❛♥t♦✱ ✈❛♠♦s ❞❡✜♥✐r ♣r✐♠❡✐r❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♠♦ ⟨v, v⟩ = Ip✱ ❝♦♠ v ∈ TpM ✳

❙❡❥❛ f : Mn → M
n+m=k

✉♠❛ ✐♠❡rsã♦✳ ❊♥tã♦✱ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ p ∈ M ❡①✐st❡ ✉♠❛

✈✐③✐♥❤❛♥ç❛ U ⊂ M ❞❡ p t❛❧ q✉❡ f(U) ⊂ M é ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡ M ✳ ■st♦ q✉❡r ❞✐③❡r

q✉❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ U ⊂M ❞❡ f(p) ❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ φ : U → V ⊂ R
k✱ ❝♦♠

V é ✉♠ ❛❜❡rt♦ ❞❡ R
k✱ t❛✐s q✉❡ φ ❛♣❧✐❝❛ ❞✐❢❡♦♠♦r✜❝❛♠❡♥t❡ f(U) ∩ U ❡♠ ✉♠ ❛❜❡rt♦ ❞♦

s✉❜❡s♣❛ç♦ R
n ⊂ R

k✳



✷✶

P❛r❛ ❝❛❞❛ p ∈M ✱ ♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ TpM ❞❡❝♦♠♣õ❡♠ ♥❛ s♦♠❛ ❞✐r❡t❛

TpM = TpM ⊕ (TpM)⊥ ✭✶✳✶✸✮

♦♥❞❡ (TpM)⊥ é ♦ ❝♦♠♣❧❡♠❡♥t♦ ♦rt♦❣♦♥❛❧ ❞❡ TpM ❡♠ TpM ✳ ❆ss✐♠✱ s❡ v ∈ TpM, p ∈ M ✱

♣♦❞❡♠♦s ❡s❝r❡✈❡r

v = vT + vN , vT ∈ TpM ❡ vN ∈ (TpM)⊥

t❛❧ q✉❡ vT , vN sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s t❛♥❣❡♥t❡ ❡ ♥♦r♠❛❧ ❞❡ v✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆ ❝♦♥❡①ã♦ ❘✐❡♠❛♥♥✐❛♥❛ ❞❡ M s❡rá ✐♥❞✐❝❛❞❛ ♣♦r ∇✳ ❙❡❥❛♠ X ❡ Y ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡♠

M ✱ X ❡ Y ❡①t❡♥sõ❡s ❧♦❝❛✐s ❛ M ✱ ❞❡✜♥✐♠♦s

∇XY = (∇XY )T ✭✶✳✶✹✮

q✉❡ é ❛ ❝♦♥❡①ã♦ ❘✐❡♠❛♥♥✐❛♥❛ r❡❧❛t✐✈❛ à ♠étr✐❝❛ ✐♥❞✉③✐❞❛ ❞❡ ▼✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é ❞❡✜♥✐r

❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ✐♠❡rsã♦ f : M → M ✱ ♣❛r❛ t❛❧✱ ♣r❡❝✐s❛♠♦s ❞❡✜♥✐r ❛

s❡❣✉✐♥t❡ ❢♦r♠❛ ❜✐❧✐♥❡❛r✳

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❙❡❥❛♠ X ❡ Y ❝❛♠♣♦s ❧♦❝❛✐s ❡♠ ▼✳ ❆ ❢♦r♠❛ ❜✐❧✐♥❡❛r B(X, Y ) = ∇XY −
∇XY é ✉♠ ❝❛♠♣♦ ❧♦❝❛❧ ❡♠ M ♥♦r♠❛❧ ❛ M ✳

❖❜s❡r✈❡ q✉❡ B(X, Y ) ♥ã♦ ❞❡♣❡♥❞❡ ❞❛s ❡①t❡♥sõ❡s X, Y ✳ ❉❡♥♦t❛r❡♠♦s ♣♦r X (U)⊥ ♦s

❝❛♠♣♦s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♠ U ❞❡ ✈❡t♦r❡s ♥♦r♠❛✐s ❛ f(U) ≈ U ✳

Pr♦♣♦s✐çã♦ ✶✳✽✳ ❙❡❥❛♠ X, Y ∈ X (U)✱ ❛ ❛♣❧✐❝❛çã♦

B : X (U)×X (U)→ (X (U))⊥

❞❡✜♥✐❞❛ ♣♦r

B(X, Y ) = ∇XY −∇XY

é ❜✐❧✐♥❡❛r ❡ s✐♠étr✐❝❛✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ✈❡r✐✜❝❛r q✉❡ B é ❜✐❧✐♥❡❛r✳

❙❡❥❛♠ X, Y,X1, X2, Y1, Y2 ∈ X (U)✱ f ∈ D(U)✳ ❯s❛♥❞♦ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ❧✐♥❡❛r✐❞❛❞❡ ❞❛

❝♦♥❡①ã♦✱ t❡♠♦s

B(X1 + x2, Y ) = ∇X1+X2
Y −∇X1+X2Y = ∇X1

Y +∇X2
Y −∇X1Y −∇X2Y =

= (∇X1
Y −∇X1Y ) + (∇X2

Y −∇X2Y ) = B(X1, Y ) + B(x2, Y )



✷✷

❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛✱ ♠♦str❛♠♦s q✉❡ B(X, Y1 + Y2)✱ ❡ ♣♦rt❛♥t♦✱ B é ❛❞✐t✐✈❛✳ ❆❣♦r❛

B(fX, Y ) = ∇fXY −∇fXY = f∇XY − f∇XY = fB(X, Y ).

❙❡❥❛ f ✉♠❛ ❡①t❡♥sã♦ ❞❡ f ❛ U ✱ t❡♠♦s

B(X, fY ) = ∇X(fY )−∇X(fY ) = {f∇XY +X(f)Y } − {f∇XY +X(f)Y } =
= {f∇XY − f∇X(Y )} − {X(f)Y −X(f)Y }

❡ ❡♠ M t❡♠♦s f = f ❡ X(f) = X(f)✳ ❆ss✐♠ ❛s ❞✉❛s ú❧t✐♠❛s ♣❛r❝❡❧❛s s❡ ❛♥✉❧❛♠ ❞♦♥❞❡

B(X, fY ) = f(B(X, Y ))✳ ▲♦❣♦✱ B é ❜✐❧✐♥❡❛r✳ ❘❡st❛ ♠♦str❛r q✉❡ B é s✐♠étr✐❝❛✳ ❈♦♠

❡❢❡✐t♦✱

B(X, Y ) = ∇XY −∇XY = ∇XY −∇XY + (∇YX −∇YX) + (∇YX −∇YX) =

= (∇YX) + [X, Y ]−∇YX − [X, Y ].

❈♦♠♦ ❡♠ M [X, Y ] = [X, Y ] ❝♦♥❝❧✉í♠♦s q✉❡ B(X, Y ) = B(Y,X)✳

❈♦♠♦ B é ❜✐❧✐♥❡❛r✱ ❝♦♥❝❧✉í♠♦s✱ ❡①♣r✐♠✐♥❞♦ B ❡♠ ✉♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s q✉❡ ♦ ✈❛❧♦r

B(X, Y )(p) ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❡ X(p) ❡ Y (p)✳ ▲♦❣♦✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ s❡❣✉♥❞❛ ❢♦r♠❛

❢✉♥❞❛♠❡♥t❛❧✳ ❙❡❥❛ p ∈M ❡ η ∈ (TpM)⊥✱ ❛ ❛♣❧✐❝❛çã♦

Hη : TpM × TpM → R ❞❛❞❛ ♣♦r Hη(x, y) = ⟨B(x, y), η⟩

♦♥❞❡ x, y ∈ TpM é✱ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✽ ✉♠❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❆ ❢♦r♠❛ q✉❛❞rát✐❝❛ IIη ❞❡✜♥✐❞❛ ❡♠ TpM ♣♦r

IIη = Hη(x, x)

é ❝❤❛♠❛❞❛ ❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ f ❡♠ p s❡❣✉♥❞♦ ♦ ✈❡t♦r ♥♦r♠❛❧ η.

❖❜s❡r✈❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❜✐❧✐♥❡❛r Hη ✜❝❛ ❛ss♦❝✐❛❞❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r ❛✉t♦❛❞❥✉♥t❛

Sη : TpM → TpM ❞❛❞❛ ♣♦r ⟨Sη(x), y⟩ = Hη(x, y) = B⟨B(x, y), η⟩.

Pr♦♣♦s✐çã♦ ✶✳✾✳ ❙❡❥❛♠ p ∈ M, x ∈ TpM ❡ η ∈ (TpM)⊥✱ N ✉♠❛ ❡①t❡♥sã♦ ❧♦❝❛❧ ❞❡

η ♥♦r♠❛❧ ❛ M ✳ ❊♥tã♦

Sη(x) = −(∇xN)T .

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✹❪✱ ♣á❣ ✶✹✷✳



✷✸

❖❜s❡r✈❛çã♦ ✶✳✷ ✭Pr✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ ❡♠ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s✮✳ ❙❡

❝♦♥s✐❞❡r❛♠♦s ♦ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s (U,X)✱ t❡♠♦s

I = Edu2 + 2Fdudv +Gdv2

II = edu2 + 2fdudv + gdv2

t❛✐s q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♣r✐♠❡✐r❛ ❡ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ sã♦

E = g(Xu, Xu)

F = g(Xu, Xv)

G = g(Xv, Xv)

❡

e = g(−∇Xu
N,Xu) = g(N,∇Xu

Xu)

f = g(−∇Xu
N,Xv) = g(N,∇Xv

Xu)

e = g(−∇Xv
N,Xv) = g(N,∇Xv

Xv)

♦♥❞❡ g = ⟨ , ⟩✳

✶✳✷ ❲❛r♣❡❞ Pr♦❞✉❝ts

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ✇❛r♣❡❞ ♣r♦❞✉❝ts ❜❡♠ ❝♦♠♦ s✉❛s ♣r✐♥❝✐♣❛✐s ♣r♦✲

♣r✐❡❞❛❞❡s✳ ❚♦❞❛s ❛s ♣r♦✈❛s ❛q✉✐ ♦♠✐t✐❞❛s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✷❪ ❡ ❬✶✷❪✳

❈♦♥s✐❞❡r❡ ♦ ♣r♦❞✉t♦ ❘✐❡♠❛♥♥✐❛♥♦ B × F ❝♦♠ ❛ ♠étr✐❝❛ ❞❛❞❛ ♣♦r π(gB) + σ(gF )✱ ♦♥❞❡

π ❡ σ sã♦ ❛s ♣r♦❥❡çõ❡s ❞❡ B × F s♦❜r❡ B ❡ F ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✷✶✳ ❙❡❥❛♠ B ❡ F ✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s ❡ f > 0 ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❡♠

B✳ ❖ ✇❛r♣❡❞ ♣r♦❞✉❝t M = B ×f F é ❛ ✈❛r✐❡❞❛❞❡ ♣r♦❞✉t♦ B × F ❝♦♠ ❛ ♠étr✐❝❛

g = π(gB) + (f ◦ π)2σ(gF ).

❊①♣❧✐❝✐t❛♠❡♥t❡✱ s❡ x é t❛♥❣❡♥t❡ ❛ B × F ❡♠ (p, q) ❡♥tã♦

g(x, x) = g(❞π(x), ❞π(x)) + f 2(p)g(❞σ(x), ❞σ(x)).

◆❛ ❧✐t❡r❛t✉r❛✱ B é ❝❤❛♠❛❞♦ ❞❡ ❜❛s❡ ❞❡ M = B ×f F ❡ F ❛ ✜❜r❛✳ ◆♦ss♦ ♦❜❥❡t✐✈♦ é

❡①♣r❡ss❛r ❛ ❣❡♦♠❡tr✐❛ ❞❡ M ❡♠ t❡r♠♦s ❞❛ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥ f ❡ ❛ ❣❡♦♠❡tr✐❛ ❞❡ B ❡ F ✳

❖❜s❡r✈❡♠♦s q✉❡ ❛ ✜❜r❛ {p} × F = π−1(p) ❡ ♦s s❧✐❝❡ B × {q} = σ−1(q) sã♦ s✉❜✈❛r✐❡❞❛❞❡s

❘✐❡♠❛♥♥✐❛♥❛s ❞❡ ▼ ❡ ❛ ✇❛r♣❡❞ ♠étr✐❝❛ é ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r

✶✳ P❛r❛ ❝❛❞❛ q ∈ F ✱ ❛ ❛♣❧✐❝❛çã♦ π|(B × {q}) é ✉♠❛ ✐s♦♠❡tr✐❛ ❡♠ B❀

✷✳ P❛r❛ ❝❛❞❛ p ∈ B✱ ❛ ❛♣❧✐❝❛çã♦ σ|({p} × F ) é ✉♠❛ ❤♦♠♦t❡t✐❛ ♣♦s✐t✐✈❛ ❡♠ F ✱ ❝♦♠

❢❛t♦r ❞❡ ❡s❝❛❧❛
1

f(p)
❀



✷✹

✸✳ P❛r❛ ❝❛❞❛ (p, q) ∈M ✱ ♦ s❧✐❝❡ B × {q} ❡ ❛ ✜❜r❛ {p} × F sã♦ ♦rt♦❣♦♥❛✐s ❡♠ (p, q)✳

❖s ✈❡t♦r❡s t❛♥❣❡♥t❡s ❛ ❜❛s❡ ❡ ❛ ✜❜r❛s sã♦ ❤♦r✐③♦♥t❛✐s ❡ ✈❡rt✐❝❛✐s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆

r❡❧❛çã♦ ❞♦ ✇❛r♣❡❞ ♣r♦❞✉❝t ❝♦♠ ❛ ❜❛s❡ B é r❡❧❛t✐✈❛♠❡♥t❡ s✐♠♣❧❡s✱ ♥♦ ❡♥t❛♥t♦ ❛ r❡❧❛çã♦

❞❛ ✜❜r❛ F ❣❡r❛❧♠❡♥t❡ ❡♥✈♦❧✈❡ ❛ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥ f ✳

❱❛♠♦s ❞❡♥♦t❛r ♣♦r ∇1, ∇2, ∇ ❛s ❝♦♥❡①õ❡s ❞❡ ▲❡✈✐✲❈✐✈✐t❛ ❞❡ B, F, ❡ B ×f F ✱ r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✱ ♦♥❞❡ B ×f F = (B × F, g)✱ g = g1 + f 2g2 ❡ f : B → R é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✳ ❖s

t❡♥s♦r❡s ❞❡ ❝✉r✈❛t✉r❛ ❞❡ B ×f F, B ❡ F sã♦ R,R1 ❡ R2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♥s✐❞❡r❡ ♦s

❝❛♠♣♦s ❞❡ ✈❡t♦r❡s A, B ❡ C ∈ X (B ×f F ) ❡ ❞❡✜♥❛ ♦ t❡♥s♦r ❞❡ ❝✉r✈❛t✉r❛ ♣♦r

R(A,B)C = ∇B∇AC −∇A∇BC +∇[A,B]C

P❛r❛ r❡❧❛❝✐♦♥❛r ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❡♠ B✱ F ❡ B ×f F ♣r❡❝✐s❛♠♦s ❞❡ ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✿

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❙❡❥❛ ϕ : N1 → N2 ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥✲

❝✐á✈❡✐s✳ ❖s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s X ∈ X (N1) ❡ Y ∈ X (N2) sã♦ ϕ✲r❡❧❛❝✐♦♥❛❞♦s s❡

dϕ(X(p)) = Y (ϕ(p)), ♣❛r❛ t♦❞♦ p ∈ N1.

❉❡✜♥✐çã♦ ✶✳✷✸✳ ❖ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ∈ X (B) é ♦ ú♥✐❝♦ ❝❛♠♣♦ ✈❡t♦✲

r✐❛❧ X ∈ X (B×f F ) q✉❡ ❡stá π✲ r❡❧❛❝✐♦♥❛❞♦ ❛ X ❡ σ✲r❡❧❛❝✐♦♥❛❞♦ ❛ ③❡r♦ ♥♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧

X (F )✱ ♦♥❞❡ π ❡ σ sã♦ ❛s ♣r♦❥❡çõ❡s ❝❛♥ô♥✐❝❛s✳ ❱❛♠♦s ❞❡♥♦t❛r ♣♦r L(B) ⊂ X (B ×f F )
♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ❡ss❡s ❧❡✈❛♥t❛♠❡♥t♦s✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱ L(F ) ⊂ X (B ×f F ) ❞❡♥♦t❛

♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ♦s ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s V ∈ X (B ×f F ) q✉❡ sã♦ σ✲

r❡❧❛❝✐♦♥❛❞♦s ❛♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ V ∈ X (F ) ❡ π✲r❡❧❛❝✐♦♥❛❞♦s ❛ ③❡r♦ ♥♦ ✈❡t♦r✐❛❧ ③❡r♦ ❡♠

X (B)✳

❖❜s❡r✈❛çã♦ ✶✳✸✳ ◗✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦✱ ♣♦r ❛❜✉s♦ ❞❡ ♥♦t❛çã♦ ✉s❛r❡♠♦s ❛ ♠❡s♠❛

♥♦t❛çã♦ ♣❛r❛ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡ ♣❛r❛ ♦ s❡✉ ❧❡✈❛♥t❛♠❡♥t♦✳ ❙❡ ♥❡❝❡ssár✐♦✱ ✉s❛r❡♠♦s ❛

❜❛rr❛ s✉♣❡r✐♦r ♣❛r❛ ❡♥❢❛t✐③❛r ♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧✳

Pr♦♣♦s✐çã♦ ✶✳✶✵✳ ❙❡❥❛ f : B → R ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✱ X, Y, Z ∈ L(B) ❡ V, W, U ∈
L(F )✱ ❡♥tã♦

✶✳ ∇XY = ∇1
XY ;

✷✳ ∇XV = ∇VX = (Xf/f)V ;

✸✳ ∇VW = ∇2
VW − (⟨V, W ⟩/f) ❣r❛❞f ;

✹✳ R(X, Y )Z = R1(X, Y )Z;



✷✺

✺✳ R(V,X)Y = (❍❡ssf (X, Y )/f)V ;

✻✳ R(X, Y )V = R(V,W )X = 0;

✼✳ R(X, V )W = (⟨V,W ⟩ f)∇X❣r❛❞f ❀

✽✳ R(V,W )U = R2(V,W )U − (⟨❣r❛❞f, ❣r❛❞f⟩/f 2){⟨V, U⟩W − ⟨W,U⟩V };

♦♥❞❡ ❍❡ssf (X, Y ) = XY f − (∇XY )f = ⟨∇X❣r❛❞f, Y ⟩ ❡ g = ⟨ , ⟩✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✷❪✳

❈♦r♦❧ár✐♦ ✶✳✷✳ ❖ s❧✐❝❡ B × {q} ❞♦ ✇❛r♣❡❞ ♣r♦❞✉❝t sã♦ t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝♦s❀ ❛s ✜❜r❛s

{p} × F sã♦ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝♦s✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶✷❪✱ ♣á❣ ✷✵✼✳

▲❡♠❛ ✶✳✷✳ ❙❡❥❛♠ ∂ρ, ∂ω ❡ ∂t ♦ r❡❢❡r❡♥❝✐❛❧ ❛❞❛♣t❛❞♦ ❞❡ M2(κ)×fR✱ ♦♥❞❡ M é ✉♠❛ ✈❛r✐❡✲

❞❛❞❡ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❝♦♠ ❝✉r✈❛t✉r❛ ❝♦♥st❛♥t❡ ♥ã♦ ♣♦s✐t✐✈❛ ❝♦♠ ♠étr✐❝❛

g = dρ2+h2(ρ)dω2+e2fdt2✱ h ✉♠ ❢✉♥çã♦ s✉❛✈❡ ❡ ∇ ❛ ❝♦♥❡①ã♦ ❘✐❡♠❛♥♥✐♥❛ ❞❡ M2(κ)×fR
❡♥tã♦

∇∂ω∂ω = −hhρ∂ρ,
∇∂t∂t = −e2ffρ∂ρ,

∇∂ρ∂ω = ∇∂ω∂ρ =
hρ
h
∂ω,

∇∂ρ∂t = ∇∂t∂ρ = fρ ∂t,

∇∂ρ∂ρ = ∇∂ω∂t = ∇∂t∂ω = 0,

♦♥❞❡ hρ ❡ fρ ❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ h = h(ρ) ❡ f = f(ρ) ❝♦♠ r❡s♣❡✐t♦ ❛ ✈❛r✐á✈❡❧ ρ✳

❉❡♠♦♥str❛çã♦✳ ❱✐♠♦s ♥❛ ❖❜s❡r✈❛çã♦ ✶✳✶ q✉❡ ∇Xi
Xj =

∑

k

ΓkijXk✱ ♦♥❞❡ X1 = ∂ρ, X2 =

∂ω ❡ X3 = ∂t é ♦ r❡❢❡r❡♥❝✐❛❧ ❛❞❛♣t❛❞♦ ❞❡ M
2(κ) ×f R✳ Pr❡❝✐s❛♠♦s ❝❛❧❝✉❧❛r ♦s sí♠❜♦❧♦s

❞❡ ❈❤r✐st♦✛❡❧✳

❈♦♠♦∇ é ✉♠❛ ❝♦♥❡①ã♦ ❛✜♠ ❡♥tã♦∇ é s✐♠étr✐❝❛ ❡ Γkij = Γkji✱ ♦♥❞❡ Γ
k
ij é ❞❛❞♦ ♣❡❧❛ ❡q✉❛çã♦

✭✶✳✶✷✮✳ ❆ss✐♠ ♦s sí♠❜♦❧♦s ❞❡ ❈❤r✐st♦✛❡❧ ♥ã♦ ♥✉❧♦s sã♦ ❞❛❞♦s ♣♦r

Γ2
12 = Γ2

21 =
hρ
h

Γ3
13 = Γ3

31 = fρ

Γ1
22 = −hhρ

Γ1
33 = −e2ffρ.

❡ ♣♦rt❛♥t♦✱ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦✳



✷✻

❊①❡♠♣❧♦ ✶✳✶✳ R3 − {0} é ✉♠ ✇❛r♣❡❞ ♣r♦❞✉❝t✳ ❙❡ ❝♦♥s✐❞❡r❛r♠♦s ❝♦♦r❞❡♥❛❞❛s ❡s❢ér✐❝❛s

x = r sin(θ) cos(φ),

y = r sin(θ) sin(φ),

z = r cos(θ),

❝♦♠ r > 0 , θ ∈ [0, 2π] ❡ φ ∈ [0, π]. ❆ ♠étr✐❝❛ ds2 = dx2 + dy2 + dz2 ❡♠ ❝♦♦r❞❡♥❛❞❛s

❡s❢ér✐❝❛s ♣❛ss❛ ❛ s❡r ❞❛❞❛ ♣♦r ds2 = dr2 + r2(dφ2 + sin2(θ)dφ2)✳

❙❡ r = 1 ❡♥tã♦ ds2 ❢♦r♥❡❝❡ ❡❧❡♠❡♥t♦s ❞❡ ❧✐♥❤❛ ❞❛ ❡s❢❡r❛ S
2✳ ➱ ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ R

3−{0}
é ❞✐❢❡♦♠♦r❢♦ ❛ R

+ ×r S2 ❝♦♠ ❛ ❛♣❧✐❝❛çã♦ φ(t, ρ)←→ tρ✳ ❆ss✐♠ ds2 ♠♦str❛ q✉❡ R
3 − {0}

♣♦❞❡ s❡r ✐❞❡♥t✐✜❝❛❞♦ ❝♦♠♦ ♦ ♣r♦❞✉t♦ R
+ ×r S2✳

✶✳✸ ●❡♦♠❡tr✐❛ ❍✐♣❡r❜ó❧✐❝❛ P❧❛♥❛

◆❡st❛ s❡çã♦ ✜③❡♠♦s ✉♠❛ r❡✈✐sã♦ ❞❡t❛❧❤❛❞❛ ❞❡ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ♣❧❛♥❛ ❡ ❛♣r❡s❡♥t❛♠♦s

s✉❛ ♠étr✐❝❛✱ ✐s♦♠❡tr✐❛s ❡ ❣❡♦❞és✐❝❛s✳ ❆ ♣r✐♥❝✐♣❛❧ r❡❢❡rê♥❝✐❛ ✉t✐❧✐③❛❞❛ é ❬✽❪✳

❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦

H
2 = {z ∈ C | Im(z) > 0} ≈ {(x, y) ∈ R

2 | y > 0}.

❖ ❜♦r❞♦ ❛ss✐♥tót✐❝♦ é ❛ r❡✉♥✐ã♦ ❞♦ ❡✐①♦ x ❝♦♠ ♦ ✐♥✜♥✐t♦ ∞ ❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r ∂∞H
2✳

❋✐❣✉r❛ ✶✳✶✿ ❙❡♠✐♣❧❛♥♦ ❞❡ P♦✐♥❝❛ré✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❙❡❥❛ Tz0H
2 ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞❡ H

2 ♥♦ ♣♦♥t♦ z0✳ ❖ ♣r♦❞✉t♦ ❡s❝❛❧❛r

❤✐♣❡r❜ó❧✐❝♦ é ❞❛❞♦ ♣♦r ⟨u⃗, v⃗⟩H =
⟨u⃗, v⃗⟩
Im2(z0)

✱ ♦♥❞❡ ⟨u⃗, v⃗⟩ é ♦ ♣r♦❞✉t♦ ❡s❝❛❧❛r ❡✉❝❧✐❞✐❛♥♦✳



✷✼

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❆ ♥♦r♠❛ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ H
2 é ❞❡♥♦t❛❞❛ ♣♦r ∥ · ∥H ❡ ❞❛❞❛ ♣♦r

∥u⃗∥H =
√

⟨u⃗, u⃗⟩H =
∥u⃗∥

Im(z0)
=

√

u21 + u22
y0

.

❉❡✜♥✐çã♦ ✶✳✷✻✳ ❖ â♥❣✉❧♦ ❤✐♣❡r❜ó❧✐❝♦ θ ∈ [0, π] ❡♥tr❡ ♦s ✈❡t♦r❡s u⃗, v⃗ ∈ Tz0H2 é ❞❡✜♥✐❞♦

♣♦r

cos(θ) =
⟨u⃗, v⃗⟩H

∥u⃗∥H · ∥v⃗∥H
.

❉❡✜♥✐çã♦ ✶✳✷✼✳ ❖ â♥❣✉❧♦ ♦r✐❡♥t❛❞♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡♥♦t❛❞♦ ♣♦r ∡(u⃗, v⃗) é ❞❛❞♦ ♣♦r

cos (∡(u⃗, v⃗)) =
⟨u⃗, v⃗⟩H

∥u⃗∥H · ∥v⃗∥H
.

❉❡✜♥✐çã♦ ✶✳✷✽✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ α : [a, b] → H
2✱ ♦♥❞❡ α é ✉♠❛ ❝✉r✈❛ C1

é ❞❡✜♥✐❞♦ ♣♦r

LH(α) =

∫ b

a

∥α′(t)∥H❞t

❖❜s❡r✈❛çã♦ ✶✳✹✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ ❤✐♣❡r❜ó❧✐❝♦ ✐♥❞❡♣❡♥❞❡ ❞❛ ♣❛r❛♠❡tr✐③❛çã♦✳ ❉❡

❢❛t♦✱ s❡❥❛♠ α(t) : I = [a, b] → H
2 ✉♠❛ ❝✉r✈❛ ❞❛❞❛ ♣♦r t 7→ α(t) ❡ β(t) = α ◦ h(t) ♦♥❞❡

h(t) : [c, d]→ [a, b] é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳ ◆♦t❡ q✉❡✿

LH(β) =

∫ d

c

∥β′(t)∥H❞t =
∫ d

c

∥α′(h(t))∥Hh′(t)❞t =
∫ h(d)

h(c)

∥α′(u)∥H❞u =

=

∫ b

a

∥α′(u)∥H❞u = LH(α)

□

P❛r❛ ♠❡❧❤♦r ❡♥t❡♥❞❡r ❛ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ♣❧❛♥❛✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡

❢✉♥çõ❡s ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❝♦♠♣❧❡①❛✱ tr❛♥s❢♦r♠❛çõ❡s ❝♦♥❢♦r♠❡s ❡ ❢✉♥çõ❡s ❤♦❧♦♠♦r❢❛s q✉❡

♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✸❪✳

❚❡♦r❡♠❛ ✸✳ ❯♠❛ ❛♣❧✐❝❛çã♦ f : U → V ❞❛❞❛ ♣♦r f(z) = (P (z), Q(z)) é ❤♦❧♦♠♦r❢❛ s❡✱ ❡

s♦♠❡♥t❡ s❡✱ f s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥✱ ✐st♦ é✱ Px = Qy ❡ Py = −Qx✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶❪✱ ♣á❣ ✻✷✳

❉❡✜♥✐çã♦ ✶✳✷✾✳ ❙❡❥❛ f : U → V ✉♠❛ ❢✉♥çã♦ ❝♦♠♣❧❡①❛ ♦♥❞❡ U , V sã♦ ❛❜❡rt♦s ❞❡ C✳

❉✐③❡♠♦s q✉❡ f é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥❢♦r♠❡ s❡ ❡❧❛ ♣r❡s❡r✈❛ â♥❣✉❧♦s✱ ♦✉ s❡❥❛✱

∡(u⃗, v⃗) = ∡(Dz0f(u⃗), Dz0f(v⃗)),



✷✽

♣❛r❛ t♦❞♦ u✱v ∈ Tz0H
2✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ U = V ❡ f : U → U ❢♦r ❜✐❥❡çã♦ ❝♦♥❢♦r♠❡ ❡♥tã♦

f é ❝❤❛♠❛❞❛ ❞❡ tr❛♥s❢♦r♠❛çã♦ ❝♦♥❢♦r♠❡✳

Pr♦♣♦s✐çã♦ ✶✳✶✶✳ ❙❡ f : W → W é tr❛♥s❢♦r♠❛çã♦ ❝♦♥❢♦r♠❡✱ ❡♥tã♦ f−1 : W → W

t❛♠❜é♠ ♦ é✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ U⃗ , V⃗ ∈ Tf(z0)W ✱ ❝♦♠♦ ❢ é s♦❜r❡❥❡t♦r❛ ❡①✐st❡♠ u⃗, v⃗ ∈ Tz0W t❛✐s q✉❡

Dz0f(u⃗) = U⃗ ❡ Dz0f(v⃗) = V⃗ ✳ ▲♦❣♦

∡(Df(z0)f
−1(U⃗), Df(z0)f

−1(V⃗ )) = ∡(Df(z0)f
−1(Dz0f(u⃗)), Df(z0)f

−1(Dz0f(v⃗))) =

= ∡(u⃗, v⃗) = ∡(Dz0f(u⃗), Dz0f(v⃗)) = ∡(U⃗ , V⃗ ).

P♦rt❛♥t♦✱ f−1 t❛♠❜é♠ é ❝♦♥❢♦r♠❡✳

❚❡♦r❡♠❛ ✹✳ ❯♠❛ ❛♣❧✐❝❛çã♦ f : U → V é ❝♦♥❢♦r♠❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f é ❤♦❧♦♠♦r❢❛ ❡

f ′(z) ̸= 0 ♣❛r❛ t♦❞♦ z ∈ U ✳

❉❡♠♦♥str❛çã♦✳ (⇒) ❙❡❥❛♠ f(z) = P (z) + iQ(z) ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥❢♦r♠❡✱ e1 = (1, 0) ❡

e2 = (0, 1) ✈❡t♦r❡s ♦rt♦❣♦♥❛✐s✳ ❈♦♠♦ f é ❝♦♥❢♦r♠❡✱ Dz0f ❧❡✈❛ e1 ❡ e2 ❡♠ ✈❡t♦r❡s ♦rt♦❣♦♥❛✐s✳

❙❡❥❛ L ❛ r♦t❛çã♦ q✉❡ ❧❡✈❛ Dz0f(e1) s♦❜r❡ e1 ✭❝♦♥s❡q✉❡♥t❡♠❡♥t❡ Dz0f(e2) s♦❜r❡ e2 ✮✱ ♦✉

s❡❥❛✱ L(Dz0f(e1)) = λe1 ❡ L(Dz0f(e2)) = αe2✳

❆✜r♠❛çã♦✿ ❈♦♠♦ f é ❝♦♥❢♦r♠❡ ❡♥tã♦ λ = α✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ e1 ❡ e2 ❝♦♠♦ ♥❛ ❞❡♠♦♥s✲

tr❛çã♦ ❡ s❡❥❛♠ u = u1e1 + u2e2 = (u1, u2)✱ v = v1e1 + v2e2 = (v1, v2) ❡

∡(u, v) =
⟨u, v⟩H
∥u∥H∥v∥Hh

.

❊ ❛ss✐♠

L ◦Dz(u) = L ◦Dz(u1e1 + u2e2) = u1L ◦Dz(e1) + u2L ◦Dz(e2)) = λu1 + αu2 ❡

L ◦Dz(v) = L ◦Dz(v1e1 + v2e2) = v1L ◦Dz(e1) + v2L ◦Dz(e2)) = λv1 + αv2.

❉❛í

∡ (L ◦Dz(u), L ◦Dz(v)) =
α2u1v1 + λ2u2v2

√

(α2u21 + λ2u22)(α
2v21 + λ2v22)

.

❈♦♠♦ f é ❝♦♥❢♦r♠❡

∡(u, v) = ∡ (L ◦Dz(u), L ◦Dz(v)) ∀u, v ∈ U,



✷✾

❡♠ ♣❛rt✐❝✉❧❛r ♣❛r❛ u = (1, 1) ❡ v = (0, 1) t❡♠♦s

1.0 + 1.1√
2.1

=
α2.1.0 + λ2.1.1√

α2 + λ2
⇔ 1√

2
=

λ√
α2 + λ2

⇔ 2λ2 = α2 + λ2 ⇔ λ2 = α2 ⇔ λ = α,

♣♦✐s s✉♣♦♠♦s α, λ > 0✳ P♦rt❛♥t♦ α = λ✱ ❝♦♠♦ q✉❡rí❛♠♦s✳

▲♦❣♦ L(Dz0f(u⃗)) = λu⃗✳ ❆ss✐♠

Dz0f(u⃗) = λL−1(u⃗) = λ

(

cos(θ) − sin(θ)

sin(θ) cos(θ)

)(

u1

u2

)

=

= (λ cos(θ)u1 − λ sin(θ)u2, λ sin(θ)u1 + λ cos(θ)u2).

P♦r ♦✉tr♦ ❧❛❞♦

Dzf(u⃗) =













∂P

∂x

∂P

∂y

∂Q

∂x

∂Q

∂y

























u1

u2













=

(

∂P

∂x
u1 +

∂P

∂y
u2,

∂Q

∂x
u1 +

∂Q

∂y
u2

)

.

❈♦♠♣❛r❛♥❞♦ ❛s ✐❣✉❛❧❞❛❞❡s ❛❝✐♠❛✱ ❝♦♥❝❧✉í♠♦s























∂P

∂x
= λ cos(θ) =

∂Q

∂y

∂P

∂y
= −λ sin(θ) = −∂Q

∂x

.

▲♦❣♦ f(z) = (P (z), Q(z)) s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❈❛✉❝❤②✲❘✐❡♠❛♥♥✳ P♦rt❛♥t♦ f é ❤♦❧♦✲

♠♦r❢❛ ❡ Dzf(u⃗) = f ′(z).u⃗⇒ f ′(z) ̸= 0 ∀z ∈ U ✳

(⇐) ❙❡❥❛ f : U → V ❤♦❧♦♠♦r❢❛ ❡ f ′(z) ̸= 0 t❡♠♦s

∡(Dzf(u⃗), Dzf(v⃗)) =
< f ′(z).u⃗, f ′(z).v⃗ >

|f ′(z)|2∥u∥∥v∥ =
|f ′(z)|2 < u, v >

|f ′(z)|2∥u∥∥v∥ = ∡(u⃗, v⃗).

P♦rt❛♥t♦✱ f é ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥❢♦r♠❡✳

❆♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐r ✉♠ ♦✉tr♦ ♠♦❞❡❧♦ ❞❛ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ♣❧❛♥❛✱ ❛ s❛❜❡r✱ ♦ ♠♦❞❡❧♦

❞♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré✳ ❙❡❥❛ D = {z ∈ C
∣

∣ |z| < 1}✳ ❊♥✉♥❝✐❛r❡♠♦s ❛ s❡❣✉✐r ♦ ❝♦♥❥✉♥t♦ ❞❛s

tr❛♥s❢♦r♠❛çõ❡s ❝♦♥❢♦r♠❡s ❞❡ D✱ ♦ q✉❛❧ ❞❡♥♦t❛♠♦s ♣♦r µD✳

Pr♦♣♦s✐çã♦ ✶✳✶✷✳ ❙❡ T : D→ D é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❝♦♥❢♦r♠❡ ❡♥tã♦

T (z) = eiθ
z − z0
zz0 − 1



✸✵

♦♥❞❡ θ ∈ R ❡ z0 ∈ D✳ ◆❛ ✈❡r❞❛❞❡

µD =

{

eiθ
z − z0
zz0 − 1

∣

∣

∣

∣

θ ∈ R , z0 ∈ D

}

é ✉♠ ❣r✉♣♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ❞❡ ❝♦♠♣♦s✐çã♦✳

P❛r❛ ❞❡♠♦♥str❛r ❛ Pr♦♣♦s✐çã♦ ✶✳✶✷ ♣r❡❝✐s❛r❡♠♦s ❞❛s s❡❣✉✐♥t❡s ♣r♦♣♦s✐çõ❡s✳

Pr♦♣♦s✐çã♦ ✶✳✶✸✳ ❙❡❥❛♠ f, g : U ⊂ C→ C ❢✉♥çõ❡s ❤♦❧♦♠♦r❢❛s ❡♠ z0 ∈ U ✳ ❊♥tã♦ f + g✱

f · g ❡
f

g
(s❡ g(z0) ̸= 0) sã♦ ❤♦❧♦♠♦r❢❛s ❡♠ z0✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✶❪✱ ♣á❣ ✹✽✳

Pr♦♣♦s✐çã♦ ✶✳✶✹✳ ❙❡❥❛♠ U, V ❛❜❡rt♦s ❞❡ C✳ ❙❡❥❛♠ f : U → C ✉♠❛ ❢✉♥çã♦ ❤♦❧♦♠♦r❢❛

❡♠ z0 ∈ U ✱ g : V → C ❤♦❧♦♠♦r❢❛ ❡♠ f(z0) ∈ V ❡ f(U) ⊂ V ✳ ❊♥tã♦ g ◦ f é ❤♦❧♦♠♦r❢❛

❡♠ z0✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✸❪✱ ♣á❣ ✸✹✳

Pr♦♣♦s✐çã♦ ✶✳✶✺✳ ❙❡❥❛♠ U, V ❛❜❡rt♦s ❞❡ C✳ ❙❡❥❛♠ f : U → C ✉♠❛ ❢✉♥çã♦ ❝♦♥❢♦r♠❡

❡♠ z0 ∈ U ✱ g : V → C ❝♦♥❢♦r♠❡ ❡♠ f(z0) ∈ V ❡ f(U) ⊂ V ✳ ❊♥tã♦ g ◦ f é ❝♦♥❢♦r♠❡ ❡♠

z0✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✸❪✱ ♣á❣ ✸✹✳

▲❡♠❛ ✶✳✸ ✭▲❡♠❛ ❞❡ ❙❝❤✇❛r③✮✳ ❙❡❥❛ f : D → D ✉♠❛ ❢✉♥çã♦ ❤♦❧♦♠♦r❢❛ ❡♠ D t❛❧ q✉❡

|f(z)| < 1 ❡ f(0) = 0✳ ❊♥tã♦ |f(z)| ≤ |z| ♣❛r❛ t♦❞♦ z ∈ D ❡ |f ′(0)| ≤ 1. ❆❧é♠ ❞✐ss♦✱ s❡

❡①✐st❡ z0 ∈ D
∗ t❛❧ q✉❡ |f(z)| = |z0| ♦✉ s❡ |f ′(0)| = 1 ❡♥tã♦ ❡①✐st❡ λ ∈ C ❝♦♠ |λ| = 1 t❛❧

q✉❡ f(z) = λz, ∀z ∈ D.

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✸❪✱ ♣á❣ ✶✸✵✳

Pr♦✈❡♠♦s ❛ Pr♦♣♦s✐çã♦ ✶✳✶✷✳

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡ ✈❛♠♦s ♠♦str❛r q✉❡ T ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳ ❈♦♠ ❡❢❡✐t♦✱

T (z) ∈ D✱ ✈✐st♦ q✉❡

|T (z)|2 =
∣

∣

∣

∣

∣

eiθ(z − z0)
z(z0)− 1

∣

∣

∣

∣

∣

2

=

∣

∣

∣

∣

∣

z − z0
z(z0)− 1

∣

∣

∣

∣

∣

2

=
z − z0
zz0 − 1

· z − z0
zz0 − 1

< 1⇔ (zz−1) · (1−z0z0) < 0,

♣♦✐s (zz − 1) < 1 ❡ (1− z0z0) > 1 ❡ z, z0 ∈ D. ▲♦❣♦ T (z) ∈ D✳

❘❡st❛ ♠♦str❛r q✉❡ µD é ✉♠ ❣r✉♣♦ ❡♠ r❡❧❛çã♦ ❛ ❝♦♠♣♦s✐çã♦✳ ❉❡ ❢❛t♦✱ ✉♠❛ ❝♦♥❞✐çã♦

s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ T s❡❥❛ ❝♦♥❢♦r♠❡ é q✉❡ ❡❧❛ s❡❥❛ ❤♦❧♦♠♦r❢❛ ❡ T ′(z0) ̸= 0 ♣❛r❛ t♦❞♦



✸✶

z ∈ D✳ ❆❣♦r❛✱ ❝♦♠♦ ❚ é ✉♠❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♣r♦❞✉t♦s ❡ q✉♦❝✐❡♥t❡s ❞❡ ❢✉♥çã♦ ♣♦❧✐♥♦♠✐❛✐s

✭♣♦rt❛♥t♦ ❤♦❧♦♠♦r❢❛s✮ s❡❣✉❡ q✉❡ T é ❤♦❧♦♠♦r❢❛✳ ❈❛❧❝✉❧❛♥❞♦ T ′(z) ♦❜t❡♠♦s

T ′(z) =
eiθ(z0z0 − 1)

zz0 − 1
̸= 0 ( ♣♦✐s z0 ∈ D).

▲♦❣♦ T é ❤♦❧♦♠♦r❢❛ ❡ T ′(z0) ♣❛r❛ t♦❞♦ z ∈ D✳ P♦rt❛♥t♦ T é ❝♦♥❢♦r♠❡✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡❥❛ f : D → D ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❝♦♥❢♦r♠❡✳ ❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡

❢✉♥çã♦ ❡♠ µD✱

h : D→ D ❞❡✜♥✐❞❛ ♣♦r h(z) =
z − f(0)
zf0 − 1

.

P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✶✺ g = h◦f é ❝♦♥❢♦r♠❡✱ ❞♦ ▲❡♠❛ ✶✳✸ t❡♠♦s |g(z)| ≤ |z| ♣❛r❛ t♦❞♦ z ∈ D

❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✹ g é ❤♦❧♦♠♦r❢❛ ❡ g(0) = 0✳ ❆✐♥❞❛ |g−1(z)| é ❝♦♥❢♦r♠❡ ❡ g−1(0) = 0✳

❆♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✶✳✸ ♣❛r❛ g−1✱ ❡①✐st❡ λ ∈ C ❝♦♠ |λ| = 1 t❛❧ q✉❡ g(z) = λz = eiθz✳

❆ss✐♠

h ◦ f(z) = eiθz ⇒ f(z) = h−1(eiθ)⇒ f(z) =
eiθz − f(0)
eiθf(0)− 1

∈ µD.

P♦r ú❧t✐♠♦✱ ❛ ❛ss♦❝✐❛t✐✈✐❞❛❞❡ ❞❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❢✉♥çõ❡s✱ ❛ Pr♦♣♦s✐çã♦ ✶✳✶✺✱ ❛ Pr♦♣♦s✐çã♦

✶✳✶✶ s♦♠❛❞♦ ❛♦ ú❧t✐♠♦ r❡s✉❧t❛❞♦ ♣r♦✈❛❞♦ ❣❛r❛♥t❡♠ q✉❡ µD é ❣r✉♣♦✳

❖❜s❡r✈❛çã♦ ✶✳✺✳ ❙❡ T (z) = eiθ
z − z0
zz0 − 1

❡♥tã♦ ❡①✐st❡♠ a, c ∈ C t❛✐s q✉❡ T (z) =
az + c

cz + a
❡

aa− cc = 1✳ P♦rt❛♥t♦

µD =

{

T (z) =
az + c

cz + a
| a, c ∈ C ❡ aa− cc = 1

}

.

❚❡♦r❡♠❛ ✺✳ ✭❚r❛♥s❢♦r♠❛çã♦ ❞❡ ❈❛②❧❡②✮ ❆ ❛♣❧✐❝❛çã♦ ψ : H2 → D ❞❛❞❛ ♣♦r ψ(z) =
z − i
z + i

é ✉♠❛ ❜✐❥❡çã♦ ❝♦♥❢♦r♠❡✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡ ψ(z) ∈ D✳ ❈♦♠ ❡❢❡✐t♦

|ψ(z)|2 = z − i
z + i

.
z − i
z + i

=
z − i
z + i

.
z + i

z − i =
zz + i(z − z)− 1

zz + i(z − z) + 1
=
|z|2 + 1− 2■♠(z)

|z|2 + 1 + 2■♠(z)
< 1, ∀z ∈ H

2.

▲♦❣♦ ψ(z) ∈ D✳

❆✜r♠❛çã♦✿ ψ(z) =
z − i
z + i

é ❝♦♥❢♦r♠❡✳ P❛r❛ ♣r♦✈❛r♠♦s ❛ ❛✜r♠❛çã♦ ✉s❛r❡♠♦s ♦ ❚❡♦r❡♠❛

✹✳ ❚❡♠♦s

ψ′(z) =
(z + i)− (z − i)

(z + i)2
=

2i

(z + i)2
̸= 0, ∀z ∈ D.



✸✷

P♦r ♦✉tr♦ ❧❛❞♦

ψ(z) =
z − i
z + i

=
(z − i)(z − i)
|z + i|2 =

|z|2 − 1− 2❘❡(z)
|z + i|2 =

(

x2 + y2 − 1

x2 + (y + 1)2
,

−2x
x2 + (y + 1)2

)

,

♦♥❞❡ z = x + iy ❡ ❛ss✐♠ Px = Qy ❡ Py = −Qx✱ ❧♦❣♦ ψ é ❤♦❧♦♠♦r❢❛ ❡ ψ′(z) ̸= 0✱ ♣♦rt❛♥t♦

ψ é ❝♦♥❢♦r♠❡✳

❆ ✐♥✈❡rs❛ ❞❡ ψ é ❞❛❞❛ ♣♦r

ψ−1(z) =
i(z + i)

1− z .

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ♣r♦✈❛✲s❡ q✉❡ ψ−1(z) =
i(z + i)

1− z é ❝♦♥❢♦r♠❡✳

❊♥✉♥❝✐❛♠♦s ❛ s❡❣✉✐r ♦ ❝♦♥❥✉♥t♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❝♦♥❢♦r♠❡ ❞❡ H
2✱ ♦ q✉❛❧ ❞❡♥♦t❛♠♦s

♣♦r µH✳

❚❡♦r❡♠❛ ✻✳ ❖ ❝♦♥❥✉♥t♦ µH =

{

z 7→ az + b

cz + d

∣

∣

∣

∣

a, b, c, d ∈ R, ad− bc = 1

}

é ✉♠ ❣r✉♣♦

❝♦♠ ❛ ♦♣❡r❛çã♦ ❞❡ ❝♦♠♣♦s✐çã♦✱ ❢♦r♠❛❞♦ ♣♦r tr❛♥s❢♦r♠❛çõ❡s ❝♦♥❢♦r♠❡s ❞❡ H
2 ❡♠ H

2✱

❝❤❛♠❛❞♦ ❞❡ ❣r✉♣♦ ❞❡ ▼♦❡❜✐✉s ❞❡ H
2✳

❉❡♠♦♥str❛çã♦✳

T (z) =
az + b

cz + d
, a, b, c, d ∈ R, ad− bc = 1

❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s ■♠(T (z)) =
■♠(z)

|cz + d|2 > 0 ✈✐st♦ q✉❡ z ∈ H
2✳ ❉❡ ❢❛t♦

2i■♠(T (z)) = T (z)− T (z) = az + b

cz + d
− az + b

cz + d
=

(ad− bc)(z − z)
|cz + d|2 =

2i■♠(z)

|cz + d|2

❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✸ ♣r♦✈❛✲s❡ q✉❡

T (z) =
az + b

cz + d
, a, b, c, d ∈ R ❡ ad− bc = 1

é ❝♦♥❢♦r♠❡✳ ❋❛❧t❛ ♣r♦✈❛r q✉❡ s❡ f é tr❛♥s❢♦r♠❛çã♦ ❝♦♥❢♦r♠❡ ❞❡ H
2 ❡♠ H

2 ❡♥tã♦

f(z) =
az + b

cz + d
, a, b, c, d ∈ R ❡ ad− bc = 1.

P❛r❛ ✐st♦ ❝♦♥s✐❞❡r❡ ψ(z) =
z − i
z + i

✱ ❝♦♠ ψ : H
2 → D✳ ❆tr❛✈és ❞❡ ✉♠ s✐♠♣❧❡s ❝á❧❝✉❧♦

♠♦str❛♠♦s q✉❡

f(z) = (ψ−1 ◦ F ◦ ψ)(z) ♦♥❞❡ F (z) = αz + β

βz + α
.



✸✸

❊ ♣♦r ú❧t✐♠♦✱ ♥ã♦ é ❞✐✜❝✐❧ ✈❡r✐✜❝❛r q✉❡ µH é ❣r✉♣♦✳

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▼♦❡❜✐✉s

❉❡✜♥✐çã♦ ✶✳✸✵✳ ❯♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▼♦❡❜✐✉s é ✉♠❛ ❛♣❧✐❝❛çã♦

T : C ∪ {∞} → C ∪ {∞} ❞❛❞❛ ♣♦r T (z) =
az + b

cz + d

❝♦♠ a, b, c, d ∈ C ❡ ad− bc ̸= 0✳

❖❜s❡r✈❛çã♦ ✶✳✻✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ H
2 ❡♠ H

2 ❡ ❛s ❞❡ D ❡♠ D sã♦

tr❛♥❢♦r♠❛çõ❡s ❞❡ ▼♦❡❜✐✉s✳

❱❡❥❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞❛s tr❛♥❢♦r♠❛çõ❡s ❞❡ ▼♦❡❜✐✉s✳

Pr♦♣♦s✐çã♦ ✶✳✶✻✳ ✶✳ ❚♦❞❛ ▼♦❡❜✐✉s ❧❡✈❛ ❝ír❝✉❧♦ ♦✉ r❡t❛ ❡♠ ❝ír❝✉❧♦ ♦✉ r❡t❛✳

✷✳ ❚♦❞❛ ▼♦❡❜✐✉s ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s ✉♠ ♣♦♥t♦ ✜①♦✳ ❆❧é♠ ❞✐ss♦✱ ❛ ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦

❞❡ ▼♦❡❜✐✉s q✉❡ ♣♦ss✉✐ três ♣♦♥t♦s ✜①♦s é ❛ ✐❞❡♥t✐❞❛❞❡✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ T (z) =
az + b

cz + d
✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▼♦❡❜✐✉s ❝♦♠ a, b, c, d ∈ C✳

❱❛♠♦s ❞✐✈✐❞✐r ♥♦ss❛ ❞❡♠♦♥str❛çã♦ ❡♠ ❞♦✐s ❝❛s♦s✳

❈❛s♦ ✶✿ ❙❡ c = 0 ❡♥tã♦ T (z) =
az + b

d
✳ ◆❡st❡ ❝❛s♦✱ T (∞) =∞❀

❈❛s♦ ✷✿ ❙❡ c ̸= 0 ❡♥tã♦ T t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ ❡♠ z s❡✱ ❡ s♦♠❡♥t❡ s❡✱ T (z) = z ⇔

cz2+(d−a)z−b = 0✳ ❈♦♠♦ cz2+(d−a)z−b é ✉♠ ♣♦❧✐♥ô♠✐♦ ❝♦♠♣❧❡①♦ ❞❡ ❣r❛✉ ❞♦✐s✱

s❡❣✉❡ q✉❡ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ r❛✐③ ❝♦♠♣❧❡①❛✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ (T (∞) ̸= ∞)✱

❝♦♥❝❧✉í♠♦s q✉❡ T t❡♠ ♥♦ ♠á①✐♠♦ ✷ ♣♦♥t♦s ✜①♦s✳

❋❛❧t❛ ❝♦♥❝❧✉✐r q✉❡ s❡ T ✜①❛ ✸ ♣♦♥t♦s ❡♥tã♦ T ≡ Id✳ ❉♦ ❡①♣♦st♦ ❛❝✐♠❛ t❡♠♦s

T (z) = az + b✳ ❙✉♣♦♥❤❛ q✉❡ ✜①❡ z✱ ❞❛í T (z) = z ⇔ (a − 1)z + b = 0✱ ❛ss✐♠

z = − b

a− 1
é ✉♠ ♣♦♥t♦ ✜①♦✳

❙❡ a = 1 ❡♥tã♦ T (∞) =∞ ❡ ∞ é ✉♠ ♣♦♥t♦ ✜①♦✳

❙❡ a ̸= 1 ❡♥tã♦ z = − b

a− 1
é ✉♠ ♣♦♥t♦ ✜①♦ ❡ T (z) = az + b t❡♠ s♦♠❡♥t❡ ❞♦✐s

♣♦♥t♦s ✜①♦s✳

❙❡ b = 1 ❡ a = 0✱ t❡♠♦s q✉❡ T (z) = z ❡ t♦❞♦ ♣♦♥t♦ é ♣♦♥t♦ ✜①♦✳

P♦rt❛♥t♦✱ ❛ ú♥✐❝❛ ▼♦❡❜✐✉s q✉❡ ✜①❛ ✸ ♣♦♥t♦s ❡ ❛ ✐❞❡♥t✐❞❛❞❡✳

✸✳ ❙❡❥❛♠ (z1, z2, z3)✱ (z′1, z
′
2, z

′
3) ❞✉❛s t❡r♥❛s ❞❡ ♥ú♠❡r♦s ❝♦♠♣❧❡①♦s ❞✐st✐♥t♦s ❡♠ C ∪

{∞}✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ▼♦❡❜✐✉s q✉❡ ❧❡✈❛ (z1, z2, z3) ❡♠

(z′1, z
′
2, z

′
3)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳



✸✹

❉❡ ❢❛t♦✱ ♥♦t❡ q✉❡ (z1, z2, z3) é ❧❡✈❛❞♦ ❡♠ (0, 1,∞) ♣❡❧❛ tr❛♥s❢♦r♠❛çã♦

(z2 − z3)(z − z1)
(z2 − z1)(z − z3)

.

❘❡st❛ ✈❡r✐✜❝❛r s❡ t❛❧ tr❛♥s❢♦r♠❛çã♦ é ú♥✐❝❛✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ T1 ❡ T2 ❞✉❛s tr❛♥✲

❢♦r♠❛çõ❡s ❞❡ ▼♦❡❜✐✉s q✉❡ ❧❡✈❛ (z1, z2, z3) ❡♠ (0, 1,∞)✳ ◆♦t❡ T−1
2 ◦ T1 ❡stá ❜❡♠

❞❡✜♥✐❞❛ ❡ T−1
2 (T1(z1)) = T−1

2 (0) = z1✱ T
−1
2 (T1(z2)) = T−1

2 (1) = z2 ❡ T−1
2 (T1(z3)) =

T−1
2 (∞) = z3✳ ▲♦❣♦ T−1

2 ◦ T1 ≡ Id ❡ ❛ss✐♠ T2 = T1✳ ❆❣♦r❛ T1(z1, z2, z3) =

(0, 1,∞) ❡ T2(z′1, z
′
2, z

′
3) = (0, 1,∞) ❛ss✐♠ T−1

2 ◦ T1(z1, z2, z3) = (z′1, z
′
2, z

′
3)✳ P♦r✲

t❛♥t♦✱ (z1, z2, z3) 7→ (z′1, z
′
2, z

′
3)✳

✶✳✸✳✶ ■♥✈❡rsã♦

◆❡st❛ s❡çã♦ ❞❡✜♥✐♠♦s ❛s ✐♥✈❡rsõ❡s ♣♦r ❝ír❝✉❧♦s ♦✉ r❡t❛s ❡ ❛♣r❡s❡♥t❛♠♦s ❛s ♣r✐♥❝✐♣❛✐s ♣r♦✲

♣r✐❡❞❛❞❡s ❞❛s ✐♥✈❡rsõ❡s✳ ❱❡r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡ q✉❡ ❛s ✐♥✈❡rsõ❡s tê♠ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧

♥❛ ❞❡s❝r✐çã♦ ❞❛s ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s ❞❛ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ♣❧❛♥❛✳

❉❡✜♥✐çã♦ ✶✳✸✶✳ ❙❡❥❛ C = C(z0, R) ♦ ❝ír❝✉❧♦ ❞❡ C ❞❡ ❝❡♥tr♦ z0 ∈ C ❡ r❛✐♦ R > 0✳ ❆

✐♥✈❡rsã♦ ❡♠ r❡❧❛çã♦ ❛♦ ❝ír❝✉❧♦ C(z0, R) ❞❡♥♦t❛❞❛ ♣♦r IC é ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ ❡♥✈✐❛ ✉♠

♣♦♥t♦ z ̸= z0 ❡♠ z∗ ∈ C✱ ♦♥❞❡ z∗ é ✉♠ ♣♦♥t♦ s♦❜r❡ ❛ s❡♠✐rr❡t❛ q✉❡ ♣❛ss❛ ♣❡❧♦ ❝❡♥tr♦ ❞♦

❝ír❝✉❧♦ ♥♦ ♣♦♥t♦ z ❡ ✈❡r✐✜❝❛

|z∗ − z0||z − z0| = R2.

P♦r ❞❡✜♥✐çã♦ (z∗ − z0) = λ(z − z0)✱ ❧♦❣♦

IC(z) = z∗ = z0 +
R2(z − z0)
|z − z0|2

(z − z0) = zo +
R2

|z − z0|
.

❖❜s❡r✈❛çã♦ ✶✳✼✳ ❙❡ z ∈ ∂C ❡♥tã♦ IC(z) = z ✱ s❡ z = z0 ❡♥tã♦ IC(z0) =∞ ❡ IC(∞) = z0✳

❖❜s❡r✈❛çã♦ ✶✳✽✳ ❈❛s♦ C s❡❥❛ ✉♠❛ r❡t❛ ❡♥tã♦ ❛ ✐♥✈❡rsã♦ ♣♦r C s❡rá ❛ r❡✢❡①ã♦ ♣❡❧❛ r❡t❛✳

Pr♦♣r✐❡❞❛❞❡ ✶✳✶✳ ❙❡❥❛ IC : C ∪ {∞} → C ∪ {∞} ❞❛❞❛ ♣♦r IC(z) ❡♥tã♦

✶✳ IC(C) = C❀

❉❡ ❢❛t♦✱ s❡ z ∈ C ❡♥tã♦ |z − z0|2 = R2✳ ❉❛í

IC(z) = z0 +
R2(z − z0)
|z − z0|2

= z0 +
R2(z − z0)

R2
= z.

✷✳ IC ◦ IC = IdC∪{∞}❀



✸✺

❋✐❣✉r❛ ✶✳✷✿ ■♥✈❡rsã♦ ♣❡❧♦ ❝ír❝✉❧♦ ❈✳

✸✳ IC é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❝♦♥❢♦r♠❡❀

✹✳ IC ❧❡✈❛ ❝ír❝✉❧♦s ♦✉ r❡t❛s ❡♠ ❝ír❝✉❧♦s ♦✉ r❡t❛❀

✺✳ IC(C1) = C1 s❡ C1 é ♦rt♦❣♦♥❛❧ ❛ C❀

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ C1 = C1(z, r) ✉♠ ❝ír❝✉❧♦ ♦rt♦❣♦♥❛❧ ❛ C = C(z0, R)✳ ❱❛♠♦s ♠♦str❛r

q✉❡ IC(C1) = C1✳ ❙❡❥❛♠ w1 ❡ w2 ❛s ✐♥t❡rs❡❝çõ❡s ❞❡ C1 ❝♦♠ C✱ ❡ w3 ❡ w4 ❛s

✐♥t❡rs❡❝çõ❡s ❞❛ r❡t❛ q✉❡ ❧✐❣❛ ♦s ❝❡♥tr♦ ❞♦s ❝ír❝✉❧♦s C1 ❡ C✳ ❆✜r♠❛♠♦s q✉❡ IC(w1) =

w1, IC(w2) = w2 ❡ IC(w3) = w4✳ ❉❡ ❢❛t♦✱ ❛s ❞✉❛s ♣r✐♠❡✐r❛s s❡❣✉❡♠ ❞♦ ✐t❡♠ ✶

❛❝✐♠❛✱ r❡st❛ ♠♦str❛r q✉❡ IC(w3) = w4✳ ◆♦t❡ q✉❡ w3 = z1 +
r(z1 − z0)
|z1 − z0|

✱ w4 = z1 −

r
r(z1 − z0)
|z1 − z0|

❡
z1 − z0
|z1 − z0|

é ✉♠ ✈❡t♦r ✉♥✐tár✐♦✳ ❆tr❛✈és ❞❡ ❛❧❣✉♥s ❝á❧❝✉❧♦s ✈❡r✐✜❝❛♠♦s

q✉❡ |w3 − z0||w4 − z0| = R2✱ ♦ q✉❡ ♣r♦✈❛ ♥♦ss❛ ❛✜r♠❛çã♦✳ ❈♦♠♦ w1, w2 ❡ w3 ♥ã♦

sã♦ ❝♦❧✐♥❡❛r❡s ❡ IC ❧❡✈❛ ❝ír❝✉❧♦s ♦✉ r❡t❛ ❡♠ ❝ír❝✉❧♦ ♦✉ r❡t❛✱ s❡❣✉❡ q✉❡ IC(C1)é ✉♠

❝ír❝✉❧♦ q✉❡ ♣❛ss❛ ♣♦r w1, w2 ❡ w3✱ ♦✉ s❡❥❛✱ IC(C1) = C1✳

✻✳ IC : C ∪ {∞} → C ∪ {∞} é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳

❖❜s❡r✈❛çã♦ ✶✳✾✳ ❈♦♠♦ IC ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦ s❡❣✉❡ q✉❡ IC ✐♥✈❡rt❡ ♦r✐❡♥t❛çã♦✳

✶✳✸✳✷ ■s♦♠❡tr✐❛s ❞❡ H
2

❈♦♠♦ ✈✐st♦ ♥❛ ❉❡✜♥✐çã♦ ✶✳✷✱ ❛s ✐s♦♠❡tr✐❛s sã♦ ❞✐❢❡♦♠♦r✜s♠♦s q✉❡ ♣r❡s❡r✈❛♠ ❛ ♠étr✐❝❛✳

◆❡st❛ s❡çã♦ ✈❛♠♦s ❡①♣❧✐❝✐t❛r ❛s ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s ❡ ♥❡❣❛t✐✈❛s ❞❡ H
2✳

❉❡✜♥✐çã♦ ✶✳✸✷✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ✐s♦♠❡tr✐❛ φ : H2 → H
2 é ♣♦s✐t✐✈❛ s❡ ❡❧❛ ♣r❡s❡r✈❛

♦r✐❡♥t❛çã♦✱ ✐st♦ é✱ det[u⃗ v⃗] > 0⇒ det[Dz0(φ(u⃗)) Dz0(φ(v⃗))] > 0✱ ♣❛r❛ t♦❞♦ u, v ∈ Tz0H2✳

❈❛s♦ ❝♦♥trár✐♦✱ ❛ ✐s♦♠❡tr✐❛ é ❞✐t❛ ♥❡❣❛t✐✈❛✳



✸✻

P❛r❛ ♣r♦✈❛r♠♦s ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♣r❡❝✐s❛♠♦s ❞❛ s❡❣✉✐♥t❡ ♦❜s❡r✈❛çã♦✳

❖❜s❡r✈❛çã♦ ✶✳✶✵✳ ❙❡❥❛♠ f, g : H2 → H
2 ✐s♦♠❡tr✐❛s✿

✶✳ ❙❡ f, g sã♦ ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s ❡♥tã♦ f ◦ g é ✉♠❛ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛❀

✷✳ ❙❡ f, g sã♦ ✐s♦♠❡tr✐❛s ♥❡❣❛t✐✈❛s ❡♥tã♦ f ◦ g é ✉♠❛ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛❀

✸✳ ❙❡ f é ✉♠❛ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛ ❡ g é ✉♠❛ ✐s♦♠❡tr✐❛ ♥❡❣❛t✐✈❛ ❡♥tã♦ f ◦ g é ✉♠❛

✐s♦♠❡tr✐❛ ♥❡❣❛t✐✈❛✳

Pr♦♣♦s✐çã♦ ✶✳✶✼✳ Isom+(H2) = µH.

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ✐s♦♠❡tr✐❛s ♣r❡s❡r✈❛♠ ♣r♦❞✉t♦ ✐♥t❡r♥♦ s❡❣✉❡ q✉❡ ❛s ✐s♦♠❡tr✐❛s ♣♦✲

s✐t✐✈❛s ♣r❡s❡r✈❛♠ â♥❣✉❧♦s ♦r✐❡♥t❛❞♦s✱ ❡ ♣♦rt❛♥t♦ sã♦ tr❛♥s❢♦r♠❛çõ❡s ❝♦♥❢♦r♠❡s✳ ▲♦❣♦

Isom+(H2) ⊂ µH.

P❛r❛ ❝♦♥❝❧✉✐r ❛ ✐❣✉❛❧❞❛❞❡ ❢❛❧t❛ ♠♦str❛r q✉❡

Isom+(H2) ⊃ µH✱ ✐st♦ é✱ T (z) =
az + b

cz + d
é ✐s♦♠❡tr✐❛ ❞❡ H

2.

❉❡ ❢❛t♦✱ s❡❥❛♠ z ∈ H
2, u, v ∈ TzH2 t❡♠♦s

⟨DzT (u⃗), DzT (v⃗)⟩H = ⟨T ′(z)u⃗, T ′(z)v⃗⟩H =

= |T ′(z)|2 ⟨u⃗, v⃗⟩
■♠2(T (z))

= · · · = ⟨u⃗, v⃗⟩
■♠2(T (z))

= ⟨u⃗, v⃗⟩H.

P❛r❛ ❞❡t❡r♠✐♥❛♠♦s ❛s ✐s♦♠❡tr✐❛s ♥❡❣❛t✐✈❛s ❞❡ H2✱ ♦❜s❡r✈❡ q✉❡ h(z) = −z é ✉♠❛ ✐s♦♠❡tr✐❛

♥❡❣❛t✐✈❛ ❞❡ H
2 ❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ 1.10 s❡❣✉❡

Isom−(H2) = hµH.

P♦rt❛♥t♦

Isom(H2) = µH ∪ hµH.

❆ s❡❣✉✐r ❞❡✜♥✐r❡♠♦s ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s ❞❡ H
2✳ ❉❛❞♦s ❞♦✐s ♣♦♥t♦s q✉❛✐sq✉❡r ❞❡

R
2✱ ❛ ❞✐stâ♥❝✐❛ ❡✉❝❧✐❞✐❛♥❛ ❡♥tr❡ ❡❧❡s é ✐❣✉❛❧ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❧✐❣❛♥❞♦

❡st❡s ♣♦♥t♦s✱ ♦✉ s❡❥❛✱ ❛♦ ♠í♥✐♠♦ ❞♦s ❝♦♠♣r✐♠❡♥t♦s ❞❛s ❝✉r✈❛s ❧✐❣❛♥❞♦ ❛q✉❡❧❡s ♣♦♥t♦s✳

❉❡ss❛ ❢♦r♠❛✱ ❞❡✜♥✐♠♦s ❛ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s x, y ∈ H
2 ❞❡♥♦t❛❞♦ ♣♦r

dH(p, q)✳



✸✼

❉❡✜♥✐çã♦ ✶✳✸✸✳ ❉❛❞♦s p, q ∈ H
2✱ ❛ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♥tr❡ p ❡ q é ❞❡✜♥✐❞❛ ♣♦r

dH(p, q) = inf{LH(γ) | γ : [0, 1]→ H
2 s✉❛✈❡ ♣♦r ♣❛rt❡s γ(0) = p ❡ γ(1) = q}.

❉❡✜♥✐çã♦ ✶✳✸✹✳ ❯♠❛ ❝✉r✈❛ c : I = (a, b)→ H
2 C1 ♣♦r ♣❛rt❡s é ✉♠❛ ❣❡♦❞és✐❝❛ ❞❡ H

2 s❡

♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ♣♦♥t♦s s♦❜r❡ c(I) ❛ ❝✉r✈❛ é ♠✐♥✐♠✐③❛♥t❡✱ ♦✉ s❡❥❛✱ ♣❛r❛ t♦❞♦ t1, t2 ∈ I

dH(c(t1), c(t2)) = LH[c(t1), c(t2)].

◆♦s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ❡①♣❧✐❝✐t❛r❡♠♦s ❛s ❣❡♦❞és✐❝❛s ❞❡ H
2✳

▲❡♠❛ ✶✳✹✳ ❆s s❡♠✐rr❡t❛s ✈❡rt✐❝❛✐s sã♦ ❣❡♦❞és✐❝❛s ❞❡ (H2, gH)✱ ♦✉ s❡❥❛✱ s❡ γ : [0,+∞)→
H

2 ❞❛❞❛ ♣♦r γ(t) = x0 + it✱ ❝♦♠ x0 ∈ R ❡ t > 0 sã♦ ❣❡♦❞és✐❝❛s ❞❡ H
2✳ ❆❧é♠ ❞✐ss♦✱ s❡

p ❡ q ❡stã♦ ♥❛ ♠❡s♠❛ r❡t❛ ✈❡rt✐❝❛❧ ❣❡♦❞és✐❝❛ ❧✐❣❛♥❞♦ p ❡ q é ú♥✐❝❛✳

❉❡♠♦♥str❛çã♦✳ ❱❛♠♦s ♠♦str❛r q✉❡ ♣❛r❛ t♦❞♦ t1, t2 ∈ (0,+∞) t❡♠✲s❡

dH(γ(t1), γ(t2) = LH[γ(t1), γ(t2)],

♦✉ s❡❥❛✱ s❡ c : [0, 1]→ H
2 é ✉♠❛ ❝✉r✈❛ s✉❛✈❡ ♣♦r ♣❛rt❡ ❞❡✜♥✐❞❛ ♣♦r c(t) = (x(t), y(t)) q✉❡

❧✐❣❛ ♦s ♣♦♥t♦s γ(t1) ❡ γ(t2) ❡♥tã♦ dH(γ(t1), γ(t2) ≥ LH[γ(t1), γ(t2)] ❝♦♠ c(0) = γ(t1) ❡

c(1) = γ(t2)✳ ❉❡ ❢❛t♦

LH[γ(t1), γ(t2)] =

∫ 1

0

2
√

(x′(t))2 + (y′(t))2

y(t)
❞t ≥

∫ 1

0

∥y′(t)∥
y(t)

❞t ≥

≥
∣

∣

∣

∣

∫ 1

0

y′(t)

y(t)
❞t

∣

∣

∣

∣

= LH[γ(t1), γ(t2)].

❆ ✉♥✐❝✐❞❛❞❡ ❞❛ ❣❡♦❞és✐❝❛ ✈❡♠ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ í♥✜♠♦✳

▲❡♠❛ ✶✳✺✳ ❖s s❡♠✐❝ír❝✉❧♦s ♦rt♦❣♦♥❛✐s ❛♦ ❜♦r❞♦ ❛ss✐♥tót✐❝♦ sã♦ ❣❡♦❞és✐❝❛s ❞❡ H
2✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ ❞♦✐s s❡♠✐❝ír❝✉❧♦s C = (x0, r) ❡ C ′ = (x0 = r, 2r) t❛♥❣❡♥t❡s ❛♦

❜♦r❞♦ ❞❡ H
2✳ ◆♦t❡ q✉❡ IC′C = L é ✉♠❛ s❡♠✐rr❡t❛ ✈❡rt✐❝❛❧✳ ❉❡ ❢❛t♦

IC′(x0 − r) = x0 + r +
4r2

x0 − r − (x0 + r)
= x0 − r

IC′(x0 + r) = x0 + r +
4r2

x0 + r − (x0 + r)
=∞

❈♦♠♦ IC′ ♣♦r ❞❡✜♥✐çã♦ ❧❡✈❛ ❝ír❝✉❧♦s ❡♠ ❝ír❝✉❧♦s ♦✉ r❡t❛s t❡♠♦s q✉❡ IC′(C) = L✳ ❆ss✐♠✱

❝♦♠♦ IC′ é ✉♠❛ ✐s♦♠❡tr✐❛ ❡ L é ✉♠❛ ❣❡♦❞és✐❝❛ ❞❡ H
2 s❡❣✉❡ I−1(L)C′ = C t❛♠❜é♠ é

❣❡♦❞és✐❝❛ ❞❡ H
2✳



✸✽

❋✐❣✉r❛ ✶✳✸✿ ●❡♦❞és✐❝❛ ❞❡ H
2✳

❚❡♦r❡♠❛ ✼✳ P♦r ❞♦✐s ♣♦♥t♦s ❞❡ H
2 ♣❛ss❛ ✉♠❛✱ ❡ s♦♠❡♥t❡ ✉♠❛ ❣❡♦❞és✐❝❛✳ ❆❧é♠ ❞✐ss♦✱

❛s ú♥✐❝❛s ❣❡♦❞és✐❝❛s ❞❡ (H2, gH) sã♦ ❛s s❡♠✐rr❡t❛s ✈❡rt✐❝❛✐s ❡ ♦s s❡♠✐❝ír❝✉❧♦s ♦rt♦❣♦♥❛✐s

❛♦ ❜♦r❞♦ ❛ss✐♥tót✐❝♦✳

❉❡♠♦♥str❛çã♦✳ ❱✐♠♦s q✉❡ s❡ ♦s ❞♦✐s ♣♦♥t♦s ❡stã♦ ♥✉♠❛ r❡t❛ ✈❡rt✐❝❛❧✱ ❡♥tã♦ ❛ ❣❡♦❞és✐❝❛

q✉❡ ❧✐❣❛ é ❛ s❡♠✐rr❡t❛ ✈❡rt✐❝❛❧✳ ❆❧é♠ ❞✐ss♦✱ s❡ p ❡ q ♥ã♦ ❡stã♦ ♥❛ ♠❡s♠❛ r❡t❛ ✈❡rt✐❝❛❧

❡①✐st❡ ✉♠❛ ❣❡♦❞és✐❝❛ ✭s❡♠✐❝ír❝✉❧♦✮ q✉❡ ❧✐❣❛ p ❡ q✱ ❞✐❣❛♠♦s q✉❡ ♦ s❡♠✐❝ír❝✉❧♦ γ✳ ❋❛❧t❛

♣r♦✈❛ ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ γ✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ γ1 s❡❥❛ ♦✉tr❛ ❣❡♦❞és✐❝❛ ❧✐❣❛♥❞♦ p ❡ q✳ ❙❡❥❛

C = C(x0+R, 2R) ♦ s❡♠✐❝ír❝✉❧♦ ♦rt♦❣♦♥❛❧ ❛♦ ∂∞H
2 ❞❡ ❝❡♥tr♦ x0+R ❡ r❛✐♦ 2R✳ ❆ ✐♥✈❡rsã♦

♣♦r C é ✉♠❛ ✐s♦♠❡tr✐❛ ❞❡ H2 q✉❡ ❧❡✈❛ C ♥❛ s❡♠✐rr❡t❛ ✈❡rt✐❝❛❧ ♣❛ss❛♥❞♦ ♣♦r x0−R✱ ♦✉ s❡❥❛✱

IC(γ) = L✳ ❉❡ ♠❡s♠❛ ❢♦r♠❛✱ ❝♦♠♦ γ1 é ❣❡♦❞és✐❝❛ ❧✐❣❛♥❞♦ p ❡ q✱ IC(γ1) ❡ ✉♠❛ ❣❡♦❞és✐❝❛

❧✐❣❛♥❞♦ IC(p) ❡ IC(q) ✭q✉❡ ❡stã♦ ♥❛ ♠❡s♠❛ r❡t❛ ✈❡rt✐❝❛❧ ▲✮✳ ▲♦❣♦✱ IC(γ1) ⊂ IC(γ) = L ✳

■st♦ ✐♠♣❧✐❝❛ γ1 ⊂ γ✱ ♣♦✐s IC é ❜✐❥❡çã♦✳ ❉❡ ♠♦❞♦ ❛♥á❧♦❣♦ ♣r♦✈❛✲s❡ q✉❡ γ ⊂ γ1✳ P♦rt❛♥t♦✱

γ1 = γ✳

P❛r❛ ❛ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦✱ ♣r❡❝✐s❛♠♦s ❞❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✸✺✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❣❡♦❞és✐❝❛ γ é ❝♦♠♣❧❡t❛ s❡ s✉❛s ❡①tr❡♠✐❞❛❞❡s ❡stã♦

∂∞H
2✳



✸✾

❋✐❣✉r❛ ✶✳✹✿ ❊①❡♠♣❧♦s ❞❡ ❣❡♦❞és✐❝❛s ❝♦♠♣❧❡t❛s✳

Pr♦♣♦s✐çã♦ ✶✳✶✽✳ ✶✳ ❙❡ γ é ❣❡♦❞és✐❝❛ ❞❡ H
2✱ p ∈ H

2 ❡ p /∈ γ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛

❣❡♦❞és✐❝❛ ♣❛ss❛♥❞♦ ♣♦r p ❡ ♦rt♦❣♦♥❛❧ ❛ γ❀

✷✳ ❙❡ γ1 ❡ γ2 sã♦ ❞✉❛s ❣❡♦❞és✐❝❛s ❝♦♠♣❧❡t❛s ❞❡ H
2 ❝♦♠ p1 ∈ γ1 ❡ p2 ∈ γ2✱ ❡♥tã♦ ❡①✐st❡

f ∈ ■s♦♠+(H2) t❛❧ q✉❡ f(p1) = p2 ❡ f(γ1) = γ2❀

✸✳ ❉❛❞♦s p ∈ H
2 ❡ v ∈ TpH

2✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ❞❡ H
2 ♣❛ss❛♥❞♦ ♣♦r p ❡

t❛♥❣❡♥t❡ ❛ v✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✽❪✱ ♣á❣ ✻✻✳

❉❡✜♥✐çã♦ ✶✳✸✻✳ ❉✐③❡♠♦s q✉❡ ❞✉❛s ❣❡♦❞és✐❝❛s ❞❡ H
2 sã♦ ♣❛r❛❧❡❧❛s s❡ ❡❧❛s tê♠ ✉♠ ú♥✐❝♦

♣♦♥t♦ ❡♠ ❝♦♠✉♠ ♥♦ ❜♦r❞♦ ❛ss✐♥tót✐❝♦✳

❋✐❣✉r❛ ✶✳✺✿ ❊①❡♠♣❧♦s ❞❡ ❣❡♦❞és✐❝❛s ♣❛r❛❧❡❧❛s✳



✹✵

❖❜s❡r✈❛çã♦ ✶✳✶✶✳ ❆ ♣❛rt✐r ❞❡st❛ ❞❡✜♥✐çã♦✱ ✜❝❛ ❝❧❛r♦ q✉❡ ♦ q✉✐♥t♦ ♣♦st✉❧❛❞♦ ❞❡ ❊✉❝❧✐❞❡s

♥ã♦ é ❛t❡♥❞✐❞♦ ♥❡st❛ ❣❡♦♠❡tr✐❛✱ ❥á q✉❡ ❞❛❞♦ ✉♠ ♣♦♥t♦ ❢♦r❛ ❞❡ ✉♠❛ ✏r❡t❛✑ ❡①✐st❡ ♠❛✐s ❞❡

✉♠❛ ✏r❡t❛✑ ♣❛r❛❧❡❧❛ à ❡❧❛✳

❙❡❥❛ D ♦ ❞✐s❝♦ ✉♥✐tár✐♦ ❛❜❡rt♦✳ ❙❡❥❛ φ : H2 → D ❞❛❞♦ ♣♦r φ(z) =
z − i
z + i

♦ ❞✐❢❡♦♠♦r✜s♠♦

❝♦♥❢♦r♠❡ ❞❡ H
2 s♦❜r❡ D✳ ❱❛♠♦s ❞❡✜♥✐r ✉♠❛ ♠étr✐❝❛ gD ❡♠ D✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ❛ss✉♠✐r

q✉❡ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ❈❛②❧❡② s❡❥❛ ✉♠❛ ✐s♦♠❡tr✐❛ ❡♥tr❡ (H2, gH) ❡ (D, gD)✳

▲❡♠❛ ✶✳✻✳ ❆ ♠étr✐❝❛ gD ❞❡✜♥✐❞❛ s♦❜r❡ D ❝♦♠ φ ✉♠❛ ✐s♦♠❡tr✐❛ ❞❡ (H2, gH) ❡♠ (D, gD) é

gD(u⃗, v⃗) =
4|dw|2

(1− |w|2)2 =
4⟨u⃗, v⃗⟩

(1− |w|2)2 ∀ w ∈ D ❡ u, v ∈ TwD.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❛ ✉♠❛ ♠étr✐❝❛ gD ❡♠ D t❛❧ q✉❡ φ s❡❥❛ ✉♠❛ ✐s♦♠❡tr✐❛

❞❡ (H2, gH) ❡♠ (D, gD)✳ P♦r ❞❡✜♥✐çã♦✱ ♣❛r❛ t♦❞♦ w ∈ D ❡ ♣❛r❛ t♦❞♦s ♦s ✈❡t♦r❡s u, v ∈ TwD
t❡♠♦s

gD(u⃗, v⃗) = gH(Dwφ
−1(u⃗), Dwφ

−1(v⃗)) =
⟨Dwφ

−1(u⃗), Dwφ
−1(v⃗)⟩

■♠2φ−1(w⃗)
=
⟨φ−1(w⃗)u⃗, φ−1(w⃗)v⃗⟩

■♠2φ−1(w⃗)

=
|φ−1(w⃗)|2⟨u⃗, v⃗⟩
■♠2φ−1(w⃗)

=

4
|w−1|4

⟨u⃗, v⃗⟩
(1−|w|2)2

|w−1|4

=
4⟨u⃗, v⃗⟩

(1− |w|2)2 .

❉❡✜♥✐çã♦ ✶✳✸✼✳ ❖ ❞✐s❝♦ D ♠✉♥✐❞♦ ❝♦♠ ❛ ♠étr✐❝❛ gD é ❝❤❛♠❛❞♦ ❞❡ ❞✐s❝♦ ✉♥✐tár✐♦ ❞❡

P♦✐♥❝❛ré✳ ❖ ❜♦r❞♦ ❛ss✐♥tót✐❝♦ ❞❡ D é ❞❡♥♦t❛❞♦ ♣♦r ∂∞D = {w ∈ C | |w| = 1}.

❈♦♠♦ t❡♠♦s ❛ ♠étr✐❝❛gD ❞❡ D ♣♦❞❡♠♦s ❞❡s❝r❡✈❡r ❛s ❣❡♦❞és✐❝❛s ❡ ✐s♦♠❡tr✐❛s ❞❡ D✱ q✉❡

s❡rá ❢❡✐t♦ ❛❜❛✐①♦✳

Pr♦♣♦s✐çã♦ ✶✳✶✾✳ ❆s ❣❡♦❞és✐❝❛s ❞❡ (D, gD) sã♦ ♦s ❞✐â♠❡tr♦s ❡ ♦s ❛r❝♦s ❞❡ ❝ír❝✉❧♦s ♦rt♦✲

❣♦♥❛✐s ❛♦ ∂∞D✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ φ : H2 → D ❞❛❞❛ ♣♦r φ(z) =
z − i
z + i

✳ ❈♦♠♦ φ é ✉♠❛ ✐s♦♠❡tr✐❛ ❡♥tr❡

(H2, gH) ❡ (D, gD) ❡♥tã♦ ♣r❡s❡r✈❛ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♥tr❡ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ❝✉r✈❛s

❤✐♣❡r❜ó❧✐❝♦s✳ ❙❡❥❛ c : (a, b)→ D ❞❡ ❝❧❛ss❡ C1 ♣♦r ♣❛rt❡s ❛ ❣❡♦❞és✐❝❛ ❞❡ D✳ ❖❜s❡r✈❡ q✉❡ c é

❣❡♦❞és✐❝❛ ❞❡ D s❡✱ ❡ s♦♠❡♥t❡ s❡✱ φ−1 ◦ c é ❣❡♦❞és✐❝❛ ❞❡ H2✳ ❈♦♠♦ φ é ✉♠❛ tr❛♥s❢♦r♠❛çã♦

❞❡ ▼♦❡❜✐✉s ❡❧❛ ❡♥✈✐❛ φ(∂∞H
2) ❡♠ ∂∞D✱ ❧❡✈❛ s❡♠✐rr❡t❛s ♦✉ s❡♠✐❝ír❝✉❧♦s ♦rt♦❣♦♥❛✐s ❛

∂∞H
2 ❡♠ s❡♠✐rr❡t❛s ♦✉ s❡♠✐❝ír❝✉❧♦s ♦rt♦❣♦♥❛✐s à ∂∞D✳ P♦rt❛♥t♦✱ ❛s ❣❡♦❞és✐❝❛s ❞❡ D ♦✉

sã♦ ❛r❝♦s ❞❡ ❝ír❝✉❧♦s ♦rt♦❣♦♥❛✐s ❛♦ ∂∞D ♦✉ ❞✐â♠❡tr♦s ♦rt♦❣♦♥❛✐s ❛ ∂∞D✳

❖❜s❡r✈❛çã♦ ✶✳✶✷✳ ❙❡❥❛ f ∈ ■s♦♠+(H2)✱ ♦✉ s❡❥❛

f(z) =
az + b

cz + d
❝♦♠ a, b, c, d ∈ R ❡ ad− bc = 1.



✹✶

◆♦t❡ q✉❡ φ(z) é ✉♠❛ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛ ✭♣♦✐s é ▼♦❡❜✐✉s ❝♦♠ a = 1, b = −1, c = 1, d = 1✮✳

❙❡❣✉❡ q✉❡✱ s❡ T é ✉♠❛ ✐s♦♠❡tr✐❛ ❞❡ D✱ ❡♥tã♦

T = φ ◦ f ◦ φ−1 : D→ D ❞❛❞❛ ♣♦r T (z) =
az + b

bz + a
❡ aa− bb = 1.

❆ss✐♠✱ T (z) ∈ µD ❡ é ❢á❝✐❧ ✈❡r✐✜❝❛r q✉❡ T (z) ∈ µD ❡♥tã♦ T ∈ ■s♦♠+(D)✱ ❧♦❣♦ ■s♦♠+(D) =

µD ❡ s❡♥❞♦ g(z) = z ✐s♦♠❡tr✐❛ ♥❡❣❛t✐✈❛ ❞❡ D ❡♥tã♦ ■s♦♠+ − (D) = gµD✳ P♦rt❛♥t♦

■s♦♠(D) = µD ∪ gµD.

✶✳✸✳✸ ❈❧❛ss✐✜❝❛çã♦ ❞❛s ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s ❞❡ H
2

◆❡st❛ s❡çã♦ ✈❛♠♦s ❞❡s❝r❡✈❡r ❛s ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s ❞❡ H2 ❡①❛♠✐♥❛♥❞♦ s✉❛ ❛çã♦ s♦❜r❡ ❛s

❣❡♦❞és✐❝❛s ❡ ♦s ❤♦r♦❝✐❝❧♦s✱ q✉❡ é ❞❡✜♥✐❞♦ ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✶✳✸✽✳ ❈❤❛♠❛♠♦s ❞❡ ❤♦r♦❝✐❝❧♦s ❞❡ H2 ♦s ❝ír❝✉❧♦s t❛♥❣❡♥t❡s ❛♦ ❜♦r❞♦ ❛ss✐♥tót✐❝♦

❡ ❛s r❡t❛s ❤♦r✐③♦♥t❛✐s ❝♦♥t✐❞❛s ❡♠ H
2✳

❋✐❣✉r❛ ✶✳✻✿ ❍♦r♦❝✐❝❧♦s ❞❡ H
2

Pr♦♣♦s✐çã♦ ✶✳✷✵✳ ❆ ✐♠❛❣❡♠ ❞❡ t♦❞♦ ❤♦r♦❝✐❝❧♦ ❞❡ H
2 ♣♦r ✉♠❛ ✐s♦♠❡tr✐❛ q✉❛❧q✉❡r ❞❡ H

2

é ✉♠ ❤♦r♦❝✐❝❧♦ ❞❡ H
2✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ f ✉♠❛ ✐s♦♠❡tr✐❛ ❡ C ✉♠ ❤♦r♦❝✐❝❧♦ ❞❡ H2✳ ❚❡♠♦s q✉❡ f ❧❡✈❛ ❝ír❝✉❧♦s

♦✉ r❡t❛s ❞❡ H
2 ❡♠ ❝ír❝✉❧♦s ♦✉ r❡t❛s ❞❡ H

2✳ ❙✉♣♦♥❤❛♠♦s q✉❡ C s❡❥❛ ✉♠ ❝ír❝✉❧♦ t❛♥❣❡♥t❡

❛♦ ❜♦r❞♦ ❛ss✐♥tót✐❝♦ ❡♠ ✉♠ ♣♦♥t♦ x0✳ ❉❛í s❡ f(C) ❢♦r ✉♠ ❝ír❝✉❧♦ ❡❧❡ ❞❡✈❡ ✐♥t❡r❝❡♣t❛r ♦

❜♦r❞♦ ❛ss✐♥tót✐❝♦ ❡♠ ✉♠ ♣♦♥t♦ f(x0)✱ ❛❧é♠ ❞✐ss♦✱ f(C) \ {f(x0)} ❡stá ❡♠ H
2✱ s❡❣✉❡ q✉❡

f(C) é t❛♥❣❡♥t❡ ❛♦ ❜♦r❞♦ ❛ss✐♥tót✐❝♦ ❡ ♣♦rt❛♥t♦ ✉♠ ❤♦r♦❝✐❝❧♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ f(C)

❢♦r ✉♠❛ r❡t❛ ❡❧❛ ❞❡✈❡ ❡st❛r ❝♦♥t✐❞❛ ❡♠ H
2✱ ❧♦❣♦ é ✉♠❛ r❡t❛ ❤♦r✐③♦♥t❛❧ ❡ ♣♦rt❛♥t♦ ✉♠

❤♦r♦❝✐❝❧♦✳ ❖ ❝❛s♦ ❡♠ q✉❡ C é ✉♠❛ r❡t❛ ❤♦r✐③♦♥t❛❧ é ♣r♦✈❛❞♦ ❞❡ ❢♦r♠❛ ❛♥á❧♦❣❛✳



✹✷

P❛r❛ ❞❡s❝r❡✈❡r♠♦s ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❛s ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s ❞❡ H2✱ ✈❛♠♦s ❝❧❛ss✐✜❝á✲❧❛s ❞❡

❛❝♦r❞♦ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ✜①♦s✱ ✐st♦ é✱ f(x) = x✳ ❙❡❥❛ T ✉♠❛ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛ ❞❡

H
2 ❞✐❢❡r❡♥t❡ ❞❛ ✐❞❡♥t✐❞❛❞❡✱ ❡♥tã♦ T é ❞❛ ❢♦r♠❛

T (z) =
az + b

cz + d
, a, b, c, d ∈ R ❡ ad− bc = 1.

❙✉♣♦♥❤❛ c ̸= 0 ❡ s❡❥❛ z ∈ H
2 ∪ ∂∞H✱ ❛ss✐♠

T (z) = z ⇔ az + b

cz + d
= z ⇔ az + b = z(cz + d)⇔ az + b− cz2 − dz = 0

⇔ −cz2 + (a− d)z + b

⇔ z =
(a+ d)±

√

(a− d)2 + 4bc

2c
=

(a+ d)±
√

(a− d)2 + 4(ad− 1)

2c

❙❡ c = 0✱ T ❡♥tã♦ é ❞❛ ❢♦r♠❛ T (z) = az + b ❡ ∞ é ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ T ✳ ❙❡ a = 1 T

♥ã♦ ♣♦ss✉✐ ♦✉tr♦s ♣♦♥t♦s ✜①♦s ❥á q✉❡ T ̸= IdH ❡ s❡ a ̸= 1✱ T ✜①❛ ❛♣❡♥❛s ✉♠ ♦✉tr♦ ♣♦♥t♦

✭♥❡❝❡ss❛r✐❛♠❡♥t❡ s♦❜r❡ ♦ ❜♦r❞♦ ❛ss✐♥tót✐❝♦✮✳ ■ss♦ ♠♦t✐✈❛ ❛s s❡❣✉✐♥t❡s ❝❧❛ss✐✜❝❛çõ❡s✿

✶✳ ❚r❛♥s❢♦r♠❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ ♦✉ ✐s♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ✿ ◗✉❛♥❞♦ T ♣♦ss✉✐ ❞♦✐s ♣♦♥t♦s

✜①♦s ❞✐st✐♥t♦s ♥♦ ❜♦r❞♦ ❛ss✐♥tót✐❝♦ ❡ ♥❡♥❤✉♠ ❡♠ H
2✳ ◆♦t❡ q✉❡ ✐st♦ ♦❝♦rr❡ ❝❛s♦

c ̸= 0 ❡ (a+ d2)− 4 > 0 ♦✉ ❝❛s♦ T s❡❥❛ ❞❛ ❢♦r♠❛ T (z) = az + b ❡ a ̸= 1❀

✷✳ ❚r❛♥s❢♦r♠❛çã♦ ♣❛r❛❜ó❧✐❝❛ ♦✉ ✐s♦♠❡tr✐❛ ♣❛r❛❜ó❧✐❝❛✿ ◗✉❛♥❞♦ T ♣♦ss✉✐ ✉♠ ú♥✐❝♦

♣♦♥t♦ ✜①♦ ♥♦ ❜♦r❞♦ ❛ss✐♥tót✐❝♦✳ ◆♦t❡ q✉❡ ✐st♦ ♦❝♦rr❡ ❝❛s♦ c ̸= 0 ❡ (a+ d)2 − 4 = 0

♦✉ s❡ T ❢♦r ❞❛ ❢♦r♠❛ T (z) = z + b❀

✸✳ ❚r❛♥s❢♦r♠❛çã♦ ❡❧í♣t✐❝❛ ♦✉ ✐s♦♠❡tr✐❛ ❡❧í♣t✐❝❛✿ ◗✉❛♥❞♦ T ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ✜①♦

❡♠ H
2✳ ◆♦t❡ q✉❡ ✐st♦ ♦❝♦rr❡ ❝❛s♦ c ̸= 0 ❡ (a + d)2 − 4 < 0✭♥❡st❡ ❝❛s♦ T ✜①❛ ❞♦✐s

♣♦♥t♦s ❡♠ C✱ ❝♦♥❥✉❣❛❞♦s ❡♥tr❡ s✐✱ ❧♦❣♦ ❛♣❡♥❛s ✉♠ ❞❡❧❡s ❡stá ❡♠ H
2✳

❆ s❡❣✉✐r ❞❡s❝r❡✈❡♠♦s ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❛s ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s ❞❡ H
2 ❡①❛♠✐♥❛♥❞♦ ❝♦♠♦

❛t✉❛ ❛s ❣❡♦❞és✐❝❛s ❡ ❤♦r♦❝✐❝❧♦s ❞❡ H
2

■s♦♠❡tr✐❛s ❤✐♣❡r❜ó❧✐❝❛s

❙❡❥❛♠ f ✉♠❛ ✐s♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ H2✱ x1, x2 ∈ ∂∞H
2 t❛✐s q✉❡ f(x1) = x1 ❡ f(x2) = x2

❡ γ ❛ ❣❡♦❞és✐❝❛ ❝♦♠♣❧❡t❛ ❞❡ H2 ❝♦♠ ❡①tr❡♠✐❞❛❞❡s x1 ❡ x2✳ ◆♦t❡ q✉❡ s❡ ❛♠❜♦s ❢♦r❡♠ r❡❛✐s✱

γ é ♦ s❡♠✐❝ír❝✉❧♦ ♦rt♦❣♦♥❛❧ ❛♦ ❜♦r❞♦ q✉❡ ❝♦♥❡❝t❛ ❡ss❡s ♣♦♥t♦s✳ ❙❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ ✉♠

❞❡❧❡s ❢♦r∞ ✭s✉♣♦♥❤❛♠♦s s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡ q✉❡ x2 =∞✮✱ γ é ❛ s❡♠✐rr❡t❛ ✈❡rt✐❝❛❧

❞❡ H
2 q✉❡ ❝♦♠❡ç❛ ♥♦ ♣♦♥t♦ x1✳

◆♦t❡ q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ γ ♣♦r f é ✉♠❛ ❣❡♦❞és✐❝❛ q✉❡ ♣♦ss✉✐ x1 ❡ x2 ❝♦♠♦ ❡①tr❡♠✐❞❛❞❡s✳

❆ss✐♠ γ é ❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ❞❡ss❛ ❢♦r♠❛✱ ❧♦❣♦ ❛ ✐♠❛❣❡♠ ❞❡ γ ♣♦r f é ❛ ♣ró♣r✐❛ γ✱ ♦✉ s❡❥❛

f(γ) = γ



✹✸

❙❡❥❛ p ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r γ✱ s✉❛ ✐♠❛❣❡♠ ♣♦r f é ❡♥tã♦ ✉♠ ♦✉tr♦ ♣♦♥t♦ ❞❡ γ ❡ t♦♠❡ ❛

♦r✐❡♥t❛çã♦ ❞❡ γ ♥♦ s❡♥t✐❞♦ p→ f(p) s❡♥❞♦ ❛ ♠❡s♠❛ q✉❡ ❛ ❞❛❞❛ ♣♦r x1 → x2✳ ❙❡❥❛ q ✉♠

♣♦♥t♦ ❞❡ γ s✐t✉❛❞♦ ❡♥tr❡ p ❡ f(p)✳ ❈♦♠♦ f é ✐♥❥❡t♦r❛ ✭f é ▼♦❡❜✐✉s✱ ❧♦❣♦ ✉♠❛ ❜✐❥❡çã♦✮✱ ❛

✐♠❛❣❡♠ ❞♦ ❛r❝♦ ❣❡♦❞és✐❝♦ (x1, p] ❞❡ γ ❞❡✈❡ s❡r ❞✐s❥✉♥t♦ à ✐♠❛❣❡♠ ❞♦ ❛r❝♦ ❣❡♦❞és✐❝♦ [q, x2)✳

P♦rt❛♥t♦ ❛ ♦r✐❡♥t❛çã♦ ❞❛❞❛ ♣♦r q → f(q) é ❛ ♠❡s♠❛ ❞❡ x1 → x2✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

f(q) ❡stá s✐t✉❛❞❛ ❡♥tr❡ f(p) ❡ x2✳ ❈♦♠♦ ❛ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s é ✐❣✉❛❧

❛♦ ❝♦♠♣r✐♠❡♥t♦ ❞♦ ❛r❝♦ ❞❛ ❣❡♦❞és✐❝❛ ❧✐♠✐t❛❞❛ ♣♦r ❡❧❡s✱ t❡♠♦s

dH(p, f(q)) = dH(p, q) + dH(q, f(q)) = dH(p, f(p)) + dH(f(p), f(q)).

◆♦t❡ q✉❡ dH(p, q) = dH(f(p), f(q)) ♣♦✐s f é ✉♠❛ ✐s♦♠❡tr✐❛✱ ❧♦❣♦ dH(p, f(p)) = dH(q, f(q))✳

❊st✉❞❡♠♦s ❛❣♦r❛ ❛ ✐♠❛❣❡♠ ❞❡ ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞❡ γ✳ ❙❡❥❛ x ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞❡

γ t❛❧ q✉❡ x ̸= fn(p) ♣❛r❛ t♦❞♦ n ∈ Z✳ ▲♦❣♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ✐♥t❡✐r♦ n ∈ Z t❛❧ q✉❡

x s❡ ❡♥❝♦♥tr❡ ❡♥tr❡ fn(p) ❡ fn+1(p)✳ ❈♦♠ ♦ ♠❡s♠♦ ❛r❣✉♠❡♥t♦ ✉s❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ é

♣♦ssí✈❡❧ ❝♦♥❝❧✉✐r q✉❡ dH(x, f(x)) = dH(f
n(p), fn+1(p)) = dH(p, f(p))✳ ❆ss✐♠ ❛ ❞✐stâ♥❝✐❛

❤✐♣❡r❜ó❧✐❝❛ ❡♥tr❡ ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞❡ γ ❡ s✉❛ ✐♠❛❣❡♠ ♣❡❧❛ ❢ é ❝♦♥st❛♥t❡✳ ❙❡❥❛ λ > 0 t❛❧

❝♦♥st❛♥t❡✳ ❈♦♥❝❧✉í♠♦s ❡♥tã♦ q✉❡ f ❡♥✈✐❛ ❝❛❞❛ ♣♦♥t♦ p ❞❡ γ ❡♠ ✉♠ ♣♦♥t♦ ❞❡ γ s✐t✉❛❞♦

❡♥tr❡ p ❡ x2 ❡ t❛❧ q✉❡ dH(p, f(p)) = λ✳ ❘❡st❛ ❞❡s❝r❡✈❡r ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❛ ✐♠❛❣❡♠ ❞❡ ✉♠

♣♦♥t♦ q✉❛❧q✉❡r ❞❡ H
2 ♣♦r f ✳

❙❡❥❛♠ z0 ∈ H
2 ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r✱ α ❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ❝♦♠♣❧❡t❛ ♣❛ss❛♥❞♦ ♣♦r z0 ❡

♦rt♦❣♦♥❛❧ ❛ γ ❡ p ❛ ✐♥t❡rs❡çã♦ ❞❡ α ❝♦♠ γ✳ ❆ ❣❡♦❞és✐❝❛ ❝♦♠♣❧❡t❛ q✉❡ ♣❛ss❛ ♣♦r f(z0)✱f(p)

❡ é ♦rt♦❣♦♥❛❧ ❛ γ s❡rá f(α)✱ ♣♦✐s f(α) é ✉♠❛ ❣❡♦❞és✐❝❛ q✉❡ ♣❛ss❛ ♣♦r f(z0) ❡ f(p) q✉❡ é

ú♥✐❝❛✳ ❈♦♠♦ f ♣r❡s❡r✈❛ â♥❣✉❧♦s✱ f(α) t❛♠❜é♠ s❡rá ♦rt♦❣♦♥❛❧ ❛ γ✳

❋✐❣✉r❛ ✶✳✼✿ ■s♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛

❖❜s❡r✈❛çã♦ ✶✳✶✸✳ ❆ ✐s♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ f t❛♠❜é♠ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ tr❛♥s❧❛çã♦ ❤✐✲

♣❡r❜ó❧✐❝❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ λ ❛♦ ❧♦♥❣♦ ❞❡ γ ♥♦ s❡♥t✐❞♦ ❞❡ x1 → x2✱ ❝♦♠ λ, γ ❡ x1 → x2

❞❡s❝r✐t♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ◆♦t❡ q✉❡ é ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❝❧❛r♦ q✉❡ f−1 t❛♠❜é♠ é ✉♠❛ tr❛♥s✲

❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ ♠❡s♠♦ ❝♦♠♣r✐♠❡♥t♦ λ ❛♦ ❧♦♥❣♦ ❞❛ ♠❡s♠❛ ❣❡♦❞és✐❝❛ γ✱ ♠❛s ❞❡ s❡♥t✐❞♦

x2 ← x1✳



✹✹

❯♠❛ ❢ór♠✉❧❛ ❡①♣❧✐❝✐t❛ ♣❛r❛ ✉♠❛ ✐s♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❛r❜✐trár✐❛ é ❞❛❞❛ ♣♦r

gs(z) =
cosh(s).z + sinh(s)

sinh(s).z + cosh(s)
.

❖❜s❡r✈❛çã♦ ✶✳✶✹✳ ❙❡ f(z) = az + b✱ ❝♦♠ a ̸= 1 ♦ ♣♦♥t♦ ✜①♦ r❡❛❧ ❞❡ f é x1 =
b

1− a ❡ f

♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ f(z) = a(z − x1) + x1✳ ❖✉ s❡❥❛✱ ♥❡st❡ ❝❛s♦ f é ✉♠❛ ❤♦♠♦t❡t✐❛ ❞❡

❝❡♥tr♦ x1 ❡ r❛③ã♦ a✳

■s♦♠❡tr✐❛s P❛r❛❜ó❧✐❝❛s

❙❡❥❛♠ f ✉♠❛ ✐s♦♠❡tr✐❛ ♣❛r❛❜ó❧✐❝❛ ❡ x1 ∈ ∂∞H
2 s❡✉ ú♥✐❝♦ ♣♦♥t♦ ✜①♦✳ ❚❡♠♦s ❞✉❛s ♣♦ss✐✲

❜✐❧✐❞❛❞❡s✿ x1 =∞ ♦✉ x1 ∈ R✳

❙❡ x1 = ∞ ❡♥tã♦ f(z) = z + b✱ ♦✉ s❡❥❛✱ f é ✉♠❛ tr❛♥s❧❛çã♦ ❤♦r✐③♦♥t❛❧ ❡✉❝❧✐❞✐❛♥❛✳ ❘❡st❛

❛♥❛❧✐s❛r ♦ ❝❛s♦ ❡♠ q✉❡ x1 ∈ R✳ ❉♦ ❢❛t♦ ❞❡ ad− bc = 1✱ (a+ d)2 − 4 = 0⇔ |a+ d| = 2 ❡

f(x1) = x1✱ t❡♠♦s

f(z) =
(1 + cx1)z − cx21
cz + 1− cx1

❝♦♠ c ∈ R
∗✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛ g(z) =

1

x1 − z
✳ ◆♦t❡ q✉❡ g(x1) =∞ ❡

g(z) =
1

x1 − z
⇔ g(z)z = g(z)x1 − 1⇔ z =

g(z)x1 − 1

g(z)
⇒ g−1(z) = −1

z
+ x1.

❙❡❥❛ R = g ◦ f ◦ g−1 ❛ ❝♦♠♣♦st❛ ❞❡ ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s ❞❡ H
2✱ ❧♦❣♦ R é ✉♠❛ ✐s♦♠❡tr✐❛

♣♦s✐t✐✈❛✳ ❈♦♥s✐❞❡r❡ z ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ R✱ t❡♠♦s

R(z) = z ⇔ (g ◦ f ◦ g−1)(z) = z ⇔ f(g−1(z)) = g−1(z),

❝♦♠♦ ♦ ú♥✐❝♦ ♣♦♥t♦ ✜①♦ ❞❡ f é x1✱ g−1(z) = x1 ⇔ z = ∞✳ ▲♦❣♦ R é ✉♠❛ ✐s♦♠❡tr✐❛

♣❛r❛❜ó❧✐❝❛ ❝✉❥♦ ♣♦♥t♦ ✜①♦ é ∞✳ ❉❡❝♦rr❡ ❞✐st♦ q✉❡ R é ✉♠❛ tr❛♥s❧❛çã♦ ❤♦r✐③♦♥t❛❧ ❡ ♣❛r❛

t♦❞♦ z ∈ H
2✱ t❡♠♦s

R(0) = (g ◦ f ◦ g−1)(0) = g ◦ f(∞) = g
(1 + cx1

c

)

=
1

x1 −
1 + cx1

c
R(0) = −c⇒ R(z) = z − c.



✹✺

❋✐❣✉r❛ ✶✳✽✿ ■s♦♠❡tr✐❛ ♣❛r❛❜ó❧✐❝❛ ❝♦♠ x1 =∞

❙❡❥❛ C ✉♠ ❤♦r♦❝✐❝❧♦ t❛♥❣❡♥t❡ ❛ R ♥♦ ♣♦♥t♦ x1✳ ❈♦♠♦ f = g−1 ◦R ◦ g s❡❣✉❡ q✉❡ f(C) =

g−1(R(g(C)))✱ ❝♦♠ g(C) ✉♠ ❤♦r♦❝✐❝❧♦ t❛♥❣❡♥t❡ ❛ ∂∞H
2 ♥♦ ♣♦♥t♦ g(x1) = ∞✱ ❧♦❣♦ g(C)

é ✉♠❛ r❡t❛ ❤♦r✐③♦♥t❛❧ ✱ ♦✉ s❡❥❛✱ y = k ❝♦♠ k ∈ R
∗
+✱ t❡♠♦s

g(x+ ki) =
1

x1 − x− ki
=

1

x1 − x− ki
x1 − x+ ki

x1 − x+ ki
=

(x1 + x)

(x1 − x)2 + k
+

ki

(x1 − x)2 + k
,

❡ ❝♦♥❝❧✉í♠♦s q✉❡ g(C) é ✐♥✈❛r✐❛♥t❡ ♣♦r R ❡✱ ❝♦♠♦ f = g−1 ◦ R ◦ g t❡♠♦s f(C) = C✳

P♦rt❛♥t♦ f ✜①❛ t♦❞♦ ❤♦r♦❝✐❝❧♦ t❛♥❣❡♥t❡ ❛ ∂∞H
2 ♥♦ ♣♦♥t♦ x1✳

❘❡st❛ ❞❡t❡r♠✐♥❛r ❛ ✐♠❛❣❡♠ ❞❡ ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞❡H2✳ ❙❡❥❛ p ∈ H
2 ❡ s❡❥❛ Cp ♦ ❤♦r♦❝✐❝❧♦

q✉❡ ♣❛ss❛ ♣♦r p ❡ t❛♥❣❡♥t❡ ❛♦ ❜♦r❞♦ ❛ss✐♥tót✐❝♦ ♥♦ ♣♦♥t♦ x1✳ ❉❛s ❝♦♥s✐❞❡r❛çõ❡s ❛♥t❡r✐♦r❡s

❝♦♥❝❧✉í♠♦s q✉❡ f(p) é ♥♦✈❛♠❡♥t❡ ✉♠ ♣♦♥t♦ ❞❡ Cp✳

❆✈❛❧✐❡♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❞♦ ❛r❝♦ ❞❡ Cp ❧✐♠✐t❛❞♦ ♣♦r p ❡ f(p)✳ ❈♦♠♦ g é

✐s♦♠❡tr✐❛✱ t❡♠♦s

LH(Cp)[p, f(p)] = LH(Cp)[g(p), R(g(p))] =
|R(g(p))− g(p)|
Im(g(p))

=
|c|

Im( 1
x1−p

)

=
|c|.|x1 − p|2
Im(p)

.

P♦rt❛♥t♦ f ❡♥✈✐❛ ❝❛❞❛ ♣♦♥t♦ p ❞❡ H2 ❡♠ ✉♠ ❞♦s ❞♦✐s ♣♦♥t♦s q✉❡ s❡ ❡♥❝♦♥tr❛♠ ♥♦ ♠❡s♠♦

❤♦r♦❝✐❝❧♦ Cp q✉❡ p ❡ t❡♠ ❞✐stâ♥❝✐❛
|c|.|x1 − p|2
Im(p)

❞❡ ♣✳

◗✉❛❧ ❞❛s ❞✉❛s ♦♣çõ❡s s❡rá ❛ ✐♠❛❣❡♠ ❞❡ p ❞❡♣❡♥❞❡ ❞♦ s✐♥❛❧ ❞❡ c✳

■s♦♠❡tr✐❛s ❊❧í♣t✐❝❛s

❙❡❥❛ f ✉♠❛ ✐s♦♠❡tr✐❛ ❡❧í♣t✐❝❛ q✉❛❧q✉❡r ❡ ❝♦♥s✐❞❡r❡ z0 ∈ H
2 ♦ ♣♦♥t♦ ✜①♦ ❞❡ f ✳ ❈♦♠♦ ❛

✐♠❛❣❡♠ ❞❡ ✉♠ ✈❡t♦r t❛♥❣❡♥t❡ u⃗ ∈ Tz0H2 ♣♦r Dz0f é f ′(z0) · u⃗✱ s❡ γ é ❛ ❣❡♦❞és✐❝❛ q✉❡ ♣❛ss❛

♣♦r z0 ❡ é t❛♥❣❡♥t❡ ❛ u⃗✱ s✉❛ ✐♠❛❣❡♠ ♣♦r f ✱ ✭f(γ)✮✱ ❞❡✈❡ s❡r ❛ ❣❡♦❞és✐❝❛ ♣❛ss❛♥❞♦ ♣♦r z0
❡ t❛♥❣❡♥t❡ ❛ eiθ · u⃗✱ ❝♦♠ θ = arg (f ′(z0))✳ ❈♦♠ ✐ss♦✱ ❞❡s❝r❡✈❡r❡♠♦s f ❣❡♦♠❡tr✐❝❛♠❡♥t❡✳

❙❡❥❛♠ z ∈ H
2 ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r t❛❧ q✉❡ z ̸= z0✱ γ ❛ ú♥✐❝❛ ❣❡♦❞és✐❝❛ ♣❛ss❛♥❞♦ ♣♦r z ❡ z0

❡ u⃗ ∈ Tz0H2 ✉♠ ✈❡t♦r ♥ã♦✲♥✉❧♦ t❛♥❣❡♥t❡ ❛ γ ❡♠ z0✳ ❉❡✜♥❛ γ+ ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡
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❋✐❣✉r❛ ✶✳✾✿ ■s♦♠❡tr✐❛ ♣❛r❛❜ó❧✐❝❛ ❝♦♠ x1 ∈ R

γ \ {z0} ❝♦♥t❡♥❞♦ z✳ P♦❞❡♠♦s s✉♣♦r✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ q✉❡ ❛ ♦r✐❡♥t❛çã♦ ❞❡ γ

❞❛❞❛ ♣♦r u⃗ é ❛ ♠❡s♠❛ q✉❡ ❢♦✐ ❞❛❞❛ ♣♦r z0 → z✳ ❆ss✐♠✱ ❛ ✐♠❛❣❡♠ ❞❡ γ+✱ ✭f(γ+)✮✱ é ❛ s❡♠✐✲

❣❡♦❞és✐❝❛ ✭s❛✐♥❞♦ ❞❡ z0✮ ❝✉❥♦ ✈❡t♦r t❛♥❣❡♥t❡ ✉♥✐tár✐♦ ❢❛③ ✉♠ â♥❣✉❧♦ θ = arg f ′(z0) ❝♦♠

u⃗✳ P♦r ❝♦♥s❡q✉ê♥❝✐❛✱ f(z) é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❡ f(γ+) t❛❧ q✉❡ ❛ ❞✐stâ♥❝✐❛

❤✐♣❡r❜ó❧✐❝❛ ❛ z0 é ❛ ✐❣✉❛❧ ❛ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♥tr❡ z0 ❡ z ✭dH(z0, z) = dH(z0, f(z))✮✱

♦ q✉❡ ❞❡t❡r♠✐♥❛ ❝♦♠♣❧❡t❛♠❡♥t❡ f(z)✳ ◆♦t❡ q✉❡✱ ❞❡st❛ ❢♦r♠❛✱ f s❡ ❝♦♠♣♦rt❛ ❝♦♠♦ ✉♠❛

r♦t❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ ❝❡♥tr♦ z0 ❞♦ â♥❣✉❧♦ θ = arg f ′(z0)✳

❯♠❛ ❢ór♠✉❧❛ ❡①♣❧✐❝✐t❛ ♣❛r❛ ✉♠❛ ✐s♦♠❡tr✐❛ ❡❧í♣t✐❝❛ ❛r❜✐trár✐❛ é ❞❛❞❛ ♣♦r

f(i,θ)(z) =
cos(α) · z + sin(α)

− sin(α) · z + cos(α)
.

❋✐❣✉r❛ ✶✳✶✵✿ ■s♦♠❡tr✐❛ ❡❧í♣t✐❝❛

❖ ❡st✉❞♦ ❞❛s ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s ❞❡ H2 ✈❛✐ ♥♦s ♣❡r♠✐t✐r ❞❡♠♦♥str❛r ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❞❛s

✐s♦♠❡tr✐❛s ❞❡ H2 ❛♥á❧♦❣♦ ❛♦ ❝❛s♦ ❞❛s ✐s♦♠❡tr✐❛s ❞♦ ♣❧❛♥♦ ❡✉❝❧✐❞✐❛♥♦✱ q✉❡ s❡r❛ ❛♣r❡s❡♥t❛❞♦

❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✽✳ ❚♦❞❛ ✐s♦♠❡tr✐❛ ❞❡ H
2 é ✉♠❛ ❝♦♠♣♦s✐çã♦ ❞❡ ✉♠❛ ♦✉ ♠❛✐s ✐♥✈❡rsõs ❞❡ H

2✳

▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡❥❛ g : H2 → H
2 ✉♠❛ ✐s♦♠❡tr✐❛✱

✶✳ ❙❡ g é ✉♠❛ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛✱ ❡①✐st❡♠ ❞✉❛s ✐♥✈❡rsõ❡s I1, I2 ❞❡ H2 t❛✐s q✉❡ g = I1◦I2❀
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✷✳ ❙❡ g é ✉♠❛ ✐s♦♠❡tr✐❛ ♥❡❣❛t✐✈❛ ❞✐❢❡r❡♥t❡ ❞❡ ✉♠❛ ✐♥✈❡rsã♦✱ ❡①✐st❡♠ três ✐♥✈❡rsõ❡s

I1, I2, I3 ❞❡ H
2 t❛✐s q✉❡ g = I1 ◦ I2 ◦ I3✳

❉❡♠♦♥str❛çã♦✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❝♦♥s✐❞❡r❡♠♦s g ✉♠❛ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛ ❞❡ H
2✳ ❉❡ ❛❝♦r❞♦

❝♦♠ ♦s r❡s✉❧t❛❞♦s ❛♥t❡r✐♦r❡s✱ t❡♠♦s três ♣♦ss✐❜✐❧✐❞❛❞❡s ❛ ❝♦♥s✐❞❡r❛r✿

❈❛s♦ ✶✿ g é ✉♠❛ ✐s♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛✳

P♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❡♥tã♦ g ✉♠❛ tr❛♥s❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❣❡♦❞és✐❝❛ γ ∈ H
2✳

❆ss✐♠✱ s❡❥❛♠ p2 ∈ γ ❡ g(p2) ∈ γ✳ ❈♦♥s✐❞❡r❡ p1 ❝♦♠♦ ♦ ♣♦♥t♦ q✉❡ ❞✐✈✐❞❡ ♦ s❡❣♠❡♥t♦ ❞❡ γ

❧✐♠✐t❛❞♦ ♣♦r p2 ❡ g(p2) ❡♠ ❞✉❛s ♣❛rt❡s ✐❣✉❛✐s✱ ♦✉ s❡❥❛✱ p1 ∈ γ ❡ dH(p1, p2) = dH(p1, g(p2)✳

❈♦♥s✐❞❡r❡ γ1 ❡ γ2 ❛s ❣❡♦❞és✐❝❛s ❞❡ H
2 ♣❛ss❛♥❞♦ ♣♦r✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ p1 ❡ p2 ❡ ❝♦♥s✐❞❡r❡

❛♠❜❛s ❣❡♦❞és✐❝❛s ♦rt♦❣♦♥❛✐s ❛ γ✳ ❙❡❥❛♠ t❛♠❜é♠ I1 ❛ ✐♥✈❡rsã♦ ♣♦r γ1 ❡ I2 ❛ ✐♥✈❡rsã♦ ♣♦r

γ2✳

❆ ✐s♦♠❡tr✐❛ I1 ◦ I2 ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦ ❡ ✜①❛ ❛ ❣❡♦❞és✐❝❛ γ✱ ♦✉ s❡❥❛✱ I1 ◦ I2 t❛♠❜é♠ é

✉♠❛ tr❛♥s❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ ❛♦ ❧♦♥❣♦ ❞❡ γ✱ ❛ss✐♠ ❝♦♠♦ g✳ ▼❛✐s ❛✐♥❞❛✱ ♣♦r ❡ss❛ ❝♦♥str✉çã♦

g(p2) = I1(p2) = I1(I2(p2)) = (I1 ◦ I2)(p2)✳ ❆ss✐♠✱ (I1 ◦ I2) ◦ g−1 é ✉♠❛ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛

❞❡ H
2 ✭♣♦r s❡r ✉♠❛ ❝♦♠♣♦s✐çã♦ ❞❡ ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s✮ ❝♦♠ ✉♠ ♣♦♥t♦ ✜①♦ ❡♠ H

2 ✲ p2
✲ ❡ ❞♦✐s ♣♦♥t♦s ✜①♦s ❡♠ ∂∞H

2✱ q✉❡ sã♦ ♦s ♣♦♥t♦s ❛ss✐♥tót✐❝♦s ❞❡ γ✳ ❈♦♠♦ t❛❧ ✐s♦♠❡tr✐❛

♣♦ss✉✐ três ♣♦♥t♦s ✜①♦s✱ ❡❧❛ ❞❡✈❡ s❡r ❛ ✐❞❡♥t✐❞❛❞❡ ❡✱ ♣♦r ❝♦♥s❡q✉ê♥❝✐❛✱ I1 ◦ I2 = g✳

❈❛s♦ ✷✿ g é ✉♠❛ ✐s♦♠❡tr✐❛ ♣❛r❛❜ó❧✐❝❛✳

❙❡❥❛ p0 ∈ ∂∞H
2 ♦ ♣♦♥t♦ ✜①♦ ❞❡ g✳ ❙❡❥❛ ❡♥tã♦ C ✉♠ ❤♦r♦❝✐❝❧♦ ❞❡ H

2 t❛♥❣❡♥t❡ ❛ ∂∞H
2

❡♠ p0✱ ✐st♦ ❡✱ ∂∞C = p0✳ ❙❡❥❛ p2 ∈ C ✉♠ ♣♦♥t♦ q✉❛❧q✉❡r ❞❡ C✳ P♦r ❤✐♣♦t❡s❡✱ g(C) = C

❡✱ ♣♦rt❛♥t♦✱ g(p2) ∈ C✳ ❖❜s❡r✈❡ q✉❡ ♦s ♣♦♥t♦s p2 ❡ g(p2) ❞❡❧✐♠✐t❛♠ ✉♠ ❛r❝♦ C ′ ❞❡ C✱

❝♦♠ C ′ ⊂ C ❡ ∂C ′ = {p2, g(p2)}✳ ❈♦♥s✐❞❡r❡♠♦s ❡♥tã♦ ♦ ♣♦♥t♦ p1 ❞❡ C ′ ❞❡ ♠♦❞♦ q✉❡

dH(p1, p2) = dH(p1, g(p2)✳

❈♦♠♦ ♥♦ ❝❛s♦ ❛♥t❡r✐♦r✱ ❝♦♥s✐❞❡r❡ γ1 ❡ γ2 ❛s ❣❡♦❞és✐❝❛s ❞❡ H
2 ♣❛ss❛♥❞♦ ♣♦r✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱ p1 ❡ p2 ✭❛♠❜❛s ❣❡♦❞és✐❝❛s ♦rt♦❣♦♥❛✐s ❛ C✮✳ ❙❡❥❛♠ t❛♠❜é♠ I1 ❛ ✐♥✈❡rsã♦ ♣♦r γ1 ❡ I2
❛ ✐♥✈❡rsã♦ ♣♦r γ2✳ ◆♦t❡ q✉❡ ❛♠❜❛s ❛s ✐♥✈❡rsõ❡s ✜①❛♠ C ❡✱ ❛❧é♠ ❞✐ss♦✱ p0 ∈ ∂∞γ1 ∩ ∂∞γ2✳
❉❡ ♥♦ss❛s ❝♦♥str✉çõ❡s✱ g(p2) = I1(p2) = I1(I2(p2)) = (I1 ◦ I2)(p2)✳ ❆ss✐♠✱ (I1 ◦ I2) ◦ g−1 é

✉♠❛ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛ ❞❡ H
2 ✭♣♦r s❡r ✉♠❛ ❝♦♠♣♦s✐çã♦ ❞❡ ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s✮ ❝♦♠ ✉♠

♣♦♥t♦ ✜①♦ ❡♠ H
2 ✲ p2 ✲ ❡ ✉♠ ♣♦♥t♦ ✜①♦ ❡♠ ∂∞H

2 ✲ x0✳ ❈♦♠♦ t❛❧ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛ ♣♦s✲

s✉✐ ✉♠ ♣♦♥t♦ ✜①♦ ♥♦ ❜♦r❞♦ ❡ ✉♠ ❡♠ H
2✱ ❡❧❛ ❞❡✈❡ s❡r ❛ ✐❞❡♥t✐❞❛❞❡ ❡✱ ♥♦✈❛♠❡♥t❡✱ I1◦I2 = g✳

❈❛s♦ ✸✿ g é ✉♠❛ ✐s♦♠❡tr✐❛ ❡❧í♣t✐❝❛✳

❈♦♠♦ ❥á ❞❡s❝r✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡♠♦s ♣❡♥s❛r ❡♠ g ❝♦♠♦ ✉♠❛ r♦t❛çã♦ ❤✐♣❡r❜ó❧✐❝❛✳

❙❡❥❛ ❡♥tã♦ p0 ∈ H
2 ♦ ♣♦♥t♦ ✜①♦ ❞❡ t❛❧ r♦t❛çã♦ ❡ θ ∈ (−π, π) s❡✉ ❛r❣✉♠❡♥t♦✳ ❙❡❥❛♠ ❡♥tã♦

u⃗1 ❡ u⃗2 ✈❡t♦r❡s ♥ã♦ ♥✉❧♦s ❡♠ p0✱ ❞❡ ♠♦❞♦ q✉❡ ♦ â♥❣✉❧♦ ♦r✐❡♥t❛❞♦ ❡♥tr❡ t❛✐s ✈❡t♦r❡s é θ
2
✱

♦✉ s❡❥❛ ∠(u⃗2, u⃗1) =
θ
2
✳ ❙❡❥❛ ❡♥tã♦ γ1 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ γ2✮ ❛ ❣❡♦❞és✐❝❛ ♣❛ss❛♥❞♦ ♣♦r p0 ❡
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t❛♥❣❡♥t❡ ❛ u⃗1 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ u⃗2✮ ❡ t❛♠❜é♠ I1 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ I2✮ ❛ ✐♥✈❡rsã♦ q✉❡ ✜①❛

γ1 ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ γ2✮✳

◆♦t❡ q✉❡ (I1 ◦ I2)(p0) = p0✳ ▼❛✐s ❛✐♥❞❛✱ s❡♥❞♦ I1 ◦ I2 ✉♠❛ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛✱ I1 ◦ I2 ❡ ✉♠❛

r♦t❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ ❝♦♠ ♣♦♥t♦ ✜①♦ p0 ❡✱ ♠❛✐s ❛✐♥❞❛✱ ♦ â♥❣✉❧♦ ❡♥tr❡ u⃗2 ❡ Dp0(I1 ◦ I2)(u⃗2) é
θ✳ ▲♦❣♦✱ I1◦I2 t❛♠❜é♠ ❡ ❛ r♦t❛çã♦ ❞♦ ♣♦♥t♦ ✜①♦ p0 ♣♦r θ✱ ❛ss✐♠ ❝♦♠♦ g ❡✱ ❞❛í✱ I1◦I2 = g✳

P♦r ✜♠✱ s✉♣♦♥❤❛ ❛❣♦r❛ g ✉♠❛ ✐s♦♠❡tr✐❛ ♥❡❣❛t✐✈❛ ❞✐❢❡r❡♥t❡ ❞❡ ✉♠❛ ✐♥✈❡rsã♦ ❡ ❝♦♥s✐❞❡r❡ I3
✉♠❛ ✐♥✈❡rsã♦ q✉❛❧q✉❡r ❞❡ H2✳ ◆♦t❡ q✉❡ g◦I3 ❡ ✉♠❛ ✐s♦♠❡tr✐❛ ♣♦s✐t✐✈❛ ❡✱ ❞❛ ♣r✐♠❡✐r❛ ♣❛rt❡

❞❛ ❞❡♠♦♥str❛çã♦✱ s❛❜❡♠♦s q✉❡ ❡①✐st❡♠ I1, I2 ✐s♦♠❡tr✐❛s ❞❡ H
2 t❛✐s q✉❡ g ◦ I3 = I1 ◦ I2✳

❈♦♠♣♦♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❝♦♠ I3✱ t❡♠♦s q✉❡ g = I1 ◦ I2 ◦ I−1
3 = I1 ◦ I2 ◦ I3✱ ♦ q✉❡ ❝♦♥❝❧✉✐

❛ ♣r♦✈❛

❖❜s❡r✈❛çã♦ ✶✳✶✺✳ P❛r❛ ❡①♣❧✐❝✐t❛r ❛s ✐s♦♠❡tr✐❛s ❞❡ (D, gD) é s✉✜❝✐❡♥t❡ ❡①♣❧✐❝✐t❛r ❛s ✐s♦✲

♠❡tr✐❛s (H2, gH) ❡ ✉s❛r♠♦s ♦ ❢❛t♦ q✉❡ φ =
z − i
z + i

é ✉♠❛ ✐s♦♠❡tr✐❛ ❞❡ (H2gH2) ❡♠ (D, gD)✳

✶✳ ❆s ✐s♦♠❡tr✐❛s ❤✐♣❡r❜ó❧✐❝❛s✱ q✉❡ só ❛❞♠✐t❡♠ ❞♦✐s ♣♦♥t♦s ✜①♦s ❞✐st✐♥t♦s ❡♠ ∂∞D✳ ❚❛✐s

✐s♦♠❡tr✐❛s sã♦ ❝❤❛♠❛❞❛s ❛s tr❛♥s❧❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s ❛♦ ❧♦♥❣♦ ❞❡ ✉♠❛ ❣❡♦❞és✐❝❛ q✉❡

❧✐❣❛ ❞♦✐s ♣♦♥t♦s ✜①♦s❀

✷✳ ❆s ✐s♦♠❡tr✐❛s ♣❛r❛❜ó❧✐❝❛s✱ q✉❡ s♦ ❛❞♠✐t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ ❞✉♣❧♦ ❡♠ ∂∞D✳ ❚❛✐s

✐s♦♠❡tr✐❛s ✜①❛♠ ❝❛❞❛ ❤♦r♦❝✐❝❧♦ t❛♥❣❡♥t❡ ❛♦ ♣♦♥t♦ ✜①♦ ❡♠ q✉❡stã♦❀

✸✳ ❆s ✐s♦♠❡tr✐❛s ❡❧í♣t✐❝❛s✱ q✉❡ só ❛❞♠✐t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ ❡♠ D✳ ❚❛✐s ✐s♦♠❡tr✐❛s sã♦

❝❤❛♠❛❞❛s r♦t❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s✳

❊♠ ❝❛❞❛ ✉♠ ❞♦s três ❝❛s♦s✱ ❛ ❞❡s❝r✐çã♦ ❣❡♦♠étr✐❝❛ ❞❛s ✐s♦♠❡tr✐❛s sã♦ ❡①❛t❛♠❡♥t❡ ❛s

♠❡s♠❛s ♣❛r❛ ❛s ✐s♦♠❡tr✐❛s ❞♦ s❡♠✐♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳

❖❜s❡r✈❛çã♦ ✶✳✶✻✳ ◆♦t❡ q✉❡ ❡①✐st❡♠ tr❛♥s❢♦r♠❛çõ❡s ❝♦♥❢♦r♠❡s ❞❡ C∪{∞} q✉❡ ♥ã♦ ❡stã♦

♥❡♠ ♥♦ ❣r✉♣♦ ❞❡ ▼♦❡❜✐✉s ❞❡ H
2 ♥❡♠ ♥♦ ❣r✉♣♦ ❞❡ ▼♦❡❜✐✉s ❞❡ D✿ sã♦ ❛s tr❛♥s❢♦r♠❛çõ❡s

❧♦①♦❞rô♠✐❝❛s✳ ❊♥tr❡ ❡❧❛s ❡stã♦ ❛s ✐s♦♠❡tr✐❛s ♣♦s✐t✐✈❛s ❞❛ ❡s❢❡r❛ S
2 ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

f(z) =
az − c̄
cz + ā

❝♦♠ a, c ∈ C ♥ã♦ r❡❛✐s ✈❡r✐✜❝❛♥❞♦ |a|2 + |c|2 = 1✳

✶✳✹ Pr❡❧✐♠✐♥❛r❡s



✹✾

❈❛♣ít✉❧♦ ✷

❙✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s ❡♠ M
2(κ)×f R

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❛s s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s ❡♠ M
2(κ)×fR✱ ♦♥❞❡

M
2(κ) é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❝✉r✈❛t✉r❛ ♥ã♦ ♣♦s✐t✐✈❛✳ P❛r❛ ✐ss♦ ❝♦♠❡ç❛r❡♠♦s

♠♦str❛♥❞♦ ♦ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s ♥♦ ✇❛r♣❡❞ ♣r♦❞✉❝t

M
2(κ)×fR✱ ❡st✉❞❛r❡♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❛ ❣❡♦♠❡tr✐❛ ❞❛ ❝✉r✈❛ ❣❡r❛❞♦r❛ ❡ s✉❛ ❝♦♠♣❧❡t✉❞❡✳

❖s ❧✐✈r♦s ❡ ❛rt✐❣♦s ✉t✐❧✐③❛❞♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛s sã♦ ❬✻❪✱ ❬✼❪✱ ❬✾❪✱ ❬✶✸❪❡ ❬✶✹❪✳

✷✳✶ ❖ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ M
2(κ)×f R

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡ M
2(κ) ×f R✱ s✉❛ ♠étr✐❝❛✱ ♣r♦✈❛♠♦s q✉❡

r♦t❛çõ❡s ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ t é ✉♠❛ ✐s♦♠❡tr✐❛ ❞❡s❞❡ q✉❡ ❛ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥ ♦❜❡❞❡ç❛ ❛

r❡❧❛çã♦ f := f(ρ)✱ ❞❡✜♥✐♠♦s ❢✉♥çã♦ ❛❞♠✐ssí✈❡❧ ♣❛r❛ ♦ ❛♠❜✐❡♥t❡ ❡ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s

♣r♦♣r✐❡❞❛❞❡s ❞❡ ✇❛r♣❡❞ ♣r♦❞✉❝t✳

❙❡❥❛ (M2(κ), g1) ♦ ❡s♣❛ç♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❝✉r✈❛t✉r❛ ♥ã♦ ♣♦s✐t✐✈❛ ❝♦♠ ❛ ♠étr✐❝❛

g1 = λ(x, y)(dx2+dy2) ♦♥❞❡ s❡ κ = −1 ❡♥tã♦ M
2(κ) = H

2 ❡ λ(x, y) =
4

(1− x2 − y2)2 ❡ s❡

κ = 0 ❡♥tã♦ M
2(κ) = R

2 ❡ λ(x, y) = 1✳ ❙❡❥❛ (R, g2) ♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧

❝♦♠ ❛ ♠étr✐❝❛ g2 = dt2✳ ❈♦♥s✐❞❡r❡ ♦ ♣r♦❞✉t♦ M
2(κ)× R ❝♦♠ ❛s ♣r♦❥❡çõ❡s ❝❛♥ô♥✐❝❛s

π1 : M
2(κ)× R→M

2(κ) ❡ π2 : M
2(κ)× R→ R.

❉❛❞❛ ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❛r❜✐trár✐❛ f : M2(κ) → R ❝❤❛♠❛❞❛ ❞❡ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥✱ ✈❛♠♦s

❞❡✜♥✐r ❛ ♠étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛ g ❡♠ M
2(κ)× R ♣♦r g = g1 + e2fg2✳

❖ ♣❛r (M2(κ)×R, g) é ❞❡♥♦t❛❞♦ ♣♦r M2(κ)×fR ❡ ❝❤❛♠❛❞♦ ❞❡ ✇❛r♣❡❞ ♣r♦❞✉❝t✳ P♦rt❛♥t♦✱

♣❛r❛ v ∈ T((x,y),t)M2(κ)×f R ✉♠ ✈❡t♦r t❛♥❣❡♥t❡ ❞❡ M
2(κ)×f R✱ t❡♠♦s

g(v, v) = g1(dπ1(v), dπ1(v)) + e2f(x,y)g2(dπ2(v), dπ2(v)).



✺✵

❖❜s❡r✈❛çã♦ ✷✳✶✳ ❆ ✜❜r❛ {t0}×R ❡ ♦ s❧✐❝❡ M2(κ)×{p0} sã♦ s✉❜✈❛r✐❡❞❛❞❡s ❘✐❡♠❛♥♥✐❛♥❛s

❞❡ M
2(κ)×f R ❡ sã♦ ♦rt♦❣♦♥❛✐s ❡♠ (t0, p0)✳

◆♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✱ ♠♦str❛♠♦s q✉❡ q✉❛♥❞♦ ❛ ❢✉♥çã♦ ✇❛r♣✐♥❣ ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡ ρ✱

❛s r♦t❛çõ❡s ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ t sã♦ ✐s♦♠❡tr✐❛s ❞♦ ❡s♣❛ç♦ ❛♠❜✐❡♥t❡✳

Pr♦♣♦s✐çã♦ ✷✳✶✳ ❆s r♦t❛çõ❡s ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ t sã♦ ✐s♦♠❡tr✐❛s ❞❡ M
2(κ) ×f R q✉❛♥❞♦

f := f(ρ)✳

❉❡♠♦♥str❛çã♦✳ ❆ r♦t❛çã♦ ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ t é ❞❛❞❛ ♣♦r

A(x, y, t) =







cos(ω) − sin(ω) 0

sin(ω) cos(ω) 0

0 0 1













x

y

t






= (x cos(ω)− y sin(ω), x sin(ω) + y cos(ω), t)

❡ s❡❥❛

dA(x,y,t) : T(x,y,t)M
2(κ)×f R→ TA(x,y,t)M

2(κ)×f R

◗✉❡r❡♠♦s ♠♦str❛r

g(dA(x,y,t)(v), dA(x,y,t)(w)) = g(v, w)

❡♠ q✉❡ g = λ(x, y)(dx2 + dy2) + e2fdt2 ❡ λ(x, y) =
4

(1− x2 − y2)2 s❡ κ = −1 ❡

λ(x, y) = 1 s❡ κ = 0✳ ❉❡ ❢❛t♦

g(dA(x,y,t)(v), dA(x,y,t)(w)) = λ(x, y)(v1w1 + v2w2) + e2f(ρk cos(ω),ρk sin(ω))v3w3 = g(v, w)

■ss♦ só ♦❝♦rr❡ q✉❛♥❞♦ f(x, y) = ζ(x2 + y2)✱ ♦♥❞❡ ζ é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡✳ ❉❡ ❢❛t♦✱ ❢❛③❡♥❞♦

X = x cos(ω)− y sin(ω) ❡ Y = x sin(ω) + y cos(ω) t❡♠♦s

X2 + Y 2 = (x cos(ω)− y sin(ω))2 + (x sin(ω) + y cos(ω))2 = x2 + y2.

❆ss✐♠✱ ❝♦♠♦ f(x, y) = ζ(x2 + y2)✱ t❡♠♦s f(X, Y ) = f(x, y). P♦rt❛♥t♦ A é ✐s♦♠❡tr✐❛ ❞❡

M
2(κ)×f R✳

❖❜s❡r✈❛çã♦ ✷✳✷✳ ❙❡ ❝♦♥s✐❞❡r❛r♠♦s ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ❡♠ M
2(κ), ♦✉ s❡❥❛

{

x = ρk cos(ω)

y = ρk sin(ω)

♦♥❞❡

❼ s❡ κ = −1 t❡♠♦s ρk = tanh
(ρ

2

)

❀



✺✶

❼ s❡ κ = 0 t❡♠♦s ρk = ρ✳

❝♦♠ ρ ∈ (0,+∞) ❡ ω ∈ [0, 2π), t❡♠♦s q✉❡ ❛ ♠étr✐❝❛ g ♣❛ss❛ ❛ s❡r ❞❛❞❛ ❡♠ ❝♦♦r❞❡♥❛❞❛s

♣♦❧❛r❡s ♣♦r g = ❞ρ2 + h2(ρ)❞ω2 + e2f(ρk cos(ω),ρk sin(ω))❞t2✱ ♦♥❞❡ h(ρ) = ρ s❡ M
2(κ) = R

2 ❡

h(ρ) = sinh(ρ) s❡ M
2(κ) = H

2✳

◆♦ss♦ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s r♦t❛❝✐♦♥❛s ❡♠ M
2(κ) ×f R ♥♦ q✉❛❧ f é

❛❞♠✐ssí✈❡❧✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦

❉❡✜♥✐çã♦ ✷✳✶✳ P❛r❛ ♦ ✇❛r♣❡❞ ♣r♦❞✉❝t M
2(κ) ×f R✱ ❞✐③❡♠♦s q✉❡ ❛ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥

f : M2(κ) → R é ❛❞♠✐ssí✈❡❧ s❡ é ❧✐♠✐t❛❞❛ ❡ ❡①✐st❡ c, d ∈ R
∗
+ t❛❧ q✉❡ 0 < c < fρ(s) < d

♣❛r❛ t♦❞♦ s ∈M
2(κ)✳

❯♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ Σ ✐♠❡rs❛ ♥♦ ✇❛r♣❡❞ ♣r♦❞✉❝t M2(κ)×f R é ✉♠❛ s✉♣❡r❢í❝✐❡ t❛❧ q✉❡

s✉❛s ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s k1 ❡ k2 s❛t✐s❢❛③❡♠ ❛ r❡❧❛çã♦ H =
k1 + k2

2
= 0✳

P❛r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ Σ ✐♠❡rs❛ ♥♦ ✇❛r♣❡❞ ♣r♦❞✉❝t M2(κ)×f R✱ ❛ ❢✉♥çã♦ ❝✉r✈❛t✉r❛

❡①trí♥s❡❝❛ Ke = k1k2 é ♥ã♦ ♣♦s✐t✐✈❛✱ ✐st♦ é✱ Ke ⩽ 0 ♣❛r❛ t♦❞♦ p ∈ Σ✳ ▼❛✐s ❛✐♥❞❛✱ Ke = 0

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛s ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s k1(p) ❡ k2(p) sã♦ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧❛ ❡♠ p✳

❖❜s❡r✈❛çã♦ ✷✳✸✳ ❆ ✜♠ ❞❡ ♦❜t❡r♠♦s ❜❛rr❡✐r❛ ♣❛r❛ ♥♦ss♦ ❡st✉❞♦ ❞❡ s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s

❡♠ M
2(κ)×f R ❧❡♠❜r❡✲s❡✿

❼ ❖s s❧✐❝❡s ❞❡ M
2(κ) ×f R sã♦ t♦t❛❧♠❡♥t❡ ❣❡♦❞és✐❝♦s ❡ ♥❛t✉r❛❧♠❡♥t❡ ✐s♦♠❡tr✐❛ ❞❡

M
2(κ)❀

❼ ❈❛❞❛ ✜❜r❛ ✈❡rt✐❝❛❧ é ✉♠❛ s✉♣❡r❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛✳

✷✳✷ ❚❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡

◆❡st❛ s❡çã♦✱ ❡♥✉♥❝✐❛♠♦s ♦ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s ✐♠❡r✲

s❛s ❡♠ M
2(κ)×f R✳

❙❡❥❛♠ ρ : (a, b) → (0,+∞) ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈❛ ❡ Σ ✉♠❛ s✉♣❡r❢í❝✐❡

r♦t❛❝✐♦♥❛❧ ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ t ♥♦ ❡s♣❛ç♦ M
2(κ)×f R ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦

ρ = ρ(t) ❞❛❞❛ ♣❡❧❛ ♣❛r❛♠❡tr✐③❛çã♦

ψ(t, ω) = {(ρ(t), ω, t), t ∈ J ⊂ R, ω ∈ [0, 2π) ❝♦♠ ρ(t) > 0}

❡ H = H(N) ❛ ❢✉♥çã♦ ❝✉r✈❛t✉r❛ ♠é❞✐❛ ♦♥❞❡ N é ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r ♥♦r♠❛❧✱ ✉♥✐tár✐♦ ❡

q✉❡ ❛♣♦♥t❛ ♥❛ ❞✐r❡çã♦ ♦♣♦st❛ ❞♦ ❡✐①♦ ❞❡ r❡✈♦❧✉çã♦✳

◆♦ss♦ ♦❜❥❡t✐✈♦ é ✈❡r✐✜❝❛r s♦❜ q✉❡ ❝♦♥❞✐çõ❡s Σ é ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛✱ ♣❛r❛ ✐ss♦ ♣r❡❝✐✲

s❛♠♦s ❝❛❧❝✉❧❛r ❛s ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s k1 ❡ k2✳ ❙❡❣✉❡ ❞♦ ▲❡♠❛ ✶✳✷ q✉❡ ❡♠ M
2(κ)×f R✱



✺✷

♦s sí♠❜♦❧♦s ❞❡ ❈❤r✐st♦❢❡❧❧ sã♦ ❞❛❞♦s ♣♦r

Γ2
12 = Γ2

21 =
hρ
h
,

Γ3
13 = Γ3

31 = fρ,

Γ1
22 = −hhρ,

Γ1
33 = −e2ffρ.

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛s ❝♦♥❡①õ❡s ❞❡ M
2(κ)×f R sã♦

∇∂ω∂ω = −hhρ∂ρ,
∇∂t∂t = −e2ffρ∂ρ,

∇∂ρ∂ω = ∇∂ω∂ρ =
hρ
h
∂ω,

∇∂ρ∂t = ∇∂t∂ρ = fρ ∂t,

∇∂ρ∂ρ = ∇∂ω∂t = ∇∂t∂ω = 0.

❖s ❝❛♠♣♦s t❛♥❣❡♥t❡s ψt ❡ ψω ♥♦ r❡❢❡r❡♥❝✐❛❧ ❛❞❛♣t❛❞♦ {∂ρ, ∂ω, ∂t} sã♦ ❞❛❞♦s ♣♦r

ψt = ρt∂ρ + ∂t ❡ ψω = ∂ω. ❖s ❝♦❡✜❝✐❡♥t❡s ❞❛ ♣r✐♠❡✐r❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ sã♦ ❞❛❞♦s

E = g(ψt, ψt) = e2f + ρt,

F = g(ψt, ψω) = 0,

G = g(ψω, ψω) = h2(ρ).

❖ ✈❡t♦r ♥♦r♠❛❧ ✉♥✐tár✐♦ ❡♠ Σ é ❞❛❞♦ ♣♦r N =
ψt×̄ψω

(g(ψt×̄ψω, ψt×̄ψω))
1
2

♦♥❞❡ ×̄ é ♦ ♣r♦❞✉t♦

✈❡t♦r✐❛❧ ❛ss♦❝✐❛❞♦ ❛ ♠étr✐❝❛ ❡♠ M
2(κ)×f R ❡ ❞❡✜♥✐❞♦ ❛ s❡❣✉✐r✳

❉❡✜♥✐çã♦ ✷✳✷ ✭Pr♦❞✉t♦ ✈❡t♦r✐❛❧ ❡♠ M
2(κ) ×f R✮✳ ❙❡❥❛♠ g = dρ2 + h2(ρ)dω2 + e2fdt2

❛ ♠étr✐❝❛ ❡ {∂ρ, ∂ω, ∂t} é ♦ r❡❢❡r❡♥❝✐❛❧ ❛❞❛♣t❛❞♦ ❞❡ M
2(κ) ×f R ✳ ❈♦♥s✐❞❡r❡ u = u1∂ρ +

u2∂ω + u3∂t, v = v1∂ρ+ v2∂ω + v3∂t ∈ T(ρ,ω,t)M2(κ)×f R✳ ❉❡✜♥✐♠♦s ♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧ ❞❡

u ♣♦r v ❝♦♠♦

u×̄v := det











∂ρ
∂ω
h2(ρ)

∂t
e2f

u1 u2 u3

v1 v2 v3











▲♦❣♦

N =
ψt×̄ψω

(g(ψt×̄ψω, ψt×̄ψω))
1
2

= − ef

(e2f + ρ2t )
1
2

∂ρ +
e−fρt

(e2f + ρ2t )
1
2

∂t.



✺✸

P❛r❛ ❡♥❝♦♥tr❛r♠♦s ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧✱ ♣r❡❝✐s❛r❡♠♦s ❝❛❧❝✉❧❛r

❛s ❝♦♥❡①õ❡s s♦❜r❡ ♦s ❝❛♠♣♦s t❛♥❣❡♥t❡s à s✉♣❡r❢í❝✐❡✱ q✉❡ sã♦ ❞❛❞❛s ♣♦r

∇ψt
ψt = ∇ψt

ρt∂ρ + ∂t = ∇ψt
ρt∂ρ +∇ψt

∂t =

= ρtt∂ρ + ρt∇ψt
∂ρ +∇ψt

∂t =

= ρtt∂ρ + ρt∇ρt∂ρ+∂t∂t +∇ρt∂ρ+∂t∂t =

= ρtt∂ρ + ρ2t∇∂ρ∂ρ + 2ρt∇∂ρ∂t +∇∂t∂t =

= (ρtt − e2ffρ)∂ρ + 2fρρt∂t.

∇ψt
ψω = ∇ρt∂ρ+∂t∂ω = ρt∇∂ρ∂ω +∇∂t∂ω = ρt

hρ
h
∂ω.

∇ψω
ψω = ∇∂ω∂ω = −hhρ∂ρ.

▲♦❣♦✱ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❛ s❡❣✉♥❞❛ ❢♦r♠❛ ❢✉♥❞❛♠❡♥t❛❧ sã♦

e = g(N,∇ψt
ψt) =

ef (e2ffρ + 2fρρ
2
t − ρtt)

(e2f + ρt)
1
2

,

f = g(N,∇ψt
ψω) = 0,

g = g(N,∇ψω
ψω) = hhρ

ef

(e2f + ρt)
1
2

.

❈♦♠♦ Σ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❞✉♣❧❛♠❡♥t❡ ♦rt♦❣♦♥❛❧ ✭✐st♦ é✱ f = F = 0✮✱ t❡♠♦s q✉❡ ❛s

❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s sã♦ ❢❛❝✐❧♠❡♥t❡ ❝❛❧❝✉❧❛❞❛s ♣♦r

k1 =
e

E
=
ef (e2ffρ + 2fρρ

2
t − ρtt)

(e2f + ρt)
3
2

k2 =
g

G
=
hρ
h

ef

(e2f + ρt)
1
2

P♦rt❛♥t♦✱ Σ é ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ r❡✈♦❧✉çã♦ ♠í♥✐♠❛✱ s❡ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❢✉♥çã♦ ρ = ρ(t)

✈❡r✐✜❝❛

ef (e2ffρ + 2fρρ
2
t − ρtt)

(e2f + ρ2t )
3
2

+
hρ
h

ef

(e2f + ρt)
1
2

= 0, ✭✷✳✶✮

♦♥❞❡ ρt ❞❡♥♦t❛ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ρ = ρ(t) ❝♦♠ r❡s♣❡✐t♦ ❛ ✈❛r✐á✈❡❧ t✳

P❛r❛ ♣r♦✈❛r♠♦s ❛❧❣✉♥s ❞❡ ♥♦ss♦s r❡s✉❧t❛❞♦s ♣r❡❝✐s❛r❡♠♦s ❞♦s ❢❛♠♦s♦s t❡♦r❡♠❛s ❞❛ ❆♣❧✐✲



✺✹

❝❛çã♦ ■♥✈❡rs❛ ❡ ❞❛ ❆♣❧✐❝❛çã♦ ■♠♣❧í❝✐t❛✱ ❡ ♣❛r❛ ✜♥s ♣♦st❡r✐♦r❡s ♦s ❡♥✉♥❝✐❛r❡♠♦s ❛ s❡❣✉✐r✳

❚❡♦r❡♠❛ ✾ ✭❚❡♦r❡♠❛ ❞❛ ❆♣❧✐❝❛çã♦ ■♥✈❡rs❛✮✳ ❙❡❥❛♠ φ : U → R
m✱ ❞❡✜♥✐❞❛ ♥♦ ❛❜❡rt♦

U ⊂ R
m✱ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ a ∈ U ❡ dφa : Rm → R

m ✉♠ ✐s♦♠♦r✜s♠♦✳ ❊♥tã♦ φ é

✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❞❡ ✉♠ ❛❜❡rt♦ V ❝♦♥t❡♥❞♦ a s♦❜r❡ ✉♠ ❛❜❡rt♦ W ❝♦♥t❡♥❞♦ φ(a)✳ ❖

❤♦♠❡♦♠♦r✜s♠♦ ✐♥✈❡rs♦ φ−1 : W → V é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ φ(a) ❡ s✉❛ ❞❡r✐✈❛❞❛ ♥❡ss❡

♣♦♥t♦ é [φ′(a)]−1✳ ❙❡ φ ∈ Ck (k ⩾ 1) ❡♥tã♦ V ♣♦❞❡ s❡r t♦♠❛❞♦ ❞❡ ♠♦❞♦ q✉❡ φ s❡❥❛ ✉♠

❞✐❢❡♦♠♦r✜s♠♦ ❞❡ V s♦❜r❡ W ✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✾❪✱ ♣á❣ ✷✽✷✳

❚❡♦r❡♠❛ ✶✵ ✭❚❡♦r❡♠❛ ❞❛ ❆♣❧✐❝❛çã♦ ■♠♣❧í❝✐t❛✮✳ ❙❡❥❛ φ : U → R
n✱ ❞❡✜♥✐❞❛ ♥♦ ❛❜❡rt♦

U ⊂ R
m+n✱ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ a ∈ U ✱ ❝♦♠ φ(a) = c✳ ❙❡ dφa : R

m+n → R
n é

s♦❜r❡❥❡t✐✈❛✱ ♦✉ ♠❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡ R
m+n = R

m ⊕ R
n é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛

❞✐r❡t❛ t❛❧ q✉❡ a = (a1, a2) ❡ ❛ ❞❡r✐✈❛❞❛ ∂2φ(a) : R
n → R

n é ✉♠ ✐s♦♠♦r✜s♠♦✱ ❡♥tã♦

❡①✐st❡♠ ❛❜❡rt♦s V, Z ✭♦♥❞❡ a1 ∈ V ⊂ R
m, a ∈ Z ⊂ U) ❝♦♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡✿ ♣❛r❛

❝❛❞❛ x ∈ V ❤á ✉♠ ú♥✐❝♦ ξ(x) ∈ R
n t❛❧ q✉❡ (x, ξ(x)) ∈ Z ❡ φ(x, ξ(x)) = c✳ ❆ ❛♣❧✐❝❛çã♦

ξ : V → R
n ❛ss✐♠ ❞❡✜♥✐❞❛ é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ a1 ❡ s✉❛ ❞❡r✐✈❛❞❛ ♥❡ss❡ ♣♦♥t♦ é

ξ′(a1) = −[∂2φ(a)]−1 ◦ [∂1φ(a)]. ❙❡ φ ∈ Ck (k ⩾ 1)✱ ❡♥tã♦ ξ ∈ Ck ❡ s✉❛ ❞❡r✐✈❛❞❛ ♥✉♠

♣♦♥t♦ x ∈ V q✉❛❧q✉❡r é

ξ′(x) = −[∂2φ(x, ξ(x))]−1 ◦ [∂1φ(x, ξ(x))]

❉❡♠♦♥str❛çã♦✳ ❱❡r ❬✾❪✱ ♣á❣ ✷✾✺✳

❆♣r❡s❡♥t❛♠♦s ❛❜❛✐①♦ ♦ t❡♦r❡♠❛ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s ❡♠

M
2(κ)×f R✳

❚❡♦r❡♠❛ ✶✶✳ ❙❡❥❛ M
2(κ) ×f R ♦ ✇❛r♣❡❞ ♣r♦❞✉❝t ♦♥❞❡ f = f(ρ) é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡

❞❡✜♥✐❞❛ ❡♠ (0,+∞)✳ ❙❡❥❛ ρ0 > 0 ✉♠ ♥ú♠❡r♦ r❡❛❧ ♣♦s✐t✐✈♦ q✉❡ ✈❡r✐✜❝❛

fρ(ρ0) +
hρ(ρ0)

h(ρ0)
> 0.

❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ Σρ0 ❝✉❥❛ ❛ ❝✉r✈❛ ❣❡r❛❞♦r❛ é ♦ ❣rá✜❝♦ ❞❡ ✉♠❛

❢✉♥çã♦ s✉❛✈❡ ρ = ρ(t) ❞❡✜♥✐❞❛ ♥♦ ❞♦♠í♥✐♦ ♠❛①✐♠❛❧ Dom(ρ(t)) ⊂ R. ❖ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦

ρ t❡♠ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❡♠ t = 0✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ ❛ ❢✉♥çã♦ ρ(t) ✈❡r✐✜❝❛

ρ(t) > 0, ρ(0) = ρ0 ❡ ρt(0) = 0.

❉❡♠♦♥str❛çã♦✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❝♦♥str✉✐r ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✮ s❛t✐s❢❛③❡♥❞♦

ρ(0) = ρ0 ❡ ρt(0) = 0. ❉❡✜♥❛ ❛ ❢✉♥çã♦

F (t, u1, u2, u3) =
ef(u1)(e2f(u1)fu1 + 2fu1u

2
2 − u3)

(e2f(u1) + u22)
3
2

+
hρ
h

ef(u1)

u1(e2f(u1) + u22)
1
2

,



✺✺

♦♥❞❡ u1 > 0✱ u2, u3 ∈ R ❡ t ∈ (−ε, ε) ♣❛r❛ ❛❧❣✉♠ ε > 0✳ ❆ss✐♠✱ ❛ ❡q✉❛çã♦ ✭✷✳✶✮ é

❡q✉✐✈❛❧❡♥t❡ ❛

F (t, ρ, ρt, ρtt) = 0. ✭✷✳✷✮

P♦r ❤✐♣ót❡s❡

F (0, ρ0, 0, 0) = fρ(ρ0) +
hρ(ρ0)

h(ρ0)
> 0

▲♦❣♦

lim
u3→+∞

F (0, ρ0, 0, u3) < 0.

P♦r ♦✉tr♦ ❧❛❞♦

∂F

∂u3
(0, ρ0, 0, u3) = −e−2f(ρ0) < 0

✐st♦ é✱ F (0, ρ0, 0, u3) é ✉♠❛ ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ♥❛ ✈❛r✐á✈❡❧ u3✳ ▲♦❣♦✱ ❡①✐st❡

✉♠ ú♥✐❝♦ ♥ú♠❡r♦ ρ̄0 s❛t✐s❢❛③❡♥❞♦ F (0, ρ0, 0, ρ̄0) = 0. ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦

∂F

∂u3
(0, ρ0, 0, ρ̄0) < 0

t❡♠♦s ♣❡❧♦ ❚❡♦r❡♠❛ ✶✵ q✉❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ (0, ρ0, 0) ❡♠ R
3 ❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

V ❞❡ ρ̄0 ❡♠ R ❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ η ❞❡ ❝❧❛ss❡ C1 ❞❡ U ❡♠ V ✈❡r✐✜❝❛♥❞♦

∀ (t, u1, u2) ∈ U, ∀ u3 ∈ V, F (t, u1, u2, u3) = 0⇔ u3 = η(t, u1, u2) ❡ η(0, ρ0, 0) = ρ̄0.

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✱ ❣❛r❛♥t✐♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ρ = ρ(t) ❞❡

❝❧❛ss❡ C3 ❞❡✜♥✐❞❛ ♥♦ ✐♥t❡r✈❛❧♦ (−δ, δ) ❝♦♠ δ > 0 q✉❡ ✈❡r✐✜❝❛ ❛ ❡q✉❛çã♦

ρtt = η(t, ρ(t), ρt(t)), ❝♦♠ ρ(0) = ρ0 ❡ ρt(0) = 0.

q✉❡ ♣♦r ❝♦♥str✉çã♦ é s♦❧✉çã♦ ❞❡ ✭✷✳✷✮✳ P❛r❛ ♦❜t❡r ♦ r❡s✉❧t❛❞♦✱ ❝♦♥s✐❞❡r❡ ❛ s♦❧✉çã♦ ♠❛①✐♠❛❧

s♦❜r❡ ♦ ❞♦♠í♥✐♦ ♠❛①✐♠❛❧ Dom(ρ(t)).

❖ ❚❡♦r❡♠❛ ✶✶ ♥♦s ❞á ❛ ❡①✐stê♥❝✐❛ ❞❡ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ r♦t❛❝✐♦♥❛❧ Σρ0 ❛ ✉♠ ♣❛râ♠❡tr♦

✭❞❡♣❡♥❞❡♥❞♦ ❞♦ ♣❛râ♠❡tr♦ ρ0✮✱ ❝✉❥❛ ❝✉r✈❛ ❣❡r❛❞♦r❛ é ❧♦❝❛❧♠❡♥t❡ ✉♠ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦

ρ = ρ(t) ❡ t❡♥❞♦ ✉♠ ♣♦♥t♦ ❝rít✐❝♦✳ P❛r❛ ❝❧❛ss✐✜❝❛r♠♦s t❛✐s s✉♣❡r❢í❝✐❡s✱ ♣r❡❝✐s❛♠♦s ❡st✉❞❛r

❛ ❝♦♠♣❧❡t✉❞❡ ❞❛ ❝✉r✈❛ ❡ s❡✉ ❝♦♠♣♦rt❛♠❡♥t♦ ❣❡♦♠étr✐❝♦✳ P❛r❛ ✐ss♦✱ ❛ ✜♠ ❞❡ s✐♠♣❧✐✜❝❛r ♦s

❝á❧❝✉❧♦s✱ ❛♦ ✐♥✈és ❞❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ ❝✉r✈❛ ❣❡r❛❞♦r❛ ❝♦♠♦ ✉♠ ❣rá✜❝♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r

❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦✳



✺✻

❖❜s❡r✈❛çã♦ ✷✳✹✳ ◆♦t❡ q✉❡ ♥♦ ❚❡♦r❡♠❛ ✶✶✱ ♦❜t✐✈❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ (localmente)

❞❡ s✉♣❡r❢í❝✐❡s r♦t❛❝✐♦♥❛✐s ♠í♥✐♠❛s ❡♠ M
2(κ)×f R✱ ♣❛r❛ ✉♠❛ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥ ❣❡r❛❧✳ ❖✉

s❡❥❛✱ ♣❛r❛ ♣r♦✈❛r ♦ t❡♦r❡♠❛ ❝♦♥s✐❞❡r❛♠♦s ❛♣❡♥❛s q✉❡ ❛ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥ ❢♦ss❡ s✉❛✈❡✳

✷✳✸ ●❡♦♠❡tr✐❛ ❞❛ ❝✉r✈❛ γ(s) ❡ s✉❛ ❝♦♠♣❧❡t✉❞❡

◆❡st❛ s❡çã♦✱ ♣❛r❛ ❡♥t❡♥❞❡r ❛ ❣❡♦♠❡tr✐❛ ❞❛ ❝✉r✈❛ ❣❡r❛❞♦r❛✱ ♠♦str❛♠♦s q✉❡ ❢✉♥çã♦ ❛❧t✉r❛

t(s)✱ ❛❧é♠ ❞❡ s❡r ❧✐♠✐t❛❞❛✱ ♥✉♥❝❛ s❡ ❛♥✉❧❛ ♥✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ r♦t❛❝✐♦♥❛❧

♠í♥✐♠❛ Σγ ✐♠❡rs❛ ❡♠ M
2(κ)×f R✳ ❆❧é♠ ❞✐ss♦✱ ♠♦str❛♠♦s q✉❡ ❛ ❝✉r✈❛ ❣❡r❛tr✐③ ♥ã♦ t♦❝❛

♦ ❡✐①♦ ❞❡ r❡✈♦❧✉çã♦ ❡ t❛♠❜é♠ ❡①♣❧✐❝❛♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ❢✉♥çã♦ ρ✳

❖❜s❡r✈❛çã♦ ✷✳✺✳ ❆ ❢✉♥çã♦ ❛❧t✉r❛ ❞❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ r♦t❛❝✐♦♥❛❧ Σ ✐♠❡rs❛ ❡♠ M
2(κ)×f

R é ❛ r❡str✐çã♦ ❞❛ ♣r♦❥❡çã♦

π2 : M
2(κ)×f R→ R ❞❛❞❛ ♣♦r π2(ρ, ω, t)) = t

❛ Σ✳ ❖✉ s❡❥❛✱ ❛ ❢✉♥çã♦ ❛❧t✉r❛ ❞❡ Σ é π2 |Σ ✳

❆ss✉♠✐r❡♠♦s q✉❡ f = f(ρ)✳ ❈♦♥s✐❞❡r❡ ♥♦ ♣❧❛♥♦ Π = {(ρ, ω, t) ∈ M
2(κ) ×f R; ω = 0⑥

✉♠❛ ❝✉r✈❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦

γ(s) = (ρ(s), 0, t(s)) ❡ ρs(s) + e2f(ρ)t2s = 1

♦♥❞❡ f(s) = f
∣

∣

γ(s) ✳ ❈♦♥s✐❞❡r❡ ❛ s✉♣❡r❢í❝✐❡ ❣❡r❛❞❛ ♣❡❧❛ r♦t❛çã♦ ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ t✱ ❞❛❞❛

♣❡❧❛ ♣❛r❛♠❡tr✐③❛çã♦

ψ(s, ω) = {(ρ(s), ω, t(s)), s ∈ J ⊂ R, ω ∈ [0, 2π) ❝♦♠ ρ(s) > 0}.

❉♦ ❡①♣♦st♦ ❛❝✐♠❛ ♦❜t❡♠♦s q✉❡ ❛s ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s ❡♠ r❡s♣❡✐t♦ ❛♦ ✈❡t♦r ♥♦r♠❛❧

✉♥✐tár✐♦

N = −ef ts∂ρ + e−fρs∂t

sã♦

k1 = ef (fρts(1 + ρ2s) + ρstss − tsρss) ❡ k2 =
hρ
h
ef ts

◆❡ss❛s ❝♦♥❞✐çõ❡s✱ Σ é ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ ❞❡ M
2(κ) ×f R s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❢✉♥çã♦

ρ = ρ(s) ✈❡r✐✜❝❛

ef (fρts(1 + ρ2s) + ρstss − tsρss) +
hρ
h
ef ts = 0 ✭✷✳✸✮



✺✼

❖❜s❡r✈❛çã♦ ✷✳✻✳ ❖ s❧✐❝❡ St0(s, w) = {(s, w, t0), s, w ∈ R, t0 ∈ R ✜①♦} é ✉♠❛ s✉♣❡r✲

❢í❝✐❡ t♦t❛❧♠❡♥t❡ ✉♠❜í❧✐❝❛ ♣❛r❛ f ✉♠❛ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥ ♥ã♦ ❝♦♥st❛♥t❡✱ ❡ s✉❛s ❝✉r✈❛t✉r❛s

♣r✐♥❝✐♣❛✐s sã♦ ❞❛❞❛s ♣♦r k1(s, w) = k2(s, w) = 0✳

❖❜s❡r✈❛çã♦ ✷✳✼✳ ❯♠❛ ❡♥♦r♠❡ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ❡st✉❞♦s ❞❡ s✉♣❡r❢í❝✐❡s r♦t❛❝✐♦♥❛✐s ♠í✲

♥✐♠❛s ✐♠❡rs❛s ♥♦ ✇❛r♣❡❞ ♣r♦❞✉❝t M2(κ)×f R ❝♦♠ ❡s♣❛ç♦s ♣r♦❞✉t♦s✱ ❡ q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦

❞❡ ❛r❝♦ s ❡♠ t❛✐s ❡s♣❛ç♦s s❛t✐s❢❛③ ρs(s)2 + ts(s)
2 = 1✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ts(s)→ 0 s❡✱ ❡ s♦✲

♠❡♥t❡ s❡✱ ρs(s)→ ±1✳ P❛r❛ ♦ ✇❛r♣❡❞ ♣r♦❞✉❝t ❡st✉❞❛❞♦ t❡♠♦s ρs(s)2+e2f(ρ)ts(s)2 = 1✱ t❛❧

♣r♦♣r✐❡❞❛❞❡ ♥ã♦ é ✈❡r❞❛❞❡✱ ♦✉ s❡❥❛✱ ♣❛r❛ ✉♠❛ ❢✉♥çã♦ ✇❛r♣✐♥❣ ❣❡r❛❧✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s {sn} t❛❧ q✉❡ ts(sn)→ 0 q✉❛♥❞♦ n→ +∞ ❡ ρs(sn) ♥ã♦ ❝♦♥✈❡r❣❡

♣❛r❛ ±1 q✉❛♥❞♦ n→ +∞✳

▲❡♠❛ ✷✳✶✳ ❙❡❥❛ Σγ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ r♦t❛❝✐♦♥❛❧ ❡♠ M
2(κ) ×f R q✉❡ ♥ã♦ s❡❥❛ ✉♠

s❧✐❝❡✳ ❆ss✉♠❛ q✉❡ f ♥ã♦ s❡❥❛ ❝♦♥st❛♥t❡✱ ❡♥tã♦ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ❛❧t✉r❛ t = t(s) é

s❡♠♣r❡ ♥ã♦ ♥✉❧❛ ❡♠ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ Σγ✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ✉♠ s✉❜✐♥t❡r✈❛❧♦ J ⊂ Dom(α)✱ ts(s0) = 0✳ ❈♦♠♦ s é ♦

♣❛râ♠❡tr♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ t❡♠♦s e2f t2s + ρ2s = 1✱ ❡♥tã♦ ρs(s0) ̸= 0✳ ❊♠ ♣❛rt✐❝✉❧❛r

ps ̸= 0 ❡♠ J ⊂ J ✳

❉❡r✐✈❛♥❞♦ e2f t2s + ρ2s = 1 ❡ ❧❡♠❜r❛♥❞♦ q✉❡ ρ := ρ(s) ♦❜t❡♠♦s e2f ts(fρts+ tss) + ρsρss = 0✳

❆ ♥♦ss❛ ❞❡♠♦♥str❛çã♦ s❡rá ❞✐✈✐❞✐❞♦ ❡♠ ❞♦✐s ❝❛s♦s✿

❈❆❙❖ ✶✮ M
2(κ) = R

2

■s♦❧❛♥❞♦ ρss ❛s ❝✉r✈❛t✉r❛s k1 ❡ k2 ♣❛ss❛♠ ❛ s❡r

k1 = ef
(

tss
ρs

+ 2fρts

)

❡ k2 =
ef ts
ρ
.

P❛r❛ q✉❛❧q✉❡r s ∈ J ✱ ❝♦♥s✐❞❡r❡ ∑γ ♦r✐❡♥t❛❞❛ ♣❡❧♦ ✈❡t♦r ♥♦r♠❛❧ N ❞❛❞♦ ♣♦r

N = −ef ts∂ρ+ e−fρs∂t.

◆❡ss❛s ❝♦♥❞✐çõ❡s✱ Σ é ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ ❞❡ R
2 ×f R s❡✱ ❡ s♦♠❡♥t❡ s❡✱ k1 + k2 = 0✱

✐st♦ é

ef
(

tss
ρs

+ 2fρts

)

+ ef
ts
ρ
= 0

⇔ tss
ρs

+ 2fρts +
ts
ρ
= 0.

❆ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦ Q(ρ, ρs, t, ts, tss) = 0✱ ♦♥❞❡

Q(u, v,m, z, w) =
w

v
+ 2fu(u)z +

z

u
,



✺✽

❡ u > 0✳ ❉❡r✐✈❛♥❞♦ Q ❡♠ r❡❧❛çã♦ ❛ w ♦❜t❡♠♦s

dQ

dw
=

1

v
̸= 0,

❧♦❣♦ Q(u, v,m, z, w) é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ✭♦✉ ❞❡❝r❡s❝❡♥t❡✮ ❝♦♠ r❡s♣❡✐t♦ ❛ w q✉❛♥❞♦

v > 0 (v < 0)✳ ❈♦♠♦ ρs(s0) ̸= 0✱ s❡❣✉❡

∂Q

∂w
(ρ(s0), ρs(s0), t(s0), ts(s0), tss(s0)) =

1

ρs(s0)
̸= 0.

❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✵ ❛ ❡①✐stê♥❝✐❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1 ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❞♦ ♣♦♥t♦ (ρ(s0), ρs(s0), t(s0), ts(s0)) ∈ R
4 ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ tss(s0) ∈ R t❛❧ q✉❡

tss = h(ρ, ρs, t, ts). ❋❛③❡♥❞♦ v1 = ρ, v2 = ρs, v3 = t ❡ v4 = ts✱ t❡♠♦s

v
′

1 = v2,

v
′

2 = −e2f(v1)fv1v24 −
e2f(v1)v4
v1

h(v1, v2, v3, v4),

v
′

3 = v4,

v
′

4 = h(v1, v2, v3, v4),

❝♦♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛s ρ(s0) = ρ0, ρs(s0) = ρ̂0, t(s0) = t0 ❡ ts(s0) = 0✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛

✶ q✉❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ (ρ(s), t(s)) ♣❛r❛ ♦ s✐st❡♠❛ ❛❝✐♠❛ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

❞❛❞❛s ♥♦ ✐♥t❡r✈❛❧♦ ❝♦♠ s0 ∈ J ⊂ J ✳

❖❜s❡r✈❡ q✉❡

ρ(s) = ρ(s0) + ρs(s0)(s− s0) ❡ t(s) = t0

é s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❛❝✐♠❛✱ ❧♦❣♦ é ú♥✐❝❛✳ ❆ss✐♠✱ ✉♠❛ ♣❛rt❡ ❛❜❡rt❛ ❞❡ Σα ❡stá ❝♦♥t✐❞❛

♥✉♠ s❧✐❝❡ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♥♦ss❛ ❤✐♣ót❡s❡✳ P♦rt❛♥t♦✱ ts ̸= 0 ∀s ∈ J.

❈❆❙❖ ✷✮ M2(κ) = H
2

■s♦❧❛♥❞♦ ρss ❛s ❝✉r✈❛t✉r❛s k1 ❡ k2 ♣❛ss❛♠ ❛ s❡r

k1 = 2e2ffρt
3
s + 2fρtsρ

2
s + tssρs + tsse

2f t
2
s

ρs
❡ k2 = e2f ts

1

tanh(ρ)
.

P❛r❛ q✉❛❧q✉❡r s ∈ J ✱ ❝♦♥s✐❞❡r❡ ∑γ ♦r✐❡♥t❛❞❛ ♣❡❧♦ ✈❡t♦r ♥♦r♠❛❧ N ❞❛❞♦ ♣♦r

N = −ef ts∂ρ+ e−fρs∂t

◆❡ss❛s ❝♦♥❞✐çõ❡s✱ Σ é ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ ❞❡ H
2 ×f R s❡✱ ❡ s♦♠❡♥t❡ s❡✱ k1 + k2 = 0✱



✺✾

✐st♦ é

2e2ffρt
3
s + 2fρtsρ

2
s + tssρs + tsse

2f t
2
s

ρs
+ e2f

ts
tanh(ρ)

= 0.

❆ ❡q✉❛çã♦ ❛❝✐♠❛ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❝♦♠♦ Q(ρ, ρs, t, ts, tss) = 0✱ ♦♥❞❡

Q(u, v,m, z, w) = 2e2f(u)fuz
3 + 2fuzv

2 + wv + we2f(u)
z2

v
+ e2f(u)

z

tanh(u)
,

❡ u > 0✳ ❉❡r✐✈❛♥❞♦ Q ❡♠ r❡❧❛çã♦ ❛ w ♦❜t❡♠♦s

dQ

dw
= v + e2f(u)

z2

v
,

❝♦♠♦ ρs(s0) ̸= 0 ❡ ts(s0) s❡❣✉❡

∂Q

∂w
(ρ(s0), ρs(s0), t(s0), ts(s0), tss(s0)) = ρs(s0) + e2f(ρ(s0))

ts(s0)

ρs(s0)
̸= 0.

❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✵ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ C1 ❞❡✜♥✐❞❛ ❡♠ ✉♠❛ ✈✐③✐✲

♥❤❛♥ç❛ ❞❡ (ρ(s0), ρs(s0), t(s0), ts(s0)) ∈ R
4 ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ tss(s0) ∈ R t❛❧ q✉❡

tss = h(ρ, ρs, t, ts). ❋❛③❡♥❞♦ v1 = ρ, v2 = ρs, v3 = t ❡ v4 = ts✱ t❡♠♦s

v
′

1 = v2,

v
′

2 =
−e2f(v1)fv1v24

v2
− v4h(v1, v2, v3, v4)

v2
e2f(v1),

v
′

3 = v4,

v
′

4 = h(v1, v2, v3, v4),

❝♦♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛s ρ(s0) = ρ0, ρs(s0) = ρ̂0, t(s0) = t0 ❡ ts(s0) = 0✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛

✶ q✉❡ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ (ρ(s), t(s)) ♣❛r❛ ♦ s✐st❡♠❛ ❛❝✐♠❛ ❝♦♠ ❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s

❞❛❞❛s ♥♦ ✐♥t❡r✈❛❧♦ ❝♦♠ s0 ∈ J ⊂ J ✳

❖❜s❡r✈❡ q✉❡

ρ(s) = ρ(s0) + ρs(s0)(s− s0) ❡ t(s) = t0

é s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❛❝✐♠❛✱ ❧♦❣♦✱ é ú♥✐❝❛✳ ❆ss✐♠✱ ✉♠❛ ♣❛rt❡ ❛❜❡rt❛ ❞❡ Σα ❡stá ❝♦♥t✐❞❛

♥✉♠ s❧✐❝❡ ❡ ❝♦♥tr❛❞✐③ ❛ ♥♦ss❛ ❤✐♣ót❡s❡✳ P♦rt❛♥t♦✱ ts ̸= 0 ∀s ∈ J.

❆ss✐♠✱ ❞❡ ❛♠❜♦s ♦s ❝❛s♦s ❝♦♥❝❧✉í♠♦s q✉❡ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ❛❧t✉r❛ t = t(s) é s❡♠♣r❡

♥ã♦ ♥✉❧❛ ❡♠ ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ Σγ.

Pr♦♣♦s✐çã♦ ✷✳✷✳ ❙❡❥❛ Σγ ✉♠❛ s✉♣❡r❢í❝✐❡ r♦t❛❝✐♦♥❛❧ ♠í♥✐♠❛ ✐♠❡rs❛ ❡♠ M
2(κ)×fR ♦❜t✐❞❛

♣❡❧❛ r♦t❛çã♦ ❞❡ ✉♠❛ ❝✉r✈❛ γ ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ t✳ ❊♥tã♦ ❛ ❝✉r✈❛ ❣❡r❛tr✐③ γ ♥ã♦ ♣♦❞❡ t♦❝❛r



✻✵

♦ ❡✐①♦ ❞❡ r❡✈♦❧✉çã♦✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ γ ✐♥t❡r❝❡♣t❡ ♦ ❡✐①♦ ❞❡ r❡✈♦❧✉çã♦✳ ❈♦♠♦ Σγ é ✉♠❛ s✉♣❡r❢í❝✐❡

r❡❣✉❧❛r ❞❡ M2(κ)×f R✱ s❡❣✉❡ q✉❡ ❛ ✐♥t❡rs❡❝çã♦ ❝♦♠ ♦ ❡✐①♦ t ❞❡✈❡ ♦❝♦rr❡r ♦rt♦❣♦♥❛❧♠❡♥t❡

✭❝❛s♦ ❝♦♥trár✐♦✱ ♥ã♦ t❡rí❛♠♦s ✉♥✐❝✐❞❛❞❡ ❞♦s ❧✐♠✐t❡s ❞❛s r❡t❛s t❛♥❣❡♥t❡s ♥♦ ♣♦♥t♦ q✉❡ ❝♦rt❛

♦ ❡✐①♦ t✮✱ ❧♦❣♦ ts(s0) = 0✳ ❆ ❝♦♥❞✐çã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❛r❝♦ (e2f t2s+ρ
2
s = 1) ✐♠♣❧✐❝❛ q✉❡

ρs(s0) = ±1 ❡ tss(s0) ̸= 0 ✭♣♦✐s ♣❡❧♦ t❡st❡ ❞❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ t❡♠♦s q✉❡ s❡ tss(s0) < 0

❡♥tã♦ s0 é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❣❧♦❜❛❧ ❡ s❡ tss(s0) > 0 s0 é ✉♠ ♣♦♥t♦ ❞❡ ♠✐♥✐♠♦ ❣❧♦❜❛❧✮✳

❆✐♥❞❛✱ ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡❝çã♦ t❡♠ q✉❡ s❡r ✉♠❜í❧✐❝♦ ✭✈✐st♦ q✉❡ é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦

♦✉ ♠✐♥✐♠♦✮✱ ♦✉ s❡❥❛✱ k1(s0) = k2(s0) = 0✳ P❛r❛ ❝♦♥❝❧✉✐r ♦ ❞❡s❡❥❛❞♦✱ ✈❛♠♦s ❞✐✈✐❞✐r ♥♦ss❛

❞❡♠♦♥str❛çã♦ ❡♠ ❞♦✐s ❝❛s♦s✳

❈❆❙❖ ✶✮ ❙❡ M
2(κ) = R

2 ❡♥tã♦

k1 = ef
(

tss
ρs

+ 2fρts

)

❡ k2 =
ef ts
ρ

❡ ✜①❛❞♦ s0 t❡♠♦s k1(s0) = tss(s0) ̸= 0 ❡ k2(s0) = 0✱ ♦ q✉❡ ♥♦s ❧❡✈❛ ❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

▲♦❣♦✱ γ ♥ã♦ ❝♦rt❛ ♦ ❡✐①♦ ❞❡ r❡✈♦❧✉çã♦✳

❈❆❙❖ ✷✮❙❡ M
2(κ) = H

2 ❡♥tã♦

k1 = e2f
(

2e2ffρt
3
s + 2fρtsρ

2
s + tssρs + tsse

2f t
2
s

ρs

)

❡ k2 =
e2f ts

tanh(ρ)

t❡♠♦s k1(s0) = e2f (tss(s0)) ̸= 0 ❡ k2(s0) = 0✱ ♦ q✉❡ ♥♦s ❧❡✈❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ γ

♥ã♦ ❝♦rt❛ ♦ ❡✐①♦ ❞❡ r❡✈♦❧✉çã♦✳

P♦rt❛♥t♦✱ ❞❡ ❛♠❜♦s ♦s ❝❛s♦s ❝♦♥❝❧✉í♠♦s q✉❡ γ ♥ã♦ ❝♦rt❛ ♦ ❡✐①♦ ❞❡ r❡✈♦❧✉çã♦✳

❆ ♣❛rt✐r ❞❡ ❛❣♦r❛ ✈❛♠♦s s✉♣♦r q✉❡ ❛ ❢✉♥çã♦ ✇❛r♣✐♥❣ f é ❛❞♠✐ssí✈❡❧ ✭✈❡r ❉❡✜♥✐çã♦ ✷✳✶✮ ❡

ts > 0 ∀s ∈ Dom(f).

▲❡♠❛ ✷✳✷✳ ❙❡❥❛ Σγ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ r♦t❛❝✐♦♥❛❧ ✐♠❡rs❛ ❡♠ M
2(κ) ×f R✳ ❆ss✉♠❛

q✉❡ ❡①✐st❛ ✉♠ s0 ∈ R t❛❧ q✉❡ ❛ ❢✉♥çã♦ ρ(s) s❛t✐s❢❛ç❛ ρs(s0) = 0✳ ❊♥tã♦ ρ(s) t❡♠ ✉♠ ú♥✐❝♦

❡①tr❡♠♦ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❡♠ s0✳

❉❡♠♦♥str❛çã♦✳ ❆ ♥♦ss❛ ❞❡♠♦♥str❛çã♦ s❡rá ❞✐✈✐❞❛ ❡♠ ❞♦✐s ❝❛s♦s✿

❈❆❙❖ ✶✮ M
2(κ) = R

2

Pr♦✈❡♠♦s q✉❡ ρss ̸= 0✳ ❈♦♠♦ ts ̸= 0 s❡❣✉❡ q✉❡ ❛s ❝✉r✈❛t✉r❛s ♣r✐♥❝✐♣❛✐s sã♦ ❞❛❞❛s ♣♦r

k1 = effρts − e−f
ρss
ts

❡ k2 = ef
ts
ρ
✳

❙✉♣♦♥❤❛ ρss(s0) = 0✱ ❝♦♠♦ fρ > 0 s❡❣✉❡

k2(s0) = ef
ts
ρ
> 0 ❡ k1(s0) =

(

effρts − e−f
ρss
ts

)

(s0) > 0,



✻✶

♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ Σγ s❡r s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛✱ ♣♦rt❛♥t♦✱ ρss(s0) ̸= 0 ❡ ρ(s0) é ♣♦♥t♦

❞❡ ♠á①✐♠♦ ♦✉ ♠í♥✐♠♦✳

■s♦❧❛♥❞♦ ρss ❞❡ k1 t❡♠♦s ρss = −k1tsef + effρt
2
s > 0✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ s = s0

✭✜①♦✮ t❡♠✲s❡ ρss(s0) > 0 ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ρ(s0) é ✉♠ ♠í♥✐♠♦ ❧♦❝❛❧✳ ❆❣♦r❛✱ ❝♦♠♦

ρs é ✉♠❛ ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ✭♣♦✐s ❝♦♠♦ ρ(s0) é ♣♦♥t♦ ❞❡ ♠í♥✐♠♦✱ t❡♠♦s

ρs(s) < 0 ∀s ∈ (−∞, s0) ❡ ρs(s) > 0 ∀s ∈ (s0,+∞)) s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ s0 t❛❧ q✉❡

ρs(s0) = 0✳ P♦rt❛♥t♦✱ ρ(s) é ✉♠ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❡♠ s0✳

❈❆❙❖ ✷✮ M
2(κ) = H

2✳ Pr♦✈❡♠♦s q✉❡ ρss ̸= 0✳ ❈♦♠♦ ts ̸= 0 s❡❣✉❡ q✉❡ ❛s ❝✉r✈❛t✉r❛s

♣r✐♥❝✐♣❛✐s sã♦ ❞❛❞❛s ♣♦r

k1 = e2f
(

e2ffρt
3
s − ρss

(

e−2fρs
ts

+ ts

)

− fρtsρ2s
)

❡ k2 =
e2f ts

tanh(ρ)
.

❙✉♣♦♥❤❛ ρss(s0) = 0✱ ❝♦♠♦ fρ > 0 s❡❣✉❡

k2(s0) > 0 ❡ k1(s0) =

(

e2f
(

e2ffρt
3
s

)

e3f t3s

)

(s0) > 0,

♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦ ❞❡ Σγ s❡r s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛✱ ♣♦rt❛♥t♦✱ ρss(s0) ̸= 0 ❡ ρ(s0) é ♣♦♥t♦

❞❡ ♠á①✐♠♦ ♦✉ ♠í♥✐♠♦✳

■s♦❧❛♥❞♦ ρss ❞❡ k1 t❡♠♦s

ρss =
−e−2fk1 + e2ffρt

3
s − fρtsρ2s

e−2fρs
ts

+ ts

.

❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ s = s0 ✭✜①♦✮ t❡♠♦s ρs(s0) = 0 ❡ ❛ss✐♠ ρss(s0) > 0 ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡

ρ(s0) é ✉♠ ♠í♥✐♠♦ ❧♦❝❛❧✳ ❆❣♦r❛✱ ❝♦♠♦ ρs é ✉♠❛ ❢✉♥çã♦ ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ✭♣♦✐s ❝♦♠♦

ρ(s0) é ♣♦♥t♦ ❞❡ ♠í♥✐♠♦✱ t❡♠♦s ρs(s) < 0 ∀s ∈ (−∞, s0) ❡ ρs(s) > 0 ∀s ∈ (s0,+∞))

s❡❣✉❡ q✉❡ ❡①✐st❡ ✉♠ ú♥✐❝♦ s0 t❛❧ q✉❡ ρs(s0) = 0✳ P♦rt❛♥t♦✱ ρ(s) é ✉♠ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❡♠

s0✳

❆ ❡①✐stê♥❝✐❛ ❞♦ ♣♦♥t♦ ρ(s0) ❞❛❞❛ ♣❡❧♦ ▲❡♠❛ ✷✳✷ é ❣❛r❛♥t✐❞❛ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✶✳ ❆❧é♠ ❞✐ss♦✱

❛ ❝♦♥❞✐çã♦ ❞❡ ts(s) ̸= 0 ♣❛r❛ t♦❞♦ s ∈ R ✐♠♣❧✐❝❛ q✉❡ ρ(s) ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ♦ ❣rá✜❝♦

❞❡ ✉♠❛ ❢✉♥çã♦✳

▲❡♠❛ ✷✳✸✳ ❙❡❥❛ Σγ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ r♦t❛❝✐♦♥❛❧ ❡♠ M
2(κ)×f R ❝♦♠ ❢ ❛❞♠✐ssí✈❡❧✱

❣❡r❛❞❛ ♣❡❧❛ r♦t❛çã♦ ❞❛ ❝✉r✈❛ γ ❡♠ t♦r♥♦ ❞♦ ❡✐①♦ t✳ ❙✉♣♦♥❤❛ q✉❡ Σγ é ♦r✐❡♥t❛❞❛ ♣❡❧♦ ✈❡t♦r



✻✷

♥♦r♠❛❧ N ✳ ❊♥tã♦ k1 ❡ k2 ♥✉♥❝❛ s❡ ❛♥✉❧❛✳ ❆❧é♠ ❞✐ss♦✿

k1 < 0 ❡ k2 > 0 ♣❛r❛ t♦❞♦ s ∈ R,

k1 + k2 = 0, ❧♦❣♦

tss = −ρs
(

2fρts + ts
hρ
h

)

,

ρss = e2f
(

fρt
2
s + t2s

hρ
h

)

.

❆❧é♠ ❞✐ss♦✱ t❡♠♦s tss(s) < 0 s❡ s > s0✱ tss(s0) = 0 ❡ tss(s) > 0 s❡ s < s0.

▲❡♠❛ ✷✳✹✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❢✉♥çã♦ g : [0,+∞) → R s❡❥❛ ❧✐♠✐t❛❞❛ ❡ g′ ̸= 0 ✭❡♠ ♣❛rt✐✲

❝✉❧❛r✱ ✈❛♠♦s s✉♣♦r q✉❡ g′ > 0✮✳ ❊♥tã♦ ❡①✐st❡ sn ∈ [0,+∞) t❛❧ q✉❡ lim
s→+∞

sn = +∞ ❡

lim
s→+∞

g′(sn) = 0

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ❛ ❢✉♥çã♦ g é ❧✐♠✐t❛ ❡ g′ > 0 ❡♥tã♦ g é ❝r❡s❝❡♥t❡ ❧♦❣♦ ❡①✐st❡

g0 = sup g ∈ R
+
∗ t❛❧ q✉❡ g → g0✳ ❈♦♥s✐❞❡r❡ ✉♠❛ s❡q✉ê♥❝✐❛ (sn) t❛❧ q✉❡ lim

n→+∞
sn = +∞✳

P❡❧♦ t❡♦r❡♠❛ ❞♦ ✈❛❧♦r ♠é❞✐♦✱ ❝♦♠♦ g é ❞❡r✐✈á✈❡❧ ❡♠ [s0,+∞) ❡①✐st❡ ✉♠ cn ∈ [sn, sn+1] t❛❧

q✉❡

g′(cn) =
g(sn+1)− g(sn)
sn+1 − sn

.

▲♦❣♦

lim
n→+∞

g′(cn) = lim
n→+∞

g(sn+1)− g(sn)
sn+1 − sn

= lim
n→+∞

g(sn+1)− g(sn)
n+ 1− n = 0,

✈✐st♦ q✉❡ g(sn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛ ❡ ❝r❡s❝❡♥t❡✱ ♣♦rt❛♥t♦ ❝♦♥✈❡r❣❡ ♣❛r❛ g0 = sup g✳

▲❡♠❛ ✷✳✺✳ ❙❡❥❛ Σγ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ r♦t❛❝✐♦♥❛❧ ✐♠❡rs❛ ❡♠ M
2(κ) ×f R✱ ♦♥❞❡ ❛

❢✉♥çã♦ ✇❛r♣✐♥❣ f(s) ❡ s✉❛ ❞❡r✐✈❛❞❛ fρ(s) sã♦ ❢✉♥çõ❡s ❧✐♠✐t❛❞❛s✳ ❊♥tã♦ ❛ ❢✉♥çã♦ ρ(s) t❡♠

♦s ❧✐♠✐t❡s

lim
s→+∞

ρ(s) = +∞ ❡ lim
s→−∞

ρ(s) = +∞.

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ρ(s) s❡❥❛ ♠♦♥ót♦♥❛ ❡ ❧✐♠✐t❛❞❛ ❡♠ (s0,+∞) ✭❡♠ (−∞, s0)✮
t❛❧ q✉❡ ρs(s0) > 0 ∀s ∈ (s0,+∞) ✭ρs < 0 ∀s ∈ (−∞, s0)✮✱ ❧♦❣♦ ❡①✐st❡ ρ1 ♣♦s✐t✐✈♦ t❛❧ q✉❡

ρ(s) → ρ1 q✉❛♥❞♦ s → ±∞ ✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ♠é❞✐♦ ❡ ♣❡❧♦ ▲❡♠❛ ✷✳✹ q✉❡

❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ {sn} ⊂ (s0,+∞) ✭{sn} ⊂ (−∞, s0)✮ t❛❧ q✉❡ ρs(sn) → 0 q✉❛♥❞♦

s → ±∞✳ ❆❣♦r❛✱ ρs(s) > 0✱ ✐st♦ é✱ ❝r❡s❝❡♥t❡✱ ✭ρs(s) < 0✱ ✐st♦ é✱ ❞❡❝r❡s❝❡♥t❡✮ ♦ q✉❡

✐♠♣❧✐❝❛ q✉❡ ρs(s) ♥ã♦ t❡♥❞❡ ❛ ③❡r♦ q✉❛♥❞♦ s ✈❛✐ ♣❛r❛ ♦ ±∞✱♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ ▲♦❣♦

lim
s→±∞

ρ(s) = +∞✳

▲❡♠❛ ✷✳✻✳ ❙❡❥❛ Σγ ✉♠❛ s✉♣❡r❢í❝✐❡ r♦t❛❝✐♦♥❛❧ ♠í♥✐♠❛ ✐♠❡rs❛ ❡♠ M
2(κ)×f R✳ ❙✉♣♦♥❤❛

q✉❡ f é ❛❞♠✐ssí✈❡❧ ❡♥tã♦✿



✻✸

✶✳ lim
s→±∞

ts(s) = 0❀

✷✳ lim
s→+∞

t(s) = ✂t1;

✸✳ lim
s→−∞

t(s) = ✂t0.

❉❡♠♦♥str❛çã♦✳ ✶✳ ❚❡♠♦s q✉❡ tss > 0 ♣❛r❛ s ∈ (−∞, s0) ❡ tss < 0 ♣❛r❛ s ∈ (s0,+∞)✳

❈♦♠♦ ts é ✉♠❛ ❢✉♥çã♦ ❧✐♠✐t❛❞❛ ✭♣♦✐s e2f t2s + ρ2s = 1✮ ❡♥tr❡ ✵ ❡ ✶✱ ❡ ♠♦♥ót♦♥❛ s❡❣✉❡

q✉❡ ts t❡♠ ❧✐♠✐t❡ q✉❛♥❞♦ s → ±∞✳ P❛r❛ ❝♦♥❝❧✉✐r ♦ r❡s✉❧t❛❞♦ ❞✐✈✐❞✐r❡♠♦s ♥♦ss❛

❞❡♠♦♥str❛çã♦ ❡♠ ❞♦✐s ❝❛s♦s

❈❆❙❖ ✶✮ M
2(κ) = R

2

❈♦♠♦ f é ❧✐♠✐t❛❞❛ ❡①✐st❡ M > 0 t❛❧ q✉❡ |f(ρ(s))| < M ❡ ♣❛r❛ t♦❞♦ s ∈ R ❡

0 < e2f t2s < 1 ⇒ 0 < ts < e−f < e−M < 1 ❡ t❡♠ ✉♠ ♠á①✐♠♦ ❧♦❝❛❧ ❡♠ s0✱ s❡❣✉❡

q✉❡ ts(s) ❡stá ❧♦♥❣❡ ❞❡ ✶ q✉❛♥❞♦ s → ±∞✱ ❧♦❣♦ ρs(s) ✜❝❛ ❧♦♥❣❡ ❞❡ ③❡r♦ q✉❛♥❞♦

s → ±∞✳ ❚❡♠♦s ρss > 0 ♣❛r❛ t♦❞♦ s ∈ R ❡ ρs é ❧✐♠✐t❛❞❛✱ ❧♦❣♦ ♣❡❧❛ ♣r♦♣r✐❡✲

❞❛❞❡ ❞❡ ③❡r♦✲❝♦♥✈❡r❣ê♥❝✐❛ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ sn ❡♠ (sn) ❡♠ (−∞, s0) t❛❧ q✉❡

lim
n→+∞

ρs(sn) = 0✳ ❆❣♦r❛✱ ❝♦♠♦ (sn) é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ♥♦ ✐♥t❡r✈❛❧♦ (−∞, s0)
❡ ❛ ❛s ❢✉♥çõ❡s fp ❡ ts sã♦ ❧✐♠✐t❛❞❛s s❡❣✉❡ q✉❡ ❛s s❡q✉ê♥❝✐❛ fp(sn) ❡ ts(sn) sã♦ ❧✐♠✐t❛✲

❞❛s✳ ▲♦❣♦✱ ♣♦r ❇♦❧③❛♥♦✲❲❡✐❡rstr❛ss ❡①✐st❡♠ s✉❜s❡q✉ê♥❝✐❛s (snj
) ❡ (snk

) ❞❡ (sn) t❛✐s

q✉❡ {fρ(ρ((snj
)))} ❡ {ts(snk

)} sã♦ ❝♦♥✈❡r❣❡♥t❡s✳ ❆❣♦r❛✱

k1(snj
) =

(

effρts −
e−fρss
ts

)

(snj
) ❡ k2(snj

) =
ef ts
ρ

(snj
)✳ ❙❡ lim

n→+∞
ts(snj

) ̸= 0✱ ❡♥tã♦

lim
n→+∞

k1(snj
) = lim

n→+∞
(effρts)(snj

) > 0 ❡ lim
n→+∞

k2(snj
) = lim

n→+∞

ef ts
ρ

(snj
) > 0✱ ♦ q✉❡

é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❛♦ ❢❛t♦ ❞❡ Σγ s❡r s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ ✳ ▲♦❣♦✱ lim
n→+∞

ts(snj
) = 0 ❡

♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❡ ❧✐♠✐t❡ t❡♠✲s❡ lim
s→±∞

ts(s) = 0.

❈❆❙❖ ✷✮ M
2(κ) = H

2

❈♦♠♦ f é ❧✐♠✐t❛❞❛ ❡①✐st❡ M > 0 t❛❧ q✉❡ |f(ρ(s))| < M ❡ ♣❛r❛ t♦❞♦

s ∈ R ❡ 0 < e2f t2s < 1 ⇒ 0 < ts < e−f < e−M < 1❃✳ ❚❡♠♦s ts(s0) = 0✱ ♦✉

s❡❥❛✱ ts(s0) é ✉♠ ♣♦♥t♦ ❞❡ ♠á①✐♠♦ ❧♦❝❛❧ ❡♠ s0✱ s❡❣✉❡ q✉❡ ts(s) ❡stá ❧♦♥❣❡ ❞❡ ✶

q✉❛♥❞♦ s → ±∞✱ ❧♦❣♦ ρs(s) ✜❝❛ ❧♦♥❣❡ ❞❡ ③❡r♦ q✉❛♥❞♦ s → ±∞✳ ❚❡♠♦s ρss > 0

♣❛r❛ t♦❞♦ s ∈ R ❡ ρs é ❧✐♠✐t❛❞❛✱ ❧♦❣♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✹ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ sn
❡♠ (sn) ❡♠ (−∞, s0) t❛❧ q✉❡ lim

n→+∞
ρs(sn) = 0✳ ❆❣♦r❛✱ ❝♦♠♦ (sn) é ✉♠❛ s❡q✉ê♥❝✐❛

❞❡ ♣♦♥t♦s ♥♦ ✐♥t❡r✈❛❧♦ (−∞, s0)❡ ❛ ❛s ❢✉♥çõ❡s fp ❡ ts sã♦ ❧✐♠✐t❛❞❛s s❡❣✉❡ q✉❡ ❛s

s❡q✉ê♥❝✐❛ fp(sn) ❡ ts(sn) sã♦ ❧✐♠✐t❛❞❛s✳ ▲♦❣♦✱ ♣♦r ❇♦❧③❛♥♦✲❲❡✐❡rstr❛ss ❡①✐st❡♠ s✉❜✲

s❡q✉ê♥❝✐❛s (snj
) ❡ (snk

) ❞❡ (sn) t❛✐s q✉❡ {fρ(ρ((snj
)))} ❡ {ts(snk

)} sã♦ ❝♦♥✈❡r❣❡♥t❡s✳

❆❣♦r❛



✻✹

k1(snj
) = e2f

(

e2ffρt
3
s − ρss

(

e−2fρs
ts

+ ts

)

− fρtsρ2s
)

(snj
) ❡ k2(snj

) =
ef ts

tanh(ρ)
(snj

).

❙❡ lim
n→+∞

ts(snj
) ̸= 0✱ ❡♥tã♦

lim
n→+∞

k1(snj
) > 0 ❡ lim

n→+∞
k2(snj

) = lim
n→+∞

ef ts
tanh(ρ)

(snj
) > 0,

♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❛♦ ❢❛t♦ ❞❡ Σγ s❡r s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ ✳ ▲♦❣♦

lim
n→+∞

ts(snj
) = 0

❡ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❡ ❧✐♠✐t❡ t❡♠✲s❡ lim
s→±∞

ts(s) = 0.

✷✳ P❛r❛ ❞❡♠♦♥str❛r♠♦s ♦s ✐t❡♥s ✷ ❡ ✸✱ é s✉✜❝✐❡♥t❡ ♠♦str❛r q✉❡ t(s) é ❧✐♠✐t❛❞❛✳ ❈♦♠

❡❢❡✐t♦✱ ❝♦♠♦ ρs(s0) é ✉♠ ♣♦♥t♦ ❞❡ ♠í♥✐♠♦ ❣❧♦❜❛❧ t❡♠♦s✱ s❡ s ∈ (−∞, s0) ❡♥tã♦
ρs(s) < 0 ❡ s❡ s ∈ (s0,+∞) s❡❣✉❡ ρs(s) > 0✳ ❆ss✉♠❛ ✐♥✐❝✐❛❧♠❡♥t❡ q✉❡ s ∈ (−∞, s0)✳
❈♦♠♦ k1 < 0 s❡❣✉❡

tss
ρs

+ 2fρts < 0⇒ tss
ts
> −2fρρs

❈♦♠♦ fρ✱ ρs sã♦ ❧✐♠✐t❛❞❛s✱ ❡①✐st❡♠ ε, c, d ∈ R t❛✐s q✉❡

0 < c < fρ < d ❡ − 1 < ρs < ε < 0 ♣❛r❛ ✉♠ s1 ≪ s0 ❡

0 < c < fρ < d⇔ −d < dρs < fρρs < cρs < cε⇔ −2cε < −2fρρs < 2d.

▲♦❣♦

tss
ts
> −2cε.

❆❣♦r❛

∫ s1

s

tss
ts
ds >

∫ s1

s

−2cε ds ⇔ ln(ts(s1))− ln(ts(s)) ⩾ −2cε(s1 − s)

⇔ ts(s1)

ts(s)
⩾ e−2cεs1e2cεs

⇔ ts(s) ⩽ (e2cεs1ts(s1))e
−2cεs.



✻✺

❙❡❥❛ m = e2cεs1ts(s1) ✉♠❛ ❝♦♥st❛♥t❡ ♣♦s✐t✐✈❛✳ ❚❡♠♦s

ts(s) ⩽ me−2cεs ⇔
∫ s

s1

ts(s) ds ⩽

∫ s

s1

me2cεs ds

⇔ t(s1)− t(s) ⩽ −
m

2cε

(

e−2cεs1 − e−2cεs
)

⇔ t(s) ⩾ t(s1) +
m

2cε

(

e−2cεs1 − e−2cεs
)

.

❆♣❧✐❝❛♥❞♦ ❧✐♠✐t❡ q✉❛♥❞♦ s→ −∞ ♥❛ ❡①♣r❡ssã♦ ❛❝✐♠❛✱ ♦❜t❡♠♦s

lim
s→−∞

t(s) ⩾ t(s1) +
m

2cε
e−2cs1ε.

❆❣♦r❛✱ s❡ s ∈ (s0,+∞)✱ ❡♥tã♦ ρs > 0 ❡ ❝♦♠♦

k1 = ef
(

tss
pS

+ 2fρts

)

< 0⇒ tss
pS

< −2fρtst.

❙❡ s2 >> s0 ❡♥tã♦ ε1 < ρs < 1 ❡ 0 < c < fρ < d ❡ ❛ss✐♠
tss
ts

< −2cε1✳ ■♥t❡❣r❛♥❞♦

❞✉❛s ✈❡③❡s ♦❜t❡♠♦s

t(s) ⩽ t(s2) + ts(s2)e
2cε1s2

(

e−2cε1s

−2cε1
− e−2cε1s2

−2cε1

)

.

P❛ss❛♥❞♦ ♦ ❧✐♠✐t❡

lim
s→+∞

t(s) ⩽ t(s2) +
ts(s2)

2cε1
.

❆❣♦r❛✱ ❡st❛♠♦s ❛♣t♦s ❛ ❡♥✉♥❝✐❛r ♦ t❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧✱ q✉❡ é ✉♠❛ ❥✉♥çã♦ ❞❡ t♦❞♦s r❡s✉❧t❛❞♦s

❛❝✐♠❛✳

❚❡♦r❡♠❛ ✶✷ ✭❚❡♦r❡♠❛ Pr✐♥❝✐♣❛❧✮✳ ❙❡❥❛ M
2(κ)×fR✱ ♦♥❞❡ ❛ ❢✉♥çã♦ ✇❛r♣✐♥❣ f : M2(κ)→

R é ❛❞♠✐ssí✈❡❧ ❡ ♣❛r❛ ❝❛❞❛ ρ0 s❛t✐s❢❛③❡♥❞♦ fρ(ρ0) +
hρ(ρ0)

h(ρ0)
> 0✱ ❡①✐st❡ ✉♠❛ s✉♣❡r❢í❝✐❡

♠í♥✐♠❛ Σγ ✐♠❡rs❛ ❡♠ M
2(κ)×f R ❣❡r❛❞❛ ♣♦r ✉♠❛ ❝✉r✈❛ γ q✉❡ é ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ ❢✉♥çã♦

♣♦s✐t✐✈❛ ρ = ρ(t) ❡ ρ(0) = ρ0✳ ❆ ❢✉♥çã♦ ρ(t) é ❞❡✜♥✐❞❛ ♥♦ ✐♥t❡r✈❛❧♦ (✂t0, ✂t1) ♣❛r❛ ❛❧❣✉♠

♥ú♠❡r♦ ✂t0 < 0 < ✂t1 ❡ t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s✿

✶✳ ❖ ❣rá✜❝♦ ρ(t) t❡♠ ✉♠ ♠í♥✐♠♦ ❣❧♦❜❛❧ ❡♠ t = 0 ❡ ♥ã♦ t❡♠ ✉♠ ♠á①✐♠♦ ❧♦❝❛❧❀

✷✳ ❆ ❢✉♥çã♦ ρ(t) é ❡str✐t❛♠❡♥t❡ ❝r❡s❝❡♥t❡ ❡♠ (0, ✂t1) ❡ ❡str✐t❛♠❡♥t❡ ❞❡❝r❡s❝❡♥t❡ ❡♠

(✂t0, 0)❀

✸✳ ❖ ❣rá✜❝♦ ρ(t) ❝♦♥✈❡r❣❡ ♣❛r❛ ❛ r❡t❛ t = ✂t1 ❡ t = ✂t0 q✉❛♥❞♦ t ❝♦♥✈❡r❣❡ ♣❛r❛ ✂t1 ❡ ✂t0✱

r❡s♣❡❝t✐✈❛♠❡♥t❡❀



✻✻

✹✳ ❖ ❣rá✜❝♦ ρ(t) é ❝♦♥❝❛✈♦ ♣❛r❛ ❝✐♠❛ ❡♠ (✂t0, ✂t1)✳

❊①❡♠♣❧♦ ✷✳✶✳ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ ✇❛r♣✐♥❣ f : R2 → R ❞❛❞❛ ♣♦r f(ρ) = arctan(ρ)✳

❱❛♠♦s ♣❧♦t❛r ♦ ❣rá✜❝♦ ❞❛ ❝✉r✈❛ γ q✉❡ ❣❡r❛ ❛ s✉♣❡r❢í❝✐❡ r♦t❛❝✐♦♥❛❧ ♠í♥✐♠❛ Σγ✱ ♦♥❞❡ γ é

♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ρ = ρ(t)✱ ♦♥❞❡ ρ(t) é ❛ ❢✉♥çã♦ q✉❡ r❡s♦❧✈❡ ❛ ❡q✉❛çã♦ ✷✳✶ ❞❛❞❛ ♣♦r

(e2ffρ + 2fρρ
2
t − ρtt)

(e2f + ρ2t )
3
2

+
1

ρ(e2f + ρ2t )
1
2

= 0

❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛s ρ(0) = 1, ρt(0) = 0. ❯s❛♥❞♦ ♦ s♦❢t✇❛r❡ ❲♦❧❢r❛♠ ▼❛t❤❡♠❛t✐❝❛✱

♦❜t❡♠♦s q✉❡ ♦ ❣rá✜❝♦ ❞❛ ❝✉r✈❛ ❣❡r❛❞♦r❛ é ❞❛❞❛ ♣♦r

❋✐❣✉r❛ ✷✳✶✿ ❈✉r✈❛ γ q✉❡ ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ r♦t❛❝✐♦♥❛❧ ❡♠ R
2 ×f R



✻✼

❊①❡♠♣❧♦ ✷✳✷✳ ❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ ✇❛r♣✐♥❣ f : H2 → R ❞❛❞❛ ♣♦r f(ρ) = arctan(ρ)✳

❱❛♠♦s ♣❧♦t❛r ♦ ❣rá✜❝♦ ❞❛ ❝✉r✈❛ γ q✉❡ ❣❡r❛ ❛ s✉♣❡r❢í❝✐❡ r♦t❛❝✐♦♥❛❧ ♠í♥✐♠❛ Σγ✱ ♦♥❞❡ γ é

♦ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ρ = ρ(t)✱ ♦♥❞❡ ρ(t) é ❛ ❢✉♥çã♦ q✉❡ r❡s♦❧✈❡ ❛ ❡q✉❛çã♦ ✷✳✶ ❞❛❞❛ ♣♦r

(e2ffρ + 2fρρ
2
t − ρtt)

(e2f + ρ2t )
3
2

+
1

ρ(e2f + ρ2t )
1
2

= 0

❝♦♠ ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛s ρ(0) = 1, ρt(0) = 0. ❯s❛♥❞♦ ♦ s♦❢t✇❛r❡ ❲♦❧❢r❛♠ ▼❛t❤❡♠❛t✐❝❛✱

♦❜t❡♠♦s q✉❡ ♦ ❣rá✜❝♦ ❞❛ ❝✉r✈❛ ❣❡r❛❞♦r❛ é ❞❛❞❛ ♣♦r

❋✐❣✉r❛ ✷✳✷✿ ❈✉r✈❛ γ q✉❡ ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ♠í♥✐♠❛ r♦t❛❝✐♦♥❛❧ ❡♠ H
2 ×f R



✻✽

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❡ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s r♦t❛❝✐♦♥❛✐s

❡♠ M
2(κ)×f R✱ ♦♥❞❡ M

2(κ) é ✉♠❛ ❢♦r♠❛ ❡s♣❛❝✐❛❧ ❜✐❞✐♠❡♥s✐♦♥❛❧ ♣♦❞❡♥❞♦ s❡r R2 ♦✉ H
2✳

P❛r❛ q✉❡ ♦ ♦❜❥❡t✐✈♦ ❢♦ss❡ ❛❧❝❛♥ç❛❞♦✱ ❢♦✐ ♥❡❝❡ssár✐♦ r❡❝♦rr❡r ❛ ❞✐✈❡rs❛s ❧✐t❡r❛t✉r❛s ❡ ❛♣r❡♥❞❡r

té❝♥✐❝❛s ❞❡ ❣❡♦♠❡tr✐❛ ♣❛r❛ q✉❡ ♦ ♦❜❥❡t✐✈♦ ❢♦ss❡ ❛❧❝❛♥ç❛❞♦✳ ➱ ✐♠♣♦rt❛♥t❡ ♥♦t❛r q✉❡ ♦s

tr❛❜❛❧❤♦s ❛q✉✐ ✉t✐❧✐③❛❞♦s sã♦ r❡❝❡♥t❡s✱ ❡ ♥♦s ❡♠❜❛s♦✉ ♣❛r❛ ♦❜t❡r ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s✳

❊st❡ t✐♣♦ ❞❡ tr❛❜❛❧❤♦ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛ tr❡✐♥❛♠❡♥t♦ ❛ ♥í✈❡❧ ♠❡str❛❞♦✱ ♠❡ ♣♦ss✐❜✐❧✐t♦✉

❛♣r❡♥❞✐③❛❣❡♠ ❡♠ t❡♠❛s r❡❧❡✈❛♥t❡s ❞❛ ❣❡♦♠❡tr✐❛ ❡ q✉❡ tê♠ s✐❞♦ ❢♦❝♦s ❞❡ ❞✐✈❡rs♦s ❣❡ô♠❡tr❛s

♣❡❧♦ ♠✉♥❞♦✳

◆♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦ s✉r❣✐r❛♠ ❛❧❣✉♥s q✉❡st✐♦♥❛♠❡♥t♦s q✉❡ ❡stã♦ ❡♠ ❢❛s❡ ❞❡ ❞❡s❡♥✲

✈♦❧✈✐♠❡♥t♦✳ P♦r ❡①❡♠♣❧♦✱ ❡st❛♠♦s ✈❡r✐✜❝❛♥❞♦ s❡ ♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s sã♦ ✈á❧✐❞♦s

♣❛r❛ M
2(κ)×f R✱ q✉❛♥❞♦ M = S

2✱ ♦✉ s❡❥❛✱ ❛ ❡s❢❡r❛ ❜✐❞✐♠❡♥s✐♦♥❛❧✱ ✐st♦ s♦❜ ❝❡rt❛s ❝♦♥❞✐✲

çõ❡s ❞❡ ❛❞♠✐ss✐❜✐❧✐❞❛❞❡ s♦❜r❡ ❛ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥✳ ❯♠ ♦✉tr♦ q✉❡st✐♦♥❛♠❡♥t♦ q✉❡ s✉r❣✐✉

❢♦✐✱ s♦❜ q✉❡ ❝♦♥❞✐çõ❡s ❞❛ ✇❛r♣✐♥❣ ❢✉♥❝t✐♦♥✱ ❡①✐st❡♠ s✉♣❡r❢í❝✐❡s ♠í♥✐♠❛s ✐♥✈❛r✐❛♥t❡s ♣♦r

✐s♦♠❡tr✐❛s ❞❡ M
2(κ)×f R✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❇r♦✇♥✱ ❏✳ ❲✳✱ ❛♥❞ ❈❤✉r❝❤✐❧❧✱ ❘✳ ❱✳ ❱❛r✐á✈❡✐s ❝♦♠♣❧❡①❛s ❡ ❛♣❧✐❝❛çõ❡s✳ ▼❝●r❛✇

❍✐❧❧ ❇r❛s✐❧✱ ✷✵✶✺✳

❬✷❪ ❈❛♠❜r❛✐❛ ❏r✱ ❆✳✱ ❋♦❧❤❛✱ ❆✳✱ ❛♥❞ P❡ñ❛❢✐❡❧✱ ❈✳ ❖♥ t♦t❛❧❧② ✉♠❜✐❧✐❝❛❧ s✉r❢❛❝❡s

✐♥ t❤❡ ✇❛r♣❡❞ ♣r♦❞✉❝t M(κ)f × ■✳ P❛❝✐✜❝ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s ✸✶✸✱ ✷ ✭✷✵✷✶✮✱

✸✹✸✕✸✻✹✳

❬✸❪ ❈♦♥✇❛②✱ ❏✳ ❇✳ ❋✉♥❝t✐♦♥s ♦❢ ♦♥❡ ❝♦♠♣❧❡① ✈❛r✐❛❜❧❡ ■■✱ ✈♦❧✳ ✶✺✾✳ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡ ✫

❇✉s✐♥❡ss ▼❡❞✐❛✱ ✷✵✶✷✳

❬✹❪ ❞♦ ❈❛r♠♦✱ ▼✳ P✳ ●❡♦♠❡tr✐❛ ❘✐❡♠❛♥♥✐❛♥❛✳ ■♥st✐t✉t♦ ❞❡ ▼❛t❡♠át✐❝❛ P✉r❛ ❡ ❆♣❧✐✲

❝❛❞❛✱ ✷✵✵✽✳

❬✺❪ ❉♦ ❈❛r♠♦✱ ▼✳ P✳ ●❡♦♠❡tr✐❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❝✉r✈❛s ❡ s✉♣❡r❢í❝✐❡s✳ ❙♦❝✐❡❞❛❞❡ ❇r❛s✐✲

❧❡✐r❛ ❞❡ ▼❛t❡♠át✐❝❛✱ ✷✵✶✵✳

❬✻❪ ❊❛r♣✱ ❘✳ ❙✳✱ ❛♥❞ ❚♦✉❜✐❛♥❛✱ ➱✳ ❆ ♥♦t❡ ♦♥ s♣❡❝✐❛❧ s✉r❢❛❝❡s ✐♥ R
3✳ ▼❛t❡♠át✐❝❛
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❬✶✷❪ ❖✬♥❡✐❧❧✱ ❇✳ ❙❡♠✐✲❘✐❡♠❛♥♥✐❛♥ ❣❡♦♠❡tr② ✇✐t❤ ❛♣♣❧✐❝❛t✐♦♥s t♦ r❡❧❛t✐✈✐t②✳ ❆❝❛❞❡♠✐❝

♣r❡ss✱ ✶✾✽✸✳

✻✾



✼✵

❬✶✸❪ ❖✬♥❡✐❧❧✱ ❇✳ ❊❧❡♠❡♥t❛r② ❞✐✛❡r❡♥t✐❛❧ ❣❡♦♠❡tr②✳ ❊❧s❡✈✐❡r✱ ✷✵✵✻✳

❬✶✹❪ P❡r❦♦✱ ▲✳ ❉✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s ❛♥❞ ❞②♥❛♠✐❝❛❧ s②st❡♠s✱ ✈♦❧✳ ✼✳ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡ ✫

❇✉s✐♥❡ss ▼❡❞✐❛✱ ✷✵✶✸✳


