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Discovering the true meaning of things is want-
ing to know too much...

(O Teatro Magico)



ABSTRACT

LIMA, Lazaro Souza. D.Sc., Universidade Federal de Vigosa, November, 2023. Analy-
sis of quantum electrodynamics models with applications to two-dimensional
condensed matter phenomena. Adviser: Oswaldo Monteiro Del Cima. Co-adviser:
Daniel Heber Theodoro Franco.

In this work, two planar quantum electrodynamics (QED3) models with applications to
condensed matter phenomena are analyzed. The first one, discussed in Chapter 2, has
possible applications to the fractional quantum Hall effect. A fundamental analysis is per-
formed in order to verify the physical consistency of the model. It is found that unitarity
is jeopardized, and it is checked that the bosons of the model are non-fundamental. A
diagonalization procedure of the action is performed, aiming to identify the fundamental
ones and it is verified that the action written in terms of them is physically consistent.
The other model analyzed is a parity-preserving QED3, which yields theoretical results
that mimic some experimental observations performed in pristine graphene. In chapter 3,
it is verified that the BPHZL renormalization procedure preserves parity in this model. In
chapter 4, this model is renormalized at 2-loops order, by BPHZL. In chapter 5, the alge-
braic renormalization scheme allows to verify that the parity preserving QEDj is free from
anomalies and it presents a quantum scale invariance, which is another feature observed

in pristine graphene.

Keywords: Quantum Electrodynamics; Three Space-Time Dimensions; Algebraic Renor-
malization; Condensed Matter.



RESUMO

LIMA, Lazaro Souza. D.Sc., Universidade Federal de Vigosa, novembro de 2023. Analise
de modelos de eletrodinamica quantica com aplicagoes a fendmenos bidimen-
sionais da matéria condensada.. Orientador: Oswaldo Monteiro Del Cima. Coorien-
tador: Daniel Heber Theodoro Franco.

Neste trabalho, sao analisados dois modelos de eletrodinamica quantica (QEDj3) planar
com aplicagoes a fenomenos de matéria condensada. O primeiro, discutido no Capitulo
2, possui possiveis aplicacoes no efeito Hall quantico fracionario. Realiza-se uma anélise
fundamental para verificar a consisténcia fisica do modelo. Um comprometimento na
unitariedade é identificado, e verifica-se que os bdsons do modelo nao sao fundamentais.
Um procedimento de diagonalizacao da acao é realizado com o objetivo de identificar
os campos fundamentais, e verifica-se que a agao expressa em termos deles ¢é fisicamente
consistente. O outro modelo analisado é uma QED3 com paridade preservada, a qual gera
resultados tedricos que imitam algumas observacoes experimentais realizadas no grafeno
puro. No capitulo 3, verifica-se que o procedimento de renormalizacao BPHZL preserva
a paridade nesse modelo. No capitulo 4, esse modelo é renormalizado para uma ordem
de 2 loops, por meio do BPHZL. No capitulo 5, o esquema de renormalizacao algébrica
permite verificar que a QED3 com paridade preservada esta livre de anomalias e apresenta

invariancia quantica de escala, outra caracteristica observada no grafeno puro.

Palavras-chave: Eletrodinamica Quantica; Trés Dimensoes Espaco-Temporais; Renormal-
izagao Algébrica; Matéria Condensada.
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Chapter 1

Introduction

In physics, mathematics is used to describe natural phenomena. Sometimes, physi-
cists may appropriate well-defined mathematical concepts to apply in physics; at other
times, they instigate the development of them. This approach is valid as long as these
concepts are treated as useful idealizations. However, often we extend their mathematical
scope and attempt to attribute them a physical reality. This occurs, for instance, with
the mathematical concept of dimension. The spacetime with 143 dimensions, meaning
one temporal and three spatial dimensions, with Poincaré symmetry, is convenient for
describing a wide variety of physical phenomena. Nonetheless, this does not necessarily
imply that the universe inherently possesses four spacetime dimensions, even though we
may be inclined to assert it. One might be tempted to reject, a priori, a model that
proposes a different number of spacetime dimensions, even if it yields interesting results.
This rejection could be based on the argument that it fails to depict reality and should
be treated as an intriguing yet impractical fantasy. Nevertheless, there exists a signifi-
cant gap between the description and the de facto reality. Therefore, a model should not
be dismissed solely because it seems imaginative and departs from conventional models.
Instead, the model’s viability should be assessed: whether it accurately describes the
intended phenomena, maintains physical consistency, and enables us to make predictions.

In what concerns the dimensions of the spacetime, some physicists had dared to pro-
pose models with spacetimes of dimensions different from the usual four. Theodor Kaluza
in 1921 [1] and Oskar Klein in 1926 [2] ventured into this territory. Kaluza introduced a
five-dimensional spacetime, with one dimension being temporal and the other four spa-
tial, with the aim of unifying gravitation and electromagnetism. He successfully derived
both Einstein’s equations and Maxwell’s equations from his proposed model, as long as
an extra dimension for spacetime was accepted. Despite successfully merging gravity
and electromagnetism, Kaluza’s model faced two major issues: the extra coordinate was
suppressed without a strong justification, and there was no explanation for the absence
of observation of the extra dimension. To address these issues, Oskar Klein proposed
a different approach. He suggested a five-dimensional spacetime with a circular extra
dimension, making the extra coordinate periodic, compactified into small circles. This
solution resolved some of the problems present in Kaluza’s model, but inconsistencies re-
mained. Despite their problems, both models played a significant role and are considered
precursors to the string theory model.

Theoretical physicists were not restricted to proposing spacetimes with higher dimen-
sions than the conventional; they also proposed those with lower dimensions. In the 1980s,
some celebrated physicists, such as Alexander Polyakov [3], Fidel Schaposnik [4], and the
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Nobel Prize winner Gerard 't Hooft [5], published works on quark confinement. They an-
alyzed this highly relevant phenomenon in particle physics and physics in general, using
models with two spatial dimensions. In this context, the quark confinement issue could
be related to a phenomenon of lower dimensions.

Within the context of gauge theories, Jonathan Schonfeld [6] analyzed the possibility of
mass generation for gauge fields in 142 spacetimes through a topological term added to the
Lagrangian, without breaking the gauge symmetry. This marked the end of the paradigm
that gauge invariance must imply massless gauge fields. Additionally, in the framework
of 142 spacetimes, in 1982, Stanley Deser, Roman Jackiw, and Stephen Templeton [7]
also analyzed massive gauge fields without breaking the gauge symmetry.

Spacetimes of lower dimensions have also been utilized in models that describe phe-
nomena in condensed matter physics. For instance, in 1977, Yutaka Hosotani demon-
strated that the equations resulting from planar quantum electrodynamics (QED3) were
identical to those governing the Josephson effect in superconducting systems [8]. Another
example is the reference [9], in which Petter Minnhagen, in 1980, analyzed a model of
a Coulomb gas in two spatial dimensions, considering a logarithmic potential. In this
context, the considered gas was truly a planar system !.

Still considering the subject of condensed matter, the fractional quantum Hall effect
appears to be associated with a low-dimensional phenomenon. In 1983, Robert Laughlin,
who later became a Nobel Prize laureate, proposed a model to describe the condensation
of a two-dimensional electron gas in a high magnetic field [10]. This model aimed to pro-
vide a theoretical explanation for the quantum Hall effect. Laughlin’s model successfully

described the filling factors given by v = —, where m is an odd integer. In the same

m
year, two other Nobel Prize winners, Philip Anderson and Duncan Haldane, also explored

models within two spatial dimensions to understand the quantum Hall effect. Anderson

extended the Laughlin model, allowing for fractional filling factors in the form of v = 2,

where p is an integer and m is an odd integer [11]. On the other hand, Haldane int?Z)—
duced a version of the Laughlin model with translational invariance, which successfully
described the filling factors 2/5 and 2/7 [12]. Its must be emphasized that these models
propose an electron gas existing in a true two-dimensional universe, rather than being
confined to two dimensions within a three-dimensional space.

Some recent works have also introduced planar quantum electrodynamics, potentially
relevant to condensed matter phenomena, as indicated in the references [13,14]. In the
former reference, a QED3 model has been put forth, leading to the derivation of a Hall
conductivity with a fractional filling factor. This suggests a potential application of
the model to the fractional quantum Hall effect. Conversely, in the latter reference, a
pristine-like QED3 model has been proposed. Within this model, the Landau levels of the
electron-polaron and hole-polaron quasi-particles exhibit a four-fold broken degeneracy.
Additionally, there exists a Landau level with zero energy, hinting at the presence of an
anomalous quantum Hall effect. Both of these models will be discussed in detail in the
next chapters.

In view of the previously presented works by numerous renowned physicists, which
consider spacetimes with different dimensions than the usual, exhibiting various important
outcomes and describing numerous phenomena, it becomes evident that models involving

1Some misconceptions may arise regarding a planar system. In this case, one might think that in
models of lower dimensions, the universe has three spatial dimensions and the dynamics is restricted to
only two. However, that is not always the case.
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lower or higher spacetime dimensions should not be dismissed as fanciful. Particularly,
the models based on QED3 merit significant attention due to their potential application in
condensed matter physics. Indeed, the emergent particles, commonly referred to as quasi-
particles, which arise from the collective behavior of the particles in the material, can live
in a two-dimensional world, giving rise to emergent phenomena, such as quantum Hall
effect and topological insulators. Therefore, describing these quasi-particles using two-
dimensional models provides further evidence that there is much more physics beyond the
three space dimensions.

Although a model might effectively describe a phenomenon, it must obey to fundamen-
tal physical principles. In the realm of Quantum Field Theory, it is essential to analyze
the model’s symmetries, spectrum, renormalizability, presence or absence of anomalies,
scattering behavior, and lastly, the interaction potential. Considering these factors, the
upcoming chapters will delve into the analysis of two QED3 models. In Chapter 2 the
Kaplan-Sen model, which yields a Hall conductivity featuring a fractional filling factor,
is analyzed. The model’s boson gauge fields are demonstrated to be non-fundamental
and the fundamental fields are determined through diagonalization of the action. Moving
on to Chapter 3 and subsequent ones, we investigate a parity-preserving QED3 with two
massless fermions and two massive gauge fields. In Chapter 3, we present the power-
counting of the model and its super-renormalizability. This chapter also shows that the
potentially divergent diagrams are up to the 2-loop order. Furthermore, we demonstrate
that the BPHZL subtraction procedure preserves the parity symmetry. Chapter 4 ap-
plies the BPHZL approach to the model at the two-loops level, completing the model’s
renormalization process. In Chapter 5, using the algebraic renormalization procedure,
we establish that the model is free from anomalies and analyze the structure of invariant
counterterms. This analysis leads to the significant result that the model exhibits quan-
tum scale invariance. Given that the analysis concerns QED3; models, we make reference
to [15] for useful results.

Prior to the aforementioned analysis, it is convenient to provide a brief discussion on
the generating functional and its relationship with crucial quantities that play a substan-
tial role in any Quantum Field Theory model.

1.1 The generating functional

The scattering matrix, often referred to as the S-matrix, is certainly one of the most
important entities in Quantum Field Theory. Its components are linked to the probability
of obtaining an outgoing state, given an incoming state, within a system. It enables
the calculation of scattering amplitudes, decay rates, and other significant quantities.
Essentially, it serves as a link between theory and experiments. We can employ the LSZ
(Lehmann-Symanzik-Zimmermann) reduction formula to construct the scattering matrix,
and this process involves calculating Green functions. These functions are defined as the
expected values in the vacuum of temporally ordered field operators. Generally, it must
to be derived

Giy i (@1, o) = (0|7, (21)... P, (2,)]0) (1.1)

where the index i, is associated with all possible properties that a field may possess, such
as tensor indices, flavor, color, etc., whereas 7' is the temporal ordering operator.

The results shown here can be found in [16] and in a number of other books on
Quantum Field Theory, such as [17,18]. The definitions may differ by constant factors,
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but all them are equivalent. It is possible to define the generating functional of the Green
functions as follows:

/l:’fL

Z[J] = Z n' hn /dD.il,’l...dDInJil (I‘l)Jln(.Tn)G“zn(Qll, ,.CL’n) s (12)
n=0

being J%* functions in the Schwartz space, i.e., functions of rapidly decreasing as well as
all their derivatives. We use the Einstein summation convention.
From the generating functional, it is possible to obtain the Green functions by

5 Z[J]

=) S ) o ()

= (0|7, (21)...P;, (2,)]0) . (1.3)

J=0

Thus, the problem of determining the Green functions transforms into the problem of
determining the generating functional.

Is is a well established fact that the generating functional is formally given by the
functional integral

2 = N / DO i S+ [Per @) (1.4)

where D is the dimension of the considered spacetime, N is a normalization factor, S[®] is
the action 2 and D® is the integration measure. It is worth mentioning that this integra-
tion measure indicates that the integral has contributions of all the field configurations.
Furthermore, it is not well defined. It is common to define the normalization condition

as Z|0] = 1, and N becomes
N=—F—"--—. (1.5)

Commonly, we can split the action S[®] into two parts, being one quadratic in the
fields, called free action (Sy[®]), whereas the other, called interaction action (Sj,[®]),
has terms with power three or higher in the fields. It can be written mathematically as

5[] = 5[] + S [] (1.6)

We define the free generating functional as

Zo[J] = N’/DCI) ohSo[@l+7 [dPzT (2)®;(x) : (1.7)
where we choose N’ such that
Zo[0] :N’/ch enSol® =1 (1.8)
The free Green functions are
(O, 12).. 0 () =it |
N / DD @, (21)...Dy, (wn)eh S0 (1)

2Sometimes we need to add to the action other terms. For example, in abelian gauge field theories
a gauge-fixing is necessary, and in Yang-Mills theories, an action of Faddeev-Popov ghosts needs to be
incorporated.
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Let us assume that the free action can be written as

So[®] = 1/d% O, K" (0)D; , (1.10)

2

where K%(9) is the wave operator. In (1.7), it is possible to perform a change of integra-
tion variables:

D (x); — Ba); - / Py T K (@ —y) (1.11)
with KY(9)K;

i Yo —y) =060 (x—1y),ie., Kj_ll(a: —1y) is the inverse of the wave operator.
Assuming that the functional integration measure does not change under translations, the
free action becomes

Zo[J] :N//D(I)e;;dexSO[@} 6% fdedDyJi(a:)Kigl(xfy)Jj(y)

J

200
—ean [ dPxdPy T (@)K (@ —y) T (y) (1.12)

Throughout the text of this work, the Feynman propagator A, (z1 — x2) will play a
significant role on numerous occasions. It is given by the two-point Green functions:

Ailig(zl — 1‘2) = <0|T‘(I)Z1 ($1)(I)12($2)|0>0 = —ZhK ( 1’2) . (113)

1112

Is is possible to show that the free n-point Green function is

0 if n is odd;
A A\

Uin—

(O[T®1 (1)@, (2,)]0) = { (1.14)

irig - i, +perm., if n is even.

It is convenient to comment that in the aforementioned result, known as Wick’s The-
orem, when n is even, all the possible permutations of the indices have to be taken
into account. In a certain way, calculating Green functions in free theories is relatively
simple. The main challenge is to determine the Green functions when there exist interac-
tions. Aiming to this purpose, we show a useful result that enables to obtain the Green
functions in models with interactions through perturbation theory. Let us consider an
arbitrary functional F[®] that has a power series expansion as

sMF
D D
Zn'/d T dVn 3B (21)-.0P(2,) |

Therefore, the expected value of this functional in a free theory is

O (). P(zy) - (1.15)

®=0

sWF
D D
(0|TF[®]]0)o 5 /d xy...d Zn 500 ) 000 |

X
$=0

<O|T<I>(x1)... (2,)]0)0

)
1 s F
=N" [ D® Y — [ d°z..d"x,
N/ nz:%n'/ T T 5@(1‘1)5(1)(171) o OX
X ®i1 (x1>(bln (xn)eédemSO[@]

:/\/’/Dcp F[®]en S 4" wS0l®] (1.16)
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where we have wused (1.9), (1.15) and the fact that the expression
is a constant in view of the inner product as

S F
D D
Zn' / d7wy..d”en 00(21)--00(2n) | oo

Well as in view of the functional integration. The previous result was obtained considering
just a single boson field, but it can be generalized to any fields.

Now we are in position to determine the Green functions considering the interaction
terms. From (1.3), (1.4) and (1.5), it is possible to see that

/Dq) CI)“ xl .D; ( )@%Sint[qe%so[@}

O[TD;, (21)...9;, (2,)]0) = (1.17)

/D(I) eh 1nt[q)}eﬁso[¢’]
Multiplying and dividing by N, using (1.16) and taking into account the functionals
Fi[®] = ®;,..®; en mntl®] ¢ [[®] = en%int(®] we achieve the important expression:

<O|T<I)zl ((L’l)CI)Zn (xn)e%sint[cb] |0>0
(0|TenSins[®1]0),

(O[T, (21)...0;, (2,)]0) = (1.18)

Thus, to calculate the Green functions, we can expand en*nt[®l as a power series and
calculate the terms of the Green functions order by order, considering only the free ac-
tion and utilizing Wick’s Theorem. Moreover, it is possible to represent these expressions
diagrammatically using the well-known Feynman diagrams. These diagrams can substan-
tially reduce calculations and enable various simplifications. It’s worth mentioning that
the denominator of the preceding expression serves to remove vacuum bubbles.

(a) (b)
N

[ ®
T 2
Figure 1.1: (a) Allowed diagram in the perturbative expansion; (b) vacuum bubble diagram, which is not

allowed in the expansion. It is noticeable that the process that occurs between 1 and x5 in this diagram
is not affected by the vacuum bubble.

In Feynman diagrams, as exemplified in the precedent figure, each point that represents
the arguments of the Green functions is referred to as external point. On the other hand,
each point corresponding to an intersection of three or more lines is called vertex and
contributes for the calculation with a term from .S;;. Besides, each internal line, i.e., each
line that is not directly connected to an external point, contributes with a propagator.

1.2 The connected and 1PI generating functionals

Consider the Figure 1.2. It is possible to observe that the diagram in (a) has all external
points connected, whereas in (b) the points x; and x3 are not connected to xs and xy.
Diagrams in which all external points are connected are referred to as connected diagrams.
On the other hand, a diagram that has at least one external point not connected to the
others is called a disconnected diagram.
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L1 (a) 3 L1 (b) T3

®
X2 T4 T2 Xy

Figure 1.2: (a) Diagrama conexo; (b) diagrama desconexo.

The generating functional defined in the previous section generates all the Feynman
diagrams, whether they are connected or not. However, disconnected diagrams are merely
a product of connected ones. Consequently, it is useful to restrict the analysis to only
the connected diagrams. To achieve this, we introduce the generating functional of the
connected Green functions, denoted as Z¢[J|, which is defined by

Z[J) = en?Vl = 7°[J] = —ihIn Z[J] . (1.19)
Is it possible to show that Z¢[J] only generates connected diagrams when functional
derivatives are taken with respect to .JJ. Thus, its natural expansion is as follows:
m—1

oo i ' '
Z°0J] = Zn! = / APy dP e TN (1) T () (O|T®y, (1) @y (2)|0)eom 5 (1.20)

n=1

from where we conclude that

, " Z[J]
01T ®;, (71)...@;, (7)|0)con = (—iR)" ' — : : 1.21
O (@) @i () O)eon = (1) 35 T ) | o 2
Additionally, considering solely the free action, the previous expression reads
(O[T®;, (1) @iy (22)|0)0 con = (O]T'Py, (1) Ps, (72)[0)o - (1.22)

Therefore, at the tree-level, the two-point Green functions are necessarily connected.

It is also possible to introduce the concept of 1PI (one-particle irreducible) diagrams.
These diagrams possess amputated external legs and remain connected even if an internal
leg is cut, as illustrated in the following figure.

(a) (b)
1@ - S @ X xl...w...xQ

Figure 1.3: (a) 1PI diagram; (b) diagram that is not 1PI. As can be checked, the diagram (b) can be
decomposed into two 1PI diagrams.

The connected diagrams can be decomposed as a product of 1PI diagrams. In this
way, the analysis of Green functions can be limited to the analysis of 1PI diagrams.
So, it is convenient to define the 1PI generating functional I'[¢], given by a Legendre
transformation, as follows:

A
~ 6Ji(x)

Iigl = 2710) = [ dPaT @)la), com (o) . (1.23)
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The quantity ¢;(x) is commonly referred to as classical field. It must not be confused
with the field operators. From the previous equation, we have

0Tl _6Z°J] [ 0T o
0pi(y) ~ bp;(y) /d 503y pi(z) = J(y)

_ / 0 9271 (Ui.(x) - / 2207 i

—~
~—

577(x) 55(y) 5,(y)
[ Poeiizi = [ Pesgie - o
- _ J’(y) , (1.24)

Here, the functional chain rule has been used. It is possible to show that T'[¢] is the
generating functional of the 1PI diagrams, with amputated external legs. Thus, the
expansion of I'[p] is

Ty = Z% / dP T (2 2@ (1), () (1.25)

['[¢] is called vertex functional and ' (xy, ..., x,) is the n-points 1PI Green function.
Additionally, I'[] can be expanded formally in powers of 7 as follows:

le] = > a1yl (1.26)

being '™ resulting by the sum of all 1PI diagrams with n-loops. The term of order 0
coincides with the classical action, i.e.,

IOp] = S[e] - (1.27)

1
The equation (1.26) can be derived from the fact that each vertex arising from ﬁSint con-

tributes with a factor 2!, whereas each propagator, given by an internal line, contributes
with a factor of h, and there exists a global factor & due to (1.19). So, the power of h for
each 1PI diagram is determined by I —V + 1, being I the number of internal lines and V'
the number of vertices. The power of h coincides with the number of loops, as dictated
by the Euler formula:

L=1—-(V-1). (1.28)

In this manner, the power of A for a 1PI diagram is identical to the number of loops in
the diagram. Therefore, we can state that (1.26) is the loop-wise expansion of I'[¢]. This
is why, at times in the literature, I" is referred to as the quantum action, comprised of the
classical action T'¥), along with the corrections arising from loop diagrams.

An important point to note is that, typically, diagrams are computed in momentum
space, involving Fourier transforms. In this scenario, every external line corresponds to
an external momentum, while each internal line is associated with a flowing’ internal
momentum. Momentum conservation holds at each vertex, and the process is similar
to circuit analysis, applying Kirchhoft’s laws. Furthermore, each loop corresponds to an
integral over an independent internal momentum.
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Chapter 2

The spectrum consistency of
fractional quantum Hall effect model

As mentioned earlier, QED3 serves as a potential theoretical framework for many con-
densed matter phenomena. While significant progress has already been made, a more
thorough investigation of the fractional quantum Hall effect is still necessary. In this
context, a recent relativistic model was proposed by Kaplan and Sen [13], yielding a Hall
conductivity with a fractional filling factor in the low-energy limit. The proposed action
of the model was constructed in three spacetime dimensions using three massive fermion
families: 5, x;, and wy, with flavors represented by ni, n,, and n,, respectively. The
model possesses a U(1) x U(1) symmetry and two massive vector gauge fields, A, and Z,,.
Additionally, it has two coupling constants: e and g. The complete action, along with the
gauge-fixing terms, is:

1 1
EKS = /dgl’{ - EFMVF;U/ - EZMVZ
chvp

47T
+ — mwz I/Jz

|72 |nx
_ - 1
+ix; Px; + iog Dy, _ﬂ(aHAu) — —6(8“Z )° }

gauge— fixing terms

_l_

[(ny + nw)A A, + (ny +ny,)2,0,Z, + 2n,A,0,Z,)

Nw .
|ngXJ + |n—|mwkwk + it P

N

(2.1)

Here, D = @+ iqaed +iqz9Z, and ¢4 and ¢ represent the charges for the fermions, with
values of 1 and 0 for ;, 0 and 1 for ;, and 1 and 1 for wy, respectively. Additionally, i, j,
and k range from 1 to ny, n,, and n,, correspondingly. The Chern-Simons terms are the
topological terms responsible for the mass of the vector gauge fields. It is important to
note that all fermionic masses are considered identical. Finally, F** and Z"" represent the
field strengths for the fields A* and Z*, respectively, while e#"? is the totally antisymmetric
tensor and %% = 1.

IThis chapter is based on the article submitted for publication in the journal ’Annals of Physics,’
with the same title as this chapter. It can also be found on [arXiv:2204.02534 [hep-th]]. Additionally, the
results were presented orally at the "XLII Encontro Nacional de Fisica de Particulas e Campos’ (ENFPC),
which took place in Natal-RN, Brazil, from September 26th to 29th, 2022.
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To derive the Hall conductivity in the low-energy limit, the authors integrated out
the fermionic degrees of freedom, assuming that the fermion masses were much larger
than the boson masses. Thereafter, they considered the limit g > e, in which the mass
of Z* was much greater than the mass of A*. They also performed an integration over
Z*, resulting in an effective action for A* referred to as the ”photon” at the end of these
steps. Mathematically, from the complete generating functional,

Z=N / DA, DZ, DYDYy DxDYDwDie =K teurrent terms (2.2)
they obtained
ZalJ, 0] =N / DA, eFerrti] et A (2.3)
which led to an effective action for the field A*. The achieved Hall conductivity was
2
NNy \ €
. “. 2.4
Tay (nw—i_nx—l—nw)h (24)

and for certain values of ny, n, and n,, it is fractional.

However, as shown throughout this chapter, A* and Z* are not fundamental fields,
as evidenced by a mixed propagator whose current-current amplitude transition does not
vanish. Moreover, one might inquire whether unitarity and causality are ensured, as
the discussion will reveal that the masses depend on the fermionic flavor numbers. In
principle, certain conditions regarding the flavor numbers could be necessary to ensure
unitarity and causality. For this reason, it is worth performing a spectrum analysis of this
model.

2.1 Obtaining the boson propagators of the model

We can start performing the changes A, — eA, and Z,, — gZ,,, making the coupling
constants explicit in the interaction terms. The free bosonic lagrangian, which is obtained
after integrating out the fermions, reads

1 1 FE G
/;b = - _FMVFMV - _ZIWZ“V + eht” _AHaPAV + _ZMaPZV+
4 4 2 2
A 1 ,uA 2 1 o 2
HAD,Z, ¢ — o= (0"A,)* - %(a Zu)? (2.5)
where ) )
e g €g
E = %(niﬁ +nw)> G= %(nx +nw>> H = %nw : (26)

The free bosonic action is X, = [ d*xzL,. Integrating by parts, we obtain

1 1, ~
Yy = /d3x{§AHO’“’Ay + §ZZ,O‘“’Z,, + HA#S‘“’Z,,} , (2.7)
being the operators given by

O ~ O
O =00 — QW + ES™, O™ =00 — 20 + GS™
«

9 09"
0 0

QM = i
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The operator algebra is showed in the following table.

) Q S
S) S) 0 S
Q 0 Q 0
S S 0 | -0

Table 2.1: Algebra of the operators ©, {2 e S. The product must be understood as in the
following example: ©© = © means ©#°0,, = O* .

The inverse of a generic operator a® + b§) + ¢S is given by

a 1 c , , )
<a2 T2 T e T i Ea DCQSW> (a® + QP + cS) =0 . (2.9)

We call the last equation the inversion formula. According to (1.23), it follows that

P04, 2] = 29004] - [ Pl A+ 2, (2.10)

from where we identify T'©144] a5 the classical bosonic action, whereas J# and j* are the
conjugated currents to A, and Z,, respectively. Thus, the following relations read:

or® or® 5Z¢ 6Z¢
— _JH — __ gk = = Z . 2].1
34, B 7 3 T R 7 TR (2.11)
The propagator A4 (z,y) is obtained from —iL Therefore, we need to

express the conjugated currents as functions of the fields. It is worth noting that if A, is
written in terms of J# and j¥, the expression for 7, becomes straightforward, as the free
bosonic action is symmetric under the transformation:

e<rg, A, Z,, J' gt a e B (2.12)
Using the first and second equalities of (2.11), then
_Jh=OM A, + HS"Z, | (2.13a)

—j = O"Z,+ HS" A, . (2.13b)

where we have used the fact that, over integration, A,S*"7, = Z,5*" A,. Consider the
next expression that follows from the inversion formula:

~ 1 5 G
-1 _ wyPo T g 2.14
Ow =g Ta% aErey™ (2.14)
From (2.13b), it follows that
Z,=—0,j"—HO, 5"A, . (2.15)

Additionally, taking into account the following definition

D,=0+G*, (2.16)
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and considering the multiplicative table, it is possible to see that

Oow G
. Quv
-5 )Ay. (2.17)

1 G
HS™7,=—H (—S“V + —@“V) §v + H? (
Dg Dg

g

From the previous result and (2.13a), then

OH? O GH? 1 G
gt — (O [ R o V104 jo. A, — H ([ —=—8S* + —or ).
! [( * D, )6 +O‘ +( D, o )} (DgSV+Dg@V)]

(2.18)

For the determination of A in terms of the currents, there is only one more step. Using
the inversion formula, the expression for A is the following:

(O+ G*+ H?) a E(0+ G* — GH?
Ap:_( D @pu_iﬂpu_ 0D Sou | X
H HG
o n |
(- [ 2 ] ) oo

where
D=H'+2H*(0—- EG)+ (O+ GO+ E?) . (2.20)

Beyond that, applying (2.12) in (2.19), the expression for Z reads:

(O+ E? + H?) B GO+ E?*) — EFH?
Zy=— ( D Opu — EQW - 0D Spu | X
H HE
o n w| g
X <j [D—{—EQS” + D+E2®”}J ) (2.21)

Notwithstanding the appearance of (2.19) and (2.21), it is relatively straightforward to
derive the propagators. For this, it must be recalled that

0Z° S0Z¢
Au(z) = 5Tn(z)’ Zy(r) = 5ji(a) (2.22)
so that 2z 54, (1)
AA . ¢ _ v\Y
A (@) = =1 s 57w S| (2.23)

Similar expressions for AZ7(x,y), A7 (x,y) and A% (x,y) can be derived. Furthermore,
the last two propagators, which are referred to as mixed propagators, are identical.

It is useful to express the propagators in momentum space, as the analysis of unitarity
and causality will be conducted in this realm:

k2 — E? — H? kuky,\ Bk, 1 Gk — E?) + H2E
T( g )*ﬁ R D, 51‘?} ’
(2.24)

AZZ (k) = i {

k* - G? - H? k. k a k,k 1 E(k* - G?) + H*G
AA o v v .
(2.25)
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iH Pk, k.k,
A;‘I,Z(k;) =D, { e P(k* +GE — H*) + (UW _ 22 ) (E + G)} , (2.26)
where Dy, is the expressoin of D, given by (2.20), in momentum space. In this context,
Dy = (K* — G*)(k* — E?) — 2H*(k* + EG) + H* . (2.27)

The massive excitations can be derived from the propagator poles. The boson propa-
gators exhibit three poles:

E=0; W:uizé@#+G%&H%ﬁ¢wk4ﬁﬂ+ﬂpw+Gy>. (2.28)
Kaplan and Sen [13] examined the limit g> >> €2, resulting in a significantly higher
mass of Z,, compared to the mass of A,. This allowed the integration of Z,, leading to
the effective theory for A,. Let us reproduce this limit. At the tree level, by coupling
the propagators with the external currents, we acquire the current-current transition

amplitudes, defined by
Apigy = J5 AP TY (2.29)

where ¢, e ¢, represent any two fields, whereas J,, and Jy, are the external currents. For
the boson gauge fields, they read:

A JRAGATY = il Gl JHT 2.30
AA — A — Z<k2 )(/’CQ ) AYAp > ( . )
k?> — E? — H?

Azzg = JGNZ Ty =i e >J"JZM : (2.31)

To derive the previous equations, we used the current conservation, ie., k,J =k,Jy =0.
The poles in the limit g> >> €2 are

1
pi = 5[E2 +G* +2H? + (G* — E?) + O(e*/¢7)] . (2.32)
Taking ¢g? — oo, it is possible to see that
=G*+H?, [ 2=F*+H". (2.33)

Therefore, in this limit, the current-current transition amplitudes for A and Z become

- G*— 1

AA
J“A JA (k’ )(k2 )JAJAH mJZ‘]AM . (234)
k? — E? — H? 1
J'U'AZZJZ = Z(k’ )(/{32 )JZJZ,u mjgjzﬂ . (235)

4

Thus, the propagator of Z,, in this limit, has a pole in G* + H* =~ G* = f?(nx + nyw)?,
2

which results in a mass of the order of g—(nx + n,). On the other hand, the mass u_,

identified as the mass of A,, is of order of g, much lower than the mass of Z,. This justify

the possibility of integrating out Z,.

As can be observed, the masses of the vector gauge fields depend on the fermion
flavors. In this context, some natural questions arise. For example, whether causality
and unitarity are ensured for all the fermion flavors. This is a crucial point, because the
model does not present a fractional filling factor for all the flavor numbers, and certain
filling factors might, in principle, be not allowed. Furthermore, the presence of the mixed
propagators requires a more thorough examination.
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2.2 Spectrum analysis of the model

Owing to the fact that poles in the Feynman propagators are related to the particle
masses, it is essential to investigate the former concerning causality and unitarity.

Causality constitutes a fundamental aspect of a physically consistent model, as it
signifies that effects do not precede their causes. Additionally, the information cannot
be transmitted instantaneously. In the context of Minkowski space, two events can be
causally connected solely if they are separated by a temporal or light interval, indicating
that the effect resides within the light cone of the cause. A model is called causal if there
are no tachyons in its spectrum — particles characterized by a negative squared mass when
the metric 7, = diag(4+ — —) is considered.

Unitarity is also a fundamental feature of a consistent model, as it is associated with
probability conservation. In the realm of quantum field theory, the probabilities are linked
to the S-matrix. A natural assumption is its unitarity, driven precisely by the need for
probability conservation. By the optical theorem [17,19], a consequence of the unitarity of
the S-matrix is that at the tree-level the current-current transition amplitudes, defined in
the previous section by (2.29), must be non-negative. Therefore, a necessary condition for
a model’s unitarity is that at the tree-level the current-current transition amplitudes of all
the particles in the model’s spectrum must be non-negative. Particles exhibiting negative
values in this regard are called ghosts in this context, and they have negative norm states.
For a unitary theory, if there are ghosts in the spectrum, they have to mutually cancel
each other or they decouple from the model.

The Kaplan-Sen model has both fermions and bosons in its spectrum. The spectrum
analysis will be conducted separately for each sector of the model. Let us start from the
fermionic sector. The fermion propagators are

— ng/|nglm
A (k)= @% , (2.36)
where ¢ represents ¥, x e w. As can be seen, there is only one pole, k* = m?, and the
causality is ensured regarding this sector. Let us consider a external fermionic current as
Jy = (01,02)T and Js = J;% = (67, —03). Due to the fermions be massive, it is allowed
to choose the rest frame, where the fermion momentum is k* = (m,0,0). Therefore, the
fermionic current-current transition amplitudes are given by

: =l —ng/|ng|m
Im{Res{ Aps|r2=m2}} =Im {kQIgI;nQ(kQ - mQ)ZJ;%%} (2.37)
n
=m(|01[*+6:[*) — ﬁm(lelﬁ—wzlz) : (2.38)

It is worth noting that ng/|ns|= +1. Thus, the aforementioned transition amplitude is
2m|0,|* or 2m|6y|?, always being non-negative. Therefore, the necessary unitarity condi-
tion is ensured for the fermions of the model at the tree-level.

In the following, we analyze the boson spectrum. In (2.28), the radicand is non-
negative, which means that p2 is real. Additionally, it can be straightforwardly checked
that p2 is positive. Furthermore, taking into account that

(H* - EG)* > 0= 4H"' + 4E*G* — 8H?*EG > 0
= 4H* + 2F*G* > SH*EG — 2E°G? (2.39)
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Adding to both sides E* + G* + 4H?G? + 4H?G?, we are led to
(E* + G* +2H*)? > (E* - G*)* + 4H*(E + G)* . (2.40)

This allows for the conclusion that p? is always greater than or equal to zero, according to
(2.28). Therefore, there are no issues with the causality of the model regarding the bosonic
spectrum as well. So, the causality is ensured for the whole model and no conditions on
fermion flavors or coupling constants regarding this issue are necessary

Let us now consider, in the bosonic sector, the vector external currents J! and J%,
which couple to the fields A, and Z,,, respectively. They can be decomposed in a basis of

the 142 Minkowski spacetime given by the set of vectors &, k*, e, where k* = (k°, k*, k?),
k* = (K, —k', —k?), and e* = (0,¢!, £?), which satisfy the following covariant constraints:

ke, =kie, =0; Kk, =K'k, =p2; e'e,=—1. (2.41)

Here, p is the mass parameter of the gauge field taken into consideration, and it can be
zero. Beyond that, since the currents are conserved, it follows that

k" = kyJb = 0. (2.42)

Taking into consideration ., it is possible to use the rest frame, so that k* = kH o=
(t1+,0,0). Thus, considering firstly py, it follows that

JZ = A k" + BAEM + Cyet, (2.43&)

JE = Agk* + Byk" + Cye® . (2.43b)
The application of the covariant constrains, along with (2.42), led to
kuJh = (Aa+ Ba)p> =0= Ay = —By4 . (2.44)

Similarly, it can be observed that Az equals —By. This observation allows for the con-
sideration of the massive pole 7 :

Jhy = Cae" | Jy = Cge . (2.45)
In a similar way, for y? it can be seen that
Jh=CYet,  J, =0t . (2.46)

Finally, the unitarity of the bosonic sector can be analyzed. We take into consideration
solely the terms that contribute to the imaginary part of the residue. It can be observed
that

B . 2 oy, H(E+G)
Zm{ReS{AAZ|k2:,u3_}} =Im {k}gﬁi {(k M+)Z(l§2 — u2) (k% — p2)
kuk,\ .,
HE+G

Ky — B
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Similarly, for the pole p2, it follows that

, JH(E+G
Im{Res{Aazlro—2 }} = CACZ# '
+

(2.48)

It is necessary to emphasize that the imaginary part of the transition amplitude Az
is not necessarily zero at both poles, which shows that the fields A* and Z* are not
fundamental fields?. Additionally, it is possible that these quantities are, in fact, negative,
depending on the constants Cy, Cz, (', and C7, which threatens the unitarity of the
model. To address these issues, a diagonalization procedure will be performed.

2.3 The fundamental vector gauge fields of the model

We start rewriting the bosonic free action as

iﬁp:/d%kﬂOWMH (2.49)
where ) )
A —(Oemw + ESH) —HS"
V,= {Z“} , oM =2 1 1 2 . (2.50)
p QHS‘“’ é(D@W + GSH)

It must to be stressed that the gauge-breaking terms are not present at this moment. If
each of the operators O*” has the same set of eigenvectors, then we can diagonalize® all
of them simultaneously, thus finding the fundamental fields of the model.

Let us solve the following equation

1 1

—(Oem + ESH — Amv) —HS"

2 . ] 2 =0, (2.51)
§HS‘“’ E(D@#V + GSHY — Auu)

where the eigenvalues are written as %A‘“’. It leads to
(e + ESH — AM) (O + GS*™ — AM) = H2SH SH (2.52)

The previous expression represents a set of distinct equations obtained by varying the
pairs p, . When computing the determinant of the operator O,,, one must refrain from
performing a summation over repeated indices. Since O* ¢ S* are independent of each
other, it can be seen that the only possible eigenvalue A" is

A" =10 + AS* | (2.53)
where A is a constant to be determined. Therefore, it follows that

(E = \)(G — NS SH = [25m gm (2.54)

2In fact, during propagation, even at the tree level, the field Ay, as it propagates, may transform into
the field Z,,, indicating that A, and Z, can be expressed in terms of the true fundamental fields.

3 Although O* is a matrix of operators, there is no issue in applying the usual diagonalization methods
since, when performing Fourier transforms, derivatives become momenta, represented by vector compo-
nents, and are treated as numbers.
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which leads to the equation
(E—MN)(G—)\) =H?*. (2.55)

Thus, the two eigenvalues of the matrix O* are:

AP = D@““+%(G+E+ \/(G—E)2+4H2> Shv

A =06 + % (G +E—/(G-E)?+ 4H2> s (2.56)

So, the orthonormal eigenvectors vy, and v, are given by

VA, = (_£7<) ; VA, = (Cag) ) (257)
where H
= 2 - (2.584)
\/4H2 + [(E ~G) - JE-GP+ 4H2}
‘- (E—G)—/(E—G)?+4H? (2.58h)

\/4H2+ [(E—G)— \/(E—G)2+4H2]2

Finally, we are able to determine the fundamental gauge fields of the model, which

are denoted by W and W*:
I3 _ AH
w1 12 2

Consequently, the free bosonic action, which is diagonal in terms of the fundamental
vector gauge fields, along with gauge-fixing terms, is given by

1 1
Zwi = /dgx{§w_/~f |i|:| (@uy + OJ_QHV) + M+SNV:| W—‘t
+

1 1
+ §Wi‘ {D (@W + a_QW> + MSW} Wf} ,

1w o 1 v
:/d3${ —Z ﬁ F:;—ZFB FMV—1—§M+€WVWJ’:OPW+ (2 60)

1 1 1
SMoe  WHPWY — W2 _ [\2
+ o M= Enpv oW 2, (0, W5) Ser (0. WE) } )

In addition, F!" and F"” are the field strengths for the bosons Wi e W*, whereas
M, =8E+CG—-2CH; M_=CFE+G+2CH . (2.61)

As will be seen in the next section, each bosonic propagator will now possess only
one pole, not two as was the case with A, and Z,. Furthermore, as there is no longer a
Chern-Simons term involving W and W*, there is no mixed propagator involving these
fields, which provides us with another indication that these are the fundamental fields of
the model.
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Let us analyze the regime where g> >> €?. In this case, £ & H/G << 1, while { ~ —1,

which yields
H2

In this limit, M, > M_, and this fact, along with (5.4), allows to identify W with Z*
and W*" with A*. An additional observation is that the squared mass M? approaches to
a constant value. On the other hand, 2, previously identified as the squared mass for
A, (see eq. (2.33)), grows in proportion to g?. Hence, when considering the photon as
W_ in the limit g > e, it possesses a constant and slight mass, of order of e?. This is
not the case when A, is considered as the photon, as seen in the previous section, since
the photon in this context would have a mass that grows with g, although lower then the
mass of Z,,. It is due to the fact that A, still has a contribution from W, , however small
it may be.

To conclude this section, we would like to demonstrate how one can obtain the Hall
conductivity using the fundamental fields in the limit of g> > e*. Since W/ and W* are
decoupled, we can easily integrate out the degrees of freedom with masses much greater
than M_, which in this case includes all fermionic degrees of freedom and the degrees
of freedom of W, thereby obtaining an effective theory for W*. First, we revert the
constants F/, G, and H to their values expressed in the model using (2.6). With this
consideration, we have

n2e’g?

2 9 2 2 »
M_z(nw—i—nw)e——%:e— mﬁ& . (2.63)
27 g 2 Ny + Ny,

(ny + nw)%

As a consequence, the effective action for W*, which is identified with the photon, is

1 2
thoton - /d3l‘{ — ZFEVFH_V + l/j—ﬂeupny(‘?pr - JHW_M} + (264)

Ty N
nx"rnw
equation and the classical current are obtained in the low energies limit:

where v = <n¢ + > Taking functional derivatives with respect to W*, the motion

2
«a « € v
J* = 8#Fﬁ -+ VEQSQ'M,F/_L . (265)

F" can be identified as the field strength to the photon. In three spacetime dimensions,
it is given by [20]

0 —E, —E,
F*=1|E, 0 -B|. (2.66)
E, B 0

The current along the x-direction, i.e., the current considering oo = 1 in (2.65) is
o2
J_$ = —8th + @yB + V2— Ey . (267)
7r

Ozy

It must be stressed that there is an electric current in the z direction induced by an electric
field in the y direction. In other words, we obtain an electric current perpendicular to the
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applied field, which is associated with the Hall effect. Upon restoring the Planck constant,
we arrive at the same Hall conductivity with a fractional filling factor as obtained by
Kaplan and Sen [13]:

Oy = VQG—, with v = (nw + M) . (2.68)

s Ny + Ny

2.4 Analysis of unitarity

The form of the action Xy, suggests that there will be no issue with unitarity, at least
at the tree level, since it exhibits two decoupled Chern-Simons terms. Nonetheless, it is
worthwhile to verify whether the necessary condition for unitarity is met. Firstly, let us
specify the bosonic propagators of the fundamental fields.

i AN M,
ALF(k) = B <77W - %) —iny 22 + R0 = Mbsupykp , (2.69)
__ 1 k. k., a_ k,k, M_
80 =g (e ) S e T

Here, A™* is the momentum space propagator for the field W, , while A~ is the propaga-
tor for W_. Additionally, A*~, which would be the mixed propagator, is zero, simplifying
our analysis. As expected, A:[j has a pole at M3, while A, has apole at M?, indicating
that M, is the mass of the W/ field, and M_ is the mass of the W* field. There are no
issues with causality in this case, as the poles are always positive, regardless of the flavors
and coupling constants of the model.

For the unitarity analysis, we must once again calculate the current-current transition
amplitudes using k*, k* . In this situation, considering the massive poles, it is possible
to see that Ji = Ciet and J" = C_e*. Consequently,

Im{Res{Asilpz=p2 }} = — i J? =C% >0, (2.71)
Im{Res{A__|jocpp2 }} = —J'nuJ” =C2 > 0. (2.72)

For the massless poles, it is not possible to assume that k* = (u,0,0), since there
is no rest frame. In this context, we assume that k* = (u,0, u), yielding the currents
decomposed as Ji = (uA,,Cy,pAy) and J" = (uA_,C_, pA_). Thus, it can be checked
that

Im{'ReS{A++]k2:O}} = 0 > Im{Res{A__\;@:O}} = O . (273)

The previous equation indicates that the massless degrees of freedom of the boson gauge
fields do not propagate. It was already expected, because these degrees of freedom were
introduced by the gauge-fixing term and are associated to the longitudinal modes.

The Kaplan-Sen model, rewritten in terms of the fundamental gauge fields, fulfills the
necessary condition for unitarity, at the tree level, as verified in (2.71) and (2.73). The
complete verification of unitarity of the model demands the Froissart-Martin limit [21-23],
a procedure that is not made here, but is a perspective of future work.

To conclude this section, it is worth emphasizing that spectrum consistency could
only be ensured after the diagonalization procedure. In principle, one might argue that
all the previous analyses presented along this chapter would be unnecessary, given that
the Kaplan-Sen action includes standard terms, and causality and unitarity should be
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expected to straightforwardly be guaranteed. However, (2.47) and (2.48) indicate the
opposite, as they show the jeopardizing of the unitarity. Furthermore, as demonstrated,
there is a difference in the mass of the photon when considering it as W~ instead of A, in
the limit g > e, which justifies the work conducted here. Additionally, one’s expectations
do not necessarily align with reality.

2.5 Transformation of the gauge fields

We conclude the discussion on the model presented in [13] by showing the transforma-
tions of the fields W4 and W from the perspective of the U(1) x U(1) symmetry. The
complete action after the diagonalization procedure is

Ty _ . T L
—CmGxG + m@gwy 4 WDy + XD X
’ |nw’ (2.74)

+ ZWlewCUk} )

Y= Sy, + / dx {—mmwz

[y |nx

and the covariant derivatives are
Dy= (D —ie€W,+ieCW_), Dy=(@+iglW.+igEW_),
Do, =[P+ (—ie€ +igQ)W 4 + (ie¢ +ig&)W_] . (2.75)

Here, £ and ¢ are given by (5.64).
Let us suppose that the fermions transform under U(1) x U(1) as

Sty = —iALoo(a)hy , buxi = —iAYdu()xi, Oxwi = —iAL s ()W, (2.76)

where the subscripts 4+ and - refer to the U(1) symmetry involving W% and W*, respec-
tively. The transformation parameters are given by ¢ (), and the AZ,E are the eigenvalues
of the generators of U(1) x U(1).

Our objective is to determine how the boson fields should transform starting from the
fermion transformations. Let us begin by determining how W transforms. To do this,
we set ¢_(x) = 0 and impose that the covariant derivatives transform in the same way as
the fermions. In this way, we have

Dy = e A0+ s (2.77)

which implies that

(@ — ie€ W', )e 450+ Dy — AL @ (P e 7 )y, . (2.78)

The previous equation leads to

/ AY
Wo=w,— +$¢+( ) . (2.79)

Repeating this procedure for the fields x; and w;, the W/ transformation can be written
as follows:

Aw

W=, + Aﬁamu, W= W+ i) (280
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Thus, considering the transformation of W¥ under U(1) x U(1) given by
1
ij = Wi+ 58u¢+(95) , (2.81)
and the eigenvalues are
v _ ¢ X _ wo_ €
A =S¢, A=, Av=¢-Se. (2.82)
g g
In a similar way, we can define the transformation of W_ under U(1) x U(1) as:
1
Wiu - W—M + Ea,ugb— (l’) ’ (283)
so that the remaining eigenvalues are

AV = ¢, ax =9 A2 =c+9¢ (2.84)
e e
In this way, we have completed the tree-level analysis of the model proposed in [13]
in terms of the fundamental fields. It still needs to be studied from the perspective of
algebraic renormalization to verify if the classical symmetries can be extended at the
quantum level.
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Chapter 3

Quantum Parity Conservation in
Planar Quantum Electrodynamics'

The application of a renormalization procedure to a model can break a classical sym-
metry, leading to a potential misconception if one interprets this breaking as an anomaly.
An anomaly refers to the impossibility of extending a classical symmetry when the model
is quantized, and it is independent of the renormalization procedure. Therefore, a break-
ing due to a renormalization method does not necessarily indicate an anomaly. In general,
the algebraic renormalization procedure [16] serves as a useful and powerful tool for ver-
ifying whether the observed symmetry breakings result from non-invariant counterterms
or genuine anomalies.

In three spacetime dimensions, since the work of reference [25], there was a belief
that in order to maintain gauge invariance in a QED3; model with an odd number of
fermions, even perturbatively, parity should necessarily be broken. However, this belief
was proven to be unfounded in the references [26,27], where a massless QED3 was an-
alyzed using both BPHZL (Bogoliubov-Parasiuk-Hepp-Zimmermann-Lowenstein) renor-
malization procedure and algebraic renormalization. The BPHZL procedure introduced
a parity-violating term, but it turned out to be a non-invariant counterterm rather than
an anomaly. Indeed, the symmetry breaking was due to the renormalization method.

When analyzing a QED3 model through the BPHZL procedure, a natural question
that arises, motivated by [26,27], is whether it breaks parity. We will discuss this issue
by applying the BPHZL to the model proposed in reference [14], which consists of a
parity-preserving massless pristine-like graphene QEDg, with U(1) x U(1) symmetry. We
will refer to this model as parity-preserving QEDj3. It yields interesting results, such
as the four-fold broken degeneracy of the Landau levels of the quasiparticles electron-
polaron and hole-polaron, a phenomenon observed experimentally in pristine graphene in
reference [28]. Furthermore, the model presents a Landau level with zero energy, which
suggests the possibility of anomalous quantum Hall effect [14]. The zero-energy Landau
level has already been observed in [29].

IThis chapter is based on the article published in the International Journal of Theoretical Physics,
Volume 60, Issue 8, pages 3063-3075, in 2021, with the authors O. M. Del Cima, L. S. Lima, and E. S.
Miranda. (Ref. [24])
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3.1 The Parity-Preserving QEDj

In this section we present the main features of the parity-preserving QED3 proposed
in [14]. Tt consists of a Maxwell-Chern-Simons action, which is invariant under parity,
with a U(1) x U(1). We have already incorporated, preserving parity, the Lowenstein-
Zimmermann mass terms, which are required for renormalizing massless theories by
BPHZL [30,31]. A detailed discussion about this renormalizaion procedure will take
place in the next sections. It is worth noting that the version of the action used here is
the same as that presented in [24], and the original one is recovered when s — 1.

, 1 1 ”
$(6-1) _ / ddw{ = " Fu = 1" fyu - 1 Ay Bty + i Dby

+ iE_qu/J_: m(s — Dy g +m(s — 1)y_y- (3.1)
Lowenstein—Zimm:errmann mass term

+bO" A, + %b2 +cdc + nd"a, + Bray ED&} :

2

The covariant derivatives are Py = (P + ieA + igd)ip., whereas m and p are the mass
parameters with mass dimension equal to 1. Additionally, the the coupling constants are
e (electric charge) and g (pseudochiral charge?), with mass dimension equal to 1/2. The
field strengths are F,, = 9,4, — 0,A, and f,, = 0,a, — J,a, and they are related to
the electromagnetic field (A4,) and the pseudochiral gauge field (a,), respectively. Fur-
thermore, the Dirac spinors ¥, and ¢ _ are two kinds of fermions and the subscript +
is associated to the sign of the pseudospin [14,15]. Moreover, the fields ¢ and £ are two
kinds of ghosts®, whereas ¢ and £ are two anti-ghosts. The fields b and 7 are two fields
of Lautrup-Nakanishi [32], which play a role of Lagrange multipliers, fixing the gauge.
Finally, the Lowenstein-Zimmermann parameter s take values from 0 to 1 and plays the
same role of the external momentum in the BPHZL renormalization procedure as a sub-
traction variable.

The representation used for the v matrices in three-dimensional spacetime is y* =
(0., —i0y,i0,), and below are some of their properties that will be useful:

Y =T+ i e, Te{yy"} =20 Tr{y*y"y*} = 2ie™™ |
Tr{fyll«l R fy,un} — n#n—lﬂnTr{pyﬂl e 7#”—2} + Z'gﬂn—lﬂnaTr{fylu’l e ’}/'u'n_Q’)/a} . (32)

It is interesting to point that the trace (Tr) of the product of an even number of v matrices
does not exhibit the Levi-Civita symbol. On the other hand, an odd number does.

2For pseudochiral symmetry, it is possible to express the two spinors, ¢, and 1_, each comprising
two components and forming part of a four-component spinor. The transformation of these fields, when
written in this manner, shares the same form as the chiral transformation in four spacetime dimensions,
involving the 5 matrix. Furthermore, in pristine graphene near the Dirac points, the quasiparticles are
massless, and sublattices A and B can be regarded as mirror images of each other.

3Despite appearing in the action due to BRS symmetry, neither the ghost fields (¢ and &) nor the
antighost fields (¢ and &) will appear in the vacuum polarization diagrams (2-point Green functions for
A* and at), self-energies (2-point Green functions for fermions), or vertex diagrams, in any perturbative
order, since they are free quantum fields, decoupling from the model. They were intentionally added for
further algebraic renormalization of the model.
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3.2 Classical symmetries: BRS and parity

The action £~V (3.1) is invariant under the Becchi-Rouet-Stora (BRS) symmetry:
sthy = i(c+ by, 5Ty = —ilc+ 6V, |
s =i(c =&Y, s =—i(c—&{p;

ouc, sc=0; sau:—g §, s =0;

Csh=0: sE="1_ s1=0: (3.3)
g

For a detailed discussion of the BRS symmetry, please refer to the following references:
[16,33,34]. The action is also invariant under the parity symmetry:

. . — —P —
by P = —ivto_ yo Dyl = —iylyy Y, 0, =i At
oY =iyt
A, D5 AP = (A, A, Ay) ;s 650" =6, ¢= (b}

SC =

a, 5 al = (—ag,a1, —as) ; x > x"=—x, x={m&E. (3.4)
The propagators in momentum space are
y , 1 L KMEY a kH*kY
AZA(/{;> = _Z{ kQ o /,LQ (77# - k2 ) + p ,I{JQ } ) (35&)
, , 1 L, KkMEY B kHkY
Al (k) = —@{,€2 — 2 (n“ - ) + 5 } , (3.5b)
uv /’L pnov 1% w kﬂ
Al (k) = DS ko, Alp(k) = Ar(k) = 5 (3.5¢)
?
Ap(k) = Arn(k) =0, Ag(k) = Agg(k) =2 (3.5d)
CKE—m(s—1) CKE+m(s—1)
A (k)= A__(k) = ) )
++( ) Zkg_m2<s_1)2 ) ( ) Zl{?2—m2(8—1)2 (3 56)

It should be noted that, as observed in Chapter 2, a mixed propagator (A’}") for the two
vector gauge fields exists. However, the imaginary part of the current-current transition
amplitudes vanishes, making the diagonalization of the action unnecessary.

From now on, all the calculations will be performed considering the Landau gauge,
where a = = 0.

The diagramatic convensions for the propagators are:

AW = , AR =000 , AN =~~vTh | AL =

(3.6)

Additionally, the Feynman rules for the interaction vertices are:

o Y
Viany = 2% ; Vigns = j:zg”y/i . (3.7)
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3.3 The Power-Counting, the Subtraction Operator,
the Vacuum Polarization and Self-Energy

In order to renormalize the divergences, if they exist, the superficial degrees of diver-
gence of the diagrams have to be determined. For each propagator Axy, we can assign
an ultraviolet (UV) and an infrared (IR) dimensions dyxy and ryy, respectively, given by
the propagator behavior on the limits UV (k, s — co) and IR (k, (s —1) — 0). We may
define dxy such as Axy (k) ~ kv when k, s — oco. On the other hand, we have ryy
such as Axy (k) ~ k"%Y when k, (s —1) — 0. The UV and IR dimensions of the fields,
denoted by d and r respectively, are conditioned by the following inequalities [30,31]:

dx +dy > 3+dxy , rx +ry <3+rxy , (3.8)

For instance, the propagator (3.5a) in the ultraviolet limit, when &, (s — 1) — 0, behaves
asymptotically as A4 (k) ~ k™2, while in the infrared limit, when k, (s — 1) — 0, it
behaves as ALY, (k) ~ k°. So, we can assign the values dsy = —2 and r44 = 0 to the UV
and IR dimensions of that propagator, respectively. Thus, applying the inequalities (3.8)
yields the following relations:

2dA21, 2?”A§3. (39)

The previous procedure can be repeated, allowing us to derive all the inequalities involving
the UV and IR dimensions of all fields. The following table summarizes these dimensions.

Yy Yo | Ay la, | b|Tmlcle|E]E]s|s—1
33
1 1|55 |2]2]of1]o]1]1 1
r| 1 1 1 171,110 1]0({11]0 1

Table 3.1: UV (d) and IR (r) dimensions of the fields.

Taking into account all the previous results, we can determine the power-counting of
the model, establishing the superficial degrees of divergence of an arbitrary 1PI diagram

v

(1) =5 (2w (4 )i (5) e (5)mma 020

f b

In the power-counting formula, Ny and N, are the numbers of external fermion and boson
lines, respectively, while N4, is the number of internal lines associated with the mixed
propagator? A%’ Furthermore, N, and N, are respectively the power of the coupling
constants e and ¢g that appear in the integral corresponding to a diagram. It is interesting
to note that the model is super-renormalizable since, by increasing the number of vertices,

4 Although the current-current transition amplitude is zero, the propagator can appear when consid-
ering all possible virtual processes, that is, they must be taken into account in the Feynman diagrams. It
is important to note that A%” ~ k=3 in the ultraviolet and A%” ~ k~'. In both cases, the power is one
unit lower than in the propagators A%”, and A~ which means that diagrams containing internal lines
with mixed propagators necessarily have lower superficial degrees of divergence.
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we naturally increase the number of coupling constants, which reduces the superficial UV
degree of divergence of the diagrams as we increase the loop orders.

The diagrams, at 1-loop, for vacuum polarizations, self-energies, and vertex functions
are presented in Figure 3.1. Additionally, using the power-counting formula (3.10), we
have shown in Table 3.2 the superficial degrees of UV and IR divergence for each of these
diagrams. It should be mentioned that for any diagram +;_ , the subscript + refers to the
lines of internal or external legs with ¢, or ¢_.

Y14 o V34 zm

V54

V6 V74 f/Ja%
Figure 3.1: The 1-loop diagrams ~i,, v2,, and y3,_ represent the vacuum polarization tensors, vy,
represents the interaction vertices, and s, , ¥6,, and 7, are the self-energies. The solid lines represent

external legs or the propagators of ¢4 or +_, while the dashed lines in 4, denote propagators of 4,,
a,, mixed propagator, or external legs of A, or a,.

a b
Yig | V24 | V34 %Ei) %Ei) Voe | Vex | V7x

1 1 1 | -1]-2] 0 0 | -1
r| 1 1 1 1 0 2 2 1

Table 3.2: Superficial degrees of dibergence of the diagrams in Fig. 3.1. 'ygg is obtained when

considering the internal dashed line as a mixed propagator, whereas ’yﬁg is obtained when considering

AAA or Aaa.

According to the Power-Counting Theorem®, 4, and 77, are absolutely convergent,
since they possess d lower than zero. On the other hand, the diagrams 1., 2., V3., V5.
and s, are superficially divergent in the UV limit, and a renormalization procedure must
be applied to them. For this purpose, the BPHZL subtraction scheme will be used and it
will be discussed in the following section.

3.4 The BPHZL Subtraction Scheme

As mentioned earlier, when a model involves massless fields, an appropriate renormal-
ization procedure is the BPHZL subtraction scheme. This is because of the need to handle
the IR divergences that arise due to the renormalization of UV divergences. This is the
reason for choosing BPHZL over, for example, the BPHZ [36] (Bogoliubov-Parasiuk-Hepp-
Zimmermann-Lowenstein) subtraction scheme. Before presenting the BPHZL method,
some definitions need to be introduced. For further details, we refer to the Refs. [30,31]

5The Power-Counting theorem establishes that a diagram without any subdivergences converges ab-
solutely if its superficial UV degree of divergence is negative and its superficial IR degree of divergence
is positive. Some details can be found at [35].
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Definition 1. Let A be a Feynman diagram. A subdiagram )\; of A is a subset of
vertices within A along with the lines that connect them. A subdiagram is called a trivial
subdiagram if it either consists of the empty diagram or represents the entire diagram
itself. Conversely, a subdiagram is called a proper diagram if it is not trivial.

From now on, a subdiagram has to be intended as a 1PI subdiagram.

Definition 2. Consider two subdiagrams \; and X\;. Also, consider the following condi-
tions:

If none of these conditions is satisfied, we say that \; and \; overlap. If \; N \; = &,
we say that \; and \; are disjoint.

Definition 3. Let {\;--- A\, } be a set of mutually disjoint proper subdiagrams. A reduced
subdiagram A/A1--- N\, is obtained from A by contracting all N;, i = 1,--+,n, to points
(reduced vertices). Under these conditions, it follows that

d(N) = d(A/A; - \y) + Z d() (3.12)
r(A) = r(A/A1 - M) + Z r(\) - (3.13)

Definition 4. Let U(A) be a set of subdiagrams, proper or trivial, of a diagram A. Let
Ais Aj € A be two arbitrary elements of U(A). If \;, A; do not overlap, for all \;, \; € U(A),
then we say that U(A) is a A-forest.

Definition 5. Given a subdiagram X of a diagram A, consider the UV and IR subtraction
degrees, denoted by 6(\) and p(N), respectively. Let {\1,---, A\, } be an arbitrary set of sub-
diagrams of A, and A/A\y --- A, be an arbitrary reduced diagram. Under these conditions,
the following inequalities hold:

I(A) > d(N)+b(N) (3.14a)
p() < (V) — (V) (3.14b)
where b(A) and c(\) are positive integers satisfying the following constraints:
5 = dOVA 2+ 350 (3.150)
i=1
PN < (MM A) + > p(h) (3.15D)
i=1
p(A) <o(N)+1. (3.15¢)

Now we are in a position to define how to subtract the UV divergences of a divergent
diagram using the BPHZL procedure. Consider an arbitrary n-loop diagram A, divergent
in the ultraviolet, with the integral given by

/ Bl P I (p by 5) (3.16)
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where k; represent internal momenta, p represents external momenta, and s is the Lowenstein-
Zimmermann parameter. The renormalized integrand R (p, k, s), is given by the Zimmer-
mann’s forest formula:

Ra(p.k,s)=Sa Y JT(=mS)Ialp, k. s) . (3.17)

UeFpa AeU

Here, S, is the substitution operator, which alters the p, k, and s, in the lines correspond-
ing to the subdiagram ~, to p?, k7, and s7, while F} is the family of all the forests of A.
Additionally, 7, is the operator that acts in the terms corresponding to v, defined by

tom= (1) (-0 (3.18)

where

(3.19)

i _ Taylor polynomial of degree d around x =y =0if d > 0
oy 0Osed<0 .

Furthermore, we can define —7, = 1 if A = @. Another important point to mention is
that if a forest contains A;, A;, such that A; C A;, then, in the product in (3.17), we should
start from the smaller to the larger, that is, (—7,,5),) should act first on Ix(p, k, s) than
(—7»,S),). We emphasize that @ is also considered a forest. Finally, it is important to note
that forests containing at least one convergent subdiagram do not contribute to (3.17).
Hence, we take into consideration forests that contain only divergent subdiagrams, which
are called the renormalization parts of A. Once the subtraction procedure is performed,
the limit s = 1 has to be taken, recovering the massless case.

An important fact to note is that 1-loop diagrams have no proper subdiagrams. In
this case, the renormalized integrand is just

Ry(pks) = (1= 40001) (1= 60) L(p. K, s) | (3.20)

and the constraints (3.15) become

, )—c
(7). p(y) <o(y)+1. (3.21)

A last comment regarding the BPHZL subtraction scheme is that local invariant (by
the symmetries) counterterms have to be considered in the effective action and they must
be fixed by suitable normalization conditions, similar to what was discussed in [16] in the
context of the BPHZ subtraction scheme.

3.5 BPHZL at 1-loop in the Model

3.5.1 The vacuum polarization tensors

The renormalization procedures for 7., 72,, and -3, are similar, as all these dia-
grams have the same loop structure, and their integrands are the same, except for factors
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dependent on the constants +e?, +¢% and Feg, respectively. Let us analyze first 7, .
The vacuum polarization tensors, H%: (p, s), in this situation, are

w0 = [ { - Tn?z;((ss_—l)wy(kk—_pfi%is_—l)w]},' 52

1 (pk.s)

The negative sign before e? arises due to the fermion loop.

Taking into account the conditions in (3.21), with b(~1, ) = ¢(71..) = 0, the subtraction
degrees are 6(v1.) = p(m.) = 1. Consequently, the subtracted (renormalized) 1-loop
integrands by BPHZL, expressed in terms of the original integrand I8 (p, k,s), are:

R (pohs) = (L—10, (1~ 15 ) (p.k.s)

= (1-1° tys + s ity L (K, 5) (3.23)

p,s—1

The terms on the right-hand side of the previous equation are given by:

tys 1Lty (0 Ky s) = 1(0,k,1) (3.24)
tys I8 (pk,s) =I5 (0,k,0) + p” o I p_0+ S5 w p=0 (3.25)
v v 0
A lt}osfgl (p, kys) =I5 (0,k,0) + a—] wlp=o - (3.26)
=0

As already mentioned previously, it is necessary to take s = 1 after writing the renormal-
ized integrand to recover the massless case. Hence, using (4.18), (3.25) and (3.26), the
renormalized integrand Rﬁl”i (p, k, 1) reads

v 17 17 a v
REY (p,k,1) = I (p,k,1) = I8 (0, k, 1) = pP =~ I (p, k. ) , (3.27)

8p71i

-~ -~ N )
-~

paridade impar

p=s=0

paridade par paridade par

where

Iy (p.k.1) = —e?Tr {wﬁ u} , (3.28)
4 (0,k,1) = —€*Tr {yﬂf ”ﬁ} , (3.29)

K27
9 FFxm —P 2p - k(fFm)
ppa_ppjsli = —’Tr {’V”kz m27 {kz 2 + (k2 — m?)? : (3.30)
p=s=0

Additionally, the vacuum polarization tensor is given by

T (p, 5) = / (;iil; R (p,k,s) . (3.31)

After performing the calculations, using the results of Appendix B, it is possible to see
that

/u/ 2 LoV €2m
(1) — _ & 17— PP pav, 3.32
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The term with the Levi-Civita in the equation above was responsible for the parity break-
ing by the BPHZL method in [26]. However, it could be reabsorbed into the quantum
action as a non-invariant counterterm [26, 27|, thus not being an anomaly; it was the
BPHZL method that was responsible for breaking parity in that case. However, here, a
slightly different process occurs. If we sum the contributions from H(ﬁl“ " and Hglf)_“”, we
see that the terms with the Levi-Civita cancel each other mutually.

Following the same procedure for the diagrams 2, and ~s_, it can be concluded that

2 2

—p'p” _ gm

2 o pv
(1) = I TP pawy, 3.33
Y2+ (p’ ) 16 \/P :F47T|m|€ DPa ( )
WV o2 ooV eam
Ry 1y = G L ZPP 4 S9N paw, 3.34
we ) =167 drfm]” 7 (3:34)

Again, considering Hfng Y+ Hgg)_” " and Hg?l” Y Hgl’” ", it is possible to see that the
terms containing the Levi-Civita tensor cancel mutually. Therefore, there is no Levi-
Civita tensor in the total vacuum polarization at 1-loop, when the contribution of all
vacuum polarization diagrams is considered, and BPHZL does not break parity in this
case, differently from what happened in [26]. It is still necessary to analyze the self-
energies diagrams at 1-loop and the vacuum polarization diagrams at 2-loops, as will be

seel.

3.5.2 The Self-Energies

In this section, we analyze the BPHZL subtraction method applied to the diagrams
5. and 7., which correspond to self-energy diagrams with a superficial degree of UV
divergence equal to zero. Some details will be omitted since they are quite similar to
those in the previous section. The analyzes for v5, and -, are entirely analogous, as the
corresponding integrals differ only by the constants involving e? and g2

Let us analyze 75, . The corresponding integrands are

=== N

and the self-energies are

S05.) = [ st 3.3

Again, it is needed to derive the subtraction degrees, respecting the consistence conditions
expressed in (3.21). They are §(75,.) = 0 and p(7y5,.) = 1. The application of the BPHZL
procedure yields

R%i <p7 k, 5) = (1 - tg,s—l)(l - tg,s)l’%i (pa k, 3)
= (]' - tg,sfl - t?),s + tg,sfltg,s>l’75i (p7 ka S) : (337)

Once more, it is necessary to take s = 1, obtaining

Ry, (k1) = Ly, (p,k,1) = Ly (0,k, 1) , (3.38)
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where
o[ 1 1 Kk - p)
L, (pk,1) = 2e {k;2 EpEYpR— {k -z ] } : (3.39)
L, (0,k,1) = 262W : (3.40)

Furthermore, the expressions for the contributions to the renormalized self-energies 275 L (p,s)
are defined by

d3k
E’(Y?i (pa S) = /W R%i(p? k75)a (341)

Using the results of Appendic B again, we have

(R)ZZ”” L 3L p—p
E%i An [4\/—< + +2) (\/_ \/_ ) (3.42)
el 3N, P
2 (u2+p2)+ 4,&/;?] ’

with 27151 = E%R) (p, 1).

54

Similarly, the renormalized self-energies for g, , denoted by E«,G)

4+

SB) _ @91/5[ L (3, ( @ —p? )
oo = 4 4¢—( T *) NN T 3

1z < 3> 7
— S+ ) 4in
2 \p? p? 412/ p?
Thus, the self-energy for ¢, at 1-loop is ESFR) = Egh Ziﬁi, whereas for ¢_ it is
n® — ngz + ngz. Therefore, it follows that

are

£ =50 = 2 o2, (344

where

2 = — 1 p_z 3M2 L7
O(p*, ) = L\/P(Mﬁp”) <\/_ \/_) (3.45)
|l 3Y P

The terms in the quantum action due to the self-energies are 1) +Z(+R) 1, and E,Z(,R)@/J_.
It is needed to analyze them under parity transformations. Evidently, O(p? ) does not
break the parity symmetry. Hence, it is necessary to analyze only the transformation of
the terms ¢, 1o, and ¢_p1p_. Using (3.2) and (3.4), we have

Vo i A (%o — v'p1 + 2pe) (—in )

O (v o =YY Y o+ pe) -

U (=v"Y'"po + 71 = Y'Y )0

U_(V’po+ '+’ p2)- =0 _pu_ . (3.46)
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similarly,
PRE T (3.47)

Therefore, considering all the 1-loop self-energies, it follows that

D, 2, + 9 5Py L Y Py 15, 5Py, (3.48)

Thus, we conclude that BPHZL does not break parity when applied to the self-energies in
this model. Since it also does not break parity for the vacuum polarization, it preserves
the parity symmetry in this model at 1-loop. It remains to verify only the 2-loop diagrams.

3.6 Parity Analysis at 2-loops

To complete the proof that BPHZL does not break parity in parity-preserving QED3
[14], it is still necessary to investigate the potentially divergent diagrams at the 2-loops
level. There are no divergent diagrams at superior orders and the model is super-
renormalizable.

Let us assume that a term A containing eV A,p, A, or €"*’a,p,a, might appear in
the quantum action after applying BPHZL at 2-loops ®. A could be written as

AN=ANYA, (3.49)
2
0AL0A)
factor, being I' the quantum action. The superficial and the actual degrees of divergence

of A" are d and d', respectively, and we have d’ < d. By the power-counting formula, it
follows that

where A*” is the 1PI Feynman diagram, obtained from except by a constant

1 1
d(A") =3 — N¢dy — dpy Ny, — ENe — 5Ny~ Naq - (3.50)
According to Table 3.2 and the power-counting formula, a diagram of 2-loops with bosonic
external legs has d = 0, since there are four coupling constants in this case, namely e,
e’g?, or g*. So, it follows that d’ < 0. Hence, if A,A" A, yields a term that contains

et A pa Ay, or e#a,paa,, it has to be at least as e#* A, p‘;JQA,, or 5“‘1”@“\1}‘;;%, to

respect the degree of divergence of A*. Therefore, if there is a term that breaks parity,
it has to be non-local”, which would not renormalize any parameters of the model. Thus,
through the analysis of UV dimensions, we conjecture that BPHZL does not break parity.

Complementing the analysis involving the UV dimensions that we conducted, it is
opportune to investigate the tensorial structure of the vacuum polarization diagrams,
represented in the Figure 3.2, at 2-loops. There are 36 types of vacuum polarization
diagrams, with 12 of them being convergent, namely, those represented by vio. and 3.,
whose superficial UV degrees of divergence are d(y10.) = d(y13.) = —1. In contrast,
V8us You, V114, and 1o, are potentially logarithmically divergent since d(7s, ) = d(y9.) =
d(m1.) = d(m2.) = 0 and they need to be renormalized.

6The term et A paa, can be discarded as it is even under parity

"A local operator, when evaluated at a point z in spacetime, depends solely on that point and its
neighborhood. Non-local operators, on the other hand, when evaluated at x, have contributions from
other points that are beyond the vicinity of x. For example, consider p%, which corresponds to the

operator 3 in configuration space. Since DLD%C =1, 0,G@x—-y) =0z—y) =0, [dy,G(z —y) =1,
thus i = f dyG(z — y), meaning that D%c depends on all points in spacetime due to the integration over
y and 18 therefore non-local.
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Figure 3.2: Vacumm polarizations at 2-loops, whose continuous lines represent propagators of 14 ou de

y_, while dashed lines represent external legs of the fields A, or a,.

In order to verify whether there can be a parity violation, it is convenient to write the

integrals corresponding to these diagrams:

By [ Py
H,’%;(p’ 8) = )\g/ : / 2 62 Ii <k17k27p7 S) )

(27)?

d*k d*k ~
v _ 12 1 2 2 Tuv
Hz‘(}i <p’ S) - >\9/ (277')3 / (277')3 g Ii (kla kQapa

(2m)?

and

s);

A3k A3k ~
v _ 2 1 2 2 v
Hglli (p’ S) o )\11/ (271')3 / (27T)3 € I:/é (kl, k27p7 S) )

, B [ Py
nyllgi (p7 S) = >\%2/ /(271')3 g2 I:lli <k17k27p7 S) 3

(27)?

(3.51)

(3.52)

(3.53)

(3.54)

where \; = e (i = 8,9,11,12) if the two external legs are A, and, if they are then q,,

A; = g. Besides,

1

ko) = =T [ e i

Zk:% —m?(s —1)?

o G =B —ED\] [ eFms—1) ],
Q7 (b — ko)? )][ka—m%&—wJ

X {z’((%_ﬁ)jﬁn(s—l) },m { (o —p) Fm(s—1)

ks — p)2 —m2(s — 1)2] P |"(hy — p)2 — m2(s — 1)2

whereas

k2)2 — p?

X

I}

(3.55)
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T (ky oo, p, 5) = —Tr{fy“ [ o F m(s — 1) %V {i((%l—ﬁ)ﬂFm(S—l) ] "

B2 m2(s — 1) ke —p)2 —m(s — 1)

X —@'# aﬂ_kgkg i (kl_kz—ﬁ)q:m(s—l) y
'Ya[ k3 — p? (77 k2 )] { (kl—kz—p)Q—m%s—l)?}

s a1 | (359

Here, p is the external momentum, and the subscripts + and — refer to the internal lines
¥4 and ¥_, respectively

Observing the integrands above, it is possible to see that traces of four to eight ~
matrices will be generated. However, only traces of five and seven  matrices produce
Levi-Civita symbols. Furthermore, each of the terms in the integrand corresponding to
the fermionic propagators can contribute with a maximum of one v matrix. Taking, for
example, the integrand I one of the parts containing the trace of five 4 matrices is:

28 (k1 b, pos) = =Te{y" [ im(s — )] " [Fim(s — )] 7o [ A (k1 k2) | (3.57)
x [Fim(s —1) [ vs [i (r —§) 1},

which can be written as
Zgi(klla k27p7 8) = :tgupr5p(k17 k27p7 S) + ygiy(kh k27p7 8) . (358)

Here, the first term has odd parity while the second one has even parity. Employing the
same strategy for all terms that can yield a trace of five matrices -, we obtain:

1 (ky, ko, p, 5) = £ As, (kv ko, p, 5) + S (ky, ko, p s) (3.59)
Iéji(kb k27p7 S) = :i:guypAE)p(kla k27p7 S) + Séjia{;lv k27p7 S) ) (360)

where §§; and §g‘; are parity-even tensors, and the subscripts + and — refer to the
internal lines associated with ¢, and v _, respectively. The subscript with the numeral
5 is used to remind us that we are dealing only with the part related to the trace of
5 matrices . Consequently, the total parts of the integrands concerning the trace of 5
matrices v, given by I/ = fg‘j + I and I = It + 1LY | are

T2 (kv o, p, 5) = S (K, ba, py ) + S (kv o,y 5) (3.61)
[é“/(k17 k27p7 S) = Séli(k17 k27p7 S) + ng(kla k27p7 S) ) (362)
Consequently, none of the terms in the integrand with the structure of five v contain a

Levi-Civita symbol. We can repeat the previous approach for terms containing the trace
of seven ~ matrices, obtaining:

j\#i(kbk??}% 8) = igﬂ”ﬂﬁn)(kxl’ kQap78) + g’/;i(k:h k:27p7 S) ) (363)
I’éli(kl)k%]% S) - j:g/yprﬂ)(k‘lu k27p)8) + S#i(k‘h k27p7 S) ) (364)



44

Once again, we conclude that there is no generation of terms involving Levi-Civita, which
allows us to ensure that parity is not violated®, even at 2-loops, using the BPHZL method.
Thus, we conclude that the BPHZL method does not break parity in parity-preserving
QEDs3, as further investigation into higher loop orders is not required. The preservation
of the parity by BPHZL yields also as a consequence that, when analyzing the parity
preserving QEDj in the realm of algebraic renormalization, only parity even terms can be
generated in the quantum action.

81f there was a violation, it would be due to the introduction of Lowenstein-Zimmermann terms.
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Chapter 4

2-loops Renormalization of a

Parity-Preserving Quantum Planar
Electrodynamics by BPHZL

In the previous chapter, we discussed the preservation of the parity symmetry by
BPHZL when applied to the parity-preserving QED3. In this chapter, we will apply the
BPHZL subtraction scheme to the divergent diagrams at 2-loops. Many results used
here have been established in the Appendices, especially in Appendix B. The detailed
description of the BPHZL method was provided in the previous chapter.

4.1 The Zimmermann’s Forests

As discussed in the previous chapter, the diagrams shown in Figure 3.2 that require
renormalization are s, , Yo,, 7114, and 7yi2, . The first step in applying the BPHZL sub-
traction scheme at the 2-loop level is to identify the subdiagrams and determine whether
they are divergent, indicating the presence of subdivergences within the complete dia-
gram. It is also necessary to check whether the subdiagrams overlap to construct the
Zimmermann’s forests. Notably, vs, and 79, are topologically equivalent, and in the
Landau gauge, their differences stem solely from distinct coupling constants derived from
the Feynman rules. Similar conclusions can be drawn for 71, and 79, .

Let us start analyzing the subdiagrams originated from ~s, . In the following figure,
all the proper subdiagrams of vs, are presented.

IThis chapter is based on an article currently in the writing phase, titled ” The BPHZL Renormalization
of Parity-Preserving Massless Planar Quantum Electrodynamics,” authored by D.O.R. Azevedo, O. M.
Del Cima, L. S. Lima, and E. S. Miranda.
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Figure 4.1: 1PI subdiagrams originated from ~g,. Dashed lines must be treated as external lines for
these subdiagrams, even though some them are internal lines for the complete diagram.

As can be seen, 74 and 75 are 1-loop vertex-type diagrams, and they are convergent.
Additionally, +{" is also convergent. Thus, there are no subdivergences for 75, and the
BPHZL subtraction will be entirely analogous to that performed at the 1-loop. This
becomes evident when we determine the family of forests for vs:

F(rse) = {9, {7s: 1}, (4.1)

Besides, as o, is topologically equivalent to ~s_, it follows that the family of forests for
this diagram is
'7:(%&) = {@7 {’YQi}} ) (4'2)

Let us repeat the previous approach, but now considering v;;+. In this context, the
subdiagrams are represented in the following figure.
711 ’71/1

\ 1
\ )

-
|
|
|
|
|
|

"

M1

Figure 4.2: 1PI subdiagrams related to the diagrams 7;;,. Dashed lines must be treated as external
lines in these subdiagrams, even though some of them are internal lines when considering the complete
diagram.
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Now the situation is slightly different. The subdiagram ~j, is a self-energy diagram at

1-loop and is divergent, as verified in the previous chapter. On the other hand, the

subdiagrams 7{; and 7] are similar to 7{’ and are convergent. Therefore, the family of

forests for the diagram v;;, is

F(ye) =2, {nu b e b g i b (4.3)

Considering 712, and denoting the self-energy-like subdiagram as 7}, , the family of forests
in this case is given by

F(nze) = {9, Aoy b {mze b {V1op s 2 1 (4.4)

4.2 Renormalization of the diagrams ~;;, and 72,

Let us start from the renormalization of v;;. and 7,2, . Despite having subdivergences,
their renormalization is simpler than the renormalization of vs, and 7o,. Taking into
account the Zimmermann’s forest formula (3.17), the renormalized integrand for i1,
reads:

Ry, (p ki ko s) = Ane?Sy, . > [[(=maSOIE (kv ko p, s) | (4.5)

UEFyyy, AU

where we have used (3.53) and (3.56). As already discussed, 7, is related to the Taylor
operator that acts on p* and s*, being p* the external momentum of the subdiagram
whereas s* is its Lowenstein-Zimmermann parameter. Considering |, ., let us denote by

pvhi its external momentum, ' its internal momentum and s+ as its Lowenstein-
Zimmermann parameter. In this case, it is necessary to know the results of applying the
substitution operator Sﬂli in 11" (ky, ko, p, s), which means basically to determine p'''+,

Vs and s+ as functions of p, ki, ko and s, allowing to change the latter variables
by the variables of the subdiagram in the terms that correspond to it. It is possible to

determine pwili and k™= following a similar approach as in Ref. [37]. The next figure
shows how to relate the quantities of the diagram and its subdiagram:

Fy
asen 7{1

k’yili
\ [
\ el Tt
p PPt

ki —ko—p
Figure 4.3: Complete diagram 7,7, and its subdivergent diagram, with the momenta explicit.
Comparing both, it is possible to see that
e = Ky P =k —p. (4.6)

Additionally, the parameters s that are in the expression of v, but result from the

structure of 4{,, must be replaced by M
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The application of the BPHZL procedure also requires the determination of the sub-
traction degrees § (UV) and p (IR), obeying the constraints (3.14a), (3.14b) and (3.15).
For the divergent subdiagram, it is possible to utilize those obtained for the self-energy
at 1-loop. Therefore,

0(V11,) =03 p(V1)=1. (4.7)
For the complete diagram vy, , there are the following constraints:
0 (y1e) = d (ne) +0 () (4.8)
6 (y112) = d (e /7y) +0 (VL) (4.9)
p () =7 () —e () (4.10)
p (i) < (e /Ys) +o (V) (4.11)
p(m) <6 () +1. (4.12)

The reduced diagram, when 77, , is contracted to a point, is shown in the following figure:

ryllﬂ: /711i

Figure 4.4: Subdiagrama reduzido.

To derive d(v11, /711, ) and 7(v11, /711, ), it is still possible to use the power-counting
formula (3.10), bearing in mind that there is the addition of one fermionic propagator,
due to the contraction of the divergent subdiagram, which reduces one unit of d and r.
Thus, it is possible to see that

d(y1:/71,) =0, r(nis/mmy) =0 (4.13)

So, the constraints become
(1)
(1)
p () =7 (me) — e () (4.14)
(1)
(712

So, taking ¢(y11.) = b(711.) = 0, it follows that

6(7114) =0, plymg) =1. (4.15)



49

The next step is to determine the Taylor operators 7,,, —and T, Since the subtrac-

tion degrees are the same for both the complete diagram and the subdiagram, determining
Ty, automatically determines T, - For 711, , the Taylor operator reads

tor = (-0 (1- 8

_ 0 0 0

_1 - tp»(sfl) - tp»s + tp7(371)tp7s

=1 —1) (1) - (4.16)
The aforementioned expressmn was obtained using the fact that tO annihilates p and s,

such that tp (5— l)to = ps, because t° pi(s—1) acts on a expression that has neither p nor s,
effectively becoming the identity operator It can be concluded that:

Ty = tg,(s—l) ) Ty, = to ’ ’ . (417)

p,\/ll 1(5’“‘1 _1)

Now we are in position of determining the renormalized integrand for ;. Expanding
the expression (4.5), we get

R’yn(pa klv k27 )

)\1162

= [1 — Ty — 57117'%15711 - 7'711871177{15"/{1N~uu(p7 /{il, kg,s) . (4.18)

It remains to determine the terms of I (p, k1, k2, s) which correspond to the subdiagram
11 Observing the expression in (3.56), it is possible to see that it is situated between
7o and 7. Using the trace properties, together with (4.6), it is possible to obtain the
following equality:

S 1M (0, ko, s) = =Te{ 12 (p, ky, ) Ty (p7 K700, 570) ) (4.19)
where
w —p)Fms—1) | [ hiFms—1)
ko) = i S g [ i)
(o —p) Fm(s—1)
Sl = =R 20
while

' 1 (k’Y{l)a(k’Yil)B
BV (Y11 Y11 QY11 g 7E R S S
[711 (p 7k S ) =Ya |: Z(]g’?h)z o ,U’Z <n (k-%1)2 X

Y1) — (Y1 —1
((p1) = (k71))? —m?(s — 1)
Now it is possible to expand the non-trivial terms of (4.18):

KRS (R — k) 1 s koKD
T oy = 1 T Y0V V1o Ve Yo Yo Vo) R — Fy)? 2 A2 ) (4.22)
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~ . (K] — ) (K} — p°)
S’Yu(TV{lSV{lI’YU) = ZTr[797u7w7V7£7a7x7,3] ((kl _1p)2 — m;(s _ 1)2)2 X

ke | kok?
v 1 ) naﬁ _t2re )
ki —m2(s —1)% k3 k3 — p? k3

| (5 - ) (s~ 1)°
+ 27 Tr[’yM’YVVEVa'Yx'VB] ((k'l — p) — m2($ — 1)2)2 ]{;% — mQ(s — 1)2

B kS kd
af V22
“BR-2 (” K2 >+
kY m2(s —1)?

+ iTr[7H7w7u7a7X75] ((kl _ p)2 _ m2(5 _ 1)2)2 k,% _ m2(8 _ 1)2 X

B naﬂ_k’g‘k‘g
"R R k)

X

(4.23)

Kk kY 1 KRSk
T S (T, St Lo ) = 1 Tr 070 Ve Yo Vo V) 12 KRR k2 k2 — ( - 232

(4.24)
It is still necessary to take the limit s — 1 to recover the massless regime. The terms
in (4.18) depending on s become

o= ()1 (828):

el )] g

o p*) (kY — kY — pY)
= 4 Tr Yo7 Y Yo YeYaVx V8] (kl p)? k_lf (kl p)? (ky — kz —p)?

% 1 naﬁ o kgkg
k3 — u? ko)
(k¢ — p?)(k§ — p°) kY Ky

S’Yu( ’7115711[’711” s=1 = iTr[’Y@'Vu’Vw'YV'Vﬁ’Ya’Yx’YB] 1((/{?1 — p>2)2 ﬁﬁ
12

4.26
1 wg KSKS (4.26)
— /’7 — .
k3 — 2 k3

The renormalization of v,;, by BPHZL now is summarized in considering the expres-
sions (4.25), (4.22), (4.24) and (4.26). Several results of Appendix B will be used to solve
the integrals, such as the Feynman parametrization and the J, integrals. It is worth em-
phasizing that these expressions do not break parity, because there are not traces of five
or seven v matrices, which agrees with the conclusions of the previous chapter.

It must be recalled that the integrands are integrated with respect to the momentum
k1 and ky. Regarding the subtraction terms originated from the divergent subdiagram,

X Ya

(4.25)
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namely (4.24) and (4.26), it is possible to see that (4.24) has a power three in the mo-
mentum k; in the numerator, and after the Feynman parametrization and considering the
integration over the internal momentum, it can be written as

/ Bhy dBPky KEES f (ko)
(2m)? (2m)® (ki —c)*

where f(ks) encompasses all the other terms, such as the integration in the Feynman
parameters and ¢ has no momentum k;. Therefore, the integration with respect to k;
vanishes, because there ir a odd number of momentum k; in the numerator and there
is no term of the form k; - p in the denominator. By a similar argument, considering
the integration over ks, it follows that the contribution of (4.26) vanishes. Thus, the
subtraction terms due to the divergent subdiagram vanish.

It remains the following expressions, that effectively contribute to the renormalized
integrand:

(4.27)

Rk (R — kY) 1 vy kKD
Ty Ly = 8 Ty, Vo Ve Yo Yo V8] PR (b )2 n* — =) (4.28)

. d®ky d®ky (K¢ —pe) kv
L, =i Trhe%%ﬁﬂs%%ﬁg]/ (27) (27)? (ki ) k_lfx

(k1 —p)? (k1 — ko — p)? k3 — 2 k2 ' '

It is possible to perform a change of variables in the integral .7711, making ki —p — ky,
obtaining

= . d3k1 d3/€2 ka (kw — pw>
Ly, = ZTr[’W’Vu%J’YV’V&Van'Yﬁ]/ (2m)3 (27T)3k‘_% (]{311 pSY

kS (kX — kX 1 kok?
HEE ()

Tk —kg)? k3 — k3
In this context, the renormalized diagram becomes
(R) 3 3 Y11 3 3

N1 d’ky d’ky R} /dkl d> ko <~ ~ )

- - [V ’k’k7 11IV >k7k71
Arr€e? / (2m)3 (27)3 Aqpe? (2m)3 (2m)3 \'F (b, ks b2y 1) = 7oy L (p, Ko, R, 1)
A3k d®ky Ll
(2m)3 (27)3
RIS (kY — k) (°7h3 — ke hd) 2k hepo — Kep® — p°K3)

(k3)3 (k1 — p)2k3 (k1 — ka)2(K3 — p?)

= iTr[w%%%%%VxW] /

(4.31)

As can be checked, the previous integral is convergent, since it behaves as 1/k at large
momenta.
The following Feynman parametrization (see Eq. (B.17)) is necessary:

1 CT(7)

A T T i )
d(l—r—y—v—w z)x2 '

@R T (e — p)?) + okE (ks — k)2 + 2(R — j2)7
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Here, the Feynman parameters are x ,y, v, w and z and they range from 0 to 1. Using
the previous result, along with (4.31), and integrating over the parameter v, we obtain
the following expression for the renormalized diagram:

n / ki dhy KRS (K — k) (°7K5 — kghy) 2Rk p, — k§p? — p¥kY)

)\1162 N (27T)3 (271')3 (kg + 2]9/ : kz — C)7 ’
(4.33)
where
46 = dz dy dwd s | Th| | L) (4.34)
= adx waz-————51 1I w' v a T/9) :
whereas
/ w / 1 2 2 2
P:—mk‘l: c:m(uZ—(w+$~|—y)k1—2yk1-p—yp). (4.35)
It is also possible to define
w
= 4.36
L " (4.36)

From the results of the Appendix B, integrating first over ks, it follows that

o d*ky i(—1)T75/?
AL / do-2 D 5 KTk 10 (— KT RS D+ 2Kk p” =k pPp” )11 (Jo) + 13 (Js)]

Ae? (2m)3 T(7)(2n)
(4.37)
where
1 11 o 9 9
IX(Jy) = {(C’ +p?)73T <5> (0 — pp?) — (¢ + ) I (5) naﬁ} kX, (4.38)
aBx / 12\ — 1L 11 IX (12 af 1B
L, () = = | =+ )72 0 o )7 (070™ = p ")+
(4.39)

_9 9 a a «
+5(c+p7) T (5) (4™ — pep” — )} :

N | —

It is worth noting that 7),, appeared in (4.37) to write all the momenta with contravariant
components. This will also be used in the following, making p'* = 1,.,p"p"”.
For simplification, the change k; — k is made. Substituting ¢’ and p’, we have

d+p=u (K* +2k-p" = "), (4.40)
with u, p” and ¢’ given by:
u:(wQ—(l—x—y)(erHy)) o= 2y(1 —z —y) )
(1—2—y)? w—(1-z—y)(w+z+y)
. (4.41)
C//_ (1—1'—?;)(3/29 _z,u)

S w—(l—z—y)(w+zt+y)
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The form of (4.40) allows to integrate over k, using the J,. integrals once more. In the
end of the day, the renormalized diagram is

(R) 2
¥ 11 a*(1 + a) a on
)\111162 :/d@/ﬁpo {F ( 2 > uz [_ <77 Bnmjffp "

_ Jgﬁpmﬁx> P+ 2 (naﬂnm J?Epwfwx +

_ Jgfpwaﬂx) - (naﬁnm JoERIX Jgﬁwaﬂx> pppa] T

-T (g) 211& [_ <2(1 +2a)58 JEEPTX _ gppxo JHRo8 | (4.42)
- an'BXJggpm> Y+ 2 (2(1 4 2a)B JIEX _ gype JOEeB

— anﬂxjgﬁp‘”a> P’ — (2(1 + QQ)UQBJE&"X _ anxajfﬁwﬂ 4
— an’x Jffwa> pppg”

with J; and Jg being functions of p”,¢’,;a = 11/2, while J5 and J; are functions of
p", ", a =9/2. Furthermore, d®’ is dO with the constant factors absorbed, encompassing
all the integration elements of the Feynman parameters x, y, w and z.

We prove that all the terms resulting from the renormalized diagram ~;;, are non-local.
From (B.7), the terms that contain a J; are given by (|-| denotes the floor function):

N~

32 L2

pbr (1179 o ") = i(—1 25/2
J7 ( / P 76) Z( ) F(OJ)(27T>3

(-%)j (11/2 = 3/2 — j)x

7=0
> (CH +p//2)3/2—11/2+j (Q(p)l?wijm—m S?—zjﬂmm + dist. perm.)
(4.43)

The highest j is |7/2] = 3. Therefore, the term (¢’ + p”?) has the maximum power given
by —1, which results in a denominator containing terms with p?, where p is the external
momentum. This yields non-local terms in configuration space. By a similar argument,
it is also possible to check that the terms containing Jg, J; and J; yield non-local terms.
Thus, the renormalized diagram «;;, does not contribute to the renormalization of any
parameters of the model. It is worth to mention, that invariant counterterms by the
symmetries could be added to the action, and they must be fixed by suitable normalization
conditions. However, as will be shown in Chapter 5, using the algebraic renormalization
procedure, these invariant counterterms are zero.

The BPHZL renormalization of 7,2, is entirely analogous, and allows us to conclude
that this diagram will also yield only non-local terms.

4.3 Renormalization of the diagrams ~s, and 7,

Although the expressions of the forests corresponding to s, and 79, are simpler than
those for 10, and 7,1, , their renormalization procedures are more challenging due to the
greater number of terms that are generated. It is worth noting that the expressions of s,
and 79, are the same, except for a constant factor. Hence, it is sufficient to renormalize
only one of them. We choose to perform the renormalization of s, .
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Using the Zimmermann'’s forest formula and the same subtraction degrees in (4.7), we
obtain

RE (p, ki, ko, s) =Xs€®Say, > [[(=maSOTE (a, ko, p, )
U€Fys, AU

=Xse?(1 = 15 (o 1)) T2 (ky k2, p, s) - (4.44)

where fu,, is given by (3.55). After performing the calculations and taking s — 1 to
recover the massless case, the previous expression reads

Rl;;ji (p, k1, k2, 1) = irse*Tr [V Y0 Ya Y Ve VB Y] X

kRS [(ky — )2 B — (kg — k) (kY — K]
ki ((ky — k)2 — pi?) (k1 — ko)?k3

y — K2R3 (RopS + ksp® — ppf) — kekS (K3 (—2ky - p + p?) + (—2k1 - p + p?) (ks — p)?)
k%k%(kl — P)Q(kz —p)2

(4.45)

Considering the highest power of k in the numerator, and taking into account d3k;d3ks,,
and considering the power of k£ in the denominator, it is possible to check that the previous
renormalized integrand will give a convergent integral, because d3k:1d3k:2R§8”i ~1/k.

We intend to integrate the renormalized integrand primarily with respect to the mo-
mentum kq, using the results in Appendix B. Therefore, the denominator must take the
form (k% 42k -p’ — '), for some p’* and ¢’ that depend on k%, p*,  and numerical factors.
Using the generalized Feynman parametrization (B.17), we obtain

1
(k1)?(k2)?[(k1 — k2)? — p2] (k1 — k2)? (k1 — p)* (k2 — p)?

. dI1d$2d$3d[E4dI5dl’6 F(8) 5(1 — T1... — ZE6) T1T9
[/{3%131 + kng + [(1{31 - /{32)2 — /LQ]Ig + (kl - k2)2x4 + (/{31 - p)2$5 + (kz - p>2$6]8
o 1T 1
= F(S) dI1d$2dx4dI5d.T6 (1 — 1‘2)8 (k% n le ] p’ — C’)g N
(4.46)
where the Feynman parameters are denoted as xy, ..., xg, and we have chosen to eliminate

the parameter x3 by integrating the distribution ¢. Additionally, we have o = 8 and the
quantities p'* and ¢ are

P = [(z1 + zo + x5 + 26 — 1)k — z5p"]

1—.172

v (v + a5 — 1) k3 + 216 ko p+ (1 — 21 — 9 — 14 — 25 — 26)pt* — (x5 + )P

(4.47)

2

1—.1'2

Next, we turn our attention to the numerator of (4.45). We will expand it in terms of
powers of the momentum k;. Each of these terms, after integrating with respect to this
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internal momentum, will correspond to a term containing a J,.(8,p', ¢'), being r the power
of k1. The number of terms after the expansion is large, so it is convenient to introduce
a new notation to make the expressions more readable. We define

frubn = gl phn gt = kyt Ry (4.48)

Additionally, if the subscript is greater than the number of indices, there is a scalar
product implicit. For instance,

= k'K (4.49)
Furthermore, the following properties hold:
frtin flinepimen #Ll_i:ﬁ#mw : gl ghinimetn — ggll+n“m+” (4.50)

6
With all these considerations, the numerator in (4.45) can be expanded as Z X, where
1=0

w w w 5 w
Xo = {— 0 gxXpS — flgPp” + FLaxpert + 218 gy ps — £IF g p+

w () w 3 o
202 (2 = 2055 + g39*) s — 11 (915 — 203ms + 3P p }n 7

(4.51)
s 92 50 fig!
X, = — Xo: X=2x,, x,=-_x,. x,=
1 5, o 2= 7. %o 3 T8 0 1= s
C flgr g
X5 = fQUaBXO A= _f277a5X0

It is important to mention that the tensor indices of X; were omitted, but each of these
terms has the indices 6 ,w ,x ,£ ,a , 3, which must be contracted with the y-matrices.
Thus, the expression for the renormalized integrand (4.45) can be rewritten as

6
X
=3 / s l . (4.52)
1=0 (k% + le 'p/ - C/)

where

T
dQ = X Tr (Y*YoYa VoY Ve V8 V) F(S)dxldxgdmdxg,dxf;( L2 (4.53)

1—562)8 .

and we have omitted its tensor indices. For 7o, , df) is the same, apart from Age?, which
must be changed to \gg?.

Let us compute the contributions of ~s, after the BPHZL renormalization procedure.
For this purpose, it is convenient to introduce another notation:

{pikp_i}orom = p™ ... pPik®i+t |k 4 dist. perm , (4.54)

(Apal + Bk,al) . (Apa" + Bka") _ ZAiBn—i{pik,n_i}aL..an ’ (455)
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where A, B are numbers, and by "dist. perm.” we mean all the distinct permutations,
which are obtained by exchanging the tensor indices between k and p. We refer to {-}" as
expansion operator. Furthermore,

{pikn_i}al---anfék :kﬂ(pal o p® kO kY + dist. perm)
kﬁ{pikn—i—l}alman )

that is, an index with an upper bar is not exchanged. In addition, if the sum of the
subscripts is greater than the number of indices, there is a contraction omitted in the
quantity whose subscript is responsible for the asymmetry. For instance, {piks}** =
p*kPk? + dist. perm. The generalization of the expansion operator for more than two
quantities is straightforward. Furthermore, the expansion operator can be used for the
J,- integrals discussed in Appendix B. So, considering the previous definitions, we must
calculate

A3k d3k A3k d3k X
/ 13 2 puv Z/ / 2 1 ! . (4.57)
(2 ) k2 —+ 2]€1 p — C )

After integrating in the momentum k;, using the definition of the .J, integrals in Appendix
B, the contribution of X is

(4.56)

dskl Xo
X’ — J Je §X (%) J W E QJGW Xfé
0 / (27)3 (k2 + 2k, - p/ — c/)s 0 gxXpt — JEg5¥p” 4 JEgXpep® + 289X ps

—J gy p? 4 2984 ( — 265 ply + g§5p2) ps — J& ( —29X%ps + 9551?2) P ]naﬁ :
(4.58)

where all the J, are functions of a = 8, p’ and ¢’. Since the integral in k; have been
performed, it remains only the internal momentum ks, which can be relabeled as k.
Furthermore, it is possible to write X as

10
Xo=Y " Xp . (4.59)
I'=0

Each X[, corresponds to the I’-th term in the sum of (4.58). The first term, using (B.7),
is

X(,)O _ _ gwg;)(pé“ _ —77¢¢/77¢¢/ng¢¢'¢¢,(8,17’, c/)kxk2p§na/3
5 .
1\’ ,
_ , X206 = Y 12\ —13/2+j
e FC0) 3 (-3) T pE@
X (Q(p’)gl‘é;.“"zj gjs—zj*l'“% + dist. perm.) n* .
3/2
where C'(8) = ZW and (f1, ..., ) = (0,w, ¢, ¢',10,1’) and, as in Appendix A,
pttpt lifn >0
Q(p)-tr =
(p); {O,ifn<0 :
(4.61)
Cretin — ntikz | pHn—ibn 4 dist. perm., if n is even,
" 10, ifnisoddorn <0 .
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Also, using (4.47), we can rewrite p’ as

PP = Ap* + Bk" (4.62)
where + 2o+ x5 + 1
Ao T pombmimin (463)
1-— T2 1 - T2
So, we have
6—2j
Qp)glsy Y =p" 0 = Y ABTE kg gy e (4.64)
=0

The previous result can be used in (4.60), and it reads

3 6-—2j5 j
1 . _ .
Xoo == 0w C(8) ) D (—5) T(13/2 — j)(¢ + p'?)~13/2+
=0

j i=0

x (ABG{pk6}< + dist. perm.)wpﬁnaﬁ -

6—2; j
1 . / / _ .
=~ NosrMuwp*C(8) Y D (—5) T(13/2 — j)(c + p/)~13/2+i x

3
=0 i=0
X (AiBG_Qj_i{pikg_Qj_i}ﬂl'"“62ka§5;2”1“'“6 + dist. perm.) .
(4.65)

It is also necessary to integrate X{,, with respect to the momentum ko, which has been
relabeled as k. For this purpose, the previous result can be put into the form of a J,.
integral. The term (¢ + p'>)~'3/2%J appears in the denominator, giving o = —13/2 + j,
whereas kg_o;_; appears in the numerator, and the power of % is given by 9 — 25 — 4. In
fact, rewriting the term (¢ + p'?) in the form (k2 4 2k - p” — ¢), the integration with
respect to the momentum £ becomes straightforward and consists of replacing kg_o;_; by
Jo—2;—i((=13/2+7),p",c"). Thus, ¢ + p'? can be rewritten as

12

d+p° = 42k -p" =", (4.66)

A
where

CL:(ZL’1+.’II2+ZL’5+JI6—1)2+(ZL’1+JI5—1)(1—1’2),

” I5(1—$1 —I'Q—I5—$6>+.T6(1—I2)

P = ; P, (4.67)
o (15— (L= ao)(ws +a6)p” + (1 — @1 — 23 — @4 — @5 — 26) (L — @5)0”
. :
So, defining

M) = (—1)j c®) (=) s (168)

1-1['2
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the expression for X, reads

6— 2] AzB6 2j— z{p k‘g 2j— ZCQJ}quﬁqﬁ 1/)1/1’)2,9} naﬁ
k2 + 2k _p// _ C//)13/2 7

3
Xbo = =Moo D" Y (4.69)

j=0 i=0

where (, the product of n's, has been absorbed into the expansion operator. As can
be noted, the number of indices is less than the sum of the subscripts in the expansion
operator and it is due to the presence of a factor k2. It should be stressed that after
integrating X, with respect to k, no divergence will be encountered. Indeed, Jo_o;_;
contains I'(a/ — d/2 — j'), where o/ = 13/2 — j and j' ranges from 0 to |9/2 — j —i/2].
One may wonder whether the argument of the I' function could be a negative integer or
not. However, it can be checked that I'(a/ — d/2 — j') = T'(5 — j — j'), and for j = 0,
the maximum value of j' is 4, and as we increase j by one unit, the maximum value of j’
decreases by one unit. Therefore, the smallest argument of the I' function is 1 and there
are no divergences.

It remains to determine the other X{, terms. Observing the expression for X in
(4.58), it is possible to write the expressions for Xj;, ..., X{ o from Xg,. For instance,

X61 = _Jggixpw

2 5-2j [ AT B2 kg iCo; 009V k| o
7=0 =0

It is worth noting how the sum over j changed. This was due to X{; having a J5 instead
of a Jg. Consequently, it also affected the sum over i. Moreover, the indices with an upper
bar changed due to the modifications in the indices of g, which is gix = k?kSkX in this
case. Using a similar procedure, the remaining X, are given by:

2 5-2j [AiBE)fiji{pikS_Qj_iC%}9¢¢/¢T/}/5{k} naﬁ

X =noormuwn“p Y D M(j) (K2 + 2k - p' — Y1372 P (4T
=0 i=0
3 6-2j [ APBS-2-i{p, ;{;9_2]._1.@],}eww'ww/m‘kék] 7
X(/)3 :277¢¢’77¢'¢/p5 Z Z M(]) (kz _|_ Qk i p// o C//)13/27j 7 (472)
j=0 i=0
3 6-2j [ APBS-2i-ip, k8_2j_ic2j}9w¢¢'w§k>zk} e
2 . .
Xby = = N Ny P Z Z M(j) (K2 + 2k - p/ — )13/ ; (4.73)
j=0 i=0
2 522 [AiBS_Qj_i{pik972j7i<2j}9¢¢,w5%kgk:| n*’
! . .
X05 _2n¢¢/p§ ];0 ; M(]) (kQ + 2]{: . p// _ C//)13/27j ) (474)
2 5-2j [ AR, k872jficzj}equas'éxkéka"k} 8
X(I)G = — 4Nyy PsDs' Z Z M(3) (k2 + 2k - p" — C//)13/27j 3 (4.75)
j=0 =0
2 522 [AiBS_Qj_i{pikpzjfiCzj}gwlw&xk&} 1’
r_ 2 . .
Xor =2 P Ps Z Z M) (k2 + 2k - p/" — )13/2— ’ (4.76)

j=0 i=0
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2 4-2j 1 R4-2j—i . o VO0wdd X | B
X’ _ , 9 Z X:J M( ) [A B {plk872]71<2‘7} :| 77 )
08 Npg' P J (k:2 + 2k - p// o c//)13/27j ) (477)
7=0 =0
2 [AiB4_2j_i{pik7—2j—iC2j}ewwmg’“gk} n*’
o 2 . .
Xbo =2n000°ps »_ Y M(j) ST : (4.78)
j=0 i=0
1 22 [ Al 3272171'{%;{;6_2]._2.@].}oww’xk&‘k} e
2 9 . ]
X(l),lo =~ Npyp'D' D Z Z M(.]) (kQ + 2% - p,, _ C,/)13/2_j ) (479)
7=0 =0

All of the X, will lead to non-divergent and dimensionless terms when integrated with
respect to k.

The previous calculations account only for the contributions of X{. It is still necessary
d3k X
to determine the contributions for the remaining X| = / 5 l . This
(2m)3 (ki + 2k, - p' — )8
can be accomplished by using equation (4.51), and we have detailed this procedure in
Appendix C. Thus, after integrating each X with respect to k, we obtain

10

ek Bk
X/ = / Z / = ” (4.80)

where XJj, is obtained from X}, just by eliminating the denominator and replacing k, by
J.(13/2 — 4,p", "), because

Ek Py kg I . e
/ (27T)3 (k2 + 2]; .pQ// _3 C//)13/2—j - {pnl an (13/2 - .77p”7 CH) Cns} : (4'81)

Therefore, the renormalized diagram g4 yields

/(c;:f)lg d3k23 R ZZ / 40X, | (4.82)

=0 U'=

The integrals in terms of df2, which arise from the Feynman parametrizations, yield
just a numerical factor. Furthermore, all of them produce non-local terms, since all
X}, contain external momenta in the denominators. To prove our last statement, it is
necessary to note that all the terms of each X}, contain a .J,,_2;_;(13/2,p”, ¢"), which can
be expressed as 2

==
Jn72j71(13/27p//7 C//) _ Z f(j/)(C// +p//2)3/2713/2+j+j’ ’ (4.83)

§/=0

where f(j') includes all the terms that are not important in our analysis here and n varies
from 6 to 9, as can be seen in the expressions of Xj. The power of
(" +p")is 3/2 —13/2 4+ j + j = =5 + j + j' and we can prove that it is always
negative. The highest value of j' is attained when ¢ = 0 and n = 9. In this scenario,

j = L%J - L%J — 4 — j. Consequently, the lowest power of (¢’ + p’?) is

2j and j in Jn—2j—; are the sum indices that appeared in the expressions of the terms X, .
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—5+ 7+ (4 —j) = —1, regardless any value of j and we can conclude that all the
X yield only non-local terms.

Therefore, the 2-loops vacuum polarizations do not contribute to the renormalization
of any parameter of the theory. Additionally, since the model of the parity-preserving
QEDj3 is super-renormalizable and has divergent diagrams only up to order of 2-loops,
then we completely renormalized the model using the BPHZL procedure. As could be seen
explicitly, BPHZL does not break parity in this model and this symmetry is maintained
at the quantum level.

Although we have completely renormalized the model by BPHZL, it still remains to
verify if the model has an anomaly and how is the structure of the invariant and non-
invariant counterterms. This will be performed in the following chapter, in the context of
algebraic renormalization.
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Chapter 5

Algebraic Renormalization of the
Parity-Preserving QED3; Model

Throughout this chapter, we will discuss the algebraic renormalization of the parity-
preserving QEDj3, examining its renormalizability, stability, and verifying the presence or
absence of anomalies. As will be shown, the model exhibits quantum scale invariance,
mimicking the scale invariance in graphene, which has been suggested experimentally
in [38], based on data regarding the strong nonlinear optical response in this material.

In Chapter 3, in equation (3.3), we indicated the transformations of the fields under
the BRS symmetry, which will play a fundamental role in the algebraic renormalization
procedure in the present chapter. Before applying this method to the model, it is worth
providing a brief introduction to this powerful technique. For further details, we refer
to [16].

5.1 A Brief Introduction to Algebraic Renormaliza-
tion
Let us suppose a classical action (), ¢, p) obeying the relation
S(X)=0, (5.1)

where § is an operator that represents the symmetries in a functional form, A\ repre-
sents the parameters and coupling constants, ¢ represents the fields and p represents the
currents. A natural question that arises is whether the previous relation holds at the
quantum level, when the operator § is applied to the quantum action I' rather than the
classical one 3.

The action I' can be expressed as power series in terms of of A as follows:

L=> a1t (5.2)
n=0

Here, I'® = %, while I'®, i > 0, is the correction given by the i-th loop order. When the
operator § is applied to the quantum action, Eq. (5.1) does not hold in general; instead,

!This chapter is based on the letter published in Physics Letters B, Volume 835, 2022, with the refer-
ence number 137544, titled "The Quantum Scale Invariance in Graphene-like Quantum Electrodynamics,’
authored by O.M. Del Cima, D.H.T. Franco, L.S. Lima, and E.S. Miranda.
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according to the quantum action principle [16,27], it is replaced by
S(T) =r"A + O(R"tY) | (5.3)

In the previous equation, A represents all the possible symmetry-breaking terms at the
n-th order, and the symmetry is supposed to hold up to order n — 1.

Some comments regarding the possible symmetry-breaking terms must be made. These
terms are local functional in the fields and, depending on the form of S, they can be inte-
grated terms or not. Additionally, their UV and IR dimensions, as well as their quantum
numbers (such as ghost number), are determined by S(I'). Furthermore, the possible
symmetry-breaking terms can be divided into two categories in general. One category
is related to the non-invariant counterterms, which can be reabsorbed into the quantum
action, whereas the other is related to the possible anomalies, which express the impos-
sibility of extending a classical symmetry to the quantum action. These two categories
of symmetry-breaking terms can be obtained after solving a cohomology problem. The
non-invariant counterterms are related to the trivial solutions, whereas the anomalies are
related to the non-trivial ones.

After the analysis of non-invariant counterterms to verify the presence or absence of
anomalies in the model, the next step is to analyze the invariant counterterms. These
counterterms are invariant under symmetry transformations and are included in the coun-
terterms action, denoted as X¢. Since they obey the symmetries, it follows that

S(x)=0. (5.4)

We say that the action is stable if, when writing the most general counterterms action,
the following relation holds at the n-th order:

2()‘7 ¢7 p) + EC()‘> ¢7 p) = E0(>‘07 (b[)a pO) + O(hn+1> . (55)
Here, X° is the bare action, whereas g, ¢ and py are given by
1
)\0 - Z)\)\ 5 ¢0 = Z£¢ ) Po = pr ) (56)

and Z; are given by power series in /i, and they have to be fixed by proper renormalization
conditions. In this sense, the stability condition (5.5) means that the starting action ¥ is
stable if it has the same form of the most general counterterms action ¥¢. If the stability
condition holds, we say that the model is multiplicatively renormalizable.

The previous steps briefly presented in this section constitute the approach that will
be followed to investigate the renormalizability of the parity-preserving QEDj3. Although
we have already renormalized the model by BPHZL, it is opportune to analyze whether
anomalies exist and to examine the structure of the invariant counterterms.

5.2 Symmetries and Slavnov-Taylor Identity

Let us turn our attention to the parity-preserving QED3 again, with action given by:

BeY = / d3x{ - %F " F — if W fuw + 1" Aoty + it P
+ i Dy + —mls = V)P iy +mls — D_ (5.7)

Lowenstein-Zimmermann mass term

+ b A, + %bQ +c0c + 70" a, + §w2 + ED&} ,
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where, as previously stated, Dy. = (@ +ied +igd).. The transformations of the fields
under the BRS symmetries are

Ser = Z(C + é)er ’ Sw—‘,— - _Z(C + é.)@—&- )
s =i(c—& -, sp_=—i(c—EP_;
SA#:—éauC, sc=0; sau——l §, s§=0;
SEZQ, sb=0: SE:Z, st=0; (5.8)
e g

In order to control the renormalization of the BRS transformations, which are non-linear,
it is necessary to add an action of external currents

Vext = /d3x{ﬁ+s¢+ —Qsth — s, Oy + SE_Q_} ) (5.9)
Thus, the complete classical action becomes:
To=T0 ™ =560 45, . (5.10)

The BRS transformations given in (5.8) encompass the gauge transformations, but the
parameters ¢ and £ are ghost fields and obey fermionic statistics, and they are governed
by a Grassmann Algebra. Beyond that, the BRS transformations are non-linear, as can
be seen in the transformation of ¢, which involves a product of two fields. It might seem
that the BRS symmetry introduces unnecessary additional complications to the model.
However, it allows for simplification in the analysis, as it enables the representation of the
two gauge symmetries of this model using only one operator, known as the Slavnov-Taylor
operator. Without the use of BRS symmetry, two identities known as Ward Identities
would be necessary to express the gauge symmetries. Besides, as can be checked in (5.8),
the operator s is nilpotent, such that s(s¢) = 0 for ¢ being an arbitrary field of the model.

It is worth noting that the addition of X. does not break the BRS symmetry, as
s(s+) = s(s¢0+) = 0. Furthermore, the addition of ghost fields to this model does not
introduce any problems since they are free fields and do not participate in any Feynman
diagrams. This means that they decouple from the model and should be seen solely as
auxiliary fields.

It is also necessary to consider the parity transformations, given by:

by P = —iy'y_ o D yf = —iylyy

Uy oL =iyt Yl =i

Ay =5 Al = (Ao, = AL Ay) ;6> 0" =6, ¢ ={bc}; (5.11)
P P _

aﬂ—>a5:(_a07a17_a2); X—>XP:_X> X:{ﬂ',é,f}

Oy 5 0P = ity Oy 50 =it

In the following table, the UV and IR dimensions of the fields and currents of the
model are showed, as well as the ghost numbers and Grassmann parities.
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Ayl ay | Yy Yo |c| € | b€ Elmls|s—1]0,]0Q
1211/2 1 |1 Jol1[3[o]1[3]1] 1 [2]2
r 111 1tJo] 1 |1jol1|1]0o] 1 |2]2
I 0 [ 0o o J1]-1]o[1]-1]O0JO] O |—-1]-1
Gpl oo 1111 fof1[1]ofo] 0 [O]O

Table 5.1: UV dimension (d), IR dimension (r), ghost number (®II) and Grassmann
parity (GP).

Our aim now is to express the transformations (5.8) in a functional way, by using the
Slavnov-Taylor operator. If we consider, for example, the transformation of A, by BRS,

-1 )
it can be expressed by the action of the operator / d?’x—&,c—é T because
€ v

1 1 )
SA,u = —gﬁuc = — /dg'rgal’CWAﬂ (5].2)

Another example is the transformation of 1. Taking into account Y. within Iy, it
follows that

ol
ol SY4 ( )
The action of s in 9, can be expressed functionally as
ol o
sty / $69+ s (o ( )

If this procedure is repeated to all terms, and taking into account that I'y is BRS invariant,
then
1 6F0 b (SFO 1 5F0 ™ 5F0
/ x{ e CéA“+e 0oc g (5a”+g 6
oLy 6Ty 6Ty 0I'y  0Tg 6Ly &g 0Ly }_ 0

= - —0 — 5.15
00, 0 00 5,  6Q_0U_  6Q_ 60 (5.15)

The previous equation is known as Slavnov-Taylor identity, and can be summarized in an
elegant manner as

S(Ty) =0, (5.16)
where S is the Slavnov-Taylor operator, given by

1 0OF boF 1 0F wOoF

— 3 R S = | ¥ i E
S(F) /dx{ “Oe—m - — gagéau+g65+
(5]-“(5]-"_5]-"5]-“_(5]-“5]-"+(5}“(5]-"}
00, 0y 00y, 090y Q-6 [

(5.17)

It is still possible to consider the linearized Slavnov-Taylor operator Sr related to S(F),
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given by
1 0 bo 1 ) T 0
_ 3 _ZAM B Loy <
S]: /dl‘{ 666514”—{—6(56 gagéa“+g6§+

_{_(5.7'" J +§.7-" 6 oF & OF 5+
0 0Yy  0Yy 00, 00y 6P, 0, 60

_5]-"5_5]-"54_5.7—"54_5]—"5} (5.18)
O0_0Y_ S 60_ SOy s 60 ‘
The important nilpotency identities hold:
SzS(F)=0, VF, (5.19)
SrSr=0 if S(F)=0. (5.20)

In particular, thanks to the Slavnov-Taylor identity (5.16), it follows that (Sr,)? = 0.
The following identities also hold:

SF0¢ = S(b ) ¢ = {wiagia Aua a/u C,E, baﬂ-aga 5} )
(5F0 — (SFO (SF() = 5F0

SQ :—T,SOQ :—,SOQ,:T,SOQ,:——. 521
T2 e+ 5w+ r + 5w+ r 5w— r 51#7 ( )
Moreover, I'y satisfies the following equations
0L = _ — _
i = e+ Qe — QY-+, Q0 =9 O,
or _ - — — _
—zd—; = 0+ Qi + QY+ 0, Qe + 0 O,
@ = [Ue, 5& =[¢ ,
oc 6
ol " ol "
-2 = — = . .22
5 o"A, +ab , o 0"a, + Bm (5.22)

Lastly, two additional rigid symmetries can be considered. They are related to the set
of global transformations:

by =My Qo ey (5.23)

e = ey, Qp = eT0, (5.24)
Here, 6, and 6, represent parameters that are independent of the spacetime. The rigid
symmetries are associated to two Ward rigid operators, in such a way that:

I'h=0 and W'

w'e) @ =0, (5.25)

rigid

where the Ward operators, factorizing the parameters of the transformations, are given
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as follows:
) ) 0 — 9
(~e)~ — d3 - — Q - Q pp—
Wiigid / ${T/)+ 5¢+ ¢+ 50, + Y50, 5,
) — 9
‘l— _ Q_T s 526
Y- (w, - q/; o0 00 } ( )

) — 0 ) — 0
w 3 _ _ B
ned /d x{w+ 0y b 0 T 0824 e 6Q,

5 5~ 4
— 5¢_+¢_7—Q_K+Q_ﬁ}. (5.27)

5.3 Searching for Anomalies in the Model

The fact that a model is power-counting renormalizable, or multiplicatively renor-
malizable does not exclude the possibility of anomalies. There are no guarantees that
the Slavnov-Taylor identity will hold at the quantum level, enabling the appearance of a
gauge-anomalies, i.e., the electromagnetic and pseudochiral anomalies. These anomalies
indicate the impossibility of extending the BRS symmetry at the quantum level, which
jeopardizes the unitarity of the model, since BRS symmetry is fundamental ingredient to
prove the unitarity of the S-matrix [39]. The parity anomaly is disregarded, as we have
proven in the previous chapters that this symmetry holds at the quantum level. Therefore,
our attention must to be turned to the Slavnov-Taylor identity and the possible quantum
breakings that can arise.

As mentioned earlier, a breaking of a classical symmetry can occur at n-th order in the
quantum action. If I' and S are the quantum action and the Slavnov-Taylor operator of
the parity preserving QEDj3, respectively, then according to the quantum action principle,
if the symmetry holds up to order n — 1, then a breaking at order n can occur:

S()|sz1= A"A, + O(R™) | (5.28)

where A represents the possible breakings, and in this case, it is given by a integrated
local polynomial in the fields, possessing the same quantum numbers of S(I'). It is
straightforward to check that the integrated polynomials of the breakings have ghost
number 1, by the structure of &, which has all the terms containing or a ¢, or a £ in the
numerator, or a derivative with respect to ¢, &, €, or Q_, whereas I' has ghost number
0. In addition, since UV and IR dimensions of I" are 3, it can be checked that the highest
UV dimension % in S(T') is 7/2, whereas the lowest IR dimension is 3. Then, the most
general symmetry breaking terms have to be integrated polynomials in the fields, with
ghost number 1 and UV dimension d < 7/2 and IR dimension r > 3.
From the nilpotency identities and from (5.28), it follows that

SrS(I =0 = Sp(A"A+O(R"™) =0. (5.29)
Taking into account (5.18), as I' = I'g + O(h), it is possible to see that
Sr =S, + O(h) . (5.30)

2Consider, for example, the term of S(I') given by —1 [ d3zd#c 25, Since the derivative behaves as
a momentum, it has UV and IR dimensions equal to 1, Whereas ¢ has both equal to zero. Additionally,
A" has UV dimension 1/2 and IR dimension 1. Therefore, this term has d = 7/2 and r =3
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Therefore, from the two previous equations, we have
Sr,A"A+OR) =0. (5.31)

In the previous equation, there is a power series in A which is identically zero. Thus, due
to the independence of terms with different powers of &, it can be concluded that

Sr,A=0. (5.32)

The previous equation expresses a condition that the possible breakings must obey, and
it is known as the Wess-Zumino consistency condition [16]. It gives rise to a cohomology
problem, which will be solved for the parity-preserving QED3 in the following.

When the quantum action is considered in place of Iy, the equations (5.22) do not
necessarily hold and it must be proven that they can be extended to the quantum-level.
Considering the Lagrange multipliers, it is possible to show that

or or

5 =0"A, +ab, e oa, + pr . (5.33)
The previous result holds because, if there was a breaking, for example, as
5F n n+1
5= =0"A, +ab+R"Ay+ OB, (5.34)

0A
then it is always possible to write A, = 5_bb in such a way that the breaking could be

reabsorbed in the quantum action, restoring (5.33). In a similar way, it can be established
that

or — _ — _
ALY = i = i0e+ Qytpy — Dy +9,0, - 0,
o _ U _ —=.q a 7 7
Aclas = _ZE = ’lDf + QJr?/)Jr + er(/}f + ¢+Q+ -+ w_Q, s
O oo, L (5.35)
dc 6
We will still need of the following results, which are valid for any functional F:
dS(F) oF ., 0F
T — — — - :
5 Sr ( 5 oMA, ab> ((50 c) : (5.36)
dS(F) oF ., oOF
_ _ — =-(=-0 5.37
i - e (G - ormmin) = (3 o) 530

The rigid symmetries must also be taken into account. Since their group is non-
semisimple, they might be, in principle, anomalous [40,41]. Nonetheless, the abelian
factors are not spontaneously broken, with the electric charge (e) and pseudochiral charge
(g9) conserved, resulting in [41]:

weoOr=w¥r=o. (5.38)

rigid rigid
In addition to that, for any functional F, there are the following relations:

5 5 .
—i / N S(S(f ) s / d?'x( 5]: Adas) = WLF (5.39)
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OF
Z/ + S]:/ < 55 Aclas) - Wr(l‘gdf : (540)

Let us prove (5.39). Takmg into account the Grassmann parity of the fields, it can be

verified that 5S(F) 5F 1. 6F

= o — . 41
P P T (5.41)
As it is a divergence, the previous result when mtegrated over the whole space is zero.

On the other hand, it is possible to see that

/ PrSrA) = / 20" 0,b — WegaF - (5.42)

The first term in the right hand side of the previous equality is again an integral over a
divergence, yielding zero. Thus, the relation (5.39) holds. The poof of (5.40) is analogous.

From (5.36)—(5.40), when considering the functional F as I" and A, we obtain all the
relations that the possible quantum breakings of the Slavnov-Taylor identity must obey:

08 _da =0, /d3x%—0, W A=0,

b oc Sc rigid
0A A 3 0A (9)
o 5 0, /d x 5¢ 0, WigadD=0. (5.43)

The previous equations must be seen as boundary conditions for the cohomology
problem. Furthermore, from the nilpotency identities (5.20), along with the Wess-Zumino
consistency condition (5.32), the most general possible breaking is as follows:

A=AD 45 A0 (5.44)

Here, A has ghost number 1 and is the cohomology, i.e., the non-trivial solutions,
whereas A© has ghost number 0 and SFOK(O) represents the trivial solutions of the co-
homology problem, because SFOSFOA(O) is identically zero, as S(I'y) = 0. The possible
breaking terms that are given by SFOK(O) are referred to as noninvariant counterterms (by
the symmetries) and can be reabsorbed in the quantum action. To show the latter, one
must consider that

SAO  psAO 1 §AO

NN _#n _ - v _ Tou
ST —=h"A"Y) =8(T) h/ { acéAN+e = gagéa“

7 6A©) LT SA©) . JA® 5T 6T JA®  5AO 6T
g 66 00y 0y 80y OUy 0y . 0 0i,
SA© T 6T SA®  §T A SAO 4r o
——= - = + — + — +O(R™")
SO 0y 0. Y- 6Q sy 6Q- oy
= 8(I) — W"SpA© + O(r?") = ST) — B"Sp, A® + O™ | (5.45)

where we have used the fact that Sp = Sp, + O(h). Thus, as long as

ST) = h"AW + S, AQ + O™ | (5.46)
it follows from (5.45) that

-~

S(T) — B'Sp, A® = i*AD 4 O(R") =
= ST - "A®) = 7AW + oM (5.47)
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Therefore, it is possible to consider the quantum action not solely as I', but as I' — h”ﬁ(o),
which proves that the noninvariant counterterms can be reabsorbed into the quantum
action. The other terms, however, given by A®) cannot be reabsorbed and they are
genuine anomalies.

If a cohomology problem for a symmetry only admits trivial solutions, then it is
possible to ensure that the model is free from anomalies, concerning that symmetry,
because it can be restored, order by order, by adding appropriate counterterms to the
quantum action. What must be emphasized here is that the procedure is inductive: as
long as the breakings at order n can be reabsorbed, the symmetries, which were valid up
to order n — 1, now hold at order n. So, if there is a breaking, it must occur at order
n + 1, and repeating the approach, which will give rise to the same cohomology problem,
then it is possible to conclude that the symmetries are not anomalous and they can be
restored, order, by order.

As mentioned earlier, the breakings must be integrated local polynomials with UV
and IR dimensions bounded by d < 7/2 and r > 3, respectively. However, a breaking of
the Slavnov-Taylor identities must be, at least, at 1-loop order. According to the power-
counting formula (3.10), the 1PI Feynman diagrams have two coupling constants, which
changes® the UV and IR bounds to d < 5/2 and r > 4. From (5.33) and (5.43), it can
be conclude that the breaking is independent of the fields b, 7, é and £. In addition,

. )
[ @222 = 0 means that — is, at most, a divergence of a vector field, with ghost number

oc
0. A similar conclusion can be achieved for E Hence, the most general quantum
breaking can be written as
A = / dr (Ko e+ x00m¢) (5.48)

where IC,(LO) and X,SO) are rank-1 tensors, with ghost number 0 and with UV and IR dimen-
sions bounded by d < 3/2 and r > 3, respectively, since the derivative 0" has UV and
IR dimensions equal to 1. As can be checked, this breaking satisfies all the constraints
expressed by (5.33) and (5.43).

We have already proven that parity is not an anomalous symmetry in this model. So,
we can consider the breaking even by parity. Due to the transformations of ¢ and £ under
this symmetry, the expressions for ICELO) and X}LO) read:

KO =3 0V, &0 =S 0 (5.49)

7 7

where V}’i are vectors and HZ are pseudovectors, while v;,; and v,; are coefficients to be
determined.

To finish the proof that the model is anomaly free, we determine all possible Vft and
Hf“ respecting the conditions that the breaking must obey, with d < 3/2 and r > 3. They
read:

V; =A,A"A, Vﬁ = A,a"a, , Vg = Ayd"a, ,
Hi =a,a’a, , Hi =a,A"A, , Hi =a,A"A,. (5.50)

3The coupling constants do not have UV ou IR dimension, but they affect the power-counting, as they
are related to the number of vertices of a diagram and the model is superrenormalizable.
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Thus, the must general breaking is as follows:
A = /d3x{(vk71AMA”AV +vpoAua’a, + v 3A,a"a,)0"c + (vp 100" a,+

+ vy 00, A" A, + vy 30, AVA,)OMEY . (5.51)

Due to the Wess-Zumino consistency condition (5.32), we have

Uk,1 = —=A1, V2 = —=A3, V3 = ——M\
€ e e
4 2 9

Vz,1 = ——A2 y Uz2 = __)\3 y Vg3 = ——\ . (552)
g g q

Defining
A0 = / dz(4,A") AO? = / d*x(aya")?
3(0)3 = /dgl'AMAuaVCLV,A(OM - /dnguAyauafua (553)

the most general breaking is given only by noninvariant counterterms as follows:
A = Sp, (MAOT £ N A2 L\ A3 4\ A0 (5.54)

Therefore, as the solution of the cohomology problem is trivial, the model is free from
anomaly of the BRS symmetry, and the latter can be restored order by order, adding
appropriate counterterms to the quantum action. If a BRS breaking occurs, certainly it
is originated by a renormalization procedure. A question that might arise is whether the
model has infrared anomaly, due to the presence of massless fields in the model. Despite
that, none of the terms A(®? § = 1, ..., 4 violates the infrared condition (r > 4). Therefore,
the parity-preserving QEDj3 is anomaly free and all the symmetries can be extended to
the quantum-level.

5.4 Searching for counterterms

At this moment, the stability of the action is analyzed. The stability ensures that
terms generated by perturbative quantum corrections are only terms corresponding to
the renormalization of the parameters of the model that are already present in the clas-
sical action. They can be reabsorbed in the action as invariant counterterms, redefining
physical quantities, such as coupling constants, masses and fields. Let us suppose that
the action I'g is perturbed by the addition of a counterterms action 3¢, which is the
most general action that fulfills the symmetries of the model. The stability condition is
expressed by

Do[®s, pis Mi] + eX°[®@;, pi, Ai] = BU[@Y, 2, NV + O(e?) (5.55)

Here, X0 is the bare action of first order in € and
D) = d;(1+¢cZs,), o) =pi(1+cZ,) e N =N(1+e2y,) (5.56)

The action X° must obey the same conditions that T’y obeys, given by (5.25), (5.35). This
fact induces some constraints to >¢. For example,
650 oxtTb e 03¢

— = OHA
5b 5 tegy ~Autab=s

~0. (5.57)
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The remaining constraints are

0¥¢  0xC  9¥C 0xC 9¥¢ o0x€

= = = — — == - O
dc dc  om  O¢ 6 b ’
WS =0, and W5 =0 (5.58)

As can be seen, X¢ is independent of the ghost fields (c,¢, &, €). Furthermore, as I'y and
Y% have ghost number 0, then 3¢ also has ghost number 0. Thus, it can be concluded
that 3¢ is independent of the external currents (Q., ), that is,

W)L ) DL ) L D I

_ 0z 02 %2 . 5.59
0, 6 50, 00 (5:59)

We can summarize the conditions that >¢ must obey as follows:

Y= EC[E+7E—7¢+7¢—7AM7GM] ) (560)
W Se=0 and W, 2°=0, (5.61)
e Dawe, Sexe=0, TS’ (5.62)

The most general ¢ reads

3¢ = / dS.T{C(lZ'J_i_pwJF + OéliE_lDwf"‘
asF" F,, + ag f* fu, + caue™ A, 0,0, } (5.63)

Since >¢ has contributions of at least 1-loop order, the number of coupling constants
for the power-counting has to be taken into account, which changes the UV and IR
bounds to d < 5/2 and r > 4, as in the previous section. Therefore, none of the terms of
(5.63) are allowed, as all of them violate the infrared limit, and we conclude that ¥¢ =
and none parameter of the model is renormalized. This fact, along with the absence of
anomalies, proves the perturbative finiteness — vanishing all § functions and all anomalous
dimensions — of the parity-preserving QEDj3. This indicates the quantum scale invariance
of the model, that is, the parameters do not depend on an energy-scale. The quantum
scale invariance, together with the absence of pseudochiral anomaly obtained from this
model, seems to agree with experimental data of measures performed in pristine graphene
presented in [28,29, 38].
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Final Remarks

As verified, planar quantum electrodynamics models may have wide applications in
condensed matter, properly describing certain phenomena, and should not be disregarded
based on the argument that the universe is clearly four-dimensional. Especially in con-
densed matter, the collective behavior may give rise to quasi-particles whose interactions
and dynamics are purely planar.

In terms of the fractional quantum Hall effect, in Chapter 2, we analyzed the Kaplan-
Sen model [13]. When the action was written in terms of the gauge fields A, and Z,,,
it seemed to be non-unitary at the tree-level, as the imaginary parts of current-current
transition amplitudes of the mixed propagator were

HE+ G
Im{RGS{AAz|k2:u2+}} == _CACZ% :
Hy — H-
for the pole py and
!/ ! H E + G
Im{Res{Aazl2—,2 }} = CACZM(QfMQ) :
4 l

for the pole 11—, having the possibility of yielding negative imaginary parts for the current-
current transition amplitudes, presenting problems with unitarity, according to the optical
theorem. This, along with the fact that the mixed propagator could propagate degrees of
freedom, suggested that the boson gauge fields were not fundamental and a deeper inves-
tigation was necessary. Regarding causality, there were no problems in the model, since
tachyons were not present in its spectrum. We performed a diagonalization procedure,
finding the fundamental gauge fields by the transformation

W= [

where
¢ 2H
\/4H2 + [(E —G) - JE-GE+ 41{2}2
‘= (E—G)—/(E—G)?+4H?

\/4H2 n [(E —G) - JE-GE+ 4H2]2

The unitarity became explicit when we identified the fundamental boson gauge fields.
Furthermore, we verified that no specific conditions regarding fermion flavors and coupling
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constants were necessary to ensure causality and unitarity. Additionally, we found that
the effective action for the fundamental "photon” of the model (W_), was given by

1 .. e?
thoton = /dgﬂf{ — ZFB Fu_u + VE@WVWBapWK — J“W_u} + - s

where v = (nw + %) Furthermore, the fractional Hall conductivity was obtained:
¢ ith 4 e (5.65)
Oy = V—y, with v = | ny, + ——— | . .
Yoo N+ n

and it was the same as that found by Kaplan and Sen, Moreover, we derived the gauge
transformations of the fundamental fields.

The subsequent chapters focused on the parity-preserving QED3 [14]. In Chapter
3, the symmetries, UV and IR dimensions of the fields and the power-counting were
established. We showed that there were divergent diagrams up to 2-loops order, because
the model was super-renormalizable. Additionally, the potentially divergent diagrams at
1 and 2-loops were identified. Motivated by the parity-breaking induced by BPHZL in
the Ref. [26], we investigated if BPHZL applied to the parity-preserving QEDj3 also would
induce parity-violating terms. The 1-loop vacuum-polarization divergent diagrams were
explicitly renormalized using the BPHZL subtraction scheme, yielding for ;4

2 V2V €2m
H(R)'L“j 1) = _6_77 b p'p uov . -
T+ <p7 ) 16 \/]? + 47_‘_|m’5 p

and similar expressions for 754 and 34, and all of them preserved parity when consider-
ing the whole contributions for the vacuum-polarizations. The self-energies also conserved
parity at 1-loop. The 2-loop analysis, considering BPHZL, was performed and we con-
jectured that no parity-violating term could be generated, by a dimensional analysis.
Additionally, we proved that the parity is conserved, since the terms with an odd num-
ber of y-matrices should mutually cancel each other. This was different from what was
obtained in [26], by applying the BPHZL to the massless QED3. Therefore, the issue of
parity, regarding the BPHZL subtraction scheme, is model dependent.

In Chapter 4, aiming to complete the renormalization of the parity-preserving QEDj5,
we applied the BPHZL subtraction scheme to the divergent vacuum-polarization dia-
grams at 2-loops, which were the remaining divergent diagrams, since the model was
super-renormalizable. We determined the divergent subdiagrams and the Zimmermann'’s
Forests. For 75 and vy the forests were trivial, since there were no divergent subdiagrams
and the BPHZL at 2-loops came down to the same procedure followed for 1-loop diagrams.
For 711 and 715, it was verified the presence of one divergent subdiagram, which yield non-
trivial Zimmermann’s forests. The renormalized diagrams were calculated explicitly, and
it was shown that all the terms resulting from the divergent diagrams at 2-loops were
non-local. In addition to that, all the terms generated did not break parity, agreeing with
the conclusions obtained in the previous chapter.

In Chapter 5, we established that parity-preserving QED3 was free from anomalies us-
ing Algebraic Renormalization. The most general breaking of the Slavnov-Taylor identity
that might appear could be reabsorbed, restoring the symmetry, and since the method
of the algebraic renormalization is inductive, the symmetry could be restored order, by
order, proving the absence of BRS anomaly. We also proved that the model was free from
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infrared anomalies, as well as free from pseudochiral anomaly. Furthermore, we demon-
strated that the most general counterterm action was null, implying the vanishing of all
beta functions and anomalous dimensions of the fields. Consequently, we demonstrated
one of the most important results of this work: the parity-preserving QEDj3 exhibited
scale invariance, i.e., the parameters of the theory were independent on the energy scale.
This, combined with the absence of any anomalies, such as parity or infrared anomalies,
established the perturbative finiteness of the model. The presence of scale invariance, the
four-fold degeneracy of the Landau Levels, and the absence of pseudochiral anomaly seem
to align with experimental observations in Refs. [28,29,38] concerning graphene.
As perspectives, we intend to:

e apply the algebraic renormalization procedure to the Kaplan-Sen model;

e perform an analysis of the unitarity of this model following the procedure of Kugo
and Ojima performed in Ref. [39];

e analyze the parity-preserving QED3 model, but considering massless gauge bosons
and massive fermions, verifying possible applications to condensed matter phenom-
ena.
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Appendix A

Some notations and useful relations

It is important to establish a notation that facilitates calculations. We define two
tensors, €2 and ¢, where the former represents the product of momenta, whereas the latter
represents the product of n’s:

ptr.ptr lifn >0
Q H1--fn —
() {O,ifn<0 :

(A.1)
(tmaitn = pHik2  phn-1bn 4 dist. perm., if n is even,
" 0, ifnisoddorn <0.

Both tensors are completely symmetric, and by ”dist. perm.” we mean all distinct per-
mutations. For instance, for the tensor {, permutations between indices on the same 7
are disregarded. In addition, if ”dist. perm.” is used after a sum of two or more tensors,
then permutations between indices of different terms are forbidden. Nevertheless, permu-
tations between indices of a product are allowed. As a final comment about the distinct
permutations, if a tensor index has a bar, then it must be fixed and does not participate
in the permutations. For example, in the expression A?#° B9 4 dist. perm., the index
p cannot be permuted, and terms such as B?*, where « is an arbitrary index, are not
allowed.
It can be shown that ( obeys the following relation:

H1-f2n42 _ <H1--f2n 0 U201 H2n+2 :
2n+2 = (o pHenihiznt2 L dist. perm. (A.2)

Indeed, suppose n“1¥2...p"2n+1"2n+2 g a term in Ch "*"** where (v, ..., Vap12) iS a permu-
tation of (p1, ..., tlopt2). Since n1¥2..p"2n+1v2n+2 g also a term of (3t-"2mnpr2nt1v2nt2 - and
the latter is a term of the right-hand side of (A.2), then every term of (5,75*"" is a
term of ((h!Herptantibientz 4 dist. perm.). Conversely, by the definition of (, every term
of (ChyHorppentikent2 4 dist. perm.) is a term of (), 3"+, Therefore, we conclude that
(A.2) is true.

Another property of the tensors €2 and ( is

a _
% (le...#ncgrzﬁ-1..-lln+2m + dlSt perm) — Qgi'l'lﬁn—l 51!;;1-2-#714—2m + dlSt perm (AS)
p

We can prove the previous result by induction. If m = 0, then

0 _
%Qﬁfbl“‘”n = QUUyErmCOE + dist. perm., (A.4)
P
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where the distinct permutations are between the second index of (5 and the indices of €2,,_1.
Let us assume that (A.3) is true. Multiplying both sides of (A.3) by pfrt2mtibnt2me1)
considering all the distinct permutations between ¢ and 7, and using (A.2), we have

0 Al . Bl .
e (Q sy dist. perm) = QU Gty Y - dist. perm , (AL5)
P

which proves that (A.3) is valid.
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The J,-integrals

Here are presented the J.-integrals, frequently encountered in loop calculations. Also,
some useful and significant results are shown. These results remain applicable across
arbitrary dimensions, whether integers or not. A general J.-integral expression is

dPk [ S
flir = . B.1
o) = [ G (B.1)
The three subsequent results can be found in [42, pp. 83].
d?k 1 m/? [ —d/2)
= =i(—1)* 2ydfrma_ 1 T2 B.2
Jo / (2m)? (k2 + 2pk — )@ i(=1) (27T)d(c ) () (B2)
d?k 1 /2 INa—d/2)
H— — (=1 at+1 " 2\d/2—a =\ /2] ) B.3
/i / ST rAA S cr Gt DR v 7y (B:3)
dk kHEY /2
e —i(=1) 2\d/2—a
/2 / Gri U2 T oph — o () Gl T p) X
T(a—d/2)p'p” — 30(— 1 —d/2)n™ 2
. [ Lla = d/2)pp” — 5T(a /20" (c+p*) (B.4)
(o)
It is important to note that there is a recurrence relation from where J2\ "' can be

obtained, using the derivative of J#*#» in respect to p#»+'. The recurrence relation is

Jhaepr _1 L oJp
2 a—1 9Opyu,.,

r+1 (a,p, C) = (Oé - Lpa C) : (B5)

Thus, the expression for Jj is
dk krEY kP /2
v o « 2\d/2—a
= =1(—1
’s / ri G2t 2ph — o (D Gl T p) X
y [F(a —d/2)p"p"p’ — 3T(a = 1= d/2) (n"p” + n""p" + n"'p") (c + p?)

(B.6)

I(a)
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There is a general expression! for the results of these integrals:

7D/2 5] 1 J
1 e a c :Z _1\rt« - o — o
JEt (a, p,e) = i(—1) —F(a)(%)l);( 2) [(a—d/2—j)x .

« (C+p2)d/2_a+j (Q(p)fléfr% gjrfzjﬂ--.m + dist. perm.)

where | 7 | is the floor function, which returns the closest smaller integer of £. The previous
expression is particularly useful when dealing with J,.-integrals with r bigger than 3. It
can be shown the validity of (B.7) by using the inductive method. As can be checked, it
is valid for Jy. Let us suppose it is valid for an arbitrary r. Differentiating J, with respect
to pu,., we have

, Lzl

aJ“lmﬂr ﬂ'D/ 1 J
S o) =i TS (1) Ta - d2 )
O D) (2m)P =\ 2 (B.8)
X g [(c + p?)Y/2mati (Q(p)fi’é’fTQj 5y T 4 dist. perm.)]
apl/‘erl

Taking into account (A.3) and

P (Q(p)fié'j.”‘” B2t it perm') = Q)i G 4 dist. perm.
(B.9)

the derivative in (B.8) can be expanded as

[(C+p2>d/2a+j (Q(p)ffigf’”" 5]7»—2;‘+1---ur + dist. perm.)} _

ap.u"rJrl

=2(d/2—a+j)(c +p2)d/2—(a+1)+j (Q(p)fr;lflmurzj Zr—zjﬂmur © dist. perm.) .

+ (e pP) 2o (Q(p)i“éfrf“ 2Gany T dist. perm-) :

(B.10)
where indices with an upper bar do not permute. Furthermore, since
I'(n+1) =nl(n), then

L5] N\
(=3) Tla—d/z—3) 22— a+5)(c+57)e-oshx
j=0
X (Q<p)¢:+2;‘f1mw_2j CZ-“QHL"W + dist. perm.) =
(B.11)

1\’ ,
(_5) F(a +1— d/2 —]) (C+p2)d/2—(o¢+1)+3><

=0

Pr4 11 for—25 P —25+1---fbr .
X (Q(p)er+1 o] + dist. perm.) ,

ITo the best of our knowledge, it is not found in the literature.
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where 2(d/2 — a+ j) have been written as —2(a —d/2 — j) and absorbed in —(1/2)/G(a —
d/2 — j). In addition, by performing the change j — j — 1, the next summation can be
rewritten in the following way:

H ;
1 . —a+17 r—2j—1 T =27 Hr 3
> (=3) Tla-arz= et e (g gy dist pom. ) =

7=0
I 4
= (—5) T(o+1—d/2— j)(c+p?) et

(Q(p)flhéﬂfjﬂcﬂwmr ety dist. perm.)
(B.12)

It is worth noting that in the aforementioned expression, if r is even, the term with
j = |r/2] + 1 vanishes, since it comes from the differentiation, with respect to p,, ,,, of a
term that does not depend on p (20(s,). So, if  is even, the summation must encompass
terms up to |r/2] = |(r+1)/2]. The last equality is due to r being even. Moreover, if r

L5 ]

is odd, then [r/2] +1 = |(r+1)/2] and in both cases we can change ZL ! for > i
5141
+1 jio
since 2_; = 0, and then we perform the change Z}iﬂ for Z]L:Tl I Therefore, making
the term for 7 = 0 in (B.11) explicit, (B.8) reads

We can also perform, in the summation present in (B.11), the change EJL:JO for )

D.Jpn-t e
r — (=1 rdae " _9r 1— 9 N d/2—(at1)
apyr_Fl (O(,p; C) Z( ) F(Oé)(zﬂ')D |:( (Of + d/ )(C-'—p ) %

|75

I |
X Q(p)ffi{”r“) + ) <—§) D(a+1—d/2—j)(c+p*)?? et x
j=1

% <Q(p)f7;;/jr11...ur—2j 5;—2j+1.../lr_{_Q(p)fié:ﬁ;IQj#—lcﬂrJrlﬂr 2j+2-+ M#—dist. perm.)} .
(B.13)

In the last term of the previous equation, the missing permutations between the index
with an upper bar were obtained, since the referred index appear in both tensors, €2 and
¢. Then, (B.13) reads

aJlleﬂr ’7TD/2

——(a,p,c) =i(-1 7uﬂ"—[(—ﬂ“ a+1—d/2)(c+p?)¥* ety

Oy P =) R G D ( /2)(c+77)
e

X Q(P)ﬁfiiwﬂ) + Z (—5) D(a+1—d/2—j)(c +p2)d/2_(0‘+1)+j>< (B.14)
j=1

X <Q(p)5iéf+r12j“é“r“” 242 g s, perm.)} ,
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Thus, by the recurrence relation (B.5), in the last expression, multiplying all the terms
by —1/(2(cv 4+ 1)) and then performing the change « — « — 1, and due to the fact that
(—=1)rte=t = (=1)rteF1 we obtain

D/2 5]

M-y 1 _ r+1)4a 1’ .
Jr—i—l (a7pa C) - Z(_l)( i W ]2_; (_5) F(CY — d/2 _])X

X (c4+ p?)2etd <Q<p>é‘:;‘f§<_’";;>‘” Cpyrt VB st pm)
(B.15)

Therefore, it can be concluded that (B.7) is valid.

Another important and useful result that has to be mentioned is regarding the Feyn-
man parametrization. The denominator of a general loop integral is usually not in the form
(k* +2p -k — ), but it can be brought into this form by using the Feynman parametriza-
tion, a method that consists of introducing some Feynman parameters and substituting
the original expression with an integral in these parameters. The simplest case of the
Feynman parametrization is the following:

1 L 1
el (10

The general case is [42]:

a;—1

o ozgl = F (Zz al) / dl»l Ce dl'n ( Zz Zz ) Ej x] ) (B]_?)
ATPAY? - Age o T T(ey) Jo (>, Agzp) =™

Beyond all the results established previously, the following results, found in [43], are
also necessary:

/1 do Va? —z = im 1 dx 1 i 1 dx —xQ i?m (B.18)
Va2 —x =i— , = —im . =—i— (B.
0 8 0 Va2 —x 0 Va2 —x 8

T 1 1

x2—$_§\/a:2—a:’

it follows that

d
Moreover, since d—\/ 2 —x=
x

1 .
X 1T
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Appendix C

Determination of X Z/

We start from X to determine X; and X,. From (4.51), we have

f{ygw
X =-— Xo Xy = —XO : (C.1)
f2 f2
Also, considering the definition
d3k; Xo
X = Xy C.2
= | G e ZO“ €2
it was possible to obtain the results for X{,. In a similar way, we can define
d3ky X
X, :/ X ’ . C3
') R Z ‘ €

Let us determine X;. It has one less k; and one more ky than X,. When integrated
with respect to ki, each of the terms X, will yield a J, with a subscript one unit smaller.
However, the total power of the internal momenta is not changed. Therefore, to obtain X7,
from X, some minor changes in the summations and indices are needed. For example,
let us check the structure of Xj:

R [AiB572j7i{pik9—2j—iC2j}0w¢¢ ’ AL (C.4)
(k2 4 2k - p/" — ¢")13/2=i : '

In this example, the contraction between the indices &' in f{ g5, after integration with
respect to ki, gives rise to a contravariant index ¢’, which can be permuted, and a covariant
index ¢’ that is not permuted and is due to a factor ks present in all terms. Moreover,
unlike what happened with X, the summation over j is up to 2 instead of 3, because
it comes from a Js; and not from a Jg. This is also responsible for the change in the
summation over ¢ and the power of B. In a similar way, it is possible to determine the
remaining X7,

w . 'k .
X{l =Ty P Z Z M(]) (kg + 2% . p/, _ C//)13/2_j 3 (C5)

j=0 =0

2 4-2j |:AiB4f2j—i{pik9_2j_iC2j}0(;3(;3’6’;‘@&7 o
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2 4-2j [AiB‘l_Qj_i{p'k‘sdjf'C2j}0¢¢/6/2k- } Uaﬁ
w . (] 1 5’]{: )
j=0 i=0
2 522 A ik G} TR e
. 1 1 6lk
j=0 i=0
2 5-2j [AiBS_Qj_i{pz’ks—%—in}ewwldlmgk* } n?
_ 2 - 'k :
j=0 i=0
2 4-2j [AiB‘*’Qj*i{p‘kg—zj—‘Czj}%(wmgk* ] n?
, ] % ) 54, '
X5 =~ 25 Z Z M) (k2 1 2k - p' — Y1872 ’ (C9)
7=0 =0
2 4-2j |:AiB472jfi{p'k,8_2j_'C2j}0w56’6_g>_(k§_k7 ] nos
. K3 K3 6/k
Xie =4pspe Z Z M(j) (k2 + 2k - p' — &)13/2= ) (C.10)
j=0 i=0
2 4-2j [AiB“’Qj 4{2%'7{77—23‘—1'(2]‘}eélwéxk&*] n?
2 . 6/ .
Xip = =2p°ps Z Z M(3) (k2 + 2k - p’ — ¢")13/2- : ’ (C11)
j=0 i=0
1 3-2j [AiB‘Q’_Qj_i{piks—iji@j}ewyngk‘} 77@5
2 . 6, .
Xis=p"Y_ > M(j) Ty — k : (C.12)
j=0 i=0
1 3-2j [A"B?’_Qj _i{pik‘7—2j—zf2j}ewalx_kgkgk*} 1’
2 . 6/ .
Xig == 2p"ps Z Z M(j) (k2 + 2k - p' — ")13/2—3 ) ’ (C.13)
j=0 i=0
1 3-2j [AiB?’inii{pikG—Qj—iCQj}ewy)_(ké:;’/} n?
/ 2,2 . .
Xl =pp Z Z M(3) (k2 + 2k - p' — ¢")13/2 ] ’ (€14
j=0 i=0
It is possible to repeat the procedure to determine the others X, :
R [M (5) A B*=2~{p, o V0w R el
]) B {p2k9—23—zc2j} ] n
Xog = ~oe* Y D ST . (C.15)
j=0 i=0
1 3-2j |:AiB3_2j_i{pik972jfiC2j}9¢¢,>_<k£k:| n*’
Xél == n¢¢’pw Z Z M(]) (kg + 2k - p — C//)13/27j ; (C‘16)
j=0 i=0
1 372 [A B3 pkg o ;Coy 100Xk o0
w . Di 8—2]—Z<2]} ] n
Xbo =nsep*p" > > M(j) G270k g o ; (C.17)

j=0 i=0
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2 4-2j |:AiB4*2j*i{pikg_Qj_iC2j}9W¢¢,Xk£k5ki| n?
Xég :27]¢¢'p6 Z Z M(]) (k2 ok = C”)13/2_j ; (C.lS)
j=0 i=0
2 4% [AiB‘l_Qj_i{piksfzjfi(jzj}eww,g’“m] n*’
_ 2 ; .
Xy = = oo Z Z M(7) (K2 + 2k - p/ — &")13/2= ’ (C.19)
j=0 i=0
13- [ ATB32-i fp, kg_zj_i@j}ewm&} o8
X5 =2ps Z Z M(7) (k2 + 2k - p/ — &)13/2-3 ; (C-20)
j=0 i=0
1 322 [AiB?”Qj*i{piks—%—i@j}Gwm&g”“] 1’
j=0 =0
1 3% [AiBS_%_i{Pik?fzjfiCzj}emm&} n*?
! 2 . .
Ko7 =25 Zo Zo M) (k2 + 2k - p' — ")13/2—i ’ (C.22)
j=0 i=
1 2-2j [AiBQ—Qj—i{pikS_gj_igzj}Owikfk] naﬁ
P2 . .
X28 =—D Z M(]) (/{2 + 2k - p — C//)13/27j ’ (C.23)
j=0 i=0
1 22 [ A2, k7_2j_i<2j}9w>zk€k5k} s
Xbo =20°ps 3 > M(j ST : (C.24)
7=0 =0
1 2% [AiB2_2j_i{pikcsfzjfi@j}ewmgk] n*?
2 2 : ,
j=0 i=0

The structure of X}, is the same as that of X, except for a —1 factor and for the
tensor indices v and 3, which are in a J,. function instead of a metric tensor. This also
occurs with X}, X{,, and Xi,, as well as with X{, and XJ,. Therefore, we are now
presenting the remaining X,

[
Xar

6—-2j i i Wi’ o
J A i B6—2j— {p ko_ 2 lCQ]}H fole) 5Xk}
k2 + 92k . p// _ C//)13/2 J

3
Xbo = nowrp® Y

j=0 i=0

(C.26)
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X

2 525

Xy =noep” > > M(j)

[ AiB52-i{p, kgﬂjfi@j}ew'aﬂms’k]

== (k2 + o2k _p// _ C”)13/27j
. » 2 5-2j AzBS 25— {psz 2j— l<2]}9¢¢’oaﬁx;c}
32 = —Ne'P P Z Z M(j (k2 + 2k - p' — //)13/2 j ;
7=0 =0
3 6-2j [Ai3672jfi{pik9_2j_ig2j}9w¢>¢>’aﬂ>’<k§k5k}
ro_ . .
X33 = — 2y Ps Z Z M(5) (k2 + 2k - p — ¢)13/2 '
j=0 i=0
3 6-2] [ AP BS2ifp ke o G 9w¢¢'a6€k>zk}
X3y = 77¢¢’p22 M(j) L2 {Qk : ij <2/f}13/2j
== (k2 + 2k -p" — )
2 5-2j

X§5=—2PJZZM(j)

2 5-2j

Xbe =4pspsr ¥ > M(j)

j=0 i=0

2 5-2j

Xy =—=2p"ps Y Y M(j)

j=0 i=0

2 4-2j

X:/),S :p22 Z M(])

j=0 i=0

2 4-2j

Xbo=—20"ps » > M(j)

§j=0 i=0

1 2-2j

Xs10 =0°p° Z Z M(j)

j=0 i=0

[AiBE)_Qj_i{pikg_gj_i@j}eaﬁwéxk&}

(kQ + 2k ,p// _ C//)l3/2—j

[AiBszjfi{piks_Zj_iCQj}9w04,35>’<k€_k5’k}

Y

(k2 + 2k - p" —

C”) 13/2—j

[ Al B5-2-i ), k7_2j_i<2j}9aﬁw6>‘<k&}

(]{2 + 2k _p// _ C//)13/27j

[AiBA‘*Qj*i{pik?s_gj_iCQj}owaﬁmgk}

(k2 + 2k - p" —

|:AiB4_2j_i{pik772j7ig2j}ewaBXkék 5_4

c//)13/2—j

Y

(k2 + 2k . p// _ C//>13/2—j

[AiBQfiji{pi]%_Qj_ngj}Hwaﬁikgk}

’

(kZ + 2k _p// _ C//)l3/2—j

[AiBE‘_zj_i{pikg—w—iCQj}eww/ax_kgk}

(k2 +2k-p" —c

//)13/27j

. [AiB4_2j_i{pik972j—ifzj}ewlaik&&]

(k2 +2k-p" —c

//)13/273'

I

I

I
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(C.31)

(C.32)

(C.33)

(C.34)

(C.35)

(C.36)

(C.37)
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2 42 [ A2, kgﬂjfi@j}ew'am@]
_ w, & ; .
Xip =Moo p"p Z Z M () (k2 + 2k - p" — ¢")13/2=3 ; (C.39)
j=0 i=0
2 5-2j [AiBn’)*?J'*i{pikS_Qj_i@j}9w¢¢’aik€_k5k5k}
/ .
X43 :277¢¢’p5 Z Z M(.]) (kQ + o - p,, . C,,)13/2_j ) (040)
j=0 i=0
2 5-2j [AiB5—2j—i{pik872jiig2j}9w¢¢'aik5k3k]
! 2 - .
=0 =0
2 4-2j |:AiB4_2j_i{pikg_Zj_iCéj}0waa>_(k£_kﬁk:|
Xis =2ps Z Z M(3) (k% + 2k - p" — )13/2=i ; (C42)
j=0 i=0
2 4-2j [AiB472jfi{pikg_%_i@j}9w6a62’>’<k£—k5k}
/ .
Xao = — 4pspsr Z Z M(3) (k2 + 2k - p' — ")13/2- 5 (C.43)
=0 i=0
2 4-2j |:AiB4—2j—i {pik7_2j_ic2j}GQW5)_(k5_kBk:|
_ 2 : .
j=0 i=0
1 3-2j |:AiB3*2j*i{pikg_Qj_iCZj}gwaf(kf_kBk}
X4/18 - p2 M(j) 2 13/2—7 ; (045)
== (k‘ —|—2]{7-p”—0”) /2—j
1 3-2j |:AiB3_2j_i{pik'7_2j_i<'2j}ewa)(_ké_kgkgk}
!/ 2 . .
Xio =205 2 2 M) (o =y (49
7=0 =0
1 3-2 [ AB32- ], kﬁfzjfi@j}ewamékﬁk}
/ o 2. 2 - .
j=0 i=0
Xi e
2 5-2j i R5—2j—i Owdd’ Bk
At B5—2] { ko_oiiC } w¢¢5Xkak]
o ¢ . [ PiR9—25—iG2; .
Xs0 =~ oorp Z Z M(j) (k2 + 2k - p — )18/2- ) (C.48)
j=0 i=0
2 42 [ ABi kg_zj_i@j}edmﬂﬁxkékdk]

j=0 i=0
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I
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[ AiB3-%-i{p, k6_2j_ig2j}9wﬂxkgk@ki|

=—pp* > > M())

j=0 i=0

4-2j [M(]
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