
▲❆■❘ ❋■●❯❊■❘❊❉❖ ❚❘❯●■▲❍❖

❚❊❘▼❖❊❙❚❆❚❮❙❚■❈❆ ❊ ❈■◆➱❚■❈❆ ❉❊ ❆●❘❊●❆➬➹❖ ▼❖▲❊❈❯▲❆❘
❱■❆ ❆◆➪▲■❙❊ ▼■❈❘❖❈❆◆Ô◆■❈❆

❉✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛❞❛ à ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧
❞❡ ❱✐ç♦s❛✱ ❝♦♠♦ ♣❛rt❡ ❞❛s ❡①✐❣ê♥❝✐❛s ❞♦
Pr♦❣r❛♠❛ ❞❡ Pós✲●r❛❞✉❛çã♦ ❡♠ ❋ís✐❝❛✱ ♣❛r❛
♦❜t❡♥çã♦ ❞♦ tít✉❧♦ ❞❡ ▼❛❣✐st❡r ❙❝✐❡♥t✐❛❡✳

❖r✐❡♥t❛❞♦r✿ ▲❡❛♥❞r♦ ●✉t✐❡rr❡③ ❘✐③③✐

❱■➬❖❙❆ ✲ ▼■◆❆❙ ●❊❘❆■❙

✷✵✷✶



Ficha catalográfica elaborada pela Biblioteca Central da Universidade
Federal de Viçosa - Campus Viçosa

 

T

  Trugilho, Lair Figueiredo, 1996-

T866t
2021

        Termoestatística e cinética de agregação molecular via
análise microcanônica / Lair Figueiredo Trugilho. – Viçosa, MG,
2021.

          62 f. : il. (algumas color.) ; 29 cm.

   

          Inclui apêndices.

          Orientador: Leandro Gutierrez Rizzi.

          Dissertação (mestrado) - Universidade Federal de Viçosa.

          Referências bibliográficas: f.59-62.

   

          1. Transformações de fase (Física estatística).
2. Mecânica estatística. 3. Termodinâmica estatística.
I. Universidade Federal de Viçosa. Departamento de Física.
Programa de Pós-Graduação em Física. II. Título.

   

CDD 22. ed. 530.414

 

Bibliotecário(a) responsável: Renata de Fatima Alves CRB6/2578





❆❣r❛❞❡❝✐♠❡♥t♦s

❆♦s ♠❡✉s ❢❛♠✐❧✐❛r❡s✱ ♣♦r t♦❞♦ ❛♣♦✐♦ ♣r❡st❛❞♦✳ ❊♠ ❡s♣❡❝✐❛❧ ❛♦s ♠❡✉s ♣❛✐s ♣❡❧❛

♣❛❝✐ê♥❝✐❛ ❡ ❞❡❞✐❝❛çã♦ í♠♣❛r❡s✳

❆♦s ♠❡✉s ❛♠✐❣♦s✱ ♣❡❧❛s ✐♥ú♠❡r♦s ❞✐❛s ❞❡ t❡r❛♣✐❛✱ ♥♦s ❧✉❣❛r❡s ♠❛✐s ❡s♣❡❝✐❛✐s ♣♦s✲

sí✈❡✐s✿ ❚❡❞❞✐❡s✱ ❜❛r ❞♦ ❈❛❜❡❧♦✱ ❙❡✉ ❩é r♦❝❦ ❜❛r✱ ❜❛r ❞♦ ❍✐❧❞❡✉ ❡ t❛♥t♦s ♦✉tr♦s✳

❆♦ ❜♦♠ ❡ ✈❡❧❤♦ r♦❝❦ ❛♥❞ r♦❧❧✱ q✉❡ s❡♠♣r❡ ♠❡ ❛❝♦♠♣❛♥❤❛✱ t❛♥t♦ ♥♦ ❧❛③❡r q✉❛♥t♦

♥♦s ❡st✉❞♦s✳

❆♦ ❙♣♦rt ❈❧✉❜ ❈♦r✐♥t❤✐❛♥s P❛✉❧✐st❛✱ ♣❡❧❛s ✐♥ú♠❡r❛s ❢❡❧✐❝✐❞❛❞❡s✳

➚ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ♣❡❧❛ ♦♣♦rt✉♥✐❞❛❞❡ ❞❡ r❡❛❧✐③❛r ❛ ♣ós ❣r❛❞✉❛çã♦✱

❡♠ ❡s♣❡❝✐❛❧ ❛ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s✱ ❢✉♥❝✐♦♥ár✐♦s ❡ ❝♦❧❡❣❛s ❞❡ ❡st✉❞♦✳

❆♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ▲❡❛♥❞r♦ ●✉t✐❡rr❡③ ❘✐③③✐✱ ♣❡❧❛ ❞❡❞✐❝❛çã♦✱ ♣❛❝✐ê♥❝✐❛ ❡ ❡①❝❡❧ê♥❝✐❛

❝♦♠♦ t✉t♦r✳

➚s ❛❣ê♥❝✐❛s ❞❡ ❢♦♠❡♥t♦ ❋❯◆❆❘❇❊✱ ❋❆P❊▼■● ❡ ❈❆P❊❙✱ ♣❡❧❛s ❜♦❧s❛s ❝♦♥❝❡❞✐❞❛s

❛♦ ❧♦♥❣♦ ❞❛ ♠✐♥❤❛ tr❛❥❡tór✐❛ ❛❝❛❞ê♠✐❝❛✳

❆♦ ●r✉♣♦ ❞❡ ■♥✈❡st✐❣❛çã♦ ❞❡ ❙✐st❡♠❛s ❈♦♠♣❧❡①♦s ✭●■❙❈✮ ❞❛ ❯❋❱✱ ♣❡❧♦ s✉♣♦rt❡

♦❢❡r❡❝✐❞♦✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ ❢♦✐ r❡❛❧✐③❛❞♦ ❝♦♠ ❛♣♦✐♦ ❞❛ ❈♦♦r❞❡♥❛çã♦ ❞❡ ❆♣❡r❢❡✐ç♦❛♠❡♥t♦

❞❡ P❡ss♦❛❧ ❞❡ ◆í✈❡❧ ❙✉♣❡r✐♦r ✲ ❇r❛s✐❧ ✭❈❆P❊❙✮ ✲ ❈ó❞✐❣♦ ❞❡ ❋✐♥❛♥❝✐❛♠❡♥t♦ ✵✵✶✳

➚ ❈♦♦r❞❡♥❛çã♦ ❞❡ ❆♣❡r❢❡✐ç♦❛♠❡♥t♦ ❞❡ P❡ss♦❛❧ ❞❡ ◆í✈❡❧ ❙✉♣❡r✐♦r ✭❈❆P❊❙✮✱ ♣❡❧❛

❝♦♥❝❡ssã♦ ❞❛ ❜♦❧s❛ ❞❡ ❡st✉❞♦s✳
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❚❘❯●■▲❍❖✱ ▲❛✐r ❋✐❣✉❡✐r❡❞♦✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❥✉❧❤♦ ❞❡ ✷✵✷✶✳ ❚❡r✲
♠♦❡st❛tíst✐❝❛ ❡ ❝✐♥ét✐❝❛ ❞❡ ❛❣r❡❣❛çã♦ ♠♦❧❡❝✉❧❛r ✈✐❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛✳ ❖r✐✲
❡♥t❛❞♦r✿ ▲❡❛♥❞r♦ ●✉t✐❡rr❡③ ❘✐③③✐✳

❆ ❛❣r❡❣❛çã♦ ❞❡ ♠♦❧é❝✉❧❛s é ✉♠ ❢❡♥ô♠❡♥♦ ❝♦♥❤❡❝✐❞♦ ❤à ♠✉✐t♦s ❛♥♦s ❡ t❡♠ ❣r❛♥❞❡ ✐♠♣♦r✲

tâ♥❝✐❛ ❡♠ ❞✐✈❡rs❛s ár❡❛s ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦✱ ❞❡s❞❡ ❛ ❝✐ê♥❝✐❛ ❞❡ ♠❛t❡r✐❛✐s ❛té ❛ ❜✐♦❧♦❣✐❛ ❞❡

♣r♦t❡í♥♦♣❛t✐❛s✳ ❆♣❡s❛r ❞❡ ❥á ❡①✐st✐r❡♠ ❛❜♦r❞❛❣❡♥s ❜❡♠ ❡st❛❜❡❧❡❝✐❞❛s q✉❡ s❡ ❞✐s♣✉s❡r❛♠

❛ ❞❡s❝r❡✈❡r ❡st❡ ❢❡♥ô♠❡♥♦✱ ❡✳❣✳✱ ❛ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❛ ♥✉❝❧❡❛çã♦✱ t❛✐s ❛❜♦r❞❛❣❡♥s ❣❡r❛❧♠❡♥t❡

❞❡♣❡♥❞❡♠ ❢♦rt❡♠❡♥t❡ ❞❛ ❢♦r♠❛ ❞♦ ❛❣r❡❣❛❞♦ ❢♦r♠❛❞♦✳ ❉❡st❛ ♠❛♥❡✐r❛✱ s✉r❣❡ ♦ ✐♥t❡r❡ss❡ ❡♠

♦✉tr❛s ❛❜♦r❞❛❣❡♥s q✉❡ ♥ã♦ ❞❡♣❡♥❞❛♠ ❞❛ ❣❡♦♠❡tr✐❛ ❞♦s ❛❣r❡❣❛❞♦s ❡ ❛❧❣✉♠❛s ♣r♦♣♦st❛s

r❡❝❡♥t❡s tê♠ ✉t✐❧✐③❛❞♦ ♦ ❢♦r♠❛❧✐s♠♦ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❞❛ ♠❡❝â♥✐❝❛ ❡st❛tíst✐❝❛ ♣❛r❛ ❞❡s❝r❡✈❡r

t❛❧ ❢❡♥ô♠❡♥♦✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ♣r♦♣♦♠♦s ♦ ❡st✉❞♦ ❞❡ ✉♠ ♠♦❞❡❧♦ s✐♠♣❧❡s ❞❡ ❛❣r❡❣❛çã♦

♠♦❧❡❝✉❧❛r ✉t✐❧✐③❛♥❞♦ ❡st❡ t✐♣♦ ❞❡ ❛❜♦r❞❛❣❡♠ ❜❛s❡❛❞❛ ♥❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛✳ ❯t✐❧✐✲

③❛♠♦s ❛q✉✐ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣✱ ♦ q✉❛❧ ❢♦✐ ♦r✐❣✐♥❛❧♠❡♥t❡ ♣r♦♣♦st♦

♣❛r❛ ❛❣r❡❣❛çã♦ ❡♠ s✐st❡♠❛s ❣r❛✈✐t❛❝✐♦♥❛✐s✱ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡st❡♥❞ê✲❧♦ ❛ s✐st❡♠❛s ♠♦❧❡❝✉✲

❧❛r❡s ✜♥✐t♦s✳ ◆♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ é ♣♦ssí✈❡❧ ♦❜t❡r ❡①♣r❡ssõ❡s ❛♥❛❧ít✐❝❛s ♣❛r❛ ❛

❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s✱ ❛ ♣❛rt✐r ❞❛ q✉❛❧ ♣♦❞❡✲s❡ ❢❛③❡r ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ t❡r♠♦❡st❛tíst✐❝❛

❛❜r❛♥❣❡♥t❡ ❞♦ ♠♦❞❡❧♦✱ ✐♥❝❧✉✐♥❞♦ ♦s ❞✐❛❣r❛♠❛s ❞❡ ❢❛s❡✱ ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ❡ ❝❛❧♦r❡s

❧❛t❡♥t❡s✳ ❊st❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡♠♦♥str❛ q✉❡ ♦ s✐st❡♠❛✱ ❞❡ ❢❛t♦✱ ❛♣r❡s❡♥t❛ tr❛♥s✐çõ❡s ❞❡

❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛ ❛❣r❡❣❛çã♦ ❞❛s ♠♦❧é❝✉❧❛s q✉❡ s❡ ❡♥❝♦♥tr❛♠

❡♠ ✉♠ ✈♦❧✉♠❡ ✜♥✐t♦✳ ❚❛♠❜é♠ t❡st❛♠♦s ✉♠❛ ❛❜♦r❞❛❣❡♠ ❛❧t❡r♥❛t✐✈❛ ❜❛s❡❛❞❛ ♥❛ ❞❡♥✲

s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦♥❢♦r♠❛❝✐♦♥❛❧✱ ❞❡s♣r❡③❛♥❞♦ ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✱ q✉❡✱

♥❡st❡ ❝❛s♦✱ ❢♦✐ ❝♦♥❞✐③❡♥t❡ ❝♦♠ ❛ ❛❜♦r❞❛❣❡♠ ♠✐❝r♦❝❛♥ô♥✐❝❛ ✉s✉❛❧✳ P♦r ✜♠✱ ❡st✉❞❛♠♦s

t❛♠❜é♠ ❛ ❝✐♥ét✐❝❛ ❞❛ ❛❣r❡❣❛çã♦ ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s ❡ ❢♦✐ ♣♦ssí✈❡❧ r❡❧❛❝✐♦✲

♥❛r ❛s ❣r❛♥❞❡③❛s t❡r♠♦❡st❛tíst✐❝❛s ❞❡ ❡q✉✐❧í❜r✐♦ ♦❜t✐❞❛s ♥❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❝♦♠ ❛s

❝♦♥st❛♥t❡s ❞❡ r❡❛çã♦ ❝✐♥ét✐❝❛s r❡s✉❧t❛♥t❡s ❞❛s s✐♠✉❧❛çõ❡s✳ ❖ ♠♦❞❡❧♦ ❛♣r❡s❡♥t❛❞♦✱ ❛♣❡s❛r

❞❡ ❜❛st❛♥t❡ s✐♠♣❧✐✜❝❛❞♦✱ ❢♦✐ ❝❛♣❛③ ❞❡ ❞❡s❝r❡✈❡r s✐st❡♠❛s ✜♥✐t♦s ❡♠ ❡s❝❛❧❛s ❞❡ ❡♥❡r❣✐❛✱

t❡♠♣❡r❛t✉r❛ ❡ ❝♦♥❝❡♥tr❛çã♦ ❝♦♥❞✐③❡♥t❡s ❝♦♠ s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s✳

P❛❧❛✈r❛s✲❝❤❛✈❡✿ ❆❣r❡❣❛çã♦✳ ❆♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛✳ ❚r❛♥s✐çã♦ ❞❡ ❢❛s❡✳
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❚❘❯●■▲❍❖✱ ▲❛✐r ❋✐❣✉❡✐r❡❞♦✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ❏✉❧②✱ ✷✵✷✶✳ ❚❤❡r✲
♠♦st❛t✐st✐❝s ❛♥❞ ❦✐♥❡t✐❝s ♦❢ ♠♦❧❡❝✉❧❛r ❛❣❣r❡❣❛t✐♦♥ ✈✐❛ ♠✐❝r♦❝❛♥♦♥✐❝❛❧ ❛♥❛❧②s✐s✳
❆❞✈✐s❡r✿ ▲❡❛♥❞r♦ ●✉t✐❡rr❡③ ❘✐③③✐✳

▼♦❧❡❝✉❧❛r ❛❣❣r❡❣❛t✐♦♥ ✐s ❛ ❦♥♦✇♥ ♣❤❡♥♦♠❡♥♦♥ ❢♦r ❛ ❧♦♥❣ t✐♠❡ ❛♥❞ ❤❛s ❣r❡❛t ✐♠♣♦rt❛♥❝❡

✐♥ ✈❛r✐♦✉s ❦♥♦✇❧❡❞❣❡ ❛r❡❛s✱ ❢r♦♠ ♠❛t❡r✐❛❧ s❝✐❡♥❝❡ t♦ ❜✐♦❧♦❣② ♦❢ ♣r♦t❡✐♥♦♣❛t❤✐❡s✳ ❆❧t❤♦✉❣❤

t❤❡r❡ ❛r❡ ❛❧r❡❛❞② ✇❡❧❧✲❡st❛❜❧✐s❤❡❞ ❛♣♣r♦❛❝❤❡s t❤❛t ❤❛✈❡ ❜❡❡♥ ✇✐❧❧✐♥❣ t♦ ❞❡s❝r✐❜❡ t❤✐s ♣❤❡✲

♥♦♠❡♥♦♥✱ ❡✳❣✳✱ t❤❡ ❝❧❛ss✐❝❛❧ ♥✉❝❧❡❛t✐♦♥ t❤❡♦r②✱ s✉❝❤ ❛♣♣r♦❛❝❤❡s ❣❡♥❡r❛❧❧② ❞❡♣❡♥❞ ❤❡❛✈✐❧②

♦♥ t❤❡ s❤❛♣❡ ♦❢ t❤❡ ❢♦r♠❡❞ ❛❣❣r❡❣❛t❡✳ ■♥ t❤❛t ✇❛②✱ ✐♥t❡r❡st ✐♥ ♦t❤❡r ❛♣♣r♦❛❝❤❡s t❤❛t ❞♦

♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❣❡♦♠❡tr② ♦❢ t❤❡ ❛❣❣r❡❣❛t❡s ❛r✐s❡s ❛♥❞ s♦♠❡ r❡❝❡♥t ♣r♦♣♦s❛❧s ❤❛✈❡ ✉s❡❞

t❤❡ ♠✐❝r♦❝❛♥♦♥✐❝❛❧ ❢♦r♠❛❧✐s♠ ♦❢ st❛t✐st✐❝❛❧ ♠❡❝❤❛♥✐❝s t♦ ❞❡s❝r✐❜❡ s✉❝❤ ♣❤❡♥♦♠❡♥♦♥✳ ■♥

t❤✐s ✇♦r❦✱ ✇❡ ♣r♦♣♦s❡ t❤❡ st✉❞② ♦❢ ❛ s✐♠♣❧❡ ♠♦❞❡❧ ❢♦r ♠♦❧❡❝✉❧❛r ❛❣❣r❡❣❛t✐♦♥ ✉s✐♥❣ t❤✐s

t②♣❡ ♦❢ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ t❤❡ ♠✐❝r♦❝❛♥♦♥✐❝❛❧ ❛♥❛❧②s✐s✳ ❲❡ ✉s❡❞ ❤❡r❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥

♦❢ ❚❤✐r✐♥❣✬s ♠♦❞❡❧✱ ✇❤✐❝❤ ✇❛s ✐♥✐t✐❛❧❧② ♣r♦♣♦s❡❞ ❢♦r ❛❣❣r❡❣❛t✐♦♥ ✐♥ ❣r❛✈✐t❛t✐♦♥❛❧ s②st❡♠s✱

✐♥ ♦r❞❡r t♦ ❡①t❡♥❞ ✐t t♦ ✜♥✐t❡ ♠♦❧❡❝✉❧❛r s②st❡♠s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❚❤✐rr✐♥❣✬s ♠♦❞❡❧ ✐t ✐s

♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ ❛♥❛❧②t✐❝ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ❞❡♥s✐t② ♦❢ st❛t❡s✱ ❢r♦♠ ✇❤✐❝❤ ❛♥ ❡♠❜r❛❝✐♥❣

❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧ ❝❛♥ ❜❡ ♠❛❞❡✱ ✐♥❝❧✉❞✐♥❣ ♣❤❛s❡ ❞✐❛❣r❛♠s✱ ❢r❡❡ ❡♥❡r❣② ❜❛rr✐❡rs

❛♥❞ ❧❛t❡♥t ❤❡❛ts✳ ❚❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❞❡♠♦♥str❛t❡s t❤❛t t❤❡ s②st❡♠✱ ✐♥ ❢❛❝t✱ ♣r❡s❡♥ts

✜rst ♦r❞❡r ♣❤❛s❡ tr❛♥s✐t✐♦♥s✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❛❣❣r❡❣❛t✐♦♥ ♦❢ ♠♦❧❡❝✉❧❡s ✐♥ ❛ ✜♥✐t❡

✈♦❧✉♠❡✳ ❲❡ ❛❧s♦ t❡st❡❞ ❛♥ ❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤ ❜❛s❡❞ ♦♥ t❤❡ ❝♦♥❢♦r♠❛t✐♦♥❛❧ ❞❡♥s✐t② ♦❢

st❛t❡s✱ ♥❡❣❧❡❝t✐♥❣ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❦✐♥❡t✐❝ ❡♥❡r❣②✱ ✇❤✐❝❤✱ ✐♥ t❤✐s ❝❛s❡✱ ✇❛s ❝♦♥s✐st❡♥t

✇✐t❤ t❤❡ ✉s✉❛❧ ♠✐❝r♦❝❛♥♦♥✐❝❛❧ ❛♣♣r♦❛❝❤✳ ❋✐♥❛❧❧②✱ ✇❡ ❛❧s♦ st✉❞✐❡❞ t❤❡ ❛❣❣r❡❣❛t✐♦♥ ❦✐♥❡t✐❝s

t❤r♦✉❣❤ st♦❝❤❛st✐❝ s✐♠✉❧❛t✐♦♥s✱ ❛♥❞ ✐t ✇❛s ♣♦ss✐❜❧❡ t♦ r❡❧❛t❡ t❤❡ ❡q✉✐❧✐❜r✐✉♠ t❤❡r♠♦s✲

t❛t✐st✐❝ q✉❛♥t✐t✐❡s ♦❜t❛✐♥❡❞ ✈✐❛ ♠✐❝r♦❝❛♥♦♥✐❝❛❧ ❛♥❛❧②s✐s ✇✐t❤ t❤❡ ❦✐♥❡t✐❝s r❛t❡ ❝♦♥st❛♥ts

❛❝❤✐❡✈❡❞ ❢r♦♠ t❤❡ s✐♠✉❧❛t✐♦♥s✳ ❚❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ❤❡r❡✱ ❞❡s♣✐t❡ ❜❡✐♥❣ q✉✐t❡ s✐♠♣❧✐✜❡❞✱

✇❛s ❛❜❧❡ t♦ ❞❡s❝r✐❜❡ ✜♥✐t❡ s②st❡♠s ✐♥ s❝❛❧❡s ♦❢ ❡♥❡r❣②✱ t❡♠♣❡r❛t✉r❡ ❛♥❞ ❝♦♥❝❡♥tr❛t✐♦♥

❝♦♥s✐st❡♥t ✇✐t❤ ♠♦❧❡❝✉❧❛r s②st❡♠s✳

❑❡②✇♦r❞s✿ ❆❣❣r❡❣❛t✐♦♥✳ ▼✐❝r♦❝❛♥♦♥✐❝❛❧ ❛♥❛❧②s✐s✳ P❤❛s❡ tr❛♥s✐t✐♦♥✳



❈♦♥t❡ú❞♦

✶ ■♥tr♦❞✉çã♦ ✽

✷ ❚❡r♠♦❡st❛tíst✐❝❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ✶✸

✷✳✶ ❉❡s❝r✐çã♦ ❞♦ s✐st❡♠❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✷ ❉❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✷✳✸ ▼♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✸✳✶ ❉❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✸✳✷ ❊♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✹ ❈❛r❛❝t❡r✐③❛çã♦ t❡r♠♦❡st❛tíst✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✹✳✶ ▼♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧ ✭❝❛s♦ γ = 2✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✹✳✷ ▼♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭❝❛s♦ γ = 1, 2✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✷

✷✳✺ ■♥✢✉ê♥❝✐❛s ❞♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s N ❡ ❞❛ ♠❛❣♥✐t✉❞❡ ❞❛ ✐♥t❡r❛çã♦ ν ✳ ✳ ✳ ✷✹

✸ ❊♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ✷✾

✸✳✶ ❊♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✷ ❚❡♠♣❡r❛t✉r❛ ❡ ♣❡r✜s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✸✳✸ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s ❞✉❛s ❛❜♦r❞❛❣❡♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✹ ❈✐♥ét✐❝❛ ❞❛ ❛❣r❡❣❛çã♦ ✸✺

✹✳✶ ❯♥✐❞❛❞❡s ♣❛r❛ s✐st❡♠❛s ❢ís✐❝♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✹✳✷ ❙✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✹✳✸ ❈♦♥st❛♥t❡s ❞❡ r❡❛çã♦ ❡ ❝♦♥st❛♥t❡ ❞❡ ❡q✉✐❧í❜r✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✺ ❈♦♥❝❧✉sõ❡s ❡ ♣❡rs♣❡❝t✐✈❛s ✹✺

❆ ❊♥tr♦♣✐❛s ❞❡ ❇♦❧t③♠❛♥♥ ❡ ●✐❜❜s ✹✼

❆✳✶ ❉❡✜♥✐çõ❡s ❞❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✼

❆✳✷ ❉❡♣❡♥❞ê♥❝✐❛ ❞❛ ❡♥tr♦♣✐❛ ❝♦♠ n ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

❆✳✸ ❱❛❧♦r❡s ♠é❞✐♦s ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

❇ ❚❡♠♣❡r❛t✉r❛s ❞❡ tr❛♥s✐çã♦✱ ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ❡ ❝❛❧♦r❡s ❧❛t❡♥t❡s

♣❛r❛ ♦✉tr♦s ✈❛❧♦r❡s ❞❡ γ ✺✺



❈ ❚❡♠♣♦s ♠é❞✐♦s ❞❡ ♣r✐♠❡✐r❛ ♣❛ss❛❣❡♠ ✺✼

❘❡❢❡rê♥❝✐❛s ✻✷
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❖ ❢❡♥ô♠❡♥♦ ❞❡ ❛❣r❡❣❛çã♦ ❞❡ ♣❛rtí❝✉❧❛s ❥á é ❡st✉❞❛❞♦ ❤á ♠✉✐t♦s ❛♥♦s ❡ ❡stá r❡❧❛✲

❝✐♦♥❛❞❛ à ✉♠ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♣r♦❝❡ss♦s ❢ís✐❝♦✲q✉í♠✐❝♦s q✉❡ sã♦ ❞❡ ❣r❛♥❞❡ ✐♠♣♦rtâ♥❝✐❛

t❛♥t♦ ♣❛r❛ ❛♣❧✐❝❛çõ❡s t❡❝♥♦❧ó❣✐❝❛s q✉❛♥t♦ ♣❛r❛ ♣r♦❝❡ss♦s ❜✐♦❧ó❣✐❝♦s ❡ss❡♥❝✐❛✐s ♣❛r❛ ♦ ❞❡✲

s❡♥✈♦❧✈✐♠❡♥t♦ ❞❛ ✈✐❞❛ ❬✶❪✳ ❆ t❡♦r✐❛ ❝❧áss✐❝❛ ❞❛ ♥✉❝❧❡❛çã♦✱ ❛ q✉❛❧ ❞❡s❝r❡✈❡ ♦ ♠♦❞♦ ♣❡❧♦

q✉❛❧ s❡ ✐♥✐❝✐❛ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♦♥❞❡ ✉♠ ❛❣r❡❣❛❞♦ ❞❛ ♥♦✈❛ ❢❛s❡

s✉r❣❡ ❡♠ ♠❡✐♦ ❛ ❛♥t✐❣❛ ❢❛s❡✱ ♣♦r ❡①❡♠♣❧♦✱ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞❛ ♥♦ ❝♦♠❡ç♦ ❞♦ sé❝✉❧♦ ♣❛ss❛❞♦

❬✷✱ ✸❪✳ ❆ ♥✉❝❧❡❛çã♦✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ é r❡s♣♦♥sá✈❡❧ ♣♦r ❞✐✈❡rs♦s ❢❡♥ô♠❡♥♦s ❝♦♠✉♥s ❡♠ ♥♦ss♦

❝♦t✐❞✐❛♥♦✱ ❝♦♠♦ ❛ ❝♦♥❞❡♥s❛çã♦ ❞❡ ❣♦tí❝✉❧❛s ❞❡ á❣✉❛ ❡♠ ♠❡✐♦ ❛♦ ✈❛♣♦r ❝✐r❝✉♥❞❛♥t❡✱ ♦

❝r❡s❝✐♠❡♥t♦ ❞❡ ❝r✐st❛✐s ❡ ❛ ❞❡♣♦s✐çã♦ ❞❡ ✜❧♠❡s ✜♥♦s ❬✷❪✳

❆❧❣✉♠❛s ❞✐✜❝✉❧❞❛❞❡s s✉r❣❡♠ ❛♦ s❡ tr❛t❛r ♦ ♣r♦❜❧❡♠❛ ❝♦♠ ❛s t❡♦r✐❛s ✉s✉❛✐s✱ ♣♦✐s

❡st❛s ❞❡♣❡♥❞❡♠ ❢♦rt❡♠❡♥t❡ ❞❛ ❢♦r♠❛✱ ✐✳❡✳✱ ❣❡♦♠❡tr✐❛ ❞♦ ❛❣r❡❣❛❞♦ ❢♦r♠❛❞♦✳ ◗✉❛♥❞♦ ❛s

✐♥t❡r❛çõ❡s sã♦ t♦❞❛s ✐s♦tró♣✐❝❛s ❡ ♦ ♥ú♠❡r♦ ❞❡ ♣❛rtí❝✉❧❛s ♥♦ s✐st❡♠❛ é ❣r❛♥❞❡✱ ❛ ❝♦♥s✐❞❡✲

r❛çã♦ ❞❡ ✉♠ ❛❣r❡❣❛❞♦ ❡s❢ér✐❝♦ ♣♦❞❡ s❡r ❜❛st❛♥t❡ ♣❧❛✉sí✈❡❧✳ ◆♦ ❡♥t❛♥t♦✱ q✉❛♥❞♦ ❡①✐st❡♠

✐♥t❡r❛çõ❡s ❛♥✐s♦tró♣✐❝❛s ✐♠♣♦rt❛♥t❡s✱ ❡①✐st❡♠ ❡✈✐❞ê♥❝✐❛s ❞❡ q✉❡ ❛s t❡♦r✐❛s ❝❧áss✐❝❛s ❢❛❧❤❛♠

♥❛ ❞❡s❝r✐çã♦ ❞♦ ❢❡♥ô♠❡♥♦ ❬✹✱ ✺❪✳

❯♠ ❡①❡♠♣❧♦ ❞❡ s✐st❡♠❛ ♦♥❞❡ ❝♦♠✉♠❡♥t❡ ❡stã♦ ♣r❡s❡♥t❡s ✐♥t❡r❛çõ❡s ❛♥✐s♦tró♣✐❝❛s

sã♦ ❛s s♦❧✉çõ❡s ❞❡ ♣r♦t❡í♥❛s✳ ❉❡♣❡♥❞❡♥❞♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦✱ ❡st❛s ♣r♦t❡í♥❛s ♣♦❞❡♠ ❢♦r✲

♠❛r ❛❣r❡❣❛❞♦s ❢♦rt❡♠❡♥t❡ ❛ss♦❝✐❛❞♦s✱ ❝❤❛♠❛❞♦s ❞❡ ❛♠✐❧♦✐❞❡s ❬✻❪✳ ❊st❡s ❛❣r❡❣❛❞♦s sã♦

❣❡r❛❧♠❡♥t❡ ♠❛✐s ❛❧♦♥❣❛❞♦s ❡♠ ✉♠❛ ❞✐r❡çã♦ ❡s♣❡❝í✜❝❛ ❞❡✈✐❞♦ à ❢♦r♠❛çã♦ ❞❡ ❧✐❣❛çõ❡s ❞❡

❤✐❞r♦❣ê♥✐♦ ♥❛q✉❡❧❛ ❞✐r❡çã♦ ❡♠ ❝♦♥tr❛st❡ ❝♦♠ ❧✐❣❛çõ❡s ♠❛✐s ❢r❛❝❛s ♥❛s ♦✉tr❛s ❞✐r❡çõ❡s✱ ♦

q✉❡ ♦❝♦rr❡ ❞❡✈✐❞♦ à ❡str✉t✉r❛ ✐♥t❡r♥❛ ❞❛s ♣r♦t❡í♥❛s ❬✼❪✳ ❊st❡s ❛❣r❡❣❛❞♦s ❛♠✐❧♦✐❞❡s r❡❝❡✲

❜❡r❛♠ ❜❛st❛♥t❡ ❛t❡♥çã♦ ✉❧t✐♠❛♠❡♥t❡ ❞❡✈✐❞♦ à s✉❛ r❡❧❛çã♦ ❝♦♠ ❞✐✈❡rs❛s ❞♦❡♥ç❛s✱ ❝♦♠♦

♠❛❧ ❞❡ ❆❧③❤❡✐♠❡r✱ ❞✐❛❜❡t❡s t✐♣♦ ■■ ❡ ❞✐✈❡rs❛s ♦✉tr❛s ❬✻❪✳

P♦rt❛♥t♦✱ ❡①✐st❡ ✐♥t❡r❡ss❡ ❡♠ ♣r♦❝✉r❛r ♣♦r ♠ét♦❞♦s ❛❧t❡r♥❛t✐✈♦s q✉❡ ♥ã♦ ❞❡♣❡♥✲

❞❛♠ ❞❛ ❢♦r♠❛ ❞♦ ❛❣r❡❣❛❞♦ ❢♦r♠❛❞♦ ❡ q✉❡ ♣♦ss❛♠ s❡r ✉t✐❧✐③❛❞♦s ✐♥❝❧✉s✐✈❡ ♣❛r❛ ♦ ❡st✉❞♦

❞❡ s✐st❡♠❛s ✜♥✐t♦s✳ ❆❧❣✉♠❛s ♣r♦♣♦st❛s r❡❝❡♥t❡s tê♠ ✉t✐❧✐③❛❞♦ ❛ ❝❤❛♠❛❞❛ ❛♥á❧✐s❡ ♠✐❝r♦✲

❝❛♥ô♥✐❝❛ ♣❛r❛ ❛❧❝❛♥ç❛r t❛❧ ♦❜❥❡t✐✈♦ ❬✽✱ ✾✱ ✶✵❪✳ ❈♦♥❢♦r♠❡ ❞✐s❝✉t✐❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✶❪✱ ❛

❡st❛tíst✐❝❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ✐♥❝❧✉s✐✈❡ ❛ s✐st❡♠❛s ♥ã♦ ❡①t❡♥s✐✈♦s✱ ❝♦♠♦
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s✐st❡♠❛s ♣❡q✉❡♥♦s ♦✉ ❝♦♠ ✐♥t❡r❛çõ❡s ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡✱ ♦ q✉❡ t♦r♥❛ ❡st❡ t✐♣♦ ❞❡ ❛♥á❧✐s❡

♠✉✐t♦ ♣❡rt✐♥❡♥t❡✱ ♣♦✐s ❡♠ ♠✉✐t♦s ❝❛s♦s ❞❡ ✐♥t❡r❡ss❡✱ ♦ s✐st❡♠❛ é✱ ❞❡ ❢❛t♦✱ ✐♥tr✐♥s❡❝❛♠❡♥t❡

♣❡q✉❡♥♦✱ ❝♦♠♦ ❡♠ ❛❧❣✉♥s s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s ❡ ♣♦❧✐♠ér✐❝♦s✳

◆❛ r❡❢❡rê♥❝✐❛ ❬✽❪✱ ♣♦r ❡①❡♠♣❧♦✱ ♦s ❛✉t♦r❡s ❡①♣❧♦r❛r❛♠ ♣❡r✜s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ♠✐✲

❝r♦❝❛♥ô♥✐❝♦s ♣❛r❛ ❞❡s❝r❡✈❡r ❛ ❛❣r❡❣❛çã♦✱ t❛♥t♦ ❞❡ ♣❛rtí❝✉❧❛s q✉❛♥t♦ ❞❡ ♣♦❧í♠❡r♦s✱ s❡♠

❢❛③❡r ♥❡♥❤✉♠❛ ❤✐♣ót❡s❡ ❛ r❡s♣❡✐t♦ ❞❛ ❣❡♦♠❡tr✐❛ ❞♦s ❛❣r❡❣❛❞♦s ❢♦r♠❛❞♦s ❡♠ ❝❛❞❛ ❝❛s♦✱

q✉❡ sã♦ ❜❛st❛♥t❡ ❞✐❢❡r❡♥t❡s ❡♥tr❡ s✐✳ ❏á ♥❛ r❡❢❡rê♥❝✐❛ ❬✾❪✱ ♦s ❛✉t♦r❡s ♣✉❞❡r❛♠ ✐♥❢❡r✐r ❝❛✲

r❛❝t❡ríst✐❝❛s ❝✐♥ét✐❝❛s ❞❛ tr❛♥s✐çã♦ ❞❡ ❡♥♦✈❡❧❛♠❡♥t♦ ❡♠ ❝❛❞❡✐❛s ♣♦❧✐♠ér✐❝❛s r❡❧❛❝✐♦♥❛❞❛s

à ♣r♦t❡í♥♦♣❛t✐❛s ❛ ♣❛rt✐r ❞❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛✳

❆ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❥á ❢♦✐ ✉t✐❧✐③❛❞❛ ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❞✐✈❡rs♦s ♣r♦❜❧❡♠❛s✱

❝♦♥s✐❞❡r❛♥❞♦✲s❡ t❛♥t♦ s✐♠✉❧❛çõ❡s ❝♦♠♦ ♠♦❞❡❧♦s t❡ór✐❝♦s✳ ◆♦ ❝❛s♦ ❞♦s ♠♦❞❡❧♦s t❡ór✐✲

❝♦s✱ ♣♦❞❡♠♦s ❝✐t❛r ♦ tr❛❜❛❧❤♦ ❞❡ ❲✳ ❚❤✐rr✐♥❣ ❬✶✷❪✱ ❛✐♥❞❛ ❡♠ ✶✾✼✵✱ q✉❡ ♣r♦♣ôs ❡ ❡st✉❞♦✉✱

❝♦♠ ❡st❡ t✐♣♦ ❞❡ ❛♥á❧✐s❡✱ ✉♠ ♠♦❞❡❧♦ ♣❛r❛ ❛❣r❡❣❛çã♦ ❡♠ s✐st❡♠❛s ❣r❛✈✐t❛❝✐♦♥❛✐s✳ ❊st❡ ♠♦✲

❞❡❧♦ ❢♦✐ r❡✈✐s✐t❛❞♦ r❡❝❡♥t❡♠❡♥t❡ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✸❪✱ ♦♥❞❡ ♦s ❛✉t♦r❡s tr❛❜❛❧❤❛r❛♠ t❛♥t♦ ♥♦

❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ q✉❛♥t♦ ♥♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✱ ✐♥❝❧✉s✐✈❡ ♠♦str❛♥❞♦ ❛ ♥ã♦ ❡q✉✐✈❛✲

❧ê♥❝✐❛ ❞♦s ❡♥s❡♠❜❧❡s ❞❡✈✐❞♦ à ♥❛t✉r❡③❛ ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ❞❛ ❡♥❡r❣✐❛ ❞❡ ✐♥t❡r❛çã♦✳ ❊st❛ ♥ã♦

❡q✉✐✈❛❧ê♥❝✐❛ t❛♠❜é♠ ❢♦✐ ♦❜s❡r✈❛❞❛ ♣❛r❛ s✐st❡♠❛s ♠❛❣♥ét✐❝♦s ❝♦♠ ✐♥t❡r❛çõ❡s ❞❡ ❛❧❝❛♥❝❡

✐♥✜♥✐t♦ ❬✶✹✱ ✶✺✱ ✶✻❪✳

◆♦ ❝❛s♦ ❞❛s s✐♠✉❧❛çõ❡s✱ ❧✐st❛♠♦s ❛s ❥á ❝✐t❛❞❛s r❡❢❡rê♥❝✐❛s ❬✽❪ ❡ ❬✾❪✱ ♦♥❞❡ ♦ ❡st✉❞♦

❞❛ ❛❣r❡❣❛çã♦ ❞❡ ♣❛rtí❝✉❧❛s ❡ ♣♦❧í♠❡r♦s ❢♦✐ ❢❡✐t❛ ❝♦♠ ❜❛s❡ ❡♠ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦✱

❝♦♠ ♣♦t❡♥❝✐❛✐s ❞♦ t✐♣♦ ▲❡♥♥❛r❞✲❏♦♥❡s✳ ◆❛ r❡❢❡rê♥❝✐❛ ❬✶✼❪ ❢♦✐ ♣r♦♣♦st❛ ✉♠❛ ❝❧❛ss✐✜❝❛çã♦

❞❡ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❡♠ s✐st❡♠❛s ✜♥✐t♦s ❝♦♠ ❜❛s❡ ♥❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❡ ❡st❛ ❝❧❛ss✐✲

✜❝❛çã♦ ❢♦✐ t❡st❛❞❛ ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ♣❛r❛ ♣♦❧í♠❡r♦s t❛♠❜é♠ ❝♦♠

✐♥t❡r❛çã♦ ❞♦ t✐♣♦ ▲❡♥♥❛r❞✲❏♦♥❡s✳ ◆❛s r❡❢❡rê♥❝✐❛s ❬✶✽✱ ✶✾❪ ❢♦✐ ❞❡♠♦♥str❛❞♦ q✉❡ ❛ ❛❣r❡❣❛çã♦

❞❡ ♣❡♣tí❞❡♦s é ✉♠❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❝♦❡①✐stê♥❝✐❛ ❞❡ ❢❛s❡s✱ ♥♦ ❝♦♥t❡①t♦

❞❡ s✐st❡♠❛s ✜♥✐t♦s✱ ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ♣❛r❛ ✉♠ ♠♦❞❡❧♦ ♠❡s♦s❝ó♣✐❝♦

❝♦♥tí♥✉♦✳ ❚❛♠❜é♠ ❢♦r❛♠ ❡♥❝♦♥tr❛❞❛s ❡✈✐❞ê♥❝✐❛s✱ ✉s❛♥❞♦ ❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛✱ ❞❡

q✉❡ ❛ tr❛♥s✐çã♦ ❞❡ ❛❞s♦rçã♦ ❡♠ ♣♦❧í♠❡r♦s ❞❡ ❝❛❞❡✐❛ ✜♥✐t❛ t❡♠ ❛ss✐♥❛t✉r❛s ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠ ❬✷✵❪✳ ❏á ♥❛ r❡❢❡rê♥❝✐❛ ❬✷✶❪✱ ♥ós ✉t✐❧✐③❛♠♦s ❡st❡ t✐♣♦ ❞❡ ❛♥á❧✐s❡ ♣❛r❛ ❡st✉❞❛r ❛ ❛❣r❡✲

❣❛çã♦ ❡♠ ✉♠ ♠♦❞❡❧♦ ❞❡ ❣ás ❞❡ r❡❞❡ ❝♦♠ ✐♥t❡r❛çõ❡s ❛♥✐s♦tró♣✐❝❛s ❡♥tr❡ ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s✱

✈✐❛ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦✳

❙✐♠✉❧❛çõ❡s ❞❡ ❞✐♥â♠✐❝❛ ♠♦❧❡❝✉❧❛r t❛♠❜é♠ ❥á ❢♦r❛♠ ✉t✐❧✐③❛❞❛s ♣❛r❛ ❡st✉❞❛r s✐st❡✲

♠❛s ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ♠✐❝r♦❝❛♥ô♥✐❝♦✱ ❝♦♠♦ ♥❛s r❡❢❡rê♥❝✐❛s ❬✷✷✱ ✷✸❪✱ ♦♥❞❡ ❢♦✐ ❝♦♥s✐❞❡r❛❞❛

❛ tr❛♥s✐çã♦ ❞❡ ❡♥♦✈❡❧❛♠❡♥t♦ ❡♠ ♣r♦t❡í♥❛s ❡ ♥❛ r❡❢❡rê♥❝✐❛ ❬✷✹❪✱ ❡♠ q✉❡ ❛ ❢♦r♠❛çã♦ ❞❡

❞í♠❡r♦s ❞❡ ♣❡♣tí❞✐♦s ❢♦✐ ❝♦♥s✐❞❡r❛❞❛✳

❆ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❥á t❡♠ ✐♥❝❧✉s✐✈❡ s✐❞♦ ✉s❛❞❛ ♣❛r❛ ❡st✉❞❛r s✐st❡♠❛s ❜✐♦✲

♠♦❧❡❝✉❧❛r❡s ♠❛✐s ❡s♣❡❝í✜❝♦s ❝♦♠ ♦❜❥❡t✐✈♦ ❞❡ ❞❡s❡♥✈♦❧✈❡r tr❛t❛♠❡♥t♦s ♣❛r❛ ❞♦❡♥ç❛s q✉❡✱

❝♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ t❡♠ r❡❧❛çã♦ ❝♦♠ ❛❣r❡❣❛çã♦ ❞❡ ♣r♦t❡í♥❛s✱ ❝♦♠♦ ❛ ❞✐❛❜❡t❡s t✐♣♦

■■ ❬✷✺✱ ✷✻✱ ✷✼❪✳
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◗✉❛♥❞♦ ♥♦s r❡❢❡r✐♠♦s à t❡r♠✐♥♦❧♦❣✐❛ t❡r♠♦❡st❛tíst✐❝❛ ♠✐❝r♦❝❛♥ô♥✐❝❛✱ ❡st❛♠♦s ❝♦♥✲

s✐❞❡r❛♥❞♦ ♠ét♦❞♦s ❜❛s❡❛❞♦s ♥❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s Ω(N, V,E) ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ♥❛

❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛

S(N, V,E) = kB ln Ω(N, V,E), ✭✶✳✶✮

s❡♥❞♦ E ❛ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✱ V ♦ ✈♦❧✉♠❡ ❡ N ♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ♥♦ s✐st❡♠❛✳ ❖✉ s❡❥❛✱

❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥❛ r❡❧❛çã♦ t❡r♠♦❞✐♥â♠✐❝❛ ❢✉♥❞❛♠❡♥t❛❧ S = S(N, V,E)✱ q✉❡✱ ❡♠

♣r✐♥❝í♣✐♦✱ ❝❛rr❡❣❛ t♦❞❛ ✐♥❢♦r♠❛çã♦ t❡r♠♦❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ❬✶✶✱ ✷✽❪✳ ❆ ✐❞é✐❛ ♣r✐♥❝✐♣❛❧ é

q✉❡✱ ❝♦♠♦ ❡st❡ t✐♣♦ ❞❡ ❛♥á❧✐s❡ é ❜❛s❡❛❞❛ ♥❛ r❡❧❛çã♦ t❡r♠♦❞✐♥â♠✐❝❛ ❢✉♥❞❛♠❡♥t❛❧✱ ♦✉ s❡❥❛✱

♥❛ ❞❡♣❡♥❞ê♥❝✐❛ ❢✉♥❝✐♦♥❛❧ ❞❡ S ❝♦♠ N ✱ V ❡ E✱ ♥ã♦ sã♦ ♥❡❝❡ssár✐❛s ❤✐♣ót❡s❡s ❛ r❡s♣❡✐t♦

❞❛ ❣❡♦♠❡tr✐❛ ❞♦s ❛❣r❡❣❛❞♦s ❢♦r♠❛❞♦s ❬✶✵❪✳

❆ ❞✐✜❝✉❧❞❛❞❡ ❞❡ s❡ tr❛❜❛❧❤❛r ❝♦♠ ❡st❡ t✐♣♦ ❞❡ ❛♥á❧✐s❡ é ❥✉st❛♠❡♥t❡ ❛ ♦❜t❡♥çã♦ ❞❛

❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s✱ q✉❡ é ✉♠❛ ❣r❛♥❞❡③❛ ❜❛st❛♥t❡ ❞✐❢í❝✐❧ ❞❡ s❡r ♦❜t✐❞❛ ❛♥❛❧✐t✐❝❛♠❡♥t❡✱

♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♠ s✐st❡♠❛s ♠❛✐s ❝♦♠♣❧✐❝❛❞♦s✱ ♣♦r ❡①❡♠♣❧♦✱ ♦♥❞❡ ♦❝♦rr❡♠ tr❛♥s✐çõ❡s

❞❡ ❢❛s❡✳ ◆♦ ❝❛s♦ ❞❛s s✐♠✉❧❛çõ❡s é ♣♦ssí✈❡❧ ♦❜t❡r ❡st✐♠❛t✐✈❛s ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s

✉t✐❧✐③❛♥❞♦ ❛❧❣✉♥s ❛❧❣♦r✐t♠♦s ❞✐s♣♦♥í✈❡✐s ♥❛ ❧✐t❡r❛t✉r❛✱ t❛✐s ❝♦♠♦ ♦ ❞❡ ❲❛♥❣✲▲❛♥❞❛✉ ❬✷✾❪

❡ ♦ ♠✉❧t✐❝❛♥ô♥✐❝♦ ❬✸✵❪✱ ♦✉ ❛✐♥❞❛ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ♠ét♦❞♦ ❙❚✲❲❍❆▼ ❬✸✶✱ ✸✷❪✱ q✉❡ ❢♦r♥❡❝❡

✉♠❛ ❡st✐♠❛t✐✈❛ ♣❛r❛ ❛ t❡♠♣❡r❛t✉r❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ T (E) ✈✐❛ r❡♣❡s❛❣❡♠ ❞❡ ❤✐st♦❣r❛♠❛s ❞❡

s✐♠✉❧❛çõ❡s ✐♥❞❡♣❡♥❞❡♥t❡s✳ ❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ t❛♠❜é♠ ❡①✐st❡♠ ❛❧❣✉♥s ❝❛s♦s ❞❡ ♠♦❞❡❧♦s

q✉❡ ❢♦r♥❡❝❡♠ ❡①♣r❡ssõ❡s ❛♥❛❧ít✐❝❛s ♣❛r❛ ❛ ❡♥tr♦♣✐❛ ❞❡ s✐st❡♠❛s ❡s♣❡❝í✜❝♦s✱ t❛❧ ❝♦♠♦ é

♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❬✶✷✱ ✶✸❪ ❡ ❞❛ s✉❛ ❣❡♥❡r❛❧✐③❛çã♦ q✉❡ s❡rá ✐♥tr♦❞✉③✐❞❛ ♥♦

❈❛♣ít✉❧♦ ✷✳

❊①❡♠♣❧✐✜❝❛r❡♠♦s ❛ s❡❣✉✐r ♦ t✐♣♦ ❞❡ ❛♥á❧✐s❡ t❡r♠♦❡st❛tíst✐❝❛ q✉❡ ♣♦❞❡ s❡r r❡❛❧✐③❛❞❛

q✉❛♥❞♦ t❡♠♦s ❛❝❡ss♦ ❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛✳ ❊st❡ t✐♣♦ ❞❡ ❛♥á❧✐s❡ é ❣❡r❛❧ ❡ ♣♦❞❡ s❡r r❡✲

❛❧✐③❛❞❛ s❡♠♣r❡ q✉❡ ❛ ❡♥tr♦♣✐❛ ♣✉❞❡r s❡r ♦❜t✐❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❝♦♠ q✉❛✐sq✉❡r ❞♦s ♠ét♦❞♦s

❝✐t❛❞♦s ❛♥t❡r✐♦r♠❡♥t❡✳ ❈♦♠♦ ❛ ❛♥á❧✐s❡ ❛q✉✐ ✉t✐❧✐③❛❞❛ s❡ ❜❛s❡✐❛ ❛♣❡♥❛s ♥❛ ❞❡♣❡♥❞ê♥❝✐❛

❞❛ ❡♥tr♦♣✐❛ ❝♦♠ ❛ ❡♥❡r❣✐❛✱ ♠❛♥t❡♥❞♦✲s❡ ♦ ✈♦❧✉♠❡ V ❡ ♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s N ❝♦♥s✲

t❛♥t❡s✱ s✐♠♣❧✐✜❝❛r❡♠♦s ❛ ♥♦t❛çã♦ ♣❛r❛ S(E) = kB ln Ω(E)✳ ❖ ✐♥✈❡rs♦ ❞❛ t❡♠♣❡r❛t✉r❛

♠✐❝r♦❝❛♥ô♥✐❝❛ b(E) = 1/kBT (E) é ♣r♦♥t❛♠❡♥t❡ ❝❛❧❝✉❧❛❞♦ ♣♦r✿

b(E) =
1

kB

(

∂S

∂E

)

N,V

. ✭✶✳✷✮

◗✉❛♥❞♦ ♦ s✐st❡♠❛ ❛♣r❡s❡♥t❛ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❛ ❡♥tr♦♣✐❛ ♠✐✲

❝r♦❝❛♥ô♥✐❝❛ ❛♣r❡s❡♥t❛ r❡❣✐õ❡s ♦♥❞❡ ❡❧❛ é ❢✉♥çã♦ ❝♦♥✈❡①❛ ❞❛ ❡♥❡r❣✐❛ ✭✐✳❡✳✱ ∂2S/∂E2 > 0✮✳

◆❡st❛s r❡❣✐õ❡s ❤á ✐♥st❛❜✐❧✐❞❛❞❡ t❡r♠♦❞✐♥â♠✐❝❛ ❡ ♦ s✐st❡♠❛ ❞❡✐①❛ ❞❡ s❡r ❤♦♠♦❣ê♥❡♦✱ s❡♣❛✲

r❛♥❞♦ ❡♠ ❞✉❛s ❢❛s❡s ❬✶✶✱ ✸✸❪✳ ❊st❛ ❝♦♥❞✐çã♦ ❞❡ ❝♦♥✈❡①✐❞❛❞❡ ❞❛ ❡♥tr♦♣✐❛ é ❡q✉✐✈❛❧❡♥t❡ ❛

∂b/∂E > 0✱ ♦✉ s❡❥❛✱ b(E) s❡ t♦r♥❛ ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ♥❡st❛s r❡❣✐õ❡s ❞❡ ✐♥st❛❜✐❧✐❞❛❞❡✱

❝♦♥❢♦r♠❡ é ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ✶✳✶✭❛✮✱ ❞❡s❝r❡✈❡♥❞♦ ✉♠❛ ❝✉r✈❛ ❡♠ ❢♦r♠❛ ❞❡ ✏❙✑ ❝❛r❛❝t❡ríst✐❝❛

❞❡ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❬✶✵✱ ✶✶❪✳

❆ ♣❛rt✐r ❞♦ ❣rá✜❝♦ ❞♦ ✐♥✈❡rs♦ ❞❛ t❡♠♣❡r❛t✉r❛ b(E) ✭✈✐❞❡ ❋✐❣✳ ✶✳✶✭❛✮✮ é ♣♦ssí✈❡❧
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a

b

❋✐❣✉r❛ ✶✳✶✿ ✭❛✮ ❚❡♠♣❡r❛t✉r❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ T (E) ❡ s❡✉ ✐♥✈❡rs♦ b(E) ❡ ✭❜✮ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛
❧✐✈r❡ β∗∆(E)✳ ❙ã♦ ♠♦str❛❞♦s ❛ t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗ ❡ s❡✉ ✐♥✈❡rs♦ β∗ ❡♠ ✭❛✮ ❡
❛ ❜❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ β∆F † ❡ ♦ ❝❛❧♦r ❧❛t❡♥t❡ ∆E† ❡♠ ✭❜✮✳ ❋✐❣✉r❛ ❛❞❛♣t❛❞❛ ❞❛
r❡❢❡rê♥❝✐❛ ❬✷✶❪✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛ tr❛♥s✐çã♦ ❞❡ ❛❣r❡❣❛çã♦ ❡♠ ✉♠ ♠♦❞❡❧♦ ❞❡ ❣ás ❞❡ r❡❞❡
❝♦♠ ✐♥t❡r❛çõ❡s ❛♥✐s♦tró♣✐❝❛s✱ ♦ q✉❛❧ ❛♣r❡s❡♥t❛ ❢♦r♠❛çã♦ ❞❡ ❛❣r❡❣❛❞♦s ❛❧♦♥❣❛❞♦s ❡♠ ❜❛✐①❛s
t❡♠♣❡r❛t✉r❛s ✭✈❡❥❛ ❝♦♥✜❣✉r❛çõ❡s ❡♠ ✭❜✮✮✳

♦❜t❡r ❞✐r❡t❛♠❡♥t❡ ♦ ✐♥✈❡rs♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ ❝❛♥ô♥✐❝❛ β∗ = 1/kBT
∗✱ ✈✐❛

❝♦♥str✉çã♦ ❞❡ ▼❛①✇❡❧❧ ❬✸✹❪✱ ✐✳❡✳✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝r✐tér✐♦ ❞❡ ár❡❛s ✐❣✉❛✐s ❞❡❧✐♠✐t❛❞❛s ♣❡❧♦

❣rá✜❝♦ ❞❡ b(E) ❡ ❛ ❧✐♥❤❛ ❤♦r✐③♦♥t❛❧ b = β∗✱ ❛❝✐♠❛ ❡ ❛❜❛✐①♦ ❞❡st❛ ❧✐♥❤❛✱ t❛❧ ❝♦♠♦ ♠♦str❛❞♦

♥❛ ❋✐❣✳ ✶✳✶✭❛✮✳ ■st♦ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❝r✐tér✐♦ ❞❡ q✉❡ ❛ ❞✐str✐❜✉✐çã♦ ❝❛♥ô♥✐❝❛ p∗(E)✱ ♥❡st❛

t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗✱ t❡♥❤❛ ❞♦✐s ♠á①✐♠♦s ❝♦♠ ♠❡s♠♦ ✈❛❧♦r ❡♠ ❞✉❛s ❡♥❡r❣✐❛s

❞✐st✐♥t❛s ❬✸✹❪✱ E− ❡ E+✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♠ ❛s ❞✉❛s ❢❛s❡s✳ ◆♦ ❝❛s♦ ❞❛ ❛❣r❡❣❛çã♦ t❛✐s

❢❛s❡s ❝♦rr❡s♣♦♥❞❡♠ ❛ ❢❛s❡ ❛❣r❡❣❛❞❛✱ ♦♥❞❡ ❛s ♣❛rtí❝✉❧❛s s❡ ❛✉t♦✲♦r❣❛♥✐③❛♠ ❢♦r♠❛♥❞♦ ✉♠

♦✉ ♠❛✐s ❛❣r❡❣❛❞♦s✱ ❡ ❛ ❢❛s❡ ❞✐❧✉í❞❛✱ ♦♥❞❡ ❛s ♣❛rtí❝✉❧❛s s❡ ❡♥❝♦♥tr❛♠ ✐s♦❧❛❞❛s ✉♠❛s ❞❛s

♦✉tr❛s✳ ❆❧é♠ ❞✐ss♦✱ p∗(E) ∝ e−β∗∆F (E)✱ s❡♥❞♦ β∗∆F (E) ♦ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡✱ ❞❡✜♥✐❞♦

♣❡❧❛ ❞✐❢❡r❡♥ç❛

β∗∆F (E) = β∗(F (E)− F (E−)) ✭✶✳✸✮

❡♥tr❡ ❛s ❡♥❡r❣✐❛s ❧✐✈r❡ ❞❡ ❍❡❧♠❤♦❧t③✱ s❡♥❞♦ q✉❡✱ ♥❛ t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦✱ ❛ ❡♥❡r❣✐❛

❧✐✈r❡ ❞❡ ❍❡❧♠❤♦❧t③ é ❞❛❞❛ ♣♦r β∗F (E) = β∗E−S(E)/kB✳ ➱ ❝♦♥✈❡♥✐❡♥t❡ s✉❜tr❛✐r ♦ t❡r♠♦



✶ ■♥tr♦❞✉çã♦ ✶✷

β∗F (E−) ♥❛ ❊q✳ ✶✳✸ ♣❛r❛ q✉❡ ♦s ♠í♥✐♠♦s ❞♦ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ♥❛s ❡♥❡r❣✐❛s E− ❡ E+

s❡❥❛♠ ♥✉❧♦s✳ ◆❛ ❋✐❣✳ ✶✳✶✭❜✮ é ♠♦str❛❞♦ ✉♠ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ tí♣✐❝♦ ♥❛ t❡♠♣❡r❛t✉r❛ ❞❡

tr❛♥s✐çã♦ T ∗✱ ❛ ♣❛rt✐r ❞♦ q✉❛❧ ❣r❛♥❞❡③❛s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❛ tr❛♥s✐çã♦ sã♦ ♣r♦♥t❛♠❡♥t❡

❞❡t❡r♠✐♥❛❞❛s✱ ❝♦♠♦ ❛ ❜❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ β∗∆F † ❡ ♦ ❝❛❧♦r ❧❛t❡♥t❡ ∆E† = E+ −E−✱

❝♦♥❢♦r♠❡ ✐♥❞✐❝❛❞♦s ♥❛ r❡❢❡r✐❞❛ ✜❣✉r❛✳

❚❛♠❜é♠ ❞❡✜♥✐♠♦s ❛s t❡♠♣❡r❛t✉r❛s T− ❡ T+ q✉❡ ❞❡❧✐♠✐t❛♠ ❛s r❡❣✐õ❡s ❞❡ ✐♥st❛❜✐❧✐✲

❞❛❞❡✴♠❡t❛❡st❛❜✐❧✐❞❛❞❡ ❡ ❝♦rr❡s♣♦♥❞❡♠ ❛♦ ✈❛❧♦r❡s ♠í♥✐♠♦ ❡ ♠á①✐♠♦ ❞❡ T (E)✱ r❡s♣❡❝t✐✈❛✲

♠❡♥t❡✱ ♥❛ r❡❣✐ã♦ ❡♥tr❡ E− ❡ E+✳ ◆❡st❡ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣❡r❛t✉r❛s✱ ♦ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡

❛♣r❡s❡♥t❛ ❞♦✐s ♠í♥✐♠♦s ❧♦❝❛✐s✱ ♣♦ré♠ ❡❧❡s ♥ã♦ t❡rã♦ ❛ ♠❡s♠❛ ♣r♦❢✉♥❞✐❞❛❞❡ s❡ T 6= T ∗✳

❘❡ss❛❧t❛♠♦s q✉❡ ❝❤❛♠❛♠♦s ❡st❡ t✐♣♦ ❞❡ ❛❜♦r❞❛❣❡♠ ❞❡ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ ♣♦r✲

q✉❡ ❡st❛ é ❜❛s❡❛❞❛ ♥❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E)✱ ♣♦ré♠✱ ♦s ♣❡r✜s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ sã♦

♦❜t✐❞♦s ✜①❛♥❞♦✲s❡ ❛ t❡♠♣❡r❛t✉r❛ ❡✱ ❞❡ ❢❛t♦✱ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛s r❡s♣❡❝t✐✈❛s ❞✐str✐✲

❜✉✐çõ❡s ❝❛♥ô♥✐❝❛s✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ♦❜t✐❞❛ s❡ r❡❢❡r❡ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ♥♦

❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✳ ❉❡st❛ ♠❛♥❡✐r❛✱ ♦ t❡r♠♦ tr❛♥s✐çã♦ ❞❡ ❢❛s❡✱ q✉❛♥❞♦ ✉t✐❧✐③❛❞♦ ❞❛q✉✐ ❡♠

❞✐❛♥t❡✱ s❡ r❡❢❡r❡ à tr❛♥s✐çã♦ ♥♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✱ s❛❧✈♦ ♦♥❞❡ ❡①♣❧✐❝✐t❛♠❡♥t❡ ✐♥❞✐❝❛❞♦ ♦

❝♦♥trár✐♦✳ ❊st❛ ❞✐st✐♥çã♦ é ✐♠♣♦rt❛♥t❡✱ ♣♦✐s t❛♠❜é♠ é ♣♦ssí✈❡❧ ✐❞❡♥t✐✜❝❛r tr❛♥s✐çõ❡s ❞❡

❢❛s❡ ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦✱ ♦♥❞❡ ♦ s✐st❡♠❛ t❡♠ ❡♥❡r❣✐❛ t♦t❛❧ ✜①❛ ❬✶✸❪✳

❖ ♣r✐♠❡✐r♦ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❝❛r❛❝t❡r✐③❛r✱ ✈✐❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛✱ ♦ ♠♦✲

❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣✱ t❛♥t♦ ♦ ✉s✉❛❧ q✉❛♥t♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣r♦♣♦st❛ ❛q✉✐ ❝♦♠ ❛ ✜♥❛❧✐❞❛❞❡

❞❡ s❡ ❡st❡♥❞❡r ❡st❡ ♠♦❞❡❧♦ ♣❛r❛ ❛❣r❡❣❛çã♦ ❡♠ s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s✳

❆❧é♠ ❞❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ ❢❡♥ô♠❡♥♦ ❞❡ ❛❣r❡❣❛çã♦✱ t❛♠❜é♠ ❝♦♥s✐❞❡✲

r❛r❡♠♦s ♦ ❡st✉❞♦ ❝✐♥ét✐❝♦ ❞❡st❡ ❢❡♥ô♠❡♥♦✳ ◆❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪ ❢♦✐ ♣r♦♣♦st❛ ✉♠❛ t❡♦r✐❛ q✉❡

r❡❧❛❝✐♦♥❛ ❣r❛♥❞❡③❛s ❝✐♥ét✐❝❛s✱ t❛✐s ❝♦♠♦ ❛s ❝♦♥st❛♥t❡s ❞❡ r❡❛çã♦✱ ❝♦♠ ❛s ❣r❛♥❞❡③❛s ♦❜t✐❞❛s

♣❡❧❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❞❡s❝r✐t❛ ❛♥t❡r✐♦r♠❡♥t❡✱ t❛✐s ❝♦♠♦ ❛s ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡✱

♦s ❝❛❧♦r❡s ❧❛t❡♥t❡s ❡ ❛s t❡♠♣❡r❛t✉r❛s ❞❡ tr❛♥s✐çã♦✳ ❉❡st❛ ♠❛♥❡✐r❛✱ ♣r♦♣♦♠♦s t❡st❛r ❡st❛

❛❜♦r❞❛❣❡♠ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❛❣r❡❣❛çã♦ ♣r♦♣♦st♦ ❛q✉✐✳

◆♦ ❈❛♣ít✉❧♦ ✷ ❛♣r❡s❡♥t❛♠♦s ♦ ♠♦❞❡❧♦ t❡ór✐❝♦ ♣❛r❛ ❛❣r❡❣❛çã♦ ♠♦❧❡❝✉❧❛r ❜❛s❡❛❞♦

♥♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❡ ♦s ❝á❧❝✉❧♦s ✉t✐❧✐③❛❞♦s ♣❛r❛ ♦❜t❡♥çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s✱

♦ q✉❡ ♣❡r♠✐t❡ ❡♠ s❡q✉ê♥❝✐❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ t❡r♠♦❡st❛tíst✐❝❛ ❞♦ ♠❡s♠♦✳ ◆♦ ❈❛♣ít✉❧♦ ✸

t❡st❛♠♦s ✉♠❛ ❛❜♦r❞❛❣❡♠ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ t❡r♠♦❡st❛tíst✐❝❛ ❞❡st❡ ♠♦❞❡❧♦

❜❛s❡❛❞❛ ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♥❢♦r♠❛❝✐♦♥❛❧✳ ❏á ♥♦ ❈❛♣ít✉❧♦ ✹ ❡st✉❞❛♠♦s ❛ ❝✐♥é✲

t✐❝❛ ❞♦ ♠♦❞❡❧♦ ❡ ❛ ❝♦♠♣❛r❛♠♦s ❝♦♠ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ♠✐❝r♦❝❛♥ô♥✐❝❛ ♣❡❧❛ ❛❜♦r❞❛❣❡♠ ❞❛

r❡❢❡rê♥❝✐❛ ❬✶✵❪✳ P♦r ✜♠✱ ♥♦ ❈❛♣ít✉❧♦ ✺ sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ❝♦♥❝❧✉sõ❡s ❡ ♣❡rs♣❡❝t✐✈❛s✳
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❈❛♣ít✉❧♦ ✷

❚❡r♠♦❡st❛tíst✐❝❛ ♠✐❝r♦❝❛♥ô♥✐❝❛

◆❡st❡ ❈❛♣ít✉❧♦ ❛♣❧✐❝❛r❡♠♦s ❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ à ✉♠ ♠♦❞❡❧♦ t❡ór✐❝♦ s✐♠♣❧❡s

❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❡st✉❞❛r ❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ ❢❡♥ô♠❡♥♦ ❞❡ ❛❣r❡❣❛çã♦ ❞❡

♠♦❧é❝✉❧❛s✳

✷✳✶ ❉❡s❝r✐çã♦ ❞♦ s✐st❡♠❛

❈♦♥s✐❞❡r❛♠♦s ✉♠ ♠♦❞❡❧♦ s✐♠♣❧❡s ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❡st✉❞❛r ♦ ❢❡♥ô♠❡♥♦ ❞❡ ❛❣r❡✲

❣❛çã♦ ♠♦❧❡❝✉❧❛r✱ ♦♥❞❡ ✉♠❛ ❢❛s❡ ❝♦♥❞❡♥s❛❞❛ ♣♦❞❡ s❡ ❢♦r♠❛r ❡♠ ♠❡✐♦ ❛ ♦✉tr❛ ❢❛s❡✱ ♦♥❞❡

❛s ♠♦❧é❝✉❧❛s ❡stã♦ ❞✐❧✉í❞❛s✳ ❈♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✳ ✷✳✶✱ ❝♦♥s✐❞❡r❛♠♦s ✉♠ s✐st❡♠❛ ❝♦♠

✈♦❧✉♠❡ t♦t❛❧ ✜①♦ V ♦♥❞❡ N ♠♦❧é❝✉❧❛s ❡stã♦ ✐♠❡rs❛s ❡♠ ✉♠ s♦❧✈❡♥t❡ ✐♠♣❧í❝✐t♦ q✉❡ ❢✉♥✲

❝✐♦♥❛ ❝♦♠♦ ❜❛♥❤♦ tér♠✐❝♦✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ✉♠ ♥ú♠❡r♦ n ❞❡st❡ t♦t❛❧ ❞❡

♠♦❧é❝✉❧❛s ♣♦❞❡ s❡ ❡♥❝♦♥tr❛r ♥❛ ❢❛s❡ ❝♦♥❞❡♥s❛❞❛ ✭❡✳❣✳✱ ✉♠ ❛❣r❡❣❛❞♦ ♠♦❧❡❝✉❧❛r✮ q✉❡ ♦❝✉♣❛

✉♠ ✈♦❧✉♠❡ ❛r❜✐trár✐♦ V0✳ ❈♦♠♦ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♠♦❧é❝✉❧❛s é ♠❛♥t✐❞♦ ❝♦♥st❛♥t❡✱ t❡♠♦s

q✉❡ n′ = N − n ♠♦❧é❝✉❧❛s s❡ ❡♥❝♦♥tr❛rã♦ ♥❛ ❢❛s❡ ❞✐❧✉í❞❛ q✉❡ ♦❝✉♣❛ ♦ ✈♦❧✉♠❡ r❡st❛♥t❡

V ′ = V −V0✳ ❆❧é♠ ❞✐ss♦✱ ♣♦r s✐♠♣❧✐❝✐❞❛❞❡✱ ❞❡s♣r❡③❛♠♦s ❛ ❡str✉t✉r❛ ✐♥t❡r♥❛ ❞❛s ♠♦❧é❝✉❧❛s

❡ q✉❛✐sq✉❡r ✐♥✢✉ê♥❝✐❛s ❞❛s ❛❧t❡r❛çõ❡s ❞❡ ❣r❛✉s ✐♥t❡r♥♦s ❞❡ ❧✐❜❡r❞❛❞❡ ❞❛s ♠❡s♠❛s✳

P❛r❛ q✉❡ ♦❝♦rr❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ♥♦ s✐st❡♠❛✱ é ♥❡❝❡ssár✐♦ ❡♥tã♦ ✐♥❝❧✉✐r ❛s ✐♥t❡r❛çõ❡s

♣r❡s❡♥t❡s ♥♦ ♠♦❞❡❧♦✳ ◆♦ ❝❛s♦ ❞❛ ❢❛s❡ ❞✐❧✉í❞❛✱ ❛ss✉♠✐♠♦s q✉❡ ♥ã♦ ❡①✐st❡♠ ✐♥t❡r❛çõ❡s

❡♥tr❡ ❛s ♠♦❧é❝✉❧❛s✱ ♦✉ s❡❥❛✱ ❛♣❡s❛r ❞❡ ❝♦♥s✐❞❡r❛r♠♦s q✉❡ ❡①✐st❡ ✉♠ ❧íq✉✐❞♦ ❛♦ r❡❞♦r

❞❛s ♠♦❧é❝✉❧❛s✱ s✉❛ ❞❡s❝r✐çã♦ ❡st❛tíst✐❝❛ é s❡♠❡❧❤❛♥t❡ à ❞❡ ✉♠ ❣ás ✐❞❡❛❧✳ ❏á ♣❛r❛ ❛ ❢❛s❡

❝♦♥❞❡♥s❛❞❛✱ ♣r♦♣♦♠♦s q✉❡ ❛ ❡♥❡r❣✐❛ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s n♠♦❧é❝✉❧❛s q✉❡ ❡stã♦ ♥♦ ✈♦❧✉♠❡

V0 s❡❥❛ ❞❛❞❛ ♣♦r✿

Ep(n) = −νg(n), ✭✷✳✶✮

♦♥❞❡ g(n) é ♦ ♥ú♠❡r♦ ❞❡ ❧✐❣❛çõ❡s ❡❢❡t✐✈❛s ❡♥tr❡ ❛s n ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s ❡ ν > 0 é ❛

♠❛❣♥✐t✉❞❡ ❞❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❞✉❛s ♠♦❧é❝✉❧❛s✳ ❙❡ ❝♦♥s✐❞❡r❛r♠♦s✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❡ t♦❞❛s

❛s ♠♦❧é❝✉❧❛s ❢❛③❡♠ ❧✐❣❛çõ❡s ❞❡ ✐❣✉❛❧ ✐♥t❡♥s✐❞❛❞❡ ❡♥tr❡ s✐✱ t❡♠♦s g(n) ≈ n2✱ q✉❡ ❝♦rr❡s✲



✷ ❚❡r♠♦❡st❛tíst✐❝❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ✶✹

❋✐❣✉r❛ ✷✳✶✿ ■❧✉str❛çã♦ ❞♦ ♠♦❞❡❧♦ ❝♦♥s✐❞❡r❛❞♦✳ ❊♠ ✭❛✮ ❛s ♠♦❧é❝✉❧❛s ❡stã♦ ♣r❛t✐❝❛♠❡♥t❡
✉♥✐❢♦r♠❡♠❡♥t❡ ❞✐str✐❜✉í❞❛s ❡♠ t♦❞♦ ♦ ✈♦❧✉♠❡ V ✱ ♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ❛ ❢❛s❡ ❞✐❧✉í❞❛ ❡ ❡♠
✭❜✮ ❤á ✉♠ ❛❣r❡❣❛❞♦ ❢♦r♠❛❞♦ ♣♦r n ♠♦❧é❝✉❧❛s ✭❝♦♠ n ❝♦♠♣❛rá✈❡❧ ❛♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡
♠♦❧é❝✉❧❛s N✮ ♥♦ ✈♦❧✉♠❡ V0✱ ♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ❛ ❢❛s❡ ❛❣r❡❣❛❞❛✳

♣♦♥❞❡ ❛♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧ ❬✶✷✱ ✶✸❪✱ ♣r♦♣♦st♦ ❝♦♠♦ ✉♠ ♠♦❞❡❧♦ ❞❡ ❝❛♠♣♦ ♠é❞✐♦

❝♦♠ ✐♥t❡r❛çã♦ ❞❡ ❧♦♥❣♦ ❛❧❝❛♥❝❡ ♣❛r❛ s✐st❡♠❛s ❣r❛✈✐t❛❝✐♦♥❛✐s ❡♠ ✶✾✼✵ ♣♦r ❲✳ ❚❤✐rr✐♥❣

❬✶✷❪✳ ◆❡st❛ r❡❢❡rê♥❝✐❛✱ t❛♠❜é♠ é s✉❣❡r✐❞♦ ✉♠❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ ✉t✐❧✐③❛♥❞♦ ♦✉tr♦s

❡①♣♦❡♥t❡s ❡♥tr❡ ✉♠ ❡ ❞♦✐s✱ ❞❡ ♠♦❞♦ q✉❡ ♦❜t❡♠♦s s✐t✉❛çõ❡s ♦♥❞❡ ♥❡♠ t♦❞❛s ❛s ♣❛rtí❝✉❧❛s

✐♥t❡r❛❣❡♠ ❡♥tr❡ s✐✳ ❖ ❝❛s♦ γ = 1 s❡r✐❛ ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ ❝❛❞❡✐❛ ❧✐♥❡❛r ❝♦♠ ✐♥t❡r❛çã♦

❡♥tr❡ ♣r✐♠❡✐r♦s ✈✐③✐♥❤♦s

Pr♦♣♦♠♦s ❡♥tã♦ ♦ ❡st✉❞♦ ❞❡ ✉♠ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠ ♦ ✐♥t✉✐t♦

❞❡ ❛♣❧✐❝á✲❧♦ ❛ s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s✱ ♦♥❞❡ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ❛s ♠♦❧é❝✉❧❛s ♥ã♦ ❝♦♥s❡❣✉❡♠

✐♥t❡r❛❣✐r t♦❞❛s ❡♥tr❡ s✐ ❝♦♠ ❛ ♠❡s♠❛ ✐♥t❡♥s✐❞❛❞❡✳ ◆❡st❡ ❝❛s♦✱ ❝♦♥s✐❞❡r❛♠♦s✿

g(n) = nγ − 1, ✭✷✳✷✮

❡♠ q✉❡ ♦ ❡①♣♦❡♥t❡ γ ♣❡rt❡♥❝❡ ❛♦ ✐♥t❡r✈❛❧♦ ❡♥tr❡ ✉♠ ❡ ❞♦✐s✳ ❆❧é♠ ❞❡st❛ ❡♥❡r❣✐❛ ❞❡

✐♥t❡r❛çã♦✱ ❝♦♥s✐❞❡r❛♠♦s q✉❡✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ✈❛❧♦r ❞❡ γ✱ ❛s ♠♦❧é❝✉❧❛s t❛♠❜é♠ ♣♦❞❡♠

t❡r ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ Ek✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞❛s ♠♦❧é❝✉❧❛s s❡❥❛ E = Ep + Ek✳

✷✳✷ ❉❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s

P❛rt✐♠♦s ❛❣♦r❛ ♣❛r❛ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞❛ ❣r❛♥❞❡③❛ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ ❢♦r♠❛❧✐s♠♦ ♠✐✲

❝r♦❝❛♥ô♥✐❝♦ ❞❛ ♠❡❝â♥✐❝❛ ❡st❛tíst✐❝❛✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s Ω(N, V,E)✶✱ ♣❛r❛ ♦ ❝❛s♦

♣❛rt✐❝✉❧❛r ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ❞❡s❝r✐t♦ ♥❛ s❡çã♦ ❛♥t❡r✐♦r✳ ❆ ♣❛rt✐r ❞❛

❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♦❜t❡♠♦s ❞✐r❡t❛♠❡♥t❡ ❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(N, V,E) ♣❡❧❛ ❊q✳

✶✳✶✱ ♦✉ s❡❥❛✱ t❡♠♦s ❛❝❡ss♦ à r❡❧❛çã♦ t❡r♠♦❞✐♥â♠✐❝❛ ❢✉♥❞❛♠❡♥t❛❧ S = S(N, V,E)✱ q✉❡

❝♦♥té♠ t♦❞❛ ✐♥❢♦r♠❛çã♦ t❡r♠♦❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛ ❝♦♥s✐❞❡r❛❞♦ ❬✷✽❪✳ ❈♦♠♦ ❛s ❛♥á❧✐s❡s

✶❆♣❡s❛r ❞❡ ❝❤❛♠❛r♠♦s Ω(N,V,E) ♣❡❧♦ ❥❛r❣ã♦ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s✱ ❡♠ t♦❞♦ tr❛❜❛❧❤♦ ❡st❡ sí♠❜♦❧♦
s❡ r❡❢❡r❡✱ ❞❡ ❢❛t♦✱ ❛♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❡st❛❞♦s ♠✐❝r♦s❝ó♣✐❝♦s✳
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❞❡s❡♥✈♦❧✈✐❞❛s ♥❡st❡ tr❛❜❛❧❤♦ s❡ ❜❛s❡✐❛♠ ❛♣❡♥❛s ♥❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ❡♥tr♦♣✐❛ ❝♦♠ ❛ ❡♥❡r❣✐❛✱

♠❛♥t❡♥❞♦✲s❡ ♦ ✈♦❧✉♠❡ V ❡ ♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s N ❝♦♥st❛♥t❡s✱ é ❝♦♥✈❡♥✐❡♥t❡ ❛❜r❡✈✐❛r

❛ ♥♦t❛çã♦ ♣❛r❛ S(E) = kB ln Ω(E)✱ ♦♠✐t✐♥❞♦ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡♠ V ❡ N ✳

◆♦t❛♠♦s✱ ♣♦ré♠✱ q✉❡ ❡①✐st❡ ✉♠❛ ❛♠❜✐❣✉✐❞❛❞❡ ♥❛ ❞❡✜♥✐çã♦ ❞❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô✲

♥✐❝❛ ❬✸✺✱ ✸✻❪✳ ❉✉❛s ♣r✐♥❝✐♣❛✐s ❞❡✜♥✐çõ❡s ♦❝♦rr❡♠ ♥❛ ❧✐t❡r❛t✉r❛✳ ❯♠❛ ♣♦ss✐❜✐❧✐❞❛❞❡ é ❛

❝❤❛♠❛❞❛ ❡♥tr♦♣✐❛ ❞❡ ❇♦❧t③♠❛♥♥✱ SB(E) = kB lnω(E)✱ ♦♥❞❡ ω(E) é ♦ ♥ú♠❡r♦ ❞❡ ❡st❛❞♦s

❝♦♠ ❡♥❡r❣✐❛ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ E✱ ✐✳❡✱ ❡♥tr❡ E ❡ E+ δE✱ s❡♥❞♦ δE ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ ❡♥❡r❣✐❛

q✉❡ é ❣r❛♥❞❡ ❝♦♠♣❛r❛❞♦ ❛♦s ♥í✈❡✐s ❞❡ ❡♥❡r❣✐❛ ✭♠✐❝r♦s❝ó♣✐❝♦s✮ ❞♦ s✐st❡♠❛✱ ♠❛s ♣❡q✉❡♥♦ ♦

s✉✜❝✐❡♥t❡ ♥❛ ❡s❝❛❧❛ ♠❛❝r♦s❝ó♣✐❝❛ ❬✸✸✱ ✸✼❪✳ ❆ ♦✉tr❛ ♦♣çã♦ é ❛ ❝❤❛♠❛❞❛ ❡♥tr♦♣✐❛ ❞❡ ●✐❜❜s✱

SG(E) = kB ln Ω(E)✱ ♦♥❞❡ Ω(E) é ♦ ♥ú♠❡r♦ ❞❡ ❡st❛❞♦s ❝♦♠ ❡♥❡r❣✐❛ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ E✳

❊st❛s ❞✉❛s ❞❡✜♥✐çõ❡s ❞❡ ❡♥tr♦♣✐❛ ❝♦♥✈❡r❣❡♠ ♥♦ ❧✐♠✐t❡ ❞❡ ♠✉✐t❛s ♠♦❧é❝✉❧❛s ❬✸✻❪ ❡✱ ❝♦♠♦

♠♦str❛❞♦ ♥♦ ❆♣ê♥❞✐❝❡ ❆✱ ♥ã♦ ❣❡r❛♠ ❞✐❢❡r❡♥ç❛s s✐❣♥✐✜❝❛t✐✈❛s ♥♦ ❝❛s♦ ❞♦s ✈❛❧♦r❡s ❞❡ N

❝♦♥s✐❞❡r❛❞♦s ❛q✉✐ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦✳ ❆ss✐♠✱ ❡s❝♦❧❤❡♠♦s ❛ ❞❡✜♥✐çã♦

❞❡ ●✐❜❜s ❞❛q✉✐ ❡♠ ❞✐❛♥t❡ ❡ ❛❞♦t❛♠♦s ❛ ♥♦t❛çã♦ s❡♠ s✉❜s❝r✐t♦ S(E) = kB ln Ω(E)✳

❊♠ t♦❞♦ tr❛❜❛❧❤♦ ✉t✐❧✐③❛♠♦s ❛ ❛♣r♦①✐♠❛çã♦ ❝❧áss✐❝❛ ❞❡ q✉❡ ♦ s✐st❡♠❛ ❞❡ N ♠♦❧é✲

❝✉❧❛s ♣♦ss❛ s❡r ❞❡s❝r✐t♦ ❡s♣❡❝✐✜❝❛♥❞♦ ❛s três ❝♦♠♣♦♥❡♥t❡s ✭❛ss✉♠✐♥❞♦ ✉♠ s✐st❡♠❛ tr✐❞✐✲

♠❡♥s✐♦♥❛❧✮✱ t❛♥t♦ ❞♦ ♠♦♠❡♥t♦ ❧✐♥❡❛r ~pi q✉❛♥t♦ ❞❛ ♣♦s✐çã♦ ~ri✱ ❞❡ ❝❛❞❛ ♠♦❧é❝✉❧❛ ✐♥❞❡①❛❞❛

♣❡❧♦ í♥❞✐❝❡ i ✭i = 1, ..., N✮✱ ❞❡ ♠♦❞♦ q✉❡ Ω(E) é ❝❛❧❝✉❧❛❞❛ ♣♦r ❬✸✻❪✿

Ω(E) =
1

N !h3N

∫

❞q❞♣Θ(E −H(q,♣)), ✭✷✳✸✮

♦♥❞❡ ✉s❛♠♦s ❛ ♥♦t❛çã♦ s✐♠♣❧✐✜❝❛❞❛ q = (~r1, ..., ~rN)✱ ♣ = (~p1, ..., ~pN) ❡ ❛ ✐♥t❡❣r❛❧ é ❢❡✐t❛

s♦❜r❡ t♦❞♦ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♦✉ s❡❥❛✱ ✈❛r✐❛♥❞♦✲s❡ ❝❛❞❛ ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❛s ♣♦s✐çõ❡s

❡ ♠♦♠❡♥t♦s ❞❡ ❝❛❞❛ ♠♦❧é❝✉❧❛✳ ◆❛ ❊q ✷✳✸ h é ❛ ❝♦♥st❛♥t❡ ❞❡ P❧❛♥❝❦✱ Θ(E − H(q,♣))

é ❛ ❢✉♥çã♦ ❞❡❣r❛✉ ✭❞❡ ❍❡❛✈s✐❞❡✮ ❡ H(q,♣) é ❛ ❤❛♠✐❧t♦♥✐❛♥❛ ❝❧áss✐❝❛ ❞♦ s✐st❡♠❛ ❞❡ N

♣❛rtí❝✉❧❛s✳

❆♦ ✉s❛r ❛ ❢✉♥çã♦ ❞❡ ❍❡❛✈✐s✐❞❡ ♥❛ ❊q✳ ✷✳✸ ❡st❛♠♦s s♦♠❛♥❞♦ t♦❞♦s ♦s ❡st❛❞♦s

♣♦ssí✈❡✐s ❞♦ s✐st❡♠❛ ❝♦♠ ❡♥❡r❣✐❛ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ E ✭❛ ❡♥❡r❣✐❛ t♦t❛❧ ❞♦ s✐st❡♠❛✮✱ ❡♠

❛❝♦r❞♦ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ●✐❜❜s✳ ◆♦ ❝❛s♦ ❞❛ ❡♥tr♦♣✐❛ ❞❡ ❇♦❧t③♠❛♥♥ ❜❛st❛r✐❛

s✉❜st✐t✉✐r ❛ ❢✉♥çã♦ ❞❡❣r❛✉ ♣❡❧❛ ❞❡❧t❛ ❞❡ ❉✐r❛❝ δ(E−H(q,♣)) ❡ ♠✉❧t✐♣❧✐❝❛r ♣❡❧♦ ✐♥t❡r✈❛❧♦

❞❡ ❡♥❡r❣✐❛ δE✳ ◆♦t❛♠♦s t❛♠❜é♠ q✉❡ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ♦ ✈♦❧✉♠❡ ❞♦ s✐st❡♠❛ ❡stá

✐♠♣❧í❝✐t❛ ♥♦s ❧✐♠✐t❡s ❞❡ ✐♥t❡❣r❛çã♦ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ♣♦s✐çã♦✳

◆♦ ❝❛s♦ ❞❡ s✐st❡♠❛s ❝❧áss✐❝♦s ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ♠♦♠❡♥t♦ ❡ ♣♦s✐çã♦ sã♦ ✐♥❞❡♣❡♥✲

❞❡♥t❡s✳ ❙❡✱ ❛❧é♠ ❞✐ss♦✱ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ♥ã♦ ❞❡♣❡♥❞❡r ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ♠♦♠❡♥t♦✱ é

♣♦ssí✈❡❧ ✐♥t❡❣r❛r ❛♥❛❧✐t✐❝❛♠❡♥t❡ ❡st❛s ❝♦♦r❞❡♥❛❞❛s ♥❛ ❊q✳ ✷✳✸✱ s❡♣❛r❛♥❞♦ ❛ ❤❛♠✐❧t♦♥✐❛♥❛

❡♠ H(q,♣) = Ek(♣) + Ep(q)✱ ❝♦♠ Ek = 1/2m
∑N

i=1 p
2
i ❡ m ❛ ♠❛ss❛ ❞❡ ❝❛❞❛ ♣❛rtí❝✉❧❛✱ ♦

q✉❡ ❢♦r♥❡❝❡ ❬✸✻✱ ✸✽✱ ✸✾❪✿



✷ ❚❡r♠♦❡st❛tíst✐❝❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ✶✻

Ω(E) =

(

2πm

h2

)3N/2
1

N !Γ(3N/2 + 1)

∫

❞q(E − Ep(q))
3N/2Θ(E − Ep(q)), ✭✷✳✹✮

s❡♥❞♦ Γ(3N/2 + 1) ❛ ❢✉♥çã♦ ❣❛♠❛✳ ➱ ♣♦ssí✈❡❧ r❡❡s❝r❡✈❡r ❛ ❊q✳ ✷✳✹ ♥❛ ❢♦r♠❛ ❞❡ ✉♠❛

✐♥t❡❣r❛❧ ❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❛♦ ✐♥✈és ❞❛q✉❡❧❛ ✐♥t❡❣r❛❧ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞❛s ♠♦❧é❝✉❧❛s

✭q✮✱ s❡ ❝♦♥❤❡❝❡r♠♦s ♦ ♥ú♠❡r♦ ❞❡ ❡st❛❞♦s ❡♠ ❝❛❞❛ ✈❛❧♦r ❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ Ωp(Ep)✱ ✐✳❡✳✱

❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ✭N, V,Ep✮ ❬✽❪✳ ❊st❡

❡♥s❡♠❜❧❡ ❞❡s❝r❡✈❡ ✉♠ s✐st❡♠❛ ❝♦♠ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ Ep ✜①❛✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ ❡♥s❡♠❜❧❡

♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♥✈❡♥❝✐♦♥❛❧ ♦♥❞❡ ❛ ❡♥❡r❣✐❛ t♦t❛❧ E é ♠❛♥t✐❞❛ ❝♦♥st❛♥t❡✳ ❆ ❊q✳ ✷✳✹ ♣♦❞❡

s❡r r❡❡s❝r✐t❛ ❡♥tã♦ ❝♦♠♦ ❬✽❪✿

Ω(E) ∝
(

2πm

h2

)3N/2
1

N !Γ(3N/2 + 1)

∫ +∞

−∞

❞EpΩp(Ep)(E − Ep)
3N/2Θ(E − Ep), ✭✷✳✺✮

♦✉ s❡❥❛✱ ❛♦ ✐♥✈és ❞❡ s♦♠❛r s♦❜r❡ t♦❞♦ ♦ ❡s♣❛ç♦ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ✭❞❛s ♣♦s✐çõ❡s✮✱ ❛ s♦♠❛

♣♦❞❡ s❡r ❢❡✐t❛ ❡♠ t♦❞❛s ❛s ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛✐s ♣♦ssí✈❡✐s✱ ♣♦ré♠ ♣♦♥❞❡r❛❞❛s ♣❡❧♦ ♥ú♠❡r♦ ❞❡

❡st❛❞♦s ❡♠ ❝❛❞❛ ❡♥❡r❣✐❛✳ ◆♦t❛♠♦s q✉❡✱ ♥❛ ❊q✳ ✷✳✺✱ ❛ ✐❣✉❛❧❞❛❞❡ ❢♦✐ s✉❜st✐t✉í❞❛ ♣❡❧♦ s✐♥❛❧

❞❡ ♣r♦♣♦r❝✐♦♥❛❧✐❞❛❞❡✱ ♣♦✐s ❡st❛ ♠✉❞❛♥ç❛ ❞❛s ✈❛r✐á✈❡✐s ❞❡ ✐♥t❡❣r❛çã♦ ✐♥tr♦❞✉③ ✉♠ ❥❛❝♦❜✐✲

❛♥♦ ♣r♦♣♦r❝✐♦♥❛❧ à V N ✱ ❞❡✈✐❞♦ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ♦ ✈♦❧✉♠❡ ♥♦s ❧✐♠✐t❡s ❞❡ ✐♥t❡❣r❛çã♦ ❬✸✻❪

❞❛ ❊q✳ ✷✳✹✳

✷✳✸ ▼♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦

◆♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦✱ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ Ep(n)✱ ❞❛❞❛ ♣❡❧❛

❊q✳ ✷✳✶✱ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s ♥♦ ✈♦❧✉♠❡ V0✱ q✉❡ é ✉♠ ♥ú✲

♠❡r♦ ✐♥t❡✐r♦ n✱ ❡ ❡st❛ ❞❡♣❡♥❞ê♥❝✐❛ é ✉♥í✈♦❝❛✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ✐♥t❡❣r❛❧ ❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧

❊q✳ ✷✳✺ ♣♦❞❡ s❡r s✉❜st✐t✉í❞❛ ♣♦r ✉♠ s♦♠❛tór✐♦ ❡♠ n✱ ♦✉ s❡❥❛✿

Ω(E) ∝
N
∑

nmin

Ωp(n)(E − Ep(n))
3N/2, ✭✷✳✻✮

♦♥❞❡ ♦♠✐t✐♠♦s t♦❞♦s ♦s ♣ré ❢❛t♦r❡s ♥ã♦ ❞❡♣❡♥❞❡♥t❡s ❞❛ ❡♥❡r❣✐❛ ✭✐♥❝❧✉s✐✈❡ V ❡ N✮ ❥á q✉❡

♥❛s ❛♥á❧✐s❡s s✉❜s❡q✉❡♥t❡s ♥♦s r❡str✐♥❣✐r❡♠♦s ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦♠

❛ ❡♥❡r❣✐❛✳ ❆❧é♠ ❞✐ss♦✱ ♦ s♦♠❛tór✐♦ é r❡str✐♥❣✐❞♦ ❛♦ ✐♥t❡r✈❛❧♦ [nmin, N ]✱ ♣♦✐s q✉❛♥❞♦ ❛

❡♥❡r❣✐❛ t♦t❛❧ é ♥❡❣❛t✐✈❛ E < 0✱ é ♥❡❝❡ssár✐♦ q✉❡ ✉♠ ♥ú♠❡r♦ ♠í♥✐♠♦ ❞❡ ♠♦❧é❝✉❧❛s ❡st❡❥❛

♥❛ ❢❛s❡ ❛❣r❡❣❛❞❛✱ ❥á q✉❡ ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ Ek é s❡♠♣r❡ ♣♦s✐t✐✈❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ E > 0✱

nmin = 1✳ ■st♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡ Ωp(n) = 0 q✉❛♥❞♦ n < nmin ♣♦rq✉❡ ♥ã♦ ❡①✐st❡♠

❡st❛❞♦s ❛❝❡ssí✈❡✐s✱ ♦ q✉❡ ❣❛r❛♥t❡ q✉❡ ❛ ❡♥❡r❣✐❛ t♦t❛❧ s❡❥❛ s❡♠♣r❡ ♠❛✐♦r ❞♦ q✉❡ ❛ ♣♦t❡♥❝✐❛❧✳
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✷✳✸✳✶ ❉❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦♥❢♦r♠❛❝✐♦♥❛❧

❋❛❧t❛ ❛❣♦r❛ ❞❡t❡r♠✐♥❛r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦♥❢♦r♠❛❝✐♦♥❛❧ Ωp(n) ♣❛r❛ ♦ ♠♦❞❡❧♦

❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦✱ ♦✉ s❡❥❛✱ ♦ ♥ú♠❡r♦ ❞❡ ♠❛♥❡✐r❛s q✉❡ é ♣♦ssí✈❡❧ ❛rr❛♥❥❛r ❛s N

♠♦❧é❝✉❧❛s✱ ❞❛❞♦ q✉❡ n ❡stã♦ ♥❛ ❢❛s❡ ❛❣r❡❣❛❞❛ ♥♦ ✈♦❧✉♠❡ V0 ❡ n′ = N −n ❡stã♦ ♥♦ ✈♦❧✉♠❡

r❡st❛♥t❡ V ′ = V −V0✱ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❢❛s❡ ❞✐❧✉í❞❛✳ ■st♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❝♦♥s✐❞❡r❛♥❞♦

q✉❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r ✉♠❛ ♠♦❧é❝✉❧❛ ❞❡♥tr♦ ❞♦ ✈♦❧✉♠❡ V0 é p = V0/V ✱ ❡♥q✉❛♥t♦

❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r ✉♠❛ ♠♦❧é❝✉❧❛ ♥♦ ✈♦❧✉♠❡ V ′ é q = 1−p = V ′/V ✱ ❞❡ ♠♦❞♦ q✉❡

❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡♥❝♦♥tr❛r n ♠♦❧é❝✉❧❛s ❡♠ V0 ❡ n′ ♠♦❧é❝✉❧❛s ❡♠ V ′ é pnqn
′

= pnqN−n✳

❆❧é♠ ❞✐ss♦✱ é ♥❡❝❡ssár✐♦ ❝♦♥s✐❞❡r❛r ❛s ♣♦ssí✈❡✐s ♣❡r♠✉t❛çõ❡s ❡♥tr❡ ❛s ♠♦❧é❝✉❧❛s✷✱ ❛ss✐♠

Ωp(n) é ❞❛❞❛ ♣♦r✿

Ωp(n) =

(

N

n

)

pnqN−n =
N !

n!(N − n)!

(

V0

V

)n (
V − V0

V

)N−n

. ✭✷✳✼✮

❙❡❣✉✐♥❞♦ ❛ ❛❜♦r❞❛❣❡♠ ❞❛s r❡❢❡rê♥❝✐❛s ❬✶✷✱ ✶✸❪ ❞❡✜♥✐♠♦s ✉♠ ✏✈♦❧✉♠❡✑ r❡❞✉③✐❞♦ η

❞❛❞❛ ♣♦r✿

η = ln

(

V − V0

V0

)

, ✭✷✳✽✮

❞❡st❛ ♠❛♥❡✐r❛✿

V0 =
1

1 + eη
V ❡ V ′ =

eη

1 + ❡η
V. ✭✷✳✾✮

❯t✐❧✐③❛♥❞♦ ❡st❛s ❞❡✜♥✐çõ❡s✱ ❛ ❊q✳ ✷✳✼ é s✐♠♣❧✐✜❝❛❞❛ ♣❛r❛✿

Ωp(n) =
N !

n!(N − n)!

eη(N−n)

(1 + eη)N
, ✭✷✳✶✵✮

❞❡ ♠♦❞♦ q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞❡ ✉♠

ú♥✐❝♦ ♣❛râ♠❡tr♦ ❞❡ ✈♦❧✉♠❡ η✱ q✉❡ é ✉♠ ♣❛râ♠❡tr♦ ❧✐✈r❡ ❞♦ ♠♦❞❡❧♦✱ ✈✐st♦ q✉❡ é ❞❡✜♥✐❞♦ ❡♠

t❡r♠♦s ❞♦ ✈♦❧✉♠❡ ❛r❜✐trár✐♦ V0 q✉❡ ❛ ❢❛s❡ ❛❣r❡❣❛❞❛ s✉♣♦st❛♠❡♥t❡ ♦❝✉♣❛✳ ❊st❡ ♣❛râ♠❡tr♦ η

❢♦r♥❡❝❡ ❛ ✐♥❢♦r♠❛çã♦ ❞♦ q✉ã♦ ♠❛✐♦r é ♦ ✈♦❧✉♠❡ ❞❛ ❢❛s❡ ❞✐❧✉í❞❛ ❝♦♠♣❛r❛❞❛ ❛ ❢❛s❡ ❛❣r❡❣❛❞❛

❡✱ ❝♦♠♦ ✈❡r❡♠♦s✱ s❡✉ ✈❛❧♦r ❞❡✜♥❡ s❡ ♦ s✐st❡♠❛ ✐rá ❛♣r❡s❡♥t❛r✱ ♦✉ ♥ã♦✱ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❞❡

♣r✐♠❡✐r❛ ♦r❞❡♠ ❝♦♠ ❝♦❡①✐stê♥❝✐❛ ❡♥tr❡ ❛s ❞✉❛s ❢❛s❡s✳

✷✳✸✳✷ ❊♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛

P♦❞❡♠♦s ❡♥tã♦ ❡s❝r❡✈❡r ❛ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s Ω(E) s✉❜st✐t✉✐♥❞♦

❛ ❊q✳ ✷✳✶✵ ♥❛ ❊q✳ ✷✳✻✱ ♦ q✉❡ ❢♦r♥❡❝❡✿

✷◆♦t❛♠♦s q✉❡ ♠❡s♠♦ q✉❛♥❞♦ tr❛t❛♠♦s ❞❡ ♣❛rtí❝✉❧❛s ❝❧áss✐❝❛s s✐♠✐❧❛r❡s✱ ♣♦ré♠ ❞✐st✐♥❣✉í✈❡✐s✱ é ♥❡✲
❝❡ssár✐♦ ❝♦♥s✐❞❡r❛r q✉❡ ❛s ♣❡r♠✉t❛çõ❡s ❞❡st❛s ♣❛rtí❝✉❧❛s ♥ã♦ ❛❧t❡r❡♠ ♦s ❡st❛❞♦s ❞❡ ❡q✉✐❧í❜r✐♦ ♦❜s❡r✈á✲
✈❡✐s ❬✹✵✱ ✹✶❪
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Ω(E) ∝
N
∑

nmin

eη(N−n)

n!(N − n)!
(E + νg(n))3N/2 , ✭✷✳✶✶✮

♦♥❞❡ ♥♦✈❛♠❡♥t❡ ♦♠✐t✐♠♦s ♦s t❡r♠♦s q✉❡ ♥ã♦ ❞❡♣❡♥❞❡♠ ❞❛ ❡♥❡r❣✐❛ t♦t❛❧E ❡ ❡s❝r❡✈❡♠♦s ❡①✲

♣❧✐❝✐t❛♠❡♥t❡ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ Ep(n) = −νg(n)✱

❝♦♠ g(n) = nγ − 1✳ ❖ s♦♠❛tór✐♦ ❡♠ n ♣♦❞❡ s❡r ❢❡✐t♦ ♥✉♠❡r✐❝❛♠❡♥t❡ ❞❡ ♠♦❞♦ q✉❡ t❡♠♦s

❛❝❡ss♦ ❞✐r❡t♦ ❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E) = kB ln Ω(E)✱ ❛ ♠❡♥♦s ❞❡ ✉♠❛ ❝♦♥st❛♥t❡

❛❞✐t✐✈❛ C(N, V, η) ❞❡✜♥✐❞❛ ♣❡❧♦ ❧♦❣❛r✐t♠♦ ❞♦s t❡r♠♦s ♠✉❧t✐♣❧✐❝❛t✐✈♦s ♦♠✐t✐❞♦s ♥❛ ❊q✳ ✷✳✶✶✳

❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛ ❡♥tr♦♣✐❛ S(E, n) r❡❧❛❝✐♦♥❛❞❛ ❛ ❝♦♥✜❣✉r❛✲

çã♦ ❞❛s N ♠♦❧é❝✉❧❛s✱ ❞❛s q✉❛✐s n ❡stã♦ ❝♦♥❞❡♥s❛❞❛s ♥♦ ✈♦❧✉♠❡ V0✱ ❝♦♠ ❡♥❡r❣✐❛ t♦t❛❧ E

♠♦t✐✈❛❞♦ ♣❡❧❛ ❊q✳ ✷✳✶✶✱ s❡❣✉✐♥❞♦ ❛ ❛❜♦r❞❛❣❡♠ ❞❛s r❡❢❡rê♥❝✐❛s ❬✶✷✱ ✶✸❪✱ ✐st♦ é✿

Ω(E) =
N
∑

nmin

eS(E,n)/kB , ✭✷✳✶✷✮

❝♦♠

S(n,E) = kB ln

[

eη(N−n)

n!(N − n)!
(E + νg(n))3N/2

]

+ C(N, V, η). ✭✷✳✶✸✮

◆❡st❡ ❝❛s♦✱ ❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E) ❞♦ s✐st❡♠❛ é ♦❜t✐❞❛ ♠❛①✐♠✐③❛♥❞♦✲

s❡ S(E, n) ❡♠ r❡❧❛çã♦ ❛♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s n✱ ♦✉ s❡❥❛✱ S(E) = S(E, n̄)✱

♦♥❞❡ n̄(E) é ♦ ✈❛❧♦r ❞❡ n q✉❡ ♠❛①✐♠✐③❛ S(n,E)✳ ➱ ♣♦ssí✈❡❧ ✐♥t❡r♣r❡t❛r ❡st❛ ❛❜♦r❞❛❣❡♠

♣❡♥s❛♥❞♦ ❡♠ S(E, n) ❝♦♠♦ ✉♠❛ ❡♥tr♦♣✐❛ ❞♦ s✐st❡♠❛ ♥❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠❛ r❡str✐çã♦ ✐♥t❡r♥❛✱

q✉❡ é ♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❞❡♥tr♦ ❞♦ ✈♦❧✉♠❡ V0✳ ❊♥tã♦✱ ❛♦ r❡❧❛①❛r ❡st❛ r❡str✐çã♦✱ ♦

s✐st❡♠❛ ❡♥tr❛rá ❡♠ ❡q✉✐❧í❜r✐♦ ♠❛①✐♠✐③❛♥❞♦ s✉❛ ❡♥tr♦♣✐❛✱ ♣❛r❛ ✉♠❛ ❞❛❞❛ ❡♥❡r❣✐❛ ✜①❛✱

❝❛r❛❝t❡r✐③❛❞❛ ♣❡❧♦ ✈❛❧♦r ❞❡ ❡q✉✐❧í❜r✐♦ n̄✳ ❘❡ss❛❧t❛♠♦s q✉❡ ❡st❛ ❛❜♦r❞❛❣❡♠ é✱ ❞❡ ❢❛t♦✱ ✉♠❛

❛♣r♦①✐♠❛çã♦✱ ♣♦✐s r❡s✉❧t❛ ❡♠ s✉❜st✐t✉✐r ♦ s♦♠❛tór✐♦ ❡♠ n ♥❛ ❊q✳ ✷✳✶✶ ♣❡❧♦ ✈❛❧♦r ♠á①✐♠♦

❞❡st❛ s♦♠❛✳ ◗✉❛♥t♦ ♠❛✐♦r ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♠♦❧é❝✉❧❛s ♠❡❧❤♦r s❡rá ❡st❛ ❛♣r♦①✐♠❛çã♦

❥á q✉❡ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❞❡✈❡ t❡r ✉♠ ♠á①✐♠♦ ♣r♦♥✉♥❝✐❛❞♦ ❡♠ n̄ ❞❡✈✐❞♦ ❛♦ ❣r❛♥❞❡

♥ú♠❡r♦ ❞❡ ❡st❛❞♦s ❞✐s♣♦♥í✈❡✐s✳ ◆♦ ❆♣ê♥❞✐❝❡ ❆ é ♠♦str❛❞♦ q✉❡✱ ♣❛r❛ ♦s ✈❛❧♦r❡s ❞❡ N

❝♦♥s✐❞❡r❛❞♦s ♥♦ tr❛❜❛❧❤♦✱ ❡st❛ ❛♣r♦①✐♠❛çã♦ é✱ ❞❡ ❢❛t♦✱ ❡q✉✐✈❛❧❡♥t❡ ❛ r❡❛❧✐③❛r ❛ s♦♠❛

❝♦♠♣❧❡t❛✳

P❛r❛ ✐♠♣❧❡♠❡♥t❛r q✉❛❧q✉❡r ✉♠❛ ❞❛s ❞✉❛s ❛❧t❡r♥❛t✐✈❛s ❞❡s❝r✐t❛s ❛♥t❡r✐♦r♠❡♥t❡✱

♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛✱ é ❝♦♥✈❡♥✐❡♥t❡ ✉t✐❧✐③❛r ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❙t✐r✲

❧✐♥❣ ♣❛r❛ ❝❛❧❝✉❧❛r ♦s ❧♦❣❛r✐t♠♦s ❞♦s ❢❛t♦r✐❛✐s q✉❡ ❛♣❛r❡❝❡♠ ♥❛ ❊q✳ ✷✳✶✸✳ ■st♦ ♣♦rq✉❡✱

♠❡s♠♦ ❛♦ r❡❛❧✐③❛r ❛ s♦♠❛ ❝♦♠♣❧❡t❛ ♥❛ ❊q✳ ✷✳✶✶ é ❝♦♥✈❡♥✐❡♥t❡ ✉t✐❧✐③❛r ❛ té❝♥✐❝❛ ❞❡ s♦♠❛

❞❡ ♥ú♠❡r♦s ❣r❛♥❞❡s ❞❡s❝r✐t❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✸✵❪✱ ❛ q✉❛❧ ♥❡❝❡ss✐t❛ ❞♦s ❧♦❣❛r✐t♠♦s ❞❛s ♣❛r❝❡✲

❧❛s s♦♠❛❞❛s✳ ❉❡st❛ ♠❛♥❡✐r❛ ♣r♦ss❡❣✉✐♠♦s ✉t✐❧✐③❛♥❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❙t✐r❧✐♥❣ ♠❛✐s

❛❝✉r❛❞❛ ❬✹✷❪✿
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n! ≈
√
1 + 2πn

(n

e

)n

, ✭✷✳✶✹✮

❞❡ ♠♦❞♦ q✉❡

lnn! ≈ 1

2
ln(1 + 2πn) + n lnn− n. ✭✷✳✶✺✮

❯t✐❧✐③❛♥❞♦ ❡st❛ ❛♣r♦①✐♠❛çã♦ ♥❛ ❊q✳ ✷✳✶✸✱ ♦❜t❡♠♦s✿

S(E, n)/kB ≈ 3N

2
ln(E + νg(n)) + η(N − n)− 1

2
ln(1 + 2πn)− n lnn

− 1

2
ln(1 + 2π(N − n))− (N − n) ln(N − n) +N + C(N, V, η)/kB. ✭✷✳✶✻✮

✷✳✹ ❈❛r❛❝t❡r✐③❛çã♦ t❡r♠♦❡st❛tíst✐❝❛

◆❛s ♣ró①✐♠❛s s✉❜s❡çõ❡s s❡rã♦ ♠♦str❛❞♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♥✉♠ér✐❝♦s ♦❜t✐❞♦s ❛ ♣❛r✲

t✐r ❞❛ ♠❛①✐♠✐③❛çã♦ ❞❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❞❡✜♥✐❞❛ ♥❛ ❊q✳ ✷✳✶✻✳ ■♥❝❧✉í♠♦s t❛♠❜é♠

♦✉tr❛s ❣r❛♥❞❡③❛s✱ t❛✐s ❝♦♠♦ ❛ t❡♠♣❡r❛t✉r❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ T (E) ❡ ♦ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡

β∗∆F (E)✱ ♦❜t✐❞❛s ❛ ♣❛rt✐r ❡♥tr♦♣✐❛ ✈✐❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❝♦♥❢♦r♠❡ ❞✐s❝✉t✐❞♦ ♥♦ ❈❛✲

♣ít✉❧♦ ✶✳ ◆♦s r❡str✐♥❣✐r❡♠♦s ❛q✉✐ ❛ ❞♦✐s ✈❛❧♦r❡s ♣❛r❛ ♦ ♣❛râ♠❡tr♦ γ✱ q✉❡ ❡stá r❡❧❛❝✐♦♥❛❞♦

❝♦♠ ♦ ❛❧❝❛♥❝❡ ❞❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s ♠♦❧é❝✉❧❛s ♥♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦✳

Pr✐♠❡✐r❛♠❡♥t❡ ❝♦♥s✐❞❡r❛♠♦s ♦ ❝❛s♦ γ = 2✱ q✉❡ ❡q✉✐✈❛❧❡ ❛♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣

✉s✉❛❧✱ s♦❜r❡ ♦ q✉❛❧ ❡①✐st❡ ✐♥❝❧✉s✐✈❡ ✉♠ ❡st✉❞♦ r❡❝❡♥t❡ ♥❛ ❧✐t❡r❛t✉r❛ ❬✶✸❪ q✉❡ ♣♦❞❡ s❡r✈✐r

❝♦♠♦ ❝♦♠♣❛r❛çã♦ ❡ ✈❛❧✐❞❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳ P♦ré♠✱ ❝♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ♥❛ ❙❡çã♦ ✷✳✶✱

❡s♣❡r❛♠♦s q✉❡ ✉♠ ✈❛❧♦r ❞❡ γ ❡♥tr❡ ✉♠ ❡ ❞♦✐s s❡❥❛ ♠❛✐s ❛❞❡q✉❛❞♦ ♣❛r❛ ✉♠ ❡st✉❞♦ ❞❡

❛❣r❡❣❛çã♦ ♠♦❧❡❝✉❧❛r ❝♦♠♦ ♦ ♣r♦♣♦st♦✳ ❉❡st❛ ❢♦r♠❛✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❞❡♣♦✐s ♦ ❝❛s♦ γ = 1, 2

♦ q✉❛❧ ❞❡✈❡ ❞❡s❝r❡✈❡r ♠❛✐s ❛❞❡q✉❛❞❛♠❡♥t❡ ♦ ♥ú♠❡r♦ ❞❡ ❧✐❣❛çõ❡s ❡❢❡t✐✈❛s g(n) = nγ − 1

❡♥tr❡ ❛s ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s✳

❖s r❡s✉❧t❛❞♦s s❡rã♦ ♠♦str❛❞♦s ❞❛q✉✐ ❡♠ ❞✐❛♥t❡ ❢❛③❡♥❞♦✲s❡ ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③✲

♠❛♥♥ ✐❣✉❛❧ à ✉♥✐❞❛❞❡ ❡ ❝♦♥s✐❞❡r❛♥❞♦ ✉♠❛ ❡♥❡r❣✐❛ ❞❡ ✐♥t❡r❛çã♦ ν = 5 ✭❡♠ ✉♥✐❞❛❞❡s ❛r❜✐✲

trár✐❛s ❞❡ ❡♥❡r❣✐❛✮✱ ❡①❝❡t♦ q✉❛♥❞♦ ✐♥❞✐❝❛❞❛ ❡①♣❧✐❝✐t❛♠❡♥t❡ ❛s ✉♥✐❞❛❞❡s ♣❛r❛ ❝♦♠♣❛r❛çã♦

❝♦♠ s✐st❡♠❛s ❢ís✐❝♦s✳

✷✳✹✳✶ ▼♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧ ✭❝❛s♦ γ = 2✮

◆❛ ❋✐❣✳ ✷✳✷✭❛✮ sã♦ ♠♦str❛❞❛s ❝✉r✈❛s ❞❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E) ♣❛r❛ ❛❧❣✉♥s

✈❛❧♦r❡s ❞♦ ✈♦❧✉♠❡ r❡❞✉③✐❞♦ η✳ ➱ ♣♦ssí✈❡❧ ♥♦t❛r q✉❡✱ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❡ η✱ s✉r❣❡ ✉♠❛ r❡❣✐ã♦

❞❡ ❝♦♥✈❡①✐❞❛❞❡ ❡♠ S(E)✱ ♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❬✶✶❪✱

q✉❡ ♥❡st❡ ❝❛s♦ ❝♦rr❡s♣♦♥❞❡ à ❛❣r❡❣❛çã♦ ❞❛s ♠♦❧é❝✉❧❛s✳ ■st♦ é ♠❡❧❤♦r ❡✈✐❞❡♥❝✐❛❞♦ ♥❛ ❋✐❣✳

✷✳✷✭❜✮✱ ♦♥❞❡ sã♦ ♠♦str❛❞❛s ❛s ❝♦rr❡s♣♦♥❞❡♥t❡s t❡♠♣❡r❛t✉r❛s ♠✐❝r♦❝❛♥ô♥✐❝❛s T (E) =

(∂S/∂E)−1✱ ❥á q✉❡ ❡st❛s ❝✉r✈❛s ❛♣r❡s❡♥t❛♠ r❡❣✐õ❡s ❞❡ ❞❡❝r❡s❝✐♠❡♥t♦ ♣❛r❛ η > 2✱ ♦ q✉❡ é

❡q✉✐✈❛❧❡♥t❡ à ❝♦♥❞✐çã♦ ❞❡ ❝♦♥✈❡①✐❞❛❞❡ ❞❛ ❡♥tr♦♣✐❛✳ ◆❛ r❡❢❡rê♥❝✐❛ ❬✶✸❪ ❡st❛ ❝♦♥st❛t❛çã♦ ❞❛
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❋✐❣✉r❛ ✷✳✷✿ ✭❛✮ ❊♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E)✱ ✭❜✮ t❡♠♣❡r❛t✉r❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ T (E)✱ ✭❝✮ ♥ú♠❡r♦
❞❡ ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s n̄(E) ❡ ✭❞✮ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ β∗∆F (E) ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣
✉s✉❛❧ ✭γ = 2✮ ❝♦♥t❡♥❞♦ N = 10000 ♠♦❧é❝✉❧❛s ❝♦♠ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s ν = 5 ✭✉♥✐❞❛❞❡s
❛r❜✐trár✐❛s ❞❡ ❡♥❡r❣✐❛✮✳ ❋♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ✈ár✐♦s ✈❛❧♦r❡s ❞♦ ✏✈♦❧✉♠❡✑ r❡❞✉③✐❞♦ η ❡ ❛ ❧❡❣❡♥❞❛
❡♠ ✭❛✮ é ✈á❧✐❞❛ ♣❛r❛ t♦❞♦s ♦s ❣rá✜❝♦s✳

tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♣❛r❛ η > 2 é ❝♦rr♦❜♦r❛❞❛✱ ✐♥❝❧✉s✐✈❡ ❝♦♠ ❝á❧❝✉❧♦s ❛♥❛❧ít✐❝♦s

✈✐❛ ❡①♣❛♥sã♦ ❞❡ ▲❛♥❞❛✉✳ ❆s t❡♠♣❡r❛t✉r❛s ♠✐❝r♦❝❛♥ô♥✐❝❛s ❢♦r❛♠ ♦❜t✐❞❛s ✈✐❛ ❞❡r✐✈❛❞❛

♥✉♠ér✐❝❛ ❞❛ ❡♥tr♦♣✐❛ ❝♦♠ r❡❧❛çã♦ à ❡♥❡r❣✐❛✳ ◆♦ ❆♣ê♥❞✐❝❡ ❆ ♠♦str❛♠♦s q✉❡ ❛s ❞❡r✐✈❛❞❛s

♥✉♠ér✐❝❛s ❡stã♦ ❡♠ ❛❝♦r❞♦ ❝♦♠ ✉♠❛ ❡①♣r❡ssã♦ ❛♥❛❧ít✐❝❛ q✉❡ r❡❧❛❝✐♦♥❛ ❛ t❡♠♣❡r❛t✉r❛ ❝♦♠

✈❛❧♦r❡s ♠é❞✐♦s ♠✐❝r♦❝❛♥ô♥✐❝♦s✳

◗✉❛♥❞♦ ♥♦s ❛t❡♥t❛♠♦s ♣❛r❛ ❛ ❞❡✜♥✐çã♦ ❞♦ ✏✈♦❧✉♠❡✑ r❡❞✉③✐❞♦ η = ln[(V−V0)/V0] ♥❛

❊q✳ ✷✳✽✱ ♦❜s❡r✈❛♠♦s q✉❡ ❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ só ❛❝♦♥t❡❝❡ q✉❛♥❞♦ ♦ ✈♦❧✉♠❡ t♦t❛❧

é s✉✜❝✐❡♥t❡♠❡♥t❡ ♠❛✐♦r ❞♦ q✉❡ V0✳ ■st♦ é ❥✉st✐✜❝❛❞♦ ♣♦✐s✱ ♥❡st❛s ❝♦♥❞✐çõ❡s ❛ tr❛♥s❢♦r♠❛çã♦

❞❡ ✉♠❛ ❢❛s❡ ♣❛r❛ ♦✉tr❛ ❞❡✈❡ s❡r ✉♠ ♣r♦❝❡ss♦ ♠❛✐s ❛❜r✉♣t♦✱ ❝♦♠ ❛s ♠♦❧é❝✉❧❛s ❝♦♥❞❡♥s❛♥❞♦

❛ ♣❛rt✐r ❞❡ ✉♠ ✈♦❧✉♠❡ ♠✉✐t♦ ♠❛✐♦r V ′ ♣❛r❛ ✉♠ ✈♦❧✉♠❡ ♠✉✐t♦ ♠❡♥♦r V0✳

❏á ♥❛ ❋✐❣✳ ✷✳✷✭❝✮ é ♠♦str❛❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s n̄ ❡♠ ❢✉♥çã♦ ❞❛

❡♥❡r❣✐❛ t♦t❛❧ E✳ P❛r❛ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ η ♦❜s❡r✈❛♠♦s✱ q✉❡ q✉❛♥❞♦ ❛ ❡♥❡r❣✐❛ é ♠✉✐t♦

❜❛✐①❛ ✭♥❡❣❛t✐✈❛✮✱ q✉❛s❡ t♦❞❛s ❛s ♠♦❧é❝✉❧❛s ❡stã♦ ❛❣r❡❣❛❞❛s✳ ❈♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ ❡♥❡r❣✐❛✱

❡st❡ ♥ú♠❡r♦ ❞✐♠✐♥✉✐✱ ♦✉ s❡❥❛✱ ♥❡st❡ ❝❛s♦✱ ❛ ♠❛✐♦r✐❛ ❞❛s ♠♦❧é❝✉❧❛s ❡st❛rá ❞✐❧✉í❞❛ ❡♠ t♦❞♦

✈♦❧✉♠❡✱ ❝♦♥❢♦r♠❡ ❡s♣❡r❛❞♦✳ ❖❜s❡r✈❛♠♦s t❛♠❜é♠ q✉❡✱ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❡ η✱ ♦ ♥ú♠❡r♦ ❞❡



✷ ❚❡r♠♦❡st❛tíst✐❝❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ✷✶

♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s ✈❛r✐❛ ♠❛✐s ❛❜r✉♣t❛♠❡♥t❡✱ ✐♥❞✐❝❛♥❞♦ t❛♠❜é♠ ♣r❡s❡♥ç❛ ❞❛ tr❛♥s✐çã♦

❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❛♣❡♥❛s ♣❛r❛ ♦s ♠❛✐♦r❡s ✈❛❧♦r❡s ❞❡ η✳

P♦r ✜♠✱ ♥❛ ❋✐❣✳ ✷✳✷✭❞✮ sã♦ ♠♦str❛❞♦s ♣❡r✜s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ β∗∆F (E) ♥❛ t❡♠✲

♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗ = 1/β∗ ♣❛r❛ η > 2✱ ♦s q✉❛✐s ❛♣r❡s❡♥t❛♠ ❞♦✐s ♠í♥✐♠♦s✱ q✉❡

❝♦rr❡s♣♦♥❞❡♠ às ❞✉❛s ❢❛s❡s ❡♠ ❞✐❢❡r❡♥t❡s ❡♥❡r❣✐❛s ❡ s❡♣❛r❛❞❛s ♣♦r ✉♠❛ ❜❛rr❡✐r❛ ❞❡ ❡♥❡r✲

❣✐❛ ❧✐✈r❡✱ ❝♦rr♦❜♦r❛♥❞♦ t❛♠❜é♠ ❛ ♣r❡s❡♥ç❛ ❞❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♣❛r❛

❡st❡s ✈❛❧♦r❡s ❞❡ η✳ ❆♥❛❧✐s❛♥❞♦ ✭❝✮ ❡ ✭❞✮ ❞❛ ❋✐❣✳ ✷✳✷ ♣♦❞❡♠♦s ❝❛r❛❝t❡r✐③❛r ❡♥tã♦ ❡st❛s

❞✉❛s ❢❛s❡s✿ ♥❛ ❢❛s❡ ❞❡ ♠❡♥♦r ❡♥❡r❣✐❛ ❤á ♣r❡❞♦♠✐♥â♥❝✐❛ ❞❡ ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s ♥♦ ✈♦❧✉♠❡

V0 ✭❛❧t♦ n̄✮ ❡ ♥❛ ❢❛s❡ ❞❡ ♠❛✐♦r ❡♥❡r❣✐❛ ❤á ♣r❡❞♦♠✐♥â♥❝✐❛ ❞❡ ♠♦❧é❝✉❧❛s ❞✐❧✉í❞❛s ❡♠ t♦❞♦

✈♦❧✉♠❡ ✭❜❛✐①♦ n̄✮✳

❈❤❛♠❛♠♦s ❛ ❛t❡♥çã♦ ♣❛r❛ ♦ ❝❛s♦ η = 2, 5✱ ♦♥❞❡ ❤á ✉♠❛ r❡❣✐ã♦ ❞❡ ❝♦♥✈❡①✐❞❛❞❡ ♥❛

❡♥tr♦♣✐❛✱ q✉❡ r❡s✉❧t❛ ❡♠ ✉♠ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ❝♦♠ ❞♦✐s ♠í♥✐♠♦s ♣❛r❛ t❡♠♣❡r❛t✉r❛s

♣ró①✐♠❛s ❛ ❞❡ tr❛♥s✐çã♦ T ∗✱ ❞❡ ♠♦❞♦ q✉❡ ❤á tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❞♦

♣♦♥t♦ ❞❡ ✈✐st❛ ❞♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✳ P♦ré♠✱ ❛ ❝✉r✈❛ n̄(E) é ❝♦♥tí♥✉❛✱ ♦ q✉❡ ✐♥❞✐❝❛ q✉❡

❛ tr❛♥s✐çã♦ t❛♠❜é♠ é ❝♦♥tí♥✉❛ ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦✳ ❊st❛ ♥ã♦ ❡q✉✐✈❛❧ê♥❝✐❛ ❞♦s

❡♥s❡♠❜❧❡s é tr❛t❛❞❛ ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s ♥♦ ❆♣ê♥❞✐❝❡ ❆✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡✱ q✉❛♥❞♦ η = 2, 5✱

♥ã♦ ❤á ❝♦❡①✐stê♥❝✐❛ ❞❡ ❢❛s❡s s❡ ❡st❡ s✐st❡♠❛ t❡♠ ✉♠❛ ❡♥❡r❣✐❛ ✜①❛ q✉❛❧q✉❡r✱ ♣♦ré♠✱ ❤á

❝♦❡①✐stê♥❝✐❛ ❞❡ ❢❛s❡s s❡ ❡st❡ s✐st❡♠❛ ❡st✐✈❡r ❡♠ ❝♦♥t❛t♦ ❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦ tér♠✐❝♦ ❡♠

✉♠❛ t❡♠♣❡r❛t✉r❛ ✜①❛ ♣ró①✐♠❛ ❞❡ T ∗✳

❖ ✏✈♦❧✉♠❡✑ r❡❞✉③✐❞♦ η = ln[(V − V0)/V0]✱ ❊q✳ ✷✳✽✱ ❢♦✐ ✐♥tr♦❞✉③✐❞♦ ❝♦♠ ♦ ♦❜❥❡t✐✈♦

❞❡ s✐♠♣❧✐✜❝❛r ❛s ❡①♣r❡ssõ❡s ♠❛t❡♠át✐❝❛s✳ ◆♦ ❡♥t❛♥t♦✱ ❛♦ tr❛❜❛❧❤❛r ❝♦♠ s✐st❡♠❛s ♠♦✲

❧❡❝✉❧❛r❡s é ♠❛✐s ❝♦♥✈❡♥✐❡♥t❡ ✉t✐❧✐③❛r ♦✉tr♦s ♣❛râ♠❡tr♦s r❡❧❛❝✐♦♥❛❞♦s ❛♦ ✈♦❧✉♠❡✱ ❝♦♠♦ ❛

❝♦♥❝❡♥tr❛çã♦ ❞❡ ♠♦❧é❝✉❧❛s C = N/V ✳ ➱ ♣♦ssí✈❡❧ ❡s❝r❡✈❡r ✉♠❛ r❡❧❛çã♦ s✐♠♣❧❡s ❡♥tr❡ C ❡ η

✉s❛♥❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❝♦♠✉♠❡♥t❡ ✉t✐❧✐③❛❞❛ ❡♠ s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s ❞❡ q✉❡ ♦ ✈♦❧✉♠❡

♠♦❧❡❝✉❧❛r ✭✈♦❧✉♠❡ ❞❡ ✉♠❛ ú♥✐❝❛ ♠♦❧é❝✉❧❛✮ t❡♠ ✉♠ ✈❛❧♦r ✜①♦ vm ✭✈✐❞❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♦

❈❛♣ít✉❧♦ ✷ ❞❛ r❡❢❡rê♥❝✐❛ ❬✹✸❪✮ ✐♥❞❡♣❡♥❞❡♥t❡ ✐♥❝❧✉s✐✈❡ ❞❡ q✉❛❧ ❢❛s❡ ❛ ♠♦❧é❝✉❧❛ s❡ ❡♥❝♦♥tr❛✳

❈♦♥s✐❞❡r❛♥❞♦ ❡st❛ ❛♣r♦①✐♠❛çã♦ ❛ss✉♠✐♠♦s q✉❡ V0 = Nvm✱ ♦✉ s❡❥❛✱ ♦ ✈♦❧✉♠❡ V0 t❡♠ q✉❡

s❡r s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡ ♣❛r❛ ❝♦♠♣♦rt❛r t♦❞❛s ❛s ♠♦❧é❝✉❧❛s ❞♦ s✐st❡♠❛✱ ❥á q✉❡✱ ❡♠

❡♥❡r❣✐❛s ♠✉✐t♦ ❜❛✐①❛s✱ t♦❞❛s ❛s ♠♦❧é❝✉❧❛s s❡ ❡♥❝♦♥tr❛♠ ❛❣r❡❣❛❞❛s ♥❛ r❡❣✐ã♦ ❞❡✜♥✐❞❛ ♣❡❧♦

✈♦❧✉♠❡ V0✳

P❛r❛ ♦❜t❡r ❛ r❡❧❛çã♦ ❡♥tr❡ C ❡ η✱ ❞❡✜♥✐♠♦s ✉♠❛ t❡r❝❡✐r❛ q✉❛♥t✐❞❛❞❡

ρ =
V0

V
=

1

1 + eη
, ✭✷✳✶✼✮

❛ss✐♠✱

C =
N

V
× V0

V0

=
N

V0

× V0

V
=

ρ

vm
, ✭✷✳✶✽✮

♦✉ s❡❥❛✱ ❛ ❝♦♥❝❡♥tr❛çã♦ C é ♣r♦♣♦r❝✐♦♥❛❧ ❛ ρ✱ q✉❡ é ❡♥tã♦ ✉♠❛ ❝♦♥❝❡♥tr❛çã♦ ❛❞✐♠❡♥s✐♦♥❛❧✳

◆❛ ❋✐❣✳ ✷✳✸ sã♦ ♠♦str❛❞❛s ❛❧❣✉♠❛s ❣r❛♥❞❡③❛s q✉❡ ❝❛r❛❝t❡r✐③❛♠ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡

❡♠ ❢✉♥çã♦ ❞❡ ρ✳ ❊♠ ✭❛✮ ❡stã♦ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗ ❡ ❛s t❡♠♣❡r❛t✉r❛s T− ❡
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✝

η = 2

c

❋✐❣✉r❛ ✷✳✸✿ ✭❛✮ ❚❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗ ❡ t❡♠♣❡r❛t✉r❛s T+ ❡ T−✱ ✭❜✮ ❜❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛
❧✐✈r❡ β∗∆F † ❡ ✭❝✮ ❝❛❧♦r ❧❛t❡♥t❡ ∆E† ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❛❞✐♠❡♥s✐♦♥❛❧ ρ✱ ♣❛r❛ ♦ ♠♦❞❡❧♦
❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧ ✭γ = 2✮ ❝♦♥t❡♥❞♦ N = 10000 ♠♦❧é❝✉❧❛s ❝♦♠ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s ν = 5
✭✉♥✐❞❛❞❡s ❛r❜✐trár✐❛s ❞❡ ❡♥❡r❣✐❛✮✳ ❖s sí♠❜♦❧♦s ✈❡r♠❡❧❤♦s sã♦ ♦s r❡s✉❧t❛❞♦s ❡①tr❛í❞♦s ❞❛ r❡❢❡rê♥❝✐❛
❬✶✸❪ ❡ ❛ ❧✐♥❤❛ ❧❛r❛♥❥❛ ♣♦♥t✐❧❤❛❞❛ ✐❞❡♥t✐✜❝❛ ❛ ❝♦♥❝❡♥tr❛çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ η = 2✳

T+✱ q✉❡ ❞❡❧✐♠✐t❛♠ ♦s ❧✐♠✐t❡s ❞❡ ♠❡t❛❡st❛❜✐❧✐❞❛❞❡ ✭✈✐❞❡ ❈❛♣ít✉❧♦ ✶✮✳ ◆♦t❛♠♦s q✉❡ ❡st❛s

três t❡♠♣❡r❛t✉r❛s ♣❛r❡❝❡♠ ❝♦♥✈❡r❣✐r ♣❛r❛ ✉♠ ♠❡s♠♦ ✈❛❧♦r q✉❛♥❞♦ η = 2✳ P❛r❛ ✈❛❧♦r❡s

♠❡♥♦r❡s ❞❡ η ✭✐✳❡✳✱ ♠❛✐♦r ρ✮ ♥ã♦ ❤á ♠❛✐s tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❥á q✉❡ ♥ã♦ ❡①✐st❡♠

♠❛✐s r❡❣✐õ❡s ❞❡ ✐♥st❛❜✐❧✐❞❛❞❡✱ ❝♦♠♦ ❥á ❢♦✐ ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✳ ✷✳✷✭❜✮✳ ◆❛ r❡❣✐ã♦✱ ♦♥❞❡

η < 2✱ ♥ã♦ ❤á ♠❛✐s ❝♦❡①✐stê♥❝✐❛ ❞❡ ❢❛s❡s ❡ ❛ tr❛♥s✐çã♦ é ❝♦♥tí♥✉❛ ❞❡ ♠♦❞♦ q✉❡✱ ♣❛r❛

♦ ♣♦♥t♦ η = 2✱ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗ =≈ 2, 5 × 104 ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ♣♦♥t♦

❝rít✐❝♦ ❬✶✸✱ ✹✹❪✳

❆ ❧✐♥❤❛ ❝♦♥tí♥✉❛ ♥❛ ❋✐❣ ✷✳✸ ✭❛✮ é ❛ ❧✐♥❤❛ ❞❡ ❝♦❡①✐stê♥❝✐❛ ❡✱ ♣♦rt❛♥t♦✱ ❞❡❧✐♠✐t❛ ❛s

r❡❣✐õ❡s ❞❡ t❡♠♣❡r❛t✉r❛ T ❡ ❝♦♥❝❡♥tr❛çõ❡s ρ ♦♥❞❡ ♦ s✐st❡♠❛ s❡ ❡♥❝♦♥tr❛ ❡♠ ❝❛❞❛ ❢❛s❡✱

✐✳❡✳✱ ❛ ❢❛s❡ ❝♦♠ ❛❣r❡❣❛❞♦ ❡ ❛ ❢❛s❡ ❞✐❧✉í❞❛✱ ❝♦♥❢♦r♠❡ ✐♥❞✐❝❛❞♦ ♥❛ ✜❣✉r❛✳ ❆❧é♠ ❞✐ss♦✱ ❛s

t❡♠♣❡r❛t✉r❛s T ∗✱ T− ❡ T+ ❛✉♠❡♥t❛♠ ❝♦♠ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ♠♦❧é❝✉❧❛s✱ ♦ q✉❡ é ❡s♣❡r❛❞♦

❥á q✉❡ s❡ ❛ ❝♦♥❝❡♥tr❛çã♦ é ♠❛✐♦r✱ ❡st❛s t❡rã♦ ♠❛✐♦r ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❛❣r❡❣❛r✱ ❞❡ ♠♦❞♦

q✉❡ s❡rá ♥❡❝❡ssár✐❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ♠❛✐♦r ♣❛r❛ ❞✐❧✉✐r ❡st❡s ❛❣r❡❣❛❞♦s✳

◆❛ ❋✐❣✳ ✷✳✸✭❜✮ é ♠♦str❛❞❛ ❛ ❜❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ β∗∆F † ❡♠ ❢✉♥çã♦ ❞❡ ρ ❡

❝❤❛♠❛♠♦s ❛t❡♥çã♦ ♣❛r❛ ❛ rá♣✐❞❛ ❞✐♠✐♥✉✐çã♦ ❞❡st❛ ❣r❛♥❞❡③❛ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ ❝♦♥❝❡♥✲

tr❛çã♦✱ ❛t✐♥❣✐♥❞♦ ✈❛❧♦r❡s ♠✉✐t♦ ❜❛✐①♦s ♣❛r❛ ρ ≈ 0, 12 ✭η = 2✮✱ ❛ ♣❛rt✐r ❞❡ ♦♥❞❡ ♥ã♦ ❤á

♠❛✐s ❝♦❡①✐stê♥❝✐❛ ❞❡ ❢❛s❡s ❡✱ ♣♦rt❛♥t♦✱ t❛♠❜é♠ ♥ã♦ ❤á ❜❛rr❡✐r❛✳ ❏á ♥❛ ❋✐❣✳ ✷✳✸✭❝✮ é ♠♦s✲

tr❛❞♦ ♦ ❝❛❧♦r ❧❛t❡♥t❡ ∆E†✱ ♦ q✉❛❧ t❛♠❜é♠ ❞✐♠✐♥✉✐ ❝♦♠ ❛ ❝♦♥❝❡♥tr❛çã♦✱ ♠❛s ❞❡ ♠❛♥❡✐r❛

♠❛✐s s✉❛✈❡✳

✷✳✹✳✷ ▼♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭❝❛s♦ γ = 1, 2✮

◆❛ ❋✐❣✳ ✷✳✹ sã♦ ♠♦str❛❞♦s r❡s✉❧t❛❞♦s ❛♥á❧♦❣♦s ❛♦s ❞❛ ❋✐❣✳ ✷✳✷ ♠❛s ❛❣♦r❛ ♣❛r❛

γ = 1, 2✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❣❡r❛❧ ❞❡st❛s ❣r❛♥❞❡③❛s é s✐♠✐❧❛r✱ ✐st♦ é✱ ❛♣r❡s❡♥t❛ r❡❣✐õ❡s

♦♥❞❡ ❛ ❡♥tr♦♣✐❛ é ❝♦♥✈❡①❛ ❡✱ ♣♦rt❛♥t♦✱ ❤á ❞❡❝r❡s❝✐♠❡♥t♦ ❞❛ t❡♠♣❡r❛t✉r❛ ❝♦♠ ❛ ❡♥❡r❣✐❛

♣❛r❛ ♦s ✈❛❧♦r❡s ♠❛✐s ❛❧t♦s ❞❡ η✳ ◆♦t❛♠♦s✱ ♣♦ré♠✱ q✉❡ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠ só é ♦❜s❡r✈❛❞❛ ♣❛r❛ ✈❛❧♦r❡s ❞❡ η ♠✉✐t♦ ♠❛✐♦r❡s ❞♦ q✉❡ ♥♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❞❡
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❋✐❣✉r❛ ✷✳✹✿ ✭❛✮ ❊♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E)✱ ✭❜✮ t❡♠♣❡r❛t✉r❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ T (E)✱ ✭❝✮ ♥ú♠❡r♦
❞❡ ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s n̄(E) ❡ ✭❞✮ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ β∗∆F (E) ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣
❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠ γ = 1, 2 ❝♦♥t❡♥❞♦ N = 10000 ♠♦❧é❝✉❧❛s ❝♦♠ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s ν = 5
✭✉♥✐❞❛❞❡s ❛r❜✐trár✐❛s ❞❡ ❡♥❡r❣✐❛✮✳ ❋♦r❛♠ ❝♦♥s✐❞❡r❛❞♦s ✈ár✐♦s ✈❛❧♦r❡s ❞♦ ✏✈♦❧✉♠❡✑ r❡❞✉③✐❞♦ η ❡ ❛
❧❡❣❡♥❞❛ ❡♠ ✭❛✮ é ✈á❧✐❞❛ ♣❛r❛ t♦❞♦s ♦s ❣rá✜❝♦s✳

❚❤✐rr✐♥❣ ✉s✉❛❧✳ ❖✉ s❡❥❛✱ é ♥❡❝❡ssár✐♦ q✉❡ ♦ ✈♦❧✉♠❡ t♦t❛❧ s❡❥❛ ❛✐♥❞❛ ♠❛✐♦r ❞♦ q✉❡ ♦

✈♦❧✉♠❡ V0 ♦❝✉♣❛❞♦ ♣❡❧❛s ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s ♣❛r❛ q✉❡ ❛ tr❛♥s✐çã♦ s❡❥❛ ❞❡s❝♦♥tí♥✉❛✳ ■st♦

é ❥✉st✐✜❝❛❞♦ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡✱ ♥♦ ❝❛s♦ γ = 1, 2✱ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s

é ♠❛✐s s✉❛✈❡✱ ♣♦✐s ❡❧❛s ♥ã♦ ✐♥t❡r❛❣❡♠ t♦❞❛s ✉♠❛s ❝♦♠ ❛s ♦✉tr❛s ❝♦♠♦ ♥♦ ❝❛s♦ γ = 2✳

❊st❛s ❛♥á❧✐s❡s sã♦ ❝♦rr♦❜♦r❛❞❛s ♣❡❧❛s ❋✐❣✳ ✷✳✹✭❝✮ ❡ ✭❞✮✱ q✉❡ ♠♦str❛♠ ♠✉❞❛♥ç❛s

♠❛✐s ❛❜r✉♣t❛s ❡♠ n̄ ❡ ♦ s✉r❣✐♠❡♥t♦ ❞❡ ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡✱ ♣❛r❛ ♦s ✈❛❧♦r❡s ♠❛✐♦r❡s

❞❡ η✳ ◆❛ ❋✐❣✳ ✷✳✹✭❜✮ é ♠♦str❛❞❛ ✉♠❛ ❛♠♣❧✐❛çã♦ ❞♦ ❣rá✜❝♦ n(E) ♦♥❞❡ ✜❝❛ ♠❛✐s ♥ít✐❞❛ ❛

❞❡s❝♦♥t✐♥✉✐❞❛❞❡ ❞❡st❛ ❣r❛♥❞❡③❛ ♣❛r❛ ♦s ♠❛✐♦r❡s ✈❛❧♦r❡s ❞❡ η✳

◆❛ ❋✐❣✳ ✷✳✺✭❛✮ é ♠♦str❛❞♦ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡s ♣❛r❛ ♦ ❝❛s♦ γ = 1, 2✱ q✉❛❧✐t❛✲

t✐✈❛♠❡♥t❡ s❡♠❡❧❤❛♥t❡ ❛♦ q✉❡ ❢♦✐ ❞✐s❝✉t✐❞♦ ♣❛r❛ ♦ ❝❛s♦ γ = 2 ✭✈✐❞❡ ❋✐❣✳ ✷✳✸✮✱ ❝♦♠ ❛s

t❡♠♣❡r❛t✉r❛s T ∗✱ T+ ❡ T− t❡♥❞❡♥❞♦ ♣❛r❛ T ∗ ≈ 4, 4✱ ❞❡✜♥✐♥❞♦ ♦ ♣♦♥t♦ ❝rít✐❝♦ ♣ró①✐♠♦ ❞❡

ρ ≈ 5× 10−4 ✭η ≈ 7.6✮✳

➱ ✐♥t❡r❡ss❛♥t❡ r❡ss❛❧t❛r ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❛❧❣✉♠❛s ♦r❞❡♥s ❞❡ ❣r❛♥❞❡③❛ ♥❛s t❡♠♣❡r❛✲

t✉r❛s ❞❡ tr❛♥s✐çã♦ ♦❜t✐❞❛s ❛q✉✐ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧ ✭❋✐❣✳

✷✳✸✮✳ ■st♦ s❡ ❥✉st✐✜❝❛ ❞❡✈✐❞♦ à ♠✉❞❛♥ç❛ ❡①♣r❡ss✐✈❛ ♥♦ ♥ú♠❡r♦ ❞❡ ❧✐❣❛çõ❡s ❡❢❡t✐✈❛s ❡♥tr❡
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❋✐❣✉r❛ ✷✳✺✿ ✭❛✮ ❚❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗ ❡ t❡♠♣❡r❛t✉r❛s T+ ❡ T−✱ ✭❜✮ ❜❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛
❧✐✈r❡ β∗∆F † ❡ ✭❝✮ ❝❛❧♦r ❧❛t❡♥t❡ ∆E† ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❛❞✐♠❡♥s✐♦♥❛❧ ρ✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡
❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠ γ = 1, 2 ❝♦♥t❡♥❞♦ N = 10000 ♠♦❧é❝✉❧❛s ❝♦♠ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s
ν = 5 ✭✉♥✐❞❛❞❡s ❛r❜✐trár✐❛s ❞❡ ❡♥❡r❣✐❛✮✳

❛s ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s g(n) = nγ − 1 ♣❛r❛ ❡st❡s ❞♦✐s ✈❛❧♦r❡s ❞❡ γ✳ ◆♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❞❡

❚❤✐rr✐♥❣ ✉s✉❛❧ ✭γ = 2✮ t♦❞❛s ❛s ♠♦❧é❝✉❧❛s ❞♦ ❛❣r❡❣❛❞♦ ✐♥t❡r❛❣❡♠ ❡♥tr❡ s✐ ❞❡ ♠♦❞♦ q✉❡ é

♥❡❝❡ssár✐❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ♠✉✐t♦ ♠❛✐♦r ♣❛r❛ q✉❡ ❛s ♠♦❧é❝✉❧❛s s❡❥❛♠ ❞✐❧✉í❞❛s ❡♠ t♦❞♦

✈♦❧✉♠❡✳ ❈♦♠♦ s❡rá ♠♦str❛❞♦ ♠❛✐s ❛❞✐❛♥t❡✱ ❛♦ ✐♥tr♦❞✉③✐r♠♦s ✉♥✐❞❛❞❡s ❢ís✐❝❛s r❡❛✐s ♣❛r❛

❛ ✐♥t❡r❛çã♦ ✐♥s♣✐r❛❞❛s ❡♠ s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s✱ ♦ ♠♦❞❡❧♦ ❣❡♥❡r❛❧✐③❛❞♦ é ♦ q✉❡ ❢♦r♥❡❝❡

❣r❛♥❞❡③❛s ❝♦♠ ✈❛❧♦r❡s ✜s✐❝❛♠❡♥t❡ ♣❧❛✉sí✈❡✐s ♣❛r❛ s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s✳

P♦r ✜♠✱ ♦s ❣rá✜❝♦s ✭❜✮ ❡ ✭❝✮ ❞❛ ❋✐❣✳ ✷✳✺✱ ♠♦str❛♠ ❛s ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡

❡ ❝❛❧♦r❡s ❧❛t❡♥t❡s ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ♠♦❧é❝✉❧❛s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❝♦♠ γ = 1, 2✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❣❡r❛❧ t❛♠❜é♠ é s❡♠❡❧❤❛♥t❡ ❛♦ ♦❜s❡r✈❛❞♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣

✉s✉❛❧ ✭γ = 2✮✱ ❝♦♠ ❛s ❜❛rr❡✐r❛s s❡ ❛♣r♦①✐♠❛♥❞♦ ❞❡ ③❡r♦ ♣ró①✐♠♦ à ❝♦♥❝❡♥tr❛çã♦ ❝rít✐❝❛ ❡

♦ ❝❛❧♦r ❧❛t❡♥t❡ ❞✐♠✐♥✉✐♥❞♦ ♠❛✐s s✉❛✈❡♠❡♥t❡ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦✳

◆♦ ❆♣ê♥❞✐❝❡ ❇ ♠♦str❛♠♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❛s ❣r❛♥❞❡③❛s ❡①♣♦st❛s ❛❝✐♠❛ ♣❛r❛ ❛❧❣✉♥s

✈❛❧♦r❡s ❞❡ γ ✐♥t❡r♠❡❞✐ár✐♦s✱ ✐st♦ é✱ ❡♥tr❡ γ = 1, 2 ❡ γ = 2✳

✷✳✺ ■♥✢✉ê♥❝✐❛s ❞♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s N ❡ ❞❛ ♠❛❣♥✐✲

t✉❞❡ ❞❛ ✐♥t❡r❛çã♦ ν

◆❛s ❙❡çõ❡s ❛♥t❡r✐♦r❡s ❛♣r❡s❡♥t❛♠♦s ❛ ❝❛r❛❝t❡r✐③❛çã♦ t❡r♠♦❡st❛tíst✐❝❛ ❞♦ ♠♦❞❡❧♦

❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧ ✭γ = 2✮ ❡ ❣❡r❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ ✈❛r✐❛♥❞♦✲s❡ ♦ ✏✈♦❧✉♠❡✑ r❡❞✉③✐❞♦ η ♦✉✱

❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❛ ❝♦♥❝❡♥tr❛çã♦ ρ = 1/(1 + eη)✳ ◆♦ ❡♥t❛♥t♦✱ t♦❞❛ ❡st❛ ❝❛r❛❝t❡r✐③❛çã♦

❢♦✐ ❢❡✐t❛ ♣❛r❛ ✈❛❧♦r❡s ✜①♦s ❞♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♠♦❧é❝✉❧❛s N = 10000 ❡ ❞❛ ♠❛❣♥✐t✉❞❡ ❞❡

✐♥t❡r❛çã♦ ❡♥tr❡ ❞✉❛s ♠♦❧é❝✉❧❛s ν = 5 ✭✉♥✐❞❛❞❡s ❛r❜✐trár✐❛s ❞❡ ❡♥❡r❣✐❛✮✳ ◆❡st❛ ❙❡çã♦ ❝♦♥✲

s✐❞❡r❛r❡♠♦s ♦✉tr♦s ✈❛❧♦r❡s ❞❡st❡s ❞♦✐s ♣❛râ♠❡tr♦s ❡ ♠♦str❛r❡♠♦s q✉❡ ❡❧❡s ♥ã♦ ❛❧t❡r❛♠ ❛

❝❛r❛❝t❡r✐③❛çã♦ ❣❡r❛❧ ❞❛s ♣r♦♣r✐❡❞❛❞❡s t❡r♠♦❡st❛tíst✐❝❛s ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ s✐st❡♠❛✳ ◆♦ ❝❛s♦

❞❡ N ❡ ν✱ ♦❜t❡♠♦s r❡❧❛çõ❡s ❞❡ ❡s❝❛❧❛ s✐♠♣❧❡s✱ ❞❡ ♠♦❞♦ q✉❡ é ♣♦ssí✈❡❧ ♦❜t❡r ❞✐r❡t❛♠❡♥t❡

r❡s✉❧t❛❞♦s ❡♠ ♦✉tr♦s ✈❛❧♦r❡s ❞❡st❡s ♣❛râ♠❡tr♦s ❛♣❡♥❛s r❡❡s❝❛❧❛♥❞♦ ❛s ❣r❛♥❞❡③❛s t❡r♠♦✲

❞✐♥â♠✐❝❛s ❥á ❝❛❧❝✉❧❛❞❛s✳ ■st♦ ❛❥✉❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♥❛ ❝♦♥✈❡rsã♦ ❞✐r❡t❛ ♣❛r❛ ✉♥✐❞❛❞❡s
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ρ ❞❡ ♠♦❧é❝✉❧❛s ❝♦♠ N = 10000 ✭❧✐♥❤❛s ♣r❡t❛s✮✱ N = 5000 ✭❧✐♥❤❛s ❛③✉✐s✮ ❡ N = 1000 ✭❧✐♥❤❛s
✈❡r♠❡❧❤❛s✮ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ ✭❛✮ ❡ ✉s✉❛❧ ✭γ = 2✮ ✭❜✮✳ ❊♠ ❛♠❜♦s
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❋✐❣✉r❛ ✷✳✼✿ ❈❛❧♦r ❧❛t❡♥t❡ ♣♦r ♠♦❧é❝✉❧❛ ∆E†/N ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ρ ❞❡ ♠♦❧é❝✉❧❛s ❝♦♠
N = 10000 ✭❧✐♥❤❛s ♣r❡t❛s✮✱ N = 5000 ✭❧✐♥❤❛s ❛③✉✐s✮ ❡ N = 1000 ✭❧✐♥❤❛s ✈❡r♠❡❧❤❛s✮ ♣❛r❛ ♦
♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ ✭❛✮ ❡ ✉s✉❛❧ ✭γ = 2✮ ✭❜✮✳ ❊♠ ❛♠❜♦s ♦s ❝❛s♦s ν = 5✳

❢ís✐❝❛s ❞❡ s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s✱ q✉❛♥❞♦ ✜①❛❞❛ ❛ ✉♥✐❞❛❞❡ ♣❛r❛ ❡♥❡r❣✐❛ ❞❡ ✐♥t❡r❛çã♦ ν ❡♥tr❡

♠♦❧é❝✉❧❛s✳

◆❛ ❋✐❣✳ ✷✳✻ sã♦ ♠♦str❛❞♦s ♦s ❞✐❛❣r❛♠❛s ❞❡ ❢❛s❡ ❥á ❞✐s❝✉t✐❞♦s ♥❛ ❙❡çã♦ ✷✳✹ ♣❛r❛

três ✈❛❧♦r❡s ❞♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♠♦❧é❝✉❧❛s N ✱ ❝♦♥s✐❞❡r❛♥❞♦ γ = 1, 2 ✭❣rá✜❝♦ ✭❛✮ ❞❛ ✜❣✉r❛✮

❡ γ = 2 ✭❣rá✜❝♦ ✭❜✮ ❞❛ ✜❣✉r❛✮✳ ◆♦t❛♠♦s q✉❡ ❛s t❡♠♣❡r❛t✉r❛s ✈❛r✐❛♠ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡

❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ✉s✉❛❧✱ ❡♠ q✉❡ ❛s ♠♦❧é❝✉❧❛s

❛❣r❡❣❛❞❛s ✐♥t❡r❛❣❡♠ t♦❞❛s ❡♥tr❡ s✐ ♥❡st❡ ú❧t✐♠♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❧♦❝❛❧✐③❛çã♦ ❞♦ ✈❛❧♦r

❝rít✐❝♦ ♣❛r❛ η ✭✐✳❡✳✱ ρ✮ ♥ã♦ é ❛❧t❡r❛❞❛ ❝♦♠ ❛ ✈❛r✐❛çã♦ ❞❡ N ❡♠ ♥❡♥❤✉♠ ❞♦s ❞♦✐s ❝❛s♦s✱ ❞❡

♠♦❞♦ q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❛❧✐t❛t✐✈♦ é s✐♠✐❧❛r✳

❏á ♥❛ ❋✐❣✳ ✷✳✼ sã♦ ♠♦str❛❞♦s ♦s ❣rá✜❝♦s ❞♦ ❝❛❧♦r ❧❛t❡♥t❡ ♣♦r ♠♦❧é❝✉❧❛ ∆E†/N ❡♠

❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ρ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s N ❡ t❛♠❜é♠

♣❛r❛ γ = 1, 2 ✭❣á✜❝♦ ✭❛✮ ❞❛ ✜❣✉r❛✮ ❡ γ = 2 ✭❣rá✜❝♦ ✭❜✮ ❞❛ ✜❣✉r❛✮✳ ❉✐✈✐❞✐r ❛s ❣r❛♥❞❡③❛s

♣r♦♣♦r❝✐♦♥❛✐s ❛ ❡♥❡r❣✐❛ ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s é ❛ ♣r✐♠❡✐r❛ t❡♥t❛t✐✈❛ ❞❡ ♦❜t❡r ❢❛t♦r❡s
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❋✐❣✉r❛ ✷✳✽✿ ❊♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ♣♦r ♠♦❧é❝✉❧❛ S/kBN ❡♠ ❢✉♥çã♦ ❞❡ E/νNγ ♣❛r❛ γ = 1, 2
✭❛✮ ❡ γ = 2 ✭❜✮ ❡ ❛❧❣✉♥s ✈❛❧♦r❡s ❞❡ η✳ ❚❡♠♣❡r❛t✉r❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ kBT/νN

γ−1 ❡♠ ❢✉♥çã♦ ❞❡
Eν/Nγ ♣❛r❛ γ = 1, 2 ✭❝✮ ❡ γ = 2 ✭❞✮ ❡ ❛❧❣✉♥s ✈❛❧♦r❡s ❞❡ η✳ ❊♠ t♦❞♦s ♦s ❣rá✜❝♦s ❛s ❝✉r✈❛s
❝♦♥tí♥✉❛s s❡ r❡❢❡r❡♠ ❛ N = 5000 ❡ ν = 5 ❡ ❛s ❧✐♥❤❛s ♣♦♥t✐❧❤❛❞❛s s❡ r❡❢❡r❡♠ ❛ N = 10000 ❡ ν = 9.

❞❡ ❡s❝❛❧❛ ♣❛r❛ ❡st❛s ❣r❛♥❞❡③❛s✱ ❥á q✉❡ ❛ ❡♥❡r❣✐❛ é ♥♦r♠❛❧♠❡♥t❡ ✉♠❛ ❣r❛♥❞❡③❛ ❡①t❡♥s✐✈❛✳

P♦ré♠✱ ❛ ❡♥❡r❣✐❛ ❞❡ ✐♥t❡r❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣✱ Ep = −ν(1 − nγ)✱ é ♥ã♦ ❛❞✐t✐✈❛

❥á q✉❡ ❡s❝❛❧❛ ❝♦♠ nγ✳ ◗✉❛♥t♦ ♠❛✐♦r ♦ γ ♠❛✐s ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡✈❡ s❡ ❛❢❛st❛r ❞♦ q✉❡

é ❡s♣❡r❛❞♦ ♣❛r❛ s✐st❡♠❛s ❡①t❡♥s✐✈♦s✱ ❝♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✳ ✷✳✼✱ ♦♥❞❡ ♦ ❝❛❧♦r

❧❛t❡♥t❡ ♣♦r ♠♦❧é❝✉❧❛ ∆E†/N ✈❛r✐❛ ♠✉✐t♦ ♠❛✐s ❝♦♠ N ✱ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ♠♦❞❡❧♦ ✉s✉❛❧

✭γ = 2✮✳

❆ ❢♦r♠❛ ❞❛ ❡♥❡r❣✐❛ ❞❡ ✐♥t❡r❛çã♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❞✐s❝✉t✐❞❛ ❛❝✐♠❛ s✉❣❡r❡

❡♥tã♦ q✉❡ ❛ ❡♥❡r❣✐❛ s❡❥❛ ♣r♦♣♦r❝✐♦♥❛❧ ❛ νNγ✳ ❆ss✉♠✐♥❞♦ q✉❡ ❛ ❡♥tr♦♣✐❛ é ❡①t❡♥s✐✈❛

♥❡st❡ ♠♦❞❡❧♦ ✭❝♦♠♦✱ ❞❡ ❢❛t♦✱ s❡rá ♠♦str❛❞♦ ♠❛✐s ❛❞✐❛♥t❡✮ ❡ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❞❡✜♥✐çã♦

❞❡ t❡♠♣❡r❛t✉r❛ T (E) = (∂S(E)/∂E)−1✱ ❡s♣❡r❛♠♦s ❡♥tã♦ q✉❡ ❛s t❡♠♣❡r❛t✉r❛s s❡❥❛♠

♣r♦♣♦r❝✐♦♥❛✐s ❛ νNγ−1✳

◆❛ ❋✐❣✳ ✷✳✽ sã♦ ✈❡r✐✜❝❛❞❛s ❛s ❤✐♣ót❡s❡s ❛♥t❡r✐♦r❡s ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❞♦✐s ✈❛❧♦r❡s✱

t❛♥t♦ ❞❡ N q✉❛♥t♦ ❞❡ ν✱ ♣❛r❛ ❛♠❜♦s ♦s ❝❛s♦s✱ γ = 1, 2 ❡ γ = 2✳ ◆❡st❛ ✜❣✉r❛ sã♦ r❡❛✲

♣r❡s❡♥t❛❞❛s ❛s ❡♥tr♦♣✐❛s ❡ t❡♠♣❡r❛t✉r❛s ♠✐❝r♦❝❛♥ô♥✐❝❛s ♣❛r❛ ❛❧❣✉♥s ✈❛❧♦r❡s ❞❡ η✱ ♣♦ré♠

❞✐✈✐❞✐♥❞♦✲s❡ ❛ ❡♥tr♦♣✐❛ ♣♦r N ✱ ❛ ❡♥❡r❣✐❛ ♣♦r νNγ ❡ ❛ t❡♠♣❡r❛t✉r❛ ♣♦r νNγ−1✱ ❝♦♥❢♦r♠❡

❞✐s❝✉t✐❞♦ ❛❝✐♠❛✳ ❆s ❧✐♥❤❛s ❝♦♥tí♥✉❛s sã♦ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ N = 5000 ❡ ν = 5 ❡
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❛s ❧✐♥❤❛s ♣♦♥t✐❧❤❛❞❛s ❢♦r❛♠ ❝❛❧❝✉❧❛❞❛s ❝♦♠ N = 10000 ❡ ν = 9✳

❖❜s❡r✈❛♠♦s q✉❡ ❡st❛s ❞✉❛s ❝✉r✈❛s s❡ s♦❜r❡♣õ❡♠✱ ❝♦rr♦❜♦r❛♥❞♦ ♦s ❛r❣✉♠❡♥t♦s ❞❡

❝♦♠♦ ❡st❛s ❣r❛♥❞❡③❛s ❡s❝❛❧❛♠ ❝♦♠ N ❡ ν ❝♦♥❢♦r♠❡ ❞❡s❝r✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✳ P❛r❛ γ = 2✱

❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦ t❛♠❜é♠ ♣♦❞❡ s❡r ✈❡r✐✜❝❛❞♦ ♥❛s r❡❢❡rê♥❝✐❛s ❬✶✷✱ ✶✸❪✳ ❈♦♠♦ ❥á ❞✐s✲

❝✉t✐❞♦✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ ✐♥t❡♥s✐✈♦ ❞❛ t❡♠♣❡r❛t✉r❛ é ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞❛ ♥ã♦

❡①t❡♥s✐✈✐❞❛❞❡ ❞❛ ❡♥❡r❣✐❛ ❡ t❡♠ ❝♦♠♦ r❡s✉❧t❛❞♦ ❛ ♥ã♦ ❞❡✜♥✐çã♦ ❞❡ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❝♦♥✲

✈❡r❣❡♥t❡ ♥♦ ❧✐♠✐t❡ t❡r♠♦❞✐♥â♠✐❝♦✱ ♦ q✉❡ é ✉♠❛ ❧✐♠✐t❛çã♦ ❞♦ ♠♦❞❡❧♦ ❛ss♦❝✐❛❞❛ ❛ ❡s❝♦❧❤❛

❞♦ ♥ú♠❡r♦ ❞❡ ❧✐❣❛çõ❡s ❡❢❡t✐✈❛s ❡♥tr❡ ❛s ♠♦❧é❝✉❧❛s ❝♦♠♦ s❡♥❞♦ g(n) = 1 − nγ✳ ❊st❡ ♥ú✲

♠❡r♦ ❡❢❡t✐✈♦ ❞❡ ❧✐❣❛çõ❡s ♣♦ss✐✈❡❧♠❡♥t❡ ♥ã♦ s❡❣✉❡ ❡st❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ q✉❛♥❞♦ ♦ ♥ú♠❡r♦

❞❡ ♠♦❧é❝✉❧❛s é ♠✉✐t♦ ❣r❛♥❞❡✳ ❆♣❡s❛r ❞✐ss♦✱ ❛❝r❡❞✐t❛♠♦s q✉❡ ♦ ♠♦❞❡❧♦ ♣♦ss❛ s❡r ✉t✐❧✐③❛❞♦

♣❛r❛ ❞❡s❝r❡✈❡r ❛♣r♦①✐♠❛❞❛♠❡♥t❡ s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s ♥❡st❛ ❢❛✐①❛ ❞❡ N ♥ã♦ tã♦ ❣r❛♥❞❡✱

♦✉ s❡❥❛✱ s✐st❡♠❛s ✐♥tr✐♥s❡❝❛♠❡♥t❡ ♣❡q✉❡♥♦s ✭✜♥✐t♦s✮✱ q✉❡ é ❞❡ ❢❛t♦ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❡st✉❞♦

❞❡st❡ tr❛❜❛❧❤♦✳

P♦r ✜♠✱ r❡❛♣r❡s❡♥t❛♠♦s ♦s ❞✐❛❣r❛♠❛s ❞❡ ❢❛s❡ ✭❋✐❣✳ ✷✳✾✮✱ ♦ ❝❛❧♦r ❧❛t❡♥t❡ ✭❋✐❣✳ ✷✳✶✵✮

❡ ❛s ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ✭❋✐❣✳ ✷✳✶✶✮ ❡♠ ❢✉♥çã♦ ❞❡ ρ✱ ✉t✐❧✐③❛♥❞♦ ❛❣♦r❛ ♦s ❢❛t♦r❡s

❞❡ ❡s❝❛❧❛ ❞✐s❝✉t✐❞♦s ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ ❛ ❡♥❡r❣✐❛ ❡ t❡♠♣❡r❛t✉r❛✳ ❖ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛

❧✐✈r❡ β∗∆F (E)✱ q✉❡ é ✉♠❛ ❡♥❡r❣✐❛ ❞✐✈✐❞✐❞❛ ♣♦r t❡♠♣❡r❛t✉r❛✱ ❞❡✈❡ s❡r ♣r♦♣♦r❝✐♦♥❛❧ ❛ N ✱

❡ ❛ss✐♠ t❛♠❜é♠ ♦❝♦rr❡ ❝♦♠ ❛s ❜❛rr❡✐r❛s β∗∆F †✳ ❚♦❞❛s ❡ss❛s ✜❣✉r❛s ❝♦♥✜r♠❛♠ ❡st❡s

❝♦♠♣♦rt❛♠❡♥t♦s ❞✐s❝✉t✐❞♦s✳ ❈♦♥❝❧✉í♠♦s ❡st❛ s❡çã♦ ❧✐st❛♥❞♦ ❡♥tã♦ ❡st❡s ❝♦♠♣♦rt❛♠❡♥t♦s

❞❛s ❣r❛♥❞❡③❛s t❡r♠♦❞✐♥â♠✐❝❛s ❝♦♠ N ❡ ν✿ S ∝ N ✱ E ∝ νNγ✱ T ∝ νNγ−1 ❡ β∗∆F ∝ N ✳
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❈❛♣ít✉❧♦ ✸

❊♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦

❝♦♥❢♦r♠❛❝✐♦♥❛❧

◆❡st❡ ❈❛♣ít✉❧♦ ❝♦♥s✐❞❡r❛r❡♠♦s ✉♠❛ ❛❜♦r❞❛❣❡♠ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ❞❡s❝r❡✈❡r ❛ t❡r✲

♠♦❡st❛tíst✐❝❛ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❥á ❡st✉❞❛❞❛ ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❆♥❛❧✐s❛r❡♠♦s s❡ é ♣♦ssí✲

✈❡❧ ♦❜t❡r ♦s ♠❡s♠♦s r❡s✉❧t❛❞♦s ❞❛q✉❡❧❡ ❈❛♣ít✉❧♦ ❝♦♥s✐❞❡r❛♥❞♦ ❛♣❡♥❛s ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❛

❡♥tr♦♣✐❛ ✭❝♦♥❢♦r♠❛❝✐♦♥❛❧✮ ❝♦♠ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✱ ♦✉ s❡❥❛✱ ❞❡s♣r❡③❛♥❞♦ ❛ ❝♦♥tr✐❜✉✐çã♦

❝✐♥ét✐❝❛✳ ❆♥❛❧✐s❛r ❡st❡ t✐♣♦ ❞❡ ❛❜♦r❞❛❣❡♠ é ✐♥t❡r❡ss❛♥t❡ ❥á q✉❡ t❡♠ s✐❞♦ ❝♦♠✉♠ ♦ ✉s♦

❞❡st❛ ❡♥tr♦♣✐❛ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ❡♠ s✐♠✉❧❛çõ❡s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡ ▼♦♥t❡

❈❛r❧♦ ❬✽✱ ✷✶❪✳

❊①✐st❡♠ ❞✐✈❡rs♦s ❛❧❣♦r✐t♠♦s ❛ ♣❛rt✐r ❞♦s q✉❛✐s ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦♥❢♦r♠❛✲

❝✐♦♥❛❧ Ωp(Ep) ♣♦❞❡ s❡r ❡st✐♠❛❞❛ ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦✱ t❛✐s ❝♦♠♦ ♦

❛❧❣♦r✐t♠♦ ♠✉❧t✐❝❛♥ô♥✐❝♦ ❬✸✵❪ ❡ ♦ ❞❡ ❲❛♥❣✲▲❛♥❞❛✉ ❬✷✾❪✳ ❆❧é♠ ❞✐ss♦✱ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡

♠♦♠❡♥t♦ ♣♦❞❡♠ s❡r ✐♥t❡❣r❛❞❛s ❛♥❛❧✐t✐❝❛♠❡♥t❡ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô✲

♥✐❝❛ S(E) ❡♠ ❣r❛♥❞❡ ♣❛rt❡ ❞♦s s✐st❡♠❛s ❝❧áss✐❝♦s✱ ❝♦♠♦ ❞✐s❝✉t✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❆♣❡s❛r

❞✐ss♦✱ é ❝♦♠✉♠ q✉❡ t♦❞❛ ❛ ❛♥á❧✐s❡ s❡❥❛ ❢❡✐t❛ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛ ❡♥tr♦♣✐❛ ❝♦♥❢♦r♠❛❝✐♦♥❛❧

Sp(Ep) = kB ln Ωp(Ep)✳

❆ ❡♥tr♦♣✐❛ é ❡♥tã♦ ❞❡✜♥✐❞❛ ❛ ♣❛rt✐r ❞♦ ♥ú♠❡r♦ ❞❡ ❡st❛❞♦s ❞♦ s✐st❡♠❛ ❝♦♠ ❡♥❡r❣✐❛

♣♦t❡♥❝✐❛❧ ✜①❛ Ep✱ ❡♠ ❝♦♥tr❛st❡ ❝♦♠ ❛ ❞❡✜♥✐çã♦ ✉s✉❛❧✱ ♦♥❞❡ é ✉s❛❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❡st❛❞♦s

❝♦♠ ❡♥❡r❣✐❛ t♦t❛❧ E✱ ♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ♦✉tr♦ ❡♥s❡♠❜❧❡ ❡st❛tíst✐❝♦✱ ❝❤❛♠❛❞♦ ❞❡ ❡♥s❡♠❜❧❡

♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♥❢♦r♠❛❝✐♦♥❛❧✱ ❥á q✉❡ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✱ ❡♠ ❣❡r❛❧✱ ❞❡♣❡♥❞❡ ❛♣❡♥❛s ❞❛s

❝♦♦r❞❡♥❛❞❛s ❡s♣❛❝✐❛✐s ❞❛s ♣❛rtí❝✉❧❛s✳ ❊♠ t❡r♠♦s ❞❡ ❛♥á❧✐s❡✱ ❡st❛s ❞✉❛s ❛❜♦r❞❛❣❡♥s sã♦

✐❞ê♥t✐❝❛s✱ ❥á q✉❡ ♠✉❞❛♠♦s ❛♣❡♥❛s ❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ E ♣❛r❛ Ep✱ ❞❡ ♠♦❞♦ q✉❡

❣r❛♥❞❡③❛s ❝♦♠♦ t❡♠♣❡r❛t✉r❛s ❞❡ tr❛♥s✐çã♦ ❡ ♣❡r✜s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ sã♦ ♦❜t✐❞❛s ♥❡st❡

❈❛♣ít✉❧♦ ❞❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛ ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥❛ ❙❡çã♦ ✷✳✹✳

❊st❡ t✐♣♦ ❞❡ ❛❜♦r❞❛❣❡♠ é ❥✉st✐✜❝❛❞❛ ❛ ♣r✐♦r✐✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❛r❛ s✐st❡♠❛s ♠❛❣♥é✲

t✐❝♦s✱ ❝♦♠♦ ♦ ♠♦❞❡❧♦ ❞❡ ■s✐♥❣ ✉s✉❛❧✱ ❡♠ q✉❡ ❛s ♣❛rtí❝✉❧❛s ❡stã♦ ✜①❛s ♥❛ r❡❞❡ ❡ ♥ã♦ ❤á

❝♦♥tr✐❜✉✐çã♦ ❝✐♥ét✐❝❛ r❡❧❡✈❛♥t❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛♦ s❡ tr❛t❛r ❞❡ s✐st❡♠❛s ♦♥❞❡ ❛s ♠♦❧é❝✉❧❛s

♠✉❞❛♠ ❞❡ ♣♦s✐çã♦✱ t❛❧ ❝♦♠♦ ♠♦❞❡❧♦s ❞❡ ❣ás ♥❛ r❡❞❡✱ ♥ã♦ é tã♦ ❡✈✐❞❡♥t❡ ❛ ✈❛❧✐❞❛❞❡ ❞❡st❛



✸ ❊♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ✸✵

❛❜♦r❞❛❣❡♠✱ ❥á q✉❡ ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ♣♦❞❡ t❡r ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ❬✹✺❪✳

◆❛ r❡❢❡rê♥❝✐❛ ❬✽❪✱ ♣♦r ❡①❡♠♣❧♦✱ ❢♦r❛♠ ❝♦♠♣❛r❛❞♦s ❡st❛s ❞✉❛s ❛❜♦r❞❛❣❡♥s ✭S(E) ❡

Sp(Ep)✮ ♣❛r❛ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ♣❛r❛ ❛❣r❡❣❛çã♦ ❞❡ ♣❛rtí❝✉❧❛s ❞❡ ▲❡♥♥❛r❞✲❏♦♥❡s

❡ ❢♦r❛♠ ♦❜s❡r✈❛❞❛s ♣❡q✉❡♥❛s ❞✐❢❡r❡♥ç❛s ❡♠ ❣r❛♥❞❡③❛s ❝♦♠♦ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦

❡ ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛✱ q✉❛♥❞♦ ♦ s✐st❡♠❛ é ✜♥✐t♦✳ ◆♦ ❧✐♠✐t❡ ❞❡ ♠✉✐t❛s ♣❛rtí❝✉❧❛s✱ ❡st❛s

❣r❛♥❞❡③❛s ❝❛❧❝✉❧❛❞❛s ♥♦s ❞♦✐s ❡♥s❡♠❜❧❡s ❝♦♥✈❡r❣❡♠✳ ◆❡st❡ ❝❛♣ít✉❧♦ ✉t✐❧✐③❛r❡♠♦s ❡st❛

❛❜♦r❞❛❣❡♠ ❞♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❝♦♠♣❛r❛r ❝♦♠

♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦ ❈❛♣ít✉❧♦ ✷✳

✸✳✶ ❊♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❝♦♥❢♦r♠❛❝✐♦♥❛❧

◆❛ s❡çã♦ ✷✳✸ ❥á ❢♦✐ ❝❛❧❝✉❧❛❞❛ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ♣❛r❛ ♦ ♠♦❞❡❧♦

❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦✿

Ωp(n) =
N !

n!(N − n)!

eη(N−n)

(1 + eη)N
. ✭✸✳✶✮

❡✱ ✉t✐❧✐③❛♥❞♦ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❙t✐r❧✐♥❣ ✭❊q✳ ✷✳✶✹✮✱ ♦❜t❡♠♦s ❛ ❡♥tr♦♣✐❛ ❝♦♥❢♦r♠❛❝✐♦♥❛❧

Sp = kB ln Ωp✿

Sp(n) = η(N−n)− 1

2
ln(1+2πn)−n lnn− 1

2
ln(1+2π(N−n))−(N−n) ln(N−n), ✭✸✳✷✮

♦♥❞❡ ✐❣♥♦r❛♠♦s ❛ ❝♦♥st❛♥t❡ ❛❞✐t✐✈❛ q✉❡ só ❞❡♣❡♥❞❡ ❞❡ N ❡ η✱ ♠❛s ♥ã♦ ❞❡ n ❡ ✜①❛♠♦s

kB = 1✳ P♦rt❛♥t♦✱ t❡♠♦s ✉♠❛ ❡①♣r❡ssã♦ ❛♥❛❧ít✐❝❛ ♣❛r❛ ❛ ❡♥tr♦♣✐❛ ❝♦♥❢♦r♠❛❝✐♦♥❛❧✱ ❞✐❢❡✲

r❡♥t❡♠❡♥t❡ ❞❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E)✱ ❊q✳ ✷✳✶✶✱ q✉❡ é ❞❛❞❛ ❡♠ t❡r♠♦s ❞❡ ✉♠❛

s♦♠❛ ❡♠ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ n✳

▲❡♠❜r❛♥❞♦ q✉❡ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ é ✉♥✐✈♦❝❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r n✱ ❛ s❛❜❡r✱

Ep(n) = −ν(nγ − 1)✱ ❡st❛ ú❧t✐♠❛ r❡❧❛çã♦ ♣♦❞❡ s❡r ✐♥✈❡rt✐❞❛✱ ♦ q✉❡ ❢♦r♥❡❝❡✿

n(Ep) =

(

1− Ep

ν

)1/γ

, ✭✸✳✸✮

♦✉ s❡❥❛✱ t❡♠♦s ❛ ❡♥tr♦♣✐❛ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ❡♠ ❢✉♥çã♦ ❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✱ ❝♦♠♦ ❞❡s❡❥❛❞♦✳

✸✳✷ ❚❡♠♣❡r❛t✉r❛ ❡ ♣❡r✜s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡

❆ ❞❡✜♥✐çã♦ ♥❛t✉r❛❧ ❞❡ t❡♠♣❡r❛t✉r❛ T (Ep) ♥❡st❡ ❝❛s♦✱ ❥á q✉❡ ❡st❛♠♦s ❞❡s♣r❡③❛♥❞♦

❛ ❝♦♥tr✐❜✉✐çã♦ ❝✐♥ét✐❝❛✱ é✿

T (Ep) =

(

∂Sp

∂Ep

)−1

N,V

, ✭✸✳✹✮
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-3×10
5

-2×10
5

-1×10
5 0

E
p

0

0,25

0,5

0,75

1
b
( 

E
p
 )

η=7,6
η=9
η=12
η=19

a

γ = 1,2

-5×10
8

-4×10
8

-3×10
8

-2×10
8

-1×10
8 0

E
p

0

1×10
-4

2×10
-4

b
( 

E
p
 )

η=1,8
η=2
η=2,5
η=3
η=3,5
η=5

b

γ = 2

❋✐❣✉r❛ ✸✳✶✿ ■♥✈❡rs♦ ❞❛ t❡♠♣❡r❛t✉r❛ b ❡♠ ❢✉♥çã♦ ❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ Ep ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡
❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ ✭❛✮ ❡ ✉s✉❛❧ ✭γ = 2✮ ✭❜✮✱ ❡♠ ❛❧❣✉♥s ✈❛❧♦r❡s ❞♦ ✏✈♦❧✉♠❡✑ r❡❞✉③✐❞♦
η✳ ❊♠ ❛♠❜♦s ♦s ❣rá✜❝♦s N = 10000 ❡ ν = 5

❛ss✐♠✱ ❜❛st❛ ❞❡r✐✈❛r ❛ ❊q✳ ✸✳✷ ❝♦♠ r❡❧❛çã♦ ❛ Ep ✉t✐❧✐③❛♥❞♦✱ ♣♦rt❛♥t♦✱ ❛ ❊q✳ ✸✳✸ ♣❛r❛ ♦❜t❡r

♦ ✐♥✈❡rs♦ ❞❛ t❡♠♣❡r❛t✉r❛ b(Ep) = 1/T (Ep)✱ q✉❡ é ❞❛❞♦ ♣♦r✿

b(Ep) =

[

−η − π

1 + 2πn(Ep)
+

π

1 + 2π(N − n(Ep))
+ ln

(

N − n(Ep)

n(Ep)

)]

×
(−1

γν

)[

1− Ep

ν

]1/γ−1

. ✭✸✳✺✮

◆❛ ❋✐❣✳ ✸✳✶ sã♦ ♠♦str❛❞♦s ♦s ❣rá✜❝♦s ❞❡ b(Ep) ♦❜t✐❞♦s ❞❛ ❡①♣r❡ssã♦ ❛♥❛❧ít✐❝❛ ❛❝✐♠❛✱

t❛♥t♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ q✉❛♥t♦ ♣❛r❛ ♦ ✉s✉❛❧ ✭γ = 2✮✱ ♣❛r❛

❛❧❣✉♥s ✈❛❧♦r❡s ❞♦ ♣❛râ♠❡tr♦ η✳ ◆♦t❛♠♦s q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❛❧✐t❛t✐✈♦ é ♣❛r❡❝✐❞♦ ❝♦♠

♦ q✉❡ ❢♦✐ ♦❜t✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷ ❝♦♠ ❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❡♥❡r❣✐❛ t♦t❛❧

E✱ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ❝♦♠ ❛✉♠❡♥t♦ ❞❡ η s✉r❣❡♠ r❡❣✐õ❡s ♦♥❞❡ ❛ ❡♥tr♦♣✐❛ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ é

❢✉♥çã♦ ❝♦♥✈❡①❛ ❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ❡✱ ♣♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ r❡❣✐ã♦ ❞❡ ❡♥❡r❣✐❛ ♦♥❞❡ b(Ep)

❝r❡s❝❡ ❝♦♠ Ep✱ ♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ✈❛❧♦r❡s ❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ♣ró①✐♠♦s ❞❡ ③❡r♦✱ ✐❞❡♥t✐✜❝❛♠♦s

♣r♦❜❧❡♠❛s ❞❡st❛ ❛❜♦r❞❛❣❡♠✱ ✐♥❝❧✉s✐✈❡ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛ s❡ t♦r♥❛♥❞♦ ♥❡❣❛t✐✈❛ ♣❛r❛ ❛❧✲

❣✉♥s ✈❛❧♦r❡s ❞❡ η✳ ❆❧é♠ ❞✐ss♦✱ ♥♦ ❝❛s♦ ❞❡ γ = 1, 2✱ ♣❛r❛ η ≥ 12✱ ❛ r❡❣✐ã♦ ❞❡ ❝♦♥✈❡①✐❞❛❞❡

❞❛ ❡♥tr♦♣✐❛ s❡ ❡st❡♥❞❡ ❛té ♦ ③❡r♦ ❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✳ ❊st❡s ♣r♦❜❧❡♠❛s ♣❛r❡❝❡♠ ❡st❛r

r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛ r❡str✐çã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ q✉❡ ♦❝♦rr❡ ❛♦ ❞❡s♣r❡③❛r♠♦s ❛ ❡♥❡r❣✐❛

❝✐♥ét✐❝❛✳

❚❛♠❜é♠ ♣♦❞❡ ❝♦♥tr✐❜✉✐r ♣❛r❛ ❡st❡s ♣r♦❜❧❡♠❛s ♦ ❢❛t♦ ❞❡ q✉❡ S(Ep) ❡ ❛ ♣ró♣r✐❛

❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ Ep sã♦ ❞❡ ❢❛t♦ ❣r❛♥❞❡③❛s ❞✐s❝r❡t❛s ♥♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣✱ ♣♦✐s

sã♦ ❢✉♥çõ❡s ❞♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s n✳ P♦rt❛♥t♦✱ ❛ ❛♣r♦①✐♠❛çã♦ ❝♦♥tí♥✉❛

♥❡❝❡ssár✐❛ ♦❜t❡r b(Ep) ♣♦r ❞❡r✐✈❛çã♦ ♣♦❞❡ ♥ã♦ s❡r ❛❞❡q✉❛❞❛ q✉❛♥❞♦ n é ♠✉✐t♦ ♣❡q✉❡♥♦✱

✐st♦ é✱ ❥✉st❛♠❡♥t❡ ♣ró①✐♠♦ ❛♦ ③❡r♦ ❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✳ ❆ ♣ró♣r✐❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❙t✐r❧✐♥❣
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❋✐❣✉r❛ ✸✳✷✿ P❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ β∗∆F (Ep) ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮
✭❛✮ ❡ ✉s✉❛❧ ✭γ = 2✮ ✭❜✮✱ ❡♠ ❛❧❣✉♥s ✈❛❧♦r❡s ❞♦ ✈♦❧✉♠❡ r❡❞✉③✐❞♦ η✳ ❊♠ ❛♠❜♦s ♦s ❣rá✜❝♦sN = 10000
❡ ν = 5

♣♦❞❡ ♥ã♦ s❡r tã♦ ❛❞❡q✉❛❞❛ ♥❡st❛ r❡❣✐ã♦✱ ❛♣❡s❛r ❞❡ t❡r♠♦s ✉s❛❞♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♠❛✐s

❛❝✉r❛❞❛ q✉❡✱ ❡♠ ♣r✐♥❝í♣✐♦✱ ❢♦r♥❡❝❡ ♠❡❧❤♦r❡s ❡st✐♠❛t✐✈❛s ♣❛r❛ ✈❛❧♦r❡s ♣❡q✉❡♥♦s ❞❡ n✳

❏á ♥❛ ❋✐❣✳ ✸✳✷ sã♦ ♠♦str❛❞❛s ♦s ♣❡r✜s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ❝♦rr❡s♣♦♥❞❡♥t❡s✱ q✉❡ t❛♠❜é♠

✐♥❞✐❝❛♠ ❛ ♣r❡s❡♥ç❛ ❞❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♣❛r❛ ♦s ✈❛❧♦r❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❛❧t♦s ❞❡

η✱ ❝♦♠ ❛ ♣r❡s❡♥ç❛ ❞❡ ❞✉❛s ❢❛s❡s s❡♣❛r❛❞❛s ♣♦r ✉♠❛ ❜❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡✳ ❖❜s❡r✈❛♠♦s

q✉❡ ❛s r❡❣✐õ❡s ♦♥❞❡ ❛ ❡♥❡r❣✐❛ ❧✐✈r❡ é ♠í♥✐♠❛ ❛♣❛r❡❝❡♠ r❡str✐t❛s ❛ ✐♥t❡r✈❛❧♦s ♠✉✐t♦ ❡str❡✐t♦s

❞❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥♦ ♠í♥✐♠♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❢❛s❡ ❞✐❧✉í❞❛ ♣ró①✐♠♦ ❞❡

Ep = 0✱ ♦ q✉❡ t❛♠❜é♠ ❞❡✈❡ ❡st❛r r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ❛ r❡str✐çã♦ ❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ✉t✐❧✐③❛❞❛✳

➱ r❛③♦á✈❡❧ q✉❡ ❛ ❞❡s❝r✐çã♦ ❞❛ ❢❛s❡ ❞✐❧✉í❞❛ ✭♠❛✐s ❡♥❡r❣ét✐❝❛✮ ✜q✉❡ ♠❛✐s ♣r❡❥✉❞✐❝❛❞❛ ♥❡st❛

❛♥á❧✐s❡ q✉❡ ❞❡s♣r❡③❛ ❛ ❝♦♥tr✐❜✉✐çã♦ ❝✐♥ét✐❝❛✳

❆ss✐♠ ❝♦♠♦ t❛♠❜é♠ é ❝♦♥st❛t❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✽❪✱ ❛ ✐♥❝❧✉sã♦ ❞❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛

s✉❛✈✐③❛ ❛s ❝✉r✈❛s✱ t❛♥t♦ ❞♦ ✐♥✈❡rs♦ ❞❛ t❡♠♣❡r❛t✉r❛ q✉❛♥t♦ ❞♦s ♣❡r✜s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ✳

✸✳✸ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s ❞✉❛s ❛❜♦r❞❛❣❡♥s

❈♦♠ ♦s ❣rá✜❝♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❙❡çã♦ ❛♥t❡r✐♦r é ❞✐❢í❝✐❧ ✉♠❛ ❝♦♠♣❛r❛çã♦ q✉❛♥t✐✲

t❛t✐✈❛ ❝♦♠ ♦ q✉❡ ❢♦✐ ♦❜t✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷✱ ❥á q✉❡ ❛s ✈❛r✐á✈❡✐s ✐♥❞❡♣❡♥❞❡♥t❡s sã♦ ❞✐❢❡r❡♥t❡s

✭E ❡ Ep✮✳ P♦❞❡♠♦s ❛✜r♠❛r ❛♣❡♥❛s q✉❡✱ q✉❛❧✐t❛t✐✈❛♠❡♥t❡✱ ♦s ❝♦♠♣♦rt❛♠❡♥t♦s sã♦ s❡✲

♠❡❧❤❛♥t❡s✱ ❝♦♠ ❛ ❛❜♦r❞❛❣❡♠ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ s❡♥❞♦ ❝❛♣❛③ ❞❡ ❝❛♣t✉r❛r ♦s ❛s♣❡❝t♦s ♠❛✐s

✐♠♣♦rt❛♥t❡s✱ t❛❧ ❝♦♠♦ ❛ ♣r❡s❡♥ç❛ ❞❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♣❛r❛ ♦s ♠❡s♠♦s ✈❛❧♦✲

r❡s ❞❡ η✳ ◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❡♥tã♦ ❛s ❣r❛♥❞❡③❛s q✉❡ ♣❡r♠✐t❡♠ ✉♠❛ ❝♦♠♣❛r❛çã♦

q✉❛♥t✐t❛t✐✈❛✱ ❛ s❛❜❡r✱ ❛s t❡♠♣❡r❛t✉r❛s ❞❡ tr❛♥s✐çã♦ ✭❋✐❣✳ ✸✳✸✮✱ ❝❛❧♦r❡s ❧❛t❡♥t❡s ✭❋✐❣✳ ✸✳✹✮

❡ ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ✭❋✐❣✳ ✸✳✺✮✱ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ρ ❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡

❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ ❡ ✉s✉❛❧ ✭γ = 2✮✳

❊♠ t♦❞❛s ❛s ✜❣✉r❛s ❛♣r❡s❡♥t❛❞❛s ❛ s❡❣✉✐r✱ ❛s ❧✐♥❤❛s ❡ sí♠❜♦❧♦s ♣r❡t♦s sã♦ ♦s r❡s✉❧✲

t❛❞♦s ❥á ❛♣r❡s❡♥t❛❞♦s ♥♦ ❈❛♣ít✉❧♦ ✷ ♦❜t✐❞♦s ❞❛ ❛♥á❧✐s❡ ❞❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E)



✸ ❊♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ✸✸

❡ ❛s ❧✐♥❤❛s ❡ sí♠❜♦❧♦s ✈❡r♠❡❧❤♦s sã♦ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣♦r ♠❡✐♦ ❞❛ ❡♥tr♦♣✐❛ ❝♦♥❢♦r✲

♠❛❝✐♦♥❛❧ Sp(Ep)✳ ◆♦t❛♠♦s q✉❡ ❛ ❝♦♥❝♦r❞â♥❝✐❛ ❡♥tr❡ ❛s ❞✉❛s ❛❜♦r❞❛❣❡♥s é ♠✉✐t♦ ❜♦❛✱

❝♦♠ ✉♠ ♣❡q✉❡♥♦ ❞❡s✈✐♦ ♥♦ ❝❛s♦ ❞❛ t❡♠♣❡r❛t✉r❛ T− ♣❛r❛ ♦ ♠♦❞❡❧♦ ✉s✉❛❧ ✭γ = 2✮ ♣❛r❛

✈❛❧♦r❡s ❞❡ η ♠✉✐t♦ ❛❧t♦s✱ ♦✉ ❜❛✐①❛s ❝♦♥❝❡♥tr❛çõ❡s✳ ◆♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❣❡♥❡r❛❧✐③❛❞♦ ♥ã♦ é

♣♦ssí✈❡❧ ♦❜t❡r ❡st❛s ❣r❛♥❞❡③❛s q✉❛♥❞♦ η ≥ 12✱ ❥á q✉❡ ❛ r❡❣✐ã♦ ❞❡ ❝♦♥✈❡①✐❞❛❞❡ ❞❛ ❡♥tr♦♣✐❛

s❡ ❡st❡♥❞❡ ❛té ♦ ③❡r♦ ❞❡ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧✱ ❝♦♠♦ ❞✐s❝✉t✐❞♦ ❞❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♦ q✉❡ ✐♠♣❡❞❡

❛ r❡❛❧✐③❛çã♦ ❞❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛✱ ✐✳❡✳✱ ❝♦♥str✉çã♦ ❞❡ ▼❛①✇❡❧❧✱ ❞❡s❝r✐t❛ ♥♦ ❈❛♣ít✉❧♦

✶✳

❈♦♥❝❧✉í♠♦s ❡♥tã♦ q✉❡ ❛ ❛♥á❧✐s❡ ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ é ❛❞❡✲

q✉❛❞❛ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣✱ ❝♦♠ ❡①❝❡çã♦ ❞❡st❡s ✈❛❧♦r❡s ♠✉✐t♦ ❛❧t♦s ❞❡ η✱ ♦ q✉❡ ❥á

❡r❛ ❛♥✉♥❝✐❛❞♦ ♣❡❧❛s ❝✉r✈❛s ❞❡ b(Ep) ❞❛ ❋✐❣✳ ✸✳✶✳ ❱❛❧❡ r❡ss❛❧t❛r q✉❡ ❛ ❝♦♥❝♦r❞â♥❝✐❛ ❞❡st❛s

❞✉❛s ❛❜♦r❞❛❣❡♥s ♣♦❞❡ s❡r ♣r❡❥✉❞✐❝❛❞❛ ♣❛r❛ ✈❛❧♦r❡s ♠❡♥♦r❡s ❞♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♠♦❧é❝✉❧❛s✱

❝♦♠♦ é ❛❧❡rt❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✽❪✳ ❖s r❡s✉❧t❛❞♦s ❛q✉✐ ❛♣r❡s❡♥t❛❞♦s ❢♦r❛♠ ♦❜t✐❞♦s ♣❛r❛
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0 1×10
-4

2×10
-4

3×10
-4

4×10
-4

5×10
-4

ρ

0

0,03

0,06

0,09

0,12

0,15

k
B
T

 /
 ν

N
γ
-1

T
+

T
*

T
-

γ = 1,2

a

0 0,04 0,08 0,12
ρ

0,0

0,1

0,2

0,3

0,4

0,5

k
B
T

 /
 ν

N
γ
-1

T
+

T
*

T
-

η = 2γ = 2

b

❋✐❣✉r❛ ✸✳✸✿ ❚❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗ ❡ t❡♠♣❡r❛t✉r❛s T+ ❡ T− ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦
ρ ❞❡ ♠♦❧é❝✉❧❛s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ ✭❛✮ ❡ ✉s✉❛❧ ✭γ = 2✮ ✭❜✮✳ ❆s
❧✐♥❤❛s ♣r❡t❛s sã♦ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛ ❛♥á❧✐s❡ ❞❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E)✱ ❊q✳
✷✳✶✻ ❡ ❛s ❧✐♥❤❛s ✈❡r♠❡❧❤❛s ❢♦r❛♠ ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❛ ❡♥tr♦♣✐❛ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ Sp(Ep)✱ ❊q✳ ✸✳✷✳
❊♠ ❛♠❜♦s ♦s ❝❛s♦s ν = 5 ❡ N = 10000✳
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❋✐❣✉r❛ ✸✳✹✿ ❈❛❧♦r ❧❛t❡♥t❡ ∆E† ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ρ ❞❡ ♠♦❧é❝✉❧❛s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡
❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ ✭❛✮ ❡ ✉s✉❛❧ ✭γ = 2, 0✮ ✭❜✮✳ ❆s ❧✐♥❤❛s ❡ sí♠❜♦❧♦s ♣r❡t♦s sã♦ ♦s
r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛ ❛♥á❧✐s❡ ❞❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E)✱ ❊q✳ ✷✳✶✻✱ ❡ ❛s ❧✐♥❤❛s
❡ sí♠❜♦❧♦s ✈❡r♠❡❧❤♦s ❢♦r❛♠ ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❛ ❡♥tr♦♣✐❛ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ Sp(Ep)✱ ❊q✳ ✸✳✷✳ ❊♠
❛♠❜♦s ♦s ❝❛s♦s ν = 5 ❡ N = 10000✳
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❋✐❣✉r❛ ✸✳✺✿ ❇❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ β∗∆F † ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ρ ❞❡ ♠♦❧é❝✉❧❛s ♣❛r❛ ♦
♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ ✭❛✮ ❡ ✉s✉❛❧ ✭γ = 2✮ ✭❜✮✳ ❆s ❧✐♥❤❛s ❡ sí♠❜♦❧♦s ♣r❡t♦s
sã♦ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛ ❛♥á❧✐s❡ ❞❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E)✱ ❊q✳ ✷✳✶✻✱ ❡ ❛s
❧✐♥❤❛s ❡ sí♠❜♦❧♦s ✈❡r♠❡❧❤♦s ❢♦r❛♠ ♦❜t✐❞❛s ❛ ♣❛rt✐r ❞❛ ❡♥tr♦♣✐❛ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ Sp(Ep)✱ ❊q ✸✳✷✳
❊♠ ❛♠❜♦s ♦s ❝❛s♦s ν = 5 ❡ N = 10000✳
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❈❛♣ít✉❧♦ ✹

❈✐♥ét✐❝❛ ❞❛ ❛❣r❡❣❛çã♦

◆❡st❡ ❈❛♣ít✉❧♦ ❡st✉❞❛r❡♠♦s ❛ ❝✐♥ét✐❝❛ ❞❛ ❛❣r❡❣❛çã♦ ✉t✐❧✐③❛♥❞♦ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐r✲

r✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ ✐♥tr♦❞✉③✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷✳ ❆ ✐❞❡✐❛ ❢♦✐ ♦❜t❡r ❛s ❝♦♥st❛♥t❡s ❞❡

r❡❛çã♦ ❛ ♣❛rt✐r ❞❡ s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s ❡♠ t❡♠♣❡r❛t✉r❛s ♣ró①✐♠❛s ❛ ❞❡ tr❛♥s✐çã♦ T ∗ ❡

✈❛❧✐❞❛r ❛s ❛❜♦r❞❛❣❡♥s ❛♣r❡s❡♥t❛❞❛s ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪✳

✹✳✶ ❯♥✐❞❛❞❡s ♣❛r❛ s✐st❡♠❛s ❢ís✐❝♦s

Pr✐♠❡✐r❛♠❡♥t❡ é ♥❡❝❡ssár✐♦ ❞❡✜♥✐r q✉❛✐s ♣❛râ♠❡tr♦s ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉t✐❧✐✲

③❛r❡♠♦s ♣❛r❛ ❛s s✐♠✉❧❛çõ❡s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♦ ✈♦❧✉♠❡ r❡❞✉③✐❞♦ η✱ q✉❡✱ ❞❡ ❢❛t♦✱ ❞❡t❡r♠✐♥❛

❛s r❡❣✐õ❡s ♦♥❞❡ ♦ s✐st❡♠❛ ❛♣r❡s❡♥t❛ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✳ P♦r ✐ss♦ r❡❛✲

♣r❡s❡♥t❛♠♦s ❛q✉✐ ♦ ❞✐❛❣r❛♠❛ ❞❡ ❢❛s❡✱ ❛s ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ❡ ♦ ❝❛❧♦r ❧❛t❡♥t❡ ❝♦♠♦

❢✉♥çõ❡s ❞❛ ❝♦♥❝❡♥tr❛çã♦ ♠♦❧❛r ❞❡ ♠♦❧é❝✉❧❛s C ❡ ❛♣r♦✈❡✐t❛♠♦s ♣❛r❛ ✉t✐❧✐③❛r ✉♥✐❞❛❞❡s ❢ís✐✲

❝❛s ❝♦♥✈❡♥✐❡♥t❡s ♣❛r❛ s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s✳ ❋✐①❛♥❞♦ ✉♠❛ ❡♥❡r❣✐❛ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ❞✉❛s

♠♦❧é❝✉❧❛s ❞❡ ν = 5×10−21 ❏✱ ♦✉ ν = 3, 01 ❦❏✴♠♦❧✱ ✜①❛♠♦s ❛s ❡s❝❛❧❛s ❞❡ ❡♥❡r❣✐❛ ❡ t❡♠♣❡✲

r❛t✉r❛ ❞♦ s✐st❡♠❛✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝♦♥❝❡♥tr❛çã♦ ♠♦❧❛r é ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❡ ρ ✜①❛♥❞♦ ♦ r❛✐♦

❞❡ ❝❛❞❛ ♠♦❧é❝✉❧❛ a = 1 ♥♠✱ ❞❡ ♠♦❞♦ q✉❡ ♦ ✈♦❧✉♠❡ ❞❡ ❝❛❞❛ ♠♦❧é❝✉❧❛ vm ✜q✉❡ ❞❡✜♥✐❞♦

❡ ❛ ❊q✳ ✷✳✶✽ ❞❡t❡r♠✐♥❛✱ ♣♦rt❛♥t♦✱ ❛ ❝♦♥❝❡♥tr❛çã♦ ❡♠ ✉♥✐❞❛❞❡s q✉❡ s❡❥❛♠ s❡♠❡❧❤❛♥t❡s às

❞❡ s✐st❡♠❛s ❢ís✐❝♦s r❡❛✐s✳

◆❛ ❋✐❣✳ ✹✳✶ sã♦ r❡❛♣r❡s❡♥t❛❞♦s ❡♥tã♦ ❡st❡s r❡s✉❧t❛❞♦s ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣

❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠ γ = 1, 2 ❛❣♦r❛ ❝♦♠ ✉♥✐❞❛❞❡s ❢ís✐❝❛s ❡ ❞❡st❛❝❛♠♦s ❛ ♦❜t❡♥çã♦ ❞❡ ♦r❞❡♥s ❞❡

❣r❛♥❞❡③❛ ♣❛r❛ t❡♠♣❡r❛t✉r❛✱ ❡♥❡r❣✐❛ ❡ ❝♦♥❝❡♥tr❛çã♦ ❝♦♥❞✐③❡♥t❡s ❝♦♠ s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s✳

❘❡st❛ ❡♥tã♦ ❞❡✜♥✐r ♦ ✈❛❧♦r ❞❛ ❝♦♥❝❡♥tr❛çã♦ q✉❡ s❡rá ✉t✐❧✐③❛❞♦ ♣❛r❛ ♦s ❡st✉❞♦s

❝✐♥ét✐❝♦s✳ ◆♦ss❛ ❡s❝♦❧❤❛ ❢♦✐ ❛ ♠❛✐♦r ❝♦♥❝❡♥tr❛çã♦ ♥❛ ❋✐❣✳ ✹✳✶✱ C = 179 µ▼✱ q✉❡ ❡q✉✐✈❛❧❡

❛ ρ = 4, 5×10−4 ❡ η = 7, 7✱ ♣♦✐s ♥❡st❡ ✈❛❧♦r é ♦❜s❡r✈❛❞❛ ❛ ♠❡♥♦r ❜❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡✳

❱❛❧♦r❡s ♠✉✐t♦ ❛❧t♦s ❞❛ ❜❛rr❡✐r❛ ❞✐✜❝✉❧t❛♠ ❛ tr❛♥s✐çã♦ ❡♥tr❡ ❛s ❞✉❛s ❢❛s❡s ❡✱ ♣♦rt❛♥t♦✱

t♦r♥❛✲s❡ ♠❛✐s ❞✐❢í❝✐❧ ♦❜t❡r ✉♠❛ ❜♦❛ ❡st❛tíst✐❝❛ ♣❛r❛ ❛s ❣r❛♥❞❡③❛s ❝✐♥ét✐❝❛s ♦❜t✐❞❛s ♣❡❧❛s

s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s✱ q✉❡ s❡rã♦ ❞✐s❝✉t✐❞❛s ♥❛ ❙❡çã♦ ✹✳✷✳

◆❛ ❋✐❣✳ ✹✳✷ sã♦ ♠♦str❛❞❛s ❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛✱ t❡♠♣❡r❛t✉r❛ ♠✐❝r♦❝❛♥ô♥✐❝❛✱
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❋✐❣✉r❛ ✹✳✶✿ ✭❛✮ ❚❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗ ❡ t❡♠♣❡r❛t✉r❛s T+ ❡ T−✱ ✭❜✮ ❜❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛
❧✐✈r❡ β∗∆F † ❡ ✭❝✮ ❝❛❧♦r ❧❛t❡♥t❡ ∆E† ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ♠♦❧❛r C✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡
❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠ γ = 1, 2 ❝♦♥t❡♥❞♦ N = 10000 ♠♦❧é❝✉❧❛s ❝♦♠ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s
ν = 3, 01 ❦❏✴♠♦❧✳

♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s ❡ ♦ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ♣❛r❛ ❡st❡ ✈❛❧♦r ❡s♣❡❝í✜❝♦ C = 179

µ▼✱ t❛♠❜é♠ ❝♦♠ ❛s ✉♥✐❞❛❞❡s ❢ís✐❝❛s✱ ❝♦♠ ❡①❝❡çã♦ ❞❛ ❡♥tr♦♣✐❛✱ q✉❡ é ❞❡✜♥✐❞❛ ❛ ♠❡♥♦s

❞❡ ✉♠❛ ❝♦♥st❛♥t❡ C(N, V, η) ✭❊q✳ ✷✳✶✸✮✳ ❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ ❛s s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s

sã♦ r❡❛❧✐③❛❞❛s ❡♠ t❡♠♣❡r❛t✉r❛s ✜①❛s ♣ró①✐♠❛s ❛ ❞❡ tr❛♥s✐çã♦ T ∗ = 314, 62 ❑✳ P♦r ✐ss♦ ♥❛

❋✐❣✳ ✹✳✸ é ♠♦str❛❞❛ ✉♠❛ ❛♠♣❧✐❛çã♦ ❞❛ ❋✐❣✳ ✹✳✷✭❜✮ ♣ró①✐♠♦ à t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ ❡

❛s ❧✐♥❤❛s ✈❡r♠❡❧❤❛s ✐♥❞✐❝❛♠ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣❡r❛t✉r❛ ❡s❝♦❧❤✐❞♦ ♣❛r❛ ❛s s✐♠✉❧❛çõ❡s✳
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❋✐❣✉r❛ ✹✳✷✿ ✭❛✮ ❊♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E)✱ ✭❜✮ t❡♠♣❡r❛t✉r❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ T (E)✱ ✭❝✮ ♥ú♠❡r♦
❞❡ ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s n̄(E) ❡ ✭❞✮ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ β∗∆F (E) ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣
❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠ γ = 1, 2 ❝♦♥t❡♥❞♦N = 10000♠♦❧é❝✉❧❛s ❝♦♠ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s ν = 3, 01
❦❏✴♠♦❧ ❡ C = 179 µ▼ ✭✐✳❡✳✱ ρ = 4, 5× 10−4 ❡ η = 7, 7✮✳
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❋✐❣✉r❛ ✹✳✸✿ ❆♠♣❧✐❛çã♦ ❞❛ ❋✐❣✳ ✹✳✷✭❜✮ ♠♦str❛♥❞♦ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣❡r❛t✉r❛s ✉t✐❧✐③❛❞♦ ♥❛s
s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s ❡♥tr❡ ❛s ❧✐♥❤❛s tr❛❝❡❥❛❞❛s ❤♦r✐③♦♥t❛✐s ✈❡r♠❡❧❤❛s✳

✹✳✷ ❙✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s

❆ss✐♠ ❝♦♠♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪✱ ❛s s✐♠✉❧❛çõ❡s ❛q✉✐ ❝♦♥s✐❞❡r❛❞❛s ❢♦r❛♠ r❡❛❧✐③❛❞❛s ❡♠

t❡♠♣❡r❛t✉r❛s ✜①❛s✱ ✐st♦ é✱ ❛ss✉♠✐♠♦s q✉❡ ♦ s✐st❡♠❛ ❡stá ❡♠ ❝♦♥t❛t♦ ❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦

tér♠✐❝♦ ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ T ✳ ❉❡st❛ ♠❛♥❡✐r❛✱ ♦ s✐st❡♠❛ ❡stá s✉❥❡✐t♦ ❛ ❞✐str✐❜✉✐çã♦ ❞❡

❡q✉✐❧í❜r✐♦ ❝❛♥ô♥✐❝❛ p(Em)✳ ❆q✉✐ é ♥❡❝❡ssár✐❛✱ ♣❛r❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞❛s s✐♠✉❧❛çõ❡s✱ ❛

❞✐s❝r❡t✐③❛çã♦ ❞❛ ❡♥❡r❣✐❛ E = E0 +mǫ✱ ❝♦♠ m ♥❛t✉r❛❧✱ E0 ❛ ♠❡♥♦r ❡♥❡r❣✐❛ ❛❧❝❛♥çá✈❡❧ ❡ ǫ

✉♠❛ ✈❛r✐❛çã♦ ❞❡ ❡♥❡r❣✐❛ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥❛✳ ❈♦♠ ✐ss♦✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

❝♦rr❡s♣♦♥❞❡♥t❡ ❞❡ s❡ ❡♥❝♦♥tr❛r ♦ s✐st❡♠❛ ❝♦♠ ✉♠❛ ❡♥❡r❣✐❛ ❡♥tr❡ Em ❡ Em+1✱ p(Em) é

❝❛❧❝✉❧❛❞❛ ♣♦r✿

p(Em) =
Ω(Em)e

−βEm

Z(β)
, ✭✹✳✶✮

♦♥❞❡ β = 1/kBT ❡ Z(β) é ❛ ❢✉♥çã♦ ❞❡ ♣❛rt✐çã♦ ❝❛♥ô♥✐❝❛✱

Z(β) =
∑

m

Ω(Em)e
−βEm . ✭✹✳✷✮

P♦rt❛♥t♦✱ ❜❛st❛ r❡❛❧✐③❛r ❛ s♦♠❛ ♥❛ ❊q✳ ✹✳✷✱ ✉t✐❧✐③❛♥❞♦ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ♦❜t✐❞❛ ♣❛r❛

♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣✱ ❊q✳ ✷✳✶✶✱ ♣❛r❛ ♦❜t❡r ❛ ❞✐str✐❜✉✐çã♦ ❝❛♥ô♥✐❝❛ ❞❡ ❡q✉✐❧í❜r✐♦✳

❆s s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞❛s s❡❣✉✐♥❞♦ ♦ ♣r♦♣♦st♦ ♥❛ r❡❢❡rê♥❝✐❛

❬✶✵❪✳ P❛r❛ ❡✈✐t❛r ✐♥st❛❜✐❧✐❞❛❞❡s ♥✉♠ér✐❝❛s é ♥❡❝❡ssár✐♦ ❞❡✜♥✐r ✉♠ ❧✐♠✐❛r pmin = 10−10✱ ♣♦r

❡①❡♠♣❧♦✱ q✉❡ ❞❡❧✐♠✐t❛ ❛ r❡❣✐ã♦ ❞❡ ❡♥❡r❣✐❛s ♦♥❞❡ p(Em) > 0✳ ■st♦ ❞❡✜♥❡ ❛s ❡♥❡r❣✐❛s ♠í♥✐♠❛

Ei ❡ ♠á①✐♠❛ Ef ✱ ❡♥tr❡ ❛s q✉❛✐s ♦ s✐st❡♠❛ ♣♦❞❡ ✈✐s✐t❛r ❛ ✉♠❛ ❞❛❞❛ t❡♠♣❡r❛t✉r❛✳ ➱ s♦rt❡❛❞❛

❡♥tã♦ ✉♠❛ ❡♥❡r❣✐❛ ✐♥✐❝✐❛❧ Em✱ ❡♥tr❡ Ei ❡ Ef ✱ ❡ ❛ ❝❛❞❛ ♣❛ss♦ ❞❛ s✐♠✉❧❛çã♦ ♦ s✐st❡♠❛ t❡♠

✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ Tm,m+1 ❞❡ s♦❢r❡r ✉♠❛ tr❛♥s✐çã♦ ♣❛r❛ Em+1 ❡ ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ Tm,m−1

❞❡ s♦❢r❡r ✉♠❛ tr❛♥s✐çã♦ ♣❛r❛ Em−1✳ ■st♦ é✱ ❛ ❝❛❞❛ ♣❛ss♦ ♦ s✐st❡♠❛ só ♣♦❞❡ ♠✉❞❛r ♣❛r❛ ✉♠❛

❞❡st❛s ❞✉❛s ❡♥❡r❣✐❛s ♠❛✐s ♣ró①✐♠❛s Em+1 ♦✉ Em−1✱ ❞❡ ❢♦r♠❛ q✉❡ Tm,m+1 + Tm,m−1 = 1 ❡

q✉❛❧q✉❡r ♦✉tr❛ tr❛♥s✐çã♦ é ♣r♦✐❜✐❞❛ Tm,m+j = 0✱ ♣❛r❛ j 6= ±1✱ ✐♥❝❧✉✐♥❞♦ ♣❡r♠❛♥❡❝❡r ♥❛

♠❡s♠❛ ❡♥❡r❣✐❛ Em✱ Tm,m = 0 ✭❡①❝❡t♦ ♣❛r❛ ❛s ❡♥❡r❣✐❛s Ei ❡ Ef ❝♦♠♦ s❡rá ❞❡t❛❧❤❛❞♦ ♠❛✐s

❛❞✐❛♥t❡✮✳ ❊st❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ Tm,n ❞❡✜♥❡♠ ❡♥tã♦ ✉♠❛ ♠❛tr✐③ ❡st♦❝ást✐❝❛✱
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q✉❡ é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧❛ ❞✐str✐❜✉✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ p(Em) ≡ pm✳

❆ ❞✐str✐❜✉✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡t❡r♠✐♥❛ q✉❡

pm = pm−1Tm−1,m + pm+1Tm+1,m ✭✹✳✸✮

♣♦✐s✱ s❡ ♦ s✐st❡♠❛ ❡stá ❡♠ ✉♠❛ ❡♥❡r❣✐❛ Em ❡❧❡ t❡♠ q✉❡ t❡r s❛í❞♦ ♦✉ ❞❡ Em−1 ♦✉ ❞❡ Em+1✳

❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❣❛r❛♥t✐r q✉❡ ❡st❡ ♣r♦t♦❝♦❧♦ ❞❡ tr❛♥s✐çõ❡s ❡st♦❝ást✐❝❛s ❣❡r❡ ❛ ❞✐str✐❜✉✐çã♦

❞❡ ❡q✉✐❧í❜r✐♦ ❞❡s❡❥❛❞❛ p(Em)✱ q✉❡ ♥❡st❡ ❝❛s♦ é ❛ ❞✐str✐❜✉✐çã♦ ❝❛♥ô♥✐❝❛✱ ✉♠❛ ❝♦♥❞✐çã♦

s✉✜❝✐❡♥t❡ é ❛ ❞❡ ❜❛❧❛♥ç♦ ❞❡t❛❧❤❛❞♦ ❬✹✻❪✿

pmTm,m+1 = pm+1Tm+1,m. ✭✹✳✹✮

❈♦♠ ❛s ❊q✳ ✹✳✸ ❡ ✹✳✹ ❞❡t❡r♠✐♥❛♠♦s ❛ ♠❛tr✐③ ❡st♦❝ást✐❝❛ Tm,n✳ Pr✐♠❡✐r❛♠❡♥t❡✱

❞❡✜♥✐♠♦s ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ tr❛♥s✐çã♦ ♣❛r❛ ❛ ❡♥❡r❣✐❛ ♠í♥✐♠❛ Ei✳ ❈♦♠♦ ♦ s✐st❡♠❛ é

♣r♦✐❜✐❞♦ ❞❡ tr❛♥s✐❝✐♦♥❛r ♣❛r❛ Ei,i−1✱ s✉♣♦♠♦s ✉♠❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ tr❛♥s✐çã♦ ♥ã♦ ♥✉❧❛

Ti,i = Ω(Ei)/[Ω(Ei) + Ω(Ei+1)]✱ ❛❧é♠ ❞❡ Ti,i+1 = 1 − Ti,i✳ ❊♥tã♦✱ ❛ ❝♦♥❞✐çã♦ ❞❡ ❜❛❧❛♥ç♦

❞❡t❛❧❤❛❞♦✱ ❊q ✹✳✹✱ ❢♦r♥❡❝❡ Ti+1,i = (pi/pi+1)Ti,i+1✳ ❉❡♣♦✐s ❞✐ss♦✱ ♦s ♦✉tr♦s ❡❧❡♠❡♥t♦s

❞❛ ♠❛tr✐③ Tm,n sã♦ ❝❛❧❝✉❧❛❞♦s ❞❡ ♠❛♥❡✐r❛ r❡❝♦rr❡♥t❡ ♣❡❧♦s ♣❛ss♦s ✭✶✮✿ Tm+1,m = (pm −
pm−1Tm−1,m)/pm+1✱ q✉❡ ❞❡❝♦rr❡ ❞❛ ❊q✳ ✹✳✸ ❡ ✭✷✮✿ Tm,m+1 = (pm+1/pm)Tm+1,m✱ q✉❡ ✈ê♠

❞❛ ❊q✳ ✹✳✹✳ ❊st❡s ♣❛ss♦s sã♦ r❡♣❡t✐❞♦s ❞❡ m = i+1 ❛té m = f−1✳ P♦r ✜♠✱ ♣❛r❛ ❛ ❡♥❡r❣✐❛

♠á①✐♠❛ Ef ✱ t❡♠♦s q✉❡ Tf,f+1 = 0 ❡♥tã♦ ❜❛st❛ ❢❛③❡r Tf,f = 1 − Tf,f−1✳ ■st♦ ❞❡t❡r♠✐♥❛

❝♦♠♣❧❡t❛♠❡♥t❡ ❛ ♠❛tr✐③ ❡st♦❝ást✐❝❛ ♣r♦♣♦st❛ Tm,n✳

❆s s✐♠✉❧❛çõ❡s ❞❡s❝r✐t❛s ❛❝✐♠❛ ❢♦r♥❡❝❡♠ ❡♥tã♦ ✉♠❛ sér✐❡ ✏t❡♠♣♦r❛❧✑ ❞❛ ❡♥❡r❣✐❛ ❡♠

❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ♣❛ss♦s ❞❛ s✐♠✉❧❛çã♦✳ P❛rt❡ ❞❡ ✉♠❛ ❞❡ss❛s sér✐❡s é ♠♦str❛❞❛ ♥❛ ❋✐❣✳

✹✳✹✭❛✮✳ ❋♦r❛♠ r❡❛❧✐③❛❞❛s ❞❡③ s✐♠✉❧❛çõ❡s✱ ❝❛❞❛ ✉♠❛ ❝♦♠ 109 ♣❛ss♦s✱ ♣❛r❛ ❝❛❞❛ t❡♠♣❡r❛t✉r❛

❝♦♥s✐❞❡r❛❞❛✳ ◆❛ ❋✐❣✳ ✹✳✹✭❜✮ sã♦ ♠♦str❛❞♦s ♦s ❤✐st♦❣r❛♠❛s ♥♦r♠❛❧✐③❛❞♦s ♦❜t✐❞♦s ❞❡st❛s

sér✐❡s ✭❧✐♥❤❛s ♣♦♥t✐❧❤❛❞❛s✮ ❡ ❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ❛s ❞✐str✐❜✉✐çõ❡s ❝❛♥ô♥✐❝❛s ❝❛❧❝✉❧❛❞❛s ♣❡❧❛

❊q✳ ✹✳✶ ✭❧✐♥❤❛s ❝♦♥tí♥✉❛s✮ ♣❛r❛ três t❡♠♣❡r❛t✉r❛s✱ ❛ ❞❡ tr❛♥s✐çã♦ T ∗✱ ✉♠❛ ❛❝✐♠❛ ❡ ✉♠❛

❛❜❛✐①♦✳ ❆ ❝♦♠♣❛r❛çã♦ ♠♦str❛ q✉❡✱ ❞❡ ❢❛t♦✱ ❡st❡ ♣r♦t♦❝♦❧♦ ❡st♦❝ást✐❝♦ ❣❡r❛ ❛ ❞✐str✐❜✉✐çã♦

❝❛♥ô♥✐❝❛✳

❆❧é♠ ❞✐ss♦✱ ♥❛ ❋✐❣✳ ✹✳✹✭❛✮ ❡stá ❡sq✉❡♠❛t✐③❛❞♦ ✉♠ ♣r♦❝❡❞✐♠❡♥t♦ ❬✹✼❪ ♣❛r❛ ♦ ❝á❧❝✉❧♦

❞♦s t❡♠♣♦s ❞❡ ♣r✐♠❡✐r❛ ♣❛ss❛❣❡♠ ❡♥tr❡ ❛s ❡♥❡r❣✐❛s E− ❡ E+✱ ✐♥❞✐❝❛❞❛s ♥❛ ❋✐❣✳ ✶✳✶✳ ❊st❡s

t❡♠♣♦s sã♦ ❞❡✜♥✐❞♦s ♣❡❧♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ♣❛ss♦s ♥❡❝❡ssár✐♦ ♣❛r❛ ♦ s✐st❡♠❛ s❛✐r ❞❛ ❡♥❡r❣✐❛

E+ ❡ ✐r ♣❛r❛ ❛ ❡♥❡r❣✐❛ ❡♠ E−✱ q✉❡ ❞❡♥♦t❛♠♦s τ−✱ ❡ ❞♦ s✐st❡♠❛ s❛✐r ❞❡ E− ❡ ✐r ♣❛r❛ E+✱ q✉❡

❞❡♥♦t❛♠♦s τ+✳ ❆s ❞✉❛s r❡❣✐õ❡s ❝✐♥③❛s ✐♥❞✐❝❛♠ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ♣❛ss♦s ❝♦♥s✐❞❡r❛❞♦ ♥♦ ❝á❧❝✉❧♦

❞❡ τ− ❡ ❛ r❡❣✐ã♦ ❜r❛♥❝❛✱ ❡♥tr❡ ❛s ❝✐♥③❛s✱ ✐♥❞✐❝❛ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ♣❛ss♦s ♣❛r❛ ♦ ❝á❧❝✉❧♦ ❞❡

τ+✳ ❈♦♠♣✉t❛❞♦s ❡st❡s t❡♠♣♦s✱ ✉♠❛ ♠é❞✐❛ s♦❜r❡ t♦❞♦s ❡❧❡s✱ ❢♦r♥❡❝❡ ♦s ❝❤❛♠❛❞♦s t❡♠♣♦s

♠é❞✐♦s ❞❡ ♣r✐♠❡✐r❛ ♣❛ss❛❣❡♠ ✭♦✉✱ ❞♦ ✐♥❣❧ês ♠❡❛♥ ✜rst✲♣❛ss❛❣❡ t✐♠❡s✮✳
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❋✐❣✉r❛ ✹✳✹✿ ✭❛✮ ❚r❡❝❤♦ ❞❡ ✉♠❛ sér✐❡ ❞❛ ❡♥❡r❣✐❛ ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ♣❛ss♦s ❞❡ s✐♠✉❧❛çã♦✳ ✭❜✮
▲✐♥❤❛s ♣♦♥t✐❧❤❛❞❛s sã♦ ♦s ❤✐st♦❣r❛♠❛s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛s sér✐❡s ❡ ❛s ❧✐♥❤❛s ❝♦♥tí♥✉❛s ✐♥❞✐❝❛♠
❛s ❞✐str✐❜✉✐çõ❡s ❝❛♥ô♥✐❝❛s ❝❛❧❝✉❧❛❞❛s ♣❡❧❛ ❊q✳ ✹✳✶ ♣❛r❛ três t❡♠♣❡r❛t✉r❛s✱ s❡♥❞♦ T ∗ = 4.3439
✭✉♥✐❞❛❞❡s ❛r❜✐trár✐❛s✮✳ ❘❡s✉❧t❛❞♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠ γ = 1, 2 ❡ η = 7, 7✱
❝♦♥t❡♥❞♦ N = 10000 ❝♦♠ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s ν = 5 ✭✉♥✐❞❛❞❡s ❛r❜✐trár✐❛s✮✳

✹✳✸ ❈♦♥st❛♥t❡s ❞❡ r❡❛çã♦ ❡ ❝♦♥st❛♥t❡ ❞❡ ❡q✉✐❧í❜r✐♦

❆s ❝♦♥st❛♥t❡s ❞❡ r❡❛çã♦✱ k− ≡ 1/τ− ❡ k+ ≡ 1/τ+ sã♦ ❞❡✜♥✐❞❛s ♣❡❧♦ ✐♥✈❡rs♦ ❞♦s

r❡s♣❡❝t✐✈♦s t❡♠♣♦s ❞❡ ♣r✐♠❡✐r❛ ♣❛ss❛❣❡♠ ❬✶✵✱ ✹✽❪✳ ◆❛ ❋✐❣✳ ✹✳✺✭❛✮ sã♦ ♠♦str❛❞❛s ❡st❛s

❝♦♥st❛♥t❡s ❡♠ ❢✉♥çã♦ ❞♦ ✐♥✈❡rs♦ ❞❛ t❡♠♣❡r❛t✉r❛ β✳ ❖s sí♠❜♦❧♦s r❡♣r❡s❡♥t❛♠ ln k± ♦❜t✐✲

❞❛s ❛ ♣❛rt✐r ❞♦s t❡♠♣♦s ♠é❞✐♦s ❞❡ ♣r✐♠❡✐r❛ ♣❛ss❛❣❡♠ ❝❛❧❝✉❧❛❞♦s ❞✐r❡t❛♠❡♥t❡ ❞❛s sér✐❡s

❞❡ ❡♥❡r❣✐❛ r❡s✉❧t❛♥t❡s ❞❛s s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s ❡♠ ❝❛❞❛ t❡♠♣❡r❛t✉r❛✳ ◆♦t❛♠♦s q✉❡✱

❝♦♥❢♦r♠❡ ❛ t❡♠♣❡r❛t✉r❛ T = 1/kBβ ❞✐♠✐♥✉✐✱ k− ❛✉♠❡♥t❛✱ ♦✉ s❡❥❛✱ ♦ t❡♠♣♦ ❞❡ ♣r✐♠❡✐r❛

♣❛ss❛❣❡♠ ♣❛r❛ ♦ s✐st❡♠❛ ✐r ❞❡ E+ ♣❛r❛ E− ❞✐♠✐♥✉✐✱ ❞❡ ♠♦❞♦ q✉❡ ✉♠ ♥ú♠❡r♦ ♠❛✐♦r ❞❡st❡s

❡✈❡♥t♦s ❛❝♦♥t❡❝❡ ♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✳ ❖ ❝♦♥trár✐♦ é ♦❜s❡r✈❛❞♦ ♣❛r❛ k+✳ ■st♦ é ❡s♣❡r❛❞♦

❥á q✉❡ ❡♠ ✉♠❛ t❡♠♣❡r❛t✉r❛ é ♠❡♥♦r ✭♠❛✐♦r✮ ♦ s✐st❡♠❛ t❡♥❞❡ ❛ ✜❝❛r ♠❛✐s t❡♠♣♦ ♣ró①✐♠♦

à ❡♥❡r❣✐❛ E− ✭E+✮✱ ❝♦♠♦ ❛t❡st❛♠ ♦s ❤✐st♦❣r❛♠❛s ♥❛ ❋✐❣✳ ✹✳✹ ✭❜✮✳ ◆♦t❛♠♦s ❛✐♥❞❛ q✉❡

❤á ✉♠ ❞❡s✈✐♦ ❝♦♥s✐❞❡rá✈❡❧ ♥❡st❡s r❡s✉❧t❛❞♦s ❞❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❧✐♥❡❛r✱ ❞♦ t✐♣♦ ❆rr❤❡✲

♥✐✉s ❬✶✵❪✱ q✉❡ ❝♦st✉♠❛ s❡r ❛ss✉♠✐❞♦ ♣❛r❛ ❡ss❡s ❧♦❣❛r✐t♠♦s ❞❛s t❛①❛s ❞❡ r❡❛çã♦✳ ❏á ♥❛ ❋✐❣✳

✹✳✺✭❜✮✱ é ♠♦str❛❞❛ ❛ ❝♦♥st❛♥t❡ ❞❡ ❡q✉✐❧í❜r✐♦ keq ≡ k−/k+ ❡♠ ❢✉♥çã♦ ❞❡ β✳ ❖❜s❡r✈❛♠♦s

q✉❡ ln keq ❛♣r❡s❡♥t❛ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❜❡♠ ♠❛✐s ♣ró①✐♠♦ ❞♦ ❧✐♥❡❛r ❞♦ q✉❡ ln k±✳

❉❡ ♠❛♥❡✐r❛ s✐♠✐❧❛r ❛♦ q✉❡ ❢♦✐ ❢❡✐t♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪ ♣♦❞❡♠♦s ♦❜t❡r ❡①♣r❡ssõ❡s

❛♥❛❧ít✐❝❛s ❛♣r♦①✐♠❛❞❛s ♣❛r❛ ♦s t❡♠♣♦s ♠é❞✐♦s ❞❡ ♣r✐♠❡✐r❛ ♣❛ss❛❣❡♠ τ± ❡♠ ❢✉♥çã♦ ❞♦

✐♥✈❡rs♦ ❞❛ t❡♠♣❡r❛t✉r❛ β ❡✱ ♣♦rt❛♥t♦✱ ♣❛r❛ ❝♦♥st❛♥t❡s ❞❡ r❡❛çã♦ k± ❡ ❞❡ ❡q✉✐❧í❜r✐♦ keq✱ ❛

♣❛rt✐r ❞❛ ❞✐str✐❜✉✐çã♦ ❝❛♥ô♥✐❝❛ ❞❡ ❡q✉✐❧í❜r✐♦ p(E)✱ ❊q✳ ✹✳✶✳ ❊st❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ✉s❛♥❞♦

S(E) = kB ln Ω(E)✱ ✐st♦ é✱ S(E) = eS(E)/kB ✱ ❝♦♠♦✿

p(E) =
1

Z(β)
eS(E)/kB−βE. ✭✹✳✺✮
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❋✐❣✉r❛ ✹✳✺✿ ✭❛✮ ▲♦❣❛r✐t♠♦s ❞❛s ❝♦♥st❛♥t❡s ❞❡ r❡❛çã♦ k− ❡ k+ ❡♠ ❢✉♥çã♦ ❞♦ ✐♥✈❡rs♦ ❞❛ t❡♠✲
♣❡r❛t✉r❛ β✳ ✭❜✮ ▲♦❣❛r✐t♠♦s ❞❛ ❝♦♥st❛♥t❡ ❞❡ ❡q✉✐❧í❜r✐♦ keq = k−/k+ ❡♠ ❢✉♥çã♦ ❞♦ ✐♥✈❡rs♦ ❞❛
t❡♠♣❡r❛t✉r❛ β✳ ❖s sí♠❜♦❧♦s sã♦ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛s s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s ❡
❛s ❧✐♥❤❛s ❝♦♥tí♥✉❛s sã♦ ♦s ❛❥✉st❡s ❞❛s ❊q✳ ✹✳✶✹ ❡ ✹✳✶✺ ✭❛✮ ❡ ❊q✳ ✹✳✶✼ ✭❜✮✳ β∗ é ♦ ✐♥✈❡rs♦ ❞❛
t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ ❡ βm✱ ❊q ✹✳✶✾✱ é ♦ ✐♥✈❡rs♦ ❞❛ t❡♠♣❡r❛t✉r❛ ♥❛ q✉❛❧ k− = k+ ❡ keq = 1.
❘❡s✉❧t❛❞♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠ γ = 1, 2 ❡ η = 7, 7✱ ❝♦♥t❡♥❞♦ N = 10000
❝♦♠ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s ν = 5 ✭✉♥✐❞❛❞❡s ❛r❜✐trár✐❛s ❞❡ ❡♥❡r❣✐❛✮✳

❆❧é♠ ❞✐ss♦✱ ♦ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ β∗∆F (E)✱ ❊q✳ ✶✳✸✱ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦✿

β∗∆F (E) = β∗(E − E−)− S(E)/kB + S(E−)/kB, ✭✹✳✻✮

❡♥tã♦✱ é ♣♦ssí✈❡❧ ✐s♦❧❛r ❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ♥❛ ❊q✳ ✹✳✻ ❡ s✉❜st✐t✉í✲❧❛ ♥❛ ❊q✳ ✹✳✺✱ ♦

q✉❡ ❢♦r♥❡❝❡✿

p(E) =
1

Z(β)
exp [S(E−)/kB − β∗E−] exp [E(β∗ − β)− β∗∆F (E)]. ✭✹✳✼✮

❖ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡✱ ❝♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✳ ✹✳✷✭❞✮✱ ♣♦ss✉✐ ✉♠

♠á①✐♠♦ ❧♦❝❛❧ ❡♠ ✉♠❛ ❡♥❡r❣✐❛ E = E∗ ❡ ❞♦✐s ♠í♥✐♠♦s ♥❛s ❡♥❡r❣✐❛s E− ❡ E+✳ ❊♥tã♦✱

♣♦❞❡♠♦s ❛♣r♦①✐♠❛r β∗∆F (E) ♣ró①✐♠♦ ❞❡ E = E∗ ♣♦r

β∗∆F (E) ≈ β∗∆F † − γ∗

2
(E − E∗)2, ✭✹✳✽✮

♦♥❞❡ β∗∆F † é ♦ ✈❛❧♦r ❞♦ ♠á①✐♠♦✱ ♦✉ s❡❥❛✱ ❛ ❜❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡✱ ❡ γ∗ > 0 é ♦ ♠ó❞✉❧♦

❞❛ s❡❣✉♥❞❛ ❞❡r✐✈❛❞❛ ❞❡ β∗∆F (E) ❛✈❛❧✐❛❞♦ ❡♠ E = E∗✱ q✉❡ é ✉♠❛ ♠❡❞✐❞❛ ❞❛ ❝✉r✈❛t✉r❛

❞❡st❡ ♠á①✐♠♦✳ ❙✐♠✐❧❛r♠❡♥t❡✱ ♣ró①✐♠♦ ❛ E = E±✱ ♣♦❞❡♠♦s ❡st✐♠❛r β∗∆F (E) ♣♦r

β∗∆F (E) ≈ γ±
2
(E − E±)

2, ✭✹✳✾✮

♥❡st❡ ❝❛s♦✱ β∗∆F (E±) = 0 ♣♦r ❝♦♥str✉çã♦ ❡ γ± > 0 é ❛ ❝✉r✈❛t✉r❛ ❡♠ E = E±✳ ➱

♣♦ssí✈❡❧✱ ❡♥tã♦✱ ❡s❝r❡✈❡r ❡①♣r❡ssõ❡s ❛♣r♦①✐♠❛❞❛s ♣❛r❛ p(E) ♣ró①✐♠❛s às ❡♥❡r❣✐❛s E± ❡

E∗✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ❊q✳ ✹✳✽ ♥❛ ❊q✳ ✹✳✼ ❡ ❢❛③❡♥❞♦ ❛❧❣✉♠❛ á❧❣❡❜r❛✱ ♦❜t❡♠♦s ❛ ❞✐str✐❜✉✐çã♦
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❝❛♥ô♥✐❝❛ ♣❛r❛ ❡♥❡r❣✐❛ ♣ró①✐♠❛s ❞❡ E∗✱ ❞❡♥♦t❛❞❛ p∗(E)✿

p∗(E) ≈ Γ∗(β)

Z(β)
exp

{

γ∗

2

[

(E − E∗)− (β − β∗)

γ∗

]2
}

✭✹✳✶✵✮

❝♦♠

Γ∗(β) = exp

[

S(E−)

kB
− β∗E− − β∗∆F † − ((β − β∗) + γ∗E∗)2

2γ∗
+

γ∗(E∗)2

2

]

✭✹✳✶✶✮

❉❡ ♠❛♥❡✐r❛ ❛♥á❧♦❣❛✱ s✉❜st✐t✉✐♥❞♦ ❛ ❊q✳ ✹✳✾ ♥❛ ❊q✳ ✹✳✼✱ ♦❜t❡♠♦s ❛s ❞✐str✐❜✉✐çõ❡s

❝❛♥ô♥✐❝❛s ♣❛r❛ ❡♥❡r❣✐❛ ♣ró①✐♠❛s ❛ E±✱ ❞❡♥♦t❛❞❛s p±(E)✿

p±(E) ≈ Γ±(β)

Z(β)
exp

{

−γ±
2

[

(E − E±) +
(β − β∗)

γ±

]2
}

✭✹✳✶✷✮

❝♦♠

Γ±(β) = exp

[

S(E−)

kB
− β∗E− +

((β − β∗)− γ±E±)
2

2γ±
− γ±(E±)

2

2

]

. ✭✹✳✶✸✮

❊st❛s ❡①♣r❡ssõ❡s ♣❛r❛ p±(E) ❡ p∗(E) ❥á ❢♦r❛♠ ♦❜t✐❞❛s ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪ ❡ ❝♦♠ ❡❧❛s

t❛♠❜é♠ ❢♦r❛♠ ❞❡❞✉③✐❞❛s ❡①♣r❡ssõ❡s ❛♣r♦①✐♠❛❞❛s ♣❛r❛ ❛s ❝♦♥st❛♥t❡s ❞❡ r❡❛çã♦ k±✳ P❛r❛

♦ ❝❛s♦ ❛q✉✐ ❝♦♥s✐❞❡r❛❞♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦✱ ✉t✐❧✐③❛♠♦s ✉♠❛ ❛♣r♦①✐♠❛çã♦

❧✐❣❡✐r❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ♣❛r❛ ❡st❛s ❝♦♥st❛♥t❡s ❞❡ r❡❛çã♦✱ ✈á❧✐❞❛ ♣❛r❛ β ♣ró①✐♠♦ ❞❡ β∗✱ q✉❡

❧❡✈❛ às ❡①♣r❡ssõ❡s✿

k− =
1

τ−
≈ A+ exp

[

−∆E‡
+(β − β∗)− γ̄+

2
(β − β∗)2

]

, ✭✹✳✶✹✮

❡

k+ =
1

τ+
≈ A− exp

[

−∆E‡
−(β − β∗)− γ̄−

2
(β − β∗)2

]

✭✹✳✶✺✮

❝♦♠

A± =
ǫ2
√
γ∗γ±

4πτǫ
e−β∗∆F †

, ✭✹✳✶✻✮

♦♥❞❡ ǫ é ❛ ✈❛r✐❛çã♦ ❞❡ ❡♥❡r❣✐❛ ❡♥✈♦❧✈✐❞❛ ♥❛s tr❛♥s✐çõ❡s ♠✐❝r♦s❝ó♣✐❝❛s ❝♦♥s✐❞❡r❛❞❛s ♥❛s

s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s ❡ τǫ ❞❡t❡r♠✐♥❛ ❛ ❡s❝❛❧❛ ❞❡ t❡♠♣♦ ❡♥✈♦❧✈✐❞❛ ♥❡st❛s tr❛♥s✐çõ❡s ❬✶✵❪✳

❆q✉✐ ✜①❛♠♦s τǫ = 1✱ ♣♦✐s só tr❛❜❛❧❤❛r❡♠♦s ❝♦♠ s✐♠✉❧❛çõ❡s ❡ ♦ t❡♠♣♦ é ♠❡❞✐❞♦✱ ❞❡ ✉♠

❡♠ ✉♠✱ ♣❡❧♦s ♣❛ss♦s ❞❛ s✐♠✉❧❛çã♦✳ ❆❧é♠ ❞✐ss♦✱ ∆E‡
± = E∗ −E± ❡ γ̄± = (γ±)

−1 + (γ∗)−1✳

❊st❛s ❡①♣r❡ssõ❡s ❞✐❢❡r❡♠ ❞❛q✉❡❧❛s ♦❜t✐❞❛s ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪ ❛♣❡♥❛s ♣❡❧♦s ♣ré ❢❛t♦r❡s A±

❡ ♦s ❞❡t❛❧❤❡s ❞❛ ❞❡❞✉çã♦ sã♦ ❞❛❞♦s ♥♦ ❆♣ê♥❞✐❝❡ ❈✳

❆ ❝♦♥st❛♥t❡ ❞❡ ❡q✉✐❧í❜r✐♦ keq = k−/k+ é ❡♥tã♦ ❞❛❞❛ ♣♦r✿

keq ≈ A exp

[

∆E‡(β − β∗) +
∆γ̄

2
(β − β∗)2

]

✭✹✳✶✼✮
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❝♦♠

A =

√

γ+
γ−

, ✭✹✳✶✽✮

∆E‡ = ∆E‡
− − ∆E‡

+ = E+ − E− ❡ ∆γ̄ = γ̄− − γ̄+ = (γ−)
−1 − (γ+)

−1✳ ❯t✐❧✐③❛♠♦s

❛q✉✐ ✉♠ sí♠❜♦❧♦ ❧✐❣❡✐r❛♠❡♥t❡ ❞✐❢❡r❡♥t❡ ♣❛r❛ ♦ ❝❛❧♦r ❧❛t❡♥t❡ ∆E‡ ♣❛r❛ ❢❛❝✐❧✐t❛r ❢✉t✉r❛s

❝♦♠♣❛r❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❡st❛s ❡①♣r❡ssõ❡s ♣❛r❛ ❛s ❝♦♥st❛♥t❡s ❞❡ r❡❛çã♦

❝♦♠ ❛q✉❡❧❡s ♦❜t✐❞♦s ❞✐r❡t❛♠❡♥t❡ ❞❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ ✭∆E†✮✳

◆❛ ❋✐❣✳ ✹✳✺✭❜✮ ❛ ❝✉r✈❛ ❝♦♥tí♥✉❛ é ♦ ❛❥✉st❡ ❞❛ ❊q✳ ✹✳✶✼ ❝♦♥s✐❞❡r❛♥❞♦ β∗ = 0.230209✱

q✉❡ é ♦ ✈❛❧♦r ♦❜t✐❞♦ ♣❡❧❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛✳ ❉❡st❛ ♠❛♥❡✐r❛✱ r❡st❛♠ três ♣❛râ♠❡tr♦s

❧✐✈r❡s q✉❡ ❢♦r❛♠ ❞❡t❡r♠✐♥❛❞♦s ♣❡❧♦ ❛❥✉st❡✿ ∆E‡ = 48932, 9✱ γ− = 1, 28547 × 10−8 ❡

γ+ = 4, 20209 × 10−8✳ ❏á ♥❛ ❋✐❣✳ ✹✳✺✭❛✮ ❛s ❝✉r✈❛s ❝♦♥tí♥✉❛s sã♦ ♦s ❛❥✉st❡s ❞❛s ❊q✳

✹✳✶✹ ❡ ✹✳✶✺✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦s ✈❛❧♦r❡s ❞❡ β∗ ❡ β∗∆F † ♦❜t✐❞♦s ❞❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❡

♦s ✈❛❧♦r❡s ❞❡ γ± ♦❜t✐❞♦s ❞♦ ❛❥✉st❡ ❞❛ t❛①❛ ❞❡ ❡q✉✐❧í❜r✐♦✳ P♦rt❛♥t♦✱ r❡st❛♠ ❛♣❡♥❛s ❞♦✐s

♣❛râ♠❡tr♦s ❧✐✈r❡s ❡♠ ❝❛❞❛ ❛❥✉st❡✱ ∆E‡
± ❡ γ∗✳ ◆♦ ❝❛s♦ ❞❡ k− ♦❜t❡♠♦s ∆E‡

+ = −20984, 6 ❡

γ∗ ≈ 1, 45 × 10−8 ❡✱ ♥♦ ❝❛s♦ ❞❡ k+✱ ∆E‡
− = 27948, 3 ❡ ♦ ♠❡s♠♦ ✈❛❧♦r ♣❛r❛ γ∗✳ P♦rt❛♥t♦✱

∆E‡
± sã♦ ❝♦♥s✐st❡♥t❡s ❝♦♠ ∆E‡✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❝✉r✈❛t✉r❛ ♣ró①✐♠❛ ❞♦ ♠á①✐♠♦ ❡♠ E = E∗

♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞❛ ❞✐r❡t❛♠❡♥t❡ ❛ ♣❛rt✐r ❞♦ ❣rá✜❝♦ ❞♦ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ❛❥✉st❛♥❞♦✲s❡

✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ❝♦♠♦ ♥❛ ❊q✳ ✹✳✽✱ ♦ q✉❡ ❢♦r♥❡❝❡ γ∗ ≈ 1, 52×10−8 ❝♦♥s✐st❡♥t❡ ❝♦♠ ♦

✈❛❧♦r ♦❜t✐❞♦ ♣❡❧♦ ❛❥✉st❡ ❞❛s ❝♦♥st❛♥t❡s ❞❡ r❡❛çã♦✳ ❙✐♠✐❧❛r♠❡♥t❡✱ ❛ ❝✉r✈❛t✉r❛ ♣ró①✐♠❛ ❛♦s

♠í♥✐♠♦s ❞♦ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ♦❜t✐❞❛s ❛❥✉st❛♥❞♦✲s❡ ❛ ❊q✳ ✹✳✾ ❢♦r♥❡❝❡ γ− ≈ 1, 68×10−8

❡ γ+ ≈ 7, 24× 10−8✱ q✉❡ ❞✐❢❡r❡♠ ✉♠ ♣♦✉❝♦ ♠❛✐s ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❡❧❛s ❝♦♥st❛♥t❡s

❞❡ r❡❛çã♦✱ ♠❛s q✉❡ ❛✐♥❞❛ tê♠ ✉♠❛ ❝♦♥❝♦r❞â♥❝✐❛ r❛③♦á✈❡❧ ❝♦♥s✐❞❡r❛♥❞♦✲s❡ ❛s ❞✐✈❡rs❛s

❛♣r♦①✐♠❛çõ❡s ✉t✐❧✐③❛❞❛s ♣❛r❛ ♦❜t❡r ❛s ❡①♣r❡ssõ❡s ✹✳✶✺ ❡ ✹✳✶✹✳

❆ t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗ = 1/kBβ
∗ ♦❜t✐❞❛ ♣❡❧❛ ❛♥á❧✐s❡ ❝❛♥ô♥✐❝❛ ❡q✉✐✈❛❧❡

à t❡♠♣❡r❛t✉r❛ ♦♥❞❡ ❛ ❞✐str✐❜✉✐çã♦ ❝❛♥ô♥✐❝❛ p(E) t❡♠ ❞♦✐s ♠á①✐♠♦s✱ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛s

❞✉❛s ❢❛s❡s ❡♠ ❝♦❡①✐stê♥❝✐❛✱ ❝♦♠ ❛❧t✉r❛s ✐❣✉❛✐s✳ ❊♥tr❡t❛♥t♦✱ q✉❛♥❞♦ β = β∗ t❡♠♦s q✉❡

k− 6= k+ s❡❣✉♥❞♦ ❛s ❊q✳ ✹✳✶✹ ❡ ✹✳✶✺✱ ❛ ♥ã♦ s❡r q✉❡ γ− = γ+✱ q✉❡ ♥ã♦ é ♦ ❝❛s♦ ❝♦♥s✐❞❡r❛❞♦

❛q✉✐✳ ❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❝r✐tér✐♦ ❞❡ ár❡❛s ✐❣✉❛✐s ❬✶✵❪ ♦♥❞❡ k− = k+✱

✐✳❡✳✱ keq = 1✱ q✉❡ ♦❝♦rr❡ ❡♠ ✉♠❛ t❡♠♣❡r❛t✉r❛ Tm = 1/kBβm ✉♠ ♣♦✉❝♦ ❞✐❢❡r❡♥t❡ ❞❡ T ∗✱

✐✳❡✳✱

βm + β∗ + δ, ✭✹✳✶✾✮

♦♥❞❡ ♦ ❞❡s✈✐♦ δ é ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞❛ ❊q✳ ✹✳✶✼✱ ♣♦r

δ ≈ 1

2∆E‡
ln

(

γ−
γ+

)

, ✭✹✳✷✵✮

♦♥❞❡ ❞❡s♣r❡③❛♠♦s ♦ t❡r♠♦ (βm − β∗)2✳ ◆❛s ❋✐❣✳ ✹✳✺✭❛✮ ❡ ✭❜✮ ✐♥❞✐❝❛♠♦s ♦ ✈❛❧♦r ❞❡ βm

♠♦str❛♥❞♦ ❛ ✈❛❧✐❞❛❞❡ ❞❡st❛ ❛♣r♦①✐♠❛çã♦✳

❘❡ss❛❧t❛♠♦s q✉❡ ♦ ✈❛❧♦r ❞♦ ❝❛❧♦r ❧❛t❡♥t❡ ♦❜t✐❞♦ ❝♦♠ ♦s ❛❥✉st❡s ❞❛s ❝♦♥st❛♥t❡s ❞❡

r❡❛çã♦✱ ∆E‡ = 48932, 9✱ ♥ã♦ é ❡①❛t❛♠❡♥t❡ ♦ ♠❡s♠♦ s❡ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ❝❛❧♦r ❧❛t❡♥t❡



✹ ❈✐♥ét✐❝❛ ❞❛ ❛❣r❡❣❛çã♦ ✹✸

♦❜t✐❞♦ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛✱ ∆E† = 54100✳ ➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❛

r❡❧❛çã♦ ∆E‡ ≈ 0.9∆E† t❛♠❜é♠ ❢♦✐ s✐st❡♠❛t✐❝❛♠❡♥t❡ ♦❜t✐❞❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪✳ ❆♣❡s❛r

❞❡ q✉❡ ❛s ❛♣r♦①✐♠❛çõ❡s ✉t✐❧✐③❛❞❛s ❛q✉✐ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞❛s ❊q✳ ✹✳✶✹ à ✹✳✶✼ ❞✐❢❡r✐r❡♠ ✉♠

♣♦✉❝♦ ❞♦ q✉❡ ❢♦✐ ❢❡✐t♦ r❡❢❡rê♥❝✐❛ ❬✶✵❪✱ ❛♣❡♥❛s ♦s ♣ré ❢❛t♦r❡sA± ❡ A ❞✐❢❡r❡♠ ❞♦ q✉❡ ❢♦✐ ♦❜t✐❞♦

♥❛q✉❡❧❛ r❡❢❡rê♥❝✐❛✳ P♦rt❛♥t♦✱ ❡st❡ ❞❡s✈✐♦ s✐st❡♠át✐❝♦ ❡♥tr❡ ♦s ✈❛❧♦r❡s ❞♦ ❝❛❧♦r ❧❛t❡♥t❡ ❞❡✈❡

❡st❛r r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❛s ❛♣r♦①✐♠❛çõ❡s q✉❡ ❧❡✈❛♠ às ❊q✳ ✹✳✶✹ à ✹✳✶✼✳ ❘❡ss❛❧t❛♠♦s✱ ♣♦r ✜♠✱

q✉❡ ❛s ❛♣r♦①✐♠❛çõ❡s ✉t✐❧✐③❛❞❛s ❛q✉✐ sã♦ ♠❛✐s ❛❞❡q✉❛❞❛s q✉❛♥❞♦ ❛s ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛

❧✐✈r❡ β∗∆F † sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✱ ❝♦♠♦ ❞✐s❝✉t✐❞♦ ♥♦ ❆♣ê♥❞✐❝❡ ❈✳ P♦r ♦✉tr♦ ❧❛❞♦✱

s❡ ❡st❛s ❜❛rr❡✐r❛s ♥ã♦ ❢♦r❡♠ tã♦ ❣r❛♥❞❡s✱ ❛ ❛❜♦r❞❛❣❡♠ ❞❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪ ♣♦❞❡ s❡r ♠❛✐s

❛❞❡q✉❛❞❛✳

❈♦♥❝❧✉í♠♦s q✉❡ ❡st❡ t✐♣♦ ❞❡ ❛❜♦r❞❛❣❡♠ ♣r♦♣♦st❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪ ♣❛r❛ r❡❧❛❝✐♦✲

♥❛r ❛ ❝✐♥ét✐❝❛ ❞❛ ❛❣r❡❣❛çã♦ ❝♦♠ ❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ é ❜❛st❛♥t❡ ❛❞❡q✉❛❞❛ ❛♣❡s❛r ❞❛

q✉❛♥t✐❞❛❞❡ ❝♦♥s✐❞❡rá✈❡❧ ❞❡ ❛♣r♦①✐♠❛çõ❡s ✉t✐❧✐③❛❞❛s✳ ■st♦ é ✐♥t❡r❡ss❛♥t❡✱ ♣♦✐s t♦r♥❛ ♣♦s✲

sí✈❡❧ ✐♥❢❡r✐r ♣r♦♣r✐❡❞❛❞❡s t❡r♠♦❡st❛tíst✐❝❛s ❛ ♣❛rt✐r ❞❡ r❡s✉❧t❛❞♦s ❝✐♥ét✐❝♦s ✭❡ ✈✐❝❡✲✈❡rs❛✮✳

P♦r ❡①❡♠♣❧♦✱ ❝♦♠ ♦ ❛❥✉st❡ ❞❛ ❝♦♥st❛♥t❡ ❞❡ ❡q✉✐❧í❜r✐♦ ♦❜t✐✈❡♠♦s ∆γ̄ > 0✱ ♦ q✉❡ ✐♥❞✐❝❛ q✉❡

♦ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ é ♠❛✐s ✏❡str❡✐t♦✑ ♣ró①✐♠♦ ❛♦ s❡✉ ♠í♥✐♠♦ ❝♦rr❡s♣♦♥❞❡♥t❡ à ❢❛s❡

❞✐❧✉í❞❛ s❡ ❝♦♠♣❛r❛❞♦ ❝♦♠ ♦ ♠í♥✐♠♦ ❝♦rr❡s♣♦♥❞❡♥t❡ à ❢❛s❡ ❛❣r❡❣❛❞❛✱ ❞❡✈✐❞♦ às ❞✐❢❡r❡♥t❡s

❝✉r✈❛t✉r❛s γ±✳ ■st♦ ♣♦❞❡ s❡r ✈❡r✐✜❝❛❞♦ ♥♦ ❣rá✜❝♦ ❞♦ ♣❡r✜❧ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡✱ ❋✐❣✳ ✹✳✷ ✭❞✮✳

P♦r ✜♠✱ é ❝♦♠✉♠ ❡s❝r❡✈❡r ❛ t❛①❛ ❞❡ ❡q✉✐❧í❜r✐♦ keq ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❡①♣r❡ssã♦ ❞♦

t✐♣♦ ❆rr❤❡♥✐✉s ❡♠ t❡r♠♦s ❞❡ ✉♠❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❡❢❡t✐✈❛ ∆G(T ) ❬✶✵❪✱ ✐✳❡✳✱

keq = e−∆G(T )/kBT . ✭✹✳✷✶✮

◆♦ ♥♦ss♦ ❝❛s♦✱ ✉t✐❧✐③❛♥❞♦ ❛ ❊q✳ ✹✳✶✼✱ ❡st❛ ❡♥❡r❣✐❛ ❧✐✈r❡ ❡❢❡t✐✈❛ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

∆G(T ) ≈ −∆E‡

(

1− T

Tm

)

− ∆γ̄

2kBT

(

1− T

Tm

)2

. ✭✹✳✷✷✮

◆❛ ❋✐❣✳ ✹✳✻ ♠♦str❛♠♦s ✉♠ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❛❝✐♠❛ ❝♦♠ ♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s ∆E‡✱

∆γ̄ ♦❜t✐❞♦s ❞♦s ❛❥✉st❡s ❞❛ ❝♦♥st❛♥t❡ ❞❡ ❡q✉✐❧í❜r✐♦ ❡ βm ❝❛❧❝✉❧❛❞♦ ❝♦♠ ♦ ❞❡s✈✐♦ δ ❞❛❞♦

♣❡❧❛ ❊q✳ ✹✳✷✵✳ ❆❧é♠ ❞✐ss♦✱ r❡❝✉♣❡r❛♠♦s ❛s ✉♥✐❞❛❞❡s ❢ís✐❝❛s ✉t✐❧✐③❛❞❛s ♥❛ ❙❡çã♦ ✹✳✶✳

◗✉❛♥❞♦ ∆G(T ) < 0 ❡♠ t❡♠♣❡r❛t✉r❛s ♠❛✐s ❜❛✐①❛s T < Tm✱ keq > 1✱ ♦✉ s❡❥❛✱

k− > k+ ❡ ♦ s✐st❡♠❛ t❡♥❞❡ ❛ ✜❝❛r ♠❛✐s t❡♠♣♦ ♥❛ ❢❛s❡ ❛❣r❡❣❛❞❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ q✉❛♥❞♦

∆G(T ) > 0 ❡♠ t❡♠♣❡r❛t✉r❛s ♠❛✐s ❛❧t❛s T > Tm✱ keq < 1 ❡ k+ > k− ❡ ♦ s✐st❡♠❛ ✜❝❛ ♠❛✐s

t❡♠♣♦ ♥❛ ❢❛s❡ ❞✐❧✉í❞❛✳
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❋✐❣✉r❛ ✹✳✻✿ ❊♥❡r❣✐❛ ❧✐✈r❡ ❡❢❡t✐✈❛ ∆G(T ) ❞❛❞❛ ♣❡❧❛ ❊q✳ ✹✳✷✷ ❡♠ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ ♣❛r❛
♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠ γ = 1, 2 ❝♦♥t❡♥❞♦ N = 10000 ♠♦❧é❝✉❧❛s ❝♦♠ ✐♥t❡r❛çã♦
❡♥tr❡ ♠♦❧é❝✉❧❛s ν = 3, 01 ❦❏✴♠♦❧ ❡ C = 179 µ▼ ✭✐✳❡✳✱ ρ = 4, 5× 10−4 ❡ η = 7, 7✮✳



✹✺

❈❛♣ít✉❧♦ ✺

❈♦♥❝❧✉sõ❡s ❡ ♣❡rs♣❡❝t✐✈❛s

◆❡st❡ tr❛❜❛❧❤♦ ♣r♦♣✉s❡♠♦s ♦ ❡st✉❞♦ ❞♦ ❢❡♥ô♠❡♥♦ ❞❡ ❛❣r❡❣❛çã♦ ♠♦❧❡❝✉❧❛r ✉t✐❧✐✲

③❛♥❞♦ ✉♠ ♠♦❞❡❧♦ t❡ór✐❝♦ ❜❛s❡❛❞♦ ♥♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❬✶✷❪✱ q✉❡ ♦r✐❣✐♥❛❧♠❡♥t❡ ❢♦✐ ♣r♦✲

♣♦st♦ ♣❛r❛ ❞❡s❝r❡✈❡r ❛❣r❡❣❛çã♦ ❡♠ s✐st❡♠❛s ❣r❛✈✐t❛❝✐♦♥❛✐s✳ P♦r s❡r ✉♠ ♠♦❞❡❧♦ ❜❛st❛♥t❡

s✐♠♣❧✐✜❝❛❞♦ é ♣♦ssí✈❡❧ ♦❜t❡r ❛♥❛❧✐t✐❝❛♠❡♥t❡ s✉❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s Ω(E)✳ ❯t✐❧✐③❛♠♦s

❡♥tã♦✱ ♥♦ ❈❛♣ít✉❧♦ ✷✱ ❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ ♣❛r❛ ❝❛r❛❝t❡r✐③❛r ❛ t❡r♠♦❡st❛tíst✐❝❛ ❞❡ ❡q✉✐✲

❧í❜r✐♦✱ t❛♥t♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧✱ q✉❛♥t♦ ❞❛ s✉❛ ❣❡♥❡r❛❧✐③❛çã♦✱ ❛ q✉❛❧ ❢♦✐ ✐♥tr♦❞✉✲

③✐❞❛ ❛q✉✐ ♣❛r❛ ❞❡s❝r❡✈❡r s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s✳ ❆ ♣❛rt✐r ❞❡st❡ t✐♣♦ ❞❡ ❛♥á❧✐s❡ ❝♦♥✜r♠❛♠♦s

q✉❡ ✉♠ s✐st❡♠❛ ❞❡s❝r✐t♦ ♣♦r ❡st❡ ♠♦❞❡❧♦ ♣♦❞❡ ❛♣r❡s❡♥t❛r tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛

♦r❞❡♠✱ q✉❡ ❝♦rr❡s♣♦♥❞❡♠ à ❛❣r❡❣❛çã♦ ❞❛s ♠♦❧é❝✉❧❛s✱ ♣❛r❛ ✈❛❧♦r❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❛❧t♦s

❞♦ ♣❛râ♠❡tr♦ η✱ ✐✳❡✳✱ ❜❛✐①❛s ❝♦♥❝❡♥tr❛çõ❡s C✳ ❈♦♠ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❢♦✐

❡♥tã♦ ♣♦ssí✈❡❧ ♦❜t❡r ❛s t❡♠♣❡r❛t✉r❛s ❞❡ tr❛♥s✐çã♦ T ∗✱ ❝❛❧♦r❡s ❧❛t❡♥t❡s ∆E† ❡ ❜❛rr❡✐r❛s ❞❡

❡♥❡r❣✐❛ ❧✐✈r❡ β∗∆F † ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ C✱ ❝❛r❛❝t❡r✐③❛♥❞♦ ❡♥tã♦ ❛ tr❛♥s✐çã♦ ❞❡

❢❛s❡ ❞❡ ❛❣r❡❣❛çã♦✳ ❊st✉❞❛♠♦s t❛♠❜é♠ ❝♦♠♦ ❛ ✈❛r✐❛çã♦ ❞♦s ♦✉tr♦s ♣❛râ♠❡tr♦s ❞♦ s✐s✲

t❡♠❛✱ ❛ s❛❜❡r✱ ♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ♠♦❧é❝✉❧❛s N ❡ ❛ ♠❛❣♥✐t✉❞❡ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s

❛❣r❡❣❛❞❛s ν✱ ✐♥✢✉❡♥❝✐❛♠ ❛ t❡r♠♦❡st❛tíst✐❝❛ ❞♦ s✐st❡♠❛✳ ❆ ♣❛rt✐r ❞✐st♦✱ ❝♦♥st❛t❛♠♦s q✉❡

❛s ❣r❛♥❞❡③❛s t❡r♠♦❞✐♥â♠✐❝❛s✱ ❝♦♠♦ t❡♠♣❡r❛t✉r❛✱ ❡♥tr♦♣✐❛ ❡ ❡♥❡r❣✐❛ ♦❜❡❞❡❝❡♠ r❡❧❛çõ❡s

❞❡ ❡s❝❛❧❛ s✐♠♣❧❡s ❝♦♠ ♦s ♣❛râ♠❡tr♦s N ❡ ν✳

❏á ♥♦ ❈❛♣ít✉❧♦ ✸✱ ✉t✐❧✐③❛♠♦s ✉♠❛ ❛❜♦r❞❛❣❡♠ ❛♥á❧♦❣❛✱ ♣♦ré♠ ❜❛s❡❛❞❛ ♥♦ ❡♥s❡♠❜❧❡

♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♥❢♦r♠❛❝✐♦♥❛❧✱ ♦♥❞❡ ❛ ❣r❛♥❞❡③❛ ❢✉♥❞❛♠❡♥t❛❧ é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s

❝♦♥❢♦r♠❛❝✐♦♥❛❧ Ωp(Ep)✳ ❆♣❡s❛r ❞❡st❡ t✐♣♦ ❞❡ ❛❜♦r❞❛❣❡♠ ❞❡s♣r❡③❛r ❛ ❝♦♥tr✐❜✉✐çã♦ ❞❛

❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✱ ♠♦str❛♠♦s q✉❡✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣✱ ❡st❛ ❛♥á❧✐s❡ ❢♦r♥❡❝❡ ♦s ♠❡s✲

♠♦s ❞✐❛❣r❛♠❛s ❞❡ ❢❛s❡✱ ❝❛❧♦r❡s ❧❛t❡♥t❡s ❡ ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ❞♦ q✉❡ ❛ ❞❡s❝r✐çã♦

❝♦♠♣❧❡t❛ ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ♠❡♥❝✐♦♥❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡✳ ❊st❡ t✐♣♦ ❞❡ ❛♥á❧✐s❡ é

✐♠♣♦rt❛♥t❡✱ ♣♦rq✉❡ é ❝♦♠✉♠ ❛ ✉t✐❧✐③❛çã♦ ❞♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ❡♠

tr❛❜❛❧❤♦s q✉❡ ✉t✐❧✐③❛♠ s✐♠✉❧❛çõ❡s ❞❡ ▼♦♥t❡ ❈❛r❧♦ ❬✽✱ ✾✱ ✷✶❪✳

P♦r ✜♠✱ ♥♦ ❈❛♣ít✉❧♦ ✹✱ ♠♦str❛♠♦s q✉❡ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠

γ = 1, 2 ❞❡s❝r❡✈❡ s✐st❡♠❛s ❡♠ ❡s❝❛❧❛s ❞❡ ❡♥❡r❣✐❛✱ t❡♠♣❡r❛t✉r❛ ❡ ❝♦♥❝❡♥tr❛çã♦ ❝♦♥❞✐③❡♥t❡s

❝♦♠ s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s✳ ❉❡✜♥✐♠♦s ❡♥tã♦ ✉♠ ✈❛❧♦r ❡s♣❡❝í✜❝♦ ❞❡ ❝♦♥❝❡♥tr❛çã♦ ♣❛r❛



✺ ❈♦♥❝❧✉sõ❡s ❡ ♣❡rs♣❡❝t✐✈❛s ✹✻

❡st✉❞❛r ❛ ❝✐♥ét✐❝❛ ❞❛ ❛❣r❡❣❛çã♦ ♣♦r ♠❡✐♦ ❞❡ s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s ❡♠ t❡♠♣❡r❛t✉r❛s ✜①❛s

❡ ♣ró①✐♠❛s à t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗✳ ❊st❛s s✐♠✉❧❛çõ❡s ❢♦r♥❡❝❡r❛♠ ❛s ❝♦♥st❛♥t❡s ❞❡

r❡❛çã♦ k± ❝♦♠♦ ❢✉♥çõ❡s ❞❛ t❡♠♣❡r❛t✉r❛✳ ❚❡st❛♠♦s ❡♥tã♦ ❛ t❡♦r✐❛ ♣r♦♣♦st❛ ♥❛ r❡❢❡rê♥❝✐❛

❬✶✵❪ q✉❡ r❡❧❛❝✐♦♥❛ ❛s ❝♦♥st❛♥t❡s ❞❡ r❡❛çã♦ ❝✐♥ét✐❝❛s ❝♦♠ ❣r❛♥❞❡③❛s ♦❜t✐❞❛s ❞❛ ❛♥á❧✐s❡

♠✐❝r♦❝❛♥ô♥✐❝❛✱ ❝♦♠♦ ♦ ❝❛❧♦r ❧❛t❡♥t❡ ∆E† ❡ ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ β∆F †✳ P❛r❛ ♦❜t❡r

✉♠❛ r❡❧❛çã♦ ♠❛✐s ❝♦♥❞✐③❡♥t❡ ❡♥tr❡ ❛s ❣r❛♥❞❡③❛s ❝✐♥ét✐❝❛s ❡ t❡r♠♦❡st❛tíst✐❝❛s✱ ❢♦✐ ♥❡❝❡ssár✐♦

❛❞❛♣t❛r ❛ t❡♦r✐❛ ❞❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪✱ ✉t✐❧✐③❛♥❞♦ ❛♣r♦①✐♠❛çõ❡s ♠❛✐s ❛❞❡q✉❛❞❛s ♣❛r❛ ❜❛rr❡✐r❛s

❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ♠❛✐s ❛❧t❛s✳ ❉❡st❛ ♠❛♥❡✐r❛✱ ❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r r❡❧❛çõ❡s ❝♦♥s✐st❡♥t❡s ❡♥tr❡

❛s ❣r❛♥❞❡③❛s ❝✐♥ét✐❝❛s ❡ t❡r♠♦❡st❛tíst✐❝❛s✳

❚❡♠♦s ❝♦♠♦ ♣❡rs♣❡❝t✐✈❛ ♦ ❡st✉❞♦ ❞❡ ♠♦❞❡❧♦s ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡ ❧✐❣❛çõ❡s ❡❢❡t✐✈❛s

❡♥tr❡ ❛s ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s g(n) s❡❥❛ ✜s✐❝❛♠❡♥t❡ ♠❛✐s ♣❧❛✉sí✈❡❧✱ ❥á q✉❡ ♦ ♠♦❞❡❧♦ ❞❡

❚❤✐rr✐♥❣ ❛ss✉♠❡ ❛ ❧❡✐ ❞❡ ♣♦tê♥❝✐❛ g(n) = nγ − 1✳ ■st♦ é ✐♠♣♦rt❛♥t❡✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❡❧♦

❢❛t♦ ❞❡ q✉❡ ❛ r❡❧❛çã♦ ❞❡ ❡s❝❛❧❛ ♦❜t✐❞❛ ♣❛r❛ ❛ t❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ ❝♦♠ ♦ ♥ú♠❡r♦ t♦t❛❧

❞❡ ♠♦❧é❝✉❧❛s✱ T ∗ ∝ Nγ−1✱ ♥ã♦ é ❜❡♠ ❞❡✜♥✐❞❛ ♥♦ ❧✐♠✐t❡ t❡r♠♦❞✐♥â♠✐❝♦✱ ♣♦✐s ♥ã♦ ❝♦♥✈❡r❣❡

♣❛r❛ N ♠✉✐t♦ ❣r❛♥❞❡ ❥á q✉❡ γ > 1✳ ❆ ❝❛✉s❛ ❞❡st❡ ❝♦♠♣♦rt❛♠❡♥t♦ ♣r♦✈❛✈❡❧♠❡♥t❡ s❡ ❞❡✈❡

❛ ❧✐♠✐t❛çã♦ ❞❡ g(n) q✉❛♥❞♦ n é ♠✉✐t♦ ❣r❛♥❞❡✳ ❆♣❡s❛r ❞✐ss♦✱ ❛❝r❡❞✐t❛♠♦s q✉❡ ♦ ♠♦❞❡❧♦

❞❡ ❚❤✐rr✐♥❣ ♣♦ss❛ s❡r ✉♠❛ ❛♣r♦①✐♠❛çã♦ ♣❧❛✉sí✈❡❧ ♣❛r❛ s✐st❡♠❛s ✜♥✐t♦s ♦♥❞❡ ♦ ♥ú♠❡r♦ ❞❡

♠♦❧é❝✉❧❛s ♥ã♦ é tã♦ ❣r❛♥❞❡✱ ♦ q✉❡ ❢♦✐✱ ❞❡ ❢❛t♦✱ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❡st✉❞♦ ❞♦ tr❛❜❛❧❤♦✳ ❚❛♠❜é♠

s❡r✐❛ ✐♥t❡r❡ss❛♥t❡ ❝♦♥s✐❞❡r❛r s✐st❡♠❛s ❝♦♠ k ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ ♠♦❧é❝✉❧❛s N1✱ N2✱✳✳✳✱ Nk✱

♦♥❞❡ ♥ã♦ ❛♣❡♥❛s ❛s ❧✐❣❛çõ❡s ❡❢❡t✐✈❛s ❡♥tr❡ ❛s ♠♦❧é❝✉❧❛s✱ ♠❛s t♦❞❛ ❛ ❝♦♥str✉çã♦ ❞❛ ❞❡♥s✐✲

❞❛❞❡ ❞❡ ❡st❛❞♦s S(N1, ..., Nk, V, E) ❞❡✈❡ s❡r ❣❡♥❡r❛❧✐③❛❞❛✳ ❖✉tr❛ ♣❡rs♣❡❝t✐✈❛ é ❡st❡♥❞❡r ❛s

s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s ❛q✉✐ r❡❛❧✐③❛❞❛s ♣❛r❛ s✐st❡♠❛s ❢♦r❛ ❞♦ ❡q✉✐❧í❜r✐♦ ♦♥❞❡✱ ♣♦r ❡①❡♠♣❧♦✱

❛ t❡♠♣❡r❛t✉r❛ ✈❛r✐❛ ♥♦ t❡♠♣♦✱ r❡s❢r✐❛♥❞♦ ♦✉ ❛q✉❡❝❡♥❞♦ ♦ s✐st❡♠❛ ❞❡ ♠♦❧é❝✉❧❛s ❛té q✉❡ ❛

tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ♦❝♦rr❛ ❬✶✵❪✳

❆❝r❡❞✐t❛♠♦s q✉❡ ♦ ❡st✉❞♦ ❞❡ ♠♦❞❡❧♦s s✐♠♣❧✐✜❝❛❞♦s✱ ❝♦♠♦ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣✱

é ✐♠♣♦rt❛♥t❡ ♣♦rq✉❡ ❡st❡s ♣♦❞❡♠ ❝❛♣t✉r❛r ❛s♣❡❝t♦s ❣❡r❛✐s ❞♦ ❢❡♥ô♠❡♥♦ ❞❡ ❛❣r❡❣❛çã♦✱

❝♦♠♦ ❛ ❝♦❡①✐stê♥❝✐❛ ❞❡ ❢❛s❡s ❡ ♦ s✉r❣✐♠❡♥t♦ ❞❡ ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡✳ ❖ ♠♦❞❡❧♦ ❞❡

❚❤✐rr✐♥❣ t❡♠ ❝♦♠♦ ✈❛♥t❛❣❡♠ ♦ ❢❛t♦ ❞❡ q✉❡ ❡❧❡ ♣♦❞❡ s❡r r❡s♦❧✈✐❞♦ ❛♥❛❧✐t✐❝❛♠❡♥t❡✱ ♦ q✉❡

é ♥ã♦ é ♠✉✐t♦ ❝♦♠✉♠ ♣❛r❛ s✐st❡♠❛s ♦♥❞❡ ♦❝♦rr❡♠ tr❛♥s✐çõ❡s ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠

❡✱ ❛♣❡s❛r ❞❛s ❧✐♠✐t❛çõ❡s ❥á ❞✐s❝✉t✐❞❛s✱ ❢♦✐ ♣♦ssí✈❡❧ ❞❡s❝r❡✈❡r s✐st❡♠❛s ✜♥✐t♦s ❝♦♥❞✐③❡♥t❡s

❝♦♠ s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s r❡❛✐s✳

❋✐♥❛❧♠❡♥t❡✱ ❛ ❛♥á❧✐s❡ ♠✐❝r♦❝❛♥ô♥✐❝❛ ✉t✐❧✐③❛❞❛ ❛q✉✐ ♣♦❞❡ s❡r ❛♣❧✐❝❛❞❛ ❛♦ ❡st✉❞♦

❞❡ ♦✉tr♦s s✐st❡♠❛s ♠♦❧❡❝✉❧❛r❡s✱ ❝♦♠♦ s✐st❡♠❛s ♣♦❧✐♠ér✐❝♦s q✉❡ ❛♣r❡s❡♥t❛♠ tr❛♥s✐çõ❡s ❞❡

❡♥♦✈❡❧❛♠❡♥t♦ ❡ ❞❡ ❛❞s♦rçã♦ ❡♠ s✉♣❡r❢í❝✐❡s✱ ❥á q✉❡ tr❛t❛✲s❡ ❞❡ ✉♠ ♠ét♦❞♦ ✐♥❞❡♣❡♥❞❡♥t❡

❞❛ ❣❡♦♠❡tr✐❛ ❞♦ s✐st❡♠❛✳ ◆❡st❡s ❝❛s♦s✱ ❛ r❡❧❛çã♦ ❡♥tr❡ ❝✐♥ét✐❝❛ ❡ t❡r♠♦❡st❛tíst✐❝❛ ♣♦❞❡

❢♦r♥❡❝❡r ✉♠ ♠ét♦❞♦ ♣rát✐❝♦ ✐♥t❡r❡ss❛♥t❡ ♣❛r❛ ❡st✐♠❛r ❡♥tr♦♣✐❛s ♠✐❝r♦❝❛♥ô♥✐❝❛s S(N, V,E)

❡ ♣❡r✜s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ β∗∆F (E) ❛ ♣❛rt✐r ❞❡ ♠❡❞✐❞❛s ❝✐♥ét✐❝❛s ❞❛s ❝♦♥st❛♥t❡s ❞❡ r❡❛çã♦

k± ❡ ❞❡ ❡q✉✐❧í❜r✐♦ keq r❡❛❧✐③❛❞❛s ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳



✹✼

❆♣ê♥❞✐❝❡ ❆

❊♥tr♦♣✐❛s ❞❡ ❇♦❧t③♠❛♥♥ ❡ ●✐❜❜s

❆✳✶ ❉❡✜♥✐çõ❡s ❞❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛

❋❛r❡♠♦s ❛q✉✐ ❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s ❞✉❛s ❞❡✜♥✐çõ❡s ♣❛r❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛

♠❛✐s ❝♦♠✉♥s ♥❛ ❧✐t❡r❛t✉r❛ ❬✸✺❪✱ ❛ ❡♥tr♦♣✐❛ ❞❡ ❇♦❧t③♠❛♥♥ SB(E) ❡ ❞❡ ●✐❜❜s SG(E)✱ ♦♥❞❡

♦♠✐t✐♠♦s ❛s ❞❡♣❡♥❞ê♥❝✐❛s ❝♦♠ ♦ ✈♦❧✉♠❡ V ❡ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s N ♣❛r❛ s✐♠♣❧✐✜❝❛r ❛

♥♦t❛çã♦✳ ❆ ❡♥tr♦♣✐❛ ❞❡ ❇♦❧t③♠❛♥♥ é ❞❡✜♥✐❞❛ ❝♦♠♦ SB(E) = kB lnω(E)✱ ♦♥❞❡ ω(E) é ♦

♥ú♠❡r♦ ❞❡ ❡st❛❞♦s ❝♦♠ ❡♥❡r❣✐❛ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ E✱ ✐✳❡✱ ❡♥tr❡ E ❡ E + δE✳ ❈♦♥s✐❞❡r❛♥❞♦

✉♠ s✐st❡♠❛ ❝❧áss✐❝♦✱ ω(E) é ♦❜t✐❞♦ ✐♥t❡❣r❛♥❞♦✲s❡ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ r❡str✐t♦ às ♣r♦①✐♠✐❞❛❞❡s

❞❡ E✱ ♦✉ s❡❥❛✿

ω(E) =
1

N !h3N
δE

∫

❞q❞♣δ(E −H(q,♣)), ✭❆✳✶✮

♦♥❞❡ ✉s❛♠♦s ❛ ♥♦t❛çã♦ s✐♠♣❧✐✜❝❛❞❛ q = (~r1, ..., ~rN)✱ ♣ = (~p1, ..., ~pN) ❡ ❛ ✐♥t❡❣r❛❧ é ❢❡✐t❛

s♦❜r❡ t♦❞♦ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ♦✉ s❡❥❛✱ ✈❛r✐❛♥❞♦✲s❡ ❝❛❞❛ ✉♠❛ ❞❛s ❝♦♠♣♦♥❡♥t❡s ❞❛s ♣♦s✐çõ❡s ❡

♠♦♠❡♥t♦s ❞❡ ❝❛❞❛ ♠♦❧é❝✉❧❛✳ δ(E−H(q,♣)) é ❛ ❞❡❧t❛ ❞❡ ❉✐r❛❝ ❡ H(q,♣) é ❍❛♠✐❧t♦♥✐❛♥❛

❝❧áss✐❝❛ ❞♦ s✐st❡♠❛ ❞❡ N ♣❛rtí❝✉❧❛s✳

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❡♥tr♦♣✐❛ ❞❡ ●✐❜❜s é ❞❡✜♥✐❞❛ ♣♦r SG(E) = kB ln Ω(E)✱ ♦♥❞❡

Ω(E) é ♦ ♥ú♠❡r♦ ❞❡ ❡st❛❞♦s ❝♦♠ ❡♥❡r❣✐❛ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ E✳ ❊st❛ ♣♦r s✉❛ ✈❡③ é ♦❜t✐❞❛

✐♥t❡❣r❛♥❞♦✲s❡ t♦❞♦ ♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❝♦♠ ❡♥❡r❣✐❛ ♠❡♥♦r ❞♦ q✉❡ E✱ ♦✉ s❡❥❛✿

Ω(E) =
1

N !h3N

∫

❞q❞♣Θ(E −H(q,♣)), ✭❆✳✷✮

❛q✉✐ Θ(E −H(q,♣)) é ❛ ❢✉♥çã♦ ❞❡❣r❛✉ ✭❞❡ ❍❡❛✈s✐❞❡✮✳

❈♦♥❢♦r♠❡ ❞✐s❝✉t✐❞♦ ♥❛ ❙❡çã♦ ✷✳✷✱ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ♠♦♠❡♥t♦ ❞❛ ❊q✳ ❆✳✷ ♣♦❞❡♠

s❡r ✐♥t❡❣r❛❞❛s ❛♥❛❧✐t✐❝❛♠❡♥t❡ q✉❛♥❞♦ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡st❛s ❝♦♦r❞❡♥❛❞❛s✱

❢♦r♥❡❝❡♥❞♦ ❛ ❊q✳ ✷✳✹✱ q✉❡ r❡❡s❝r❡✈❡♠♦s ❛q✉✐✿
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Ω(E) =

(

2πm

h2

)3N/2
1

N !Γ(3N/2 + 1)

∫

❞q(E − Ep(q))
3N/2Θ(E − Ep(q)), ✭❆✳✸✮

◆❡st❛s ♠❡s♠❛s ❝♦♥❞✐çõ❡s✱ ♦ ♠❡s♠♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣♦❞❡ s❡r ❢❡✐t♦ ♣❛r❛ ω(E)✱ ♦ q✉❡

❢♦r♥❡❝❡✿

ω(E) =

(

2πm

h2

)3N/2
δE

N !Γ(3N/2)

∫

❞q(E − Ep(q))
3N/2−1Θ(E − Ep(q)). ✭❆✳✹✮

❊st❛s ❞✉❛s ú❧t✐♠❛s ❡q✉❛çõ❡s ✈❛❧❡♠ ♣❛r❛ q✉❛❧q✉❡r s✐st❡♠❛ ❝❧áss✐❝♦ ♦♥❞❡ ❛ ❡♥❡r❣✐❛

♣♦t❡♥❝✐❛❧ ♥ã♦ ❞❡♣❡♥❞❛ ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ♠♦♠❡♥t♦ ❞❛s N ♠♦❧é❝✉❧❛s✳ ◆♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦

❞❡ ❚❤✐rr✐♥❣✱ ♦❜t✐✈❡♠♦s ♣❛r❛ Ω(E) ❛ ❊q✳ ✷✳✻ ♥❛ ❙❡çã♦ ✷✳✸✱ q✉❡ r❡❡s❝r❡✈❡♠♦s ❛q✉✐

Ω(E) ∝
N
∑

nmin

Ωp(n)(E − Ep(n))
3N/2. ✭❆✳✺✮

❉❡ ♠❛♥❡✐r❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣❛ ♦❜t❡♠♦s ♣❛r❛ ω(E)✱ ♥♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❞❡

❚❤✐rr✐♥❣✿

ω(E) ∝
N
∑

nmin

Ωp(n)(E − Ep(n))
3N/2−1, ✭❆✳✻✮

♦♥❞❡ Ωp(n) é ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s ❝♦♥❢♦r♠❛❝✐♦♥❛❧ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❞❛❞❛ ♣❡❧❛

❊q✳ ✷✳✶✵✳ ❆s ❡q✉❛çõ❡s ♣❛r❛ Ω(E) ❡ ω(E) ❥á ✐♥❞✐❝❛♠ q✉❡ ❡❧❛s ❝♦♥✈❡r❣❡♠ ♥♦ ❧✐♠✐t❡ ❞❡ N

♠✉✐t♦ ❣r❛♥❞❡✱ ♦ q✉❡ ❞❡ ❢❛t♦ é ♠♦str❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✸✻❪✳ ◆❛ ❋✐❣✳ ❆✳✶✱ é ♠♦str❛❞♦ q✉❡✱

♣❛r❛ N = 10000✱ ❡st❛s ❞✉❛s ❞❡✜♥✐çõ❡s ❞❡ ❡♥tr♦♣✐❛ ❝♦♥❝♦r❞❛♠ ♠✉✐t♦ ❜❡♠✱ t❛♥t♦ ♣❛r❛ ♦

♠♦❞❡❧♦ ❣❡♥❡r❛❧✐③❛❞♦ ✭❛✮ q✉❛♥t♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ✉s✉❛❧ ✭❜✮✳

◆❛ ❋✐❣✳ ❆✳✶ t❛♠❜é♠ é ♠♦str❛❞❛ ❛ ❛♣r♦①✐♠❛çã♦ ❞✐s❝✉t✐❞❛ ♥❛ ❙❡çã♦ ✷✳✸ ❞❡ s✉❜s✲

t✐t✉✐r ❛ s♦♠❛ ❡♠ t♦❞♦s ♦s ✈❛❧♦r❡s ❞❡ n ♥❛ ❊q✳ ❆✳✺ ♣❡❧♦ s❡✉ ✈❛❧♦r ♠á①✐♠♦ ✭✐♥❞✐❝❛❞♦

♣♦r SG = kB ln Ω(n̄)✮✱ ♦ q✉❡ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞❡✜♥✐r ❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ ❝♦♠♦

SG(E) = SG(E, n̄)✱ s❡♥❞♦ n̄(E) ♦ ✈❛❧♦r ❞❡ n q✉❡ ♠❛①✐♠✐③❛ SG(n,E) ❞❛❞♦ ♣❡❧❛ ❊q✳ ✷✳✶✸

❞❛q✉❡❧❛ s❡çã♦✳ ◆♦t❛♠♦s q✉❡ ❡st❛ ❛♣r♦①✐♠❛çã♦ é ♠✉✐t♦ ❛❝✉r❛❞❛ ♣❛r❛ ♦s ✈❛❧♦r❡s ❞❡ N

❝♦♥s✐❞❡r❛❞♦s ♥♦ tr❛❜❛❧❤♦✳

◆❛ ❋✐❣✳ ❆✳✷ ♠♦str❛♠♦s ❛s t❡♠♣❡r❛t✉r❛s ♠✐❝r♦❝❛♥ô♥✐❝❛s ♦❜t✐❞❛s ♣❡❧❛ ❞❡r✐✈❛❞❛ ♥✉✲

♠ér✐❝❛ ❞❛s ❡♥tr♦♣✐❛s ❛❝✐♠❛✱ ❡ ♦❜s❡r✈❛♠♦s q✉❡ ❛s ❞✉❛s ❞❡✜♥✐çõ❡s ❞❡ ❡♥tr♦♣✐❛ ❡ ❛ ❛♣r♦①✐✲

♠❛çã♦ ❞♦ ✈❛❧♦r ♠á①✐♠♦ sã♦ ♣r❛t✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✱ ✐♥❝❧✉s✐✈❡ ♥❛ r❡❣✐ã♦ ❞❡ ❝♦♥✈❡①✐❞❛❞❡

❞❛ ❡♥tr♦♣✐❛ q✉❡ é ❛ ❞❡ ♠❛✐♦r ✐♥t❡r❡ss❡✱ ♥❡st❡ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ♣❛r❛ ♦ ✈❛❧♦r ❞❡

N ❝♦♥s✐❞❡r❛❞♦✳
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❋✐❣✉r❛ ❆✳✶✿ ❊♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E) ❡♠ ❢✉♥çã♦ ❞❛ ❡♥❡r❣✐❛ E✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣
❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ ❝♦♠ η = 9✳ ✭❛✮ ❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧ ✭γ = 2✮ ❝♦♠ η = 6 ✭❜✮✳
❊♠ ❛♠❜♦s ♦s ❣rá✜❝♦s N = 10000 ❡ ν = 5✳
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❋✐❣✉r❛ ❆✳✷✿ ❚❡♠♣❡r❛t✉r❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E) ❡♠ ❢✉♥çã♦ ❞❛ ❡♥❡r❣✐❛ E✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡
❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ ❝♦♠ η = 9 ✭❛✮ ❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧ ✭γ = 2✮ ❝♦♠
η = 6 ✭❜✮✳ ❊♠ ❛♠❜♦s ♦s ❣rá✜❝♦s N = 10000 ❡ ν = 5✳

❆✳✷ ❉❡♣❡♥❞ê♥❝✐❛ ❞❛ ❡♥tr♦♣✐❛ ❝♦♠ n

❆ s❡❣✉✐r✱ ❛♥❛❧✐s❛r❡♠♦s ♠❡❧❤♦r ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❞❡ S(E, n) ✭❛❜❛♥❞♦♥❛♠♦s ❞❛q✉✐ ❡♠

❞✐❛♥t❡ ♦s s✉❜s❝r✐t♦s✱ ✏❇✑ ❡ ✏●✑✱ ❥á q✉❡ ❛s ❞❡✜♥✐çõ❡s sã♦ ♣r❛t✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✮ ❝♦♠

♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s n ❡♠ ✈❛❧♦r❡s ✜①♦s ❞❛ ❡♥❡r❣✐❛✱ q✉❡ ❞❡♥♦t❛♠♦s SE(n)✳

❚r❛t❛r❡♠♦s ♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧ ✭γ = 2✮ ♥❛ ❋✐❣✳ ❆✳✸✳ ◆♦ ❣rá✜❝♦ ✭❛✮ ❞❡st❛

✜❣✉r❛✱ é ♠♦str❛❞❛ ❡st❛ ❞❡♣❡♥❞ê♥❝✐❛ ♣❛r❛ ♦ ❝❛s♦ ❞❡ η = 2, 5 ❡♠ ❝✐♥❝♦ ✈❛❧♦r❡s ❞❡ ❡♥❡r❣✐❛

✐❣✉❛❧♠❡♥t❡ ❡s♣❛ç❛❞♦s ❡♥tr❡ E = −2×107 ❡ E = 2, 2×108✳ ❏á ♥❛ ❋✐❣✳ ❆✳✸ ✭❜✮✱ ❛♥❛❧✐s❛♠♦s

♦ ❝❛s♦ η = 6 ❡♠ ❝✐♥❝♦ ✈❛❧♦r❡s ❞❡ ❡♥❡r❣✐❛ ✐❣✉❛❧♠❡♥t❡ ❡s♣❛ç❛❞♦s ❡♥tr❡ E = −2 × 107 ❡

E = 6× 107✳ P❛r❛ ❡st❡s ❞♦✐s ✈❛❧♦r❡s ❞❡ η > 2✱ ❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E) ❛♣r❡s❡♥t❛

r❡❣✐õ❡s ❞❡ ❝♦♥✈❡①✐❞❛❞❡✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ ♣❡r✜s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ❝♦♠ ❞♦✐s ♠í♥✐♠♦s ✭✈✐❞❡

❋✐❣✳ ✷✳✷✮✱ ♦✉ s❡❥❛✱ ❤á ✉♠❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦✱



❆ ❊♥tr♦♣✐❛s ❞❡ ❇♦❧t③♠❛♥♥ ❡ ●✐❜❜s ✺✵
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❋✐❣✉r❛ ❆✳✸✿ ❉❡♣❡♥❞ê♥❝✐❛ ❞❡ S(E, n) ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s n ♣❛r❛ ❛❧❣✉♥s
✈❛❧♦r❡s ✜①♦s ❞❛ ❡♥❡r❣✐❛ t♦t❛❧ E ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧ ✭γ = 2✮ ❝♦♠ η = 2, 5 ✭❛✮ ❡ η = 6
✭❜✮✳ ❊♠ ❛♠❜♦s ♦s ❣rá✜❝♦s N = 10000 ❡ ν = 5✳

❝♦♠♦ ❥á ❞✐s❝✉t✐❞♦ ♥❛ ❙❡çã♦ ✷✳✹✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛ ❋✐❣✳ ❆✳✸ ❛♣r❡s❡♥t❛ ❛ s✐t✉❛çã♦ ❞♦ ♣♦♥t♦

❞❡ ✈✐st❛ ♠✐❝r♦❝❛♥ô♥✐❝♦✳ ◆♦ ❝❛s♦ ❞❡ η = 2, 5 ♠♦str❛❞♦ ♥♦ ❣rá✜❝♦ ✭❛✮✱ SE(n) ♣♦ss✉✐ ❛♣❡♥❛s

✉♠ ♠á①✐♠♦ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❛ ❡♥❡r❣✐❛✱ ❛♦ q✉❛❧ ❝♦rr❡s♣♦♥❞❡ ✉♠ ✈❛❧♦r ❞❡ n✱ q✉❡ é ♦

✈❛❧♦r ♠❛✐s ♣r♦✈á✈❡❧ ❞❡♥♦t❛❞♦ ♣♦r n̄✳ ❈♦♥❢♦r♠❡ ♣❛ss❛♠♦s ❞❡ ✈❛❧♦r❡s ♠❛✐s ❜❛✐①♦s ❞❛ ❡♥❡r❣✐❛

♣❛r❛ ♦s ♠❛✐s ❛❧t♦s✱ ❡st❡ ♠á①✐♠♦ s❡ ❞❡s❧♦❝❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ♣❛r❛ ✈❛❧♦r❡s ♠❛✐s ❜❛✐①♦s ❞❡ n̄✱

❡ ✐st♦ ✐♠♣❧✐❝❛ q✉❡ ❛ ❝✉r✈❛ n̄(E) ♣❛r❛ η = 2, 5 ❛♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✳ ✷✳✷ ✭❝✮ ♥ã♦ ❛♣r❡s❡♥t❛

❞❡s❝♦♥t✐♥✉✐❞❛❞❡✱ ♦✉ s❡❥❛✱ ❛ tr❛♥s✐çã♦ ❞❡ ❢❛s❡ é ❝♦♥tí♥✉❛ ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦✳

❏á ♥❛ ❋✐❣✳ ❆✳✸ ✭❜✮ sã♦ ♠♦str❛❞♦s ♦s r❡s✉❧t❛❞♦s ♣❛r❛ η = 6✳ ◆❡st❡ ❝❛s♦ ♦ ✈❛❧♦r ❞❡ n̄

❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♠á①✐♠♦ t❛♠❜é♠ ❝♦♠❡ç❛ ❞✐♠✐♥✉✐♥❞♦ ❝♦♥t✐♥✉❛♠❡♥t❡ ❝♦♥❢♦r♠❡ ❛ ❡♥❡r❣✐❛

❛✉♠❡♥t❛ ❛ ♣❛rt✐r ❞♦s ✈❛❧♦r❡s ♥❡❣❛t✐✈♦s✱ ♣♦ré♠ s✉r❣❡ ✉♠ s❡❣✉♥❞♦ ♠á①✐♠♦ ❝♦rr❡s♣♦♥❞❡♥t❡

❛ ✉♠ ♠❡♥♦r ✈❛❧♦r ❞❡ n̄ ✭❡♠ ✉♠❛ ❡♥❡r❣✐❛ ♣ró①✐♠❛ ❛q✉❡❧❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❝✉r✈❛ ❛③✉❧ ♥❛

❋✐❣✳ ❆✳✸✭❜✮✮✳ ◆❛ ❡♥❡r❣✐❛ ❡♠ q✉❡ ❡st❡ s❡❣✉♥❞♦ ♠á①✐♠♦ ✉❧tr❛♣❛ss❛ ♦ ♣r✐♠❡✐r♦✱ ♦❝♦rr❡ ✉♠

s❛❧t♦ ♥♦ ✈❛❧♦r ♠❛✐s ♣r♦✈á✈❡❧ ❞❡ n✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ❝✉r✈❛ n̄(E) é ❞❡s❝♦♥tí♥✉❛ ♣❛r❛ η = 6✱

❝♦♠♦ ♣♦❞❡ s❡r ✈❡r✐✜❝❛❞♦ ♥❛ ❋✐❣✳ ✷✳✷ ✭❝✮ ❡ ❛ tr❛♥s✐çã♦ é ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥♦ ❡♥s❡♠❜❧❡

♠✐❝r♦❝❛♥ô♥✐❝♦✳

❊st❛ ♥ã♦ ❡q✉✐✈❛❧ê♥❝✐❛ ❞♦s ❡♥s❡♠❜❧❡s ❝❛♥ô♥✐❝♦ ❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❥á ❢♦✐ ♦❜s❡r✈❛❞❛ ♥❛

r❡❢❡rê♥❝✐❛ ❬✶✸❪ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧✱ ✐♥❝❧✉✐♥❞♦ ❝á❧❝✉❧♦s ❛♥❛❧ít✐❝♦s q✉❡ ❡st✐♠❛♠

♦ ✈❛❧♦r ❞❡ η ♠í♥✐♠♦ ♣❛r❛ s❡ ♦❜s❡r✈❛r ❛ tr❛♥s✐çã♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ♥♦ ❡♥s❡♠❜❧❡ ❝❛♥ô♥✐❝♦

✭η ≥ 2✮ ❡ ♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ✈❛❧♦r ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ✭η ≥ 2, 969✮✳ ❊st❡s ✈❛❧♦r❡s

❞❡ η ♠í♥✐♠♦s ❞❡✜♥❡♠ ❡♥tã♦ ♦ ♣♦♥t♦ ❝rít✐❝♦ ❡♠ ❝❛❞❛ ✉♠ ❞♦s ❡♥s❡♠❜❧❡s✳ ◆❛ ❋✐❣✳ ✷✳✷

✜❝❛ ❝❧❛r♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡s❝♦♥tí♥✉♦ ❞❡ n̄ ❛♣❡♥❛s ♣❛r❛ η ≥ 3 ❛♦ ♣❛ss♦ q✉❡ ❛ ❡♥tr♦♣✐❛

♠✐❝r♦❝❛♥ô♥✐❝❛ ❥á ❛♣r❡s❡♥t❛ r❡❣✐õ❡s ❞❡ ❝♦♥✈❡①✐❞❛❞❡ ♣❛r❛ η > 2✳ ❉❡st❛ ♠❛♥❡✐r❛✱ ❝♦♥✜r✲

♠❛♠♦s ❛q✉✐ ♦s r❡s✉❧t❛❞♦s ❞❛ r❡❢❡rê♥❝✐❛ ❬✶✸❪✳ ❊st❡ t✐♣♦ ❞❡ s✐t✉❛çã♦ é ❥✉st✐✜❝❛❞❛ ♣❡❧❛ ♥ã♦

❛❞✐t✐✈✐❞❛❞❡ ❞❛ ❡♥❡r❣✐❛ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❬✶✸❪✳

❯♠ ❝♦♠♣♦rt❛♠❡♥t♦ s✐♠✐❧❛r é ♦❜s❡r✈❛❞♦ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦

❝♦♠ γ = 1, 2✱ ❝♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✳ ✷✳✹✳ ❊♠ η = 9 ❥á ❤á ✉♠❛ r❡❣✐ã♦ ❝♦♥✈❡①❛ ❞❛



❆ ❊♥tr♦♣✐❛s ❞❡ ❇♦❧t③♠❛♥♥ ❡ ●✐❜❜s ✺✶

❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛✱ ♠❛s ❛ ❝✉r✈❛ n̄(E) ❛✐♥❞❛ é ❝♦♥tí♥✉❛✳ ❯♠❛ ❛♥á❧✐s❡ s❡♠❡❧❤❛♥t❡ ❞❛s

❝✉r✈❛s ❞❡ SE(n) ❛♣♦♥t❛ ❛ ♣r❡s❡♥ç❛ ❞❡ ❞♦✐s ♠á①✐♠♦s ❞❡st❛ ❡♥tr♦♣✐❛ ❛♣❡♥❛s ♣❛r❛ ✈❛❧♦r❡s

♠❛✐♦r❡s ❞❡ η✳

❆✳✸ ❱❛❧♦r❡s ♠é❞✐♦s ♥♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦

❖ ✈❛❧♦r n̄ q✉❡ ♠❛①✐♠✐③❛ S(E, n) é ♦ ✈❛❧♦r ♠❛✐s ♣r♦✈á✈❡❧ ❞❡ s❡ ♦❜t❡r n ❡♠ ✉♠❛

❞❛❞❛ ❡♥❡r❣✐❛✳ ◗✉❛♥❞♦ ♦ s✐st❡♠❛ é ✜♥✐t♦✱ q✉❡ é ♦ ❝❛s♦ ❛q✉✐✱ ❞❡✈❡♠♦s t♦♠❛r ✉♠ ❝✉✐❞❛❞♦ ❞❡

❞✐st✐♥❣✉✐r ❡st❡ ✈❛❧♦r ❞♦ ✈❛❧♦r ♠é❞✐♦ ♥❡st❛ ❡♥❡r❣✐❛✳ ◗✉❛♥❞♦ ♦ s✐st❡♠❛ é ♠✉✐t♦ ❣r❛♥❞❡ ❡st❡s

✈❛❧♦r❡s ❝♦♥✈❡r❣❡♠✳ ❆té ❛q✉✐ ✉t✐❧✐③❛♠♦s n̄ ♣❛r❛ ❞❡s❝r❡✈❡r ♦ s✐st❡♠❛ ❡ ❛❣♦r❛ ♠♦str❛r❡♠♦s

q✉❡✱ ❞❡ ❢❛t♦✱ ❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❡❧❡ ❡ ♦ ✈❛❧♦r ♠é❞✐♦ é ♠✉✐t♦ ♣❡q✉❡♥❛ ♣❛r❛ ♦s ✈❛❧♦r❡s ❞❡

N ❝♦♥s✐❞❡r❛❞♦s✳ ❈❛s♦ ❝♦♥trár✐♦ s❡r✐❛ ♠❛✐s ♣❡rt✐♥❡♥t❡ ✉t✐❧✐③❛r ♦ ✈❛❧♦r ♠é❞✐♦ ❥á q✉❡ ❡st❡

❝❛♣t✉r❛ ✐♥❢♦r♠❛çã♦ s♦❜r❡ t♦❞♦s ♦s ♣♦ssí✈❡✐s ❡st❛❞♦s ❞♦ s✐st❡♠❛ ❡ ♥ã♦ ❛♣❡♥❛s ♦ ♠❛✐s

♣r♦✈á✈❡❧✳ ❖ q✉❡ ♦❝♦rr❡ é q✉❡ ❥á ❡st❛♠♦s ❡♠ ✈❛❧♦r❡s ❞❡ N s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡s✱ ❛♣❡s❛r

❞❡ ✜♥✐t♦s✱ ♣❛r❛ q✉❡ n̄ s❡❥❛ ❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❛✐s ♣r♦✈á✈❡❧ ❞♦ q✉❡ ♦s r❡st❛♥t❡s✱ ♥♦ ❝❛s♦

❞♦ ♠♦❞❡❧♦ ❝♦♥s✐❞❡r❛❞♦✳ ❊st❛ é ❛ ♠❡s♠❛ r❛③ã♦ ♣❡❧❛ q✉❛❧ ❛ ❛♣r♦①✐♠❛çã♦ ❞❛ ❡♥tr♦♣✐❛

♠✐❝r♦❝❛♥ô♥✐❝❛ ♣♦r S(E, n̄) é ❛❞❡q✉❛❞❛✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❙❡çã♦ ❆✳✶✳

◆♦ ❡♥s❡♠❜❧❡ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❝❧áss✐❝♦ ♦s ✈❛❧♦r❡s ♠é❞✐♦s✱ ❡♠ ✉♠❛ ❞❛❞❛ ❡♥❡r❣✐❛ E✱ ❞❡

✉♠❛ ❣r❛♥❞❡③❛ q✉❛❧q✉❡r A(q,♣))✱ sã♦ ♦❜t✐❞♦s ♣❡❧❛ s♦♠❛✱ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡✱ ❞❡ t♦❞♦s ♦s

✈❛❧♦r❡s ♣♦ssí✈❡✐s ❡ ✐❣✉❛❧♠❡♥t❡ ♣r♦✈á✈❡✐s ❞❡st❛ ❣r❛♥❞❡③❛✱ t❛❧ q✉❡ ❛ ❡♥❡r❣✐❛ t♦t❛❧ s❡ ❡♥❝♦♥tr❛

♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ E✱ ❞✐✈✐❞❛ ♣❡❧♦ ♥ú♠❡r♦ t♦t❛❧ ❞❡ ❡st❛❞♦s ♥❡st❛ ❡♥❡r❣✐❛ ω(E)✱ ♦✉ s❡❥❛ ❬✸✻❪✿

〈A〉 =
∫

❞q❞♣A(q,♣)δ(E −H(q,♣))
∫

❞q❞♣δ(E −H(q,♣))
, ✭❆✳✼✮

♦♥❞❡ ❛ ❝♦♥st❛♥t❡ δE/N !h3N é ❝❛♥❝❡❧❛❞❛✳ ❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ ❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ♠♦✲

♠❡♥t♦ ♣♦❞❡♠ s❡r ✐♥t❡❣r❛❞❛s q✉❛♥❞♦ ❛ ❡♥❡r❣✐❛ ♣♦t❡♥❝✐❛❧ ♥ã♦ ❞❡♣❡♥❞❡ ❞❡st❛s ❝♦♦r❞❡♥❛❞❛s

❡ ♥♦ ❝❛s♦ ❞♦ ♥✉♠❡r❛❞♦r✱ q✉❛♥❞♦ ❛ ❣r❛♥❞❡③❛ ❡♠ q✉❡stã♦ só ❞❡♣❡♥❞❡ ❞❛s ♣♦s✐çõ❡s✱ ♦✉ s❡❥❛✱

A = A(q)✱ ♦ q✉❡ ❢♦r♥❡❝❡✿

〈A〉 =
∫

❞qA(q)(E − Ep(q))3N/2−1Θ(E − Ep(q))
∫

❞q(E − Ep(q))3N/2−1Θ(E − Ep(q))
. ✭❆✳✽✮

◆♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣✱ s❡❣✉✐♥❞♦ ♦s ♠❡s♠♦s ♣❛ss♦s q✉❡ ❧❡✈❛♠ ❛ ❊q✳ ❆✳✻✱

♦❜t❡♠♦s✿

〈A〉 =
∑N

n=nmin
Ωp(n)A(n)(E − Ep(n))

3N/2−1

∑N
n=nmin

Ωp(n)(E − Ep(n))3N/2−1
, ✭❆✳✾✮

♦♥❞❡ ♥♦s r❡str✐♥❣✐♠♦s ❛ ❣r❛♥❞❡③❛s q✉❡ ♣♦ss❛♠ s❡r ❡s❝r✐t❛s ❡♠ ❢✉♥çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ♠♦✲

❧é❝✉❧❛s ❛❣r❡❣❛❞❛s n✱ q✉❡ é✱ ❞❡ ❢❛t♦✱ ❛ ❣r❛♥❞❡③❛ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣✳

❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦ ✈❛❧♦r ♠é❞✐♦ ❞❡ n✱ q✉❡ é ♣r♦♥✲



❆ ❊♥tr♦♣✐❛s ❞❡ ❇♦❧t③♠❛♥♥ ❡ ●✐❜❜s ✺✷

-4×10
5

-3×10
5

-2×10
5

-1×10
5 0

1×10
5

2×10
5

E

0,0

2,0×10
3

4,0×10
3

6,0×10
3

8,0×10
3

1,0×10
4

n

n
〈n〉

γ = 1,2

a

-4×10
8

-2×10
8 0 2×10

8
4×10

8
6×10

8

E

0,0

2,0×10
3

4,0×10
3

6,0×10
3

8,0×10
3

1,0×10
4

n

n
〈n〉

γ = 2

b

❋✐❣✉r❛ ❆✳✹✿ ◆ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❛❣r❡❣❛❞❛s✱ ♠❛✐s ♣r♦✈á✈❡❧ n̄(E) ❡ ♠é❞✐♦ 〈n〉(E)✱ ♣❛r❛ ♦ ♠♦❞❡❧♦
❞❡ ❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 2✮ ❝♦♠ η = 9 ✭❛✮ ❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧ ✭γ = 2, 0✮
❝♦♠ η = 6 ✭❜✮✳ ❊♠ ❛♠❜♦s ♦s ❣rá✜❝♦s N = 10000 ❡ ν = 5✳

t❛♠❡♥t❡ ❝❛❧❝✉❧❛❞♦ ✉t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ❛❝✐♠❛ ♣❛r❛ A = n✳ ❆ s♦♠❛ ♥❛ ❊q✳ ❆✳✾ ♣♦❞❡

s❡r ❢❡✐t❛ ♥✉♠❡r✐❝❛♠❡♥t❡✱ ✉t✐❧✐③❛♥❞♦ ✉♠❛ té❝♥✐❝❛ ❞❡ s♦♠❛ ❞❡ ♥ú♠❡r♦s ❣r❛♥❞❡s ❬✸✵❪✱ ❡ ♦

r❡s✉❧t❛❞♦ é ♠♦str❛❞♦ ♥❛ ❋✐❣✳ ❆✳✹ ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ ✈❛❧♦r ♠❛✐s ♣r♦✈á✈❡❧✱ ❡ ❝♦♠♦

❥á ❛❞✐❛♥t❛❞♦ n̄(E) ❡ 〈n〉(E) sã♦ ♣r❛t✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s

❝♦♥s✐❞❡r❛❞♦ N = 10000✳

❋✐♥❛❧✐③❛♠♦s ❡st❡ ❛♣ê♥❞✐❝❡ ♠♦str❛♥❞♦ ✉♠ ♠ét♦❞♦ ❛❧t❡r♥❛t✐✈♦ ♣❛r❛ s❡ ♦❜t❡r ❛ t❡♠✲

♣❡r❛t✉r❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ T (E) ❛ ♣❛rt✐r ❞❛ ❡♥tr♦♣✐❛ S(E)✳ ❆té ❛q✉✐ ❡st❛s ❝✉r✈❛s ❞❡ t❡♠✲

♣❡r❛t✉r❛ ❢♦r❛♠ ♦❜t✐❞❛s ❞❡r✐✈❛♥❞♦✲s❡ ♥✉♠❡r✐❝❛♠❡♥t❡ ❛ ❡♥tr♦♣✐❛ ❝♦♠ r❡❧❛çã♦ à ❡♥❡r❣✐❛✳

❊st❡ ♠ét♦❞♦ t❡♠ ❛ ✈❛♥t❛❣❡♠ ❞❡ s✐♠♣❧❡s ✐♠♣❧❡♠❡♥t❛çã♦✱ ♠❛s ♣♦❞❡ ❧❡✈❛r ❛ ✐♠♣r❡❝✐sõ❡s

❥á q✉❡ ❡st❛s ❞❡r✐✈❛❞❛s ♥✉♠ér✐❝❛s ♣♦❞❡♠ ♥ã♦ s❡r tã♦ ♣r❡❝✐s❛s s❡ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞❛

❢✉♥çã♦ ✉t✐❧✐③❛❞♦s ♣❛r❛ ❛ ❞❡r✐✈❛çã♦ ♥ã♦ ❢♦r ❛❞❡q✉❛❞♦✱ ❡ ♥ã♦ ❤á ♠❛♥❡✐r❛ s✐st❡♠át✐❝❛ ❞❡ s❡

❞❡t❡r♠✐♥❛r q✉❛♥t♦s ♣♦♥t♦s ✉t✐❧✐③❛r✱ ♦ q✉❡ t♦r♥❛ ❡st❛ ❛❜♦r❞❛❣❡♠ ✉♠ ♣♦✉❝♦ ❛r❜✐trár✐❛✳

❆❧t❡r♥❛t✐✈❛♠❡♥t❡✱ é ♣♦ssí✈❡❧ ❞❡r✐✈❛r ✉♠❛ ❡q✉❛çã♦ ❛♥❛❧ít✐❝❛ ❬✸✻❪ ♣❛r❛ ❛ t❡♠♣❡r❛t✉r❛

♠✐❝r♦❝❛♥ô♥✐❝❛ ♣❛rt✐♥❞♦✲s❡ ❞❛ ❞❡✜♥✐çã♦ ❞❛ ❡♥tr♦♣✐❛ ❞❡ ●✐❜❜s SG = kB ln Ω(E)✿

1

T (E)
=

∂SG(E)

∂E
= kB

∂ ln Ω(E)

∂E
=

kB
Ω(E)

∂Ω(E)

∂E
. ✭❆✳✶✵✮

❖ ♣❛ss♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡st❛ ❞❡r✐✈❛çã♦ é ❡s❝r❡✈❡r ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡st❛❞♦s Ω(E) ❞❛

❊q✳ ❆✳✶✵ ❡♠ t❡r♠♦s ❞❡ ✈❛❧♦r❡s ❡s♣❡r❛❞♦s ♠✐❝r♦❝❛♥ô♥✐❝♦s✱ ♥❡st❡ ❝❛s♦ ❞❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✿

Ω(E) ∝
∫

❞q(E−Ep(q))
3N/2Θ(E−Ep(q)) =

∫

❞qEk(q)(E−Ep(q))
3N/2−1Θ(E−Ep(q)),

✭❆✳✶✶✮

♦♥❞❡ ♦♠✐t✐♠♦s ❛ ❝♦♥st❛♥t❡ ♠✉❧t✐♣❧✐❝❛t✐✈❛ ❡ ✉s❛♠♦s ♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ ♣♦❞❡

s❡r ❡s❝r✐t❛ ❛♣❡♥❛s ❡♠ t❡r♠♦s ❞❛s ❝♦♦r❞❡♥❛❞❛s ❞❡ ♣♦s✐çã♦ ❥á q✉❡ ❛ ❡♥❡r❣✐❛ t♦t❛❧ é ✜①❛✱

♦✉ s❡❥❛✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r Ek(q) = E − Ep(q)✳ ❆ ú❧t✐♠❛ ✐♥t❡❣r❛❧ ♥❛ ❊q✳ ❆✳✶✶ ❡stá



❆ ❊♥tr♦♣✐❛s ❞❡ ❇♦❧t③♠❛♥♥ ❡ ●✐❜❜s ✺✸

r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦ ✈❛❧♦r ♠é❞✐♦ ❞❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛ 〈EK〉✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❊q✳ ❆✳✽✿

Ω(E) ∝ ω(E)〈Ek〉 ✭❆✳✶✷✮

❏á ♣❛r❛ ❛ ❞❡r✐✈❛❞❛ ❞❡ Ω(E)✱ ✉t✐❧✐③❛♥❞♦ ❛ ❊q✳ ❆✳✸✱ t❡♠♦s✿

∂Ω(E)

∂E
∝

∫

❞q

{[

3N

2
(E − Ep(q))

3N/2−1Θ(E − Ep(q))

]

+

[

(E − Ep(q))
3N/2δ(E − Ep(q))

]}

,

✭❆✳✶✸✮

♦♥❞❡ ✐♥✈❡rt❡♠♦s ❛ ♦r❞❡♠ ❞❛ ✐♥t❡❣r❛çã♦ ♥♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❡ ❞❛ ❞❡r✐✈❛çã♦ ♥❛ ❡♥❡r❣✐❛✱

❛♣❧✐❝❛♠♦s ❛ r❡❣r❛ ❞♦ ♣r♦❞✉t♦ ❡ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ❛ ❞❡r✐✈❛❞❛ ❞❛ ❢✉♥çã♦ ❞❡❣r❛✉ ❢♦r♥❡❝❡

✉♠❛ ❞❡❧t❛ ❞❡ ❉✐r❛❝✳ ❖ ✐♥t❡❣r❛♥❞♦ ❞❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧ t❡♥❞❡ ❛ ③❡r♦ ❞❡✈✐❞♦ à ❞❡❧t❛ q✉❛♥❞♦

Ep 6= E ❡ ❞❡✈✐❞♦ ❛♦ t❡r♠♦ (E −Ep)
3N/2 q✉❛♥❞♦ Ep ≈ E✱ ❞❡ ♠♦❞♦ q✉❡ ❛ ✐♥t❡❣r❛❧ t♦❞❛ s❡

❛♥✉❧❛✳ ❆❧é♠ ❞✐ss♦✱ ♥♦t❛♠♦s q✉❡ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ é ♣r♦♣♦r❝✐♦♥❛❧ ❛ ω(E)✿

∂Ω(E)

∂E
∝ 3N

2
ω(E). ✭❆✳✶✹✮

❘❡t♦r♥❛♥❞♦ ❡♥tã♦ ♣❛r❛ ❛ ❊q✳ ❆✳✶✵✱ ✉t✐❧✐③❛♥❞♦ ❛s ❊q✳ ❆✳✶✷ ❡ ❆✳✶✹✱ ❡ ♥♦t❛♥❞♦ q✉❡

❛s ❝♦♥st❛♥t❡s ♠✉❧t✐♣❧✐❝❛t✐✈❛s ❝❛♥❝❡❧❛♠✿

1

kBT
=

3N

2〈Ek〉
♦✉ kBT =

2

3N
〈Ek〉, ✭❆✳✶✺✮

q✉❡ é ♦ t❡♦r❡♠❛ ❞❛ ❡q✉✐♣❛rt✐çã♦ ❞❛ ❡♥❡r❣✐❛ ♣❛r❛ f = 3N ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✳ P❛r❛

❡st❛ ❞❡♠♦♥str❛çã♦ ✉t✐❧✐③❛♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ❡♥tr♦♣✐❛ ❞❡ ●✐❜❜s✱ ♥♦ ❝❛s♦ ❞❛ ❞❡✜♥✐çã♦ ❞❡

❇♦❧t③♠❛♥♥ ✉♠ ❝á❧❝✉❧♦ ❛♥á❧♦❣♦ ❧❡✈❛ à ❬✸✻✱ ✸✽❪✿

kBT =
2

3N − 2

1

〈E−1
k 〉 , ✭❆✳✶✻✮

❝♦♠ 〈E−1
k 〉 s❡♥❞♦ ♦ ✈❛❧♦r ♠é❞✐♦ ♠✐❝r♦❝❛♥ô♥✐❝♦ ❞♦ ✐♥✈❡rs♦ ❞❛ ❡♥❡r❣✐❛ ❝✐♥ét✐❝❛✳ ❊st❛s

❡①♣r❡ssõ❡s ❝♦♥❝♦r❞❛♠ ♥♦ ❧✐♠✐t❡ ❞❡ ♠✉✐t❛s ♠♦❧é❝✉❧❛s ❬✸✻❪✳ ◆♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣✱

❡st❡s ✈❛❧♦r❡s ♠é❞✐♦s sã♦ ♦❜t✐❞♦s ✉t✐❧✐③❛♥❞♦ ❛ ❊q✳ ❆✳✾ ❝♦♠ A = E−Ep(n) = E+ν(nγ−1)

♥♦ ♣r✐♠❡✐r♦ ❝❛s♦ ❡ (E + ν(nγ − 1))−1 ♥♦ s❡❣✉♥❞♦✳

◆♦t❛♠♦s q✉❡ ❛ ❡♥❡r❣✐❛ t♦t❛❧ ❡s❝❛❧❛ ❝♦♠ νNγ ♥♦ ❝❛s♦ ❞♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ❝♦♠♦

♠♦str❛❞♦ ♥❛ ❙❡çã♦ ✷✳✺✳ ❆s ❡♥❡r❣✐❛s ♣♦t❡♥❝✐❛❧ ❡ ❝✐♥ét✐❝❛ ♠é❞✐❛ t❛♠❜é♠ ❛♣r❡s❡♥t❛♠ ♦

♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❝♦♠♦ ❡r❛ ❞❡ s❡ ❡s♣❡r❛r ✭♥ã♦ ♠♦str❛❞♦ ❛q✉✐✱ ♠❛s ✈❡r✐✜❝❛❞♦✮✳ ❉❡st❡

♠♦❞♦✱ ❛s ❊q✳ ❆✳✶✺ ❡ ❆✳✶✻ ❝♦♥✜r♠❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ♦❜t✐❞♦ ♣❛r❛ ❛ t❡♠♣❡r❛t✉r❛ T ≈
νNγ−1 t❛♠❜é♠ ♥❛q✉❡❧❛ s❡çã♦✳

◆❛ ❋✐❣✳ ❆✳✺ sã♦ ♠♦str❛❞❛s ❛s ❝✉r✈❛s ❞❛ t❡♠♣❡r❛t✉r❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ T (E) ♦❜t✐❞❛s

✈✐❛ ❞❡r✐✈❛❞❛ ♥✉♠ér✐❝❛ ✭❥á ❛♣r❡s❡♥t❛❞❛s ♥❛ ❋✐❣✳ ❆✳✷✮ ❡ ♣❡❧❛s ❊q✳ ❆✳✶✺ ❡ ❆✳✶✻✳ ❖s

r❡s✉❧t❛❞♦s sã♦ ♣r❛t✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡s✱ ❥✉st✐✜❝❛♥❞♦ ♦ ✉s♦ ❞❛s ❞❡r✐✈❛❞❛s ♥✉♠ér✐❝❛s ❡

❝♦rr♦❜♦r❛♥❞♦ ♠❛✐s ✉♠❛ ✈❡③ ❛ ❝♦♥✈❡r❣ê♥❝✐❛ ❞❛s ❞✉❛s ❞❡✜♥✐çõ❡s ❞❡ ❡♥tr♦♣✐❛ ♣❛r❛ ♦ ✈❛❧♦r



❆ ❊♥tr♦♣✐❛s ❞❡ ❇♦❧t③♠❛♥♥ ❡ ●✐❜❜s ✺✹
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Eq A.15

Eq. A.16

γ = 1,2

a
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8

E

0,0

5,0×10
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1,0×10
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4

T

numérica
Eq. A.15

Eq. A.16

γ = 2

b

❋✐❣✉r❛ ❆✳✺✿ ❚❡♠♣❡r❛t✉r❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ T (E) ❡♠ ❢✉♥çã♦ ❞❛ ❡♥❡r❣✐❛ E✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡
❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ✭γ = 1, 2✮ ❝♦♠ η = 9 ✭❛✮ ❡ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡ ❚❤✐rr✐♥❣ ✉s✉❛❧ ✭γ = 2✮ ❝♦♠
η = 6 ✭❜✮✳ ❊♠ ❛♠❜♦s ♦s ❣rá✜❝♦s N = 10000 ❡ ν = 5✳ ❆s ❧✐♥❤❛s ♣r❡t❛s ❢♦r❛♠ ♦❜t✐❞❛s ❞❡r✐✈❛♥❞♦✲s❡
♥✉♠❡r✐❝❛♠❡♥t❡ ❛ ❡♥tr♦♣✐❛ ♠✐❝r♦❝❛♥ô♥✐❝❛ S(E)✱ ❡ ❛s ❧✐♥❤❛s ✈❡r♠❡❧❤❛s ❡ ❧❛r❛♥❥❛s ✉t✐❧✐③❛♥❞♦✲s❡ ❛s
❊q✳ ❆✳✶✺ ❡ ❆✳✶✻✱ r❡s♣❡❝t✐✈❛♠❡♥t❡

❞❡ N ❝♦♥s✐❞❡r❛❞♦✳
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❚❡♠♣❡r❛t✉r❛s ❞❡ tr❛♥s✐çã♦✱ ❜❛rr❡✐r❛s ❞❡

❡♥❡r❣✐❛ ❧✐✈r❡ ❡ ❝❛❧♦r❡s ❧❛t❡♥t❡s ♣❛r❛

♦✉tr♦s ✈❛❧♦r❡s ❞❡ γ

◆❡st❡ ❛♣ê♥❞✐❝❡ ❛♣r❡s❡♥t❛♠♦s ♦s ❞✐❛❣r❛♠❛s ❞❡ ❢❛s❡✱ ❛s ❝✉r✈❛s ❞❡ ❝❛❧♦r ❧❛t❡♥t❡ ❡ ❜❛r✲

r❡✐r❛ ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ♣❛r❛ ❛❧❣✉♥s ✈❛❧♦r❡s ❞❡ γ ✐♥t❡r♠❡❞✐ár✐♦s àq✉❡❧❡s q✉❡ ❢♦r❛♠ ❞✐s❝✉t✐❞♦s

♥♦ ❈❛♣ít✉❧♦ ✷✱ ❛ s❛❜❡r γ = 1, 4✱ γ = 1, 6 ❡ γ = 1, 8✳
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c

❋✐❣✉r❛ ❇✳✶✿ ✭❛✮ ❚❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗ ❡ t❡♠♣❡r❛t✉r❛s T+ ❡ T−✱ ✭❜✮ ❜❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛
❧✐✈r❡ β∗∆F † ❡ ✭❝✮ ❝❛❧♦r ❧❛t❡♥t❡ ∆E† ❡♠ ❢✉♥çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❛❞✐♠❡♥s✐♦♥❛❧ ρ✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡
❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠ γ = 1, 4 ❝♦♥t❡♥❞♦ N = 10000 ♠♦❧é❝✉❧❛s ❝♦♠ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s
ν = 5 ✭✉♥✐❞❛❞❡s ❛r❜✐trár✐❛s ❞❡ ❡♥❡r❣✐❛✮✳



❇ ❚❡♠♣❡r❛t✉r❛s ❞❡ tr❛♥s✐çã♦✱ ❜❛rr❡✐r❛s ❞❡ ❡♥❡r❣✐❛ ❧✐✈r❡ ❡ ❝❛❧♦r❡s ❧❛t❡♥t❡s
♣❛r❛ ♦✉tr♦s ✈❛❧♦r❡s ❞❡ γ ✺✻
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❋✐❣✉r❛ ❇✳✷✿ ✭❛✮ ❚❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗ ❡ t❡♠♣❡r❛t✉r❛s T+ ❡ T−✱ ✭❜✮ ❜❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛
❧✐✈r❡ β∗∆F † ❡ ✭❝✮ ❝❛❧♦r ❧❛t❡♥t❡ ∆E† ❡♠ ❢✉♥çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❛❞✐♠❡♥s✐♦♥❛❧ ρ✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡
❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠ γ = 1, 6 ❝♦♥t❡♥❞♦ N = 10000 ♠♦❧é❝✉❧❛s ❝♦♠ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s
ν = 5 ✭✉♥✐❞❛❞❡s ❛r❜✐trár✐❛s ❞❡ ❡♥❡r❣✐❛✮✳
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❋✐❣✉r❛ ❇✳✸✿ ✭❛✮ ❚❡♠♣❡r❛t✉r❛ ❞❡ tr❛♥s✐çã♦ T ∗ ❡ t❡♠♣❡r❛t✉r❛s T+ ❡ T−✱ ✭❜✮ ❜❛rr❡✐r❛ ❞❡ ❡♥❡r❣✐❛
❧✐✈r❡ β∗∆F † ❡ ✭❝✮ ❝❛❧♦r ❧❛t❡♥t❡ ∆E† ❡♠ ❢✉♥çã♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❛❞✐♠❡♥s✐♦♥❛❧ ρ✱ ♣❛r❛ ♦ ♠♦❞❡❧♦ ❞❡
❚❤✐rr✐♥❣ ❣❡♥❡r❛❧✐③❛❞♦ ❝♦♠ γ = 1, 8 ❝♦♥t❡♥❞♦ N = 10000 ♠♦❧é❝✉❧❛s ❝♦♠ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s
ν = 5 ✭✉♥✐❞❛❞❡s ❛r❜✐trár✐❛s ❞❡ ❡♥❡r❣✐❛✮✳
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❚❡♠♣♦s ♠é❞✐♦s ❞❡ ♣r✐♠❡✐r❛ ♣❛ss❛❣❡♠

❖ t❡♠♣♦ ♠é❞✐♦ ❞❡ ♣r✐♠❡✐r❛ ♣❛ss❛❣❡♠ τ− é ❞❛❞♦ ♣♦r ❬✹✽❪✿

τ− =
1

D

∫ E+

E−

❞E
p(E)

∫ ∞

E

p(E ′)❞E ′, ✭❈✳✶✮

♦♥❞❡ D = ǫ2/2τǫ é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ♥♦ ❡s♣❛ç♦ ❞❛s ❡♥❡r❣✐❛s✱ ǫ é ❛ ✈❛r✐❛çã♦ ❞❡

❡♥❡r❣✐❛ ❡♥✈♦❧✈✐❞❛ ♥❛s tr❛♥s✐çõ❡s ♠✐❝r♦s❝ó♣✐❝❛s ❝♦♥s✐❞❡r❛❞❛s ♥❛s s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s ❡

τǫ ❞❡t❡r♠✐♥❛ ❛ ❡s❝❛❧❛ ❞❡ t❡♠♣♦ ❡♥✈♦❧✈✐❞❛ ♥❡st❛s tr❛♥s✐çõ❡s ❬✶✵❪✳

❊st❛ ❡①♣r❡ssã♦ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛ ♥♦t❛♥❞♦✲s❡ q✉❡✱ ❡♠ t❡♠♣❡r❛t✉r❛ ♣ró①✐♠❛s ❛

❞❡ tr❛♥s✐çã♦✱ 1/p(E) ❛♣r❡s❡♥t❛ ✉♠ ♠á①✐♠♦ ❡♠ E = E∗ ❡ q✉❡ p(E) t❡♠ ❞♦✐s ♠á①✐♠♦s

❡♠ E = E+ ❡ E = E−✱ ♠❛s ❛♣❡♥❛s ❛ r❡❣✐ã♦ ❞❡ ❡♥❡r❣✐❛s ♣ró①✐♠❛ ❛♦ ♠á①✐♠♦ ❡♠ E =

E+ é t♦t❛❧♠❡♥t❡ ❝♦♥t✐❞❛ ♥♦s ❧✐♠✐t❡s ❞❡ ✐♥t❡❣r❛çã♦ ❞❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧✳ ❉❡st❛ ❢♦r♠❛✱

❡s❝r❡✈❡♠♦s✿

τ− ≈ 2τǫ
ǫ2

∫ E+

E−

❞E
p∗(E)

∫ ∞

E∗

p+(E
′)❞E ′, ✭❈✳✷✮

❝♦♠ p∗(E) ❞❛❞♦ ♣❡❧❛ ❊q✳ ✹✳✶✵ ❡ p+(E) ♣❡❧❛ ❊q✳ ✹✳✶✷✳ P♦r ✜♠✱ ✉t✐❧✐③❛♠♦s ✉♠❛ ❛♣r♦①✐♠❛✲

çã♦ ❞❡ ❑r❛♠❡rs ❬✹✾❪ ♣❛r❛ ❛s ❞✉❛s ✐♥t❡❣r❛✐s ❛ss✉♠✐♥❞♦ q✉❡ β é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣ró①✐♠♦

❞❡ β∗✿

∫ E+

E−

❞E
p∗(E)

≈ Z(β)

Γ∗(β)

√

2π

γ∗
❡

∫ ∞

E∗

p+(E
′)❞E ′ ≈ Γ+(β)

Z(β)

√

2π

γ+
, ✭❈✳✸✮

♣♦rt❛♥t♦

τ− ≈ 4πτǫ
ǫ2
√
γ∗γ+

Γ+(β)

Γ∗(β)
✭❈✳✹✮

❝♦♠ Γ∗(β) ❡ Γ+(β) ❞❛❞♦s ♣❡❧❛s ❊q✳ ✹✳✶✶ ❡ ✹✳✶✸✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ s✉❜st✐t✉✐çã♦ ❞❡st❛s

❞✉❛s ❡q✉❛çõ❡s ❧❡✈❛ ❛ ❊q✳ ✹✳✶✹✳



❈ ❚❡♠♣♦s ♠é❞✐♦s ❞❡ ♣r✐♠❡✐r❛ ♣❛ss❛❣❡♠ ✺✽

❏á ♦ t❡♠♣♦ ♠é❞✐♦ ❞❡ ♣r✐♠❡✐r❛ ♣❛ss❛❣❡♠ τ+ é ❞❛❞♦ ♣♦r ❬✹✽❪✿

τ+ =
1

D

∫ E+

E−

❞E
p(E)

∫ E

−∞

p(E ′)❞E ′, ✭❈✳✺✮

❡ ✉♠ ❛r❣✉♠❡♥t♦ ❛♥á❧♦❣♦ ❧❡✈❛ à✿

τ+ ≈ 4πτǫ
ǫ2
√
γ∗γ−

Γ−(β)

Γ∗(β)
. ✭❈✳✻✮

◆♦t❛♠♦s q✉❡ ❛s ❡①♣r❡ssõ❡s ❛♣r♦①✐♠❛❞❛s ❛q✉✐ ♣❛r❛ τ± ❞✐❢❡r❡♠ ❞❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪

❞❡✈✐❞♦ à ✉t✐❧✐③❛çã♦ ❞❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❑r❛♠❡rs ❡♠ ❛♠❜❛s ❛s ✐♥t❡❣r❛✐s ♥❛s ❊q✳ ❈✳✶ ❡ ❈✳✺✱

❛♦ ♣❛ss♦ q✉❡ ♥❛q✉❡❧❛ r❡❢❡rê♥❝✐❛ ❢♦✐ ✉t✐❧✐③❛❞❛ ♦✉tr❛ ❛♣r♦①✐♠❛çã♦ ❛❞❡q✉❛❞❛ ♣❛r❛ ♠á①✐♠♦s

♠❡♥♦s ❛❝❡♥t✉❛❞♦s ♥♦ ❝❛s♦ ❞❛ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧✳ ◆♦ ❝❛s♦ ❡st✉❞❛❞♦ ❛q✉✐ ❢♦✐ ✈❡r✐✜❝❛❞❛

✉♠❛ ♠❡❧❤♦r ❝♦♥❝♦r❞â♥❝✐❛ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ❞❛s s✐♠✉❧❛çõ❡s ❡st♦❝ást✐❝❛s ✉t✐❧✐③❛♥❞♦ ❡st❛

❛❜♦r❞❛❣❡♠ ❝♦♠ ❛s ❛♣r♦①✐♠❛çõ❡s ❞❡ ❑r❛♠❡rs✳ ■st♦ é ❥✉st✐✜❝❛❞♦ ♣♦rq✉❡ ❛ ❜❛rr❡✐r❛ ❞❡

❡♥❡r❣✐❛ ❧✐✈r❡ ♦❜s❡r✈❛❞❛ ♣❛r❛ ♦ s✐st❡♠❛ ❛q✉✐ ❡st✉❞❛❞♦ é ♠❛✐♦r ❞♦ q✉❡ àq✉❡❧❛ ❝♦♥s✐❞❡r❛❞❛

♥❛ r❡❢❡rê♥❝✐❛ ❬✶✵❪✳
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