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❋▲❯❳❖❙ ❆◆Ô▼❆▲❖❙ ❉❊ ❆◆❖❙❖❱

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ à ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡✲

r❛❧ ❞❡ ❱✐ç♦s❛✱ ❝♦♠♦ ♣❛rt❡ ❞❛s ❡①✐❣ê♥❝✐❛s ❞♦

Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ▼❛t❡♠át✐❝❛✱

♣❛r❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❛❣✐st❡r ❙❝✐❡♥t✐❛❡✳

❖r✐❡♥t❛❞♦r✿ ❊♥♦❝❤ ❍✉♠❜❡rt♦ ❆♣❛③❛ ❈❛❧❧❛

❱■➬❖❙❆ ✲ ▼■◆❆❙ ●❊❘❆■❙
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❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ❝♦❧❡❣❛s ❞❡ ❝✉rs♦ ♣❡❧❛ ❛♠✐③❛❞❡ ❡ ❝♦♠♣❛♥❤❡✐r✐s♠♦✱ ❜❡♠ ❝♦♠♦

♣❡❧♦s ♠♦♠❡♥t♦s ❞❡ ❞❡s❝♦♥tr❛çã♦ ❡ ❞❡ ❡st✉❞♦s✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❆✲❯❋❱✱ ♣❡❧♦ ❛♣♦✐♦ ❡ ❡①❝❡❧❡♥t❡s s❡r✈✐ç♦s

♣r❡st❛❞♦s✳ ❊♠ ❡s♣❡❝✐❛❧✱ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ❊♥♦❝❤✱ q✉❡ s❡♠♣r❡ ♠❡ ❞❡✉ s✉♣♦rt❡ ❞❡ ❢♦r♠❛

♣r❡s❡♥❝✐❛❧ ♦✉ ✈✐rt✉❛❧♠❡♥t❡ ♥❡st❡ ♠♦♠❡♥t♦ ❞❡ ✐s♦❧❛♠❡♥t♦ s♦❝✐❛❧✳

❋✐♥❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦ à ❈❆P❊❙✱ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ❛

r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳



✧❖ ❛✉♠❡♥t♦ ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ é ❝♦♠♦

✉♠❛ ❡s❢❡r❛ ❞✐❧❛t❛♥❞♦✲s❡ ♥♦ ❡s♣❛ç♦✿

q✉❛♥t♦ ♠❛✐♦r ❛ ♥♦ss❛ ❝♦♠♣r❡❡♥sã♦✱

♠❛✐♦r ♦ ♥♦ss♦ ❝♦♥t❛t♦ ❝♦♠ ♦

❞❡s❝♦♥❤❡❝✐❞♦✳✧

❇❧❛✐s❡ P❛s❝❛❧



❘❡s✉♠♦

❈❯◆❍❆✱ ❏❛❝❦s♦♥ ▲✉✐③ ❖r✐♦♥❡ ❘❛❢❛❡❧✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ♦✉t✉❜r♦ ❞❡
✷✵✷✵✳ ❋❧✉①♦s ❆♥ô♠❛❧♦s ❞❡ ❆♥♦s♦✈✳ ❖r✐❡♥t❛❞♦r✿ ❊♥♦❝❤ ❍✉♠❜❡rt♦ ❆♣❛③❛ ❈❛❧❧❛✳

❉✳ ❱✳ ❆♥♦s♦✈ ❬✶❪ ❡st✉❞♦✉ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ s✐st❡♠❛s ❡s♣❡❝✐❛✐s q✉❡ r❡♣r❡s❡♥t❛♠ ❛ ✐❞❡✐❛

♠❛✐s ♣❡r❢❡✐t❛ ❞❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❣❧♦❜❛❧✳ ❉❡s❞❡ ❡♥tã♦✱ ❡ss❡s s✐st❡♠❛s✱ q✉❡

❛t✉❛❧♠❡♥t❡ sã♦ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ s✐st❡♠❛s ❞❡ ❆♥♦s♦✈ ✭✢✉①♦s ❡ ❞✐❢❡♦♠♦r✜s♠♦s ❞❡ ❆♥♦s♦✈✮✱

sã♦ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❞❡ ✈ár✐♦s ♣❡sq✉✐s❛❞♦r❡s✳ ❯♠ ❡①❡♠♣❧♦ ♠✉✐t♦ ❢❛♠♦s♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦

❞❡ ❆♥♦s♦✈ ♥♦ t♦r♦ T2 = S1 × S1✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠❛♣❛ ❞♦ ❣❛t♦ ❞❡ ❆r♥♦❧❞✱ é ♦ ✐♥❞✉③✐❞♦

♣❡❧❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r f(x, y) = (2x+y, x+y)✳ ❯♠❛ s✉s♣❡♥sã♦ ❞❡ss❡ ❞✐❢❡♦♠♦r✜s♠♦ ♣r♦❞✉③

✉♠ ✢✉①♦ ❞❡ ❆♥♦s♦✈ ♥✉♠❛ 3−✈❛r✐❡❞❛❞❡✱ ♦♥❞❡ ♦ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡ é ❛ ✈❛r✐❡❞❛❞❡ t♦❞❛✱

❢♦✐ ❝♦♥❥❡❝t✉r❛❞♦ q✉❡ ❢♦ss❡ ✈❡r❞❛❞❡ ♣❛r❛ q✉❛❧q✉❡r ✈❛r✐❡❞❛❞❡ q✉❡ s✉♣♦rt❡ ✉♠ ✢✉①♦ ❞❡

❆♥♦s♦✈✳ ❊♠ 1974 ✱ ❱❡r❥♦✈s❦② ♣✉❜❧✐❝♦✉ ♦ ❛rt✐❣♦ ❬✶✼❪ ❞✐③❡♥❞♦ q✉❡ t♦❞❛ ✈❛r✐❡❞❛❞❡ q✉❡

s✉♣♦rt❛ ✉♠ ✢✉①♦ ❞❡ ❆♥♦s♦✈ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✱ ♣♦ss✉✐ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡ ❝♦♠♦ s❡♥❞♦

t♦❞❛ ❛ ✈❛r✐❡❞❛❞❡✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❡①❡♠♣❧♦s ♠♦str❛❞♦s ♣♦r ❏♦❤♥ ❋r❛♥❦s

❡ ❇♦❜ ❲✐❧❧✐❛♠s ❡♠ ❬✼❪ q✉❡ ❝♦♥tr❛❞✐③❡♠ ♦ ❛rt✐❣♦ ❞❡ ❱❡r❥♦✈s❦✐ ♥♦ ❝❛s♦ ❡s♣❡❝✐❛❧✱ q✉❛♥❞♦ ❛

✈❛r✐❡❞❛❞❡ t❡♠ ❞✐♠❡♥sã♦ 3✳ ❊ss❡ ❝♦♠♣♦rt❛♠❡♥t♦ ✐♥❡s♣❡r❛❞♦ ✭♦✉ ❛♥ô♠❛❧♦✮ ❞❡ t❛✐s ❡①❡♠♣❧♦s

é ♦ q✉❡ ❥✉st✐✜❝❛✱ ❛ss✐♠ ❝♦♠♦ ♥♦ ❛rt✐❣♦ ❞❡ ❋r❛♥❦s ❡ ❲✐❧❧✐❛♠s ❬✼❪✱ ❡st❛ ♣❡sq✉✐s❛✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❉✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈✳ ❋❧✉①♦ ❞❡ ❆♥♦s♦✈✳ ❉❆✲❞✐❢❡♦♠♦r✜s♠♦✳ ❋❧✉①♦s

❞❡ ❆♥♦s♦✈ ■♥tr❛♥s✐t✐✈♦s✳



❆❜str❛❝t

❈❯◆❍❆✱ ❏❛❝❦s♦♥ ▲✉✐③ ❖r✐♦♥❡ ❘❛❢❛❡❧✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❖❝t♦❜❡r✱
✷✵✷✵✳ ❆♥♦♠❛❧♦✉s ❆♥♦s♦✈ ❋❧♦✇s✳ ❆❞✈✐s❡r✿ ❊♥♦❝❤ ❍✉♠❜❡rt♦ ❆♣❛③❛ ❈❛❧❧❛✳

❉✳ ❱✳ ❆♥♦s♦✈ ❬✶❪✱ st✉❞✐❡❞ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ s♣❡❝✐❛❧ s②st❡♠s t❤❛t r❡♣r❡s❡♥t t❤❡ ♠♦st ♣❡r❢❡❝t

✐❞❡❛ ♦❢ ❛ ❣❧♦❜❛❧ ❤②♣❡r❜♦❧✐❝ ❜❡❤❛✈✐♦r✳ ❙✐♥❝❡ t❤❡♥✱ t❤❡s❡ s②st❡♠s t❤❛t ❛r❡ ❝✉rr❡♥t❧② ❦♥♦✇♥ ❛s

❆♥♦s♦✈✬s s②st❡♠s ✭✢♦✇s ❛♥❞ ❞✐✛❡♦♠♦r♣❤✐s♠s ♦❢ ❆♥♦s♦✈✮✱ ❛r❡ t❤❡ ♦❜❥❡❝t ♦❢ st✉❞② ❜② s❡✈❡r❛❧

r❡s❡❛r❝❤❡rs✳ ❆ ✈❡r② ❢❛♠♦✉s ❡①❛♠♣❧❡ ♦❢ ❆♥♦s♦✈✬s ❞✐❢❡♦♠♦r♣❤✐s♠ ✐♥ t❤❡ t♦r✉s T2 = S1×S1✱

❦♥♦✇♥ ❛s ❆r♥♦❧❞✬s ❝❛t ♠❛♣✱ ✐s ✐♥❞✉❝❡❞ ❜② t❤❡ ❧✐♥❡❛r ❛♣♣❧✐❝❛t✐♦♥ f(x, y) = (2x+ y, x+ y)✳

❆ s✉s♣❡♥s✐♦♥ ♦❢ t❤✐s ❞✐✛❡♦♠♦r♣❤✐s♠ ♣r♦❞✉❝❡s ❛♥ ❆♥♦s♦✈ ✢♦✇ ✐♥ ❛ 3−♠❛♥✐❢♦❧❞✱ ✇❤❡r❡

t❤❡ ♥♦♥✲✇❛♥❞❡r✐♥❣ s❡t ✐s t❤❡ ❡♥t✐r❡ ✈❛r✐❡t②✳ ▼❛♥② ❡①❛♠♣❧❡s ❦♥♦✇♥ ❡✈❡♥ ❜❡❢♦r❡ 1980 ❤❛❞

t❤✐s ♣r♦♣❡rt②✳ ❙♦ ✐t ✇❛s ❝♦♥❥❡❝t✉r❡❞ t❤❛t ✐t ✇❛s tr✉❡ ❢♦r ❛♥② ✈❛r✐❡t② t❤❛t s✉♣♣♦rts ❛♥

❆♥♦s♦✈ ✢♦✇✳ ■♥ ❢❛❝t✱ ❱❡r❥♦✈s❦② ♣✉❜❧✐s❤❡❞ t❤❡ ❛rt✐❝❧❡ ❬✶✼❪ s❛②✐♥❣ t❤❛t ✐♥ ❡✈❡r② ✈❛r✐❡t②

t❤❛t s✉♣♣♦rts ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❆♥♦s♦✈ str❡❛♠✱ ✐t ❤❛s ❛ ♥♦♥✲✇❛♥❞❡r✐♥❣ s❡t ❛s ❜❡✐♥❣ t❤❡

✇❤♦❧❡ ✈❛r✐❡t②✳ ■♥ t❤✐s ✇♦r❦✱ ✇❡ ✇✐❧❧ ♣r❡s❡♥t t❤❡ ❡①❛♠♣❧❡s s❤♦✇♥ ❜② ❏♦❤♥ ❋r❛♥❦s ❛♥❞ ❇♦❜

❲✐❧❧✐❛♠s ✐♥ ❬✼❪ t❤❛t ❝♦♥tr❛❞✐❝t ❱❡r❥♦✈s❦✐✬s ❛rt✐❝❧❡ ✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡♥ t❤❡ ♠❛♥✐❢♦❧❞

✐s 3✳ ❚❤✐s ✉♥❡①♣❡❝t❡❞ ✭♦r ❛♥♦♠❛❧♦✉s✮ ❜❡❤❛✈✐♦r ♦❢ s✉❝❤ ❡①❛♠♣❧❡s ✐s ✇❤❛t ♠♦t✐✈❛t❡s✱ ❛s ✐♥

t❤❡ ❛rt✐❝❧❡ ❜② ❋r❛♥❦s ❛♥❞ ❲✐❧❧✐❛♠s ❬✼❪✱ t❤❡ t✐t❧❡ ♣r❡s❡♥t❡❞✳

❑❡②✇♦r❞s✿ ❆♥♦s♦✈ ❞✐♣❤♦♠♦r♣❤✐s♠✳ ❆♥♦s♦✈ ✢♦✇✳ ❉❆✲❞✐✛❡♦♠♦r♣❤✐s♠✳ ■♥tr❛♥s✐t✐✈❡

❆♥♦s♦✈ ✢♦✇s✳



❙✉♠ár✐♦

■♥tr♦❞✉çã♦ ✾

✶ Pr❡❧✐♠✐♥❛r❡s ✶✷

✶✳✶ ◆♦çõ❡s ❞❡ ❱❛r✐❡❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✶✳✶ ❱❛r✐❡❞❛❞❡s ❉✐❢❡r❡♥❝✐á✈❡✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✶✳✷ ❊s♣❛ç♦ ❚❛♥❣❡♥t❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✸

✶✳✶✳✸ ❋♦❧❤❡❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻
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✶✳✷✳✶ ❉✐♥â♠✐❝❛ ❉✐s❝r❡t❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✶✳✷✳✷ ❉✐♥â♠✐❝❛ ❈♦♥tí♥✉❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✷ ❉✐❢❡♦♠♦r✜s♠♦s ❞❡ ❆♥♦s♦✈ ✸✽

✷✳✶ ❈♦♥❥✉♥t♦s ❍✐♣❡r❜ó❧✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✷ ❋❧✉①♦ ❞❡ ❆♥♦s♦✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✷✳✸ ❖ ❉❆✲❆tr❛t♦r ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✷✳✸✳✶ ❆ ❋✉♥çã♦ ❇✉♠♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵
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✸ ❆ ❈♦♥str✉çã♦ ❞♦s ❊①❡♠♣❧♦s ✻✵

✸✳✶ ❖ Pr✐♠❡✐r♦ ❊①❡♠♣❧♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵
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■♥tr♦❞✉çã♦

❖s ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s sã♦ ✉♠❛ ár❡❛ ❞❛ ▼❛t❡♠át✐❝❛ q✉❡✱ ❞❡ ❢♦r♠❛ ❜r❡✈❡✱ ❡st✉❞❛

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡✈♦❧✉t✐✈♦ ❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♦❜❥❡t♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦ ❞❡ ❛❝♦r❞♦

❝♦♠ ✉♠❛ ❧❡✐ ❞❡ ❢♦r♠❛çã♦✳ ❊ss❛ ❧❡✐✱ ♣♦❞❡ s❡ ❞❡s❝r✐t❛ ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦✱ ✉♠❛ ❡q✉❛çã♦

❞✐❢❡r❡♥❝✐❛❧ ♦✉ ❛té ♠❡s♠♦ ✉♠ ❛❧❣♦r✐t♠♦✳

❈♦♠ ❡ss❛ s✐♥❣❡❧❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ✉♠ ❙✐st❡♠❛ ❉✐♥â♠✐❝♦✱ ♣♦❞❡♠♦s r❡✉♥✐r ✉♠❛

✐♠❡♥s❛ q✉❛♥t✐❞❛❞❡ ❞❡ s✐t✉❛çõ❡s q✉❡ s❡ ❡♥q✉❛❞r❛♠ ♥♦ ❛❧✈♦ ❞❡ ❡st✉❞♦ ❞❡ss❛ ár❡❛✳ ❖s

❡①❡♠♣❧♦s sã♦ tã♦ ❞✐✈❡rs✐✜❝❛❞♦s q✉❡ ♣♦❞❡♠ s❡ tr❛t❛r ❞❡ ✉♠❛ s✐♠♣❧❡s ♦❜s❡r✈❛çã♦ ❞♦

♠♦✈✐♠❡♥t♦ ❞❡ ✉♠ ♣ê♥❞✉❧♦✱ ♦✉ ❛❧❣♦ ♠❛✐s ❞❡❧✐❝❛❞♦ ❝♦♠♦ ♦ ❡❢❡✐t♦ ❞❡ ✉♠❛ ♣❛♥❞❡♠✐❛ s♦❜r❡

❛ ❡❝♦♥♦♠✐❛ ♠✉♥❞✐❛❧✳

❆♣❡s❛r ❞❛ s✉❛ r✐❝❛ ♣r❡s❡♥ç❛ ❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❡♠ s✐t✉❛çõ❡s ❝♦t✐❞✐❛♥❛s✱ ♦s ❙✐st❡♠❛s

❉✐♥â♠✐❝♦s sã♦ ✉♠❛ ár❡❛ r❡❧❛t✐✈❛♠❡♥t❡ ♥♦✈❛✳ ❙❡✉ s✉r❣✐♠❡♥t♦ ♦❝♦rr❡✉ q✉❛♥❞♦✱ ♥♦ ✜♥❛❧ ❞♦

sé❝✉❧♦ ❳■❳✱ P♦✐♥❝❛ré ❜✉s❝♦✉ ❝♦♠♣r❡❡♥❞❡r ❛ ❡✈♦❧✉çã♦ ❞♦ ♥♦ss♦ s✐st❡♠❛ s♦❧❛r✳ ❆té ❡♥tã♦✱

❛ ❛❜♦r❞❛❣❡♠ ✉t✐❧✐③❛❞❛ s❡ ❝♦♥❝❡♥tr❛✈❛ ❡♠ r❡s♦❧✈❡r ❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞♦ ♠♦✈✐♠❡♥t♦✳

❉❡✈✐❞♦ às ❞✐✜❝✉❧❞❛❞❡s ❡♥❝♦♥tr❛❞❛s✱ P♦✐♥❝❛ré s✉❣❡r✐✉ ❛ ✉t✐❧✐③❛çã♦ ❞❡ ❢❡rr❛♠❡♥t❛s

✈✐♥❞❛s ❞❡ ♦✉tr❛s ár❡❛s✱ ❝♦♠♦ ❚♦♣♦❧♦❣✐❛✱ ●❡♦♠❡tr✐❛✱ ❆♥❛❧✐s❡ ❡ ➪❧❣❡❜r❛✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡

♦❜t❡r ✉♠❛ ❞❡s❝r✐çã♦ q✉❛❧✐t❛t✐✈❛ ❞♦ ♣r♦❜❧❡♠❛✳ ❊ss❡ ❢❡✐t♦✱ ♠❛r❝♦✉ ♦ ♥❛s❝✐♠❡♥t♦ ❞❛ t❡♦r✐❛

❞♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s✳ ❆ ♣❛rt✐r ❞❡ss❡ ♠♦♠❡♥t♦✱ ❞✐✈❡rs♦s ♠❛t❡♠át✐❝♦s ♣❛ss❛r❛♠ ❛ ❞❛r

❛t❡♥çã♦ ❛ ❡ss❛ ♥♦✈❛ ár❡❛✳

◆♦ ✐♥í❝✐♦ ❞❛ ❞é❝❛❞❛ ❞❡ 60✱ ❉✳ ❱✳ ❆♥♦s♦✈ ❬✶❪ ❡st✉❞♦✉ ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ s✐st❡♠❛s

❡s♣❡❝✐❛✐s q✉❡ r❡♣r❡s❡♥t❛♠ ❛ ✐❞❡✐❛ ♠❛✐s ♣❡r❢❡✐t❛ ❞❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❣❧♦❜❛❧✳

❉❡s❞❡ ❡♥tã♦✱ ❡ss❡s s✐st❡♠❛s✱ q✉❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❢♦r❛♠ ❝❤❛♠❛❞♦s ❞❡ ❯✲s✐st❡♠❛s✱ ♣❛ss❛r❛♠ ❛

s❡r ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❞❡ ✈ár✐♦s ♣❡sq✉✐s❛❞♦r❡s✳ ❖ t❡r♠♦ ✧❙✐st❡♠❛s ❆♥♦s♦✈ ✧✱ q✉❡ s❡ r❡❢❡r❡

❛♦s ✢✉①♦s ❡ ❞✐❢❡♦♠♦r✜s♠♦s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡❝✐❛✐s q✉❡ ❛♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r✱

✾
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❢♦✐ ❛tr✐❜✉í❞♦ ♣♦r ❙♠❛❧❡ ❡♠ ❬✶✻❪✱ r❡❝♦♥❤❡❝❡✉ ❛ r✐q✉❡③❛ ❞❡ s✉❛s ♣r♦♣r✐❡❞❛❞❡s ❡✱ ❝♦♠ ❡ss❛

♥♦t❛çã♦✱ ❞❡s✐❣♥♦✉ ♦s ❞❡✈✐❞♦s ❝ré❞✐t♦s ❛♦ ❛✉t♦r✳

❯♠ ✢✉①♦ s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M é ❞❡ ❆♥♦s♦✈ s❡ ♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TM ❡♠

M s❡ ❞❡❝♦♠♣õ❡ ❡♠ três s✉❜✜❜r❛❞♦s Es ✱ Eu ❡ TX✳ ❙❡♥❞♦ Es ❡ Eu ✐♥✈❛r✐❛♥t❡s ♣❡❧❛

❞❡r✐✈❛❞❛ ❞♦ ✢✉①♦✱ ❝♦♥tr❛✐♥❞♦ ❡♠ Es✱ ❡①♣❛♥❞✐♥❞♦ ❡♠ Eu ❡ s❡♥❞♦ TX t❛♥❣❡♥t❡ ❛♦ ✢✉①♦

φt✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ é ❞❡✜♥✐❞♦ ✉♠ ❉✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ ❝♦♠♦ é ❢❡✐t♦ ❡♠ ❬✶✺❪✳

❯♠ ❡①❡♠♣❧♦ ♠✉✐t♦ ❝♦♥❤❡❝✐❞♦ ❞❡ ❉✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ ♥♦ t♦r♦ T2 = S1 × S1

é ✐♥❞✉③✐❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r f(x, y) = (2x+ y, x+ y)✳ ❊ss❡ ❞✐❢❡♦♠♦r✜s♠♦ é ❝❤❛♠❛❞♦

❞❡ ▼❛♣❛ ❞♦ ●❛t♦ ❞❡ ❆r♥♦❧❞ ✭❆r♥♦❧❞✬s ❝❛t ♠❛♣✮✱ ❡ s❡✉ ♥♦♠❡ é ❞❛❞♦ ❡♠ ❤♦♠❡♥❛❣❡♠ ❛♦

♠❛t❡♠át✐❝♦ ❘✉ss♦ ❱❧❛❞✐♠✐r ❆r♥♦❧❞✱ q✉❡ ❡♠ ❬✷❪ ❞❡♠♦♥str♦✉ s❡✉s ❡❢❡✐t♦s ♥❛ ❞é❝❛❞❛ ❞❡

1960✱ ✉s❛♥❞♦ ❛ ✐♠❛❣❡♠ ❞❡ ✉♠ ❣❛t♦✳

❯♠❛ s✉s♣❡♥sã♦ ❞❡ss❡ ❞✐❢❡♦♠♦r✜s♠♦ ♣r♦❞✉③ ✉♠ ❋❧✉①♦ ❞❡ ❆♥♦s♦✈ ♥✉♠❛

3−✈❛r✐❡❞❛❞❡✱ ♦♥❞❡ ♦ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡ é ❛ ✈❛r✐❡❞❛❞❡ t♦❞❛✱ ♦✉ s❡❥❛✱ ✉♠ ✢✉①♦ tr❛♥s✐t✐✈♦✳

▼✉✐t♦s ❡①❡♠♣❧♦s ❝♦♥❤❡❝✐❞♦s ❛té ❛♥t❡s ❞❡ 1980 t✐♥❤❛♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✳ P♦r ✐ss♦✱ ❢♦✐

❝♦♥❥❡❝t✉r❛❞♦ q✉❡ ❢♦ss❡ ✈❡r❞❛❞❡ ♣❛r❛ q✉❛❧q✉❡r ✈❛r✐❡❞❛❞❡ q✉❡ s✉♣♦rt❡ ✉♠ ❋❧✉①♦ ❞❡ ❆♥♦s♦✈✳

❆❧✐ás✱ ❱❡r❥♦✈s❦② ♣✉❜❧✐❝♦✉✱ ❡♠ ✶✾✼✹✱ ✉♠ ❛rt✐❣♦ ❬✶✼❪ ❞✐③❡♥❞♦ q✉❡ t♦❞❛ ✈❛r✐❡❞❛❞❡ q✉❡ s✉♣♦rt❛

✉♠ ❋❧✉①♦ ❞❡ ❆♥♦s♦✈ ❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✱ ♣♦ss✉✐ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡ ❝♦♠♦ s❡♥❞♦ t♦❞❛ ❛

✈❛r✐❡❞❛❞❡✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❡①❡♠♣❧♦s ♠♦str❛❞♦s ♣♦r ❏♦❤♥ ❋r❛♥❦s ❡ ❇♦❜

❲✐❧❧✐❛♠s ❡♠ ❬✼❪ q✉❡ ❝♦♥tr❛❞✐③❡♠ ♦ ❛rt✐❣♦ ❞❡ ❱❡r❥♦✈s❦✐ ♥♦ ❝❛s♦ ❡s♣❡❝✐❛❧✱ q✉❛♥❞♦ ❛ ✈❛r✐❡❞❛❞❡

t❡♠ ❞✐♠❡♥sã♦ 3✳ ❖✉ s❡❥❛✱ ✈❛♠♦s ❝♦♥str✉✐r ❋❧✉①♦s ❞❡ ❆♥♦s♦✈ q✉❡ ♣♦ss✉❡♠ ❝♦♥❥✉♥t♦s ♥ã♦

❡rr❛♥t❡s ❞✐❢❡r❡♥t❡s ❞❛s ✈❛r✐❡❞❛❞❡s q✉❡ ❤❛❜✐t❛♠✳ ❊ss❡ ❝♦♠♣♦rt❛♠❡♥t♦ ✐♥❡s♣❡r❛❞♦ ✭q✉❡

❝❤❛♠❛r❡♠♦s ❞❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♥ô♠❛❧♦✮ ❞❡ t❛✐s ❡①❡♠♣❧♦s é ♦ q✉❡ ❥✉st✐✜❝❛✱ ❛ss✐♠ ❝♦♠♦

♥♦ ❛rt✐❣♦ ❞❡ ❋r❛♥❦s ❡ ❲✐❧❧✐❛♠s ❬✼❪✱ ♦ ✐♥t❡r❡ss❡ ♣♦r ❡st❛ ♣❡sq✉✐s❛ ❞❡ ♠❡str❛❞♦✳

▼❛s ❛♥t❡s ❞❡ ♣❛rt✐♠♦s ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❡❢❡t✐✈❛ ❞❡ss❡s ❡①❡♠♣❧♦s✱ ♣r❡❝✐s❛♠♦s

❡♥t❡♥❞❡r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ss❡♥❝✐❛✐s ❞❡ ❉✐♥â♠✐❝❛ ❡ ❱❛r✐❡❞❛❞❡s✳ P♦r ❡ss❡ ♠♦t✐✈♦✱

♦♣t❛♠♦s ♣♦r ❡str✉t✉r❛r ❡st❡ tr❛❜❛❧❤♦ ❡♠ ❝❛♣ít✉❧♦s✱ ♦r❣❛♥✐③❛❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ♥♦

♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ♥♦s ❞❡❞✐❝❛♠♦s✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❛ ❛♣r❡s❡♥t❛r ❛♦ ❧❡✐t♦r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s

s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛✐s✱ t♦♠❛♥❞♦ ♦ ❝✉✐❞❛❞♦ ❞❡ ❡①♣♦r ❡①❡♠♣❧♦s ❡ r❡s✉❧t❛❞♦s

r❡❧❡✈❛♥t❡s ♣❛r❛ ♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✳ ❊♠ s❡❣✉✐❞❛✱ tr❛③❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s

❞❡ ❞✐♥â♠✐❝❛ ❞✐s❝r❡t❛ ❡ ❝♦♥tí♥✉❛✳ ❆♣❡s❛r ❞♦ ♥♦ss♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❡♥✈♦❧✈❡r✱



✶✶

♣r❡❞♦♠✐♥❛♥t❡♠❡♥t❡✱ ❛ ❞✐♥â♠✐❝❛ ❝♦♥tí♥✉❛✱ ♦♣t❛♠♦s ♣♦r ❛♣r❡s❡♥t❛r ❛❧❣✉♥s ❡❧❡♠❡♥t♦s ❞❛

❞✐♥â♠✐❝❛ ❞✐s❝r❡t❛✱ ♣♦r s❡r ♠❛✐s ✐♥t✉✐t✐✈❛ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦ss✐❜✐❧✐t❛ ✉♠❛ ♠❡❧❤♦r

❛❜s♦rçã♦ ❞♦ ❝♦♥t❡ú❞♦✳

◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ♦s ❙✐st❡♠❛s ❞❡ ❆♥♦s♦✈✱ ♦✉ s❡❥❛✱ ❞❡✜♥✐♠♦s ♦ q✉❡

sã♦ ♦s ❉✐❢❡♦♠♦r✜s♠♦s ❡ ♦s ❋❧✉①♦s ❞❡ ❆♥♦s♦✈✳ ❆♣r♦✈❡✐t❛♠♦s ♦ ❝❛♣ít✉❧♦ ♣❛r❛ ❡st❛❜❡❧❡❝❡r

♦ q✉❡ sã♦ ❈♦♥❥✉♥t♦s ❆tr❛t♦r❡s ❡ ✐♥tr♦❞✉③✐r ✉♠❛ té❝♥✐❝❛ ✉t✐❧✐③❛♥❞♦ ❋✉♥çõ❡s ❇✉♠♣✱ q✉❡

♣❡r♠✐t❡♠ ❢❛③❡r✱ ❞❡ ❢♦r♠❛ ❝♦♥tí♥✉❛✱ ♠♦❞✐✜❝❛çõ❡s ❡♠ ❞✐❢❡♦♠♦r✜s♠♦s✳ ❊ss❡s ❞✐❢❡♦♠♦r✜s♠♦s

♠♦❞✐✜❝❛❞♦s✱ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❉❆✲❉✐❢❡♦♠♦r✜s♠♦s✱ sã♦ ❛ ❜❛s❡ ❞❛ ❡str❛té❣✐❛ ♣❛r❛ ❛

❝♦♥str✉çã♦ ❞♦s ♥♦ss♦s ❡①❡♠♣❧♦s✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ t❡r❝❡✐r♦ ❡ ú❧t✐♠♦ ❝❛♣ít✉❧♦✱ r❡♣r♦❞✉③✐♠♦s ❛ ❝♦♥str✉çã♦ ❞♦s ❡①❡♠♣❧♦s

❢❡✐t❛ ♣♦r ❋r❛♥❦s ❡ ❲✐❧❧✐❛♠s ❡♠ ❬✼❪✱ ✉t✐❧✐③❛♥❞♦ ❛❧❣✉♠❛s ♠♦❞✐✜❝❛çõ❡s ❞♦ ▼❛♣❛ ❞♦ ●❛t♦ ❞❡

❆r♥♦❧❞✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❝♦❧❛❣❡♥s ❛♣r♦♣r✐❛❞❛s ❡♥tr❡ ✈❛r✐❡❞❛❞❡s✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❡s♣❛ç♦s ❡ ❛s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ♦

❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❖ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❞❡✜♥✐r ❡ ❡❧✉❝✐❞❛r ♦s ♣r✐♥❝✐♣❛✐s

r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❛❥✉❞❛r ♦ ❧❡✐t♦r ❛ s❡ ❢❛♠✐❧✐❛r✐③❛r ❝♦♠ ♦s ❝♦♥❝❡✐t♦s

❡ ♥♦t❛çõ❡s q✉❡ s❡rã♦ ❛❜♦r❞❛❞♦s✳ P❛r❛ ❛ ❡❧❛❜♦r❛çã♦ ❞❡ss❡ ❝❛♣ít✉❧♦✱ ❢♦r❛♠ ✉t✐❧✐③❛❞♦s✱ ❝♦♠♦

♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s✱ ♦s t❡①t♦s ❬✹✱ ✺✱ ✶✵✱ ✶✷✱ ✶✹✱ ✶✺❪✳

✶✳✶ ◆♦çõ❡s ❞❡ ❱❛r✐❡❞❛❞❡s

▼❡♥❝✐♦♥❛♠♦s✱ ♥♦ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉tór✐♦✱ q✉❡ ♦ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❝♦♥str✉✐r

✈❛r✐❡❞❛❞❡s q✉❡ s✉♣♦rt❛♠ ❋❧✉①♦s ❞❡ ❆♥♦s♦✈ ♥ã♦ tr❛♥s✐t✐✈♦s✳ ▼❛s✱ ❛♥t❡s ❞✐ss♦✱ ♣r❡❝✐s❛♠♦s

❡s❝❧❛r❡❝❡r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s s♦❜r❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛✐s✳

✶✳✶✳✶ ❱❛r✐❡❞❛❞❡s ❉✐❢❡r❡♥❝✐á✈❡✐s

❖ ❝á❧❝✉❧♦ ❞✐❢❡r❡♥❝✐❛❧ é ✉♠❛ ❡①❝❡❧❡♥t❡ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ♦❜t❡r ✐♥❢♦r♠❛çõ❡s ❡

♣r♦♣r✐❡❞❛❞❡s ❞❡ ✉♠ ❡s♣❛ç♦ ❣❡♦♠étr✐❝♦✳ ❆♣❡s❛r ❞❡ss❛ ✐♠♣r❡s❝✐♥❞í✈❡❧ ❢❡rr❛♠❡♥t❛ t❡r s✐❞♦

✐♥✐❝✐❛❧♠❡♥t❡ ❞❡s❡♥✈♦❧✈✐❞❛ ♣❛r❛ ❡s♣❛ç♦s ❡✉❝❧✐❞✐❛♥♦s✱ ♣♦❞❡♠♦s ❡①♣❛♥❞✐r ♦s s❡✉s ❝♦♥❝❡✐t♦s

♣❛r❛ ❡s♣❛ç♦s ♠❛✐s ❣❡r❛✐s q✉❡ s❡❥❛♠ ❧♦❝❛❧♠❡♥t❡ ♣❛r❡❝✐❞♦s ❝♦♠ ♦s ❡✉❝❧✐❞✐❛♥♦s✳ ❊ss❡ t✐♣♦

❞❡ ❡str✉t✉r❛ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡ ❱❛r✐❡❞❛❞❡✳

❈♦♠♦ ❢♦✐ ❞✐t♦✱ ❛s ❱❛r✐❡❞❛❞❡s ❉✐❢❡r❡♥❝✐á✈❡✐s sã♦ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s q✉❡✱ ❛ ❣r♦ss♦

♠♦❞♦✱ s❡ ♣❛r❡❝❡♠ ❧♦❝❛❧♠❡♥t❡ ❝♦♠ ❡s♣❛ç♦s ❡✉❝❧✐❞✐❛♥♦s✳ ❉❡ ♠♦❞♦ ❣❡r❛❧✱ ❝❛❞❛ ♣♦♥t♦ ❞❡

✶✷



✶✸

✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠ ❞✐♠❡♥sã♦ n ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ q✉❡ é ❤♦♠❡♦♠♦r❢❛ ❛♦ ❡s♣❛ç♦

❡✉❝❧✐❞✐❛♥♦ t❛♠❜é♠ ❞❡ ❞✐♠❡♥sã♦ n✳ P❛r❛ ❞❡✐①❛r ❡ss❡s ❝♦♥❝❡✐t♦s ♠❛✐s ♣r❡❝✐s♦s✱ ✈❡❥❛♠♦s

❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s q✉❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✺✱ ✶✷❪✳

❉❡✜♥✐çã♦ ✶✳ ❯♠❛ t♦♣♦❧♦❣✐❛ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ M é ✉♠❛ ❝♦❧❡çã♦ τ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡

M ✱ s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ∅ ❡stã♦ ❡♠ τ ❀

✷✳ ❆ ✉♥✐ã♦ ❛r❜✐trár✐❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ τ ♣❡rt❡♥❝❡ ❛ τ ❀

✸✳ ❆ ✐♥t❡rs❡çã♦ ✜♥✐t❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ τ ♣❡rt❡♥❝❡ ❛ τ ✳

❯♠ ❝♦♥❥✉♥t♦M ♠✉♥✐❞♦ ❞❡ ✉♠❛ t♦♣♦❧♦❣✐❛ τ é ❝❤❛♠❛❞♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✳ ❯♠ s✉❜❝♦♥❥✉♥t♦

A ⊂M é ❝❤❛♠❛❞♦ ❞❡ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ M ✱ q✉❛♥❞♦ A ∈ τ ✳

❊①❡♠♣❧♦ ✶✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r✳

✶✳ ❆ ❝♦❧❡çã♦ ❢♦r♠❛❞❛ ♣♦r t♦❞♦s ♦s s✉❜❝♦♥❥✉♥t♦s ❞❡ X é ✉♠❛ t♦♣♦❧♦❣✐❛ s♦❜r❡ X

❞❡♥♦♠✐♥❛❞❛ ❚♦♣♦❧♦❣✐❛ ❉✐s❝r❡t❛✱ q✉❡ ❝♦♠✉♠❡♥t❡ é ❞❡♥♦t❛❞❛ ♣♦r P(X)✳

✷✳ ❆ ❝♦❧❡çã♦ τ = {∅, X} é ✉♠❛ t♦♣♦❧♦❣✐❛ s♦❜r❡ X✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❚♦♣♦❧♦❣✐❛ ❈❛ót✐❝❛✳

❖❜s❡r✈❡ q✉❡ ♦s ú♥✐❝♦s ❛❜❡rt♦s ❞❡ X r❡❢❡r❡♥t❡s à ❚♦♣♦❧♦❣✐❛ ❈❛ót✐❝❛ sã♦ ♦s ❝♦♥❥✉♥t♦s

∅ ❡ X✳

❉❡♥♦♠✐♥❛♠♦s ♣♦r ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ❡❧❡♠❡♥t♦ x ♣❡rt❡♥❝❡♥t❡ ❛♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦

X✱ q✉❛❧q✉❡r s✉❜❝♦♥❥✉♥t♦ A ❞❡ X q✉❡ ❝♦♥t❡♥❤❛ ✉♠❛ ❛❜❡rt♦ V ❞❛ t♦♣♦❧♦❣✐❛ ❝♦♥t❡♥❞♦ ♦

❡❧❡♠❡♥t♦ x✱ ♦✉ s❡❥❛✱ ♣❛r❛ ❛❧❣✉♠ V ∈ τ t❡♠✲s❡ x ∈ V ⊆ A✳ ❯♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞✐③✲s❡

❍❛✉s❞♦r✛ q✉❛♥❞♦ ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ♣♦ss✉❡♠ ✈✐③✐♥❤❛♥ç❛s ❞✐s❥✉♥t❛s✳

❉❡✜♥✐çã♦ ✷✳ ❉✐r❡♠♦s q✉❡ ✉♠❛ ❢❛♠í❧✐❛ β ⊂ τ é ✉♠❛ ❜❛s❡ ♣❛r❛ τ s❡ ❞❛❞♦ U ∈ τ ❡①✐st❡

C ∈ β t❛❧ q✉❡

U =
⋃

{V : V ∈ C}.

❊①❡♠♣❧♦ ✷✳ ❆♣❡♥❛s ❞❡ ❢♦r♠❛ ✐❧✉str❛t✐✈❛✱ ♦s ✐♥t❡r✈❛❧♦s ❞❛ ❢♦r♠❛ (a, b)✱ ❝♦♠ a < b ❡♠ R✱

❢♦r♠❛♠ ✉♠❛ ❜❛s❡ ♣❛r❛ ❛ t♦♣♦❧♦❣✐❛ ✉s✉❛❧ ❡♠ R✳



✶✹

❉❡♣♦✐s ❞❡ ❞❡✜♥✐r ♦ q✉❡ é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ M ✱ é ✐♥t❡r❡ss❛♥t❡ ❡st❛❜❡❧❡❝❡r♠♦s

❝r✐tér✐♦s ♣❛r❛ ♠❡♥s✉r❛r ♦ q✉❛♥t♦ ❞♦✐s ❡❧❡♠❡♥t♦s ❞❡ss❡ ❡s♣❛ç♦ ❡stã♦ ♣ró①✐♠♦s✳ P❛r❛ ✐ss♦✱

♣r❡❝✐s❛♠♦s ❞❡✜♥✐r ♦ q✉❡ ✉♠❛ ♠étr✐❝❛✳

❉❡✜♥✐çã♦ ✸✳ ❯♠❛ ♠étr✐❝❛ s♦❜r❡ ✉♠ ❝♦♥❥✉♥t♦ X é ✉♠❛ ❢✉♥çã♦ d : X × X → R q✉❡

❛ss♦❝✐❛ ❛ ❝❛❞❛ ♣❛r ♦r❞❡♥❛❞♦ ❞❡ ❡❧❡♠❡♥t♦s x, y ∈ X ❛♦ ♥ú♠❡r♦ r❡❛❧ d(x, y) s❛t✐s❢❛③❡♥❞♦✱

♣❛r❛ t♦❞♦s x, y, z ∈ X✱ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ d(x, x) = 0❀

✷✳ ❙❡ x 6= y✱ ❡♥tã♦ d(x, y) > 0❀

✸✳ d(x, y) = d(y, x)❀

✹✳ d(x, z) ≤ d(x, y) + d(y, z)✳

❯♠ ❝♦♥❥✉♥t♦ X ♠✉♥✐❞♦ ❝♦♠ ✉♠❛ ♠étr✐❝❛ é ❞❡♥♦♠✐♥❛❞♦ ❡s♣❛ç♦ ♠étr✐❝♦✳

❊①❡♠♣❧♦ ✸✳ ❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ♠étr✐❝❛s✿

✶✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r✳ ❆ ❢✉♥çã♦ d : X ×X → R✱ ❞❛❞❛ ♣♦r







d(x, x) = 0

d(x, y) = 1✱ s❡ x 6= y

é ✉♠❛ ♠étr✐❝❛ ❡♠ X✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ▼étr✐❝❛ ❉✐s❝r❡t❛✳

✷✳ ❙❡❥❛ Rn ❞❛s n−✉♣❧❛s ❞❡ ♥ú♠❡r♦s r❡❛✐s✳ ❱❛♠♦s r❡♣r❡s❡♥t❛r ✉♠ ❡❧❡♠❡♥t♦ x ∈ Rn

♣♦r x = (x1, x2, · · · , xn)✳ ❉❡✜♥❛ ❛s ❛♣❧✐❝❛çõ❡s d, dS ❡ dM ❞❡✜♥✐❞❛s ❝♦♠♦

d(x, y) = |x− y|

dS(x, y) =
n∑

i=1

|xi − xi|

dM(x, y) = max
{

|xi − xi|; i ∈ {1, 2, · · · , n}
}

sã♦ ♠étr✐❝❛s ❡ ❞❡♥♦♠✐♥❛❞❛s ❞❡ ▼étr✐❝❛ ❘✐❡♠❛♥♥✐❛♥❛✱ ▼étr✐❝❛ ❞❛ ❙♦♠❛ ❡ ▼étr✐❝❛

❞♦ ▼á①✐♠♦s✳



✶✺

❆❣♦r❛ t❡♠♦s ❝♦♥❝❡✐t♦s s✉✜❝✐❡♥t❡s q✉❡ ♥♦s ♣❡r♠✐t❡♠ ❛♣r❡s❡♥t❛r ❛ ♣r✐♠❡✐r❛ ❞❡✜♥✐çã♦

s♦❜r❡ ❱❛r✐❡❞❛❞❡s✳

❉❡✜♥✐çã♦ ✹✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ❞❡ ❞✐♠❡♥sã♦ n é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ M ❝♦♠ ❛s

s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡✿

✶✳ M é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛❀

✷✳ M t❡♠ ✉♠❛ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ❞❡ ❛❜❡rt♦s❀

✸✳ M é ❧♦❝❛❧♠❡♥t❡ ❡✉❝❧✐❞✐❛♥♦✿ P❛r❛ q✉❛❧q✉❡r ♣♦♥t♦ p ∈ M ✱ ❡①✐st❡♠ ❛❜❡rt♦s U ⊆ M

❝♦♥t❡♥❞♦ p✱ A ⊆ Rn ❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ φ : U → A✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❝❛❞❛

♣♦♥t♦ p ∈M ♣♦ss✉✐ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠ ❛❜❡rt♦ ❞❡ Rn✳

❉❡✜♥✐çã♦ ✺✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ❡ U ⊂M ❛❜❡rt♦✱ t❛❧ q✉❡ p ∈ U,A ⊂ Rn✱

❛❜❡rt♦ ❡ φ : U → A ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳ ❖ ♣❛r (U, φ) é ❞❡♥♦♠✐♥❛❞♦ s✐st❡♠❛ ❞❡

❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧ ❞❡ M ❡♠ p ❡ U é ❞❡♥♦♠✐♥❛❞♦ ✈✐③✐♥❤❛♥ç❛ ❝♦♦r❞❡♥❛❞❛✳

◗✉❛♥❞♦ ❢♦r ❝♦♥✈❡♥✐❡♥t❡✱ ✐♥❞✐❝❛r❡♠♦s ❛♣❡♥❛s ♣♦r φ : U → A ♦ s✐st❡♠❛ ❞❡

❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧ ❞❡ M ❡♠ p ❛♦ ✐♥✈és ❞❡ (U, φ)✳

❉❡✜♥✐çã♦ ✻✳ ❯♠ ❛t❧❛s ❞❡ ❞✐♠❡♥sã♦ n ❞❡ M é ✉♠❛ ❝♦❧❡çã♦ U = {φα : Ui → Vα}i∈I ❞❡

❤♦♠❡♦♠♦r✜s♠♦s s❡♥❞♦ Ui ✉♠❛ ❛❜❡rt♦ ❞❡ M ✱ Vi ✉♠ ❛❜❡t♦ ❞❡ Rn ❡
⋃

α∈I Ui = M ✳ ❖s

❤♦♠❡♦♠♦r✜s♠♦s

φβ ◦ φ−1
α : φα(Uα ∩ Uβ) ⊂ Vα → φβ(Uα ∩ Uβ) ⊂ Vβ

sã♦ ❝❤❛♠❛❞♦s ❞❡ ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s✳

❯♠ ❛t❧❛s U é ❞✐t♦ ❞❡ ❝❧❛ss❡ Cr✱ s❡ t♦❞❛s s✉❛s ❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s sã♦ ❞❡

❝❧❛ss❡ Cr✳ ❯♠ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ψ é ❞✐t♦ ❛❞♠✐ssí✈❡❧ r❡❧❛t✐✈❛♠❡♥t❡ ❛♦ ❛t❧❛s U ❞❡

❞✐♠❡♥sã♦ n ❡ ❝❧❛ss❡ Cr s❡✱ U∪ {ψ} t❛♠❜é♠ é ✉♠ ❛t❧❛s ❞❡ ❝❧❛ss❡ Cr✳ ◗✉❛♥❞♦ ✉♠ ❛t❧❛s U

❝♦♥té♠ t♦❞♦s ♦s s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛❞♠✐ssí✈❡✐s✱ ❞✐③❡♠♦s q✉❡ ❡ss❡ ❛t❧❛s é ♠❛①✐♠❛❧✳

❱❛❧❡ ❞❡st❛❝❛r q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ❛t❧❛s U ♥ã♦ s❡r ♠❛①✐♠❛❧ ♥ã♦ ✐♠♣❡❞❡ ❛ ❝♦♥str✉çã♦

❞❛ t❡♦r✐❛✳ ■ss♦ ♦❝♦rr❡ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ s❡♠♣r❡ ♣♦❞❡♠♦s ❛❝r❡s❝❡♥t❛r ♦s s✐st❡♠❛s ❞❡

❝♦♦r❞❡♥❛❞❛s ❛❞♠✐ssí✈❡✐s q✉❡✱ ♣♦r ✈❡♥t✉r❛✱ ♥ã♦ ❡stã♦ ❡♠ U✱ ❢♦r♠❛♥❞♦ ❛ss✐♠✱ ✉♠ ❛t❧❛s

♠❛①✐♠❛❧✳ ❉✐❛♥t❡ ❞✐ss♦✱ ♣♦r ❝♦♥✈❡♥✐ê♥❝✐❛✱ tr❛t❛r❡♠♦s ❛♣❡♥❛s ❞❡ ❛t❧❛s ♠❛①✐♠❛✐s✳



✶✻

❋✐❣✉r❛ ✶✿ ❍♦♠❡♦♠♦r✜s♠♦ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✳

❉❡♣♦✐s ❞❡ss❛s ❞❡✜♥✐çõ❡s✱ t❡♠♦s ❝♦♥❞✐çõ❡s ❞❡ ❛♣r❡s❡♥t❛r ❛ s❡❣✉♥❞❛ ❝♦♥❝❡♣çã♦ s♦❜r❡

✈❛r✐❡❞❛❞❡s✱ q✉❡ é ❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳

❉❡✜♥✐çã♦ ✼✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ n ❡ ❝❧❛ss❡ Cr✱ ❝♦♠ r ≥ 1✱ é ✉♠

♣❛r (M,U)✱ ♦♥❞❡ M é ✉♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ❞❡ ❞✐♠❡♥sã♦ n ❡ U é ✉♠ ❛t❧❛s ♠❛①✐♠❛❧

❞❡ ❞✐♠❡♥sã♦ n ❡ ❝❧❛ss❡ Cr✳ ❖✉ s❡❥❛✱

✶✳ M é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛❀

✷✳ M t❡♠ ✉♠❛ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ❞❡ ❛❜❡rt♦s❀

✸✳ M ❡ Rn sã♦ ❧♦❝❛❧♠❡♥t❡ ❤♦♠❡♦♠♦r❢♦s❀

✹✳ U é ✉♠ ❛t❧❛s ♠❛①✐♠❛❧ ❞❡ ❞✐♠❡♥sã♦ n ❡ ❝❧❛ss❡ Cr✳

❊①❡♠♣❧♦ ✹✳ ❈♦♥s✐❞❡r❡ ❛ ❡s❢❡r❛ Sn ❞❛❞❛ ♣♦r

Sn = {(x1, . . . , xn+1) ∈ Rn+1; x21 + x22 + · · · x2n+1 = 1}.

❱❛♠♦s ♠♦str❛r q✉❡ Sn é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ n✳

❈♦♠ ❡❢❡✐t♦✱ ♣❛r❛ ❝❛❞❛ i = 1, · · · , n + 1✱ ❝♦♥s✐❞❡r❡ ♦s s❡♠✐❡s♣❛ç♦s ❞❡t❡r♠✐♥❛❞♦s

♣❡❧♦ ❤✐♣❡r♣❧❛♥♦ xi = 0

Hi
+ = {x ∈ Rn+1; xi > 0} ❡ Hi

− = {x ∈ Rn+1; xi < 0}



✶✼

❡ ♦s ❝♦♥❥✉♥t♦s ♦❜t✐❞♦s ♣❡❧❛ ✐♥t❡rs❡çã♦ ❞❡st❡s ❤✐♣❡r♣❧❛♥♦s ❝♦♠ ❛ ❡s❢❡r❛ ✉♥✐tár✐❛

U+
i = Hi

+ ∩ Sn ❡ U−
i = Hi

− ∩ Sn

q✉❡ sã♦ ❛❜❡rt♦s ❞❡ Sn✳ ❖❜s❡r✈❡ q✉❡

n+1⋃

i=1

(U+
i ∪ U−

i ) = Sn

♦✉ s❡❥❛✱ ❡st❡s 2(n+ 1) ❛❜❡rt♦s sã♦ s✉✜❝✐❡♥t❡s ♣❛r❛ ❝♦❜r✐r Sn✳

❆❣♦r❛✱ ♣❛r❛ ✈❡r✐✜❝❛r q✉❡ Sn é r❡❛❧♠❡♥t❡ ✉♠❛ ✈❛r✐❡❞❛❞❡✱ ♣r❡❝✐s❛♠♦s ♠♦str❛r q✉❡

❝❛❞❛ ✉♠ ❞♦s ❛❜❡rt♦s U±
i sã♦ ❞✐❢❡♦♠♦r❢♦s ❛ ✉♠ ❛❜❡rt♦ ❞❡ Rn✳ P❛r❛ ✐ss♦✱ t♦♠❡♠♦s ❛ ❜♦❧❛

❛❜❡rt❛ Bn(0, 1) ∩Rn ❝❡♥tr❛❞❛ ♥❛ ♦r✐❣❡♠ ❡ r❛✐♦ ✐❣✉❛❧ ❛ 1✱ s❡♥❞♦ q✉❡ ❛s ❛♣❧✐❝❛çõ❡s φ±
i sã♦

❞❛❞❛s ♣♦r✿

φ±
i : U±

i → Bn(0, 1)

(x1, x2, · · · , xi, · · · , xn+1) 7→ (x1, x2, · · · , x̂i, · · · , xn)
.

♥♦ q✉❛❧ ♦ i−és✐♠♦ t❡r♠♦ é ♦♠✐t✐❞♦ ♣❛r❛ ❝❛❞❛ i = 1, · · · , n+ 1 ✜①❛❞♦✳

❚♦♠❡ x = (x1, x2, · · · , xn+1) ❡ y = (y1, y2, · · · , yn+1) ❡♠ Sn✳ ❖❜s❡r✈❡ q✉❡ s❡

φ+
i (x) = φ+

i (y)✱ t❡♠♦s q✉❡

(x1, · · · , xi−1, xi+1, · · · , xn+1) = (y1, · · · , yi−1, yi+1, · · · , yn+1)

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ x, y ∈ Sn ❡ xi, yi > 0✱ s❡❣✉❡ q✉❡

xi =
√

1− (x21 + · · ·+ x2i−1 + x2i+1 + · · ·+ x2n+1)

=
√

1− (y21 + · · ·+ y2i−1 + y2i + · · ·+ y2n+1) = yi

■ss♦ ♠♦str❛ q✉❡ x = y ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ φ+
i é ✉♠❛ ❛♣❧✐❝❛çã♦ ✐♥❥❡t♦r❛✳

❆❣♦r❛ ❝♦♥s✐❞❡r❡ y = (y1, y2, · · · , yn) ∈ Bn(0, 1) ✉♠ ♣♦♥t♦ ❛r❜✐trár✐♦ ❞❛ ❜♦❧❛ ❛❜❡rt❛✳

❚♦♠❡

x = (y1, · · · , yi−1,
√

1− |y|, yi, · · · , yn) ∈ Sn

❖❜s❡r✈❡ q✉❡
√

1− |y| > 0 ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ x ∈ U+
i ✳ P♦r ❝♦♥str✉çã♦✱ t❡♠♦s q✉❡



✶✽

φ+
i (x) = y✱ ♦ q✉❡ ♣r♦✈❛ q✉❡ φ+

i é s♦❜r❡❥❡t♦r❛ ❡✱ ♣♦rt❛♥t♦✱ ✉♠❛ ❜✐❥❡çã♦ s❡♥❞♦ (φ+
i )

−1 = ψ+
i

❞❛❞❛ ♣♦r✿

ψ+
i (y1, · · · , yn) = (y1, · · · , yi−1,

√

1− |y|, yi, · · · , yn).

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❞❡♠♦♥str❛r ♦ ❢❡✐t♦ ❛❝✐♠❛ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ φ−
i ✳ ◆♦t❡ q✉❡

φ±
i ❡ ψ±

i sã♦ ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ❡ ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❙❡♥❞♦ ❛ss✐♠✱ U = {φ±
i } é ✉♠ ❛t❧❛s ❞❡

❞✐♠❡♥sã♦ n ❞❡ Sn✳

❈♦♠♦ Sn é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❞❡ ❍❛✉s❞♦r✛✱ ❝♦♠ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ❡ U é ✉♠

❛t❧❛s ❞❡ ❞✐♠❡♥sã♦ n✱ ❡♥tã♦ Sn é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ n✳ ❆ ❋✐❣✉r❛ ✷

✐❧✉str❛ ❛ ❝♦♠♣♦s✐çã♦ ❞♦ ❛t❧❛s q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❝♦♥str✉✐r ♣❛r❛ ♦ ❝❛s♦ ❡s♣❡❝✐❛❧ n = 2✳

❋✐❣✉r❛ ✷✿ ❆t❧❛s ❞❡ S2✳

❚❡♦r❡♠❛ ✶✳ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ m ❡ N ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦

n✳ ❊♥tã♦✱ M ×N é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ m+ n✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s❡ φ : V → V0 ❡ ψ : U → U0 sã♦ ❝❛rt❛s ❧♦❝❛✐s ♣❛r❛ M ❡ N

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♥tã♦ V0 ⊂ Rm ❡ U0 ⊂ Rn✳ ❆ss✐♠ ❛ ❛♣❧✐❝❛çã♦ φ× ψ : V × U → V0 × U0



✶✾

❞❛❞❛ ♣♦r φ× ψ(x, y) = (φ(x);ψ(y)) é ✉♠❛ ❝❛rt❛ ❧♦❝❛❧ ♣❛r❛ M ×N ❡ ❝♦♠♦ V0 × U0 é ✉♠

❛❜❡rt♦ ❞❡ Rm+n✳ ■ss♦ ✐♠♣❧✐❝❛ q✉❡ M ×N é ✉♠❛ ✈❛r✐❡❞❛❞❡ (m+ n)− ❞✐♠❡♥s✐♦♥❛❧✳

❋✐❣✉r❛ ✸✿ ❱❛r✐❡❞❛❞❡ M ×N

❊①❡♠♣❧♦ ✺✳ ❖ t♦r♦ T2 = S1 × S1✱ s❡❣✉♥❞♦ ♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡

❞✐♠❡♥sã♦ 2✱ ✉♠❛ ✈❡③ q✉❡ ✈✐♠♦s ♥♦ ❊①❡♠♣❧♦ ✹✱ q✉❡ S1 é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ 1✳

❚❛❧✈❡③✱ ❛ ❢♦r♠❛ ♠❛✐s ❝♦♠✉♠ ❞❡ s❡ ♦❜t❡r ✉♠ t♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ s❡❥❛ ❝♦♠♦ ❢♦✐ ❢❡✐t♦

♥♦ ❊①❡♠♣❧♦ ✺✱ ♦✉ s❡❥❛✱ ❛tr❛✈és ❞❡ ❝❛rt❡s✐❛♥♦s ❞❡ ❞♦✐s ❝ír❝✉❧♦s✳ ▼❛s ♥❡♠ s❡♠♣r❡ ❡ss❛

❝♦♥str✉çã♦ é ❛ ♠❛✐s ✈✐á✈❡❧✳ ◆❛ ❙❡çã♦ ✷✳✶✱ ❞❛r❡♠♦s ✉♠❛ ❝♦♥str✉çã♦ ♣❛r❛ ♦ t♦r♦ ♠❛✐s

❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛ ♦ ♥♦ss♦ ❡st✉❞♦✳

❆❣♦r❛✱ ❝♦♠ ❛ t❡r❝❡✐r❛ ❡ ú❧t✐♠❛ ❞❡✜♥✐çã♦✱ ❢❡❝❤❛r❡♠♦s ❛ ♣❛rt❡ ✐♥✐❝✐❛❧ q✉❡ ❡str✉t✉r❛

♦ ❝♦♥❝❡✐t♦ ❞❡ ✈❛r✐❡❞❛❞❡s✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦✳

❉❡✜♥✐çã♦ ✽✳ ❙❡❥❛♠ Hn = {(x1, x2, ..., xn) ∈ Rn; xn ≥ 0}✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦✱ ❞❡

❝❧❛ss❡ Ck✱ é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ M ✱ ❍❛✉s❞♦r✛✱ ❝♦♠ ❜❛s❡ ❡♥✉♠❡rá✈❡❧ ❞❡ ❛❜❡rt♦s✱ ♠✉♥✐❞♦

❞❡ ✉♠ ❛t❧❛s {φi : Ui → Vi ∩Hn}✱ ❝✉❥❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s sã♦ ❞❡ ❝❧❛ss❡ Ck✳

❖ ❜♦r❞♦ ❞❡ M ✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r ∂M ✱ é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s x ∈M t❛✐s q✉❡
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❡①✐st❡ ✉♠❛ ❝❛rt❛ φi : Ui → Vi ♥♦ ❛t❧❛s t❛❧ q✉❡

φi(x) ∈ ∂Hn = {(x1, x2, ..., xn) ∈ Rn; xn = 0}

✳

❊①❡♠♣❧♦ ✻✳ ❖ ❞✐s❝♦ ✉♥✐tár✐♦ D2 = {(x, y) ∈ R2; x2 + y2 ≤ 1} é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡

❞✐♠❡♥sã♦ ❞♦✐s ❝✉❥♦ ❜♦r❞♦ é ❞❛❞♦ ♣♦r ∂D2 = S1✳

❚❡♦r❡♠❛ ✷✳ ❖ ♣r♦❞✉t♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ s❡♠ ❜♦r❞♦ X ❝♦♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ Y ❝♦♠ ❜♦r❞♦✱

é ✉♠❛ ♦✉tr❛ ✈❛r✐❡❞❛❞❡ X × Y ❝♦♠ ❢r♦♥t❡✐r❛✳ ▼❛✐s ❛✐♥❞❛✱

∂(X × Y ) = X × ∂Y

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ (x, y) ∈ X × Y ✱ ❝♦♠♦ x ∈ X ❡ ❛ ✈❛r✐❡❞❛❞❡ X ♥ã♦ ♣♦ss✉✐ ❜♦r❞♦✱

❡①✐st❡ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❧♦❝❛❧ φ : U → φ(U) ⊂ X✱ s❡♥❞♦ U ⊂ Rk ❛❜❡rt♦ ❡ φ(U)

✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❝♦♠♦ y ∈ Y ✱ ❡①✐st❡ ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❧♦❝❛❧

ψ : V → ψ(V ) ⊂ Y ✱ ❝♦♠ V ⊂ Hl ❛❜❡rt♦✱ t❛❧ q✉❡ ψ(V ) é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ y ✳

❉❡st❡ ♠♦❞♦ ❜❛st❛ t♦♠❛r ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❧♦❝❛❧ φ × ψ : U × V → φ(U) × ψ(V ) s❡♥❞♦

U × V ⊂ Rk ×Hl ⊂ Hk+l✱ ❡ ❛ss✐♠ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

❊①❡♠♣❧♦ ✼✳ ❖ t♦r♦ só❧✐❞♦ D2 × S1✱ s❡❣✉♥❞♦ ♦s t❡♦r❡♠❛s ❛❝✐♠❛✱ é ✉♠ ✈❛r✐❡❞❛❞❡ ❞❡

❞✐♠❡♥sã♦ três ❝✉❥♦ ❜♦r❞♦ é ♦ t♦r♦ T2✳

❋✐❣✉r❛ ✹✿ ❚♦r♦ ❙ó❧✐❞♦ D2 × S1

P❛r❛ s✐♠♣❧✐✜❝❛r ❛ ♥♦t❛çã♦✱ ✐♥❞✐❝❛r❡♠♦s ♣♦r Mn ❛ ✈❛r✐❡❞❛❞❡ M ❞❡ ❞✐♠❡♥sã♦ n✳
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❉❡✜♥✐çã♦ ✾✳ ❙❡❥❛♠ Mm✱ Nn ✈❛r✐❡❞❛❞❡s ❞❡ ❝❧❛ss❡ Cr✱ ❝♦♠ r ≥ 1✳ ❉✐③❡♠♦s q✉❡ ✉♠❛

❛♣❧✐❝❛çã♦ f :M → N é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ p ∈M s❡ ❡①✐st❡♠ s✐st❡♠❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s

φα : Uα → φα(Uα) = Vα ⊂ Rm ❡♠ M ❡ ψβ : Uβ → ψβ(Uβ) = Vβ ⊂ Rn ❡♠ N ✱ s❡♥❞♦

p ∈ Uα ⊂M ❡ f(Uα) ⊂ Uβ ⊂ N t❛✐s q✉❡

f(φα,ψβ) = ψβ ◦ f ◦ φ−1
α

é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ φα(p)✳

❖❜s❡r✈❡ q✉❡ f(φα,ψβ) é ✉♠❛ ❢✉♥çã♦ ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ Rm ❡♠ Rn✳ ❙❡♥❞♦

❛ss✐♠✱ ❛♦ ❧✐❞❛r♠♦s ❝♦♠ ❛ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❡♥tr❡ ✈❛r✐❡❞❛❞❡s✱ ♣♦❞❡♠♦s r❡❝♦rr❡r à ❚❡♦r✐❛

❞♦ ❈á❧❝✉❧♦ ❉✐❢❡r❡♥❝✐❛❧✳

❋✐❣✉r❛ ✺✿ ❉✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❡♥tr❡ ✈❛r✐❡❞❛❞❡s✳

●❡r❛❧♠❡♥t❡✱ ❝❤❛♠❛♠♦s f(φα,ψβ) ❝♦♠♦ ❛ ❡①♣r❡ssã♦ ❞❛ ❛♣❧✐❝❛çã♦ f ❡♠ r❡❧❛çã♦ ❛s

❝❛rt❛s φα ❡ ψβ✳ ◆❛ ♣rát✐❝❛✱ ❡ss❛ t❡r♠✐♥♦❧♦❣✐❛ ♥ã♦ é ♠✉✐t♦ ❡♠♣r❡❣❛❞❛✱ ♣♦✐s ❛ ✐❞❡✐❛ ❞❡

❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❡♥tr❡ ✈❛r✐❡❞❛❞❡s ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛s ❝❛rt❛s✳

P❛r❛ ✈❡r ❡st❡ ❢❛t♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛s ❝❛rt❛s φ′
α : U ′

α → φ′
α(U

′
α) ⊂ Rm ❡♠ M ❡

ψ′
β : U ′

β → ψ′
β(U

′
β) ⊂ Rn ❡♠ N ✱ ❡ ♦❜s❡r✈❛r q✉❡

ψ′
β ◦ f ◦ φ′

α = ψ′
β ◦ (ψβ ◦ ψ−1

β ) ◦ f ◦ (φβ ◦ φ−1
β ) ◦ φ′

α

= ψ′
β ◦ ψβ ◦ (ψ−1

β ◦ f ◦ φβ) ◦ φ−1
β ◦ φ′

α

= ψ′
β ◦ ψβ ◦ f(φα,ψβ) ◦ φ−1

β ◦ φ′
α
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❈♦♠♦ ψ′
β ◦ ψβ ❡ φ′

α ◦ φ−1
α sã♦ ❞✐❢❡♦♠♦r✜s♠♦s ❡ f(φα,ψβ) é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ φα(p)✱

s❡❣✉❡ q✉❡ f(φ′α,ψ′

β
) = ψ′

β ◦ f ◦ φ′
α é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ φ′

α(p)✳ ■ss♦ ♠♦str❛ q✉❡ ❛ ♥♦çã♦ ❞❡

❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❡♥tr❡ ✈❛r✐❡❞❛❞❡s ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳

❉❡✜♥✐çã♦ ✶✵✳ ❉✐③❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ f :M → N ❞❡s❝r✐t❛ ❝♦♠♦ ♥❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r

é ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ ❢ é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❡ M ✳ ◗✉❛♥❞♦ f ✱ ❛❧é♠ ❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱

é ✉♠❛ ❜✐❥❡çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝✉❥❛ ✐♥✈❡rs❛ é t❛♠❜é♠ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❞✐③❡♠♦s q✉❡ f é ✉♠

❞✐❢❡♦♠♦r✜s♠♦✳ ❙❡ f ❡ f−1 sã♦ ❞❡ ❝❧❛ss❡ Ck(k ≥ 1)✱ ❞✐③❡♠♦s q✉❡ f é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦

❞❡ ❝❧❛ss❡ Ck✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡✱ Ck ❞✐❢❡♦♠♦r✜s♠♦✳

❙❡ ❡①✐st❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s M ❡ N ❞✐③❡♠♦s

q✉❡ ❡❧❛s sã♦ ❞✐❢❡♦♠♦r❢❛s✳

❉❡ ✉♠ ♠♦❞♦ ❣❡r❛❧✱ ❧✐✈r♦s ❡ ❛rt✐❣♦s ♥♦s ❢♦r♥❡❝❡♠ ✉♠ ❜♦♠ ♥ú♠❡r♦ ❞❡ ❡①❡♠♣❧♦s ❞❡

✈❛r✐❡❞❛❞❡s ❝♦♠ ♣r♦♣r✐❡❞❛❞❡s r❡❧❛t✐✈❛♠❡♥t❡ ❛❞✈❡rs❛s✳ ❊♥tr❡t❛♥t♦✱ ❡♠ ❝❡rt♦s ♠♦♠❡♥t♦s✱

♣♦❞❡♠♦s ❡st❛r ♣r♦❝✉r❛♥❞♦ ✈❛r✐❡❞❛❞❡s ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡❝í✜❝❛s q✉❡ ♣❡r♠✐t❡♠ ❡①tr❛✐r

❛s ✐♥❢♦r♠❛çõ❡s ❞❡s❡❥❛❞❛s ❝♦♠ ❡str✉t✉r❛ ♦ ♠❛✐s s✐♠♣❧❡s ♣♦ssí✈❡❧✳

P♦r ❡ss❡ ♠♦t✐✈♦✱ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦ ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞❛s té❝♥✐❝❛ ♣❛r❛ ❝♦♥str✉✐r

✈❛r✐❡❞❛❞❡s✳ ❯♠❛ ❞❡ss❛s té❝♥✐❝❛s é ❛ ❝♦❧❛❣❡♠ ❞❡ ✈❛r✐❡❞❛❞❡s ❛tr❛✈és ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s

❡♥tr❡ s❡✉s ❜♦r❞♦s✳ ❙✐♠♣❧✐✜❝❛♠♦s ♦ r❡s✉❧t❛❞♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ss❛ té❝♥✐❝❛ ❝♦♠ ❛ ♣ró①✐♠❛

❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✶✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞❡ ❝❧❛ss❡ C∞ ❝♦♠ ❜♦r❞♦s ❝♦♠♣❛❝t♦s ∂M = A ❡

∂N = B✳ ❙❡❥❛ f : A → B ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ C∞✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ✈❛r✐❡❞❛❞❡

s❡♠ ❜♦r❞♦ ❞❡♥♦♠✐♥❛❞❛ ✈❛r✐❡❞❛❞❡ ❝♦❧❛❞❛✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r M ∪f N ❞❡ ♠♦❞♦ q✉❡

M ∪f N =M/τ

s❡♥❞♦ M =M∪N✭✉♥✐ã♦ ❞✐s❥✉♥t❛✮ ❡ τ : A∪B → A∪B ❞❡ ♠♦❞♦ q✉❡ τ |A = f ❡ τ |B = f−1✳

❊①❡♠♣❧♦ ✽✳ ❙❡❥❛ M = N = D2 × S1 ♦ t♦r♦ só❧✐❞♦✳ ❈♦♠♦ ✈✐♠♦s ♥♦ ❊①❡♠♣❧♦ ✼✱ ♦

❜♦r❞♦ ∂M = ∂N = S1 × S1✱ q✉❡ é ♦ t♦r♦ ❞❡ ❞✐♠❡♥sã♦ ❞♦✐s ♣♦❞❡♠ s❡r ❝♦❧❛❞♦s ♣❡❧♦s

❞✐❢❡♦♠♦r✜s♠♦s f, g : S1 × S1 → S1 × S1 ❞❛❞❛s ♣♦r✿

f(x, y) = (x, y) g(x, y) = (y, x).
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➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ M ∪f N é ❞✐❢❡♦♠♦r❢❛ ❛ S1 × S2 ❡♥q✉❛♥t♦ M ∪g N é ❞✐❢❡♦♠♦r❢❛ ❛

S3✳

❋✐❣✉r❛ ✻✿ ❈♦❧❛❣❡♠ ❞❡ ✈❛r✐❡❞❛❞❡s ❝♦♠ ❜♦r❞♦✳

❖ ❊①❡♠♣❧♦ ✽ ✐❧✉str❛ ♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❡s❝♦❧❤❛ ❞♦ ❞✐❢❡♦♠♦r✜s♠♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❢❛③❡r ❛

❝♦❧❛❣❡♠ ✐♥✢✉❡♥❝✐❛ ❞✐r❡t❛♠❡♥t❡ ♥❛ ♥❛t✉r❡③❛ ❞❛ ✈❛r✐❡❞❛❞❡ ♦❜t✐❞❛✳ ❆❧é♠ ❞✐ss♦✱ é ✐♠♣♦rt❛♥t❡

❞❡st❛❝❛r q✉❡✱ ❛♣❡s❛r ❞❡ M ∪f N t❡r s✐❞♦ ❛♣r❡s❡♥t❛❞❛ ❡♠ ✉♠❛ ❞❡✜♥✐çã♦✱ t❛❧ ♦❜❥❡t♦ t❡♠

r❡❛❧♠❡♥t❡ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡✳ ❯♠❛ ❛❜♦r❞❛❣❡♠ ♠❛✐s ❝♦♠♣❧❡t❛ s♦❜r❡ ❡ss❡ t❡♠❛ ♣♦❞❡

s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✶❪✳

✶✳✶✳✷ ❊s♣❛ç♦ ❚❛♥❣❡♥t❡

❙❡❥❛ Mn ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❝❧❛ss❡ Ck✱ s❡♥❞♦ k ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ 1✳

P❛r❛ ✉♠ ♣♦♥t♦ p q✉❛❧q✉❡r ❞❡ M ✱ ❞❡♥♦t❛♠♦s ♣♦r Cp ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❝❛♠✐♥❤♦s

α : I → M ✱ ❞❡✜♥✐❞♦s ♥♦ ✐♥t❡r✈❛❧♦ I ❝♦♥t❡♥❞♦ 0 ∈ R✱ t❛✐s q✉❡ α(0) = p ❡ α ❞✐❢❡r❡♥❝✐á✈❡❧

❡♠ 0✳ ❉✐r❡♠♦s q✉❡ ❞♦✐s ❝❛♠✐♥❤♦s α, β ∈ Cp sã♦ ❡q✉✐✈❛❧❡♥t❡s✱ ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r α ∼ β ✱

q✉❛♥❞♦ ❡①✐st✐r ✉♠❛ ❝❛rt❛ ❧♦❝❛❧ φ ❞❡ M ✱ t❛❧ q✉❡

(φ ◦ α)′(0) = (φ ◦ β)′(0).

➱ ♣♦ssí✈❡❧ ♣r♦✈❛r q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❝❛rt❛ ❧♦❝❛❧ φ ❡s❝♦❧❤✐❞❛✳

■ss♦ r❡s✉❧t❛ q✉❡ ❛ r❡❧❛çã♦ α ∼ β é✱ ❞❡ ❢❛t♦✱ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❖ ✈❡t♦r ✈❡❧♦❝✐❞❛❞❡ α̇ ❞❡ ✉♠ ❝❛♠✐♥❤♦ α ∈ Cp é✱ ♣♦r ❞❡✜♥✐çã♦✱ ❛ ❝❧❛ss❡ ❞❡
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❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ α✳ ❖✉ s❡❥❛✱

α̇ = {β ∈ Cp;α ∼ β}.

P♦rt❛♥t♦✱ ❞❛❞♦s α, β ∈ Cp✱ t❡♠♦s α̇ = β̇ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

(φ ◦ α)′(0) = (φ ◦ β)′(0).

❖ ❝♦♥❥✉♥t♦ q✉♦❝✐❡♥t❡ TpM = Cp/ ∼ ♣♦ss✉✐ ✉♠❛ ❡str✉t✉r❛ ♥❛t✉r❛❧ ❞❡ ❡s♣❛ç♦

✈❡t♦r✐❛❧ s♦❜r❡ R ❡ s❡rá ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞❛ ✈❛r✐❡❞❛❞❡ M ♥♦ ♣♦♥t♦ p✳ P❛r❛

♦ ❝❛s♦ ❞❛ ✈❛r✐❡❞❛❞❡ M ⊂ Rn✱ ♣♦❞❡♠♦s ✈❡r TpM ❝♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✈❡t♦r❡s

v ∈ Rn q✉❡ sã♦ ✈❡t♦r❡s ✈❡❧♦❝✐❞❛❞❡✱ ❡♠ p✱ ❞❡ ❝❛♠✐♥❤♦s ❞✐❢❡r❡♥❝✐á✈❡✐s ❝♦♥t✐❞♦s ❡♠ M ✳

❖ ❝✉✐❞❛❞♦ q✉❡ t♦♠❛♠♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r TpM é ♥❡❝❡ssár✐♦✱ ✉♠❛ ✈❡③ q✉❡ M ♥ã♦

❡stá✱ ♥❡❝❡ss❛r✐❛♠❡♥t❡✱ ❝♦♥t✐❞❛ ❡♠ ❡s♣❛ç♦s ❡✉❝❧✐❞✐❛♥♦s✳ P❛r❛ ❢❛❝✐❧✐t❛r r❡❢❡rê♥❝✐❛s ❛♦ ❧♦♥❣♦

❞♦ t❡①t♦✱ ✈❛♠♦s ❞❡st❛❝❛r ❛ ❞❡✜♥✐çã♦ ❞❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛♣r♦✈❡✐t❛♥❞♦ ♣❛r❛ ❛♣r❡s❡♥t❛r ♦

✜❜r❛❞♦ t❛♥❣❡♥t❡✳

❉❡✜♥✐çã♦ ✶✷✳ ❖ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ Cp/ ∼ é ❝❤❛♠❛❞♦ ❞❡ ❡s♣❛ç♦ t❛♥❣❡♥t❡ à ✈❛r✐❡❞❛❞❡ M

♥♦ ♣♦♥t♦ p ❡ ❞❡♥♦t❛❞♦ ♣♦r TpM ✳ ❖ ❝♦♥❥✉♥t♦

TM =
⋃

p∈M
TpM

é ❝❤❛♠❛❞♦ ❞❡ ✜❜r❛❞♦ t❛♥❣❡♥t❡ à ✈❛r✐❡❞❛❞❡ M ✳

➱ ♣♦ssí✈❡❧ ♣r♦✈❛r q✉❡ ❡ss❡ ❝♦♥❥✉♥t♦ é ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❝❧❛ss❡ Ck−1 ❡

❞❡ ❞✐♠❡♥sã♦ 2n✳ ❆ ❛❜♦r❞❛❣❡♠ ♣❛r❛ ❡s♣❛ç♦s t❛♥❣❡♥t❡s✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ✈❡r✐✜❝❛çã♦ ❞❡

TM s❡r ✉♠❛ ✈❛r✐❡❞❛❞❡✱ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✶✵❪✳

❊①❡♠♣❧♦ ✾✳ ❱❛♠♦s ♣r♦✈❛r q✉❡ TxRm = Rm✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ ♦ s✐st❡♠❛ ❞❡

❝♦♦r❞❡♥❛❞❛s φ = id : Rm → Rm✳ ❊♥tã♦ ♦ ✐s♦♠♦r✜s♠♦ id : TxRm → Rm ❞❛❞❛ ♣♦r

id(α̇) = (id ◦ α)′(0) = α′(0).

❊st❛♠♦s ✐❞❡♥t✐✜❝❛♥❞♦✱ ❡♠ ❝❛❞❛ p ∈ Rm✱ ❛ ❝♦❧❡çã♦ α̇ = {β ∈ Cp; β ∼ α}✱ ❝♦♠ ♦ ✈❡t♦r

v ∈ Rm t❛❧ q✉❡ β′(0) = v ♣❛r❛ t♦❞♦ β ∈ Cp✳

❆❣♦r❛✱ ✈❡r❡♠♦s ❞✉❛s ❝❛t❡❣♦r✐❛s ❡s♣❡❝✐❛✐s ❞❡ ❛♣❧✐❝❛çõ❡s q✉❡ sã♦ ❛s ■♠❡rsõ❡s ❡ ❛s
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❙✉❜♠❡rsõ❡s✳ ❙❡✉s r❡s✉❧t❛❞♦s sã♦ ❞❡ ❡①tr❡♠❛ r❡❧❡✈â♥❝✐❛ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡

tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✶✸✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❞✐♠❡♥sã♦ m ❡ n✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ f :M → N é ✉♠❛ s✉❜♠❡rsã♦ s❡✱

Df(p) : TpM → Tf(p)N

r 7→ Df(p)r

é s♦❜r❡❥❡t♦r❛ ♣❛r❛ t♦❞♦ p ∈M ✳

❖ tr❛❜❛❧❤♦ ❞❡ ❛♥❛❧✐s❛r s❡ Df(p) é s♦❜r❡❥❡t♦r❛ s❡ r❡s✉♠❡ ❡♠ ✈❡r✐✜❝❛r s❡ ♦ ♣♦st♦ ❞❛

♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ Jfp é n✳ P❛r❛ ✐ss♦ ♦❝♦rr❡r✱ ♦❜r✐❣❛t♦r✐❛♠❡♥t❡✱ n ≤ m✳

❊①❡♠♣❧♦ ✶✵✳ ❉❛❞❛ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛ ❞✐r❡t❛ ❞❛ ❢♦r♠❛ Rm+n = Rm ⊕ Rn✱

s❡❥❛ π ❛ ♣r♦❥❡çã♦ s♦❜r❡ ♦ ♣r✐♠❡✐r♦ ❢❛t♦r✱ ✐st♦ é✱ π(x, y) = x✳ ❈♦♠♦ π é ❧✐♥❡❛r✱ s❡❣✉❡

q✉❡ Dπ(x, y) = π(x, y) ♣❛r❛ t♦❞♦ (x, y) ∈ Rm+n✳ ▲♦❣♦✱ π é ✉♠❛ s✉❜♠❡rsã♦✳ ❆ ♠❛tr✐③

❥❛❝♦❜✐❛♥❛ ❞❡ π t❡♠ ❝♦♠♦ ❧✐♥❤❛s ♦s m ♣r✐♠❡✐r♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ ❝❛♥ô♥✐❝❛ ❞❡ Rm+n✳ ❉❛

♠❡s♠❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❝♦♥❝❧✉✐r q✉❡ ❛ ♣r♦❥❡çã♦ s♦❜r❡ ♦ s❡❣✉♥❞♦ ❢❛t♦r t❛♠❜é♠ é ✉♠❛

s✉❜♠❡rsã♦✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❋♦r♠❛ ▲♦❝❛❧ ❞❛s ❙✉❜♠❡rsõ❡s ♣❛r❛ ✈❛r✐❡❞❛❞❡s✳

❊ss❡ t❡♦r❡♠❛ ❡st❛❜❡❧❡❝❡ q✉❡✱ ❧♦❝❛❧♠❡♥t❡✱ s✉❜♠❡rsõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛ ♣r♦❥❡çõ❡s✳ ❯♠❛

❞❡♠♦♥str❛çã♦ ♣❛r❛ ❡ss❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✵❪

❚❡♦r❡♠❛ ✸✳ ❙❡❥❛ f : M → N ✉♠❛ s✉❜♠❡rsã♦ ❞❡ ❝❧❛ss❡ Cr✱ r ≥ 1✱ ♥✉♠ ♣♦♥t♦ p ∈ M ✱

s❡♥❞♦ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❞✐♠❡♥sã♦ m ❡ n✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✱

❡①✐st❡♠ ❝❛rt❛s ❧♦❝❛✐s φ : U → Rm✱ p ∈ U ❡ ψ : V → Rn✱ ❞❡ ♠♦❞♦ q✉❡ q = f(p) ∈ V ❡

✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ t❛❧ q✉❡ f(U) ⊂ V ❡ ψ ◦ f ◦ φ−1(x, y) = x✳

❉❡✜♥✐çã♦ ✶✹✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❞✐♠❡♥sã♦ m ❡ n✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ f : M → N é ✉♠❛ ✐♠❡rsã♦ s❡ Df(p) :

TpM → Tf(p)N é ✐♥❥❡t♦r❛ ♣❛r❛ t♦❞♦ p ∈ M ✳ ❙❡✱ ❛❧é♠ ❞✐ss♦✱ f ❢♦r ✉♠ ❤♦♠❡♦♠♦r✜s♠♦

s♦❜r❡ s✉❛ ✐♠❛❣❡♠ f(M) ⊂ N ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ♣♦r N ✱ ❞✐③❡♠♦s q✉❡ f é ✉♠

♠❡r❣✉❧❤♦✳ ❙❡ M ⊂ N ❡ ❛ ✐♥❝❧✉sã♦ i : M → N é ✉♠ ♠❡r❣✉❧❤♦✱ ❡♥tã♦✱ M é ❝❤❛♠❛❞❛

s✉❜✈❛r✐❡❞❛❞❡ ❞❡ N ✳
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◆♦t❡ q✉❡✱ ♣❛r❛ f :M → N s❡r ✉♠❛ ✐♠❡rsã♦✱ é ♥❡❝❡ssár✐♦ q✉❡ m ≤ n✳ ❆ ❞✐❢❡r❡♥ç❛

(n−m) é ❝❤❛♠❛❞❛ ❞❡ ❈♦❞✐♠❡♥sã♦ ❞❛ ■♠❡rsã♦ f ✳

✶✳✶✳✸ ❋♦❧❤❡❛çõ❡s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡ ❢♦r♠❛ s✉❝✐♥t❛ ❛ ♥♦çã♦ ❞❡ ❢♦❧❤❡❛çõ❡s ❥✉♥t❛♠❡♥t❡

❝♦♠ ♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s q✉❡ ✐r❡♠♦s ✉t✐❧✐③❛r ♥♦ ❞❡❝♦rr❡r ❞❡st❡ tr❛❜❛❧❤♦✱ ❞❡st❛❝❛♥❞♦ ♦

❡①❡♠♣❧♦ ✐♠♣♦rt❛♥t❡ ❞❛s ❢♦❧❤❡❛çõ❡s ❞❡ ❘❡❡❜✳

❯♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡M ✱ ❛ ❣r♦ss♦ ♠♦❞♦✱ é ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡M ♥✉♠❛

✉♥✐ã♦ ❞❡ s✉❜✈❛r✐❡❞❛❞❡s ❝♦♥❡①❛s✱ ❞✐s❥✉♥t❛s ❡ ❞❡ ♠❡s♠❛ ❞✐♠❡♥sã♦ ❝❤❛♠❛❞❛s ❢♦❧❤❛s✱ ❛s q✉❛✐s

s❡ ❛❝✉♠✉❧❛♠ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♦ ❛s ❢♦❧❤❛s ❞❡ ✉♠ ❧✐✈r♦✳

❋✐❣✉r❛ ✼✿ ❋♦❧❤❡❛çõ❡s✳

❖ ❡①❡♠♣❧♦ ♠❛✐s ♥❛t✉r❛❧ ❞❡ ❢♦❧❤❡❛çã♦ ❞❡ ❞✐♠❡♥sã♦ n é ❛ ❢♦❧❤❡❛çã♦ ❞❡

Rm = Rn × Rm−n,

♦♥❞❡ ❛s ❢♦❧❤❛s sã♦ ♦s ♣❧❛♥♦s ❞❛ ❢♦r♠❛ Rn × {c} ❝♦♠ c ∈ Rm−n✳

❖s ❞✐❢❡♦♠♦r✜s♠♦s ❧♦❝❛✐s h : U ⊂ Rm → V ⊂ Rm q✉❡ ♣r❡s❡r✈❛♠ ❛s ❢♦❧❤❛s ❞❡st❛

❢♦❧❤❡❛çã♦ sã♦ ❛q✉❡❧❡s q✉❡✱ ♣❛r❛ ❝❛❞❛ c ∈ Rm−n ❝♦♠ U ∩ (Rn × {c}) 6= ∅ ✱ s❛t✐s❢❛③❡♠

h(U ∩ (Rn×{c})) = V ∩ (Rn×{c′}])✱ c′ ∈ Rm−n✳ ❊ss❡s ❞✐❢❡♦♠♦r✜s♠♦s ♣♦ss✉❡♠ ❡①♣r❡ssã♦

❞❛ ❢♦r♠❛

h(x, y) = (h1(x, y), h2(y))

s❡♥❞♦ (x, y) ∈ Rn × Rm−n✳ ❆❣♦r❛✱ ✈❡r❡♠♦s ✉♠❛ ❞❡✜♥✐çã♦ ♠❛✐s ❢♦r♠❛❧ ❞♦ q✉❡ é ✉♠❛

❢♦❧❤❡❛çã♦✳
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❉❡✜♥✐çã♦ ✶✺✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ m ❡ ❝❧❛ss❡ C∞✳ ❯♠❛

❢♦❧❤❡❛çã♦ ❞❡ ❝❧❛ss❡ Cr ❡ ❞✐♠❡♥sã♦ n ❡♠ M é ✉♠ ❛t❧❛s ♠❛①✐♠❛❧ F ❞❡ ❝❧❛ss❡ Cr ❡♠ M ✱

s❛t✐s❢❛③❡♥❞♦ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❙❡ (U, φ) ∈ F ✱ ❡♥tã♦

φ(U) = U1 × U2 ⊂ Rn × Rm−n

s❡♥❞♦ U1 ❡ U2 ❞✐s❝♦s ❛❜❡rt♦s ❞❡ Rn ❡ Rm−n✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✷✳ ❙❡ (U, φ), (V, ψ) ∈ F sã♦ t❛✐s q✉❡ U ∩ V 6= ∅✳ ❊♥tã♦✱ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s

ψ ◦ φ−1 : φ(U ∩ V ) → ψ(U ∩ V ) é ❞❛ ❢♦r♠❛

h(x, y) = (h1(x, y), h2(y))

s❡♥❞♦ (x, y) ∈ Rn × Rm−n✳

◆❡st❡ ❝❛s♦✱ ❞✐③❡♠♦s q✉❡ M é ❢♦❧❤❡❛❞❛ ♣♦r F ✱ ♦✉ ❛✐♥❞❛✱ q✉❡ F é ✉♠❛ ❡str✉t✉r❛

❢♦❧❤❡❛❞❛ ❞❡ ❞✐♠❡♥sã♦ n ❞❡ ❝❧❛ss❡ Cr s♦❜r❡ M ✳

❚❡♦r❡♠❛ ✹✳ ❙❡❥❛ f :Mm → Nn ✉♠❛ s✉❜♠❡rsã♦ ❞❡ ❝❧❛ss❡ Cr✳ ❊♥tã♦✱ ❛s ❝✉r✈❛s ❞❡ ♥í✈❡❧

f−1(c)✱ s❡♥❞♦ c ∈ N ✱ sã♦ ❢♦❧❤❛s ❞❡ ✉♠❛ ❢♦❧❤❡❛çã♦ F ❞❡ ❝❧❛ss❡ Cr ❞❡ M ✳

❉❡♠♦♥str❛çã♦✳ ❉❛❞♦s x ∈ M ❡ q = f(x) ∈ N ✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❛ ❋♦r♠❛ ▲♦❝❛❧ ❞❛s

❙✉❜♠❡rsõ❡s✱ q✉❡ ❡①✐st❡♠ ❝❛rt❛s ❧♦❝❛✐s (U, φ) ❡♠ M ✱ (V, ψ) ❡♠ N t❛✐s q✉❡ x ∈ U ✱ q ∈ V

❞❡ ♠♦❞♦ q✉❡✿

✶✳ φ(U) = U1 × U2 ∩ Rm−n × Rn❀

✷✳ ψ(V ) = V2 ⊃ U2❀

✸✳ π2 = ψ ◦ f ◦ φ−1✱ s❡♥❞♦ π2 ❛ ♣r♦❥❡çã♦ ❞❛❞❛ ♣♦r π2(x, y) = y✳

❱❛♠♦s ♣r♦✈❛r q✉❡ ❛s ❝❛rt❛s ♦❜t✐❞❛s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❋♦r♠❛ ▲♦❝❛s ❞❛s ❙✉❜♠❡rsõ❡s

❞❡ M ❞❡✜♥❡♠ ✉♠❛ ❢♦❧❤❡❛çã♦ F ❞❡ M ✳ ❈♦♠♦ ♦ ♣r✐♠❡✐r♦ ✐t❡♠ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❢♦❧❤❡❛çõ❡s

é ♥❛t✉r❛❧♠❡♥t❡ s❛t✐s❢❡✐t♦✱ ♣❛r❛ ♠♦str❛r ♦ ❞❡s❡❥❛❞♦✱ ❜❛st❛ ✈❡r✐✜❝❛r q✉❡ ❛ ❝♦♠♣♦s✐çã♦ ❞♦

s❡❣✉♥❞♦ ✐t❡♠ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ❢♦❧❤❡❛çõ❡s ✐♥❞❡♣❡♥❞❡ ❞❡ x✳ ❈♦♠ ❡❢❡✐t♦✱ s❡❥❛♠ (U, φ) ❡ (Ū , φ̄)

❝❛rt❛s ❞❡ M ❢♦r♥❡❝✐❞♦s ♣❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❋♦r♠❛ ▲♦❝❛❧ ❞❛s ❙✉❜♠❡rsõ❡s✳ ❖❜s❡r✈❡ q✉❡
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π2 ◦ φ̄ ◦ φ−1 = ψ̄ ◦ f ◦ φ̄−1 ◦ φ̄ ◦ φ−1

= ψ̄ ◦ f ◦ φ−1

= ψ̄ ◦ ψ−1 ◦ ψ ◦ f ◦ φ
= ψ̄ ◦ ψ−1 ◦ π2

P♦rt❛♥t♦✱

π2 ◦ φ̄ ◦ φ−1 = ψ̄ ◦ ψ−1 ◦ π2

■ss♦ ❣❛r❛♥t❡ q✉❡ ❛ ❝♦♠♣♦s✐çã♦ ❞♦ ✐t❡♠ (2) ❞❛ ❉❡✜♥✐çã♦ ✶✺ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛

❞❡ x✱ ♦ q✉❡ ♣r♦✈❛ q✉❡ F é ✉♠❛ ❢♦❧❤❡❛çã♦ ❞❡ ❝❧❛ss❡ Cr ❞❡ M ✳ P♦r ❞❡✜♥✐çã♦✱ ❛s ❢♦❧❤❛s ❞❡

F ❡stã♦ ❝♦♥t✐❞❛s ♥❛s ❝✉r✈❛s ❞❡ ♥í✈❡❧ ❞❡ f ✳ P♦r s✉❛ ✈❡③✱ ✐st♦ ♣r♦✈❛ q✉❡ ❛s ❢♦❧❤❛s ❞❡ F sã♦

♦s ❝♦♥❥✉♥t♦s ❞❡ ♥í✈❡❧ ❞❡ f ✱ ♦ q✉❡ ❛t❡st❛ ♦ r❡s✉❧t❛❞♦✳

❖ ♣ró①✐♠♦ ❡①❡♠♣❧♦ ❞❡s❝r❡✈❡ ✉♠ ✐♠♣♦rt❛♥t❡ t✐♣♦ ❞❡ ❢♦❧❤❡❛çã♦✱ q✉❡ é ❞❡♥♦♠✐♥❛❞❛

❋♦❧❤❡❛çã♦ ❞❡ ❘❡❡❜✳

❊①❡♠♣❧♦ ✶✶✳ ❙❡❥❛ f : R3 → R ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡✜♥✐❞❛ ♣♦r

f(x, y, z) = α(r2)ez

s❡♥❞♦ r2 = x2+y2 ❡ α : R → R ✉♠❛ ❛♣❧✐❝❛çã♦ C∞ t❛❧ q✉❡ α(0) = 1✱ α(1) = 0 ❡ α′(t) < 0✱

♣❛r❛ t♦❞♦ t > 0✳

❱❛♠♦s ♣r✐♠❡✐r❛♠❡♥t❡ ♠♦str❛r q✉❡ f é ✉♠❛ s✉❜♠❡rsã♦✳ ❈♦♠ ❡❢❡✐t♦✱ s✉♣♦♥❤❛ ♣♦r

❛❜s✉r❞♦ q✉❡ f ♥ã♦ s❡❥❛ ✉♠❛ s✉❜♠❡rsã♦✳ ◆❡st❡ ❝❛s♦✱ ❡①✐st✐r✐❛ ✉♠ ♣♦♥t♦ p = (x, y, z) t❛❧

q✉❡ ▽f(p) = 0✱ ♦✉ s❡❥❛✱

(2α′(r2)xez, 2α′(r2)yez, α(r2)ez) = (0, 0, 0)

❈♦♠♦ α′(t) < 0 ❡ ez 6= 0✱ s❡❣✉❡ q✉❡







x = 0

y = 0

α(r2) = 0
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❉❡ α(r2) = 0✱ t❡rí❛♠♦s 1 = r2 = x2 + y2✳ ❖ q✉❡ é ✉♠❛ ❛❜s✉r❞♦✱ ✉♠❛ ✈❡③ q✉❡

x = y = 0✳ P♦rt❛♥t♦✱ f é ✉♠❛ s✉❜♠❡rsã♦✳ ▲♦❣♦✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✹ q✉❡ ❛s ❝✉r✈❛s ❞❡

♥í✈❡❧ sã♦ ❢♦❧❤❛s ❞❡ ✉♠❛ ❢♦❧❤❡❛çã♦ F ❞❡ M ✳

❱❛♠♦s ❡①♣❧♦r❛r ✉♠ ♣♦✉❝♦ ♠❛✐s ❡ss❡ ❡①❡♠♣❧♦✳ ❈♦♠♦ ✈✐♠♦s✱ ❛s ❢♦❧❤❛s ❞❡ss❛

❢♦❧❤❡❛çã♦ sã♦ ❞❡s❝r✐t❛s ♣♦r

f(x, y, z) = α(r2)ez = c.

❙❡ c = 0✱ ❡♥tã♦ α(r2) = 0 ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ x2 + y2 = 1✳ P♦rt❛♥t♦✱ ♥❡st❡ ❝❛s♦✱ ❛

❝✉r✈❛ ❞❡ ♥í✈❡❧ é ♦ ❝✐❧✐♥❞r♦ ❞❡ r❛✐♦ 1 ❝❡♥tr❛❞♦ ♥❛ ♦r✐❣❡♠✳

❙❡ c > 0✱ ❡♥tã♦ α(r2)ez = c > 0✳ ❆ss✐♠✱ α(r2) > 0 ❡ ❡♥tã♦ ❢❛③ s❡♥t✐❞♦ r❡❡s❝r❡✈❡r ❛

❡①♣r❡ssã♦ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

z = ln(c)− ln(α(r2)).

❖❜s❡r✈❡ q✉❡ ♥♦ ♣❧❛♥♦ y = 0✱ t❡♠♦s

z = ln(c)− ln(α(x2)).

❖❜s❡r✈❡ ❛✐♥❞❛ q✉❡ z → +∞ q✉❛♥❞♦ x→ 1+ ♦✉ x→ 1−✳ ❆❧é♠ ❞✐ss♦✱

z = ln(c)− ln(α(x2))

⇒ z′ = −2xα′(x2)

α(x2)

❊♥tã♦✱ z′ = 0 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x = 0✳ P♦rt❛♥t♦✱ ♦ ❣rá✜❝♦ ❞❡ss❛ ❡①♣r❡ssã♦ r❡str✐t❛ ❛♦

♣❧❛♥♦ y = 0 s❡ ❛ss❡♠❡❧❤❛ ❛♦ ❞❡ ✉♠❛ ♣❛rá❜♦❧❛✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞❡✈✐❞♦ à s✐♠❡tr✐❛ ❞❡

α✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛s ❢♦❧❤❛s ♣❛r❛ c > 0 s❡ ♣❛r❡❝❡♠ ❝♦♠ ♣❛r❛❜♦❧♦✐❞❡s✳

❯♠❛ ❛♥á❧✐s❡ ❛♥á❧♦❣❛ ♣♦❞❡ s❡r ❢❡✐t❛ ♣❛r❛ ♦ ❝❛s♦ ❡♠ q✉❡ c < 0✱ ♠❛s ♥ã♦ ❛ ❢❛r❡♠♦s✱

✉♠❛ ✈❡③ q✉❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❛♣❡♥❛s q✉❛♥❞♦ c ≥ 0✳ ▼❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❛ ❡①♣❧♦r❛çã♦

❞❡ss❡ ❡①❡♠♣❧♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✸❪✳

❆✐♥❞❛ ❡①♣❧♦r❛♥❞♦ ♦ ❊①❡♠♣❧♦ ✶✶✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ s✉❜♠❡rsã♦ r❡str✐t❛ ❛ D2 ×
[0, 1]✳ ■❞❡♥t✐✜❝❛r❡♠♦s ♦s ♣♦♥t♦s (x, y, 0) ∼ (x, y, 1) ❡✱ ❛ss✐♠✱ ♦❜t❡♠♦s ✉♠❛ ✈❛r✐❡❞❛❞❡

q✉♦❝✐❡♥t❡ q✉❡ é ❞✐❢❡♦♠♦r❢❛ ❛ D2×S1✳ ❆ ❢♦❧❤❡❛çã♦ F ✐♥❞✉③ s♦❜r❡ D2×S1 ✉♠❛ ❢♦❧❤❡❛çã♦
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❋✐❣✉r❛ ✽✿ ❋♦❧❤❡❛çã♦ ❞♦ ❊①❡♠♣❧♦ ✶✶

R ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❢♦❧❤❡❛çã♦ ❞❡ ❘❡❡❜✳

❋✐❣✉r❛ ✾✿ ❋♦❧❤❡❛çã♦ ❞❡ ❘❡❡❜

✶✳✷ ◆♦çõ❡s ❞❡ ❉✐♥â♠✐❝❛

❉❡ ♠♦❞♦ ✐♥❢♦r♠❛❧ ❡ ✐♥t✉✐t✐✈♦✱ ❝♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ♥❛ ✐♥tr♦❞✉çã♦✱ ✉♠ s✐st❡♠❛

❞✐♥â♠✐❝♦ é ❛❧❣♦ q✉❡ ❡✈♦❧✉✐ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ✉♠❛ ❧❡✐ ❞❡ ❢♦r♠❛çã♦✳

❊ss❛ ❧❡✐ ♣♦❞❡ s❡ ❞❡s❝r✐t❛ ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦✱ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♦✉ ❛té ♠❡s♠♦ ✉♠

❛❧❣♦r✐t♠♦✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛♣❡♥❛s ❝♦♥❝❡✐t♦s ❡❧❡♠❡♥t❛r❡s s♦❜r❡ ❞✐♥â♠✐❝❛

❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❛❧❝❛♥ç❛r ♦ ♥♦ss♦ ♦❜❥❡t✐✈♦✳
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✶✳✷✳✶ ❉✐♥â♠✐❝❛ ❉✐s❝r❡t❛

❱❛♠♦s ❛♣r❡s❡♥t❛r ❡ ❢♦r♠❛❧✐③❛r ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s q✉❡ sã♦ ❡ss❡♥❝✐❛✐s✳

P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡♠ ✉♠❛ ❛♣❧✐❝❛çã♦ f :M →M ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ M ♥❡❧❡ ♠❡s♠♦✳

❉❛❞♦ ✉♠ ♣♦♥t♦ x ∈M ✱ ❝♦♠♦ f(x) ∈M ✱ é ♣♦ssí✈❡❧ ♦❜t❡r✱ ♠❡❞✐❛t❡ ❛ ❝♦♠♣♦s✐çõ❡s✱

❛s ✐♠❛❣❡♥s s✉❝❡ss✐✈❛s ❞❡ x✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡♥♦t❛r❡♠♦s ♣♦r

fn(x) =

n vezes
︷ ︸︸ ︷

(f ◦ f ◦ f ◦ · · · ◦ f)(x)

❡ss❛ ❝♦♠♣♦s✐çã♦✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ f ♣♦ss✉✐ ✐♥✈❡rs❛✱ ❢❛③ s❡♥t✐❞♦ ✉t✐❧✐③❛r ❛ ♥♦t❛çã♦ f−n ♣❛r❛

❛ ❝♦♠♣♦s✐çã♦ ❞❡ f−1 ❡♠ ✉♠ ♥ú♠❡r♦ n ❞❡ ✈❡③❡s✳ P♦r ❝♦♥✈❡♥çã♦✱ f 0 é ❛ ❢✉♥çã♦ ✐❞❡♥t✐❞❛❞❡

Id✱ ✐st♦ é✱ Id(x) = x ♣❛r❛ t♦❞♦ x ∈M ✳

P♦❞❡♠♦s ❧✐❞❛r ❝♦♠ ❡ss❛ ❧✐st❛ ❞❡ ❝♦♠♣♦s✐çõ❡s✱ q✉❡ ❝♦♠✉♠❡♥t❡ sã♦ ❝❤❛♠❛❞❛s ❞❡

✐♥t❡r❛çõ❡s✱ ❝♦♠♦ ✉♠❛ s❡q✉ê♥❝✐❛✳ ❊st✉❞❛r ❛ ❞✐♥â♠✐❝❛ é✱ ❛ ❣r♦ss♦ ♠♦❞♦✱ t❡♥t❛r ❡♥t❡♥❞❡r ♦

❝♦♠♣♦rt❛♠❡♥t♦ ❧✐♠✐t❡ ❞❡st❛s s❡q✉ê♥❝✐❛s✳ P❛r❛ ❡♥t❡♥❞❡r ♠❡❧❤♦r ❡ss❡s ❝♦♥❝❡✐t♦s✱ ✈❡❥❛♠♦s

❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s✳

❉❡✜♥✐çã♦ ✶✻✳ ❉❡♥♦♠✐♥❛♠♦s ❝♦♠♦ ór❜✐t❛ ❢✉t✉r❛✭♦✉ ór❜✐t❛ ♣♦s✐t✐✈❛✮ ❞❡ x✱ ♦ ❝♦♥❥✉♥t♦

O+(x) = {fn(x) : n ∈ N}.

◆♦ ❝❛s♦ ❞❡ f ❢♦r ✐♥✈❡rtí✈❡❧✱ ❝❤❛♠❛r❡♠♦s ❞❡ ór❜✐t❛ ♣❛ss❛❞❛✭♦✉ ór❜✐t❛ ♥❡❣❛t✐✈❛✮ ♦ ❝♦♥❥✉♥t♦

O−(x) = {f−n(x) : n ∈ N}

❡ s✐♠♣❧❡s♠❡♥t❡ ❞❡ ór❜✐t❛ ❞❡ x ♦ ❝♦♥❥✉♥t♦

O(x) = {fn(x) : n ∈ Z}

✳

❉❡✜♥✐çã♦ ✶✼✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♣♦♥t♦ x ∈M é ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ f :M →M s❡ f(x) = x✳

❙❡ x ∈M é ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ fn ✭♦✉ s❡❥❛✱ fn(x) = x✮✱ ♣❛r❛ ❛❧❣✉♠ n✱ ❡♥tã♦✱ ❞✐③❡♠♦s

q✉❡ x é ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ f ✳ ❈❤❛♠❛♠♦s ♦ ♠❡♥♦r ✈❛❧♦r ♥❛t✉r❛❧ ❞❡ n s❛t✐s❢❛③❡♥❞♦
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❡st❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ ♣❡rí♦❞♦ ❞♦ ♣♦♥t♦ x✳ ❉❡♥♦t❛♠♦s ♣♦r Fix(f) ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s

✜①♦s ❞❛ ❢✉♥çã♦ f ❡ ♣♦r Per(f) ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡ f ✳

❉❡✜♥✐çã♦ ✶✽✳ ❉✐③❡♠♦s q✉❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ Λ ⊂ M é ♣♦s✐t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ❡♠

r❡❧❛çã♦ ❛ f : M → M s❡ f(M) ⊂ M ✳ ◆♦ ❝❛s♦ ❞❡ f s❡r ✐♥✈❡rtí✈❡❧✱ ❞✐③❡♠♦s q✉❡

✉♠ s✉❜❝♦♥❥✉♥t♦ Λ ⊂ M é ♥❡❣❛t✐✈❛♠❡♥t❡ ✐♥✈❛r✐❛♥t❡ ❡♠ r❡❧❛çã♦ ❛ f s❡ f−1(M) ⊂ M ✳

❋✐♥❛❧♠❡♥t❡✱ ✉♠ s✉❜❝♦♥❥✉♥t♦ Λ ⊂ M é ❝♦♥s✐❞❡r❛❞♦ ✐♥✈❛r✐❛♥t❡ ❡♠ r❡❧❛çã♦ ❛ f s❡

f(M) =M ✳

❉✐③❡♠♦s q✉❡ f :M →M é ✉♠❛ ❛♣❧✐❝❛çã♦ tr❛♥s✐t✐✈❛ s❡✱ ♣❛r❛ q✉❛✐sq✉❡r ❞♦✐s ❛❜❡rt♦s

U ❡ V ❞❡ M ✱ ❡①✐st❡ n ≥ 0✱ t❛❧ q✉❡ fn(U)∩ V 6= 0✳ ◆♦ ❝❛s♦ ❞❡ M s❡r ❝♦♠♣❛❝t❛✱ ❞✐③❡r q✉❡

M é tr❛♥s✐t✐✈❛ s❡ ❡q✉✐✈❛❧❡ à ❡①✐stê♥❝✐❛ ❞❡ ✉♠ p ∈M ✱ ❝✉❥❛ ór❜✐t❛ é ❞❡♥s❛ ❡♠ M ✳

❉❡✜♥✐çã♦ ✶✾✳ ❙❡❥❛ f :M →M ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❞❡✜♥✐❞❛ ❡♠ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦

(M, d)✳ ❋✐①❛❞♦ ǫ > 0✱ ✉♠❛ s❡q✉ê♥❝✐❛ {xn}n∈Z ❡♠ M é ❞✐t❛ ✉♠❛ ǫ−♣s❡✉❞♦ ór❜✐t❛ s❡ ✈❛❧❡

d(f(xn), xn+1) ≤ ǫ

♣❛r❛ t♦❞♦ n ∈ Z✳ ❙❡ ❡①✐st❡ N > 0 t❛❧ q✉❡ xN+r = xr✱ ♣❛r❛ t♦❞♦ r ∈ N ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛

{xn}n∈Z é ❞✐t❛ ✉♠❛ ǫ−♣s❡✉❞♦ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✳

❋✐①❛❞♦ ǫ > 0✱ ❞✐③❡♠♦s q✉❡ ✉♠❛ ❝♦♥❥✉♥t♦ ✜♥✐t♦ {x0, x1, · · · , xn} é ✉♠❛ ǫ−❝❛❞❡✐❛

❞❡ x ❛ y s❡ x0 = x, xn = y ❡ d(f(xi), xi+1) < ǫ ♣❛r❛ t♦❞♦ i ∈ {0, 1, · · · , n}.

❯♠ ♣♦♥t♦ x é ❝❤❛♠❛❞♦ r❡❝♦rr❡♥t❡ ♣♦r ❝❛❞❡✐❛ s❡✱ ♣❛r❛ t♦❞♦ ǫ > 0✱ ❡①✐st❡ ✉♠❛

ǫ−❝❛❞❡✐❛ ❞❡ x ❛ x✳ ❉❡♥♦t❛r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s r❡❝♦rr❡♥t❡s ♣♦r ❝❛❞❡✐❛ ♣♦r CR(f)✳

❖❜s❡r✈❡ q✉❡ CR(f) é ❢❡❝❤❛❞♦✱ ♣♦✐s ❞❛❞♦ y ∈ CR(f)✱ ❡①✐st❡ xkn ∈ CR(f) t❛❧ q✉❡

xkn → y✳ ❉❛❞♦ ǫ > 0✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f ✱ ♣♦❞❡♠♦s t♦♠❛r ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ r❛✐♦

δ > 0✱ ❝♦♠ δ < ǫ/2✱ ❡ xk0 ∈ U t❛❧ q✉❡ d(f(y), f(xk0)) < δ✳ ❈♦♠♦ xk0 ∈ CR(f)✱ ❡①✐st❡

✉♠❛ δ−❝❛❞❡✐❛ r❡❝♦rr❡♥t❡ ❞❡ xk0 ♣❛r❛ xk0 ✱ s❡❥❛ {xk0 , x1, · · · , xk0} t❛❧ ❝❛❞❡✐❛✳ ◆♦t❡ q✉❡

d(f(y), x1) ≤ d(f(y), f(xk0)) + d(f(xk0), x1) < ǫ/2 + ǫ/2 = ǫ

❡

d(f(xn−1), y) ≤ d(f(xn−1), f(xk0)) + d(xk0 , y) < ǫ/2 + ǫ/2 = ǫ.
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▲♦❣♦✱ {y, x1, · · · , xn−1, y} é ✉♠❛ ǫ−❝❛❞❡✐❛ r❡❝♦rr❡♥t❡ ♣❛r❛ y✳ ❈♦♠♦ ǫ ❢♦✐ t♦♠❛❞♦

❞❡ ❢♦r♠❛ ❛r❜✐trár✐❛✱ s❡❣✉❡ q✉❡ y ∈ CR(f) ♦ q✉❡ ❝♦♠♣r♦✈❛ q✉❡ CR(f) é ❢❡❝❤❛❞♦✳

❉❡✜♥✐çã♦ ✷✵✳ ❖s ❝♦♥❥✉♥t♦s ô♠❡❣❛✲❧✐♠✐t❡ ωf (x) ❡ ❛❧❢❛✲❧✐♠✐t❡ αf (x) ❞❡ ✉♠ ♣♦♥t♦ x✱ ❝♦♠

r❡s♣❡✐t♦ à f ✱ sã♦ ❞❡✜♥✐❞♦s ❝♦♠♦

ωf (x) = {y ∈M ; y = lim
n→∞

fn(x)}

αf (x) = {y ∈M ; y = lim
n→∞

f−n(x)}

❆ss✐♠✱ ωf (x) é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❛ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ x✳ ❊

αf (x) é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❛ ór❜✐t❛ ♥❡❣❛t✐✈❛ ❞❡ x✳

❉❡✜♥✐çã♦ ✷✶✳ ❯♠ ♣♦♥t♦ p ∈ M é ❞✐t♦ ✉♠ ♣♦♥t♦ ♥ã♦ ❡rr❛♥t❡ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ f ✱ s❡

♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ U ❞❡ p✱ ❡①✐st✐r ✉♠ ♥ú♠❡r♦ ♥❛t✉r❛❧ n t❛❧ q✉❡ fn(U) ∩ U 6= ∅✳
❈❛s♦ ❝♦♥trár✐♦✱ ❞✐③❡♠♦s q✉❡ ♣♦♥t♦ p ∈M é ❡rr❛♥t❡✳ ❉❡♥♦t❛♠♦s ♣♦r Ω(f) ♦ ❝♦♥❥✉♥t♦ ❞♦s

♣♦♥t♦s ♥ã♦ ❡rr❛♥t❡s ❞❛ ❛♣❧✐❝❛çã♦ f ✳

❊①❡♠♣❧♦ ✶✷✳ ❖ ❡①❡♠♣❧♦ ♠❛✐s s✐♠♣❧❡s ❞❡ ✉♠ ♣♦♥t♦ ♥ã♦ ❡rr❛♥t❡ é ♦ ❞❡ ✉♠ ♣♦♥t♦ ✜①♦✳

❙❡ x ∈ M é ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ f ✱ ❡♥tã♦ x é ✉♠ ♣♦♥t♦ ♥ã♦ ❡rr❛♥t❡ ❞❡ f ✱ ✉♠❛ ✈❡③ q✉❡

♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ U ❞❡ x ❡ q✉❛❧q✉❡r ♥❛t✉r❛❧ n✱ x ∈ f(U) ∩ U ✱ ♦ q✉❡ ❣❛r❛♥t❡ q✉❡

f(U) ∩ U é ❞✐❢❡r❡♥t❡ ❞❡ ✈❛③✐♦✳

Pr♦♣♦s✐çã♦ ✶✳ ❖ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ♥ã♦ ❡rr❛♥t❡s Ω(f) é ❢❡❝❤❛❞♦ ❡ ♣♦s✐t✐✈❛♠❡♥t❡

✐♥✈❛r✐❛♥t❡✳ ❙❡ f é ✉♠❛ ❤♦♠❡♦♠♦r✜s♠♦ ❡♥tã♦ Ω(f) = Ω(f−1) ❡ f
(

Ω(f)
)

= Ω(f)✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ x ✉♠ ♣♦♥t♦ ❡rr❛♥t❡✳ P♦r ❞❡✜♥✐çã♦✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ Ux
❞❡ x t❛❧ q✉❡ fk(Ux) ∩ Ux = ∅✳ ❊♠ ♣❛rt✐❝✉❧❛r Ux ⊂M \Ω(f)✱ ♦ q✉❡ ♠♦str❛ q✉❡ M \Ω(f)
é ❛❜❡rt♦✳ P♦rt❛♥t♦✱ Ω(f) é ❢❡❝❤❛❞♦✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ x ∈ Ω(f) ❡ U ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ f(x)✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ f ✱

f−1(U) é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x✳ ❧♦❣♦✱ ❡①✐st❡ k t❛❧ q✉❡ fk(f−1(U) ∩ f−1(U)) 6= ∅✳ ❆ss✐♠✱

f(fk(f−1(U)) ∩ f−1(U)) = fk(U) ∩ U 6= ∅

♦ q✉❡ ♠♦str❛ q✉❡ f(Ω(f)) ⊂ Ω(f). ◆♦ ❝❛s♦ ❞❡ f s❡r ✉♠❛ ❤♦♠❡♦♠♦r✜s♠♦✱ t❡♠♦s q✉❡
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fk(U) ∩ U 6= ∅
⇒ f−k(fk(U) ∩ U) 6= ∅
⇒ U ∩ f−k(U) 6= ∅,

♦ q✉❡ ♠♦str❛ q✉❡ Ω(f) ⊂ Ω(f−1)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ Ω(f−1) ⊂ Ω(f)

♦ q✉❡ r❡s✉❧t❛ ♥❛ ✐❣✉❛❧❞❛❞❡ Ω(f) = Ω(f−1)✳

❋✐♥❛❧♠❡♥t❡✱ ♦❜s❡r✈❡ q✉❡

Ω(f) = f ◦ f−1(Ω(f)) = f ◦ f−1(Ω(f−1)) ⊂ f(Ω(f−1)) = f(Ω(f))

❡ ♣♦rt❛♥t♦ f(Ω(f)) = Ω(f)✳

✶✳✷✳✷ ❉✐♥â♠✐❝❛ ❈♦♥tí♥✉❛

❆s ❞❡✜♥✐çõ❡s ❛♣r❡s❡♥t❛❞❛s ❛té ♦ ♠♦♠❡♥t♦ sã♦ ❡①❝❡❧ê♥❝✐❛s ♣❛r❛ ❞❡s❝r❡✈❡r ❡ ❡♥t❡♥❞❡r

♦ q✉❡ é ✉♠❛ ❞✐♥â♠✐❝❛✳ ❊♥tr❡t❛♥t♦✱ ❡ss❛ ❛❜♦r❞❛❣❡♠ ♣❡r♠✐t❡ ❡❢❡t✉❛r ✉♠❛ ❛♥á❧✐s❡ ❛♣❡♥❛s

❞✐s❝r❡t❛ ❞♦ ♥♦ss♦ ♦❜❥❡t♦✳ ▼✉✐t❛s ❞❛s ✈❡③❡s é ✐♥t❡r❡ss❛♥t❡ ❡st✉❞❛r ❛ ❡✈♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛

❞❡ ❢♦r♠❛ ❝♦♥tí♥✉❛ ❡ ♣❛r❛ ✐ss♦✱ ♣r❡❝✐s❛♠♦s ✐♥tr♦❞✉③✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ✢✉①♦✳

❉❡✜♥✐çã♦ ✷✷✳ ❯♠ ✢✉①♦ ✭♦✉ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❝♦♥tí♥✉♦✮ é ✉♠❛ ❛♣❧✐❝❛çã♦ φ : R×M →
M q✉❡✱ ♣❛r❛ t♦❞♦ t, s ∈ R ❡ p ∈M ✱ s❛t✐s❢❛③✿

✶✳ φ(0, p) = p

✷✳ φ(t, φ(s, p)) = φ(t+ s, p)✳

❈♦♠✉♠❡♥t❡ ❞❡♥♦t❛♠♦s φ(t, p)✱ s✐♠♣❧❡s♠❡♥t❡ ♣♦r φt(p)✱ s❡♥❞♦ φt :M →M ✳

❆ ❛❞❛♣t❛çã♦ ❞❛s ❞❡✜♥✐çõ❡s ❞♦ ❝❛s♦ ❞✐s❝r❡t♦ ♣❛r❛ ♦ ❝❛s♦ ❝♦♥tí♥✉♦ é ❢❡✐t❛ ❞❡ ♠❛♥❡✐r❛

♥❛t✉r❛❧✳ ❈♦♠♦ ❡①❡♠♣❧♦✱ ✈❛♠♦s ❞❡✜♥✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ór❜✐t❛ ♣❛r❛ ♦ ✢✉①♦ ❡ ❥á ❛♣r♦✈❡✐t❛r❡♠♦s

♣❛r❛ ❡st❛❜❡❧❡❝❡r ❛s ✈❛r✐❡❞❛❞❡s ❝♦♠♦ ❡s♣❛ç♦ ❞❡ tr❛❜❛❧❤♦✳

❉❡✜♥✐çã♦ ✷✸✳ ❙❡❥❛ φt : M → M ✉♠❛ ✢✉①♦ s♦❜r❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ M ❡ s❡❥❛

p ∈M ✱ ❞✐③❡♠♦s q✉❡
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✶✳ ❆ ór❜✐t❛ ♣♦s✐t✐✈❛ ❞❡ p é ♦ ❝♦♥❥✉♥t♦ O+(p) = {φt(p); t ≥ 0}

✷✳ ❆ ór❜✐t❛ ♥❡❣❛t✐✈❛ ❞❡ p é ♦ ❝♦♥❥✉♥t♦ O+(p) = {φt(p); t ≤ 0}

✸✳ ❆ ór❜✐t❛ ❞❡ p é ♦ ❝♦♥❥✉♥t♦ O(p) = {φt(p); t ∈ R}

❉❡✜♥✐çã♦ ✷✹✳ ❯♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ Cr✱ r ≥ 1✱ ❡♠ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ✱ é ✉♠❛

❛♣❧✐❝❛çã♦ X : M → TM ❞❡ ❝❧❛ss❡ Cr✱ t❛❧ q✉❡ ❛ ❝❛❞❛ ♣♦♥t♦ p ∈ M ❛ss♦❝✐❛ ♦ ✈❡t♦r

X(p) ∈ TpM ✳ ❉❡♥♦t❛♠♦s ♣♦r X
r(M) ♦ ❝♦♥❥✉♥t♦ ❞♦s ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ Cr ❡♠

M ✳

❊①❡♠♣❧♦ ✶✸✳ ❆ ❛♣❧✐❝❛çã♦ X : R2 → R2 ❞❛❞❛ ♣♦r X(x, y) = (y,−x) é ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧

❞❡ ❝❧❛ss❡ C∞✱ ✉♠❛ ✈❡③ q✉❡ ♣❛r❛ ❝❛❞❛ p = (x, y) ∈ R2 t❡♠♦s q✉❡ X(p) = (y,−x) ∈ TpR2 =

R2✳

−3 0 3
−3

0

3

❋✐❣✉r❛ ✶✵✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ❝❛♠♣♦ ❞❡ ❱❡t♦r❡s X ✳

❉❛❞♦ ✉♠ ✢✉①♦ φt ❞❡ ❝❧❛ss❡ Ck✱ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧X :M → TM ✱

❞❡ ❝❧❛ss❡ Ck−1 ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

X(x) =
d

dt
φ(t, x)|t=0.

❖ ❝❛♠♣♦ X ❛ss✐♠ ❞❡✜♥✐❞♦ é t❛❧ q✉❡ t 7→ φ(t, x) é ❛ ór❜✐t❛ ❞❡ X q✉❡ ♣❛ss❛ ♣♦r x✳ ❉❡ ❢❛t♦✱

s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ ✢✉①♦ q✉❡
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d

dt
φ(t, x) =

d

dt
φ(s+ t, x)|s=0 =

d

dt
φ
(

s, φ(t, x)
)

|s=0 = X
(

φ(t, x)
)

.

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ X é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ Ck ❡♠ M ✱ ❝✉❥❛s ór❜✐t❛s

❡stã♦ ❞❡✜♥✐❞❛s ❡♠ R✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ✢✉①♦ ❞❡ ❝❧❛ss❡ Ck✱ φ : R×M →M ✱ t❛❧ q✉❡

t 7→ φ(t, x) é ❛ ór❜✐t❛ ❞❡ X ❝♦♠ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ ❞❡ φ(0, x) = x✳

❉❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡✱ ❛♦ ❡s❝r❡✈❡♠♦s φt ❡st❛r❡♠♦s ♥♦s r❡❢❡r✐♥❞♦ ❛♦ ✢✉①♦ ❛ss♦❝✐❛❞♦

❛♦ ❝❛♠♣♦ X✳

❉❛❞♦ ✉♠❛ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❞✐s❝r❡t♦ ❞❡s❝r✐t♦ ♣♦r f s♦❜r❡ ❛ ✈❛r✐❡❞❛❞❡M ✱ é ♣♦ssí✈❡❧

❝♦♥str✉✐r ✉♠ ✢✉①♦ ❞❡✜♥✐❞♦ ❡♠ ✉♠ ❡s♣❛ç♦s ❞❡ ❞✐♠❡♥sã♦ ✐❣✉❛❧ ❛ dim(M) + 1✳ ❚❛❧ ✢✉①♦

é ❞❡♥♦♠✐♥❛❞♦ ❋❧✉①♦ ❙✉s♣❡♥sã♦ ❞❛ ❛♣❧✐❝❛çã♦ f ✳ ❉❡s❝r❡✈❡r❡♠♦s✱ ❛ s❡❣✉✐r✱ ♦ ♣r♦❝❡ss♦ q✉❡

♣❡r♠✐t❡ ❛ ❝♦♥tr✐çã♦ ❞❡ss❡ ✢✉①♦✳

❙❡❥❛ f : M → M ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝❧❛ss❡ Ck ❡ ❝♦♥s✐❞❡r❡ ♦ ♣r♦❞✉t♦ ❝❛rt❡s✐❛♥♦

M × R✳ ❉❡✜♥❛ ❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ∼ ❞❛❞❛ ♣♦r (x, s + 1) ∼ (f(x), s)✳ ❆ss✐♠✱

♦❜t❡♠♦s ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡

Mf =M × R/ ∼ .

❈♦♠ ❡ss❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ ♣♦❞❡♠♦s ♦❜t❡r t♦❞♦s ♦s ♣♦♥t♦s ❞❡ Mf ❛♣❡♥❛s

❝♦♥s✐❞❡r❛♥❞♦ 0 ≤ s ≤ 1✳ P♦r ❡ss❡ ♠♦t✐✈♦✱ ♠✉✐t❛s ❞❛s ✈❡③❡s é ❝♦♠✉♠ ✉t✐❧✐③❛r♠♦s ❛ ♥♦t❛çã♦

M × [0, 1]/ ∼ ♣❛r❛ Mf ✳

❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❡♠ M × R✱ ❞❛❞❛ ♣♦r✿







x′ = 0,

s′ = 1.

❊st❛ ❡q✉❛çã♦ ✐♥❞✉③ ✉♠ ✢✉①♦ φt ❡♠ M × R q✉❡✱ ♣♦r s✉❛ ✈❡③✱ ✐♥❞✉③ ✉♠ ✢✉①♦ φtf ❡♠ Mf

q✉❡ s❛t✐s❢❛③

φ1
f (x, 0) = (x, 1) ∼ (f(x), 0).

❖ ❝❛♠♣♦ Xf ❛ss♦❝✐❛❞♦ ❛ ❡ss❡ ✢✉①♦ é ❣❡r❛❞♦ ♣❡❧♦ s✐st❡♠❛ ❛❝✐♠❛✳ ❖ ✢✉①♦ φtf q✉❡

❛❝❛❜❛♠♦s ❞❡ ❞❡s❝r❡✈❡r é ❞❡♥♦♠✐♥❛❞♦ ✢✉①♦ s✉s♣❡♥s♦ ❞❡ f ✳

❯♠❛ ❛❜♦r❞❛❣❡♠ ♠❛✐s ❞❡t❛❧❤❛❞❛ s♦❜r❡ ❛ ❝♦♥str✉çã♦ ❞♦ ❋❧✉①♦ ❙✉s♣❡♥sã♦✱

❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ♣r♦✈❛ ❞❡ q✉❡ Mf é r❡❛❧♠❡♥t❡ ✉♠❛ ✈❛r✐❡❞❛❞❡✱ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛
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❡♠ ❬✶✸❪✳

❋✐❣✉r❛ ✶✶✿ ❋❧✉①♦ ❙✉s♣❡♥sã♦



❈❛♣ít✉❧♦ ✷

❉✐❢❡♦♠♦r✜s♠♦s ❞❡ ❆♥♦s♦✈

✷✳✶ ❈♦♥❥✉♥t♦s ❍✐♣❡r❜ó❧✐❝♦s

❉❡✜♥✐çã♦ ✷✺✳ ❙❡❥❛ f : M → M ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡

✐♥✈❛r✐❛♥t❡ Λ ⊂ M t❡♠ ✉♠❛ ❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛ ♣♦r f s❡✱ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ x ❡♠ Λ✱

t❡♠✲s❡✿

✶✳ TxM = Eu
x ⊕ Es

x❀

✷✳ ❊st❛ ❞❡❝♦♠♣♦s✐çã♦ é ✐♥✈❛r✐❛♥t❡ s♦❜r❡ ❛ ❛çã♦ ❞❛ ❞❡r✐✈❛❞❛✱ ♦✉ s❡❥❛✱

Dfx(E
u
x) = Eu

f(x) e Dfx(E
s
x) = Es

f(x)

✸✳ ❊①✐st❡♠ 0 < λ < 1 ❡ c ≥ 1 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ x t❛❧ q✉❡ ♣❛r❛ t♦❞♦ n ≥ 0

❼ ‖ Dfnx (v) ‖ ≤ cλn ‖ v ‖, v ∈ Es
x

❼ ‖ Df−n
x (v) ‖ ≤ cλn ‖ v ‖, v ∈ Eu

x

Pr♦♣♦s✐çã♦ ✷✳ ❙❡❥❛ Λ ⊂ M ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ f ❝♦♠ ❛ ❞❡❝♦♠♣♦s✐çã♦ TxM =

Es(x)⊕ Eu(x)✳ P❛r❛ q✉❛❧q✉❡r x ∈ Λ✱ Es(x) ❡ Eu(x) sã♦ ❝❛r❛❝t❡r✐③❛❞♦s ♣♦r✿

Es(x) = {v ∈ TxM ; |Dfn(v)| → 0, q✉❛♥❞♦n→ +∞}

Eu(x) = {v ∈ TxM ; |Df−n(v)| → 0, q✉❛♥❞♦n→ +∞}.

✸✽
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❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ A(x) = {v ∈ TxM : |Dfn(v)| → 0, q✉❛♥❞♦ n → +∞}✳ P❛r❛

q✉❛❧q✉❡r x ∈ Λ✱ q✉❡r❡♠♦s ♠♦str❛r q✉❡ Es(x) ⊂ A(x)✳ ❙❡❥❛ v ∈ Es(x)✱ s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦

q✉❡ ❡①✐st❡♠ 0 < λ < 1 ❡ C ≥ 0✱ t❛✐s q✉❡

|Dfn(v)| ≤ Cλn|v|.

❈♦♠♦ 0 < λ < 1✱ ❢❛③❡♥❞♦ n → +∞ s❡❣✉❡ q✉❡ λn → 0✳ ❉❛í✱ |Dfn(v)| → 0✳ ▲♦❣♦✱

v ∈ A(x)✱ ♠♦str❛♥❞♦ q✉❡ Es(x) ⊂ A(x)✳

❆❣♦r❛✱ ✈❡❥❛♠♦s q✉❡ A(x) ⊂ Es(x)✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ v ∈ A(x)✱ t❛❧ q✉❡

v /∈ Es(x)✱ ❡♥tã♦ v 6= 0✳ ▲♦❣♦

|Dfn(v)| → ∞

q✉❛♥❞♦ n → +∞✱ ❝♦♥tr❛❞✐③❡♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❡ A(x)✳ ▲♦❣♦ A(x) ⊂ Es(x)✳ P♦rt❛♥t♦✱

Es(x) = A(x)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦❞❡♠♦s ♠♦str❛r ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ Eu(x)✳

❉❡✜♥✐çã♦ ✷✻✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡✳ ❯♠ ❞✐❢❡♦♠♦r✜s♠♦ f : M → M é ❝❤❛♠❛❞♦ ❞❡

❉✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ s❡ t♦❞❛ ❛ ✈❛r✐❡❞❛❞❡ M ♣♦ss✉✐ ✉♠❛ ❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛ ♣♦r f ✳

❖ ♣ró①✐♠♦ ❡①❡♠♣❧♦ é ❡①tr❡♠❛♠❡♥t❡ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡st❡

tr❛❜❛❧❤♦✳ ❉✐❛♥t❡ ❞✐ss♦✱ ❞❡❞✐❝❛r❡♠♦s ❜♦❛ ♣❛rt❡ ❞❡st❛ s❡çã♦ ♣❛r❛ ❡①♣❧♦r❛r ❡ ♣r♦✈❛r s✉❛s

♣r♦♣r✐❡❞❛❞❡s✳

❊①❡♠♣❧♦ ✶✹✳ ❆ ❛♣❧✐❝❛çã♦ LA : T2 → T2✱ ❞❛❞❛ ♣♦r LA(x) = Ax✱ s❡♥❞♦

A =




2 1

1 1





✉♠ ❉✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ ❝❤❛♠❛❞❛ ❞❡ ▼❛♣❛ ❞♦ ●❛t♦ ❞❡ ❆r♥♦❧❞ ✭❆r♥♦❧❞✬s ❝❛t ♠❛♣✮✳

❈♦♠♦ ❥á ♣♦♥t✉❛♠♦s✱ ❡ss❡ ❞✐❢❡♦♠♦r✜s♠♦ ❢♦✐ ♥♦♠❡❛❞♦ ❡♠ ❤♦♠❡♥❛❣❡♠ ❛♦

♠❛t❡♠át✐❝♦ ❘✉ss♦ ❱❧❛❞✐♠✐r ❆r♥♦❧❞✱ q✉❡ ❡♠ ❬✷❪ ❞❡♠♦♥str♦✉ s❡✉s ❡❢❡✐t♦s ♥❛ ❞é❝❛❞❛ ❞❡

1960 ✉s❛♥❞♦ ❛ ✐♠❛❣❡♠ ❞❡ ✉♠ ❣❛t♦✱ s❡♥❞♦ ❛ss✐♠ ❛ ♦r✐❣❡♠ ❞♦ s❡✉ ♥♦♠❡ ✶ ✳

✶P❛r❛ ♦ ❧❡✐t♦r ✐♥t❡r❡ss❛❞♦ ❡ ❝✉r✐♦s♦ ❡♠ ✈❡r✱ ♥❛ ♣rát✐❝❛✱ ♦s ❡❢❡✐t♦s ❞❡ss❡ ❡①❡♠♣❧♦✱ ❛❝❡ss❡ ❤tt♣s✿

✴✴✇✇✇✳❥❛s♦♥❞❛✈✐❡s✳❝♦♠✴❝❛t♠❛♣✴✳

https://www.jasondavies.com/catmap/
https://www.jasondavies.com/catmap/
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❋✐❣✉r❛ ✶✷✿ ▼❛♣❛ ❞♦ ●❛t♦ ❞❡ ❆r♥♦❧❞✳

❆♥t❡s ❞❡ ❡①♣❧♦r❛r ❡ ♣r♦✈❛r q✉❡ ♦ ▼❛♣❛ ❞♦ ●❛t♦ ❞♦ ❆r♥♦❧❞ r❡❛❧♠❡♥t❡ ❞❡s❝r❡✈❡ ✉♠❛

❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈✱ ✈❡❥❛♠♦s ✉♠❛ ❝♦♥str✉çã♦ ❞♦ t♦r♦ q✉❡ s❡❥❛ ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛

♦ ♥♦ss♦ ♣r♦♣ós✐t♦✳

◆❡ss❛ ❝♦♥str✉çã♦ ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡✱ ✈❛♠♦s ✈❡r q✉❡ ✉♠ t♦r♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞♦

♣♦r ✉♠ q✉❛❞r❛❞♦ ❞❡ ❧❛❞♦ ✉♥✐tár✐♦✱ t❡♥❞♦ s❡✉s ❧❛❞♦s ♦♣♦st♦s ✐❞❡♥t✐✜❝❛❞♦s✳ ◆❛ ❋✐❣✉r❛ ✷✳✶

r❡♣r❡s❡♥t❛♠♦s ❛ ❛çã♦ ❞♦ ♠❛♣❛ ❧✐♥❡❛r ❞♦ ❊①❡♠♣❧♦ ✶✹ ♥♦ q✉❛❞r❛❞♦ ✉♥✐tár✐♦✳ ❖ r❡s✉❧t❛❞♦

❞❡ss❛ ❛çã♦ ❢♦✐ r❡♣r❡s❡♥t❛❞♦ ❡♠ tr✐â♥❣✉❧♦s ❝♦♠ t♦♥❛❧✐❞❛❞❡s ❞✐❢❡r❡♥t❡s✱ q✉❡ ♣♦❞❡♠✱ ❞❡ ❢♦r♠❛

✐♥t✉✐t✐✈❛✱ s❡r r❡❝♦r❞❛❞♦s ❡ r❡❛❣r✉♣❛❞♦s ♥♦ q✉❛❞r❛❞♦ ✉♥✐tár✐♦✳ ❆❣♦r❛✱ ✈❛♠♦s ❢♦r♠❛❧✐③❛r

❡ss❛ r❡♣r❡s❡♥t❛çã♦✳

❱✐♠♦s✱ ♥♦ ❊①❡♠♣❧♦ ✺✱ ❛ ♦❜t❡♥çã♦ ❞♦ t♦r♦ T2 ❝♦♠♦ ♦ ❝❛rt❡s✐❛♥♦ ❞❡ ❞♦✐s ❝ír❝✉❧♦s✳

❆❣♦r❛✱ ✈❡r❡♠♦s ✉♠❛ ❝♦♥str✉çã♦ ✉♠ ♣♦✉❝♦ ♠❛✐s s♦✜st✐❝❛❞❛ ❞❡ss❡ ♦❜❥❡t♦✳ P❛r❛ ❞❡s❝r❡✈❡r

♦ t♦r♦✱ ❝♦♠❡❝❡♠♦s ❝♦♠ ♦ ♣❧❛♥♦ R2✳

❈♦♥s✐❞❡r❡ ❝♦♠♦ ✐❞ê♥t✐❝♦s t♦❞♦s ♦s ♣♦♥t♦s q✉❡ s✉❛s ❝♦♦r❞❡♥❛❞❛s s❡ ❞✐❢❡r❡♠ ♣♦r

♥ú♠❡r♦s ✐♥t❡✐r♦s✳ ❉❡ ❢♦r♠❛ ♠❛✐s ♣r❡❝✐s❛✱ ❞❡✜♥✐r❡♠♦s ❛ r❡❧❛çã♦ ∼ ❡♠ R2 ❞❛❞❛ ♣♦r✿

(x, y) ∼ (a, b) ⇔ x− a, y − b ∈ Z.

❖❜s❡r✈❡ q✉❡
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x− x = 0 = y − y ⇔ (x, y) ∼ (x, y) ✭❘❡✢❡①✐✈❛✮

(x, y) ∼ (a, b) ⇔ x− a, y − b ∈ Z

⇔ a− x, b− y ∈ Z ⇔ (a, b) ∼ (x, y) ✭❙✐♠étr✐❝❛✮

(x, y) ∼ (a, b)

(a, b) ∼ (c, d)
⇔

x− a, y − b ∈ Z

a− c, b− d ∈ Z

⇔ x− c, y − d ∈ Z ⇔ (x, y) ∼ (c, d) ✭❚r❛♥s✐t✐✈❛✮

■ss♦ ♠♦str❛ q✉❡ ❡ss❛ ✐❞❡♥t✐✜❝❛çã♦ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳ ❉❡♥♦t❛r❡♠♦s ♣♦r

[a, b] ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞♦ ♣♦♥t♦ (a, b)✳

❖❧❤❛♥❞♦ ♣❛r❛ ❛ r❡♣r❡s❡♥t❛çã♦ ❞❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ss❛ r❡❧❛çã♦✱ ♣♦❞❡♠♦s

♦❜s❡r✈❛r q✉❡ ❡❧❛s ♣♦❞❡♠ s❡r r❡♣r❡s❡♥t❛❞❛s ♥♦ q✉❛❞r❛❞♦ [0, 1]× [0, 1]✳ ❖s ♣♦♥t♦s ❞❛ ❢♦r♠❛

[0, x] ❡ [1, x] ❡stã♦ ✐❞❡♥t✐✜❝❛❞♦s✳ ❙❡♥❞♦ ❛ss✐♠✱ ♦❜t❡♠♦s ❝♦♠ ❡ss❛ ✐❞❡♥t✐✜❝❛çã♦ ✉♠ ❝✐❧✐♥❞r♦

❝✉❥♦ ♦s ❝ír❝✉❧♦s ❜❛s❡s sã♦ ♦s ♣♦♥t♦s r❡♣r❡s❡♥t❛❞♦s ♣♦r [x, 0] ❡ [x, 1]✳ ❚❛✐s ♣♦♥t♦s t❛♠❜é♠

❡stã♦ ✐❞❡♥t✐✜❝❛❞♦s ❡✱ ✜♥❛❧♠❡♥t❡✱ ❛♦ ✐❞❡♥t✐✜❝❛r ♦s ❞♦✐s ❝ír❝✉❧♦s✱ ♦❜t❡♠♦s ♦ ❞❡s❡❥❛❞♦ t♦r♦✳

❆ ✜❣✉r❛ ✶✸ ✐❧✉str❛ ❡ss❛ ❝♦♥str✉çã♦✳

❋✐❣✉r❛ ✶✸✿ ❈♦♥str✉çã♦ ❞♦ t♦r♦ T2

❉❡♥♦t❛♠♦s ♦ t♦r♦ q✉❡ ❛♣r❡s❡♥t❛♠♦s ♣♦r T2✳ ❊ss❛ ♥♦t❛çã♦ ♥ã♦ é ❛❧❡❛tór✐❛✱ ♣♦✐s

♣♦❞❡♠♦s ❛❞❛♣t❛r ❛ ❞❡✜♥✐çã♦ ❞❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡s❝r✐t❛ ♣❛r❛ Rn ❡ ❛ss✐♠ ❞❡✜♥✐r ♦

t♦r♦ Tn✳ ❊ss❛ ❝♦♥str✉çã♦ ❡♠ ❞✐♠❡♥sõ❡s ♠❛✐♦r❡s ❢♦✐ ♠❡♥❝✐♦♥❛❞❛ ❛♣❡♥❛s ♣♦r ❝✉r✐♦s✐❞❛❞❡✱

✉♠❛ ✈❡③ q✉❡ ❢♦❣❡ ❞♦s ♥♦ss♦s ♦❜❥❡t✐✈♦s ♣❛r❛ ❡ss❡ tr❛❜❛❧❤♦✳
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❱❛♠♦s ♥♦s ❝♦♥❝❡♥tr❛r ♥♦ t♦r♦ T2✳ ❙❡❥❛ π ❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧ ❞❡ R2 s♦❜r❡ T2✱ ✐st♦

é π(x, y) = [x, y]✳ ❈❡rt♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s ❡♠ ✉♠ t♦r♦ ♣♦❞❡♠ s❡r ❞❡s❝r✐t♦s ❞❡ ♠❛♥❡✐r❛

♠❛✐s ❡✜❝✐❡♥t❡ ♥♦ ♣❧❛♥♦ ❡✱ ❞❡♣♦✐s✱ ♣r♦❥❡t❛❞♦s ♥♦ t♦r♦✳

R2

π
✎✎

F
✴✴ R2

π
✎✎

T2 F̄
✴✴ T2

❆❣♦r❛✱ r❡t♦♠❡♠♦s ♦ ❊①❡♠♣❧♦ ✶✹ tr♦❝❛♥❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ T2 ♣♦r R2✳ P❛r❛ ✐ss♦✱ s❡❥❛

f : R2 → R2

x 7→ Ax

❖ ✐♥t✉✐t♦ é ❞❡♠♦♥str❛r q✉❡ f é ✉♠ ❉✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈✳ ❊♠ s❡❣✉✐❞❛✱ ✈❛♠♦s ✉t✐❧✐③❛r

❛ ♣r♦❥❡çã♦ π ♣❛r❛ ♣r♦✈❛r ❡ss❛ ♣r♦♣r✐❡❞❛❞❡ é tr❛♥s❢❡r✐❞❛ ♣❛r❛ LA✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ✈❛♠♦s ❡♥❝♦♥tr❛r ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A ❡ s❡✉s r❡s♣❡❝t✐✈♦s ❛✉t♦✈❡t♦r❡s✳

P❛r❛ ✐ss♦✱ ♦❜s❡r✈❡ q✉❡✿

det(A− λI) = 0

⇒ (2− λ)(1− λ)− 1 = 0

⇒ λ2 − 3λ+ 1 = 0

⇒ λ =
3±

√
5

2
.

❉❡ss❛ ❢♦r♠❛✱ λu = 3+
√
5

2
❡ λs = 3−

√
5

2
sã♦ ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ A✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

♣♦❞❡♠♦s ♦❜t❡r ♦s ❛✉t♦✈❡t♦r❡s vu = (1 +
√
5, 2) ❡ vs = (1 −

√
5, 2) r❡❢❡r❡♥t❡s ❛ λu ❡ λs✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❖❜s❡r✈❡ q✉❡ vu ❡ vs sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❉✐❛♥t❡ ❞✐ss♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

R2 ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞♦s ❛✉t♦❡s♣❛ç♦s Evu ❡ Evs ❣❡r❛❞♦s ♣♦r vu ❡ vs✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❈♦♠♦✱ ♣❛r❛ t♦❞♦ ♣♦♥t♦ x ∈ R2✱ ♦ ♣❧❛♥♦ t❛♥❣❡♥t❡ TxR2 é ♦ ♣ró♣r✐♦ R2✱ s❡❣✉❡ TxR2 =

R2 = Evu ⊕ Evs ✳ ❆ss✐♠✱ ✈❡r✐✜❝❛♠♦s ♦ ♣r✐♠❡✐r♦ ✐t❡♠ ❞❛ ❞❡✜♥✐çã♦✳

❈♦♠♦ f é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❧✐♥❡❛r✱ s❡❣✉❡ q✉❡Df = f ✳ ❉✐❛♥t❡ ❞✐ss♦✱ ♣❛r❛ ✈❡r✐✜❝❛r

q✉❡ ❡st❛ ❞❡❝♦♠♣♦s✐çã♦ é ✐♥✈❛r✐❛♥t❡ s♦❜r❡ ❛ ❛çã♦ ❞❛ ❞❡r✐✈❛❞❛✱ ❜❛st❛ ♦❜s❡r✈❛r q✉❡✿
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Evs = {αvs;α ∈ R}

⇒ Df(Evs) = {αAvs;α ∈ R}

⇒ Df(Evs) = {αλsvs;α ∈ R} = Evs .

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦❞❡♠♦s ♠♦str❛r q✉❡ Df(Evu) = Evu ✱ ♣r♦✈❛♥❞♦ ❛ss✐♠ ♦ s❡❣✉♥❞♦

✐t❡♠ ❞❛ ❞❡✜♥✐çã♦✳ P❛r❛ ♠♦str❛♠♦s ♦ t❡r❝❡✐r♦ ❡ ú❧t✐♠♦ ✐t❡♠ ❞❛ ❞❡✜♥✐çã♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r

v1 ∈ Evs ❡ vs ∈ Evu ✳ ❖✉ s❡❥❛✱ v1 = αvs ❡ v2 = βvs s❡♥❞♦ α, β ∈ R✳ ❉❡ss❛ ❢♦r♠❛✱

‖ Df(v1) ‖ = ‖ Av1 ‖ = ‖ α(λsvs) ‖ = ‖ λs(αvs) ‖ = λs ‖ v1 ‖
⇒ ‖ Dfn(v1) ‖ = ‖ A

nv1 ‖ = ‖ α(λns vs) ‖ = ‖ λns (αvs) ‖ = λns ‖ v1 ‖

‖ Df−1(v2) ‖ = ‖ A
−1v2 ‖ = ‖ β(λ−1

u vu) ‖ = ‖ λ−1
u (βvu) ‖ = λu ‖ v2 ‖

⇒ ‖ Df−n(v2) ‖ = ‖ A
−nv2 ‖ = ‖ β(λ−nu vu) ‖ = ‖ λ−nu (βvu) ‖ = λ−nu ‖ v2 ‖

❚♦♠❛♥❞♦ λ = max{λs, λ−1
u }✱ ♦❜t❡♠♦s

‖ Dfn(v1) ‖≤ λn ‖ v1 ‖

❡

‖ Df−n(v2) ‖≤ λ−n ‖ v2 ‖ .

❈♦♠ ✐ss♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ f é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈✳ P❛r❛ tr❛♥s❢❡r✐r ❡ss❛

♣r♦♣r✐❡❞❛❞❡ ♣❛❞❛ ❛ ❛♣❧✐❝❛çã♦ LA ❞♦ ❊①❡♠♣❧♦ ✶✹✱ ❜❛st❛ ✈❡r✐✜❝❛r q✉❡ ♦ ❞✐❛❣r❛♠❛

R2

π
✎✎

f
✴✴ R2

π
✎✎

T2 LA
✴✴ T2

❝♦♠✉t❛✳ P❛r❛ ✐ss♦✱ t♦♠❡ (a, b) ∈ R2 ❞❡ ♠♦❞♦ q✉❡ a = x+M ❡ b = y +N ✱ s❡♥❞♦ M ❡ N

❛s ♣❛rt❡s ✐♥t❡✐r❛s ❞❡ a ❡ b✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖❜s❡r✈❡ q✉❡✿
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π ◦ f(a, b) = π ◦ f(x+M, y +N)

= π(2x+ y + 2M +N, x+ y +M +N)

= (2x+ y, x+ y)

= LA(x, y)

= LA ◦ π(x+M, y +N) = LA ◦ π(a, b),

♦ q✉❡ ♠♦str❛ q✉❡ LA ◦ π = π ◦ f ✳ ❉✐❛♥t❡ ❞✐ss♦✱ ✜♥❛❧♠❡♥t❡ ❝♦♥❝❧✉í♠♦s q✉❡ LA é ✉♠

❉✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈✳

❋✐❣✉r❛ ✶✹✿ ❋♦❧❤❡❛çã♦ ✐♥stá✈❡❧

❖ ♠❛♣❛ ❧✐♥❡❛r ❞♦ ❊①❡♠♣❧♦ ✶✹ ❢❛③ ♣❛rt❡ ❞❡ ✉♠❛ ❝❧❛ss❡ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦

❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❆✉t♦♠♦r✜s♠♦s ❚♦r❛✐s ❍✐♣❡r❜ó❧✐❝♦s✳ ❊ss❡s ❛✉t♦♠♦r✜s♠♦ sã♦

❝❛r❛❝t❡r✐③❛❞♦s✱ ❡♠ ❞✐♠❡♥sã♦ ❞♦✐s✱ ♣❡❧❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✷✼✳ ❯♠ ❆✉t♦♠♦r✜s♠♦ ❚♦r❛❧ ❍✐♣❡r❜ó❧✐❝♦ é ✉♠ ❛♣❧✐❝❛çã♦ LA : T2 → T2✱ ❞❛❞❛

♣♦r LA(x) = Ax s❡♥❞♦ A ✉♠❛ ♠❛tr✐③ 2× 2 ❝♦♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s

✶✳ ❚♦❞❛s ❡♥tr❛❞❛s ✐♥t❡✐r❛s❀

✷✳ det(A) = ±1❀

✸✳ A é ❤✐♣❡r❜ó❧✐❝❛✱ ♦✉ s❡❥❛✱ s❡✉ ❛✉t♦✈❛❧♦r❡s ♣♦ss✉❡♠ ♠♦❞✉❧♦ ❞✐❢❡r❡♥t❡ ❞❡ 1✳

❈♦♠♦ ❛s ❡♥tr❛❞❛s ❞❡ A sã♦ ✐♥t❡✐r❛s✱ t❡♠♦s q✉❡ LA ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡♠ T✳ ❖❜s❡r✈❡

q✉❡ LA é ❝❧❛r❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ♣♦✐s s✉❛ ♠❛tr✐③ ❥❛❝♦❜✐❛♥❛ é s✐♠♣❧❡s♠❡♥t❡ ❛ ♠❛tr✐③
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A✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ det(A) = ±1✱ ❛ ✐♥✈❡rs❛ ❞❡ A t❛♠❜é♠ é ✉♠❛ ♠❛tr✐③ ✐♥t❡✐r❛ q✉❡

é ❤✐♣❡r❜ó❧✐❝❛✳ P♦rt❛♥t♦✱ A−1 t❛♠❜é♠ ✐♥❞✉③ ✉♠ ❛✉t♦♠♦r✜s♠♦ t♦r❛❧ ❤✐♣❡r❜ó❧✐❝♦ q✉❡ é✱

♦❜✈✐❛♠❡♥t❡✱ ❛ ✐♥✈❡rs❛ ❞❡ LA✳ ❉✐st♦ r❡s✉❧t❛ q✉❡ LA é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦✳

❆ss✐♠ ❝♦♠♦ ✜③❡♠♦s ♥♦ ❊①❡♠♣❧♦ ✶✹✱ ♣♦❞❡♠♦s ♣r♦✈❛r q✉❡ LA é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦

❞❡ ❆♥♦s♦✈✳ ❯♠❛ ❞❡♠♦♥str❛çã♦ ❞❡t❛❧❤❛❞❛ ❞❡ q✉❡ ✉♠ ❛✉t♦♠♦r✜s♠♦ t♦r❛❧ ❤✐♣❡r❜ó❧✐❝♦ é✱

❞❡ ❢❛t♦✱ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✹❪✳

❆①✐♦♠❛ ❆✳ ❙❡❥❛ f : M → M ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ C1 ❡ M ✉♠❛ ✈❛r✐❡❞❛❞❡

❝♦♠♣❛❝t❛✳ ❉✐③❡♠♦s q✉❡ f é ❆①✐♦♠❛ ❆ s❡ ♦ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡ Ω(f) é ❤✐♣❡r❜ó❧✐❝♦ ❡ ♦

❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s é ❞❡♥s♦ ❡♠ Ω(f)✱ ♦✉ s❡❥❛✱ Per(f) = Ω(f)✳

❖❜s❡r✈❡ q✉❡ s❡ x ∈ Per(f)✱ ❡①✐st❡ k ♥❛t✉r❛❧ t❛❧ q✉❡ fk(x) = x✳ ❉✐❛♥t❡ ❞✐ss♦✱

fk(U) ∩ U 6= ∅ ♣❛r❛ q✉❛❧q✉❡r ✈✐③✐♥❤❛♥ç❛ U ❞❡ x✳ ▲♦❣♦✱ Per(f) ⊂ Ω(f)✳ ❈♦♠♦ Ω(f) é

❢❡❝❤❛❞♦✱ ✈✐❞❡ Pr♦♣♦s✐çã♦ ✶✱ s❡❣✉❡ q✉❡ Per(f) ⊂ Ω(f)✳ ❉✐❛♥t❡ ❞✐ss♦✱ ♣❛r❛ ✈❡r✐✜❝❛r s❡ ✉♠

❞❡t❡r♠✐♥❛❞♦ ❞✐❢❡♦♠♦r✜s♠♦ f é ❆①✐♦♠❛ ❆✱ ❜❛st❛ ❛♥❛❧✐s❛r s❡ Ω(f) ⊂ Per(f)

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❛ ❉❡❝♦♠♣♦s✐çã♦ ❊s♣❡❝tr❛❧✱ ♠♦str❛

q✉❡ s❡ ♦ ❝♦♥❥✉♥t♦ ♥ã♦✲❡rr❛♥t❡ ♣❛r❛ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ f é ✉♠ ❝♦♥❥✉♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❡ ♦s

♣♦♥t♦s ♣❡r✐ó❞✐❝♦s sã♦ ❞❡♥s♦s ♥♦ ❝♦♥❥✉♥t♦ ♥ã♦✲❡rr❛♥t❡ ✭♦✉ s❡❥❛✱ f é ❆①✐♦♠❛ ❆ ✮✳ ❊♥tã♦✱

❡①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ Ω(f) ❡♠ ❝♦♠♣♦♥❡♥t❡s ❞✐s❥✉♥t❛s✱ ❢❡❝❤❛❞❛s✱ ✐♥✈❛r✐❛♥t❡s ❡

tr❛♥s✐t✐✈❛s ♣♦r f ✳ ❊ss❛s ❝♦♠♣♦♥❡♥t❡s sã♦ ❝❤❛♠❛❞❛s ❞❡ ♣❡ç❛s ❜ás✐❝❛s✳ ❯♠❛ ♣r♦✈❛ ♣❛r❛

❡ss❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✶✺❪✳

❚❡♦r❡♠❛ ✺✳ ❙✉♣♦♥❤❛ q✉❡f :M →M s❛t✐s❢❛③ ♦ ❆①✐♦♠❛ ❆✳ ❊♥tã♦ ♦ ❝♦♥❥✉♥t♦ ♥ã♦✲❡rr❛♥t❡

Ω(f) s❡ ❞❡❝♦♠♣õ❡ ❞❡ ♠❛♥❡✐r❛ ú♥✐❝❛ ❝♦♠♦ ✉♠❛ ✉♥✐ã♦ ✜♥✐t❛ ❡ ❞✐s❥✉♥t❛

Ω(f) = Λ1 ∪ Λ2 ∪ · · · ∪ Λk

s❡♥❞♦ ❝❛❞❛ Λi ❢❡❝❤❛❞♦✱ ✐♥✈❛r✐❛♥t❡ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❡ ❝❛❞❛ f : Λi → Λi é t♦♣♦❧♦❣✐❝❛♠❡♥t❡

tr❛♥s✐t✐✈♦✳ ❆❧é♠ ❞✐ss♦✱ ❝❛❞❛ Λi t❡♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ ♣r♦❞✉t♦ ❧♦❝❛❧✳

❆ ❞❡❝♦♠♣♦s✐çã♦ ♣r♦✈❡♥✐❡♥t❡ ❞❡ t❡♦r❡♠❛ ❛♥t❡r✐♦r ♣♦❞❡ ❛♣r❡s❡♥t❛r ✐♥❞✐❝❛t✐✈♦s

r❡❧❡✈❛♥t❡s ♣❛r❛ ♦ ❡st✉❞♦ ❞♦ s✐st❡♠❛ ❡♠ q✉❡stã♦✳ ❯♠❛ ❞❡ss❡s ✐♥❞✐❝❛t✐✈♦s é ♦ ❛♣❛r❡❝✐♠❡♥t♦

❞♦ q✉❡ ❝❤❛♠❛♠♦s ❞❡ ❝✐❝❧♦s ♥❛ ❞❡❝♦♠♣♦s✐çã♦✳ P❛r❛ ❢♦r♠❛❧✐③❛r ❡ss❡ ❝♦♥❝❡✐t♦✱ ❝♦♥s✐❞❡r❡ X

✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ ❡ f : X → X ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳
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❙❡❥❛♠ Λ1,Λ2, · · · ,Λk ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s✱ ❝♦♠♣❛❝t♦s ❡ ✐♥✈❛r✐❛♥t❡s ❞❡ f ❡ ❡s❝r❡✈❛

Λ = Λ1 ∪ Λ2 ∪ · · · ∪ Λk.

❉❡✜♥❛ Λi ≪ Λj s❡✱

W u(Λi) ∩W s(Λj) \ Λ 6= ∅.

❊ss❡♥❝✐❛❧♠❡♥t❡✱ Λi ≪ Λj s✐❣♥✐✜❝❛ q✉❡ ❡①✐st❡ x ∈ X ❢♦r❛ ❞❡ Λ q✉❡ ✈❛✐ ❞❡ Λi ❛ Λj ✳ ◆♦t❡

q✉❡✱ q✉❛♥❞♦ i 6= j✱ W u(Λi) ∩W s(Λj) 6= ∅✱ ✐ss♦ ✐♠♣❧✐❝❛ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ q✉❡ Λi ≪ Λj✱

♠❛s ✐ss♦ ♥ã♦ ♦❝♦rr❡ q✉❛♥❞♦ i = j✳ ❉✐❛♥t❡ ❞✐ss♦✱ ♣♦❞❡♠♦s ✈❡r q✉❡ ≪ ♥ã♦ é ✉♠❛ r❡❧❛çã♦

❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❉❡✜♥✐çã♦ ✷✽✳ ❉✐③❡♠♦s q✉❡ Λi1,Λi2, · · · ,Λim ❢♦r♠❛ ✉♠ ❝✐❝❧♦ ❞❡ {Λi} s❡✱

Λi1 ≪ Λi2 ≪ · · · ≪ Λim ≪ Λi1.

❆ss✐♠✱ q✉❛♥❞♦ ♥❡♥❤✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ {Λi} ❢♦r♠❛ ✉♠ ❝✐❝❧♦✱ ❞✐③❡♠♦s q✉❡ {Λi} é ♥ã♦✲❝✐❝❧♦

✳

✷✳✷ ❋❧✉①♦ ❞❡ ❆♥♦s♦✈

◆❡st❛ s❡çã♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r Mn s❡♥❞♦ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛ ✭❝♦♠♣❛❝t❛ s❡♠

❜♦r❞♦✮ ❞❡ ❝❧❛ss❡ Ck✳ ❉❡♥♦t❛♠♦s ♣♦r X ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s✱ s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ❞❡

❝❧❛ss❡ Cr (r ≥ 1) ❡♠ M ❡ ✢✉①♦ ❛ss♦❝✐❛❞♦ φt✳ ❉❡♥♦t❛♠♦s ♣♦r TX ♦ s✉❜✲✜❜r❛❞♦ ❣❡r❛❞♦

♣♦r X ❞♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TM ✳

❉❡✜♥✐çã♦ ✷✾✳ ❯♠ ✢✉①♦ ❞❡ ❆♥♦s♦✈ ❞❡ ❝❧❛ss❡ Cr ♥✉♠❛ ✈❛r✐❡❞❛❞❡ M é ✉♠ ✢✉①♦ φt :M →
M ♥ã♦ s✐♥❣✉❧❛r✱ ❞❡ ❝❧❛ss❡ Cr✱ r ≥ 1 q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ ❖ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TM s❡ ❡s❝r❡✈❡ ❝♦♠♦ s♦♠❛ ❞✐r❡t❛ ❞❡ três s✉❜✜❜r❛❞♦s

TM = Ess ⊕ TX ⊕ Euu

t❛✐s q✉❡ t❛♥t♦ Ess ❡ Euu sã♦ ✐♥✈❛r✐❛♥t❡s ♣❡❧❛ ❞✐❢❡r❡♥❝✐❛❧ Dφt ❡ TX é t❛♥❣❡♥t❡ ❛♦

✢✉①♦ φt✳
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✷✳ ❊①✐st❡♠ ❝♦♥st❛♥t❡s C > 0 ❡ 0 < λ < 1 t❛✐s q✉❡

❼ ‖ (Dφt)x(v) ‖ ≤ C λt ‖ v ‖, v ∈ Ess
x

❼ ‖ (Dφ−t)x(w) ‖ ≤ C λt ‖ w ‖, w ∈ Euu
x

♣❛r❛ t♦❞♦ x ∈M ❡ t♦❞♦ t > 0✳

❈❤❛♠❛r❡♠♦s ♦s ✜❜r❛❞♦s Ess ❡ Euu ❞❡ ✜❜r❛❞♦s ❢♦rt❡♠❡♥t❡ ❡stá✈❡✐s ❡ ❢♦rt❡♠❡♥t❡

✐♥stá✈❡✐s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P❛r❛ ❝❛❞❛ p ∈ M ✱ ❞❡✜♥✐♠♦s ❛ ✈❛r✐❡❞❛❞❡ ❢♦rt❡♠❡♥t❡

❡stá✈❡❧✱ ❢♦rt❡♠❡♥t❡ ✐♥stá✈❡❧✱ ❢r❛❝❛♠❡♥t❡ ❡stá✈❡❧ ❡ ❢r❛❝❛♠❡♥t❡ ✐♥stá✈❡❧ ❝♦♠♦ s❡♥❞♦✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦s ❝♦♥❥✉♥t♦s✿

W ss(p) =
{

y ∈M ; lim
t→∞

d(φt(p), φt(y)) = 0
}

W uu(p) =
{

y ∈M ; lim
t→−∞

d(φt(p), φt(y)) = 0
}

W s(p) =
⋃

t∈R
W ss(φt(p))

W u(p) =
⋃

t∈R
W uu(φt(p))

❆♣❡s❛r ❞❡ ❡st❛r❡♠ ❞❡✜♥✐❞♦s ❝♦♠ ✈❛r✐❡❞❛❞❡s✱ ♦s ❝♦♥❥✉♥t♦s W ss✱ W uu✱ W s ❡ W u

♣♦ss✉❡♠ r❡❛❧♠❡♥t❡ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡s✳ ❖s r❡s✉❧t❛❞♦s q✉❡ ❝♦♠♣r♦✈❛♠ ❡st❡ ❢❛t♦

♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ❬✽❪ ❡ ❬✾❪ ✳ ❆s ❢❛♠í❧✐❛s F s
M = {W ss(x)}x∈M ❡ Fu

M = {W uu(x)}x∈M
❢♦r♠❛♠ ❢♦❧❤❡❛çõ❡s ♣❛r❛M ✱ ❛s q✉❛✐s ❝❤❛♠❛r❡♠♦s ❞❡ ❢♦❧❤❡❛çã♦ ❡stá✈❡❧ ❡ ❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧✱

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊ ❛❧é♠ ❞✐ss♦✱ t❛✐s ❢♦❧❤❡❛çõ❡s sã♦ tr❛♥s✈❡rs❛✐s✳

Pr♦♣♦s✐çã♦ ✸✳ ❉❛❞♦ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❆♥♦s♦✈ f :M →M ✱ ❛ s✉s♣❡♥sã♦ φtf ❞❡ f é ✉♠

✢✉①♦ ❆♥♦s♦✈ ❡♠ Mf ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ f :M →M é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈✱ s❡❣✉❡ q✉❡M t❡♠ ✉♠❛

❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛ ♣♦r f ✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ❡①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ Eu
x ⊕Es

x ❞❡ TxM

✐♥✈❛r✐❛♥t❡ s♦❜r❡ ❛ ❛çã♦ ❞❛ ❞❡r✐✈❛❞❛✱ t❛❧ q✉❡



✹✽

❼ ‖ Dfnx (v) ‖ ≤ Cλn ‖ v ‖, v ∈ Es
x

❼ ‖ Df−n
x (v) ‖ ≤ Cλn ‖ v ‖, v ∈ Eu

x

♣❛r❛ 0 < λ < 1 ❡ c ≥ 1 ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ x ✳

P❛r❛ ♣r♦✈❛r ♦ r❡s✉❧t❛❞♦✱ ♣r❡❝✐s❛♠♦s ❝♦♥str✉✐r ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦

TMf = Ess ⊕ TX ⊕ Euu

q✉❡ ✈❡r✐✜❝❛ ♦s ✐t❡♥s ❞❛ ❉❡✜♥✐çã♦ ✷✾✱ s❡♥❞♦ Mf ❛ ✈❛r✐❡❞❛❞❡ ✐♥❞✉③✐❞❛ ♣❡❧❛ s✉s♣❡♥sã♦ φtf

❞❡ f q✉❡ ❛♣r❡s❡♥t❛♠♦s ♥❛ ❙❡çã♦ ✶✳✷✳

P❛r❛ ✐ss♦✱ ❞❡✜♥✐♠♦s ♣❛r❛ (x, 0) ∈M × {0}

Ess
(x,0) = Es

x ❡ Euu
(x,0) = Eu

x

❡ ❡st❡♥❞❡♠♦s ❡ss❡ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♦ ❧♦♥❣♦ ❞❡ [0, 1]✱ ♦✉ s❡❥❛✱ ♣❛r❛ (x, t) ∈ M × [0, 1]✱

❞❡✜♥✐♠♦s✿

Ess
(x,t) = Dφtf (x, 0)(E

s
x) ❡ Euu

(x,t) = Dφtf (x, 0)(E
u
x)

✳

❉❡ss❛ ♠❛♥❡✐r❛✱ t❡♠♦s ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ TMf = Ess ⊕ TX ⊕ Euu✳ ❆❣♦r❛✱

♠♦str❛r❡♠♦s q✉❡ ❡ss❛ ❞❡❝♦♠♣♦s✐çã♦ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❛ ❉❡✜♥✐çã♦ ✷✾✳ P❛r❛ ✐ss♦✱

✈❛♠♦s ❛♥❛❧✐s❛r ✐♥✐❝✐❛❧♠❡♥t❡ Ess
(x,t0)

♣❛r❛ t0 ✜①❛❞♦✳ P♦r ❝♦♥str✉çã♦✱ t❡♠♦s q✉❡ Ess
(x,t0)

=

Dφt0f (x, 0)(E
s
x)✱ ❧♦❣♦ Dφ

−t0
f (x, t0)(E

ss
(x,t0)

) = Es
x✳ ❖❜s❡r✈❡ q✉❡✱

Dφtf (x, t0) = Dφt+t0−t0f (x, t0) = Dφt+t0f (x, t0) ·Dφ−t0
f (x, t0)

❈♦♠ ✐ss♦✱ ❝♦♥❝❧✉í♠♦s q✉❡✿

Dφtf (x, t0)
∣
∣
∣
Ess

(x,t0)

= Dφt+t0f (x, 0)
∣
∣
∣
Es

x

❈♦♠♦ ❡st❛ ú❧t✐♠❛ ❡①♣r❡ssã♦ ✈❛❧❡ ♣❛r❛ q✉❛❧q✉❡r t > 0✱ ♣♦❞❡♠♦s ❢❛③❡r ❛ ❛♥á❧✐s❡ ❞❛

❝♦♥❞✐çã♦ ❞❡ s❡r ❆♥♦s♦✈ ❡♠ M ×{0} ♦✉ s❡❥❛✱ ♥✉♠ ♣♦♥t♦ ❞❛ ❢♦r♠❛ (x, 0)✳ P❛r❛ ♦r❣❛♥✐③❛r✱

❝♦❧♦q✉❡♠♦s t = ⌊t⌋ + r✱ s❡♥❞♦ ⌊t⌋ ❛ ♣❛rt❡ ✐♥t❡✐r❛ ❞❡ t✳ ❆ss✐♠✱ t❡♠♦s ♣♦r ❝♦♥str✉çã♦ q✉❡



✹✾

❡♠ M × {0} ❛ ✐❣✉❛❧❞❛❞❡ φ⌊t⌋
f ✳ ❖❜s❡r✈❡ q✉❡

φtf (x, 0) = φ
⌊t⌋+r
f (x, 0) = φrf

(

φ
⌊t⌋
f (x, 0)

)

= φrf

(

f ⌊t⌋(x)
)

.

P♦rt❛♥t♦✱

‖Dφtf (x, 0)(v)‖ = ‖φrf
(

φ
⌊t⌋
f (x, 0)

)

= φrf

(

f ⌊t⌋(x)
)

‖ ≤ Cλ⌊t⌋(x)

♣❛r❛ t♦❞♦ v ∈ Es
x ❡ t♦❞♦ x ∈ M ✳ P♦❞❡♠♦s ❝♦♥❝❧✉✐r✱ ❞❡ ❢♦r♠❛ s❡♠❡❧❤❛♥t❡✱ q✉❡ t❛♠❜é♠

✈❛❧❡ ♣❛r❛ Euu✳ ❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡ φtf é ❞❡ ❢❛t♦ ✉♠ ✢✉①♦ ❆♥♦s♦✈ ❡♠ Mf ✳ ❆ ❋✐❣✉r❛

✶✺ ✐❧✉str❛ ❞❡ ♠❛♥❡✐r❛ r❛③♦á✈❡❧ ❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❆♥♦s♦✈✳

❋✐❣✉r❛ ✶✺✿ ❙✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❆♥♦s♦✈✳

❙❡❥❛ ✉♠ ✢✉①♦ φt :M →M ✉♠ ✢✉①♦✳ ❉✐r❡♠♦s q✉❡ φt é tr❛♥s✐t✐✈♦ ❡♠ ✉♠ ❝♦♥❥✉♥t♦

❝♦♠♣❛❝t♦ ✐♥✈❛r✐❛♥t❡ Λ ⊂M q✉❛♥❞♦ ❡①✐st✐r x ∈ Λ ❞❡ ♠♦❞♦ q✉❡ s✉❛ ór❜✐t❛ {φt(x); t ∈ R}
é ❞❡♥s❛ ❡♠ Λ✳

❚❡♦r❡♠❛ ✻✳ ❙❡❥❛ φt :M →M ✉♠ ✢✉①♦ tr❛♥s✐t✐✈♦✳ ❊♥tã♦ Ω(φt) =M ✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ φt é tr❛♥s✐t✐✈♦✱ ❡①✐st❡ ✉♠❛ ór❜✐t❛ {φt(x); t ∈ R} q✉❡ é ❞❡♥s❛ ❡♠



✺✵

M ✱ ♦✉ s❡❥❛✱

M = {φt(x); t ∈ R}.

❆❧é♠ ❞✐ss♦✱ ♦s ♣♦♥t♦s ❞❛ ór❜✐t❛ ❞❡ x sã♦ ♥ã♦ ❡rr❛♥t❡s ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ {φt(x); t ∈
R} ⊂ Ω(φt)✳ ❏✉♥t❛♥❞♦ ❡ss❛s ✐♥❢♦r♠❛çõ❡s ❝♦♠ ♦ ❢❛t♦ ❞❡ Ω(φt) s❡r ❢❡❝❤❛❞♦✱ ♦❜t❡♠♦s

{φt(x); t ∈ R} ⊂ Ω(φt)

⇒ M = {φt(x); t ∈ R} ⊂ Ω(φt) = Ω(φt)

⇒ M ⊂ Ω(φt)

P♦r ✜♠✱ ❝♦♠♦ ♥❛t✉r❛❧♠❡♥t❡ Ω(φt) ⊂M ✱ ❝♦♥s❡❣✉✐♠♦s ❛ ✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛✳

✷✳✸ ❖ ❉❆✲❆tr❛t♦r

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ♦ ❡①❡♠♣❧♦ ❞❡ ✉♠ ❛tr❛t♦r✱ q✉❡ ❞❡♥♦♠✐♥❛r❡♠♦s ❞❡

❉❆✲❆tr❛t♦r✳ ❆ ❝♦♥str✉çã♦ ❞❡ss❡ ❡①❡♠♣❧♦ s❡rá ❢❡✐t❛ ❛tr❛✈és ❞❡ ✉♠❛ ♣❡rt✉r❜❛çã♦ ❞♦

❞✐❢❡♦♠♦r✜s♠♦ ♣r❡s❡♥t❡ ♥♦ ❊①❡♠♣❧♦ ✶✹✱ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞♦ s❡✉ ♣♦♥t♦ ✜①♦✳

Pr❡t❡♥❞❡♠♦s ♣❡rt✉r❜❛r ♦ ♣♦♥t♦ ✜①♦ ♣❛r❛ t♦r♥á✲❧♦ ✉♠ ♣♦♥t♦ ✜①♦ r❡♣✉❧s♦r✳ ❊st❡

♥♦✈♦ ❞✐❢❡♦♠♦r✜s♠♦ s❡ ❝❤❛♠❛ ❉✐❢❡♦♠♦r✜s♠♦ ❉❡r✐✈❛❞♦ ❞❡ ❆♥♦s♦✈ ♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ ❉❆✲

❉✐❢❡♦♠♦r✜s♠♦✳

✷✳✸✳✶ ❆ ❋✉♥çã♦ ❇✉♠♣

❖ s✉♣♦rt❡ supp(f) ❞❡ ✉♠❛ ❢✉♥çã♦ r❡❛❧ f ❡♠ ✉♠ ✈❛r✐❡❞❛❞❡ M é ❞❡✜♥✐❞♦ ❝♦♠♦ ♦

❢❡❝❤♦ ❞❡ s✉❜❝♦♥❥✉♥t♦ ❞❡ M ♥♦ q✉❛❧ f 6= 0✱ ♦✉ s❡❥❛✱

supp(f) = {q ∈M ; f(p) 6= 0}

❙❡❥❛ q ✉♠ ♣♦♥t♦ ❡♠ M ❡ Uq ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ q✳ ❉❡✜♥✐♠♦s ✉♠❛ ❢✉♥çã♦ ❜✉♠♣

❡♠ q ❝♦♠♦ q✉❛❧q✉❡r ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❡ ♥ã♦✲♥❡❣❛t✐✈❛ ρ q✉❡ é 1 ❡♠ ✉♠ ✈✐③✐♥❤❛♥ç❛ ❞❡ q ❝♦♠

supp(ρ) ⊂ Uq✳ ❆❣♦r❛✱ ✈❡❥❛♠♦s ❛ ❝♦♥str✉çã♦ ❞❡ ❞❡ss❛s ❢✉♥çõ❡s✳



✺✶

❈♦♥s✐❞❡r❡ ❛ ❢✉♥çã♦ f ❞❛❞❛ ♣♦r✿

f(t) =







e
−1
t ✱ s❡ x ≥ 0

0✱ s❡ x ≤ 0

❯t✐❧✐③❛♥❞♦ ❛❧❣✉♠❛s ❢❡rr❛♠❡♥t❛s ❜ás✐❝❛s ❞❡ ❝❛❧❝✉❧♦✱ é ♣♦ssí✈❡❧ ♣r♦✈❛r q✉❡ ❡ss❛

❛♣❧✐❝❛çã♦ é s✉❛✈❡✱ limt→∞ f(t) = 1 ❡ ♣♦ss✉✐ ♦ s❡❣✉✐♥t❡ ❡s❜♦ç♦ ❞❡ ❣rá✜❝♦✳

−1 0 1 2 3

0

0.2

0.4

0.6

0.8

❋✐❣✉r❛ ✶✻✿ ●rá✜❝♦ ❞❡ f ✳

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ g ❞❛❞❛ ♣♦r

g(t) =
f(t)

f(t) + f(1− t)
.

◆♦t❡ q✉❡✱ ♣❛r❛ t > 1 s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❡ f q✉❡ f(1− t) = 0 ❡ f(t) 6= 0 ✉♠❛ ✈❡③

q✉❡ 1− t < 0 ❡ f(t) 6= 0✳ P♦rt❛♥t♦✱ s❡ t > 1 t❡♠♦s

g(t) =
f(t)

f(t) + f(1− t)

=
f(t)

f(t)
= 1

.

❏á ♣❛r❛ t < 0✱ s❡❣✉❡ q✉❡ f(t) = 0 ❡ f(t) 6= 0✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❛r❛ t < 0

t❡♠♦s✿



✺✷

g(t) =
f(t)

f(t) + f(1− t)

=
0

0 + f(1− t)
= 0

.

P♦r ❝♦♥str✉çã♦✱ f(t) ❡ g(t) sã♦ ❝♦♥tí♥✉❛ ❡♠ (0, 1)✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ limt→0 g(t) = 0

❡ limt→1 g(t) = 1✱ ❝♦♥❝❧✉í♠♦s q✉❡ g(t) é ❝♦♥t✐♥✉❛ é ♣♦ss✉✐ ♦ s❡❣✉✐♥t❡ ●rá✜❝♦✳

−1 0 1 2

0

0.2

0.4

0.6

0.8

1

❋✐❣✉r❛ ✶✼✿ ●rá✜❝♦ ❞❡ g✳

❈♦♥t✐♥✉❛♥❞♦ ♥♦ss❛ ♠❛♥✐♣✉❧❛çã♦✱ t♦♠❡ h(t) = g(t − 1)✱ ❝✉❥♦ ❣rá✜❝♦ é ✉♠ s✐♠♣❧❡s

❞❡s❧♦❝❛♠❡♥t♦ ❞♦ ❡s❜♦ç♦ ❛♥t❡r✐♦r✳ ❊♠ s❡❣✉✐❞❛✱ t♦♠❡ k(t) = h(|t|) ❝✉❥♦ ●rá✜❝♦ é ❞❛❞♦ ♣♦r✿

−4 −2 0 2 4

0

0.2

0.4

0.6

0.8

1

❋✐❣✉r❛ ✶✽✿ ●rá✜❝♦ ❞❡ k✳
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P♦r ✜♠✱ ❛ ❛♣❧✐❝❛çã♦ ρ(t) = 1 − k(t) é ❛ ❛❧♠❡❥❛❞❛ ❋✉♥çã♦ ❇✉♠♣✱ q✉❡ ♣♦❞❡♠♦s

❞❡s❝r❡✈❡r ♣♦r✿

ρ(t) =







1 ✱ s❡ x ∈ [−1, 1]

0 ✱ s❡ x R \ (−2, 2),

❝✉❥♦ ●rá✜❝♦ é ❞❛❞♦ ♣♦r✿

−4 −2 0 2 4

0

0.2

0.4

0.6

0.8

1

❋✐❣✉r❛ ✶✾✿ ●rá✜❝♦ ❞❡ ρ✳

◆❡st❡ ❝❛s♦✱ supp(ρ) = [−2, 2]✳ ❙❡ ❝♦♥s✐❞❡r❛r♠♦s 0 < a < b✱ ♣♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ❛

❝♦♥str✉çã♦ ❢❡✐t❛ ❛❝✐♠❛ t♦♠❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ ρab ❞❛❞❛ ♣♦r

ρab(t) = ρ
( t− a

b− a
+ 1

)

.

❙❡♥❞♦ ❛ss✐♠✱ ρab é ✉♠❛ ❢✉♥çã♦ s✉❛✈❡ q✉❡ ✈❡r✐✜❝❛ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

ρab(t) =







1 ✱ s❡ |t| ≤ a

0 ✱ s❡ |t| ≥ b

♠♦str❛♥❞♦ q✉❡ 0 < ρab < 1 ❡ supp(ρab) = [−b, b]✳

✷✳✸✳✷ ❉❆✲❉✐❢❡♦♠♦r✜s♠♦

❯♠ ❞✐❢❡♦♠♦r✜s♠♦ ♦❜t✐❞♦ ♣♦r ✉♠❛ ♠♦❞✐✜❝❛çã♦ ❞❡ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ é

❞❡♥♦♠✐♥❛❞♦ ❉✐❢❡♦♠♦r✜s♠♦ ❉❡r✐✈❛❞♦ ❞❡ ❆♥♦s♦✈ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❉❆✲❉✐❢❡♦♠♦r✜s♠♦✳
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❆❣♦r❛✱ ✈❡❥❛♠♦s ❛ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❞❡ss❛s ♠♦❞✐✜❝❛çõ❡s ✐♥s♣✐r❛❞❛s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♥♦

❧✐✈r♦ ❞♦ ❘♦❜✐♥s♦♥ ❬✶✺❪✳

❙❡❥❛ LA : T → T ❞❡s❝r✐t♦ ♥♦ ❊①❡♠♣❧♦ ✶✹✳ ❉❡♥♦t❛r❡♠♦s ♣♦r p0 ♦ ♣♦♥t♦ ✜①♦ ❞❡ LA

❝♦rr❡s♣♦♥❞❡♥t❡ à ♦r✐❣❡♠ ❞❡ R2✱ vu ❡ vs ♦s ❛✉t♦✈❡t♦r❡s ✐♥stá✈❡✐s ❡ ❡stá✈❡✐s ❞❛ ♠❛tr✐③ A✱

s❡♥❞♦ λu ❡ λs s❡✉s r❡s♣❡❝t✐✈♦s ❛✉t♦✈❛❧♦r❡s✳

❈♦♥s✐❞❡r❡ ✉♠❛ ✈✐♥❤❛ç❛ U ❞❡ p0 r❡❧❛t✐✈❛♠❡♥t❡ ♣❡q✉❡♥❛✳ ❈♦♠♦ ✈✐♠♦s ♥❛ ❙❡çã♦ ✷✳✶✱

vu ❡ vs sã♦ ❧✐♥❡❛r♠❡♥t❡ ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❉✐❛♥t❡ ❞✐ss♦✱ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r ♦s ❡❧❡♠❡♥t♦s

❞❡ss❛ ✈✐③✐♥❤❛♥ç❛ ❡♠ r❡❧❛çã♦ à ❜❛s❡ ❢♦r♠❛❞❛ ♣♦r ❡ss❡s ❛✉t♦✈❡t♦r❡s✱ ♦✉ s❡❥❛✱ ♦s ❡❧❡♠❡♥t♦s

❞❡ U s❡rã♦ ❡s❝r✐t♦s ❞❛ ❢♦r♠❛

xvu + yvs.

❚♦♠❡ r0✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ❞❡ ♠♦❞♦ q✉❡ B(p0, r0) ⊂ U ✳ ❉❡✜♥❛ ✉♠❛ ❢✉♥çã♦

❇✉♠♣ ❞❛ ♣♦r✿

δ(x) =







0✱ s❡ x ≥ r0

1✱ s❡ x ≤ r0
2

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✿







ẋ = 0

ẏ = yδ(|p0 − (x, y)|)
✭✷✳✶✮

❈♦♠♦ ♣❛r❛ ♣♦♥t♦s ♣ró①✐♠♦s ❞❡ p0 t❡♠♦s δ(|p0 − (x, y)|) = 1✱ s❡❣✉❡ q✉❡ ❛ ❊q✉❛çã♦

✷✳✶ s❡ r❡s✉♠❡ ❡♠ (ẋ, ẏ) = (0, y)✳ ◆❡ss❛s ❝♦♥❞✐çõ❡s✱ ❛s s♦❧✉çõ❡s ❞❡ss❡ s✐st❡♠❛ sã♦ ❞❛ ❢♦r♠❛

(x(t), y(t)) = (a, bet) s❡♥❞♦ a, b ∈ R✳ ❈♦♠♦ ❣♦st❛rí❛♠♦s q✉❡ (x(0), y(0)) = (x, y)✱ s❡❣✉❡

q✉❡ ♦ ✢✉①♦ ❛ss♦❝✐❛❞♦ à ❊q✉❛çã♦ ❉✐❢❡r❡♥❝✐❛❧ ✷✳✶ é ❞❛❞♦ ♣♦r✿

φt(x, y) = (x, yet).

❉❡✜♥✐♠♦s ♦ ❞❡r✐✈❛❞♦ ❞❡ ❆♥♦s♦✈ ❝♦♠♦ s❡♥❞♦ ♦ ❞✐❢❡♦♠♦r✜s♠♦

f = φτ ◦ g

s❡♥❞♦ τ ✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❞❡ ♠♦❞♦ q✉❡ λseτ > 1✳ ❖❜s❡r✈❡ q✉❡✿
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Dφτp0 =




1 0

0 eτ





❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

Dfp0 = Dφτp0Dgp0 =




λu 0

0 λse
τ



 .

❆❧é♠ ❞✐ss♦✱ ♦❜s❡r✈❡ q✉❡ supp(φt − id) ⊂ U ✱ ✉♠❛ ✈❡③ q✉❡✱ s❡ (u1, u2) /∈ B(p0, r0)✱

❡♥tã♦ δ(|(u1, u2)|) = 0 ❡ ♣♦rt❛♥t♦ ❛ ❊q✉❛çã♦ ✷✳✶ s❡ r❡s✉♠❡ ❡♠







ẋ = 0

ẏ = 0
✭✷✳✷✮

❧♦❣♦ φt(u1, u2) = (u1, u2)✳ ■st♦ ❞✐③ q✉❡ f = fA ❢♦r❛ ❞❡ U ✳ ❈♦♠♦ W s(p) = W s(p, fA) sã♦

❧✐♥❤❛s ✈❡rt✐❝❛✐s ✭♥❛s ❝♦♦r❞❡♥❛❞❛s (u1, u2)✮ ❡ ♦ ✢✉①♦ φt ❞❡✐①❛ ✜①♦ à ♣r✐♠❡✐r❛ ❝♦♦r❞❡♥❛❞❛✱

t❡♠✲s❡ q✉❡ φt ♣r❡s❡r✈❛ W s(p, fA) ♣❛r❛ t♦❞♦ p ∈ T2✳ P♦rt❛♥t♦✱ f ♣r❡s❡r✈❛ ❝❛❞❛ W s(p)✳

❋✐❣✉r❛ ✷✵✿ ❈♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❉❆✲❉✐❢❡♦♠♦r✜s♠♦✳

❈♦♠♦ p0 ❝♦rr❡s♣♦♥❞❡ à ♦r✐❣❡♠ ❞❡ R2✱ ❝♦♥❝❧✉í♠♦s ❢❛❝✐❧♠❡♥t❡ q✉❡ p0 é t❛♠❜é♠

♣♦♥t♦ ✜①♦ ❞❡ f ✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠ ❛ ♠♦❞✐✜❝❛çã♦ q✉❡ ✜③❡♠♦s✱ ♦❝♦rr❡ ♦ s✉r❣✐♠❡♥t♦ ❞❡ ❞♦✐s

♥♦✈♦s ♣♦♥t♦s ✜①♦s p1 ❡ p2✳ ❖ ❛♣❛r❡❝✐♠❡♥t♦ ❞❡ss❡s ♣♦♥t♦s ✈❡♠ ❞♦ ❢❛t♦ ❞❡ q✉❡ r❡str✐t♦ ❛

W ss✱ ❛ ❛♣❧✐❝❛çã♦ f ♣♦ss✉✐ ✐♥❝❧✐♥❛çã♦ ♠❛✐♦r q✉❡ 1 ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ p0 ❝♦♥t✐❞❛ ❡♠ U

❡ ❢♦r❛ ❞❡ U ✱ ❡ss❛ ✐♥❝❧✐♥❛çã♦ é ♠❡♥♦r q✉❡ 1✳ ▲♦❣♦✱ ❝♦♠♦ f é c∞✱ ❡①✐st❡♠ ♣♦♥t♦s p1 ❡ p2
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❡♠ U t❛✐s q✉❡✱ ❛ ✐♥❝❧✐♥❛çã♦ ❞❡ f ❝♦♠ ❡ss❛ r❡str✐çã♦ é ❡①❛t❛♠❡♥t❡ 1✳ P♦rt❛♥t♦✱ s❡❣✉❡ ❞♦

❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ▼é❞✐♦ q✉❡✿

f(p2)− f(p0)

p2 − p0
= 1

⇒ f(p2)− f(p0) = p2 − p0

⇒ f(p2)− p0 = p2 − p0

⇒ f(p2) = p2.

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦❞❡♠♦s r❡♣❡t✐r ❡ss❛ ❡str❛té❣✐❛ ♣❛r❛ ♦ ♣♦♥t♦ p1✳ ❆ ❋✐❣✉r❛ ✷✳✸✳✷

✐❧✉str❛ ♦ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❞✐s❝✉t✐r✳

❋✐❣✉r❛ ✷✶✿ ❆♣❧✐❝❛çã♦ f r❡str✐t❛ W ss✳

✷✳✸✳✸ ❈♦♥❥✉♥t♦s ❆tr❛t♦r❡s

◆❡st❛ s❡çã♦ tr❛③❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ♣❛r❛ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ f :M →M ✱ ♠❛s

❛♣❡♥❛s ♣❡q✉❡♥❛s ❛❧t❡r❛çõ❡s sã♦ ♥❡❝❡ssár✐♦s ♣❛r❛ ❡st❛❜❡❧❡❝❡r ❛ ❞❡✜♥✐çã♦ ♣❛r❛ ✉♠ ✢✉①♦✳

❉❡✜♥✐çã♦ ✸✵✳ ❯♠❛ r❡❣✐ã♦ ❝♦♠♣❛❝t❛ N ⊂ M é ❝❤❛♠❛❞❛ ❞❡ r❡❣✐ã♦ ❞❡ ❛♣r✐s✐♦♥❛♠❡♥t♦

✭tr❛♣♣✐♥❣ r❡❣✐♦♥✮ ❞❡ f q✉❛♥❞♦ f(N) ⊂ int(N)✳ ❯♠ ❝♦♥❥✉♥t♦ Λ é ❝❤❛♠❛❞♦ ❞❡ ❝♦♥❥✉♥t♦ ❞❡

❛tr❛çã♦ ♦✉✱ s✐♠♣❧❡s♠❡♥t❡✱ ❝♦♥❥✉♥t♦ ❛tr❛t♦r ❞❡s❞❡ q✉❡ ❡①✐st❛ ✉♠❛ r❡❣✐ã♦ ❞❡ ❛♣r✐s✐♦♥❛♠❡♥t♦
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N t❛❧ q✉❡ Λ = ∩k≥0f
k(N)✳ ❉✐③❡♠♦s q✉❡ ♦ ❛tr❛t♦r Λ é tr❛♥s✐t✐✈♦ ♣❛r❛ f ✱ s❡ f é

t♦♣♦❧♦❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈♦ ❡♠ Λ✳

❈♦♥t✐♥✉❛r❡♠♦s ♦ ♣r♦❝❡ss♦ ❞❡ ❡①♣❧♦r❛çã♦ ❞♦ ❊①❡♠♣❧♦ ✶✹✳ P❛r❛ ✐ss♦✱ r❡t♦r♥❛r❡♠♦s

❛♦ ❉❆✲❞✐❢❡♦♠♦r✜s♠♦ f ❝♦♥str✉í❞♦ s❡çã♦ ❛♥t❡r✐♦r✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ❝♦♠♦ s❡♥❞♦ V ❛

✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛✱ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛✱ ❝✐t❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡✳

❈♦♠♦ f r❡str✐t❛ ❛ V ♣♦ss✉✐ ♣r♦♣r✐❡❞❛❞❡s ❡①♣❛♥s✐✈❛s✱ s❡❣✉❡ q✉❡ V ⊂ f(V ) ❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡ f(V )c ⊂ vc✳ ❙❡❥❛ N = T2 r V ✳ ❖ ❝♦♥❥✉♥t♦ N ✱ ❛ss✐♠ ❞❡✜♥✐❞♦✱ é

✉♠❛ r❡❣✐ã♦ ❞❡ ❛♣r✐s✐♦♥❛♠❡♥t♦✱ ✉♠❛ ✈❡③ q✉❡✿

f(N) = f(T2 r V ) = f(T2 ∩ V c) ⊂ f(T2) ∩ f(V c) ⊂ T2 ∩ V c = N.

❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ f é ❝♦♥tí♥✉❛ ❡ N ❝♦♠♣❛❝t♦✱ s❡❣✉❡ q✉❡ fk(N) ❢♦r♠❛♠ ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡ ❝♦♥❥✉♥t♦s ❡♥❝❛✐①❛❞♦s✳ ❆ss✐♠✱ ♦ ❝♦♥❥✉♥t♦

Λ =
∞⋂

k=0

fk(N)

é ✉♠ ❛tr❛t♦r q✉❡ ❞❡♥♦♠✐♥❛r❡♠♦s ❝♦♠♦ ❉❆✲❛tr❛t♦r✳

❈♦♠♦ V ⊂ W u(p0, f)✱ ❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ W u(p0, f) ♣♦❞❡ s❡r ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r

∞⋃

j=0

f j(V ).

▲♦❣♦✱ ♣♦❞❡♠♦s r❡❡s❝r❡✈❡r Λ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

Λ =
⋂∞
k=0 f

k(N)

=
⋂∞
k=0 f

k(T2 r V )

= T2 r
⋃∞
j=0 f

j(V ) = T2 rW u(p0, f).

❚♦♠❛♥❞♦ q ∈ Λ ❡ Bq ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ q ❡♠ T2✳ P❛r❛ ❡♥①✉❣❛r ❛ ♥♦t❛çã♦✱ ❝♦❧♦q✉❡♠♦s

I = W s(q, f) ∪ Bq✳ ❈♦♠♦ f−1 ❡①♣❛♥❞❡ ❡♠ W s(q, f)✱ ❡①✐st❡ j s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❞❡

♠♦❞♦ q✉❡ f−j(I) ∪ f(V ) 6= ∅✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱
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f−j(I) ∩ f(V ) 6= ∅
⇒ f−j(Bq) ∩ f(V ) 6= ∅
⇒ Bq ∩ f j+1(V ) 6= ∅
⇒ Bq ∩ W u(p0, f) 6= .∅

◆❡ss❡ s❡♥t✐❞♦✱ ❝♦♠♦ ♣♦r ❝♦♥str✉çã♦✱ T2 = Λ∪W u(p0, f)✱ s❡❣✉❡ q✉❡ W u(p0, f) é ❞❡♥s♦ ❡♠

T2✳

▼✉✐t❛s ✈❡③❡s✱ é út✐❧ ❢❛❧❛r s♦❜r❡ ❛ ❞✐♠❡♥sã♦ ❞❡ ✉♠ ❛tr❛t♦r✳ ❈♦♠♦ ❡ss❡s ❝♦♥❥✉♥t♦s

❣❡r❛❧♠❡♥t❡ ♥ã♦ sã♦ ♠ú❧t✐♣❧♦s✱ ♣r❡❝✐s❛♠♦s ❞❡ ✉♠ ❝♦♥❝❡✐t♦ ♠❛✐s ❛♣r♦♣r✐❛❞♦ ♣❛r❛ ❡ss❡

✜♠✱ q✉❡ é ♦ ❞❡ ❞✐♠❡♥sã♦ t♦♣♦❧ó❣✐❝❛✳ ❈♦♠♦ ✈❡r❡♠♦s ♥❛ ♣ró①✐♠❛ ❞❡✜♥✐çã♦✱ ❛ ❞✐♠❡♥sã♦

t♦♣♦❧ó❣✐❝❛ é s❡♠♣r❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✳ ▼❛s ❡ss❡ ❞✐♠❡♥s✐♦♥❛♠❡♥t♦ ♥ã♦ é ú♥✐❝♦✱ ❡♠ ♦✉tr♦s

❝♦♥t❡①t♦s ♣♦❞❡ s❡r ❝♦♥✈❡♥✐❡♥t❡ ✉t✐❧✐③❛r♠♦s ❛ ❞✐♠❡♥sã♦ ❢r❛❝t❛❧ ♦✉ ❍❛✉s❞♦r✛✱ q✉❡ é ❞❛❞❛

♣♦r ✉♠ ♥ú♠❡r♦ r❡❛❧ ♥ã♦ ♥❡❣❛t✐✈♦✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❧✐❞❛r❡♠♦s ❛♣❡♥❛s ❝♦♠ ❛ ❞✐♠❡♥sã♦

t♦♣♦❧ó❣✐❝❛✳

❉❡✜♥✐çã♦ ✸✶✳ ❯♠ ❝♦♥❥✉♥t♦ A t❡♠ ❞✐♠❡♥sã♦ t♦♣♦❧ó❣✐❝❛ ③❡r♦ q✉❛♥❞♦ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦

p ∈ A✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ✱ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡q✉❡♥❛✱ ❞❡ p t❛❧ q✉❡ ∂(U) ∩ A = ∅✳
❯♠ ❝♦♥❥✉♥t♦ A t❡♠ ❞✐♠❡♥sã♦ t♦♣♦❧ó❣✐❝❛ n > 0 q✉❛♥❞♦ ♥❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s ❞♦ ❝❛s♦

❛♥t❡r✐♦r✱ ∂(U) ∩ A t❡♥❤❛ ❞✐♠❡♥sã♦ n− 1✳

❈♦♠ ❡ss❛ ❞❡✜♥✐çã♦✱ ♦ ❛tr❛t♦r Λ ♥ã♦ ♣♦❞❡ t❡r ❞✐♠❡♥sã♦ t♦♣♦❧ó❣✐❝❛ ❞♦✐s✱ ✉♠❛ ✈❡③

q✉❡✱ ❝❛s♦ ❢♦ss❡✱ ∂(U) ∩ Λ t❡r✐❛ ❞✐♠❡♥sã♦ ✉♠✳ ■ss♦ r❡s✉❧t❛r✐❛ q✉❡ ❛s ✐♥t❡rs❡çõ❡s ∂(U) ∩ Λ

s❡r✐❛♠ ❝❛♠✐♥❤♦s✱ ♦ q✉❡ ♥ã♦ ♦❝♦rr❡✱ ♣♦✐s ✈✐♠♦s q✉❡ W u(p0, f) é ❞❡♥s♦ ❡♠ T2✳ ❉✐❛♥t❡

❞✐ss♦✱ Λ t❡♠ ❞✐♠❡♥sã♦ t♦♣♦❧ó❣✐❝❛ ♥♦ ♠á①✐♠♦ ✉♠✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ p1 ❡ p2 sã♦ ♣♦♥t♦s ✜①♦s ❡ ♥ã♦ ♣❡rt❡♥❝❡♠ ❛ V ✱ s❡q✉❡ q✉❡

p1, p2 /∈
∞⋃

k=0

fn(V ) = T2 \ Λ

✐ss♦ ✐♠♣❧✐❝❛ q✉❡ W u(p1, f),W
u(p2, f) ⊂ Λ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ Λ ♥ã♦ ♣♦❞❡ t❡r ❞✐♠❡♥sã♦

t♦♣♦❧ó❣✐❝❛ ③❡r♦✳ ❉✐❛♥t❡ ❞✐ss♦✱ ❝♦♥❝❧✉í♠♦s q✉❡ ❛ ❞✐♠❡♥sã♦ t♦♣♦❧ó❣✐❝❛ ❞❡ Λ é ✉♠✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ❡①♣r❡ss❛✱ ❞❡ ♠❛♥❡✐r❛ s✉❝✐♥t❛✱ ❛ r✐q✉❡③❛ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ♣r❡s❡♥t❡

♥♦ ❉❆✲❞✐❢❡♦♠♦r✜s♠♦ f q✉❡ ❝♦♥str✉í♠♦s✳



✺✾

❚❡♦r❡♠❛ ✼✳ ❖ ❉❆✲❞✐❢❡♦♠♦r✜s♠♦ f ✱ ❞❡s❝r✐t♦ ♥❛ ❙✉❜s❡çã♦ ✷✳✸✳✷✱ ♣♦ss✉✐ Ω(f) = {p0}∪Λ✱

s❡♥❞♦ p0 ♣♦♥t♦ ✜①♦ r❡♣✉❧s♦r ❡ Λ ✉♠ ❛tr❛t♦r ❞❡ ❞✐♠❡♥sã♦ ✉♠✳ ❖ ♠❛♣❛ f é tr❛♥s✐t✐✈♦ ❡♠

Λ ❡ s❡✉ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s sã♦ ❞❡♥s♦s ❡♠ Λ✳

❆ ❞❡♠♦str❛çã♦ ❝♦♠♣❧❡t❛ ❞♦ ❚❡♦r❡♠❛ ✼✱ ❛ss✐♠ ❝♦♠♦ t♦❞♦ ❝♦♥t❡ú❞♦ ❞❡st❛ s✉❜s❡çã♦✱

♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❞❡ ❢♦r♠❛ ❞❡t❛❧❤❛❞❛ ♥♦ sét✐♠♦ ❝❛♣ít✉❧♦ ❞♦ ▲✐✈r♦ ❞♦ ❘♦❜✐♥s♦♥ ❬✶✺❪✳

▼❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❞✐♠❡♥sã♦ t♦♣♦❧ó❣✐❝❛ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✻❪✳



❈❛♣ít✉❧♦ ✸

❆ ❈♦♥str✉çã♦ ❞♦s ❊①❡♠♣❧♦s

❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉tór✐♦✱ ❡①✐st❡ ✉♠ ❛rt✐❣♦ ♣✉❜❧✐❝❛❞♦ ♣♦r

❱❡r❥♦✈s❦② ❬✶✼❪ ♥♦ q✉❛❧ s❡ ❛✜r♠❛ q✉❡ ❡♠ t♦❞❛ ✈❛r✐❡❞❛❞❡ q✉❡ s✉♣♦rt❛ ✉♠ ✢✉①♦ ❞❡ ❆♥♦s♦✈

❞❡ ❝♦❞✐♠❡♥sã♦ ✉♠✱ ♦ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡ é ❛ ✈❛r✐❡❞❛❞❡ t♦❞❛✳ ▼❛s ✐ss♦ ♥ã♦ é ✈❡r❞❛❞❡ ❡♠

❞✐♠❡♥sã♦ ✸✱ ♣♦✐s ❏♦❤♥ ❋r❛♥❦s ❡ ❇♦❜ ❲✐❧❧✐❛♠s ❡①✐❜✐r❛♠✱ ❡♠ ❬✼❪✱ ❝♦♥tr❛❡①❡♠♣❧♦s ♦s q✉❛✐s

❡st✉❞❛r❡♠♦s ♥❡st❡ ❝❛♣ít✉❧♦✳

✸✳✶ ❖ Pr✐♠❡✐r♦ ❊①❡♠♣❧♦

❙❡❥❛ LA ♦ ❞✐❢❡♦♠♦r✜s♠♦ ❧✐♥❡❛r ❞❡ ❆♥♦s♦✈ ♥♦ t♦r♦ T2 q✉❡ ✐♥tr♦❞✉③✐♠♦s ♥♦

❊①❡♠♣❧♦ ✶✹✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r ♦ ❉❆✲❞✐❢❡♦♠♦r✜s♠♦ f ❛♣r❡s❡♥t❛❞♦ ♥❛ ❙✉❜s❡çã♦ ✷✳✸✳✷✳

❘❡s✉♠✐❞❛♠❡♥t❡✱ ✈✐♠♦s q✉❡ ❉❆✲❞✐❢❡♦♠♦r✜s♠♦ f t❡♠ ♦ ❢♦r♠❛t♦ φτ ◦ LA✱ s❡♥❞♦ q✉❡ φτ

♣r❡s❡r✈❛ ❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧ ❞❡ LA ❡♠ ✉♠❛ ♣❡q✉❡♥❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ ✉♠ ♣♦♥t♦ ✜①♦ p

❞❡ f ✳ ❊ss❛ ♠♦❞✐✜❝❛çã♦ ❢♦✐ ❢❡✐t❛ ♣❛r❛ q✉❡ ♦ ♣♦♥t♦ ✜①♦ p ❞❡ LA s❡ t♦r♥❡ ✉♠❛ ❢♦♥t❡ ❞❡ f ❡

♦❝♦rr❛ ♦ s✉r❣✐♠❡♥t♦ ❞❡ ✉♠ ❛tr❛t♦r ✉♥✐❞✐♠❡♥s✐♦♥❛❧ Λ q✉❡ ❥á ❡s❜♦ç❛♠♦s ♥❛ ❙✉❜s❡çã♦ ✷✳✸✳✸✳

❋✐❣✉r❛ ✷✷✿ ❉✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈ ❡ ♦ ❉❆✲❞✐❢❡♦♠♦r✜s♠♦

✻✵



✻✶

❱❛♠♦s ❝♦♥s✐❞❡r❛r ❛ ✈❛r✐❡❞❛❞❡ Ml ✐♥❞✉③✐❞❛ ♣❡❧♦ ✢✉①♦ s✉s♣❡♥sã♦ ♥♦ t♦r♦ T 2✱ ✐st♦

é✱ Ml = T 2 × R/ ∼ ✳ ❊ss❛ s✉s♣❡♥sã♦ ✐♥❞✉③ ✉♠ ✢✉①♦ φt ❡♠ Ml✱ q✉❡ t❡♠ ✉♠❛ ór❜✐t❛

♣❡r✐ó❞✐❝❛ r❡♣❡❧❡♥t❡ Θ✱ q✉❡ ✐❧✉str❛♠♦s ♥❛ ❋✐❣✉r❛ ✸✳✷✸✭❛✮✱ ❝♦rr❡s♣♦♥❞❡♥t❡ à ❢♦♥t❡ p ❡♠ T 2✳

❆♦ ❡①❝❧✉✐r ✉♠❛ ✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r J ❡♠ t♦r♥♦ ❞❡ Θ ❡♠ Ml ✐ss♦ r❡s✉❧t❛ ❡♠ ✉♠❛

✈❛r✐❡❞❛❞❡ M ❝✉❥♦ ♦ ❜♦r♦ B = ∂M é ❤♦♠❡♦♠♦r❢♦ ❛♦ t♦r♦ T2 ❡ ✉♠ ✢✉①♦ ✭q✉❡ t❛♠❜é♠

❝❤❛♠❛r❡♠♦s ❞❡ φt✮ q✉❡ é ✐♥t❡r✐♦r♠❡♥t❡ tr❛♥s✈❡rs❛❧✱ ❡♠ s❡✉ ❜♦r❞♦✳

❆ ❋✐❣✉r❛ ✸✳✷✸✭❜✮ é ✉♠❛ ✐❞❡✐❛ ❞❡ r❡♣r❡s❡♥t❛çã♦ ❞♦ ❜♦r❞♦ ∂M q✉❡ ♣♦ss✉✐ ✉♠❛ ór❜✐t❛

r❡♣✉❧s♦r❛ Θ✱ ❡s❜♦ç❛❞❛ ♥❛ ❋✐❣✉r❛ ✸✳✷✸✭❛✮✱ ❡♠ s❡✉ ✐♥t❡r✐♦r✳

✭❛✮ Ór❜✐t❛ r❡♣❡❧❡♥t❡ Θ✳ ✭❜✮ ❇♦r❞♦ ∂M✳

❋✐❣✉r❛ ✷✸✿ ❊❧❡♠❡♥t♦s ❞❡ M✳

❉❡✈✐❞♦ às ♣r♦♣r✐❡❞❛❞❡s ❞❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ q✉❡ ❝♦♥stró✐ Ml✱ ♣♦❞❡♠♦s

❝♦♥s✐❞❡r❛r ❛ s✉s♣❡♥sã♦ ❛♣❡♥❛s ♥♦ ✐♥t❡r✈❛❧♦ [0, 1]✳ ❉✐❛♥t❡ ❞✐ss♦✱ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✈✐③✐♥❤❛♥ç❛

t✉❜✉❧❛r ♣❛r❛ ❛ ór❜✐t❛ Θ ♣♦❞❡r✐❛ s❡r ❞❛❞♦ ♣♦r D2 × [0, 1]✳

❆ ❡s❝♦❧❤❛ ❞❛ ✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r J é ♠✉✐t♦ ♥❛t✉r❛❧✱ ♠❛s ❞❡❧✐❝❛❞❛✱ q✉❡

❞❡s❝r❡✈❡r❡♠♦s ❡♠ ❞❡t❛❧❤❡s✳ P♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ✉t✐❧✐③❛r❡♠♦s ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ❡♠ D2 ❡

♣❛r❛ ♣r❡s❡r✈❛r ❛ ❝♦♥str✉çã♦ ❞❡ Ml ❝♦♠♦ q✉♦❝✐❡♥t❡✱ ❡st❛❜❡❧❡❝❡r❡♠♦s ❛ r❡❧❛çã♦✱ ♣ró①✐♠♦

❞❛ ✈✐③✐♥❤❛♥ç❛ J ✱ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

(r, θ, 0) ∼ (cr, θ, 1),

s❡♥❞♦ c > 1✳

P❛r❛ ❛ ♦❜t❡♥çã♦ ❞❡ J ✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ♦s ♣♦♥t♦s ❞❛ ❢♦r♠❛ (ǫeλt, θ, t)✱ s❡♥❞♦

λ = ln c✳ ❖❜s❡r✈❡✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ q✉❡ ♣❛r❛ t = 0 ♦s ♣♦♥t♦s sã♦ ❞❛ ❢♦r♠❛ (ǫ, θ, 0) ❡ ♣❛r❛

t = 1 ♦s ♣♦♥t♦s sã♦ ❞❛ ❢♦r♠❛ (ǫc, θ, 1)✱ ♦ q✉❡ ♠♦str❛ q✉❡ ♦s ♣♦♥t♦s ❡stã♦ ✐❞❡♥t✐✜❝❛❞♦s

♣❡❧❛ r❡❧❛çã♦ ∼ ✳ ❈♦♠ ❛ ❡s❝♦❧❤❛ ❞❡ ✉♠ ǫ > 0 ❝♦♥✈❡♥✐❡♥t❡✱ ❞❡t❡r♠✐♥❛♠♦s ♦ ❜♦r❞♦ t♦r❛❧



✻✷

B = ∂M ❞❡ M ❝♦♠♦ ❛ r❡❣✐ã♦ ❞❡s❝r✐t❛ ❛❝✐♠❛✳

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ❡♠ ❙❡çã♦ ✷✳✶✱ ❛s ❢♦❧❤❛s ❞❛ ❢♦❧❤❡❛çã♦ ✐♥stá✈❡✐s Fuu ❞❡ T2 sã♦

❞❛❞❛s ♣♦r ❧✐♥❤❛s ♣❛r❛❧❡❧❛s✳ ◗✉❛♥❞♦ ❡ss❛s ❢♦❧❤❛s sã♦ s✉❜♠❡t✐❞❛s à ❛çã♦ ❞❛ s✉s♣❡♥sã♦✱

♦❝♦rr❡ ♦ s✉r❣✐♠❡♥t♦ ❞❡ ♣❧❛♥♦s ♣❛r❛❧❡❧♦s q✉❡✱ s❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠ s❡r

❝♦♥s✐❞❡r❛❞♦s ❝♦♠♦ ❤♦r✐③♦♥t❛✐s q✉❡ ❞ã♦ ♦r✐❣❡♠ ❛ ❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧ ❢r❛❝❛ Fu ❞❡ Ml✳ ❉❡st❡

♠♦❞♦✱ ❛♦ r❡t✐r❛r♠♦s ❛ ✈✐③✐♥❤❛♥ç❛ t✉❜✉❧❛r J ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❛ ✈❛r✐❡❞❛❞❡ M✱ ♣♦❞❡♠♦s

♦❜s❡r✈❛r q✉❡ ❡ss❡s ♣❧❛♥♦s✱ ❝♦♠ ❛ ❡①❝❡çã♦ ❞❡ ❛♣❡♥❛s ✉♠✱ ❝r✉③❛♠ ♦ ❜♦r❞♦ B ❞❡ M ❡♠

❝✉r✈❛s s❡♠❡❧❤❛♥t❡s ❛ ♣❛rá❜♦❧❛s✱ s❡♥❞♦ q✉❡ ♦ ❝r✉③❛♠❡♥t♦ ❡①❝❡♣❝✐♦♥❛❧ ❝♦♥s✐st❡ ❡♠ ❞✉❛s

❧✐♥❤❛ ❤♦r✐③♦♥t❛✐s✱ ❝♦♠♦ ✐♥❞✐❝❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✹✳

❋✐❣✉r❛ ✷✹✿ B ∩ Fu✳

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s✱ ♦ ❜♦r❞♦ B é ❤♦♠❡♦♠♦r❢♦ ❛♦ t♦r♦ T2✳ ❙❡♥❞♦ ❛ss✐♠✱ ♣♦❞❡♠♦s

tr❛♥s❢♦r♠❛r B ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ✐♥t❡rs❡çã♦ ❞❛ ❢♦❧❤❡❛çã♦ ✐♥stá✈❡❧ ❢r❛❝❛ ♥♦ t♦r♦✳ ▲♦❣♦✱

❛♣ós ❛ ✐❞❡♥t✐✜❝❛çã♦ (r, θ, 0) ∼ (cr, θ, 1)✱ ❛ ❢♦❧✐❛çã♦ é ❢❛♠✐❧✐❛r ❛ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❘❡❡❜✱

❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✺✳

❋✐❣✉r❛ ✷✺✿ Fu ∩B✳



✻✸

❆♥❛❧♦❣❛♠❡♥t❡✱ ❛s ❢♦❧❤❛s ❞❛ ❢♦❧❤❡❛çã♦ ❡stá✈❡❧ F ss ❞❡ T2 t❛♠❜é♠ sã♦ ❞❛❞❛s ♣♦r

❧✐♥❤❛s ♣❛r❛❧❡❧❛s✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❛s ❧✐♥❤❛s sã♦ ♦rt♦❣♦♥❛✐s ❡♠ r❡❧❛çã♦ às ❢♦❧❤❛s ✐♥stá✈❡✐s✳

P♦r ❡ss❡ ♠♦t✐✈♦✱ ♦❜t❡♠♦s q✉❡ ❛ ✐♥t❡rs❡çã♦ F s ∩B ❞❛ ❢♦❧✐❛çã♦ ✐♥stá✈❡❧ ❢r❛❝❛ ❝♦♠ ♦ ❜♦r❞♦

B✱ ❛ss✐♠ ❝♦♠♦ Fu ∩ B✱ é ❢❛♠✐❧✐❛r à ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❘❡❡❜ q✉❡ ❡stã♦ ❞❡s❢❛s❛❞❛s ❡♠

✉♠ â♥❣✉❧♦ ❞❡ π
2
rad ❡♠ r❡❧❛çã♦ ❛ F s ∩ B✳

❋✐❣✉r❛ ✷✻✿ F s ∩ B✳

❆♣❡s❛r ❞❛ ♦rt♦❣♦♥❛❧✐❞❛❞❡ ❞❡ss❛s ❢♦❧❤❛s s❡r ♦❜s❡r✈❛❞❛ ❞❡ ❢♦r♠❛ ♥❛t✉r❛❧✱ ❞❡✈✐❞♦ à

♥♦ss❛ ❝♦♥str✉çã♦✱ ✈❛♠♦s ✈❡r✐✜❝❛r ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❡st❡ ❢❛t♦✳

❯♠ ♣❧❛♥♦ ❤♦r✐③♦♥t❛❧ ❛ ✉♠❛ ❞✐stâ♥❝✐❛ d ❞❛ r❡t❛ r = 0 t❡♠ ❛ ❡q✉❛çã♦ r sin θ = d✱

♦✉ s❡❥❛ r = d
sin θ

✳ ❆ ❡q✉❛çã♦ ❞❡ss❡ ♣❧❛♥♦ ♣♦❞❡ s❡r ❞❡❞✉③✐❞❛ ❞❡ ❢♦r♠❛ ❞✐r❡t❛✱ ❝♦♥❢♦r♠❡

♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✼✳

❋✐❣✉r❛ ✷✼✿ ❈ír❝✉❧♦ ❝❡♥tr❛❞♦ ❡♠ Θ✳

❈♦♠♦ B é ❞❛❞♦ ♣♦r (ǫeλt, θ, t)✱ s❡❣✉❡ q✉❡ ❛ r❡❣✐ã♦ ❞❛❞❛ ♣❡❧❛ ✐♥t❡rs❡çã♦ Fu ∩ B é

❞❛❞❛ ♣♦r✿

ǫeλt =
d

sin θ
. ✭✸✳✶✮

❉❡ ♠♦❞♦ ❛♥á❧♦❣♦✱ ♣♦❞❡♠♦s ❡①♣r❡ss❛r ❛ ✐♥t❡rs❡çã♦ F s ∩ B ❧❡✈❛♥❞♦ ❛♣❡♥❛s ❡♠

❝♦♥s✐❞❡r❛çã♦ q✉❡ ❛s ❢♦❧❤❛s ❡stá✈❡✐s ❢r❛❝❛s ❛❣♦r❛ sã♦ ✈❡rt✐❝❛✐s✳ P❛r❛ ✐ss♦✱ ❜❛st❛ t♦♠❛r ❛



✻✹

❊q✉❛çã♦ ✸✳✶✱ tr♦❝❛♥❞♦ θ ♣♦r θ̄ = θ + π
2
✳ ❉✐❛♥t❡ ❞✐ss♦✱ s❡❣✉❡ q✉❡ ❛ ❡q✉❛çã♦ ❞❡ t❛❧ ♣❧❛♥♦ é

❞❛❞❛ ♣♦r✿

ǫeλt =
d

sin θ̄

=
d

sin(θ + π
2
)

=
d

cos θ

.

❖✉ s❡❥❛✱

ǫeλt =
d

cos θ
✭✸✳✷✮

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❞❡✐①❛r t❛✐s ❡①♣r❡ssõ❡s ♠❛✐s s✐♠♣❧✐✜❝❛❞❛s✱ ✈❛♠♦s ❛♣❧✐❝❛r ❛ ❢✉♥çã♦

❧♦❣❛r✐t♠♦ ❡♠ ❛♠❜❛s ❊q✉❛çõ❡s ✸✳✶ ❡ ✸✳✷✳ ❋❡✐t♦ ✐ss♦✱ ♦❜t❡♥❞♦ ✉♠❛ ♥♦✈❛ r❡♣r❡s❡♥t❛çã♦ ♣❛r❛

❛s r❡❣✐õ❡s F s ∩ B ❡ Fu ∩ B✳

ln ǫ+ λt− ln d+ ln(sin θ) = −λt+ ln(sin θ) + C = 0 ✭✸✳✸✮

ln ǫ+ λt− ln d+ ln(cos θ) = −λt+ ln(cos θ) + C = 0 ✭✸✳✹✮

s❡♥❞♦ C = ln ǫ− ln d✳ ❖❜s❡r✈❡ q✉❡ ♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❛ ❊q✉❛çã♦ ✸✳✸ r❡s✉❧t❛ ❡♠✿

λ dt− sin θ

cos θ
dθ

⇒ λ dt− tg θ dθ.

❏á ♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❛ ❊q✉❛çã♦ ✸✳✹ r❡s✉❧t❛ ❡♠✿

λ dt+
cos θ

sin θ
dθ

⇒ λ dt+ cotg θ dθ

❈♦♠♦ −tg(θ) ❡ cotg(θ) sã♦ ❞❡❢❛s❛❞❛s ❡♠ ✉♠ â♥❣✉❧♦ ❞❡
π

2
rad✱ s❡❣✉❡ q✉❡ ❛s

✐♥t❡rs❡çõ❡s Fu ∩ B ❡ F s ∩ B ♥✉♥❝❛ sã♦ ♣❛r❛❧❡❧❛s✱ ♦✉ s❡❥❛✱ tr❛♥s✈❡rs❛✐s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱



✻✺

❝♦♠♦ ♦ â♥❣✉❧♦ ❞❡ ❞❡❢❛s❛❣❡♠ é π
2
rad✱ ❝♦♥❝❧✉í♠♦s q✉❡ Fu ❡ F s sã♦ s❡♠♣r❡ ♦rt♦❣♦♥❛✐s✳ ❆

❋✐❣✉r❛ ✷✽ ✐❧✉str❛ ❛ ✐♥t❡rs❡çã♦ ❞♦ ❜♦r❞♦ B ❝♦♠ ❡ss❛s ❢♦❧❤❡❛çõ❡s✳

❋✐❣✉r❛ ✷✽✿ Fu ❡ Fu ❡♠ B✳

❋❡✐t♦ ✐ss♦✱ ❛❧é♠ ❞❡ ❝♦♥❝❧✉✐r♠♦s ❛ ❝♦♥str✉çã♦ ❞❛ ✈❛r✐❡❞❛❞❡ M t❛♠❜é♠ ♦❜t❡♠♦s

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❢♦❧❤❡❛çõ❡s ✐♥stá✈❡✐s ❢r❛❝❛ ❡ ❡stá✈❡✐s ❢r❛❝❛ ❡♠ s❡✉ ❜♦r❞♦✳ ❈♦♠ ♦

♦❜❥❡t✐✈♦ ❞❡ ❞❡✐①❛r ❛ ♥♦t❛çã♦ ♠❛✐s ♣r❡❝✐s❛✱ ❞❡ ❛❣♦r❛ ❡♠ ❞✐❛♥t❡ ✐♥❞✐❝❛r❡♠♦s ♣♦r (M, φt) ❛

✈❛r✐❡❞❛❞❡ M ❡q✉✐♣❛❞❛ ❝♦♠ ♦ ✢✉①♦ φt✳

❆❣♦r❛✱ ✈❛♠♦s ❝♦♥str✉✐r ✉♠❛ ♥♦✈❛ ✈❛r✐❡❞❛❞❡✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r ✉♠❛

❝ó♣✐❛ M ❞❡ M ❡q✉✐♣❛❞❛ ❝♦♠ ♦ ✢✉①♦ ✐♥✈❡rs♦ φ−t ❞❡ φt ✳ ❊ss❛ ♥♦✈❛ ✈❛r✐❡❞❛❞❡ M✱ ❛ss✐♠

❝♦♠♦ M✱ t❛♠❜é♠ ♣♦ss✉✐ ✉♠ ❜♦r❞♦ B q✉❡ é ❤♦♠❡♦♠♦r❢♦ ❛♦ t♦r♦ T2✳

❈♦♠♦ ❝♦♥s✐❞❡r❛♠♦s ♦ ✢✉①♦ ✐♥✈❡rs♦✱ ❡♥q✉❛♥t♦ M ♣♦ss✉✐ ✉♠ ❛tr❛t♦r✱ M ♣♦ss✉✐ ✉♠

r❡♣✉❧s♦r✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❢♦❧❤❡❛çõ❡s ✐♥stá✈❡✐s ❢r❛❝❛ ❡ ❡stá✈❡✐s ❢r❛❝❛ ❞❡ (M, φt) ❞ã♦ ♦r✐❣❡♠

❛s ❛s ❢♦❧❤❡❛çõ❡s ❡stá✈❡✐s ❢r❛❝❛ ❡ ✐♥stá✈❡✐s ❢r❛❞❛ ❞❡ (M, φ−t)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❆ ❋✐❣✉r❛ ✷✾ é ✉♠❛ ✐❞❡✐❛ ❞❡ r❡♣r❡s❡♥t❛çã♦ ❞❛s ✈❛r✐❡❞❛❞❡s M ❡ M✳ ❚❛❧ ❡s❜♦ç♦✱

q✉❡ ❞❡✐①❛ ❛ ❞❡s❡❥❛r ❡♠ ❛❧❣✉♥s ❛s♣❡❝t♦s✱ t❡♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❞❡st❛❝❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s

❢♦❧❤❡❛çõ❡s ♥♦ ❜♦r❞♦ ❞❡ss❛s ✈❛r✐❡❞❛❞❡s✳
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❋✐❣✉r❛ ✷✾✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ M ❡ M✳

P♦❞❡♠♦s ❡❢❡t✉❛r ❛ ❝♦❧❛❣❡♠ ❞❡ M ❡ M ♣❡❧♦s ❜♦r❞♦s B ❡ B̄ ❛tr❛✈és ❞❡ ✉♠

❞✐❢❡♦♠♦r✜s♠♦s h : B → B̄✳ ❊ss❛ ❝♦❧❛❣❡♠✱ ♣♦r ❡①❡♠♣❧♦✱ ♣♦❞❡r✐❛ s❡r ❡❢❡t✉❛❞❛ ❝♦♠ ♦

❞✐❢❡♦♠♦r✜s♠♦ ✐❞❡♥t✐❞❛❞❡✱ ♠❛s ❝♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♦❜t❡r ✉♠❛ ✈❛r✐❡❞❛❞❡ q✉❡

s✉♣♦rt❛ ✉♠ ❋❧✉①♦ ❞❡ ❆♥♦s♦✈✱ ♣r❡❝✐s❛♠♦s t♦♠❛r ❛❧❣✉♥s ❝✉✐❞❛❞♦s✳

❆s ✈❛r✐❡❞❛❞❡s (M, φt) ❡ (M, φ−t)✱ ❛♣❡s❛r ❞❡ t❡r❡♠ s✐❞♦ ♠♦❞✐✜❝❛❞❛s✱ ♣♦ss✉❡♠

❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♠ s❡✉ ✐♥t❡r✐♦r✱ ✉♠❛ ✈❡③ q✉❡ sã♦ ♦❜t✐❞❛s ♣♦r ✉♠❛ s✉s♣❡♥sã♦ ❞❡ ✉♠

❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈✳ ❉✐❛♥t❡ ❞✐ss♦✱ ✉t✐❧✐③❛♥❞♦ ✉♠❛ ❝♦❧❛❣❡♠ ❛♣r♦♣r✐❛❞❛✱ ❝♦♥s❡❣✉✐♠♦s

❝♦♥❡❝t❛r ❛s ❢♦❧❤❛s ❡stá✈❡✐s ✭❛ss✐♠ ❝♦♠♦ ❛s ✐♥stá✈❡✐s✮ ❞❛s ✈❛r✐❡❞❛❞❡s ❡ ♦❜t❡r ✉♠❛ ♥♦✈❛

✈❛r✐❡❞❛❞❡ ❝♦❧❛❞❛ ❝♦♠ ❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛✳

❊ss❡ ❞✐❢❡♦♠♦r✜s♠♦ ❛♣r♦♣r✐❛❞♦ é ♦❜t✐❞♦ ❞❡ ❢♦r♠❛ ♥❛t✉r❛❧ ❞❡✈✐❞♦ ❛ ❡str✉t✉r❛ q✉❡

❝♦♥str✉í♠♦s✳ P❛r❛ ❛✉①✐❧✐❛r ❛ ✈✐s✉❛❧✐③❛çã♦✱ ✈❛♠♦s ❞❡st❛❝❛r ❛ ✐♥t❡r❝❡ssã♦ ❞❛s r❡s♣❡❝t✐✈❛s

❢♦❧❤❛s ✐♥stá✈❡✐s ❝♦♠ ♦s ❜♦r❞♦s B = ∂M ❡ B = ∂M ♥❛ ❋✐❣✉r❛ ✸✵✳

❋✐❣✉r❛ ✸✵✿ Fu ❡♠ ∂M ❡ ∂M
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❖❜s❡r✈❡ q✉❡ ❡ss❛s ❢♦❧❤❛s ✐♥t❡rs❡❝t❛♠ ♦s ❜♦r❞♦s ❛♣❡♥❛s ❝♦♠ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ✉♠

❞❡s❧♦❝❛♠❡♥t♦ ❞❡ π
2
rad✳ ❉✐❛♥t❡ ❞✐ss♦✱ ♦ ❞✐❢❡♦♠♦r✜s♠♦ h : B → B̄✱ q✉❡ ❧❡✈❛ r 7→ r̄ ❡

θ 7→ θ̄− π
2
✱ ❝✉♠♣r❡✱ ♣❡r❢❡✐t❛♠❡♥t❡✱ ❡ss❛ ❞❡s❡❥❛❞❛ ❝♦♥❡①ã♦ ❡♥tr❡ ❛s ❢♦❧❤❛s✳ ■♥t✉✐t✐✈❛♠❡♥t❡✱

♦ ❞✐❢❡♦♠♦r✜s♠♦ h r♦t❛❝✐♦♥❛ ♦ ❜♦r❞♦ B̄ ❡♠ ✉♠ â♥❣✉❧♦ ❞❡ π
2
rad✳ ❙❡♥❞♦ ❛ss✐♠✱ ❛ ❝♦❧❛❣❡♠

é ❛ s♦❜r❡♣♦s✐çã♦ ❞♦s ❜♦r❞♦s B ❡ ♦ B̄ ✭r♦t❛❝✐♦♥❛❞♦✮✳

❉❡♥♦t❛r❡♠♦s ❛ ✈❛r✐❡❞❛❞❡ ❝♦❧❛❞❛ ♣♦r M = M⋃

hM✳ ❊ss❛ ✈❛r✐❡❞❛❞❡✱ ♣♦r

❝♦♥str✉çã♦✱ é ❝♦♠♣❛❝t❛ ❡ s✉♣♦rt❛ ✉♠ ❋❧✉①♦ ❞❡ ❆♥♦s♦✈ ✐♥tr❛♥s✐t✐✈♦✳

▼❛s✱ ❛♥t❡s ❞❡ ✈❡r✐✜❝❛r q✉❡ M r❡❛❧♠❡♥t❡ s✉♣♦rt❛ ✉♠ ✢✉①♦ ❞❡ ❆♥♦s♦✈✱ ♣r❡❝✐s❛♠♦s

✈✐s✉❛❧✐③❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ✢✉①♦ ❡♠ M✳

❋✐❣✉r❛ ✸✶✿ ❋❧✉①♦ ψt ❡♠ M✳

❇❛s✐❝❛♠❡♥t❡✱ ♦s ✢✉①♦s ♥♦ ✐♥t❡r✐♦r ❞❛s ✈❛r✐❡❞❛❞❡s M ❡ M sã♦ ♠❛♥t✐❞♦s ❡ ❛ ú♥✐❝❛

❛❧t❡r❛çã♦ é ❛ ✐❞❡♥t✐✜❝❛çã♦✱ ❛tr❛✈és ❞♦ ❞✐❢❡♦♠♦r✜s♠♦ h✱ ❞♦s ♣♦♥t♦s ❞❡ s❡✉s ❜♦r❞♦s✳ ❆❣♦r❛✱

✈❛♠♦s ❛♥❛❧✐s❛r ❡ss❛ s✐t✉❛çã♦ ❢♦r♠❛❧♠❡♥t❡✳

❱❛♠♦s ❡st❛❜❡❧❡❝❡r ♦ ✢✉①♦ ψt s♦❜r❡ ❛ ✈❛r✐❡❞❛❞❡ M✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡ ✉♠ ♣♦♥t♦

x ∈ M✳ ❈❛s♦ ❛ ór❜✐t❛ ❞❡ x ♣❡r♠❛♥❡ç❛ ✐♥t❡✐r❛♠❡♥t❡ ❝♦♥t✐❞❛ ♥♦ ✐♥t❡r✐♦r ❞❡ M✱ s❡❣✉♥❞♦

φt✱ ❞❡✜♥✐♠♦s ψt(x) = φt(x)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ ❛ ór❜✐t❛ ❞❡ x ♣❡r♠❛♥❡❝❡ ✐♥t❡✐r❛♠❡♥t❡

❝♦♥t✐❞❛ ♥♦ ✐♥t❡r✐♦r ❞❡ M✱ s❡❣✉♥❞♦ φ−t✱ ❞❡✜♥✐♠♦s ψt(x) = φ−t(x)✳ ❈♦♠♦ M ❡ M✱ ❡♠ s❡✉

✐♥t❡r✐♦r✱ sã♦ ♦❜t✐❞❛s ❛tr❛✈és ❞❡ ✉♠❛ s✉s♣❡♥sã♦ ❞❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❆♥♦s♦✈✱ s❡❣✉❡ ❞❛

Pr♦♣♦s✐çã♦ ✸ q✉❡ M ❡ M ♣♦ss✉❡♠ ❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♠ s❡✉s ✐♥t❡r✐♦r❡s✳
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◆♦ ❝❛s♦ ❞❛ ór❜✐t❛ ❞❡ x ❡st❛r ♣r❡s❡♥t❡ ❡♠ M ❡ M✱ ♣r❡❝✐s❛♠♦s t♦♠❛r ✉♠ ❝❡rt♦

❝✉✐❞❛❞♦✳ P♦r ❝♦♥str✉çã♦✱ ❡①✐st❡ t0 ∈ R ❞❡ ♠♦❞♦ q✉❡ y = ψt0(x) ∈ ∂M✱ q✉❡ ❡stá

✐❞❡♥t✐✜❝❛❞♦ ❝♦♠ h(y) ∈ ∂M✳ ❉✐❛♥t❡ ❞✐ss♦✱ ♣❛r❛ ❡st❛❜❡❧❡❝❡r ♦ ✢✉①♦ ♣❛r❛ ♦ ❝❛s♦ ❡♠

q✉❡stã♦✱ ❜❛st❛ ❝♦♥str✉✐r ψt ♣❛r❛ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❢r♦♥t❡✐r❛✳ ❈♦♠ ❡❢❡✐t♦✱ ❝♦♥s✐❞❡r❡ y ∈ ∂M
❡ ❞❡✜♥❛ ψt(y) ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

ψt(y) =







φ−t(h(y)) ✱ s❡ t < 0

y ∼ h(y) ✱ s❡ t = 0

φt(y) ✱ s❡ t > 0

❈♦♠ ♦ ✢✉①♦ ❡st❛❜❡❧❡❝✐❞♦✱ ❛✜♠ ❞❡ q✉❡ ψ s❡❥❛ ✉♠❛ ✢✉①♦ ❞❡ ❆♥♦s♦✈✱ ♣r❡❝✐s❛♠♦s q✉❡

♦ ✜❜r❛❞♦ t❛♥❣❡♥t❡ TM s❡ ❞❡❝♦♠♣♦♥❤❛ ❡♠ três s✉❜✜❜r❛❞♦s Es ✱ Eu ❡ TX✳ ❙❡♥❞♦ Es ✱ Eu

✐♥✈❛r✐❛♥t❡s ♣❡❧❛ ❞❡r✐✈❛❞❛ ❞♦ ✢✉①♦✱ ❝♦♥tr❛✐♥❞♦ ❡♠ Es✱ ❡①♣❛♥❞✐♥❞♦ ❡♠ Eu ❡ TX t❛♥❣❡♥t❡

❛♦ ✢✉①♦ ψt✳

❆ss✐♠ ❝♦♠♦ ♦ ✢✉①♦ ψ ❡♠ M✱ ❛ ♦❜t❡♥çã♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ TM é ❢❡✐t❛ ❞❡ ❢♦r♠❛

♥❛t✉r❛❧ ❡ ♣r♦✈❡♥✐❡♥t❡ ❞❛s ✈❛r✐❡❞❛❞❡s M ❡ M✳ ❱❛♠♦s ❝♦♥s✐❞❡r❛r Es ✱ Eu ❡ TX ❝♦♠♦

s❡♥❞♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M ❡✱ ❛♥❛❧♦❣❛♠❡♥t❡✱ Es ✱ Eu ❡ TX ❝♦♠♦ s❡♥❞♦ ❛ ❞❡❝♦♠♣♦s✐çã♦

❞❡ M✳ ❉✐❛♥t❡ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ x ∈ M✱ ♦s ❡s♣❛ç♦s Esx ❡ Eux sã♦ ❞❛❞♦s ♣♦r✿

Esx =







Es
x ✱ s❡ x ∈ M

Es
x ∼ Es

h(y) ✱ s❡ x ∈ ∂M
Es
x ✱ s❡ x ∈ M

Eux =







Eu
x ✱ s❡ x ∈ M

Eu
x ∼ Eu

h(y) ✱ s❡ x ∈ ∂M
Eu
x ✱ s❡ x ∈ M

❖❜s❡r✈❡ q✉❡ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❡①♣❛♥s✐✈✐❞❛❞❡ ❞❡ Eu ❡ ❝♦♥tr❛çã♦ ❞❡ Es sã♦

❤❡r❞❛❞❛s ❞❡ Eu✱ Es✱ Eu ❡ Es✱ q✉❛♥❞♦ ❛ss♦❝✐❛❞❛s à ❝♦❧❛❣❡♠ ❡①tr❡♠❛♠❡♥t❡ ❛♣r♦♣r✐❛❞❛✱

❞❛❞❛ ♣❡❧♦ ❞✐❢❡♦♠♦r✜s♠♦ h✳ ❈♦♠ ✐ss♦✱ ❞❡ ❢♦r♠❛ ❡①tr❡♠❛♠❡♥t❡ ❝♦♥str✉t✐✈❛✱ ♠♦str❛♠♦s

q✉❡ ♦ ✢✉①♦ ψ é ✉♠ ❋❧✉①♦s ❞❡ ❆♥♦s♦✈ s♦❜r❡ ❛ ✈❛r✐❡❞❛❞❡ M✳

➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r q✉❡ ❛ ♠❛♥❡✐r❛ ❝♦♠♦ é ❢❡✐t❛ ❛ ❝♦❧❛❣❡♠✱ ♥❡ss❡ ❝❛s♦✱ é

♣r✐♠♦r❞✐❛❧ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛ ❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛✳ ❉❡st❛❝❛♥❞♦ ♦s ❜♦r❞♦s ❞❛s ✈❛r✐❡❞❛❞❡s



✻✾

✐❧✉str❛❞❛s ♥❛ ❋✐❣✉r❛ ✷✾✱ ❞❡ ❢♦r♠❛ ✐♥t✉✐t✐✈❛✱ ♣♦❞❡♠♦s ✈✐s✉❛❧✐③❛r q✉❡ ❛♦ r♦t❛❝✐♦♥❛r♠♦s ∂M
❡♠ ✉♠ â♥❣✉❧♦ ❞❡ π

2
r❛❞✐❛♥♦s✱ t♦r♥❛♠♦s ❛s r❡♣r❡s❡♥t❛çõ❡s ❞❛s ❋✐❣✉r❛s ✸✳✸✷✭❛✮ ❡ ✸✳✸✷✭❜✮

✐❞ê♥t✐❝❛s✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❧✐❞❛r ❝♦♠ ❛ ❝♦❧❛❣❡♠ ❝♦♠♦ ❛ s♦❜r❡♣♦s✐çã♦ ❞❛s ❋✐❣✉r❛s

✸✳✸✷✭❛✮ ❡ ✸✳✸✷✭❜✮✭r♦t❛❝✐♦♥❛❞♦✮✱ ❣❛r❛♥t✐♥❞♦ ❛ ❡str✉t✉r❛ ❤✐♣❡r❜ó❧✐❝❛ ❞♦ s✐st❡♠❛✳

✭❛✮ Fu ❡ Fs ❡♠ B✳ ✭❜✮ Fu ❡ Fs ❡♠ B✳

❋✐❣✉r❛ ✸✷✿ ❊❧❡♠❡♥t♦s ❞❡ M ❡ M✳

❈♦♠♦ ❞❡st❛❝❛♠♦s ♥♦ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉tór✐♦✱ ❛té ❛♥t❡s ❞❡ 1980✱ ♦s ❡①❡♠♣❧♦s

❝♦♥❤❡❝✐❞♦s ❞❡ ❋❧✉①♦s ❞❡ ❆♥♦s♦✈ ❡r❛♠ tr❛♥s✐t✐✈♦s✳ ■ss♦ ♠♦t✐✈♦✉ ❱❡r❥♦✈s❦② ❛ ♣✉❜❧✐❝❛r✱

❡♠ ✶✾✼✹✱ ♦ ❆rt✐❣♦ ❬✶✼❪ ❞✐③❡♥❞♦ q✉❡ t♦❞❛ ✈❛r✐❡❞❛❞❡ q✉❡ s✉♣♦rt❛ ✉♠ ❋❧✉①♦ ❞❡ ❆♥♦s♦✈ ❞❡

❝♦❞✐♠❡♥sã♦ ✉♠✱ ♣♦ss✉✐ ❝♦♥❥✉♥t♦ ♥ã♦ ❡rr❛♥t❡ ❝♦♠♦ s❡♥❞♦ t♦❞❛ ❛ ✈❛r✐❡❞❛❞❡✱ ♦✉ s❡❥❛✱ ✉♠

❋❧✉①♦ ❞❡ ❆♥♦s♦✈ tr❛♥s✐t✐✈♦✳

❆❣♦r❛✱ ✈❡r❡♠♦s q✉❡ ♦ ✢✉①♦ ψ ❡♠ M q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❝♦♥str✉✐r ♥ã♦ é tr❛♥s✐t✐✈♦✱

♦✉ s❡❥❛✱ Ω(ψ) 6= M✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s r❡t♦r♥❛r à ❝♦♥str✉çã♦ ❞❡ (M, ψ)✳

❱✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ q✉❡ (M, φ) ♣♦ss✉✐ ✉♠ ❛tr❛t♦r Λ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣♦r

❝♦♥str✉çã♦✱ (M, φ−1) ♣♦ss✉✐ ✉♠❛ r❡♣✉❧s♦r q✉❡ ✈❛♠♦s ❝❤❛♠❛r ❞❡ Λ✳ ❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛

❞❡✜♥✐çã♦ ❞❡ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥ã♦ ❡rr❛♥t❡s q✉❡ Λ * Ω(ψ)✳ ❉✐❛♥t❡ ❞✐ss♦✱ ❝♦♠♦ Λ ⊂ M✱

❝♦♥❝❧✉í♠♦s q✉❡

Ω(ψ) 6= M.

■ss♦ ♠♦str❛ q✉❡ ♦ ✢✉①♦ ψ ♥ã♦ é tr❛♥s✐t✐✈♦✳ ◆❡ss❡ s❡♥t✐❞♦✱ ❞❡st❛❝❛r❡♠♦s ❛s

♣r♦♣r✐❡❞❛❞❡s ❞❡ t♦❞❛ ❛ ❝♦♥str✉çã♦ ❢❡✐t❛ ♥❡ss❛ s❡çã♦ ❝♦♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳
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Pr♦♣♦s✐çã♦ ✹✳ ❖ ✢✉①♦ ψ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❝♦♥str✉✐r s♦❜r❡ M é ✉♠ ❋❧✉①♦ ❞❡ ❆♥♦s♦✈✱

❝✉❥♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ♥ã♦ ❡rr❛♥t❡s ♥ã♦ é t♦❞❛ ❛ ✈❛r✐❡❞❛❞❡ M✱ ♦✉ s❡❥❛✱ ψ é ✉♠❛ ❋❧✉①♦

❞❡ ❆♥♦s♦✈ ✐♥tr❛♥s✐t✐✈♦✳

❆ Pr♦♣♦s✐çã♦ ✹ ❛♣♦♥t❛ ✉♠ ❝♦♥tr❛ ❡①❡♠♣❧♦ ♣❛r❛ ♦ r❡s✉❧t❛❞♦ ♣✉❜❧✐❝❛❞♦ ♥♦

❆rt✐❣♦ ❬✶✼❪ q✉❡ ❱❡r❥♦✈s❦②✱ ❡rr♦♥❡❛♠❡♥t❡✱ ❛❝r❡❞✐t❛✈❛ s❡r ✈❡r❞❛❞❡✐r♦✳ ◆❛ ♣ró①✐♠❛ s❡çã♦✱

❛♣r❡s❡♥t❛r❡♠♦s ♠❛✐s ✉♠ ❡①❡♠♣❧♦ ❞❡ ✢✉①♦ ❞❡ ❆♥♦s♦✈ ✐♥tr❛♥s✐t✐✈♦✳

✸✳✷ ❖ ❙❡❣✉♥❞♦ ❊①❡♠♣❧♦

❚❡♥❞♦ ❡♠ ❝♦♥t❛ ♦ ❡①❡♠♣❧♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱ é ♥❛t✉r❛❧ ♣❡r❣✉♥t❛r s❡ é ♣♦ssí✈❡❧

❝♦♥str✉✐r ✉♠ ❋❧✉①♦ ❞❡ ❆♥♦s♦✈ s♦❜r❡ ✉♠❛ 3−✈❛r✐❡❞❛❞❡ ❝♦♠♦ ♠❛✐s ❞❡ ❞♦✐s ❝♦♥❥✉♥t♦s ❜ás✐❝♦s

♦✉ ❝♦♠ ❝♦♥❥✉♥t♦s ❜ás✐❝♦s ❞❡ ❞✐♠❡♥sã♦ ✉♠✳ ❆♠❜❛s ❛s ✐♥❞❛❣❛çõ❡s s❡rã♦ r❡s♣♦♥❞✐❞❛s ❞❡

❢♦r♠❛ ❛✜r♠❛t✐✈❛✱ ❝♦♠♦ ✈❡r❡♠♦s ❛❞✐❛♥t❡✳ ❱❛♠♦s ♣r♦♣♦r ✉♠ ❡①❡♠♣❧♦ ❡♠ q✉❡ ♦ ❝♦♥❥✉♥t♦

♥ã♦ ❡rr❛♥t❡ t❡♥❤❛ ✹ ♣❡ç❛s ❜ás✐❝❛s✿ ❞♦✐s ❛tr❛t♦r❡s✱ ✉♠ r❡♣✉❧s♦r ❡ ✉♠❛ ór❜✐t❛ ❢❡❝❤❛❞❛

✐s♦❧❛❞❛✳

❆ ✐❞❡✐❛ é ♣r♦❞✉③✐r ✉♠ ✢✉①♦ f t ♥❛ ✈❛r✐❡❞❛❞❡ S1×D̈✱ s❡♥❞♦ D̈ ✉♠ ❞✐s❝♦ ❜✐❞✐♠❡♥s✐♦♥❛❧

q✉❡ ♣♦ss✉✐ ❞♦✐s ❢✉r♦s✳ ❊ss❡ ✢✉①♦✱ ❞❡ ❢♦r♠❛ ✐♥t✉✐t✐✈❛✱ ❡♥tr❛r✐❛ ❡♠ ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s

❞❡ ❜♦r❞♦ ❡ s❛✐r✐❛ ♥❛s ❞❡♠❛✐s ❡ ♣♦ss✉✐r✐❛ ✉♠❛ ú♥✐❝❛ ór❜✐t❛ ❢❡❝❤❛❞❛✱ ♦✉ s❡❥❛✱ t♦❞❛s ❛s ♦✉tr❛s

♣♦ss✉❡♠ ♣♦♥t♦s ❢♦r❛ ❞❛ ✈❛r✐❡❞❛❞❡✳

❋✐❣✉r❛ ✸✸✿ ■❧✉str❛çã♦ ❞❡ D̈✳

❋❛③❡♥❞♦ ✐ss♦ ❞❡ ❢♦r♠❛ ❛❞❡q✉❛❞❛✱ s♦♠♦s ❝❛♣❛③❡s ❞❡ ❝♦❧❛r ❞✉❛s ❝ó♣✐❛s ❞❡ (M, φt)

❡ ✉♠❛ ❝ó♣✐❛ ❞❡ (M, φ−t) ♥❡ss❛ ✈❛r✐❡❞❛❞❡ ♣❛r❛ ♦❜t❡r ✉♠ ✢✉①♦ ❞❡ ❆♥♦s♦✈✱ ❛ss✐♠ ❝♦♠♦

✜③❡♠♦s ♥♦ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦✳ P❛r❛ ❡ss❛ ❝♦♥str✉çã♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❞✐s❝♦ D̈ ❝♦♠♦ s❡♥❞♦

♦ ❞✐s❝♦ ❜✐❞✐♠❡♥s✐♦♥❛❧ D2✱ ❝♦♠ ❞♦✐s ❢✉r♦s✱ s❡♥❞♦ A0, A1 ❡ A2 s✉❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❜♦r❞♦✱

❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✸✳
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❋✐❣✉r❛ ✸✹✿ ❘❡♣r❡s❡♥t❛çã♦ ❞♦ ✢✉①♦ φt

❱❛♠♦s ❞❡✜♥✐r ✉♠ ✢✉①♦ φt ❡♠ D̈ ❝♦♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦ p ❤✐♣❡r❜ó❧✐❝♦ ❡♠ s❡✉ ❝❡♥tr♦✱

❞❡ ♠♦❞♦ q✉❡ ❛ ✈❛r✐❡❞❛❞❡ ❡stá✈❡❧W ss(p) é ✈❡rt✐❝❛❧ ❡ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧W uu(p) é ❤♦r✐③♦♥t❛❧✳

❖ r❡st❛♥t❡ ❞♦ ✢✉①♦ é ❝♦♠♦ ❡s❜♦ç❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✹ ❡ é ❝♦♥str✉í❞♦ ♣❛r❛ s❡r s✐♠étr✐❝♦ ❡♠

r❡❧❛çã♦ às r❡✢❡①õ❡s ❡♠ t♦r♥♦ ❞❡ W ss(p) ❡ W uu(p)✳

❈♦♠♦ ♠❡♥❝✐♦♥❛♠♦s ♥❛ ✐❞❡✐❛ ❣❡r❛❧ ❞❛ ❝♦♥str✉çã♦✱ ♦ ✢✉①♦ φt ❡♥tr❛ ♥❛ ❝♦♠♣♦♥❡♥t❡

❞❡ ❜♦r❞♦ A0 ❡ s❛✐ ❡♠ A1 ♦✉ A2✳ ❉❡✈✐❞♦ à s✐♠❡tr✐❛ ❞♦ ♥♦ss♦ s✐st❡♠❛✱ é s✉✜❝✐❡♥t❡ ❡st❛❜❡❧❡❝❡r

❝♦♥❞✐çõ❡s ❛♣❡♥❛s ♥♦ ♣r✐♠❡✐r♦ q✉❛❞r❛♥t❡ ❞❡ D̈✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r D̈++✱ ✉♠❛ ✈❡③ q✉❡

♦ r❡st❛♥t❡ s❡rá ❤❡r❞❛❞♦ ♣❡❧❛ s✐♠❡tr✐❛✳

❖❜s❡r✈❡ q✉❡ A0 ❡♠ D̈++✱ q✉❡ ✐♥❞✐❝❛r❡♠♦s ♣♦r A++
0 ✱ ♣♦ss✉✐ ✉♠ ❛r❝♦ ❞❡ π

2
rad✳ ❏á

A++
1 ✭r❡s♣❡✐t❛♥❞♦ ❛ ♥♦t❛çã♦ ❡st❛❜❡❧❡❝✐❞❛✮✱ ♣♦ss✉✐ ✉♠ ❛r❝♦ ❞❡ π rad✳ P♦r ❡ss❡ ♠♦t✐✈♦✱ ♣❛r❛

x ∈ A++
0 ✱ é ♥❛t✉r❛❧ ❛❞♦t❛r♠♦s q✉❡ ♦ ♠❛♣❛ ❞❡ s❛í❞❛ r(x) ∈ A++

1 ❞❡ x✱ s❛t✐s❢❛ç❛ ❛ r❡❧❛çã♦

2θ0(x) = θ1(r(x)),

s❡♥❞♦ θi(x) ♦ â♥❣✉❧♦ q✉❡✱ ♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❝♦♠ ❡①tr❡♠✐❞❛❞❡s ❡♠ x ❡ ♦ ❝❡♥tr♦ ❞❡ A++
i ✱

❢❛③ ❝♦♠ ❛ ❤♦r✐③♦♥t❛❧✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✺✳

❖❜s❡r✈❡ q✉❡ r(x) é ✐♥❞❡✜♥✐❞♦ s❡ x ∈ W ss✳ ❆❥✉st❛♥❞♦ ❛ ♣❛r❛♠❡tr✐③❛çã♦ ❞♦ ✢✉①♦✱

♣♦❞❡♠♦s ♣r♦✈✐❞❡♥❝✐❛r q✉❡✱ ♣❛r❛ x ∈ A++
0 ♣ró①✐♠♦ ❞❡ W ss✱ ♦ t❡♠♣♦ ❞❡ s❛í❞❛ ♣❛r❛ A1 s❡❥❛

❞❛❞♦ ♣♦r✿

τ(x) = − ln
(π

2
− θ0(x)

)

,

♦✉ s❡❥❛✱ φτ(x)(x) ∈ A++
1 ✳ ■ss♦ é ♣♦ssí✈❡❧ ✉♠❛ ✈❡③ q✉❡ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ♦ ✢✉①♦ ✈❡♠
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❋✐❣✉r❛ ✸✺✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ r❡❧❛çã♦ r✳

❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ❧✐♥❡❛r❡s ♣ró①✐♠♦s ❞❡ W ss(p) ❡ W uu(p) ✳

❉❡♥♦t❛r❡♠♦s ♣♦rX ♦ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❛ss♦❝✐❛❞♦ ❛♦ ✢✉①♦ q✉❡ ❛❝❛❜❛♠♦s ❞❡ ❞❡s❝r❡✈❡r✳

◗✉❡r❡♠♦s ❝♦♥str✉✐r ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡♠ D̈++ × S1✱ ♦ q✉❡ ❢❛r❡♠♦s ❝♦♥str✉✐♥❞♦ ❡♠

D̈++ ×R ❞❡ t❛❧ ♠❛♥❡✐r❛ q✉❡ ❡ss❡ ✢✉①♦ s❡❥❛ ♣❡r✐ó❞✐❝♦ ❝♦♠ ♣❡rí♦❞♦ ✶ ❡♠ t ∈ R✳ P❛r❛ ✐ss♦✱

❞❡✜♥✐♠♦s α ❡♠ D̈++ ❞❛❞♦ ♣♦r✿

α : D̈++ → R

x 7→ α(x) = π
2
− θ0(y),

s❡♥❞♦ y ∈ A++
0 ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❛ ♠❡s♠❛ ór❜✐t❛ ❞❡ x✳ ◆♦ ❝❛s♦ ❞❡ x ∈ W uu(P )✱ ✈❛♠♦s

❝♦♥s✐❞❡r❛r α(x) = 0✳

❚♦♠❛♥❞♦ α0 > 0✱ ❝♦♥s✐❞❡r❡ ✉♠❛ ❜✉♠♣ ❢✉♥çã♦ ρ(s) ≥ 0 ❞❡✜♥✐❞❛ ❡♠ [0, α0] ❞❡

♠♦❞♦ q✉❡ ρ ≡ 1 ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ 0 ❡ ρ ≡ 0 ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ α0✳ ❆❧é♠ ❞✐ss♦✱

−ρ(s) ln(s) s❡❥❛ ❝ô♥❝❛✈❛ ♣❛r❛ ❝✐♠❛✱ ♦✉ s❡❥❛✱ s✉❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ é ♥ã♦ ♥❡❣❛t✐✈❛✳

❆❣♦r❛✱ ❞❡✜♥✐♠♦s ♦ ❝❛♠♣♦ Y ❞❡s❡❥❛❞♦ ❡♠ D̈++×R ❞❛❞♦ ♣♦r✿ X+ρ(α(x)) ∂
∂t

s❡♥❞♦

x ∈ D++ ❡ s ∈ R✳ ❖ ✢✉①♦ ❣❡r❛❞♦ ♣♦r Y é ❞❛❞♦ ♣♦r

f t(x, s) = (φt(x), s+ tρ(α(x))).

❖ tr❛t❛♠❡♥t♦ ❞❛❞♦ ♣❛r❛ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❜♦r❞♦ s❡rá ♣r❡❝✐s❛♠❡♥t❡ ✐❞ê♥t✐❝♦ ❛♦
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❋✐❣✉r❛ ✸✻✿ ❊s❜♦ç♦ ❞❡ −ρ(s) ln(s)✳

q✉❡ ❡♠♣r❡❣❛♠♦s ♥♦ ❡①❡♠♣❧♦ ❞❛ ❙❡çã♦ ✸✳✶✱ ♦✉ s❡❥❛✱ ❛ ✐♥t❡rs❡çã♦ ❡♥tr❡ ❛s ❢♦❧❤❛s ✐♥stá✈❡✐s

❝♦♠ ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ ❜♦r❞♦ r❡❢❡r❡♥t❡ ❛ A++
0 é ❞❛❞❛ ♣♦r✿

ǫeλt =
d

sin θ
,

❡①❛t❛♠❡♥t❡ ❝♦♠♦ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❞❡❞✉çã♦ ❞❛ ❊q✉❛çã♦ ✸✳✶✳ ❉❡✈✐❞♦ à ❢♦r♠❛ q✉❡

❞❡✜♥✐♠♦s ♦ t❡♠♣♦ ❞❡ s❛í❞❛ ❡♠ A++
1 ❞❡ ♣♦♥t♦s ❞❡ A++

0 s♦❜r❡ ❛ ❛çã♦ ❞♦ ✢✉①♦✱ é ❝♦♥✈❡♥✐❡♥t❡

q✉❡ ❝♦❧♦q✉❡♠♦s α = π
2
− θ✳ ❙❡♥❞♦ ❛ss✐♠✱ ❛ r❡❣✐ã♦ ❞❡ ✐♥t❡rs❡çã♦ ♣♦❞❡ s❡r ❞❛❞❛ ♣♦r✿

ǫeλt =
d

sin θ

=
d

sin(π
2
− α)

=
d

cosα
= d secα.

❈♦♠♦ ✜③❡♠♦s ♥♦ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦✱ ❛♣❧✐❝❛♥❞♦ ❛ ❢✉♥çã♦ ❧♦❣❛r✐t♠♦ ♥❛ ❡①♣r❡ssã♦

❛♥t❡r✐♦r✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛ ❞❡ ❞❡s❝r❡✈❡r ❛ r❡❣✐ã♦ ❞❡ ✐♥t❡rs❡çã♦✿

t = λ−1 ln(secα) + C ✭✸✳✺✮

s❡♥❞♦ C = λ−1(ln d − ln ǫ)✳ ❊st❡♥❞❡♥❞♦ Y ✱ ♣♦r s✐♠❡tr✐❛✱ ♣❛r❛ t♦❞♦ D̈ × S1✱ ♦❜t❡♠♦s ♦

✢✉①♦ f t ❞❡s❡❥❛❞♦✳

❆♣r♦✈❡✐t❛♥❞♦ ❛ ❝♦♥str✉çã♦ ❞❛s ✈❛r✐❡❞❛❞❡s M ❡ M ♣r♦❞✉③✐❞❛s ♥❛ ❙❡çã♦ ✸✳✶✱ ✈❛♠♦s

❝♦♥str✉✐r ✉♠❛ ♥♦✈❛ ✈❛r✐❡❞❛❞❡ M ❝♦❧❛♥❞♦ ❞✉❛s ❝ó♣✐❛s ❞❡ M ❡ ✉♠❛ ❝ó♣✐❛ ❞❡ M ❡♠ D̈×S1✳
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❋✐❣✉r❛ ✸✼✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ D̈ × R

❊ss❛s ❝♦❧❛❣❡♥s sã♦ ❢❡✐t❛s ❛tr❛✈és ❞❡ ❞✐❢❡♦♠♦r✜s♠♦s ❡♥tr❡ ♦s ❜♦r❞♦s ∂M ❡ A1×S1(A2×S1)✱

❥á M é ❛♥❡①❛❞❛ ❛ D̈×S1 ♣♦r ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❡♥tr❡ ♦s ❜♦r❞♦s ∂M ❡ A0✱ ❝♦♠♦ ✐❧✉str❛❞♦

♥❛ ❋✐❣✉r❛ ✸✽✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥❛ ❢♦❧✐❛çã♦ ❞❡ A1×S1 ✭♦✉ A1×R✮✱ q✉❡ ♣♦❞❡ s❡r ♦❜t✐❞❛ ♣❡❧❛

✐♠❛❣❡♠ s♦❜r❡ ♦ ♠❛♣❛ A++
0 × R → A1 × R ♦❜t✐❞♦ ♣❡❧♦ ✢✉①♦ ❛♦ ❧♦♥❣♦ ❞❡ ór❜✐t❛s ❞❡ Y

✭❥✉♥t♦ ❝♦♠ ❛ ❢♦❧❤❛ ❡s♣❡❝✐❛❧ WU(p × R)✮✳ ❯s❛♥❞♦ ❛ ❢ór♠✉❧❛ ♣❛r❛ f t ❡ ♦ ❢❛t♦ ❞❡ q✉❡ ♦

t❡♠♣♦ ❞❡ s❛í❞❛ ♣❛r❛ x ∈ A0 é − ln(α(x)) ❝❛❧❝✉❧❛✲s❡ q✉❡ ❛s ❢♦❧❤❛s sã♦ ❞❛s ♣❡❧❛ ❢❛♠í❧✐❛ ❞❡

❡q✉❛çõ❡s

t = λ−1 ln(sec(α))− ρ(α) ln(α) + C

s❡♥❞♦ C ✉♠❛ ❝♦♥st❛♥t❡✳ P♦r s✐♠❡tr✐❛✱ ❛ ❢♦❧✐❛çã♦ ♥❛ ♦✉tr❛ ♠❡t❛❞❡ ❞❡ A1 × R é ❛ ♠❡s♠❛✳

❈♦♠ ❡ss❛ ❝♦♥str✉çã♦✱ ❛s ❝✉r✈❛s t = λ−1 ln(sec(α))−ρ(α) ln(α) sã♦ ❝♦♥✈❡①❛ ❡ t❡♠♦s

❛ssí♥t♦t❛s ✈❡rt✐❝❛✐s ❡♠ α = 0, π
2
❡ t❡♠♦s ✉♠❛ ❢♦❧✐❛çã♦ ❘❡❡❜ ❞❡ A1 × S1 ❝♦♠ ❞✉❛s ❢♦❧❤❛s

❞❡ ❘❡❡❜ ❝♦♠♦ ❝♦♠♣♦♥❡♥t❡s✳ ❆s ❢♦❧❤❛s sã♦ ♣r❡❝✐s❛♠❡♥t❡ ❛ ✐♥t❡rs❡çã♦ ❞❡ A1 × S1 ❝♦♠

❛ ✈❛r✐❡❞❛❞❡ ✐♥stá✈❡❧✳ ❆ss✐♠ ❝♦♠♦ ♥♦ ❡①❡♠♣❧♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❝♦st✉r❛r ✉♠❛

❝ó♣✐❛ ❞♦ M ❝♦♠ ♦ ✢✉①♦ φt ❡♠ A1 × S1 ❞❡ ❢♦r♠❛ ❛ ♣r❡s❡r✈❛r ❛ tr❛♥s✈❡rs❛❧✐❞❛❞❡ ❞❛s

✈❛r✐❡❞❛❞❡s ❡stá✈❡✐s ❡ ✐♥stá✈❡✐s✳ ❆ ❝♦♥str✉çã♦ ❡ ❛♥❛❧✐s❡ ♣❛r❛ ♦ ❝❛s♦ A2 × S1 é ❡①❛t❛♠❡♥t❡

❛ ♠❡s♠❛✳ ❆ ♣r♦✈❛ q✉❡ ♦ ✢✉①♦ r❡s✉❧t❛♥t❡ é ✉♠ ✢✉①♦ ❞❡ ❆♥♦s♦✈ é ❡①❛t❛♠❡♥t❡ ❛ ♠❡s♠❛

❢❡✐t❛ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳



✼✺

❋✐❣✉r❛ ✸✽✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❡ M✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❉✳ ❱✳ ❆♥♦s♦✈ ❡t ❛❧✳ ●❡♦❞❡s✐❝ ✢♦✇s ♦♥ ❝❧♦s❡❞ r✐❡♠❛♥♥✐❛♥ ♠❛♥✐❢♦❧❞s ♦❢ ♥❡❣❛t✐✈❡

❝✉r✈❛t✉r❡✳ ❚r✉❞② ▼❛t✳ ■♥st✳ ❙t❡❦❧♦✈✱ ✾✵✭✺✮✱ ✶✾✻✼✳

❬✷❪ ❱✳ ■✳ ❆r♥♦❧✬❞ ❛♥❞ ❆✳ ❆✈❡③✳ ❊r❣♦❞✐❝ ♣r♦❜❧❡♠s ♦❢ ❝❧❛ss✐❝❛❧ ♠❡❝❤❛♥✐❝s✳ ✶✾✻✽✳

❬✸❪ ❈✳ ❈❛♠❛❝❤♦ ❛♥❞ ❆✳ ▲✳ ◆❡t♦✳ ❚❡♦r✐❛ ❣❡♦♠étr✐❝❛ ❞❛s ❢♦❧❤❡❛ç♦❡s✱ ✈♦❧✉♠❡ ✾✳ ■♥st✐t✉t♦

❞❡ ♠❛t❡♠❛t✐❝❛ ♣✉r❛ ❡ ❛♣❧✐❝❛❞❛✱ ✶✾✼✾✳

❬✹❪ ❘✳ ❉❡✈❛♥❡②✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❝❤❛♦t✐❝ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❈❘❈ Pr❡ss✱ ✷✵✶✽✳

❬✺❪ ▼✳ P✳ ❉♦ ❈❛r♠♦✳ ●❡♦♠❡tr✐❛ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❝✉r✈❛s ❡ s✉♣❡r❢í❝✐❡s✳ ❙♦❝✐❡❞❛❞❡ ❇r❛s✐❧❡✐r❛

❞❡ ▼❛t❡♠át✐❝❛✱ ✷✵✵✽✳

❬✻❪ ●✳ ❊❞❣❛r✳ ▼❡❛s✉r❡✱ t♦♣♦❧♦❣②✱ ❛♥❞ ❢r❛❝t❛❧ ❣❡♦♠❡tr②✳ ❙♣r✐♥❣❡r ❙❝✐❡♥❝❡ ✫ ❇✉s✐♥❡ss

▼❡❞✐❛✱ ✷✵✵✼✳

❬✼❪ ❏✳ ❋r❛♥❦s ❛♥❞ ❇✳ ❲✐❧❧✐❛♠s✳ ❆♥♦♠❛❧♦✉s ❛♥♦s♦✈ ✢♦✇s✳ ■♥ ●❧♦❜❛❧ t❤❡♦r② ♦❢ ❞②♥❛♠✐❝❛❧

s②st❡♠s✱ ♣❛❣❡s ✶✺✽✕✶✼✹✳ ❙♣r✐♥❣❡r✱ ✶✾✽✵✳

❬✽❪ ▼✳ ❲✳ ❍✐rs❝❤ ❛♥❞ ❈✳ ❈✳ P✉❣❤✳ ❙t❛❜❧❡ ♠❛♥✐❢♦❧❞s ❢♦r ❤②♣❡r❜♦❧✐❝ s❡ts✳ ❇✉❧❧❡t✐♥ ♦❢ t❤❡

❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✼✺✭✶✮✿✶✹✾✕✶✺✷✱ ✶✾✻✾✳

❬✾❪ ▼✳ ❲✳ ❍✐rs❝❤✱ ❈✳ ❈✳ P✉❣❤✱ ❛♥❞ ▼✳ ❙❤✉❜✳ ■♥✈❛r✐❛♥t ♠❛♥✐❢♦❧❞s✱ ✈♦❧✉♠❡ ✺✽✸✳ ❙♣r✐♥❣❡r✱

✶✾✼✼✳

❬✶✵❪ ❊✳ ▲✳ ▲✐♠❛✳ ❱❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ◆✉♠❜❡r ✶✺✳ ■♥st✐t✉t♦ ▼❛t❡♠át✐❝❛ P✉r♦ ❡

❆♣❧✐❝❛❞❛✱ ❈♦♥s❡❧❤♦ ◆❛❝✐♦♥❛❧ ❞❡ P❡sq✉✐s❛s✱ ✶✾✼✸✳

❬✶✶❪ ❲✳ ▼❡❧♦✳ ❚♦♣♦❧♦❣✐❛ ❞❛s ✈❛r✐❡❞❛❞❡s✳ ❉✐s♣♦♥✙✈❡❧ ❡♠✿ ✇✸✳ ✐♠♣❛✳

❜r✴ ❞❡♠❡❧♦✴t♦♣♦❧♦❣✐❛❞✐❢❡r❡♥❝✐❛❧✷✵✶✶✳ ❯❧t✐♠♦ ❛❝❡ss♦ ❡♠✱ ✸✵✱ ✷✵✵✽✳

✼✻



✼✼

❬✶✷❪ ❈✳ ▼♦r❛❧❡s ❛♥❞ ❇✳ ❙❝❛r❞✉❛✳ ●❡♦♠❡tr②✱ ❞✐♥❛♠✐❝s ❛♥❞ t♦♣♦❧♦❣② ♦❢ ❢♦❧✐❛t❡❞ ♠❛♥✐❢♦❧❞s✳

■▼P❆✲✷✹ ❈♦❧óq✉✐♦ ❇r❛s✐❧❡✐r♦ ❞❡ ▼❛t❡♠át✐❝❛✱ ✶st ❡❞✐çã♦✱ ✹✼✱ ✷✵✵✸✳

❬✶✸❪ ❏✳ ❏✳ P❛❧✐s ❛♥❞ ❲✳ ❉❡ ▼❡❧♦✳ ●❡♦♠❡tr✐❝ t❤❡♦r② ♦❢ ❞②♥❛♠✐❝❛❧ s②st❡♠s✿ ❛♥ ✐♥tr♦❞✉❝t✐♦♥✳

❙♣r✐♥❣❡r ❙❝✐❡♥❝❡ ✫ ❇✉s✐♥❡ss ▼❡❞✐❛✱ ✷✵✶✷✳

❬✶✹❪ ❏✳ P❆▲■❙ ❏❯◆■❖❘ ❛♥❞ ❲✳ ▼❡❧♦✳ ■♥tr♦❞✉çã♦ ❛♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s✳ ❘✐♦ ❞❡ ❏❛♥❡✐r♦❪✿

■▼P❆✱ ✶✾✼✽✳

❬✶✺❪ ❈✳ ❘♦❜✐♥s♦♥✳ ❉②♥❛♠✐❝❛❧ s②st❡♠s✿ st❛❜✐❧✐t②✱ s②♠❜♦❧✐❝ ❞②♥❛♠✐❝s✱ ❛♥❞ ❝❤❛♦s✳ ❈❘❈

♣r❡ss✱ ✶✾✾✽✳

❬✶✻❪ ❙✳ ❙♠❛❧❡✳ ❉✐✛❡r❡♥t✐❛❜❧❡ ❞②♥❛♠✐❝❛❧ s②st❡♠s✳ ❇✉❧❧❡t✐♥ ♦❢ t❤❡ ❆♠❡r✐❝❛♥ ♠❛t❤❡♠❛t✐❝❛❧

❙♦❝✐❡t②✱ ✼✸✭✻✮✿✼✹✼✕✽✶✼✱ ✶✾✻✼✳

❬✶✼❪ ❆✳ ❱❡r❥♦✈s❦②✳ ❈♦❞✐♠❡♥s✐♦♥ ♦♥❡ ❛♥♦s♦✈ ✢♦✇s✳ ❇♦❧✳ ❙♦❝✳ ▼❛t✳ ▼❡①✐❝❛♥❛✱ ✶✾✭✷✮✿✹✾✕✼✼✱

✶✾✼✹✳


	e47f6dcbc8944417599e24f0fad244a91a69e981a97fc93003fee07e3536ee4c.pdf
	50f8d91a5faa6543428e132cf2b4b8f6b5650ddd85ec78f3bacb91d129bfe38c.pdf
	ficha-catalografica-202012020619075769.pdf

	68dd70bd5007a054ef4f9077e29e46603a8eaac82c7543928d02123c55b5f97e.pdf
	e47f6dcbc8944417599e24f0fad244a91a69e981a97fc93003fee07e3536ee4c.pdf
	50f8d91a5faa6543428e132cf2b4b8f6b5650ddd85ec78f3bacb91d129bfe38c.pdf
	Introdução
	 Preliminares 
	 Noções de Variedades 
	 Variedades Diferenciáveis 
	 Espaço Tangente 
	 Folheações 

	 Noções de Dinâmica 
	Dinâmica Discreta
	Dinâmica Contínua 


	 Difeomorfismos de Anosov 
	Conjuntos Hiperbólicos
	 Fluxo de Anosov 
	 O DA-Atrator 
	 A Função Bump 
	 DA-Difeomorfismo 
	 Conjuntos Atratores 


	A Construção dos Exemplos
	 O Primeiro Exemplo 
	 O Segundo Exemplo 




