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Abstract
We present a complete quantization of Lorentzian D = 1 + 2 gravity with
cosmological constant, coupled to a set of topological matter fields. The
approach of loop quantum gravity is used thanks to a partial gauge fixing
leaving a residual gauge invariance under a compact semi-simple gauge group,
namely Spin(4) = SU(2) x SU(2). A pair of quantum observables is con-
structed, which are non-trivial despite being gauge-equivalent to zero at the
classical level. A semi-classical approximation based on appropriately defined
coherent states shows non-vanishing expectation values for them, thus not
reproducing their classical behaviour.

Keywords: quantum gravity, topological theories, loop quantization, lower
dimensional gravity

1. Introduction

This paper presents a generalization of a previous work [1] where the loop quantum gravity
(LQG) quantization of D =1 + 2 gravity with a positive cosmological constant, in the
presence of a Barbero—Immirzi-like parameter analogous to the one which may be introduced
in the four-dimensional gravitation theory [2, 3] (and first introduced in the three-dimensional
theory by the authors of [4]), was performed using a partial gauge fixing procedure leaving
the compact SU(2) group as the residual group of gauge invariance.

D = 2 + 1 gravity with a cosmological constant A is described by a Lorentz connection
® and a triad e 1-forms, components of an (a)ds connection [5].(A)dS denotes the
D =1 + 2 de Sitter dS = SO(1,3) or anti-de Sitter ADS = SO(2,2) group, and (a)ds, ds = so
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(1,3) or ads = s0(2,2), its Lie algebra. The canonical structure and quantization of this theory
have been studied, beyond the pioneering work of Witten [5], in [4, 6-9], among others (see
[10] for a general review based on previous literature). A Barbero—Immirzi-like parameter has
also been defined in [6] for the three-dimensional theory, although in a different way as in [4],
and its role has been discussed in [7, 8] for the classical as well as for the quantum theory”.

The coupling to ‘topological matter’ shown in the present paper will be performed via an
extension of the (a)ds Lie algebra which consists in the addition of a multiplet of non-
commuting generators belonging to the adjoint representation of (a)ds, in such a way that the
resulting algebra closes on a semi-simple algebra, denoted by s(a)dsfor ‘semi-simple
extension of (a)ds’. It results that this extension is a deformation of an algebra introduced by
the authors of [11-13] as the extension of (a)ds by commuting generators in the adjoint
representation. The deformation parameter, 4, will play the role of a coupling constant. This
extended algebra possesses four non-degenerate invariant quadratic forms, instead of two for
(a)ds, which will imply the presence of four independent couplings, three of them being
generalized Barbero—Immirzi like parameters.

The theory will be defined as the Chern—-Simons theory of a s(a)ds connection, the
components of which are the gravity fields: the spin connection @ and the triad e; and a
multiplet of matter fields: 1-forms {b, c} transforming in the adjoint representation of (a)ds.
For suitable choices of the signs of the s(a)ds structure constant parameters A and A, the
algebra admits so(4) as a compact sub-algebra. We shall restrict ourselves to this family of
parametrizations. Moreover, with the same choice of signs, it factorizes as the direct sum of
two ds sub-algebras, which allows a simpler treatment of the theory, and in particular permits
us to use the results of [1] where the pure gravity case, based on the (A)dS gauge group, is
studied in details.

Loop quantization methods will be applied to the canonical quantization of the model, in
the special case of the two-dimensional space sheet topology being that of a cylinder. A
partial gauge fixing preserving gauge invariance under Spin(4), the universal covering of SO
(4), will have to be performed. The constraints will be curvature constraints which can be
entirely solved, leaving a physical Hilbert space, with a spin network type basis labelled by
pairs of half-integer spins. Finally a pair of quantum observables will be constructed, which
are diagonal in the spin-network basis, with a discrete spectrum reminiscent of the area
operator spectrum of dimension 1 + 3 LQG [14]. We will however see that they differ from
the latter by their essentially quantum nature, with no classical counterpart—although their
expectation values in a semi-classical approximation do not vanish.

The model is presented in section 2 in the canonical formalism, with the derivation of the
Hamiltonian and of the constraints. In section 3 we gauge fix the non-compact part of the
gauge group, leaving an so(4) residual gauge invariance, which allows us, in section 4, to
proceed to the quantization using the standard tools of LQG. Observables are constructed in
section 5. The appendix is devoted to the definition of the semi-simple extension of a Lie
algebra, with application to the extension s(a)ds of the (a)ds algebra together with the study
of its compact sub-algebras and factorization properties.

2. A model for (anti-)de Sitter gravity with topological matter

The model is described as a Chern—Simons theory in a D = 1 + 2 orientable manifold M.
The gauge group is the ‘semi-simple extension” S(A)dS of the D = 1 + 2 de Sitter or anti-de

3 We thank Marc Geiller for informing us on the references [6-8].

2



Class. Quantum Grav. 32 (2015) 055007 C P Constantinidis et al

Sitter group (A)dS = SO(1,3) or SO(2,2) with the corresponding Lie algebra s(a)ds being
described in the appendix. We consider as a basis the six generators {J/, P/; 1 =0, 1, 2} of
(A)dS, together with the six extension generators {Q', R'; I = 0, 1, 2}, satisfying the com-
mutation rules

[JI JJ JK, []1’ PJ] = eV P, [PI’ PJ] = oA eV JK,

|=¢

[ J] <OK, [Jl, RJ] = eV RX,
0']=
|

[ e R, [Pl’ RJ] = oA eV OX,
[0, ¢’

o is the D =1 + 2 metric signature4, A and A are two arbitrary parameters defining the
closure of the algebra, which will play in turn the roles of a cosmological constant and of a
coupling constant, as we shall see. The properties of this algebra are described in the
appendix.

ol eV Ik, [Ql, RJ] = oleV Pk, [RI, RJ] = AL el I X 2.1

Remark. The present model is a generalization of the model of [11-13] in the sense that, for
A = 1 =0, the algebra (2.1) reduces to the Lie algebra of the gauge group I(ISO(1,2))—an
extension of the Poincaré group ISO(1,2) through Abelian generators”.

The field content of the theory is given by the s(a)ds connection 1-form

12
A =0l + P+ b0+ Ry = ) AT, (2.2)

a=1

In order to write an action, we need an S(a)ds-invariant non-degenerate quadratic form. It
turns out that in the present case we have four such forms, K, (iﬂ, (given in equations (A.7) of
the appendix) and then the action may be written as a superposition of four Chern—Simons
actions for the connection (2.2), each one corresponding to one of these quadratic forms®:

S = Zc, L S = / Ki, A“(dA + AA) 2.3)

i=1
It is interesting to explicitly write the second term:

S, = / F ) + Thel(e x o) + al(c’D,,,bI + Lol b x by, + Pl (e x c),) ,
M 6 2 2
where’

F’(w):dw’+%(a)xw)1, D,b" = db' + (w X b)!.

* The indices I , J,... take the values 0, 1, 2. They may be lowered or raised with the metric #;, = diag(c, 1, 1),
o = +1 being the signature of the rotation or Lorentz group SO(3) or SO(1,2). The completely antisymmetric tensor

€K is defined by €' = 1. Note that €12 = 70,71, x €K = o. Space-time indices will be denoted later on by
greek letters p, v,... = 0, 1, 2 or the symbols 7, x, y, and space indices by latin letters a, b, ... = 1, 2 or the symbols
X, y.

5> We use the notation of [13] for the basis generators.

We do not write explicitly the wedge symbol A for the external products of forms.
7 We use the notation (X X Y)Y = e XY,
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The action S, describes a pair of 1-form ‘topological matter’ fields b/, ¢’ coupled to a first
order gravitation theory described by the spin connection ! and the dreibein e’. A is the
cosmological constant and 1 a coupling constant. With the redefinitions b’ = \/m b and
¢ = \/WC and taking the limit A = 4 = 0 one recovers the ‘BCEA’ action of [11-13] as a
special case. However, and as it has already been noted by these authors in their particular
case, the general case considered in the present paper may lead to equivalent interpretations
where the roles of ¢/, b’ and ¢’ as dreibein and matter are permuted. These alternatives are
related to the various possible choices for the signs of the parameters A and 4. One sees from
the discussion made in the appendix, and especially looking at table A.l, that this also
corresponds to permutations of the roles of the parameters A and A as cosmological and
coupling constants.

Now, since non-vanishing A and 1 imply the existence of four non-degenerate invariant
quadratic forms, one has to consider the general action (2.3). However, as it stands, this action
would lead to a rather complicated and non-practical formulation. Substantial simplification
arises if one uses the factorization property explained in section A.2.2 of the appendix.

We concentrate from now on to the case of Lorentzian signature ¢ = —1 and positive
parameters A and A:
signs (6, A, 1) = (—, +, +), (2.4)

corresponding to the first line in tables A.l1, A.2 and A.3 of the appendix. The cases
corresponding to the first, second and third lines of the tables are equivalent. We do not treat
the fourth line’s case, where the factorization is not of the form of (a)ds, @ (a)ds_g, neither
the Riemannian ones (¢ = 1). Thus, in our case, the algebra s(a)ds factorizes in two de Sitter
sub-algebras ds: as shown in (A.5). Expanding the connection (2.2) in the factorized basis
(A.6), we obtain

6
A=A+ AL, Ac=oll+elh.= ) ThAL (2.5)
A=1
with

ol =o' T AL, el = VA F Jab. (2.6)

The action (2.3) is now the sum of two de Sitter Chern—Simons actions

S=8,+S5_ =x,| P~ is@ tr s - Lso) (2.7)
7 |-
where k.. and y, are non-zero finite real parameters’, and
1 B
S@:—fM kf&?(Ai(dA§+§(AixAi) )) n=1,2, (2.8)

are the actions calculated using the two independent invariant quadratic forms [1, 4, 5] k™
(n =1, 2) belonging to each of the algebras ds:, as shown in equations (A.8) of the
appendix:

8 In this case the factorization is s0(2,2) @ so(2,2), see table A.3. The maximal compact sub-algebra is the Abelian
u(1)®*, see table A.2.

7, and y_ are two analogues of the Barbero-Immirzi parameter [2] y in dimension (1 + 3) LQG, which share with it
the property of not appearing in the classical field equations. See also [4] in the context of the dimension (1 + 2) de
Sitter theory.
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n _ o _
kj(iz,),if =Mty k I(Jtl?ptf =~
kP =y (2.9)

(We only write the non-vanishing elements.)

Each individual action S; in (2.3) would lead to the same field equations, and therefore
the total action S leads to equations independent of the parameters c,—in (2.3)—or k., y,—in
(2.7). These equations read simply, in the factorized formulation, -

F.=0, with Fr=dA, + A, A,. (2.10)

With the signs of its parameters given in (2.4), the gauge algebra s(a)ds possesses a
compact subalgebra so(4), as seen in section A.2.1 of the appendix. Its basis generators are
listed in the first line of table A.1. With the factorization (A.5), so(4) correspondingly fac-
torizes as

s0(4) = s0(3); @ s0(3)_,  withso(3), Cds,. (2.11)
A convenient new basis of the de Sitter sub-algebras ds. is given by the generators Li and
K. (i=1,2,3), with the L.’s forming a basis of the sub-algebra so(3). of ds.=so(3,1), and

the ‘boosts’ K. ii’s generating the non-compact part of ds;. This new basis satisfies the
commutation rules'”

[thoed] = et [1h ks = ekt [k KL]= ettt
and is defined as

L.=(P}NA, -PLNA, JQ). K. =(J2 —JL —PY/VA), (2.12)
the ds.. generators J. if and Pil being expressed in terms of the original generators J/, P, Q" and
R’ by equation (A.6). The expansion of the s(a)ds connection (2.2) in the basis L., K,)reads

A=A+ A, A.=A, -L,+ B, K,
with

A, = (\/Xeiz, —\//_Xe;, —wﬁ), B, = (a)iz, —a)il, \//_Xei(_)),

the components e/ and @, being given in (2.6).
We can now write the action S, in terms of the new field components as'’'

Se =2 dt( A‘:(Ai : (Bi - ;—iAi) +B, - (Ai + %Bi))

— G:(Awx) = Gox(Bix)), (2.13)
where
G.(A.,) = Ki/ Al (®)GL(x) = Ki/ A | DB, — —[F,, - =B, xB.|| (2.14a)
z z A 2
10 Indices i, j, - are raised and lowered by the Euclidean metric §;;. It will be convenient to adopt a vector-like

notation, A'B; = A - B, €;xA/B* = (A X B);, etc.

1 Boldface letters represent space objects, e.g. A = A,dx? = (A;dx“, i=1,2,3),etc.
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o 1 1
Gos(Bis) = k. /2 Bl.(X)Gh, (X) = &, /X B, - l Fu. - 3B.xB.+-DB.| (214))
+

with Fy, = dA, + ;A, X A, and DB, = dB, + A, X B..

One first notes that the conjugate momenta of A,"i and B,"i are primary constraints, in
Dirac’s terminology [15], whereas G, (A,.) and Gy, (B,y) are the secondary constraints
ensuring the stability of the former primary constraints. A,‘;_, and B,’;_, then play the role of
Lagrange multipliers. There are still two primary constraints involving the conjugate
momenta of the fields A(;_r and B,ji. They turn out to be of second class, whose solution
according to the Dirac-Bergmann algorithm [15] gives rise to the Dirac—Poisson brackets

(AL, AL = FeadT 2582 = x),
. . .. 2
(B0, AL OO} = —Fewd 72587 (x = ),
T
1+ },iz

2
+

{Bi(0, B (x) } = —Leq 82562 (x = ). (2.15)

The resulting Hamiltonian turns out to be fully constrained, as it is expected in such a general
covariant theory:

H=H.+H_, H.=G.(Awx)+ Gos(B), (2.16)

with the constraints G, and G as given by (2.14a), (2.14b). These constraints are first class,
obey the Dirac—Poisson bracket algebra (we only write the non-zero brackets)

{Ga0), Gu(eN )= Gule x &),
{Gos(e), Gule) ] = Gosle x &),
{Gos(e), Gorle) ) = 6G.(e x &), 2.17)

and also generate the gauge transformations under which the theory is invariant:

{Ge(e). AL} =Dre, {Gu(e). B} =B, x¢;
{Gor(e). AL} =-BLx e {Gou(e), B.} =D.e (Dp=d+A.x).  (218)
Invariance under these gauge transformations ensures diffeomorphism invariance, up to field
equations. Indeed, infinitesimal diffeomorphisms, given by the Lie derivative, can be written

as infinitesimal gauge transformations with parameters (e, ) = (1A, 1zB.), up to field
equations:

£:A, =D.e — B, X ¢’ + field equations,
£:B. =D.e’ + B, X ¢ + field equations, (2.19)

with £ = dig + 1:d the Lie derivative.

3. Partial gauge fixing: the axial gauge

In order to be left with a compact gauge group, we partially fix the gauge, fixing the ‘boost’
gauge degrees of freedom, which correspond to the gauge transformations generated by the
generators K, defined in (2.12). This is done imposing new constraints By, ~ 0, implemented

6
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by the addition of the terms
L dzx(/ti+(x)Byi+(X) + ,Lti_(X)B}{_(X))

to the Hamiltonian (2.16), with g, as Lagrange multiplier fields. This condition represents a
genuine gauge fixing, very similar to the well-known axial gauge fixing used in Yang—Mills
theories [16].

The six gauge fixing constraints together with the six constraints Qgi (x) defined in
(2.14b) are second class, hence become strong equalities through Dirac’s redefinition of the
brackets. After insertion of the gauge fixing constraints, the G° constraints read

i i 1 i
QAlL — Dyi(AXi + y—BX) =0,

+

and can be solved for B!, as functionals of A/, and A)’ 4+

After this partial gauge fixing, we are left with the 12 fields A)ﬁi, Aji as independent
phase space coordinates, and with the remaining invariance under the gauge group
G =S0(@3) x SO(3). In three-dimensional space—time, the background independent and
gauge invariant theory for this group is the G-invariant Chern—Simons theory: it turns out
indeed that our partially gauge fixed theory is just this Chern—Simons theory. It is easy to
check this explicitly by performing the field redefinitions

Ay =AlL — 1Bl A=A, (3.1
the new fields obeying the Dirac—Poisson algebra

. . Ye .
{Am, A0} = éé’féz(x ~x)), 3.2)

where {, } p denotes the Dirac bracket—we have only displayed the non-vanishing brackets.
In these variables, the Hamiltonian reads

K+

e

H=H,+H_., H.=-—C.(Ay.). (3.3)

with the first class constraint G, given by

G = [ (0, OFL(0 + 1 0FL0)) % 0, (3.4)
or equivalently by the curvature constraints

FL(x) = 0,4} — 0, A% + ¢ Al AN ~ 0. 3.5

The basic Dirac—Poisson brackets (3.2), together with the expressions (3.3), (3.5) for the
Hamiltonian show that the theory is reduced to a Chern—Simons theory for the two so(3)
connections A, which indeed transform as

{Qi(ﬂi), -Aiai}D =0, + € ALl

under the gauge transformations induced by the constraints.

It is interesting to observe that although the theory had been originally defined with four
independent parameters y,, k. corresponding to the four invariant quadratic forms, two of
them have being absorbed in the field redefinition (3.1) which left only the two ratios y, /k. as
independent parameters. This is the same feature originally met in four-dimensional LQG
[14]. For instance, in the Holst approach (see [3] and the second of [14], where the initial

7
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theory depends on two parameters, namely Gnewton a0d ¥ymini- after the ‘temporal gauge
fixing’ only the product of these parameters appears.

We can summarize the result of this section saying that the original s(a)ds theory is
gauge equivalent to a Chern—Simons theory for the so(4) connection'”

6
A= Y AT, =A, + A, A=A T.dx",

a=1
with the constraints (3.5), which may be written as
F=F. +F_=0.

The basis (¢, a =1, ---,6) = (T4, T_, i =1,2,3) for the algebra so(4) obeys the
commutation relations

[Er T]i] = €ijk7}<i9 [7;+’ T]—] = 0.

For further use, we normalize the Killing forms of so(4) and so(3)+, denoted by the symbol
Tr, as

6 3
Tr (XY) = Zxaya, X, Y €Esod); TrXY)= inyi, X, Y € 50(3)..

a=1 i=1

4. Quantization

We apply to the present model the quantization procedure followed in [1, 17]. We have first to
choose the gauge group since we will have to go from the Lie algebra level to the group level.
Since the residual gauge invariance left after the partial gauge fixing made in the preceding
section is so(4), a convenient choice'” is the universal covering of SO(4), namely Spin
4) = SUR) x SU(2).

The dynamical field variables Aiw components of the so(4) connection .A defined after
the partial gauge fixing, are taken now as operators obeying the commutation rules (we
display only the non-vanishing commutators)

Al Al ’ lyi iig2 ’
A (), AL (X)) | = — 6767 (x — X'), 4.1)
K+
where i, j = 1, 2, 3 are the so(3) indices. The task is to find a representation of this algebra in
some kinematical Hilbert space, and then to apply the constraints. We shall therefore consider
a space of wave functionals ¥ [A,] = ¥ [A.4, A.-] where the conjugate variables A, act
as functional derivatives:
Ve 1

12 4, p=1, -, 6 are so(4) = so(3), @ so(3)_ indices, whereas i, j = 1, 2, 3 are so(3)+ ones.

B mp=4 LQG, where the choice for the gauge group is SU(2), and not SO(3), which allows the coupling with
fermions. The motivation for our present choice of Spin(4), and not SO(4), is similar, although its physical necessity
is not as strong.
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The quantum version of the curvature constraints (3.5) read

{02 v pial, 0 |+ Zo 4, |¥[a]=0 4.2)
X5.Af\i Jk XiSAii ]/i v lx+ x B .

and a particular solution is given by [18]
¥ A.] = exp (27iaoy) exp (2miag-_), (4.3)
with

G0 = o [odx e Tr (hs'0uhs h'0uhs hI'0,h.)

- 2’:; /2:02' &’ Tr (Axihr_layhi)a 4.4)

where 5. (X) is an element of the gauge group SU(2)+, defined as a functional of A, by
A,y = hi'0hy, 4.5)

and where X is a three-manifold having the space sheet X as its border. The first term in (4.4)
is the Wess—Zumino—Witten action. The group being non-abelian and compact, the integral
over X is defined up to the addition of a constant 2472 v,, with v, € Z. This requires that
each ratio k. /y, must be quantized [19]:

Ke  Us
Z = o (4.6)
The general solution of the constraints then can be written as
¥ A = [ A [ AL @)
where the reduced wave functional y'[.A,] satisfies
[i[ax 5i +f ,kA{;iLk]]w'[Ax] =0. (4.8)
AL, SAL:

The latter equations mean that y’ is invariant under the infinitesimal ‘x-gauge transforma-
tions’

AL, = D.cl. (4.9)

Following the general lines of loop quantization [14], we introduce holonomies of the so(4)
connection component A, as configuration space variables, the reduced wave functionals
w'™ being then functions of them. As in [1, 17] we take as the space sheet X a space having
the topology of a cylinder, for which we choose coordinates x, y with 0 < x < 27 and
—00 < y < +o0. The holonomies are thus defined along oriented paths c(y) at constant y:

vm=Pexp [ A= LU, Ua0) = P exp [ ) Al DT,

where P means path ordering. Anticipating the requirement of the wave functionals having to
satisfy the constraints (4.8), which is equivalent to require the invariance under the x-gauge
transformations (4.9), we shall restrict ourselves to cycles, i.e., to paths c(y) which are closed.
If the cycle c(y) begins and ends at the point (x, y), the holonomy transforms as

9
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»
I

YN
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2
Y1

A

Y

0 0/

Figure 1. Picture of a graph I" with N cycles at constant y for y=y,,-, y

N

U =g nUmex y), U@ = g @ U.0)g, (x, ), (4.10)

where g = g, ¢ € Spin(4) and g, € SU(2)+ we now define the vector space Cyl as the set of
‘cylindrical” wave functionals, defined as arbitrary finite linear combinations of wave
functionals of the form

%,f[-Ax] = %[-Ax]ll/;*f[-Ax]’ with V/I,"‘f[Ax] zf(U(y1)’ s U(yN)),

for arbitrary N and arbitrary ‘graphs’ I" defined as finite sets of N cycles c(y,) (see figure 1).
Since the cylindrical functionals are functions Spin(4) @---@ Spin(4) — C, a scalar
product can be defined using the Spin(4) invariant Haar measure'*:

N
<r’f| F/sfl> = f[H d/"(g”)](f(gls ) gN)*f/(g],’ Tt g[;l’)’
n=1

with du(g=g,g) = du, (g,)du (g_) the normalized Haar measure of Spin(4) and I the
union of the graphs I" and I"'. This internal product allows us to define the non-separable
Hilbert space Cyl as the Cauchy completion of Cyl.

An orthonormal basis of Cyl, the spin network basis, is provided, thanks to Peter—Weyl’s
theorem, by the wave functionals

N
VrjaplAd = 6[AD [T V25 + VR: po 27 + TR, (41D
n=1

where we have associated to each cycle c¢(y,) the matrix elements of a unitary irreducible

representation of Spin(4), labelled by the half-integer spin pairs (jn+, J; ), of the
corresponding holonomies:

14 We use Dirac’s notation, with (A(|I’, f) = ¥y [A.].

10
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RE = (RE(U03))), " (4.12)

The representation (0, 0), if present for some cycle c(y,), would yield a vector already
present in the set of basis vectors corresponding to the graph obtained from I” by deleting this
cycle. In order to avoid redundancy, we therefore exclude such a representation. The
orthonormality conditions read

(r,j,a B1I.j', a, p'y=drrdiidudsy.

The curvature constraint in the form (4.8) is readily implemented by taking the traces of the
representation matrices (4.12), the characters

i = Tr ( R.f,,*) Tr (RY).

We define in this way the Hilbert subspace H, of Cyl, of orthonormal basis
\r, 7Y, (LG 17" = 8rrdj s

with

N
(A7) =w[AJT] V257 + 105 2 + 1
n=1

Hy, is still non-separable since each vector of its orthonormal basis depends on a set of real
numbers y, characterizing each graph I". This defect is due to our particular choice for the
class of coordinates x, y adapted to the cylinder’s topology. Invariance under general
transformations of the y-coordinate—the ‘y-diffeomorphisms’ in the point of view of active
transformations—is not yet fulfilled. In order to implement it, a group averaging over the
group of y-diffeomorphisms has to be performed, with the result that two basis vectors | I, f)
and |I7, f) corresponding to two graphs which are related to each other by a y-
diffeomorphism but sharing the same spin labels, represent the same physical vector

l]_.'>=lj1+’ "'&j]j? j1_7 ’J1;>7 (413)
element of the orthonormal basis of the physical Hilbert space Hppys. Obviously, the latter

Hilbert space is separable'”.

5. Observables

A pair of observables L+ which are diagonal in the spin basis (4.13) of M, can be
constructed following the lines of [1].
At the classical level, they are given by the expressions

3
Li(b)=Ady Y wiwi, =Ady‘/Teri,
i=1

where b is an infinite curve {—c0 < y < oo} at constant x, and

W= A, — h7'ohy,

with h+ given as a non-local functional of A, as a solution of (4.5). As k. transforms as
h, = h,g, under a SU(2). gauge transformation g, , the expression h)_:ldyhir transforms as a

15 See [1, 17] for more details.
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connection, hence Wyi is in the adjoint representation and L. () is gauge invariant: the latter
are candidates for observables. It turns out that, as shown in [1], the classical W, ., hence
L, (b), are gauge-equivalent to zero, thus physically vanishing. However their quantum
counterparts are not, as we show now.

The quantum version of W, reads

We=A, —hi'oh,.

In order to give a reliable definition of L, (b) as quantum operators in the physical Hilbert
space, one first introduces a regularization, analogous to the one used to define the area
operator of LQG [14]. One begins the construction in the space Cyl, then extends it to the
kinematical Hilbert space Hy, and finally to the physical Hilbert space Hpnys. The
regularization consists first in dividing the integration interval b in pieces b;, small enough for
each of them to intersect at most one of the cycles of the graph associated to the basis vector
|, f, a, ﬁ ) of Cyl on which W,i acts. Second, one defines the operator L, (b) as the sum

Lo(b) = YiLe(br),
I

where L, (b)) is approximated by

3 . .
Li(b,)=\/ZA’ W, fb, W, .
i=1

The result,

N
r g - - Y . . I =
Le®Ir, j. a@ py=-= i (i + )IF 7. @ )
n=1

where the summation is performed on all cycles of the graph I', is independent of further
refinements of the partition b = Ui by. It is also independent of the location x of the curve b.
It only depends on the spins associated to each cocycle of the graph I", independently of its
locati?él y. This result can therefore be extended to Hy;, and then to the physical Hilbert
space :

feln

g £ g 4n . . g
VIJ) € Hpny Luli)=— Y iz(iF+1)17), (5.1)
where we have used the quantization conditions (4.6), 1. being integers.

5.1. A semi-classical analysis

The question one may have in mind is about the semi-classical behaviour of the observables
L.. In order to define ‘semi-classicality’, we shall rely on the Fock-like structure of the
physical Hilbert space. The discussion can be done separately for each of both observables
L,. In order to simplify the argument, we specialize on L, and its action on the subspace
spanned by the basis vectors | j1+, j; ), omitting from now on the index +. The present
discussion applies as it stands to the model studied in [1]. The generalization to the full theory
is straightforward.

We want to compute the expectation value of L in a suitably defined coherent state. Let
us begin by defining ‘creation operators’ a jT, which maps a basis vector of N spins to a vector

16 See [1, 17] for more details.



Class. Quantum Grav. 32 (2015) 055007 C P Constantinidis et al

of N + 1 spins, completely symmetric in its arguments:
a} |j1’ ""jN> =S |j’j1, ""jN> = |j’j1’ m’jN>s’

where S is the symmetrization operator. a

; creates a spin j and projects on the Hilbert

subspace thyS spanned by the symmetric basis vectors. The index j takes the values
%, 1, %, .... The ‘annihilation operators a; are defined by hermitian conjugation, with the
result:
N
a; ‘jl’ '"’jN> = 25//” ‘jl’ g m’jN>s’
n=1

where X means that X is omitted. In particular, a ;10) = 0. Note that the symmetric basis

vector | ji, . jy)s = aj --a] |0) have the norm'’
P 2 _ ooy
s =)= 20 8y
perm 1«

The subspace thyS has the structure of a bosonic Fock space, the creation and annihilation
operators obeying the canonical commutation rules (observe the presence of the
symmetrization operator)

[gj, a}]=5jj'5, [Clj, Clj’] =0, [a;, a}]:O.

The observable L, obeying the eigenvalue equations (see (5.1))

Lljl""JN Z\/Jn +1 |J1""JN

has the following commutation relations with the creation and annihilation operators:

[ﬁ,a}] il ](]+la [La]:——«/](]+la]

‘Coherent states’ |1) will be defined as usually to be the eigenvectors of the annihilation
operators a;:

ajla) =4;14),

where A represents an infinite series of complex numbers 4; € C submitted to the square
summability condition

WP = D44} < . (5.2)

These eigenvectors read

|2) = e~ 1172 exp szaj 0) =e W/ZZ \y/K> (5.3)

7 To the contrary of the basis vectors |---) defined in section 4, the present vectors |---)s are not normalized.

13



Class. Quantum Grav. 32 (2015) 055007 C P Constantinidis et al

where

K

|1//K>S: Zﬂja; [0},
J

is the contribution of the vectors of K spins to |A). The normalization (A|A) = 1 holds.
The system being in the state described by |1), the probability to measure the spin values
Ji» == Jy (in any order) is given by

Pfl(jv '"’jN) = |<j1’ ”.’jN|j'>|2/||‘jl’ m’jN>s ”2'

From this one can calculate the probability of having N spins of any values:

. . up |/11||2""'1JN
P(N) = Z Bi(jy, o jy) = e Y

. . 2"
Jiereedn i I ‘J] >IN >S I

2

This probability distribution is a multi-dimensional generalization of a Poisson distribution. In
fact, in the very special case of the 4; being all zero excepted for one value j, of j, since

1o ==+ Jo s II> = N!, we get the Poisson distribution
~ 2N
N | 2 ljo‘
— a4
I)ﬂ(N) =e /0 N' >

an essential characteristic of standard coherent states [20]. Another characteristic of coherent
states is their (over)completeness. This is recovered in the one spin case:

% / d*4;, /110><'110

whereas, in the general case—the integration being done over all A ;—the identity operator in

the right-hand side is replaced by the projector S on thys.

Having thus a reasonable definition of the coherent states, we can now compute the
expectation value of L in the state defined by |1). We first compute its matrix elements
s{wx |L |y ) s. They obviously vanish for K = K'. The diagonal ones, denoted by

=1Id,

Lg = S<WK‘L‘U/[(>S,
are seen to obey the recurrence relations

Lg = |AP KLg_y + K'APEDL, K> 2,
with

2
>

5.4

Li=(wiLlw) = ZXGG+D
J

and, of course, Lo = (0|ﬁ|0) = 0. The solution of the recurrence relation is given by

Lx =K K!|]AP&-DL,,
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valid for K > 0. Finally, inserting this solution into

N 1
= L
(2 1L1 2) = ZK)e L

(see (5.3)), we obtain
(AIL] 2) = L, (5.5)

with L; given by (5.4), i.e., a mean value of the spectrum (5.1), with weights given by the
1212

We observe that vectors with an arbitrary number of spins contribute, altogether can-
celling the decreasing exponential factor.

As a result, we have thus found that the semi-classical behaviour of both observables is
not trivial, in contrast to the triviality of their corresponding classical version.

6. Conclusion

We have proceeded to the loop quantization of D = 1 + 2 gravity with a cosmological
constant and a coupling with topological matter fields defined via a semi-simple extension of
the de Sitter or anti-de Sitter group. The resulting theory has four free real parameters
corresponding to the four different non-degenerate quadratic forms which have been used to
construct the classical action. But the quantum theory depends only on two independent
parameter’s ratios, and in fact on two integers, v, and v_, due to a topological quantization
condition. An orthonormal spin-network basis has been constructed, the basis vectors being
the eigenvectors of two global observables with eigenvalues very similar to those of the area
operator in (1 + 3)—dimensional LQG.

The novel feature resulting from the present study—as well as from the previous paper
[1]—is that these observables are a pure quantum effect, their classical counterparts being
vanishing. Looking for a semi-classical behaviour of them, we have found however that their
mean values in some suitably defined coherent states |4;; j = %, 1, %, ---) are non-zero, but
equal to weighted mean values of their spectra with weights |4 j|2. Thus the semi-classical
limit, as we have defined it, does not reproduce the classical behaviour. It seems that we are in
the presence of quantum observables that have no classical counterpart—which does not
preclude a non-trivial semi-classical limit. We do not know of any similar result in the
literature. Also, comparison with other quantization schemes is difficult since, to the contrary
of the example studied in the present paper, the space sheet topologies generally considered
are compact (see e.g. [10, 11]). Moreover, there, the quantization is performed after the
constraints have been solved at the classical level, with the states being described by wave
functions depending on the moduli of the space sheet. It would be highly desirable to
investigate other quantization schemes in the same topological situation.

We have specialized, in the present paper, on a particular topology. It would also be very
desirable to consider other cases in order to investigate how topology influences the nature of
the quantum observables.
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Appendix. The algebra s(a)ds

A.1. Semi-simple extension of a semi-simple Lie algebra

Let G be the Lie algebra of a semi-simple Lie group G, and {7, @ = 1,...,d} a basis of G, with
the commutation relations

[T(,, Tﬂ] = [T, (A1)

Let us consider a set of operators {S4, A = 1,..., D} in a dimension D representation of G, i.e.,
transforming as

[Ss. To] = Ras“Sc

under the action of the basis generators of G, Rs€ being the elements of the matrix
representing T;,.

We define the semi-simple extension SG of G through the representation R, the algebra
spanned by the operators {7, S4 }, whereby the commutation relations above are completed
by

[SA, SB] = CABVTJ,.

A necessary and sufficient condition for this extension to exist is the fulfilment of the Jacobi
identities involving the new structure constants C4p”:

f.5 €Cc® + RacPChp® + RupPCpc® =0,
Cap®Rsc® + Cpc®Rsn® + Cca®Rsp® = 0.

The first equation states that C45” must an invariant mixed tensor, whereas the second one is a
cocycle condition it must fulfil.

A special case is provided by § = {S4, A = a =1, -+, d} being a vector in the adjoint
representation. Then R3¢ = wp! and the cocycle condition is obviously fulfilled by
Cap” = Cfys” with C an arbitrary real number. This will be the case of interest in the present
paper, the full commutator algebra for the basis generators of SG being summarized by

[T T3] = £y T[S Ty ] =fp T [ Sar S5] = CLy'T, (A2)

One notes that, if C > 0, then the algebra factorizes as SG = ¢t + G, the generators of each
factor G* being defined by

1 1
TE = E(Ta + —Sa), (A.3)

NG

and obeying the same commutation rules as in (A.1).

A.2. Properties of the semi-simple extension of (a)ds

The (a)ds algebra being given by the commutation rules written in the first line of (2.1) for
the basis generators J, P, its semi-simple extension S(a)ds through the adjoint representation
vector Q, R is defined by (A.2), the result being given by the full system of commutators
(2.1). The second and third lines of (2.1) correspond to the second equation of (A.2), whereas
the last line of (2.1) represents the cocycle condition given by the third equation of (A.2). The
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Table A.1. Signs of the Killing form eigenvalues in function of the signs of the para-
meters o, A, A.

Signsofe, A, 4 J°  J' J? P> p p? o° o' ©? R® R' g2

-+, + - + + + - - + - - - + +
-+, - - + + + - - - + + + - -
- =+ - + + - + + + - - + - -
- == - + + - + + - + + - + +
+, 4, + + + + + + + + + + + + +
+, 4, — + + + + + + - - - - - -
+, =+ + + + - - - + + + - - -
+, - = + + + - - - - - - + + +

Table A.2. Compact sub-algebras and their basis of generators in function of the signs
of the parameters o, A, A.

Signsof 6, A, 4 Compact subalgebras Basis of generators
-+ + so(4) JO P! P% R, Q!, Q7
-+, = so(4) JO, P, P2, Q° R!, R?

- =+ so(4) J° o' 0% PO R, R?

- = - uD) @u) dul)dul) JLPLQLR;I=00r1or2
+ +, + so(4) @ so(4) JLPLQLRT=0,1,2
+, 4+, — so(4) JLPLI=0,1,2

4+, -+ so(4) JLohI1=0,1,2

+, - — so(4) JLURT=0,1,2

closure parameter C is now represented by the parameter 4 (multiplied by the signature o)
appearing in the last line of (2.1)"%,

A.2.1. Maximal compact sub-algebras. For the purpose of the gauge fixing proposed in the
main text, we are interested in finding the maximal compact sub-algebras of s(a)ds. These
sub-algebras are spanned by subsets L of the 12 basis generators, such that their Killing forms
are positive or negative definite.

Ordering the generators of s(a)ds as

[T a=1,.,12} = {J0 7%, 7% PO, PL, P% 00, 0, 0% RO, RY, R},
and writing their commutation relations as [T, 73] = F,3" 7,, the Killing form K reads

Kop = —%Fay‘sF/;(;?' =diag(o, 1, 1; A, oA, oA; A, 6k, 6l; oA, AA, AD). (A.4)

Which are the maximal compact subgroups that will depend on the values of the parameters
o, A, A. For instance, with the signs of o, A, 4 being —, +, +, the signs of the Killing form
eigenvalues are

(_’+9+; +a_9_; +’_’_; _9+’+)'

'8 One notes that the (a)ds algebra itself, spanned by the generators J, P, is the semi-simple extension of the
Lorentz algebra through the ‘translation’ vector P, the closure parameter being the cosmological constant A.

17
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Table A.3. Factorization properties of s(a)ds in function of the signs of the parameters

o, A, A.
Signs of
c, A, A Factorization Generators
1 s I
— so(1,3)y @so(1,3)-  Jl= %(]l T %)’ Pl = %(”_ﬂ + %)
— - A 0 B . R
,+ so(1,3)y @ so(1,3)- Ji=-("+ pﬁ)’ P, = z(ﬁ} + @)
- I Log1 P 1_ 1,90 R
,= o+ so(I, 3)y @ so(1,3)- Jo ="« FA), Pi_2(ﬁ1i @)
—mm 022 @502 I =0 ), Pl=3(E s )
I _ Lo Pl 1_ 1,0 R!
+, +, + S0(4')+ @ 50(4)— Ji - 2(J + \r/})y Pi - 2(\/71 + m?
6= so(L 3y @so(1,3) =10 s D), Pl=o(Hx D)
_ I_ Yo, o [_ 1, P R!
=+ s0(l,3), @so(l,3)- L=« ﬁl), p= Z(F * @)
o= so(L 3y @so(1,3) I =10'F ). Pl=i(f e B

One sees that the six negative eigenvalues correspond to the six generators J°, P', P*, R°, Q',
Q?, which span a compact sub-algebra which is easily identified as so(4). Note that the
generators corresponding to the six positive eigenvalues do not span a sub-algebra. We
conclude that the maximal compact sub-algebra, in this case, is so(4). Similar reasoning hold
for the other cases. The results are displayed in table A.2, based on the Killing eigenvalue’s
signs shown in table A.1, for each possible choice of signs of 6, A, A.In table A.2, we only
show one possibility of so(4) sub-algebra for each choice of signs. But, in the first line for
instance, there is another so(4) sub-algebra spanned by {J°, 0!, 0%; R, P!, P?}, with similar
alternatives for the other case. It may be useful to note that we have the following sub-
algebras, so(3) or so(1,2) depending of the signs of ¢,,A, A:

{s0, P, P2} [0 P = P2 [ PL P2 =As0 [ P2 00 = Py
{]o, 0!, Qz}: [Jo’ Ql]: 02, [Ql, Qz] = J°, [Qz’ ]0] =0,
{70, R, R?}:[U0 R =R2, [RY, R?] = oAl [ R2, J°] = R

Remark: Going back to our example—corresponding to the first line of each table—we
remark that we have a de Sitter sub-algebra so(1,3) spanned by J, P, with positive
cosmological constant A > 0, another one spanned by J, Q, with positive cosmological
constant A > 0, and also an anti-de Sitter'® sub-algebra so(2,2) spanned by J, R, with
negative cosmological constant A4 < 0. A similar remark applies to the other choices for the
signs of the parameters o, A, A.

A.2.2. Factorization. We check now that, in the three cases displayed in the first three lines
of tables A.1 and A.2, the s(a)ds algebra factorizes in two de Sitter algebras so(1,3). To see
this explicitly, let us consider first the case of the first line of these tables, and define two
triplets of generators

19 This sub-algebra possesses an own sub-algebra so(3) spanned by J°, P!, P!, which shows that it is really de Sitter
so(1,3), and not anti-de Sitter so(2,2).
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(xi, i=1,2,3)= (s PLP?), (Y, i=1,2,3)=(-P°J",J?),
where we use the normalized s(a)ds generators

J’I=JI, P/I=PI/\/W, QII=Q[/\/m’ RII=R1/W.

The X’s and Y’s obey the canonical so(1,3) commutation relations
[Xl‘, Xf] = elkxk, [Xi, Yf'] = elkyk, [Yi, Yf] = —elikxk,

Thus (J/, 1=0,1,2; P/, 1=0,1,2)=(T,, a =1, -, 6) form just another basis for the
same algebra so(1,3), with commutation relations which one may write as

[Ta’ Tﬂ] = f(lﬂ YT}/.

Now it is a matter of checking that (—R"/; Q' =(S,, a =1, ---, 6) obey together with the
T’s the commutation relations

[T S ] =075, [S0 5] =fT

The first ones show that the S’s span the adjoint representation of so(3,1), and the second ones
express the closure of the algebra s(a)ds generated by the 12 generators Ty, S,. This set of
commutation rules is of the type shown in (A.2), with C = 1. C being positive, the
factorization (A.3) holds: the s(a)ds algebra splits in two de Sitter factors:

s(a)ds = ds, @ ds_ = so(1, 3); @ so(1, 3)_, (A.5)
generated by
1 R! 1{ P! o!
Jl=—lJ' % , Pl=—| —+ == A.6
* 2( +\/A/1] * 2(\/X ﬁ] (A0

with the commutation rules
[JL L] =ewsl, [UL PL]=e"kPE, [ PL Pl]=—e"if.

The cases corresponding to the second or third lines of tables A.1 and A.2 are equivalent and
can be deduced from the first case by interchanging the Q’s with the R’s, or the P’s with the
R’s, respectively. The Riemannian cases (6 = 1) displayed in the three last lines of the tables
follow equivalent patterns. The explicit results are summarized in table A.3.

A.2.3. Invariant quadratic forms. The s(a)ds algebra has four quadratic Casimir operators
Ci=CPT, Ty, i=1,2,3, 4

_ g1 PR | 00, | RIR
Q=T+ "+ Ar

1 1
Co=Jp+ 2R, o= yig + T

o, oA

, Co=J'R; + P'Qy,

to which correspond four invariant quadratic forms K, proportional to the inverse matrices
(C~1., (we only write their non-vanishing components):

19
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KJIIJJ =Ny K})I’PJ = oy, Kél,QJ = oAy, K}QI,RI = Adnyy,

KJZI’PJ =N KéI’RJ = oAy,

K}I’QJ =Ny K;I‘RJ = O-Anljs

Kﬁl!RJ =Ny K;)‘I’QJ =N (A7)

all—the fourth one excepted—being non-degenerate only if both A and A are non-vanishing.
We note that the first one is the Killing form (A.4)

All this is a generalization of the case of the (a)ds algebra, which has two invariant
quadratic forms [5]. If we choose the (a)ds basis J' and P!, which obeys the commutation
rules of the first line of (2.1), the two quadratic forms read:

kjigr=mys Kkpips = oAy,

kJZI,PJ =Ny (A.8)

the first one being the Killing form of (a)ds, non-degenerate if A=0.
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