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❆❣r❛❞❡❝✐♠❡♥t♦s

Pr✐♠❡✐r❛♠❡♥t❡ ❛❣r❛❞❡ç♦ ❛ ❉❡✉s✱ ♣♦✐s ❤♦❥❡✱ ♠❛✐s ❞♦ q✉❡ ♥✉♥❝❛✱ ❝♦♠♣r❡❡♥❞♦ ❛
❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❢♦rç❛ ♠❛✐♦r ❡ s❡✐ q✉❡ s❡rá ❡ss❛ ♠❡s♠❛ ❢♦rç❛ q✉❡ ♠❡ ❢❛rá s❡❣✉✐r
s❡♠♣r❡ ❡♠ ❢r❡♥t❡✱ ♣♦r q✉❛❧q✉❡r ❝❛♠✐♥❤♦✳

❆❣r❛❞❡ç♦ ❛♦ ♠❡✉ ♣❛✐ ▼❛r❝❡❧✐♥♦ ❡ ❛ ♠✐♥❤❛ ♠ã❡ ▼❛r✐❛ ❏♦sé✱ q✉❡ ♠❡s♠♦ ♥ã♦
❡st❛♥❞♦ ❛q✉✐ ♣❛r❛ ♠❡ ❛❝♦♠♣❛♥❤❛r ❞✉r❛♥t❡ ❡ss❡s ❞♦✐s ❛♥♦s✱ ♥✉♥❝❛ ♠❡ ❛❜❛♥❞♦♥♦✉
❡ s❡ t♦r♥♦✉ ♠❡✉ ♠❛✐♦r ❡stí♠✉❧♦✳ ❙❡✐ q✉❡ ❞❡ ♦♥❞❡ ❡❧❛ ❡stá✱ s❡♠♣r❡ ❡st❛rá ❝♦♠✐❣♦✱
❝♦♠ s✉❛ ♣r❡s❡♥ç❛ ❧✐♥❞❛ ❡ ❢❡❧✐③✳ ❱♦❝ês s❡rã♦ s❡♠♣r❡ ♠❡✉s ♠❡❧❤♦r❡s ♣r♦❢❡ss♦r❡s ❡
❡①❡♠♣❧♦s ❞❡ ❤✉♠✐❧❞❛❞❡✳

❆❣r❛❞❡ç♦ à ♠✐♥❤❛ ❛✈ó✱ ♣❡❧♦s ♠♦♠❡♥t♦s ❞❡ ❛❝♦♥❝❤❡❣♦ ❡ ❝❛r✐♥❤♦ ❞❡ s❡♠♣r❡✳

❆❣r❛❞❡ç♦ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ❇❡r♥❛r❞♦✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ♥♦s ❡♥s✐♥❛♠❡♥t♦s ❡ ♣❡❧♦
❡stí♠✉❧♦ ♣❛r❛ q✉❡ ❡✉ ♠❡ t♦r♥❛ss❡ ❝❛❞❛ ✈❡③ ♠❡❧❤♦r✳ ❖❜r✐❣❛❞❛ ♣♦r ♠❡ ✐♥❝❡♥t✐✈❛r
t❛♥t♦ ❛ ❛❝r❡❞✐t❛r ♠❛✐s ♥♦ ♠❡✉ ♣♦t❡♥❝✐❛❧✳ ❙❡♠ ✈♦❝ê ♥ã♦ t❡rí❛♠♦s ❝❤❡❣❛❞♦ ❛té
❛q✉✐✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦ ♠❡✉ ❝♦♦r✐❡♥t❛❞♦r✱ ❲❛❧t❡r✱ ♣❡❧❛ ❛♠✐③❛❞❡ ❡ ❡♥s✐♥❛♠❡♥t♦s✳
❙✉❛ ♣r❡s❡♥ç❛ ❢♦✐ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛ ❝♦♥❝❧✉sã♦ ❞❡ss❡ tr❛❜❛❧❤♦✳

❆❣r❛❞❡ç♦ ❛s ♠✐♥❤❛s ❝♦❧❡❣❛s ❞❡ r❡♣ú❜❧✐❝❛✱ ♣♦r ❢❛③❡r❡♠ ♠❡✉s ❞✐❛s ♠❛✐s ❢❡❧✐③❡s
❡ ♣♦r ❝♦♠♣❛rt✐❧❤❛r❡♠ t❛♥t♦s ♠♦♠❡♥t♦s ❝♦♠✐❣♦✳

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s ❞❡ ❝✉rs♦ ♣❡❧❛ ❛♠✐③❛❞❡✱ ♠♦♠❡♥t♦s ❞❡
❞❡s❝♦♥tr❛çã♦ ❡ ❞❡ ❡st✉❞♦s✳ ❱♦❝ês ❢♦r❛♠ ♠✉✐t♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♠✐♥❤❛ ❢♦r♠❛çã♦
❡ ✈ã♦ ❝♦♥t✐♥✉❛r ♣r❡s❡♥t❡s ❡♠ ♠✐♥❤❛ ✈✐❞❛✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦ s❡❝r❡tár✐♦ ❞♦ ❉▼❆✲❯❋❱✱ ❏♦ã♦✱ ❛♦s ♣r♦❢❡ss♦r❡s ❡ ❞❡♠❛✐s
❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❆✲❯❋❱✱ ♣♦r ❝♦❧❛❜♦r❛r❡♠ ❝♦♠ ❛ ♠✐♥❤❛ ❢♦r♠❛çã♦ ❡ ♣❡❧♦s
❡✜❝✐❡♥t❡s s❡r✈✐ç♦s ♣r❡st❛❞♦s✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡
tr❛❜❛❧❤♦✳

P♦r ✜♠✱ ❛❣r❛❞❡ç♦ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ❛
r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳
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❖ ♣❡♥s❛♠❡♥t♦ é ❛♣❡♥❛s ✉♠

❧❛♠♣❡❥♦ ❡♥tr❡ ❞✉❛s ❧♦♥❣❛s ♥♦✐t❡s✱

♠❛s ❡ss❡ ❧❛♠♣❡❥♦ é t✉❞♦✳

❍❡♥r✐ P♦✐♥❝❛ré
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❘❡s✉♠♦

❆◆❚❯◆❊❙✱ ❱❛♥❡ss❛ ❞❛ ❈♦♥❝❡✐çã♦ ●✉✐❧❤❡r♠❡✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡
❱✐ç♦s❛✱ ❢❡✈❡r❡✐r♦ ❞❡ ✷✵✶✽✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦✳ ❖r✐❡♥t❛❞♦r✿ ❇❡r♥❛r❞♦ ▼❡❧♦
❞❡ ❈❛r✈❛❧❤♦✳ ❈♦♦r✐❡♥t❛❞♦r✿ ❲❛❧t❡r ❚❡ó✜❧♦ ❍✉❛r❛❝❛ ❱❛r❣❛s✳

❆ ♥♦çã♦ ❞❡ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♣♦r ❍✳ P♦✐♥❝❛ré ✭✶✾✺✷✱ r❡❢❡rê♥❝✐❛

❬✾❪✮ ♣❛r❛ ❤♦♠❡♦♠♦r✜s♠♦s q✉❡ ♣r❡s❡r✈❛♠ ♦r✐❡♥t❛çã♦ ♥♦ ❝ír❝✉❧♦ S1 ✳ ❉❡s❞❡ ❡♥tã♦

✈ár✐♦s ♠❛t❡♠át✐❝♦s t❡♥t❛♠ ❣❡♥❡r❛❧✐③❛r ❡ss❛ ♥♦çã♦ ♣❛r❛ ♦✉tr❛s s✐t✉❛çõ❡s✳ ◆❡st❡

tr❛❜❛❧❤♦ ❡st✉❞❛r❡♠♦s ❛ ❣❡♦♠❡tr✐❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ❡♥❞♦♠♦r✜s♠♦s ♥♦

❝ír❝✉❧♦ S1 ❡ ♣❛r❛ ❤♦♠❡♦♠♦r✜s♠♦s ♥♦ t♦r♦ ♠✲❞✐♠❡♥s✐♦♥❛❧ Tm✳
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❆❜str❛❝t

❆◆❚❯◆❊❙✱ ❱❛♥❡ss❛ ❞❛ ❈♦♥❝❡✐çã♦ ●✉✐❧❤❡r♠❡✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡
❱✐ç♦s❛✱ ❋❡❜r✉❛r②✱ ✷✵✶✽✳ ❚❤❡ r♦t❛t✐♦♥ s❡t✳ ❆❞✈✐s❡r✿ ❇❡r♥❛r❞♦ ▼❡❧♦ ❞❡ ❈❛r✈❛❧❤♦✳
❈♦✲❛❞✈✐s❡r✿ ❲❛❧t❡r ❚❡ó✜❧♦ ❍✉❛r❛❝❛ ❱❛r❣❛s✳

❚❤❡ ♥♦t✐♦♥ ♦❢ r♦t❛t✐♦♥ ♥✉♠❜❡r ✇❛s ✐♥tr♦❞✉❝❡❞ ❜② ❍✳ P♦✐♥❝❛ré ✭✶✾✺✷✱ r❡❢❡r❡♥❝❡

❬✾❪✮ ❢♦r ❤♦♠❡♦♠♦r♣❤✐s♠s t❤❛t ♣r❡s❡r✈❡ ♦r✐❡♥t❛t✐♦♥ ✐♥ t❤❡ ❝✐r❝❧❡ S1✳ ❙✐♥❝❡ t❤❡♥

s❡✈❡r❛❧ ♠❛t❤❡♠❛t✐❝✐❛♥s tr✐❡❞ t♦ ❣❡♥❡r❛❧✐③❡ t❤✐s ♥♦t✐♦♥ t♦ ♦t❤❡r s✐t✉❛t✐♦♥s✳ ■♥ t❤✐s

✇♦r❦ ✇❡ ✇✐❧❧ st✉❞② t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ r♦t❛t✐♦♥ s❡t ❢♦r ❡♥❞♦♠♦r♣❤✐s♠s ✐♥ t❤❡

❝✐r❝❧❡ S1 ❛♥❞ ❢♦r ❤♦♠❡♦♠♦r♣❤✐s♠s ✐♥ t❤❡ ♠✲❞✐♠❡♥s✐♦♥❛❧ t♦r✉s Tm✳
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✷✳✸ Pr♦♣r✐❡❞❛❞❡s ❣❡r❛✐s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺
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❞✐♠❡♥s✐♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✷✳✺ ❊①❡♠♣❧♦s ❞❡ ❝♦♥❥✉♥t♦s ❞❡ r♦t❛çã♦ ♣❛r❛ ❤♦♠❡♦♠♦r✜s♠♦s ♥♦ t♦r♦ ✳ ✹✷

❆♣ê♥❞✐❝❡ ❆ ✲ ❚❡♦r❡♠❛ ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❞❡ P♦✐♥❝❛ré ✹✻

❆♣ê♥❞✐❝❡ ❇ ✲ ❚❡♦r✐❛ ❞❡ ▼❡❞✐❞❛✱ ❚❡♦r✐❛ ❊r❣ó❞✐❝❛ ❡ ❊♥tr♦♣✐❛
❚♦♣♦❧ó❣✐❝❛ ✺✸

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✺✽

✈✐✐



■♥tr♦❞✉çã♦

❖ ♦❜❥❡t✐✈♦ ❞❛ t❡♦r✐❛ ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s é ❡st✉❞❛r✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♠
❧♦♥❣♦ ♣r❛③♦✱ ❛ ❡✈♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛✳ ❯♠❛ ✈❡③ ❝♦♥❤❡❝✐❞❛s ❛s r❡❣r❛s ❞❡ ❡✈♦❧✉çã♦
❞❡ ✉♠ ❞❡t❡r♠✐♥❛❞♦ s✐st❡♠❛✱ ♣♦❞❡ s❡r ✐♠♣♦ssí✈❡❧✱ ❛✐♥❞❛ ❛ss✐♠✱ ❝♦♥❤❡❝❡r ❝♦♠
❜♦❛ s❡❣✉r❛♥ç❛✱ s✉❛ ❡✈♦❧✉çã♦ ❛♦ ❧♦♥❣♦ ❞♦ t❡♠♣♦✳ ➱ ♥❡ss❛ ♣❡rs♣❡❝t✐✈❛ q✉❡ s❡
❞❡s❡♥✈♦❧✈❡✉ ♦ ❝❛♠♣♦ ❞♦s ❙✐st❡♠❛s ❞✐♥â♠✐❝♦s✳

❉✐✈❡rs♦s sã♦ ♦s r❛♠♦s ❞❡ ♣❡sq✉✐s❛ q✉❡ ✐♥✢✉❡♥❝✐❛r❛♠ ♦ s✉r❣✐♠❡♥t♦ ❞❛ t❡♦r✐❛
❞♦s ❙✐st❡♠❛s ❞✐♥â♠✐❝♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❋ís✐❝❛ ❡ ❛ ❇✐♦❧♦❣✐❛✳ ❚❛❧ t❡♦r✐❛ t❡✈❡
❝♦♥tr✐❜✉✐çõ❡s ❞❡ ✈ár✐♦s ❝✐❡♥t✐st❛s✱ ❝♦♠♦ ❛ ❞♦ ♠❛t❡♠át✐❝♦ ❢r❛♥❝ês ❍❡♥r✐ P♦✐♥❝❛ré
❝♦♥s✐❞❡r❛❞♦ ✉♠ ❞♦s ❝r✐❛❞♦r❡s ❞❛ ♠♦❞❡r♥❛ t❡♦r✐❛ ❞♦s ❙✐st❡♠❛s ❞✐♥â♠✐❝♦s✳ ❆s
♣r✐♠❡✐r❛s ❝♦♥tr✐❜✉✐çõ❡s ❞❡ P♦✐♥❝❛ré s❡ ❞❡r❛♠ ❝♦♠ ♦s tr❛❜❛❧❤♦s r❡❧❛❝✐♦♥❛❞♦s à
▼❡❝â♥✐❝❛ ❈❡❧❡st❡ ♥♦ ✜♥❛❧ ❞♦ sé❝✉❧♦ ❳■❳✳

❯♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦ ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ❞❡ ✈ár✐❛s ♠❛♥❡✐r❛s✱ ♥❡st❡ tr❛❜❛❧❤♦
✈❛♠♦s ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡ ♥♦çã♦ ❞❡ s✐st❡♠❛ ❞✐♥â♠✐❝♦✿ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦
♥ã♦✲✈❛③✐♦ ❡ f ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❛❧q✉❡r ❞❡ X ♥❡❧❡ ♠❡s♠♦✱ ❡♥tã♦ ♦ ♣❛r (X, f) é ✉♠
s✐st❡♠❛ ❞✐♥â♠✐❝♦ ❡ X é ❞✐t♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✳ ❆s ór❜✐t❛s sã♦ ♦s ❡①❡♠♣❧♦s ♠❛✐s
s✐♠♣❧❡s ❞❡ s✐st❡♠❛s ❞✐♥â♠✐❝♦s✳ ❉❛❞❛ ✉♠❛ ❛♣❧✐❝❛çã♦ f : X → X✱ ❛ ór❜✐t❛ ❞❡
✉♠ ♣♦♥t♦ x ∈ X é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ✐t❡r❛❞♦s f t(x)✱ t ∈ N✳ ◆❡st❡ ❝❡♥ár✐♦
q✉❡r❡♠♦s ❞❡s❝r❡✈❡r ❛ ❡str✉t✉r❛ ❞❡ ór❜✐t❛s ❞♦ s✐st❡♠❛ ❞✐♥â♠✐❝♦✱ ✐st♦ é✱ ❞❡s❝♦❜r✐r
♣❛r❛ ♦♥❞❡ ❝♦♥✈❡r❣❡ ❛ s❡q✉ê♥❝✐❛ (f t(x))t≥0✳

❯t✐❧✐③❛♥❞♦ ✉♠ ✐♥✈❛r✐❛♥t❡ ❞✐♥â♠✐❝♦✱ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦✱
P♦✐♥❝❛ré ♦❜t❡✈❡ ✉♠❛ ❝❧❛ss✐✜❝❛çã♦ ♣❛r❛ ♦s ❤♦♠❡♦♠♦r✜s♠♦s q✉❡ ♣r❡s❡r✈❛♠
♦r✐❡♥t❛çã♦ ♥♦ ❝ír❝✉❧♦ q✉❡ ✜❝♦✉ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❞❡
P♦✐♥❝❛ré ❡ q✉❡ ♣♦❞❡ s❡r ❝♦♥s✉❧t❛❞❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✹❪ ♦✉ ♥♦ ❆♣ê♥❞✐❝❡ ❆ ❞❡st❡
tr❛❜❛❧❤♦✳ ❊ss❡ t❡♦r❡♠❛ ❛✜r♠❛ q✉❡ ❞❛❞♦ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ f q✉❡ ♣r❡s❡r✈❛
♦r✐❡♥t❛çã♦ ♥♦ ❝ír❝✉❧♦✱ ❝♦♠ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ✐rr❛❝✐♦♥❛❧ ρ✱ ❡♥tã♦ s❡ f é tr❛♥s✐t✐✈♦✱
f é ❝♦♥❥✉❣❛❞♦ ❛ ✉♠❛ r♦t❛çã♦ ❞❡ â♥❣✉❧♦ ρ ❡ s❡ f ♥ã♦ é tr❛♥s✐t✐✈♦✱ f é s❡♠✐✲
❝♦♥❥✉❣❛❞♦ ❛ ✉♠❛ r♦t❛çã♦ ❞❡ â♥❣✉❧♦ ρ✳

◆♦ ❝❛s♦ ❞♦s ❡♥❞♦♠♦r✜s♠♦s ♥♦ ❝ír❝✉❧♦ ❡ ❞❛s ❛♣❧✐❝❛çõ❡s ♥♦ t♦r♦✱ ✈❡r❡♠♦s q✉❡
❛♣❛r❡❝❡✱ ♥ã♦ ♠❛✐s ✉♠ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦✱ ♠❛s ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦✱ q✉❡ é ♦
♣r✐♥❝✐♣❛❧ ♦❜❥❡t♦ ❞❡ ❡st✉❞♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ❆ ♣❡r❣✉♥t❛ q✉❡ ♣r❡t❡♥❞❡♠♦s r❡s♣♦♥❞❡r
❡ q✉❡ ♦r✐❣✐♥♦✉ t♦❞♦ ❡ss❡ tr❛❜❛❧❤♦ é ❛ s❡❣✉✐♥t❡✿

P❡r❣✉♥t❛✳ ◗✉❛✐s s✉❜❝♦♥❥✉♥t♦s ❞❡ Rn sã♦ ❝♦♥❥✉♥t♦s ❞❡ r♦t❛çã♦ ❞❡ ❛❧❣✉♠ s✐st❡♠❛
❞✐♥â♠✐❝♦❄

◆❡st❡ tr❛❜❛❧❤♦ ♣r❡t❡♥❞❡♠♦s ❞✐s❝✉t✐r ❛ ❣❡♦♠❡tr✐❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❡♠
❞♦✐s ❝♦♥t❡①t♦s ❞✐❢❡r❡♥t❡s✿

✭✶✮ ❊♥❞♦♠♦r✜s♠♦s ♥♦ ❝ír❝✉❧♦❀

✶



✷

✭✷✮ ❍♦♠❡♦♠♦r✜s♠♦s ♥♦ t♦r♦✳

❖ ❝❛s♦ ✭✶✮ ❢♦✐ ✐♥tr♦❞✉③✐❞♦ ♣♦r ◆❡✇❤♦✉s❡✱ P❛❧✐s ❡ ❚❛❦❡♥s ❡ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦
♥❛ r❡❢❡rê♥❝✐❛ ❬✶❪✳ ❉❛❞♦ ✉♠ ❡♥❞♦♠♦r✜s♠♦ ♥♦ ❝ír❝✉❧♦ f0✱ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ f ❞❡
f0 ❡ ✉♠ ♣♦♥t♦ x ∈ R✱ ♦ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ❞❡ f0 ♥♦ ♣♦♥t♦ x é ❞❛❞♦ ❞❡ ♠❛♥❡✐r❛
♣❛r❡❝✐❞❛ ❝♦♠♦ ❞❡✜♥✐✉ P♦✐♥❝❛ré✳ ❈♦♥s✐❞❡r❡♠♦s ❛ s❡q✉ê♥❝✐❛ (f

n(x)−x
n

) ❡ ❛♥❛❧✐s❡♠♦s
s❡✉ ♠❛✐♦r ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦✳ P❛r❛ ♦ ❝❛s♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s q✉❡ ♣r❡s❡r✈❛♠
♦r✐❡♥t❛çã♦ ♥♦ ❝ír❝✉❧♦ ❡ss❛ s❡q✉ê♥❝✐❛ s❡♠♣r❡ ❝♦♥✈❡r❣❡✱ ♠❛s ♣❛r❛ ❡♥❞♦♠♦r✜s♠♦s ♥♦
❝ír❝✉❧♦ ❡ss❛ s❡q✉ê♥❝✐❛ ♣♦❞❡ ♥ã♦ ❝♦♥✈❡r❣✐r✳ ❱❡r❡♠♦s q✉❡ ♥❛ ✈❡r❞❛❞❡ só ♣♦❞❡♠♦s
❣❛r❛♥t✐r q✉❡ ❡ss❛ s❡q✉ê♥❝✐❛ s❡❥❛ ❧✐♠✐t❛❞❛✳ ❉❡ss❡ ♠♦❞♦✱ ♦❜t❡♠♦s ✉♠ ❝♦♥❥✉♥t♦ ❞❡
r♦t❛çã♦ q✉❡ s❡rá ❞❛❞♦ ♣❡❧♦ ❢❡❝❤♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ♥ú♠❡r♦s ❞❡ r♦t❛çã♦✳
❯♠❛ ❞❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞❡ss❡ ❝♦♥❥✉♥t♦✱ ♦❜t✐❞❛ ♣♦r ◆❡✇❤♦✉s❡✱ P❛❧✐s ❡
❚❛❦❡♥s é

❚❡♦r❡♠❛ ❆✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ❡♥❞♦♠♦r✜s♠♦s ♥♦ ❝ír❝✉❧♦ é ✉♠
✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ ❡ ❧✐♠✐t❛❞♦ ❞❛ r❡t❛ R✳

❯♠ ❡①❡♠♣❧♦ q✉❡ ✐❧✉str❛ ❡ss❡ t❡♦r❡♠❛ é ❞❛❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦

f(x) = x+ s❡♥ (2πx)✳

❱❡r❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ss❛ ❛♣❧✐❝❛çã♦ é ♦ ✐♥t❡r✈❛❧♦ [−1, 1]✳ ◆♦
❝❛s♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s q✉❡ ♣r❡s❡r✈❛♠ ♦r✐❡♥t❛çã♦ ♥♦ ❝ír❝✉❧♦ ♦ ✐♥t❡r✈❛❧♦ é tr✐✈✐❛❧✱
❞❡ ♠♦❞♦ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♥❛ ✈❡r❞❛❞❡ é ✉♠ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦✳ ❆❧é♠
❞✐ss♦✱ ♥❡st❡ tr❛❜❛❧❤♦ ♠♦str❛r❡♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦

❚❡♦r❡♠❛ ❇✳ ❚♦❞♦ ✐♥t❡r✈❛❧♦ ❝♦♠♣❛❝t♦ ❞❛ r❡t❛ é ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ ❛❧❣✉♠
❡♥❞♦♠♦r✜s♠♦ ♥♦ ❝ír❝✉❧♦✳

❉❡ ❢❛t♦✱ ❛ ♣r♦✈❛ ❞❡ss❡ ❢❛t♦ é ❜❛s❡❛❞♦ ♥❛ ❢❛♠í❧✐❛ ❞❡ ❡♥❞♦♠♦r✜s♠♦s ❝♦♥❤❡❝✐❞❛
❝♦♠♦ ❆r♥♦❧❞ ❚♦♥❣✉❡✳ ❊ss❛ ❢❛♠í❧✐❛ é ❞❡✜♥✐❞❛ ♣♦r

f(x) = x+ b+ a s❡♥ (2πx)✱

♦♥❞❡ a, b ∈ R✳ ▼♦str❛r❡♠♦s q✉❡ ♣❡r❝♦rr❡♥❞♦ ♦s ♣❛râ♠❡tr♦s a ❡ b✱ ♦s r❡s♣❡❝t✐✈♦s
❝♦♥❥✉♥t♦s ❞❡ r♦t❛çã♦ ♣❡r❝♦rr❡♠ t♦❞♦s ♦s ✐♥t❡r✈❛❧♦s ❞❛ r❡t❛✳

❖ ❝❛s♦ ✭✷✮ é ❛❜♦r❞❛❞♦ ♣♦r ▼✐s✐✉r❡✇✐❝③ ❡ ❩✐❡♠♠❛♥ ✭r❡❢❡rê♥❝✐❛ ❬✷❪✮ ❡ s❡rá
❡st✉❞❛❞♦ ♥♦ ❝❛♣ít✉❧♦ ✷✳ ◆❡st❡ ❝❛s♦✱ t❡♠♦s ❛❧❣✉♠❛s ♥♦çõ❡s ❞✐❢❡r❡♥t❡s ❞❡ ❝♦♥❥✉♥t♦s
❞❡ r♦t❛çã♦✳ ❉❛❞♦ f ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❛❧❣✉♠❛ ❛♣❧✐❝❛çã♦ f0 : Tm → Tm ❝♦♥tí♥✉❛
❡ ❤♦♠♦tó♣✐❝❛ à ✐❞❡♥t✐❞❛❞❡ ❡ x ∈ Rm✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ρ(f, x) ❞❡ t♦❞♦s ♦s

❧✐♠✐t❡s ❞❛s s✉❜s❡q✉ê♥❝✐❛s ❝♦♥✈❡r❣❡♥t❡s ❞❛ s❡q✉ê♥❝✐❛
(
fn(x)−x

n

)
n≥1

✳ ❖ ❝♦♥❥✉♥t♦

ρp(f) = ∪x∈Rmρ(f, x)

é ❞✐t♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣♦♥t✉❛❧ ❞❡ f ✳
◆❛ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦✱ ♥ã♦ ❤á ♣♦rq✉❡ ✜①❛r ✉♠ ♣♦♥t♦✱ ❛ss✐♠

✈❛♠♦s t♦♠❛r ♦ ❧✐♠✐t❡ ❞❡ t♦❞❛s ❛s s❡q✉ê♥❝✐❛s ❝♦♥✈❡r❣❡♥t❡s



✸

(
fni (xi)−xi

ni

)
i≥1

; xi ∈ Rm, ni → ∞✳

❆♦ ❝♦♥❥✉♥t♦ ♦❜t✐❞♦ ❝❤❛♠❛r❡♠♦s ❞❡ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ f ✳ ❖ ❢❛t♦ ❞❡ f s❡r
❤♦♠♦tó♣✐❝❛ à ✐❞❡♥t✐❞❛❞❡✱ ✐♠♣❧✐❝❛ q✉❡ 0 ∈ ρ(f) ❡ ♣♦rt❛♥t♦ ❡st❡ ❝♦♥❥✉♥t♦ é ♥ã♦
✈❛③✐♦✳ ❉❡ss❡ ♠♦❞♦✱ r❡str✐♥❣✐r❡♠♦s ♥♦ss♦ ❡st✉❞♦ à ❛♣❧✐❝❛çõ❡s q✉❡ s❛t✐s❢❛ç❛♠ ❡ss❛
♣r♦♣r✐❡❞❛❞❡✳

❆s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ❡st❡ ❝❛s♦ sã♦

❚❡♦r❡♠❛ ❈✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡ ❝♦♥❡①♦ ❞❡ Rm✳
❆❧é♠ ❞✐ss♦✱ s❡ m = 2 ❡ ❛ ❛♣❧✐❝❛çã♦ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡
r♦t❛çã♦ é t❛♠❜é♠ ❝♦♥✈❡①♦✳

◆♦t❡ q✉❡ ♦ ❢❛t♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ s❡r ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❡
❝♦♥✈❡①♦ ❞❡ R2✱ ♣❛r❛ ❤♦♠❡♦♠♦r✜s♠♦s ❞❡ T2✱ ✐♠♣❧✐❝❛ q✉❡ ❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❞♦
❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ s❡ r❡❞✉③❡♠ ❛♦s s❡❣✉✐♥t❡s ❝❛s♦s✿

✭✶✮ ✉♠ ú♥✐❝♦ ✈❡t♦r❀

✭✷✮ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ♣♦s✐t✐✈♦❀

✭✸✮ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠ ✐♥t❡r✐♦r ♥ã♦✲✈❛③✐♦✳

❊①✐❜✐r❡♠♦s ❡①❡♠♣❧♦s ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ♥♦ t♦r♦ T2 ❝✉❥♦s ❝♦♥❥✉♥t♦s ❞❡
r♦t❛çã♦ t❡♠ ❡①❛t❛♠❡♥t❡ ❝❛❞❛ ✉♠❛ ❞❡st❛s ❢♦r♠❛s ❛❝✐♠❛✳ ❖ ❝❛s♦ ✭✶✮ é ❞❛❞♦
♣♦r ✉♠❛ r♦t❛çã♦ ♥♦ t♦r♦ T2✱ ♦♥❞❡ ♦ â♥❣✉❧♦ ❞❡ r♦t❛çã♦ é ✉♠ ✈❡t♦r ❞❡ R2✳
P❛r❛ ❡①❡♠♣❧✐✜❝❛r ♦ ❝❛s♦ ✭✷✮ ✉s❛r❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡ ❞á ♦r✐❣❡♠ ❛ ✉♠ ✢✉①♦
❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❋❧✉①♦ ❞❡ ❘❡❡❜✱ ♦ q✉❛❧ é ❝♦♥str✉í❞♦ ♥❛ ❢❛✐①❛ (−∞,∞)×[0, 1]✳ ❏á ♦
❝❛s♦ ✭✸✮ é ❡①❡♠♣❧✐✜❝❛❞♦ ❝♦♠ ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞♦ ❛rt✐❣♦ ❞❡ ❑✇❛♣✐s③ ✭r❡❢❡rê♥❝✐❛
❬✸❪✮✳ ❊❧❡ ♠♦str❛ q✉❡ ❝❛❞❛ ♣♦❧í❣♦♥♦ ❝♦♥✈❡①♦ ❝♦♠ ✈ért✐❝❡s r❛❝✐♦♥❛✐s é ❝♦♥❥✉♥t♦ ❞❡
r♦t❛çã♦ ❞❡ ❛❧❣✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❞♦ t♦r♦ T2✱ ❤♦♠♦tó♣✐❝♦ à ✐❞❡♥t✐❞❛❞❡✳

❖ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣♦❞❡ s❡r út✐❧ ♣❛r❛ ❝♦♥❤❡❝❡r ♣r♦♣r✐❡❞❛❞❡s ❞✐♥â♠✐❝❛s ❞♦
s✐st❡♠❛✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦

❚❡♦r❡♠❛✳ ❙❡ ρ(F ) t❡♠ ✐♥t❡r✐♦r ♥ã♦ ✈❛③✐♦✱ ❡♥tã♦ f t❡♠ ❡♥tr♦♣✐❛ ♣♦s✐t✐✈❛✳

◆♦ ❛♣ê♥❞✐❝❡ ❇ ❞❡✜♥✐♠♦s ❛ ♥♦çã♦ ❞❡ ❊♥tr♦♣✐❛ t♦♣♦❧ó❣✐❝❛✳ ❖ t❡♦r❡♠❛ ❛❝✐♠❛
✐♠♣❧✐❝❛ q✉❡ f ♣♦ss✉✐ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❝❛ót✐❝♦✳

❈❛s♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ s❡❥❛ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦
♣♦s✐t✐✈♦ ♣♦❞❡♠ s❡r ❝♦♥str✉í❞♦s ❡①❡♠♣❧♦s ♦♥❞❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ é ✭❛✮ ✉♠
s❡❣♠❡♥t♦ ❝♦♠ ✐♥❝❧✐♥❛çã♦ r❛❝✐♦♥❛❧ ❡ ♣♦rt❛♥t♦✱ ❝♦♠ ✐♥✜♥✐t♦s ♣♦♥t♦s r❛❝✐♦♥❛✐s ♦✉❀
✭❜✮ ✉♠ s❡❣♠❡♥t♦ ❝♦♠ ✐♥❝❧✐♥❛çã♦ ✐rr❛❝✐♦♥❛❧ ❡ ✉♠ ♣♦♥t♦ ✜♥❛❧ r❛❝✐♦♥❛❧✳ ❏á ❡①✐st❡♠
❡①❡♠♣❧♦s ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ♥♦ t♦r♦ ❝♦♠ ❡ss❡ t✐♣♦ ❞❡ s❡❣♠❡♥t♦ ❞❡ r♦t❛çã♦ q✉❡
✐♥❞✐❝❛♠ q✉❡ ❡ss❡s ❡①❡♠♣❧♦s ♣♦❞❡♠ s❡r ✈✐st♦s ❝♦♠♦ ❜♦♥s ♠♦❞❡❧♦s ♣❛r❛ ♦ ❝❛s♦ ❣❡r❛❧✳
❆❧é♠ ❞✐ss♦✱ ❥á ❡①✐st❡♠ r❡s✉❧t❛❞♦s ❝♦♠ ♠❛✐s ✐♥❢♦r♠❛çõ❡s s♦❜r❡ ❝❛❞❛ ✉♠ ❞♦s três
❝❛s♦s ❛❝✐♠❛✳ ❊ss❡s ❛✈❛♥ç♦s ✐♥❞✐❝❛♠ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛❧❣✉♠❛ ❝❧❛ss✐✜❝❛çã♦✳ ◆♦
❡♥t❛♥t♦✱ ❛✐♥❞❛ ♥ã♦ s❡ s❛❜❡ s❡ q✉❛❧q✉❡r s❡❣♠❡♥t♦ ❞❡ r♦t❛çã♦✱ ❞✐❢❡r❡♥t❡ ❞♦s ❝❛s♦s
✭❛✮ ❡ ✭❜✮ ❛❝✐♠❛ ♣♦❞❡♠ ♦❝♦rr❡r ❡✱ ❡♠ ❝❛s♦ ❛✜r♠❛t✐✈♦✱ q✉❛s❡ ♥❛❞❛ s❡ s❛❜❡ s♦❜r❡



✹

❛s ❝♦♥s❡q✉ê♥❝✐❛s ❞✐♥â♠✐❝❛s ❞❡ s❡❣♠❡♥t♦s ❞❡ r♦t❛çã♦ ❞❡ t❛❧ t✐♣♦✳
◆❛ ✈❡r❞❛❞❡✱ ❢♦✐ ❝♦♥❥❡❝t✉r❛❞♦ ♣♦r ❋r❛♥❦s ❡ ▼✐s✐✉r❡✇✐❝③ ✭✈❡r r❡❢❡rê♥❝✐❛ ❬✻❪✮ q✉❡

❡st❡s ♥ã♦ ♣♦❞❡♠ ♦❝♦rr❡r✳ ❊ss❛ ❝♦♥❥❡❝t✉r❛ ✈❡♠ ❞❡s❛✜❛♥❞♦ ♠✉✐t♦s ❡s♣❡❝✐❛❧✐st❛s
♣♦r ♠❛✐s ❞❡ ❞✉❛s ❞é❝❛❞❛s ❡ ❛✐♥❞❛ ❡①✐st❡♠ ♠✉✐t♦s r❡s✉❧t❛❞♦s ♣❛r❝✐❛✐s s♦❜r❡ ♦
♣r♦❜❧❡♠❛✳ ❆rt✉r ➪✈✐❧❛ ♣r♦✈♦✉ q✉❡ q✉❛❧q✉❡r s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❝♦♠ ✐♥❝❧✐♥❛çã♦
✐rr❛❝✐♦♥❛❧ é ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ ❛❧❣✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ♥♦ t♦r♦✱ ♠❛s ❛ ♣r♦✈❛
❞❡ss❡ ❢❛t♦ ❛✐♥❞❛ ♥ã♦ ❢♦✐ ♣✉❜❧✐❝❛❞❛✳

❊♠ ❣❡r❛❧✱ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ s❡♠♣r❡ t❡♠ ✉♠ ✈❡t♦r ❞❡ r♦t❛çã♦ r❛❝✐♦♥❛❧✱ ♠❛s
♥❡ss❡ ❝❛s♦ ❡st❛♠♦s r❡❢❡r✐♥❞♦ à ✉♠❛ ❞✐♥â♠✐❝❛ s❡♠ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✱ ❡♠ ♣❛rt✐❝✉❧❛r
♥♦ ❝❛s♦ ❡♠ q✉❡ ♦s s❡❣♠❡♥t♦s ❞❡ r♦t❛çã♦ ♥ã♦ ❝♦♥t❡♥❤❛♠ ♥❡♥❤✉♠ ♣♦♥t♦ r❛❝✐♦♥❛❧✳
■ss♦ ❢❛③ ❝♦♠ q✉❡ ♠✉✐t❛s té❝♥✐❝❛s ❞❛ ❞✐♥â♠✐❝❛ t♦♣♦❧ó❣✐❝❛ ❝♦♠ ❜❛s❡ ♥❛ ❡①✐stê♥❝✐❛
❞❡ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s ❢❛❧❤❛♠ ❛♦ ❛♣❧✐❝❛r✳ ❊ss❡ ❢❛t♦ ❞❡st❛❝❛ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ✉♠❛
♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ ❞❛ ❞✐♥â♠✐❝❛ ❧✐✈r❡ ❞♦s ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✳ ❆ ❝♦♥❥❡❝t✉r❛ ❋r❛♥❦s
✲ ▼✐s✐✉r❡✇✐❝③ ❢♦✐ ❝♦♥✜r♠❛❞❛ ♣❛r❛ ❛❧❣✉♠❛s s✉❜❝❧❛ss❡s ♣❛rt✐❝✉❧❛r❡s ✭✈❡r r❡❢❡rê♥❝✐❛
❬✻❪ ♣❛r❛ ♠❛✐s ❞❡t❛❧❤❡s✮✱ q✉❡ sã♦ ❝❡rt❛♠❡♥t❡ ♠✉✐t♦ r❡str✐t✐✈❛s ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠
♦s ❤♦♠❡♦♠♦r✜s♠♦s ❞♦ t♦r♦ ❣❡r❛❧✳ ▼❛s ❝♦♠♦ ❡ss❡s sã♦ ♦s ú♥✐❝♦s r❡s✉❧t❛❞♦s ♣❛r❝✐❛✐s
❡①✐st❡♥t❡s s♦❜r❡ ♦ ♣r♦❜❧❡♠❛✱ ❡❧❡s s❡ t♦r♥❛♠ ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ó❜✈✐♦ ♣❛r❛
♥♦✈❛s ✐♥✈❡st✐❣❛çõ❡s✳ ◆❛ r❡❢❡rê♥❝✐❛ ❬✻❪ ❏❛❣❡r ❡ P❛ss❡❣❣✐ ❞ã♦ ✉♠ ♣r✐♠❡✐r♦ ♣❛ss♦
♥❡ss❛ ❞✐r❡çã♦✳ ❊❧❡s ❡st✉❞❛♠ ♦s ❤♦♠❡♦♠♦r✜s♠♦s ❞♦ t♦r♦ q✉❡ sã♦ s❡♠✐✲❝♦♥❥✉❣❛❞♦s
❛ ✉♠❛ r♦t❛çã♦ ✐rr❛❝✐♦♥❛❧ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✳

❖ t❡①t♦ ❡stá ♦r❣❛♥✐③❛❞♦ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ♥♦ ❝❛♣ít✉❧♦ 1 tr❛❜❛❧❤❛♠♦s ❝♦♠
♦s ❡♥❞♦♠♦r✜s♠♦ ♥♦ ❝ír❝✉❧♦✱ ♦♥❞❡ ♣r♦✈❛♠♦s ♦s ❚❡♦r❡♠❛s ❆ ❡ ❇❀ ♥♦ ❝❛♣ít✉❧♦ 2
❡st✉❞❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s ♥♦ t♦r♦ ❡ ♣r♦✈❛♠♦s ♦ ❚❡♦r❡♠❛
❈❀ ♥♦ ❛♣ê♥❞✐❝❡ ❆ ❡♥❝♦♥tr❛♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s r❡❧❛❝✐♦♥❛❞❛s à ❞❡✜♥✐çã♦
❞❡ ❧❡✈❛♥t❛♠❡♥t♦ ❡ ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❞❡ P♦✐♥❝❛ré❀ ♦ ❛♣ê♥❞✐❝❡
❇ ❝♦♥st❛ ❞❡ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s à ❚❡♦r✐❛ ❞❡ ▼❡❞✐❞❛ ❡
✐♥t❡❣r❛çã♦✱ ♦s q✉❛✐s s❡rã♦ ♥❡❝❡ssár✐❛s ♥♦ ❝❛♣ít✉❧♦ 2✳



❈❛♣ít✉❧♦ ✶

❈♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛

❡♥❞♦♠♦r✜s♠♦s ♥♦ ❝ír❝✉❧♦

◆❡st❡ ❝❛♣ít✉❧♦ ♣r♦✈❛r❡♠♦s ♦s ❚❡♦r❡♠❛s ❆ ❡ ❇✱ ❝✐t❛❞♦s ♥❛ ✐♥tr♦❞✉çã♦✳ P❛r❛
✐ss♦✱ ✐♥✐❝✐❛❧♠❡♥t❡ ✈❡r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ♣r❡❧✐♠✐♥❛r❡s✳

✶✳✶ ▲❡✈❛♥t❛♠❡♥t♦ ❡ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦

❈♦♥s✐❞❡r❡ R♠✉♥✐❞♦ ❝♦♠ ❛ s❡❣✉✐♥t❡ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✿ ❉❛❞♦s x1, x2 ∈ R✱

x1 ∼ x2 ⇔ x1 − x2 ∈ Z✳

❉❡ss❛ ♠❛♥❡✐r❛✱ ♣❛r❛ ❝❛❞❛ x ∈ R✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡
x ♣♦r

[x] = {y ∈ R; x ∼ y}✳

❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛

R/∼ = {[x]; x ∈ R}

é ❞✐t♦ q✉♦❝✐❡♥t❡ ❞❡ R ♣❡❧❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ∼ ❡ ❞❡♥♦t❛❞♦ ♣♦r

R/Z := {[x]; x ∈ R}✳

❉✐③❡♠♦s q✉❡ S1 = R/Z é ♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦✳
❊①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ♥❛t✉r❛❧✱ q✉❡ ♣r♦❥❡t❛ ❝❛❞❛ ♣♦♥t♦ x ∈ R ♥♦ ❝ír❝✉❧♦ S1✳

❊ss❛ ❛♣❧✐❝❛çã♦ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛♣❧✐❝❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ♦✉ ❛♣❧✐❝❛çã♦ ♣r♦❥❡çã♦
❡ é ❞❛❞❛ ♣♦r✱

✺



✻

π : R → S1

π(x) = [x]✳

❆ ❛♣❧✐❝❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ ❛❝✐♠❛ ♣♦ss✉✐ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s

✶✮ π(x) = π(x+ k) ❀ ∀k ∈ Z❀
❉❡ ❢❛t♦✱ π(x+ k) = [x+ k] = [x] = π(x)✳

✷✮ π é s♦❜r❡❥❡t✐✈❛✱ ♠❛s ♥ã♦ é ✐♥❥❡t✐✈❛✳ ◆♦t❡ q✉❡✱ ❞❛❞♦ x ∈ R✱ t❡♠♦s q✉❡ π−1(x)
é ✐♥✜♥✐t♦ ❡ ❞❛❞♦ ♣♦r

π−1(x) = {x+ k; k ∈ Z}✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : R → R é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❛
❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f0 : S1 → S1 s❡

π ◦ f = f0 ◦ π✳

❖ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛

R
f

//

π
��

R

π
��

S1
f0

// S1

■♥t✉✐t✐✈❛♠❡♥t❡✱ f é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❝♦♥tí♥✉❛ ❞❡ f0 ❡♠ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❞❛
r❡t❛ r❡❛❧ R✳

❋✐❣✉r❛ ✶✳✶✿ f0 : S1 → S1 ❡ f : R → R✳

❊①❡♠♣❧♦ ✶✳✷✳ f(x) = x+ ρ+ k✱ ρ ∈ R ❡ ♣❛r❛ t♦❞♦ k ∈ Z é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❛
❛♣❧✐❝❛çã♦ r♦t❛çã♦ Rρ([x]) = [x+ ρ]✳

❖ ❣r❛✉ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f0 ♥♦s ❞✐③ q✉❛♥t❛s ✧✈♦❧t❛s✧f0 ❞á ❡♠ t♦r♥♦
❞❡ S1✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❖ ♥ú♠❡r♦ d = f(x + 1) − f(x)✱ ♦♥❞❡ f é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦
q✉❛❧q✉❡r ❞❡ f0 é ❝❤❛♠❛❞♦ ❞❡ ❣r❛✉ ❞❡ f0 ❡ ❞❡♥♦t❛❞♦ ♣♦r ❞❡❣ f0✳



✼

❖ ❣r❛✉ ❞❡ f0 ✐♥❞❡♣❡♥❞❡ ❞❡ x ❡ é ♦ ♠❡s♠♦ ♣❛r❛ q✉❛❧q✉❡r ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0
✭❖❜s❡r✈❛çã♦ ✷✳✷✼ ✲ ❆♣ê♥❞✐❝❡ ❆✮✳

❉❡♥♦t❡♠♦s ♣♦r ❊♥❞ ✭S1✮ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s f0 : S1 → S1 ❞❡
❣r❛✉ ✶✱ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ✉s✉❛❧ C0✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f0 ∈
❊♥❞ ✭S1✮ ❧❡✈❛ ❡♠ ❝♦♥t❛ ♦ ❞❡s❧♦❝❛♠❡♥t♦ ♠é❞✐♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❞♦ r❡❝♦❜r✐♠❡♥t♦✳

❉❡✜♥✐çã♦ ✶✳✹✳ ❙❡❥❛♠ f0 : S1 → S1 ∈ ❊♥❞ (S1)✱ f ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0 ❡
x ∈ R✳ ❈❤❛♠❛♠♦s ❞❡ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ❞♦ ♣♦♥t♦ x ❛♦ ♥ú♠❡r♦

ρ(f, x) = lim sup
n→∞

fn(x)− x

n
✳

❖ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ f é ❞❛❞♦ ♣❡❧♦ ❢❡❝❤♦ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ♥ú♠❡r♦s ❞❡
r♦t❛çã♦ ❞♦s ♣♦♥t♦s ❞❛ r❡t❛

ρ(f) = {ρ(f, x); x ∈ R}✳

❖ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ✭❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦✮ s❡♠♣r❡ ❡①✐st❡✳
❉❡ ❢❛t♦✱

Pr♦♣♦s✐çã♦ ✶✳✺✳ ❙❡❥❛ f0 ✉♠ ❡♥❞♦♠♦r✜s♠♦ ♥♦ ❝ír❝✉❧♦ ❡ f ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡
f0✳ ❊♥tã♦✱ ♦ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ρ(f) s❡♠♣r❡ ❡①✐st❡✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❜❛st❛ ♠♦str❛r q✉❡ ❛ s❡q✉ê♥❝✐❛
(
fn(x)−x

n

)
n≥1

é ❧✐♠✐t❛❞❛✳

P❛r❛ ✐ss♦✱ ♠♦str❛r❡♠♦s q✉❡ ❡ss❛ s❡q✉ê♥❝✐❛ ❡stá ❝♦♥t✐❞❛ ♥♦ ✐♥t❡r✈❛❧♦ [−1, 1]✱
∀n ∈ N✳

❈♦♠♦ ❞❡❣ f0 = 1✱ t❡♠♦s q✉❡ f(x)− x ≤ 1 s❡ x ≥ 0 ❡ f(x)− x ≥ −1 s❡ x ≤ 0✳
P♦rt❛♥t♦ |f(x)− x| ≤ 1✱ ∀x ∈ R✳ ❆❣♦r❛✱

|f 2(x)− x| = |f 2(x) + f(x)− f(x)− x|
≤ |f 2(x)− f(x)|+ |f(x)− x|
≤ 2

✭✶✳✶✮

❙❡❣✉❡✱ ♣♦r ✐♥❞✉çã♦ q✉❡ |fn(x)− x| ≤ n✱ ∀x ∈ R✳ ❙❡♥❞♦ ❛ss✐♠✱

1
n
|fn(x)− x| ≤ 1✳

▲♦❣♦✱

1
n
(fn(x)− x) ⊆ [−1, 1]✱

∀x ∈ R, n ∈ N✳

❆❧é♠ ❞✐ss♦✱ ✈❡r❡♠♦s q✉❡ ❡ss❡ ♥ú♠❡r♦ ✐♥❞❡♣❡♥❞❡ ❞♦ ❧❡✈❛♥t❛♠❡♥t♦ ❡s❝♦❧❤✐❞♦
✭Pr♦♣♦s✐çã♦ ✶✳✻✮✳ ❉❡ss❡s ❢❛t♦s✱ s❡❣✉❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ✭❝♦♥s❡q✉❡♥t❡♠❡♥t❡
♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦✮ ❡stá ❜❡♠ ❞❡✜♥✐❞♦✳



✽

✶✳✷ Pr♦♣r✐❡❞❛❞❡s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦

❖ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ é ✉♠❛ ✐♠♣♦rt❛♥t❡ ♥♦çã♦ ♣❛r❛ ❝♦♠♣r❡❡♥❞❡r ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞♦s ❡♥❞♦♠♦r✜s♠♦s ♥♦ ❝ír❝✉❧♦✳ ◆❡st❛ s❡çã♦ ✈❡r❡♠♦s
❛❧❣✉♠❛s ❞❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❞❡st❡ ❝♦♥❥✉♥t♦✱ ♣❛r❛ ❡st❡ t✐♣♦ ❞❡ ❛♣❧✐❝❛çã♦✳

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ♥♦s ❞✐③ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ✐♥❞❡♣❡♥❞❡ ❞♦
❧❡✈❛♥t❛♠❡♥t♦ ❡s❝♦❧❤✐❞♦✱ ❛ ♠❡♥♦s ❞❛ tr❛♥s❧❛çã♦ ❞❡ ✉♠❛ ❝♦♥st❛♥t❡ ✐♥t❡✐r❛✳

Pr♦♣♦s✐çã♦ ✶✳✻✳ ❙❡ f1, f2 : R → R sã♦ ❞♦✐s ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ f0✱ ❡♥tã♦
ρ(f2, x) = ρ(f1, x) + k✱ ♣❛r❛ ❛❧❣✉♠ k ∈ Z✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ f1, f2 : R → R ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ f0✱ ❡♥tã♦ ❡①✐st❡ k ∈ Z t❛❧
q✉❡

f2(x) = f1(x) + k
fn2 (x) = fn1 (x) + nk✳

❆ss✐♠✱

ρ(f2, x) = lim sup
n→∞

fn2 (x)− x

n

= lim sup
n→∞

fn1 (x) + nk − x

n

= lim sup
n→∞

fn1 (x)− x

n
+ k

= ρ(f1, x) + k. ✭✶✳✷✮

❯♠❛ ♦✉tr❛ ♣r♦♣r✐❡❞❛❞❡ ♥♦s ❞✐③ q✉❡ ❞♦✐s ♥ú♠❡r♦s q✉❡ ❡stã♦ ♥❛ ♠❡s♠❛ ✜❜r❛
♣♦ss✉❡♠ ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✼✳ ❙❡ π(x) = π(x′)✱ ❡♥tã♦ ρ(f, x) = ρ(f, x′)✳

❉❡♠♦♥str❛çã♦✳ ❙❡ π(x) = π(x′) ❡♥tã♦ ❡①✐st❡ k ∈ Z t❛❧ q✉❡ x′ = x+ k✳ ❉❛í✱

ρ(f, x′) = lim sup
n→∞

fn(x′)− x′

n

= lim sup
n→∞

fn(x+ k)− (x+ k)

n

= lim sup
n→∞

fn(x) + k − x− k

n

= lim sup
n→∞

fn(x)− x

n

= ρ(f, x). ✭✶✳✸✮



✾

❖ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ρ(f, p) ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(f) sã♦ ✐♥✈❛r✐❛♥t❡s
t♦♣♦❧♦❣✐❝❛♠❡♥t❡✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

Pr♦♣♦s✐çã♦ ✶✳✽✳ ❙❡ ❞❛❞♦ f0, g0 : S1 → S1 ∈ ❊♥❞ ✭S1✮✱ ❡①✐st✐r h0 : S1 → S1

❤♦♠❡♦♠♦r✜s♠♦ t❛❧ q✉❡ g0 = h−1
0 ◦ f0 ◦ h0 ❡♥tã♦

ρ(f, p) = ρ(h−1 ◦ f ◦ h, h(p))✱
ρ(f) = ρ(h−1 ◦ f ◦ h)✳

♦♥❞❡ f, h sã♦ ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ f0, h0 r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ h, f ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ h0, f0✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊♥tã♦✱π ◦
h = h0 ◦ π ❡ π ◦ f = f0 ◦ π✳

✯ h−1 é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ h−1
0 ❀

✯✯ h−1 ◦ f ◦ h é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ h−1
0 ◦ f0 ◦ h0✳ ❉❡ ❢❛t♦✱

π ◦ h−1 ◦ f ◦ h = h−1
0 ◦ π ◦ f ◦ h

= h−1
0 ◦ f0 ◦ π ◦ h

= h−1
0 ◦ f0 ◦ h0 ◦ π ✭✶✳✹✮

❊♥tã♦✱ ❞❛❞♦ x ∈ R t❡♠♦s

(h−1 ◦ f ◦ h)n(x)− x

n
=

(h−1 ◦ fn ◦ h)(x)− x

n

=
h−1 ◦ (fn ◦ h)(x)− fn ◦ h(x) + fn ◦ h(x)

n

+
h(x)− h(x)− x

n

=
h−1 ◦ (fn ◦ h)(x)− fn ◦ h(x)

n

+
fn ◦ h(x)

n
− h(x)

n
+
h(x)− x

n
. ✭✶✳✺✮

▲♦❣♦✱

ρ(h−1 ◦ f ◦ h) = lim sup
n→∞

(h−1 ◦ f ◦ h)n(x)
n

≤ lim sup
n→∞

(h−1 ◦ (fn ◦ h))(x)− fn ◦ h(x)
n

+ lim sup
n→∞

fn ◦ h(x)− h(x)

n
+ lim sup

n→∞

h(x)− x

n
. ✭✶✳✻✮

❆❣♦r❛✱ h(x)− x ❡ h−1(x)− x sã♦ ❢✉♥çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ♣❡rí♦❞♦ ✉♠✳ ❉❡ ❢❛t♦✱

h(x+ 1)− (x+ 1) = h(x+ 1)− x− 1

= h(x) + 1− x− 1

= h(x)− x. ✭✶✳✼✮



✶✵

❆♥❛❧♦❣❛♠❡♥t❡✱ ✈❡r✐✜❝❛✲s❡ ♣❛r❛ h−1
1 (x)− x✳

❆ss✐♠✱ ♦s ♥✉♠❡r❛❞♦r❡s ❞♦ ♣r✐♠❡✐r♦ ❡ t❡r❝❡✐r♦ ❧✐♠✐t❡ sã♦ ❡①♣r❡ssõ❡s ❧✐♠✐t❛❞❛s
✐♥❞❡♣❡♥❞❡♥t❡s ❞❡ x✱ ❧♦❣♦ ❡ss❡s ❧✐♠✐t❡s t❡♥❞❡♠ ❛ ③❡r♦✳ P♦rt❛♥t♦✱

ρ(h−1 ◦ f ◦ h) = lim sup
n→∞

fn ◦ h(x)− h(x)

n

= lim sup
n→∞

fn(x)− x

n

= ρ(f). ✭✶✳✽✮

◆❛ ♣r♦♣♦s✐çã♦ ✶✳✺ ✈✐♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ s❡♠♣r❡ ❡①✐st❡✱ ♠❛s ❡st❡
♥ú♠❡r♦ ♣♦❞❡ ♥ã♦ s❡r ♦ ♠❡s♠♦ ♣❛r❛ t♦❞♦ ♣♦♥t♦✳ ❖s r❡s✉❧t❛❞♦s q✉❡ s❡❣✉❡♠ ♥♦s
❛❥✉❞❛rã♦ ❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ❆✱ ♦ q✉❛❧ ❛✜r♠❛ q✉❡ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(f)✱ ♣❛r❛
❡♥❞♦♠♦r✜s♠♦s ♥♦ ❝ír❝✉❧♦✱ é ✉♠ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ ❡ ❧✐♠✐t❛❞♦ ❞❛ r❡t❛✳

❖ ❧❡♠❛ ❛❜❛✐①♦ ❞✐③ q✉❡ ❞❛❞♦ ✉♠ ❡♥❞♦♠♦r✜s♠♦ ♥♦ ❝ír❝✉❧♦ f0✱ s❡ ♥ã♦ ❡①✐st❡
♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ f0 ❝♦♠ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ p

q
❀ p ∈ Z✱ q ∈ N ❡♥tã♦ t♦❞♦ ♥ú♠❡r♦

❞❡ r♦t❛çã♦ ❞❡ f0 ♦✉ é ♠❡♥♦r q✉❡ p

q
♦✉ ♠❛✐♦r q✉❡ p

q
✳

▲❡♠❛ ✶✳✾✳ ❙❡❥❛ f0 ∈ ❊♥❞ (S1) ❡ f ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0✳ ❙❡ ♥ã♦ ❡①✐st❡ x ∈ R

❝♦♠ f q0 (π(x)) = π(x) ❡ ρ(f, x) = p

q
✱ ❡♥tã♦ ρ(f) ❡stá ❝♦♥t✐❞♦ ❡♠ {x ∈ R; x < p

q
}

♦✉ {x ∈ R; x > p

q
}✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ ❛❧❣✉♠ x ∈ R✱ t✐✈éss❡♠♦s f q(x) = x + p✱
p, q ∈ Z✳ ❊♥tã♦

ρ(f, x) = lim sup
q→∞

f q(x)− x

q
=
p

q

❡

f q0 (π(x)) = π(f q(x)) = π(x+ p) = π(x)✳

■st♦ é✱ π(x) s❡r✐❛ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ f0 ❝♦♠ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ p

q
✱ ❝♦♥tr❛❞✐③❡♥❞♦

❛ ❤✐♣ót❡s❡✳ P♦rt❛♥t♦✱ ❞❡✈❡♠♦s t❡r f q(x)− x < p ♦✉ f q(x)− x > p✱ ∀x ∈ R✳
◆♦t❡ q✉❡

f q(x+ 1)− (x+ 1) = f q(x) + 1− x− 1 = f q(x)− x✱

♦✉ s❡❥❛✱ f q(x)− x é ♣❡r✐ó❞✐❝❛ ❞❡ ♣❡rí♦❞♦ ✶✳ ■ss♦ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡ ε > 0 t❛❧ q✉❡
f q(x)− x < p− ε✱ ∀x ∈ R ♦✉ f q(x)− x > p+ ε✱ ∀x ∈ R✳
❙❡❣✉❡ q✉❡ ρ(f) ❡stá ❝♦♥t✐❞♦ ❡♠

{x ∈ R; x ≤ p−ε
q
} ♦✉ {x ∈ R; x ≥ p+ε

q
}✳



✶✶

❈♦r♦❧ár✐♦ ✶✳✶✵✳ ❙❡❥❛ f0 ∈ ❊♥❞ ✭S1✮✱ α✱ β ∈ ρ(f) ❡ α ≤ p

q
≤ β ♣❛r❛ ❛❧❣✉♠

r❛❝✐♦♥❛❧ p

q
✳ ❊♥tã♦ f0 t❡♠ ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❝♦♠ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ p

q
❡

❝♦♥s❡q✉❡♥t❡♠❡♥t❡ p

q
∈ ρ(f)✳

❖ ❝♦r♦❧ár✐♦ ❛❝✐♠❛ ♥♦s ❞✐③ q✉❡ s❡ X ⊂ [α, β] é ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦ r❛❝✐♦♥❛✐s
q✉❡ ❡stã♦ ♥❡ss❡ ✐♥t❡r✈❛❧♦✱ ❡♥tã♦ X ∈ ρ(f)✳

❚❡♦r❡♠❛ ❆✳ ❙❡ f0 ∈ ❊♥❞ (S1) ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(f) é ✉♠ ✐♥t❡r✈❛❧♦
❢❡❝❤❛❞♦ ❡ ❧✐♠✐t❛❞♦ ❞❛ r❡t❛✳

❉❡♠♦♥str❛çã♦✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(f) é ❧✐♠✐t❛❞♦✱ ♣♦rt❛♥t♦ t❡♠ ✉♠ í♥✜♠♦
a ❡ ✉♠ s✉♣r❡♠♦ b✳ P♦r ❞❡✜♥✐çã♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f0 ∈
❊♥❞ ✭S1✮✱ ♦♥❞❡ f é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0✱ é

ρ(f) = {ρ(f, x); x ∈ [0, 1]}✱

❧♦❣♦ é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦✳ P♦rt❛♥t♦✱ a, b ∈ ρ(f)✳
❙❡ a = b✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(f) é ✉♠ ú♥✐❝♦ ♣♦♥t♦✳ ❙❡ a < b ✭♦
❝❛s♦ a > b é ❛♥á❧♦❣♦✮ ❡♥tã♦✱ ♣❡❧♦ ❝♦r♦❧ár✐♦ ✶✳✶✵✱ t♦❞♦s ♦s ♥ú♠❡r♦s r❛❝✐♦♥❛✐s q✉❡
♣❡rt❡♥❝❡♠ ❛♦ ✐♥t❡r✈❛❧♦ [a, b] ❡stã♦ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(f)✳
❙❡❥❛

X = {x ∈ Q❀ x ∈ [a, b]}✳

❉❛❞♦ A 6= ∅✱ ❛❜❡rt♦ ❡♠ [a, b]✱ t❡♠♦s q✉❡ A∩X 6= ∅✱ ❧♦❣♦ X é ❞❡♥s♦ ❡♠ [a, b]✱ ✐st♦
é✱ X = [a, b]✳ P♦rt❛♥t♦✱ t♦❞♦ ♣♦♥t♦ ❞❡ [a, b] é ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞♦ ❝♦♥❥✉♥t♦
❞❡ r♦t❛çã♦ ρ(f)✳ ❈♦♠♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ é ❢❡❝❤❛❞♦✱ s❡❣✉❡ q✉❡ ρ(f) = [a, b]✳

❊ss❡ t❡♦r❡♠❛ ♥♦s ❞✐③ q✉❡ s❡ f0 ∈ ❊♥❞ (S1)✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(f)
♦✉ é ✉♠ ♣♦♥t♦ ♦✉ é ✉♠ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ ❞❛ r❡t❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ f0 é ✉♠
❤♦♠❡♦♠♦r✜s♠♦ q✉❡ ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦ ♥♦ ❝ír❝✉❧♦✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦
s❡♠♣r❡ ❡①✐st❡ ❡ ❛❧é♠ ❞✐ss♦ é ♦ ♠❡s♠♦ ♣❛r❛ t♦❞♦ ♣♦♥t♦ x ∈ R✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

❚❡♦r❡♠❛ ✶✳✶✶✳ ❙❡❥❛♠ f0 : S
1 → S1 ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ q✉❡ ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦

♥♦ ❝ír❝✉❧♦ ❡ f : R → R ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0✳ ❊♥tã♦✱ ∀x ∈ R✱ ♦ ❧✐♠✐t❡

ρ0(f) = lim
n→∞

fn(x)− x

n

❡①✐st❡ ❡ ✐♥❞❡♣❡♥❞❡ ❞♦ ♣♦♥t♦ x✳

❉❡♠♦♥str❛çã♦✳ ❊①✐stê♥❝✐❛✿ Pr❡❝✐s❛♠♦s ♠♦str❛r q✉❡ ❡①✐st❡ x ∈ R t❛❧ q✉❡

lim
n→∞

fn(x)− x

n
❡①✐st❛✳ P❛r❛ ✐st♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❞♦✐s ❝❛s♦s✳ Pr✐♠❡✐r♦ ♦ ❝❛s♦

❡♠ q✉❡ f0 t❡♠ ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ ♣❡rí♦❞♦ q ❡ ❞❡♣♦✐s ♦ ❝❛s♦ ❡♠ q✉❡ f0 ♥ã♦
t❡♠ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✳



✶✷

✶✳ f0 t❡♠ ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ ♣❡rí♦❞♦ q✳
❈♦♠♦ f0 t❡♠ ✉♠ ♣♦♥t♦ ♣❡r✐ó❞✐❝♦ ❞❡ ♣❡rí♦❞♦ q✱ ❡♥tã♦ ❡①✐st❡ x0 ∈ R t❛❧ q✉❡
f q0 (π(x0)) = π(x0)✳
❈♦♠♦ f é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0✱ ❥á ✈✐♠♦s q✉❡ f q é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦
❞❡ f q0 ✱ ❧♦❣♦ π ◦ f q = f q0 ◦ π✳ ❉❛í✱ π(f q(x0)) = f q0 (π(x0)) = π(x0)✱ ✐st♦ é
π(f q(x0)) = π(x0) ❡ ♣♦rt❛♥t♦✱ [f q(x0)] = [x0] ❡ ❡♥tã♦✱ f q(x0) = x0+p✱ ♦♥❞❡
p ∈ Z✳
❆✜r♠❛çã♦✿ ❖ ❧✐♠✐t❡ ❡①✐st❡ ❡ ❛❧é♠ ❞✐ss♦✱ é r❛❝✐♦♥❛❧✳
❉❡ ❢❛t♦✱ t♦♠❡♠♦s n ∈ N✱ ❡♥tã♦ ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞❛ ❞✐✈✐sã♦ ❡✉❝❧✐❞✐❛♥❛✱
n = kq + r✱ ❝♦♠ 0 ≤ r < q✳ ❆ss✐♠✱

fn(x0) = fkq+r(x0) = f r(fkq(x0))

= f r(f q(k−1)(f q(x0))

= f r(f q(k−1)(x0 + p))

= f r(f q(k−2)(f q(x0 + p))

= f r(f q(k−2)((x0 + 2p))

✳✳✳

= f r(x0 + kp)

= f r(x0) + kp, com p ∈ Z. ✭✶✳✾✮

❉❛í✱

lim
n→∞

fn(x0)− x0
n

= lim
n→∞

f r(x0) + kp− x0
n

= lim
n→∞

f r(x0)− x0
n

+ lim
n→∞

kp

n

= lim
n→∞

f r(x0)− x0
n

+ lim
n→∞

kp

kq + r

= lim
n→∞

f r(x0)− x0
n

+ lim
n→∞

p

q + r
k

✭✶✳✶✵✮

❈♦♠♦ n = kq + r ❡ r = 0, 1, 2, 3, ..., q − 1✱ ❡♥tã♦ f r(x0) − x0 ≤ ♠❛①
|f j(x0)− x0| =M ✱ ♦♥❞❡ j ∈ {0, ..., q − 1}✳ ▲♦❣♦✱ |f r(x0)− x0| é ❧✐♠✐t❛❞♦ ❡

lim
n→∞

1

n
= 0✳ P♦rt❛♥t♦✱ lim

n→∞

f r(x0)− x0
n

= 0✳ ❈♦♠♦ lim
n→∞

p

q + r
k

=
p

q
✱ s❡❣✉❡

q✉❡ lim
n→∞

fn(x0)− x0
n

=
p

q
✳

❖ q✉❡ ❝♦♠♣r♦✈❛ ❛ ❛✜r♠❛çã♦✳

✷✳ f0 ♥ã♦ t❡♠ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✳
❈♦♠♦ f0 ♥ã♦ t❡♠ ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s✱ ♥ã♦ ❡①✐st❡ q ∈ Z✱ t❛❧ q✉❡ f q0 (π(x)) =
π(x)✱ ∀x ∈ R✳ ▲♦❣♦✱ f q0 (π(x)) 6= π(x)✱ ∀q ∈ Z ❡ ❡♥tã♦ π(f q(x)) =
f q0 (π(x)) 6= π(x)✳ P♦rt❛♥t♦ [f q(x)] 6= [x]✱ ✐st♦ é✱ f q(x) 6= x + p✱ ♦♥❞❡
p ∈ Z✳
■st♦ s✐❣♥✐✜❝❛ q✉❡ ♥ã♦ ❡①✐st❡ p✱ q ∈ N✱ t❛❧ q✉❡ f q(x) = x+ p✱ ∀x ∈ R✱ ✐st♦ é✱
f q(x)− x 6∈ Z✳
❋✐①❛♥❞♦ x✱ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ n ∈ Z+✱ ❡①✐st❡ pn ∈ Z t❛❧ q✉❡



✶✸

fn(x)− x ∈ (pn − 1, pn) ✭✐✮

❉❛í✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ■♥t❡r♠❡❞✐ár✐♦✱ ♦ ♠❡s♠♦ pn s❡r✈❡ ∀x ∈ R✳ ❉❡
❢❛t♦✱ s❡❥❛ α = fn(x) − x✱ ❡♥tã♦ α é ❝♦♥tí♥✉❛✳ ❚♦♠❡ k1✱ k2✱ k3✱ k4 ∈ Z

❝♦♠ k1 < k2 ≤ k3 < k4✳ ❙✉♣♦♥❞♦ q✉❡ ∃a✱ b ∈ R t❛❧ q✉❡ α(a) ∈ (k1, k2)
❡ α(b) ∈ (k3, k4) ❡♥tã♦✱ ♣❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ α✱ ❞❡✈❡ ❡①✐st✐r c ∈ R t❛❧ q✉❡
α(c) = k2 ∈ Z✱ ✐st♦ é✱ fn(c)− c = k2 ∈ Z✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦

pn − 1 < fn(x)− x < pn✱ ∀x ∈ R ✭✐✐✮

❯s❛♥❞♦ ✭✐✐✮ ♣❛r❛ x0✱ fn(x0)✱ f 2n(x0)✱ ✳✳✳✱ ❡ ♣❛r❛ q✉❛❧q✉❡r m ∈ N✱ t❡r❡♠♦s

m ♣❛r❝❡❧❛s





pn − 1 < fn(x)− x < pn

pn − 1 < fn(fn(x0))− fn(x0) < pn

pn − 1 < fn(f 2n(x0))− f 2n(x0) < pn
✳✳✳

pn − 1 < fn(f (m−1)n(x0))− f (m−1)n(x0) < pn

❙♦♠❛♥❞♦ ❛s m ♣❛r❝❡❧❛s ❛❝✐♠❛✱ t❡♠♦s✿

m(pn − 1) < fmn(x0)− x0 < mpn

▼✉❧t✐♣❧✐❝❛♥❞♦ ❛s ♣❛r❝❡❧❛s ❞❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡ ♣♦r 1
mn

✱ t❡♠♦s✿

pn
n
− 1

n
< fmn(x0)−x0

mn
< pn

n

P♦rt❛♥t♦✱

∣∣∣f
mn(x0)−x0

mn
− pn

n

∣∣∣ < 1
n

❊✱ ✐♥✈❡rt❡♥❞♦ ♦s ♣❛♣é✐s ❞❡ m ❡ n t❡♠♦s

∣∣∣f
mn(x0)−x0

mn
− pm

m

∣∣∣ < 1
m

❉❡ss❛ ❢♦r♠❛✱

∣∣∣pm
m

− pn
n

∣∣∣ =
∣∣∣pm
m

− fmn(x0)− x0
mn

+
fmn(x0)− x0

mn
− pn

n

∣∣∣

≤
∣∣∣f

mn(x0)− x0
mn

− pn
n

∣∣∣+
∣∣∣f

mn(x0)− x0
mn

− pm
m

∣∣∣

<
1

n
+

1

m
. ✭✶✳✶✶✮

■st♦ s✐❣♥✐✜❝❛ q✉❡ ❛ s❡q✉ê♥❝✐❛ (pn
n
)n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤②✳ ▼❛s R é

✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❧❡t♦✱ ❧♦❣♦ t♦❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ R ❝♦♥✈❡r❣❡✳
❙❡❣✉❡ q✉❡ ❛ s❡q✉ê♥❝✐❛ (pn

n
)n∈N é ❝♦♥✈❡r❣❡♥t❡✳

❏á ✈✐♠♦s q✉❡



✶✹

|fmn(x0)−x0
mn

− pn
n
| < 1

n

❊♥tã♦✱ lim
n→∞

fn(x0)− x0
n

❡①✐st❡✱ ✉♠❛ ✈❡③ q✉❡ ❛s s❡q✉ê♥❝✐❛s (f
n(x0)−x0

n
) ❡ (pn

n
)

t♦r♥❛♠✲s❡ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣ró①✐♠❛s ❛ ♠❡❞✐❞❛ q✉❡ n → ∞ ❡ ❛ s❡q✉ê♥❝✐❛
(pn
n
) ❝♦♥✈❡r❣❡✳ ■st♦ é✱

lim
n→∞

fn(x0)− x0
n

= lim
n→∞

pn
n

❖ ❧✐♠✐t❡ ✐♥❞❡♣❡♥❞❡ ❞❡ ①✿ ❈♦♠♦ f0 é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ q✉❡ ♣r❡s❡r✈❛
♦r✐❡♥t❛çã♦ ♥♦ ❝ír❝✉❧♦✱ deg(f0) = 1✱ ✐st♦ é✱ f(x + 1) = f(x) + 1✳ P❛r❛ x✱
y ∈ [0, 1) t❡♠♦s |f(y)−f(x)| < 1✳ ❉❡ ❢❛t♦✱ s❡ x, y ∈ [0, 1)✱ ❡♥tã♦ |y−x| < 1✳
❊♥tã♦✱ ♣♦r ✉♠ ❧❛❞♦✱ ❝♦♠♦ y − x ≤ |y − x|✱ t❡♠♦s q✉❡ y − x < 1 ❡ ♣♦rt❛♥t♦
y < x+ 1✳ ❉❛í✱ ❛♣❧✐❝❛♥❞♦ fn ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞❡ss❛ ❞❡s✐❣✉❛❧❞❛❞❡ t❡♠♦s

fn(y) < fn(x+ 1)

= fn(x) + 1. ✭✶✳✶✷✮

P♦rt❛♥t♦✱ fn(y)− fn(x) < 1✳
P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ −y + x ≤ |y − x|✱ t❡♠♦s q✉❡ −y + x < 1 ❡ ♣♦rt❛♥t♦✱
x < y + 1✳ ❆♣❧✐❝❛♥❞♦ fn ❡♠ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ t❡♠♦s

fn(x) < fn(y + 1)

= fn(y) + 1 ✭✶✳✶✸✮

P♦rt❛♥t♦✱ fn(x) − fn(y) < 1✳ ❆ss✐♠✱ ❝♦♥❝❧✉í♠♦s q✉❡✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s✱
✈❛❧❡ |fn(y)− fn(x)| < 1✳ ❆❣♦r❛✱

∣∣∣f
n(x)− x

n
− fn(y)− y

n

∣∣∣ = 1

n
|fn(x)− x− fn(y) + y)|

≤ 1

n
(|fn(x)− fn(y)|+ |x− y|)

≤ 2

n
✭✶✳✶✹✮

P♦rt❛♥t♦ x ❡ y ❝♦✐♥❝✐❞❡♠✳

❘❡✉♥✐♥❞♦ t♦❞♦s ♦s r❡s✉❧t❛❞♦s✱ t❡♠♦s q✉❡ ρ0(f) = lim
n→∞

fn(x)− x

n
t❛♥t♦

❡①✐st❡ ❝♦♠♦ t❡♠ ♦ ♠❡s♠♦ ✈❛❧♦r ♣❛r❛ t♦❞♦ x ∈ R✳ ❖ q✉❡ ❝♦♠♣❧❡t❛ ❛
❞❡♠♦♥str❛çã♦✳

✶✳✸ ❆ ❢❛♠í❧✐❛ ❆r♥♦❧❞ ❚♦♥❣✉❡

❖ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ❞❡ss❛ s❡çã♦ é ♠♦str❛r q✉❡



✶✺

❚❡♦r❡♠❛ ❇✳ ❚♦❞♦ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ ❡ ❧✐♠✐t❛❞♦ ❞❛ r❡t❛ é ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡
❛❧❣✉♠ ❡♥❞♦♠♦r✜s♠♦ ❞♦ ❝ír❝✉❧♦ S1✳

P❛r❛ ✐ss♦ ❝♦♥s✐❞❡r❛r❡♠♦s ❛ ❢❛♠í❧✐❛ ❞❡ ❡♥❞♦♠♦r✜s♠♦s

f0(x) = x+ b+ a s❡♥ (2πx)

❝♦♠ ♣❛râ♠❡tr♦s a, b ∈ R✱ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❢❛♠í❧✐❛ ❆r♥♦❧❞ ❚♦♥❣✉❡ ❡ ❡st✉❞❛r❡♠♦s
❛ ❣❡♦♠❡tr✐❛ ❞❡ s❡✉ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦✳ ◆❛ ❋✐❣✉r❛ ✶✳✷ ❛❜❛✐①♦✱ ❡①✐❜✐♠♦s ❛❧❣✉♠❛s
❛♣❧✐❝❛çõ❡s ❞❡ss❛ ❢❛♠í❧✐❛✳ ❊ss❛s ❛♣❧✐❝❛çõ❡s sã♦ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞♦s ❝✐♥❝♦ ❝❛s♦s
❛❜❛✐①♦✳
❆✜♠ ❞❡ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ❇✱ ♠♦str❛r❡♠♦s ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s✿

❋✐❣✉r❛ ✶✳✷✿ ❆❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ❞❛ ❢❛♠í❧✐❛ ❆r♥♦❧❞ ❚♦♥❣✉❡
✳

✭✶✮ ❙❡ a ∈ [0, 1
2π
]✱ b = 0 ❡♥tã♦ ρ(f) é ✉♠ ú♥✐❝♦ ♣♦♥t♦❀

✭✷✮ ❙❡ a = 1✱ b = 0 ❡♥tã♦ ρ(f) = [−1, 1]❀

✭✸✮ ❙❡ a = 0✱ b ∈ R ❡♥tã♦✱ ρ(f) = {b}❀

✭✹✮ ❙❡ a = 1✱ b ∈ Z ❡♥tã♦ ρ(f) = [b− 1, b+ 1]❀

✭✺✮ ❙❡ a = k ∈ Z✱ b = 0✱ ❡♥tã♦ ρ(f) = [−k, k]✳

❱❡r✐✜q✉❡♠♦s ♦ ❝❛s♦ ✭✶✮✳ P❛r❛ ✐ss♦✱ ❝♦♥s✐❞❡r❡♠♦s ♦s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s a = b =
0 ❡ a = 1

2π
, b = 0✳

✭❛✮ a = b = 0❀
◆❡st❡ ❝❛s♦✱ t❡♠♦s q✉❡ f0(x) = x✳ ➱ ❢á❝✐❧ ♠♦str❛r q✉❡ f(x) = x é ✉♠
❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0✳ ❆❣♦r❛✱



✶✻

fn(x) = x✱ ∀n ∈ Z✳

❆ss✐♠✱

limn→∞
fn(x)−x

n
= 0✱ ∀x ∈ R✳

P♦rt❛♥t♦✱ ρ(f) = {0}✳

✭❜✮ a = 1
2π
, b = 0✳

◆❡st❡ ❝❛s♦✱ f0(x) = x + 1
2π

s❡♥ (2πx)✳ ▼♦str❛r❡♠♦s q✉❡ f0 é ✉♠
❤♦♠❡♦♠♦r✜s♠♦✳ ❈♦♠ ❡❢❡✐t♦✱ ❛ ❞❡r✐✈❛❞❛ ❞❡ss❛ ❛♣❧✐❝❛çã♦ é ❞❛❞❛ ♣♦r

f ′
0(x) = 1+ ❝♦s (2πx)✳

◆♦t❡ q✉❡

f ′
0(x) = 0 ⇐⇒ ❝♦s (2πx) = −1✱

✐st♦ é✱ x = k
2
✱ k í♠♣❛r✱ k ∈ Z✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ f ′

0(x) = 0 ❛♣❡♥❛s ♣❛r❛
✉♠ ❝♦♥❥✉♥t♦ ❞✐s❝r❡t♦ ❞❡ ♣♦♥t♦s✳ ❆❧é♠ ❞✐ss♦✱ ♥♦s ❞❡♠❛✐s ♣♦♥t♦s✱ t❡♠♦s q✉❡
f ′
0(x) > 0✱ ♣♦✐s s❡ f ′

0(x) < 0 t❡rí❛♠♦s q✉❡ ❝♦s (2πx) < −1✱ ♦ q✉❡ é ✉♠❛
❝♦♥tr❛❞✐çã♦✳ ❆ss✐♠✱ f ′

0 é ❝r❡s❝❡♥t❡ ❡ ♣♦rt❛♥t♦✱ f0 é ✐♥❥❡t✐✈❛✳
P♦r ♦✉tr♦ ❧❛❞♦✱ ♥♦t❡ q✉❡ ♦s ♣♦♥t♦s 0 ❡ 1 sã♦ ♣♦♥t♦s ✜①♦s ♣❛r❛ f0 ❡ ❝♦♠♦
f0 é ❝❧❛r❛♠❡♥t❡ ❝♦♥tí♥✉❛✱ s❡❣✉❡ q✉❡ f0 é ❝♦♥tí♥✉❛ ❡ ✐♥❥❡t✐✈❛ ♥✉♠ ❝♦♥❥✉♥t♦
❝♦♠♣❛❝t♦✱ ♣♦rt❛♥t♦ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳
❆ss✐♠✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(f) ❞❡ f0 é ✉♠ ú♥✐❝♦ ♣♦♥t♦✳

❆♥❛❧♦❣❛♠❡♥t❡✱ s❡ a < 1
2π
✱ b = 0 ♠♦str❛♠♦s q✉❡ f0 t❛♠❜é♠ é ✉♠

❤♦♠❡♦♠♦r✜s♠♦ ❡ ♣♦rt❛♥t♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(f) é ✉♠ ú♥✐❝♦ ♣♦♥t♦✳
❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦ ❝❛s♦ ✭✷✮✱ ♦♥❞❡ a = 1✱ b = 0✱ ✐st♦ é✱

f0(x) = x+ s❡♥ 2πx✳

◆❡st❡ ❝❛s♦✱ ♠♦str❛r❡♠♦s q✉❡ ρ(f) = [−1, 1]✳ ❉❡ ❢❛t♦✱ ✈✐♠♦s ♥❛ s❡çã♦ ✶✳✶ q✉❡
ρ(f) ⊂ [−1, 1]✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ g0(x) = x+ s❡♥ (2πx)✱ ❞❡✜♥✐❞❛ ♥♦
✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ [0, 1]✳ ◆♦t❡ q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ g0✱ ♣❡❧♦ ✐♥t❡r✈❛❧♦ [0, 1]✱ ❝❛✐ ❢♦r❛
❞♦ ✐♥t❡r✈❛❧♦ [0, 1]✳ ❈♦♥s✐❞❡r❡♠♦s ❡♥tã♦ ❛ ❛♣❧✐❝❛çã♦ f0 : [0, 1] → [0, 1] ❞❛❞❛
♣♦r

f0(x) =

{
g0(x), s❡ g0(x) ∈ [0, 1]

[g0(x)], s❡ g0(x) /∈ [0, 1].

❈♦♠♦ ♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ S1 ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ♦ ✐♥t❡r✈❛❧♦ [0, 1]✱ ❞❡s❞❡ q✉❡ ♦s
♣♦♥t♦s 0 ❡ 1 ❡st❡❥❛♠ ✐❞❡♥t✐✜❝❛❞♦s✱ s❡❣✉❡ q✉❡ ❛ ❛♣❧✐❝❛çã♦ f0 ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦
✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♠ ❞♦♠í♥✐♦ ❡ ❝♦♥tr❛❞♦♠í♥✐♦ ❡♠ S1✳

❆ ✜♠ ❞❡ ❞❡t❡r♠✐♥❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(f) ❞❡ f0✱ ❝♦♥s✐❞❡r❡♠♦s ❛



✶✼

❋✐❣✉r❛ ✶✳✸✿ ❆♣❧✐❝❛çã♦ ❣

❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f : R → R ❞❡✜♥✐❞❛ ♣♦r f(x) = x+ s❡♥ (2πx)✳ ❘❡♣❛r❡ q✉❡ f
é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0✳ ❉❡ ❢❛t♦✱

π ◦ f(x) = π(x+ sen(2πx))

= [(x+ sen(2πx))]

✭✶✳✶✺✮

❆❣♦r❛✱ s❡ g0(x) ∈ [0, 1]✱ ❡♥tã♦

f0 ◦ π(x) = π(x) + sen(2π(π(x)))

= π(x) + sen(2πx)

= [(x+ sen(2πx))].

✭✶✳✶✻✮

❙❡ g0(x) /∈ [0, 1]✱ ❡♥tã♦

f0 ◦ π(x) = [(π(x) + sen(2π(π(x))))]

= [(x+ sen(2π(π(x))))]

= [(x+ sen(2πx))].

✭✶✳✶✼✮

❈♦♠♦ ♥♦s ❞♦✐s ❝❛s♦s π ◦ f = f0 ◦ π✱ s❡❣✉❡ q✉❡ f é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0✳
◆♦t❡ t❛♠❜é♠ q✉❡ ♦ ❣r❛✉ ❞❡ f0 é 1✱ ♣♦✐s

f(x+ 1)− f(x) = x+ 1 + sen(2π(x+ 1))− x− sen(2π(x)) = 1✳

▼♦str❡♠♦s q✉❡ 1 ❡ −1 ♣❡rt❡♥❝❡♠ ❛♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ f0✳ ❉❡ ❢❛t♦✱

f(1
4
) = 1 + 1

4
✱

f 2(1
4
) = f(f(1

4
)) = f(1 + 1

4
) = 1 + 1

4
+ sen(2π + π

2
) = 1 + 1

4
+ 1 = 2 + 1

4
✳



✶✽

❙❡❣✉❡ ✐♥❞✉t✐✈❛♠❡♥t❡ q✉❡ fn(1
4
) = n+ 1

4
✱ ∀n ∈ N✳ P♦rt❛♥t♦

ρ(f,
1

4
) = lim sup

n→∞

fn(1
4
)− 1

4

n

= lim sup
n→∞

n+ 1
4
− 1

4

n

= 1. ✭✶✳✶✽✮

P♦r ♦✉tr♦ ❧❛❞♦

f(3
4
) = 3

4
− 1,

f 2(3
4
) = f(f(3

4
)) = f(3

4
− 1) = 3

4
− 1 + sen(3π

2
− 2π) = 3

4
− 1− 1 = 3

4
− 2✳

❙❡❣✉❡ ✐♥❞✉t✐✈❛♠❡♥t❡ q✉❡ fn(3
4
) = 3

4
− n✱ ∀n ∈ N✳ P♦rt❛♥t♦

ρ(f,
3

4
) = lim sup

n→∞

fn(3
4
)− 3

4

n

= lim sup
n→∞

3
4
− n− 3

4

n

= −1. ✭✶✳✶✾✮

P♦rt❛♥t♦ ♦s ♥ú♠❡r♦s −1✱ 1 ♣❡rt❡♥❝❡♠ ❛♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ f0✳ ❙❡❣✉❡
q✉❡ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ [−1, 1] ⊆ ρ(f)✳ ▼❛s ❝♦♠♦ ❥á ✈✐♠♦s q✉❡ ρ(f) ⊆ [−1, 1]✱
❝♦♥❝❧✉í♠♦s q✉❡ ρ(f) = [−1, 1]✳

❯♠❛ ♦❜s❡r✈❛çã♦ ✐♠♣♦rt❛♥t❡ é q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(f) ❞❡♣❡♥❞❡
❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ f0✳ ❉❡ ❢❛t♦✱ ♣❛r❛ ✈❡r ✐st♦✱ ✜①❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✿ ❉❛❞♦
f0 ∈ ❊♥❞ ✭S1✮✱ f ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0 ❡♥tã♦ ρ1(f)✱ ρ2(f) ∈ R sã♦ ♦s ❡①tr❡♠♦s
❞♦ ✐♥t❡r✈❛❧♦

ρ(f) = [ρ1(f), ρ2(f)]✳

Pr♦♣♦s✐çã♦ ✶✳✶✷✳ ❙❡❥❛ U ⊂ ❊♥❞ ✭S1✮ ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ t❛❧ q✉❡ ❡①✐st❛ ✉♠❛
❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f0 → f q✉❡ ❛tr✐❜✉✐ ♣❛r❛ ❝❛❞❛ f0 ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ f ✭♣❛r❛ q✉❡
f ❞❡♣❡♥❞❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ f0✱ U ♥ã♦ ❞❡✈❡ s❡r ♠✉✐t♦ ❣r❛♥❞❡✮✳ ❊♥tã♦ ❛s ❢✉♥çõ❡s

f0 → ρ1(f)
f0 → ρ2(f)

❡♠ U sã♦ ❝♦♥tí♥✉❛s✳

❉❡♠♦♥str❛çã♦✳ P❛r❛ q✉❛❧q✉❡r ♥ú♠❡r♦ r❛❝✐♦♥❛❧ p
q
✱ t❡♠♦s q✉❡

p

q
< ρ1(f)



✶✾

é ❡q✉✐✈❛❧❡♥t❡ à f q(x)−x > p✱ ♣❛r❛ t♦❞♦ x ∈ [0, 1]✳ ◆♦t❡ q✉❡ ❡st❛ ❝♦♥❞✐çã♦ é ✉♠❛
❝♦♥❞✐çã♦ ❞❡ ❛❜❡rt✉r❛✱ ✐st♦ é✱ ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣❡❧❛s f ∈ U ✱ ❝♦♠ ρ1(f) >

p

q
é

❛❜❡rt♦✳ ❆♥❛❧♦❣❛♠❡♥t❡✱

{f0 ∈ U ; ρ2(f) <
p

q
}

é ❛❜❡rt♦✳
❋✐♥❛❧♠❡♥t❡✱ p

q
∈ (ρ1(f), ρ2(f)) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ ❛❧❣✉♠ N ∈ N

s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ ❡①✐st❡ x, y ∈ [0, 1] ❝♦♠

fNq(x)− x > Np+ 1✱
fNq(y)− y < Np− 1✳

❊st❛ t❛♠❜é♠ é ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ❛❜❡rt✉r❛✱ ❧♦❣♦ ρ1(f) ❡ ρ2(f) ❞❡♣❡♥❞❡♠
❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ f0✳

❈♦♠♦ ♦s ❡①tr❡♠♦s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(f) ❞❡♣❡♥❞❡♠ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡
f0✱ s❡❣✉❡ q✉❡ ♣❛r❛ a ∈ [0, 1] ♦s ✐♥t❡r✈❛❧♦s ❞❡ r♦t❛çã♦ ❞❛ ❢❛♠í❧✐❛

f0(x) = x+ a s❡♥ (2πx)

❛ss✉♠❡♠ t♦❞♦s ♦s ❝♦♠♣r✐♠❡♥t♦s✳
❈♦♥s✐❞❡r❛♠♦s ❛❣♦r❛ ♦ ❝❛s♦ ✭✸✮✱ ♦♥❞❡ a = 0 ❡ b ∈ R✱ ✐st♦ é✱ f0(x) = x+ b✳

❉❛❞♦ ♦ ❧❡✈❛♥t❛♠❡♥t♦ f(x) = x+ b ❞❡ f0 t❡♠♦s q✉❡

fn(x) = x+ nb✳

❆ss✐♠✱

lim supn→∞
fn(x)−x

n
= lim supn→∞

x+nb−x
n

= b✳

▲♦❣♦✱ ρ(f) = {b}✳
◆♦ ❝❛s♦ ✭✹✮✱a = 1✱ b ∈ Z✱ t❡♠♦s q✉❡ ρ(f) = [b− 1, b+1]✳ ❉❡ ❢❛t♦✱ ❛ ❛♣❧✐❝❛çã♦

fb(x) = x + b+ s❡♥ (2πx) é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0b(x) = x + b+ s❡♥ (2πx) ❡ ❞❡
f0(x) = x+ s❡♥ (2πx)✳ ▼❛s f(x) = x+ s❡♥ (2πx) t❛♠❜é♠ é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡
f0(x) = x+ s❡♥ (2πx)✳ ❆ss✐♠✱

fb(x) = f(x) + b✳

❙❡❣✉❡ q✉❡

ρ(fb, x) = ρ(f, x) + b = [−1, 1] + b = [b− 1, b+ 1]✳



✷✵

◆♦t❡ q✉❡ q✉❛♥❞♦ a = 0 ❡ b q✉❛❧q✉❡r✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ é ❞❛❞♦ ♣♦r
ρ(f) = {b} ❡ q✉❛♥❞♦ a = 1 ❡ b q✉❛❧q✉❡r✱ t❡♠♦s q✉❡ ρ(f) = [b − 1, b + 1]✳ ■ss♦
s✐❣♥✐✜❝❛ q✉❡ q✉❛♥❞♦ a ✈❛✐ ✈❛r✐❛♥❞♦ ♥♦ ✐♥t❡r✈❛❧♦ [0, 1]✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ✈❛✐
❝r❡s❝❡♥❞♦✱ ✐st♦ é✱ ❛♦ tr❛♥s❧❛❞❛r ❛ ❡♥❞♦♠♦r✜s♠♦ f0(x) = x + a s❡♥ (2πx) ♣♦r
b ∈ R✱ ❡st❛♠♦s ♥❛ ✈❡r❞❛❞❡✱ tr❛♥s❧❛❞❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦✳

P♦r ✜♠✱ ❝♦♥s✐❞❡r❡♠♦s ♦ ❝❛s♦ ❬✺❪✱ ♦♥❞❡ f0(x) = x + k s❡♥ (2πx)✱ ❝♦♠ k ∈ Z✳
❊♥tã♦✱

f0(
1
4
) = 1

4
+ k s❡♥ π

2
= 1

4
+ k✱

f 2
0 (

1
4
) = 1

4
+ k + k s❡♥ ✭π

2
+ 2kπ) = 1

4
+ k + k✳

■♥❞✉t✐✈❛♠❡♥t❡✱ t❡♠♦s q✉❡

fn0 (
1
4
) = 1

4
+ nk✳

▲♦❣♦✱

limn→∞
Fn( 1

4
)− 1

4

n
=

1
4
+nk− 1

4

n
= k✳

P♦rt❛♥t♦✱ ρ(f, 1
4
) = k✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♠♦str❛♠♦s q✉❡ ρ(f, 3

4
) = −k✳ ❉❡ss❡ ♠♦❞♦✱

ρ(f) = [−k, k]✳

■ss♦ ✐♠♣❧✐❝❛ q✉❡ q✉❛♥❞♦ t♦♠❛♠♦s a = k ∈ Z ❛r❜✐tr❛r✐❛♠❡♥t❡ ❣r❛♥❞❡✱ ♦
❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ t❛♠❜é♠ ❝r❡s❝❡ ❛r❜✐tr❛r✐❛♠❡♥t❡✳ ❏✉♥t❛♥❞♦ ♦s ❝✐♥❝♦ ❝❛s♦s
❛❝✐♠❛✱ ♣r♦✈❛♠♦s q✉❡

❚❡♦r❡♠❛ ❇✳ ❚♦❞♦ ✐♥t❡r✈❛❧♦ ❝♦♠♣❛❝t♦ ❞❛ r❡t❛ é ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ ❛❧❣✉♠
❡♥❞♦♠♦r✜s♠♦ ♥♦ ❝ír❝✉❧♦✳

❖ t❡♦r❡♠❛ ❛❝✐♠❛ é ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦✱ ❞❡ss❡ ❝❛♣ít✉❧♦✱ r❡❧❛❝✐♦♥❛❞♦ ❛♦
❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❛ ❢❛♠í❧✐❛ ❆r♥♦❧❞ ❚♦♥❣✉❡✳



❈❛♣ít✉❧♦ ✷

❈♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛

❛♣❧✐❝❛çõ❡s ♥♦ t♦r♦

◆❡st❡ ❝❛♣ít✉❧♦ ❣❡♥❡r❛❧✐③❛r❡♠♦s ❛ ♥♦çã♦ ❞❡ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ❛♣❧✐❝❛çõ❡s
❝♦♥tí♥✉❛s f : Tm → Tm✱ ❤♦♠♦tó♣✐❝❛s à ✐❞❡♥t✐❞❛❞❡✳ ❆❧é♠ ❞✐ss♦✱ ♣r♦✈❛r❡♠♦s ♦
❚❡♦r❡♠❛ ❈ ❡ ❡①✐❜✐r❡♠♦s ✉♠ ❡①❡♠♣❧♦ q✉❡ ✐❧✉str❛ ♦ ❛rt✐❣♦ ❞❡ ❑✇❛♣✐s③✱ ❝✐t❛❞♦ ♥❛
✐♥tr♦❞✉çã♦✳

✷✳✶ ❈♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ♥♦ t♦r♦

❙❡❥❛ Tm = Rm/Zm ♦ t♦r♦ ♠✲❞✐♠❡♥s✐♦♥❛❧✱ ♦♥❞❡ Rm/Zm é ♦ q✉♦❝✐❡♥t❡ ❞♦
❣r✉♣♦ ❛❞✐t✐✈♦ Rm✱ ♣❡❧♦ s✉❜❣r✉♣♦ ❛❞✐t✐✈♦ Zm✳ ◆❡st❛ s❡çã♦ ❝♦♥s✐❞❡r❛r❡♠♦s s❡♠♣r❡
❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ❞♦ t♦r♦ ♠✲❞✐♠❡♥s✐♦♥❛❧ Tm ❡♠ s✐ ♠❡s♠♦✱ ❤♦♠♦tó♣✐❝❛s à
✐❞❡♥t✐❞❛❞❡✳ ■st♦ é✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛

H : S1 × [0, 1] → S1✱

♦♥❞❡ H(x, 0) = f(x) ❡ H(x, 1) = idS1(x)✳
❙❡❥❛ Cm ❛ ❝❧❛ss❡ ❞♦s ❧❡✈❛♥t❛♠❡♥t♦s ❞❛s ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s ♥♦ t♦r♦ Tm✱

❤♦♠♦tó♣✐❝❛s à ✐❞❡♥t✐❞❛❞❡❀ ❡ Hm ❛ ❝❧❛ss❡ ❞♦s ❧❡✈❛♥t❛♠❡♥t♦s ❞♦s ❤♦♠❡♦♠♦r✜s♠♦s
❞♦ t♦r♦ Tm✱ ❤♦♠♦tó♣✐❝♦s à ✐❞❡♥t✐❞❛❞❡✳

❙❡ f é ❤♦♠♦tó♣✐❝❛ à ✐❞❡♥t✐❞❛❞❡ ♥♦ ❡s♣❛ç♦ Cm ❡♥tã♦✱

F (x+ k) = F (x) + k✱ ∀k ∈ Zm✳

❈♦♠ ❡❢❡✐t♦✱ s❡❥❛ F é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f : Tm → Tm ❡♥tã♦

π ◦ F (x) = f ◦ π(x)✱ ∀x ∈ Rm✱

❡ ♦♥❞❡ π : Rm → Tm é ❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧✳ ❈♦♠♦ π(x) = π(x + k)✱ ∀k ∈ Zm✱
s❡❣✉❡ q✉❡

✷✶



✷✷

π ◦ F (x) = f ◦ π(x) = f ◦ π(x+ k)✳

P♦r ♦✉tr♦ ❧❛❞♦✱

π ◦ F (x+ k) = f ◦ π(x+ k)✳

▲♦❣♦✱

π ◦ F (x+ k) = π ◦ F (x)✳

P♦rt❛♥t♦✱ F (x+ k) ❡ F (x) ❞✐❢❡r❡♠ ♣♦r ✉♠❛ ❝♦♥st❛♥t❡ m ∈ Zm✱ ✐st♦ é✱ ❡①✐st❡ ✉♠
❡♥❞♦♠♦r✜s♠♦ A : Zm → Zm t❛❧ q✉❡

F (x+ k) = F (x) + Ak✳

❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ f é ❤♦♠♦tó♣✐❝❛ ❛ ✐❞❡♥t✐❞❛❞❡✱ t❡♠♦s q✉❡ ❞❡❣ f ❂ ✶✱ ✐st♦
é✱ F (x+ 1) = F (x) + 1✳ ▲♦❣♦

F (x+ k) = F (x+ k − 1) + 1 = ... = F (x) + k✳

❆ss✐♠✱ A = id✳ P♦rt❛♥t♦

F (x+ k) = F (x) + k✱ ∀k ∈ Zm✳

❙❡❥❛ F ∈ Cm✱ x ∈ Rm ❡ ρ(F, x) ♦ ❝♦♥❥✉♥t♦ ❞♦s ❧✐♠✐t❡s ❞❛s s✉❜s❡q✉ê♥❝✐❛s

❝♦♥✈❡r❣❡♥t❡s ❞❛ s❡q✉ê♥❝✐❛
(
Fn(x)−x

n

)
n≥1

✳ ❖ ❝♦♥❥✉♥t♦

ρp(F ) = ∪x∈Rmρ(F, x)

é ❞✐t♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣♦♥t✉❛❧ ❞❡ f ✳
❖ ❝♦♥❥✉♥t♦ ρ(F ) ❢♦r♠❛❞♦ ♣❡❧♦s ♣♦♥t♦s ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❛ s❡q✉ê♥❝✐❛

(
Fn(xi)−xi

ni

)
i≥1

; xi ∈ Rm, ni → ∞✳

é ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ f ✳ ◆♦t❡ q✉❡ ρp(F ) ⊂ ρ(F )✳
❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ♦ ❝♦♥❥✉♥t♦

Kk(F ) = {Fk(x)−x
k

; x ∈ Rm}✳

◆♦t❡ q✉❡ F k(x)− x = F k(x+m)− (x+m)✱ ∀m ∈ Zm✳ ❆ss✐♠✱



✷✸

Kk(F ) = {Fk(x)−x
k

; x ∈ Im}✱

♦♥❞❡ I = [0, 1]✳ ❉❡ss❛ ❢♦r♠❛✱ Kk(F ) é ❝♦♠♣❛❝t♦✳

▲❡♠❛ ✷✳✶✳ ρ(F ) = ∩i≥1∪n≥iKn(F )✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ v ∈ ∩i≥1∪n≥iKn(F )✱ ❡♥tã♦ ♣❛r❛ t♦❞♦ i ≥ 1 t❡♠♦s q✉❡
v ∈ ∪n≥iKn(F )✱ ❧♦❣♦ ❡①✐st❡ vi ∈ ∪n≥iKn(F ) t❛❧ q✉❡ |v − vi| < 1

i
✳ ❈♦♠♦

vi ∈ ∪n≥iKn(F )✱ ❡①✐st❡ xi ∈ [0, 1]m✱ ni ≥ i t❛❧ q✉❡ vi =
Fni (xi)−xi

ni
✳ ▲♦❣♦✱

v = limi→∞
Fni (xi)−xi

ni
✱ ni → ∞✱

♣♦✐s vi → v✳ P♦rt❛♥t♦ v ∈ ρ(F )✳
P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ v ∈ ρ(F )✳ ❋✐①❡♠♦s i ≥ 1✳ ❈♦♠♦ v ∈ ρ(F )✱ ❞❛❞♦ ε > 0✱ ❡①✐st❡
ni ≥ i ❡ xi ∈ [0, 1]m t❛❧ q✉❡ |v − wi| < ε✱ ♦♥❞❡

wi =
Fni (xi)−xi

ni
✳

P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ Kn(F )✱ t❡♠♦s q✉❡ wi ∈ Kni
(F )✳ ▲♦❣♦✱ wi ∈ ∪n≥iKn(F )✱ ♦✉

s❡❥❛ ∀ε > 0✱ ∃wi ∈ ∪n≥iKn(F ) t❛❧ q✉❡ wi ∈ (v − ε, v + ε)✳ ▲♦❣♦ v ∈ ∪n≥iKn(F )✳
P♦rt❛♥t♦✱ v ∈ ∩i≥1∪n≥iKn(F )✱ ♣❛r❛ t♦❞♦ i ≥ 1 ❡ v ∈ ∩i≥1∪n≥iKn(F )✳

❖❜s❡r✈❛çã♦ ✷✳✷✳ P❛r❛ ❝❛❞❛ F ✱ ❡①✐st❡ M > 0 t❛❧ q✉❡

|Fni (xi)−xi
ni

| ≤M ✱ ∀ni ∈ N, xi ∈ Rm✳

❉❡ ❢❛t♦✱ ❝♦♠♦ ϕ = F − id é ♣❡r✐ó❞✐❝❛✱ ❡①✐st❡ M > 0 t❛❧ q✉❡

|F ni(xi)− xi| ≤M ✱ ∀xi ∈ Rm✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ❝❛❞❛ ni ∈ N✱

Fni (xi)−xi
ni

= 1
ni

∑ni−1
i=0 F (F i(xi))− F i(xi)✳

▲♦❣♦✱

|F
ni(xi)− xi

ni
| ≤ 1

ni

∑ni−1
i=0 |F (F i(xi))− F i(xi)|

≤ 1
ni

∑ni−1
i=0 M =M.

✭✷✳✶✮

❊ss❛ ♣r♦♣r✐❡❞❛❞❡ ✐♠♣❧✐❝❛ q✉❡ ρ(F ) é ❧✐♠✐t❛❞♦✳ ❈♦♠♦ é t❛♠❜é♠ ❛ ✐♥t❡rs❡çã♦ ❞❡
❡♥✉♠❡rá✈❡❧ ❞❡ ❝♦♠♣❛❝t♦s ❡♥❝❛✐①❛♥t❡s✱ ❡❧❡ é ♥ã♦ ✈❛③✐♦✳

❖❜s❡r✈❛çã♦ ✷✳✸✳ ❆ ❞❡✜♥✐çã♦ ❞❡ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❛❝✐♠❛ ❞❡ ❢❛t♦ ❣❡♥❡r❛❧✐③❛ ❛
♥♦çã♦ ❞❡ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ❡♥❞♦♠♦r✜s♠♦s ♥♦ ❝ír❝✉❧♦✳

❙❡ F ∈ C1✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ✐♥t❡r✈❛❧♦ ❞❡ r♦t❛çã♦ t❡♠♦s q✉❡



✷✹

[a, b] ⊂ ρp(F ) ⊂ ρ(F )✳

❙❛❜❡♠♦s q✉❡ ♦ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ l
k
é ♠❛✐♦r q✉❡ a ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ ♠❡♥♦r

q✉❡ b✮ s❡ ❡ s♦♠❡♥t❡ s❡✱ F k(x)− x < l ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ F k(x)− x > l✮✱ ∀x ∈ R✳
▼❛s ♥♦t❡ q✉❡ ✐st♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡

l
k
>s✉♣ Kk(F ) ❡ l

k
>✐♥❢Kk(F )✳

P❛r❛ ❝❛❞❛ k ❡①✐st❡ ✉♠ l t❛❧ q✉❡ b < l
k
≤ b+ 1

k
✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

s✉♣ Kk(F ) < b+ 1
k
✳

❙❡ k ≥ n ❡♥tã♦

s✉♣ Kk(F ) < b+ 1
n
✳

P♦rt❛♥t♦✱

s✉♣ ∪k≥nKk(F ) ≤ b+ 1
n

❧♦❣♦

s✉♣ ρ(F ) ≤ b✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ✐♥❢ ρ(F ) ≥ a✳ ▲♦❣♦ ρ(F ) ⊂ [a, b]✳ ❆ss✐♠✱ ♣❛r❛ F ∈ C1 ♦
❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(F ) é ♦ ✐♥t❡r✈❛❧♦ ❞❡ r♦t❛çã♦✳

❆ ♦❜s❡r✈❛çã♦ ❛❝✐♠❛ ♠♦str❛ q✉❡ ❛ ♥♦çã♦ ❞❡ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ❛♣❧✐❝❛çõ❡s
❝♦♥tí♥✉❛s ❡ ❤♦♠♦tó♣✐❝❛s à ✐❞❡♥t✐❞❛❞❡✱ ❞❡✜♥✐❞❛s ♥♦ t♦r♦ m✲❞✐♠❡♥s✐♦♥❛❧ Tm✱ ❞❡
❢❛t♦ ❣❡♥❡r❛❧✐③❛ ❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ♦s ❡♥❞♦♠♦r✜s♠♦s ♥♦
❝ír❝✉❧♦ S1✳

✷✳✷ ❈♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ♠❡❞✐❞❛

◆❡st❛ s❡çã♦ ❞❡✜♥✐r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ♠❡❞✐❞❛✳ ▼❛✐s ❛❞✐❛♥t❡
✈❡r❡♠♦s q✉❡ ❡♠ ♠✉✐t♦s ❝❛s♦s é ♠❛✐s ❢á❝✐❧ ❡♥❝♦♥tr❛r ♣r✐♠❡✐r♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦
♣❛r❛ ♠❡❞✐❞❛ ♣❛r❛ ❞❡♣♦✐s ❡♥❝♦♥tr❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦✳ ❘❡s✉❧t❛❞♦s s♦❜r❡
❚❡♦r✐❛ ❞❡ ▼❡❞✐❞❛ ❡ ❚❡♦r✐❛ ❡r❣ó❞✐❝❛ ♣♦❞❡♠ s❡r ❝♦♥s✉❧t❛❞♦s ♥♦ ❛♣ê♥❞✐❝❡ ❇ ♦✉ ♥❛
r❡❢❡rê♥❝✐❛ ❬✽❪✳

❙❡❥❛ F ∈ Cm✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ φ : Tm → Rm ❞❡✜♥✐❞❛ ♣♦r
φ(x) = F (y)− y✱ ♦♥❞❡ y ∈ π−1(x)✳

❆ ❛♣❧✐❝❛çã♦ φ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s ♥ã♦ ❞❡♣❡♥❞❡ ❞♦ ♣♦♥t♦ y ∈ π−1(x)✳ ❉❡
❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ x = x′ ∈ Tm ❡♥tã♦ φ(x) = F (y)− y ❡ φ(x′) = F (y′)− y′✱ ♦♥❞❡



✷✺

y, y′ ∈ π−1(x)✳
❆ss✐♠✱ π(y) = π(y′) ❡ ♣♦rt❛♥t♦ ❡①✐st❡ k ∈ Zm t❛❧ q✉❡ y′ = y+k✳ ❉❡ss❛ ❢♦r♠❛✱

t❡♠♦s q✉❡

φ(x′) = F (y′)− y′

= F (y + k)− (y + k)

= F (y) + k − y − k

= F (y)− y

= φ(x).

✭✷✳✷✮

❉❡♥♦t❡♠♦s ♦ ❡s♣❛ç♦ ❞❡ t♦❞❛s ❛s ♠❡❞✐❞❛s ♣r♦❜❛❜✐❧íst✐❝❛s ❢✲✐♥✈❛r✐❛♥t❡s ❡♠ Tm

♣♦r M(f) ❡ ♦s s✉❜❡s♣❛ç♦s ❝♦♥st✐t✉í❞♦ ♣♦r ♠❡❞✐❞❛s ❡r❣ó❞✐❝❛s ♣♦r ME(f)✳
❙❡❥❛ µ ∈ ME(F ) ❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❊r❣ó❞✐❝♦ ❞❡ ❇✐r❦❤♦❢✱

1
n
Σn−1
k=0φ ◦ fk →

∫
φdµ✱ µ ✲ qt♣✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ π(y) = x ❡♥tã♦

1

n
Σn−1
k=0φ ◦ fk(x) = 1

n
Σn−1
k=0φ ◦ fk(π(y))

= 1
n
Σn−1
k=0φ ◦ π(F k(y))

= 1
n
Σn−1
k=0F (F

k(y))− F k(y)

= 1
n
Σn−1
k=0F

k+1(y))− F k(y)

= 1
n
(F (y)− y + F 2(y)− F (y) + ...+ F n(y)− F n−1(y))

= 1
n
(F n(y)− y)

✭✷✳✸✮

■ss♦ s✐❣♥✐✜❝❛ q✉❡ ❛ s❡q✉ê♥❝✐❛ ( 1
n
(F n(y)− y))n≥1 ❝♦♥✈❡r❣❡ ♣❛r❛

∫
φdµ✳ ❆ss✐♠✱∫

φdµ ∈ ρp(F )✳
❊s❝r❡✈❛♠♦s ❡♥tã♦

ρmes(F ) = {
∫
φdµ;µ ∈ ME(f)}✳

❚❡♠♦s ❛ss✐♠ q✉❡

ρmes(F ) ⊂ ρp(F ) ⊂ ρ(F )✳

◆♦t❡ q✉❡ s❡ F ∈ C1✱ ❡♥tã♦ ♦s três ❝♦♥❥✉♥t♦s ❞❡✜♥✐❞♦s ❛❝✐♠❛ ❝♦✐♥❝✐❞❡♠✳

✷✳✸ Pr♦♣r✐❡❞❛❞❡s ❣❡r❛✐s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦

❙❡❥❛ A ✉♠ s✉❜❝♦♥❥✉♥t♦ q✉❛❧q✉❡r ❞❡ Rm✳ ❉❡♥♦t❡♠♦s ♣♦r ❈♦♥✈ (A) ❛ ❝❛s❝❛
❝♦♥✈❡①❛ ❞❡ A✱ ✐st♦ é✱ ♦ ♠❡♥♦r s✉❜❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦✱ ❝♦♥t❡♥❞♦ A✳

❙❡ A ⊆ Rm✱ ε > 0✱ ❡♥tã♦



✷✻

B(A, ε) = {x ∈ Rm; d(x,A) < ε}✱
B(A, ε) = {x ∈ Rm; d(x,A) ≤ ε}✳

P♦r f∗(µ) ❞❡♥♦t❡♠♦s ❛ ✐♠❛❣❡♠ ❞❡ ✉♠❛ ♠❡❞✐❞❛ µ✱ ✐st♦ é✱ ❛ ♠❡❞✐❞❛ t❛❧ q✉❡ ♣❛r❛
t♦❞❛ ψ : Tm → R ❝♦♥tí♥✉❛✱

∫
ψdf∗(µ) =

∫
ψ ◦ fdµ✳

Pr♦♣♦s✐çã♦ ✷✳✹✳ ❙❡❥❛ F ∈ Cm✱ p ∈ Zm ❡ q ∈ N ❡♥tã♦

✭❆✮ ρ(F q − p) = q.ρ(F )− p❀

✭❇✮ ρ(F q − p, x) = q.ρ(F, x)− p✱ ♣❛r❛ t♦❞♦ x ∈ Rm❀

✭❈✮ ρp(F q − p) = q.ρp(F )− p❀

✭❉✮ ρmes(F q − p) = q.ρmes(F )− p❀
❙❡ F ∈ Hm ❡♥tã♦

✭❊✮ ρ(F−1) = −ρ(F )❀

✭❋✮ ρmes(F−1) = −ρmes(F )✳

❉❡♠♦♥str❛çã♦✳ Pr♦✈❡♠♦s ✐t❡♠ ✭❆✮✳
❙❡❥❛ v ∈ ρ(F q − p) ❡♥tã♦ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s (ni)i≥1 ❡ (xi)i≥1 t❛❧ q✉❡ ni → ∞

❡ lim
i→∞

(F q − p)ni (xi)− xi
ni

= v✳

❉✐ss♦✱ t❡♠♦s q✉❡

lim
i→∞

(F qni(xi)− pni − xi
ni

= v

lim
i→∞

(F qni(xi)− xi
ni

= v + p

q lim
i→∞

(F qni(xi)− xi
qni

= v + p

lim
i→∞

(F qni(xi)− xi
qni

= v+p
q
.

✭✷✳✹✮

▲♦❣♦✱ v+p
q

∈ ρ(F )✳ P♦rt❛♥t♦✱ v = q v+p
q

− p ∈ qρ(F )− p✳
P♦r ♦✉tr♦ ❧❛❞♦✱ s❡❥❛ v ∈ ρ(F )✳ ❊♥tã♦ ❡①✐st❡♠ s❡q✉ê♥❝✐❛s (ni)i≥1 ❡ (xi)i≥1 t❛❧

q✉❡ ni → ∞ ❡ lim
i→∞

F ni(xi)− xi
ni

= v✳

❙❡❥❛ ki = E(ni

q
)✱ ♦♥❞❡ E(.) ❞❡♥♦t❛ ❛ ♣❛rt❡ ✐♥t❡✐r❛✳ ❊①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M

t❛❧ q✉❡ ♣❛r❛ t♦❞♦ z ∈ R2 ❡ 0 ≤ r ≤ q−1✱ ‖ F r(z)−z ‖≤M ✳ ❊s❝r❡✈❛ ni = qki+r✱



✷✼

F qki(xi) = zi✳ ❊♥tã♦✱

|F
ni(xi)− xi

ni
− F qki(xi)− xi

qki
| = |Fni (xi)−xi

ni
+ Fni (xi)−xi

qki
− Fni (xi)−xi

qki
− F qki (xi)−xi

qki
|

≤ |Fni (xi)−xi
ni

− Fni (xi)−xi
qki

|+ |Fni (xi)−xi
qki

− zi−xi
qki

|
= | qkiFni (xi)−qkixi−niF

ni (xi)+nixi
niqki

|+ 1
qki

|F ni(xi)− zi|
= | (qki−ni)F

ni (xi)−(qki−ni)xi
niqki

|+ 1
qki

|F ni(xi)− zi|
= | r(Fni (xi)−xi)

niqki
|+ 1

qki
|F ni(xi)− zi|

= r
qki

| (Fni (xi)−xi)
ni

|+ 1
qki

|F ni(xi)− zi|.
✭✷✳✺✮

❈♦♠♦ | (Fni (xi)−xi)
ni

| → |v|✱ r
qki

→ 0✱ 1
qki

→ 0 ❝♦♠ i → ∞❀ ❡ |F r(zi) − zi| ≤ M ✱
t❡♠♦s q✉❡

lim
i→∞

(F q)ki(xi)− xi
ki

= qv✳

▲♦❣♦

lim
i→∞

(F q − p)ki(xi)− xi
ki

= qv − p✳

P♦rt❛♥t♦✱ qv − p ∈ ρ(F q − p)✳
❙❡ s✉❜st✐t✉í♠♦s xi ♣♦r x ♥❛ ♣r♦✈❛ ❞♦ ✐t❡♠ ✭❆✮ ♦❜t❡♠♦s ❛ ♣r♦✈❛ ❞♦ ✐t❡♠ ✭❇✮✳

❆❧é♠ ❞✐ss♦✱ ♣♦r ❞❡✜♥✐çã♦✱

ρp(F ) = ∪ρ(F, x)✱ x ∈ Rm✳

P♦rt❛♥t♦✱ ♦ ✐t❡♠ ✭❈✮ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ✐t❡♠ ✭❇✮✳
Pr♦✈❡♠♦s ❛❣♦r❛ ♦ ✐t❡♠ ✭❉✮✳ ▲❡♠❜r❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ φ : Tm →

Rm ❢♦✐ ❞❡✜♥✐❞❛ ♣♦r φ(x) = F (y)− y✱ ♦♥❞❡ y ∈ π−1(x)✳ ❱✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡ q✉❡
s❡ π(x) = y ❡♥tã♦

∑q−1
j=0 φ ◦ f j(x) = F (y)− y = φ(x)✳

❙❡ s✉❜st✐t✉í♠♦s F ♣♦r F q − p t❡♠♦s q✉❡

φ(x) = F (y)− y = F q(y)− p− y =
∑q−1

j=0 φ ◦ f j(x)− p✳

P♦rt❛♥t♦✱ s❡ u ∈ ρmes(F
q − p) ❡♥tã♦ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ µ ∈ ME(f

q) t❛❧ q✉❡

u =
∑q−1

j=0

∫
φ ◦ f jdµ− p✳

❆ ♠❡❞✐❞❛ v = 1
q

∑q−1
j=0 f

j
∗ (µ) ♣❡rt❡♥❝❡ ❛ ME(f)✳ ❆ss✐♠



✷✽

∫
φdv = 1

q

∑q−1
j=0

∫
φ ◦ f jdµ = u+p

q
✳

▲♦❣♦ u+p
q

∈ ρmes(F ) ❡ ♣♦rt❛♥t♦ u = q.u+p
q

− p ∈ q.ρmes(F )− p✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛
♠❡❞✐❞❛ v ∈ ME(f) t❛❧ q✉❡

∫
φdv = u✳ ❆ ♠❡❞✐❞❛ v é ✐♥✈❛r✐❛♥t❡ ♣♦r f q✱ ♠❛s ♥ã♦

é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❡r❣ó❞✐❝❛✳ ◆♦ ❡♥t❛♥t♦✱ s❛❜❡♥❞♦ q✉❡ ♣❛r❛ ❛❧❣✉♠ r ❞✐✈✐❞✐♥❞♦ q ❡
µ ∈ ME(f) t❡♠♦s

v = 1
r

∑q−1
j=0 f

j
∗ (µ).

❆ss✐♠

v = 1
q

∑q−1
j=0 f

j
∗ (µ).

P♦rt❛♥t♦✱

u =
∫
φdv = 1

q

∑q−1
j=0

∫
φ ◦ f jdµ = 1

q

∫
(
∑q−1

j=0 φ ◦ f j − p)dµ+ p✳

▲♦❣♦ qv − p ∈ ρmes(F
q − p)✳

Pr♦✈❡♠♦s ♦ ✐t❡♠ ✭❊✮✳ ❙❡❥❛ xi ∈ Rm ❡ F ni(xi) = yi✳ ❊♥tã♦

Fni (xi)−xi
ni

= Fni (F−ni (yi))−F−ni (yi)
ni

= yi−(F−1)ni (yi)
ni

= −( (F
−1)ni (yi)−yi

ni
)✳

▲♦❣♦ ρ(F−1) = −ρ(F )✳

❆ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦ ♠♦str❛ q✉❡ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦
❡ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✳

Pr♦♣♦s✐çã♦ ✷✳✺✳ ❙❡ f q(y) = y ♦♥❞❡ y = π(x) ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ρ(F, x) ❝♦♥s✐st❡
❞❡ ✉♠ ú♥✐❝♦ ♣♦♥t♦✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❡ ♥ú♠❡r♦ é r❛❝✐♦♥❛❧✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠ ❡❢❡✐t♦✱

π ◦ F q(x) = f q(π(x)) = f q(y) = y = π(x)✱

♦✉ s❡❥❛✱ F q(x) = x + p✱ p ∈ Zm✳ ▼♦str❛r❡♠♦s q✉❡ y t❡♠ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦
ρ(F, x) = p

q
✱ ♦✉ s❡❥❛✱

limn→∞
Fn(x)−x

n
= p

q
✳

❉❡ ❢❛t♦✱ ♣❡❧♦ ❆❧❣♦r✐t♠♦ ❞❛ ❞✐✈✐sã♦ ❡✉❝❧✐❞✐❛♥❛✱ n = mnq+ rn✱ 0 ≤ rn < q✳ ❆ss✐♠✱

Fn(x)−x
n

= 1
n
(Fmnq+rn(x)− x) = 1

n
(F rn(Fmnq(x))− Fmnq(x) + Fmnq(x)− x)✳

❈♦♠♦ |(F rn(Fmnq(x))− Fmnq(x)| ≤M ✱ M > 0 ❡ limn→∞
1
n
= 0 s❡❣✉❡ q✉❡

limn→∞
1
n
(F rn(Fmnq(x))− Fmnq(x)) = 0✳



✷✾

▲♦❣♦

lim
n→∞

F n(x)− x

n
= limn→∞

1
n
(Fmnq(x)− x)

= limmn→∞
1

mnq+rn
(Fmnq(x)− x)

= limmn→∞
mnq

mnq+rn
. 1
mnq

(Fmnq(x)− x)

= limmn→∞
1

mnq
.mnp

= p

q
.

✭✷✳✻✮

♣♦✐s F q(x) = x+ p✱ ❧♦❣♦ Fmnq(x) = x+mnp✳

❖ ❧❡♠❛ ❛ s❡❣✉✐r ❛✜r♠❛ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❛
❝❛s❝❛ ❝♦♥✈❡①❛ ❞❡ Kn(F )✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡ss❡ ❧❡♠❛✱ ♣r♦✈❛r❡♠♦s q✉❡ ρ(F )
é ❝♦♥❡①♦✳

▲❡♠❛ ✷✳✻✳ ❙❡ F ∈ Cm ❡♥tã♦ ρ(F ) ⊂ Conv(Kn(F )) ♣❛r❛ t♦❞♦ n ∈ N✳

❉❡♠♦♥str❛çã♦✳ ❋✐①❡♠♦s n ∈ N ❡ s❡❥❛ Φ : Rm → R ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r✳ ❚♦♠❡♠♦s
k ∈ N ❡ z ∈ Rm✳ ❚❡♠♦s q✉❡

Φ(F k(z)− z) =
∑l−1

i=0 Φ(F
(i+1)n(z)− F in(z)) + Φ(F k(z)− F ln(z))✱

♦♥❞❡ l = E( k
n
) é ❛ ♣❛rt❡ ✐♥t❡✐r❛✳

P❛r❛ ❝❛❞❛ j = 0, 1, ..., n− 1 ♦ ❝♦♥❥✉♥t♦ {F j(x)−x; x ∈ Rm} é ❧✐♠✐t❛❞♦ ❞❡s❞❡ q✉❡
F j(x) − x =

∑j−1
i=0 φ(π(F

j(x))) ❡ φ ❝♦♥tí♥✉❛✳ P♦rt❛♥t♦ ❡①✐st❡ ✉♠❛ ❝♦♥st❛♥t❡ M
t❛❧ q✉❡ Φ(F j(x)− x) ≤M ♣❛r❛ t♦❞♦ x ∈ Rm✱ j = 0, 1, ..., n− 1✳ ❖❜t❡♠♦s

Φ(F k(z)− z) ≤ l.n. s✉♣ φ(Kn(F )) +M ✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱

Φ(F
k(z)−z
k

) ≤ ln
k
s✉♣ φ(Kn(F )) +

M
k
✳

❈♦♠♦ limk→∞
ln
k
= 1✱ ♣♦✐s l = E(k/n)✱ ❡ M ✱ n✱ s✉♣ Φ(Kn(F )) ♥ã♦ ❞❡♣❡♥❞❡ ❞❡ k✱

♦❜t❡♠♦s q✉❡

lim supk→∞ s✉♣ (Φ(Kk(F )) ≤ s✉♣ Φ(Kn(F ))✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ρ(F )✱

supΦ(ρ(F )) ≤ sup(Φ(Kn(F ))).

✭✷✳✼✮

❖ ❝♦♥❥✉♥t♦ ❈♦♥✈ (Kn(F )) é ❝♦♥✈❡①♦ ❡ ❢❡❝❤❛❞♦✳ P♦rt❛♥t♦✱ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ v ∈ Rm

q✉❡ ♥ã♦ ♣❡rt❡♥❝❡ ❛ ❈♦♥✈ (Kn(F ))✱ ♣♦❞❡✲s❡ ❡♥❝♦♥tr❛r ✉♠ ❢✉♥❝✐♦♥❛❧ ❧✐♥❡❛r Φ t❛❧
q✉❡



✸✵

Φ(v) > s✉♣ Φ(❈♦♥✈ (Kn(F )))✳

❈♦♠♦ ♣❛r❛ ❝❛❞❛ s✉❜❝♦♥❥✉♥t♦ A ❞❡ Rm✱

s✉♣ Φ ❈♦♥✈ (A)) = s✉♣ Φ(A)✱

♦❜t❡♠♦s ♣♦r ✭✷✳✺✮ q✉❡

Φ(v) > s✉♣ Φ(ρ(F ))✱

❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ v /∈ ρ(F )✳ ▲♦❣♦✱ ρ(F ) ⊂ ❈♦♥✈ (Kn(F ))✳

◆♦ ♣ró①✐♠♦ t❡♦r❡♠❛ ❡①✐❜✐♠♦s ✉♠❛ ♣❛rt❡ ❞❛ ❞❡♠♦♥str❛çã♦ ❞♦ ❚❡♦r❡♠❛ ❈✳

❚❡♦r❡♠❛ ✷✳✼✳ ❙❡ F ∈ Cm ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(F ) é ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✳ P♦r ❞❡✜♥✐çã♦ ρ(F ) é ❢❡❝❤❛❞♦✳ P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r ρ(F ) ⊂ ❈♦♥✈
(Kn(F ))✳
❈♦♠♦ Kn(F ) é ❝♦♠♣❛❝t♦✱ ❢❡❝❤❛❞♦ ❡ ❧✐♠✐t❛❞♦✱ ❡①✐st❡ ✉♠❛ ❜♦❧❛ ❢❡❝❤❛❞❛ B ⊂ Rm

t❛❧ q✉❡

Kn(F ) ⊂ B✳

❈♦♠♦ B é ❝♦♥✈❡①❛✱ s❡❣✉❡ q✉❡ ❈♦♥✈ (Kn(F )) ⊂ B✳ P♦rt❛♥t♦✱ Conv(Kn(F )) é
❧✐♠✐t❛❞♦✱ ❧♦❣♦ ρ(F ) t❛♠❜é♠ ♦ é✳ ❆ss✐♠✱ ρ(F ) é ❝♦♠♣❛❝t♦✳

❙✉♣♦♥❤❛ q✉❡ ρ(F ) ♥ã♦ é ❝♦♥❡①♦✳ ❊♥tã♦ ❡①✐st❡♠ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s A,B
♥ã♦✲✈❛③✐♦s ❡ ❢❡❝❤❛❞♦s ❡♠ ρ(F ) t❛❧ q✉❡ ρ(F ) = A ∪ B✳ ❈♦♠♦ ρ(F ) é ❝♦♠♣❛❝t♦✱
s❡❣✉❡ q✉❡ A ❡ B sã♦ ❝♦♠♣❛❝t♦s✳

❖ ❡s♣❛ç♦ Rm é ✉♠ ❡s♣❛ç♦ ♥♦r♠❛❧✱ ❡♥tã♦ ♣❛r❛ A ❡ B ❡①✐st❡♠ ❛❜❡rt♦s ❞✐s❥✉♥t♦s
U ❡ V t❛✐s q✉❡

A ⊆ U ⊆ U ✱
B ⊆ V ⊆ V ✱

♦♥❞❡ U ❡ V sã♦ ❞✐s❥✉♥t♦s ❡ ❝♦♠♣❛❝t♦s✳
❙❡❥❛ δ = dis(U, V ) > 0✱ v ∈ A ❡ w ∈ B✳ P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ρ(F )✱ ❡①✐st❡♠

s❡q✉ê♥❝✐❛s ❞❡ ✐♥t❡✐r♦s ni → ∞✱ kj → ∞ ❡ s❡q✉ê♥❝✐❛s ❞❡ ♣♦♥t♦s ❡♠ Rm✱ (xi)i≥1✱
(yj)j≥1 t❛✐s q✉❡

lim
i→∞

F ni(xi)− xi
ni

= v✱

lim
j→∞

F ki(yj)− yj
kj

= w✳



✸✶

❈♦♠♦ K1(F ) é ❝♦♠♣❛❝t♦✱ ∃M > 0 t❛❧ q✉❡ |F (t) − t| ≤ M ✱ ∀t ∈ Rm✳ P♦rt❛♥t♦✱
s❡ t♦♠❛♠♦s z ∈ Rm ❡ ❡s❝r❡✈❡♠♦s t = F n(z)✱ t❡♠♦s

|F
n+1(z)− z

n+ 1
− F n(z)− z

n
| = |F (t)−z

n+1
− t−z

n

= |F (t)−z
n+1

+ F (t)−z
n

− F (t)−z
n

− t−z
n
|

= ( 1
n
− 1

m
)|F (t)− z|+ |F (t)−t

n
|

≤ ( 1
n
− 1

m
)|F (t)− z|+ M

n

= 1
n
[(1− n

n+1
)|F (t)− z|+M ]

= 1
n
[( 1
n+1

)|F (t)− z|+M ]

= 1
n
(|Fn+1(z)−z

n+1
|+M).

✭✷✳✽✮

❆❣♦r❛✱

|F n+1(z)− z| = |F n+1(z) + F n(z)− F n(z) + ...+ F (z)− F (z)− z|
≤ |F n+1(z)− F n(z)|+ ...+ |F (z)− z|
≤ M +M + ...+M

= (n+ 1)M.

✭✷✳✾✮

▲♦❣♦✱

|Fn+1(z)−z
n+1

− Fn(z)−z
n

| ≤ 1
n
( (n+1)M

n+1
+M) = 2M

n
✳

■st♦ é✱ ❛s ♠é❞✐❛s ❞♦s ❞❡s❧♦❝❛♠❡♥t♦s ❡stã♦ ❝❛❞❛ ✈❡③ ♠❛✐s ♣ró①✐♠❛s ✉♠❛ ❞❛ ♦✉tr❛✳
❈♦♠♦ ρ(F ) ⊂ U ∪ V ✭❛❜❡rt♦✮✱ ❡①✐st❡ N t❛❧ q✉❡

Fn(z)−z
n

∈ U ∪ V ✱ ∀n ≥ N ❡ z ∈ Rm✳

❚♦♠❡ i t❛❧ q✉❡ 2M
ni

< δ✱ ni ≥ N ❡ (F
ni (xi)−xi

ni
) ∈ U ✳ ❚♦♠❡ j t❛❧ q✉❡ kj ≥ ni ❡

(
F

kj (jj)−yj
kj

) ∈ V ✳

❈♦♠♦ ♣❛r❛ t♦❞♦ n ≥ ni t❡♠♦s 2M
n

≤ 2M
ni

< δ✱ s❡❣✉❡ q✉❡

|Fn+1(xi)−xi
n+1

− Fn(xi)−xi
n

| ≤ 2M
n
< δ = dis(U, V )✳

❈♦♠♦ kj ≥ ni t❡♠♦s q✉❡

(
Fk
j (xi)−xi
kj

) ∈ U ✳

❙❡❥❛ γ ❛ ❝✉r✈❛ q✉❡ ❥✉♥t❛ xi ❝♦♠ yj✳ ❈♦♠♦ xi ∈ U ❡ yj ∈ V ✱ t❡♠♦s q✉❡ γ ♣❛ss❛ ❢♦r❛

❞❡ U ∪ V ✳ ❙✉❛ ✐♠❛❣❡♠ s♦❜r❡ F
kj−id
kj

❥✉♥t❛ (F
kj (xi)−xi

kj
) ∈ U ❝♦♠ (

F
kj (yj)−yj

kj
) ∈ V ✳

❆ss✐♠✱ ❡ss❛ ✐♠❛❣❡♠ é ✉♠❛ ❝✉r✈❛ q✉❡ t❛♠❜é♠ ♣❛ss❛ ❢♦r❛ ❞❡ U ∪ V ✱ ♣❛r❛ t♦❞♦



✸✷

n ≥ ni ≥ N ✳ ▼❛s ✐ss♦ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s ♣❛r❛ t♦❞♦ n ≥ N ✱ z ∈ Rm t❡♠♦s
q✉❡ (F

n(z)−z
n

) ∈ U ∪ V ✳ ▲♦❣♦ ρ(F ) é ❝♦♥❡①♦✳

❯♠❛ ♦❜s❡r✈❛çã♦ ✐♥t❡r❡ss❛♥t❡ é q✉❡ ❝♦♠♦ ❛ ♥♦çã♦ ❞❡ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦✱
❞❡✜♥✐❞❛ ♥❡ss❡ ❝❛♣ít✉❧♦✱ é ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❡♥❞♦♠♦r✜s♠♦s ♥♦
❝ír❝✉❧♦✱ s❡❣✉❡ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ q✉❡ ρ(f) é ❝♦♥❡①♦✱ q✉❛♥❞♦ f é ❧❡✈❛♥t❛♠❡♥t♦ ❞❡
❛❧❣✉♠ ❡♥❞♦♠♦r✜s♠♦✳ ◆♦ ❡♥t❛♥t♦✱ ♦♣t❛♠♦s ♣♦r ❢❛③❡r ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❆✱ ♥♦
❝❛♣ít✉❧♦ ✶✱ ♣♦✐s é ♠❛✐s s✐♠♣❧❡s✳

❖ t❡♦r❡♠❛ q✉❡ s❡❣✉❡ ❛✜r♠❛ q✉❡ ❛s ❝❛s❝❛s ❝♦♥✈❡①❛s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦
❡ ❞♦ ❝♦♥❥✉♥t♦ ♣❛r❛ ♠❡❞✐❞❛ ❝♦✐♥❝✐❞❡♠✳ ❉❡ss❡ t❡♦r❡♠❛ ♦❜t❡r❡♠♦s ❞♦✐s ❝♦r♦❧ár✐♦s
r❡❧❛❝✐♦♥❛♥❞♦ ♦s três ❝♦♥❥✉♥t♦s ❞❡ r♦t❛çã♦ ❞❡✜♥✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ▼❛✐s ❛❞✐❛♥t❡
✈❡r❡♠♦s q✉❡ ❡ss❛s ♣r♦♣r✐❡❞❛❞❡s ♥♦s ❛❥✉❞❛♠ ❛ ❡♥❝♦♥tr❛r ♠✉✐t♦s ❝♦♥❥✉♥t♦s ❞❡
r♦t❛çõ❡s✳

❚❡♦r❡♠❛ ✷✳✽✳ ❙❡ F ∈ Cm ❡♥tã♦ ❈♦♥✈ (ρ(F )) = ❈♦♥✈ (ρmes(F ))✳

❉❡♠♦♥str❛çã♦✳ ❏á ✈✐♠♦s q✉❡ ρmes(F ) ⊂ ρ(F )✱ ♣♦rt❛♥t♦

❈♦♥✈ (ρmes(F )) ⊂ ❈♦♥✈ (ρ(F ))✳

◆♦t❡ q✉❡ ♣❛r❛ ♠♦str❛r q✉❡ ❈♦♥✈ (ρ(F )) ⊂ ❈♦♥✈ (ρmes(F ))✱ ❜❛st❛ ♠♦str❛r q✉❡
♦s ♣♦♥t♦s ❡①tr❡♠♦s ❞❡ ❈♦♥✈ (ρ(F )) ♣❡rt❡♥❝❡♠ ❛ ρmes(F )✳
❙❡❥❛ v ✉♠ ♣♦♥t♦ ❡①tr❡♠♦ ❞❡ ❈♦♥✈ (ρ(F ))✳ ❊♥tã♦ v ∈ ρ(F ) ❡ ♣♦rt❛♥t♦ ❡①✐st❡♠
s❡q✉ê♥❝✐❛s ni → ∞ ❡ yi ∈ Rm t❛❧ q✉❡

Fni (yi)−yi
ni

→ v✱ ❝♦♠ i→ ∞✳

❈♦♠♦ yi ∈ Rm✱ ❞❛❞❛ π : Rm → Tm✱ t♦♠❡♠♦s xi = π(yi)✳ ❖ ❝♦♥❥✉♥t♦

µi =
1
ni

∑ni−1
k=0 δfk(xi)

♦♥❞❡ δz ❞❡♥♦t❛ ❛ ♠❡❞✐❞❛ ♣r♦❜❛❜✐❧íst✐❝❛ ❝♦♥❝❡♥tr❛❞❛ ❡♠ z ✭✐st♦ é✱ δz(C) = 1 s❡
z ∈ C ♦✉ δz(C) = 0 s❡ z /∈ C✱ ♦♥❞❡ C ⊆ [0, 1]✮✳
❉❛❞❛ ❛ s❡q✉ê♥❝✐❛ (µi)i≥1 ✭❛ q✉❛❧ é ❢r❛❝❛♠❡♥t❡✲❝♦♥✈❡r❣❡♥t❡✯ ❡♠ Rm✮✱ ♣♦❞❡♠♦s
❡s❝♦❧❤❡r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❢r❛❝❛♠❡♥t❡✲❝♦♥✈❡r❣❡♥t❡✯ ♣❛r❛ ❛❧❣✉♠❛ ♠❡❞✐❞❛
♣r♦❜❛❜✐❧íst✐❝❛ µ ❡♠ Tm✳ P❛r❛ ❝❛❞❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ψ : Tm → R✱ ❝♦♠♦

|
∫
ψd(f∗(µi))−

∫
ψdµi| = |ψ(fni (xi))−ψ(xi)

ni
|

= 1
ni
|ψ(fni(xi))− ψ(xi)|

≤ 2sup|ψ|
ni

,

✭✷✳✶✵✮

t❡♠♦s q✉❡
∫
ψd(f∗(µ)) =

∫
ψd(µ)✳ ❙❡♥❞♦ ❛ss✐♠✱ t❡♠♦s q✉❡ f∗(µ) = µ✱ ✐st♦ é µ é

f ✲ ✐♥✈❛r✐❛♥t❡✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞❡ φ t❡♠♦s q✉❡

∫
φdµ = limi→∞

∫
φdµi = limi→∞

Fni (yi)−yi
ni

= v✳



✸✸

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❉❡❝♦♠♣♦s✐çã♦ ❊r❣ó❞✐❝❛✱ ♣♦❞❡♠♦s ❞❡❝♦♠♣♦r ❛ ♠❡❞✐❞❛ µ ❡♠
❝♦♠♣♦♥❡♥t❡s ❡r❣ó❞✐❝❛s✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡ ❡①✐st❡ ✉♠❛ ♠❡❞✐❞❛ ♣r♦❜❛❜✐❧íst✐❝❛
w ∈ ME(f) t❛❧ q✉❡ ❛ ❝❛❞❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ψ : Rm → R✱

∫
ψdµ =

∫
(
∫
ψdµE)dw(µE)✳

❆ss✐♠✱

v =
∫
φdµ =

∫
(
∫
φdµE)dw(µE)✳ ✭✯✮

◆♦t❡ q✉❡ ♣❛r❛ ❝❛❞❛ µE ∈ ME(f) t❡♠♦s

∫
φdµE ∈ ρmes(F ) ⊂ ρ(F ) ⊂ ❈♦♥✈ (ρ(F ))✳ ✭✯✯✮

P♦r ✭✯✮ ❡ ✭✯✯✮ ❡ ❛ s✉♣♦s✐çã♦ ❞❡ q✉❡ v ♣❡ ✉♠ ♣♦♥t♦ ❡①tr❡♠♦s ❞❡ ❈♦♥✈ (ρ(F ))✱
s❡❣✉❡ q✉❡ ♣❛r❛ µ ✲ q✉❛s❡ ❝❛❞❛ ♠❡❞✐❞❛ µE ∈ ME(f) t❡♠♦s

∫
φdµE = v✳ P♦rt❛♥t♦

v ∈ ρmes(F ) ⊂ ❈♦♥✈ (ρmes(F ))✳

❈♦♠♦ ❛s ♠❡❞✐❞❛s ❡r❣ó❞✐❝❛s sã♦ ♣♦♥t♦s ❡①tr❡♠♦s ❞❡ M(f)✱ s❡❣✉❡ q✉❡

❈♦♥✈ (ρmes(F )) = {
∫
φdµ;µ ∈ M(f)}✳

❈♦r♦❧ár✐♦ ✷✳✾✳ ❙❡ F ∈ Cm ❡♥tã♦ ❈♦♥✈ (ρ(F )) = ❈♦♥✈ (ρp(F ))✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ ρp(F ) ⊂ ρ(F ) s❡❣✉❡ q✉❡

❈♦♥✈ (ρp(F )) ⊂ ❈♦♥✈ (ρ(F ))✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❛♥t❡r✐♦r✱ t❡♠♦s q✉❡ ❈♦♥✈ (ρ(F )) = ❈♦♥✈ (ρmes(F ))✳
❈♦♠♦ ρmes(F ) ⊂ ρp(F ) s❡❣✉❡ q✉❡ ❈♦♥✈ ρmes(F ) ⊂ ❈♦♥✈ ρp(F )✳ ▲♦❣♦ ❈♦♥✈
(ρ(F )) ⊂ ❈♦♥✈ (ρp(F ))✳ P♦rt❛♥t♦✱

❈♦♥✈ (ρ(F )) = ❈♦♥✈ (ρp(F ))✳

◆♦t❡ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ ❡♥❝♦♥tr❛❞❛ ♥♦ ❝♦r♦❧ár✐♦ ❛❝✐♠❛ ♥ã♦ s❡r✐❛ ♣♦ssí✈❡❧ s❡♠ ❛
❞❡✜♥✐çã♦ ❞❡ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ♠❡❞✐❞❛✳

❈♦♠♦ ♣❛r❛ ❝❛❞❛ µ ∈ M(f) q✉❛s❡ t♦❞♦ ♣♦♥t♦ é ♥ã♦✲❡rr❛♥t❡✱ ♦❜t❡♠♦s ♦
t❛♠❜é♠ ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦

❈♦r♦❧ár✐♦ ✷✳✶✵✳ ❙❡ F ∈ Cm ❡♥tã♦

❈♦♥✈ (ρ(F )) = ❈♦♥✈ (∪ρ(F, x))✱

♦♥❞❡ ❛ ✉♥✐ã♦ é t♦♠❛❞❛ ♣❛r❛ t♦❞♦ x ∈ π−1(Ω(f))✳



✸✹

❉❡♠♦♥str❛çã♦✳ P❛r❛ ❝❛❞❛ µ ∈ M(f) q✉❛s❡ t♦❞♦ ♣♦♥t♦ é ♥ã♦✲❡rr❛♥t❡✱ ❛ss✐♠

❈♦♥✈ (ρmes(F )) = {
∫
φdµ;µ ∈ M(f)} = ❈♦♥✈ (∪ρ(F, x))✱

♦♥❞❡ x ∈ π−1(Ω(f))✳ P❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱

❈♦♥✈ (ρmes(F )) = ❈♦♥✈ ρ(F )✳

▲♦❣♦✱

❈♦♥✈ ρ(F ) = ❈♦♥✈ (∪ρ(F, x))✱ x ∈ π−1(Ω(f))✳

❊st❡ ❝♦r♦❧ár✐♦ é út✐❧ ♣❛r❛ ❝❛❧❝✉❧❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ ❛❧❣✉♥s ❡①❡♠♣❧♦s
❡①♣❧í❝✐t♦s q✉❡ s❡❥❛♠ ❞✐❢í❝❡✐s ❞❡ ❝❛❧❝✉❧❛r ❞❡ ♦✉tr♦ ♠♦❞♦✳

❉❡✜♥✐çã♦ ✷✳✶✶✳ ❯♠ ♣♦♥t♦ v ∈ ρ(F ) é r❡❛❧✐③❛❞♦ ♣♦r ✉♠ s✉❜❝♦♥❥✉♥t♦ K ∈ Rm✱
s❡ K ❢♦r ❝♦♠♣❛❝t♦✱ f ✲✐♥✈❛r✐❛♥t❡ ❡ ♦ ✈❡t♦r ❞❡ r♦t❛çã♦ ρ(F, x) = v✱ ♣❛r❛ t♦❞♦
x ∈ K✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❞✐③❡♠♦s q✉❡ ✉♠ ♣♦♥t♦ v ∈ ρ(F ) é r❡❛❧✐③❛❞♦ ♣♦r ✉♠❛
ór❜✐t❛ ♣❡r✐ó❞✐❝❛✱ s❡ v ∈ Qm ❡ ❡①✐st❡ k ∈ N✱ x ∈ Tm✱ t❛❧ q✉❡ fk(x) = x ❡
F k(y) = y + v✱ y ∈ π−1(x)✳

Pr♦♣♦s✐çã♦ ✷✳✶✷✳ ❚♦❞♦ ♣♦♥t♦ ❡①tr❡♠❛❧ ❞❡ ρ(F ) ♣♦❞❡ s❡r r❡❛❧✐③❛❞♦ ♣♦r ✉♠ ♣♦♥t♦
❞❡ Rm✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ρ(F ) = ❈♦♥✈ (ρerg(F ))✱ t♦❞♦ ♣♦♥t♦ ❡①tr❡♠❛❧ ❞❡
ρ(F ) é ♣♦♥t♦ ❞❡ ρerg(F )✳ P❡❧♦ ❚❡♦r❡♠❛ ❊r❣ó❞✐❝♦ ❞❡ ❇✐r❦❤♦✛ ❞❛❞♦ v ∈ ρerg(F )
❡①✐st❡ z ∈ Rm t❛❧ q✉❡

Fn(z)−z
n

→ {v}❀ n→ ∞✳

▲♦❣♦✱ ρp(F ) = v✳

▲❡♠❛ ✷✳✶✸✳ P❛r❛ ❝❛❞❛ F ∈ Cm ❡ ε > 0 ❡①✐st❡ ✉♠ n0 t❛❧ q✉❡ ∀n ≥ n0 t❡♠♦s
Kn(F ) ⊂ B( ❈♦♥✈ (ρ(F )), ε)✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❝♦♥tr❛❞✐çã♦ q✉❡ ♦ r❡s✉❧t❛❞♦ s❡❥❛ ❢❛❧s♦✳ ❊♥tã♦
❡①✐st❡ F ∈ Cm✱ ε > 0 ❡ s❡q✉ê♥❝✐❛s ni → ∞✱ vi ∈ Kni

(F ) t❛❧ q✉❡

vi /∈ B( ❈♦♥✈ (ρ(F ), ε)✳

❈♦♠♦ Kni
(F ) é ❝♦♠♣❛❝t♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❛❞❡q✉❛❞❛ ❞❡

♠♦❞♦ q✉❡ ❛ s❡q✉ê♥❝✐❛ (vi)i≥1 ❝♦♥✈❡r❣❡✳ ❙❡❥❛ v = limi→∞ vi✳ ❈♦♠♦ vi ∈ Kni
(F )✱

t❡♠♦s

vi =
Fni (xi)−xi

ni
✱ xi ∈ Rm✳
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▲♦❣♦ v ∈ ρ(F ) ⊂ ❈♦♥✈ (ρ(F ))✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✶✹✳ ❙❡ F ∈ Cm✱ ❡♥tã♦ ❈♦♥✈ (ρ(F )) = ∩n≥1 ❈♦♥✈ (Kn(F ))✳

❉❡♠♦♥str❛çã♦✳ ❏á ✈✐♠♦s q✉❡ ρ(F ) ⊂ ❈♦♥✈ (Kn(F ))✱ ♣❛r❛ t♦❞♦ n ∈ N✱ ❛ss✐♠

❈♦♥✈ ρ(F ) ⊂ ❈♦♥✈ (Kn(F ))✱ ♣❛r❛ t♦❞♦ n ∈ N✳

▲♦❣♦✱ ❈♦♥✈ ρ(F ) ⊂ ∩n≥1 ❈♦♥✈ (Kn(F ))✳
P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ♣❛r❛ ❝❛❞❛ ε > 0✱ n s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱

❈♦♥✈ Kn(F ) ⊂ ❈♦♥✈ B( ❈♦♥✈ ρ(F ), ε) = B( ❈♦♥✈ ρ(F ), ε)✳

P♦rt❛♥t♦ s❡ v ∈ ∩n≥1 ❈♦♥✈ (Kn(F ))✱ ❡♥tã♦ v ∈ ❈♦♥✈ (Kn(F ))✱ ♣❛r❛ t♦❞♦ n✳ ❉❛í✱
v ∈ B( ❈♦♥✈ ρ(F ), ε)✳ ▲♦❣♦✱ v ∈ ❈♦♥✈ ρ(F )✳ ❈♦♠♦ q✉❡rí❛♠♦s✳

❚❡♦r❡♠❛ ✷✳✶✺✳ ❆ ❢✉♥çã♦ ❈♦♥✈ (ρ(.)) ❞❡ Cm ♥♦ ❡s♣❛ç♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ Rm

é s❡♠✐❝♦♥tí♥✉❛ s✉♣❡r✐♦r♠❡♥t❡❀ ✐st♦ é✱ ♣❛r❛ ❝❛❞❛ F ∈ Cm ❡ ε > 0✱ ❡①✐st❡ ✉♠❛
✈✐③✐♥❤❛♥ç❛ V ❞❡ F ❡♠ Cm t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ G ∈ V t❡♠♦s

❈♦♥✈ ρ(G) ⊂ B( ❈♦♥✈ ρ(F ), ε)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ F ∈ Cm ❡ ε > 0✱ ♣❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r ❡①✐st❡ n t❛❧ q✉❡

❈♦♥✈ Kn(F ) ⊂ B( ❈♦♥✈ ρ(F ), ε/2)✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ F ❡♠ Cm t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ G ∈ V ✱

❈♦♥✈ Kn(G) ⊂ B( ❈♦♥✈ Kn(F ), ε/2)✳

❉❛í✱

ρ(G) ⊂ ❈♦♥✈ Kn(G) ⊂ B( ❈♦♥✈ Kn(F ), ε/2)✳

▲♦❣♦✱

❈♦♥✈ ρ(G) ⊂ B( ❈♦♥✈ Kn(F ), ε)✳

❉❡st❡ t❡♦r❡♠❛ s❡❣✉❡ q✉❡ ♦ ❝♦♥❥✉♥t♦ A = {F ∈ Cm❀ x ∈ ❈♦♥✈ (ρ(F ))} é
❢❡❝❤❛❞♦✳
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✷✳✹ Pr♦♣r✐❡❞❛❞❡s ❞♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛

❛♣❧✐❝❛çõ❡s ♥♦ t♦r♦ ✷✲❞✐♠❡♥s✐♦♥❛❧

◆❡st❛ s❡çã♦ ✈❡r❡♠♦s q✉❡ ♥♦ ❝❛s♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ♥♦ t♦r♦ 2✲❞✐♠❡♥s✐♦♥❛❧✱
❤♦♠♦tó♣✐❝♦s à ✐❞❡♥t✐❞❛❞❡✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣♦ss✉✐ ♣r♦♣r✐❡❞❛❞❡s ♠❛✐s ❢♦rt❡s✳
▼❛✐s ♣❛rt✐❝✉❧❛r♠❡♥t❡✱ s❡ F ∈ H2 ❡♥tã♦ ♠♦str❛r❡♠♦s q✉❡ ρ(F ) é ❝♦♥✈❡①♦✳

❙❡❥❛♠ a, b ∈ R2✱ ❞❡♥♦t❡♠♦s ♣♦r ab ♦ s❡❣♠❡♥t♦ ❞❡ ❧✐♥❤❛ r❡t❛ ❛❜❡rt♦ ❧✐❣❛♥❞♦
a ❝♦♠ b ❡ ♣♦r ab ♦ s❡❣♠❡♥t♦ ❞❡ ❧✐♥❤❛ r❡t❛ ❢❡❝❤❛❞♦ ❧✐❣❛♥❞♦ a ❝♦♠ b✳ ❖ ❧❡♠❛ ❛
s❡❣✉✐r s❡rá ✐♠♣♦rt❛♥t❡ ♣❛r❛ ❛s ♣ró①✐♠❛s ❝♦♥s✐❞❡r❛çõ❡s✳

▲❡♠❛ ✷✳✶✻✳ ❙❡❥❛♠ a, b ∈ R2✱ a 6= b ❡ T ✉♠❛ tr❛♥s❧❛çã♦ ♣♦r ✉♠ ✈❡t♦r v✳ ❙❡❥❛
γ ✉♠❛ ❝✉r✈❛ s✐♠♣❧❡s ❧✐❣❛♥❞♦ a ❝♦♠ b✱ ♥ã♦ ✐♥t❡rs❡❝t❛♥❞♦ ab✳ ❆ss✉♠❛ q✉❡ γ ♥ã♦
✐♥t❡rs❡❝t❛ T (γ)✳ ❊♥tã♦ T (a) ♥ã♦ ♣❡rt❡♥❝❡ ❛ r❡❣✐ã♦ ❛❜❡rt❛ D ❧✐♠✐t❛❞❛ ♣♦r ab ∪ γ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ γ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❞❡ I ❡♠ R2✳ ❙❡♠ ♣❡r❞❛ ❞❡
❣❡♥❡r❛❧✐❞❛❞❡✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ a = 0✳ ❈♦♠♦ γ ♥ã♦ ✐♥t❡rs❡❝t❛ T (γ) = γ + v✱
❛ ❡q✉❛çã♦ γ(s) = γ(t) + v ♥ã♦ t❡♠ s♦❧✉çã♦ (s, t) ∈ I2✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦
ψ : I2 → R2 ❞❡✜♥✐❞❛ ♣♦r

ψ(s, t) = γ(s)− γ(t)✳

❊♥tã♦✱ t❡♠♦s q✉❡ v /∈ ψ(I2)✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦✱ ❡①✐st✐r✐❛ (s1, t1) ∈ I2 t❛❧ q✉❡
γ(s1)− γ(t1) = v ❡ ❡♥tã♦✱ γ ✐♥t❡rs❡❝t❛r✐❛ T (γ)✳ ❉❡✜♥❛ ❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ α ♣♦r

α(t) =





(3t, 0), s❡ 0 ≤ t ≤ 1/2

(1, 3t− 1), s❡ 1/3 ≤ t ≤ 2/3

(3− 3t, 3− 3t), s❡ 2/3 ≤ t ≤ 1.

❋✐❣✉r❛ ✷✳✶✿ ❆♣❧✐❝❛çã♦ α✳

❆ ❝✉r✈❛ ψ(α) é ✉♠❛ ❝♦♥❝❛t❡♥❛çã♦ ❞❛s ❝✉r✈❛s γ ❡ b−γ✳ ❙❡❥❛ β(t) = tb✱ t ∈ I✳ ❊♥tã♦
ψ(α) é ✉♠❛ ❝♦♥❝❛t❡♥❛çã♦ ❞❡ ❞✉❛s ❝✉r✈❛s ❢❡❝❤❛❞❛s δ = γ ∗ β−1 ❡ ǫ = β ∗ (b− γ)✳
P♦r ❤✐♣ót❡s❡✱ ❛ ❝✈✉r✈❛ γ é s✐♠♣❧❡s✳ ❙❡ v ∈ D ❡♥tã♦ ♦ í♥❞✐❝❡ indv(γ) ❞❡ γ ❝♦♠
r❡s♣❡✐t♦ ❛ v é 1 ♦✉ −1✳ ❈♦♠♦ ǫ é s✐♠étr✐❝❛ ♣❛r❛ γ ❝♦♠ r❡s♣❡✐t♦ ❛♦ ♣♦♥t♦ 1

2
b✱

ǫ é t❛♠❜é♠ s✐♠♣❧❡s ❡ ♦✉ indv(ǫ) = indv(γ) ✭s❡ b − v ∈ D✮ ♦✉ indv(ǫ) = 0 ✭s❡
b− v /∈ D✮✳ P♦rt❛♥t♦
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❋✐❣✉r❛ ✷✳✷✿ ❈✉r✈❛ ψ(α)✳

indv(ψ(α)) = indv(δ) + indv(ǫ) 6= 0✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ v é ✐♠❛❣❡♠ ❞❡ ❛❧❣✉♥s ♣♦♥t♦s ❞♦ tr✐â♥❣✉❧♦ ❧✐♠✐t❛❞♦ ♣♦r α✱
❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ T (a) = v /∈ D✳

▲❡♠❛ ✷✳✶✼✳ ❙❡❥❛♠ a, b ∈ R2✱ a 6= b✳ ❙❡❥❛ γ ✉♠❛ ❝✉r✈❛ s✐♠♣❧❡s ❧✐❣❛♥❞♦ a ❝♦♠ b✱
♥ã♦ ✐♥t❡rs❡❝t❛♥❞♦ ab✳ ❆ss✉♠❛ q✉❡ π(γ) é ✉♠❛ ❝✉r✈❛ s✐♠♣❧❡s✳ ❊♥tã♦

✭❛✮ π(a) /∈ π(D)✱ ♦♥❞❡ D é ❝♦♠♦ ♥♦ ❧❡♠❛ ❛❝✐♠❛❀

✭❜✮ ab ⊂ B(γ,
√
2)✳

❉❡♠♦♥str❛çã♦✳ ❙✉♣♦♥❤❛♠♦s ♣♦r ❛❜s✉r❞♦ q✉❡ π(a) ∈ π(D)✳ ❊♥tã♦ ❡①✐st❡ c ∈ D
t❛❧ q✉❡ π(a) = c✱ ✐st♦ é✱ c − a t❡♠ ❝♦♦r❞❡♥❛❞❛s ✐♥t❡✐r❛s✳ ❙❡❥❛ T ❛ tr❛♥s❧❛çã♦
♣♦r c − a✳ ❊♥tã♦ ❛s ❤✐♣ót❡s❡s ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r sã♦ s❛t✐s❢❡✐t❛s ❡ ♦❜t❡♠♦s ✉♠❛
❝♦♥tr❛❞✐çã♦✱ ♣r♦✈❛♥❞♦ ♦ ✐t❡♠ (a)✳

❋❛③❡♥❞♦ ✉♠❛ ♣❡q✉❡♥❛ r♦t❛çã♦ s❡ ♥❡❝❡ssár✐♦✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ab ♥ã♦ é
♥❡♠ ❤♦r✐③♦♥t❛❧ ♥❡♠ ✈❡rt✐❝❛❧✳ P❛r❛ ♠♦str❛r ♦ ✐t❡♠ (b) é s✉✜❝✐❡♥t❡ ♣r♦✈❛r q✉❡ ♣❛r❛
❝❛❞❛ q✉❛❞r❛❞♦ ❛❜❡rt♦ ❝♦♠ ✉♠ ❧❛❞♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ 1 ❡ ✈ért✐❝❡s ♣❡rt❡♥❝❡♥❞♦ ❛
r❡❞❡ a+Z2✱ q✉❡ s❡ ✐ss♦ ✐♥t❡rs❡❝t❛ ♦ s❡❣♠❡♥t♦ ab ❡♥tã♦ ✐ss♦ ✐♥t❡rs❡❝t❛ γ✳ ❙❡ ✉♠ t❛❧
q✉❛❞r❛❞♦ ✐♥t❡rs❡❝t❛ ab✱ ❡♥tã♦ ❡st❡ ✐♥t❡rs❡❝t❛ D✱ ♠❛s ❡st❡s ✈ért✐❝❡s ♥ã♦ ♣❡rt❡♥❝❡♠
❛ D✱ ♣♦r (a)✳ ❈♦♠♦ ✉♠❛ ❧✐♥❤❛ r❡t❛ ♥ã♦ ♣♦❞❡ s❡♣❛r❛r ✉♠ ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ ✉♠
q✉❛❞r❛❞♦ ❝♦♠ t♦❞♦s ❡ss❡s ✈ért✐❝❡s✱ ✜♥❛❧♠❡♥t❡ ♣❡❧♦ ♠❡♥♦s ✉♠ ❞❡ss❡s ✈ért✐❝❡s t❡♠
q✉❡ s❡r s❡♣❛r❛❞♦ ♣♦r γ✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ γ t❡♠ q✉❡ ✐♥t❡rs❡❝t❛r ♦ ❢❡❝❤♦ ❞❡ss❡
q✉❛❞r❛❞♦✳ ❈♦♠♦ q✉❡rí❛♠♦s✳

▲❡♠❛ ✷✳✶✽✳ ❙❡ G ∈ H2 ❡♥tã♦ Conv(G(I2)) ⊂ B(G(I2),
√
2)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ x ∈ Conv(G(I2)) G(I2)✳ ❖❧❤❡♠♦s ♣❛r❛ ♦ ❝♦♥❥✉♥t♦ A ❞❡
t♦❞♦s ♦s ❡❧❡♠❡♥t♦s θ ❞♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ S1 t❛❧ q✉❡ ♦ r❛✐♦ {x+ tθ; t ≥ 0} ✐♥t❡rs❡❝t❛
G(I2)✳❈♦♠♦G(I2) é ❝♦♥❡①♦ ❡ ❝♦♠♣❛❝t♦✱ A t❛♠❜é♠ ♦ é✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❝♦♠♦
x ∈ Conv(G(I2))✱ A ❞❡✈❡ ❝♦♥t❡r ✉♠ s❡♠✐❝ír❝✉❧♦ ❢❡❝❤❛❞♦✳ ■st♦ ✐♠♣❧✐❝❛ q✉❡ ❡①✐st❡♠
a, b ∈ G(I2) t❛❧ q✉❡ x ∈ ab ❡ q✉❡ ab é ❞✐s❥✉♥t♦ ❞❡ G(I2)✳ ❚❡♠♦s q✉❡ a = G(y) ❡
b = G(z) ♣❛r❛ ❛❧❣✉♠ y, z ∈ I2✳ ❆ ❝✉r✈❛ γ = G(yz) s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ ❧❡♠❛
❛❝✐♠❛✱ ❛ ♠❡♥♦s q✉❡ π(y) = π(z)✳ ◆❡st❡ ❝❛s♦✱ ♣❛r❛ ❝❛❞❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ b ❞❡✈❡
❡①✐st✐r b′ = G(z′) 6= b t❛❧ q✉❡ ab′ é ❞✐s❥✉♥t♦ ❞❡ G(I2)✱ ❥á q✉❡ G(I2) = int(G(I2))✳
❊♥tã♦✱ s✉❜st✐t✉✐♥❞♦ z ♣♦r z′✱ b ♣♦r b′ ❡ x ♣♦r x′✱ ♦♥❞❡ x′ é ♦ ♣♦♥t♦ ❞❡ ab′ ♠❛✐s



✸✽

♣ró①✐♠♦ ❞❡ x✳ P❡❧♦ ✐t❡♠ (b) ❞♦ ❧❡♠❛ ❛❝✐♠❛✱ x ♦✉ x′ ♣❡rt❡♥❝❡ ❛ B(G(I2),
√
2)✳

❈♦♠♦ b′ ♣♦❞❡r✐❛ s❡r ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡rt♦ ❞❡ x✱ x′ é ❛r❜✐tr❛r✐❛♠❡♥t❡
♣❡rt♦ ❞❡ x✳ ❆ss✐♠✱ ❡♠ ❛♠❜♦s ❝❛s♦ t❡♠♦s x ∈ B(G(A),

√
2)✳

❱❡r❡♠♦s ❛❣♦r❛ q✉❡ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦✱ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❞❡ H2 é t❛♠❜é♠
❝♦♥✈❡①♦✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡✱ ♥❡st❡ ❝❛s♦✱ ❡ss❡ ❝♦♥❥✉♥t♦ é ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦
❡ ❝♦♥✈❡①♦ ❞❡ R2✳ ◆❛ ♣ró①✐♠❛ s❡çã♦ ✈❡r❡♠♦s ❝♦♠♦ s❡ ❝❛r❛❝t❡r✐③❛♠ ❡ss❡s ❝♦♥❥✉♥t♦s
❞❡ r♦t❛çã♦✳

❚❡♦r❡♠❛ ✷✳✶✾✳ ❙❡❥❛ F ∈ H2✳ ❊♥tã♦

✭❛✮ ρ(F ) = ∩n≥1Conv(Kn(F ))❀

✭❜✮ ρ(F ) é ❝♦♥✈❡①♦❀

✭❝✮ ♣❛r❛ ❝❛❞❛ v ∈ ρ(F ) ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (xn)
∞
n=1 t❛❧ q✉❡

lim
n→∞

F n(xn)− xn
n

= v✳

❉❡♠♦♥str❛çã♦✳ ❏á ✈✐♠♦s q✉❡ ρ(F ) ⊂❈♦♥✈ (Kn(F ))✱ ❝♦♠ n ∈ N✳ P♦rt❛♥t♦✱
ρ(F ) ⊂ ∩n≥1 ❈♦♥✈(Kn(F ))✳ P♦r ❞❡✜♥✐çã♦✱

Kn(F ) = {Fn(x)−x
n

; x ∈ I2}✳

▲♦❣♦✱ Kn(F ) ⊂ B(F
n(I2)
n

,
√
2
n
)✳

❚❛♠❜é♠ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ Kn(F ) t❡♠♦s q✉❡

Fn(I2)
n

⊂ B(Kn(F ),
√
2
n
)✳

❉❛s três ✐♥❝❧✉sõ❡s ❛❝✐♠❛ t❡♠♦s

❈♦♥✈ (Kn(F )) ⊂ B(Kn(F ),
3
√
2

n
)✳

❆❣♦r❛✱ s❡ v ∈ ∩n≥1 ❈♦♥✈ (Kn(F )) ❡♥tã♦ ♣❡❧❛ ú❧t✐♠❛ ✐♥❝❧✉sã♦ ❛❝✐♠❛✱ ❡①✐st❡ ✉♠❛
s❡q✉ê♥❝✐❛ (xn)

∞
n=1 t❛❧ q✉❡

‖ F (xn)−xn
n

− v ‖≤ 3
√
2

n
✳

❆ss✐♠✱

limn→∞
Fn(xn)−xn

n
= v

❡ ♣♦rt❛♥t♦ v ∈ ρ(F )✳ ■ss♦ ♣r♦✈❛ q✉❡ ∩n≥1 ❈♦♥✈ (Kn(F )) ⊂ ρ(F ) ❡ ♣♦rt❛♥t♦ s❡❣✉❡
♦ ✐t❡♠ ✭❛✮✳ ❈♦♠♦ ✈✐♠♦s q✉❡ v ∈ ρ(F ) ♣r♦✈❛♠♦s t❛♠❜é♠ ♦ ✐t❡♠ ✭❝✮✳ ❆❧é♠ ❞✐ss♦✱
❝♦♠♦ ∩n≥1 ❈♦♥✈ (Kn(F )) é ❝♦♥✈❡①♦ s❡❣✉❡ q✉❡ ρ(F ) t❛♠❜é♠ ♦ é✱ ♣r♦✈❛♥❞♦ ♦ ✐t❡♠
✭❜✮✳



✸✾

❈♦r♦❧ár✐♦ ✷✳✷✵✳ ❙❡ F ∈ H2 ❡♥tã♦ ρ(F ) = ❈♦♥✈ (ρmes(F )) = ❈♦♥✈ (ρp(F ))✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ✈✐♠♦s q✉❡ s❡ F ∈ Cm ❡♥tã♦

❈♦♥✈ (ρ(F )) = ❈♦♥✈ (ρmes(F )) = ❈♦♥✈ (ρp(F ))✳

P❡❧♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ ρ(F ) = ❈♦♥✈ (ρ(F ))✳ P♦rt❛♥t♦ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡
✐♠❡❞✐❛t❛♠❡♥t❡✳

❈♦r♦❧ár✐♦ ✷✳✷✶✳ ❙❡ F ∈ H2 ❡♥tã♦ ρ(F ) = ❈♦♥✈ (∪ρ(F, x))✱ ♦♥❞❡ ❛ ✉♥✐ã♦ é
t♦♠❛❞❛ ♣❛r❛ t♦❞♦ ♣♦♥t♦ x ∈ π−1(Ω(f)) ❡ Ω(f) é ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ♥ã♦✲
❡rr❛♥t❡s ❞❡ f ✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ s❡ F ∈ Cm ❡♥tã♦

ρ(F ) = ❈♦♥✈ (∪ρ(F, x))✱ x ∈ π−1(Ω(f))

❈♦♠♦ ♣❛r❛ F ∈ H2✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(F ) é ❝♦♥✈❡①♦✱ s❡❣✉❡ q✉❡

ρ(F ) = ❈♦♥✈ (∪ρ(F, x))✱ x ∈ π−1(Ω(f))✳

❈♦r♦❧ár✐♦ ✷✳✷✷✳ ❆ ❢✉♥çã♦ ρ ❞❡ H2 ❞♦ ❡s♣❛ç♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ R2 é
s❡♠✐❝♦♥tí♥✉❛ s✉♣❡r✐♦r♠❡♥t❡✳

❈♦r♦❧ár✐♦ ✷✳✷✸✳ P❛r❛ ❝❛❞❛ x ∈ R2✱ ♦ ❝♦♥❥✉♥t♦ {F ∈ H2❀ x ∈ ρ(F )} é ❢❡❝❤❛❞♦✳

❆ ♣r♦✈❛ ❞❡ss❡s ❞♦✐s ú❧t✐♠♦s ❝♦r♦❧ár✐♦s s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ ♣♦r s❡r❡♠ ✈á❧✐❞♦s
♣❛r❛ ♦ ❝❛s♦ ❣❡r❛❧✱ ❝♦♠♦ ♣r♦✈❛❞♦ ♥❛ s❡çã♦ ✷✳✷❀ ❡ ✉s❛♥❞♦ ♦ ❢❛t♦ ❞❡ q✉❡ ♣❛r❛ H2✱ ♦
❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(F ) é ❝♦♥✈❡①♦✳

❏á ✈✐♠♦s q✉❡ s❡ F ∈ Cm ❡♥tã♦ ❡①✐st❡ ✉♠❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦
❡ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✱ ✐st♦ é✱ f q(x) = x ❡ π(y) = x ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ ρ(F, y) ❝♦♥s✐st❡
❞❡ ✉♠ ú♥✐❝♦ ♣♦♥t♦✳

◆♦ ❝❛s♦ ❡♠ q✉❡ F ∈ H2✱ ✈✐♠♦s t❛♠❜é♠ q✉❡ t♦❞♦ ♣♦♥t♦ ❡①tr❡♠❛❧ ❞♦ ❝♦♥❥✉♥t♦
❞❡ r♦t❛çã♦ ♣♦❞❡ s❡r r❡❛❧✐③❛❞♦✳
❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ é ♣r♦✈❛❞♦ ♣♦r ❋r❛♥❦s ❬✼❪ ✭❚❡♦r❡♠❛ ✸✳✺✮✱ ❡❧❡ ❞✐③ q✉❡ s❡ 0
♣❡rt❡♥❝❡ ❛♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ♠❡❞✐❞❛ ❞❡ F ✱ ❡♥tã♦ F t❡♠ ✉♠ ♣♦♥t♦ ✜①♦✳

❚❡♦r❡♠❛ ✷✳✷✹✳ ❙❡ F ∈ H2 ❡ 0 ∈ ρmes(F ) ❡♥tã♦ F t❡♠ ✉♠ ♣♦♥t♦ ♣♦♥t♦ ✜①♦✳

❈♦♠♦ ❝♦r♦❧ár✐♦ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛✱ ❣❛r❛♥t✐♠♦s q✉❡ ♦s ♣♦♥t♦s ❡①tr❡♠❛✐s
r❛❝✐♦♥❛✐s sã♦ r❡❛❧✐③❛❞♦s ♣♦r ór❜✐t❛s ♣❡r✐ó❞✐❝❛s✳

❚❡♦r❡♠❛ ✷✳✷✺✳ ❙❡ F ∈ H2 ❡ ( r
q
, s
q
) ∈ ρmes(F )✱ ♦♥❞❡ r, s ∈ Z✱ q ∈ N ❡ ♦ ♠á①✐♠♦

❞✐✈✐s♦r ❝♦♠✉♠ ❞❡ r, s, q é 1✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ♣♦♥t♦ q✲♣❡r✐ó❞✐❝♦ x ∈ T2 ❞❡ f t❛❧
q✉❡ ρ(F, y) = {( r

q
, s
q
)} ♣❛r❛ y ∈ π−1(x)✳



✹✵

❉❡♠♦♥str❛çã♦✳ ❱✐♠♦s q✉❡ ρmes(F q − p) = q.ρmes(F )− p✳ P♦r ❤✐♣ót❡s❡✱ ( r
q
, s
q
) ∈

ρmes(F )✳ ❙❡❣✉❡ q✉❡

(r, s) = q.( r
q
, s
q
) ∈ q.ρmes(F )✳

▲♦❣♦✱ 0 ∈ q.ρmes(F ) − (r, s) = ρmes(F
q − (r, s))✳ ❆ss✐♠✱ ♣❡❧♦ t❡♦r❡♠❛ ❛♥t❡r✐♦r✱

s❡❣✉❡ q✉❡ F q − (r, s) t❡♠ ✉♠ ♣♦♥t♦ ✜①♦ z✱ ✐st♦ é✱ F (z)− (r, s) = z✳ ❉❡ss❡ ♠♦❞♦✱

limn→∞
(F q)n(z)−(r,s)−z

n
= 0✳

■st♦ é✱ ρ(F q(r, s); z) = {0}✳ ▼❛s ❝♦♠♦ ρ(F q − p, x) = q.ρ(F, x)− p✱ s❡❣✉❡ q✉❡

q.ρ(F, z)− (r, s) = ρ(F q − (r, s); z) = {0}✳

❉❛í✱

ρ(F, z) = {( r
q
, s
q
)}✳

❆❣♦r❛✱ s❡ x = π(z) ✱ y ∈ π−1(x) ❡♥tã♦ π(y) = π(z) ❡ ♣♦rt❛♥t♦✱ y = z+ k✱ k ∈ Z2✳
❉❛í✱

ρ(F, y) = ρ(F, z + k)

= limn→∞
Fn(z+k)−(z+k)

n

= limn→∞
Fn(z)+k−z−k

n

= limn→∞
Fn(z)−z

n

= ρ(F, z)

= {( r
q
, s
q
)}. ✭✷✳✶✶✮

❚❡♠♦s t❛♠❜é♠ q✉❡

f q(x) = f (π(z)) = π(F q(z)) = π(z + (r, s)) = π(z) = x✳

❆❣♦r❛✱ s❡ x é ♣❡r✐ó❞✐❝♦ ♣❛r❛ f ♣❛r❛ ❛❧❣✉♠ ♣❡rí♦❞♦ q′ ❞✐✈✐❞✐♥❞♦ q ❡♥tã♦ f q
′

(x) =
x = π(z)✳ ❉❛í✱

π(F q′(z)) = f q
′

(π(z)) = f q
′

(x) = x = π(z)✱

♦✉ s❡❥❛✱ F q′(z) = z+(r′, s′)✱ ♣❛r❛ ❛❧❣✉♠ r′, s′ ∈ Z✳ ❈♦♠♦ q′ ❞✐✈✐❞❡ q✱ ❡①✐st❡ l ∈ Z



✹✶

t❛❧ q✉❡ q = q′.l✳ P♦rt❛♥t♦✱

F q(z) = F q′.l(z)

= (F q′(z))l

= z + l(r′, s′)

= z + q

q′
(r′, s′)

= z + ( q
q′
r′, q

q′
s′).

✭✷✳✶✷✮

■ss♦ ✐♠♣❧✐❝❛ q✉❡ r = q

q′
r′✱ s = q

q′
s′ ❡ q

q′
❞✐✈✐❞❡ r, s, q✳ ▲♦❣♦✱ q

q′
= 1 ❡ ♣♦rt❛♥t♦

q = q′✱ ❝♦♠♣❧❡t❛♥❞♦ ❛ ❞❡♠♦♥str❛çã♦✳

❈♦r♦❧ár✐♦ ✷✳✷✻✳ ❙❡ f ∈ H2 ❡♥tã♦ ρmes(F )∩Q2 = ∪ρ(F, y)✱ ♦♥❞❡ ❛ ✉♥✐ã♦ é ❞❛❞❛
♣❛r❛ t♦❞♦ y t❛❧ q✉❡ π(y) é ♣❡r✐ó❞✐❝♦ ♣❛r❛ f ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ ( r
q
, s
q
) ∈ Q2 t❛❧ q✉❡ ( r

q
, s
q
) ∈ ρmes(F )✳ ❊♥tã♦ ♣❡❧♦ t❡♦r❡♠❛

❛♥t❡r✐♦r✱ ❡①✐st❡ x = π(y) ∈ T2 ♣♦♥t♦ q✲♣❡r✐ó❞✐❝♦ ❞❡ f t❛❧ q✉❡ ρ(F, y) = ( r
q
, s
q
)✳

▲♦❣♦✱ ( r
q
, s
q
) ∈ ∪ρ(F, x)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ (a, b) ∈ ∪ρ(F, y) ❡♥tã♦ ❡①✐st❡ x ∈ T2✱

♦♥❞❡ π(y) = x✱ t❛❧ q✉❡ ρ(F, y) = (a, b) ❡ f q(x) = x ♣❛r❛ ❛❧❣✉♠ q ✐♥t❡✐r♦✳ ❆ss✐♠✱

π(F q(y)) = f q(π(y)) = π(y)✳

❊♥tã♦✱ F q(y) = y + (a′, b′)✱ (a′, b′) ∈ Z2✳ ❉❛í✱

ρ(F, y) = limq→∞
F q(y)−y

q
= (a′,b′)

q
∈ Q2✳

❆❧é♠ ❞✐ss♦✱

1
q

∑q−1
k=0 φ ◦ fk(x) = F q(y)−y

q
= (a′,b′)

q
.

▲♦❣♦✱

limq→∞
1
q

∑q−1
k=0 φ ◦ fk(x) = (a′,b′)

q
✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ µ ∈ ME✱ s❡❣✉❡ ♣❡❧♦ ❚❡♦r❡♠❛ ❡r❣ór❞✐❝♦ q✉❡

limq→∞
1
q

∑q−1
k=0 φ ◦ fk(x) =

∫
φdµ✳

P♦rt❛♥t♦✱

∫
φdµ = (a′,b′)

q
✳

▲♦❣♦✱

(a′,b′)
q

∈ {
∫
φdµ;µ ∈ ME} = ρmes(F )✳

■ss♦ ❝♦♠♣❧❡t❛ ❛ ♣r♦✈❛ ❞♦ ❝♦r♦❧ár✐♦✳



✹✷

✷✳✺ ❊①❡♠♣❧♦s ❞❡ ❝♦♥❥✉♥t♦s ❞❡ r♦t❛çã♦ ♣❛r❛

❤♦♠❡♦♠♦r✜s♠♦s ♥♦ t♦r♦

❈♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(F ) ❞❡ ✉♠
❤♦♠❡♦♠♦r✜s♠♦ ❞❡ T2✱ ❤♦♠♦tó♣✐❝♦ à ✐❞❡♥t✐❞❛❞❡✱ é ❝♦♠♣❛❝t♦ ❡ ❝♦♥✈❡①♦✳ ❉❡ss❛
❢♦r♠❛✱ ❡❧❡ ♣♦❞❡ s❡r ✉♠ ♣♦♥t♦✱ ✉♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ♦✉ ♣♦ss✉✐r ✐♥t❡r✐♦r ♥ã♦✲✈❛③✐♦✳
◆❡st❛ s❡çã♦ ✈❡r❡♠♦s ❡①❡♠♣❧♦s q✉❡ ✐❧✉str❛♠ ❝❛❞❛ ✉♠ ❞♦s três ❝❛s♦s ❛❝✐♠❛✳

✭✶✮ ❯♠ ú♥✐❝♦ ✈❡t♦r❀
❙❡❥❛ H : R2 → R2 ❞❛❞❛ ♣♦r H(x) = x + v✱ v ∈ R2✳ ◆♦t❡ q✉❡ H é ✉♠
❧❡✈❛♥t❛♠❡♥t♦ ❞❡ h(x) = [x+ v]✱ ♣♦✐s

π ◦H(x) = π(x+ v) = [x+ v]
h ◦ π(x) = [π(x) + v] = [x+ v]

❆❧é♠ ❞✐ss♦✱

Hn(x) = Hn−1(H(x)) = Hn−1(x+ v) = Hn−2H(x+ v) = Hn−2(x+ 2v) =
... = x+ nv✳

▲♦❣♦✱ H
n(x)−x
n

= x+nv−x
n

= v✳ P♦rt❛♥t♦✱ ρ(H) = v✳

✭✷✮ ❯♠ s❡❣♠❡♥t♦ ❞❡ r❡t❛❀
❊ss❡ ❡①❡♠♣❧♦ é ❝♦♥❤❡❝✐❞♦ ♣♦r ❋❧✉①♦ ❞❡ ❘❡❡❜ ❡ ❝♦♥str✉í❞♦ ♥❛ ❢❛✐①❛
(−∞,∞)× [0, 1]✳
❉❡✜♥❛♠♦s s♦❜r❡ ❛s r❡t❛s (−∞,∞)×{0}✱ (−∞,∞)×{1

2
} ❡ (−∞,∞)×{1}

❋✐❣✉r❛ ✷✳✸✿ ❋❧✉①♦ ❞❡ ❘❡❡❜

✉♠ ❝❛♠♣♦ v q✉❡ ✈❛❧❡ (−1, 0)✱ (1, 0) ❡ (−1, 0)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❊st❡♥❞❛♠♦s ❡ss❡ ❝❛♠♣♦ ❡♠ (−∞,∞)×[0, 1] ❞❡ ❢♦r♠❛ q✉❡ ❛s ❝✉r✈❛s ✐♥t❡❣r❛✐s
r❡st❛♥t❡s s❡❥❛♠ ❛ss✐♥tót✐❝❛s às r❡st❛s ❞❛❞❛s ❛♥t❡r✐♦r♠❡♥t❡ ❡ s❛t✐s❢❛ç❛♠

v(x+ 1, y) = v(x, y)✱
v(x, y + 1

2
) = −v(x, y)✳



✹✸

❉❡ ❢♦r♠❛ ♥❛t✉r❛❧✱ ❡st❡♥❞❛♠♦s ❡ss❡ ❝❛♠♣♦ ♣❛r❛ t♦❞♦ ♦ ♣❧❛♥♦ ❡ ❝♦♥s✐❞❡r❡♠♦s
♦ ❤♦♠❡♦♠♦r✜s♠♦ ❞❛❞♦ ♣❡❧♦ ✢✉①♦ ♥♦ t❡♠♣♦ 1✱

F (x, y) = (x+ cos(2πy), y + 1
100

sen(2πy))✳

❉❛❞♦ (x, k
2
) ∈ R× 1

2
Z❀ k ∈ Z✱ t❡♠♦s

✭❆✮ ❙❡ k é ♣❛r✱ ❡♥tã♦✱

F (x, k
2
) = (x+ cos(πk), k

2
+ 1

100
sen(πk))✱

F 2(x,
k

2
) = F (F (x, k

2
))

= F (x+ 1, k
2
)

= (x+ 1 + cos(πk), k
2
+ 1

100
sen(πk))

= (x+ 2, k
2
).

✭✷✳✶✸✮

❆ss✐♠✱ F n(x, k
2
) = (x+ n, k

2
)✳ P♦rt❛♥t♦✱

Fn(x, k
2
)−(x, k

2
)

n
=

(x+n, k
2
)−(x, k

2
)

n
= (n,0)

n
= (1, 0)✳

❆♥❛❧♦❣❛♠❡♥t❡✱

✭❇✮ ❙❡ k é í♠♣❛r✱ ❡♥tã♦✱

F n(x, k
2
) = (x+ n, k

2
).

P♦rt❛♥t♦✱

Fn(x, k
2
)−(x, k

2
)

n
= (−1, 0)✳

➱ ♣♦ssí✈❡❧ ♠♦str❛r q✉❡ ∀z ∈ R2✱ ρ(F, z) = {(−1, 0)} ♦✉ ρ(F, z) = {(1, 0)}✳
❆ss✐♠✱ ρp(F ) = {(−1, 0), (1, 0)}✳
❈♦♠♦ ρ(F ) = ❈♦♥✈ ρp(F )✱ s❡❣✉❡ q✉❡

ρ(F ) = [−1, 1]× {0}✳

✭✸✮ P♦ss✉✐ ✐♥t❡r✐♦r ♥ã♦✲✈❛③✐♦✳
❱❛♠♦s ❝♦♥str✉✐r ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ♦♥❞❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ρ(F ) =
[0, 1]2✳ ✶

❙❡❥❛♠ φ, ψ : R → [0, 1] ❢✉♥çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ♣❡rí♦❞♦ 1✱ t❛✐s q✉❡

φ(t) = ψ(t) = 0; t ∈ Z

φ(t) = ψ(t) = 1; t ∈ 1
2
+ Z✳

❙❡❥❛♠ G,H : R2 → R2 ❞❛❞❛s ♣♦r

G(x, y) = (x+ φ(y), y)
H(x, y) = (x, y + ψ(x))✳

✶❖ ❝❛s♦ ❣❡r❛❧✱ ♦♥❞❡ q✉❛❧q✉❡r ♣♦❧í❣♦♥♦ ❝♦♥✈❡①♦ ❞❡ R2 é ❝♦♥❥✉♥t♦ ❞❡ r♦t❛çã♦ ❞❡ ❛❧❣✉♠
❤♦♠❡♦♠♦r✜s♠♦ ❤♦♠♦tó♣✐❝♦ à ✐❞❡♥t✐❞❛❞❡✱ ♣♦❞❡ s❡r ❝♦♥s✉❧t❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✸❪✳



✹✹

❈♦♥s✐❞❡r❡ F = H ◦ G✳ ❊♥tã♦✱ F (x, y) = (x + φ(y), y + ψ(x + φ(y))✳ ❙❡
v = (v1, v2) ∈ Z2 ❡♥tã♦

F (x, y) + (v1, v2) = (x+ φ(y) + v1, y + ψ(x+ φ(y)) + v2),

✭✷✳✶✹✮

F (x+ v1, y + v2) = (x+ v1 + φ(y + v2), y + v2 + ψ(x+ v1 + φ(y + v2))

= (x+ v1 + φ(y), y + v2 + ψ(x+ v1 + φ(y))

= (x+ v1 + φ(y), y + v2 + ψ(x+ φ(y))

= F (x, y) + (v1, v2).

✭✷✳✶✺✮

▲♦❣♦✱ F é ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ ❛❧❣✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❞❡ T2✱ ❤♦♠♦tó♣✐❝♦ à
✐❞❡♥t✐❞❛❞❡✳ ❆❣♦r❛✱

F (1
2
, 0) = (1

2
+ φ(0), ψ(1

2
+ φ(0)) = (1

2
, ψ(1

2
)) = (1

2
, 1)✱

F 2(1
2
, 0) = F (F (1

2
, 0)) = (1

2
+φ(1), 1+ψ(1

2
+φ(1)) = (1

2
, 1+ψ(1

2
)) = (1

2
, 1+1)✳

▲♦❣♦✱ F n(1
2
, 0) = (1

2
, n)✳ ❉❛í✱

Fn( 1
2
,0)−( 1

2
,0)

n
=

( 1
2
,n)−( 1

2
,0)

n
= (0,n)

n
= (0, 1)✳

P♦rt❛♥t♦✱ ρ(F ; (1
2
, 0)) = (0, 1)✳ ❆♥❛❧♦❣❛♠❡♥t❡✱

ρ(F ; (0, 1
2
)) = (1, 0)✱

ρ(F ; (0, 0)) = (0, 0)✱
ρ(F ; (1

2
, 1
2
)) = (1, 1)✳

❆ss✐♠✱ {(0, 0), (0, 1), (1, 0), (1, 1)} ⊆ ρp(F )✳ ❈♦♠♦ ρ(F ) = ❈♦♥✈ ρp(F )✱
s❡❣✉❡ q✉❡ [0, 1]2 ⊆ ρ(F )✳
P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ t♦❞♦ (x, y)R2 t❡♠♦s

F (x, y)− (x, y) = (x+ φ(y), y + ψ(x+ φ(y))− (x, y) =
(φ(y), ψ(x+ φ(y)) ∈ [0, 1]× [0, 1] = [0, 1]2✱

F 2(x, y)−(x, y) = F (F (x, y))−(x, y) = F (x+φ(y), y+ψ(x+φ(y))−(x, y) =
(x+ φ(y) + φ(y), y + ψ(x+ φ(y) + ψ(x+ φ(y))− (x, y) =

(2φ(y), 2ψ(x+ φ(y)) ∈ [0, 2]2✳

P♦r r❡❝♦rrê♥❝✐❛✱ F n(x, y)− (x, y) ∈ [0, n]2✳ ▲♦❣♦✱

Fn(x,y)−(x,y)
n

∈ [0,n]2

n
= [0, 1]2✳

▲♦❣♦✱ ρ(F ) = [0, 1]2✳

❖ ❡①❡♠♣❧♦ ❛❝✐♠❛ ✐❧✉str❛ ♦ r❡s✉❧t❛❞♦ ❞❡ ❑✇❛♣✐s③✱ ❝✐t❛❞♦ ♥❛ ✐♥tr♦❞✉çã♦✳ ■ss♦
t❡r♠✐♥❛ ❛ ♣r♦✈❛ ❞❡ t♦❞♦s ♦s r❡s✉❧t❛❞♦s ❝✐t❛❞♦s ♥❛ ✐♥tr♦❞✉çã♦✳



✹✺

❋✐❣✉r❛ ✷✳✹✿ ❋❧✉①♦ ❞❛ ❛♣❧✐❝❛çã♦ ●

❋✐❣✉r❛ ✷✳✺✿ ❋❧✉①♦ ❞❛ ❛♣❧✐❝❛çã♦ ❍



❆♣ê♥❞✐❝❡ ❆

❚❡♦r❡♠❛ ❞❡ ❈❧❛ss✐✜❝❛çã♦ ❞❡

P♦✐♥❝❛ré

■♥✐❝✐❛❧♠❡♥t❡ ✈❡r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ❧❡✈❛♥t❛♠❡♥t♦✳
❖ ❧❡♠❛ ❛ s❡❣✉✐r ♥♦s ❞✐③ q✉❡ t♦❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ ❞❡✜♥✐❞❛ ♥♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦

❛❞♠✐t❡ ✐♥✜♥✐t♦s ❧❡✈❛♥t❛♠❡♥t♦s✱ ♦s q✉❛✐s ❞✐❢❡r❡♠ ❞♦✐s ❛ ❞♦✐s ♣♦r ✉♠ ✐♥t❡✐r♦ ✭❢✉♥çã♦
❝♦♥st❛♥t❡✮✳

▲❡♠❛ ✷✳✷✼✳ ❚♦❞❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f0 : S1 → S1 ❛❞♠✐t❡ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦
f1 : R → R✳ ▼❛✐s ❛✐♥❞❛✱ ♣❛r❛ t♦❞♦ k ∈ Z t❡♠✲s❡ q✉❡ f1 + k t❛♠❜é♠ é
❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ x ∈ S1✱ ❡♥tã♦ ❡①✐st❡ x′ ∈ S1 t❛❧ q✉❡ f0(x) = x′✳ P♦r ♦✉tr♦
❧❛❞♦✱ ❝♦♠♦ π é s♦❜r❡❥❡t✐✈❛✱ ❡①✐st❡ y, y′ ∈ R t❛❧ q✉❡ π(y) = x ❡ π(y′) = x′✳ ❆ss✐♠✱

f0(x) = x′ ⇒ f0(π(y)) = π(y′) ⇒ π−1(f0(π(y))) = y′✳

■st♦ é✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛ f1 = π−1 ◦ π : R → R t❛❧ q✉❡ f1(y) = y′✳
P♦rt❛♥t♦ f1 é ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0✳
❆❧é♠ ❞✐ss♦✱ f1+ k❀ ♣❛r❛ t♦❞♦ k ∈ Z é t❛♠❜é♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0✳ ❈♦♠ ❡❢❡✐t♦✱ é
❝❧❛r♦ q✉❡ ❝♦♠♦ f1 é ❝♦♥tí♥✉❛✱ f1 + k t❛♠❜é♠ é ❝♦♥tí♥✉❛✱ ♣❛r❛ t♦❞♦ k ∈ Z✳ ❆❧é♠
❞✐ss♦✱

π ◦ (f1 + k) = π ◦ f1 = f0 ◦ π✳

P♦rt❛♥t♦✱ f0 ♣♦ss✉✐ ✐♥✜♥✐t♦s ❧❡✈❛♥t❛♠❡♥t♦s✳
❙❡❥❛♠ f1✱f2 : R → R ❧❡✈❛♥t❛♠❡♥t♦s q✉❛✐sq✉❡r ❞❡ f0✳ ❱❛♠♦s ♠♦str❛r q✉❡

∃k ∈ Z t❛❧ q✉❡ f1(x) = f2 + k✱ ∀x ∈ R✳ ❈♦♠♦ f1 ❡ f2 sã♦ ❛♠❜❛s ❧❡✈❛♥t❛♠❡♥t♦s
❞❡ f0✱ t❡♠♦s

π ◦ f1 = f0 ◦ π = π ◦ f2✳

❆ss✐♠✱ π(f1)− π(f2) = 0 ❡ ♣♦rt❛♥t♦✱

f1(x)− f2(x) = k(x) ∈ Z

✹✻



✹✼

❆✜r♠❛çã♦✿ k(x) ✐♥❞❡♣❡♥❞❡ ❞❡ x✳
❈♦♠ ❡❢❡✐t♦✱ (f1 − f2)(x) = f1(x) − f2(x) = k(x)✳ ❈♦♠♦ f1✱ f2 sã♦

❝♦♥tí♥✉❛s ✱ s❡❣✉❡ q✉❡ f1 − f2 : R → Z t❛♠❜é♠ é ❝♦♥tí♥✉❛✳ ❉❛í✱ ❝♦♠♦ Z é ✉♠
❡s♣❛ç♦ ❞✐s❝r❡t♦✱ s❡❣✉❡ q✉❡ f1 − f2 t❡♠ ✉♠ ú♥✐❝♦ ✐♥t❡✐r♦ ❝♦♠♦ ✐♠❛❣❡♠✳ P♦rt❛♥t♦✱
f1(x)− f2(x) = (f1 − f2)(x) = k ∈ Z✳ ■st♦ é✱ f1(x) = f2(x) + k✱ ∀x ∈ R✳

❖❜s❡r✈❛çã♦ ✷✳✷✽✳ ❖ ❧❡♠❛ ❛♥t❡r✐♦r ♥♦s ❞✐③ q✉❡ ❞❛❞♦ ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ q✉❛❧q✉❡r
❞❡ f é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r t♦❞♦s ♦s s❡✉s ♦✉tr♦s ❧❡✈❛♥t❛♠❡♥t♦s✱ ♦s q✉❛✐s sã♦
✐♥✜♥✐t♦s✳
◆♦t❡ q✉❡

π(f(x+ 1)) = f0(π(x+ 1)) = f0(π(x)) = π(f(x))✳

■st♦ ✐♠♣❧✐❝❛ q✉❡✱ f(x+ 1)− f(x) = d(x) ∈ Z✱ ♦♥❞❡ f é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0✳
❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ ❛r❣✉♠❡♥t♦ ♥❛ ♣r♦✈❛ ❞♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ ♠♦str❛♠♦s q✉❡ f(x +
1) − f(x) ✐♥❞❡♣❡♥❞❡ ❞❡ x✳ ❆❧é♠ ❞✐ss♦✱ s❡ g é ♦✉tr♦ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f0✱ ❡♥tã♦
♣❡❧♦ ❧❡♠❛✱ ∃k ∈ Z t❛❧ q✉❡ g(x) = f(x) + k✳ ❉❛í✱

g(x+ 1)− g(x) = f(x+ 1) + k − f(x)− k = f(x+ 1)− f(x) = d✳

P♦rt❛♥t♦✱ d ✐♥❞❡♣❡♥❞❡ ❞♦ ❧❡✈❛♥t❛♠❡♥t♦✳

❆ ♣r♦♣♦s✐çã♦ ❛❜❛✐①♦ ❡①✐❜❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❡♥✈♦❧✈❡♥❞♦ ♦ ❣r❛✉ ❞❡ f0
❡ s❡✉s ❧❡✈❛♥t❛♠❡♥t♦s✳

Pr♦♣♦s✐çã♦ ✷✳✷✾✳ ❙❡❥❛♠ f0 : S
1 → S1 ❝♦♥tí♥✉❛ ❡ f1, f2 : R → R ❧❡✈❛♥t❛♠❡♥t♦s

❞❡ f0✱ ❡♥tã♦✿

P✶✮ f1(x+m) = f1(x) +md❀ m ∈ Z❀

P✷✮ fn1 (x+m) = fn1 (x) +mdn❀ m,n ∈ Z❀

P✸✮ ❙❡ ❞❡❣ f0 = 1✱ ❡♥tã♦ fn1 (x) = fn2 (x) + nk❀ k, n ∈ Z❀

P✹✮ fn1 ✱ f
n
2 sã♦ ❧❡✈❛♥t❛♠❡♥t♦s ❞❡ fn0 ✳

❉❡♠♦♥str❛çã♦✳ P✶✮

f1(x+m) = f1(x+m− 1) + d

= f1(x+m− 2) + 2d

= f1(x+m− 3) + 3d.

✭✷✳✶✻✮

P♦rt❛♥t♦✱ f1(x+m) = f1(x+m−m) +md = f1(x) +md✳



✹✽

P✷✮

fn1 (x+m) = fn−1
1 (f1(x+m))

= fn−1
1 (f1(x) +md)

= fn−2
1 (f1(f1(x) +md))

= fn−2
1 (f 2

1 (x) +md2)).

✭✷✳✶✼✮

❙❡❣✉❡ ✐♥❞✉t✐✈❛♠❡♥t❡ q✉❡ ✱ fn1 (x+m) = fn−n1 (fn1 (x)+md
n)) = fn1 (x)+md

n✳

P✸✮ P♦r ✐♥❞✉çã♦ t❡♠♦s q✉❡ s❡ n = 1 ❡♥tã♦ ❡①✐st❡ k ∈ Z t❛❧ q✉❡ f1(x) = f2(x)+k✱
♣❛r❛ t♦❞♦ x ∈ R✳ ❙✉♣♦♥❤❛♠♦s q✉❡ f t1(x) = f t2(x) + tk ♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ t
♠❛✐♦r ❞♦ q✉❡ ♦✉ ✐❣✉❛❧ ❛ 1 ❡ ♠❡♥♦r q✉❡ n✳ ❊♥tã♦

f1(x) = fn−1
1 (f1(x))

= fn−1
2 (f1(x)) + (n− 1)k

= fn−1
2 (f2(x) + k) + (n− 1)k

= fn−1
2 (f2(x)) + k + (n− 1)k

= fn2 (x) + nk.

✭✷✳✶✽✮

P♦rt❛♥t♦ ❛ ✐❣✉❛❧❞❛❞❡ é ✈á❧✐❞❛ ♣❛r❛ t♦❞♦ n ∈ N✳

P✹✮ ❱❛♠♦s ♠♦str❛r q✉❡ fn1 é ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ fn0 ✳ P♦r ✐♥❞✉çã♦✱ s❡ n = 1
❛ ❛✜r♠❛çã♦ é ✈❡r❞❛❞❡✐r❛ ♣♦r ❤✐♣ót❡s❡✳ ❙✉♣♦♥❤❛ q✉❡ ❛ ❛✜r♠❛çã♦ s❡❥❛
✈❡r❞❛❞❡✐r❛ ♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ ♠❛✐♦r ❞♦ q✉❡ ♦✉ ✐❣✉❛❧ ❛ 1 ❡ ♠❡♥♦r q✉❡ n✳
P❡❧❛ ❞❡✜♥✐çã♦ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦✱ t❡♠♦s

π ◦ fn1 = π ◦ fn−1
1 ◦ f1 = fn−1

0 ◦ π ◦ f1 = fn−1
0 ◦ f0 ◦ π = fn0 ◦ π✳

P♦rt❛♥t♦✱ fn1 é ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ fn0 ✳

❆❣♦r❛ ✈❡r❡♠♦s ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s ❞♦ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ♣❛r❛
❤♦♠❡♦♠♦r✜s♠♦s ♥♦ ❝ír❝✉❧♦✳ ▲♦❣♦ ❞❡♣♦✐s ❡①✐❜✐r❡♠♦s ❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ❞❡
❈❧❛ss✐✜❝❛çã♦ ❞❡ P♦✐♥❝❛ré✳

❖ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ é ✉♠ ♥ú♠❡r♦ r❡❛❧ ❛ss♦❝✐❛❞♦ ❛ ❛♣❧✐❝❛çã♦ f ✱ ❞❡✜♥✐❞❛
♥♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ S1✳ ❱❡❥❛♠♦s ❝♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ❝❛r❛❝t❡r✐③❛ ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ór❜✐t❛s ❞❡ f ✳

❉❡✜♥✐çã♦ ✷✳✸✵✳ ❙❡❥❛♠ f : S1 → S1 ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ q✉❡ ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦
♥♦ ❝ír❝✉❧♦ ❡ F : R → R ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ q✉❛❧q✉❡r ❞❡ f ✳ ❖ ♥ú♠❡r♦ ρ(F ) =
ρ0(f)(mod1) é ❝❤❛♠❛❞♦ ❞❡ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ❞❡ f ✱ ♦♥❞❡

ρ0(f) = lim
n→∞

F n(x)− x

n



✹✾

s❡♠♣r❡ ❡①✐st❡✳

❊st❛ ❞❡✜♥✐çã♦ ♥♦s ❞✐③ ♦ q✉❛♥t♦ ❡♠ ♠é❞✐❛ ❝❛❞❛ ✐t❡r❛❞♦ ❞❡ ✉♠ ♣♦♥t♦ x ∈ S1✱
✏❝❛♠✐♥❤❛✧♣❡❧♦ ❤♦♠❡♦♠♦r✜s♠♦ f ✳ ❖ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ s❡♠♣r❡ ❡①✐st❡ ❡ ✐♥❞❡♣❡♥❞❡
❞♦ ♣♦♥t♦ ❡s❝♦❧❤✐❞♦✳

❙❡ x ❡ y sã♦ ❞♦✐s ♣♦♥t♦s ❡♠ S1✱ ❡♥tã♦ ❞❡✜♥✐♠♦s ♦ ✐♥t❡r✈❛❧♦ [x, y] ⊂ S1 s❡♥❞♦
π([x′, y′])✱ ♦♥❞❡ x′ ∈ π−1(x) ❡ y′ = π−1(y) ∩ [x′, x′ + 1]✳ ■♥t❡r✈❛❧♦s ❛❜❡rt♦s ❡
s❡♠✐✲❛❜❡rt♦s sã♦ ❞❡✜♥✐❞♦s ❞❡ ♠❛♥❡✐r❛ s❡♠❡❧❤❛♥t❡✳

▲❡♠❛ ✷✳✸✶✳ ❙✉♣♦♥❤❛ ρ(F ) ✐rr❛❝✐♦♥❛❧✳ ❊♥tã♦✱ ♣❛r❛ q✉❛❧q✉❡r x ∈ S1 ❡ q✉❛✐sq✉❡r
✐♥t❡✐r♦s ❞✐st✐♥t♦s m > n✱ ❡①✐st❡ k ∈ N t❛❧ q✉❡ fk(x) ∈ I = [fm(x), fn(x)]✳

❱❡❥❛♠♦s ❛❣♦r❛ ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳

Pr♦♣♦s✐çã♦ ✷✳✸✷✳ ❙❡ ρ(F ) é ✐rr❛❝✐♦♥❛❧✱ ❡♥tã♦ ω(x) = ω(y)✱ ∀x, y ∈ S1✱ ❡ t❛♠❜é♠
ω(x) = S1 ♦✉ ω(x) é ♣❡r❢❡✐t♦ ✭❢❡❝❤❛❞♦ ❡ s❡♠ ♣♦♥t♦s ✐s♦❧❛❞♦s✮ ❡ ♥ã♦ ❞❡♥s♦ ❡♠
♥❡♥❤✉♠ ❛❜❡rt♦✳

▲❡♠❛ ✷✳✸✸✳ ❙✉♣♦♥❤❛ q✉❡ ρ(F ) é ✐rr❛❝✐♦♥❛❧✱ ♦♥❞❡ F ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f ❡
ρ = ρ(F )✳ ❊♥tã♦ ♣❛r❛ q✉❛❧q✉❡r x ∈ R✱

n1ρ+m1 < n2ρ+m2 ⇐⇒ F n1(x) +m1 < F n2(x) +m2

♣❛r❛ q✉❛❧q✉❡r m1,m2, n1, n2 ∈ Z✳

❚❡♦r❡♠❛ ✷✳✸✹✳ ✭❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✮ ❙❡❥❛ f : S1 → S1 ✉♠ ❤♦♠❡♦♠♦r✜s♠♦
q✉❡ ♣r❡s❡r✈❛ ♦r✐❡♥t❛çã♦ ❝♦♠ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ✐rr❛❝✐♦♥❛❧ ρ✳

✶✮ ❙❡ f é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈❛ ❡♥tã♦ f é ❝♦♥❥✉❣❛❞❛ t♦♣♦❧♦❣✐❝❛♠❡♥t❡ à
r♦t❛çã♦ Rρ✳

✷✮ ❙❡ f ♥ã♦ é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ tr❛♥s✐t✐✈❛✱ ❡♥tã♦ Rρ é ✉♠ ❢❛t♦r t♦♣♦❧ó❣✐❝♦ ❞❡ f ✱
❛tr❛✈és ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ♠♦♥ót♦♥❛✱ ❝♦♥tí♥✉❛ ❡ ♥ã♦✲✐♥✈❡rtí✈❡❧ h : S1 → S1✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ F : R → R ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f ❡ ✜①❡ x ∈ R✳ ❈♦♥s✐❞❡r❡
t❛♠❜é♠ ♦s ❝♦♥❥✉♥t♦s A = {F n(x) +m : n,m ∈ Z} ❡ B = {nρ +m : n,m ∈ Z}✳
❉❡✜♥❛ H : A → B ♣♦r H(F n(x) + m) = nρ + m✳ P❡❧♦ ❧❡♠❛ ❛♥t❡r✐♦r✱ H é
♠♦♥ót♦♥❛✳

❖ ❝♦♥❥✉♥t♦ B é ❞❡♥s♦ ❡♠ R✳ ❉❡ ❢❛t♦✱ s❡❥❛ J ⊂ R ✉♠ ❛❜❡rt♦ q✉❛❧q✉❡r ❡
π : R → S1✱ ♦♥❞❡ π(x) = x(mod1) ❛ ❛♣❧✐❝❛çã♦ ♣r♦❥❡çã♦✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ ❛
r♦t❛çã♦ Rρ : S1 → S1✱ ♦♥❞❡ Rρ(x) = x + ρ✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❏❛❝♦❜✐ ❛ r♦t❛çã♦
Rρ é ♠✐♥✐♠❛❧✱ ✐st♦ é✱ ❛ ór❜✐t❛ ORρ

(x) = {Rn
ρ (x)}n∈Z é ❞❡♥s❛ ❡♠ S1✱ ∀x ∈ S1✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ór❜✐t❛ ❞❡ 0✱ ORρ
(0) = {Rn

ρ (0)}n∈Z é ❞❡♥s❛ ❡♠ S1✳ ❊♥tã♦✱
❝♦♥s✐❞❡r❛♥❞♦ ♦ ✐♥t❡r✈❛❧♦ π(J) = I ⊂ S1✱ t❡♠♦s q✉❡ Rn

ρ (0) ∈ I = π(J)✳ ▲♦❣♦✱
❡①✐st❡ x ∈ J t❛❧ q✉❡ Rn

ρ (0) = π(x)✱ n ∈ Z✳
❆❣♦r❛✱ s❡❥❛ F ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ Rρ✳ ❏á ✈✐♠♦s q✉❡ ❡♥tã♦✱ F n é ✉♠
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❧❡✈❛♥t❛♠❡♥t♦ ❞❡ Rn
ρ ✳ ▲♦❣♦✱ ❡①✐st❡ y ∈ J t❛❧ q✉❡ F n(0) = y✱ n ∈ Z✳ P❡❧❛

❞❡✜♥✐çã♦ ❞❡ ❧❡✈❛♥t❛♠❡♥t♦ t❡♠♦s

π ◦ F n(0) = Rn
ρ ◦ π(0)

⇒
π(y) = Rn

ρ (0)

⇒
π(y) = nρ

⇒
y(mod1) = nρ

⇒
y = nρ+m

P♦rt❛♥t♦✱ ♦ ❝♦♥❥✉♥t♦ B é ❞❡♥s♦ ❡♠ R✳
❙❡ ❛❜✉s❛r♠♦s ❞❛ ♥♦t❛çã♦ ❡ ❡s❝r❡✈❡r♠♦s Rρ ❝♦♠♦ ❛ tr❛♥s❢♦r♠❛çã♦ Rρ : R → R✱

t❛❧ q✉❡ Rρ(x) = x+ ρ ❡♥tã♦ H ◦ F = Rρ ◦H ❡♠ A✱ ❥á q✉❡

H ◦ F (F n(x) +m) = H ◦ F (F n(x+m))

= H ◦ F n+1(x+m))

= H(F n+1(x) +m)

= (n+ 1)ρ+m ✭✷✳✶✾✮

❡

Rρ ◦H(F n(x) +m) = Rρ(nρ+m)

= nρ+m+ ρ

= (n+ 1)ρ+m ✭✷✳✷✵✮

❆✜r♠❛çã♦✿ H s❡ ❡st❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❛♦ ❢❡❝❤♦ ❞❡ A✳
❉❡ ❢❛t♦✱ s❡ y ∈ A ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (xn)n∈N ⊂ A t❛❧ q✉❡ lim xn = y✳
◗✉❡r❡♠♦s ❞❡✜♥✐r H(y) = limH(xn)✳ P❛r❛ ♠♦str❛r♠♦s q✉❡ limH(xn) ❡①✐st❡
❡ ✐♥❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❛ s❡q✉ê♥❝✐❛ s❡ ❛♣r♦①✐♠❛♥❞♦ ❞❡ y✱ ♦❜s❡r✈❡ q✉❡ ♦s
❧✐♠✐t❡s ❧❛t❡r❛✐s ❡①✐st❡♠ ❡ sã♦ ✐♥❞❡♣❡♥❞❡♥t❡s ❞❛ s❡q✉ê♥❝✐❛✱ ♣♦✐s H é ♠♦♥ót♦♥❛✳
❙❡ ♦s ❧✐♠✐t❡s ❧❛t❡r❛✐s ❢♦ss❡♠ ❞✐❢❡r❡♥t❡s ❡♥tã♦✱ R − B ❝♦♥t❡r✐❛ ✉♠ ✐♥t❡r✈❛❧♦✱
❝♦♥tr❛❞✐③❡♥❞♦ ♦ ❢❛t♦ ❞❡ B s❡r ❞❡♥s♦ ❡♠ R✳ P♦rt❛♥t♦✱ limH(xn) ❡①✐st❡ ❡ ✐♥❞❡♣❡♥❞❡
❞❛ s❡q✉ê♥❝✐❛ q✉❡ s❡ ❛♣r♦①✐♠❛ ❞❡ y✳
✶♦ ❝❛s♦✿ A 6= R✳

❆ tr❛♥s❢♦r♠❛çã♦ H ♣♦❞❡ ❛❣♦r❛ s❡r ❡st❡♥❞✐❞❛ ❛ R✳ ❆ ❢✉♥çã♦ H : A → R é
♠♦♥ót♦♥❛ ❡ s♦❜r❡❥❡t✐✈❛✱ ❥á q✉❡ H é ♠♦♥ót♦♥❛ ❡ ❝♦♥tí♥✉❛ ❡♠ A✱ A é ❢❡❝❤❛❞♦
❡ B é ❞❡♥s♦ ❡♠ R✱ ❡♥tã♦ ♥ã♦ ❡①✐st❡ ❛❧t❡r♥❛t✐✈❛ ❛ ❞❡✜♥✐r H ♥♦s ✐♥t❡r✈❛❧♦s
❝♦♠♣❧❡♠❡♥t❛r❡s ❛ A✳ ❆ ú♥✐❝❛ ❛❧t❡r♥❛t✐✈❛ é q✉❡ H = ❝♦♥st❛♥t❡ ♥❡ss❡s ✐♥t❡r✈❛❧♦s✱
♣♦✐s s❡ H ♥ã♦ é ❝♦♥t❛♥t❡✱ t❡r❡♠♦s q✉❡ ❞❡✜♥✐ ✲❧❛ ♥❡ss❡s ✐♥t❡r✈❛❧♦s ❞❡ ❛❧❣✉♠❛
♦✉tr❛ ❢♦r♠❛✱ ❥á q✉❡ H é s♦❜r❡❥❡t✐✈❛✱ ♠❛s q✉❛❧q✉❡r ♦✉tr❛ ❢♦r♠❛ ❝♦♥tr❛r✐❛ ❛
♠♦♥♦t♦♥✐❝✐❞❛❞❡ ❞❡ H✳

❊s❝♦❧❤❛♠♦s ❛ ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛♦s ✈❛❧♦r❡s ♥♦s ❡①tr❡♠♦s ❞❡ss❡s ✐♥t❡r✈❛❧♦s✳ ❚❛❧
♦r✐❣✐♥❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ H : R → R ♦♥❞❡ H ◦ F = Rρ ◦H✳ ❉❡ ❢❛t♦✱ ❥á ✈✐♠♦s
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q✉❡ ♣❛r❛ t♦❞♦ x ∈ A t❛❧ ✐❣✉❛❧❞❛❞❡ s❡ ✈❡r✐✜❝❛✳ ▼❛s✱ ❝♦♠♦ H é ✉♠❛ ❡①t❡♥sã♦
❝♦♥tí♥✉❛ ❛♦ ❢❡❝❤♦ A ❞❡ A✱ s❡❣✉❡✲s❡ q✉❡ ❛ ✐❣✉❛❧❞❛❞❡ t❛♠❜é♠ é ✈á❧✐❞❛ ♣❛r❛ ♣♦♥t♦s
❞❡ A✳

❘❡st❛✲♥♦s ♠♦str❛r q✉❡ H ◦ F = Rρ ◦H s❡ ✈❡r✐✜❝❛ ♣❛r❛ t♦❞♦ ♣♦♥t♦ x ❝♦♥t✐❞♦

♥♦s ✐♥t❡r✈❛❧♦s ❝♦♠♣❧❡♠❡♥t❛r❡s ❞❡ A✳ ❙❡❥❛♠ x ∈ A
C
✱ u ∈ ∂A t❛❧ q✉❡ H(x) = H(u)

❡ ❝♦♥s✐❞❡r❡ ♦ ✐♥t❡r✈❛❧♦ [u, x] q✉❡✱ ♣♦r ❝♦♥str✉çã♦✱ ♥ã♦ ❝♦♥té♠ ♣♦♥t♦s ❞❡ A✱ ✐st♦
é✱ [u, x] ∩ A = ∅✱ ❡♥tã♦ [F (u), F (x)] ∩ A = ∅✳ ❉❡ ❢❛t♦✱ s❡ ❡①✐st❡ y t❛❧ q✉❡
y ∈ [F (u), F (x)] ∩ A = ∅✱ ❡♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞♦ ❱❛❧♦r ■♥t❡r♠❡❞✐ár✐♦✱ ❡①✐st❡
✉♠ z ∈ [u, x] t❛❧ q✉❡ F (z) = y✳ ▲♦❣♦✱ F−1(y) ∩ [u, x] 6= ∅ ❡ F−1(y) ∩ A 6= ∅ ✱
❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ H(F (x)) = H(F (u)) = ❝♦♥st❛♥t❡✳ ❊♥tã♦✱ ❝♦♠♦ u ∈ A✱
t❡♠♦s q✉❡ H(F (u)) = Rρ(H(u)) ❡ ♣♦rt❛♥t♦

H ◦ F (x) = H(F (x))

= H(F (u))

= Rρ(H(u)),

= Rρ(H(x))

= Rρ ◦H(x) ✭✷✳✷✶✮

❆❣♦r❛✱ s❡ z ∈ A✱ t❡♠♦s

H(z + 1) = H(F n(x) +m+ 1) = nρ+m+ 1 = H(z) + 1

❡ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡ é ✈á❧✐❞❛ ♣❛r❛ ❛ ❡①t❡♥sã♦ ❝♦♥tí♥✉❛✳ ❉❡ ❢❛t♦✱ ❞❛❞♦ x ❝♦♥t✐❞♦ ❡♠
❛❧❣✉♠ ✐♥t❡r✈❛❧♦ ❝♦♠♣❧❡♠❡♥t❛r ❛ A✱ t❡♠♦s H(x)+ 1 = H(u)+ 1 = H(u+1)✱ ♣♦✐s
u ∈ A✳ ❆❣♦r❛✱ s❡❥❛ x ∈ A

C
❡ u ∈ ∂A t❛❧ q✉❡ H(x) = H(u)✱ ❡♥tã♦ s❡ [u, x]∩A = ∅

✈❛❧❡ q✉❡ [u+ 1, x+ 1]∩A = ∅✳ ❈♦♠ ❡❢❡✐t♦✱ s❡ ❡①✐st❡ y ∈ [u+ 1, x+ 1]∩A✱ ❡♥tã♦
y − 1 ∈ A ❡ y − 1 ∈ [u, x]✱ ❝♦♥tr❛❞✐③❡♥❞♦ ♦ ❢❛t♦ ❞❡ [u, x] ♥ã♦ t❡r ♣♦♥t♦s ❞❡ A✳
❆ss✐♠✱ H(u+1) = H(x+1) ❡ ♣♦rt❛♥t♦ H(x)+1 = H(x+1) ♣❛r❛ t♦❞♦ x ❝♦♥t✐❞♦
❡♠ ❛❧❣✉♠ ✐♥t❡r✈❛❧♦ ❝♦♠♣❧❡♠❡♥t❛r ❛ A✳

❊ss❛ ♣r♦♣r✐❡❞❛❞❡ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ s❡♠✐✲❝♦♥❥✉❣❛çã♦ h : S1 → S1

t❛❧ q✉❡ h ◦ f = Rρ ◦ h✳ ■st♦ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥str❛çã♦ ❞♦ t❡♦r❡♠❛ ♣❛r❛ ♦ ❝❛s♦ ❡♠
q✉❡ f ♥ã♦ é tr❛♥s✐t✐✈❛✳
✷♦ ❝❛s♦✿ A = R✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ f : S1 → S1 é tr❛♥s✐t✐✈❛✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ A é ❞❡♥s♦ ❡♠ R✳
❉❡ ❢❛t♦✱ s❡❥❛ I ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ q✉❛❧q✉❡r ❞❡ R✳ ❈♦♥s✐❞❡r❡ t❛♠❜é♠ ❛ ❛♣❧✐❝❛çã♦
♣r♦❥❡çã♦ π : R → S1✱ ❡♥tã♦ π(I) é ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ S1✳ ❚♦❞♦ ♣♦♥t♦ ❞❡ π(I) t❡♠
✉♠❛ ♣ré✲✐♠❛❣❡♠ ❡♠ I✱ ♦✉ s❡❥❛✱ ❞❛❞♦ z ∈ π(I) ❡①✐st❡ y ∈ I t❛❧ q✉❡ π(y) = z✳

❈♦♠♦ f é tr❛♥s✐t✐✈❛✱ ❛ ór❜✐t❛ ❞❡ π(x) ∈ S1 ❡ ❡♥tã♦ ❡①✐st❡ n ∈ Z t❛❧ q✉❡
fn(π(x)) ∈ π(I)✳ ▲♦❣♦✱ ❡①✐st❡ y ∈ I t❛❧ q✉❡ π(y) = fn(π(x))✳

❈♦♠♦ F é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ f ❡ ♣♦rt❛♥t♦✱ F n é ✉♠ ❧❡✈❛♥t❛♠❡♥t♦ ❞❡ fn✱
t❡♠♦s

π(F n(x)) = fn(π(x))

⇒
π(F n(x)) = π(y)

⇒
y = F n(x) +m
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P♦rt❛♥t♦✱ ♦ ❝♦♥❥✉♥t♦ A é ❞❡♥s♦ ❡♠ R✳
❉❡ss❡ ♠♦❞♦✱ A = B = R ❡ ♣♦rt❛♥t♦ H : R → R é ♠♦♥ót♦♥❛ ❡ ❜✐❥❡t✐✈❛✳ ▲♦❣♦✱

♣♦❞❡♠♦s ♦❜t❡r ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h : S1 → S1 t❛❧ q✉❡ h ◦ f = Rρ ◦ h ❡ ✐ss♦
❝♦♠♣❧❡t❛ ❛ ❞❡♠♦♥str❛çã♦✳



❆♣ê♥❞✐❝❡ ❇

❚❡♦r✐❛ ❞❡ ▼❡❞✐❞❛✱ ❚❡♦r✐❛ ❊r❣ó❞✐❝❛

❡ ❊♥tr♦♣✐❛ ❚♦♣♦❧ó❣✐❝❛

■♥✐❝✐❛❧♠❡♥t❡ ❢❛r❡♠♦s ✉♠❛ r❡✈✐sã♦ ❞❡ ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ t❡♦r❡♠❛s ❞❛ ❚❡♦r✐❛ ❞❡
▼❡❞✐❞❛ ❡ ❚❡♦r✐❛ ❊r❣ó❞✐❝❛✳ ▼❛✐s ❞❡t❛❧❤❡s ❡ ❞❡♠♦♥str❛çõ❡s ❞♦s t❡♦r❡♠❛s ♣♦❞❡♠
s❡r ❝♦♥s✉❧t❛❞♦s ♥❛ r❡❢❡rê♥❝✐❛ ❬✽❪✳

❉❡✜♥✐çã♦ ✷✳✸✺✳ ❙❡❥❛
∑

✉♠❛ ❝♦❧❡çã♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ X✳
❉✐③❡♠♦s q✉❡

∑
é ✉♠❛ á❧❣❡❜r❛ s❡✿

✶✮ ∅✱ X ∈ ∑
❀

✷✮ ❙❡ A ∈ ∑
❡♥tã♦ X − A ∈ ∑

❀

✸✮ ❙❡ A1, A2, ...An ∈ ∑
❡♥tã♦ ∪ni=1Ai ∈

∑
✳

❙❡ A1, A2, ... ∈
∑

✐♠♣❧✐❝❛ q✉❡ ∪∞
i=1Ai ∈

∑
✱ ❡♥tã♦

∑
é ✉♠❛ σ✲á❧❣❡❜r❛✳ ❙❡∑

é ✉♠❛ σ✲á❧❣❡❜r❛ ❞❡ X✱ ❝❤❛♠❛♠♦s ♦ ♣❛r (X,
∑

) ❞❡ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧✳ ◆❡st❡
❝❛s♦✱ ♦s ❡❧❡♠❡♥t♦s ❞❡

∑
sã♦ ❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s✳

❊①❡♠♣❧♦ ✷✳✸✻✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥t♦ q✉❛❧q✉❡r ♥ã♦✲✈❛③✐♦✳ ❆s ❝♦❧❡çõ❡s {∅, X} ❡
P(X) sã♦ σ✲á❧❣❡❜r❛s✳

❙❡ X é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦✱ ❛ σ✲á❧❣❡❜r❛ ❇♦r❡❧✐❛♥❛ ❞❡ X é ❛ σ✲á❧❣❡❜r❛ ❣❡r❛❞❛
♣❡❧❛ ❢❛♠í❧✐❛ ❞❡ t♦❞♦s ♦s ❛❜❡rt♦s ❞❡ X✳

❉❡✜♥✐çã♦ ✷✳✸✼✳ ❙❡❥❛ (X,
∑

) ✉♠ ❡s♣❛ç♦ ♠❡♥s✉rá✈❡❧✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ ❢✉♥çã♦
µ :

∑ → [0,∞] é ✉♠❛ ♠❡❞✐❞❛ s❡✿

✶✮ µ(∅) = 0❀

✷✮ µ(∪i=0Ei) =
∑∞

i=0 µ(Ei)✱ ♣❛r❛ t♦❞❛ ❝♦❧❡çã♦ {Ei}∞i=1 ❞❡ ❝♦♥❥✉♥t♦s
♠❡♥s✉rá✈❡✐s ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✳

❙❡ µ é ✉♠❛ ♠❡❞✐❞❛ ❡♠ (X,
∑

) ❝❤❛♠❛♠♦s (X,
∑
, µ) ❞❡ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛✳

❆ ♠❡❞✐❞❛ µ é ❞✐t❛ ✜♥✐t❛ s❡ µ(X) < ∞✳ ❙❡ µ(X) = 1✱ ❡♥tã♦ ♦ ❡s♣❛ç♦ ❞❡
♠❡❞✐❞❛ é ❞✐t♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ µ é ❞✐t❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳

✺✸



✺✹

❉❡✜♥✐çã♦ ✷✳✸✽✳ ❙❡❥❛♠ (X,
∑
, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ f : X → X ✉♠❛

❛♣❧✐❝❛çã♦✳ ❆ ❛♣❧✐❝❛çã♦ f é ♠❡♥s✉rá✈❡❧ s❡ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ A ⊂ X
♠❡♥s✉rá✈❡❧✱ f−1(A) é ♠❡♥s✉rá✈❡❧✳

❯♠❛ ♠❡❞✐❞❛ µ é f ✲✐♥✈❛r✐❛♥t❡ s❡

µ(f−1(A)) = µ(A)✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ µ✲♠❡♥s✉rá✈❡❧✳

◗✉❛♥❞♦ f é ✐♥✈❡rtí✈❡❧✱ ✐st♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡

µ(A) = µ(f(A)) = ... = µ(fk(A))✱ ♣❛r❛ t♦❞♦ k ∈ Z✳

◆❡st❡ ❝❛s♦ t❛♠❜é♠ ❞✐③❡♠♦s q✉❡ f ♣r❡s❡r✈❛ µ✳
❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ❢♦r♥❡❝❡ ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s q✉❡ ♣r❡s❡r✈❛♠

♠❡❞✐❞❛✳ ❆ ♣r♦✈❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✽❪✳

Pr♦♣♦s✐çã♦ ✷✳✸✾✳ ❙❡❥❛ f : X → X ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♠❡♥s✉rá✈❡❧ ❡ µ ✉♠❛
♠❡❞✐❞❛ ❡♠ X✳ ❊♥tã♦✱ f ♣r❡s❡r✈❛ ❛ ♠❡❞✐❞❛ µ s❡✱ ❡ s♦♠❡♥t❡ s❡✱

∫
φdµ =

∫
(φ ◦ f)dµ✱

♣❛r❛ t♦❞❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ φ : X → R✳

❖ t❡♦r❡♠❛ q✉❡ s❡❣✉❡ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♠❡❞✐❞❛s ✐♥✈❛r✐❛♥t❡s✳

❚❡♦r❡♠❛ ✷✳✹✵✳ ✭❊①✐stê♥❝✐❛ ❞❡ ♠❡❞✐❞❛s ✐♥✈❛r✐❛♥t❡s✮ ❙❡❥❛ f : X → X ✉♠❛
tr❛♥s❢♦r♠❛çã♦ ❝♦♥tí♥✉❛ ♥✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦✳ ❊♥tã♦ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s
✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡♠ X q✉❡ é ✐♥✈❛r✐❛♥t❡ ♣♦r f ✳

❉❡✜♥✐çã♦ ✷✳✹✶✳ ❙❡❥❛ (X,
∑
, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♠❡❞✐❞❛ ❡ P ✉♠❛ ♣r♦♣r✐❡❞❛❞❡

r❡❢❡r❡♥t❡ ❛♦s ❡❧❡♠❡♥t♦s ❞❡ X✳ ❉✐③❡♠♦s q✉❡ P é ✈❡r❞❛❞❡✐r❛ ❡♠ µ ✲ q✉❛s❡ t♦❞♦
♣♦♥t♦✱ ❡ ❞❡♥♦t❛♠♦s ♣♦r µ ✲ qt♣✱ s❡ P é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ♦ ❝♦♠♣❧❡♠❡♥t❛r ❞❡ ✉♠
❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ µ ✲ ♥✉❧❛✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❛✜r♠❛ q✉❡ ❛ ór❜✐t❛ ❞❡ q✉❛s❡ t♦❞♦ ♣♦♥t♦✱ r❡❧❛t✐✈❛♠❡♥t❡
❛ q✉❛❧q✉❡r ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡ ✜♥✐t❛✱ r❡❣r❡ss❛ ❛r❜✐tr❛r✐❛♠❡♥t❡ ♣❡rt♦ ❞❡ s❡✉ ❡st❛❞♦
✐♥✐❝✐❛❧✳

❚❡♦r❡♠❛ ✷✳✹✷✳ ✭❚❡♦r❡♠❛ ❞❡ ❘❡❝♦rrê♥❝✐❛ ❞❡ P♦✐♥❝❛ré✮ ❙❡❥❛♠ f : X → X ✉♠❛
tr❛♥s❢♦r♠❛çã♦ ♠❡♥s✉rá✈❡❧ ❡ µ ✉♠❛ ♠❡❞✐❞❛ ✜♥✐t❛ ✐♥✈❛r✐❛♥t❡ ♣♦r f ✳ ❙❡❥❛ B ⊂ X
q✉❛❧q✉❡r ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ ❝♦♠ µ(B) > 0✳ ❊♥tã♦ ♣❛r❛ µ ✲ qt♣✱ x ∈ B✱ ❡①✐st❡♠
✐♥✜♥✐t♦s ✈❛❧♦r❡s ❞❡ n ♣❛r❛ ♦s q✉❛✐s fn(x) t❛♠❜é♠ ❡stá ❡♠ B✳

❋✐①❡♠♦s ✉♠❛ tr❛♥s❢♦r♠❛çã♦ f : X → X✳ ❉❡♥♦t❡♠♦s ♣♦r Mf (X) ♦ ❡s♣❛ç♦
❞❡ t♦❞❛s ♠❡❞✐❞❛s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❇♦r❡❧✐❛♥❛ ✐♥✈❛r✐❛♥t❡s ♣♦r f ✳



✺✺

▲❡♠❛ ✷✳✹✸✳ Mf (X) é ♥ã♦✲✈❛③✐♦✱ ❝♦♠♣❛❝t♦ ❝♦♠ ❛ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ✷ ❡ ❝♦♥✈❡①♦✳

◆❡ss❡ ❝♦♥t❡①t♦✱ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❡r❣♦❞✐❝✐❞❛❞❡ é ❛♥á❧♦❣♦ ❛♦ ❞❡ tr❛♥s✐t✐✈✐❞❛❞❡ ✭♥❛
❞✐♥â♠✐❝❛ t♦♣♦❧ó❣✐❝❛✮✳ ❖ s✐st❡♠❛ é ❢♦r♠❛❞♦ ♣♦r ✉♠❛ ú♥✐❝❛ ♣❡ç❛ ❞✐♥â♠✐❝❛✱ ♦✉
s❡❥❛✱ ♦ ❡st✉❞♦ ❞♦ s✐st❡♠❛ ♥ã♦ ♣♦❞❡ s❡r ❞✐✈✐❞✐❞♦ ❡♠ ❞✐❢❡r❡♥t❡s ♣❛rt❡s r❡❧❡✈❛♥t❡s✱
✐♥❞❡♣❡♥❞❡♥t❡s ❡♥tr❡ s✐✱ ❝♦♠ r❡s♣❡✐t♦ ❛ ✉♠❛ ❞❛❞❛ ♠❡❞✐❞❛✳

❉❡✜♥✐çã♦ ✷✳✹✹✳ ❙❡❥❛ (X,
∑
, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ❉✐③❡♠♦s q✉❡

T : X → X é ❡r❣ó❞✐❝❛ ❝♦♠ r❡s♣❡✐t♦ ❛ µ s❡ µ(A) = 0 ♦✉ 1✱ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ A
♠❡♥s✉rá✈❡❧ ❡ t❛❧ q✉❡ T−1(A) = A✳

❊①✐st❡♠ ✈ár✐❛s ♠❛♥❡✐r❛s ❞❡ ❝❛r❛❝t❡r✐③❛r ❛ ❡r❣♦❞✐❝✐❞❛❞❡ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦
f : X → X ❝♦♠ r❡s♣❡✐t♦ ❛ ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✈❛r✐❛♥t❡✳

❉❡✜♥✐çã♦ ✷✳✹✺✳ ❉✐③❡♠♦s q✉❡ ✉♠ ♣♦♥t♦ x ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♥✈❡①♦ C é ♣♦♥t♦
❡①tr❡♠❛❧ ❞❡ C s❡ ♥ã♦ ❢♦r ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❞❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞❡ C✱ ✐st♦ é✱ x
♥ã♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛ x = (1−t)y+tz✱ ♣❛r❛ ♥❡♥❤✉♠ y, z ∈ C ❡ t ∈ (0, 1)✳
❙❡ ✐ss♦ ❛❝♦♥t❡❝❡✱ ❡♥tã♦ x = y = z✳

❆ ♣ró①✐♠❛ ♣r♦♣♦s✐çã♦ ❞✐③ q✉❡ ❛s ♠❡❞✐❞❛s ❡r❣ó❞✐❝❛s sã♦ ♦s ❡❧❡♠❡♥t♦s ❡①tr❡♠❛✐s
❞♦ ❝♦♥✈❡①♦ Mf (X)✳

Pr♦♣♦s✐çã♦ ✷✳✹✻✳ ❉❛❞❛ µ ∈ Mf (X) ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥✈❛r✐❛♥t❡✱ µ é ❡r❣ó❞✐❝❛
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♥ã♦ é ♣♦ssí✈❡❧ ❡s❝r❡✈ê✲❧❛ ♥❛ ❢♦r♠❛ µ = (1 − t)µ1 + tµ2 ❝♦♠
t ∈ (0, 1) ❡ µ1, µ2 ♣r♦❜❛❜✐❧✐❞❛❞❡s ✐♥✈❛r✐❛♥t❡s ❞✐st✐♥t❛s✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r❡♠❛ ❡r❣ó❞✐❝♦ ❞❡ ❇✐r❦❤♦❢✳

❚❡♦r❡♠❛ ✷✳✹✼✳ ❙❡❥❛♠ (X,A, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❡ T : X → X
✉♠❛ tr❛♥s❢♦r♠❛çã♦ q✉❡ ♣r❡s❡r✈❛ µ✳ ❊♥tã♦✱ ❞❛❞❛ q✉❛❧q✉❡r ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧
f : X → R✱ ♦ ❧✐♠✐t❡

limn→∞
1
n

∑n−1
j=0 f ◦ T j(x)

❡①✐st❡ ♣❛r❛ q✉❛s❡ t♦❞♦ ♣♦♥t♦ x ∈ X✳ ❆❧é♠ ❞✐ss♦✱ s❡ T é ❡r❣ó❞✐❝❛ ❡♥tã♦ ❡ss❡ ❧✐♠✐t❡
é
∫
fdµ✳

❊ss❡ t❡♦r❡♠❛ ♥♦s ❞✐③ q✉❡✱ ❡①❝❡t♦ ♣❛r❛ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♠❡❞✐❞❛ ♥✉❧❛✱ ❛ ♠é❞✐❛
t❡♠♣♦r❛❧

limn→∞
1
n

∑n−1
j=0 f ◦ T j(x)

✷❆ t♦♣♦❧♦❣✐❛ ❢r❛❝❛✯ ❡♠ Mf (X) é ❛ t♦♣♦❧♦❣✐❛ ❣❡r❛❞❛ ♣❡❧❛ ❜❛s❡ ❞❡ ✈✐③✐♥❤❛♥ç❛s {V (µ, φ, ε)}
❞❡ µ ∈ Mf (X)✱ ♦♥❞❡ φ = {φ1, φ2, ..., φn} é ♦ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❧✐♠✐t❛❞❛s✱ ε > 0✱
V (µ, φ, ε) := {v ∈ Mf (X)✿|

∫
φidµ−

∫
φidv| < ε} ❡ V (µ, φ, ε) = ∩n

i=1
V (µ, φi, ε).



✺✻

é ✐❣✉❛❧ à ♠é❞✐❛ ❡s♣❛❝✐❛❧
∫
fdµ✱ ♦♥❞❡ µ é ✉♠❛ ♠❡❞✐❞❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✳ ◆❛ ♠é❞✐❛

❡s♣❛❝✐❛❧✱ ❛♦ ✐♥✈és ❞❡ ✜①❛r ✉♠ ♣♦♥t♦ ❡ ❛♥❛❧✐s❛r ♦ s❡✉ ❢✉t✉r♦✱ ✜①❛✲s❡ ✉♠ t❡♠♣♦ ❡
❛♥❛❧✐s❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ t♦❞♦s ♦s ♣♦♥t♦s ❞❡ ✉♠❛ ✈❡③✳

◆♦ ❝❛s♦ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❝♦♥✈❡①♦s ❞❡ ❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❝♦♠ ❞✐♠❡♥sã♦ ✜♥✐t❛
t❡♠✲s❡ q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ ❞♦ ❝♦♥✈❡①♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛
❞♦s ❡❧❡♠❡♥t♦s ❡①tr❡♠❛✐s✳ P♦r ❡①❡♠♣❧♦✱ t♦❞♦ ♣♦♥t♦ ♥✉♠ tr✐â♥❣✉❧♦ ♥♦ ♣❧❛♥♦ ♣♦❞❡
s❡r ❡s❝r✐t♦ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❞♦s ✈ért✐❝❡s ❞♦ tr✐â♥❣✉❧♦✳

➱ ♥❛t✉r❛❧ ♣❡r❣✉♥t❛r s❡ ❛ ♠❡s♠❛ ♣r♦♣r✐❡❞❛❞❡ ✈❛❧❡ ♥♦ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡
✐♥✈❛r✐❛♥t❡✱ ✐st♦ é✱ s❡ t♦❞❛ ♠❡❞✐❞❛ ✐♥✈❛r✐❛♥t❡ é ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ♣♦♥t♦s
❡①tr❡♠❛✐s✱ ♦✉ s❡❥❛✱❞❡ ♠❡❞✐❞❛s ❡r❣ó❞✐❝❛s✳

❖ t❡♦r❡♠❛ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❡r❣ó❞✐❝❛ ♠♦str❛ q✉❡ ❡st❛ r❡s♣♦st❛ é ✈❡r❞❛❞❡✐r❛ ✱
❡①❝❡t♦ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❛r❝❡❧❛s ♥❡st❛ ❝♦♠❜✐♥❛çã♦ ♥ã♦ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✜♥✐t♦✱
♥❡♠ ♠❡s♠♦ ❡♥✉♠❡rá✈❡❧✳ ❊st❡ t❡♦r❡♠❛ ♣❡r♠✐t❡ r❡❞✉③✐r ❛ ❞❡♠♦♥str❛çã♦ ❞❡ ♠✉✐t♦s
r❡s✉❧t❛❞♦s ❛♦ ❝❛s♦ ❡♠ q✉❡ ♦ s✐st❡♠❛ é ❡r❣ó❞✐❝♦✳

❙❡❥❛ (X,
∑
, µ) ✉♠ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✱ P ✉♠❛ ♣❛rt✐çã♦ ❞❡ X ❡♠

❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s ❡ π : X → P ❛ ♣r♦❥❡çã♦ ♥❛t✉r❛❧ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ x ∈ X
♦ ❡❧❡♠❡♥t♦ P(x) ❞❛ ♣❛rt✐çã♦ q✉❡ ♦ ❝♦♥té♠✳

❆ ♣r♦❥❡çã♦ ♣❡r♠✐t❡ ♠✉♥✐r P ❞❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ ❡s♣❛ç♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡✿
❉✐③❡♠♦s q✉❡ ✉♠ ❝♦♥❥✉♥t♦ Q ❞❡ P é ♠❡♥s✉rá✈❡❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ♣ré✲✐♠❛❣❡♠

π−1(Q) = ❛ ✉♥✐ã♦ ❞♦s ❡❧❡♠❡♥t♦s P ❞❡ P q✉❡ ♣❡rt❡♥❝❡♠ ❛ Q

é ✉♠ s✉❜❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ ❞❡ X✳ ❆ ❢❛♠í❧✐❛ B̂ ❞♦s s✉❜❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s
é ✉♠❛ σ✲á❧❣❡❜r❛ ❡♠ P ✳ ❉❡✜♥❛♠♦s ❛ ♠❡❞✐❞❛ q✉♦❝✐❡♥t❡ µ̂ ♣♦r µ̂(Q) = µ̂(π−1(Q))

♣❛r❛ ❝❛❞❛ Q ∈ B̂✳

❚❡♦r❡♠❛ ✷✳✹✽✳ ✭❚❡♦r❡♠❛ ❞❡ ❞❡❝♦♠♣♦s✐çã♦ ❡r❣ó❞✐❝❛✮ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❝♦♠♣❧❡t♦
s❡♣❛rá✈❡❧✱ f : X → X ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ♠❡♥s✉rá✈❡❧ ❡ µ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡
✐♥✈❛r✐❛♥t❡✳ ❊♥tã♦ ❡①✐st❡ ✉♠ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ X0 ⊂ X ❝♦♠ µ(X0) = 1✱ ✉♠❛
♣❛rt✐çã♦ P ❞❡ X0 ❡♠ s✉❜❝♦♥❥✉♥t♦s ♠❡♥s✉rá✈❡✐s ❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s
{µP ;P ∈ P} ❡♠ X✱ s❛t✐s❢❛③❡♥❞♦

✭❛✮ µP (P ) = 1✱ ♣❛r❛ µ✲q✉❛s❡ t♦❞♦ P ∈ P❀

✭❜✮ P → µP (E) é ♠❡♥s✉rá✈❡❧✱ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ E ⊂ X❀

✭❝✮ µP é ✐♥✈❛r✐❛♥t❡ ❡ ❡r❣ó❞✐❝❛ ♣❛r❛ µ✲q✉❛s❡ t♦❞♦ P ∈ P❀

✭❞✮ µ(E) =
∫
µP (E)dµ̂(P )✱ ♣❛r❛ t♦❞♦ ❝♦♥❥✉♥t♦ ♠❡♥s✉rá✈❡❧ E ⊂M ✳

❆ ♣r♦♣r✐❡❞❛❞❡ ✭❞✮ s✐❣♥✐✜❝❛ q✉❡ µ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❝♦♥✈❡①❛ ❞❛s ✈ár✐❛s
♣r♦❜❛❜✐❧✐❞❛❞❡s ❡r❣ó❞✐❝❛s µP ✱ ❡♠ q✉❡ ❝❛❞❛ µP ❡♥tr❛ ❝♦♠ ♣❡s♦ ✐❣✉❛❧ ❛ µ̂(P )✳ ❆
♣r♦♣r✐❡❞❛❞❡ ✭❜✮ ❣❛r❛♥t❡ q✉❡ ❛ ✐♥t❡❣r❛❧ ❡♠ ✭❞✮ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✳

❉❡✜♥✐r❡♠♦s ❛❣♦r❛ ❛ ♥♦çã♦ ❞❡ ❡♥tr♦♣✐❛ t♦♣♦❧ó❣✐❝❛✳ ❊ss❡ ❝♦♥❝❡✐t♦ é ✉♠❛ ❢♦r♠❛
❞❡ ♠❡❞✐r ❛ t❛①❛ ❞❡ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ ✉♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦✳ ❯♠ s✐st❡♠❛ ❞✐♥â♠✐❝♦
é ❞✐t♦ ❝❛ót✐❝♦ s❡ s✉❛ ❡♥tr♦♣✐❛ t♦♣♦❧ó❣✐❝❛ é ♣♦s✐t✐✈❛✳

❙❡❥❛ (X, d) ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❝♦♠♣❛❝t♦ ❡ f : X → X ✉♠❛ ❛♣❧✐❝❛çã♦ ❝♦♥tí♥✉❛✳
P❛r❛ ❝❛❞❛ n ∈ N s❡❥❛



✺✼

dn(x, y) = ♠❛①o≤k≤n−1d(f
k(x), fk(y)✳

❖ ♥ú♠❡r♦ dn ♠❡❞❡ ❛ ❞✐stâ♥❝✐❛ ♠á①✐♠❛ ❡♥tr❡ ♦s ✐t❡r❛❞♦s ❞❡ x ❡ y ♥✉♠ tr❡❝❤♦ ❞❡
ór❜✐t❛ ❞❡ t❛♠❛♥❤♦ n✳ ❉❡✜♥✐❞❛ ❞❡ss❛ ♠❛♥❡✐r❛✱ ❝❛❞❛ dn é ✉♠❛ ♠étr✐❝❛ ❡♠ X ❡
✐♥❞✉③❡♠ ❛ ♠❡s♠❛ t♦♣♦❧♦❣✐❛ ❡♠ X✳

❋✐①❡♠♦s ε > 0 ❡ s❡❥❛ cov(n, ε, f) ❛ ❝❛r❞✐♥❛❧✐❞❛❞❡ ♠í♥✐♠❛ ❞❡ ✉♠❛ ❝♦❜❡rt✉r❛
❞❡ X ♣♦r ❝♦♥❥✉♥t♦s ❞❡ ❞✐â♠❡tr♦ ♠❡♥♦r q✉❡ ε ♥❛ ♠étr✐❝❛ dn✳ P♦r ❝♦♠♣❛❝✐❞❛❞❡✱
cov(n, ε, f) é ✜♥✐t♦✳

❉❡✜♥✐çã♦ ✷✳✹✾✳ ❖ ♥ú♠❡r♦ htop = h(f) = limε→0+ hε(f)✱ ♦♥❞❡

hε(f) = lim supn→∞
1
n
❧♦❣(cov(n, ε, f))✳

❆❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s s♦❜r❡ ❊♥tr♦♣✐❛ t♦♣♦❧ó❣✐❝❛ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ♥❛
r❡❢❡rê♥❝✐❛ ❬✶✵❪✳

❖ t❡♦r❡♠❛ ❛❜❛✐①♦ ♥♦s ❞✐③ q✉❡ s❡ ρ(F ) t❡♠ ✐♥t❡r✐♦r ♥ã♦ ✈❛③✐♦✱ ❡♥tã♦ f t❡♠ ✉♠
❝♦♠♣♦rt❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❝❛ót✐❝♦✳ ❆ ♣r♦✈❛ ❞❡ss❡ t❡♦r❡♠❛ ♣♦❞❡ s❡r ❝♦♥s✉❧t❛❞❛
❡♠ ❬✶✶❪✳

❚❡♦r❡♠❛ ✷✳✺✵✳ ❙❡ ρ(F ) t❡♠ ✐♥t❡r✐♦r ♥ã♦ ✈❛③✐♦✱ ❡♥tã♦ f t❡♠ ❡♥tr♦♣✐❛ ♣♦s✐t✐✈❛✳



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ◆❡✇❤♦✉s❡✱ ❙✳❀ P❛❧✐s✱ ❏✳❀ ❚❛❦❡♥s✱ ❋✳❀ ❇✐❢✉r❝❛t✐♦♥s ❛♥❞ st❛❜✐❧✐t② ♦❢ ❢❛♠✐❧✐❡s
♦❢ ❞✐✛❡♦♠♦r♣❤✐s♠s✱ P✉❜❧✐❝❛t✐♦♥s ▼❛t❤é♠❛t✐q✉❡s ✺✼ ✭■♥st✐t✉t ❞❡s ❍❛✉t❡s
❊t✉❞❡s ❙❝✐❡♥t✐✜q✉❡s✱ P❛r✐s✱ ✶✾✽✸✮ ✹✸✲✹✺✳

❬✷❪ ▼✐s✐✉r❡✇✐❝③✱ ▼✳❀ ❩✐❡♠✐❛♥✱ ❑✳❀ ❘♦t❛t✐♦♥ s❡ts ❢♦r ♠❛♣s ♦❢ t♦r✐✱ ❏♦✉r♥❛❧
♦❢ t❤❡ ▲♦♥❞♦✉♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✸✶✶✭✶✮✱ ✶✾✽✾✳

❬✸❪ ❑✇❛♣✐s③✳ ❏✳❀❊✈❡r② ❝♦♥✈❡① ♣♦❧②❣♦♥ ✇✐t❤ r❛t✐♦♥❛❧ ✈❡rt✐❝❡s ✐s ❛ r♦t❛t✐♦♥ s❡t✱
■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ❲❛rs❛✇ ❯♥✐✈❡rs✐t②✱ ❇❛♥❛❝❤❛ ✷✱ ❲❛rs❛✇ ✺✾✱
P♦❧❛♥❞✱ ✶✾✾✵✳

❬✹❪ ❑❛t♦❦✱ ❆✳❀ ❍❛ss❡❧❜❧❛tt✱ ❇✳❀❆ ♠♦❞❡r♥❛ t❡♦r✐❛ ❞♦s s✐st❡♠❛s ❞✐♥â♠✐❝♦s✱
❋✉♥❞❛çã♦ ❈❛❧♦✉st❡ ●✉❧❜❡♥❦✐❛♥✱ ▲✐s❜♦❛✱ ✷✵✵✺✳
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