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Abstract

Superlinear elliptic boundary value problems without Ambrosetti and Rabinowitz growth condition are
considered. Existence of nontrivial solution result is established by combining some arguments used by
Struwe and Tarantello and Schechter and Zou (also by Wang and Wei). Firstly, by using the mountain
pass theorem due to Ambrosetti and Rabinowitz is constructed a solution for almost every parameter A by
varying the parameter A. Then, it is considered the continuation of the solutions.
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction

Consider the following nonlinear eigenvalue Dirichlet problem

(P) —Au=Af(x,u) in £2, u=0 onas2,
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where 2 ¢ RN (N > 2) is a bounded smooth domain and f(x,s) is a continuous function on
2 xR.

Ambrosetti and Rabinowitz in [1] established an existence of nontrivial solution result for
problem (P), by assuming the following conditions:

) feo=0,  tim I
s—> N
(f2) There exist positive constants a and b such that

0, uniformly in a.e. x € £2.

N+2
|fx,s)|<a+bls|?, 0<p< N+2, Vs e R, Vx € 2.

( f3/) There are constants 6 > 2 and s > 0 such that
0<O0F(x,s) <sf(x,s), |s|=>=s0, Vx €82,

where
F(x,s)= / fx,t)dt.
0

Then several researchers studied problem (P) trying to drop the above condition (f3), see
for instance, [3,7,10]. Actually, condition ( f3’ ) is quite natural and important not only to ensure
that the Euler—Lagrange functional associated to problem (P) has a mountain pass geometry, but
also to guarantee that Palais—Smale sequence of the Euler—Lagrange functional is bounded. But
this condition is very restrictive eliminating many nonlinearities. We recall that () implies a
weaker condition

F(x,s)>cls|*—d, c¢,d>0,xe82, secRand u>2. (D

The above condition implies another much weaker condition, which is a consequence of the
superlinearity of f:

F(x,s)
2

(f3) lim

|s]—00 N

=+o00, uniformly a.e. x € £2.

Costa and Magalhdes in [2] studied problem (P) replacing condition ( f;), among others condi-
tions, by
sf(x,s)—2F(x,s)

liminf >k >0, uniformlyina.e. x € £2, 2)
§—00 |S|H

where (& > o > 0. On the other hand, Willem and Zou in [9] assumed

H(x,s)=sf(x,s) —2F(x,s) isincreasingins, Vx € §2,

sf(x,s) >0, VseR, sf(x,s) = Cols|*, |s|=s0>0, Vx € £2,

where u > 2 and Co > 0, instead of condition (f3).
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Recently Schechter and Zou in [5] were able to prove that under hypotheses ( f1)—(f2) and

(a3) cither  lim 2% _ oo or  fim 209 _
3 §——00 S2 Pare Sz

problem (P) has a nontrivial weak solution for almost every A > 0. To the best of our knowledge
the last assumption was originated in [5], which is weaker than (f3), also this is a first result
in this direction completely without assumption (f3). In the same paper [5], in order to get an
existence of nontrivial solution result for all A > 0, by substituting the condition (f;), Schechter
and Zou assumed in addition to (ag), one of the conditions below

H(x,s) isconvexins, Vx € 2,
or there are constants C > 0, 4 > 2 and r > 0, such that
WF(x, 0 —tf (e, ) SC(1+17),  t|>r.

We remark that the above second condition used in [5] is equivalent to ( f;), which follows
from

liminf sfxs) >6>2,
Is|>o0 F(x,s)

and the convexity on H is stronger than the following condition: there is so > 0 such that

(f2) f (); Ll

is increasing in s > so and decreasing in s < —sg, Vx € £2.

Function f(s) =sQ2Ins + 1) (F(s) = szlns) satisfies condition (f3) and it does not sat-

isfy (f3).
We will establish our main result, namely,

Theorem 1.1. Under hypotheses (f1)—(f4), problem (P) has a nontrivial weak solution, for
all » > 0.

Remark 1.1. In fact our result still holds if we consider a weaker condition than ( f1), namely,
(fL{) there is C, >0 suchthat H(x,t) < H(x,s)+ C,

forallO<t<sors<t<0,Vx eS2.
Indeed, the condition ( f) is equivalent to the condition

H(x,s) isincreasing ins > so and decreasing in s < —sg, Vx € 2.
Thus, it implies the condition ( ﬁ). Observe that function H (x, s) is a “quasi-monotonic” func-

tion, and also if H is monotonic function in s < 0 and s > 0, or a convex function in R, then it
satisfies condition (f;).
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Remark 1.2. The proof is carried out by applying the mountain pass theorem due to Ambrosetti
and Rabinowitz [1] getting a solution for almost all A. In fact, this is true for all » > 0. Whose
proof is made by adapting some arguments used by Struwe and Tarantello [6] and Schechter
and Zou [5] (also by Wang and Wei [8]). We recall that paper [6] treats a model that plays an
important role in the Chern—Simons theory, while the paper [5] studies some class of superlinear
problems by linking theory. Wang and Wei in [8] use arguments employed in [6] to obtain some
existence result for an elliptic system modelling chemotaxis.

2. Preliminary results

Throughout this paper, we denote the norm of « in H(} (£2) and L?(£2),1 < p < 400, respec-

tively, by
1/2 1/p
lu|| = </|Vu|2dx> and |ul, = (/|u|1’dx) .
2 2

Our approach will be the variational techniques. Define the Euler-Lagrange functional asso-
ciated to problem (P), given by

Ly ul? 1
A(u)—T—X F(x,u)dx, ue€Hy(£).

2

From the hypotheses on f it is standard to check that I, is c! (HO1 (£2), R) whose the Gateaux
derivative is

I;L(u)-U:/Vu-Vvdx—A/f(x,u)vdx, u,v € HY ().
2 22

Thus, the critical points of I, are precisely the weak solutions of problem (P).
First of all, notice that I verifies the mountain pass geometry, in a uniform way on compact
sets:

Lemma 2.1.

(a) I, is unbounded from below.

(b) u =0 is a strict local minimum for I.

Proof of (a). From (f3) follows that, for all M > 0 there exists Cy; > 0, such that
F(x,s)>Ms>—Cy, Vxef2,Vs>0 (3)

(we are supposing f is superlinear on +00).
Take ¢ € H| (2) with ¢ > 0, from (3) we obtain

[l

L(tg) < rz( 5

—AM) /¢2dx+C|Q|,
2

where C > 0 is a constant and |£2| denotes the Lebesgue measure of £2.



3632 O.H. Miyagaki, M.A.S. Souto / J. Differential Equations 245 (2008) 3628-3638
Thus,
lim I, (t¢p) = —o0.
t—>00
This proves (a). O

Proof of (b). Firstly, from (f1) and (f>) it follows that, for all given € > O there exists C¢ > 0,
such that

F(x,s)<§s2+C€|s|p+], Vx e, Vs eR. @)
Then
L(t¢) > ””2”2 - %/uzdx — CelulP*', Vue HLA®) (5)
2
> <%—;—;>||u||2—ce|u|"“, Vu e HY (@), ©)

where A1 is the first eigenvalue of the Dirichlet problem for (—A, HOl (£2)).
So, u = 01is local minimum of /. O

Fix 0 < X9 < po. Now, we can see that geometry on I, works uniformly on [Xg, io]. By
choosing € > 0 such that % — gT()f > %, we obtain

B > Il = Cll?™!, Vu e HY(2), 0< 1< o, Ce >0,
That is, there exist p > 0 and R > 0, such that
I (u) = R, lull=p, VA< po. @)
By choosing e € HO1 (£2) such that I, (e) < 0, we infer that

L) _ Dy

<0, Xo<A< .
2 o 0xIAX MO

Also we have

L 100y, HL$2), < i (8)

A iz

Define

P = {y :[0,1] — HO1 (£2): y is continuous and y(0) =0 and y (1) = e},
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and for Ao < A < o, let

¢, = inf max [ 1)).
» yePtel0,1] A(V( ))

We recall that the map c : [Ag, o] = Ry, given by c¢(A) = c,, is such that ¢, /A is decreasing,
left semi-continuous and bounded from below by ¢, > 0.
In fact, from (8) follows the monotonicity. While the estimate (7) implies that ¢; > R > 0.
Now, we are going to check the left semi-continuity of ¢, /A. Fix u € [Ag, no] and € > 0. Then
fix y € P such that

() < max I, (y(0) < c(u) + =
c < max <c —_
H refo.1] ¥ Y ® 4

Let Ro = max;c(0,1] [, F (x, y(t))dx. Then, for A > 1/2 and such that 1/ <1/ +¢€/2pn

L(y®)=(L(r®) —I.(y®)) + L.(y®)

SL(y®)+ -2 / F(x,y(1))dx
2

€
SRol=ul+cu+ = Vielo.1,

that is,

This proves the left semi-continuity of ¢ /A and ¢). O

The next lemma estimates the dependence of the parameter A of the derivative /; in the
H~12(£2)-norm || . ||..

Lemma 2.2. There exists C > 0, such that
|16 — B, < C(1+ ull)li— Al VA, >0,
Proof. Notice that (f>) implies an inequality like
|0, w) VN <Oy 4 Cols PPN yx e 2, Vs eR,

for some constants C, C» > 0, and then

/|f(x’u)|2N/(N+2) dx < Cy| 2| +C2(f |u|2NP/(N=2) dx).
2 2
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Therefore, there exist positive constants d; (i = 1,2, 3), such that

/|f(x, WM NP ax <dy+ do|u PNV forall u € Hy (82).
2

Now, for all v € Hj (£2) with [[v]| < 1, we have

Il/L(u)v — I)/L(u)v =A—-pw / fx,u)vdx.
2

Therefore

(N+2)/2N (N-2)/2N
2 2

So that, there exists C > 0 such that
1,) — L) |, <C(U+llul)lw— Al Vi, u>0. O

Remark 2.1. We recall that the map b : [Lo, no] — R4, given by b(X) = c¢) /A, is monotone
decreasing. Thus, b, and c,, are differentiable at almost all values A € (Ao, o)-

The proof of the next lemma is done by adapting some arguments employed in the proof of
Lemma 3.3 in [6] and Lemma 2.5 in [8].

Lemma 2.3. Suppose the map c : [Lg, ito] — Ry, given by c(A) = c;,, is differentiable in |, then
there exists a sequence (u,) € HO1 (82) such that

Li(un) = e, 1 (up) =0, and |u,|* < C,
as n — oo and actually Cy =2c;, +2u(2 — ¢'(n)) + 1.

Proof. Assume, by contradiction, that the lemma were false. Then, for that C; there exists § > 0
such that

|1, )| =25, forallueNs={veHy(): |v|*<Cl,

L,(v) — ¢ | <8}

Let C; be such that

1
= ﬂplu(“) —lul?| < C2, VueN;. 9)

‘/F(x,u)dx
2

Let V:Ns — H(} (£2) be the pseudo-gradient vector field for I, in Nj, that is, V is locally
Lipschitz, | V] < 1 and

I (u).(V(u) <=8, forallueNs (see[4]).
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Now, fix {A,} a sequence in (Aq, ®o) such that u < A,4+1 < A,, converging to i, |A, — u| <
6/4 and |c,, — ¢, | < &/4. For each n, let y;, € P be such that

max (v (1)) < €+ (n = o). (10)

Consider the open set

An={1 €10, 11: L, (3 () > c3, = G — )}

By definition of ¢;,, A, is nonempty set. If v € y,(A,), from (10) we have

1 — 1 —
/F<x,v)dx= p®) = 5, ®) = oy 424 0n(D),
2 An — U An — U

where we have used ¢, — ¢;,, = (¢/(i) + 0, (1)) (& — Ap).
Since ||v||? = 21,(v) +2u fﬂ F(x,v)dx, we obtain for v € y,,(A,)

V1% < 2ep 4200 — 1) +21(2 = ¢/ (0) + 04 (1)) < C

for n large.
It is easy to see that inequality (9) is satisfied for v € y,,(A,). Thus y,(A,) C Ns, because

Cry — A — ) < I, (v), I,(v) <cp+ oy — ),

< Colrn — pl (1

|, () = L ()| = O — M)‘/ F(x,v)dx
2

and for n large,
cu—8<I,(v) <cyu+468, Yvey,(Ay).

From Lemma 2.4, we have I; (u) (V(u)) < —4/2, for all u € Ns. Now consider a Lipschitz
continuous cut-off function 7, such that0 <n < 1,n(u) =0inu ¢ Ns,and n(u) =1 foru € Ns)>.
Let ¢ be the flow generated by 1V, that is,

Z—T(M,r):n(¢(u,r))V(qb(u,r)), forallr, and ¢(u,0)=u.

From the ODE uniqueness result we have

ifu¢ Ns thengp(u,r)=u, Vr
ifue Ny then¢(u,r)e Ns, Vr

Oa

>
207

ifueHy(2) then I (¢pu,r)) ( (u,r)) <0, Vr>0,

5
if p(u.r) € Nyjp.  ¥r €0, ro] thenl;\n(d)(u,r))<I;\n(u)—§.

Itis easy to see thatif u € Nsyo then I, (¢ (u, 1)) < I, () — §/2.
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Since e ¢ Ns, we have ¢(e,r) =e and ¢(0,r) =0, for all r > 0, and then ¢ (y,r) € P, for
all r real and y € P.
This implies that £, (¢) = ¢ (y,(¢), 1) is a continuous path in P such that

L, (ha(0) < I, (va (), V1,
and then for its maximum point s, € [0, 1], we should have s,, € A, and

Cu — on(l) = Cop tlgfg)}] IA,, (hn (t)) = IA,, (hn (sn)) < IA,, (Vn (Sn)) —4/2.

On the other hand, from (10) and (11) we have

L, (vn (s) < Lu(vn(sw)) + Calhn — pl < e+ (1 + C)|An — pl,
which is a contradiction. O
The next lemma follows directly from Lemma 2.3.
Lemma 2.4. For almost all > > 0, ¢, is a critical value for I,
3. Proof of main theorem

As c;, is left semi-continuous, from Lemma 2.4, for each p > 0 we can fix sequences {u,} in
H(} (£2) and {A,} € R such that A,, — u, ¢, — ¢, asn — oo,
L, (un) =cy, and I; (uy)=0.
We claim that u,, is bounded. If it is not bounded we define w, = u, /||lu,|l. As in [5] we will

show that w, converges to 0 in LP*1(£2), n — oo. Without loss of generality we suppose that
there are » € H} (2) and h € LP1(£2) such that

wp(x) > w(x), a.e.in 2, n— 00,
|wn(x)| < h(x), a.e.in §2, foralln,
Wy — w, in LPTH(R), n— oo,

w;, > w, in Lz(.Q), n— 0o.

Let 2+ ={x € 2: w(x) #0}. If x € £2 then

. F(x,un(x))
lim ———

m—s wn(x)? = 00.

Applying the Fatou Lemma and the limit

. / Fx,u,) , 1
lim [ ———w; = —,
n u; 2/,L

2

we conclude that £2 has zero measure and w =0 a.e. in £2.



O.H. Miyagaki, M.A.S. Souto / J. Differential Equations 245 (2008) 3628-3638 3637

Let t, € [0, 1] such that

I, (tquy) = max I, (tup).
t€l0,1]

Since Ii,, (tattn) (tyupn) = 0, from (f;), we have

2])% (tuy) < 21)»,, (thuy) — I)/Ln (tnun) (thttn)

An tnttn f (X, tpltn) _ZF(xatnun)] dx

S | [unfx un) —2F (x, up) + Ci ) dx = 1y Ci| 2| + 203,

2
Q
forall ¢t € [0, 1].

On the other hand, for all Ry > 0,

213, (Ro) = R = 2 [ Fr. Ruo) dx = B -+ 0n ()
22

which contradicts 21, , (Rowy) < AnCx|$2] + 2c;,,, for n large.
Now we have a bounded sequence {u,} such that

1, (up) — ¢, and I;(un) — 0, asn— oco.
The proof is done.
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