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ABSTRACT

PINEDO, Jose Ignacio Costilla, M.Sc., Universidade Federal de Vigosa, September,
2025. Curvature-Induced Effects on the Skyrmions Motion Along Bent
Nanotubes.. Adviser: Vagson Luiz de Carvalho Santos.

Traditional storage devices, such as hard disk drives and solid-state drives, face
inherent limitations in speed, durability, and energy efficiency. In this context,
magnetic skyrmions—topologically stable spin textures that can be manipulated with
low energy—have emerged as promising candidates for next-generation memory
technologies, such as racetrack memories. However, in planar geometries, the
skyrmion Hall effect (SKHE) induces a transverse motion that can drive skyrmions
toward device edges, compromising their stability and controllability. In this work, we
propose racetrack memories based on bent magnetic nanotubes as an effective
strategy to suppress the SKHE through geometric engineering. To this end, we
develop a generalized theoretical framework based on an extended Thiele equation
that describes current-driven skyrmion dynamics on arbitrarily curved surfaces,
incorporating Zhang—Li spin-transfer torque contributions. Our results reveal that,
within a certain current regime, the interplay between curvature and current gives rise
to an additional curvature-induced contribution that enables the suppression of the
SkHE over a broad range of damping and non-adiabaticity parameters. In a different
current regime, curvature strongly modifies the skyrmion trajectory, leading to
nonlinear dynamical behavior absent in planar systems.

These findings establish curvature as a powerful control parameter for tailoring
skyrmion transport beyond what is achievable in planar geometries. The proposed
approach provides a robust pathway for designing skyrmion-based spintronic devices
with enhanced stability and controllability, paving the way toward high-density,
energy-efficient magnetic memory and logic technologies.

Keywords: nanomagnetism; curvilinear magnetism; magnetic nanotubes; skyrmions



RESUMO

PINEDO, Jose Ignacio Costilla, M.Sc., Universidade Federal de Vigosa, setembro de
2025. Efeitos Induzidos pela Curvatura na Dindamica de Skyrmions em
Nanotubos Dobrados.. Orientador: Vagson Luiz de Carvalho Santos.

Dispositivos de armazenamento tradicionais, como discos rigidos e unidades de
estado soélido, enfrentam limitagcdes relacionadas a velocidade, durabilidade e
eficiéncia energética. Nesse contexto, os skyrmions magnéticos, que sao texturas de
spin estaveis controlaveis com baixa energia, surgiram como candidatos
promissores para tecnologias de memoéria de proxima geragdo, como a memaoria
racetrack. Contudo, o Efeito Hall do skyrmion faz com que eles se movam
lateralmente, correndo o risco de serem aniquilados nas bordas do dispositivo. Isso
limita sua estabilidade e controlabilidade em dispositivos planos. Neste trabalho,
propomos memorias racetrack baseadas em nanotubos magnéticos curvos como
uma estratégia eficaz para suprimir o SKHE por meio de engenharia geométrica.
Para isso, desenvolvemos um arcabougo tedrico generalizado baseado em uma
equacgao de Thiele estendida, que descreve a dinamica de skyrmions acionados por
corrente em superficies arbitrariamente curvas, incorporando as contribuicdes do
torque de transferéncia de spin de Zhang—Li. Nossos resultados revelam que, em um
determinado regime de corrente, a interacao entre curvatura e corrente da origem a
uma contribuicéo adicional induzida pela curvatura, permitindo a supressdao do SkHE
em uma ampla faixa de parametros de amortecimento e ndo adiabaticidade. Em um
regime de corrente distinto, a curvatura modifica fortemente a trajetéria do skyrmion,
levando a um comportamento dindmico n&o linear ausente em sistemas planares.

Esses resultados estabelecem a curvatura como um poderoso parametro de
controle para ajustar o transporte de skyrmions além do que € possivel em
geometrias planares. A abordagem proposta fornece um caminho robusto para o
projeto de dispositivos spintronicos baseados em skyrmions com maior estabilidade
e controlabilidade, abrindo caminho para o desenvolvimento de tecnologias de
meméria e logica magnéticas de alta densidade e baixo consumo de energia.

Palavras-chave: nanomagnetismo; magnetismo curvilineo; nanotubos magnéticos;
skyrmions
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Chapter 1
Introduction

Today, the world produces and stores more digital information than ever before. With
the rapid development of artificial intelligence, data centers are under enormous pressure
to store, access, and manage massive volumes of data in real time [1|. These centers use
traditional memory technologies, such as hard disk drives (HDDs) and solid-state drives
(SSDs), sharing a common principle: the detection and manipulation of electron charge.

However, these conventional devices present significant limitations: HDDs and SSDs
offer limited long-term durability, and both consume substantial power while providing
limited scalability. Therefore, the search for faster, more energy-efficient, and more com-
pact data storage solutions has become a topic of growing importance.

One promising candidate is spintronics [2|, a field that uses the intrinsic spin of the elec-
tron. Exploiting spin-based mechanisms allows for low-energy, non-volatile data storage
and manipulation. In this context, topological spin textures, such as magnetic skyrmions,
have emerged as strong candidates for next-generation memory devices [3,4]|. Discovered
experimentally in 2009 [5], skyrmions are nanoscale, stable, particle-like magnetic con-
figurations that can be manipulated using spin-polarized currents with remarkably low
energy consumption [6]. These unique properties make skyrmions promising candidates
for next-generation memory technologies, particularly in racetrack memories , a concept
initially proposed by Parkin |7]. Unlike conventional HDDs, which depend on the rotation
of magnetic disks and the movement of mechanical read /write heads, racetrack memories
employ fixed magnetic nanowires along with stationary read/write ports. This design
provides several advantages: enhanced mechanical robustness, significantly faster access
times (approximately 10-100 nanoseconds, compared to milliseconds for HDDs and mi-
croseconds for FLASH memory), and the potential for higher data storage density through
the integration of nanowire arrays [8].

However, a skyrmion cannot move strictly along the driving current direction because
it experiences a Magnus force that deflects its trajectory during motion [9,10|. This
phenomenon, known as the skyrmion Hall effect (SKHE), can drive skyrmions into the

edges of nanotracks where they may be annihilated, complicating the implementation of
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skyrmion-based devices.

One route to overcome this limitation is the exploration of magnetism in curved ge-
ometries. Curvature offers a powerful way to modify conventional functionalities or even
create new ones through geometric design. For magnetic materials, for instance, curva-
ture leads to emergent anisotropic and chiral effects [11,12] that can act as enhanced
stability of skyrmionic textures [13-15]. In closed curved geometries, such as magnetic
cylinders [16], skyrmions are no longer subject to edge-induced annihilation, even in the
presence of the SKHE. However, while this configuration prevents annihilation due to its
periodicity, it does not suppress the SKHE. Instead, the skyrmion exhibits a helical tra-
jectory around the tube, which still limits controllability. Moreover, this setup does not
fully leverage the potential of three-dimensional integration, reducing information density
and device scalability. To overcome this limitation, racetrack-like memory devices based
on bent magnetic nanotubes are proposed in this work. These offer two key advantages
(i) a genuine suppression of the SKHE, and (ii) increased storage capacity by enabling
more compact and stable 3D skyrmion configurations.

With the intention of optimizing this racetrack proposal, it is necessary to develop
a generalized theoretical model capable of predicting the motion of skyrmions in curved
geometries. This involves deriving a generalized Thiele equation that incorporates the
Zhang—Li spin-transfer torque for arbitrary geometries, a theoretical framework that does
not yet exist. An essential part of this work is understanding how curvature influences the
Zhang-Li torque, in particular how spin-polarized currents interact with curved surfaces
and affect skyrmion dynamics. This forms the main motivation for this thesis.

In this chapter 1, we introduce magnetic skyrmions and discuss the concept of topo-
logical charge, as well as previous studies on skyrmions in curved surfaces. In chapter 2
we present the fundamental theoretical framework required to understand this work. We
describe the micromagnetic model and the interactions considered in our study within
this framework, as well as the Landau-Lifshitz—Gilbert equation with the Zhang-Li spin-
transfer torque to describe the magnetization dynamics. In Chapter 3, we present an
introduction to differential geometry applied to magnetism with the aim of studying
skyrmions on curved surfaces, and we develop how the energy terms are modified under
such geometries. In chapter 4 we present the theoretical model that describes curved
nanotubes, as well as the planar approximation, which facilitates the analytical under-
standing of our results. In Chapter 5, we derive the generalized Thiele equation including
the Zhang-Li spin-transfer torque, and we also discuss the differences compared to the
flat system. In Chapter 6, we discuss the results. Chapter 7 presents the conclusions
and future perspectives. Additionally, Appendix A presents the calculation of skyrmion
energy in a bent nanotube, while Appendix B provides the calculation of tensors involved

in the Thiele equation.
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1.1 Magnetic skyrmion: topological properties

Magnetic skyrmions are non-collinear spin configurations characterized by localized
swirling patterns of the magnetization. In magnetic systems, a skyrmion is a small,
circular region where the magnetic moments form a swirling pattern that differs from the
surrounding magnetization. As you move outward from the center, the direction of the
magnetic moments gradually rotates, completing a full 360° turn in a consistent direction,

as illustrated in Fig. 1.1.

W

Fig. 1.1: (a) Néel skyrmion, where the spins rotate radially from the center to the edge.
(b) Bloch skyrmion, where the magnetization rotates tangentially.

A skyrmion’s swirling spin texture is defined by its topological charge Ny, given by [9]

1 om Om

This equation mean that unit magnetic vector m evolves in the unit sphere S?. In
other words, the topological charge Ny = 0,£1,42,..., is quantised, meaning each
value corresponds to a different homotopy class [17]. Magnetic textures within the same
homotopy class can be smoothly transformed into one another, but not into textures from
a different class. For instance, a skyrmion with a topological charge of Ny = +1 cannot

be gradually changed into a uniformly magnetized state, which has a trivial topology of
NSk = 0.
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Fig. 1.2: Definition of the magnetization by (0, ®) and top view of a skyrmion with
helicity ¢ and core polarity p = 1.

In order to classify magnetization textures, we describe the unit magnetic vector m
as a function of position in polar coordinates (r, ). To simplify the analysis, we center
the skyrmion at the origin of the coordinate system, as shown in Fig. 1.2. In this system,
the spatial coordinates are given by x = rcosp, y = rsing, and z = z. The rotation of
the magnetization within the skyrmion is described using spherical coordinates as m =
(Mg, my, m,) = (cos P(p)sinO(r),sin (p) sin ©(r), cos O(r)), where O(r) represents the
radial variation of the polar angle and ®(y) determines the azimuthal dependence of the

magnetization orientation. If we substitute this magnetization into Eq. (1.1), we obtain

L[> . 00 (7 09 1 oo o
Nsk—E 0 Sm@W W @-E[—COS@(T’)]O [P(p)]5" =p-Q, (1.2)

where p is defined as the polarity of the skyrmion core and @) as the vorticity. Since

cos © = m,, then

p = 5lme(0) — m.(o0)] = 1, (1.3

Q= @) (14)

14
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Fig. 1.3: The classification of skyrmions is illustrated using arrows to indicate the spin di-
rection, while the color represents the out-of-plane component of the spin red corresponds
to spins pointing out of the plane, white indicates in-plane spins, and blue represents
spins directed into the plane.

This mean that the topological number is the product of these two terms, p and Q.
If we consider that the magnetization vectors point in the 4z direction as r — oo, while
at the center (r = 0) they are oriented along the —z direction, then p = —1. In the
opposite case, p = 1. This suggests that the value of p depends on the direction of the
magnetic moment at the center of the skyrmion. On the other hand, () indicates how many
times the magnetization wraps the unit sphere. This means that a magnetic skyrmion
is characterized by @) = 1. However, there are several possibilities for the value of ®(yp),
which means that different magnetic textures can still wrap the unit sphere. To distinguish
between these different configurations, it is necessary to introduce an important quantity:
the helicity ¢ of the skyrmion.

The helicity defines the phase shift that appears in the expression for ®(y), which is
given by [9]

P(p) = Qp + ¢. (1.5)

The helicity determines the characteristic helical shape of the magnetic moments ro-
tating inside the skyrmion structure and describes how the spins are twisted within it.

This can be seen in Fig.1.3.

1.2 Skyrmion in curved surfaces

To generate and stabilize skyrmions in thin layered films for practical applications
in data storage and processing devices, it is essential to induce an intrinsic Dzyaloshin-

skii-Moriya interaction (DMI), which favors non-collinear spin configurations.
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Fig. 1.4: (a) Schematic of the radial magnetization profile within a dome-shaped
structure. (b) Experimental observations of various skyrmion states, including single
skyrmions, skyrmioniums, multi-skyrmions, and elongated skyrmions. (c¢) Phase diagram
showing the stability of different magnetic configurations as a function of diameter and
anisotropy. (d) Schematic of curvature-induced energy landscape with spatially localized
skyrmion states representing logic bits (“1” and “0”). Figure adapted from [13, 15,18, 19|

However, in two-dimensional planar thin films with perpendicular magnetic anisotropy
(PMA), the DMI strength is generally limited to values below approximately 2 mJ m™~2
[18].

One of the most interesting properties of curved magnetic systems is the emergence
of curvature-induced anisotropy and extrinsic Dzyaloshinskii-Moriya interaction (DMI),
which significantly enhances skyrmion stability. In this context, Carvalho-Santos et al. [13|
demonstrated that the mean curvature of a surface can induce an extrinsic DMI, leading
to improved skyrmion stability, as illustrated in Fig. 1.4(a).

Experimentally, Dugato et al. [15] showed that geometric curvature enables the sponta-
neous formation of isolated skyrmions and mixed skyrmionic phases at room temperature
in symmetric Pt/Co/Pt multilayer hemispherical shells, even in the absence of external
magnetic fields, as shown in Fig. 1.4(b).

Similarly, Yang et al. [18] demonstrated that skyrmions can be stabilized in hemi-
spherical shells within a specific range of perpendicular magnetic anisotropy, despite the
absence of both intrinsic DMI and external magnetic fields, as depicted in Fig. 1.4(c).

Furthermore, Kravchuk et al. [19] reported that curvilinear defects in magnetic thin
films can stabilize multiple skyrmion states with different radii, enabling the encoding of

binary information in the form of localized bits, as illustrated in Fig. 1.4(d).
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Chapter 2
Fundamentals of the micromagnetism

This chapter provides an overview of the fundamental principles of micromagnetism.
It also offers a brief introduction and review of key concepts essential to the study of

magnetic skyrmions.

2.1 Micromagnetic model

The exchange length, which defines the typical scale over which atomic magnetic mo-
ments vary, is usually on the order of 10 nm and is significantly larger than the interatomic
distance (approximately 2—3 A) This large separation of scales allows the magnetization
in ferromagnetic materials to be described by the magnetization vector M (z,vy,z), a
smoothly varying unit vector field that represents the local orientation of the magnetiza-
tion in space.

This scale separation forms the basis of the micromagnetic model [20], which is based
on the assumption that in ferromagnetic transition metals, such as cobalt (Co), iron (Fe),
nickel (Ni), the magnitude of atomic magnetic moments is essentially fixed, with only
their direction allowed to vary. As illustrated in Fig. 2.1 (a), this transition allows one to
move from a discrete atomic-scale description, where the classical spins S; are confined

to individual atoms, to a continuous micromagnetic representation shown in Fig. 2.1 (b).
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=N T |7
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Fig. 2.1: Tllustration of scale transition in micromagnetism. (a) Classical spins S; de-
fined on a crystal lattice (angstrom scale). (b) Averaged magnetization vector M in a
micromagnetic cell (nanometer scale). (c) Smooth magnetization texture described by
M (r) across space (micrometer scale).
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The continuous vector field M (r) can be written in terms of the unit magnetic vector

m as

M(r) = M, m, (2.1)

where M is the saturation magnetization.

This continuous model allows us to employ differential equations that describe the in-
teractions between neighboring magnetic moments. As shown in Fig. 2.1 (¢), this frame-
work enables the resolution and analysis of complex magnetization textures and their
dynamics over mesoscopic regions. Moreover, it provides a natural way to define the vari-
ous energy contributions that govern the magnetic state of the system. By expressing the
total magnetic energy as a functional of vector m(z,y, z), numerical methods can then

be applied to determine equilibrium configurations.

2.2 Micromagnetic interactions

The magnetic energy density terms can then be expressed in terms of the components
of the unit magnetic vector m and their spatial derivatives. These expressions are derived
from the original Hamiltonian that describes the magnetic interactions. In what follows,
we describe the main micromagnetic energy contributions that determine the behavior of

the magnetization field. These include the exchange interaction, the DMI and magnetic
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anisotropy, each playing a distinct role in determining the structure and dynamics of

magnetic skyrmions.

2.2.1 Exchange interaction

The exchange interaction is generally the strongest magnetic interaction in ferromag-
netic materials. It originates from the combined effect of the quantum-mechanical nature
of electrons and their Coulomb interaction. Within the Heisenberg model, the exchange

energy is described by the Hamiltonian [21]:

Hex=— Y _J;Si-S;, (2.2)
i>j

where S; and S; denote the classical spin vectors located at lattice sites ¢ and j, respec-
tively, and J;; is the exchange interaction constant between them. A positive exchange
constant (J;; > 0) favors a parallel alignment of spins, corresponding to a ferromagnetic
state, whereas a negative exchange constant (J;; < 0) favors an antiparallel alignment,
leading to an antiferromagnetic state. The summation over ¢ > j ensures that each spin
pair is counted only once.

To establish a connection with micromagnetic theory, we consider the continuum limit
of the discrete Heisenberg model. We assume that the exchange interaction is restricted to
nearest-neighbor spins and that the exchange constant takes a uniform value J;; = J for
such pairs, while it vanishes otherwise [21]. Furthermore, we focus on the ferromagnetic
regime, in which neighboring spins are nearly aligned and the angle ¢;; between them is
small (¢;; < 1). Under these assumptions, the scalar product between neighboring spins

can be written as

Si : Sj = 52 COS ¢l] (23)
For small angular deviations, the cosine can be expanded to second order,

2
COS QS” ~1— % (24)
Substituting this expression into the exchange Hamiltonian, the exchange energy F., is

given by

TS
Eex ~ T ; qb” (25)
5]
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Fig. 2.2: Schematic of neighboring reduced magnetization vectors m; and m; separated
by 7;; and enclosing a small angle ¢;;, illustrating the continuum approximation. Figure
adapted from [21].

As illustrated in Fig. 2.2, the reduced magnetization vectors m; and m; at neighboring
lattice sites, separated by the vector r;;, enclose a small angle ¢;;. In the ferromagnetic
regime, where neighboring spins are nearly aligned, the angular difference between them

can be approximated as

In the limit of slowly varying magnetization, this difference between the two unit vectors

can be further expressed as
im; — my| ~ |(ri; - V)m. (2.7)

Assuming that the magnetization varies slowly in space, the difference between neigh-

boring sites can be expressed as

m; = m + (1 - V)m, (2.8)

which leads to

Gij = |(ri; - V)m. (2.9)

Replacing Eq. (2.9) into Eq. (2.5), the micromagnetic exchange energy is obtained as
Eo = / A[(Vm,)® + (Vmy)? + (Vm,)?] dV. (2.10)
1%

Here, A is the micromagnetic exchange stiffness, which depends on the microscopic ex-

change constant J and the lattice geometry. For a Bravais lattice with nearest-neighbor
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distance a and coordination number z, it is given by [21]

2
A= ‘]5 ‘) (2.11)
a

For transition metals such as Co, Fe, and Ni, the exchange stiffness constant A typically
lies in the range of 5-30 pJ-m™! [22].

2.2.2 Dzyaloshinskii—-Moriya interaction

The Dzyaloshinskii-Moriya interaction originates from spin-orbit coupling (SOC) |23,
24]. This interaction arises in systems with chiral crystal structures, such as FeGe, where
it is referred to as bulk DMI, as illustrated in Fig. 2.3(a) [5]. It can also emerge at the
interface between a thin ferromagnetic film and a heavy metal layer, such as in the Co/Pt
system, where it is known as interfacial DMI, as shown in Fig. 2.3(b) [10].

As a consequence of the competition between the exchange interaction, magnetic
anisotropy, dipolar effects, and DMI, neighboring magnetic moments may cant at spe-
cific angles with respect to each other. In bulk chiral magnets, this mechanism favors the
stabilization of Bloch-type skyrmions, whereas in ultrathin films with interfacial DMI it
leads to the formation of Néel-type skyrmions.

The general form of the DMI can be derived from the atomic-scale DMI Hamilto-
nian [24,25|. In this description, the interaction between neighboring spins is written

as

Hpwr = —% > diii - (Six Siyy). (2.12)
.3

Here, S; denotes a classical spin vector at lattice site 7 of a three-dimensional cubic lattice.
The index j labels the displacement vectors connecting site ¢ to its nearest neighbors, and
d; i+; is the Dzyaloshinskii-Moriya interaction vector associated with the bond between
sites ¢ and ¢ + j, whose direction depends on the crystallographic symmetry of the non-

centrosymmetric material [25].
Within the micromagnetic approximation, the DMI energy for an interfacial (Néel-

type) configuration can be written as |26]

Eg‘gﬂz/pw [m.(V-m) — (m - V)m,] dV, (2.13)
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(a) (b)

Fig. 2.3: Illustrations of (a) DMI in bulk crystals and (b) DMI at interfaces. Figure
adapted from [8].

while for a bulk (Bloch-type) DMI, the corresponding energy takes the form

ED = /D<b> m-(V xm) dV. (2.14)

Here, DY and D® (in Jm~2) denote the micromagnetic DMI constants for the interfacial
and bulk cases, respectively, and m. is the out-of-plane component of the reduced mag-
netization vector m. For Co/Pt systems, typical values of the interfacial DMI constant
lie in the range D® ~ 1-3 mJm~2 [27].

2.2.3 Magnetic anisotropy

Magnetic anisotropy is defined as the energy cost required to rotate the magnetization
from the easy axis direction to any other direction. Magnetic anisotropy represents the
tendency of the magnetization to align along specific fixed directions within a material
and arises from spin-orbit interactions in the crystal lattice [21]. These preferred direc-
tions are known as easy axes, and the corresponding energy term is minimized when the
magnetization aligns with them. For materials such as Fe, Co, and Ni, the anisotropy is
uniaxial.

Within the micromagnetic framework, the uniaxial magnetic anisotropy energy in a

material of volume V' is given by

Eamz/Ku (1—(m-uk)?)dV, (2.15)

where K, (in Jm™2) is the anisotropy constant and wg is the unit vector along the
anisotropy axis.

In addition to this, another important contribution to the total energy is the de-
magnetization energy, which arises from magnetic charges induced by the divergence of
the magnetization at surfaces or interfaces. In systems with small thickness, the pres-
ence of demagnetizing fields leads to a redefinition of the anisotropy through an effective

anisotropy constant:
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1
K=K, — EMOMSQ, (2.16)

where g is the vacuum permeability.

2.3 Landau-Lifshitz-Gilbert equation

The Landau-Lifshitz—Gilbert (LLG) equation is a differential equation that describes

the precessional dynamics of the magnetization vector in a magnetic system and is given
by [28,29]

om om
S = Tm X H. g + am x - (2.17)

Here, v denotes the gyromagnetic ratio, « is the Gilbert damping constant, and Hg repre-
sents the effective magnetic field acting on the magnetization. Hog = —py'0E/0m is the
effective field and « is the phenomenological (dimensionless) Gilbert damping constant.
For Co/Pt systems, the damping parameter has been reported to be close to a ~ 0.02 [30].
This value can be modified by focused ion-beam irradiation [31] and allows for studies on
damping variations [32].

Figure 2.4 illustrates the contributions of LLG equation. The first term on the right-
hand side represents the precessional torque, which is responsible for the rotation of the
magnetization m around the effective field Heg. The second term on the right-hand side

corresponds to the damping torque, which drives the magnetization toward alignment
with H.g.
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Fig. 2.4: Relationship between the terms of the LLG equation. The motion of the
magnetization m is characterized by a damped precession induced by the effective field
H..

2.4 Zhang-Li spin-transfer torque

When a polarized spin current is injected into a magnetic texture such as a skyrmion,
the magnetization can be reoriented due to the spin-transfer torque (STT), causing the
skyrmion to move. This effect can be described by the adiabatic and non-adiabatic terms

of the Zhang-Li torque, expressed as [33|

Tt = —(u-V)m + fm x (u-V)m. (2.18)

In Eq. (2.18), u = —upPJ/[eM(1 + ?)] is the velocity vector associated with the
electron flow induced by the spin-polarized current density J, pup is the Bohr magneton,
P denotes the spin polarization of the current, e is the electron charge and [ is the
non-adiabaticity constant. Each torque can be associated with an equivalent field, which
facilitates the physical interpretation of the tendency of the magnetization to align under

the action of these torques. These equivalent fields are given by

H*Y =m x (u-V)m,

H"P = _pm x m x (u-V)m. (219)

In Fig. 2.5, the equivalent field HAP is responsible for dragging the magnetization

along the direction of the current. It is referred to as adiabatic because it assumes that

the electron spin perfectly follows the direction of the local magnetization. On the other
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Fig. 2.5: Direction of the equivalent Zhang-Li fields in spin torque dynamics.

hand, the second field H™AP enables sustained and controlled motion of the magnetic
texture. In this case, the electron spin fails to fully align with the local magnetization, re-
sulting in a slight misalignment that produces an effective perpendicular force, introducing
a dissipative component.

In systems such as Co/Pt, values of > 0.3 have been reported [34|, where the
magnitude of § depends strongly on the material properties [35].
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Chapter 3
Micromagnetism on curved surfaces

In this section, we will present the fundamental tools of differential geometry neces-
sary to describe magnetic systems on curved surfaces. Subsequently, we will apply this

formalism to reformulate the energies that constitute the micromagnetic model.

3.1 Differential geometry applied to magnetic systems

The importance of curved systems in magnetism is not limited to their technological
application [36], as their study requires a theoretical framework that explicitly incorpo-
rates geometric effects into the fundamental equations of magnetism [12].

To develop this theory, we start with the following question: What happens to magne-
tization variations in a curved system? (See Fig. 3.1). To answer this question, we define
the magnetization vector field m on a curved surface o (¢!, £%), which is parametrized by
two variables {¢!,£2}. This surface generates tangent basis vectors {g;,g»} and a unit
normal vector n. These tangent basis vectors induce a metric on the surface, represented
by the metric tensor gos = g, - g3 (where o, f = 1,2). This metric tensor contains all the
necessary information about the intrinsic geometry of the surface.

In order to exploit all the local properties provided by the local reference frame, we

now describe the magnetization vector field as

m = m®g, + m’i = m,g® + m’n. (3.1)

Thus, if we take into account the derivative of the magnetization, we can write it as

85m = aﬁm“ g, +m” nga + 8@ (m3f1) (32)
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Fig. 3.1: Transition from a Cartesian coordinate system on a flat surface to a local frame
on a curved geometry. In curved systems, the magnetization vector m is projected onto
the local tangent basis {€;, é2} and the normal vector 7.

For now, we will focus on the second term on the right-hand side of equation (3.2).
When working on a curved surface, the tangent basis vectors g, (¢!, £?) are position-
dependent, varying with the surface coordinates £*. Consequently, the partial derivative
of any vector field expressed in this basis must include contributions from the derivatives
of the basis vectors themselves. The Christoffel symbols I'? 5 are precisely the coefficients

that describe this change within the tangent plane. Mathematically, this is expressed as

0380 = Flﬁgv. (3.3)

In other words, the derivative dsg, (where 95 = 0/0¢”) can be expressed as a linear
combination of the basis vectors g, with coefficients I") - Although the Christoffel symbols
describe how the basis vectors change within the tangent plane, this information is not
sufficient for curved surfaces embedded in three-dimensional space. Consequently, the
simple relation dgg, = I') 38, is not valid for general curved surfaces [37].

Intuitively, we can understand this by looking at Fig. 3.2, where we consider the
displacement of a tangent vector from the tangent plane to a curved surface, and we
observe how its direction changes. If we draw a vector parallel to the second vector,
represented by a dashed line, we can see that the difference between our original vector
and the displaced one corresponds to the arrow denoted by Ag;.

What are we doing here? By taking the partial derivative, we obtain the relationship
between Ag;, and a small displacement §¢!, and in the limit 66* — 0, we observe that
this change in the vector introduces a normal component that points downward.

In other words, the change in the direction of the vector has produced a vector that
is no longer purely tangent to the surface. Therefore, to correctly describe this change,
we must add an additional term to the relation 0sg, = Flﬁgv. If the resulting vector is
not confined to the tangent plane, then we must include a term that contains the normal

vector. So the corrected expression becomes
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Fig. 3.2: Illustration of the variation of the tangent basis vector g; along the coordinate
£, Due to the curvature of the surface, the variation Ag; includes a component normal
to the surface.

85ga = Fgﬁ g, + bag n, (34)

where b,s is the magnitude of the normal vector n. Therefore, by substituting the Eq.
(3.4) into Eq. (3.2), we obtain

dsm = (0gm® + T0mP)ga + bas D + g(m’n). (3.5)

The term dgm® +I'Jym? provides a more accurate description of the rate of change of the
component m® than the partial derivative dgm® alone. We therefore define the covariant

derivative of the component m® as

dgm® = Dgm® + Logm?. (3.6)

This allows us to rewrite Eq. (3.2) as

Oﬁm = agmo‘ga + baﬁ n + aﬁ(mgﬁ) (37)
Now, we focus on the term b,3, known as the curvature tensor. In its mixed form,
by =g"b

bl and b3. The curvature tensor allows us to extract two key geometric quantities: the

va; the values along the diagonal are called the principal curvatures, denoted by

mean curvature # and the Gaussian curvature X, which are defined as [37]
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Fig. 3.3: Effect of mean curvature # on the orientation of normal vector.

A = Tr(b3) = by + b3,

(3.8)
K = det(b3) = blb2.

In two-dimensional spaces, curvature is a property that measures how much a curve
deviates from being a straight line. This idea can be extended beyond curves to entire
surfaces embedded in three-dimensional space. In this context, curvature is analyzed in
multiple directions through the 77 and X, which generalize the concept of how much a
surface “bends” at each point.

To develop an intuitive understanding of the mean curvature, let us consider a surface
in three-dimensional space that bends only in one direction. This is equivalent to assuming
that one of the principal curvatures is zero, for example, b3 = 0. In that case, the mean
curvature reduces to ## = bi; that is, it depends solely on the curvature in one direction.

As an example, imagine a magnetic strip where the magnetization vectors are initially
perpendicular to the plane of the strip. As we see in Fig 3.3. If we now bend the strip,
it is possible to analyze .7 by observing how the normal vectors vary along the surface.
If the strip is flat, all the normal vectors are parallel to each other, which implies that
¢ = 0. If the surface bends forming a bump upwards, the normal vectors diverge; in this
case € > 0. Conversely, if the surface bends forming a bump downwards, the normal
vectors converge, which is associated with 7 < 0.

On the other hand, the Gaussian curvature K measures how a surface bends in all

possible directions around a point. To analyze it, it is more convenient to directly consider

29



K<0 K=0 K>0

b2 >0
by >0

Fig. 3.4: Illustration of Gaussian curvature /C based on the signs of the principal com-
ponents of the curvature tensor bf.

the intrinsic geometric properties of the surface. For example, Fig 3.4 illustrates different
representative cases of Gaussian curvature.

We can see that the Gaussian curvature can be positive, negative, or zero, depending on
the signs of the principal curvatures. In Fig 3.4 (a), the case of a hyperbolic paraboloid is
shown, where the principal curvatures have opposite signs. In this case, K < 0, indicating
a hyperbolic geometry. On the other hand, in Fig 3.4 (b), the surface curves in one
direction but remains flat in the perpendicular direction. As a consequence, X = 0, which
indicates that despite the visible curvature, the surface does not have intrinsic curvature
in the two-dimensional sense. Finally, in Fig 3.4 (¢), both principal curvatures are equal
and positive. In this case, the I > 0, reflecting that the surface is closed and curves in
the same direction in all directions.

Now, to complete the analysis of the magnetization dynamics in curved systems, we

focus on the third term on the right-hand side of Eq. (3.7), which can be expanded as

85(m3f1) = 85m3f1 + m385f1. (39)

The derivative of the unit normal vector n with respect to a tangential direction 9,
on a surface, denoted by d,n, describes how the local orientation of the surface changes
as one moves along d,. Since n is a unit vector, its derivative cannot have a component
in the normal direction, and therefore J,n must lie in the tangent plane.This variation
is intrinsically related to the surface curvature and is described by the Weingarten for-

mula [37]:

8ﬁﬁ = —baﬁga = —baﬁga. (310)

Substituting Eq. (3.10) into Eq. (3.9), we have that
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Os(m*n) = (95m®) n — m’b%g,. (3.11)

Finally, the variation of the magnetization with respect to the curvilinear coordinates

of the surface can be expressed as

dpm = (0sm” — m*b3)ga + (Mm’bga + Ogm®)h. (3.12)

With this equation, we can substitute into the micromagnetic energy equations to deter-
mine how the energies are affected by the change in geometry. Although the expressions
were derived, the steps are not shown here because they mainly involve straightforward
algebra. Instead, the focus is on the physical and geometrical meaning of the results,

which is more important for this study.

3.2 Micromagnetic energies in a curvilinear frame

Now that we have established the implications of expressing the magnetization vec-
tor in a curved coordinate system, we can reformulate the micromagnetic energy terms
introduced in Chapter 2 within the curvilinear framework. This section presents the
expression of each energy contribution adapted to curved geometries, emphasizing how

curvature modifies their structure and physical interpretation.

3.2.1 Exchange interaction on a curved surface

In curved magnetic systems, the exchange energy density takes the form [12]

EX =&+ EF + &5, (3.13)
with
EX = ADym™ 0%my, (3.14)
EY = Abavb”’ﬁmamﬁ + Ab%b° mam?, (3.15)
&y = 2Ab% <m5c§am3 — m?’ﬁ_amﬂ) : (3.16)

Here, A = 1,2, 3 and &;* corresponds to the isotropic exchange contribution, which reduces
to the standard expression in flat geometries. The remaining terms, &3 and &5, arise
solely from the curvature of the system.

The term &5 is referred to as the curvature-induced anisotropy associated with the

exchange energy. An intuitive way to understand the origin of this term is by consid-
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ering the transition from a flat ferromagnetic state, where the exchange energy is zero
(Fig. 3.5(a)), to a curved system (Fig. 3.5(b)). When the system is curved, the magnetic
moments are forced to form angles § with each other, especially in regions of higher cur-
vature. We observe that the magnetic moments tend to align in such a way that they
follow the curvature variation. This adjustment introduces an energetic cost, which is
captured by the additional term &5. Hence the name curvature-induced anisotropy. This
also explains why, in Eq. (3.15), the magnetization appears in a quadratic form, indicating

that there is no intrinsic preferential direction.

AN
(a) e AN
ttpteteett w-> < T

Fig. 3.5: Schematic illustration of the origin of curvature-induced anisotropy in the
exchange energy. (a) In a flat system. (b) In a curved system, the magnetization vectors
follow the geometry of the surface.

The term &5 is referred to as the curvature-induced DMI. It represents a chiral inter-
action that favors the formation of spin textures with a specific sense of rotation. This
interaction is induced by the curvature of the system and is analogous to the conven-
tional Dzyaloshinskii-Moriya interaction, but arises purely from geometric effects. For
this reason, it can be regarded as a form of extrinsic DMI.

Suppose we have a skyrmion-like magnetization texture in a ferromagnetic strip (see
Fig. 3.6(a)). When the system is curved, the local spatial symmetry is broken, leading
to an interaction that can twist the magnetization depending on the curvature of the
surface. If the system is bent in a particular way, as shown in Fig. 3.6(b), the magnetic
moments at the skyrmion core become more aligned (i.e., more parallel) than if the strip
were bent in the opposite direction (see Fig. 3.6(c)). This suggests that curvature can

either stabilize or destabilize skyrmions, effectively mimicking the role of intrinsic DMI.
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Fig. 3.6: Curvature-induced modification of a skyrmion-like texture. (a) Flat geometry;
(b, ¢) deformed geometries.

3.2.2 DMI in curved surface

In a curved system, the interfacial DMI energy density can be written as [12]

£PMIG) _ ggMI(i) + (ngI(i)7 (3.17)

where
g,gMI(i) — DD(m3Bam® — me8ym?), (3.18)
EPMO — _ DO smam?, (3.19)

Here, 6"113) MIG) corresponds to the intrinsic interfacial Dzyaloshinskii-Moriya interaction
generalized to a curved surface. The additional contribution 51]3 MIG) originates from the
interplay between the interfacial DMI and the surface curvature and can be interpreted
as an effective geometry-induced anisotropy term that arises solely from the curvature of
the magnetic surface.

A similar interpretation to that made for the term &5 can be extended here. If we
consider a scenario in which no chiral texture is formed in a Co/Pt system, as illustrated
in Fig. 3.7(a), where all spins are uniformly aligned, bending the system induces a angle
0 between neighboring magnetic moments, even though no such angle exists in the planar

case. This effect is schematically shown in Fig. 3.7(b).
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Fig. 3.7: Curvature-induced canting of magnetic moment in a Co/Pt system: (a) planar,
(b) curved, showing a finite angle 6 between neighboring moments.

In a curved system, the energy density of bulk DMI can be expressed as [12]

£DMI(b) _ ggMI(b) + gEMI(b)’ (3.20)

where
ggMI(b) _ D(b)(mgéam?’ — m30,ms), (3.21)
ngI(b) = DO b smam?”. (3.22)

Here, é"gMI(b) is analogous to the planar Bloch DMI term m - (V x m), but adapted to
curved geometries using covariant derivatives. The term cngI(b) favors configurations

in which the tangential components of the spin couple to the extrinsic curvature of the
surface.
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Chapter 4

Theoretical model

4.1 Geometry

In our model, we consider a very thin magnetic shell of thickness h. We parameterize

the bent nanotube of length L as

a(¢,6%) = (R + rsin(&%/r))sin(¢!/R)é, + (R + rsin(€%/r)) cos(¢'/R)é, + r cos(£2/r)é.,
(4.1)
where ¢! and £? denote the arc-length coordinates in the toroidal and poloidal directions,
respectively. The minor and major radii of the bent nanotube are indicated by r and R,
as shown in Fig. 4.1(a). Examples of bent nanotubes obtained by varying the angle 1) and
substituting the relation R = L /21 into the parametric equation are shown in Fig. 4.1(b).
This surface defines and orthonormal curvilinear basis é; = g1/|g1], é2 = g2/|g2| and

N = é; X éy, with g1 = 0p0 and g, = Ox20.

Under this parametrization, we can obtain the metric tensor g.g = g. - gg as

dy = ((1 - %si(l;l(f /7)) (1)> | (4.2)

the curvature tensor b,g = 1 - 0,g5:

__ R+rsin (&2 /r) . 2 o sin(€2/r)
baﬂ _ RZ Sln(f /T) 0 : bg — R+rsin(€2/r) 0 (43)
0 —1/r 0 —1/r

and the Christoffel symbols:
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Fig. 4.1: (a) Geometry of the bent nanotube and definition of the toroidal ¢ and poloidal
&2 coordinates. (b) Nanotube configurations for different bending curvatures ).

1 1 sin(&%/r)
P12 - F21 - R + TCOS(SZ/’I")7 (44)
2 (R + rcos(€2/r))sin(&2/r)

11 R2 :

From the curvature tensor, the mean curvature (&%) = bl + b3 and the Gaussian

curvature KC(£%) = bjb3 can be obtained as

o sin(&2/r) 1
H(E7) = (R+rsin(&2/r)) r’ (4.5)
IC(§2> _ Sin(gz/r) ) .
r(R+ rsin(£2/r))

4.2 Skyrmion anzats

The unit magnetization vector m can be expressed using an angular parametrization

in the surface basis as
m=cosP sin@eé&; +sind sinO® &, + cosOn.

Here, © and ® denote the angular fields defining the magnetization texture through an

ansatz. For a skyrmion on a curved surface, these angles can be expressed as [38|

O(¢", %) = O (Vo€ — X1 + gul@ = X7P)
52 — X2 (4.6)
(¢ €?) = arctan<\/g_(5 o )> + ¢o,

V(g = X1)

which depend on the surface coordinates £ and €2, with (X!, X?) denoting the collective

coordinates that describe the position of the skyrmion center. The function ©,; represents

36



the planar skyrmion profile; in this thesis, we adopt the Braun ansatz [39], given by

©,(s) = 2arctan (%) : (4.7)

where the parameter w = wD/(4K) corresponds to the skyrmion domain-wall width,

while Ry denotes the skyrmion radius. This ansatz is adopted due to its accuracy in

predicting theoretical results that are in good agreement with numerical simulations.

4.3 Planar approximation

To investigate how surface curvature affects the skyrmion energy, we assume that the
skyrmion profile remains unchanged [38]. This assumption is valid as long as the skyrmion
radius is much smaller than the typical curvature scales of the surface

Within this approximation, the metric tensor can be evaluated at the skyrmion center,
Gop(€,6?) &~ gop(X', X?). Tt is then convenient to introduce the change of variables
Vo (&' —X"1) = pcos x and /g22(£*—X?) = psin x. Furthermore, the curvature functions
H(€%) and K(€?) are expanded about a fixed reference point X2 using a Taylor series [40]:

2\ _ 2 pSiIlX / 2 1 pSinX : 1" 2
%(5)—%(X)+—@%(X)+2<—@> H(X2) + (4.8)

2
K(€2) = K(X?) + 250X oy 4 L (psmx> K/(X?) + - (4.9)
V922 2\ Vo2
In this expansion, we retain only the zeroth-order term. This is sufficient to describe
the influence of curvature on the skyrmion energy, while higher-order terms are negligible
either due to their small magnitude or because they cancel out by symmetry (cf. Ap-
pendix A). Throughout this thesis, we adopt the notation /2 (X?) = # and K(X?) = K.
This change permits the skyrmion ansatz to be written in polar coordinates, as illustrated

in Fig. 4.2, as

O(p) = 2arctan (M) 7

sinh(p/w) (4.10)
®(x) = x + ¢o-
The magnetization components can then be expressed in polar coordinates as
L sin©O(p)cos®(x) m,cos P(x)
T v
2 SinO(p)sin®(x) _ m,sin &(x) (4.11)
V922 V922
m?® = cos O(p) = m,



Fig. 4.2: Local planar approximation of the curved surface around the skyrmion core.
Within this approximation, the skyrmion profile can be defined in terms of polar coor-
dinates (p,x). This approximation remains valid provided that the skyrmion does not
undergo significant deformation.

The importance of this approximation lies in the fact that it enables the skyrmion en-

ergy contributions to be expressed in an analytical form, thereby providing direct physical

insight into the role of curvature and significantly simplifying the theoretical analysis.
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Chapter 5

Curvature-induced modification of the

current driven skyrmions on motion

In this chapter, we derive the generalized Thiele equation for arbitrary curved surfaces,
incorporating the effects of Zhang-Li spin-transfer torques. We begin by discussing the
Thiele equation for a planar geometry and then analyze the differences that arise when

extending it to a curved surface.

5.1 Current-driven skyrmion dynamics on a plane

A key factor for advancing skyrmion-based technologies and enabling skyrmion dis-
placement operations is the precise control of skyrmion movement driven by spin-transfer
torques. In flat geometries, the theoretical understanding of this motion has been thor-
oughly investigated, especially in systems such as FeGe [41-43| that stabilize Bloch
skyrmions, as well as in systems like Co/Pt [6,10], where Néel skyrmions are favored.

The Thiele equation [44] offers a comprehensive framework to describe skyrmion mo-
tion driven by spin-transfer torques. In this approach, the skyrmion is treated as a rigid
spin structure, allowing the analysis to concentrate on the dynamics of its center of mass.
Within this formalism, the skyrmion velocity v = (v,, v,) can be obtained from the com-
petition between the different forces acting on it. The thiele equation in a plane is given

by

G X (v—u)+D(fu—av)=0. (5.1)

Here, G is the gyroscopic vector (or gyrovector) and D is the dissipative tensor, which

are defined respectively by
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0
G=|0], _ OMt//d dym - (8_m 8_m>7 (5.2)
G %

D,. D,, ox; 8%

By assuming the skyrmion with rotational symmetry, we consider that the magneti-

zation texture satisfies Om/0z L Om/0y. This leads to the mixed components of the
dissipation tensor being zero, i.e., Dy, = D,, = 0, while the diagonal elements are equal,

Dy, = Dy, = D. Under these assumptions, and using the gyrovector definition for a

topologically non-trivial texture, the gyrovector magnitude is given by G = — sk-

As a result, the tensor in the Thiele equation simplify to

0
Mt
G=1|0]|, G = —4r® D, (5.4)
v
G

(20) o ffaa() e

By substituting Eqs. (5.4) and (5.5) into Eq. (5.1) and assuming a current density J
applied along the —z direction (i.e., u = (u,0)), we can determine the explicit forms of

the longitudinal (v,) and transverse (v,) components of the skyrmion velocity as

aBD? + G?

b= apEy G 56)
(a = B)DG

'Uy =Uu m (57)

From Egs. (5.6) and (5.7), we can identify two fundamental mechanisms that determine
the trajectory of a skyrmion: (i) the polarity of the skyrmion p, and (ii) the relationship
between the damping coefficient o and the non-adiabatic term f.

To illustrate the first mechanism, let us fix @ and g such that o > §. In this con-
figuration, the transverse component of the skyrmion velocity (along the y-direction) is
determined by the polarity p. That is, skyrmions with p = +1 are deflected towards
the +y direction, while those with p = —1 are deflected in the opposite direction (see
Fig. 5.1). This deflection of the skyrmion with respect to the current direction is a con-
sequence of the Magnus force, which arises from the topological coupling between the

magnetic texture and the spin current.
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Fig. 5.1: Dependence of the skyrmion motion direction on the polarity p. For p = +1
and p = —1, the transverse direction of the velocity v changes sign, highlighting the
topological nature of the SKHE.

This transverse force exists due to the skyrmion’s nontrivial topology and depends
directly on the topological charge Ng. Such behavior is analogous to the conventional
Hall effect for charged particles, where the direction of the Lorentz force depends on the
sign of the charge. For this reason, it is also referred to as the skyrmion Hall effect (SKHE).

To analyze the second mechanism, we fix the skyrmion polarity to p = —1 and examine
how the dynamics are affected by the relationship between o and 3. As shown in Fig. 5.2,
when a > [, the skyrmion exhibits a positive transverse velocity component (SkHE
towards +y); when o = /3, the motion is just longitudinal in the direction opposite to the
current (with no transverse deflection); and when o < 3, the SKHE is reversed, and the
skyrmion is deflected towards —y. Therefore, this mechanism also governs the direction
of the SKHE.

Although the condition @ = B appears theoretically attractive for spintronic appli-
cations such as racetrack memories, this equality is rarely achieved in real materials.
Theoretical studies indicate that this condition is satisfied only in idealized models, which
never apply to real materials due to the unavoidable presence of spin-orbit coupling and
disorder effects [45].

This naturally raises the question: what happens to these two mechanisms of motion
when the skyrmion is no longer moving on a flat plane, but along a curved track? We

investigate this question in the next section.
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Fig. 5.2: Relative influence of the dissipation coefficients o and S on the skyrmion
dynamics with fixed polarity p = —1. Three regimes are observed: positive deflection,
pure longitudinal motion, and negative deflection.

5.2 Generalized Thiele equation in curved surfaces

The dynamics of skyrmions in different curved geometries have attracted consider-
able attention due to the unique interactions that arise in such systems. For example,
studies of cylindrical films with a sinusoidal directrix (Fig. 5.3(a)) have demonstrated
that skyrmions experience curvature-induced drift even in the absence of external stim-
uli [40]. In their work, the curvature gradient acts as an effective potential that drives
the skyrmions toward regions of lower energy. Similarly, for curved tracks with Gaussian
bumps (Fig. 5.3(b)), skyrmion propagation is controlled by a curvature-induced force
(CIF) originating from the gradient of the geometry-induced potential energy [46]. This
force can either accelerate or block the skyrmion motion depending on the applied current
density. Their micromagnetic simulations revealed critical current thresholds required to
overcome geometric barriers. Meanwhile, in straight nanotubes (Fig. 5.3(c)), the system
thickness has been shown to significantly influence the skyrmion velocity under applied
currents, thereby requiring corrections to traditional flat models [16].

While the aforementioned works provide valuable insight into curvature-induced effects
in specific systems, there is no unified theory capable of predicting the skyrmion motion

across general geometries while accounting for the Zhang—Li torque.
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Fig. 5.3: Skyrmion dynamics in various curved geometries: (a) Cylindrical film with a
sinusoidal directrix, (b) surface with a Gaussian bump and (c) straight magnetic nanotube.
Figure adapted from [16,40, 46]

In this work, we generalize the Thiele equation by incorporating the Zhang—Li torque
in arbitrarily curved systems. Our derivation provides a unified description of current-
driven skyrmion motion in curvilinear geometries, combining the effects of curvature and
STT.

Let us consider a very thin magnetic shell parametrized by o (&1, €2, €3), where & €
[—h/2, h/2] denotes the coordinate across the shell thickness. The geometry of the sys-
tem is described by its mid-surface, defined at &3 = 0, which represents a curved two-
dimensional surface embedded in three-dimensional space.

The surface geometry is characterized by the tangent basis vectors g, = do /J*
(v = 1,2), the corresponding unit vectors e, = g./|ga|, and the associated metric tensor
9o = Ga - g, which fully describes the intrinsic geometry of the curved surface. The unit
normal vector n = e; X e, defines the extrinsic orientation, as depicted in Fig. 5.4. To
exploit the magnetic properties of a curved system, the magnetization unit vector can be
parametrized in a local basis as m = m®e, + m"n, where the Einstein sum convention

(repeated index represents sums) has been adopted.
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Fig. 5.4: Parametrization of a curvilinear shell. The skyrmion position is given by
(X', X?), and the magnetization vector m is described by the spherical angles (O, ®) in
the local frame. A current j is applied tangentially to the surface.

We define the skyrmion center as

R =a(X'(t), X*(t), X*(t)), (5.8)
then the velocity of the skyrmion is given by

OR iy

— =g X" 5.9

5 =9 (5.9)
Here gi; = gy - g is the metric tensor with g = det(gy;). Assuming the skyrmion maintains
its shape throughout its motion and the magnetization is located at (£!,&2,€3). The

skyrmion center as a function of time can be expressed as

m=m(¢ - X' - X2 - X?). (5.10)

This enables us to express the derivatives with respect to the collective coordinates

Om/9X7 and the time derivative 9m /0t in terms of the curvilinear coordinates (£, £2, £3)

as
om ~
= 0, (5.11)
om Nay vs
with aai{; = d;m*. To calculate the dynamics of the skyrmions, we solve the LLG equa-

44



tion incorporating the 7 term, which represents the influence of the current within the

magnetic material, as given by

0 0

8—,’? = ym X Heﬁ‘—l-am X a—T—FTstt. (513)
The 7y can be written as

T = —(u-V)m+ fm x (u-V)m. (5.14)

To solve Eq. (5.13), we follow the Thiele formalism [44], which describes the dynamics
of a rigid magnetic texture by expressing all torque contributions as effective forces, leading

to the following condition:

H& + H + H + H® + H"P =0, (5.15)
where
om
HE — — - 5.16
mx (5.16)
H® =~vym x m X H., (5.17)
om
H =% x I 5.18
1
H"P = - mx (u-V)m, (5.19)
H — P m (w-V)m. (5.20)
gl

Here, H® is the gyroscopic effective field, H represents the conservative (energy contri-
butions) effective field, and H< corresponds to the dissipative field. The terms H”P and
H"P account for the adiabatic and non-adiabatic components of the STT |, respectively.

According to Tretiakov et al. [47], the generalized force associated with each of these
effective fields can be calculated by integrating the corresponding torque over space. In

this way, the total force acting on the rigid magnetic texture can be written as

9
F = Fé, Fi:—uOMS/ H- v, (5.21)
L axi

with dV = /g(&',£2,€3). The vector F represents the generalized force acting on the

magnetic texture due to the effective field H.
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Gyroscopic tensor

We calculate the force contribution associated with the gyroscopic term, which arises
from the time-dependent dynamics of the magnetization. This force is directly related to
the gyrovector in the planar case. By substituting Eq. (5.16) into Eq. (5.21), and using
the time and spatial derivatives given in Egs. (5.11) and (5.12), the gyroscopic force can
be expressed as

poMs

Ff = ——Xb/ e’ d;m*dym' dV. (5.22)
v v

Here, e, = \/m €in 1s the Levi-Civita tensor, with g = det ||g;;|| denoting the determi-
nant of the three-dimensional metric tensor. Considering a general surface parametrized
by o (¢!, £?) and adopting the planar approximation (i.e., gas(¢', &2) = gas(X*t, X?)), it
has been shown that, in the limit where the curvature radii are much larger than the

skyrmion size, Eq. (5.22) approaches its flat-film value as [3§]

FY = —Gap X7, (5.23)
where G is the gyroscopic tensor, defined as

M.h
Goy = Mo

€ab 47TNSk. (524)

The gyrovector can also be expressed in vector form as G = (0,0, —G) with G =
”OTMshélesk, pointing along the surface normal [38]. However, in this work we adopt the

tensor formulation, which captures the relevant physics without loss of generality.

Dissipative tensor

Following similar reasoning, the general dissipative force is given by

M, ..
M07 Xj/gl,\aim)‘(‘)jmldv, (5.25)
1%

which, for a surface and under the planar approximation [38], becomes

Fl=q

)

Fd = —aDg X", (5.26)
where the dissipative tensor is defined as

_ MOMsh
v

Here, i,j,k, A, 1,p,q € {1,2,3} and a,b,v,n € {1,2}, with dS = \/g(¢', £?) d§'d€>.

Dap / [g,maamnﬁbm'y + 8amgabm3} ds. (5.27)
S
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Curvature-current tensors

We calculate the forces associated with the fields HAP and H™P. First, we derive

the effective field associated with the HAP in a curved system:

AD——lmx u - m
B == (- V)m) (5.28)

= —u! [m'9;mPey,g" +mPm'g, x 0;g,).
Projecting this field along Om /90X, we obtain:

om ,
HAP . —— — /e, m! O;m> O:mP
0X' [ ' ’ (5.29)

— Elng m! o;m* g7 - ({mO‘F}a — 77136}}97 + mbjq ﬁ)} .

Substituting Eq. (5.29) into Eq. (5.21) and considering the planar approximation, the

force associated with HAP can be expressed as

M.h ml aaml (m’yriy_mgb}))
FAY =G+ P [ G o (T, — it S (5:30)
S

m3 O,m?> m7 by,

We note that the second term on the right-hand side of Eq. (5.30) depends on the Christof-
fel symbols and the curvature tensor. Therefore, in a planar system this term vanishes,
showing that a new contribution to the force associated with the field HAP arises in

curved systems. We define this curvature-induced contribution as the tensor G%,:

m! 9,m' (m'TL, —m3b})
poMsh ‘ o :
wh = 5 > /S\/E m? Jym?® (m Ty, —m?b;)| dS. (5.31)

m3 9,m> m7 by

We now turn to the force generated by H™P in curved geometries. Although the
derivation follows the same general framework as in the adiabatic case, the resulting force
exhibits a different structure due to its dissipative nature.

The effective field associated with the non-adiabatic term is given by

HD — —g u? (@-ml g +m! 3j§z> : (5.32)

To evaluate the corresponding force, this field is projected onto the collective coordinate
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derivative dm/0X", yielding

0 [~
m = —u’ [gl,\ ajml om?
Y

HnAD .
(5.33)

A

0 Gy - (mUTy = ™)) g, + O mbjai]

Introducing this expression into Eq. (5.21) and assuming the planar approximation, the

force produced by the non-adiabatic term can be written as

IUOMsh

F;AD = —Bu’Dy — fub / [gm Oym” (mwflb — meZ) + m* 9,m> bbw] ds.
i (5.34)
In analogy with Eq. (5.30), the second term on the right-hand side of Eq. (5.34)
explicitly depends on the Christoffel symbols and the curvature tensor. Consequently,
this contribution vanishes in planar geometries. This observation allows us to identify a
curvature-induced to the non-adiabatic force. We therefore define this contribution as a
geometry-dependent dissipative tensor D},:

M,h
Dy, =M / [gm Dam (mT, — m?b)) +m® ym?® by, | dS. (5.35)
Y S

Therefore, the additional tensors G, and D}, arise solely from the curvature of the
magnetic surface, giving rise to a novel curvature-induced interaction that directly affects
the magnetization dynamics.

By summing all force contributions associated with the dynamics, as given by Egs. (5.23),
(5.26), (5.29), and (5.34), and including the energy gradient 0E /09X, the resulting equa-
tion of motion can be written as

b b 222 b b u u\, b
Gup( X’ —u’) = 3xa + Dop(a X’ — pu’) + (G4, — BD ) u’. (5.36)
Equation (5.36) coincides with the Thiele equation generalized for the case of STT [48|.

u

., are new contributions incorporated into the

However, the last two terms, G, and D
generalized Thiele equation and depend on the curvature. Since these terms are multiplied
by the drift velocity of the conduction electrons, u®, which is in turn proportional to the
current density J, they enable a combined action between STT and curvature. Impor-
tantly, (5.36) is not restricted to skyrmions but is generally applicable to rigid magnetic
textures driven by spin-polarized currents in curvilinear geometries. Our derivation there-
fore provides a unified description of current-driven magnetic texture dynamics in curved

systems, capturing the interplay between curvature and STT.
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Fig. 5.5: Schematic representation of the effective fields HAP and H™P acting on a
magnetization texture under a current density J on a curved surface. The field H”P lies
in the local tangential plane, while H™AP points along the surface normal.

It is well established that, in quasi-one-dimensional systems, curvature modifies the
effective spin-transfer torque (STT) [40], while in geometries with curvature gradients it
leads to chiral symmetry breaking and direction-dependent depinning currents [49]. De-
spite these advances, the role of curvature in current-driven transport on two-dimensional
magnetic shells remains largely unexplored. In this context, Eq. (5.36) can be regarded as
a natural extension of these one-dimensional curvature-induced effects to two-dimensional
curved manifolds. This generalized formulation provides a suitable framework to inves-
tigate skyrmion dynamics in curved magnetic shells and to elucidate the impact of the
curvature-induced tensors on their current-driven motion.

To clarify the origin of the additional tensors, we analyze the orientation of the effective
fields HAP and H"P on a curved surface. As illustrated in Fig. 5.5, when an electric
current J is applied to a magnetic texture such as a skyrmion, it induces a collective
motion of the magnetization. In this configuration, the field HAP is oriented along the
local surface normal, whereas H™P lies within the tangential plane. In curved geometries,
both the normal and tangential directions vary spatially along the surface. As a result, the
effective fields acquire geometry-dependent contributions, which manifest as curvature-

induced tensors in the effective equations of motion.
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Chapter 6
Results and discussion

In this chapter, we apply the generalized Thiele equation to a bent nanotube. First,
we analyze how the curvature is modified when bending the nanotube. Then, we calculate
the skyrmion energy under the influence of these curvatures, and finally, we study how

curvature affects the dynamics of skyrmions.

6.1 Mean and Gaussian curvature in a bent nanotube

A bent nanotube of total length L = 1130nm and inner radius r = 50 nm is ana-
lyzed. The influence of the curvature control angle ¢ on the mean #(£%) and Gaussian
K(£%) curvatures is examined, as described in Eq. (4.5). Three representative geometries
are considered, corresponding to different values of ¢: 1 = /32, describing an almost
straight nanotube; 1) = m/2, representing a semicircular bent nanotube; and ¢ = 107 /11,
corresponding to an almost fully closed nanotube.

As shown in Fig. 6.1(a), for the nearly straight nanotube (¢» = 7/32), the Gaussian
curvature exhibits only minor variations and remains close to zero along the entire angular
coordinate. At higher bending angles, such as ¥y = 7/2 and ) = 107/11, the Gaussian
curvature K becomes negative in the inner region (£2/r € [—, 0]), reaching a minimum at
&?/r = —m /2, and positive in the outer region (£2/r € [0, 7]), where it attains a maximum
at &/r = /2.

In contrast, as shown in Fig. 6.1(b), the mean curvature J# displays a markedly
different behavior. For ¢ = 7/32, it remains nearly constant at a value close to —1/r
over the entire geometry. As the bending angle increases (¢» = 7/2 and ¢ = 107/11),
the mean curvature stays negative throughout the nanotube, reaching a maximum (least
negative value) at £2/r = —n/2 and a minimum (most negative value) at £2/r = /2,

corresponding to the stretched outer side.

20



—1 —{(.5 0 0.5 1 —1 —0.5 0 0.5 1
£ /r (m rad) £ /r (m rad)

Fig. 6.1: Curvature analysis of a bent nanotube showing (a) Gaussian curvature K and
(b) mean curvature . The angular coordinate £2/r represents the normalized angular
coordinate.

6.2 Skyrmion energy on a bent nanotube

The energy of a skyrmion in a bent nanotube can be obtained using an analytical
expression derived under the planar approximation. This allows the energy to be expressed
as a function of the skyrmion center position (X!, X?) along the bent nanotube.

The energy of Néel skyrmion on a bent nanotube is given by (see Appendix A)

2 _
A(CO_@C&_%CQ+§>

EMN(X?) = 27h
(X7) =2m o

(6.1)

HC, M
= 5 ) G

+DW (02 +

when Cy, C and Cy are constants that depend on the material parameters, while N and
M are functionals that depend on the curvature but are independent of the skyrmion

position. All of these quantities are defined as

> 00\’ sin?O
Co—/0 ((8_p> + 7 )Pdpa (6.2)

01:/ sin? ©pdp, (6.3)
0

02:/ <aa—@+81n@COS@)pdp, (6.4)
0 P P

L2
N = / / A(E2) — 2K (€2)] /G e dE (6.5)

—L/2
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Fig. 6.2: Total energy E®) of a (a) Néel skyrmion and (b) Bloch skyrmion as a function
of the poloidal coordinate direction X?/r for different curvature control angles 1.

v— [ v | v, (6.6)

L/2

The functionals N and M cause a shift in the energies depending on the curvature,
and therefore can be neglected in the context of our dynamical analysis. By defining
E" = E — FE', where F’ is the energy independent of # and K, that is, AE(X?) =
E"(X?) — E"(r), we have obtained the skyrmion energy for each considered open angle.

We can now determine the energy AFE(X?) for a Néel skyrmion hosted on a bent
nanotube. We consider the material Pt/Co/AlOx, which presents the following material
parameters [38]: saturation magnetization M, = 1.09817 x 10° A /m, exchange stiffness
A = 1.6 x 107" J/m, uniaxial anisotropy constant K, = 1.4 x 10°J/m? and the DMI
interfacial constant D@ = 2.8 x 1073J/m?. The film thickness was h = 1 nm. The fixed
geometrical parameters are L = 1130 nm and r = 50 nm. To determine the role that the
curvature plays. we consider three values for the open angle: ¢ = 7/32, ¢ = 7/2 and
Y =10m/11.

Figure 6.2(a) shows the energy AE™) of a Néel skyrmion as a function of the poloidal
coordinate X?/r. For ) = m/32, the skyrmion energy remains nearly constant along the
poloidal direction, indicating that the geometry has a negligible influence on the energy.
For larger curvatures, such as ¢ = 7/2 and v = 107 /11, a clear trend emerges, indicating
that the skyrmion becomes sensitive to the tube geometry. In both cases, curvature
promotes the spontaneous localization of the skyrmion around X?/r ~ /2, where the
energy attains a global minimum.

To ensure a direct comparison with the Néel skyrmion energy, the Bloch skyrmion is
considered within the same material parameters. The corresponding energy expression is

given as (see Appendix A)
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E®(X?%) =27rh [A | Cy — (— Ci+— | +DVCy + KC, (6.7)

Figure. 6.2.(b) shows the energy AE®) of a Bloch skyrmion as a function of the

poloidal coordinate. For small curvature, specifically ¢ = 3%7'(', the skyrmion energy

remains nearly constant along the bent nanotube. As the curvature increases, we observe

a modulation with well-defined energy minima located around X?/r ~ —5% and 7, and
maxima at the extremes and the center (X?/r = +m,0).

When comparing with the Néel skyrmion case, we find that both types exhibit similar
qualitative behavior: curvature induces energy modulation along the tube. Notably,
both Bloch and Néel skyrmions reach a low-energy state at X?/r = 7/2; however, this
minimum is local for the Bloch skyrmion and global for the Néel skyrmion. Furthermore,
at X?/r = —m/2, the Bloch skyrmion reaches its global energy minimum, whereas this
same point corresponds to a global energy maximum for the Néel skyrmion.

An important difference lies in the amplitude of the energy variation. The Néel
skyrmion exhibits a significantly larger energy modulation compared to the Bloch skyrmion,
indicating that it is more sensitive to the curvature. This increased sensitivity is attributed
to the contribution of the term JZCs5, which is dominant compared to the other terms.
Moreover, this J#C5 term is absent in the energy expression of the Bloch skyrmion be-
cause the intrinsic DMI in this case is isotropic. Therefore, the Néel skyrmion in a bent
nanotube is more sensitive to curvature, with the mean curvature being the main geomet-

ric contribution responsible for this effect.

6.3 Curvature-induced force

Due to the energy gradients caused by curvature, skyrmions experience a force that
drives them toward regions where their energy is minimized. This force is known as the

curvature-induced force and can be calculated as [50]

F = —VE

— _(g(m(Xl,XZ))—lma_EA (6.8)

a)(Oéeoé.

For the Néel skyrmion case, the curvature-induced force is given by

FMN(X?) = 1h | AR (X?)C) — 2AF(X?)Cy + D@FQ(X?)Q] , (6.9)

where
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2R sin(X?) cos(X?)

R(X%) = r(R + rsin(X?2))3 ’ (6.10)
o Rcos(X?)
B(X7) = (R +rsin(X?))? (6.11)

N) acting on a Néel skyrmion. For

Figure. 6.3.(a) shows the curvature-induced force .%
larger curvature values, such as v = %ﬂ', the force profile becomes significantly stronger

and more asymmetric.

ST =05 0 05 1 ST =05 0 05 1
X2%/r (7 rad) X2/r (m rad)

Fig. 6.3: Curvature-induced force acting on a (a) Néel skyrmion and (b) Bloch skyrmion
along the poloidal direction X?/r for different curvature values 1.

The maximum of the force is located near the center (x?/r = 0), where the skyrmion
experiences a pronounced driving force toward the positive poloidal direction. We also
observe that the force profile is not symmetric around the peak, indicating that the
skyrmion is more readily accelerated in a preferred direction, namely for positive values
of X?/r.

The curvature-induced force of the Bloch skyrmion is

FB)(X?) = nhAF (X?). (6.12)

As shown in Fig. 6.3(b), the force acting on the Bloch skyrmion is about two orders of
magnitude smaller than that on the Néel skyrmion, suggesting a reduced sensitivity to

curvature in this case.

6.4 Dynamic of skyrmion on a bent nanotube

To calculate the skyrmion velocity, we first need to obtain the tensors appearing in
Eq. (5.36). Since curvature has little effect on the Bloch skyrmion, the dynamical analysis
will be restricted to the Néel skyrmion. However, the corresponding equations of motion

for the Bloch skyrmion are provided in Appendix B.
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In a bent nanotube, the tensors of the generalized Thiele equation for a Néel skyrmion

are given by (see Appendix B)

0 G Ao Mgh N,
Gy = ( > LG = A po Msh N (6.13)

/Y
D o0
D, — 0 D= ﬂqush/
0 D Y 0

00\? sin?O
—_— d 6.14
((90) " 2| P (6.14)

0o -Gv M, > '
. ( 12) G- Wﬂ_shbg/ {COS@(Z_? + S”;@] odp (6.15)
0

Gy 0 v

Dy = (—Dqﬁ 0 ) Dy, = WMOMshbaﬂ /°° {8_@ N sin © cos @} odp (6.16)
0 —D3 gl o LOp p

The Néel skyrmion experiences an energy gradient F /0X?, which is directly related

to the curvature-induced force defined in Eq. (6.9). In addition, the skyrmion is driven

by an applied current density along the toroidal direction, i.e., u = u'g;. Taking all these

contributions into account and substituting the corresponding tensors into Eq. (5.36), the

time evolution of the Néel skyrmion position (X!, X?) is given by

e G(G—-GY) +apD(D + Dﬁ)ul _ G oF (6.17)
2D? + (2 a?D? + G2 9X?’

o aD(G - Gy) — BG(D + qul)ul _ aD oE ‘ (6.18)
a2D? + G2 a?D? + G2 9X?2

In contrast to the skyrmion velocities in planar geometry, we observe the emergence
of additional terms. These terms clearly vanish in the planar limit, such that the final
expression reduces to Egs. (5.6) and (5.7).

Based on these equations, we analyze how the position of the skyrmion evolves over
time, i.e. (X L X %), Due to the complexity of the system of equations, the dynamics
were solved numerically. Since the contribution of the tensor GY; is negligible in this
geometry, its influence on the dynamics will not be discussed. This is primarily because the

associated field HAP lies in-plane, resulting in minimal effects on the system’s dynamics.

6.4.1 Effects of curvature on the current

For the purpose of analyzing the effects of the additional terms in Eqgs. (6.17) and (6.18),
we consider a skyrmion propagating in a fully closed bent nanotube under an applied

current density along the toroidal direction, &'. The current density is fixed to J =
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100 x 10" A/m?, and we focus on the specific case a = 8 = 0.5.

We find that the term G}, does not significantly influence the dynamics. However,
the term D7}, does modify the motion under these conditions. As shown in Fig. 6.4(a)
by the black dashed line, when the DY, term is neglected, the skyrmion should follow a
straight trajectory along the toroidal direction, which is typical behavior in flat systems.
Nevertheless, when this additional term is taken into account, the skyrmion exhibits a
deviation from its initial position along the poloidal direction, £2, during the first 50 ns
(purple line). Subsequently, the skyrmion recovers a straight-line trajectory in the time
interval between 50 ns and 100 ns. This behavior is reflected in the skyrmion trajectory,
which is illustrated in Fig. 6.4(b) by the solid and dashed yellow lines.

This behavior indicates that the skyrmion experiences a new effect induced by the
interplay between the applied current and the curvature, arising from the term D},. This
contribution originates from the effective field H™*P, which, in curved geometries, points
along the surface normal and is therefore strongly influenced by the local curvature.
Consequently, it is reasonable to expect this term to play a more significant role in the

skyrmion dynamics.

(a) (b)

=== Without D}
— With DY

0 50 100
Time (ns)

Fig. 6.4: Time dependence of the skyrmion position X?/r with and without the term
DY,. (b) Schematic representation of the skyrmion trajectory on a toroidal nanotube
during the first 100 ns.

We now analyze what happens to the poloidal position of the skyrmion when the
damping constant « is varied around a fixed value of 5 = 0.5, for different current intensi-
ties. As shown in Fig. 6.5(a), for a current density of J = 100 x 10! A/m?, the skyrmion
becomes trapped in different regions whenever o € [0.49,0.51]. This indicates that the
SkHE is suppressed even for values where o # 5.

Although the range of o where this suppression occurs is close to (3, decreasing the
current leads to a considerable expansion of the interval. In Fig. 6.5(b), the case for
J = 30 x 10" A/m? is shown, where the range of « for which the SKHE is suppressed
broadens to a € [0.48,0.53]. Finally, for a current of J = 10 x 10" A/m?, shown in
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Fig. 6.5(c), this range significantly increases to a € [0.43,0.62], with the suppression
being more favorable when o > . This result is particularly important because, given
that it is experimentally challenging to obtain materials with o = [ to suppress the
SKHE, it would be sufficient to curve the system using realistic experimental parameters
to achieve this effect. These results demonstrate that the SKHE can be suppressed purely
through curvature, even under conditions of relatively high currents. This opens an
experimentally viable pathway for controlling the topological transport of skyrmions in
curved systems, without requiring fine-tuning of material parameters, and with direct

potential for spintronic applications.
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Fig. 6.5: Time evolution of the poloidal position X? for different values of damping
constant «, considering three current densities: (a) J = 100 x 10" A/m?, (b) J =
30 x 10" A/m? and (¢) J = 10 x 10'* A/m?. The results show that the suppression of
the SKHE.

6.4.2 Nonlinear dynamical regime

u
a

For a low damping value of @ = 0.02 and 8 = 0.5, the terms D}, and G}, have a
negligible influence on the skyrmion dynamics. Consequently, the motion is primarily
governed by the competition between the SKHE and the energy gradient, 0E/0X*. We
apply a fixed current density of J = 3 x 10 A/m? to nanotubes with different bending
configurations. As shown in Fig. 6.6(a), we analyze the skyrmion displacement along the

toroidal direction, AX!. For ) = 7/32, the skyrmion follows a helical-type trajectory,
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Fig. 6.6: (a) Time evolution of the skyrmion displacement AX? for different curvature
parameters 1, with the corresponding skyrmion trajectories on the nanotube shown in
the insets. (b) Skyrmion displacement AX? along the poloidal direction.

characterized by a linear relationship between position and time. However, as the curva-
ture increases up to ¢y = 107 /11, the skyrmion exhibits a nonlinear time evolution, with
the nonlinear behavior becoming pronounced at approximately 40 ns.

Moreover, Fig. 6.6(b) shows that increasing the curvature does not lead to a noticeable
variation in the skyrmion displacement along the poloidal direction, indicating that the

skyrmion Hall effect remains essentially independent of curvature in this regime.

10x
11 -

Under this configuration, we analyze the effects of three different current densities: J =
1 x 10" A/m?, J =3 x 10" A/m?, and J =5 x 10"* A/m?. As shown in Fig. 6.7(a),
for a current of J = 5 x 10" A/m?, the skyrmion undergoes two rebounds, while for
J =1x 10" A/m?, no rebound is observed within the first 100 ns. This indicates that,

for a fixed curvature, increasing the current enhances the rebound frequency.

We now fix the parameters a and [, and consider a constant curvature of ) =

Moreover, Fig. 6.7(b) shows that the skyrmion velocity in the poloidal direction de-
creases as the current is reduced, and increases with higher current. This behavior high-
lights the direct dependence between current magnitude and the skyrmion’s propagation

speed in this direction.
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Fig. 6.7: Time evolution of the Néel skyrmion position under different current densities
in a bent nanotube with curvature ¢y = 2. (a) Toroidal direction X*; (b) Poloidal
direction X?2.

6.5 Micromagnetic simulations

6.5.1 Software

To validate our results, we perform micromagnetic simulations using the open-source
software tetmag [51]. tetmag is a finite-element micromagnetic solver specifically designed
for simulations in complex geometries, including curved and three-dimensional nanostruc-
tures. This makes it particularly well-suited for studying magnetization dynamics in ge-
ometries such as nanotubes and toroidal surfaces (see Fig. 6.8), where curvature plays a

fundamental role in the physical behavior.

Fig. 6.8: Discretized representation of a cylindrical magnetic nanotube geometry used
in tetmag. Figure adapted from [52].

In micromagnetic simulations, the spatial discretization method plays a central role in

determining the accuracy and efficiency of the numerical solution. The two most widely
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used approaches are the Finite Difference Method (FDM) and the Finite Element Method
(FEM), each with its own strengths and limitations.

Micromagnetic solvers like Mumax?® [53] or Boris [54] are based on FDM, which as-
sumes a regular, rectangular grid of uniformly spaced cells (see Fig. 6.9) This method is
simple, computationally efficient, and easy to parallelize on GPUs. However, FDM suf-
fers from important limitations when dealing with nontrivial geometries, such as curved
or irregular surfaces. In such cases, the underlying grid cannot conform to the sample
shape, leading to inaccuracies near boundaries or interfaces.

In contrast, tetmag uses FEM, which discretizes the system into irregular tetrahedral
elements (see Fig. 6.9), allowing precise representation of arbitrary three-dimensional
geometries and curvature. This geometric flexibility is crucial for studying systems like
nanotubes or toroidal structures, where the curvature directly affects the magnetization

dynamics.

: ?:—l\oée\

Fig. 6.9: Comparison between two discretization methods commonly used in micro-
magnetism. The FEM model (left) allows smooth and accurate representation of curved
geometries, while the FDM model (right) approximates the surface using a staircase-like
grid. Figure adapted from [52].

6.5.2 Simulation

In our simulations, we used the parameters established for the Co/Pt/AOx system:
saturation magnetization M, = 1.09817x10° A /m, exchange stiffness A = 1.6x107 J/m,
and interfacial DMI constant D®) = 2.8 x 1073 J/m?.

Due to the long simulation times (around 100ns), the demagnetization energy was
not included. Therefore, the uniaxial anisotropy constant was adjusted from K, = 1.4 x
10%J/m? to K, = 5.6 x 10° J/m? in the simulations. A thickness of 2 nm was considered.

Figure 6.10 shows the comparison between the theoretical results and those obtained

from simulations for the skyrmion position (X' and X?) as a function of time, under
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different current densities .JJ, with o = 0.02, § = 0.5, and P = 0.5.
As shown in Fig. 6.10(a), for J = 3 x 10" A/m?, theoretical and numerical results

are in excellent agreement for both AX! and AX?. A similar agreement is observed for

J =5 x 10" A/m?, as shown in Fig. 6.10(b).

@ j_3x10"A/m? ® J=5x10"A/m’

700] — Theoretical 10001 — Theoretical
. O  Simulation — O  Simulation
=350 s
= S 500
<] <]

0 0
0 50 100 0 50 100
Time (ns) Time (ns)

4001 — Theoretical 700 —  Theoretical o)
— | O Simulation — | O Simulation o©
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- ~
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0 01§ = -
0 ol) 100 0 . a0 100
Time (ns) Time (ns)

Fig. 6.10: Comparison between theoretical and simulation results for the skyrmion
displacament AX! and AX? as a function of time. (a) J = 3 x 10" A/m? and (b)
J=5x 10" A/m?

We also performed simulations to investigate the combined effects of current and
curvature. The parameters were fixed to o = f = 0.5, for which theory predicts purely
toroidal skyrmion motion. However, as shown in Fig. 6.11, our simulations reveal a clear
deviation from the toroidal trajectory when a current density of 100 x 10 A /m? is applied,

thereby confirming the emergence of a curvature—current—induced effect on the skyrmion

dynamics.
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Fig. 6.11: Deviation of skyrmion trajectory from the toroidal direction under a current
density J = 100 x 10"* A /m? with a = 3 = 0.5.
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Chapter 7

Conclusions and perspectives

7.1 Conclusions

In this work, we have developed a generalized version of the Thiele equation to de-
scribe the dynamics of skyrmions on arbitrarily curved surfaces under the influence of
STT. This formulation incorporates geometric effects through the emergence of new cur-
vature—current coupling terms, represented by the tensors G, and Dy,.

Our static analysis shows that curvature significantly alters the properties of skyrmions,
with distinct effects for Néel and Bloch configurations. In particular, Néel skyrmions ex-
hibit a much higher sensitivity to curvature compared to Bloch skyrmions, making them
more stable in a bent nanotube.

In the dynamical regime, at a current density of J = 100 x 10 A/m?  we identify
a curvature-induced effect governed by the tensor D,, which leads to a deviation of the
skyrmion trajectory along the poloidal direction. Remarkably, this deviation occurs even
under the condition o = 3, for which no transverse motion is expected in planar systems.
This result highlights the crucial role of DY, in mediating the interplay between current
and curvature in high-current regimes.

We further examined the influence of the damping parameter a on the poloidal position
of the skyrmion. The results show that, even when o # 3, there exists a finite parameter
interval in which the skyrmion Hall effect (SKHE) is suppressed. This interval broadens as
the current density is reduced, spanning a wider range of o values, with the suppression
being more effective for a > .

Overall, these findings demonstrate that the introduction of curvature provides an
effective mechanism to suppress the SKHE in parameter regimes where such suppression
cannot be achieved in planar geometries. This offers a robust and practical route for
controlling topological skyrmion transport in curved magnetic systems.

In addition, for lower current densities of J = 3 x 10" and 5 x 10! A/m?  Néel

skyrmions exhibit nonlinear dynamical behavior induced by the strong curvature of the
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bent nanotube with ¢» = 107 /11. For a fixed high curvature, increasing the current density
results in a higher rebound frequency of the skyrmion and a pronounced modification of

its propagation velocity.

7.2 Perspectives

In this study, a system was analyzed where the spin-polarized current is perpendicular
to the direction of curvature. However, the question arises: what would happen in sys-
tems where the current is parallel to the curvature? For example, Bittencourt et al. [49]
demonstrated that such one-dimensional systems can induce a chiral spin-transfer torque
(CSTT), which generates non-reciprocity in the domain wall motion: the direction in
which the DW points determines whether its propagation is favored or blocked. There-
fore, it is proposed to explore this type of geometry in the context of skyrmions, with the
expectation of finding analogous effects.

Likewise, Carvalho-Santos et al. [46] reported that on surfaces with Gaussian bumps,
skyrmions can become confined to certain positions depending on the value of the DMI.
Since our theory controls motion in all directions, the question arises: what would happen
if the system were closed, similar to a straight nanotube but with a modulated radius?
Such a system would induce a helical motion of the skyrmions, so that specific DMI values
could help confine skyrmions in certain regions, causing them to circulate indefinitely.
Furthermore, as the curvature is parallel to the applied current, new effects would be
induced that could be exploited to create current-dependent devices, such as skyrmion
diodes.

Beyond skyrmions, the present study is applicable to other magnetic topological struc-
tures, as the equations only require modifying the corresponding ansatz. Moreover, these
structures are governed by the same micromagnetic equations on curved surfaces, making

this theoretical approach a powerful analytical tool.
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Appendix A

Micromagnetic energy of a skyrmion in

bent nanotubes

To determine the skyrmion energy on a curved system, one can adopt the planar
approximation to the skyrmion profile and calculate the quantities g?"} and gT"}. The
derivatives of the magnetization with respect to the coordinates (¢!, £2) can be obtained

through the chain rule in the form

om  Om OJp Om Ox

= + , Al
o0&~ op 0> Ox 0t~ (A1)
where o = {1,2}, \/g11(£* — X') = peos, and /ga2(£2 — X?) = psin .
Explicitly for the case of a Néel skyrmion, we have ®(x) = x, so that
ol sin O(p) cos () _ mpcos x
VI V911
2o sinO(p)sin®() _ mysiny (A.2)
922 V922
m?® = cos O(p) =m,.
Therefore, the substitution of Eqs. (A.2) in (A.1), we obtain
) my s
o oym! ) 5> cos” X + T2 sin? x
F om? | = | /2 <8ipp sin x cos Y — %sin;@osx) (A.3)
ohm? \/ﬁag;z oS X
and
om Do \ 2 (88—";” sin y cos Y — % sin y cos X>
ez 327712 = 68—";” sin? x + ©2 cos® (A.4)
Oam \/Eaa—";z sin y
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Exchange energy

The total exchange energy in a curved geometry can be decomposed into three distinct

contributions, being written in the form

L/2 T
= Ah / / (&5 + &F + E5)\/gde dg?

L/2 (A.5)

= Ah[E) + EX + E}),
where first, second, and third terms are respectively the isotropic-like and the curvature-
induced anisotropy, and the Dzyaloshinsky-Moriya interactions. The isotropic exchange

density &* reads

@%X = ((91m1)2 + 911922(817712)2 + 911922(327711)2 + (82m2)2

(A.6)
+ gll(alm3)2 + 922(a2m3)2 ,
from which one can derive the isotropic energy term
o [ 2 2 2
s [ () (52
0 dp p dp
- (A.7)

5 /°° _(6@)2+sin2@
== 7T [EE—
o [\9p p?

This contribution to the exchange energy vanishes when © = 0(x), what means that

the magnetization points along the n-direction. Because n does not necessarily define a
vector field whose vectors are parallel transported into each other on a curved manifold,
the is the emergence of curvature-induced interactions, given by &X and &3.

The curvature-induced anisotropy density is given by

EF = Abg‘bgm@m’8 + AbZHSmym®

| (A8)
= bibymym! + b3bsmam? + (biby + b3b3)mam?®
which can be simplified to yield
L/2 T
- | L [ AP sin x o B costx + (W + me) 3 de' e
L/2 pm (A.9)
= [ [ € - 2@ sint € 4 ) — 2K g
—L/2Jx

The (£%) and K(£?) are the Gaussian and mean curvatures, and can be expanded

around a fixed reference point X? as follows
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and

\ 922

where prime represents derivatives with respect to X?, and we have kept only the zeroth-

K(&) = K(X2) + 20X jor ) 4 L (psmx> K'(X2) 4 . (A.11)

order term. This is sufficient to describe the influence of curvature on the skyrmion energy.
Throughout this work, we adopt the notation J#(X?) = 5 and K(X?) = K. Under this

assumption, the induced anisotropy is simplified to
B = A" —QIC]/ sin’© pdpdy + N (A.12)
0

where N = fLﬁz [T [2(€7) — 2K(€)]\/g d&* d€? is a function that depends on the cur-

vature, accounting as a shift in the skyrmion position-dependent term of EX.

Finally, the curvature-induced DMI density (&%) is given by:

Ep = ng(mﬁéamg — m30,m”)

(A.13)
= 2(bym'oym?® + bym*0ym?® — bym>dym' — bym>0ym?) .

After some algebraic manipulation, this contribution to the exchange energy reads

L/2 om
ES = 2/ / bim P sin® xy — bym < £
P L/2J—=n [ g dp

— bsm, om, sin?y + 22 cos?y | | p dpdy
dp dp

mpa
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0
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(A.14)

Therefore, the complete expression of the exchange energy of a Néel skyrmion is

29 N
EX(X?) = 2nAh|Cy — Qq —HCo+ o (A.15)
T
where the constants Cy, C and C5 are defined as
© 1 790\* sin2O
Co= / (—) + d A.16
o= | 9 e (A.16)
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DMI energy

To continue our analysis, we adopt the fact that the intrinsic DMI interaction also
experiences curvature effects, so that the interfacial DMI energy in a curved geometry is

given by two contributions, in the form

EDMI Dh/ / / [gl]))MI(l)‘i‘(g}?MI(l)]\/gdfldé_Q
L/2

= Dh[EpMY 4 BN

(A.19)

where E DMIG) and EDMI() are the isotropic-like DMI and the DMI-driven curvature-
induced anisotropy. The energy density of the first contribution é"[[)) MO can be expressed

as

gl])DMI(i) — p® (m3(§ama _ maéam?’)

(A.20)
= m?(Oym!' 4 0ym? 4+ T am?) — m'oym® + m?0om?

which, after integration over the surface, gives the typical interfacial DMI energy contri-

bution as
2
i 0 om,
EDMI( = z)/ / (mz T o, e m, m > pdpdy
P o (A.21)
(i) 00  sin @ cos ©
=2nD — + ——— | pdp.
o \0p p
) ) : DMI(i) . .
The anisotropy-like energy density & is given by
EMY = DO _s#mam?, (A.22)
which, after some algebra, is evaluated to give
DMI(1 b .2 1,742
= / (1 —sin” O),/gd& d§
~Lf2 (A.23)
= 27&%”/ sin? ©pdp —
0

where M = ["2 [T [(£2),/gde de? is also a function of the curved surface, but does
—L/2J—=
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not depend on the skyrmion position.

Therefore, the complete expression of the interfacial DMI energy is

EPMIO)(X?) = 27h D (CQ L 74 M) . (A.24)

2 or

Finally, the contribution of the uniaxial anisotropy to the skyrmion energy is given by

E* = 27rhK/ sin? ©pdp, (A.25)
0

where K = K, — 5 M? is the effective anisotropy constant that takes into account the
magnetostatic energy of a thin film. By summing egs. (A.7), (A.9), (A.14), (A.21), (A.23),
and (A.25), we obtain the total energy of the Néel skyrmion, given by

H? — 2K N , H2C, M
EM(X?) =2rh |A|Co—{ ——"=3C = #Cy+ — | + DD O+ == — = ) + KCy
2 2 2 2
(A.26)
For the Bloch skyrmion, ®(x) = x + 7, so the derivatives are given by
o %’211 - ag;p sin y cos x + % sin y cos ¥
5 = % = o (% cos® y + %sin2 )() (A.27)
om? m
OET w/gllaapz COS X.
83?21 \/ 22 (—aa—";" sin? y — % cos? X>
8_52 = | ez | 8—ppsmxcosx — 7" sin Y cos Y (A.28)
om3 M, -
PeT V922 %5 sin x

o . DMI(b) .
Under these derivatives, the energy term EZ vanishes. Moreover, F, ) is also zero

due to the isotropic nature of the bulk DMI. Therefore, the total energy of the Bloch
skyrmion is given by

2 _
E®(X?) =27t |A| Cy— (@) Cy + g +DOC, + KOy | . (A.29)
m
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Appendix B

Calculation of the tensors for the

generalized Thiele equation

The gyrotensor G, and the damping tensor D,;, approach their flat-film values [38].

Gyrotensor

G =G

(B.1)
G(21 = _G7

where G = hM=47 N,;.. Since G1; = Gay = 0, therefore

B!
0 G
G = . B.2
(%) -
Damping tensor

M [e’) 2 2
Dy =Dy =h il / (3_@) + Sm2®
v Jo or r

Since the off-diagonal components vanish, D15 = Dy; = 0, the damping tensor is diagonal.

Dy 0
Dy =" (B.4)
0 Dy

rdr. (B.3)

u
DY, tensor

M,h
Dy, = 107 / [gm o (m*TY, — m’b)) + m® 9ym® by, | dS. (B.5)
Y S

The tensor D}, can be expressed as

DY D
I (B.6)
D21 D22'

The individual components of D}, are obtained by explicit evaluation of the surface inte-
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grals.

M, 0 m
DY, = / / [ g ( mpmp cos? y sin y + z—2£ sin® X) ri,
p

m, 1 om,
— g1 —mz cos? xy + —m. sin” x by + mra—p cos” x | b1
p

0
'; L (B.7)
G922 mMp 2 P2 2
+— m,cos” ysiny — —-cos” xsiny | I'f; | p dpdx
M, o i
_ ﬂbn/ [@jLsm@cos@] odp.
Y o LOp p
and
Mg 100 sin©cosO®
Dy, = —h b — 4+ ——— | pdp . B.8
» Y 22/0 [8p+ p }pp (B8)
Due DY, = D%, = 0, therefore
Dy 0
Dy =1 (B.9)
0 D
G}, tensor

m! am (m T} — m3b})

u 'MUM h ? 3 g
ab = \f 2 (m'Ty, —mb;)| dS. (B.10)

3

m a m? m7 by
The tensor G, can be written as
Gy, GY
- (G O (B11)
Gy Gy

whose individual components can be evaluated within the planar approximation.

M, 9, om, .
Gy, = / / [ ( mpmi sin? x + mgﬂ cos® Y — mzmp(()ﬂ sin? X) b1
p p

bnm —F cos X]pdpdx (B.12)
gin p
M. *° i
ST 1/ [Cosgé?_@ N Sln@:| odp
¥ 0 dp p
M, o 00 sin®
GY. :h—swa/ [cos@——i— pdp. B.13
12 5™ ap P ( )
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Since GY; = G4, = 0, therefore

G = ( ) Gl?) : (B.14)
Gy 0

If a current is applied along the toroidal direction (i.e., u = (u!,0)), the tensors
defined in Egs. (B.2), (B.4), (B.14), and (B.9) yield a coupled system of equations for a

Néel skyrmion:

aE (B.15)
0xX?
Finally, the toroidal X! and poloidal X2 components of the Néel skyrmion velocity

Ggl(Xl — U1> — O[DQQXQ — Ungl =

are given by

i _GG-Gh)+aDD+DY) G OE (B.16)
2D? + G2 a2D? + G2 90X2

2 aD(G — Gy,) — BG(D + Dll)ul . aD o ] (B.17)
a2D? + G2 a?D? + G2 0X?2

For a Bloch skyrmion, the dissipative and gyroscopic tensors coincide with those of
the Néel skyrmion. However, the curvature-induced contributions encoded in the tensors

G, and DY, differ, specifically in the placement of their diagonal elements.

DY, tensor for a Bloch skyrmion

Mh /
Dy, = THo / / gu (I 2 X + M Gin? X | m.baa | p dpdx
922 p P (B18)

_ WﬂoMsh bg/ {@ N sm@cos@} o,
gl o LOp
Mt 100 sin®cos®

DCnAD: TV g bl/ |:__|_—:| pdlo7 B.19
21 5 1 ; ap p ( )

Du
DY, = 0 Diz) (B.20)

Dy, 0
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G, tensor for a Bloch skyrmion

Msh [ [*™ b m3 om
Gy = Ho / / 1 —Lsin?y — Em.m, cos® ¥
Y 0 0 P

v/ 911922 0,

+m§am” cos%ﬁ—miw sin x | p dpdx (B.21)
ap P
Mh o i
_ Tho bn/ {cos@a—@ | sin @1 o,
0 dp P

Mh o 00 in ©

G = et 522/ {Cos o + 2 } pdp, (B.22)
v 0 9o  p

n = G 0 (B.23)
0 GY

This lead to a system of equations for a Bloch skyrmion, given by

GX?+ D(aX' — But) —u'gD" =0,
OE® (B.24)

1 1 2 1 u

Accordingly, the velocity components of the Bloch skyrmion in a bent nanotube, X!
and X2, read

_aD(BD + aGYy) — G(G + ﬁDgl)ul G  oE®

o _ (B.25)
a2D? + G2 a?2D? + G? 9X2’
v2_ aD(G+BDy) +G(BD +aGYy) aD 9BV (B.26)
= a2D? + G2 Y +a2D2—|—G2 X2’ '
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