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Abstract

COSTA, Guilherme Henrique da Silva, D.Sc., Universidade Federal de Viçosa, April,
2022. Spreading processes on complex networks: theory, simulations and applica-
tions. Adviser: Silvio da Costa Ferreira Junior.

The use of complex networks as a substrate for the study of dynamic processes is a

rich interdisciplinary area with several applications in real problems. In particular, the

study of spreading processes in this framework are foundational for several models

in biology, physics, and sociology. In this thesis, we develop studies on fundamental

and theoretical aspects of dynamical processes, which have a connection with non-

equilibrium statistical mechanics, as well as direct and practical applications for the

study of real infectious diseases. We developed a quasi-stationary simulation method,

one way to analyze systems with absorbing states, aiming at joining the best of ex-

isting methods: computational simplicity with precision in the characterization of lo-

calized transitions. After extensive simulations of the susceptible-infected-susceptible

model in several types of complex networks, we were able to validate the method.

Furthermore, we developed an heterogeneous mean-field theory for the symbiotic

contact process with two species. Numerical integrations of the equations indicates

the existence of a biestability region that depends on the heterogeneity of the com-

plex network in addition to non-trivial finite size behaviors. Computer simulations in

complex networks validated the theory and complemented the results. Finally, we de-

veloped works with applications for the spreading of COVID-19. In the beginning of

the pandemic, we built a data-driven compartmental epidemic model with metapop-

ulations to investigate how Sars-Cov-2 would spread in Brazil in a municipality level.

We were able to compare several mitigation scenarios and verify the desynchroniza-

tion of the epidemic outbreaks in Brazil, a result confirmed a posteriori. In addition,

we developed a method to estimate the underreporting of documented COVID-19

cases in different locations in Brazil using a compartmental model. These contribu-

tions show the vast applications of dynamic process toolbox in complex networks, in

addition to its importance for real situations.

Keywords: Dynamical processes. Theoretical epidemiology. Complex networks.



Resumo

COSTA, Guilherme Henrique da Silva, D.Sc., Universidade Federal de Viçosa, abril
de 2022. Processos de espalhamento em redes complexas: teoria, simulação e apli-
cações. Orientador: Silvio da Costa Ferreira Junior.

A utilização de redes complexas como substrato para o estudo de processos dinâmi-

cos é uma área interdiscplinar rica e com aplicações em diversos problemas reais. Em

particular, o estudo de processos de espalhamento encontra nesse ferramental a base

para diversos modelos em biologia, física e sociologia. Nesta tese, desenvolvemos

tanto estudos em aspectos fundamentais e teóricos, os quais possuem conexões com a

mecânica estatística de não equilíbrio, quanto aplicações mais diretas e práticas para o

estudo de doenças infecciosas reais. Desenvolvemos um método de simulação quasi-

estacionário, uma das formas de se analisar sistemas com estados absorventes, com

o objetivo de agregar o melhor de métodos já existentes: simplicidade computacional

com precisão na caracterização de transições localizadas. Após extensas simulações

do modelo suscetível-infectado-suscetível, pudemos validar o método. Além disso,

desenvolvemos uma teoria de campo médio heterogênea para o processo de contato

simbiótico com duas espécies. Integrações numéricas sugerem a existência de uma

região de biestabilidade que varia com a heterogeneidade da rede além de relações

de tamanho finito não triviais. Simulações computacionais em redes complexas val-

idaram a teoria e complementaram os resultados. Por fim, desenvolvemos trabalhos

com aplicações para a progação da COVID-19. Próximo ao início da pandemia, con-

struímos um modelo epidêmico compartimental com metapopulações e orientado

por dados para investigar como se daria o espalhamento do Sars-Cov-2 no Brasil à

nível de municípios. Pudemos comparar diversos cenários de mitigação e verificar a

dessincronização dos surtos epidêmicos no Brasil, resultado confirmado a posteriori.

Além disso, desenvolvemos um método para estimar a subnotificação de casos de

COVID-19 documentados em diferentes localidades do Brasil a partir de um modelo

compartimental. Essas contribuições mostram as vastas aplicações do ferramental de

processos dinâmicos em redes complexas, além da importância para situações reais.

Palavras-chave: Processos dinâmicos. Epidemiologica teórica. Redes complexas.
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Chapter 1

Introduction

Since the emergence of graph theory in the mid-18th century with the problem of

Könisberg bridges [1], many scientists have applied this field of knowledge to describe

systems in mathematics, physics, sociology, among other branches of science. With the

explosion of network science at the end of the 90’s [2] various processes such as social

interactions [3, 4], epidemic outbreaks [5, 6, 7] and metabolic chains [8] were studied

considering complex networks evolving on top of it. Furthermore, the theoretical

and computational frameworks of classical areas of Physics, such as non-equilibrium

statistical mechanics, have found several applications in these sub-areas of complexity

science [9, 10, 11, 12]. In particular, the study of spreading processes, such as epidemic

or information, evolving in complex networks has become one of the major areas of

this interdisciplinary science, with several applications [7, 13, 14, 15, 16].

The different dynamic processes that occur in these complex networks are com-

monly treated by associating variables to the network elements that represent a cer-

tain characteristic of the dynamics and defining transition rates between these states

[17]. In the context of epidemics spreading, this variable may be related to the stages

of the disease and transitions refer to its evolution. By constructing relatively sim-

ple epidemic models, relevant information can be extracted to predict and under-

stand the spread of pathogens and define public policies in order to reduce dam-

age [18, 19, 20, 21]. The COVID-19 outbreak is an outstanding recent example of

these applications. Starting in December 2019, within a few months the SARS-CoV-2

(pathogen that causes COVID-19) was already present in almost all countries and,
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over more than 2 years, infected around 490 million people, leading almost 6 million

of those to death [22]. In Brazil, in April of 2022, we approached 30 million cases

with more than 660 thousand deaths [23]. Since the beginning of the outbreak, many

scientists of different areas devoted efforts to understand and combat this novel treat

[24, 25, 26, 27, 28, 29, 30]. In addition to these immediate applications, theoretical

and fundamental aspects of some epidemic models are extremely important to un-

derstand absorbing state phase transitions and non equilibrium phenomena [31, 32],

two classical areas of statistical mechanics [33].

In this thesis, we tackle several problems regarding spreading phenomena on com-

plex networks, ranging from fundamental and theoretical studies on absorbing-state

phase transitions to epidemic modeling focused on COVID-19. In Part I, we discuss

the main concepts and theoretical foundations of this thesis. In Chapter 2, the main

focus is the characterization and description of complex networks. After a brief his-

torical overview, the most important concepts, structures and models are discussed.

In Chapter 3, we discuss the main frameworks to study dynamical processes, general

concepts and, most importantly, applications for spreading phenomena. Moreover, a

brief introduction to mathematical epidemiology is made along with some important

concepts, techniques and counterparts within absorbing state phase transitions.

In Parts II and III we tackle the problems themselves. On the former, we discuss

more theoretical problems that have a direct connection with absorbing state phase

transitions while for the latter we analyze spreading phenomena occurring on geo-

graphical networks, applied to COVID-19. In each chapter that makes up these parts,

additional concepts (those which are specific enough) are discussed if necessary.

With the constant progress in computational power and the possibility of ap-

proaching more complex problems, the use of simulations to validate and comple-

ment theoretical analysis grows every day. Considering spreading processes, the use

of computational simulations allow us to reach limits that would not be possible in

other approaches. In particular, simulations of absorbing-state phase transitions on

complex networks possess a major drawback: most theoretical analyses are initially

valid for systems within thermodynamic limit (number of elements going to infinite)

and need to be compared with finite size simulations. Thus, for many systems, one

need to perform simulations on substrates as larger as possible in order to minimize
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these finite size effects. Therefore, the algorithms for these simulations needs to be

fast and efficient.

Another problem regarding computational simulations of models presenting ab-

sorbing transitions is to prevent the system to be trapped into the absorbing state

since, strictly, they are the only steady-state for finite sizes [31]. A major approach

to circumvent this hurdle is the quasistationary analysis (QS) [31], in which averages

are performed only over the space of configurations that did not visit the absorbing

state so far. Several methods were developed following this approach [34, 35, 36].

Each one of these methods has its pros and cons, some being statistically accurate

but complicated and computationally demanding while others are simple but fail

on more complex simulations. In order to improve this methodology, in Chapter 4

we develop a method that aims to be computationally simple and accurate at the

same time. To validate the method, we perform simulations of susceptible-infected-

susceptible [37] model, a widely used epidemic model that presents a complex be-

havior [38, 39, 40, 41], in terms of absorbing state phase transitions on heterogeneous

complex networks, comparing it with two well established methods: the standard QS

[34] (complex but statistically exact) and the reflecting boundary condition [36] (sim-

ple but limited). As a general result, we report that our method performs as well as

the standard QS in the identification and characterization of the transitions, overcom-

ing the limitations of simpler approaches such as the reflecting boundary condition,

but with reduced algorithmic and computer complexity.

In addition to the susceptible-infected-susceptible, another standard model for

studying phase transitions for absorbing states is the contact process (CP) [42]. Con-

sidered a first approach to describe spreading or replication phenomena in lattices,

the characterization of phase transitions of this model in several substrates, such as

regular and disordered lattices [43, 44, 45] and complex networks [46, 47], is well

known. Several more advanced models were proposed using original CP as a ground

model [48, 49]. An interesting extension of CP occurs when we introduce cooperation

dynamics between different species evolving in the same substrate. Called symbiotic

processes, this type of dynamic is extremely rich and has applications in ecological

models [50, 51]. In particular, the two species symbiotic contact process is a recently

proposed model [52, 53] whose behavior on complex networks is not fully understood
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and described theoretically. Although some recent works have clarified several aspects

of the phase transition that occurs in this model in homogeneous substrates [54, 55],

the same does not happen in highly heterogeneous substrates, such as complex net-

works with a power law degree distribution. Thus, we develop a heterogeneous mean

field theory (see Chapter 5) for this model in an attempt to characterize its dynam-

ics on complex networks. To validate this theory, we also performed quasistationary

simulations on quenched and annealed complex networks.

Concomitantly with fundamental and theoretical works, we dedicate part of our

efforts to develop models to describe and characterize the spreading of COVID-19 in

Brazil. Since the outbreak’s beginning, several modeling works have been developed

[29, 56, 57, 58, 59] in order to understand and predict the spreading of SARS-CoV-

2 for some countries. Inspired mainly by Reference [29], in Chapter 6 we develop

a compartmental model [60] using metapopulations [15, 61] to study the spread of

epidemics and apply it to the spread of COVID-19 in Brazil. The model is driven

by demographic and mobility data obtained from public repositories [62, 63, 64]. We

look at how diverse the epidemic curves are across the country rather than trying to

quantitatively predict outbreaks in specific locations. Considering March 31, 2020 as

the initial condition, in which there were approximately 6000 cases in 410 Brazilian

municipalities [23], we define hypothetical mitigation scenarios and study the epi-

demic evolution in all municipalities in the country through integrated simulations.

We qualitatively predict the variability in epidemic incidence curves across multiple

geographic scales. Furthermore, we predict that the epidemic spread of some states

is characterized by an outbreak focused initially in the capital, followed by an epi-

demic wave spreading through the countryside. Based on these results, we are able

to consider strategies to contain the epidemic. In principle, the different behaviors

in different regions call for decentralized strategies, depending on the region’s needs.

However, as municipalities are highly interconnected with each other, strategies must

be integrated to account for these factors.

Having ventured into developing data-driven models, we saw that one of the

biggest limitations that arise when working with them is the reliability and quality of

data. In particular for COVID-19, it is known that there is a lot of under-reporting,

due to infections by asymptomatic and presymptomatic individuals and testing limi-
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tations [65, 66, 67, 68, 69]. This under-reporting may affect the time series of reported

cases and, therefore, the quality of predictions for data-driven models. In order to

circumvent this problem, in Chapter 7 we develop a methodology to estimate the

quantity of individuals in hidden compartments, namely the asymptomatic, exposed

and undiagnosed infectious individuals from epidemic surveillance data for cases and

deaths. We estimate the levels of under-reporting in different localities and time win-

dows. In order to validate the method, we apply it across different geographical scales

on Paraná and Espírito Santo, two Brazilian states. Additionally, we estimate initial

conditions for the hidden compartments and the effective infection rates, giving us

the possibility to perform a short-time forecast for the series of confirmed cases.

To summarize, in Part I we discuss the foundations of this thesis: network science

and dynamical processes. In Part II, we tackle fundamental and theoretical problems

on absorbing state phase transitions such as quasistationary analysis and symbiotic

processes. In Part III, we develop models and methods applied to COVID-19 both

in an attempt to characterize the SARS-CoV-2 spreading and to estimate the under-

reporting in Brazil. Finally, in Part IV we draw our final remarks and conclusions.
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Chapter 2

Bridges, yeast and the internet:

Network theory

The representation of interactions between elements of a system as complex net-

works motivated the study of a myriad of phenomena using this framework as a

substrate, including modeling bridges and roads [70], metabolic chains on yeast [71]

or routers connections in the Internet [72]. In this chapter, we will discuss the main

concepts regarding networks used in this thesis. Starting with a brief historical re-

view, we are going to pass through the main concepts and metrics, ending with some

discussions and properties on some networks classes. For the interested reader, refer-

ences [2] and [73] are two excellent textbooks on this subject.

2.1 Historical overview

Königsberg, Eastern Prussia. While walking throughout one of the many bridges

of the city, residents of the Prussian capital asked themselves: Would it be possible

to create a route through the city that crosses each of its bridges exactly once? It was

while answering this question that Leonhard Euler, in 1735, built the foundation of

graph theory, the mathematical framework behind network science.

The city of Königsberg (now Kaliningrad, Russia), had a river that traversed the

entire city, dividing it into some landmasses. Across this river, there were seven

bridges that connected the different masses of land, as illustrated in Figure 2.1-(a).
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The puzzle, as previously mentioned, was to provide a route crossing all bridges

exactly once. The answer, provided by the Swiss mathematician Leonhard Euler, was

that this route does not exist i.e., it is not possible to traverse all bridges once and only

once.

We will not delve into further details of the proof, just the general abstraction

procedure: starting from the physical system in 2.1-(a), the mathematician got rid

of every nonessential information such as shapes and lengths of the landmasses and

bridges, resulting in the connection pattern saw in 2.1-(b). This representation of the

system was called graph, a set of elements connected between them and following

certain rules. In the Königsberg example, the landmasses are called nodes and the

bridges are edges. By analyzing this graph it was relatively easy to prove that this

path does not exist.

(a) (b)

Figure 2.1: Abstraction steps followed by Leonhard Euler to solve the Seven Bridges
of Königsberg’s problem.

This reasoning was the major breakthrough that made possible the development

of the area and is still used when extracting complex networks from real physical

systems with the exception of a few cases, in which more details are needed. Figure

2.2 illustrates the extraction of a network from the Italian power grid. Starting from

the identification of relevant components in (a) and going through a progressive ab-

straction in (b), (c) and (d). In the end, only the information regarding nodes and

edges remains. It is worth discussing the connection between graphs and the struc-

tures that entitles this chapter, the networks. Usually, they are treated as synonyms

in the literature, but there is a subtle distinction between them: a network is related

to the physical system itself while a graph is the pure abstract representation of this

system. Despite that, we will use both terms interchangeably.
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Figure 2.2: (a) Different elements of a power distribution grid. (b) Italian powergrid
network, considering production and consumption in each node power station. (c)
Spatial network extracted from (b). (d) Complex network in which all spatial infor-
mation was disregarded, leaving only the vertices and edges. Adapted from [2].

Jumping in time, some of several important papers in the twentieth century re-

garding network science are due to Paul Erdõs and Alfred Rényi [74], that proposed

a model to generate random networks, considered today as the simplest network

to include stochasticity as an essential element [17], i.e., the connections are formed

without any assumption on the nodes. Starting from a collection of N vertices, we

connect each pair with probability p. For a sufficiently high p, a connected graph

emerged from this rule, as can be seen in Figure 2.3. Those networks are known as

Erdõs-Rényi networks (ER).

Some years later, Duncan Watts and Steven Strogatz [75] developed a model, hence

called Watts-Strogatz model (WS), that was able to reproduce two important empirical

properties of real networks: the high clustering coefficient and the small world effect,

both to be discussed in Section 2.2. Starting from a periodic chain as in Figure 2.4-

(a), in which each node is connected to 2m nearest neighbors, with probability p a

link is rewired to a random vertice. By tuning the parameter p, the resulting object

interpolates between a totally ordered system (p = 0) and a fully random network
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(a) (b)

Figure 2.3: Example of Erdõs-Reyni network generated from a set of 25 nodes and
p = 0.1

(p = 1). Figures 2.4-(b) and (c) illustrate some cases.

(a) (b) (c)

Figure 2.4: (a) Regular network with 20 nodes and 4 connections per vertice. Watts-
Strogatz networks generated from (a) with (b) p = 0.5 and (c) p = 1.0.

Both of these models generate homogeneous networks, i.e., networks in which

each node has roughly the same number of connections, pN for the ER case and 2m

for WS networks. Comparing this property with real networks, we see that a lot of

cases present a different reality: a highly heterogeneous connection pattern. To in-

clude this heterogeneity in the network models, Barabasi and Albert [76] developed

an algorithm based on two mechanisms: growth of the network and preferential at-

tachment. The first indicates that the network is dynamic, i.e, the number of nodes

and connections changes as time evolves. The second mechanism acts as a connection

rule: the newly added nodes have a higher chance to connect with highly connected

ones. By putting these two mechanisms together, the authors were able to generate

highly heterogeneous networks that described real datasets with much more precision

than homogeneous models. We discuss this model further in the text.
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With the popularization of network science and the advance of computational

power, scientists were able to extract enormous datasets and study a variety of prob-

lems in physics, mathematics, social sciences and biology. In addition to the increase

in applications of complex networks, the mathematics and new frameworks behind

them evolved accordingly. Some examples include spatial networks [77], multiplex

or multilayer networks [78] and higher order structures such as simplicial complexes

[79]. Some of them will be further detailed in this text.

2.2 Basic concepts and characterization of networks

The two main elements that constitute a network are nodes or vertices, that rep-

resent the element of the network itself (landmasses, proteins or internet routers, for

example) and edges or links, that represent the interactions and connections among

them as in a bridge connecting two landmasses or a biochemical reaction among pro-

teins in a metabolic network. Figure 2.5 shows an illustration of a small network. The

nomenclature node and edge is commonly used in graph theory while vertice and

links are mainly used in network theory. In this thesis we use both interchangeably.

The usual mathematical and computational framework to study complex networks

is using the adjacency matrix A, a N-squared matrix, N being the number of vertices,

that encodes which vertices are connected to each other. The matrix Aij follows this

rules:

• Aij = 1 if vertice i is connected to vertice j.

• Aij = 0, otherwise.

The properties of A depend on the network structure itself. Regarding connections,

if the edge i → j implies in an edge j → i for every pair of connected vertices ij, the

network is said undirected and the adjacency matrix is symmetric, as in a sexual

partnership network. Otherwise, as followers in Twitter, i following j does not imply

that j follows i, the network is directed. In addition, complex networks are sometimes

categorized according to density of connections: the graph is said sparse if the number

of connections is way lower than the maximum allowed (a complete graph, consists

of all nodes connected to each other, leading to N(N − 1) edges), otherwise, the
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network is dense. Additional information concerning the intensity of connections can

be stored on a weight matrix W, as for example, the number of people that travel daily

between two cities. Matrices A and W provide all information about the network.

Several measures and metrics can be extracted from them in order to describe and

characterize the network.
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0  0  1  0  0  1  0  0  0

0  0  1  0  0  0  0  0  1

0  0  0  0  0  0  0  1  0

a) b)

Figure 2.5: (a) Representation of a small undirected network, showing the vertices
and links and (b) the corresponding adjacency matrix A.

One of the most important metrics is the degree k of a vertice, which is the number

of edges connected to a certain node i. In general, we can define two types of degree:

kin, that accounts for links pointing to a node (j → i) and kout, that accounts for edges

exiting the vertice (i → j). Both metrics can be calculated from the adjacency matrix:

k
(i)
in = ∑

j

Aji and (2.1)

k
(i)
out = ∑

j

Aij. (2.2)

For undirected networks, kin = kout or simply k. From now on, all properties and

metrics will be discussed considering undirected networks. Their generalization for

the directed case is straightforward [73].

Since analyzing the degree of every node in large networks is little informative, a

statistical description of the network can be constructed: considering a network with

N vertices, we define the degree distribution of the network P(k) as the probability

that a randomly chosen vertice has degree k,
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P(k) =
Nk

N
, (2.3)

in which Nk is the number of vertices of degree k. We can calculate the n-th moment

of this distribution as

〈kn〉 =
kmax

∑
k=1

knP(k). (2.4)

The first and second order moments are important to characterize the distribution

giving the mean degree 〈k〉 and the variance (σ2 = 〈k2〉 − 〈k〉2) of P(k). Furthermore,

the heterogeneity coefficient κ is defined as the moment ratio 〈k2〉/〈k〉 with homoge-

neous networks having κ ∼ 〈k〉 while highly heterogeneous ones are characterized by

κ ≫ 〈k〉.
To illustrate these and future concepts, we will consider a real network that will be

studied further in this thesis: the commuting network for inter-municipality mobility

in Brazil, constructed from official government data [62]. In this network, two cities

are connected if the recurring mobility between them is non zero, i.e., if persons travel

daily between the two cities to work or study. This network has N = 5565 nodes,

E = 99967 edges and will be referred to as COMM from now on. Figure 2.6 shows

P(k) for this network in comparison with ER and WS networks of the same N and

〈k〉. Note that the COMM network has a prominent right tail while the others have

more localized distributions. These differences will be further discussed in Section

2.3.

2.2.1 Degree correlations

Another important network metric is the nearest neighbor average degree Knn of

a vertice, defined as

K
(i)
nn =

1
ki

N

∑
j=1

k j Aij, (2.5)

which yields information about the connectivity tendencies of the vertices, if they are

more likely to connect with their akins (in terms of degree) or their dissimilar. To

further address this relationship, we can average K
(i)
nn accordingly to the degree of
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Figure 2.6: Degree distribution P(k) for the commuting network for Brazil’s inter-
municipality mobility in comparison with equivalent (same N and 〈k〉) ErdõsRényi
and Watts-Strogatz networks.

their node

Knn(k) =
1

Nk

N

∑
i=1

K
(i)
nnδk,ki

, (2.6)

in which δk,ki
is the Kronecker’s delta symbol. If the nodes are more likely to connect

to their alike, Knn(k) is an increasing function on k and the network has assortative

mixing or positive degree correlation. Conversely, if higher degree nodes connect

more likely to low degrees, Knn(k) is a decreasing function on k and the network has

disassortative mixing or negative degree correlation. Lastly, if there are no tendencies,

Knn(k) is approximately constant and the network is uncorrelated. In Figure 2.7, we

show a schematic representation of Knn(k) for these three correlation patterns.

Uncorrelated networks are widely applied to analytical calculations of epidemic

models and other dynamical processes and are used as a first approach in a variety

of problems. In this particular case, it is possible to calculate Knn(k) analytically and

in a closed form. First, we need to write Knn(k) as

Knn(k) = ∑
k′

k′P(k′|k), (2.7)

in which P(k′|k) is the conditional probability of a vertice of degree k being connected

with a vertice of degree k′. To find a expression for this probability, let us define the

edges matrix E, whose elements satisfy the following relations:
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K
n
n
(k
)

k
Figure 2.7: Schematic representation of nearest neighbor average degree Knn for the
three correlation patterns (full line - uncorrelated; dashed line - disassortative mixing;
dotted line - assortative mixing).

• If k 6= k′ → Ekk′ = number of edges among vertices of degrees k and k′.

• If k = k′ → Ekk′ = 2× (number of edges among vertices of same degree k)

Thus, P(k′|k) takes the form

P(k′|k) = Ekk′

kNk
. (2.8)

Next, we need to calculate the probability that a randomly chosen edge connects

a vertice of degree k to a node with degree k′

P(k′, k) =
Ekk′

E =
Ekk′

〈k〉N
. (2.9)

in which E is 2× the number of edges of the network. By rearranging Equations (2.8)

and (2.9), we can relate P(k′|k) and P(k′, k)

P(k′, k) =
kNkP(k′|k)

〈k〉N
. (2.10)

Since we have no hypothesis on k or k′, we can interchange k and k′ without

penalty. Beyond that, we are considering undirected networks, so P(k′, k) = P(k, k′).

Thereby,

k′Nk′P(k|k′) = kNkP(k′|k). (2.11)

Finally, summing in k on both sides of the equation above (by hypothesis, P(k′|k) does
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Figure 2.8: Nearest neighbor average degree Knn(k) for the commuting network for
Brazil’s inter-municipality mobility in comparison with equivalent (same N and 〈k〉)
Erdõs-Rényi and Watts-Strogatz networks.

not depend on k) results in

P(k′|k) = k′P(k′)
〈k〉 , (2.12)

which is introduced in Equation (2.7) to give

Knn(k) =
〈k2〉
〈k〉 . (2.13)

Figure 2.8 shows Knn(k) for COMM network. It can be noticed that this graph is

assortative for small k and approximately uncorrelated for large k, despite the fluctu-

ations. In addition, we also have Knn(k) for ER and WS networks of same N and 〈k〉.
As expected, Knn indicates that they are uncorrelated.

Another way to quantify the overall network topological correlations is the Pearson

coefficient [73], defined as

P =
∑ij

(

Aij −
kikj

N〈k〉

)

kik j

∑ij

(

kiδij −
kikj

N〈k〉

)

kik j

, (2.14)

that lays within the interval −1 ≤ P ≤ 1, in which positive, null and negative

values are related to assortative, neutral and disassortative mixing, respectively. The

Pearson coefficient for COMM network is P = 0.07, implying in a slightly assortative

mixing. For the sake of comparison, the coefficients for WS and ER networks are

PWS = −0.002 and PER = 0.0001.
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2.2.2 Clustering

Another important concept is the idea of aggregation in networks. There are many

different approaches to this concept, but the most used one is based on identifying

triangles in the network: three vertices i, j and k that are connected between them.

Figure 2.9-(a) illustrates this phenomenon. The clustering coefficient C is a metric

that characterizes the neighborhood structure of a vertice i [17] by accounting to the

number of triangles in it. One definition is the following:

C(i) =
2ei

ki(ki − 1)
, (2.15)

with ei being the number of edges among neighbors of i and ki(ki − 1)/2 is the max-

imum possible value of ei for a vertice with ki links. Defined as it is, C(i) lies in the

interval [0, 1]; the higher C(i), the higher the connectivity among its neighbors. The

adjacency matrix yields a formal way to calculate ei:

ei =
1
2 ∑

j,l
Aij Ajl Ali. (2.16)

Similarly to nearest neighbor degree Knn, the clustering coefficient of vertices with

same connectivity can be averaged as

Ck =
1

Nk
∑

i

C(i)δk,ki
. (2.17)

a) b)

Figure 2.9: (a) Illustration of a triangle (in red) on a simple graph. (b) Example of a
hierarchical network structure.

This dependency on k can reveal important aspects of the global structure of the

network. Two particular cases are important: C(k) ≈ c, indicates that the network is
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uncorrelated while C(k) ∼ k−ω, ω > 0 suggests a hierarchical and modular structure

of the networks vertices [80]. Small portions of the network that are highly clustered

and have low k are connected by nodes with high connectivity and low C. Figure

2.9-(b) illustrates a hierarchical network. Additionally, we can calculate the global

clustering coefficient of the network as

〈C〉 = 1
N ∑

i

C(i), (2.18)

that gives an average insight about aggregation on the graph. In Figure 2.10 we

present C(k) for COMM network in comparison with ER and WS networks with the

same N and 〈k〉. ER networks have constant and small C(k) ∼ 1/N due to the

completely random connections. The WS model presents a power law behavior due

to vestiges of the initial ordering, shown in Figure 2.4-(a). Finally, the commuting

network also has C(k) as a power law, indicating some level of hierarchical structure.
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Figure 2.10: Clustering coefficient Ck for the commuting network for Brazil’s inter-
municipality mobility in comparison with equivalent (same N and 〈k〉) Erdõs-Rényi
and Watts-Strogatz networks.

2.2.3 Modularity

In many real networks, regions appear that are locally denser, with vertices highly

connected to each other while weakly connected outside, defining communities or

modules within the graph. Formally, we can partition the N vertices of a network

into M arbitrary communities, denoting the group to which a vertex i belongs as gi.

The main problem is to execute this partitioning in order to represent as faithfully
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as possible the inherent community structure in the original graph. One of the main

approaches is by using the modularity coefficient Q [2, 73], defined as

Q =
1

N〈k〉 ∑
ij

(

Aij −
kik j

N〈k〉

)

δgigj
, (2.19)

in which δgigj
is the Kronecker delta symbol. The modularity lays in the range [0, 1],

the larger, the better partitioned is the set G = {g1, g2, ..., gM}. Thus, by finding G that

maximizes Q, one finds the optimal community structure of the network. Although

theoretically simple, the evaluation of this optimal structure is computationally costly

and difficult, with many algorithms developed to ease this task [2]. Figure 2.11 show

some synthetic networks with high modularity.

(a) (b)

Figure 2.11: Examples of synthetic networks with high modularity. (a)Loosely and
(b)Heavy connected modules. Different colors represent different communities. Cour-
tesy of W. Cota [40].

2.2.4 Paths and distances

In network theory, it is highly common to neglect the space in which the network

is embedded, abstracting the real physical system into something mathematical, in

which the only information is who is connected to whom. In some cases, the physical

structure does not exist such as in social or biochemical networks. So, the definition

of distances and paths in complex networks is different from the usual euclidean

metrics.

A path in a network is defined as an ordered sequence of successively connected

vertices starting in a vertice i and ending in a node j. The length of this path ℓ is
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the number of edges crossed to go from i to j through the path. Note that exists

infinite paths among two nodes with a variety of lengths. Figure 2.12 illustrates some

different paths in a sample network.

1

4
5

8 9

7

6

3

2

Figure 2.12: Scheme of a simple network highlighting two paths between vertices 1
and 9: blue path (1 → 3 → 7 → 9) with length ℓ = 3 and red path (1 → 4 → 5 →
8 → 9) with length ℓ = 4.

An important concept regarding paths in a network is the shortest path or distance

between two nodes ℓij, which are the length of the shortest path(s) between two nodes

i and j 1. Starting from this definition, an important metric about the network is the

average shortest path 〈ℓ〉

〈ℓ〉 = 1
N(N − 1) ∑

i
∑

j

ℓij, (2.20)

which is an average between the distances of all pairs of nodes of the network. Also,

the diameter of the network is defined as D = maxij{ℓij}.

Here, another big difference between networks and regular (Euclidean) lattices

emerges: the dependency between 〈ℓ〉 and N. For the latter, this relation is straight-

forward: 〈ℓ〉 is proportional to the lattices size

〈ℓ〉 ∼ L ∼ N1/d, (2.21)

in which L is the size of the lattice, N is the number of nodes and d is the euclidian

dimension of the lattice. It is important to note that for complex networks, size and

number of nodes are synonyms and are represented by N while for lattices there is

a distinction between the two quantities. Taking a square lattice (d = 2) as example,

1ℓij = ∞ if there is no path between i and j
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a size L = 100 implies in 100 nodes on each side of the square, giving a total of

N = 1002 nodes.

For complex networks, the reasoning is a bit more complicated, but Reference [2]

presents an elucidating way to obtain this relation. Considering a random network

with N vertices and mean degree 〈k〉, a node from this network has, in average, 〈k〉
vertices at distance ℓ = 1, 〈k〉2 vertices at distance ℓ = 2, and so on. Thus, the number

of vertices at a distance ℓ or less is given by

N(ℓ) = 1 + 〈k〉+ 〈k〉2 + 〈k〉3 + ... + 〈k〉ℓ = 〈k〉ℓ+1 − 1
〈k〉 − 1

. (2.22)

If we assume that 〈k〉 ≫ 1, we can neglect the (−1) terms and find a much simpler

relation: N(ℓ) ≈ 〈k〉ℓ. However, in a real network we are limited by the number of

vertices N. Therefore,

N(D) = N ≈ 〈k〉D → D ≈ ln N

ln〈k〉 . (2.23)

Since we assumed an average behavior during the calculations and D depends

only on the largest paths, Equation (2.23) better describes the dependency between

N and 〈ℓ〉. Thus, 〈ℓ〉 ∼ ln(N) in random networks. Comparing the behavior of 〈ℓ〉
in networks and lattices in Figure 2.13, we see that distances are much smaller in the

former. This is called small world phenomenon, proposed by Stanley Milgram in

1967 [81] and further studied in the following decades.
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Figure 2.13: Relation between the average shortest path 〈ℓ〉 and network size N for
different topologies and geometries.

The experiment designed by Milgram had the purpose to measure distances in
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contact networks. He wrote some letters addressed to residents in Massachusetts

and asked citizens of Omaha and Wichita to try to deliver these letters by passing it

to acquaintances. From the 296 written letters, 60 reached their destination with an

average number of contacts of 5.2. Later, the term theory of six degrees of separation

was wrought, which stated that every person is connected to any other by an average

distance of six. Further studies involving social network as the Facebook claimed that

actually, this number is even lower, about 3 or 4 [82, 83].

From these studies and experiments, emerged a lot of indexes in different media

[84] to evaluate distances among people in some collaboration context:

• Erdos number: collaboration distance to the Hungarian mathematician Paul Er-

dos, famous for the high number of authored publications during his lifetime:

∼ 1400.

• Bacon’s number: distance to american actor Kevin Bacon in the co-stardom net-

work, i.e., the collaboration graph of film actors.

• Sabbath’s number: distance to any member of the British heavy metal band

Black Sabbath in the musical collaboration network.

A few notable people have these three indexes: Carl Sagan, Richard Feynman,

Brian May and Natalie Portman. The one who writes to you has only an Erdos

number of 6. All this exotic examples allow to show that the small world effect

permeates our reality in different environments and therefore, presents itself as a

fascinating subject. More examples of statistics and metrics for some real networks

are presented in Table 2.1.

2.2.5 Motifs

Besides the microscopic description of networks, focusing on properties of the

vertices itself, the organization of nodes into larger structures, known as motifs, are

also important for the throughout characterization of a network and, therefore, to

enlighten the dynamical processes evolving on them [86, 87, 88].

One of the most basic structures that arise in a network is the clique, a densely con-

nected fraction of the network that has an important role in some dynamical processes
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Network N E 〈k〉 κ P C 〈ℓ〉 D

Reactome† 5873 145778 49.6 143 0.24 0.61 5.21 25
Air Traffic† 1226 2408 3.92 7.35 -0.015 0.07 6.92 18

Google† 15763 148585 18.9 902 -0.14 0.52 3.51 8
US PowerGrid† 4941 6594 2.67 3.87 0.003 0.08 19.9 47

Facebook (links)† 63392 816886 25.8 88.0 0.18 0.21 4.77 7
ErdõsReyni 5565 49788 17.9 18.9 10−4 0.003 4.29 6

Watts-Strogatz 5565 50067 18.0 18.4 -0.002 0.009 4.42 6
Commuting 5565 49984 18.0 27.5 0.007 0.22 7.88 14

Table 2.1: Structural properties for some real and synthetic networks. From left to
right: name of the network, number of vertices N , number of edges E , average degree
〈k〉, heterogeneity coefficient κ, Pearson coefficient P, clustering C, average shortest
path 〈ℓ〉 and diameter D. †Networks extracted from [85].

(to be discussed further in the thesis). Formally, a clique is the maximal subgraph of

fully connected vertices, i.e., every node in this set is linked to all others [73].

Another structure that is closely related to cliques are the k-cores, which are the

maximal subgraph Gk such that ki ≥ k, ∀i ∈ Gk [73]. In particular, the maximum

k-core, which is the largest k that results is a non-null Gk for a given network, is also

densely connected and crucial to several dynamical processes on it [89]. Usually, k-

cores are more studied and used than cliques because the former are relatively easier

to find. The following algorithm can find all k-cores of a network:

i). Set k0 = 2.

ii). Remove all vertices that have k < k0 and all edges connected to them.

iii). If after step 2, new vertices with degree k < k0 appears, remove them as well. If

all remaining vertices have degree k ≥ k0, this set is the k0-core of the network.

All removed vertices in the steps (ii) and (iii) constitutes the (k0 − 1)-shell.

iv). k0 → k0 + 1

v). Iterate steps (ii) to (iv) until all vertices are removed.

To illustrate the different shells in a graph, we will consider a subgraph of COMM

network regarding the Ceará (CE) state. This subgraph is a fraction of the original

network that can be clearly visualized, as shown in Figure 2.14.

To discuss the next structure, we need to define hubs and outliers. In a formal

way, the definition of a hub in thermodynamic limit (N → ∞) is any vertice with
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1-shell

2-shell

3-shell

4-shell

5-shell

6-shell

Figure 2.14: An example of k-shells of every vertice in the CE mobility network.
Different colors indicate different values of k−shells. The visualization was generated
using graph-tool package for Python 3.8 [90].

k ∼ Nα, 0 < α < 1. For finite networks, the definitions may change but it is widely

considered that hubs are nodes that have k ≫ 〈k〉. If the degree of a hub is larger than

the rest of the network, except possibly a few other hubs, this vertice is an outlier. We

can now discuss stars in networks. This structure consists of a hub and its neighbors,

forming a star-shaped subgraph. The hub is called the center of the star while the

neighborhood is called leaves. Hubs frequently are shortcuts between different parts

of the network, implying that their presence lowers the average distance in the graph.

Usually, a combination of those motifs appears in different parts of the network, as

illustrated in Figure 2.15.

Figure 2.15: Schematic representation of a small graph, highlighting its stars (in green)
and the cliques (in dark red).
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Figure 2.16: Degree distribution for some real networks. Full lines are asymptotic
power laws. (a) Actor collaboration ; γ = 2.11. (b) Amazon ; γ = 2.94. (c) Pages in
Wikipedia ; γ = 2.24. Descriptions of those networks are provided in [85].

2.3 Scale-free networks

Now we turn our attentions to the aforementioned scale-free (SF) networks, a class

of graphs that appears in a wide range of contexts such as technological, biological,

geographical and social networks [85]. There are various definitions of SF networks,

some are strict while others are not. However, the most used definition is: a scale-

free network is any graph that present large degree fluctuations, orders of magnitude

larger than expected values [17]. Usually, they can be described by power law P(k) ∼
k−γ degree distributions with 2 < γ < 3. Figure 2.16 shows P(k) for some real

scale-free networks.

The mechanisms beyond this structures remained a mystery until Albert-László

Barabási and Reka Albert , whom in 1999 [91] proposed a physical mechanism for the

formation of these networks, based on two properties

• Growth of the network: starting from a small cluster of nodes, new vertices are

added, one at a time.

• Preferential attachment: the new vertices have a higher probability to connect

with more connected nodes.

By constructing a algorithm with these properties and connection probability

Π(ki) =
ki

∑j k j
, (2.24)

the authors were able to generate an synthetic network with asymptotic degree distri-
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bution P(k) ∼ k−3, know as Barabasi-Albert network. Additional mechanisms were

later proposed to generate networks with different degree exponents [92].

2.3.1 The scale-free property

In this section, we will assume a P(k) = Bk−γ limited between a minimum kmin

and a maximum kmax, kmax ≫ kmin. Considering these bounds, we can obtain the

normalization constant

kmax

∑
k=kmin

P(k) = 1 → B
kmax

∑
kmin

k−γ = 1. (2.25)

By approximating the sum as a integral, we can solve this equation for B

B
∫ kmax

kmin

k−γdk = 1 → B ≃ (γ − 1)k−γ+1
min , (2.26)

and calculate the moments of P(k) as

〈km〉 =
kmax

∑
k=kmin

kmP(k) ≃ B
∫ kmax

kmin

k−γ+mdk = B
k
−γ+m+1
max − k

−γ+m+1
min

−γ + m + 1
. (2.27)

By considering kmax ≫ kmin, we can write

〈km〉 ∼ k
−γ+m+1
max . (2.28)

Another important concept is the idea of cutoffs, i.e., constraints on how arbitrarily

large a certain degree can be in a given network model. For example, in a network

with N vertices, the maximum allowed degree is kc = N − 1, if multiple and auto

connections are discarded. However, for many practical purposes, kc is usually much

smaller than N, either by imposition of the system or by probabilistic constraints i.e.,

the chance of a vertice with k > kc is really small.

To estimate the magnitude of kc for degree distributions described by analytical

functions, we define φ(k) as the number of vertices that have degrees higher or equal

than k. Formally, it can be expressed as

φ(k) = N
∫ N

k
P(k′)dk′. (2.29)
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By setting φ(kc) = 1 and solving Equation (2.29) for kc [93], we can estimate the

natural cutoff of the network, i.e., a constraint for k purely associated with the degree

distribution. For scale-free networks, this calculation yields the following scaling law

kc ∼ N
1

γ−1 . (2.30)

Thus, for synthetic networks with power law degree distribution, the maximum

degree will have the same magnitude of kc unless more rigid cutoffs are imposed.

From Equation (2.30), we can analyze the behavior of the moments of P(k) as we

approach the thermodynamic limit N → ∞. Considering kmax = kc, the first two

moments scale with N as follows

〈k〉 ∼ N
−
(

γ−2
γ−1

)

and 〈k2〉 ∼ N
−
(

γ−3
γ−1

)

. (2.31)

Thereby, 〈k〉 and 〈k2〉 diverges for γ < 2 and γ < 3 as N → ∞, respectively. In

the scale-free regime, we see that 〈k2〉 and therefore, the fluctuations of k, diverges.

For the sake of comparison, we have σER ∼ 〈k〉1/2 for random networks generated

using the ER model and 〈k〉 is a good representative scale for the network degrees.

Conversely, for 2 < γ < 3 one expects vertices with arbitrarily large degrees with a

non negligible probability due to the divergence of σSF. In this way, these networks

do not have a typical representative for the degree of an arbitrarily chosen vertice,

justifying the jargon scale-free.

2.3.2 Constructing synthetic scale-free networks

As previously mentioned, uncorrelated networks, despite being unrealistic in com-

parison with most of real systems, plays a fundamental role as a null model to con-

front analytical approximations of dynamic processes [94]. We have discussed several

random network models in which no explicit assumptions on the network properties

were adopted and the connections follow specific random rules. This lack of control

over network properties can be a problem for the investigation of specific characteris-

tics of a network.

To circunvent these limitations and have more control over the generated network,
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we will discuss the Uncorrelated Configuration Model (UCM) [94], derived from the

so called Configuration Model (CM) [95], both used to generate networks with prede-

termined P(k).

In the CM, we assign ki unconnected stubs according to a given degree distribution

P(k) (kmin < k < kmax) to each vertex of the network, constraining ∑i ki to be even,

so that no empty connections are left at the end of network’s construction. Then,

two stubs are randomly selected and its vertices are connected, avoiding multiple

(i linked to j more than once) or self-connections (i linked to itself)) until all stubs

are connected. For degree distributions whose 〈k2〉 is finite, the natural cutoff of the

network is usually enough to suppress the chance of self and multiple connections.

Therefore, for these distributions, the CM is able to generate a uncorrelated network

without problems.

For the case of scale-free networks this is no longer true, since the amount of

hubs and outliers implies in non negligible attempts of self and multiple connections.

These attempts introduce disassortative correlations in the network since rejecting

connections between hubs tends to connect them with lower degree vertices.

Catanzaro et al [94] showed that a sufficient condition to destroy the degree cor-

relations on the usual CM for scale-free networks was to impose a more rigid cutoff

kmax ∼ (〈k〉N)1/2 [93]. In this way, we limit exaggerated outliers and the correla-

tions are again negligible. This model is called UCM model and is computationally

implemented by following the steps

i). Draw the degrees of each vertice following the desired distribution P(k) impos-

ing the conditions: kmin < ki < N1/2 and ∑ ki even;

ii). Assign to each node a number of unconnected stubs corresponding to its degree;

iii). Randomly select two stubs, excluding self and multiple connections;

iv). Connect the selected vertices;

v). Repeat steps (iii) and (iv) until all network is connected. In case self or mul-

tiple connections are unavoidable, the sample is discarded and the process is

restarted.



2. Bridges, yeast and the internet: Network theory 42

In Figure 2.17-(a) we plot degree distributions P(k) for scale-free networks con-

structed by the UCM algorithm with different degree exponents, in comparison with

the asymptotic power laws. In Figure 2.17-(b) we present Knn(k) for the same net-

works as in (a). It can be noticed that Knn is approximately constant (except for

fluctuations), pointing that the networks are uncorrelated.
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Figure 2.17: (a) Degree distributions for scale-free networks with N = 105 constructed
with the UCM algorithm and different exponents (P(k) ∼ k−γ) ; the curves were
vertically shifted to avoid overlapping ; dashed lines represents the asymptotic power
laws. (b) Knn(k) for the networks presented in (a).

2.4 Other network classes

In this section we discuss additional concepts in complex networks that will be

eventually used throughout this thesis.

An important idea that so far has not been explored is the temporality in networks,

i.e., graphs that change as time goes by, following some rule. A way to incorporate this

aspect in network science are the concepts of annealed and quenched networks [73].

The former are probabilistic graphs, in which connections exists only instantaneously

and in a probabilistic sense, preserving statistical properties such as P(k) and P(k′|k),
defined previously. The latter refers to static networks, that do not change in time. All

concepts introduced until here are for quenched networks and may need adaptations

to be extended for annealed ones. The adjacency matrix Aij becomes difficult to work

with, due to connections that are made and unmade all the time. Thus, we can

construct a probabilistic matrix Aann
ij which indicates the probability that a vertex i is

connected to j. For uncorrelated networks, the elements of Aann
ij are given by
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Aann
ij =

kik j

N〈k〉 . (2.32)

Annealed networks are extremely important for theoretical calculations on com-

plex networks because the mean-field theories, discussed in Section 3.3.1, are com-

monly obtained considered this limit [87].

Another aspect of graph theory that was mentioned before is the degree het-

erogeneity of networks. Scale-free networks are the benchmarks for heterogeneous

graphs, but even models with finite variance and exponential tails for the degree dis-

tribution such as WS and ER, commonly assumed as homogeneous networks, still

present some level of degree heterogeneity. However, in this thesis we will consider

the random regular networks (RRNs) as null model for homogeneity. All nodes of

the network have same k = m and the connections are randomly made according to

CM model, described in Section 2.3.2

Finally, multiplex graphs [96, 97] are an extension of complex networks by con-

structing multiple layered substrates using the same set of nodes. In this systems,

each vertice has a representation in each layer. However, the connections of each node

may change within layers, i.e., if vertice i is connected to j and l in some layer, in

another it may be connected to p and q instead. These systems are extremely useful

to model ecosystems such as social relations or transportation networks [98]. Figure

2.18 illustrates some multiplex networks.

(a) (b)

(a)

(b)

Figure 2.18: Schematic illustration of some three-layered networks. Right panels are
microscopic representation of those networks while the left ones are a macroscopic
relation between different layers. Adapted from [99].
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Chapter 3

Dynamical processes: Applications to

spreading phenomena

In this chapter, we discuss the main mathematical, physical and biological basis

for the models studied and developed throughout the thesis. All this framework can

be grouped in the dynamical processes area, a highly interdisciplinar subject [17, 100]

that deals with phenomena that have many interacting elements. Initially, we cover

some general concepts and classes of processes that will be important during this

thesis, making connections to statistical physics. We then discuss the fundamentals

of mathematical epidemiology, including theoretical analysis, computational simula-

tions and applications.

3.1 General concepts

To start analyzing a dynamical process, we need to model the different states that

each microscopic element of the system (molecules, individuals, magnets, airports,

etc) can assume. This can be done by assigning a state variable σi to each one of the

system’s components. For the sake of mathematical and computational calculations,

these states are usually mapped into integer numbers if they are discrete or to a

certain range if continuous. Without loss of generality, let us assume that for a given

process, there are Γ states, i.e., σi = 1, 2, 3, ..., Γ, and N elements. Thus, the macroscopic

state σ of the system is given by the set σ = {σ1, σ2, ..., σN}. The dynamics of the
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system is treated as transitions σ → σ′, σ 6= σ′, that alters one or more variables σi,

following some rules that depend on the studied process. From now on, we will

refer to the system’s elements as nodes or vertices, since our goal is to study these

dynamical processes on complex networks. However, this approach remains valid for

other structures.

Since we are interested in systems with a large quantity of nodes, a probabilistic

approach, highly used in statistical physics, is more suitable to describe the process.

So, we introduce P(σ, t) as the probability that the system is in the σ state at time t

and Wσ→σ′ as the transition rate between states σ and σ′.

An important class of dynamical processes are the Markovian processes, in which

P at time tn is fully determined by the probability distributions at tn−1, i.e., the sys-

tem’s state at the next time step depends only on the immediately preceding state.

Many real systems can be described by Markovian processes at some level, such as

dissociation of gas molecules and Brownian motion.

Considering a Markovian dynamical process, we can write a differential equation

to express the dynamic of P(σ, t) in terms of the transition rates Wσ→σ′

∂P(σ, t)

∂t
= ∑

σ′

[

Wσ′→σP(σ′, t)− Wσ→σ′P(σ, t)
]

, (3.1)

that describes the probability flux incoming or outgoing of a determined microstate

σ. This is the so-called master equation of the process and it allows us to calculate

expected values of any relevant macroscopic quantity of the system. To exemplify, let

us consider a variable B that is a function of the microstate σ. Then, we can track the

evolution of the expected value of B as

〈B(t)〉 = ∑
σ

B(σ)P(σ, t). (3.2)

However, its not possible to calculate the formal solution of the master equation

for most processes. Thus, alternative approaches are needed such as numerical calcu-

lations or computational simulations. The focus of most of the works in this thesis are

simulations. Therefore, we detail further the computational aspects and difficulties of

how to calculate P in those approaches. In some cases, P will converge to a stationary

probability P(σ, t → ∞) = Pst(σ). Thus, the right hand side of Equation (3.1) is zero
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and we have the following equilibrium condition

Wσ→σ′Pst(σ
′) = Wσ′→σPst(σ), (3.3)

which is called detailed balance, a sufficient condition for equilibrium in those sys-

tems.

3.1.1 One-step and Poisson processes

An important class of Markov processes is the birth-and-death or one step pro-

cesses, which are defined as a continuous time process whose state is described by

integers n and transitions that occurs only on adjacent states [100]. One-step processes

occurs whenever the stochastic system presents adsorption or emission of particles,

birth and death of individuals, or simply the counting of events. Due to this defini-

tion, we may simplify the notation on probability distributions: P(σ, t) → Pn. Then,

for these processes, the master equation becomes

Ṗn = µn+1Pn+1 + λn−1Pn−1 − (µn + λn)Pn (3.4)

in which the coefficients µn and λn are transition rates that, being at n, the system

jumps to (n − 1) or (n + 1), respectively. Figure 3.1 illustrates this transitions.

n-1 n n+1 n+2 ......

μn-1 μn μn+1

λn-1 λn λn+1

μn+2

λn+2

Figure 3.1: Transitions rates for one-step processes.

Additional descriptions of the system may be necessary if n is lower and/or up-

per bounded. In those cases, we call these limitations on n boundaries and we may

need to introduce new equations to describe them. An important type is the absorb-

ing boundary, that occurs when a certain state of the process traps or absorbs the

dynamic, totally preventing the access to other states. In an epidemic spreading, for

example, if we assume that no spontaneous infection occurs, a state with no infectious
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individuals is an absorbing state (AS), since the dynamics can no longer evolve. This

kind of boundary also occurs on other problems such as gas dissociation or radioac-

tive decay [100]. The existence of AS can be troublesome in some analysis and part of

this thesis is dedicated to discuss and develop methods to circumvent the difficulties

associated with absorbing states. They are discussed in Chapter 4.

Let us consider an one-step process with the following transition rates and initial

condition:

µn = 0 λn = q Pn(0) = δn,0, (3.5)

in which q is a constant parameter. Then, the master equation for this process become

Ṗn = q(Pn−1 − Pn), (3.6)

which is a random walk over the integers with steps only to the right with probability

q, i.e., the walker just moves away from the starting point at random times. The solu-

tion for this equation can be found using the generating function of the distributions

Pn [101] and is

Pn(t) =
(qt)n

n!
e−qt, (3.7)

which is the probability distribution for the Poisson process, an important set of

processes for modeling random events. In fact, Equation (3.7) may be interpreted as

the probability of occurring n random events (each one with probability q) between

some initial time t0 = 0 and t.

Starting from this general proposition for the Poisson processes, let us study a

simpler particular scenario: an event occurs in a time interval dt with rate q and

probability qdt. We have that p0(t) is the probability of the event does not occur until

time t and p1(t) = 1 − p0(t) is the probability of occurrence. Thus, we can construct

the master equations for this scenario

ṗ0 = −qp0,

ṗ1 = qp0.

By setting p0(t0) = 1 and p1(t0) = 0, the solution of these equations are p0(t) =

exp(−qt + t0) and p1(t) = 1 − exp(−qt + t0). Without loss of generality, we can set
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t0 = 0 and write the particular solutions in a more convenient way

p0(t) = e−qt and p1(t) = 1 − e−qt. (3.8)

Now, let us consider a set of Ω independent Poisson events, each one occurring

with rate qi (i = 1, 2, 3, ..., Ω). The probability that event i will occur in the time

interval [τ, τ + dt] is

G(τ, i)dt =

(

Ω

∏
i=1

e−qiτ

)

qidt, (3.9)

in which the product is the probability that no event has occurred until τ and qidt is

the probability that i occurs in the given time interval. The product can be written in

a more convenient way by defining Q = ∑i qi,

G(τ, i)dt =

(

qi

Q

)

(Qe−Qτ)dt. (3.10)

Equation (3.10) can be interpreted as follows: the next event will be i with probability

(qi/Q) and it will occur after a time τ with distribution P(τ) = Qe−Qτ. Therefore, the

Ω independent Poisson events might be described by a single exponential distribution

with rate Q. This approach is the foundation of Gillespie algorithm [102], which is

further described in Section 3.2 in the context of epidemic processes.

3.2 Mathematical epidemiology

Theoretical epidemiology is a highly interdisciplinar field with the involvement

of areas such as biology, mathematics, physics and medicine. Through mathemati-

cal and computational frameworks, it was possible to study the spreading and dy-

namics of infectious diseases that have led to our current understanding of many

pathogens. Furthermore, recent studies with the participation of physicists regarding

H1N1 Influenza [18], Ebola [19] and COVID-19 [29] discuss mitigation strategies, de-

signs scenarios and analyzes the effectiveness of public policies in order to prevent

the spreading of these pathogens. Here in Brazil, the field has important studies on

the spread of Zika [20], Dengue [21, 103] and, more recently, COVID-19 [104].

In addition to these immediately practical applications, spreading phenomena

in general have strong connections with physical non-equilibrium phase transitions,
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from which we can study traditional phenomena such as criticality and universality

on these systems [31, 32].

3.2.1 Concepts and compartmental models

One approach to disease’s mathematical modeling is the compartmental models,

i.e., discretize the host-pathogen interaction dynamics into compartments, attributing

to them the characteristics of different disease stages [60]. In Figure 3.2, we have

a scheme of the compartments and their correspondence with immune responses

and the pathogen concentration on a typical infectious disease. In this example, we

divided the disease’s dynamics into four compartments: susceptible, exposed, infec-

tious and removed. The next step is to define characteristics for each of these stages

to reproduce features of the biological dynamics. Among several characteristics that

may be incorporated into a model, the main ones are: the transmission routes (by

host, sexual partners, airborne, etc.) and the transitions rates, which are related to the

disease time scale and probabilities of infection and death.

time since 

infection
time of 

infection

Immune response

Pathogen 

concentration

Susceptible Exposed Infectious Removed

Figure 3.2: Scheme of a timeline of an infection, showing the pathogen concentra-
tion (shaded curve) and the immune response. The arrows above illustrate possible
compartments to mimic this dynamics.

To illustrate some technical concepts, let us consider a simple and widely used

model in literature: the susceptible-infected-removed (SIR) [105]. In this model, the

disease dynamics is divided into three compartments:

• Susceptible: healthy individual who has not yet come into contact with the

disease. Upon contact with an infectious, it becomes infected with rate λ per
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contact.

• Infected: individual that can transmit the pathogen. Upon contact with a sus-

ceptible individual, it infects them with a rate λ per contact and becomes spon-

taneously removed with rate µ.

• Removed: individual who does not participate in the disease dynamics, either

by being cured or having died. In both cases, the individual does not transmit

and cannot get infected again.

With the model defined, there are several ways to analyze it. You can perform

computer simulations or build differential equations in an attempt to extract infor-

mation and infer behaviors. In both cases, one needs to define the substrate, i.e., the

environment in which the spreading process occur. If the model represents a com-

puter virus, does it spread on the physical network of routers? If so, how to model

this network? It could be an ER graph, a scale-free network or any given model, but

the possibilities should be suited to the specific type of problem.

For infectious diseases, a common first approach is to consider the so-called homo-

geneous mixing hypothesis, in which any pair of individuals of a certain population

N can interact with equal chance and all individuals have the same number of daily

contacts k. Although it seems like an unrealistic assumption, some important results

can be extracted from the differential equations for the SIR under this hypothesis, that

are given by

dI

dt
= λks(t)I(t)− µI(t), (3.11)

dR

dt
= µI(t), (3.12)

and the closure relation S + I + R = N. The terms λks(t)I(t) and µI(t) are the total

infection and healing rates, respectively, and s(t) is the fraction of the susceptible

population (S(t)/N). An integration of these equations can be seen in Figure 3.3-

(a) for λk = 0.2, µ = 0.1, N = 1000 and initial condition I(0) = 1, R(0) = 0 and

S(0) = 999, showing a typical behavior of epidemic curves.

The general behavior of the spreading can be easily predicted knowing the epi-

demic parameters and analyzing the right hand side of Equation (3.11): since I(t) is

strictly positive, we can write the following conditions:



3. Dynamical processes: Applications to spreading phenomena 51

0 50 100 150 200
Time (days)

0.0

0.2

0.4

0.6

0.8

1.0

1.2
F
ra
ct
io
n
of

p
op
ul
at
io
n

(a) Susceptible

Infected

Removed

0.5 1.0 1.5 2.0
λk/µ

0.0

0.2

0.4

0.6

0.8

R
/N

(b)

Figure 3.3: (a) Integration of SIR equations with λk = 0.2, µ = 0.1 and N = 1000. (b)
Recovered individuals R at the end of a simulation as a function of the ratio λk/µ.

•
λks(t)

µ
> 1 =⇒ dI

dt
> 0 =⇒ the outbreak is increasing

•
λks(t)

µ
< 1 =⇒ dI

dt
< 0 =⇒ the outbreak is decreasing

Figure 3.3-(b) illustrates the different outcomes of the spreading process by plot-

ting the fraction of recovered individuals at the end of epidemic in function of λk/µ

for the same initial condition as in Figure 3.3-(a). It can be seen that for λk/µ < 1, the

disease hardly spreads while for λk/µ > 1 an appreciable fraction of the population

is affected.

This analysis can be settled within an wider concept in epidemiology, the basic

reproduction number R0. In a simple way, R0 is the average number of individuals

infected by a single infectious person introduced in a population composed only of

susceptible individuals [60]. If we consider an arbitrary homogeneous mixed pop-

ulation, we can write the effective reproductive number as Rt = R0 × S/N. Both

concepts are important because they condense information about the epidemic into

just one dimensionless number. If Rt is greater than one, the infection is spreading

while if Rt is smaller than one, the outbreak is decreasing. In Table 3.1 we present

estimated R0 values for some infectious diseases.

For more complex models with mobility, multiple infectious compartments or age

stratification, the analysis done for SIR and consequently the calculation of R0 is not

straightforward. In general, it can be calculated from the summation over all infec-
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Infectious Disease Host Estimated R0
Feline Immunodeficiency Virus Domestic Cats 1.1 − 1.5
Rabies Dogs (Kenya) 2.44
Phocine Distemper Seals 2 − 3
Tuberculosis Cattle 2.6
Influenza Humans 3 − 4
Foot-and-Mouth Disease Livestock farms (UK) 3.5 − 4.5
Smallpox Humans 3.5 − 6
Rubella Humans (UK) 6 − 7
Chickenpox Humans (UK) 10 − 12
Measles Humans (UK) 16 − 18
Whooping Cough Humans (UK) 16 − 18
COVID-19 [25] Humans 2.3 − 4.1

Table 3.1: Some estimated basic reproductive ratios. Adapted from [60].

tious compartments C of the infection rate λC multiplied by the average time that an

individual remains on C (expressed as the inverse of healing rate µC), multiplied by

the probability PS→C that C belongs to the epidemic chain, in which S → C repre-

sents the transition starting in a susceptible individual S and reaching the infectious

compartment C. The equation bellow condenses this calculation

R0 = ∑
C

PS→C
λC
µC

. (3.13)

For the SIR model, we have just one infectious compartment with infection rate

λk and healing rate µ. Since we have just one possible epidemic chain (S → I → R),

the probability PS→I is 1. Therefore, R0 = λk/µ. To illustrate a model with multiple

epidemic chains, let us consider a slightly modified SIR model, with two types of

infectious compartment: I1, with mild symptoms and contact infection rate λ1 and

I2, with severe symptoms and infection rate λ2. Individuals in I1 can evolve sponta-

neously to I2 or R with rates αI and αR, respectively. Individuals in I2 spontaneously

become R with rate β. This model is illustrated in Figure 3.4.

This model contains two epidemic chains (S → I1 → I2 → R and S → I1 → R)

and two infectious compartments C = {I1, I2}. Both contribute to R0 but possesses

different transition rates and PS→C . The compartment I1 is present in both epidemic

chains, therefore, PS→I1 = 1. However, the compartment I2 appears only on one

chain. The probability PS→I2 is directly proportional to the transition rate between

compartments I1 and I2 and inversely proportional to the total transition rate of I1.
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S I1 I2 R
αI

αR

λ1 λ2

β

Figure 3.4: Schematic illustration of compartments and transitions of the SIR model
with two infectious states.

Therefore, PS→I2 =
αI

αI + αR
. The complete expression for R0 become

R0 =
λ1k

αI + αR
+

(

αI

αI + αR

)

λ2k

β
. (3.14)

3.3 Epidemics as phase transitions

One of the main issues of equilibrium statistical mechanics is the study of phase

transitions, phenomenon characterized by changes in the macroscopic behavior of

the system when an external parameter, such as the temperature, is varied [17]. For

example, liquids can be transformed into gas or solid upon changes in temperature

or pressure, ferromagnets can change their magnetization upon changes in a external

magnetic field or temperature, among others. These two examples are part of a group

called equilibrium phase transitions (EPT), in which a general statistical description

can be made in terms of the micro-states probabilities, given by the Boltzmann weight

[33]. The same cannot be said of the so-called non-equilibrium phase transitions

(NEPT), characterized by breaking the detailed balance, which implies in a non-zero

flow of probabilities between pairs of micro-states [32].

Although we are dealing purely with non-equilibrium systems in this thesis, many

equivalences can be made with EPTs. So, we discuss the most paradigmatic EPT

theoretical system: the Ising model, in which a collection of spins are arranged on

a crystalline lattice, usually a regular one (squared, cubic, hexagonal, etc.) and each

spin can interact with nearest neighbors. Each spin can assume the values σi = −1 or

1 and, at external magnetic field B = 0, the system’s Hamiltonian is defined as
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T > T
c

T < T
c

Figure 3.5: Typical snapshots of a two-dimensional Ising system below and above the
critical temperature. Red represents σi = −1 and cyan σi = 1.

H = − ∑
{i,j}

Jijσiσj, (3.15)

in which {i, j} denotes all pairs of neighbors and Jij is a coupling parameter that rep-

resents the interaction between spins i and j. Experimentally, it is observed that at

low temperatures, the spin ordering of ferromagnetic materials (Jij > 0) generates an

appreciable residual magnetization M. As the temperature increases above a certain

threshold Tc, the thermal fluctuations destroys this magnetic ordering and M drops to

zero. This transition between an ordered (ferromagnetic) to a disordered (paramag-

netic) behavior characterizes the phase transition. In Figure 3.5, we show simulations

for typical configuration of Ising model bellow and above the critical temperature Tc,

illustrating this order-disorder transition.

Figure 3.6 shows the average magnetization 〈M〉 = ∑i σi/N as we vary the tem-

perature T for the Ising model on a 50 × 50 square lattice. It can be seen a clear

distinction between the ferromagnetic and paramagnetic phases as 〈M〉 decreases to

zero. In this case, T is called control parameter and 〈M〉 is an order parameter, as it

quantifies the ordering degree of the system. It is important to notice that the smooth

behavior near the transition is due to the system’s finite size. On thermodynamic

limit, one expects the magnetization to abruptly but continuously decreases to zero.

In addition, note the similarities between this curve and Figure 3.3-(b).

When studying and characterizing phase transitions, an important concept are the
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Figure 3.6: Average magnetization 〈M〉 as a function of temperature T for the simu-
lations of Ising model on a 50 × 50 square lattice.

correlations functions C, that captures how two system variables influence each other

(spatially or temporally). In the Ising model, for example, we can define the spatial

correlation function using the spins

C(r) = 〈σiσj〉r − 〈σi〉〈σj〉, (3.16)

in which 〈...〉r is averaged over all spin pairs i and j that are at a distance r from each

other. For NEPTs, we can also define a temporal auto-correlation function T (τ), that

correlates the state of an element with itself on different times. Generally speaking,

these correlation functions have characteristic lengths ξ, namely correlation lenghts,

that indicates the range of this influence. A major feature of ξ is the divergence at the

transition point following a scaling law

ξ ∼ |T − Tc|−ν, (3.17)

where T is the control parameter, Tc is the transition point and ν is a critical exponent.

When the transition point has diverging correlations length it is called a critical point

and involves a critical transition. Many other quantities have this power law behavior

near the transition with different exponents. These scaling laws are benchmarks of

universality classes and will be explored further in this thesis.

From now on, we turn our attentions to non-equilibrium phase transitions, in par-

ticular those of epidemic models. As aforementioned, Figures 3.3-(b) and 3.6 shows

the similarities between these two phenomena if we consider λk/µ as control and
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R/N as an order parameter. However, to introduce the subject and discuss some

techniques and theories, we will let the SIR aside for a moment and focus on the

Susceptible-infected-susceptible (SIS) model, which forms the basis of the models

studied in Chapters 4 and 5.

The SIS model [37] is one of the most fundamental models to study epidemics or

information spreading, besides the aforementioned SIR. A fundamental aspect of the

SIS model is the instantaneous waning of immunity, i.e., it is possible for the same

individual to be reinfected by the pathogen immediately after healing. Although

this is not true for most pathogens, certain viruses such as Influenza produce new

variants that evade the immune system quickly [106] and therefore, their dynamics

may be approximated by a SIS-like model. Figure 3.7 illustrates the transitions in the

SIS model.

S I S
μλ

Figure 3.7: Schematic illustration of compartments and transitions of the SIS model.

Just as we did for the SIR model, let us start our analysis with the differential

equations under the homogeneous mixing hypothesis. For practicality, we will write

the equations in terms of densities: ρ = I/N and s = S/N. The density of infected

nodes ρ is sometimes called epidemic prevalence. In addition, the closure relation

become ρ + s = 1 and the dynamical equation for SIS can be written as

dρ

dt
= (λk − µ)ρ − λkρ2, (3.18)

which has the following fixed points (ρ̇ ≈ 0): ρ1 = 0 and ρ2 =
λk − µ

λk
= α. By

performing a stability analysis, we notice that the system undergoes a transcritical

bifurcation [107] as λ varies, i.e., the fixed points switch their stability. The transition

point can be calculated when ρ1 looses stability, which gives λc = µ/k. Figure 3.8

illustrates this transition in terms of ρ by varying λ. We can see two well defined

behaviors, an inactive phase, in which the epidemic cannot sustain itself (λ < λc) and

an active phase, in which the epidemic spreads endlessly (λ > λc). The exact point
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Figure 3.8: Scheme of the SIS model phase transition, highlighting the existence of a
critical point λc that separates the two phases.

where this transition occurs (λ = λc) is a critical point or epidemic threshold of the

model. This example represents an absorbing state phase transition (ASPT), a class

of NEPT in which absorbing states are involved directly in the transition.

In principle, these considerations for the SIS model are valid under the simplified

homogeneous mixture hypothesis, which may not be realistic in some scenarios. For

the study of other more complicated substrates, such as contact networks, we need to

rely on other types of frameworks, such as mean field theories and computer simu-

lations. Some of these methods, applications and discussions will be reported in the

sequence of this section. Except where mentioned, in all cases we are considering

the SIS model evolving in a complex network with degree distribution P(k). In these

cases, the networks’ vertices are individuals who can become infected and the links

represent contacts amongst them.

3.3.1 Mean-field theories

The main assumption of a mean-field theory is to consider that the local field

is replaced by the averaged one over the whole system. For example, in the Ising

model the interactions among nearest-neighbors are replaced by a field equivalent to

the average magnetization of the whole sample. In the context of network theory,

it consists of partially neglecting the actual structure of the network (by assuming

average interactions) or the dynamical correlations between the vertices (influence of

a node state on its neighbors).

The simplest mean-field theory is an extension of the homogeneous mixture hy-

pothesis to heterogeneous systems, hence called Homogeneous Mean Field Theory,
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in which one assumes that all vertices are statistically equivalent and interact with

〈k〉 neighbors. Thus, the dynamical equation for this theory is dramatically similar to

Equation (3.18),
dρ

dt
= −µρ + λ〈k〉ρ(1 − ρ), (3.19)

in which we replaced k → 〈k〉 and assumed µ = 1 without loss of generality since

this choice only fixes the time scale. Thus, the epidemic threshold for this case is

λc = 1/〈k〉.
This approach can be improved if, instead of considering that all vertices are sta-

tistically identical, we consider that certain groups of vertices (divided according to

some feature) are equal. One of the first theories proposed following this direction

was the degree-based mean field or heterogeneous mean field (HMF) theory [108],

in which one assumes that all vertices of degree k are statistically equivalent, irrespec-

tive of its actual neighborhood. This assumption also means that k-degree vertices are

connected with probability P(k′|k) to vertices with degree k′, which is a improvement

on the homogeneous theory regarding the network structure. Thus, one can construct

the dynamical equations for SIS under this hypothesis to obtain

dρk

dt
= −ρk + λk(1 − ρk)∑

k′
P(k′|k)ρk′ , (3.20)

in which the first term of the r.h.s. of the equation represents spontaneous healing

of vertices while the second one is the infection of k-degree susceptible vertices by all

k′-degree infectious neighbors. Looking at the stationary solutions of this equation,

we note that ρk = 0, ∀ k, is a fixed point. By performing a linear stability analysis

around this point, we have

dρk

dt
= ∑

k′
Lkk′ρk′ , (3.21)

in which Lkk′ is the system’s Jacobian matrix

Lkk′ = −δkk′ + λkP(k′|k). (3.22)

From linear equations theory, the fixed points of the system are stable if the largest

eigenvalue of Lkk′ is negative and unstable otherwise. Thus, the epidemic threshold
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can be written as

λc =
1

Λmax
, (3.23)

in which Λmax is the largest eigenvalue of the correlation matrix Ckk′ = kP(k′|k). In

order to calculate the epidemic threshold explicitly, we need to assume a form for

P(k′|k). One of the simplest and most useful cases are the uncorrelated networks,

presented in Chapter 2. In this case, P(k′|k) is given by Equation (2.12) and the

correlation matrix assume the form

Ckk′ =
kk′P(k)
〈k〉 . (3.24)

It is direct to show that Ckk′ has υk = k as one of its eigenvectors with Λ =

〈k2〉/〈k〉 being the corresponding eigenvalue. In order to show that Λ is the largest

eigenvalue of Ckk′ , we will make use of the Perron-Frobenius theorem, whereby a

non-negative irreducible square matrix always has a positive real eigenvalue Λmax

and the magnitude of no other eigenvalue exceeds Λmax. Furthermore, the theorem

also attests that the eigenvector corresponding to Λmax has all positive inputs and it

is not degenerate. Thereby, Ckk′ satisfies the conditions for using the theorem and we

can guarantee that Λ = 〈k2〉/〈k〉 is the largest eigenvalue of this matrix. Therefore,

the epidemic threshold for SIS on HMF theory is

λHMF
c =

〈k〉
〈k2〉 . (3.25)

In Section 2.3, we calculated 〈k〉 and 〈k2〉, concluding that for 2 < γ < 3, 〈k2〉
diverges in the thermodynamic limit while 〈k〉 remains finite. Therefore, we have that

λHMF
c → 0 as N → ∞ in this γ range. For γ > 3, both 〈k〉 and 〈k2〉 are finite, leading

to a non-zero threshold as N → ∞.

Other common mean-field approach on theoretical epidemiology is the use of

individual-based mean-field (IBMF) theories , in which we aim to write down the

probability ρX
i that node i belongs to compartment X [109]. Dynamical correlations

between nodes may or not be taken into account by different approaches [110]. The

simplest IBMF theory, called quenched mean field (QMF) considers that neighboring

nodes are statistically independent, i.e., the state X of a node i does not influence the

state Y of its neighbor j. Because it is a theory at the individual level, we keep infor-
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mation of the full structure of the network by imputing the adjacency matrix Aij in

the theory to obtain

dρi

dt
= −ρi + λ(1 − ρi)∑

j

Aijρj. (3.26)

Similarly to Equation (3.20), we perform a linear stability analysis around the sta-

tionary solution ρi = 0,

dρi

dt
= ∑

j

Jijρj, (3.27)

in which the Jacobian matrix Jij is

Jij = −δij + λAij. (3.28)

The epidemic threshold λc will be given by the inverse of largest eigenvalue of A,

denoted Λmax. These eigenvalues were calculated in [111] for random uncorrelated

networks with P(k) ∼ k−γ, leading to the following estimates for λc [112]:

λQMF
c =

1
Λmax

≃











〈k〉/〈k2〉 if 2 < γ < 5/2

1/
√

kc if 5/2 < γ

The first important result for QMF is that for 2 < γ < 5/2, the calculated threshold

is identical to HMF while for γ > 5/2 the two theories predict different values of λc.

In Section 2.3, we also saw that kc ∼ N

1
γ − 1 for uncorrelated networks. Thus,

λQMF
c ∼ N

−
1

2(γ − 1) , (3.29)

leading to a vanishing threshold for γ > 5/2 as N → ∞. So, for γ > 3, there is a

remarkable difference between HMF and QMF theories. While the former predicts

a non-zero threshold, the latter predicts a vanishing one, as the system approaches

the thermodynamic limit. Even for 5/2 < γ < 3, the theories differ regarding the

dependency of λc and N, despite both theories predicting vanishing thresholds.

Figure 3.9 show a comparison between epidemic thresholds for the SIS model on

UCM networks with γ = 2.3 (a), 2.8 (b) and different sizes, calculated by homoge-

neous mean-field, QMF and HMF theories. Stochastic simulations (to be discussed in
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Section 3.3.2) are also presented. It can be noted that homogeneous theory performs

worst in predicting the threshold, since we are studying highly heterogeneous sys-

tems. QMF and HMF performs really well for γ = 2.3, following the scaling law and

converging to a common value as N increases. For γ = 2.8, there are differences in

the predictions, with QMF closer to the simulations than HMF.
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Figure 3.9: Epidemic thresholds calculated by different mean field theories in com-
parison with simulations on UCM networks. (a) γ = 2.3 ; (b) γ = 2.8.

3.3.2 Computational simulations and scaling theory

The use of computational simulations to study and analyze complex systems has

become increasingly recurrent as advances in computer processing and data collection

makes this process easier and more necessary. The major simulation framework used

in this thesis will be the agent-based modeling (ABM) [113], in which each element of

the system is an autonomous agent or individual that interacts with its peers based on

certain rules and contact patterns. In particular for epidemic modeling, we can think

each agent as a possible host and the interactions as transitions in a compartmental

model. In this section, we will discuss the fundamental algorithms for our simulations

as well as some general techniques. Specific frameworks will be discussed in their

respective chapters.

The ABM approach to epidemic modeling commonly considers the transitions

between compartments as Poisson processes. Therefore, we can use the results from

Section 3.1.1 to construct a general algorithm to simulate them. This is the well know

Gillespie Algorithm (GA) [102], constructed with the following steps.

i). Construct a list with all possible events and their respective rates q1, q2, ... .
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ii). From the exponential distribution P(τ) = Qe−Qτ, we select the time step size τ

as τ = −ln(u)/Q, in which Q is the sum of all rates and u is a random number

with uniform distribution in the interval (0, 1].

iii). Select the event i to implement with probability qi/Q.

iv). Update the state of the system based on the sorted event.

v). Increment time as t → t + τ.

vi). Return to step i.

Despite being general, the GA can be extremely inefficient when handling large

systems due to the construction and updating of event lists being computationally

costly. In Reference [114], the authors developed algorithms that improved simula-

tions performance at least one order of magnitude. The main algorithm which will be

used in this thesis is called optimized Gillespie algorithm (OGA), the formal details

can be found in Reference [114]. This algorithm is based on a simple but powerful

concept: the phantom processes.

Briefly, phantom processes are events that do not change the system’s state but do

contribute for time counting. In epidemiology, these processes usually occurs when

an infectious individual spreads the pathogen to others that cannot catch the disease

(either because already infected or immunized). In the original GA, these events

would not be on the list to be selected. By allowing these events (with certain rates

and time steps), we greatly simplify the event list construction and therefore, speed

up the simulations. To exemplify, we will describe the OGA to perform simulations

of the SIS model on a complex network

i). Starting from a initial configuration, we calculate the number of infected vertices

Ni and the sum of their degree Ne. In addition, we create a list with the labels

of all infected nodes.

ii). With probability
Ni

Ni + λNe
, an infected vertex, randomly chosen, become sus-

ceptible. With complementary probability
λNe

Ni + λNe
, an infected node is chosen

with probability proportional to its degree. Then, we randomly select one of

his neighbors with equal chance. If this neighbor is susceptible, we infect it.

Otherwise, we proceed to the next step.
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iii). The time t is incremented as t → t + τ, in which τ is drawn from the exponen-

tial distribution P∗(τ), τ = ln(u)/Q∗, Q∗ = Ni + λNe. This new distribution

contains the rates for phantom processes.

iv). Ni, Ne and the list of infected vertices are updated.

v). Return to step 2.

We still have to determine which analysis will be carried out and which are the rel-

evant quantities to investigate. We are usually interested in identifying the epidemic

threshold and characterizing the system near the critical point. This characterization

usually occurs by using some well know scaling laws (as mentioned on the Ising

model), which relates the relevant quantities with the system size or distance from

the transition point. Some scale laws and critical exponents can be calculated theo-

retically for some systems and, therefore, can serve as reference for comparison with

those found from simulations. Although our focus in this thesis is on computational

simulations, we present a simple example to illustrate these theoretical framework.

In Equation (3.18), we saw that the stationary density of infected nodes above the

transition (λ > λc) is ρs =
λk − µ

λk
and the epidemic threshold is λc = µ/k. Then,

ρs =
λk − µ

λk
=

1
k

λ − µ/k

λ
∼ (λ − λc)

β. (3.30)

Here, β = 1 is a critical exponent that describe the behavior of ρs as λ varies near to

the transition point. For the reader interested in more in-depth theoretical frameworks

regarding scaling laws and critical exponents, see references [31] and [32].

Returning to computational simulations of SIS and SIR-like models, usually our

first interest is to identify the transition point λc. The most common techniques are

the decaying and spreading simulations.

Decaying simulations

We start with a fully infected population and observe the evolution of ρ (density

of infected individuals) as time evolves. Depending on λ, three scenarios can occur:

• Subcritical (λ < λc): ρ decay exponentially to zero

• Critical (λ = λc): ρ decay as a power law (ρ ∼ t−α)
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• Supercritical (λ > λc): ρ converges to a non-zero value after a relaxation time.

Spreading simulations

We start with just one infectious individual and observe the survival probability

Ps(t), i.e., the probability that a sample does not fall into the absorbing state until a

given time t. The behavior of Ps is qualitatively similar to ρ on decaying simulations,

with a different scaling law in (Ps ∼ t−δ) in the critical region.

Thus, by inspecting ρ(t) or Ps(t) we can estimate the epidemic threshold. In addi-

tion, α and δ are critical exponents that characterizes the transition. In Figure 3.10-(a)

and (b), we present decaying and spreading simulations of SIS (103 and 106 samples,

respectively) on a RRN with m = 4, N = 106 and different regimes of λ. It can

be observed that both simulations present a similar behavior: exponential decaying

for subcritical simulations, convergence to a finite value for supercritical ones and a

power-law decay that separates these two phases. It worths notice that both meth-

ods yield an epidemic threshold λc = 0.345. Other quantities can be defined and

calculated by performing these simulations and can be adapted to the models speci-

ficity. Taking a spreading simulation for SIR as example, the clusters size of removed

individuals at the end of the outbreak is used to identify the epidemic threshold.
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Figure 3.10: (a) Decaying and (b) spreading simulations of SIS model on random
regular networks with m = 4, N = 106 and different regimes of λ. The dashed lines
are power-laws with exponents φ = −0.97.
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Finite size scaling

Many hypothesis and theories on phase transitions are conceived for infinite sys-

tems and time. The proper definition of a critical point is only valid in the thermo-

dynamic limit, in which the correlation lengths diverge. To circumvent this, there is

a technique to extrapolate properties of the system in the thermodynamic limit by

comparing simulations for different system sizes. This technique is called finite size

scaling (FSS), initially thought for systems on lattices and later extended to networks,

will be briefly discussed here. Near to the criticality, it is observed that the correlation

lengths ξ diverges scaling as

ξ⊥ ∼ |λ − λc|−ν⊥ , (3.31)

ξ‖ ∼ |λ − λc|−ν‖ , (3.32)

in which ξ⊥ and ξ‖ are the spatial and temporal correlation lengths, and ν⊥ and ν‖ are

critical exponents. For simulations in finite systems, the correlations have an upper

bound ξ⊥ ≈ L, L being the size of a lattice, which makes the transition point different

from the critical point in the thermodynamic limit. From now on, we will refer to

the critical quantities for finite systems with subscript p while the subscript c will be

reserved to the real critical point for L → ∞. Therefore, Equation (3.31) can be used

to estimate λc for a series of λp at different sizes

L ∼ (λp(L)− λc)
ν⊥ → λp(L)− λc ∼ L−1/ν⊥ . (3.33)

From Equaton (3.33) we can find relations for other quantities, such as the critical

density ρ:

ρ(λp, N) ∼ L−β/ν⊥ . (3.34)

Although they are not the focus of this thesis, similar scaling relations for other

quantities can be calculated by using the temporal correlation length, Equation (3.32).

For complex networks, similar relations can be constructed by considering N instead

of L. To the interested reader, References [31] and [32] discuss criticality and NEPTs in
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Figure 3.11: Finite size scaling of critical quantities for UCM scale free networks with
γ = 2.3. Dashed lines are power laws with exponents −0.33 (top) and −0.62 (bottom).

detail for several models and substrates. Figure 3.11 illustrates the finite size scaling

of λp and ρ(λp) for SIS model on UCM scale free networks with γ = 2.3 (λc = 0,

see Section 3.3.1). By fitting a power law on those points, we obtained the following

exponents:−0.33 (epidemic threshold) and −0.62 (critical prevalence).

All these critical exponents can be collected for a certain model, providing a de-

scription of the phase transition on a given substrate. It is observed that some models,

despite having different microscopic rules, share some symmetries and same critical

exponents. These models are aggregated in universality classes, such as the Kardar-

Parisi-Zhang (KPZ) class [115], that includes deposition phenomena, growing inter-

faces and random media polymers [116]. The SIS model on regular lattices belongs to

Directed Percolation (DP) universality class [31].
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Chapter 4

Simple quasistationary method for

simulations of epidemic processes

Related publication:

Simple quasistationary method for simulations of epidemic processes with localized states

Guilherme S. Costa and Silvio C. Ferreira

Computer Physics Communications, 108046 (2021)

During simulations of epidemic processes on random networks, dealing with ab-

sorbing states has proven to be a challenge, with several methods being developed

to circumvent this difficulty. The quasistationary (QS) analysis is one of them and

plays a central role in investigating epidemic processes where localization (when only

a subextensive part of the network is active) is present. Several QS methods have been

developed, some being very complex computationally and others that, despite being

simple, are not able to capture all the details of models with strong localization, such

as the aforementioned SIS model on some complex networks. Thus, we developed a

QS method that aims to be simple and concomitantly effective in dealing with these

behaviors. In this chapter, we start by discussing the QS analysis, describing the most

used methods, and detailing the proposed one. Then, we revisit the behavior of SIS on

networks, highlighting the localization effects and the activation mechanisms. Finally,

we compare the performance of some consolidated QS methods with the proposed

method in a myriad of complex networks.
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4.1 Quasistationary analysis

During simulations of finite size systems that present an absorbing state, it is

possible to show that the system will always visit this state [31, 117] and therefore it

will be stuck on it. Thus, if we want to study long term effects of these dynamics,

we need to circumvent this problem. A fundamental approach is the quasistationary

(QS) analysis in which averages at a time t are performed only over a subspace of

configurations that did not visit the AS until that time. This concept can be generally

extended to encompass perturbations on the system’s dynamic in order to prevent

the absorbing state [118]. However, these perturbations must be negligible in the

thermodynamic limit.

To further develop these concepts, let us define Xt as a Markovian stochastic pro-

cess in which the number of active1 individuals n determines the state of the system,

including the absorbing state with n = 0. Furthermore, we define another similar

process X
qs
t with some perturbation to get rid of the absorbing state. Them, we can

write the dynamical equations for these processes

dPn

dt
= ∑

m

[Wn,mPm − Wm,nPn] (4.1)

dP
qs
n

dt
= ∑

m

[Wn,mP
qs
m − Wm,nP

qs
n ] + F(P

qs
0 , P

qs
1 , ..., P

qs
N ) (4.2)

in which Pn and P
qs
n are the probability distributions for Xt and X

qs
t , respectively,

and F is some perturbation to prevent the AS. Since F may contain nonlinear terms,

Equation (4.2) is not necessarily a master equation. As aforementioned, it is no easy

task to solve these equations analytically. So, we will use a computational approach

to calculate P
qs
n during the simulations.

We start by setting an initial condition σ0 to the system and let it evolve during a

relaxation time trlx to allow the convergence to the QS states of the dynamics [117].

Then, during an averaging time tav, we compute P
qs
n as

P
qs
n =

1
tav

∫ tav+trlx

trlx

δs,n(t)dt (4.3)

1In epidemiology jargon, we use infected and susceptible as the possible states. In order to gener-
alize the analysis for other processes, we will adopt the nomenclature active/inactive.
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t
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trlx
ρ

Figure 4.1: Evolution of ρ in a quasistationary simulation, indicating the relaxation
and averaging times.

in which n(t) is the number of active individuals at time t and δi,j is the Kronecker’s

delta. These different steps are illustrated in Figure 4.1.

Computationally, P
qs
n can be calculated as

P
qs
n → P

qs
n +

δs,n(t)∆t

tav
, (4.4)

in which ∆t is the time step defined using the aforementioned Gillespie algorithm

(Section 3.3.2). From P
qs
n , we can calculate some important metrics for the dynamics,

such as the moments of this distribution:

〈ρk〉 = 1
Nk

N

∑
i=1

ikP
qs
i . (4.5)

In particular, the first moment 〈ρ〉 is the fraction of active individuals, or average

QS epidemic prevalence, and act as an order parameter for this dynamic. We can also

calculate the dynamic susceptibility [5] as

χ = N
〈ρ2〉 − 〈ρ〉2

〈ρ〉 , (4.6)

that measures fluctuations in the order parameter and identify localized and critical

regions as the control parameter is varied.

To exemplify, let us consider the SIS model on a scale free network with N = 104

and γ = 2.3. In this case, the control parameter is the infection rate λ. Figure 4.2-

(a) shows the time series of ρ (after relaxation) for different regions of λ. Note that

the fluctuations in those series are small for subcritical and supercritical simulations

while they are large for the critical one. So, the susceptibility χ as defined in Equation

(4.6) will present a peak in the transition point. Figures 4.2-(b) and (c) show the
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behavior of 〈ρ〉 and χ as function of the control parameter λ for different network

sizes. For 〈ρ〉, it can be noted that the system undergoes a phase transition between

an inactive state (〈ρ〉 ≈ 0) to an active state (〈ρ〉 6= 0). The transition point can be

determined accurately by inspecting the χ curves, which show the aforementioned

peaks. Simulations for different sizes shows how the epidemic threshold depends on

the system size. In particular for SIS on scale free networks, we saw that the λp → 0

as N → ∞ [5]; see Section 3.3.1.
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Figure 4.2: Quasistationary simulations of the SIS model on synthetic scale-free net-
works with γ = 2.3. (a) Time series of ρ for different regimes: subcritical, critical and
supercritical. (b) The order parameter 〈ρ〉 and (c) susceptibility χ as functions of λ for
different network sizes.

The next subsections will be dedicated to discuss different methods to perform the

QS analysis.

4.1.1 Standard quasistationary method

The standard quasistationary (SQS) method is the most fundamental technique

to perform QS analysis on absorbing phase transitions and consists on restricting the

averages over active samples which has not been trapped into the AS up to the current
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simulation time [31]. The QS distribution for this dynamic becomes

P
qs
n = lim

t→∞

Pn(t)

Ps(t)
, (4.7)

in which Ps(t) = ∑n≥1 Pn(t) = 1− P0(t) is the survival probability until a given time t.

This strategy have problems when analyzing subcritical or critical series of finite-size

systems. Since the dynamic often falls into absorbing states, this method provides

small and noisy intervals of stationary data. However, de Oliveira and Dickman

[34] proposed a computational method to overcome these limitations. This method

consists in jumping to previously visited configurations every time the system falls

into the absorbing state, accordingly to the QS distribution. In Reference [119], the

authors shows that this method converges to the actual QS state of the system.

Since the QS distribution is not known a priori, we must emulate it computation-

ally. This can be done by saving copies of visited active configurations during the

simulation and randomly picking one of them every time the system falls into the

AS. Two parameters are important for the SQS simulations: the number of saved

configurations nconf and the probability per unit of time of saving copies prep.

The calibration of these parameters is crucial to the SQS performance due to finite

computational resources. For small nconf, the dynamic may get biased towards a

subset of recent configurations that may not represent the actual QS state while for

large nconf, RAM allocation may become a problem and the memory of σ0 takes too

long to be erased. For prep, we also have problems: if it is small, the convergence to

QS state takes too long due to slow loss of memory of σ0. On the other hand, if it is

too large, the simulations can also be biased toward recent configurations and saving

them will demand too much computational power. After previous experimentation,

we set nconf ≃ 100 and prep = 10−2 per unit of time. To simulate the SQS method, we

follow a relatively simple algorithm:

i). Set a initial configuration σ0. In our simulations we start with all network nodes

infected.

ii). During the simulation with probability per unit of time prep, we save the sys-

tem’s configuration on a list.

iii). If the list is full, we start replacing its configurations by new ones at random.
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Therefore, more probable configurations will appear frequently in the list, which

erases the influence of σ0.

iv). When the system falls into an absorving state, one saved configuration is ran-

domly chosen and used to reactivate the system. Then, the simulation continues

until a new visit to an absorbing state occur.

4.1.2 Reflecting boundary condition

The reflecting boundary condition (RBC) method is simple: when the system visits

an AS, it jumps to the immediately preceding configuration at a certain rate (usually

the inverse of the time unit). Based on RBC, other simple methods can be constructed

by considering the random reactivation of nodes. The external weak field (EWF)

method, in which vertices are spontaneously reactivated with a small rate (vanish-

ing in the thermodynamic limit), is an widely used variation that was proven to be

equivalent to RBC on References [118] and [36]. Other simple variation that was also

equivalent to original RBC is the random reactivation of a single vertex when the AS

is visited. From now on, every time the RBC method is referred, we are considering

the reactivation of one random node when the system falls into absorbing state.

Despite being computationally simple, the RBC and its variations do not repro-

duce the QS distributions obtained with standard quasistationary method, specially

if there are strongly localized effects [118], as addressed in the next section. Targeted

reactivation methods may be developed in contrast with random reactivations, ac-

cordingly to the dynamic peculiarities. For example the hub reactivation [118, 35], in

which we reactivate the node with highest k, is an important one for SIS model due

to the key role that hubs and outliers have on this model transition.

4.1.3 Reactivation per activity time

Inspired by simple reactivation dynamics, we propose a method that aims at cap-

turing the localization effects on networks as the SQS method does, but with signifi-

cantly less computational and algorithmicaly costs. In this method, named reactiva-

tion per activity time (RAT), randomly selected vertices are reactivated accordingly

to their history of activity. Thus, nodes that were active for longer times are more
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probable of being reactivated. During the simulations, the activity time of a node i at

time τ is given by

T
(a)
i (t) =

∫ t

0
σi(τ)dτ, (4.8)

in which σi = 1 if vertex i is active and σi = 0, otherwise. For epidemic models, we

set that a node is active if it is infectious and inactive otherwise. The method may

be generalized fo different models by adapting the meaning of activity accordingly to

their need. The time T(a) of each vertex can be exactly calculated by subtracting the

last time that a node became active from the current one when it is inactivated. For

the SIS model, this step can be simplified by incrementing T
(a)
i by 1/µ every time the

vertex i is healed, since 1/µ is the average time that a vertex remains infected and the

healing process is spontaneous.

The average number of reactivated nodes depends on the overall average activity,

computed as

na(t) =
1
t

N

∑
i=1

T
(a)
i , (4.9)

in which t is the simulation time. As in the SQS method, the relaxation time must

be large enough to erase the influence of σ0 and allow the convergence of na. Figure

4.3 shows the evolution of na(t) on simulations of critical (λ ≈ λp) SIS on scale-free

networks with N = 106 and two values of degree exponent: γ = 2.3 and 2.7. It can

be noted that after t ≈ 105 the number of reactivated nodes converges to a constant

value.

Computationally, we can only reactivate an integer number of vertices while na

can assume real values. To take this into account, we use the floor ⌊x⌋ and ceiling

⌈x⌉ functions, defined as the greatest integer less than or equal to x and least in-

teger greater than or equal to x, respectively. In this way, the number of reactivated

nodes will be ⌈na⌉ with probability na −⌊na⌋ and ⌊na⌋ with probability ⌈na⌉− na. Al-

though for critical simulations this difference is negligible, for subcritical simulations,

in which the number of reactivated particles is small, this difference is relevant.

Vertices are reactivated proportionally to their total activity time Ti. The selection

of which vertices will be reactivated can be done using the rejection method, in which
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Figure 4.3: Evolution of the average number of active individuals in SIS simulations
running on power-law networks with N = 106 vertices and degree exponents γ = 2.3
and 2.7. Inset shows the same data subtracted from the stationary value na(∞). The
simulation was run for infection rates λ = 0.0115 and λ = 0.0362 for γ = 2.3 and
γ = 2.7, respectively, which give the maximum value of the dynamical susceptibility.

a randomly chosen vertex is accepted with probability

qi =
T

(a)
i

max
j

{

T
(a)
j

} . (4.10)

This method can be computationally costly if the system often visits the absorbing

state and the activation times T
(a)
i has a broad distribution. Some optimizations to

circumvent this problem are provided on Appendix A.1.

4.2 Activation mechanisms on SIS

The SIS model on power-law networks present remarkable and interesting proper-

ties. As previously mentioned, the epidemic threshold is asymptotically null [41, 120]

on thermodynamic limit, implying that for any infection rate there will be a nonzero

stationary prevalence as N → ∞.

For finite networks, the dynamic near the transition point is characterized by local-

ized activations [99, 38, 121, 122, 123], i.e., only a subextensive portion of the system

is active, in contrast with usual phase transitions, that occurs collectively [124].

In the case of random power-law networks, we have two main structures that plays
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a central role on these localization: stars (hubs) and maximum k-core subgraphs [89,

125]. The high degree hubs promotes a reinfection mechanism, in which the center

infect its leaves and vice-versa. Due to high k, the center may spread the infection

to many leaves, virtually guaranteeing that one of them will reinfect it. Figure 4.4

illustrates this mechanism. The epidemic sustained on k-core is somewhat similar: a

densely connected core that maintain the infection within it and neighbors. For real

networks, more complex scenarios, such as cliques, may rule the epidemic activation

[126].

Figure 4.4: Typical SIS dynamic on a star subgraph. Empty nodes are susceptible and
black ones are infected.

Particularly for SIS, those different activation mechanisms depend on the hetero-

geneity level of the network [125]. Considering uncorrelated networks with degree

distribution P(k) ∼ k−γ, we have three relevant intervals for the degree exponent:

• 2 < γ < 2.5: networks with hubs that form a densely connected core of high de-

gree. Therefore, this activation is led by the maximum k-core. In our simulations

we chose networks with γ = 2.3 to represent this interval.

• 2.5 < γ < 3: networks with hubs that were not sufficiently connected to form

a dense core. Thus, this activation is led by the stars. We chose γ = 2.8 to

represent this range.

• γ > 3: Similarly to the previous case, in which some isolated hubs are respon-

sible for the localized activation, these transitions are also led by the stars. In

addition, these networks may have outliers with degree much larger than the

rest and may generate multiple transitions [38]. We chose specifically a network

with γ = 3.5 and a outlier with degree k = 1837 to represent this group.
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4.3 Comparison of QS methods

Except when mentioned, in all comparisons we performed simulations of the SIS

model with all vertices infected as initial condition. For the sake of simplicity we

adopted µ = 1 (other values for this parameter just alters the time scale). The aver-

ages were computed during an averaging interval tav = 3 × 107µ−1 after a relaxation

time trlx = 107µ−1. For some very supercritical simulation, since the system does

not fall into the absorbing state, these simulation times are reduced by one order of

magnitude. It worth notice that these parameters are intrinsic to all QS methods and

the larger the more accurate. This rule does not hold for specific parameters, such as

prep for SQS.

The simulations were performed on several types of complex networks, with dif-

ferent levels of localization, to verify the robustness of RAT in comparison with SQS

and RBC. We started with simple graphs in which the localization is well controlled,

the RRNs with hubs. Then, we passed to more complex structures such as synthetic

power-law networks, multiplex and real correlated networks.

Random regular networks with a hub

The behavior of the SIS model on RRNs of degree m is predictable. The system

undergoes a phase transition at a finite epidemic threshold λc ≈ 1
m − 1

[127]. By

adding a hub with degree m ≪ K ≪ N on a RRN, we expect to see a localized activa-

tion, in which only the hub and its neighborhood are active, in addition to the global

collective one [128]. In Figure 4.5 we have the dynamical susceptibility χ versus the

infection rate λ on a RRN (m = 4) plus a hub (K =
√

N) for different network sizes,

using the RAT method. It can be noticed the two peaks on each curve, represent-

ing both activations. The right hand peaks represent the global transition and those

moving towards zero represent the localized activation. It is worth remembering that

λp ≈ 1/
√

K for a star subgraph. Thus, λp → 0 as N → ∞.

Now that we are aware of the typical behavior of SIS model in RRNs with hubs, we

can compare the methods. In Figure 4.6 we have a comparison between the three QS

methods simulated on the same network. Susceptibility χ and prevalence ρ are shown

in Figures 4.6-(a) and (c) for a network with N = 106 and K = 103. It can be noted that



4. Simple quasistationary method for simulations of epidemic processes 78

0.1 0.2 0.3 0.4

λ

1

10χ

N = 3x10
4

N = 10
5

N = 3x10
5

N = 10
6

N = 3x10
6

N = 10
7

Figure 4.5: Susceptibility χ as a function of the infection rate for RRNs (m = 4), of
different sizes N (indicated in the legends) plus a hub of degree K =

√
N using the

RAT method.

RAT and SQS curves match each other almost perfectly except in the very subcritical

region, in which 〈ρ〉 ∼ 1/N. Moreover, the peak related to the localized activation

(left one) is distorted by RBC with respect to SQS and RAT. The finite size scaling of

critical quantities (λp and 〈ρ(λp)〉) for the left peak confirm these conclusions, as show

in Figures 4.6-(b) and (d). Assuming a scaling law λp ∼ N−φ, we obtain φ = 0.21

for both RAT and SQS whereas φ = 0.26 for RBC. For QS prevalence, we obtain

〈ρ(λp)〉 ∼ N−1.20 for RBC, differing from those of SQS and RAT, 〈ρ(λp)〉 ∼ N−0.90. In

the present thesis, these exponents are not intended to determine a universality class,

but to indicate different scaling behaviors. Therefore, uncertainties are presented.

Synthetic power-law networks

Considering now the power-law networks discussed in Section 2.3, we investigate

the QS methods on synthetic networks constructed using the UCM [94] algorithm

with kmin = 3. The exponents for P(k) were chosen to encompass the different activa-

tion mechanisms of the SIS model presented in Section 4.2: γ = 2.3 and γ = 2.8 with

structural cutoff kc =
√

N and γ = 3.5 with cutoff kc = N to favor the occurrence of

outliers.

Figures 4.7-(a) and (b) present the susceptibility and QS epidemic prevalence ver-
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Figure 4.6: Quasistationary quantities for a RRN (m = 4) with N = 106 vertices
plus a hub of degree K = 103 obtained with different QS methods. (a) Susceptibility
and (c) prevalence versus infection rate. Finite-size scaling for the (b) position of left
susceptibility peak and (d) the corresponding QS prevalences. Dashed lines represent
power-laws with exponents −0.27 (top) and −0.21 (bottom) in (b) and −0.90 (top) and
−1.2 (bottom) in (d).

sus infection rate computed using different SQS methods on power-law networks with

N = 106 vertices and degree exponent γ = 2.3 and γ = 2.8, respectively. Curves for

the RAT method deviate from the SQS ones only for the very subcritical phase while

the RBC deviates on both subcritical and critical phases. All methods are equivalent

in the very supercritical region since absorbing states are not visited for the investi-

gated simulation times. Figure 4.8 presents the FSS of the epidemic thresholds and QS

prevalence, considering two values γ = 2.3 and 2.8. All methods provide equivalent

epidemic thresholds with the same scaling for both γ values, while the scaling of the

prevalence using RBC deviates from RAT and SQS method; the last two match each

other almost perfectly.

To tackle stronger localization effects, simulations on a synthetic network with
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Figure 4.7: Susceptibility versus infection rate for a UCM network with N = 106

vertices and degree exponent γ = 2.3, considering three QS methods. Inset shows the
QS prevalence as a function of the infection rate.
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Figure 4.8: Finite-size scaling for the (a) epidemic threshold and (b) the corresponding
QS prevalence of the SIS model on UCM networks with γ = 2.3 (closed symbols) and
γ = 2.8 (open symbols). Averages were computed over 35 networks and error bars
are smaller than symbols.

N = 106 vertices and degree exponent γ = 3.5 was considered. We selected a sample

with an outlier of degree 1837, as can be seen in the degree distribution shown in

Figure 4.9(a). Comparing the curves obtained with different methods in Figure 4.9(b),

similarly to the case of a RRN plus a hub, RAT and SQS methods are equivalent except

in a very subcritical region while RBC deviates substantially in the whole interval

of λ where epidemic activity is highly concentrated in the outlier’s neighborhood,

including the position of the peak which is significantly displaced. All methods match

in the secondary peak that corresponds to the global activation of the epidemics since

falling into the absorbing state is extremely rare, due to activation of the hub.



4. Simple quasistationary method for simulations of epidemic processes 81

10
1

10
2

10
3

k

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

P
(k

)

0.03 0.06 0.09 0.12

λ

10
0

10
1

10
2

χ

RBC
RAT
SQS

(a) (b)

Figure 4.9: (a) Degree distribution of a network with γ = 3.5 possessing an outlier of
degree 1837 highlighted in the box. (b) Susceptibility curves obtained using different
QS methods for the network whose degree distribution is shown in (a).

Multiplex networks

The multiple layered structures of multiplex networks combined with the possi-

bility of regulating the heterogeneity degree of each layer separately makes them a

perfect substrate for studying localization effects, see Section 2.4 for a brief descrip-

tion of multiplex networks. Additionally to the infection and healing rates λ and µ,

the SIS model on multiplex networks have an additional rate η, namely the vertical

transmission rate, in which one node in a layer infects itself in another layer. Addi-

tional details for the simulation of the SIS model on multiplex networks can be found

on Appendix A.2.

In our simulations we considered a three-layered network (layers are fully con-

nected to each other, as in Figure 2.18-(b)) with power-law degree distributions of

exponents γ = 2.3, 2.6, and 2.9. Each layer has N = 104 vertices. In these simulations,

we vary λ while fixing the ratio η
λ . According to Reference [99], multiple transitions,

related to the activation of each layer individually, take place for a sufficiently small

ratio η
µ = 0.002. Figure 4.10 compares the susceptibility curves for this multiplex

network. It can be seen that all QS methods capture the multiple transitions approxi-

mately at the same values of infection rate. However, as already seen in the previous

cases, SQS and RAT present small diferences before the activation of the first layer

whereas RBC deviates strongly around the first peak.
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Real networks

To conclude, we compare the QS methods on SIS simulations on some real corre-

lated networks, in contrast with those generated by UCM. We selected six networks

from [85] based on previous exotic behaviors of the susceptibility curves, generated

with SQS method. Some properties of these networks can be seen in Table 4.1.

Network N 〈k〉 〈k2〉 P Q
USPowerGrid 4941 2.66 10.33 0.003 0.93

GR-QC 4158 6.46 116.1 0.639 0.84
Cora 23166 7.69 182.3 -0.055 0.79

DBLP-Colab 1137114 8.82 366.6 0.096 0.75
USPatents 3764117 8.77 187.8 0.167 0.81

WebStanford 255265 15.2 30897 -0.115 0.92

Table 4.1: Structural properties of real networks. From left to right: name of the
network, number of vertices, average degree, second moment, Pearson coefficient,
and modularity.

The existence of modular structures with connectivities within modules differing

from each other are expected to induce multiple peaks in susceptibility curves, due

to localized activation of individual communities [38, 40]. So, this exotic behavior of

χ curves is expected from these modular networks. The chosen real networks have a
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wide range of sizes, heterogeneity and degree correlations (measured by the Pearson

coefficient P).

In Figure 4.11 we show the susceptibility curves for the six chosen real networks.

It can be noticed that all QS methods are able to capture the same number peaks and

approximately at the same location. However, as reported for synthetic networks, the

RBC distorts the first susceptibility peak whereas RAT matches the SQS curves.
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Figure 4.11: Comparison of susceptibility curves obtained for the SIS model on dif-
ferent real networks using different QS methods. Results for the networks given in
table 4.1 are presented: (a) USPowerGrid; (b) Cora, (c) WebStanford, (d) DBLP-Colab,
(e) USPatents and (f) GR-QC.

4.4 Computer performance of QS methods

In addition to the characterization of transitions, the computational efficiency of

the methods is fundamental. In fact, a QS method become uninteresting if it is more

complex or inefficient than existing methods, despite being able to reproduce the

same localized activation. In terms of implementation and programming, RAT lies
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between RBC and SQS. Not so simple as RBC but has no calibration parameters as

SQS. Moreover, we analyzed two key ingredients for computational performance:

RAM load and CPU times. We performed simulations of the SIS model on UCM

networks on a workstation with Intel i5 8400 - 2.80 GHz processor and 8 GB of RAM.

Codes were written in Fortran and compiled using a non-commercial version of Intel

Fortran for Linux. Codes for QS simulations of SIS using RAT were made publicly

available in both Fortran and Python [129].

To evaluate the amount of necessary RAM to simulate the SIS model, we con-

structed a UCM network with exponent γ = 2.3 and size N = 107. For SQS simula-

tions, we choose nconf = 100 copies to be stored. While RBC and RAT needed about

1GB of RAM to store all information, SQS used up to 5 GB, due to nconf × N array

to store configurations of the system. For RTA, this array is replaced by a smaller

one, with only N elements, to store the activity time of each vertice. However, for

SIS model, optimizations could have been done to decrease this usage of RAM, since

the configuration of system is uniquely defined by the infectious vertices (those who

are not infected can only be susceptible). Although this optimization works very

well for the SIS model, it is not general. For models with infinitely many absorb-

ing states [130, 131] or more complex epidemic processes [124], the complete array is

needed.

The CPU times required for simulations were compared by running a critical (λ =

λp) SIS dynamics for a total of 109 time steps (not time units), after a relaxation time

trlx = 107µ−1, on UCM networks of different sizes. This change in the simulations

was necessary to circumvent a natural favoring of RBC, explained as follows: it can be

seen in Figure 4.8 that 〈ρ〉 near the epidemic threshold is much smaller for RBC than

RAT or SQS. Since the time step is larger for a lower number of vertices, see OGA time

steps in Subsection 3.3.2, less operations were needed to simulate RBC than RAT or

SQS for the same time units. However, this also implies that much less configurations

are visited during the simulations, leading to reduced statistics in comparison to RAT

or SQS for the same averaging time. By considering now the number of time steps, we

can guarantee that equivalent statistics are being simulated for all methods. The CPU

times presented in Table 4.2 shows that all methods possess similar efficiencies where

RBC is the most efficient while RAT outperforms SQS. In all methods, the relaxation
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time does not exceed 10% of the whole simulation time.

Size RBC RAT SQS
N = 104 5.46 6.63 7.04
N = 105 7.18 8.25 8.79
N = 106 10.26 11.54 12.44
N = 107 16.73 18.19 19.21

Table 4.2: CPU times (in minutes) for the QS simulations of critical (λ = λp) SIS model
on UCM networks with degree exponent γ = 2.3. The relaxation time is trlx = 107µ−1

and the averages were computed over 109 time steps.

Finally, the fact that SQS have two parameters to calibration present additional

complications to its simulations. As aforementioned, a poor choice of parameters may

lead to poor sampling and trapping the dynamic onto metastable states, leading to

spurious behaviors. This poor sampling is particularly common in, but not restricted

to, subcritical simulations. Such an effect can be seen in Figures 4.11(a), (c) and (d)

where noisy susceptibility curves are observed before the first activation transition.

4.5 Summary and discussions

Dynamical processes with absorbing configurations are relevant for many biologi-

cal, chemical and physical systems. In particular, the study of these processes on non-

regular substrates, such as complex networks [17], constitutes an interdisciplinary

issue with applications to real cases [104, 132, 133, 134]. Simulations of dynamics

with absorbing configurations on finite-size systems constitute a challenge since the

system always visits an absorbing state for sufficiently long times [31]. To circum-

vent this difficulty, we may rely on QS analysis, that consists of perturbations on the

dynamical rules (negligible in the thermodynamic limit), which prevents the system

from getting trapped into the AS. There are different methods to avoid the absorbing

configurations such as the SQS method [34], which constrains the sampling to active

configurations, and the RBC [118], in which the system returns to the pre-absorbing

configuration when an AS is visited.

Considering heterogeneous complex networks, the localized effects on subexten-

sive regions imposes further difficulties in the analysis of QS states [38, 123]. Each

method has its pros and cons. The SQS is most general and is able to capture lo-

calized epidemic transitions [38, 99, 39] but has a high computational cost and algo-
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rithmic complexity. The RBC, on the other hand, is extremely simple an low costly

but may distort the localized phases. Aiming to soften these drawbacks, we devel-

oped a method called RAT (reactivation per activation time), intended to have pros of

both RBC and SQS. The method consists of reactivating vertices proportionally to the

amount of time they were active during the whole history of the simulation. For epi-

demic models, the activity is defined as the total time that a vertice remains infected.

By setting an appropriate definition of activity, the method can be easily generalized

to other dynamical processes.

To validate RAT method, we performed simulations of the SIS model on a myr-

iad of complex networks, characterized by strong localization effects [99, 123, 38]

and compared with RBC and SQS. As a general result, we observed that SQS and

RAT were equivalent on all analysis, the epidemic thresholds matched, the finite size

scaling provided the identical exponents (within error bars) and the general behavior

of susceptibility and prevalence curves were the same. The only differences occurs

on very subcritical simulations. It is important to note that this difference is not

problematic since we are mostly interested in critical characterization of the dynam-

ics. Comparisons with RBC lead to the general conclusion that RBC performs poorly

compared to the other two methods. Depending on the network structure, the epi-

demic threshold or finite size scaling of cricial quantities can differ for the different

QS methods. Regarding the computational complexity, we observed that the RAM

load of RAT is highly reduced compared to SQS while the CPU times near to the

transition point are slightly smaller.

Although the RAT method was extensively tested on a two state dynamic in this

chapter, it can be extended to other cases by adapting the method accordingly to

the model details. We expect that the RAT method will be extended to QS analyses

of many other processes with more complicated dynamics such as sandpile mod-

els [135, 136], pair-contact process [137] and systems with bistability which undergo

discontinuous transitions [138].
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Chapter 5

Heterogeneous mean field theory for

two-species symbiotic processes

Related publication:

Heterogeneous mean-field theory for two-species symbiotic processes on networks

Guilherme S. Costa, Marcelo M. de Oliveira and Silvio C. Ferreira

Physical Review E 106, 024302 (2022)

Cooperative or symbiotic processes, in which two or more dynamics evolve on the

same substrate and interact with each other, have a very rich behavior in terms of the

phase transitions and criticality. Usually, this kind of approach is extensively used in

ecological models of competition and cooperation [50, 51]. However, this idea can be

expanded to the context of epidemics if we consider two pathogens propagating in the

same place and with interactions among them. A simple model to study cooperation

is the two-species symbiotic contact process (2SCP) [52], in which two different species

spread on a substrate and interact by having a reduced death rate if both occupy the

same site. In the recent years, several papers discussing and characterizing the phase

transition of this model were out [52, 53, 55, 54]. In order to contribute to the fully

understanding of 2SCP, we developed a heterogeneous mean field theory [14] for

it. In addition, we validate the results by performing quasistationary simulations on

synthetic complex networks. The majority of technical background for this chapter

were already discussed in Chapters 2 and 3, refer to it whenever needed.
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5.1 Two-species symbiotic contact process

This model is an extension of the original Contact Process (CP) [42], one of the

extensively studied models to exhibit an APT. Originally constructed on lattices, in

the standard CP an individual may duplicate with rate λ (its offspring occupying a

random empty neighboring cell) or spontaneously die with rate µ. One can notice

that these rules are rather similar to SIS model mentioned on previous chapters. In

fact, for lattices, both models are connected through a shift in the rates: λCP = λSIS ∗ k,

in which k is the number of neighbors. The critical behavior of the models are equally

similar, both belonging to the Directed Percolation (DP) universality class. However,

in complex networks they have very distinct properties [46].

The 2SCP is defined considering two species (A and B) evolving on the same

network. Each node can hold at most one individual of each species. The activation

process is exactly the same as CP where both species create clones of themselves with

rate λ/k at all neighbors that do not carry one individual of its species. A singly

occupied node by either A or B becomes vacant with rate µ. If a node contains two

species, a reduced symbiotic death rate µs < µ is adopted, such that the chance of

death for both A and B individuals is reduced. All transitions for the model are

illustrated in Figure 5.1. Hereafter, we adopt µ = 1 without loss of generality.

We start discussing the phase transition on 2SCP by reviewing the basic homoge-

neous mean-field theory [52]. Then, we proceed to discuss our development of the

heterogeneous one.

5.1.1 Homogeneous mean field

In this mean field theory, we consider that all sites are statistically equivalent.

Therefore, the dynamical equations are constructed in terms of probabilities that the

node is in a given state: vacant, occupied by a species A, or B, or both species. Tak-

ing into account all possible transitions indicated in Figure 5.1, the following set of

equations is obtained
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Figure 5.1: Transitions of the 2SCP model on networks where species are represented
by red and blue dots while the nodes involved in the transition are depicted in green.
(a) Individuals of species A or B in the node i replicate a copy of itself to a neighbor
node if allowed (doubly occupation with the same species is forbidden). Spontaneous
deaths on nodes that contain (b) one species and (c) both species (symbiosis) happen
with rates µ and µs, respectively.

dρ0

dt
= ρA + ρB − λρ0(ρA + ρB + 2ρAB),

dρA

dt
= −ρA + ρABµs + λρ0(ρAB + ρA)− λρA(ρAB + ρB),

dρB

dt
= −ρB + ρABµs + λρ0(ρAB + ρB)− λρB(ρAB + ρA),

dρAB

dt
= −2µsρAB + 2λρAρB + λρAB(ρA + ρB),

in which ρ0, ρA, ρB and ρAB are probabilities that a given node is vacant, occupied by

an individual of species A, of species B, or both, respectively. It is important to notice

that in the absence of A or B, the equations reduce to standard CP [31]. By considering

symmetrical solutions ρA = ρB = ρ and the closure relation ρA + ρB + ρAB + ρ0 = 1,

the system is reduced to two independent variables. The stationary solutions are the

trivial ρ̄ = ρ̄AB = 0 and the nontrivial one given by

ρ̄ =
µs

2λ(1 − µs)

[

2(1 − µs)− λ +
√

λ2 − 4µs(1 − µs)

]

(5.1)
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and

ρ̄AB =
λρ2

µs − λρ
(5.2)

Analyzing Equation (5.1), we can draw some conclusions regarding the system:

• The nontrivial solution for ρ exists only if λ ≥
√

4µs(1 − µs).

• For µs > 1/2, λc = 1 is the transition point. Additionally, ρ̄ grows continuously.

• For µs < 1/2, the critical point λc =
√

4µs(1 − µs) imply in ρ̄ > 0, indicating a

discontinuous transition.

The discontinuity in solutions for µs < 1/2 implies in a bistability region since

ρ = 0 is also locally stable for
√

4µs(1 − µs) < λ < 1. The convergence to stationary

state depends on the initial condition: for ρA(0), ρB(0) → 1, the dynamics converges

to Equation (5.1) for λ > λ− =
√

4µs(1 − µs) while for ρA(0), ρB(0) → 0, the conver-

gence happens for λ > λ+ = 1 while the absorbing state remains stable otherwise.

The curves λ−(µs) and λ+(µs) are called lower and upper spinodal, respectively. Vi-

sual representations of these discontinuity are shown in Figure 5.2. To the interested

reader, more accurate homogeneous theories were developed using pairwise interac-

tions [54].

5.1.2 Heterogeneous mean field

In a similar way to SIS degree based theory (Section 3.3.1), we treat vertices within

same k as statistically equal. To include this increased resolution on the equations, we

standardize our notation as ρX
k → prevalence of individuals of X species (X = A, B, 0

or AB) on sites with degree k. Thus, the equations for the HMF theory become
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dρ0
k

dt
= ρA

k + ρB
k − λρ0

kk ∑
k′

(ρA
k′ + ρB

k′ + 2ρAB
k′ )P(k′|k)

k′
,

dρA
k

dt
= −ρA

k + ρAB
k µs + λρ0

kk ∑
k′

(ρAB
k′ + ρA

k′ )P(k′|k)
k′

− λρA
k k ∑

k′

(ρAB
k′ + ρB

k′)P(k′|k)
k′

,

dρB
k

dt
= −ρB

k + ρAB
k µs + λρ0

kk ∑
k′

(ρAB
k′ + ρB

k′)P(k′|k)
k′

− λρB
k k ∑

k′

(ρAB
k′ + ρA

k′ )P(k′|k)
k′

,

dρAB
k

dt
= −2µsρ

AB
k + λρA

k k ∑
k′

(ρB
k′ + ρAB

k′ )P(k′|k)
k′

+ λρB
k k ∑

k′

(ρA
k′ + ρAB

k′ )P(k′|k)
k′

.

Each term of these equations is related to a possible event on the model. For ρ0
k,

the first and second terms of the r.h.s of the equation are related to spontaneous death

on singly occupied nodes by species A and B, respectively. Third term is related to the

creation of a particle on vacant nodes. Passing to ρA
k , the first term is the spontaneous

death of a node that have only species A, the second term is the symbiotic death of

species B on a doubly occupied node, third is the replication of species A on vacant

nodes and the last is the replication of species B on nodes that contains only A,

becoming doubly occupied vertices. Equivalent terms can be found on the equation

for ρB
k . Finally, the dynamic of ρAB

k has the following terms: the first is symbiotic death

of any species on a doubly occupied node, the second is the replication of species B

on a node that have only A and the last is the opposite, replication of species A on

nodes that have only B.

As in the homogeneous theory, we are looking for symmetric (ρA
k = ρB

k = ρk) and

stationary solutions (
dρA

k

dt
= 0). For each degree k, we can write the closure equation as

ρ0
k + ρA

k + ρB
k + ρAB

k = 1. In order to advance in the solution, we need an explicit form

for the conditional probability P(k′|k). As usual, we consider uncorrelated networks,

in which holds Equation (2.12) and sets P(k′|k) = k′P(k′)
〈k〉 . By defining βk =

λk

〈k〉 and

ϕ = ∑k(ρ
AB
k + ρk)P(k), we obtain the following equations for k = kmin, ..., kmax

dρk

dt
− ρk + µsρAB

k + (1 − 3ρk − ρAB
k )βk ϕ, (5.3)
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and
dρAB

k

dt
= −µsρAB

k + βkρk ϕ. (5.4)

Solving these equations in the steady state for ρAB
k and ρk, one obtains

ρ̄AB
k =

βkρk ϕ̄

µs
, (5.5)

and

ρ̄k =
βk ϕ̄

1 + 2βk ϕ̄ +
β2

k ϕ̄2

µs

. (5.6)

Substituting on ϕ̄ definition, we obtain a self-consistent transcedent equation

ϕ̄ = ∑
k





















ϕ̄βkP(k)

1 + 2βk ϕ̄ +
β2

k ϕ2

µs











(

1 +
βk ϕ̄

µs

)











, (5.7)

which can be easily solved by bisection method [139] given a degree distribution P(k),

providing ρ̄k and ρ̄AB
k .

The stability loss of the absorbing state ρk = ρAB
k = 0, at λ+, can be obtained

using Equation (5.5) near to the transition point, where both ρk ≪ 1 and ρAB
k ≪ 1.

We assume ρAB
k ≪ ρk in Equation (5.6) to obtain the following linearized and closed

system for ρk
dρk

dt
= −ρk +

λk

〈k〉 ∑
k′

ρk′P(k
′) + . . . ≃ ∑

k′
Lkk′ρk′ , (5.8)

where

Lkk′ = −δkk′ +
λkP(k′)
〈k〉 (5.9)

is the Jacobian of the linearized system, the same as the single species contact process

on uncorrelated networks [140]. The loss of stability of the absorbing state is obtained

when the largest eigenvalue of Lkk′ is zero. In a similar way than SIS calculations on

Section 3.3.1, one can show that v = k is an eigenvector of Lkk′ with corresponding

eigenvalue Λ0 = 1 − λ. Using the Perron-Frobenius theorem, we can state that Λ0 is

the leading eigenvalue. Therefore, the upper spinodal is λ+ = 1.

We define the order parameter as the fraction of nodes occupied by at least one

specie, or total prevalence, given by
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ρT = 2ρ + ρAB, (5.10)

in which

ρ =
kmax

∑
k=kmin

ρkP(k) (5.11)

is the probability that a randomly chosen node is occupied by either A or B species

and

ρAB =
kmax

∑
k=kmin

ρAB
k P(k) (5.12)

is the probability of double occupation. In Figure 5.2-(a) we present typical hysteresis

diagrams for ρT as a function of λ using a power-law degree distribution P(k) ∼ k−γ

with γ = 3.5 and µs = 0.2 for two extreme initial conditions: ρAB(0) = 1 representing

a fully occupied substrate and ρAB(0) = 10−6 which is near to the absorbing state.

To compare with the results on uncorrelated networks in Section 5.3, we choose an

upper cutoff for the degree distribution as kmax =
√

N, where N is the number of

nodes of the network. The hysteresis effect in these curves manifests as bistability

regions (hashed area). The phase diagrams in λ × µs parameter space were computed

numerically by the numerical solution of Equation (5.7) and presented for degree

exponents γ = 3.5, 2.7 and 2.3 in Figures 5.2-(b) to (d). One can see that the bistability

region is close to the homogeneous case for γ = 3.5, being reduced as the network

heterogeneity is increased with smaller values of γ, shrinking in the limit γ → 2.

The influence of heterogeneity may be thought as follows: the probability of a doubly

occupied vertice to replicate both species in one of its neighbors decreases with its

degree (∼ k−2) due to the randomness in choosing the occupation target. Thus, even

hubs being, on average, more active than regular nodes, more hubs dismantle the

symbiotic mechanisms by diluting the species in different vertices.

To further investigate this behavior, we performed a continuous approximation for

Eq. (5.7) to obtain

ϕ̄ = Θ(ϕ̄) =
∫ ∞

kmin

ϕ̄βk(1 + βk ϕ̄/µs)P(k)

1 + 2βk ϕ̄ + β2
k ϕ̄2/µs

dk, (5.13)

in the limit kmax → ∞. It can be seen that for µs ≥ 1/2, Θ′(ϕ) > 0 and Θ′′(ϕ) < 0,

implying that only a continuous transition is possible, since Θ(ϕ) is a monotonically
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Figure 5.2: HMF theory for 2SCP model on power-law degree distributions with lower
and upper cutoffs given by kmin = 3 and kmax = 17320 (N = 3 × 108). (a) Example of
hysteresis on 2SCP total prevalence curves for a power law distribution with γ = 3.5
and µs = 0.2. The hashed area indicates the bistability region. Phase diagram for
2SCP considering power-law distributions with (b) γ = 3.5, (c) γ = 2.7, and (d)
γ = 2.3. The dotted line represents the lower spinodal for the homogeneous theory
λ− =

√

4µs(1 − µs).

increasing function. Thus, if discontinuous transitions occurs, µs must be less than

1/2. Both cases are illustrated in Fig. 5.3 (a) and (b).

By considering the series expansion for small ϕ̄, we can find the point when the

discontinuous transition turns into a continuous one, i.e., when the gap in lower

spinodal vanishes (see Appendix B.1 for detailed calculations):

Θ(ϕ̄) = λϕ̄ + aγ−1 ϕ̄γ−1 + a2 ϕ̄2 + a3φ3, (5.14)

where

a2 =
(γ − 2)2(1 − 2µs)

(γ − 3)(γ − 1)µs
λ2, (5.15)

a3 =
(γ − 2)3(7 − 8

√
µs)

(4 − γ)(γ − 1)2µs
λ3, (5.16)

aγ−1 = (γ − 1)
(

λkmin

〈k〉√µs

)γ−1

β̃ (5.17)
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Figure 5.3: Example of a (a) continuous and (b) discontinuous transition through
transcritical and pitchfork bifurcations, respectively. The curves correspond to the
solution of Eq. (5.7) with (a) µs = 0.3 and (b) µs = 0.05 for a degree exponent γ = 2.7.
The contagion rate λ is increased from bottom to top. The blue curves are the critical
ones.

and

β̃ =
∞

∑
n=0

[2(1−√
µs)]

n

[√
µs+

n − γ + 2
n + γ − 1

]

Γ(n − γ + 2)Γ(γ + n)

Γ(2n + 2)
, (5.18)

where Γ(x) is the Gamma function. The cubic term is negligible for γ < 4 while

the term ϕ̄γ−1 is negligible otherwise. Solving for the leading term, we obtain the

following

ϕ̄∗ ≃


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





[

(γ − 1)aγ−1

|a2|

]1/(3−γ)

2 < γ < 3

[

a2

(γ − 1)|aγ−1|

]1/(γ−3)

3 < γ < 4

a2

3|a3|
γ > 4

. (5.19)

For γ > 3, the gap ϕ̄∗ vanishes for a2 = 0, which leads to µ∗
s = 1/2. For 2 < γ < 3,

the gap vanishes when aγ−1 = 0 or, equivalently, β̃ = 0. Since this coefficient has a

complex dependency on the parameters, we may investigate it numerically. As can be

seen in Fig. 5.4, β̃ is zero for 0 < µs < 1/2, depending on the value of γ.
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Figure 5.4: Coefficient β̃, where aγ−1 ∝ β̃, as function of symbiotic parameter µs on
power-law networks with different values of the degree exponent γ indicated in the
legend. Vertical lines are roots of β̃(µs) = 0 for γ = 2.7 and 2.3.

5.2 Numerical analysis and finite size scalings

Stochastic simulations can be performed only in finite size systems. Thus, it is

important to understand the finite size dependence of the theory. We investigate

the total prevalence curves of different network sizes considering a fully occupied

network as initial condition. Figures 5.5-(a) to (c) show the total prevalence as function

of infection rate λ for µs = 0.2 and different levels of heterogeneity, γ = 2.3, 2.7

and 3.5. It can be noticed two different finite-size scaling behaviors, depending on

the degree exponent. For γ = 2.3, the transition is discontinuous at an activation

threshold λp < 1 for small sizes. However, as N increases, the discontinuity drops

towards a continuous transition in the infinite size limit when λ− → λc = 1 implying

in a pseudo threshold for finite sizes. On the other hand, for γ = 2.7, the discontinuity

is sustained in the thermodynamic limit with a threshold converging to λ− < 1.

Additionally, the convergence can also be seen for γ = 3.5 but much faster in this

case.

Figure 5.6 presents the finite-size scaling for the activation threshold λc and the

gap discontinuity ∆p for the same curves shown in Figure 5.5. For γ = 2.3, the

activation thresholds converge to the upper spinodal λ+ = 1 and the discontinuity

gap decays as a power law ∆p ∼ N−0.43, corroborating the transition continuity as

N → ∞. For other degree exponents (γ = 2.7 and 3.5), the convergence occurs to the
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Figure 5.5: Total prevalence (ρT = 2ρ + ρAB) in function of λ for P(k)representing
synthetic scale free networks with µs = 0.2 and different sizes. (a) γ = 2.3, (b)
γ = 2.7. (c) γ = 3.5

lower spinodals λ− < 1, with the discontinuity gap remaining finite.

Delving deeper into the influence of µs on the transition behavior of the 2SCP

model, we determine the value of the symbiotic coupling µ∗
s that separates the con-

tinuous from discontinuous transitions, considering different levels of heterogeneity.

As a general behavior, we report that curves for lower values of µs tend to a finite

value of ∆p, for higher values it keeps decaying towards 0 within the numerical ac-

curacy of the integration. To estimate the value of µ∗
s , we assume a monotonic ap-

proximation using an scaling in the form ∆p(N) = ∆p(∞) + cN−b or, more precisely,

z = z0 + ln(1 + ce−bw) with z = ln(∆p) and w = ln(N) in double logarithmic form, as

can be seen in Figure 5.7-(a). By collecting the values of µ∗
s for several γ, we obtained

the phase diagram in the space parameter µs versus γ presented in Figure 5.7-(b), in

which the theoretical curve is also shown. In general, a very good agreement can be

seen between both analysis, validating the method in systems where exact expres-

sions are not available. In addition, Figure 5.7-(b) reinforces the results regarding the
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Figure 5.6: Finite-size scaling for (a) activation threshold and (b) discontinuity gap
for 2SCP obtained with the HMF theory for power-law degree distributions with
different values of γ and µs = 0.2 fixed. Lower and upper degree cutoffs kmin = 3
and kmax =

√
N we adopted.

shrinking of bistability region in the phase parameter λ versus µs as the heterogeneity

is increased towards γ → 2.
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Figure 5.7: (a) Finite-size scaling (FSS) of discontinuity gap (∆p) for 2SCP obtained
with the HMF theory for power-law degree distributions with γ = 2.3 and different
values of µs. Symbols are numerical data obtained from integration of HMF equations
and solid lines non-linear regression to perform the FSS; see main text. (b) Symbio-
sis coupling µ∗

s separating the discontinuous and continuous transitions for different
values of the degree exponent, obtained theoretically (solid curve) and with the FSS
of ∆p versus N.

5.3 Quasistationary simulations on complex networks

In order to validate the predictions of HMF theory, we performed quasistation-

ary simulations of 2SCP on annealed and quenched networks with power-law degree

distribution (see Section 2.4 for definitions), using the UCM algorithm to construct

the latter ones [94]. We performed stochastic simulations using an extension of the

aforementioned optimized Gillespie algorithm [54, 114]. To deal with the intrinsic
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difficulties of absorbing states in finite-size systems, we adopted an slightly modifica-

tion of the SQS method (see Section 4.1.1 for details). In the standard quasistationary

procedure, replacement of the system’s state with a randomly selected configuration

of a list occurs whenever the absorbing state is visited. However, in 2SCP exists a

non-zero probability that one of the species will go extinct during the dynamic. Since

we are interested in studying the symbiotic interactions, do not make sense to simu-

late states in which only one of the species is absent, despite the system being active.

Thus, we will consider "absorbing" any state in which one of the species is extinct. In

the present chapter we used nconf = 100, prep = 10−2, trlx = 106, and tav = 107.

Figure 5.8-(a) show comparisons between total prevalence on HMF theory and

QS simulations on annealed power law networks with degree exponent γ = 2.3 and

different sizes. Excluding discrepancies due to computational precision, it can bee

seen that the simulations converge to the theoretical predictions as N increases, as ex-

pected. Similar results were found for other values of γ. This agreement corroborates

the correctness of HMF analysis. Simulations of 2SCP on UCM quenched networks

with the same parameters of the annealed case are presented in Figure 5.8-(b). While a

similar qualitative behavior is observed, with the reduction of discontinuity gap as N

increases, there are expected quantitative differences, mainly an increase of the lower

spinodal activation threshold [54]. The same effect can be observed for the single

species CP [46, 141] due do dynamical correlations of the vertices.

By performing a finite-size scaling, we get a clearer comparison between these

parameters on theoretical and simulation analysis. Figure 5.9 shows the FSS for both

∆p and λc on power law networks with γ = 2.3 and 2.7. It can be seen a quick

convergence of the activation threshold for the annealed simulations to the predicted

by HMF theory while the UCM ones deviates from the latter. The discontinuity gap

present the same behavior for all three approaches for both investigated exponent.

Small differences between the annealed case and the HMF may be attributed to the

smaller accuracy of simulations compared to the HMF integrations, for which a small

deviation of the activation threshold lead to imprecision in the critical quantities.
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Figure 5.8: (a)Total prevalence curves obtained with QS simulations of 2SCP model on
(a) annealed and (b) quenched networks with degree exponent γ = 2.3 and different
sizes (symbols) in comparison with HMF equations integration of the same degree
distribution P(k) (solid lines). The lower and upper degree cutoff are kmin = 3 and
kmax =

√
N and the symbiosis parameter is µs = 0.2. Dots lines are guides to the eyes

to visualize the discontinuity in simulation curves.

5.4 Summary and discussions

Coexistence of dynamical processes on top of complex networks is a breakthrough

issue that has been investigated in several applied contexts, which demand more com-

plex models and substrates. Due to its simplicity, the two species contact process can

be used as a benchmark model to investigate the nature of discontinuous or continu-

ous transition in coexisting dynamics. The existence of continuous and discontinuous

transitions in the 2SCP has been already theorized in simpler mean-field theories,

such as the homogeneous one [52, 53], in which the discontinuity threshold is fixed

and independent of the substrate. Even for more complicated theories, such as the

pairwise mean-field theory [54], this threshold is constant. The influence of heteroge-

neous contact patterns has not been analyzed from theoretical point of view. In this

chapter, we tackled this problem by investigating a HMF theory for the 2SCP.

The theory predicts that increased heterogeneity leads to the reduction of bista-

bility regions in the λ versus µs phase diagram, where absorbing and active states

are locally stable. In terms of network parameters, the bistability region shrinks as

the degree exponent γ goes to the lower bound γ = 2. This weakening may be

attributed to the lowered probability to produce doubly occupied nodes among the

neighbors of hubs, which are the most active nodes of the network and are more fre-
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Figure 5.9: Comparison of the finite-size scaling of (a) gap discontinuity ∆p and (b)
activation threshold λc obtained in HMF theory and simulations on quenched and an-
nealed networks with γ = 2.3 (solid lines) and 2.7 (dashed lines). The color sequence
is black for HMF theory, red for annealed and blue for UCM networks. The lower and
upper cutoff are kmin = 3 and kmax =

√
N and the symbiosis parameter is µs = 0.2.

quent the smaller the γ. We performed a finite-size analysis and observed complex

and unusual behaviors. Depending on the strength of the symbiotic coupling, a dis-

continuous transition observed at a finite size gradually converges to a continuous

one in the thermodynamic limit, consisting in pseudo discontinuous transition at fi-

nite sizes. Our analytical results are backed up by extensive stochastic simulations on

both annealed and quenched networks.

We expect our results to stimulate further investigations of the interplay between

heterogeneity and bistability in nonequilibrium absorbing-state phase transitions, help-

ing to understand basic phenomena in applied modeling of coexisting dynamics such

as interacting diseases [142, 143], and ecological symbiosis [144].
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Part III

Spreading phenomena on geographical

networks
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Chapter 6

Outbreak diversity in epidemic waves

through distinct geographical scales

Related publication:

Outbreak diversity in epidemic waves propagating through distinct geographical scales

Guilherme S. Costa, Wesley Cota and Silvio C. Ferreira

Physical Review Research 2 (4), 043306 (2020)

The rapid spreading of COVID-19 mobilized academics from different areas to de-

velop models to understand and predict the behavior of this pathogen. Among the

possible approaches, data-driven models, in which a mathematical model is fueled

with real data, have proved to be a viable framework to study the epidemic spread

of Sars-Cov-2 [29, 28]. In an attempt to contribute to these understanding, we in-

corporate the main features of COVID-19 pandemic to compartmental models: the

asymptomatic phase, in which the individual may spread the disease but does not

have symptoms and the lack of robust testing policies in some places. Then, we study

the geographical variability and the COVID-19 impacts on continental scales, using

the first COVID-19 epidemic wave in Brazil as a study case. In this chapter, we start

by discussing aspects of Brazilian demography and concepts regarding its territorial

division. Then, we detail the compartmental data-driven model, namely the SEAUCR

model. Finally, we analyze the spatiotemporal spreading of the epidemic on different

geographical levels.
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6.1 Analysis on Brazilian territorial division and demo-

graphic

In this section, we discuss aspects of geographical division of Brazil and ana-

lyze some demographic data regarding Brazilian cities. Using these geographical

divisions, we can study the spreading at different scales, see the influences of these

regions on each other and compare the analysis on different spatial resolutions.

The most known geographic divisions of Brazil are the federative states (UF) and

municipalities. Each region has a level of independence to adopt sanitary control

and, during the COVID-19 pandemic, prophylactic measures to contain the Sars-Cov-

2 spreading were adopted heterogeneously in those regions. Moreover, the demo-

graphic and developmental structure of Brazil is highly heterogeneous in terms of

age pyramid, urban population and density, contact patterns, commuting, etc.

In addition to the aforementioned divisions, the Instituto Brasileiro de Geografia e Es-

tatística (IBGE) regulated two more: Intermediate Regions and Immediate Regions

[145]. The immediates regions are groups of municipalities that have large communi-

cation and mutual dependencies on each other, whether in search of services, work or

goods. The intermediate ones are groups of immediate regions including a metropolis

or prominent regional center within this set. To illustrate these regions, in Figure 6.1

we present these geographical divisions for the state of Minas Gerais. The intermedi-

ate region of Juiz de Fora, immediate region of Viçosa and municipality of Viçosa are

highlighted in the figure.

Figure 6.1: Maps illustrating different geographical divisions of the Minas Gerais
state. From left to right: Intermediate regions, immediate regions and municipalities.
Highlighted patches represent the intermediate region of Juiz de Fora, immediate
region of Viçosa and municipality of Viçosa, respectively.
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Considering these geographical concepts, Brazil is divided in:

• 26 federative states and one federal district;

• 133 intermediate regions;

• 510 immediate regions;

• 5570 municipalities (5565 in the 2010 census);

In Table 6.1, we list all federative states of Brazil and their respective abbreviations,

which will be used during this text.

Federative state Abbreviation Federative State Abbreviation
Acre AC Paraíba PB

Alagoas AL Paraná PR
Amapá AP Pernambuco PE

Amazonas AM Piauí PI
Bahia BA Roraima RR
Ceará CE Rondônia RO

Distrito Federal DF Rio de Janeiro RJ
Espírito Santo ES Rio Grande do Norte RN

Goiás GO Rio Grande do Sul RS
Maranhão MA Santa Catarina SC

Mato Grosso MT São Paulo SP
Mato Grosso do Sul MS Sergipe SE

Minas Gerais MG Tocantins TO
Pará PA

Table 6.1: Federative states of Brazil and their respective abbreviations.

Since the last IBGE census [62], five new municipalities were created in Brazil:

Mojuí dos Campos/PA, Balneário Rincão/SC, Pescaria Brava/SC, Pinto Bandeira/RS

e Paraíso das Águas/MS. As we did not obtain official data regarding these cities, we

consider that confirmed COVID-19 cases in them counts for the municipalities they

belonged to.

A variety of public data regarding Brazilian population can be obtained from the

2010 census database [62]. We focus on mobility and urban data, since these aspects

are the most important for epidemic spreading [146, 147]. To start, Figure 6.2 presents

the histograms for (a) fraction of urban population and (b) urban density. It can be

observed that there is a huge dispersion on both histograms, with an approximately



6. Outbreak diversity in epidemic waves through distinct geographical scales 106

uniform frequency between 50 and 100% urban population in (a) and mostly munici-

palities in between 1000 − 5000 inhab/km2 (some outliers reach 15000 inhab/km2) in

(b). These are footprints of the demographic heterogeneity of Brazil and the needs to

take these cities’ individualities into account.

0 10 20 30 40 50 60 70 80 90 100
Urban population (%)

0

25

50

75

100

125

150

175

200

225

M
un
ic
ip
al
it
y
co
un
t

(a)

0 2000 4000 6000 8000 10000 12000 14000 16000
Urban density (inhab/km²)

0

100

200

300

400

500

600

M
un
ic
ip
al
it
y
co
un
t

(b)

Figure 6.2: Histograms for (a) percentage of urban population and (b) urban density,
in inhab/km2.

Another important demographic aspect regarding epidemic spreading is human

mobility between different places. Individuals traveling between cities might get in-

fected and carry out the disease to other locations. To further understand this spread-

ing pattern, we gathered data regarding commuting (individuals who live in a city

and travel daily to other cities to work or study) and air traffic [64]. We constructed a

mobility matrix Wij representing the recurrent flow of people between cities i and j (in

this context, Wii represents the population of i that do not move to other locations).

Figure 6.3 illustrates connections between different municipalities. It can be noticed

that the states from Northern and West-Center regions present a mobility mesh less

connected than the rest of Brazil. This occurs mainly because data lack information

regarding river mobility (present in the Northern region) and because of municipality

size. For example, the Amazonas state has 62 municipalities while Minas Gerais, with

1/3 of territorial extension of the former, has 853.

To make easier comparisons between cities of different sizes and populations, we

can normalize the mobility rates Rij =
Wij

Ni
, in which Ni is the population of i. The

sum over all municipalities j yields the population fraction that travels recurrently:

R
(i)
out = ∑j 6=i Rij. Thus, Rii is the population fraction that does not travel. We can

calculate the number of individuals that arrive at a determined city j, also normalized

by the population Nj: R
(j)
in =

1
Nj

∑j 6=i Wij. We can analyze the histograms of R
(i)
out and
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Figure 6.3: Geographical representation of the mobility matrix between different mu-
nicipalities. If municipalities i and j are connected by a line, then Wij 6= 0.

R
(j)
in for all municipalities in Brazil. These histograms are shown in Figures 6.4-(a) and

(b) respectively. Most of the municipalities have between 0 and 10% of the population

commuting daily, presenting outliers up to 30%. Since this mobility is substantial,

it may contribute to speed up the spreading of diseases between different regions

of Brazil. The histogram for R
(j)
in has a similar behavior except for a few outliers,

that represent mainly mining parks located in small cities due to natural resources

proximity.

6.2 Comparmental model

The construction of the model can be separated in two parts: the hypothesis and

assumptions regarding the substrate, i.e., the environment in which the pathogen

spreads and the modeling of contagion itself. The former part refers to mobility,
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Figure 6.4: Histograms for the (a) population that travels reccurently R
(i)
out and (b)

fraction of individuals that arrive at a determined city R
(j)
in . Panel (b) has a semi-log

axis to evidence the outliers.

demographics and contact patterns while the later comprehends the construction of

compartments and transitions between them.

Starting from the substrate, one of the common hypotheses on epidemic modeling

is the homogeneous mixing [148] which considers that all individuals within a given

population (a country, a state, a city, etc.) may interact with each other. In a country

with continental scales as Brazil, this approach is surely inaccurate when considering

that individuals separated apart by more than 4000 km can interact with equal chance,

independently of the localization. One way to mitigate this problem is to consider a

metapopulation approach, i.e., the division of a bigger population into small groups,

increasing the spatial resolution. Within these patches, the individuals may interact

or travel to other patches. Figure 6.5 shows a comparison between the homogeneous

mixing and the metapopulation of the same population.

The metapopulation framework was initially developed for applications in eco-

logical problems [149, 150], in which an habitat of certain species is fragmented into

smaller parts and the interactions between these different pieces are analyzed and

characterized. Likewise, a country population is fragmented into smaller portions

(municipalities, states, etc.), making it possible to study the interactions among these

different geographical scales.

Several studies used this method to improve the homogeneous mixing hypothesis

[151, 152, 61, 153]. However, this approach just softens the problem since the mixing

hypothesis is still considered within each patch. Therefore, it is more accurate to

assume that any two individuals in a patch may get in physical contact than in the



6. Outbreak diversity in epidemic waves through distinct geographical scales 109

i j

k
m

Figure 6.5: Schematic comparison between the homogeneous mixing (left) and the
metapopulation (right) for the same population. In each patch i,j, k and m, the in-
dividuals may interact within the patches or travel to others patches (the movement
directions are represented by the dashed arrows).

whole population of a country. Another important advantage of the metapopulation

method is the possibility to take the individual mobility between patches into account.

Thus, we can study the influence of this mobility on the epidemics and visualize

the spatial patterns of spreading. In this work, we group Brazilian population at

municipality level, i.e., we consider 5565 patches representing each a municipality of

Brazil.

The patches have a population Ni, i = 1, 2, 3, ...Ω, extracted from official data [63]

and a number of contacts ki per day. Information regarding urban density and urban

population will be used to modulate ki according to each municipality. The interac-

tions between urban and rural populations will be implemented implicitly through a

contact matrix CXY that quantifies the intensity of interactions between groups X and

Y. In our work, we assumed that Cuu = Crr = 1 and Cur = Cru = 0.5 (u = urban, r =

rural) to point that groups interact more often within their similar.

By considering ωi and (1 − ωi) the fractions of urban and rural populations, re-

spectively, ki can be written proportionally to these fractions as

ki ∝ gi = ω2
i Cuu + (1 − ωi)

2Crr + 2ωi(1 − ωi)Cur, (6.1)

in which the terms represent the urban-urban, rural-rural and urban-rural interac-

tions, from left to right.
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Another important factor to take into account is the urban density of a city ξi,

recently studied in Reference [147] by using monotonic relations between these quan-

tities (ki ∝ f (ξi)). In this work, we adopt the same function as in Reference [29]:

f (ξi) = 2 − exp(−ξi/a), (6.2)

in which a is the average urban density from Brazil. Plugging these two contributions,

we write ki = z f (ξi)gi〈k〉, in which 〈k〉 is the average number of contacts and z is the

normalization factor, imposed by ∑i kiNi = 〈k〉Ntot, given by

z =
〈k〉Ntot

∑
Ω
i=1 f (ξi)giNi

, (6.3)

in which Ntot is the total population of Brazil. To summarize, our substrate is a

network of cities, each one with population Ni given by official data and ki, modulated

by the expressions above. Individuals within patches may interact or travel to other

patches with rate Rij.

In the compartmental modeling of an epidemic, we take into account key proper-

ties of the pathogen spreading. Among the main features of COVID-19, the transmis-

sibility by asymptomatic (who do not develop symptoms) and presymptomatic (who

have not yet developed symptoms) individuals [25, 65], the protective immunity and,

due to testing policies, the undocumented infections [154] are the most prominent

ones. To integrate these features into a model, we built a six-compartment model,

named SEAUCR model and illustrated in Figure 6.6. They are: Susceptible (S), Ex-

posed (E), Assymptomatic or Pressymptomatic (A), Unconfirmed Symptomatic (U),

Confirmed Symptomatic (C) and Removed (R). The transitions and their characteris-

tics are described below:

• Susceptible (S): individual who has not come into contact with the pathogen.

By contacting a infectious individual (A, U and C), it become E with rates λAki,

λUki and λCki, respectively.

• Exposed (E): individual with the pathogen but who cannot spread it yet. With

rate µA, it becomes A spontaneously.

• Assymptomatic or Pressymptomatic (A): individual that possesses the pathogen,
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spreads it but does not present symptoms, being difficult to track and identify.

With rates βU, βR and βC it spontaneously becomes U, R and C, respectively.

• Unconfirmed Symptomatic (U): individual that is infected, spreads the pathogen,

present the symptoms but was not diagnosed for COVID-19. With rates αC and

αR, U spontaneously becomes C or R, respectively.

• Confirmed Symptomatic (C): individuals which were diagnosed for COVID-19.

The creation of this compartment reflects the limited testing capacity, especially

at the beginning of the pandemics, being impossible to detect all infectious in-

dividuals. With rate αR, it becomes R spontaneously. It has a reduced number

of contacts (−30%) to reflect voluntary physical distancing or hospitalization.

• Removed (R): individual that already had contact with the virus and cannot be

reinfected.

susceptible

Exposed

asymptomatic

unconfirmed

confirmed

REMOVED

a)

S e A U

C

R

b)

Figure 6.6: Schematic representation of (a) metapopulation structure (b) transitions
between different compartiments with respective rates. The epidemic events occur
within patches under the homogeneous mixing hypothesis, as illustrated in the zoom
of patch l. Transitions from state S to state E occurs by contact between S with A,
U or C individuals with rates λA, λU and λC, respectively. All other transitions are
spontaneous with indicated rates.

An important question regarding the transition rates refers to the testing rates αC.

The number of confirmed cases have a limiting factor regarding the municipalities
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testing capacities, i.e., the cities may supply the demand for testing during a more

aggressive spreading with distinct levels. We consider the testing rate as dependent

on the number of confirmed cases in the municipalities, assuming two hypotheses:

all cities have resources to test and identify few cases and the maximum capacity

depends on the population of the city. Thus, we introduced a global parameter ζ as

the testing capacity per inhabitant and assumed a monotonic function that includes

both discussed hypothesis:

α
(i)
C = α

(0)
C

[

1 +
α
(0)
C ñU

i

ζNi

]−1

, (6.4)

in which α
(0)
C is test search rate and ñU

i is the number of individuals in compart-

ment U at municipality i. The notation ñX
i represents the number of individuals in

compartment X and municipality i from now on.

Another important issue refers to the initial conditions of the model since surveil-

lance counts contains information mostly on confirmed cases (which correspond to C

compartment). Thus, we need to estimate initial quantities for the exposed, asymp-

tomatic and preassymptomatic, unconfirmed infected and removed cases. In Chapter

7, we present a method to estimate these compartments using case and death time

series. However, at time that the content of the current chapter was conducted, the

method was not developed yet and some epidemiological parameters, essential to the

method, were not known. Moreover, the focus here is in the geographical spreading

across different places and not the precise estimate of the epidemic outbreak. So, we

choose three dates t−1 < t0 < t1 and ñconf
i (t) as the number of confirmed cases at day

t and municipality i. Considering t0 as the initial day for the simulations, we assumed

that all confirmed cases until t−1 have already become removed. So, the number of

active confirmed cases in the simulations is ñconf
i (t0)− ñconf

i (t−1).

For other compartments we consider that the number of active confirmed cases

from a future date t1 will depend linearly on E, A and U up to t1 − t0 previous days.

Below we present the used relations between the confirmed cases in the three dates

and the estimates for other compartments. The multiplicative factors were calibrated

to best fit the curve from t0 to t1 considering that t0 = 31 March 2020, t−1 = 24 March
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2020 and t1 = 04 April 2020.

ñC
i (t0) = ñconf

i (t0)− ñconf
i (t−1)

ñU
i (t0) = ñconf

i (t1)− ñconf
i (t0)

ñA
i (t0) = 2

[

ñconf
i (t1)− ñconf

i (t0)
]

ñE
i (t0) = 8

[

ñconf
i (t1)− ñconf

i (t0)
]

ñR
i (t0) = 12ñconf

i (t−1), (6.5)

We used epidemiological parameters based in Reference [29] which were mined

from analyses of early COVID-19 epidemic spreading on Hubei province, China [25,

65, 28]. The incubation time was taken as µ−1
A + β−1

U = 5.2 d [65]. We used µ−1
A =

β−1
U = 2.6 d. The time for a symptomatic individual to be removed was estimated

as α−1
R = 3.2 d [25, 28]. For the truly asymptomatic individuals, we used the same

recovering time of the presymptomatic ones, such that β−1
R = β−1

U + α−1
R . The infection

rates λC = λU = λA = 0.06 d−1 [29, 26, 155] and average number of contacts 〈k〉 = 13

were estimated to reproduce the scaling of the very early exponential growth in Brazil,

∼ exp (0.29t), in reported cases of COVID-19, as can be seen in Figure 6.7.
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Figure 6.7: Number of cases of COVID-19 reported in Brazil (Data source: [23]). The
day zero correspond to the 50th confirmed case.

The contact of the individuals who were confirmed for COVID-19 was depleted to

a fraction b = 0.3 of their regular contacts. The confirmation rate 1/α
(0)
C = 10 d was

calibrated together with the initial conditions to fit the amplitude of confirmed case
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curves after 31 Mar 2020 and also the total number of municipalities with confirmed

cases in a weak mitigation scenario, to be defined in the sequence of this chapter.

The testing capacity per inhabitant was estimated as approximately ζ = 1/40 000

d−1, from testing data for Brazil at that time [23].Due to the testing targeted only to

severe cases of respiratory syndromes adopted in Brazil to the date of investigation,

the transition from asymptomatic to confirmed was neglected setting βC = 0.

By considering a voluntary quarantine, we assume that U and C individuals will

return to their residence city when they are traveling and stay there until becoming

R. Since the Sars-Cov-2 was a new pathogen, several questions related to spreading

mechanisms, protecting immunity and, more important, the mutations and variants,

were not fully understood during the development of this work. The model can be

easily modified to include any new aspect of the COVID-19 or changes in the healthy

policies during the course of the pandemic or to describe other pathogens.

Defining the simulation scenarios

We defined the different spreading scenarios by setting two parameters M and K

that change the mobility between municipalities and the number of daily contacts,

respectively. For a given pair (M,K), we have

ki → (1 − K)ki

Wij → (1 − M)Wij.

By using this parameters, we defined three different scenarios: No mitigation

(M = 0; K = 0), scenario in which nothing is done to contain the spreading; weak

mitigation (M = 0.4; K = 0.3), scenario used to perform the calibrations and closest

to the Brazil during the considered time window, according to Google Mobility Report

[146], and Moderate mitigation (M = 0.8; K = 0.5).

With the scenarios defined, we use the number of reported cases and cities with at

least one documented case to calibrate the empirical parameters of the model consid-

ering a weak mitigation scenario during a time window of 21 days from the starting

date, 31 March 2020. In Figure 6.8, we show these calibrations. It can be observed that

the model fits the data reasonably well during this 21 time window but deviations

start to occur after this interval. This happens mainly because of the spreading dy-
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namic features, public and prophylactic measures are changing constantly while the

model has temporally fixed parameters. In panel 6.8-(b), we set K = 0.3 and vary M

to check the effects of mobility in the spatial spreading of the pandemic, measured by

the number of cities with confirmed cases. It is observed a clear dependency between

M and the spreading speed of the pandemic on different municipalities. Note that

there are not significant changes in the total number of cases, since they are led by the

community transmission on the places with higher epidemic incidences.
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Figure 6.8: Comparison of simulations with reported data for COVID-19 in Brazil for
the first three weeks with day 0 corresponding to 31 Mar 2020. (a) The number of
confirmed cases is presented for the different mitigation scenarios. (b) Evolution of
the number of municipalities with confirmed cases for K = 0.3 and different levels of
mobility restriction.

A comparative overview can be drawn by plotting the number of municipalities

with confirmed cases per federative states. These graphs are shown in Figure 6.9. It

can be observed how each state fit into the simulated scenarios. For example, the

Amazonas, Roraima, Pernambuco and Piauí are well described by the no mitigation

scenario while the curves of Maranhão and Ceará fit with the weak mitigation sce-

nario.



6
.

O
u

tb
re

a
k

d
iv

e
rsity

in
e
p

id
e
m

ic
w

av
e
s

th
ro

u
g

h
d

istin
ct

g
e
o

g
ra

p
h

ica
l

sca
le

s
1
1
6

0 7 14 21
2.5

5.0

7.5

10.0
Acre
(AC)

0 7 14 21
0

20

40

60
Alagoas
(AL)

0 7 14 21

10

20

30

Amazonas
(AM)

0 7 14 21

5

10

Amapá
(AP)

0 7 14 21

100

200

Bahia
(BA)

0 7 14 21

50

100

150 Ceará
(CE)

0 7 14 21

20

40

60 Espírito Santo
(ES)

0 7 14 21

50

100
Goiás
(GO)

0 7 14 21
0

50

100 Maranhão
(MA)

0 7 14 21

200

400 Minas Gerais
(MG)

0 7 14 21

20

40

Mato Grosso
do Sul
(MS)

0 7 14 21

20

40

Mato Grosso
(MT)

0 7 14 21

25

50

75

Pará
(PA)

0 7 14 21

25

50

75

Paraíba
(PB)

0 7 14 21

50

100
Pernambuco
(PE)

0 7 14 21

10

20

30
Piauí
(PI)

0 7 14 21

100

200

Paraná
(PR)

0 7 14 21

40

60

80
Rio de Janeiro
(RJ)

0 7 14 21

50

100

Rio Grande
do Norte
(RN)

0 7 14 21

5

10

15
Rondônia
(RO)

0 7 14 21

.

2.5

5.0

7.5

10.0

.

Roraima
(RR)

0 7 14 21
50

100

150

200
Rio Grande
do Sul
(RS)

0 7 14 21

50

100

150 Santa Catarina
(SC)

0 7 14 21

20

40

Sergipe
(SE)

0 7 14 21

100

200

300

400 São Paulo
(SP)

0 7 14 21

10

20 Tocantins
(TO)

0 7 14 21

1000

2000

3000
Brazil

days since March 31

n
u
m

b
e
r

o
f
m

u
n
ic

ip
a
lit

ie
s

w
it
h

c
o
n
fi
rm

e
d

c
a
s
e
s

data

none

weak

moderate

Figure 6.9: Simulations and observations of the number of municipalities with confirmed cases of COVID-19 for the 26 federative
states of Brazil in the first three weeks of simulations. Data for the whole country is shown in the bottom right corner.
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6.3 Epidemic spreading on multiple scales

In order to study the spatial spreading of the pandemic, we analyzed the three

mitigation scenarios on different geographical levels, as discussed in Section 6.1. In

Figure 6.10, we present an initial analysis considering the federative states and inter-

mediate regions for the weak mitigation scenario. In each panel, we have the epidemic

prevalence (ρU + ρC) for the UFs (thick lines) and the intermediate regions belonging

to it (shaded curves). It can be seen that there is a certain variability for the prevalence

in the intermediate regions within each state. In BA, CE and SP panels for example,

we clearly see a dispersion of the incidence peaks for each region. Prevalence curves

for other mitigation scenarios can be found in Figures B.1 and B.2 of Appendix B.2.

To investigate this variability in detail, we constructed Figure 6.11, in which we

analyzed the epidemic prevalence for multiple geographic scales, also considering

the weak mitigation scenario. In Figures 6.11-(a) and (b), we have the curves for all

federative states of Brazil in comparison with the curve for the whole country. It can

be noticed that the curves have different behaviors and, in general, the curve for Brazil

is not representative of the whole situation. In some states, such as Amazonas and

Ceará, the peak occurs earlier while in Tocantins and Piauí, they are delayed.

In Figure 6.11-(c), we increased the spatial resolution of the analysis using Minas

Gerais as an example. We compared the prevalence curves for all intermediate re-

gions of MG in comparison with Brazil’s and Minas Gerais itself. Again, it can be

seen the curve variation, with early peaks such as Belo Horizonte or Uberlândia and

regions with later peaks or plateaus, such as Teófilo Otoni. By increasing the reso-

lution even more, we selected regions with later and earlier peaks and plotted the

curves of immediate regions within them. In panels 6.11(d) and (e), we observed this

same variability occurring in the immediate regions of Belo Horizonte and Teófilo

Otoni, with visible dispersion on the prevalence curves. The same effect is observed

if we further increase the resolution at municipality level, as observed in panels (f)

to (i) of the Figure 6.11. Although we just used the Minas Gerais state in the weak

mitigation scenario as object of study, this effect is not exclusive of these parameters,

see Figures B.3 to B.6 of Appendix B.2 for similar analyzes of Ceará, Rio de Janeiro,

Rio Grande do Sul and São Paulo states.
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Figure 6.11: Multiscale analysis of epidemic prevalence at several scales of geographical organization, considering a weak mitigation
scenario. Epidemic curves averaged with geographical resolution increasing from top to bottom are compared with lower resolution
averages. (a),(b) federative states ; (c) intermediate regions ; (d),(e) immediate regions ; (f)-(i) municipalities. The curves presenting
the earliest and latest maxima are chosen as representative within each panel (c)-(e). Arrows indicate curves selected for zooming.
Day 0 corresponds to 31 Mar 2020. The state of MG was chosen for the higher resolution curves.
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In Figure 6.12, we extracted some metrics from the prevalence curves of immediate

regions, grouped by federative state. Time for occurrence of the epidemic peak (T -

in days), width or duration of the outbreak (τ - in days) and maximum epidemic

prevalence (ρ - population fraction). It can be seen a general behavior for all metrics,

a dispersion depending on the UF and the presence of outliers (dots outside the

whiskers). It can also be noted a bigger epidemic desynchronization in states with

sparser municipalities or more disconnected mobility mesh, such as Amazonas and

Mato Grosso, see Figure 6.3. Even for smaller states such as São Paulo, the epidemic

in some immediate regions can last twice as long as the peak at the capital. Box plots

for other mitigation strategies can be found in Figures B.7 and B.8 of Appendix B.2.

Figure 6.12: Box plots for the peak (a), time T, (b) width τ and (c) prevalence ρ
averaged over immediate regions for the 26 federative states using a weak mitigation
scenario. Circles are data for different regions.

6.3.1 Epidemic invasion on the countryside

From this initial analysis regarding the variability of epidemic peaks, we could see

that, in fact, the pandemic presents a complex spreading pattern toward the country-
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side. In order to further analyze this spreading, we constructed some heat maps to

show the spatio-temporal evolution of the pandemic, as seen in Figure 6.13. We have

maps for the epidemic prevalence in each municipality of Brazil, spaced at three-week

intervals and considering the weak mitigation scenario. It can be seen an epidemic

wave spreading mainly from the coast to the interior of Brazil as time advances. In

many cases, the epidemic starts in big urban centers, such as the city of São Paulo

or Manaus, and slowly spreads out to their surroundings. We can see the aforemen-

tioned desynchronization of the epidemic. The capitals show a decreasing prevalence

while the interior still suffers from the outbreak. Other mitigation scenarios can be

found in Figures B.9 and B.10 of Appendix B.2. In addition, links to videos illustrating

this spatio-temporal propagation in a precise way can be found in Appendix B.2.

Figure 6.13: a-g) Color maps presenting the evolution of the prevalence of symp-
tomatic cases (U and C) for Brazil in a weak mitigation scenario. Dates of the simula-
tions are shown in the upper right corner of each frame. The darker colors represent
higher prevalences in a logarithm scale.

Still in an attempt to characterize the epidemic spreading to the interior of Brazil,

in Figure 6.14 we present an analysis of the time T of the epidemic peak for the preva-

lence curves of immediate regions as a function of their distances D from the capital

city of the respective state. We classified the statistical correlation between distance

and time of the peak in three groups: strong correlation (Pearson coefficient > 0.6 and

p-value < 0.02), moderate correlation (Pearson coefficient < 0.6 and p-value < 0.02)

and not significant (p-value > 0.02). Figures 6.14-(a) to(c) illustrates these correlations
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for three states: São Paulo (strong), Minas Gerais (moderate) and Paraná (not signifi-

cant). São Paulo presents a densely connected mobility network and clear correlations

between T and D. MG and PR presents moderate or none correlations due to multi-

ple epidemic outbreaks evolving simultaneously, related to different influence areas

within the state. In Minas Gerais, for example, the Triângulo Mineiro, Zona da Mata

and Norte Mineiro regions are influenced by the neighbor states of São Paulo, Rio de

Janeiro and Bahia, respectively. In Figure 6.14-(d), we categorized all federative units

of Brazil in these correlation categories. States in the north region (RR, RO, AP, AC,

AM, PA and TO) have few immediate regions distributed in large territories and are

less connected, see Figure 6.3. Thus, a lack of correlations is not surprising for these

states. Moderate and lack of correlation observed in other states such as MG, BA, GO

and PR, with larger and better connected territory, are due to existence of multiple

important regions that play the role of regional capital cities. The regressions, Pearson

coefficients and p-values for all states can be found in Figure B.11 of Appendix B.2.
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Figure 6.14: Scatter plots of peak time T vs distance from the capital D for the (a) SP,
(b) MG and (c) PR states. (d) Map with the classification of typical correlation between
peak time T and distance of immediate region to capital city D of each federative state.

6.3.2 Variability on real epidemic data

There was an interval of five months between conceiving the preprint of the paper

related to this chapter and the published version [104]. Thus, due to this delay and

with the advance of the epidemic in the interior of Brazil, several places attained
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the peak of epidemics allowing to verify the predictions of the simulations. Some

real incidence curves are presented in Figure 6.15, aggregated into epidemic weeks to

minimize fluctuations in the series. Figure 6.15-(a) presents confirmed cases curves

for intermediate regions of São Paulo in comparison with the curve for the entire state

(solid black line). It can be observed that there are variability for epidemic curves, a

result in agreement with the model predictions for São Paulo. The same can be said of

Rio de Janeiro (Figure 6.15(b)), where the prediction of small variability in epidemic

peaks was confirmed qualitatively except the Petrópolis region, and for Ceará (Figure

6.15(c)). This variability was also observed in smaller scales to intermediate regions.

In Figure 6.15-(d), we have immediate regions of Sobral/CE, in which dispersion of

the prevalence curves can be observed. At municipalities scale, data is extremely

noisy, which makes it difficult to make conclusions.
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6.4 Summary and discussions

The wide territorial, demographic, infrastructural diversities of large countries

such as Brazil demand modeling of a pandemic with geographical resolution higher

than the usual compartmental epidemic models, which can be achieved using the

metapopulation framework. We developed a stochastic metapopulation model and

applied it to the COVID-19 spreading in Brazilian municipalities during the first epi-

demic wave. Performing simulations with different hypothetical mitigation scenarios

and considering the integration of regions through long-distance recurrent mobility

[64], we have identified a high degree of heterogeneity and desynchronization of the

epidemic curves between the main metropolitan areas and other inland regions. The

diversity of outcomes is observed in several geographical scales, from municipalities

to federative units, with these differences being more remarkable the stricter the mit-

igation strategies. Moreover, we found moderate and strong correlations between the

delay of epidemic peak in the countryside with the distance to capital cities for most

well connected states. At the time of this work development, during the first wave

of COVID-19 in 2020, the pandemic scenario was very different from the current one.

Several caracteristics about the pathogen were discovered until now, new variants

emerged and vaccines were developed. At that time, our simulations suggested that

uniform mitigation measures were not the best strategy. In a city where the epi-

demic peak would happen later than the capital city of its state, the adoption of strict

measures synchronously to the capital will delay the peak even more. Thus, such

a place probably would have to extend the measures for longer periods, since once

the epicenters start to relax their restrictions, the virus will circulate fast, reaching

these vulnerable municipalities, in which most of the population is still susceptible.

Therefore, the social and economic impacts would be higher. On the other hand, an

eventual collapse of the local health system in the countryside regions may occur after

the larger metropolitan areas were under control, opening the possibility to unburden

the healthy care system. In this way, the desynchronization of outbreaks could be an

asset to design optimal resource allocations.
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Chapter 7

Data-driven epidemic model to assess

undocumented infections

Related publication:

Data-driven approach in a compartmental epidemic model to assess undocumented infections

Guilherme S. Costa, Wesley Cota and Silvio C. Ferreira

Chaos, Solitons & Fractals, 112520 (2022)

The most stringent epidemic characteristic of the SARS-CoV-2 contagion may be

its high transmissivity before the onset of symptoms (presymptomatic) [65, 66, 67]

or even for those that never manifest detectable symptoms (asymptomatic) [68, 69].

Thus, the nowcasting and forecasting of COVID-19 spreading, fundamental tools to

guide policy makers’ decisions, are much more complex to perform, due do unknown

fraction of undocumented infections. Whilst Sars-CoV-2 biology and interaction with

humans are better understood nowadays, the behavioral aspects of the spreading such

as usage of masks, vaccination support remains unpredictable. Aiming to soften these

drawbacks, we developed a method based on a compartmental model to estimate the

undocumented cases across different regions of Brazil. The method was applied to

COVID-19 cases series from Paraná and Espírito Santo, allowing us to measure the

heterogeneity level of under-reporting across different places. We start this chapter

by detailing the methodology, the compartmental model and some analytical results.

Then, we proceed to applications of the method to epidemiological data.
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7.1 Compartmental model

We made some changes on the SEAUCR model, described in the last chapter

[104], to incorporate additional compartments to improve our methodological ap-

proach. The first improvement is to create the Deceased (D) compartment, since

under-reporting is intrinsically connected to discrepancies between case fatality ratio

(CFR), extracted from death and reported cases series [156] and infectious fatality

ratio (IFR), extrapolated from epidemiological surveys [157, 158]. Another important

modification comes from the differentiation between diagnosed asymptomatic CA and

symptomatic individuals CI, which have different detection rates and outcomes from

the infection. The distinction between R, RA, and RI were made to ease the compu-

tation of detected cases. Figure 7.1 depicts the complete epidemiological chain and

transition rates.

S

S

E

R

DA

*

I

*

RI

RACA

*

CI

*

*

X

Figure 7.1: Schematic representation of the SEAICRD epidemic model including
the following compartments: susceptible (S), exposed (E), asymptomatic (A), symp-
tomatic (I), recovered (R, RA, and RI), deceased (D), and confirmed cases (CA and
CI). The transition and respective rates are indicated by arrows. The infectious com-
partments are depicted with the symbol ⋆. The infection processes, represented by
the dashed line, involve the interaction between susceptible and one of the infectious
compartments, happening with rates λX, X=A, I, CA, and CI, which can depend on
the compartment.

Susceptible (S) individuals in contact with infectious ones become exposed (E)

with rates λA and λI, respectively. While the complete model allows the infection by

diagnosed individuals CA and CI with rates λCA and λCI , for sake of simplicity, we

considered that documented infectious CA and CI will isolate themselves, therefore
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not contributing to further spreading of the pathogen. All remaining transitions are

considered spontaneous. Exposed individuals evolve to asymptomatic (A) state with

rate µA, which may develop symptoms and become symptomatic (I) with rate βI, re-

cover with rate βR (R) or be tested and diagnosed with rate βC (CA). If it becomes a

symptomatic case, the individual may be diagnosed with rate αC (CI) or recover with

rate αR (R). The clinical evolution of diagnosed cases is similar than undocumented

ones, with addition that CI individuals may die with rate η and become deceased

(D). By assuming that death series are more accurate regarding under-reporting, we

may disregard undocumented deaths. It can be noticed that true asymptomatic and

presymptomatic cases, two important epidemic states [68, 69], are covered in the

model by routes A→R (CA →RA) and A→I (A→CA →CI), respectively. We assume

the same recovering times for documented and undocumented cases using the fol-

lowing constraints

β−1
I = β′−1

I + β−1
C , (7.1)

β−1
R = β′−1

R + β−1
C , (7.2)

α−1
R = α′−1

R + α−1
C . (7.3)

With the added complexity of new compartments and the impossibility of working

with a ABM due to computational and methodological costs, we changed the ap-

proach to a set of differential equations under homogeneous mixing hypothesis. In

this way, for a constant population N = ∑X NX, where NX is the number of individ-

uals in compartment X, we can construct a set of equations to represent this model:

∂tS = −(λAA + λI I+λCACA + λCICI)S , (7.4a)

∂tE = (λAA + λI I+λCACA + λCICI)S − µAE , (7.4b)

∂t A = µAE − (βI + βR + βC)A , (7.4c)

∂t I = βIA − (αR + αC)I , (7.4d)

∂tR = αR I + βRA , (7.4e)

∂tC = βCA + αC I , (7.4f)

∂tCA = βCA − (β′
R + β′

I)CA , (7.4g)
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∂tCI = αC I + β′
ICA − (α′R + η)CI , (7.4h)

∂tRA = β′
RCA , (7.4i)

∂tRI = α′RCI , (7.4j)

∂tD = ηCI , (7.4k)

where X = NX/N, X ∈ {S, E,. . . , D}, are the corresponding population fraction in

compartment X.

7.2 Estimating epidemiological parameters and undocu-

mented infections

The calculation of basic reproductive number R0, given by Eq. (3.13), is straight-

forward

R0 =
1

βI + βC + βR

[

λA +
βCλCA

β′
R + β′

I
+

βI

αC + αR

(

λI +
αCλCI

η + α′R

)]

. (7.5)

By neglecting infection of documented cases CA and CI, the expression simplifies to

R0 =
1

βI + βC + βR

[

λA + λI
βI

αC + αR

]

. (7.6)

For a given set of epidemiological parameters, initial insights of the epidemic spread-

ing may be inferred by calculating R0 or the effective counterpart Rt = R0 × S.

Despite the model equations being constructed in terms of transition rates, some

parameters are more intuitive if we consider probabilities instead. In particular, the

testing rates βC and αC are better parameterized as the probabilities pA and pI that

individuals are diagnosed during infectious phases. These parameters may be written

in terms of the compartmental model rates as

pA =
βC

βI + βC + βR
pI =

αC

αC + αR
. (7.7)

Thus, the chance of a given exposed individual being diagnosed can be expressed

as

PC = pA + (1 − pA)pI

(

βI

βI + βR

)

. (7.8)
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The first and second terms in the r.h.s of the equation are due to diagnosis during

asymptomatic and symptomatic phases, respectively. The chance of recovering with-

out diagnosis is the complementary probability PR = 1 − PC. For ease of notation

we will define φ = βI/(βI + βR). Therefore, we can write the under-reporting coef-

ficient σur in terms of the documented and undocumented individuals NC and NR,

respectively:

σur =
NR

NC
=

1 −PC

PC
=

(1 − pA)(1 − φpI)

pA + (1 − pA)pIφ
, (7.9)

where

NC = NCA + NCI + NRA + NRI + ND. (7.10)

Considering the model parameters, we can divide them into two main groups:

the biological and social ones. The first can be, at least in principle, estimated on

epidemiological surveys [159, 160, 161, 162, 163, 164]. This category includes the

parameters µA, βI, βR, αR, and η. On the other hand, the social parameters may

have a biological component, but behavioral and socioeconomic factors such as social

distancing [165], mask wearing [166] and testing policies [167, 168] are determinant

for estimating them. All these aspects are very heterogeneously distributed across

time and different places therefore requiring a local approach. This category includes

λA, λI, βC (pA) and αC (pI). It is these parameters that the method aims to estimate

on the following paragraphs.

We start by determining the model’s IFR (ℓIFR) considering the probabilities that

exposed individuals evolve to death by following the two epidemic chains (E → A →
I → CI → D) or (E → A → CA → CI → D) which are pA

φη
η+αR

and (1 − pA)φpI
η

η+αR
,

respectively. Rearranging the terms, we obtain the following equation for ℓIFR

ℓIFR = [pA + (1 − pA)pI]
φη

η + αR
. (7.11)

Then, we need to connect the ℓIFR with CFR (ℓCFR), which can be extracted from

data series. Let us set C(t) and D(t) as the cumulative series of confirmed cases and

deaths, respectively. To equate ℓCFR, we need to be careful when defining the time

window [t, t + ∆τ] as individuals positively diagnosed on day tcal will evolve to death
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on the following days. In this way, we need to compare the reported cases on t with

obits tdelay days ahead. Thus,

ℓCFR(t − tdelay) ≡
∆D(t)

∆C(t − tdelay)
. (7.12)

The CFR can be calculated in terms of the model rates, given by the conditional

probability that an infection will evolve to death given that it was diagnosed. By

defining D and T as the events of death and diagnosis of infected individuals, we

have that

ℓCFR ≡ Pr(D|T) =
Pr(D ∩ T)

Pr(T)
=

Pr(D)

Pr(T)
=

ℓIFR

PC
, (7.13)

where we have used the Bayes rule for conditional probabilities, the hypothesis that

only diagnosed individuals evolve to death, and Equation (7.8). Rearranging the

terms, one obtains
ℓIFR

ℓCFR
= PC = pA + (1 − pA)pIφ. (7.14)

Equation (7.14) is very handy since it relates the testing rates (or probabilities)

with quantities and parameter that, in principle, may be obtained directly from data.

Therefore, if the ratio r = pA/pI is given, the testing rates can be calculated as

pI =
r + φ

2rφ

[

1 −
(

1 − 4rφPC

(r + φ)2

)1/2
]

. (7.15)

The under-reporting coefficient, which can be expressed as

σur =
1 −PC

PC
=

ℓCFR

ℓIFR
− 1, (7.16)

is extracted directly from data using Eq. (7.12).

The estimates for infection rates (λA; λI) and the initial conditions, i.e., the number

of individuals in each compartment of our model, require more complex approaches,

since the relations between these parameters and the data series of reported cases and

deaths is non trivial. Thus, we developed an iterative calibration procedure for these

estimates, to be described on the next subsection.
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7.2.1 Calibration procedure

To perform the calibration we will consider a time interval [tcal, tcal +∆τ] for which

C(t) and D(t)will be analyzed. This time window should be short enough to consider

that λA and λI are approximately constant but sufficiently large to have a reasonable

amount of data. We also need to compute ℓCFR within this time window. Then, we

set a given value for r (to be assumed as a parameter of the model) and determine

probabilities pI and pA using Equation. (7.15). In order to estimate the other com-

partments from these parameters, we will rely on an adiabatic approximation for the

susceptible population, i.e., that S vary much more slowly than other compartments

such that variations on it may be neglected during the investigated period (S(t) ≈ S∗).

From there, we can condense our notation by defining γA = λAS∗ and γI = λIS
∗.

Under these assumptions the SEAICRD model provides a closed linear system

Ẋ = JX for compartments X = (E, A, I), the Jacobian given by

J =











−µA γA γI

µA −(βI + βR + βC) 0

0 βI −(αR + αC)











. (7.17)

By assuming that the solution of this linear system is ruled by the leading term

X ∼ v1 exp[Λ1(t − tcal)] where Λ1 is the largest eigenvalue of J and v1 = (vE, vA, vI) is

its corresponding eigenvector, we can provide two relations among initial conditions

(E∗, A∗, I∗)

E∗

A∗ ≈ vE

vA
, (7.18)

I∗

A∗ ≈ vI

vA
. (7.19)

Then, by integrating Equation (7.4f), we can connect the initial conditions for

(E∗, A∗, I∗) with the increment of confirmed cases ∆C during the interval ∆τ,

∆C ≈ (βCA∗ + αC I∗)
eΛ1∆τ − 1

Λ1
. (7.20)

If assuming that Λ1∆τ ≪ 1 we can further simplify the equation, writing it as

βCA∗ + αC I∗ ≈ ∆C
∆τ

. (7.21)
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Thus, we can write I∗ as

I∗ ≈ ∆C
∆τ

(

vI

αCvI + βCvA

)

. (7.22)

The initial conditions for compartments E∗ and A∗ are straightforwardly calcu-

lated by using Equations (7.13) and (7.14). The estimates for the R compartment

require knowledge of a wider data interval, since its compartment is a possible end

for some epidemic routes. Therefore, the number of individuals in it accumulates over

time. For pathogens that induces waning immunity or mutates relatively fast, such

as Influenza [169] and COVID-19, it is sufficient to have data regarding outbreaks of

a specific variant or of the same interval as the reinfection period of the pathogen.

We will set this "initial outbreak" occurring at time ttr. Then, we calculate the aver-

age σur and number of reported cases N∗
C during the time window [ttr, tcal] to find

N∗
R = N∗

C × 〈σur〉. Finally, the susceptible population is determined as

N∗
S = N − ∑

X 6=S
NX. (7.23)

The last hurdle of this method is to estimate the infection rates λA and λI which

we will do through an iterative and self-consistent method relied in everything we’ve

done so far. This calibration proceed as follows

i). Start with initial guesses for γA = λAS∗ and γI = λIS
∗.

ii). From this guess, calculate the initial condition of the dynamic by following the

steps discussed above. Calculation of Λ1 and v1 can be made using the power

method [139].

iii). With the initial conditions, integrate Equations (7.4b) to (7.4f) during the interval

[tcal, tcal + ∆τ].

iv). Calculate the dispersion with respect to reported cases counts as

Ω(γI, γA) =
∫ tcal+∆τ

tcal

[C(t)− C(t)]2 dt. (7.24)

v). Construct new guesses for γA and γI using the multi-parametric bissection

method [139].
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vi). Repeat steps (ii) to (v) in order to minimize Ω(γI, γA).

It is important to remark that the method’s performance is dependent on data

quality and good estimates of epidemiological parameters. Changes in the pathogen

dynamic such as the arising of new variants or the development of medical treatments

will possibly alter these parameters. However, the method was conceived to easily

incorporate these changes by including new transitions or updating the existing ones.

7.2.2 Infection fatality ratio and vaccination

The IFR is the most important parameter of our method, due to directly influenc-

ing the under-reporting index. Brazilian vaccination started in mid-February 2021,

having an overlapping time window with our analysis. Thus, to estimate ℓIFR more

accurately, we need to take into account the impacts of vaccination on it. Verity et al

[170] reported an age-dependent IFR for COVID-19, yielding an exponential increase

with age and average 0.68% for Brazil. The fraction of population who completed the

vaccination scheme was extracted from surveillance systems and is publicly available

at Reference [156]. In addition, demographic data for Brazilian states were obtained

from IBGE [145]. These data is available in Table 7.1

Age group IFR (%) Percentage of population
PR ES AM SP

0-4 1.61×10−3 6.84 7.07 9.59 6.56
5-9 1.61×10−3 6.68 6.98 9.67 6.57

10-14 6.95×10−3 6.53 6.72 9.48 6.38
15-19 6.95×10−3 7.01 7.17 9.22 6.75
20-24 0.0309 7.89 7.73 9.63 7.44
25-29 0.0309 8.00 7.78 8.79 7.58
30-34 0.0844 7.73 8.31 8.14 8.23
35-39 0.0844 7.57 8.21 7.65 8.32
40-44 0.161 7.20 7.51 6.69 7.66
45-49 0.161 6.72 6.41 5.42 6.78
50-54 0.595 6.47 5.99 4.41 6.27
55-59 0.595 5.82 5.47 3.52 5.68
60-64 1.93 4.81 4.67 2.70 4.89
65-69 1.93 3.81 3.62 1.95 3.84
70-74 4.28 2.79 2.45 1.30 2.80
75+ 7.8 4.05 3.83 1.77 4.16

Table 7.1: Estimated infection fatality ratio of COVID-19 per age group and percentage
of population for some states from Brazil whom belongs to certain age group.
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The vaccination strategy followed in Brazil was a decreasing age prioritization one,

in which people were vaccinated in age descending order. We considered Ng = 16

age groups, in which g = 1 corresponds to ≥ 75 years old, g = 2 to 70 − 74 years and

so on. Thus, the vaccines were distributed according to this sequence. The average

vaccine free IFR is given by

ℓIFR =
Ng

∑
g=1

ℓgng, (7.25)

in which ℓg and ng are the IFR and population fraction in the age group g, respectively.

Considering x as the total fraction of vaccinated population, the lower group g∗ who

got vaccine shots is given by

g∗

∑
g=1

fgng < x <

g∗+1

∑
g=1

fgng, (7.26)

in which fg is the fraction of g who got vaccinated. Finally, we consider rg as the IFR

reduction of the vaccinated population g. Thus, the corrected IFR becomes

ℓIFR =
Ng

∑
g=1

ℓgng −
g∗

∑
g=1

ℓgng fg(1 − rg). (7.27)

For the sake of simplicity, we assumed uniform IFR reductions and vaccination cov-

erage among all groups, which implies fg = f = 0.85 and rg = r = 0.05 (95%

effectiveness against death). These choices are consistent with typical protection rates

of vaccines used in Brazil. Figure. 7.2 presents the IFR as a function of time for four

Brazilian states. The lower IFR for Amazonas’s state reflects its young population, as

can be seen in Table 7.1. Similar patterns are observed for the other states. To account

for fluctuations in the IFR, we consider ℓIFR draw for a uniform distribution with aver-

age calculated by Equation (7.27) and 30% of uncertainty in it. It is worth noting that

this is a simple approach that aims at being qualitatively rather than quantitatively

accurate.
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Figure 7.2: Infection fatality ratio as a function of time, estimated for São Paulo (SP),
Amazonas (AM), Paraná (PR), and Espírito Santo (ES) states considering their demo-
graphics and vaccination rates.

7.3 Estimates for the under-reporting coefficient

The first application for our method was to estimate the under-reporting coefficient

for some reported cases data. Two main types of daily count series were available for

Brazil, which will be refereed as Type-I and Type-II from now on:

• Type-I: count series using release dates provided by epidemic surveillance de-

partments of Brazilian federation units which are aggregated and publicly avail-

able for all Brazillian municipalities [156]. These data do not yield the date of

diagnosis and may present uncontrolled bias caused by reporting delays and

should be used with care.

• Type-II: contain dates of diagnosis and first symptoms onset. In this work, we

use the publicly available Type-II data for Paraná (PR) [171] and Espirito Santo

(ES) [172] states.

The aggregated data used in this chapter is available on [173]. In addition to

count series of deaths and reported cases, another important input to SEIAICRD are

the epidemiological parameters. Those who have estimates through epidemic surveys

are provided in Table 7.2.
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Parameter Transition Values References

µ−1
A E → A G(6.4, 2.0) days [159, 29]

β−1
I A → I G(6.4, 2.0) days [159, 29]

α−1
R I → R G(6.4, 2.0) days [25]

β−1
R CA → RA β−1

I + α−1
R [29, 104]

Table 7.2: Epidemiological parameters for SEAICRD model. G(a, b) implies that the
parameter was draw from a Gamma distribution with shape and rate parameters a
and b, respectively (mean = a/b ; variance = a/b2).

7.3.1 Preliminary analysis

We calculated σur for Type-I count series of two capital cities of Brazil: Manaus and

São Paulo, which were severely impacted by COVID-19 second infection wave [174].

As aforementioned, the time series of confirmed cases and deaths have a typical delay

associated with them, i.e., the reported cases of a given day are usually not related

to deaths on the same day. In order to ease this discrepancy, we shift the series until

peaks in cases and deaths coincide. Figure 7.3 shows both time series. In those curves,

the delay was estimated as tdelay = 7 days for Manaus and 9 days for São Paulo. It is

important to notice that this shift does not need to be performed empirically if data

regarding this delay is available within the count reports.
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Figure 7.3: Time series of confirmed cases (left axis, black curves) and deaths (right
axis, red curves) for cities of (a) Manaus/AM and (b) São Paulo/SP. Time series of
death counts are shifted in (a) 7 and (b) 9 days, respectively.

Figure 7.4 show the underreporting coefficient for Manaus and São Paulo within

a confidence interval of 95%. It can be seen that the underreporting for Manaus

remains high throughout the analyzed period, ranging from 10 to 25. For São Paulo,
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the under-reporting is relatively low in the first months but increases considerably in

the final analyzed period.
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Figure 7.4: Evolution of σur for the capital cities of (b) Manaus and (c) São Paulo esti-
mated using moving time windows of 3 weeks for type-I count series (see main text)
as notified by state surveillance departments [156]. The 95% interval of confidence is
shown in the shaded region.

7.3.2 PR and ES states

Moving on to Type-II report series, we found that for PR and ES states, tdelay ≈ 10

and 20 days, respectively. Then, we computed the under-reporting coefficient by

aggregating data of municipality level into immediate regions (see Section 6.1) starting

from January 2021, that coincides with the spreading of P1 variant in Brazil [175]. In

order to not pollute the figures, in graphs that do not have a confidence interval on

σur, we assumed that the IFR is the average value of ℓIFR. The evolution of σur for

the aggregated data on PR and ES states jointly to two immediate regions are shown

in Figures 7.5-(a) (PR) and (b) (ES). The main outcome is the substantial variation

of the undocumented infections along the time and across different localities. For

example, in Nova Venécia-ES, the under-reporting fluctuates from approximately 2 to

higher than 10 while in Vitória-ES we have a smoother curve reaching σur ≈ 10. The

evolution of σur for each immediate region of PR and ES within confidence intervals

can be found in Figures B.12 and B.14 of Appendix B.3. By calculating the CFR for

those time series, we can see that ℓCFR and σur present different temporal correlations,

as can be seen by comparing Figure 7.5-(c) with the under-reporting for PR and ES

states, despite the proportionality depicted in Equation (7.14).
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Figure 7.5: Evolution of under-reporting coefficient for (a) PR and (b) ES states with
time windows of 3 weeks. Two immediate regions of each state are presented in the
corresponding panels. (c) Evolution of the CFR computed using delays tdelay = 10 d
and 20 d for PR and ES states, respectively.

To visualize the heterogeneity on σur in more detail, we collected the under-

reporting coefficients for all immediate regions of PR and ES in two periods of the

pandemic: around mid-January, when the CFR was low (mild spreading) and around

mid-April, when CFR was high (intense spreading). These coefficients are shown on

Figures 7.6-(a) for PR regions and (b) for ES ones. Averaged coefficients for the whole

states were also shown. The space-time variability on σur, which can be differ largely

in a same time interval, reflects the outbreak diversities across different localities due

to numerous factors such as unequal responses to pandemics, demographic and eco-

nomic heterogeneity, levels of adherence on NPIs, among others. It is important to

note that this desynchronization were also seen in Chapter 6 [104] and later observed

in Reference [174] for the first epidemic wave in Brazil.



7. Data-driven epidemic model to assess undocumented infections 139

Immediate Regions0

2

4

6

8

10

12

14

16

σ
u
r

M
ar
ec
ha
l
R
on
do
n

F
ra
nc
is
co

B
el
tr
ão

P
ar
an
ag
uá
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Figure 7.6: Under-reporting coefficients for all immediate regions of (d) PR and (e)
ES and the for states (indicated by arrows) computed when the CFR is low (Jan 2021)
and high (April 2021).

7.4 Assessing undocumented compartments and initial

conditions

To exemplify the calibration method, we analyzed the reported cases for PR and

ES states starting from January 2021, using a time window of 14 days and presenting

a forecast of one week to verify the robustness of the procedure. With σur previously

calculated and r = 0.1, we performed the calibration described previously in order

to find λA and λI that fits the data on the 14 day time window. For the sake of

simplicity, we assumed that λA = λI, implying a single parameter to adjust the data.

Typical calibration curves for PR and ES states are shown on Figures 7.7(a) and (b) for

different times using a 14-day moving window. The initial day for each calibration

is indicated on top left of the panels. The goodness of fit is quantitatively verified

considering two simple statistical regression analysis: the Pearson coefficient r2 and

mean absolute percent error (MAPE) M% [176]. The MAPE is calculated from t = 0

to t = T = 21 d as

M% =
100
T

T

∑
t=1

∣

∣

∣

∣

C̃(t)− C̃(t)
C̃(t)

∣

∣

∣

∣

, (7.28)

where C̃(t) = C(t)− C(0) and C̃(t) = C(t)− C(0). As a general result, all Pearson

coefficients are statistically significant for the regressions while the MAPE values are

at most of order of 10%, implying that the method performs very well, reproducing

the short-term progression of cumulative case count time series within the confidence
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interval. Calibration for some immediate regions can be seen in Figure B.13 of Ap-

pendix B.3.
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Figure 7.7: Calibration curves for PR (left) and ES (right) states in different time win-
dows of 14 days indicated by the vertical lines. Initial day is in the top of each panel.
One week of forecasting is also shown. Symbols are the cumulative cases’ counts
while lines with shaded regions represent the calibrated curves and the correspond-
ing confidence interval of 95%.

From these calibrations, we can estimate the evolution of undocumented epidemic

compartments (exposed, asymptomatic and symptomatic) together with the effective

reproduction number Rt, as can be seen in Figures 7.8-(a) and (b) for PR state. Starting

in January 1st 2021, we performed calibrations within a 14-day moving window up to

the end of May 2021. Regarding the undocumented compartments, it is important to

notice that the total amount of infected individuals is much larger than the number

of confirmed cases at a given day, being even higher than σur estimated previously.

This happens because the under-reporting coefficient is measuring the ratio between

infections that end being documented (CA, CI, RA, RI and D) and those who ends un-

documented (R) while the individuals at compartments E, A and I are still part of the

epidemic chain and may or may not be documented in the future. Moreover, we see

a general increasing in the quantity of individuals in undocumented compartments,

an expected behavior when considering that the vaccination leads to milder infections

and lower the seeking for medical care and testing. In addition, we analyzed the Rt

for the same time window, as show in Figure 7.8-(b). It can be seen that the mean

value of Rt oscillate between approximately 0.9 and 1.2 following the variations and

inflections in case count series.
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Figure 7.8: (a) Evolution of the undocumented compartments (exposed, asymptomatic
and symptomatic) for the PR state since 1 January 2021. (b) Evolution of effective
reproductive number computed for the PR state.

7.5 Summary and discussions

The COVID-19 pandemic led to unprecedented efforts gathering different fronts

of human society in an attempt to minimize the spreading and damage caused by

SARS-CoV-2. From attempting to predict the diseases’ spread, to gathering and treat-

ing data, by performing epidemiological surveys or acting on the front line to fight

the virus, many professionals have spent the last two years working on impacts of

COVID-19. In particular, the publicly available data of reported diagnosed infections

and deaths is usually incomplete, despite the efforts of many. Delays, limited ca-

pacity in testing and the unpredictable human behavior make it difficult to gather

some types of data. Moreover, these limitations occur heterogeneously across differ-

ent places and at different moments, making it difficult to apply general frameworks.

However, this opens new venues for improving existing tools or creating new ones

to extract implicit information from data. A promising framework is the data-driven

approach [30, 29, 104], in which mathematical and mechanistic models are supplied

by real world data, allowing us to make predictions which are not explicitly available.

We followed a data-driven approach based on a compartmental model with the

main goal to estimate the presymptomatic and asymptomatic infections, that are dif-

ficult to be detected without heavy epidemic surveillance protocols. Our method

allows to estimate the undocumented infections using some biological parameters,

such as the case fatality ratio (inferred from controlled studies) and some empiric pa-

rameters, such as the probability of individuals looking for testing. As a case study,
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we applied the method to epidemic series of deaths and reported cases on two Brazil-

ian states, Paraná (PR) and Espírito Santo (ES), where days of symptoms onset were

available, during the outbreak driven by Gamma variant (lineage P.1) on the first

semester of 2021. Our main parameter was the under-reporting coefficient σur, de-

fined as the ratio between number of infections that ended diagnosed or not. Our

analysis reports a large variability on σur across space and time, result of heteroge-

neous and desynchronized public policies and outbreaks along Brazilian municipali-

ties [104, 175]. Moreover, the method allow to estimate the number of individuals on

other epidemic compartments, such as the asymptomatic and exposed ones and the

basic and effective reproductive numbers R0 and Rt.

The knowledge about SARS-CoV-2 evolves each day along with mutations and

variants of the virus itself. Thus, some information used in this chapter may be out-

dated in some time. However, the framework developed on it is extremely general

and can easily be adapted to include any new information regarding the virus. By

updating the parameters we maintain the model accurate. In general, the perfor-

mance of the model relies on good estimates for the biological parameters and high

quality of data. Even without epidemic changes, the framework can be improved to

include stratified data in the form of age contact matrices [178] or metapopulation

approaches [29, 104].
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Part IV

Concluding remarks
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Chapter 8

Summary, forthcoming research and

prospects

The use of complex networks for modeling interacting systems such as social in-

teractions, urban centers, metabolic and ecological chains, among others, shows the

interdisciplinarity of this framework. Allied to the tools of dynamical processes, a

range of systems and problems can be addressed within this approach. From connec-

tions with non-equilibrium statistical mechanics, this same framework can be applied

to fundamental and theoretical problems in physics. Among this myriads of appli-

cations, the study of spreading processes, whether information or epidemics, is a

recent subject that has become increasingly important in the face of fake news or the

outbreak of COVID-19. Within this context, computer simulations constitute an im-

portant part of validating theories and understanding phenomena that would be very

difficult to do otherwise, either because of the large number of interactions among its

elements or the lack of closed analytical solutions. Thus, the advance of network sci-

ence is closely related to the advances of computing, due to greater processing powers

implying in modeling larger systems with more complex interactions.

After an extensive review of networks and dynamical processes in Chapters 2 and

3, in which we discussed properties, metrics, characterization and models, in Chapter

4 we present a quasistationary method, namely reactivation per activity time (RAT),

with the objective of adding the pros of other methods, in particular the simplicity of

reflecting boundary condition and the exactness of standard quasistationary. The RAT
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method lays on the reactivation of multiple vertices whenever the system falls into the

absorbing state. Reactivated vertices are chosen proportionally to their activity time.

For the susceptible-infected-susceptible (SIS) model, which we used to validate the

method, a vertex is considered active whenever it is infectious. By defining a suit-

able activity time, the RAT method can be applied to other models. To validate the

method, we performed simulations of the SIS model on a variety of complex net-

works, in particular those with localized activation, in which simpler methods, as the

reflecting boundary condition, may fail. As a general result, the RAT method was able

to correctly identify and characterize the transitions, providing the same exponents

as the standard quasistationary but with lower computational and algorithmic cost.

We expect that RAT will ease the study of more complex models with absorbing state

transitions in the future.

We also developed an heterogeneous mean-field (HMF) theory for the two species

symbiotic contact process (2SCP), a recently proposed cooperation process with a rich

and complex phase diagram. This model was partially studied by using homogeneous

theories but its behavior on highly heterogeneous substrates was not fully known.

By constructing the HMF equations and performing numerical analysis of 2SCP on

complex networks with a power law degree distribution P(k) ∼ k−γ, we observed a

reduction of the bistability region in the infection rate λ versus symbiotic healing rate

µs phase diagram as γ decreases. In addition, we found discontinuous transitions on

finite systems that evolves to a continuous one as the system’s size increases. Both

behaviors were not found in previous theories. Simulations of the model on annealed

and quenched power law networks confirmed the HMF theory results.

Moving on to applications, in Chapter 6 we developed a compartmental epidemic

model to study the spreading of early COVID-19 in Brazil at municipality level, using

a data-driven model with metapopulations. By considering each patch as a munic-

ipality and inputting demographic and mobility data into the model, we designed

different mitigation strategies to investigate spreading scenarios. We were able to vi-

sualize the spatio-temporal patterns in the spreading, observing the desinchronization

of the outbreaks and epidemic waves propagating from capital cities to the country-

side, in general. The diversity of outbreaks were observed in different geographical

scales, ranging from municipalities to federative units, with these differences being
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less intense the milder the mitigation scenario. We expect that these analysis could

help shape containment strategies for future outbreaks. It is important to note that

these framework can be adapted to almost any infectious disease peculiarities.

In Chapter 7, we developed a method to estimate the undocumented infections

on epidemic models, applying it to COVID-19 spreading. By constructing an epi-

demic compartmental model, we estimated the level of under-reporting on different

geographical scales of Paraná and Espírito Santo states during a time window that

coincides with the outbreak of P.1 lineage in Brazil. In addition, the method was able

to estimate the number of individuals on some undocumented compartments, such

as exposed, assymptomatic and presymptomatic ones. Finally, by performing a cali-

bration of reported cases, we were able to present a short-time forecast in addition to

the calculation effective reproductive number Rt.

All the works developed in this thesis emphasize the versatility of the dynamic

processes framework jointly with complex networks to solve theoretical and funda-

mental problems as well as contribute to practical applications. As forthcoming re-

search, we developed a study on epidemic spreading on spatial networks, initially

thought to compose this thesis but abdicated for sake of text size and time. The

introduction of spatial structures may be responsible for the emergence of relevant

quenched disorder in complex networks. This concept, imported from condensed

matter physics, refers to the existence of regions that, due to the presence of impuri-

ties or defects, behave differently from the rest of the system and end up influencing

the global properties [45]. In complex networks, we have the same idea, one or several

sets of nodes that behave differently from the whole, changing the dynamics in these

networks. One of the most interesting effects of this quenched disorder when dealing

with non-equilibrium phase transitions is the existence of critical extended regions,

in which there is a slow decay (non-universal power laws) of the order parameter,

in contrast to the usual critical points of phase transitions. This effect is called the

Griffiths phase [179] and is a potential mechanism to explain the vast existence of

criticality in real systems [10].

Among the various models of spatial networks, the one proposed by Rozenfeld et

al. [180] is interesting because it mixes the ordering of a lattice with the heterogeneity

of power law networks. In this model, we assign to each vertex of the network a
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position on a lattice and ki empty stubs, draw from a given distribution P(k). Then,

we connect each node with its ki nearest available neighbors, i.e., neighbors who

didn’t connect all their k j stubs. By embedding an heterogeneous network on a d

dimensional Euclidian lattice, we generate a substrate with some peculiar properties

such as hierarchical organization (C(k) ∼ k−ω, ω > 0), disassortative mixing (Knn(k)

decreasing on k) and fractal dimension (〈ℓ〉 ∼ L ∼ N1/d f , d f ∈ R), see Figures 8.1(a)

to (d) for graphics of these metrics. It is expected that the lattices ordering allied with

the heterogeneity of a scale-free network produces rare regions on the system and,

therefore, generates quenched disorder. Preliminary simulations of the SIS model

on scale free networks embedded on square lattices show the existence of persistent

Griffiths phases, i.e., the extended critical region is relevant on the thermodynamic

limit.
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Figure 8.1: Structural properties of scale-free networks embedded on square lattices.
(a) Degree distribution, (b) Clustering coefficient, (c) Average nearest neighbor degree,
and (d) Average shortest path.
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Appendix A

Algorithms

A.1 Rejection method optimization for RAT

To increase the performance of RAT during the selection of reactivated nodes, we

divide the vertices into Q groups Gg, g = 1, . . . , Q according to some property related

to its activity. Thus, the total activity time of each group, given by

Tg = ∑
j∈Gg

(

T
(a)
j

)

, (A.1)

is computed and one of the groups is selected with probability

Pg =
Tg

Q

∑
g′=1

Tg′

. (A.2)

Finally, a randomly selected vertex i ∈ Gg is accepted with probability

qi =
Ta

i

max
j∈Gg

{Ta
j }

. (A.3)

The number of groups and criteria to divide them should be adapted to the dynamical

process and network under investigation.

The vertex degree is a natural choice for the SIS model. So, in the RTA simulations,

vertices were labeled such that k1 ≤ k2 ≤, · · · ,≤ kN form groups of equal size M =
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N/Q given by

Gg = {ki|(g − 1)M + 1 ≤ i ≤ gM}, g = 1, · · · , Q. (A.4)

In the case of multiplex networks, the binning can be done separately for each layer.

This approach will reduce the number of rejections by gathering vertices of similar

degree in the same bin. Except for the RRNS with a hub, in which we consider the

single outlier separately, Q = 100 was adopted for all simulations in this paper.

A.2 Optmized Gillespie algorithm for multiplex networks

Let us consider a network with α = 1, 2, · · · , m layers; each layer connected to all

others. The OGA for SIS dynamics on multilayer networks runs as follows. With

probability

p =
µNinf

(m − 1)ηNinf + µNinf + λNe
, (A.5)

an infected vertex selected at random is healed. With probability

q =
(m − 1)ηNinf

(m − 1)ηNinf + µNinf + λNe
, (A.6)

an infected vertex is randomly chosen and activates itself in another layer, also chosen

at random. Finally, with probability w = 1− q − p we perform the intralayer infection

process of the SIS model described for a single layer. The time increment ∆t is

∆t =
1

(m − 1)ηNinf + µNinf + λNe
. (A.7)

Note that a vertex active in multiple layers have to be considered accordingly such

that

Ninf =
m

∑
α=1

N

∑
i=1

σiα and Ne =
m

∑
α=1

N

∑
i=1

kiασiα, (A.8)

in which σiα and kiα indicate, respectively, the states and degree of vertex i in the layer

α.
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A.3 Computational simulation of SEAUCR metapopula-

tion model

This algorithm is based on the aforementioned Gillespie Algorithm [114], which

consists in calculate the total rates of the events and define the details step by step. To

simulate the SEAUCR model with metapopulations, we proceed as follows

(i) We select at random which group of events will occur.

(ii) Within the selected group, we draw the specific event.

(iii) We select the municipality in which the event will take place randomly.

(iv) Among the individuals within the selected municipality, we select their resi-

dence place.

(v) The event is implemented.

It is important to notice that in each simulation step we need to calculate several

transition rates in order to emulate the probabilities from the model. These rates are

discussed bellow.

Definitions

We define nX
ij as the number of individuals in compartment X (= S, E, A, U, C, or

R) within patch j and have i as residence place. Therefore, the conditions i = j and

i 6= j indicates that the individuals are residents or nonresidents of i, respectively.

By summing over all municipalities j connected to i (including itself), we define ñX
i

as the number of individuals in city i and compartment X. We can perform another

summation over all municipalities i and define NX as the number of individuals on

a determined compartment X. The absence of superscript X on these variables (nij,

ñi, etc.) denote a sum over all compartments. The terms resident and nonresident

will be used to identify individuals that are within patch i and resides or not in i,

respectively.
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Group of events

We divided the simulation into two big event groups: mobility, that represent indi-

viduals traveling between patches, and epidemic events, that represent the transitions

on the SEAUCR model. The total rate of mobility is

Dtot = T−1
R ∑

i

ñiiRi + T−1
R ∑

i

(ñi − ñii), (A.9)

in which TR is the average time that an individual stay away from residence patch.

First and second terms of the r.h.s. of the equation represents individuals leaving

and returning to their residence patches, respectively. The total rate of epidemic

transitions is Etot = ∑T ΓT , in which T is one of the transitions and ΓT is the total

rate of the respective transition T , defined in the Table A.1.

Table A.1: Total transition rates for different types of epidemic events.

T ΓT T ΓT
E→A µANE A→U βUNA
A→R βRNA U→R αRNU

U→C ∑
Ω
i=1 α

(i)
C ñU

i C→R αRNC

S→E ∑
Ω
i=1

kiñ
S
i

ñi

(

λAñA
i + λUñU

i + bλCñC
i

)

In each time step, we select one mobility of epidemic event with probabilities

Pmob = Dtot/(Dtot + Etot) and Pepi = 1 − Pmob, respectively. The time is increased as a

Poisson process of mean time 1/(Dtot + Etot), discussed in Section 3.1.1.

Mobility events

If a mobility event was chosen, we proceed as follows.

(i) Choose the patch i from where an individual will depart, proportionally to the

total mobility rate of the patch, which occurs with probability

Qi =
ñiiRi + (ñi − ñii)

∑j

[

ñjjRj + (ñj − ñjj)
] (A.10)
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(ii) Choose the state X of the individual of patch i that will move with probability

PX
i = ñX

i / ∑Y ñY
i .

(iii) Select if the individual to move is a resident or nonresident of patch i with

probabilities nX
ii /ñX

i and 1 − nX
ii /ñX

i , respectively.

(iv) For residents: If the individual is not symptomatic (S, E, A or R) the destination

patch is chosen proportionally of Rij. Otherwise, nothing happens. The move-

ment is implementd as nX
ij → nX

ij + 1 e nX
ii → nX

ii − 1. Even if nothing happens,

the simulated time is incremented by ∆t.

(v) For nonresidents: one patch j is chosen proportionally to nX
ji and the individual

returns to j. The movement is implemented as nX
ji → nX

ji − 1 and nX
jj → nX

jj + 1.

This movement happens even if the nonresident is in the states U or C.

Epidemic events

If a epidemic event was chosen, we proceed as follows.

(i) One of the transitions T is chosen proportionally to ΓT .

(ii) Choose the patch i in which will occur the transition T , proportionally to Γi
T .

(iii) Since individuals of several municipalities may travel to the selected patch i, we

choose the residence place j of the individual proportionally to the populations

nX
ji and update nX

ji → nX
ji − 1 and nY

ji → nY
ji + 1. Notice that this rule is valid for

both residents (i = j) and nonresidents (i 6= j).

Optimizations

During the simulations, most of the computational time was spent in mobility

events of individuals S and R, due to the large amount of individuals in those com-

partments in the beginning and ending of the simulation, respectively. To circumvent

this problem, we implement the mobility of S deterministically: At the beginning of

each simulation day, we calculate the amount of susceptible and removed individuals

that must move between each pair of cities i and j and implement this movement

synchronously. After a half a day (0.5 d), we move back all the nonresidents that still
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remain on S and R. The simulations yield the same results as the exact procedure

within the statistical uncertainties.
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Appendix B

Supplementary material

B.1 Chapter 5 - Continuous approximation for ϕ̄

Starting from Eq (5.13), we may complete squares in the denominator and takes a

binomial series expansion to obtain

Θ(ϕ̄) =
∫ ∞

kmin

βk ϕ̄(
√

µs + ϕ̄βk/
√

µs)√
µs(1 + ϕ̄βk/

√
µs)2

∞

∑
n=0

[

2(1 −√
µs)ϕ̄βk/

√
µs

(1 + ϕ̄βk/
√

µs)2

]n

P(k)dk. (B.1)

The sum is converging since we are considering ζ = 2ϕ̄(βk/
√

µs)/(1 + ϕ̄βk/
√

µs)2 ≤
1/2 for the series expansion of (1 − ζ)−1. In addition, by considering a normalized

power-law distribution P(k) = Ak−γ with A = (γ − 1)kγ−1
min , the change of variable

x = λk/(
√

µs〈k〉) leads to

Θ(ϕ̄) = α
∞

∑
n=0

[2(1 −√
µs)]

n ϕ̄n+1
[√

µs

∫ ∞

x0

x−γ+n+1

(1 + ϕ̄x)2n+2 + ϕ̄
x−γ+n+2

(1 + ϕ̄x)2n+2

]

, (B.2)

where x0 = λkmin/
√

µs〈k〉 and α = (γ − 1)
(

kminλ/
√

µs〈k〉
)γ−1. The integrals in

Eq. (B.2) can be expressed in terms of Gauss hypergeometric functions F(a, b, c; x) [181],

to obtain

Θ(ϕ̄) =αx
−γ+1
0

∞

∑
n=0

[2(1 −√
µs)]

n(ϕ̄x0)
−(n+1)

[ √
µs

n + γ
F

(

2n+2, n +γ, n + γ + 1;
−1
ϕ̄x0

)

+
ϕ̄x0

n + γ − 1
F

(

2n + 2, n + γ − 1, n + γ;
−1
ϕ̄x0

)]

. (B.3)
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Finally, we take the asymptotic expansion for F(a, b, c; z) for z → ∞ up order ϕ̄3 to

obtain

Θ(ϕ̄) = λϕ̄ + aγ−1 ϕ̄γ−1 +
(γ − 2)2(1 − 2µs)

(γ − 3)(γ − 1)µs
λ2 ϕ̄2 +

(γ − 2)3(7 − 8
√

µs)

(4 − γ)(γ − 1)2µs
λ3 ϕ̄3 + · · · ,

(B.4)

where

aγ−1 = (γ − 1)
(

λkmin

〈k〉√µs

)γ−1

β̃ (B.5)

and

β̃ =
∞

∑
n=0

[2(1−√
µs)]

n

[√
µs+

n − γ + 2
n + γ − 1

]

Γ(n − γ + 2)Γ(γ + n)

Γ(2n + 2)
, (B.6)

where Γ(x) is the Gamma function.

B.2 Chapter 6

Videos showing the daily evolution of the symptomatic prevalence of all Brazilian

municipalities can be found at the link https://arxiv.org/src/2011.03380v2/anc.

Simulation dates are shown in the upper right corner for all images. Darker colors

represent higher prevalence, on a logarithmic scale

• No mitigation scenario: Video_SI-1_none.mp4

• Weak mitigation scenario: Video_SI-1_weak.mp4

• Moderate mitigation scenario: Video_SI-1_moderate.mp4

Similar videos were hosted on Youtube and can be found in the links bellow (on-

line only):

• No mitigation scenario

• Weak mitigation scenario

• Moderate mitigation scenario
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Figure B.1: Epidemic prevalence of symptomatic individuals for all intermediate regions of Brazil grouped by federative state

without mitigation obtained with parameters (M, K) = (0, 0). The shaded plots represent the intermediate regions while the thick

lines averages within each state. The bottom right corner plot represents an average over the whole country and shaded plots

represent federative states.
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Figure B.2: Epidemic prevalence of symptomatic individuals for all intermediate regions of Brazil grouped by federative state

obtained with moderate mitigation parameters (M, K) = (0.8, 0.5). The shaded plots represent the intermediate regions while the

thick lines averages within each state. The bottom right corner plot represents an average over the whole country and shaded plots

represent federative states.
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Figure B.3: Multi-scale analysis of the epidemic prevalence of symptomatic individuals for the CE state at several scales of geograph-

ical organization considering a weak mitigation with parameters (M, K) = (0.4, 0.3). Epidemic curves averaged with geographical

resolution increasing from top to bottom are compared with lower resolution averages: a) intermediate regions, b,c) immediate

regions, d-g) municipalities. The curves presenting the earliest and latest maxima are chosen as representative within each panel.

Arrows indicate curves selected for zooming. Day 0 represents 31 March 2020.
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Figure B.4: Multi-scale analysis of the epidemic prevalence of symptomatic individuals for the RJ state at several scales of geograph-

ical organization considering a weak mitigation with parameters (M, K) = (0.4, 0.3). Epidemic curves averaged with geographical

resolution increasing from top to bottom are compared with lower resolution averages: a) intermediate regions, b,c) immediate

regions, d-g) municipalities. The curves presenting the earliest and latest maxima are chosen as representative within each panel.

Arrows indicate curves selected for zooming. Day 0 represents 31 March 2020.
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Figure B.5: Multi-scale analysis of the epidemic prevalence of symptomatic individuals for the RS state at several scales of geograph-

ical organization considering a weak mitigation with parameters (M, K) = (0.4, 0.3). Epidemic curves averaged with geographical

resolution increasing from top to bottom are compared with lower resolution averages: a) intermediate regions, b,c) immediate

regions, d-g) municipalities. The curves presenting the earliest and latest maxima are chosen as representative within each panel.

Arrows indicate curves selected for zooming. Day 0 represents 31 March 2020.
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Figure B.6: Multi-scale analysis of the epidemic prevalence of symptomatic individuals for the SP state at several scales of geograph-

ical organization considering a weak mitigation with parameters (M, K) = (0.4, 0.3). Epidemic curves averaged with geographical

resolution increasing from top to bottom are compared with lower resolution averages: a) intermediate regions, b,c) immediate

regions, d-g) municipalities. The curves presenting the earliest and latest maxima are chosen as representative within each panel.

Arrows indicate curves selected for zooming. Day 0 represents 31 March 2020.
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a)

b)

c)

Figure B.7: Box plots for the peak a) time T, b) width τ, and c) prevalence ρ averaged

over immediate regions for the 26 federation states without mitigation with param-

eters (M, K) = (0, 0). Circles are data for different regions. As usual, boxes yield

median, lower and upper quartiles while points outside whiskers are outliers.

a)

b)

c)

Figure B.8: Box plots for the peak a) time T, b) width τ, and c) prevalence ρ averaged

over immediate regions for the 26 federation states with moderate mitigation using

parameters (M, K) = (0.8, 0.5). Circles are data for different regions. As usual, boxes

yield median, lower and upper quartiles while points outside whiskers are outliers.
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Figure B.9: Color maps with the epidemic prevalence of symptomatic cases (U and C) on Brazil for simulations without mitigation

with parameters (M, K) = (0, 0). Dates of the simulations are shown in the upper right corner for all frames. The darker colors

represent higher prevalences in a logarithm scale.
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Figure B.10: Color maps with prevalence of symptomatic cases (U and C) on Brazil for a moderate mitigation simulation with

parameters (M, K) = (0.8, 0.5). Dates of the simulations are shown in the upper right corner for all frames. The darker colors

represent higher prevalences in a logarithm scale.
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Figure B.11: Scatter plots of days for epidemic peak versus distance from capital city for each federative state of Brazil considering

a weak mitigation scenario with parameters (M, K) = (0.4, 0.3). Full lines represent linear regressions o the data. Both p-values and

Pearson coefficients obtained in the statistical analyses of linear correlations are shown in each panel.
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B.3 Chapter 7
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Figure B.12: Evolution of the under-reporting coefficient for immediate regions of ES
state 3-week time windows. The regions are indicated in the upper-left corners for
each panel.
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Figure B.13: Calibration curves for the immediate regions of (left) Curitiba and (right)
Vitória in different time windows of 14 days. The initial day is indicated in the top
of each panel. Symbols are the cumulative diagnosed cases while lines with shaded
regions represent the calibrated curves and the corresponding confidence interval.
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Figure B.14: Evolution of the under-reporting coefficient for immediate regions of PR
state using 3-week time windows. The regions are indicated in the upper-left corners
for each panel.
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