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Abstract

MIRANDA-SILVA, Beatriz, M.Sc., Universidade Federal de Viçosa, February, 2022.

Manipulation and magneto-mechanical configurations of flexible magnetic nan-

odisks. Advisor: Vagson Luiz de Carvalho Santos.

Modifying the shape and size of magnetoelectronics-based devices and soft robotics

by controlling an external magnetic (or electric) field is a goal not fully achieved at

the present moment. Nevertheless, the concept of shapeable magnetronics is a corner-

stone in researches at the nanoscale size. This work consists of a theoretical contribu-

tion to this area of knowledge. Here, we study the effects of the mechanical, elastic,

and magnetic parameters in the curvature of a surface initially set in a disk geometric

configuration. The disk is free to move inside a specific transformation ranging from

a hyperbolic paraboloid (saddle) to a paraboloid. We also use examples to sustain a

proposed conjecture interconnecting the type of magnetization configuration (Vortex

or Anti-Vortex) lying on the surface and its curvature.

Keywords: Magnetism. Paraboloid. Nanostructured materials.



Resumo

MIRANDA-SILVA, Beatriz, M.Sc., Universidade Federal de Viçosa, fevereiro de 2022.
Manipulação e configurações magneto-mecânicas de nanodiscos magnéticos flexíveis.
Orientador: Vagson Luiz de Carvalho Santos.

Modificar a forma e o tamanho de dispositivos e robótica “mole" (soft robotics)

baseadas em magnetoeletrônica por meio do controle de um campo magnético (ou

elétrico) externo é um objetivo não totalmente alcançado no presente momento. No

entanto, o conceito de magnetrônica moldável é um dos pilares nas pesquisas em

escala de nanômetros. Nós estudamos os efeitos dos parâmetros mecânicos, elásti-

cos e magnéticos na curvatura de uma superfície inicialmente configurada em uma

geometria de um disco. O disco está livre para se mover em uma transformação es-

pecífica, indo de um parabolóide hiperbólico (sela) até um parabolóide. Nós também

usamos exemplos para sustentar uma conjectura proposta que interconecta o tipo de

configuração magnética (Vórtice or Anti-Vórtice) na superfície e a curvatura dela.

Palavras-chave: Magnetismo. Parabolóide. Materiais nanoestruturados.
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Chapter 1

Introduction

“The beginning is the most
important part of the work."

Plato

Traditional robots, also known as hard robots, face a common difficulty to move
in environments that are not controllable or previously known, like uneven ground.
Therefore, they have challenges while moving in uncertain terrains, and are suscep-
tible to break or topple, becoming unable to move again. To change this scenario,
the research in soft robotics emerged. Countless are the examples and possibilities
of this kind of robot. Among several examples, one can cite robots capable of mov-
ing through controlling the air pressure and the presence of joints AirRobot, a robot

made of soft-elastic materials (1) that mimics the movements of the octopus, and a

snake-like robot(2),(3).
Although we cite a long list of applications to better motivate the readers, this is

a theoretical work. We aim to captivate engineers and physicists to read this work
with the ambition to use it as a reference to the description of the development of
applications regarding soft magnetoelectronics. So, both hands-on people and more
theoretical minds would perhaps benefit from reading this text.

In this work, we analyze the properties of a magnetoelastic disk under a specific
geometrical transformation, and study its equilibrium curvature (which is, by defini-
tion, the curvature where the total energy of the system assumes its minimum value).
For this purpose, we have determined the magnetic and elastic contributions to the
total energy. Therefore, we analyze mechanical (elastic) and magnetic physical param-
eters to determine their influence on the optimum curvature of a nanodisk hosting a
meron as a metastable state. In this context, we have analyzed a conjecture concerning
Gaussian curvature and meron’s winding number, as previously discussed by Elías
et al.(4). Additionally, we obtain the relationship between the surface’s curvature and
the meron’s winding number by using two possible geometrical transformations de-
scribing surfaces that change their curvatures from negative to positive. As a result,
we obtain the relationship between the surface’s curvature and the meron’s winding
number.

Now, we present the path the reader will encounter while reading this thesis. The
first chapter is called “Literature Review" (ch. 2) and concerns, as its name sug-
gests, to a brief review of correlated papers about curvature effects on the magnetic
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and mechanical properties of flexible and rigid systems. The second chapter is the
“Theoretical Model" (ch.3), where we present the specific geometrical description of
the considered system in which we based our main results relating curvature and
magneto-elastic effects. It is also introduced the essential concepts like the magnetic
configurations we consider and definitions like meron’s polarity of the core p, chiral-
ity γ, and the winding number q. We also present the notions of magnetic energy,
given by anisotropy and exchange energies. Additionally, we present the expressions
for the elastic energy, including the stretching and the bending terms.

Following the “Theoretical Model", we present the main contribution of this work,
which is the chapter “Results and Discussion" (ch. 4). There, we analyze the behavior
of the curvature and the energy as a function of several parameters, such as the disk’s
external radius, the thickness of the disk, the Young’s modulus, the vortex chirality-
polarity, and external magnetic field.

Finally, we finish this text with the chapter “Conclusions and Perspectives" (ch. 5),
which presents the main conclusions on the obtained results, and our prospects for
future works.
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Chapter 2

Literature Review

“You’re unlikely to discover
something new without a lot of
practice on old stuff, but
further, you should get a heck
of a lot of fun out of working
out funny relations and
interesting things."

Richard P. Feynman

This thesis concerns the application of the theory of ferromagnetism and elasticity
to investigate a problem of a magnetic quasi-2D system varying in shape and size.
Therefore, it is opportune to begin this chapter by giving the motivation and the
general facts relating directly or indirectly with our work. We divided this chapter
into three sections: “Applications" (sec. 2.1), to give the reader a glimpse of the
more practical aspects of flexible magnetism, “Curvature Effects" (sec. 2.2) to present
important some results regarding curvature and magnetic systems, and “The Main
Reference"(sec. 2.3), which presents the paper from which we decided to reproduce
and extend their results.

2.1 Applications

The concept of flexible and stretchable electronics is a very prominent topic. With this
concept, the old notion of electronic devices as being hard and of a fixed form is no

longer true. Examples of this kind of research is available to sensory devices (5; 6; 7),

solar cells(8), electronic skins (5; 9; 10; 11), soft robotics (12), and wearable devices(13),
just to cite some of them. A very nice possibility on this issue is the inclusion of a
magnetic degree of freedom into these soft systems. With this new aspect, one is
able to manipulate the shape and geometry of the magnetic soft system by using an
external magnetic field. One example of this topic can be found in the emerging field

of soft robotics and even in actuators which have variable shape (14).
The main goal of the concept of shapeable magnetoelectronics is to promote rigid

devices into their shapeable counterparts, as stated in Markarov et al.(14). Here, “sha-
peable" should be understood as flexible, printable and stretchable. One can see in
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Fig. 2.1 some of the promising products and prototypes that can be done by using
the notion of flexibility in usual rigid magnetoelectronic devices. Amongst the pre-
sented devices, one can highlight some examples such as electronic skins, subject to
compression and extension; functional implants; soft robotics, where it is visible the
adaptability of this kind of robots to delicate objects.

Figure 2.1: Figure extracted from (14). It is possible to see many kinds of shapeable
devices, such as electronic skins, functional implants, soft robotics and smart textiles.

In many cases, materials controlled by fields and having magnetically switchable
properties are made by elastomers, such as natural rubber and silicons. They consist

of a non-magnetizable polymer matrix containing magnetic nanoparticles(15). The
description of the magnetic properties of such elastomers is done by considering the
dipole-dipole interaction, once the intrinsic properties of the magnetic particles are

independent from each other(16). Therefore, the application of an external magnetic
field induces a particle rearrangement, which is responsible for changes in the me-

chanical properties of the elastomer matrix(17). Subsequently, the final and stable
shape of the magnetic elastomer is influenced by the external field and the initial

arrangement of the magnetic nanoparticles(18). Therefore, the competition between
magnetic interactions and the energetic cost to produce bendings and stretchings in a
flexible system can make the membrane to expand, contract, or twist, in such a way

that one can get many shapes as a function of the external magnetic field(19),(20).
However, the imbibition of magnetic nanoparticles in an elastic matrix avoids the

possibility of leading with flexible magnetic systems at the nanoscale range of sizes.
This is a problem with a solution. One can construct systems where the role is played
by the short-range exchange interaction. There are many examples of systems that
can be described from short-range magnetic interactions. For instance, one can cite or-

ganic, organic-inorganic hybrid, and molecular based magnets(21; 22; 23; 24). Hence,
due to the short-range nature of the exchange interaction, it is possible to reduce the
size of the flexible ferromagnetic system.
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2.2 Curvature Effects

When we consider the influence of the geometry on the magnetic properties of sys-
tems at the nanoscale range, it is known that the introduction of curvature in quasi-2D

systems induces effective interactions(25) that are responsible for a curvature-driven

polarity-chirality for vortices(26) and skyrmions(27),(28) lying in curved systems. Ad-
ditionally, these effective interactions yield a curvature-induced selection on the do-

main wall phase(29; 30; 31), and the nucleation of a vortex/anti-vortex pair in toroidal

nanoshells(32).
From the viewpoint of flexible magnetic systems, Yershov et al.(25) showed that

the Dzyaloshinskii-Morya interaction (DMI) 1 induces spontaneous deformation of
flexible ferromagnetic ribbons. The authors distinguished the DMI into two types:
DMI of Bloch type, since it results in domain walls of Block type, and DMI of Nèel
type. The pictorial representation of both types of domain walls are shown in Fig.2.2,
where we present domain walls of the Bloch (a) and Nèel type (b).

(a) Bloch Wall (b) Nèel Wall

Figure 2.2: Figure extracted from (33) with adaptations. Material with perpendicu-
lar magnetization, upper figure shows (a) the Bloch configuration and (b) the Nèel
configuration

In their work, Yershov et al.(25) presented analytical and numerical calculations
describing the equilibrium shape of the flexible nanostripes. The authors concluded
that the type of DMI (Block or Néel) and the equilibrium magnetization of the stripe
determines the geometrical aspects of the deformation. The authors have shown that
there are three geometrical phases that the stripe can assume, so-called: the DNA-like
deformation (it has a stripe central line in the form of a helix), the helicoid deforma-
tion (it has a straight central line), and the cylindrical deformation (See Fig. 2.3).

1An effect that privileges the perpendicular orientation of neighbors magnetic moments.
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Figure 2.3: Figure extracted from (25). It is shown the possible DMI-induced defor-
mations of flexible ferromagnetic ribbons for the Block and Néel type of DMI for two
directions of magnetization

Curvature is also important to determine the properties of rigid ferromagnetic

structures. For instance, Gaididei et al (26) have shown a mechanism to control the
switching of the magnetic vortex chirality. The analyzed problem consists of a curvi-
linear magnetic nanoshells of spherical geometry hosting a vortex as the magnetiza-
tion ground state. It is possible to control the vortex chirality by applying a Gaussian
pulse 2 of spatially uniform magnetic field in the direction of the symmetry axis of the
shell. The authors have numerically explored many parameters of the magnetic pulse
that influences the vortex chirality switching process. Fig.2.4 shows the spherical ge-
ometry with the magnetization before (a) and after (b) the application of a simple
spatially uniform pulse of magnetic field. Their main conclusion is that there is a con-
nection between the vortex chirality and polarity, which are responsible for different
switching mechanisms of the vortex core.

2Pulse in which its graph of intensity versus time has the shape of a Gaussian function.
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Figure 2.4: Figure extracted from (26). The image shows the vortex chirality switching
for a hemisferical shell.(a) it is presented the initial vortex state with chirality γ = 1
(b) resulting vortex state with negative chirality γ = −1 (c) Gaussian temporal profile
of a spatially uniform magnetic pulse.

One of the great properties of nanostructures comes from the effects generated for

the curvature of the structure(28). For instance, the physical problem investigated by

Carvalho-Santos et al.(28) was the influence of the geometry on the skyrmion stability
in a ferromagnetic material (FM) with thickness t deposited on top of a curved heavy
metal (HM) substrate, as shown in Fig. 2.5. Amongst the main findings of the au-
thors, one can highlight the increase of skyrmion stability due to the exchange-driven
curvature induced by DMI as a function of the zenith angle ϑ for three values of
the length parameter a. As the parameter a increases, the exchange-driven curvature
also increases. The inverse behavior is found on the graph Fig. 2.6-a of the effec-
tive anisotropy as a function of ϑ. I.e., the anisotropy decreases with higher values
of a. To resume these results, one can state that the curvature increases the effective
DMI of the dome structure and decreases the effective anisotropy. Therefore, positive
curvature in nanostructures enhances the skyrmion stability.
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Figure 2.5: Figure extracted from (28). (a) Dome, (b) Anti-dome, (c) Definitions of the
geometrical parameters

Figure 2.6: Figure extracted from (28). (a) Exchange-driven curvature-induced by
DMI, (b) effective anisotropy as a function of zenith angle for three values of the
geometrical parameter a. [The zenith angle ϑ and a are defined by Fig.2.5

2.3 The Main Reference

Finally, we present here the results obtained by Elías et al.(4), where it is shown the
existence of curvature-induced winding number selection of merons hosted in a rigid
curved magnetic surface. In this case, the vortex (V) is the preferable configuration
of the positive Gaussian surface 3 while the anti-vortex (AV) is the minimum energy
meron-like configuration in surfaces with negative Gaussian curvatures. Figure 2.7a
shows the exchange energy as a function of the meron’s chilarity (the angle between
the magnetization of the meron and the radial vector of the surface), it is worth notic-
ing that for a paraboloid surface the hosted merons are vortices, independent of the

3A Gaussian curvature, which will be further explained later on in the text, is a measure of how
much the surface differs from a plane.
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vortex core polarity, represented by p = 1 (magnetization pointing parallel to the
normal vector) and p = −1 (magnetization pointing in the opposite direction to the
normal vector). In Fig. 2.7b the anti-vortex is the metastable state also independent of
the polarity. Therefore, one can conclude that the surface’s geometry determines the
topological properties of the metastable states.

(a) Paraboloid (b) Hyperbolic Paraboloid

Figure 2.7: Figure extracted with modification from (4). Exchange energy as a func-
tion of the chirality for a) a paraboloid (positive Gaussian curvature), b) a hyperbolic
paraboloid (negative Gaussian curvature) .

After, in this work, the reader will see that the results here obtained are in agree-

ment with the results obtained by Elías et al.(4). Also, we present an extra freedom
degree to the model, by expanding the treatment to finite flexible quasi-2D structure,
where the energetic cost 4 to deform the nanostructure, represented by the elastic
energy, becomes considerable if compared with the magnetic energy.

4In this work, energetic cost refers to the difference between the energy of the planar structure and
the energy of the deformed system.
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Chapter 3

Theoretical Model

“No physical theory is worth
much if it cannot be explained
to a barmaid."

Ernest Rutherford

In this section we present the adopted theoretical model to determine the energy
contributions to describe the interplay between magnetic and elastic properties of a
flexible magnetic nanodisk. The mechanical freedom degree is determined from the
calculation of the elastic energy, composed by the stretching and bending terms. The
magnetic energy is given by the sum between exchange and an effective anisotropy,

which can be used as an approximation to determine the dipolar interaction (34).
Additionally, we decided to present interpretations of the equations, instead of the
more formal approach to deduce the equation from some assumptions and approx-
imations. For more details on the derivation of the presented equations, we suggest
the references cited in this chapter.

Most of the obtained results in this work are based on numerical calculations.
The reason for that are the cumbersome equations, impossible to treat without using
numerical methods. Nevertheless, we have also obtained some analytical results to
describe the static properties of the considered system. We use the Julia language
to obtain the numerical results, and Mathematica software to compose the pictures
presented in the nanomagnetic quasi-2D system. The calculation of the elastic energy

was done by using the theoretical model developed by Efrati et al.(35), while for the

magnetic energy we have used the model presented in the work of Elías et al. (4).

3.1 The Problem and Notations

Firstly, we define and present the general terms that we use to describe the analyzed
system. We define a geometrical description considering a surface transformation
going from a hyperbolic paraboloid to a paraboloid passing through a disk. The
transformation is made upon a quasi-2D system, i.e., a body in which its thickness
is much smaller than the other dimensions (width and height). Since the geometry
of the considered system changes due the deformation, the Gaussian curvature also
changes. Our main goal is to investigate what geometry the quasi-2D system reaches
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as a function of the magnetization configuration, considered as a meron profile. For
this purpose, we adopt the concept of optimum curvature c∗, which consists of the
curvature that minimizes the total energy of the system.

We assume that the disk can only be deformed into the following transformation:

r⃗ = (x, y, c2x2 + c|c|y2) (3.1)

where x = ρ cos θ, y = ρ sin θ are the rectangular coordinates. And ρ ∈ [0, R] and
θ ∈ [0, 2π) are the curvilinear coordinates.

Additionally, c ∈ [−∞, ∞] is a parameter that accounts to determine the shape
of the considered system. To illustrate the problem, in Fig. 3.1, we present three
geometries obtained from the parametrization given in eq. (3.1) for a the quasi-2D
system hosting a vortex as the magnetization vector field (the magnetic part will be
explained later on the text). From left to right, we present the geometries for curvature
parameter c = 2× 103 m−1/2 (paraboloid), c = 0 (disk), and c = −2× 103 m−1/2

(hyperbolic paraboloid).

Figure 3.1: Schematic representation of the considered geometry geometrical descrip-
tion of the possible shapes of the considered system as a function of the parameter c.
From left to right, we present the geometries for c = 2× 103 m−1/2, 0, and −2× 103

m−1/2. The presented vector field consists of a vortex configuration, and yellow re-
gion determines the vortex core size.

Following the transformation given in the eq. (3.1), we are able to compute and set
notation to the tensors we use. Firstly, we present the covariant tensor, here denoted
as g⋆, and formally defined as the matrix:

g⋆ =

[

∂⃗r
∂x · ∂⃗r

∂x
∂⃗r
∂x · ∂⃗r

∂y
∂⃗r
∂y · ∂⃗r

∂x
∂⃗r
∂y · ∂⃗r

∂y

]

(3.2)

The elements of the covariant tensor are denoted as gij. For example g11 =
∂x(x, y, c2x2 + c|c|y2)) · ∂x(x, y, c2x2 + c|c|y2)) = (1, 0, 2c2x) · (1, 0, 2c2x) = 1 + 4c4x2

in the specific transformation given in eq. (3.1). It is worth noticing that because we

are adopting an approximation valid for quasi-2D systems(35), the covariant tensor is
a matrix of second order and not third order.

The other very important notion is called the contravariant tensor, here symbolized
by g⋆. The expression of g∗ is determined from the relation g⋆g⋆ = I2, where I2 is
the identity matrix of second order. Therefore, the contravariant tensor is formally
written as:

g⋆ =
1

|g⋆|

[

g22 −g12

−g12 g11

]

(3.3)
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where, |g⋆| =
√

g11g22 − (g12)2 is the determinant of the covariant tensor. Here, we
denote the elements of the matrix g∗ as gij.

3.2 The Building Blocks

When asked by a layman interviewer why magnets work the way they work, the
physicist Richard Feynman was puzzled. The reason was, in Feynman’s own words
“When you ask why something happens, how does a person answer why something
happens?". Feynman patiently explained with several examples the degrees of an-
swers in the why type of question. The reason to cite this passage is to explain here
that “why"-questions should be answered in our context by going back to the con-
cepts given as axioms (or fundamental blocks from which facts come from) in this
chapter. Our goal here is to give to the reader familiarity with those axioms in order
to satisfy future questions with answers that remote to this chapter.

3.2.1 Gaussian Curvature

In this subsection we have the intention to give some familiarity with the notion of
Gaussian curvature to to the reader. Nevertheless, before discussing this concept in
the general context of curved surfaces, we start this subsection by defining curves
within a plane (plane curves). Every plane curve can be described by a parametriza-
tion P(t) = (x(t), y(t)) 1. The collection of points P(t) with t in an interval I gives
the image of the curve. There are several examples of difficult-to-treat curves, but the
discussion on such a kind of structures is out of the scope of this work. To define the
concept of plane curve in a way to treat it with the tools of Differential Geometry, we
consider the possibility to travel thought the curve with constant speed (greater than
zero). Fig. 3.2-a shows a possible curve with could treat with the smooth assumption
2 we made, while Fig. 3.2-b presents a cusp in the origin, and therefore, they do not
satisfy the condition of traveling with a constant velocity through them.

Figure 3.2: Examples of a) regular curve P(t) = (t, t2), b) irregular curve P(t) = (t3, t2)

With this consideration, we can well-define the concept of curvature in plane-
curves. Fig. 3.3 shows an example of smooth curve C. Let ∆s be the distance (in the
curve C) between the points M and M1. And let ∆Φ denote the angle between the
tangent in M (red arrow) and the tangent in M1 (purple arrow). We can define the
curvature of the plane-curve c between the points M and M1 as K = ∆Φ/∆s. If we

1x and y are the curvilinear coordinates written as a function of a parameter t.
2Assumption that the surface could be expressed by a function of class C2.
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take the limit in which the length ∆s tends to zero, then we have the curvature in the
point M.

Figure 3.3: An example of a plane curve.

There is a very interesting theorem valid for plane curves, but not valid for all
curves in space. It is called “Fundamental Theorem of Plane Curves", which states the
following: “Two unit-speed plane curves which have the same curvature differ only

by a Euclidean motion."(36). The term “two unit-speed curves" is used for describing
smooth curvatures in which their velocity moduli are constant (and equal to one).
We can translate the theorem in simple words. Consider an initial plane curve C and
whose curvature is known, without any other information about the curve. With this
information, one could construct a curve identical to C, changing only the position
and rotation of the curve in the plane.

Curves in space are a bit more complicated and we need additional information to
reconstruct it starting from the curvature. With the plane-curves in mind, we present
now the notion of Gaussian curvature of surfaces. Fig. 3.4 shows three surfaces:
a hyperbolic paraboloid, a cylinder, and a sphere, which have negative, zero, and
positive Gaussian curvature, respectively. To understand the notion of curvature of
surfaces we have to consider two (perpendicular) lines tangent to the surfaces. In
Fig. 3.4 these directions are represented as green and orange curves. If one of these
curves is straight, the Gaussian curvature is zero. If both curves are not straight, then
the sign of the Gaussian curvature depends on the relation between one curve to the
other. For example, in Fig. 3.4a the orange curve points inside the page, while the
green one points outside the page. This feature makes the Gaussian curvature of the
hyperbolic paraboloid negative in all points of this surface. In the case of a sphere
(See Fig. 3.4c), both curves have their curvature pointing inside the page and then,
the sphere’s Gaussian curvature is positive.
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(a) A saddle. (b) A cylinder. (c) A sphere.

Figure 3.4: In Fig. a the external directions (in green and orange) curve in opposite
directions, therefore the Gaussian curvature is negative. In Fig. b the Gaussian curva-
ture is zero, then there is at least one external direction with zero curvature. Finally,
in Fig. c the external directions curve in the same directions, characterizing a positive
Gaussian curvature.

An important theorem was proven by Gauss concerns a crucial property of Gaus-
sian curvature. This theorem is so meaningful that is called “Theorema Egregium", a
name coming from Latin meaning “Remarkable Theorem". It says the following: “Just
with the measures of distances and angles in a surface, one can determine its Gaussian

curvature (independently of how the surface is embedded in space)" (37). A corollary
of this theorem is that if one bends a surface without stretching it (like bending a
plane into a cylinder) the curvature remains constant. Therefore, once can conclude
that two curvatures with the same value can have different shapes. For example, the
plane have zero curvature, but the cylinder also have zero Gaussian curvature.

Figure 3.5: A cylinder and a plane (with thickness). Both shapes have zero Gaussian
curvature.

The Gaussian curvature for surfaces parameterized by r⃗ = (x, y, F(x, y)) with the
function F(x, y) possessing second-order derivatives, is given by:
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K(x, y) =
Fxx(x, y) · Fyy(x, y)− F2

xy(x, y)

(1 + F2
x (x, y) + F2

y (x, y))2
(3.4)

Where Fij denotes the second order derivative:

∂2F

∂j∂i

Using the parametrization given in eq. (3.1), describing the set of geometries con-
sidered in this work, F(x, y) = c2x2 + c|c|y2 as an example for the Gaussian curvature
calculation, we have Fxx = 2c2, Fyy = 2c|c| and Fxy = 0. Therefore, from eq. (3.4), we
obtain:

K(x, y) =
4c3|c|

(1 + 4c4(x2 + y2))2
(3.5)

From (3.5), we observe that the Gaussian curvature is not constant on the surface,
because it is a function of the variables x and y. However, we are not interest in the
value of K. Instead we want to analyze its sign. For the Gaussian curvature of the
surface under analysis, we have an interesting result:

K(x, y)± = c± (3.6)

where the sign (±) regards to c > 0 (+) and c < 0 (-). Therefore, in eq. (3.6), we
use a notation that indicates that the magnitudes of K(x, y) and c have the same sign
(K(x, y) · c ≥ 0). So, from now on, instead of working with the Gaussian curvature,
we use the parameter “c", referring to it as the curvature.

3.2.2 Elastic Parameters

In this subsection, we give the notions of the Poisson’s ratio and the Young’s modulus.
To understand the concept of Poisson’s ratio, let’s take the example of a rubber band,
as illustrated in Fig. 3.6. It is initially set in a equilibrium position presenting an initial
height y0 and a length x0. If we apply a certain force of modulus F in a way to stretch
the rubber band, the length increase by an amount ∆x, and the height decrease by
−∆y. It is to say, as the band is stretched, it also becomes thinner.
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Figure 3.6: Example of a rubber band under with its extremes under the action of
forces F.

In a more generic situation, let’s imagine a cuboid (of dimensions x,y and z). If
we compress it in the direction of x⃗ (similarly to what we did with the rubber band,
but change the direction of the force), we would have a decrease −∆x in the x-axis
direction and an increase in the other dimensions.

For a quantification of how much the lateral directions deform, it was created the
concept (and physical definition) called Poisson’s ratio. This concept can be better
understood from taking the example of the cuboid of dimensions x, y and z. Let x⃗
be the perpendicular direction, i.e., the direction where the external forces are being
applied. To account the changes in these directions, we define the strains ϵi = ∆i/i,
where i can be any of the dimensions x, y and z. It is an experimental fact that the

lateral strains are equal ϵy = ϵz.(38) Moreover, they are proportional to the perpen-

dicular strain ϵx
(38). The adimensional constant that links the lateral strains to the

perpendicular one is called Poisson’s ratio, here denoted by the greek letter ν. As the
reader may imagine, this constant changes with the material. In this context, we have
that

ν = −ϵy

ϵx
(3.7)

After giving the physical intuition on the Poisson’s ratio, we now quantify some
physical parameters. First, we are dealing with isotropic materials, i.e., the physical
properties are the same in all directions. Second, we are dealing with the elastic mate-
rials (i.e., materials that recover their original shapes after the external force vanishes)
in its elastic regime (the linear regime in Fig. 3.8). Things can get really complicated
when we surpass this regime. And third, the considered materials have a positive ν.
There are materials, like cork, in which ν = 0, and there are even counter-intuitive
materials with negative Poisson’s ratio called auxetic materials, which increase their

transverse dimension when subjected to an axial tensile load(39). The last cited ma-
terials are artificial and do not occur naturally. Therefore, it is interesting to say that
the Poisson’s ratio, in principle, could have any value. Actually, there is a theoretical
Poisson’s ratio range going from −1 to 0.5, and most of materials are restrict to the
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interval I = [0.25, 0.35] (40). Additionally, several metals have a defined ν = 0.3 (41),
and this is the value we use in this work.

Another important mechanical characteristic of materials is the Young’s modulus,
which is a very useful quantity to describe how a certain material deform under two
opposite external forces. To describe it, we use the tensile test mechanism depicted
in Fig. 3.7. The material whose mechanical characteristics are being measured is
represented in Yellow and a force being applied in its ends in a uni-axial direction
(the same as the body-longest dimension). The main goal in this measure is to extract
the stress vs strain graph until the material breaks due to the external forces.

Figure 3.7: The tensile test mechanism.

The result of the stress vs strain graph for a typical elastic material can be observed
in Fig.3.8. Initially, we see a linear dependence on the strain ϵ, which is a strong
motivation to define a quantity to represent the slop of this line, called the Young’s
modulus.
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Figure 3.8: Stress as a function of the strain. Typical graph for an elastic material.

In the elastic domain the Young’s modulus represents a constant of the material,
differently from the plastic region. In the elastic region, the material recovers its initial
shape when the applied forces are removed from the system. In the plastic region, the
deformation of the material is permanent. The Young’s modulus is a measurement of
how hard is to deform a solid material in the tensile test. For example, for polymers
(easy to deform) we have Young’s modulus typically ranging from 0.1 to 10 GPa, while

metals present a Young’s modulus in the interval between 10 GPa and 200 GPa.(42)

3.2.3 Ferromagnetism

A very important concept used to describe the magnetic properties of ferromagnetic
systems is the normalized magnetization, here symbolized by m⃗. The magnetization
in a volume V of a material is defined as the sum of the magnetic moment µ⃗ divided
by the volume V. In its turn, the magnetic moment of a plane circular corrent I is

µ⃗ = I A⃗, where the modulus of the vector A⃗ is the area of the circle, and its direction
perpendicular to the current with orientation given by the right-hand rule. Figure 3.9
gives an illustration of the circular loop of current and the magnetic moment related
to it.
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Figure 3.9: Illustration of a magnetic moment µ⃗ generated by an electric current I in
a disk

Every material can be classified in states of matter. A common and beginner-
level example is the classification of physical state of matter as solid, liquid, and gas,
just to name a few (there are more states inside this classification, as elastomer and
Bose-Einstein condensate). It is a common practice, even in scientific enviroments,
to give the material an informal and rigorous-lacking way label (liquid, for instance),
forgetting the important aspect that this is not a permanent aspect of matter, but a
state that depends on external parameters, such as temperature and pressure.

The most important classification considered in this work is the magnetic states
of matter, that can be: diamagnetic, paramagnetic, ferromagnetic, ferrimagnetic, and

antiferromagnetic(43). It is worth noticing that such states present intersections be-
tween them. It is to say, a material can present a diamagnetic and a ferromagnetic
behavior at the same time. Although the main focus of our work is on flexible fer-
romagnetic membranes, we present a brief discussion on paramagnetic, diamagnetic,
and ferromagnetic states of matter. A paramagnetic system consists of a state in which
the magnetic moments of the atoms or molecules of the material are randomly orien-
tated. While diamagnetic systems consists of a state regarding the induced change in
the orbital motion of electrons due to an applied magnetic field. On the other hand,
another way to characterize paramagnetic and diamagnetic systems are by the sign of
their magnetic susceptibility χ: positive, for paramagnetic systems, and negative for
diamagnetic ones. In many materials, we have a directly relation between the external

applied field H⃗ and the magnetization M⃗, given by the following equation:

M⃗ = χH⃗ (3.8)

Paramagnetic and diamagnetic systems obey eq. (3.8). But, there are other mate-
rials in which χ does not satisfy eq. (3.8). For instance, in ferromagnetic systems, the
graphic describing the magnetization as a function of the magnetic field is not a well-
deffined function because the magnetization depends on the history of the applied
field. Fig. 3.10 illustrates the phenomenon of magnetic hysteresis, in which, the mag-
netization increases as a function of the magnetic field until it reaches the so-called
saturation magnetization Ms when the material is under the action of an increasing

magnetic field H⃗. After reaching the point of maximum magnetization, if we decrease
the external field, the magnetization decrease in a different curve (the upper curve,
from point “a" to point “b" in Fig. 3.10). In this context, when the magnetic field van-
ishes, the magnetization does not disappear. Actually it assumes a non-zero value,
called remanence magnetization Mr. To reverse the magnetization direction, we need
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to apply a magnetic field in the opposite direction, which produces a decrease in the
magnetization, until it vanishes, under the action of the coercive magnetic field Hc.

Figure 3.10: Hysteresis cycle of a ferromagnetic material. The magnetization M is put
as a “function" of the external field H and its physical history.

3.2.4 Merons

Due to the competition between different magnetic interactions, possible magnetic
states that appear in nanodisks are vortices and antivortices. In the context of field
theory, these quasi-particle states are called merons, and can be classified as topologi-
cal objects having topological charge Q = 1/2 (vortices) and Q = −1/2 (antivortices)
3. Therefore, in this work, we refer vortices and antivortices as merons. To represent
the meron’s profile, we use the following ansatz:











Θ(ρ) = arccos

(

p

1 + ( ρ
r0
)s

)

Φ(ϕ) = (q− 1)ϕ + γ

(3.9)

where p, q, and γ are respectively the polarity, winding number, and chirality of
the meron. Additionally, r0 and s determines the radius of the meron’s core. The
meron’s polarity can assume the values p = ±1, where a negative polarity means
an anti-parallel magnetization with respect to the normal in the core’s region. A
positive polarity means that the normal vector and the magnetization field points in
the same direction. The winding number q accounts to determine the type of meron
we are considering. That is, for q = 1 we have a vortex, while q = −1 describes an
antivortex configuration. Finally, γ accounts to the angle between the magnetization
and the radial direction. The parameters ρ and ϕ are the curvilinear coordinates that
correlates with the Cartesian coordinates x = ρ cos ϕ and y = ρ sin ϕ. The functions

3The images of vortices and anti-vortices can be see in 3.11
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Θ(ρ, ϕ) and Φ(ρ, ϕ) determine the configuration of the magnetic field, given by the

normalized magnetization m⃗ = N⃗/||N⃗|| as a function of the geometric parameters θ
and ϕ:

N⃗ = cos Φ sin Θn̂ρ + sin Φ sin θn̂ϕ + cos θn̂ (3.10)

The normalized vectors n̂ϕ, n̂ρ and n̂ appearing on the magnetization are given by:



































n̂ϕ =
∂ϕ⃗r

|∂ϕ⃗r|

n̂ρ =
∂ρ⃗r

|∂ρ⃗r|

n̂ =
nϕ × nρ

|nϕ × nρ|

(3.11)

Images of the geometric/visual aspects of merons are presented in Fig. 3.11 for
different values of winding number q, and the curvature parameter c. In a disk, a
vortex preserves the symmetry under rotation around its main axis. I.e., if one rotates
the disk around its symmetry-axes in an arbitrary angle, no differences among the
magnetic micro-states are observed. Following the opposite behavior, AV would not
preserve this symmetry.

Figure 3.11: Normalized magnetization field in the disk (c = 0), in the paraboloid
(c = 1) and in the hyperbolic-paraboloid (c = −1) for some winding number values

Fig.3.12 shows the magnetic field of the meron’s core, where we present a top
view of a vortex with chirality γ = π/2 and winding number q = 1, lying on a
paraboloidal surface. From the analysis of the central magnetic moment, it is clear
that the polarity’s sign determines whether the magnetization points up or down.
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(a) q = 1 (b) q = 2

Figure 3.13: A vortex with winding number q in a ferromagnetic surface.

(a) Positive polarity p = 1 (b) Negative polarity p = −1

Figure 3.12: Fig. extracted from (44). Disks hosting a vortex configuration with (a)
positive polarity (in red) (b) negative polarity (in blue).

The chirality γ gives an angle in the interval [0, π], between the magnetization
and the radial direction of the surface. For example, for γ = π/2 we have a circular
magnetic field, depicted for the shape of a disk in Fig. 3.13-a.

The winding number is contained in the integer’s set Z = {...,−2,−1, 0, 1, 2, ...}.
Its modulus |q| encapsulates an important information, if |q| = N the magnetization
turns N times around the radius vector of the surface. Figs. 3.13 a and b depict a
vortex configuration for q = 1 and q = 2, respectively.
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3.3 Magnetic Energy

In this work, we consider that the magnetic energy of the ferromagnetic quasi-2D
system is composed by an easy-surface effective anisotropy Eani and the exchange
energy Eex. Additionally, we also consider the Zeeman interaction, which appears
in situations where the quasi-2D system is under the action of an external magnetic
field.

3.3.1 Anisotropy and Exchange energies

The expression for the anisotropy energy is defined bellow:

Eani = Kah
∫

(m⃗ · n⃗)2√gρθ (3.12)

where the integration is performed along all the considered surface. The anisotropy
energy vanishes when the normalized magnetization vector m⃗ is perpendicular to the
vector n⃗, normal to the surface. On the other hand, (m⃗ · n⃗)2 assumes its maximum
value when m⃗ and n⃗ have parallel directions. Because Ka is a positive constant, we
have that the configuration that minimizes the energy is such that the normalized
magnetization and the normal vector are perpendicular to each other. As a conse-
quence of this fact, the anisotropy term forces the magnetization to be tangential to
the surface. Fig. 3.14 shows two extreme situations.While Fig. 3.14-a depicts the vec-
tor configuration in which the anisotropy reaches its minimum value, 3.14-b shows
the opposite case, where the anisotropy energy is maximum.

Since the anisotropy favours magnetization to be tangent to the surface, its pres-
ence contributes to diminish and control the size of the meron’s core. Otherwise, the
size of the meron’s core would be the same as the disk’s size once the exchange en-
ergy is minimized in this situation. Indeed, in the case of ferromagnetic systems, the
exchange energy forces the spin of the neighbor magnetic ions in the lattice site to
align parallel to each other.

(a) Low anisotropy energy. (b) High anisotropy energy.

Figure 3.14: Two extreme situations between the normal vector n⃗ and the magnetiza-
tion m⃗.
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In a continuous approach, the expression to the exchange energy in a curved back-
ground is given by:

Eexc = Ah
∫

gµν ∂m⃗

∂µ
· ∂m⃗

∂ν

√
gρϕ (3.13)

where we utilized the Einstein notation, where repeated indices represents a sum. We
have that µ, ν = ρ, ϕ and the elements gµν came from eq. (3.3) and eq. (3.2).

From the parameters A and Ka we can define the magnetic length as ℓ =
√

A/Ka.

We have used the parameters of Permalloy from Bryan et al.(45), therefore the ex-
change stiffness is given by A = 10−11 J/m, the saturation magnetization Ms =
8.00× 103A/m, and the anisotropy constant is given by Ka = µ0M2

s /2, which is an
effective anisotropy given by an approximation of the dipolar energy for small values

of thickness(34).

3.3.2 Zeeman Energy

Finally, we also analyze the situation in which the considered system is under the
action of an external magnetic field. In this case, there is the appearance of an extra
term to the magnetic energy, so called Zeeman interaction. The Zeeman energy in a
given volume of a certain material under the magnetic field B is given by an integra-

tion over its volume of the term −M⃗ · B⃗. As a proof of this statement, let represent the

Lorentz force by ⃗F = qe (⃗E + v⃗× B⃗). In this context, the resulting work in the particle
with charge qe is:

EZ =
∫

l⃗ · F⃗

Because the magnetic force is perpendicular to the velocity of the charged particles,
there is no work produced during the particles motion. Therefore, we can simplify
our analysis for considering that the Lorentz force can be reduced to the electric force

Fe =
∫

E⃗qe =
∫

IE⃗t. Then, we have:

EZ =
∫

l⃗ ·
(

∫

tIE⃗

)

By exchanging the order of the integrals, and moving the current term out of the inner
integral (which is a constant over the lenght integral):

EZ =
∫

tI

(

∫

l⃗ · E⃗
)

From the Maxwell’s equations, one can use the Faraday’s law in its integral form.

Therefore, we can substitute the integral over the closed path
∫

l⃗ · E⃗ by the integral

over the area encompassing the current − t (
∫

B⃗ · a⃗). Therefore, we obtain:

EZ = −I
∫

t

(

t

∫

B⃗ · a⃗
)

Thus, by using the Calculus Fundamental Theorem, the above equation can be sim-
plified to
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EZ = −I
∫

B⃗ · a⃗

Finally, by using the fact that I⃗a = 1
V

∫

τ I⃗a, we have that

EZ = −
∫

B⃗ ·
(

I⃗a

V

)

τ (3.14)

One can see that the term inside the parenthesis in eq. (3.14) is the definition of the
magnetization, and therefore we have finally arrived in the wanted equation of the
Zeeman energy over a volume of a material:

Edip = −
∫

B⃗ · m⃗τ (3.15)

3.4 Elastic Energy

The theoretical approach to calculate the elastic energy is based on the work of Efrati

et al. (35), where the authors have considered a very thin structure with elastic and
mechanical parameters given by the Poisson’s ratio ν and Young’s modulus Y. We
assume that the initial shape of the quasi-2D system is a planar disk of radius R.
Following the Efrati’s ideas, we can consider that for small enough deformation of
the disk we can state that the elastic energy is decoupled in two terms: the stretching
energy, a term which acts against changes in the default area A0 (i.e., the area of the
planar nanodisk); and the bending energy, which tends to push the system to a planar
state. Under these assumptions, we have that:

Eelast = Estr + Eb (3.16)

where, the stretching energy Estr and bending energy Eb measures how much the
surface deforms (in area and in shape). These elastic energy terms are given by an

integration along the surface’s area of the quasi-2D system. Efrati et al.(35) have
obtained that stretching energy has a power of the thickness h, while the bending
energy is a multiple of the third power of the thickness. Therefore, if we define the
reference metric as the disk surface, and denote it as ḡij, we have that:















Estr = h
∫ 2π

0

∫ R

0
ws

√

|ḡ|ρϕ

Eb = h3
∫ 2π

0

∫ R

0
wb

√

|ḡ|ρϕ

(3.17)

where, the stretching and bending energy densities are given by:















ws =
Y

8(1 + ν)

(

ν

1− ν
ḡαβ ḡγδ + ḡαγ ḡβδ)(gαβ − ḡαβ

)

(gγδ − ḡγδ)

wb =
Y

24(1 + ν)

(

ν

1− ν
ḡαβ ḡγδ + ḡαγ ḡβδ

)

bαβbγδ

(3.18)

where, the factor bαβ = n̂ · ∂β g⃗α is the second fundamental form. Eq. (3.18) evidences
that the stretching the stretching and bending energy densities determine how distant
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the quasi-2D system is from the reference metric. It is worth noticing that the factor
(gγδ − ḡγδ), means that the elastic energy increases when the surface differs from the
planar disk (which is the free elastic-energy configuration).
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Chapter 4

Results and Discussion

“The study of physics is also an
adventure. You will find it
challenging, sometimes
frustrating, occasionally
painful, and often richly
rewarding."

Hugh D. Young

In this chapter, we present the results obtained from the presented theoretical
model and the discussions. This part of the text is divided into three sections. Sec-
tion “Curvature-Vorticity Conjecture" (sec. 4.1) presents the analysis of the magnetic
energy of merons on different curved surfaces. The obtained results give evidences
to state a conjecture that relates the curvature of the surface and the meron’s winding
number. The second section “Analytical Calculations" (sec. 4.2) consists of analyti-
cal calculations of the exchange energy of a vortex configuration lying on a disk and

on paraboloidal surface, confirming previously obtained results(46). Finally, section
“Magnetoelastic quasi-2D system" (sec. 4.3) presents the analysis of the properties of
flexible magnetic disks as a function of mechanical and magnetic parameters, such as
the external radius of the nanodisk, the Young’s modulus, and the meron’s chirality.
We also present the analysis of the behavior of the flexible magnetic nanodisk under

the action of an external magnetic field B⃗ = −Bẑ.

4.1 Curvature-Vorticity Conjecture

To give more robustness to the conjecture that establishes a relationship between
the winding number of the meron (vortex or anti-vortex) and the surface’s curvature
sign, in this subsection, we present in addition to the main parametrization P1, two
other parametrizations to describe a flexible magnetic structure hosting a meron as a
metastable state. First, we state the conjecture and after that we give the parametriza-
tions, their Gaussian curvatures, and the energy of the system as a function of the
curvature parameter c.

Conjecture (Curvature-Vorticity Conjecture). If a magnetic system is described
just by the exchange energy, where the chirality γ and the polarity p are such that the
energy is minimized; and the core’ radius is at least an order of magnitude smaller
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then the surface’s radius r0 < 0.3R, then the position of the Gaussian curvature K = 0
(with an error smaller then 5%) gives EV = EAV . Also, if K > 0 the vortex has smaller
exchange energy then the anti-vortex. If K < 0, the opposite occurs.

4.1.1 Main Parametrization P1

The main parametrization considered in this work consists of a confirmation of the

results obtained by Elías et al.(4). The description made by the authors was of rigid
surfaces in which its energy was given by the exchange and anisotropy energy. In this
case, the geometrical description of the surface is given by:

r⃗ = (x, y, c(cx2 + |c|y2)) (4.1)

where c ∈ [−1, 1] is a parameter of curvature that satisfies the sign relation with the
Gaussian curvature K(x, y)± = c±. In Fig. 4.1 we show the behavior of the magnetic
energy as a function of c for merons with different winding numbers. Red squares
depicts the energy of the vortex state, while black circles regards the energy of the
antivortex configuration.

Figure 4.1: Magnetic energy as a function of the curvature parameter. The surface
hosting vortex are depicted in red squares and the ones hosting anti-vortex are de-
picted in black circles.

Analyzing Fig. 4.1, we conclude that negative Gaussian curvature surfaces hosting
anti-vortices have lower energy than those ones with positive Gaussian curvature. On
the other hand, for surfaces hosting vortices the preferred geometry (i.e., the geometry
giving the lower energy) are the ones with positive Gaussian curvature. In Fig. 4.2,
we present two of the considered geometries and their respective minimum energy
merons. That is, the paraboloid hosting a vortex (a) and the hyperbolic paraboloid
hosting an anti-vortex (b).
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(a) a paraboloid hosting a vortex-
configuration

(b) a hyperbolic paraboloid hosting an
anti-vortex configuration

Figure 4.2: Figure extracted from Elias et al.(4).

From this example, we conclude that the inequality q · K > 0 holds. Therefore,
positive Gaussian curvature (K > 0) surfaces hosts vortex (q > 0), while negative ones
(K < 0) hosts anti-vortex (q < 0). Figure 4.1 shows in red squares the graph of the
magnetic energy as a function of the curvature c when the magnetization configura-
tion is of vortex and in black squares the same graph for an anti-vortex configuration.
We can conclude that for the hyperbolic paraboloid (surface of negative Gaussian cur-
vature), the anti-vortex configuration has a smaller energy than the vortex configura-
tion. When the surface has the shape of a disk (c = 0), both magnetic configurations
(vortex and anti-vortex) have the same energy. And finally, when the surface is a
paraboloid (positive Gaussian curvature) the vortex is the configuration of minimum
energy, when compared to the anti-vortex state.

4.1.2 Parametrization P2

The second considered parametrization is given by:

r⃗ = (x, y, d(x2 + y2) + cxy) (4.2)

where, we define two constants with relation to the variables x, y. The constant d = 1
m−1 and the curvature parameter c with the same dimension of d. These constants
are introduced in order to give consistence for the unity of the vector that defines
the surface shown in eq. (4.2). When the curvature parameter is c = 3, the surface
is given by the hyperbolic paraboloid shown in 4.3-c. If c = ±2, the surface is a
parabolic cylinder (See Fig. 4.3)-b. And finally, when c = 0, we have the shape of a
sphere (see Fig. 4.3-a).



CONTENTS 36

(a) c = 0 (b) c = 2 (c) c = +3

Figure 4.3: Examples of surfaces from parametrization 4.2. From left to right: a)
Positive Gaussian Curvature, b) Zero curvature, c) Negative Curvature.

Using the surface function F(x, y) = d(x2 + y2) + cxy and the definition of the
Gaussian curvature 3.4, one is able to compute the Gaussian curvature as a function
of the Cartesian coordinates and the constant c, as follows:

K(x, y) =
4d2 − c2

(1 + (2dx + cy)2 + (2dy + cx)2)2
(4.3)

Therefore, the sign of the Gaussian curvature is determined by the parameter c, and
can be expressed by:

K± =











1 , if |c| < 2

0 , if |c| = 2

−1 , if |c| > 2

(4.4)

We have used the notation K± to denote the sign of the Gaussian curvature for the
parametrization T2. The sign function K± is: 1 if K(x, y) > 0, 0 if K(x, y) = 0, and −1
if K(x, y) < 0.

From the Curvature-Vorticity conjecture, we would expected that for c < −2 and
c > 2, the AV configuration would yield to a smaller energy if we compare it with
the V configuration. For −2 < c < 2 the V configuration would be the stable state.
Finally for c = ±2, both configurations should have the same exchange energy.

From comparing the predictions followed by the conjecture with the graph 4.4, we
promptly notice that they agree with each other. Indeed, although the value of c for
which the curves describing the energy of V (black circles) and AV (red squares) con-
figurations intersect are not exactly c = −2 and c = 2, they are in a region containing
these points with a error-radius of less the 5%. This error could be a influence of
the mean curvature of the surface, which is also important to determine the magnetic

properties of curved structures.(26)

4.1.3 Parametrization P3

Finally, the third parametrization we have considered is given by

r⃗ =

(

x, y,
x6

30
+ c(1− c)y2

)

(4.5)
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Figure 4.4: Exchange energy as a function of c.

One can notice that we have omitted constants (multiplying x6

30 and cy2) to give

F(x, y) = x6

30 + c(1 − c)y2 the dimension of meters. Instead, we assume these di-
mensional parameters being equal to one. It is to say, if one gives to x and y the
value of meters, the Gaussian curvature is then given by m−2. The equation of the
Gaussian curvature coming from eq. (4.5) is cumbersome, and we do not present it in
this work. Nevertheless, we are interested in analyzing the relationship between the
meron’s winding number and the Gaussian curvature sign of the quasi-2D system.
Therefore, we present the sign of the Gaussian curvature as a function of c, which
behaves as follows:

K± =











1 , if 0 < c < 1

0 , if c = 0 or c = 1

−1 , if c < 0 or c > 1

(4.6)

Fig. 4.5 presents the shape of structures described by the parametrization given in
eq. (4.5). Figures a, b, and c depict respectively, the shapes for a surface with positive,
zero, and negative Gaussian curvature.

(a) c = 0.5 (b) c = 1 (c) c = +3

Figure 4.5: Examples of surfaces from parametrization P3. For (a) Positive , (b) zero ,
and (c) negative Gaussian curvature

Again, we notice an agreement between the Curvature-Vorticity Conjecture and
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the theoretical result illustrated by Fig.4.6. Indeed, one can see that while the AV state
minimizes the energy (when compared with the V state) for c < 0 and c > 1, the V
state is the metastable state for 0 < c < 1. Because the Gaussian curvature is almost
the same for c = 0.5 and c = 1, we have a very narrow difference between the graphs
for V and for AV on these points.

Figure 4.6: Transformation T3: Graphic of the exchange energy in function of the
curvature parameter c.

Since three different transformations point to the same relationship between the
Gaussian curvature and the meron’s winding number, we can conjecture, by induc-
tion, that the Curvature-Vorticity connection is true for every transformation. The
formal proof for this conjecture is an interesting issue, and will be subject of future
investigations.

4.2 Exchange energy of the vortex configuration in pla-

nar and paraboloidal structures

In order to obtain analytical results and compare them with previously obtained de-

termining the energy of vortices when they are hosted in very thin nanodisks(34) and

paraboloidal(46) structures. Here, we explicitly determine the analytical expression
of the exchange energy in the region r > r0. In this context, we restrict this analysis
when the magnetic parameters of the vortex are given by γ = 0, p = 0 e q = 1.
Therefore eq. (3.9) is simplified to:

{

Θ =
π

2
Φ = 0

(4.7)

Thus the magnetization N⃗ and the normalized magnetization m̂ are given by:
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N⃗ = cos Φ sin Θn̂ρ + sin Φ sin θn̂ϕ + cos θn̂

N⃗ = n̂ρ

m̂ = n̂ρ

(4.8)

4.2.1 Disk

The geometry of the disk can be obtained from taking c = 0 in Eq. (3.1). In this
context, we have that:

r⃗ = (ρ cos ϕ, ρϕ, 0) (4.9)

Once n̂ν = g⃗ν

||⃗gν|| , where gν = ∂ν⃗r e ν = ρ, ϕ, we should have:

{

n̂ρ = (cos ϕ, ϕ, 0)

n̂ϕ = (−ϕ, cos ϕ, 0)
(4.10)

Therefore, the normalized magnetization can be explicitly written as m̂ = (cos ϕ, ϕ, 0).
Then, calculating the components of the counter-variant metric tensor we get to the
following result:



















g11 = ρ

g12 = g21 = 0

g22 =
1

ρ2

(4.11)

Finally, the exchange energy can be calculated:

Eexc = Ah
∫ 2π

0

∫ R

r0

(

g11 ∂m⃗

∂ρ
· ∂m⃗

∂ρ
+ 2g12 ∂m⃗

∂ρ
· ∂m⃗

∂ϕ
+ g22 ∂m⃗

∂ϕ
· ∂m⃗

∂ϕ

)√
gϕρ

= Ah
∫ 2π

0

∫ R

r0

1

ρ
ϕρ

= 2πAh ln

(

R

r0

)

(4.12)

4.2.2 Paraboloid

For a paraboloidal surface, the parametrization is given by r⃗ = (ρ cos ϕ, ρϕ, c2ρ2),
yielding the following counter-invariant elements:



















g11 =
1

1 + 4c4ρ2

g12 = g21 = 0

g22 = ρ−2

(4.13)

Therefore,
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Eexc = Ah
∫ 2π

0

∫ R

r0

(

g11 ∂m⃗

∂ρ
· ∂m⃗

∂ρ
+ 2g12 ∂m⃗

∂ρ
· ∂m⃗

∂ϕ
+ g22 ∂m⃗

∂ϕ
· ∂m⃗

∂ϕ

)√
gϕρ

= 2πAh ln





R +
√

1 + 4c2r2
0

r0(1 +
√

1 + 4c2R2)





(4.14)

The exchange energy given Eq. (4.14) is in agreement with the results obtained

in (46). In the special case where the paraboloid is deformed to a disk (c → 0) we
recover the result given in Eq. (4.12), as should be.

4.3 Magnetoelastic quasi-2D system

In the work of Elías et al. (4), the authors did not take into account the elastic
energy. Therefore, to diminish the magnetic energy, the system deforms indefinitely
to reach the shape presenting the minimum energy configuration.

In this section we present the results concerning the relation between the magnetic
and mechanical subsystems to determine the equilibrium shape of the nanostructure
hosting a meron as metastable state. Therefore, we analyze a set of parameters of the
quasi-2D system and its behavior in terms of optimum curvature and energy.

4.3.1 Radius

Firstly, we determine the influence of the external radius of the disk on the equilibrium
shape. Therefore, we set the thickness as h = 0.1ℓ and the Young’s modulus given
by A/(Yh2) = 40. We have then investigated the total energy of the structure as a
function of c considering different values to the radius of the nanodisk. Main results
are depicted in Fig. 4.7, where we present the numerical results for nanostructures
with radius a) 4ℓ, b) 6ℓ, c) 8ℓ, and d) 10ℓ.
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Figure 4.7: Total energy as a function of c for different disk radius. Figures a, b, c,
and d present the results for R = 4ℓ, 6ℓ, 8ℓ, and 10ℓ, respectively. The thickness is
h = 0.1ℓ, and A/(Yh2) = 40.

We observe that for nanodisks with small radius (see Fig. 4.7-a) the flexible mag-
netic structure presents the same qualitative behavior obtained for rigid structures
(see Fig. 4.1). Therefore, one can conclude that the elastic energy is negligible in com-
parison with the magnetic energy. Nevertheless, the analysis of Fig. 4.7 also reveals
that the increase in the radius of the nanostructure yield an increase in the elastic
contribution to the total energy.

Fig. 4.7 shows that an increase in radius, makes the equilibrium value c∗ near the
origin. For example, for radius R = 4ℓ (See Fig. 4.7-a) the equilibrium curvature
for vortex and anti-vortex is in their extremes, while for R = 10ℓ (See Fig. 4.7-d)
the equilibrium value is c = −2.1 × 103 m−1/2 for the vortex, and c = +1.8 × 103

m−1/2 for the anti-vortex. We conclude that it is more difficult to bend and stretch
the quasi-2D system for large values of radius. Therefore, there is a critical value of
c from which the increase in the elastic energy avoids the system continue to deform.
Then, at this value, we obtain the optimum curvature for a flexible nanodisk hosting
a meron as magnetization state. For instance, Fig. 4.7-d, shows that with external
radius of R = 10ℓ the curvature parameter of a system hosting antivortex merons is
c = −2.1× 103 m−1/2, while for the system hosting a vortex the optimum curvature
parameter is c = +1.8× 103 m−1/2. It can be also noticed that in all presented cases,
the Curvature-Vorticity conjecture is obeyed. That is, surfaces with positive curvature
host vortices, while surfaces with negative curvature host antivortices as metastable
states.

Elastic Energy

In this subsection we present the graphs of the stretching and bending energy for
different values of the external radius of the quasi-2D system fixing the same values
as in the last subsection. From the analysis of Fig. 4.8, we observe that the bending
energy is three order of magnitude smaller than the stretching energy. This facts



CONTENTS 42

comes from the fact that we are considering very thin systems. Thus, the bending
energy is orders of magnitude smaller that the stretching because while the stretching
energy is a multiple of h, the bending energy depends on h3. Also, it is worth noticing
that as the quasi-2D system deviates from its initial state (a planar disk), there is an
energy cost to deform the nanostructure. Therefore, when the system deforms, the
increase in the elastic energy is responsible for bring the system to its equilibrium
shape. Finally, by comparing the results presented in Figs. 4.7-d and 4.8-d, it can
be noticed that the elastic energy presents a pronounced increase when the system
reaches its optimum curvature.

Figure 4.8: Stretching Estr and bending energy Eb as a function of c for different
disk radius. Figures a, b, c, and d present the results for R = 4ℓ, 6ℓ, 8ℓ, and 10ℓ,
respectively. The thickness is h = 0.1ℓ, and A/(Yh2) = 40.

4.3.2 Young’s modulus

After analysing the influence of the external radius on the optimum curvature, we
study the dependence of the nanodisk shape on the Young’s modulus value. In Fig.
4.9, we present the meron’s energy as a function of c for the cases: A/(Yh2) a) 400, b)
40, c) 8, and d) 4. We highlight the fact that changes in the Young’s modulus modify
only the elastic term and the total energy. Therefore, to analyze the behavior of
systems having different elastic properties, we have considered three main domains
to the value of Y: a domain in which the elastic energy is much smaller than the
magnetic energy (low value of Y), a domain in which elastic and magnetic energies
terms compete, and a domain in which the elastic energy is big enough to make vortex
and antivortex systems present the same total energy, independent of the shape of the
nanostructure.
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Figure 4.9: System energy as a function of the curvature for a nanodisk with radius
R = 10ℓ and h = 0.1ℓ for different Young’s modulus. Figures a, b, c, and d, depict a
nanostructure with A/(Yh2) = 400, 40, 8, and 4 respectively.

From the analysis of the results presented in Fig. 4.9, we conclude that the proper
adjust of Y can be used for engineering shapeable systems. If Y is too high (Fig. 4.9d),
it is very difficult to modify the shape of the quasi-2D system. On the other hand, if
Y is too low (Fig. 4.9a), the quasi-2D system behaves as a surface without resistance
to bending and stretching as the results became the same as the model which did not
consider the elastic energy. For intermediate values of Y (Fig. 4.9b), the optimum
value of the parameter c varies as we vary the material of the surface (and therefore
its Young’s modulus).

4.3.3 Chirality and Polarity

After analyzing the behavior of the system as a function of geometrical and mechan-
ical parameters, we study the influence of the polarity and chirality of the meron on
the curvature of the nanodisk. In this context, we consider a vortex with winding
number q=1 and initial polarity p=1. Fig. 4.10 presents the optimum curvature c∗ and
its total energy E∗ as a function of the chirality of the meron, when the polarity is fixed
at p = 1 (Figures 4.10-a and b) and when the polarity is a step function assuming the
value p = 1 for γ ≤ π/2 and p = −1 for γ > π/2.

The obtained results evidence that it is possible to control the geometry of the
quasi-2D system by controlling the vortex chirality γ. In Fig. 4.10-a we observe an
increase in the chirality until the value of π/2 yields to a decrease in the positive
curvature. In other words, one can control the curvature in the range c ∈ [0, 1.5×
103m−1/2] by adjusting the chirality from zero to π/2. As the chirality surpass the
limiting value of π/2 the system saturates to the state of a planar nanodisk with
constant energy.
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Figure 4.10: optimum curvature (a and c) and total energy (b and d) as a function of
γ for a unchanged (top graphics) and variable (bottom graphics) polarity.

4.3.4 External Magnetic Field

To finish this section, we consider that the nanodisk is under the action of an external
magnetic field pointing in the opposite direction of the initial vortex polarity. In this
context, we have analyzed two different values to the magnetic field intensity, 0.5 mT
and 5 mT. The Zeeman energy is a few orders smaller then the total energy (magnetic
plus elastic energy). Therefore, the addition of an external field acts as a perturbation
in the system. Nevertheless, even with the Zeeman interaction being small, even a
magnetic field of 0.5 mT is enough to produce changes in the shape of the nanodisk.
Additionally, from the comparison between the results for the magnetic fields of 0.5
mT and 5 mT, we observe that the increase in the value of the external magnetic field
yields an icrease in the value of c that minimizes the total energy.

Also, the addition of the external magnetic field forces the appearance of a discon-
tinuity of the energy of the optimum quasi-2D system as a function of the chirality,
as one can see in Fig. 4.11 d). But this discontinuity is observed because we made the
artificial transition of the polarity p← −p, when chirality γ > π/2.

We conclude that it is possible to control a vortex in a quasi-2D system with a field
of 0.5 mT. The control of the shape of the nanodisk by an external magnetic field can
be done if we are able to modify not only its intensity but also its direction. With
these two possibilities for controlling the geometry of flexible systems by an external
magnetic field, one is able to change the shape of a nanomagnetic quasi-2D system
and its position (which we have not explore in this work). Another important note
is about the mechanical parameters of the quasi-2D system. We have used Young’s
modulus of 106 N/m2, which is much smaller than a plethora of magnetic materials.
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Figure 4.11: Optimum curvature and total energy for fixed (a and b) e variable (c and
d) polarity as a function of the vortex chirality for a nanodisk under the action of a
magnetic field B = −Bẑ. Black dots and red squares represent the results for B = 0.5
mT and B = 5.0 mT, respectively.
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Chapter 5

Conclusion and Perspectives

“One worthwhile task carried
to a successful conclusion is
better than fifty half-finished
tasks."

Bertie Charles Forbes

In this work we investigated the behavior of a nanodisk with small thickness and
certain flexibility/elasticity. The nanodisk system had magnetic and mechanical ener-
gies and it was later on subject to an external magnetic field.

After an investigation to discover the origin of the relation between Gaussian Cur-
vature sign and the meron’s winding number’s sign, we conclude that there is an in-
trinsic connection between these quantities due to curvature-induced exchange-driven
effective interactions. We have then proposed a conjecture where the meron’s wind-
ing number and the Gaussian curvatures sign depends one to each other. That is,
surfaces with positive Gaussian curvature host vortices, while surfaces with negative
Gaussian curvatures host antivortices as the lower energy metastable state.

We have demonstrated, through numerical results, that when the considered sys-
tem hosts merons as magnetization configurations, the disk’s radius, thickness, and
the Young’s modulus influence on the equilibrium shape of the flexible magnetic nan-
odisk. Increasing the radius, the thickness and the Young’s modulus, generates a
decrease in the value of the curvature that minimizes the energy. We also showed
that there is a connection between the meron’s polarity and chirality, which is also
important in determining the equilibrium shape adopted by the considered flexible
system.

It was also shown that a magnetic field can dictate the final shape of a ferromag-
netic surface. For For instance, it was shown that a field of 0.5 mT is sufficient to
control the nanodisk’s geometry in a given range of curvature.

As a perspective for future works, we intend to perform Monte Carlo simulations
to obtain new results and to confront them with the theoretical analytical results here
presented.

Another action to further sustain the present work would be to verify, in a more
formal mathematical demonstration, the result relating the relationship between the
meron’s type (V or AV) and the sign of the Gaussian curvature. This would give cer-
tainty to a more vast validity domain and would be useful in giving more information
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and understanding the intrinsic connection between magnetic systems and curvature.
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