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❆❣r❛❞❡❝✐♠❡♥t♦s

❆ ♠❡✉s ♣❛✐s✱ ❊st❡❜❛♥ ❡ ❆✉r♦r❛✱ ♣❡❧♦ ❡①❡♠♣❧♦✱ ❛♠♦r ❡ ♠♦t✐✈❛çã♦✱ ✈♦❝ês ♠❡
♠♦str❛r❛♠ ♦ ❝❛♠✐♥❤♦ ❝❡rt♦✱ sã♦ ♠❡✉ ♠❛✐♦r ❡①❡♠♣❧♦ ❞❡ ✈✐❞❛✱ ♥♦ss❛ ❤✐stór✐❛ ❞❡
❧✉t❛s ❡ ✈✐tór✐❛s ❝♦♠❡ç❛ ❜❡♠ ❛♥t❡s ❞❛q✉✐✳

❆ ♠❡✉ ♦r✐❡♥t❛❞♦r✱ ❆❧❡①❛♥❞r❡✱ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ❛♣r❡♥❞✐③❛❞♦ ✈❛❧✐♦s♦✱ ♣❡❧❛s s✉❛s
❝♦rr❡çõ❡s ❡ ✐♥❝❡♥t✐✈♦✳ ❊♥✜♠ ♣❡❧❛ ♣❡ss♦❛ ♠❛r❛✈✐❧❤♦s❛ q✉❡ é✳

❆♦s Pr♦❢❡ss♦r❡s ❉r✳ ▲✉✐③ ❋❡r♥❛♥❞♦ ❞❡ ❖❧✐✈❡✐r❛ ❋❛r✐❛ ❡ ❉r✳ ❆♥❞❡rs♦♥ ▲✉ís
❆❧❜✉q✉❡rq✉❡ ❞❡ ❆r❛ú❥♦ ♣♦r t❡r❡♠ ❛❝❡✐t♦ ♦ ❝♦♥✈✐t❡ ♣❛r❛ r❡✈✐s❛r ♠❡✉ tr❛❜❛❧❤♦ ❡
❢♦r♠❛r ♣❛rt❡ ❞❛ ❇❛♥❝❛ ❊①❛♠✐♥❛❞♦r❛✳

❆♦s ♠❡✉s ✐r♠ã♦s✱ ❨❛♥❡t❤✱ ❊✈❛✱ ❉❛✈✐❞ ❡ ❏✉❞✐t❤ q✉❡ s❡♠♣r❡ ♠❡ ❞❡r❛♠ ❝♦r❛❣❡♠
❡ ✐♥❝❡♥t✐✈♦ ♣❛r❛ q✉❡ ❡✉ ♣✉❞❡ss❡ ❡♥❝❛r❛r ❛ ♠✐♥❤❛ ✈✐❞❛✳

❆ ❙t❤❡❢❛♥② ▲✐♦s❦❛ ❡ ▲✉❝✐❛♥✐t❛ ♣❡❧❛ ❢♦rç❛ ❡ ❛♣♦✐♦ ✐♥❝♦♥❞✐❝✐♦♥❛❧ q✉❡ ❡❧❛s ♠❡
❞❡r❛♠✳

❆♦s ♠❡✉s ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s ❞❡ ❝✉rs♦ ♣❡❧❛ ❛♠✐③❛❞❡✱ ♠♦♠❡♥t♦s ❞❡ ❞❡s❝♦♥tr❛çã♦
❡ ❞❡ ❡st✉❞♦s✳

❆♦s ♣r♦❢❡ss♦r❡s ❡ ❢✉♥❝✐♦♥ár✐♦s ❞♦ ❉▼❆✲❯❋❱✱ ♣♦r ❝♦❧❛❜♦r❛r❡♠ ❝♦♠ ❛ ♠✐♥❤❛
❢♦r♠❛çã♦ ❡ ♣❡❧♦s ❡✜❝✐❡♥t❡s s❡r✈✐ç♦s ♣r❡st❛❞♦s✳

❋✐♥❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦✱ ♠✉✐t♦✱ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ✐♥❞✐s♣❡♥sá✈❡❧
♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳
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◗❯■❙P❊ ❈❆▲❏❆❘❖✱ ❘♦♥❛❧✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ♠❛✐♦ ❞❡
✷✵✶✽✳ ❆❧❣✉♥s r❡s✉❧t❛❞♦s ❞❛ ❡q✉❛çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❆❜❡❧ ✳ ❖r✐❡♥t❛❞♦r✿
❆❧❡①❛♥❞r❡ ▼✐r❛♥❞❛ ❆❧✈❡s✳

◆❡st❡ tr❛❜❛❧❤♦✱ ♣r✐♠❡✐r❛♠❡♥t❡✱ ❜❛s❡❛❞♦s ❡♠ ❬✶❪✱ ❬✶✷❪✱ ❝♦♥str✉í♠♦s ❛ ❢✉♥çã♦ ❞❡

●r❡❡♥ ♣❛r❛ ♦ ❝❛s♦ n − dimensional ❡ ♣❛r❛ ♦ ❝❛s♦ 1 − dimensional ❛ ♣❛rt✐r

❞❡ ✉♠❛ ❡q✉❛çã♦ ❧✐♥❡❛r ❝♦♠ ❝♦♥❞✐çõ❡s ♥❛ ❢r♦♥t❡✐r❛✳ ❇❛s❡❛❞♦s ❡♠ ❬✶✸❪✱ ❬✶✾❪ ❡

❬✺❪ ♠♦str❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛ ❞❛ ❡q✉❛çã♦

❞❡ ❘✐❝❝❛t✐✱ ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛✱ ✐s♦❧❛❞❛ ❡ ♣♦s✐t✐✈❛

♣❛r❛ ❛ ❊q✉❛çã♦ ●❡♥❡r❛❧✐③❛❞❛ ❞❡ ❆❜❡❧ ❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠❛ ❝♦t❛ s✉♣❡r✐♦r ❞♦

♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s ❧✐♠✐t❡s ❞❡ ❛❧❣✉♥s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❛ ❡q✉❛çã♦ ❣❡♥❡r❛❧✐③❛❞❛

❞❡ ❆❜❡❧✳ ❋✐♥❛❧♠❡♥t❡✱ ❜❛s❡❛❞♦s ❡♠ ❬✶✾❪ ❡ ❬✺❪✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s✱

❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❞❛ ❡q✉❛çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❆❜❡❧✱ ♣❛r❛ ❝❛♠♣♦s ✈❡t♦r✐❛✐s

♣♦❧✐♥♦♠✐❛✐s ♥♦ ♣❧❛♥♦✳

✈✐✐



❆❜str❛❝t

◗❯■❙P❊ ❈❆▲❏❆❘❖✱ ❘♦♥❛❧✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱ ▼❛②✱ ✷✵✶✽✳
❙♦♠❡ r❡s✉❧ts ♦❢ ❆❜❡❧ ❣❡♥❡r❛❧✐③❡❞ ❡q✉❛t✐♦♥✳ ❆❞✈✐s❡r✿ ❆❧❡①❛♥❞r❡ ▼✐r❛♥❞❛
❆❧✈❡s✳

■♥ t❤✐s ✇♦r❦✱ ✜rst❧②✱ ❜❛s❡❞ ♦♥ ❬✶❪ ❛♥❞ ❬✶✷❪✱ ✇❡ ❜✉✐❧t t❤❡ ●r❡❡♥ ❢✉♥❝t✐♦♥ ❢♦r t❤❡

n−dimensional ❛♥❞ 1−dimensional ❝❛s❡ ❢r♦♠ ❛ ❧✐♥❡❛r ❡q✉❛t✐♦♥ ✇✐t❤ ❜♦✉♥❞❛r②

❝♦♥❞✐t✐♦♥s✳ ❇❛s❡❞ ♦♥ ❬✶✸❪✱ ❬✶✾❪ ❛♥❞ ❬✺❪✱ ❲❡ s❤♦✇ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ❛ ♣❡r✐♦❞✐❝

s♦❧✉t✐♦♥ ♦❢ t❤❡ ❘✐❝❝❛t✐ ❡q✉❛t✐♦♥✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛t ❧❡❛st ♦♥❡ ❝❧♦s❡❞✱ ✐s♦❧❛t❡❞ ❛♥❞

♣♦s✐t✐✈❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❆❜❡❧ ❡q✉❛t✐♦♥✱ ❛♥❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ ✉♣♣❡r

❜♦✉♥❞ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ❝②❝❧❡s ❧✐♠✐ts ❢♦r s♦♠❡ ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ t❤❡ ❣❡♥❡r❛❧✐③❡❞

❆❜❡❧ ❡q✉❛t✐♦♥✳ ❋✐♥❛❧❧②✱ ❜❛s❡❞ ♦♥ ❬✶✾❪ ❛♥❞ ❬✺❪✱ ✇❡ ♣r❡s❡♥t s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡

r❡s✉❧ts ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❣❡♥❡r❛❧✐③❡❞ ❆❜❡❧ ❡q✉❛t✐♦♥ ❢♦r ♣♦❧②♥♦♠✐❛❧ ✈❡❝t♦r ✜❡❧❞s

♦♥ t❤❡ ♣❧❛♥❡

✈✐✐✐



■♥tr♦❞✉çã♦

❉❡ ❛❝♦r❞♦ ❝♦♠ ❬✶✽❪✱ ♦ ❡st✉❞♦ ❣❧♦❜❛❧ ❞❛s s♦❧✉çõ❡s ❞❡ ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s
❖r❞✐♥ár✐❛s✱ q✉❡ sã♦ ❝✉r✈❛s ❞❡✜♥✐❞❛s ♣❡❧❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s✱ t❡♠ s❡✉ ✐♥✐❝✐♦
❝♦♠ ✉♠ ❛rt✐❣♦ ❞❡ ❍❡♥r② P♦✐♥❝❛ré✱ ♣✉❜❧✐❝❛❞♦ ❡♠ 1881✱ ✧❙✉r ❧❡s ❝♦✉r❜❡s ❞é✜♥✐❡s
♣❛r ✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❛❧❧❡✧✳ ❆ ♣❛rt✐r ❞❡ss❡ tr❛❜❛❧❤♦✱ ❝♦♠❡ç♦✉ ✉♠❛ sér✐❡ ❞❡
❝♦♥tr✐❜✉✐çõ❡s r❡❧❛❝✐♦♥❛❞❛s ❛♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❣❡♦♠étr✐❝♦ ❞❛s s♦❧✉çõ❡s✱ ♠❡s♠♦
s❡♠ t❡r ✉♠❛ s♦❧✉çã♦ ❛♥❛❧ít✐❝❛✳ ❊ss❛s ❝♦♥tr✐❜✉✐çõ❡s✱ ❤♦❥❡✱ sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦
❚❡♦r✐❛ ◗✉❛❧✐t❛t✐✈❛ ❞❛s ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❖r❞✐♥ár✐❛s✳ ❊q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s
♥ã♦✲❛✉tô♥♦♠❛s ❞♦ t✐♣♦

x′ = f (t, x) , x ∈ Ω ⊂ Rn, t ∈ I ⊂ R, ✭✶✮

❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ ❛❞✐❝✐♦♥❛✐s✱ sã♦ ❡♥❝♦♥tr❛❞❛s ❡♠ ❞✐❢❡r❡♥t❡s ♣r♦❜❧❡♠❛s✱
❝♦♠♦ ❡q✉❛çõ❡s ✈❛r✐❛❞❛s ❞❡ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s✱ s✐st❡♠❛s
❛✉tô♥♦♠♦s ♣❧❛♥❛r❡s ❞❡ ❊❉❖✬s✱ t❡♦r✐❛ ❞❡ ❝♦♥tr♦❧❡ ❡♥tr❡ ♦✉tr♦s✳ ❊st❛♠♦s
✐♥t❡r❡ss❛❞♦s ❡♠ s♦❧✉çõ❡s ♣❛rt✐❝✉❧❛r❡s ❞❡ ✭✶✮ q✉❡ sã♦ ❞❡✜♥✐❞❛s ❡♠ ✉♠ ✐♥t❡r✈❛❧♦
✐♥t❡✐r♦ I ❡ t❛❧ q✉❡ x (0) = x (1)✳ ◆♦ ❝❛s♦ ❡♠ q✉❡ f é 1 − periódico ❡♠ t✱
♦❜s❡r✈❡ q✉❡ ❡ss❛s s♦❧✉çõ❡s✱ q✉❡ sã♦ ❢❡❝❤❛❞❛s q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s ✭✶✮ ♥♦ ❝✐❧✐♥❞r♦
Rn× [0, 1]✱ ♣♦❞❡♠ s❡r ❝❤❛♠❛❞❛s ♣❡r✐ó❞✐❝❛s✳ ❯♠❛ s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛✱ q✉❡ é ✐s♦❧❛❞❛
♥♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ✭✶✮✱ é ❝❤❛♠❛❞❛ ❞❡ ❝✐❝❧♦ ❧✐♠✐t❡ ❞❛
❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✳ ❈❧❛ss✐❝❛♠❡♥t❡✱ ♦ ✐♥t❡r❡ss❡ ♥❡ss❡ ♣r♦❜❧❡♠❛ ✈❡♠ ❞♦ ❡st✉❞♦
❞♦ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s ❧✐♠✐t❡ ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ♣♦❧✐♥♦♠✐❛❧ ♣❧❛♥❛r✳ ❖ 16o

Pr♦❜❧❡♠❛ ❞❡ ❍✐❧❜❡rt ❣❡r❛❧♠❡♥t❡ é ❡♥✉♥❝✐❛❞♦ ❝♦♠♦ ❛ ❞❡t❡r♠✐♥❛çã♦ ❞♦ ♥ú♠❡r♦
♠á①✐♠♦ ❞❡ ❝✐❝❧♦s ❧✐♠✐t❡ ✭ór❜✐t❛s ♣❡r✐ó❞✐❝❛s ✐s♦❧❛❞❛s✮ ❡♠ t❡r♠♦s ❞♦ ❣r❛✉ ❞❡ ✉♠
s✐st❡♠❛ ♣♦❧✐♥♦♠✐❛❧ ♣❧❛♥❛r✳ ❊♠❜♦r❛ ❤❛❥❛ ✉♠ ❣r❛♥❞❡ ✐♥t❡r❡ss❡ ♥❛ ♣❡sq✉✐s❛ ❞❡st❡
♣r♦❜❧❡♠❛✱ ❛♣❡♥❛s r❡❝❡♥t❡♠❡♥t❡ ♣r♦✈♦✉✲s❡ q✉❡ ♦ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s ❧✐♠✐t❡ é ✜♥✐t♦
♣❛r❛ ❝❛❞❛ ❡q✉❛çã♦ ✐♥❞✐✈✐❞✉❛❧✳ ❯♠❛ ❞❛s q✉❡stõ❡s ♠❛s ❞❡s❛✜❛❞♦r❛s ♣❛r❛ ❛ ❡q✉❛çã♦
✭✶✮ é ♦ ❝♦♥tr♦❧❡ ❞♦ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s ❧✐♠✐t❡ ❡♠ ❢❛♠í❧✐❛s ❞❡ ❡q✉❛çõ❡s✳ ❊ss❡ ♥ú♠❡r♦
é ✜♥✐t♦❄ ➱ ❧✐♠✐t❛❞♦❄ ❆♣❡s❛r ❞❡ss❡ ✐♥t❡r❡ss❡✱ ❛s s✐t✉❛çõ❡s ♠❛✐s s✐♠♣❧❡s ❛✐♥❞❛ ♥ã♦
❡stã♦ ❝♦♠♣❧❡t❛♠❡♥t❡ ❝♦♠♣r❡❡♥❞✐❞❛s✱ ❝♦♠♦ ♦ ❝❛s♦ ♣♦❧✐♥♦♠✐❛❧ ❡♠ ❞✐♠❡♥sã♦ ✉♠✱

x′ =
n∑

k=0

ak (t) x
k, ✭✷✮

♦♥❞❡ x ∈ R✱ t ∈ I✱ a0, . . . , ak : R −→ R sã♦ ❢✉♥çõ❡s s✉❛✈❡s ❡ 1− periódicas.

◆♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦✱ ♥♦s ♣r♦♣♦♠♦s ❛ ❡st✉❞❛r ❛s♣❡❝t♦s ❞✐♥â♠✐❝♦s ❞❡ ✉♠❛
❡q✉❛çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❆❜❡❧✱ ♦✉ s❡❥❛✱ ❞❡ ❣r❛✉ n✱ q✉❛♥t♦ ❛ ❡①✐stê♥❝✐❛ ❡ ♦ ♥ú♠❡r♦
❞❡ ❝✐❝❧♦s ❧✐♠✐t❡s✳

✶



✷

◆♦ ❈❛♣ít✉❧♦ 1✱ ❜❛s❡❛❞♦s ❡♠ ❬✶✽❪✱ ❬✽❪✱ ❬✸❪✱ ❬✶✻❪ ❡ ❬✹❪✱ s❡rã♦ ✐♥tr♦❞✉③✐❞♦s ❛❧❣✉♥s
❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❛ t❡♦r✐❛ q✉❛❧✐t❛t✐✈❛ ❞❛s ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ❖r❞✐♥ár✐❛s✳ ◆♦
✜♥❛❧ ❞♦ ❝❛♣ít✉❧♦✱ ❞❛r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❣❡r❛❧ ❞♦ q✉❡ é ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡✱ ❝✐❝❧♦ ❧✐♠✐t❡
❡stá✈❡❧✱ ✐♥stá✈❡❧ ❡ s❡♠✐❡stá✈❡❧✳

◆♦ ❈❛♣ít✉❧♦ 2✱ ♥❛s ❙❡çõ❡s 2.1 ❡ 2.2✱ ❜❛s❡❛❞♦s ❡♠ ❬✶❪ ❡ ❬✶✷❪✱ ❝♦♥str✉✐♠♦s ❛
❢✉♥çã♦ ❞❡ ●r❡❡♥ n−dimensional ❡ 1−dimensional✳ ❘❡s♦❧✈❡♠♦s ♦ s✐st❡♠❛ ❧✐♥❡❛r
n − dimensional ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡
✈❛❧♦r ♥❛ ❢r♦♥t❡✐r❛✳ ◆❡st❛ s✐t✉❛çã♦✱ ✈❡r❡♠♦s q✉❛✐s sã♦ ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ♦
r❡❢❡r✐❞♦ s✐st❡♠❛ t❡♥❤❛ ✉♠❛ s♦❧✉çã♦ ú♥✐❝❛ ❡✱ ✜♥❛❧♠❡♥t❡✱ ✈❛♠♦s ❞❡✜♥✐r ❛ ❢✉♥çã♦ ❞❡
●r❡❡♥ ❛ss♦❝✐❛❞❛ ❛ ❡ss❡ ♣r♦❜❧❡♠❛✳ ◆❛ ❙❡çã♦ 2.3✱ ❜❛s❡❛❞♦s ❡♠ ❬✶✸❪ ✉s❛♥❞♦ ❛ ❢✉♥çã♦
❞❡ ●r❡❡♥ 1 − dimensional✱ ♦ ❚❡♦r❡♠❛ ❞❡ ❆r③❛❧❡✲❆s❝♦❧✐ ❡ ♦ ❚❡♦r❡♠❛ ❞♦ P♦♥t♦
✜①♦ ❞❡ ❙❝❤❛✉❞❡r✱ ♠♦str❛r❡♠♦s q✉❡✱ s♦❜ ❝❡rt❛s ❤✐♣ót❡s❡s✱ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡
❘✐❝❝❛t✐ ❡s❝❛❧❛r✱ q✉❡ é ✉♠ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛ ❡q✉❛çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❆❜❡❧ ❝♦♠
❝♦❡✜❝✐❡♥t❡s ♣❡r✐ó❞✐❝♦s✱ ❛❞♠✐t❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛✳

◆♦ ❈❛♣✐t✉❧♦ 3✱ ❜❛s❡❛❞♦s ❡♠ ❬✶✾❪✱ ❢♦❝❛♠♦s ♥♦ss❛ ❛t❡♥çã♦ ♣❛r❛ ❛ ❡q✉❛çã♦
❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❆❜❡❧ ❡ s✉❛s s♦❧✉çõ❡s ❢❡❝❤❛❞❛s✳ ◆❛ ❙❡çã♦ 3.1✱ ❝♦♠❡ç❛♠♦s ♦ ❡st✉❞♦
❞♦ ❝❛s♦ q✉❛♥❞♦ a0 (t) = 0✱ ♣❛r❛ t♦❞♦ t ∈ [0, 2π]✱ ✐st♦ é✱ ❞❛ ❡q✉❛çã♦

x′ =
n∑

k=1

ak (t) x
k,

♦♥❞❡ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♦❜t❡r s♦❧✉çõ❡s ❢❡❝❤❛❞❛s ♥ã♦ tr✐✈✐❛✐s✳ ◆❡st❛ ♠❡s♠❛ s❡çã♦✱
❡st✉❞❛r❡♠♦s t❛♠❜é♠ ❛ ❝❛s♦ ❣❡r❛❧✱ ✐st♦ é✱ ❞❛ ❡q✉❛çã♦

x′ =
n∑

k=0

ak (t) x
k,

♦♥❞❡ ♥♦ss♦ ♦❜❥❡t✐✈♦ t❛♠❜é♠ é ♦❜t❡r s♦❧✉çõ❡s ❢❡❝❤❛❞❛s ♥ã♦ tr✐✈✐❛✐s✳ ◆❛ ❙❡çã♦ 3.2✱
❜❛s❡❛❞♦s ❡♠ ❬✺❪✱ ❞❡✜♥✐♠♦s ❝✐❝❧♦ ❧✐♠✐t❡ ♣❛r❛ ♦ ❝❛s♦ 1− dimensional ❡ ❡st✉❞❛♠♦s
❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s ❧✐♠✐t❡ ❞❛s s❡❣✉✐♥t❡s ❢❛♠í❧✐❛s

x′ = an (t) x
n + am (t) xm + a1 (t) ,

♦♥❞❡ n > m > 1 ❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s ❢✉♥çõ❡s an ♦✉ am ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧✳ ❊

x′ = an (t) x
n + a2 (t) x

2 + a1 (t) x+ a0 (t) , n > 2,

♦♥❞❡ ❛ ❢✉♥çã♦ an q✉❡ ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧✳

◆♦ ❈❛♣ít✉❧♦ 4✱ ❜❛s❡❛❞♦s ❡♠ ❬✶✾❪ ❡ ❬✺❪✱ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛ ❙❡çã♦ 3.1
s❡rã♦ ✉s❛❞♦s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❛❧❣✉♥s ❡①❡♠♣❧♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s
♣♦❧✐♥♦♠✐❛✐s ♥♦ ♣❧❛♥♦✳ ▼✉❞❛♥❞♦ ♦ s✐st❡♠❛ ♣❛r❛ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s✱ ♠♦str❛♠♦s
q✉❡ ❛❧❣✉♥s s✐st❡♠❛s ♣♦❧✐♥♦♠✐❛✐s ♣♦❞❡♠ s❡r ❡s❝r✐t♦s ❝♦♠♦ ✉♠❛ só ❡q✉❛çã♦
❞✐❢❡r❡♥❝✐❛❧ ❝♦♠ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ θ✳ ❊♥tã♦✱ ❛s s♦❧✉çõ❡s ❢❡❝❤❛❞❛s ✐s♦❧❛❞❛s
♣♦s✐t✐✈❛s ❞❛ ❡q✉❛çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❆❜❡❧✱ ♣❛r❛ ♦s ❝❛s♦s q✉❡ ❡st✉❞❛r❡♠♦s✱
❝♦rr❡s♣♦♥❞❡rã♦ ♣❛r❛ ♦s ❝✐❝❧♦s ❧✐♠✐t❡s ❞❡ ✉♠ s✐st❡♠❛ ♣♦❧✐♥♦♠✐❛❧ ♣❧❛♥❛r✳ ◆❛
❙❡çã♦ 3.2✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ ♠✉❞❛♠♦s ♣❛r❛ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ❡ ❝♦♥s❡❣✉✐♠♦s
r❡❧❛❝✐♦♥❛r ✉♠ ❞♦s ❝❛s♦s q✉❡ ❡st✉❞❛r❡♠♦s ❞❛ ❡q✉❛çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❆❜❡❧ ❡✱ s♦❜



✸

❛❧❣✉♠❛s ❤✐♣ót❡s❡s✱ ♠♦str❛♠♦s ✉♠❛ ❝♦t❛ s✉♣❡r✐♦r ♣❛r❛ ♦ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s ❧✐♠✐t❡s
❞❡ ✉♠ s✐st❡♠❛ ♣❧❛♥❛r✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ♦s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❞❛ t❡♦r✐❛ q✉❛❧✐t❛t✐✈❛ ❞❛s
❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ❞❡s❞❡ ❛ ❞❡✜♥✐çã♦ ❞♦ q✉❡ é ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧
♦r❞✐♥ár✐❛ ❛té ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ✉s❛❞♦s ♥♦ tr❛❜❛❧❤♦✳ ❉✐✈❡rs♦s r❡s✉❧t❛❞♦s
❢♦r❛♠ ❛♣❡♥❛s ❡♥✉♥❝✐❛❞♦s✱ ♠❛s ❛s ❞❡♠♦♥str❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ♥❛s
r❡❢❡rê♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s ❬✶✽❪✱ ❬✽❪✱ ❬✸❪✱ ❬✶✻❪✱ ❬✹❪✳

✶✳✶ ❊q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s

❆ t❡♦r✐❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s ❡✈♦❧✉✐r❛♠ ❞♦s ♠ét♦❞♦s ❞♦ ❈á❧❝✉❧♦
❉✐❢❡r❡♥❝✐❛❧ ❡ ■♥t❡❣r❛❧✱ ♦s q✉❛✐s ❢♦r❛♠ ❞❡s❝♦❜❡rt♦s ♣❡❧♦ ✐♥❣❧ês ■ss❛❝ ◆❡✇t♦♥ ❡ ♣❡❧♦
❛❧❡♠ã♦ ❲✐❧❤❡❧♠ ●♦tt❢r✐❡❞ ▲❡✐❜♥✐t③✳ ❊ss❡s ♠ét♦❞♦s ❛❥✉❞❛r❛♠ ♦s ❝✐❡♥t✐st❛s ❞❛
é♣♦❝❛ ❛ r❡s♦❧✈❡r ♠✉✐t♦s ♣r♦❜❧❡♠❛s ❢ís✐❝♦s ❡ ❣❡♦♠étr✐❝♦s✳

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ❛ ❞❡✜♥✐çã♦ ❢♦r♠❛❧ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s
♦r❞✐♥ár✐❛s ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❜ás✐❝♦s✳ ❯♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥ár✐❛ é ✉♠❛
❡q✉❛çã♦ q✉❡ ❡♥✈♦❧✈❡ ❛s ❞❡r✐✈❛❞❛s ❞❡ ✉♠❛ ❢✉♥çã♦ r❡❛❧ ❞❡s❝♦♥❤❡❝✐❞❛✱ ♣♦❞❡ s❡r
❡s❝r✐t❛ ♥❛ s✉❛ ❢♦r♠❛ ❣❡r❛❧

F
(
t, x, x′, x′′, . . . . . . , x(n)

)
= 0 ✭✶✳✶✮

♦♥❞❡ F : U ⊂ Rn+2 −→ R é ✉♠❛ ❢✉♥çã♦ ❞❡ ❝❧❛ss❡ Cr ♥♦ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ U ✳
❆ ✈❛r✐á✈❡❧ t é ❝❤❛♠❛❞❛ ❞❡ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ ❡ ❛ ✈❛r✐á✈❡❧ x é ❝❤❛♠❛❞❛ ❞❡
✈❛r✐á✈❡❧ ❞❡♣❡♥❞❡♥t❡✱ ♣♦✐s ❛ ✈❛r✐á✈❡❧ x ❞❡♣❡♥❞❡ ❞❡ t✳ ❆ ❢✉♥çã♦ x : I ⊂ R −→ R✱
♦♥❞❡ I é ✉♠ ✐♥t❡r✈❛❧♦✱ s❡rá ❞✐t❛ ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✶✳✶✮ s❡ x t❡♠ ❞❡r✐✈❛❞❛s ❛té
♦r❞❡♠ n ❡ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ✭✶✳✶✮✳ ❆ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✶✳✶✮ é ❞✐t❛ ♦r❞✐♥ár✐❛✱
♣♦✐s ❡♥✈♦❧✈❡ ❛♣❡♥❛s ❞❡r✐✈❛❞❛s ❝♦♠ r❡❧❛çã♦ ❛ ✉♠❛ ú♥✐❝❛ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ t✳

❯♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ Cr é ✉♠❛ ❢✉♥çã♦ X : U −→ Rn✱ ♦♥❞❡ U ⊂ Rn

é ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ r ≥ 1✱ r = ∞ ♦✉ r = ω ✭✐st♦ é✱ ♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X é
❛♥❛❧ít✐❝♦✮✳ ❆♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X ♣♦❞❡♠♦s ❛ss♦❝✐❛r ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❛
❢♦r♠❛

x′ = X (x) , x ∈ Rn, ✭✶✳✷✮

✹
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♦♥❞❡ x′ é ❛ ❞❡r✐✈❛❞❛ ❝♦♠ r❡❧❛çã♦ à ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡✱ ❞❛❞❛
✉♠❛ ❊❉❖ ❞❛ ❢♦r♠❛ ✭✶✳✷✮ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❡♠ Rn✳ ❆s
s♦❧✉çõ❡s ❞❡ ✭✶✳✷✮ sã♦ ❛♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ϕ : I −→ U ✱ I é ✉♠ ✐♥t❡r✈❛❧♦✱ t❛✐s
q✉❡ dϕ

dt
= X (ϕ (t))✱ ♣❛r❛ t♦❞♦ t ∈ I✱ ♦✉ s❡❥❛✱ ϕ (t) s❛t✐s❢❛③ ✭✶✳✷✮✳ ❆s s♦❧✉çõ❡s ❞❡

✭✶✳✷✮ sã♦ ❝❤❛♠❛❞❛s ❝✉r✈❛s ✐♥t❡❣r❛✐s✱ tr❛❥❡tór✐❛s ♦✉ ór❜✐t❛s✳ ❯♠ ♣♦♥t♦ x0 ∈ U é
❝❤❛♠❛❞♦ ❞❡ ♣♦♥t♦ s✐♥❣✉❧❛r✱ s❡ X (x0) = 0✱ ❡ ♣♦♥t♦ r❡❣✉❧❛r s❡ X (x0) 6= 0✳ ❙❡ x0
é ♣♦♥t♦ s✐♥❣✉❧❛r ❡♥tã♦ ❛ ❝✉r✈❛ ϕ (t) = x0✱ ♣❛r❛ t ∈ (−∞,+∞) é ✉♠❛ s♦❧✉çã♦
❞❡ ✭✶✳✷✮✱ ♣♦✐s dϕ

dt
= 0 = X (x0) = X (ϕ (t))✳ ❆ ❡q✉❛çã♦ ✭✶✳✷✮ ❛❞♠✐t❡ ❛ s❡❣✉✐♥t❡

✐♥t❡r♣r❡t❛çã♦ ❣❡♦♠étr✐❝❛✿ ϕ é ✉♠❛ ❝✉r✈❛ ✐♥t❡❣r❛❧ ❞❡ X s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ✈❡t♦r
t❛♥❣❡♥t❡ ϕ′ (t) ❡♠ ϕ (t) ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ✈❛❧♦r q✉❡ X ❛ss✉♠❡ ❡♠ ϕ (t)✱ ♦✉ s❡❥❛✱
X (ϕ (t))✳ ❯♠❛ ❊❉❖ ❞♦ t✐♣♦ ✭✶✳✷✮ é ❝❤❛♠❛❞❛ ❞❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❛✉tô♥♦♠❛✱
♣♦✐s ♥ã♦ ❞❡♣❡♥❞❡ ❡①♣❧✐❝✐t❛♠❡♥t❡ ❞❡ t✳ ❆s ❡q✉❛çõ❡s ❞❛ ❢♦r♠❛

x′ = f (t, x) ✭✶✳✸✮

♦♥❞❡ f : V −→ Rn✱ V ⊂ Rn+1 ✉♠ ❝♦♥❥✉♥t♦ ❛❜❡rt♦✱ é ❞❡ ❝❧❛ss❡ Cr ✱ sã♦ ❝❤❛♠❛❞❛s
♥ã♦ ❛✉tô♥♦♠❛s✳

✶✳✶✳✶ ❊①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s

❆♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐r ♦ ❚❡♦r❡♠❛ ❞❡ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s✳ ❊st❡
r❡s✉❧t❛❞♦ ♥♦s ❣❛r❛♥t❡✱ s♦❜ ❛❧❣✉♠❛s ❤✐♣ót❡s❡s✱ q✉❛♥❞♦ ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧
♦r❞✐♥ár✐❛ ❝♦♠ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ t❡♠ s♦❧✉çã♦ ú♥✐❝❛✳ ❈♦♥s✐❞❡r❛♠♦s ❛ ❊❉❖
❝♦♠ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧✱ ♦✉ s❡❥❛✱

{
x′ = f (t, x)

x (t0) = x0,
✭✶✳✹✮

♦♥❞❡ (t0, x0) ∈ Ω✱ f : Ω −→ Rn✱ Ω ⊂ R× Rn ✉♠ ❛❜❡rt♦✱ f ❞❡ ❝❧❛ss❡ Cr ❡ r ≥ 1✳
❈❤❛♠❛♠♦s ✭✶✳✹✮ ❞❡ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ✭P❱■✮✳ ❯♠❛ s♦❧✉çã♦ ❞❡st❡ ♣r♦❜❧❡♠❛
é ✉♠❛ ❛♣❧✐❝❛çã♦ ϕ : I ⊂ R −→ Rn✱ ❞❡ ❝❧❛ss❡ Cr✱ t❛❧ q✉❡

{
ϕ′ (t) = f (t, ϕ (t))

ϕ (t0) = x0,

♦♥❞❡ I ⊂ R é ✉♠ ✐♥t❡r✈❛❧♦ ❝♦♥t❡♥❞♦ t0✱ (t, ϕ (t)) ∈ Ω✱ ♣❛r❛ t♦❞♦ t ∈ I✳

Pr♦♣♦s✐çã♦ ✶✳✶✳ ❙❡❥❛ Ω ⊂ Rn+1 ❛❜❡rt♦✱ f : Ω −→ Rn ❝♦♥tí♥✉❛ ❡ (t0, x0) ∈ Ω✳
❘❡s♦❧✈❡r ♦ s❡❣✉✐♥t❡ P✳❱✳■✳

{
x′ = f (t, x)

x (t0) = x0,

é ❡q✉✐✈❛❧❡♥t❡ ❛ r❡s♦❧✈❡r ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ✐♥t❡❣r❛❧

x (t) = x0 +

∫ t

t0

f (s, x (s)) ds.

❚❡♦r❡♠❛ ✶✳✷✳ (Teorema de Existência e Unicidade) ❙❡❥❛ f : Ω −→ Rn✱
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♦♥❞❡ Ω é ❞❛ ❢♦r♠❛ Ω = Ia × Bb ❝♦♠ Ia = {t ∈ R; |t− t0| ≤ a}✱ Bb =
{x ∈ Rn; |x− x0| ≤ b}✳ ❈♦♥s✐❞❡r❡♠♦s ♦ P❱■

{
x′ = f (t, x)

x (t0) = x0,
✭✶✳✺✮

❙❡ f é ❝♦♥tí♥✉❛ ❡ ▲✐♣s❝❤✐t③ ♥❛ s❡❣✉♥❞❛ ✈❛r✐á✈❡❧ ❡♠ Ω ❝♦♠ ❝♦♥st❛♥t❡ ❞❡ ▲✐♣s❝❤✐t③
K ❡ |f | ≤M ❡♠ Ω✱ ❡♥tã♦ ♦ P❱■ ✭✶✳✺✮ ♣♦ss✉✐ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ϕ : Iα −→ Bb✱
♦♥❞❡ Iα ⊂ R é ✉♠ ✐♥t❡r✈❛❧♦ ❡ α = mı́n {a, b/M}✳

❉❡✜♥✐çã♦ ✶✳✸✳ ❈♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

x′ = f (t, x) . ✭✶✳✻✮

❈❤❛♠❛✲s❡ s♦❧✉çã♦ ♠á①✐♠❛ ❞❡ ✭✶✳✻✮ ❛ t♦❞❛ s♦❧✉çã♦ ϕ ❞❡✜♥✐❞❛ ♥✉♠ ✐♥t❡r✈❛❧♦ I✱
❞❡♥♦♠✐♥❛❞♦ ✐♥t❡r✈❛❧♦ ♠á①✐♠♦ ❞❡ ϕ✱ t❛❧ q✉❡ s❡ ψ é ♦✉tr❛ s♦❧✉çã♦ ♥♦ ✐♥t❡r✈❛❧♦ J
❝♦♠ J ⊇ I ❡ ϕ = ψ |I ✱ ❡♥tã♦ I = J ✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ϕ é ♠á①✐♠❛ s❡ ♥ã♦
❛❞♠✐t❡ ♥❡♥❤✉♠❛ ❡①t❡♥sã♦ q✉❡ t❛♠❜é♠ é s♦❧✉çã♦ ❞❡ ✭✶✳✻✮✳

❚❡♦r❡♠❛ ✶✳✹✳ ❙❡❥❛ f : Ω ⊂ R × Rn × Rk −→ Rn ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ❝❧❛ss❡ Ck✱
1 ≤ k ≤ ∞ ♦✉ k = ω ✭♦✉ s❡❥❛✱ f é ❛♥❛❧ít✐❝❛✮✱ ♦♥❞❡ Ω é ✉♠ ❛❜❡rt♦✳

✶✳ ✭❊①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ♠á①✐♠❛s✮✿ P❛r❛ ❝❛❞❛ (t0, x0, λ0) ∈ Ω ❡①✐st❡ ✉♠
✐♥t❡r✈❛❧♦ Ix0 ❛❜❡rt♦✱ ♦♥❞❡ ❡stá ❞❡✜♥✐❞❛ ❛ ú♥✐❝❛ s♦❧✉çã♦ ♠á①✐♠❛ ϕx0 ❞❛
❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ x′ = f (t, x, λ)✱ t❛❧ q✉❡ ϕx (0) = x0✳

✷✳ ✭Pr♦♣r✐❡❞❛❞❡ ❞❡ ●r✉♣♦✮✿ ❙❡ y = ϕx (t) ❡ t ∈ Ix ❡♥tã♦ Iy = Ix − t =
{u− t; u ∈ Ix} ❡ ϕy (s) = ϕx (t+ s) , ∀s ∈ Iy✳

✸✳ ✭❘❡❣✉❧❛r✐❞❛❞❡ ❝♦♠ r❡❧❛çã♦ às ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✮✿ ❖ ❝♦♥❥✉♥t♦ D =
{(t, r, x, λ) ; (r, x, λ) ∈ Ω e t ∈ Ix} é ❛❜❡rt♦ ❡♠ R × Ω ❡ ❛ ❛♣❧✐❝❛çã♦ ϕ :
D −→ Ω✱ ❞❛❞❛ ♣♦r ϕ (t, r, x, λ) = ϕx (t) é ❞❡ ❝❧❛ss❡ Ck ✭♠❡s♠❛ r❡❣✉❧❛r✐❞❛❞❡
❞❡ f✮✳ ❆❧é♠ ❞✐ss♦✱ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦

d

dt

(
∂ϕ

∂x
(t, r, x, λ)

)
=
∂f

∂x
(t, x, λ)

∂ϕ

∂x
(t, r, x, λ) .

✶✳✶✳✷ ❊q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❧✐♥❡❛r❡s

❆ ❝❧❛ss❡ ♠❛✐s s✐♠♣❧❡s✱ ♥♦ ❝♦♥❥✉♥t♦ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♦r❞✐♥ár✐❛s✱ é
❛ ❝❧❛ss❡ ❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❧✐♥❡❛r❡s✱ ♣♦✐s é ♣♦ssí✈❡❧ ❡①♣❧♦r❛r ❜❡♠ ❛s
♣r♦♣r✐❡❞❛❞❡s ❞❡ s✉❛s s♦❧✉çõ❡s ❡ ❛❧é♠ ❞✐ss♦✱ ♥♦ ❝❛s♦ ❞❡ ❝♦❡✜❝✐❡♥t❡s ❝♦♥st❛♥t❡s✱
é ♣♦ssí✈❡❧ r❡s♦❧✈ê✲❧❛s✳ ❈♦♥s✐❞❡r❛♠♦s ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

x′ = A (t) x+ f(t) ✭✶✳✼✮

♦♥❞❡ A : I −→ Mn×n (R) é ✉♠❛ ❢✉♥çã♦ ♠❛tr✐❝✐❛❧ ❡ f : I −→ Rn é ✉♠❛
❢✉♥çã♦ ✈❡t♦r✐❛❧✱ ❛♠❜❛s sã♦ ❝♦♥tí♥✉❛s ♥♦ ✐♥t❡r✈❛❧♦ I ⊂ R✳ ❆ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧
✭✶✳✼✮ ❝❤❛♠❛✲s❡ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❧✐♥❡❛r✳ ❙❡ f ≡ 0 ❡♥tã♦ ❞✐③❡♠♦s q✉❡ ✭✶✳✼✮ é
❤♦♠♦❣ê♥❡❛✳ ❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡✳
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❚❡♦r❡♠❛ ✶✳✺✳ P❛r❛ ❝❛❞❛ (t0, x0) ∈ I × Rn ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ϕ (t) =
ϕ (t, t0, x0) ❞❡ ✭✶✳✼✮ ❞❡✜♥✐❞❛ ❡♠ I✱ t❛❧ q✉❡ ϕ (t0) = x0✳ ❊s❝r❡✈❡♥❞♦ ✭✶✳✼✮ ♥❛
❢♦r♠❛ ♠❛tr✐❝✐❛❧ t❡♠♦s




x′1
✳✳✳
x′n


 =




a11 (t) . . . a1n (t)
✳✳✳

✳ ✳ ✳
✳✳✳

an1 (t) . . . ann (t)







x1
✳✳✳
xn


+




f1 (t)
✳✳✳

fn (t)


 ✭✶✳✽✮

❆ss✐♠✱ ✭✶✳✼✮ é ✉♠ s✐st❡♠❛ ❞❡ n ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s





x′1 = a11 (t) x1 + . . . a1n (t) xn + f1 (t)
✳✳✳

x′n = an1 (t) x1 + . . . ann (t) xn + fn (t) .

✭✶✳✾✮

Pr♦♣♦s✐çã♦ ✶✳✻✳ ❙❡❥❛♠ ϕ (t) ❡ ψ (t) s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ❤♦♠♦❣ê♥❡❛

x′ = A (t) x, ✭✶✳✶✵✮

♦♥❞❡ A (t) é ❝♦♥tí♥✉❛ ❡♠ I ⊂ R✳

✶✳ ❙❡ ϕ (s) = 0 ♣❛r❛ ❛❧❣✉♠ s ∈ I✱ ❡♥tã♦ ϕ (t) ≡ 0 ❡♠ I✳

✷✳ ❙❡ a, b ∈ R ❡♥tã♦ y = aϕ+ bϕ t❛♠❜é♠ é s♦❧✉çã♦ ❞❡ ✭✶✳✶✵✮✳

❈♦r♦❧ár✐♦ ✶✳✼✳ ❙❡❥❛♠ C (I,Rn) ♦ ❡s♣❛ç♦ ❞❛s ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ϕ : I ⊂ R −→
Rn ❡ S ⊂ C (I,Rn) ♦ ❡s♣❛ç♦ ❞❛s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ x′ = A (t) x✳ S é ✉♠
s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ C (I,Rn) ❞❡ ❞✐♠❡♥sã♦ n✳

❙❡ {v1, . . . , vn} é ✉♠❛ ❜❛s❡ ❞❡ Rn✱ ❡♥tã♦ {ϕ1 (t, s, v1) , . . . , ϕn (t, s, vn)} ❢♦r♠❛
✉♠❛ ❜❛s❡ ♣❛r❛ S✱ ♦✉ s❡❥❛✱ t♦❞❛ s♦❧✉çã♦ ❞❡ x′ = A (t) x s❡ ❡①♣r❡ss❛ ❞❡ ♠❛♥❡✐r❛
ú♥✐❝❛ ❝♦♠♦ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ϕ1 (t, s, v1) , . . . , ϕn (t, s, vn)✳

❈♦♥s✐❞❡r❡♠♦s ❛ ❡q✉❛çã♦

M ′ = A (t)M, ✭✶✳✶✶✮

❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❝♦♠♦ ✭✶✳✶✶✮ sã♦ ❝❤❛♠❛❞❛s ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♠❛tr✐❝✐❛✐s
❧✐♥❡❛r❡s ❤♦♠♦❣ê♥❡❛s✱ ♦♥❞❡ M ∈ Mn×n (R)✱ M = (xij)✱ ❝♦♠ ♥♦r♠❛ |M | =
sup |xij|✳ ❚❡♠♦s q✉❡ ✭✶✳✶✶✮ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ s✐st❡♠❛

x′ij =
n∑

k=1

aik (t) xkj, 1 ≤ i, j ≤ n.

❖❜s❡r✈❛♠♦s q✉❡ φ (t) é s♦❧✉çã♦ ❞❡ ✭✶✳✶✶✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ t♦❞♦ 1 ≤ j ≤ n✱
❛ j és✐♠❛ ❝♦❧✉♥❛ φj (t) ❞❡ φ (t) x é s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❤♦♠♦❣ê♥❡❛ x′ = A (t)✳
❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ♣♦❞❡♠♦s ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛
❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❞❡✜♥✐❞❛s ❡♠ ✉♠ ✐♥t❡r✈❛❧♦ I✱ q✉❡ ♣❛ss❛♠ ♣♦r (t0,M0) ∈
I × Mn×n (R)✳ ❆ s❡❣✉✐r✱ ❞❡✜♥✐♠♦s ❛ ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ s♦❧✉çõ❡s ❞❡ ✉♠❛
❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♠❛tr✐❝✐❛❧ ❡ ❛♣r❡s❡♥t❛♠♦s ✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❡ss❛ ❞❡✜♥✐çã♦✳
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❉❡✜♥✐çã♦ ✶✳✽✳ ❯♠❛ ♠❛tr✐③ φ (t) ❞❡ ♦r❞❡♠ n × n✱ ❝✉❥❛s ❝♦❧✉♥❛s ❢♦r♠❛♠ ✉♠❛
❜❛s❡ ❞♦ ❡s♣❛ç♦ ❞❡ s♦❧✉çõ❡s ❞❡ x′ = A (t) x✱ é ❝❤❛♠❛❞❛ ❞❡ ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧ ❞❡
s♦❧✉çõ❡s✳

Pr♦♣♦s✐çã♦ ✶✳✾✳ ❙❡❥❛♠ φ (t) ❡ ψ (t) ♠❛tr✐③❡s s♦❧✉çõ❡s ❞❛ ❡q✉❛çã♦ ♠❛tr✐❝✐❛❧
M ′ = A (t)M ✱ s❡♥❞♦ φ (t) ❢✉♥❞❛♠❡♥t❛❧✳ ❊♥tã♦ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ♠❛tr✐③ C✱ ❞❡
♦r❞❡♠ n× n ❝♦♥st❛♥t❡✱ t❛❧ q✉❡✱ ψ (t) = φ (t)C ♣❛r❛ t♦❞♦ t ∈ I✳ ▼❛✐s ❛✐♥❞❛✱ C é
♥ã♦✲s✐♥❣✉❧❛r s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ψ (t) é ❢✉♥❞❛♠❡♥t❛❧✳

❖❜s❡r✈❛çã♦ ✶✳✶✵✳ ❙❡ φ : I −→ Mn×n (R) é s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ♠❛tr✐❝✐❛❧
M ′ = A (t)M ✱ ❡♥tã♦ φ é ❢✉♥❞❛♠❡♥t❛❧ s❡ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s s❡ ✈❡r✐✜❝❛♠✿

✶✳ det [φ (t)] 6= 0✱ ♣❛r❛ t♦❞♦ t ∈ I✱ ♣♦✐s ❛s ❝♦❧✉♥❛s ❞❡ ψ ❞❡✈❡♠ s❡r ❧✐♥❡❛r♠❡♥t❡
✐♥❞❡♣❡♥❞❡♥t❡s✱

✷✳ φ (t0) = φ0 é t❛❧ q✉❡ detφ0 6= 0✱

✸✳ ❆s ❝♦❧✉♥❛s ❞❡ φ sã♦ ❜❛s❡ ♣❛r❛ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❛s s♦❧✉çõ❡s ❞❡ x′ = A (t) x✳

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ❡①♣❧✐❝✐t❛ ❛ s♦❧✉çã♦ ❞❡ ✉♠❛ ❡q✉❛çã♦ ❧✐♥❡❛r ❞❛ ❢♦r♠❛
✭✶✳✼✮✱ ❛ ♣❛rt✐r ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❤♦♠♦❣ê♥❡❛
❛ss♦❝✐❛❞❛✳

Pr♦♣♦s✐çã♦ ✶✳✶✶✳ ✭❱❛r✐❛çã♦ ❞❡ ♣❛râ♠❡tr♦s✮ ❙❡❥❛ φ (t) ✉♠❛ ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧
❞❡ x′ = A (t) x✱ ❡♥tã♦ ❛ s♦❧✉çã♦ ❞❡ x′ = A (t) x + b (t)✱ ϕ (t, t0, x0)✱ t❛❧ q✉❡
ϕ (t0, t0, x0) = x0✱ é ❞❛❞❛ ♣♦r

ϕ (t, t0, x0) = φ (t)

[
φ−1 (t0) x0 +

∫ t

t0

φ−1 (s) b (s) ds

]

❊♠ ♣❛rt✐❝✉❧❛r✱ ϕ (t, t0, x0) = φ (t)φ−1 (t0) x0✱ é ❛ s♦❧✉çã♦ ♥♦ ❝❛s♦ ❤♦♠♦❣ê♥❡♦✳

❙❡❥❛ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❧✐♥❡❛r

x′ = Ax+ f (t) , ✭✶✳✶✷✮

♦♥❞❡ A ∈ Mn×n ✉♠❛ ♠❛tr✐③ ❝♦♠ ❡♥tr❛❞❛s ❝♦♥st❛♥t❡s ❡ f : I −→ Rn ✉♠❛
❢✉♥çã♦ ❝♦♥tí♥✉❛✳ ❙❡ f ≡ 0 ❞✐③❡♠♦s q✉❡ ✭✶✳✶✷✮ é ✉♠❛ ❡q✉❛çã♦ ❧✐♥❡❛r ❤♦♠♦❣ê♥❡❛
❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❝♦♥st❛♥t❡s✳ ❆ ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✭✶✳✶✷✮ s❛t✐s❢❛③ ❛❧❣✉♠❛s
♣r♦♣r✐❡❞❛❞❡s q✉❡ ❛♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐r✳

Pr♦♣♦s✐çã♦ ✶✳✶✷✳ ❙❡❥❛ φ (t) ❛ ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❡q✉❛çã♦ ✭✶✳✶✷✮✱ t❛❧ q✉❡
φ (0) = Id✱ ❡♥tã♦✿

✶✳ φ′ (t) = Aφ (t)

✷✳ φ (t+ s) = φ (t)φ (s)

✸✳ [φ (t)]−1 = φ (−t)
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✹✳
∞∑

i=1

tiAi

i!
❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ♣❛r❛ φ (t) ❡♠ t♦❞♦ ❝♦♠♣❛❝t♦ ❞❡ R✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❆ ❡①♣♦♥❡♥❝✐❛❧ ❞❛ ♠❛tr✐③ A é ❞❡✜♥✐❞❛ ♣♦r φ (1)✱ ❡ ❞❡♥♦t❛❞❛
❝♦♠♦✿

eA = φ (1) =
∞∑

i=0

Ai

i!
.

◆♦t❡ q✉❡✱ φ (t) = etA é ❛ ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ x′ = Ax✳ ❆❧é♠ ❞✐ss♦✱ s❡
φ (t+ s) = e(t+s)A✱ ❡♥tã♦ φ (t)φ (s) = φ (t+ s) = e(t+s)A = etAesA✳

✶✳✶✳✸ ❊q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❛✉tô♥♦♠❛s

❈♦♥s✐❞❡r❡♠♦s ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❛✉tô♥♦♠❛

x′ = X (x) ,

♦♥❞❡ X : U ⊂ Rn −→ Rn✱ U ❛❜❡rt♦✱ é ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ Ck✱
1 ≤ k ≤ ∞ ♦✉ k = ω✳

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ϕ : R× U −→ Rn ❞❡ ❝❧❛ss❡ Cr é ❞✐t❛ ✉♠ ✢✉①♦
❞❡ ❝❧❛ss❡ Cr s❡✿

✶✳ ϕ (0, x) = x

✷✳ ϕ (t+ s) = ϕ (t, ϕ (s, x)) ; t, s ∈ R✳

❙❡ ϕ : D −→ U ✱ ♦♥❞❡ D é ❞❛❞♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✹✱ ❞✐③❡♠♦s q✉❡ ♦ ✢✉①♦ é
❣❡r❛❞♦ ♣♦r X✳ ❙❡ Ix = R✱ ♦ ✢✉①♦ ❣❡r❛❞♦ ♣♦r X é ✉♠ ✢✉①♦ Cr ❡♠ U ✳ ❙❡ Ix 6= R✱
♦ ✢✉①♦ ❣❡r❛❞♦ ♣♦r X é ❝❤❛♠❛❞♦ ✢✉①♦ ❧♦❝❛❧✳

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❖ ❝♦♥❥✉♥t♦ σp = {ϕ (t, p) ; t ∈ Ip}✱ ✐st♦ é✱ ❛ ✐♠❛❣❡♠ ❞❛ ❝✉r✈❛
✐♥t❡❣r❛❧ ❞❡ X ♣❡❧♦ ♣♦♥t♦ p✱ ❝❤❛♠❛✲s❡ ór❜✐t❛ ❞❡ X ♣❡❧♦ ♣♦♥t♦ p✳

❖❜s❡r✈❛çã♦ ✶✳✶✻✳ ❖❜s❡r✈❛♠♦s q✉❡✱ q ∈ σp s❡✱ s♦♠❡♥t❡ s❡✱ σq = σp✳ ❉❡ ❢❛t♦✱
s❡ q ∈ σp✱ ❡♥tã♦ q = ϕ (t1, p) ❡ ϕ (t, q) = ϕ (t+ t1, p)✱ ❡ Ip − t1 = Iq✳ P♦rt❛♥t♦✱
t❡♠♦s q✉❡ ❞✉❛s ór❜✐t❛s ❞❡ X ♦✉ ❝♦✐♥❝✐❞❡♠ ♦✉ sã♦ ❞✐s❥✉♥t❛s✳ ❆ss✐♠✱ U ⊂ Rn ✜❝❛
❞❡❝♦♠♣♦st♦ ♥✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ ❝✉r✈❛s ❞✐❢❡r❡♥❝✐á✈❡✐s✱ ♣♦❞❡♥❞♦ ❝❛❞❛ ✉♠❛ s❡r✿

✶✳ ✉♠ ♣♦♥t♦ ✭♣♦♥t♦ s✐♥❣✉❧❛r✮❀

✷✳ ✐♠❛❣❡♠ ❜✐✉♥í✈♦❝❛ ❞❡ ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ R❀

✸✳ ❞✐❢❡♦♠♦r❢❛ ❛ ✉♠ ❝ír❝✉❧♦✭ór❜✐t❛ ❢❡❝❤❛❞❛✮✳

❚❡♦r❡♠❛ ✶✳✶✼✳ ❙❡ ϕ é ✉♠❛ s♦❧✉çã♦ ♠á①✐♠❛ ❞❡
{

x′ = X (x)
x (0) = x0,

✭✶✳✶✸✮

❡♠ Ix0✱ ✈❡r✐✜❝❛✲s❡ ❛♣❡♥❛s ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ❛❧t❡r♥❛t✐✈❛s✿
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✶✳ ϕ é 1− 1❀

✷✳ Ix0 = R ❡ ϕ é ❝♦♥st❛♥t❡❀

✸✳ Ix0 = R ❡ ϕ é ♣❡r✐ó❞✐❝❛✱ ✐st♦ é✱ ❡①✐st❡ T > 0 t❛❧ q✉❡ ϕ (t+ T ) = ϕ (t)✱ ♣❛r❛
t♦❞♦ t ∈ R✱ ❡ ϕ (t1) 6= ϕ (t2) s❡ ‖t2 − t1‖ < T.

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❖ ❝♦♥❥✉♥t♦ ❛❜❡rt♦ U ⊂ Rn✱ ♠✉♥✐❞♦ ❞❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ ór❜✐t❛s
❞❡ X✱ ❝❤❛♠❛✲s❡ r❡tr❛t♦ ❞❡ ❢❛s❡ ❞❡ X✳ ❆s ór❜✐t❛s sã♦ ♦r✐❡♥t❛❞❛s ♥♦ s❡♥t✐❞♦
❞❛s ❝✉r✈❛s ✐♥t❡❣r❛✐s ❞♦ ❝❛♠♣♦✳ ❖s ♣♦♥t♦s s✐♥❣✉❧❛r❡s sã♦ ♠✉♥✐❞♦s ❞❛ ♦r✐❡♥t❛çã♦
tr✐✈✐❛❧✳

✶✳✶✳✹ ❊q✉✐✈❛❧ê♥❝✐❛ ❡ ❈♦♥❥✉❣❛çã♦ ❞❡ s✐st❡♠❛s ❞✐❢❡r❡♥❝✐❛✐s

❯♠ ❞♦s ♣r✐♥❝✐♣❛✐s ♦❜❥❡t✐✈♦s ❡♠ ♠❛t❡♠át✐❝❛✱ é s❛❜❡r q✉❛♥❞♦ ❞♦✐s ♦❜❥❡t♦s✱
q✉❡ tê♠ ♠❡s♠❛ ❡str✉t✉r❛✱ ♣r❡s❡r✈❛♠ ♣r♦♣r✐❡❞❛❞❡s q✉❡ ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠
t❛❧ ❡str✉t✉r❛✳ ❊st❡ ♦❜❥❡t✐✈♦ t❛♠❜é♠ s✉r❣❡ ♥❛ ár❡❛ ❞❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s✳ ❖s
❡❧❡♠❡♥t♦s ❛ s❡r❡♠ ♣r❡s❡r✈❛❞♦s sã♦ ❛s ór❜✐t❛s ♦✉ s♦❧✉çõ❡s✳ ➱ ♥❡st❡ ❝♦♥t❡①t♦ q✉❡
s✉r❣❡ ❛ ❝♦♥❥✉❣❛çã♦ ❡♥tr❡ ❙✐st❡♠❛s ❉✐♥â♠✐❝♦s✳ ❆ s❡❣✉✐r✱ ❝♦♥s✐❞❡r❡♠♦s X1 ❡ X2

❝❛♠♣♦s ❞❡ ✈❡t♦r❡s ❞❡✜♥✐❞♦s ♥♦s ❛❜❡rt♦s U1 ❡ U2 ❞♦ Rn✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❉✐③❡♠♦s q✉❡ X1 é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛ X2✱ q✉❛♥❞♦
❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ h : U1 −→ U2✱ q✉❡ ❧❡✈❛ ór❜✐t❛s ❞❡ X1 ❡♠ ór❜✐t❛s ❞❡
X2✱ ♣r❡s❡r✈❛♥❞♦ ❛ ♦r✐❡♥t❛çã♦✳ ▼❛✐s ♣r❡❝✐s❛♠❡♥t❡✱ s❡❥❛♠ p ∈ U1 ❡ σ1

p ❛ ór❜✐t❛
♦r✐❡♥t❛❞❛ ❞❡ X1 ♣❛ss❛♥❞♦ ♣♦r p✱ ❡♥tã♦ h

(
σ1
p

)
= σ2

(h(p)) é ❛ ór❜✐t❛ ♦r✐❡♥t❛❞❛ ❞❡
X2✱ ♣❛ss❛♥❞♦ ♣♦r h (p)✳ ❙❡ h ❢♦r ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Cr✱ ❡♥tã♦ ❞✐③❡♠♦s q✉❡
X1 é Cr − equivalente ❛ X2✳

❆ ❞❡✜♥✐çã♦ ✶✳✶✾ ❡st❛❜❡❧❡❝❡ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❝❛♠♣♦s ❞❡✜♥✐❞♦s
❡♠ ❛❜❡rt♦s ❞❡ Rn✳ ❖ ❤♦♠❡♦♠♦r✜s♠♦ h é ❝❤❛♠❛❞♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ t♦♣♦❧ó❣✐❝❛✱
♦✉ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ Cr✱ ❝❛s♦ s❡❥❛ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Cr✱ ❡♥tr❡ X1 ❡ X2✳

❉❡✜♥✐çã♦ ✶✳✷✵✳ ❙❡❥❛♠ ϕ1 : D1 −→ Rn ❡ ϕ2 : D2 −→ Rn ♦s ✢✉①♦s ❣❡r❛❞♦s
♣❡❧♦s ❝❛♠♣♦s X1 : U1 −→ Rn ❡ X2 : U2 −→ Rn✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉✐③❡♠♦s q✉❡
X1 é t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ Cr − conjugado✮ ❛ X2 q✉❛♥❞♦
❡①✐st❡ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ Cr✮ h : U1 −→ U2

t❛❧ q✉❡ h (ϕ1 (t, x)) = ϕ2 (t, h (x))✱ ♣❛r❛ t♦❞♦ (t, x) ∈ D1✳ ❖ ❤♦♠❡♦♠♦r✜s♠♦
h ❝❤❛♠❛✲s❡ ❝♦♥❥✉❣❛çã♦ t♦♣♦❧ó❣✐❝❛ ✭Cr−❝♦♥❥✉❣❛çã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮ ❡♥tr❡ X1 ❡
X2✳

❆ r❡❧❛çã♦ ❞❡ ❝♦♥❥✉❣❛çã♦ é t❛♠❜é♠ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❝❛♠♣♦s
❞❡✜♥✐❞♦s ♥♦ Rn✳ ❯♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ h ❡♥tr❡ X1 ❡ X2 ❧❡✈❛ ♣♦♥t♦ s✐♥❣✉❧❛r ❡♠ ♣♦♥t♦
s✐♥❣✉❧❛r ❡ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❡♠ ór❜✐t❛ ♣❡r✐ó❞✐❝❛✳ ❙❡ h ❢♦r ✉♠❛ ❝♦♥❥✉❣❛çã♦✱ ❡♥tã♦
♦ ♣❡rí♦❞♦ t❛♠❜é♠ é ♣r❡s❡r✈❛❞♦✳

▲❡♠❛ ✶✳✷✶✳ ❙❡❥❛♠ X1 : U1 −→ Rn ❡ X2 : U2 −→ Rn ❝❛♠♣♦s ❞❡ ✈❡t♦r❡s
Cr✱ r ≥ 1✱ ❞❡✜♥✐❞♦s ♥♦s ❛❜❡rt♦s Ui ⊂ Rn✱ i = 1, 2✳ ❙❡❥❛ h : U1 −→ U2 ✉♠
❞✐❢❡♦♠♦r✜s♠♦ Cr✳ ❊♥tã♦ h é ✉♠❛ ❝♦♥❥✉❣❛çã♦ ❡♥tr❡ X1 ❡ X2 s❡✱ ❡ s♦♠❡♥t❡ s❡✱
Dh (p)X1 (p) = X2 (h (p))✱ ♣❛r❛ t♦❞♦ p ∈ U1✳
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❉❡✜♥✐çã♦ ✶✳✷✷✳ ❙❡❥❛ X : U −→ Rn ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ Cr✱ r ≥ 1✱
U ⊂ Rn ✉♠ ❛❜❡rt♦ ❡ A ⊂ Rn−1 t❛♠❜é♠ ❛❜❡rt♦✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡
❝❧❛ss❡ Cr✱ f : A −→ U ✱ ❝❤❛♠❛✲s❡ s❡çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧ ❞❡ X ✭❞❡ ❝❧❛ss❡ Cr✮
q✉❛♥❞♦✱ ♣❛r❛ t♦❞♦ a ∈ A✱ Df (a) (Rn−1) ❡ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❣❡r❛❞♦ ♣♦r X (f (a))
❢♦r♠❛♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛ ❞✐r❡t❛ ❞♦ Rn✳

❙❡❥❛ Σ = f (A) ♠✉♥✐❞♦ ❞❛ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ❞❡ Rn✳ ❙❡ f : A −→ Σ ❢♦r ✉♠
❤♦♠❡♦♠♦r✜s♠♦✱ ❞✐③✲s❡ q✉❡ Σ é ✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❞❡ X✳

❖ t❡♦r❡♠❛ ❞❡ ✢✉①♦ t✉❜✉❧❛r✱ q✉❡ ✈❡r❡♠♦s à s❡❣✉✐r✱ ❣❛r❛♥t❡ q✉❡ q✉❛❧q✉❡r ❝❛♠♣♦
X ❞❡ ❝❧❛ss❡ Cr é ❧♦❝❛❧♠❡♥t❡ ❝♦♥❥✉❣❛❞♦✱ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠ ♣♦♥t♦ r❡❣✉❧❛r✱
❛♦ ❝❛♠♣♦ ❝♦♥st❛♥t❡ Y = (1, 0, . . . , 0)✳

❚❡♦r❡♠❛ ✶✳✷✸✳ ✭❚❡♦r❡♠❛ ❞♦ ❋❧✉①♦ ❚✉❜✉❧❛r✮✿ ❙❡❥❛♠ X : U −→ Rn ✉♠ ❝❛♠♣♦ ❞❡
✈❡t♦r❡s Cr✱ U ⊂ Rn ❛❜❡rt♦✱ p ∈ U ✉♠ ♣♦♥t♦ r❡❣✉❧❛r ❞❡ X ❡ f : A ⊂ Rn−1 −→ Σ =
f (A) ⊂ U ✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧ ❧♦❝❛❧ ❞❡ X ❞❡ ❝❧❛ss❡ Cr✱ ❝♦♠ f (0) = p✳ ❊♥tã♦
❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ p ❡♠ U ❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ h : V −→ (−ε, ε)× B
❞❡ ❝❧❛ss❡ Cr✱ ♦♥❞❡ ε > 0 ❡ B = B (0, δ) ⊂ Rn−1 é ✉♠❛ ❜♦❧❛ ❛❜❡rt❛ ❡♠ Rn−1 ❞❡
❝❡♥tr♦ ♥❛ ♦r✐❣❡♠ 0 = f−1 (p) t❛❧ q✉❡

✶✳ h (Σ ∩ V ) = {0} × B

✷✳ h é ✉♠❛ Cr−❝♦♥❥✉❣❛çã♦ ❡♥tr❡ X |V ❡ ♦ ❝❛♠♣♦ Y = (Y1, . . . , Yn) =
(1, 0, . . . , 0)✳

✶✳✶✳✺ ❊str✉t✉r❛ ❧♦❝❛❧ ❞♦s ♣♦♥t♦s s✐♥❣✉❧❛r❡s ❤✐♣❡r❜ó❧✐❝♦s

❙❡❥❛ X ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❞❡ ❝❧❛ss❡ Cr ❡ p ✉♠ ♣♦♥t♦ r❡❣✉❧❛r ❞♦ ❝❛♠♣♦✳ ❖
t❡♦r❡♠❛ ❞♦ ❋❧✉①♦ ❚✉❜✉❧❛r ♥♦s ❣❛r❛♥t❡ q✉❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ p t❛❧ q✉❡
XV é Cr − conjugado ❛ Y = (1, 0, . . . , 0)✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❞♦✐s ❝❛♠♣♦s X
❡ W sã♦ Cr − conjugados ❡♠ t♦r♥♦ ❞❡ s❡✉s ♣♦♥t♦s r❡❣✉❧❛r❡s✳ P♦r ❝❛✉s❛ ❞❡st❛
♦❜s❡r✈❛çã♦✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r s❛t✐s❢❛tór✐♦ ♦ ❝♦♥❤❡❝✐♠❡♥t♦ q✉❛❧✐t❛t✐✈♦ ❧♦❝❛❧ ❞❛s
ór❜✐t❛s ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ ❡♠ t♦r♥♦ ❞❡ ♣♦♥t♦s r❡❣✉❧❛r❡s✱ s❡♥❞♦ q✉❡ ❡①✐st❡
❛♣❡♥❛s ✉♠❛ ❝❧❛ss❡ ❞❡ ❝♦♥❥✉❣❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❧♦❝❛❧✳ ❙❡ p é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r✱
❛ s✐t✉❛çã♦ é ❜❡♠ ♠❛✐s ❝♦♠♣❧❡①❛✳ ▼❡s♠♦ ♥♦s s✐st❡♠❛s ❧✐♥❡❛r❡s ❥á s❡ ❛♣r❡s❡♥t❛♠
✈ár✐❛s ❝❧❛ss❡s ❞✐❢❡r❡♥t❡s ❞❡ ❝♦♥❥✉❣❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✳

❆ s❡❣✉✐r✱ ✈❡r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ s♦❜r❡ ❝♦♥❥✉❣❛çã♦ ❡♠ t♦r♥♦ ❞♦s ♣♦♥t♦s
s✐♥❣✉❧❛r❡s ❞❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✳

❉❡✜♥✐çã♦ ✶✳✷✹✳ ❯♠ ♣♦♥t♦ s✐♥❣✉❧❛r p ❞❡ ✉♠ ❝❛♠♣♦ ✈❡t♦r✐❛❧ X ❞❡ ❝❧❛ss❡ Cr✱
r ≥ 1✱ ❝❤❛♠❛✲s❡ ❤✐♣❡r❜ó❧✐❝♦ s❡ t♦❞♦s ♦s ❛✉t♦✈❛❧♦r❡s ❞❡ DX (p) t❡♠ ♣❛rt❡ r❡❛❧
❞✐❢❡r❡♥t❡ ❞❡ ③❡r♦✳

❖ ♥ú♠❡r♦ ❞❡ ❛✉t♦✈❛❧♦r❡s ❞❡ DX (p)✱ ❝♦♠ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛✱ ❝❤❛♠❛✲s❡ í♥❞✐❝❡
❞❡ ❡st❛❜✐❧✐❞❛❞❡ ❞❡ X ❡♠ p✳

❖ t❡♦r❡♠❛ ❛ s❡❣✉✐r ♥♦s ❞✐③ q✉❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s é ❧♦❝❛❧♠❡♥t❡
t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦ à s✉❛ ♣❛rt❡ ❧✐♥❡❛r ❡♠ t♦r♥♦ ❞♦s ♣♦♥t♦s s✐♥❣✉❧❛r❡s
❤✐♣❡r❜ó❧✐❝♦s✳
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❚❡♦r❡♠❛ ✶✳✷✺✳ ✭❚❡♦r❡♠❛ ❞❡ ❍❛rt♠❛♥✲●r♦❜♠❛♥✮✿ ❙❡❥❛♠ X : U1 ⊂ Rn −→ Rn

✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ C1 ❡ p ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❤✐♣❡r❜ó❧✐❝♦ ❞❡ X✳
❊♥tã♦ ❡①✐st❡♠ ✈✐③✐♥❤❛♥ç❛s V ❞❡ p ❡♠ U1 ❡ W ❞❡ 0 ❡♠ Rn t❛✐s q✉❡ X |V é
t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ❝♦♥❥✉❣❛❞♦ ❛ DX (p) |W ✳

✶✳✶✳✻ ❊str✉t✉r❛ ❧♦❝❛❧ ♣❡rt♦ ❞❡ ór❜✐t❛s ♣❡r✐ó❞✐❝❛s

❆ ♣r✐♥❝✐♣❛❧ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ❡st✉❞❛r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ór❜✐t❛s ❞♦ ❝❛♠♣♦
♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ é ❛ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré✱ ♦✉ ❝♦♥❤❡❝✐❞❛
t❛♠❜é♠ ❝♦♠♦ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ♣r✐♠❡✐r♦ r❡t♦r♥♦✳ ❆ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré é ✉♠
❞✐❢❡♦♠♦r✜s♠♦ q✉❡ ❡stá ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ór❜✐t❛ ❢❡❝❤❛❞❛ γ ❡ q✉❡ ❞❡s❝r❡✈❡ ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝❛♠♣♦ ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ γ✳ ❙❡❥❛ γ = {ϕ (t, p) ; 0 ≤ t ≤ T}
✉♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ ♣❡rí♦❞♦ T ❞❡ ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X✱ ❞❡ ❝❧❛ss❡ Cr✱
r ≥ 1 ♦✉ r = ω✱ ❞❡✜♥✐❞♦ ♥✉♠ ❝♦♥❥✉♥t♦ U ⊂ Rn✳ ❙❡❥❛ Σ ✉♠❛ s❡çã♦ tr❛♥s✈❡rs❛❧
❞❡ X ♣❡❧♦ ♣♦♥t♦ p✳ P❡❧❛ ❝♦♥t✐♥✉✐❞❛❞❡ ❞♦ ✢✉①♦ ϕ ❞❡ X✱ ♣❛r❛ t♦❞♦ q ∈ Σ
♣ró①✐♠♦ ❞❡ p✱ ❛ tr❛❥❡tór✐❛ ϕ (t, q) ♣❡r♠❛♥❡❝❡ ♣ró①✐♠❛ ❛ γ✱ ❝♦♠ t ✈❛r✐❛♥❞♦ ❡♠
✉♠ ✐♥t❡r✈❛❧♦ ✜①❛❞♦✳ ❉❡✜♥❡✲s❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡ P♦✐♥❝❛ré π (q) ❝♦♠♦ ♦ ♣r✐♠❡✐r♦
♣♦♥t♦ ♦♥❞❡ ❛ ór❜✐t❛ ϕ (t, q) ✐♥t❡r❝❡♣t❛ Σ ✭♥♦t❡♠♦s q✉❡ s❡♠♣r❡ ❡①✐st❡ π (q) ❞❡✈✐❞♦
❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥tí♥✉❛ ❞❛s s♦❧✉çõ❡s ❝♦♠ r❡❧❛çã♦ às ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✮✳ ❙❡❥❛ Σ0

♦ ❞♦♠í♥✐♦ ❞❡ π✱ ❡♥tã♦ é ❝❧❛r♦ q✉❡ p ∈ Σ0 ❡ π (p) = p✳ ▼✉✐t❛s ♣r♦♣r✐❡❞❛❞❡s ❞❡
X✱ ❡♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ γ s❡ r❡✢❡t❡♠ ❡♠ π✳ P♦r ❡①❡♠♣❧♦✱ ❛s ór❜✐t❛s ♣❡r✐ó❞✐❝❛s
❞❡ X ✈✐③✐♥❤❛s ❞❡ γ ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ♣♦♥t♦s ♣❡r✐ó❞✐❝♦s ❞❡ π✱ q✉❡ sã♦ ♦s ♣♦♥t♦s
q0 ∈ Σ0 ♣❛r❛ ♦s q✉❛✐s πn (q) = q ♣❛r❛ ❛❧❣✉♠ n ∈ Z ❝♦♠ n ≥ 1✱ ♦✉ ❡♥tã♦ ♦
❝♦♠♣♦rt❛♠❡♥t♦ ❛ss✐♥tót✐❝♦ ❞❛s ór❜✐t❛s ❞❡ X ♣❡rt♦ ❞❡ γ t❛♠❜é♠ é ❞❡s❝r✐t♦ ♣♦r
π✳

Pr♦♣♦s✐çã♦ ✶✳✷✻✳ ❙❡❥❛ ϕ ✉♠ ✢✉①♦ ❞❡ ❝❧❛ss❡ Cr✱ r ≥ 1✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛çã♦ ❞❡
P♦✐♥❝❛ré✱ π : Σ0 −→ Σ ❛ss♦❝✐❛❞♦ ❛ ✉♠❛ ór❜✐t❛ ❢❡❝❤❛❞❛ γ✱ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦
❞❡ ❝❧❛ss❡ Cr s♦❜r❡ s✉❛ ✐♠❛❣❡♠✳

❉❡✜♥✐çã♦ ✶✳✷✼✳ ❯♠❛ ór❜✐t❛ γ é ✉♠ ❛tr❛t♦r ♣❡r✐ó❞✐❝♦ ✭♦✉✱ ❞✐③❡♠♦s q✉❡✱ γ é
♦r❜✐t❛❧♠❡♥t❡ ❡stá✈❡❧✮ q✉❛♥❞♦ lim

t→∞
d (ϕ (t, q) , γ) = 0✱ ♣❛r❛ t♦❞♦ q ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛

❞❡ γ✳

❉❡✜♥✐çã♦ ✶✳✷✽✳ ❙❡❥❛ X : U −→ R2 ✉♠ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ❞❡ ❝❧❛ss❡ C1✱ ♦♥❞❡
U ⊂ R2 é ❛❜❡rt♦✳ ❯♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ γ ❞❡ X é ❞✐t❛ ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡ s❡ ❡①✐st❡
✉♠❛ ✈✐③✐♥❤❛♥ç❛ V ❞❡ γ t❛❧ q✉❡ γ é ❛ ú♥✐❝❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ❞❡ X ❡♠ V ✳

Pr♦♣♦s✐çã♦ ✶✳✷✾✳ ❈♦♠ ❛s ♥♦t❛çõ❡s ❞❛ ❞❡✜♥✐çã♦ ✶✳✷✽✱ ❡①✐st❡♠ ♦s s❡❣✉✐♥t❡s t✐♣♦s
❞❡ ❝✐❝❧♦s ❧✐♠✐t❡s✿

✶✳ ❊stá✈❡❧✱ s❡ lim
t→∞

d (ϕ (t, q) , γ) = 0✱ ♣❛r❛ t♦❞♦ q ∈ V ✳

✷✳ ■♥stá✈❡❧✱ s❡ lim
t→−∞

d (ϕ (t, q) , γ) = 0✱ ♣❛r❛ t♦❞♦ q ∈ V ✳

✸✳ ❙❡♠✐✲❡stá✈❡❧✱ s❡ lim
t→∞

d (ϕ (t, q) , γ) = 0 ♣❛r❛ q ∈ V ∩ Ext (γ)✱ ❡

lim
t→−∞

d (ϕ (t, q) , γ) = 0 ♣❛r❛ q ∈ V ∩ Int (γ)✱ ♦✉ ♦ ❝♦♥trár✐♦✱ ♦♥❞❡

Ext (γ) ❞❡♥♦t❛ ❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ✐❧✐♠✐t❛❞❛ ❞❡ R2 − γ ❡ Int (γ) ❞❡♥♦t❛
❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❧✐♠✐t❛❞❛ ❞❡ R2 − γ✳
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✷✳✶ ❈❖◆❙❚❘❯➬➹❖ ❉❆ ❋❯◆➬➹❖ ❉❊ ●❘❊❊◆
♥✲❞✐♠❡♥s✐♦♥❛❧

◆❡st❛ s❡çã♦✱ ♥♦ss♦ ✐♥t❡r❡ss❡ é r❡s♦❧✈❡r ♦ s✐st❡♠❛ ❧✐♥❡❛r n−❞✐♠❡♥s✐♦♥❛❧ ❞❡
❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✱ ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ✈❛❧♦r ♥❛ ❢r♦♥t❡✐r❛✳
❱❡r❡♠♦s q✉❛✐s sã♦ ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ♦ r❡❢❡r✐❞♦ s✐st❡♠❛ t❡♥❤❛ ✉♠❛ s♦❧✉çã♦
ú♥✐❝❛ ❡✱ ✜♥❛❧♠❡♥t❡✱ ✈❛♠♦s ❞❡✜♥✐r ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛ ❛ ❡ss❡ ♣r♦❜❧❡♠❛✳
❆s ♣r✐♥❝✐♣❛✐s r❡❢❡r❡♥❝✐❛s sã♦✿ ❬✶❪ ❡ ❬✶✷❪✳

❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛ ❧✐♥❡❛r n−❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ❞❡ ♣r✐♠❡✐r❛
♦r❞❡♠✿

X ′ (t) = A (t)X (t) + f (t) , t ∈ J = [a, b] ✭✷✳✶✮

BX (a) + CX (b) = h ✭✷✳✷✮

♦♥❞❡ n ≥ 1 a, b ∈ R✱ A ∈ L1 (J,Mn×n)✱ f ∈ L1 (J,Rn)❀ B,C ∈ Mn×n ❡
h ∈ Rn ✭❝♦♥st❛♥t❡✮ ❡ X ∈ AC (J,Rn)✳ ❈♦♠♦ é ✉s✉❛❧ ❞❡♥♦t❛♠♦s ♣♦r L1 (J,Rn)
❡ L1 (J,Mn×n) ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❢✉♥çõ❡s ▲❡❜❡s❣✉❡ ✐♥t❡❣rá✈❡✐s ❡♠ J ❡
AC (J,Rn) ♦ ❝♦♥❥✉♥t♦ ❞❡ ❢✉♥çõ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛s ❡♠ J ✱ ♦✉ s❡❥❛✱

AC (J,Rn) = {f = (f1, . . . , f2) : J −→ Rn; fj ∈ AC (J,R) , ∀j = 1, . . . , n} ,

♦♥❞❡✱

AC (J,R) =

{
f : J −→ R; f ∈ C (J, R) , f ′ ∈ L1 (J, R) e f (t)− f (s) =

∫ t

s

f ′ (r) dr, ∀s, t ∈ J

}
.

❈❡rt❛♠❡♥t❡ n, a, b, A, f, B, C sã♦ ❝♦♥❤❡❝✐❞❛s ♥♦ ♣r♦❜❧❡♠❛ ❡ X é ❛ ✈❛r✐á✈❡❧
❞❡s❝♦♥❤❡❝✐❞❛✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ❡st✉❞❛♠♦s ❛ ❡str✉t✉r❛ ❞♦ ❝♦♥❥✉♥t♦ ❞❡ s♦❧✉çõ❡s

✶✸
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❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❤♦♠♦❣ê♥❡♦✱ ✐st♦ é✱

{
X ′ (t) = A (t)X (t) , t ∈ J

BX (a) + CX (b) = 0.
✭✷✳✸✮

❙❡❥❛ W = {X ∈ AC (J,Rn) ; BX (a) + CX (b) = 0}✳ ❉❡✜♥✐♠♦s ♦ ♦♣❡r❛❞♦r
❧✐♥❡❛r✿

L : W −→ L1 (J,Rn)
X 7−→ LX = X ′ − AX.

✭✷✳✹✮

❖ ❝♦♥❥✉♥t♦ ❞❡ s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ ✭✷✳✸✮ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❑❡r♥❡❧ ❞♦ ♦♣❡r❛❞♦r L✳
❆❧é♠ ❞✐ss♦✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✸✮ é ✉♠ ❡s♣❛ç♦ ❧✐♥❡❛r ❞❡
❞✐♠❡♥sã♦ k ≤ n✳ ❆ q✉❡stã♦ ♥❛t✉r❛❧ q✉❡ s✉r❣❡ é✿ ◗✉❛❧ é ♦ ✈❛❧♦r ♣r❡❝✐s♦ ❞❛
❞✐♠❡♥sã♦❄ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✿ ◗✉❛❧ é ❛ ✐♥✢✉ê♥❝✐❛ ❞♦s ❞❛❞♦s ❝♦♥s✐❞❡r❛❞♦s
❞♦ ♣r♦❜❧❡♠❛ ✭A,B,C ❡ ♦ ✐♥t❡r✈❛❧♦ J✮ ❡♠ r❡❧❛çã♦ ❛ ❞✐♠❡♥sã♦ ❞♦ ❝♦♥❥✉♥t♦ ❞❡
s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ❤♦♠♦❣ê♥❡♦ ✭✷✳✸✮❄ ❆♥t❡s ❞❡ r❡s♣♦♥❞❡r ❛ ❡ss❛ ♣❡r❣✉♥t❛✱
❛♣r❡s❡♥t❛r❡♠♦s ✉♠ ❡①❡♠♣❧♦ q✉❡ ✐❧✉str❛ ❡ss❡ ♣r♦❜❧❡♠❛✳

❊①❡♠♣❧♦ ✷✳✶✳ P❛r❛ q✉❛❧q✉❡r λ ∈ R✱ ❝♦♥s✐❞❡r❛♠♦s ♦ s❡❣✉✐♥t❡ ❡①❡♠♣❧♦ 2 −
dimensional ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠✿





(
x′ (t)

y′ (t)

)
=

(
0 1

−λ 0

)(
x (t)

y (t)

)
, t ∈ [0, 2π]

(
0 1

0 0

)(
x (0)

y (0)

)
+

(
0 0

0 1

)(
x (2π)

y (2π)

)
=

(
0

0

) .

◆♦t❡ q✉❡✱





x′ (t) = y (t)

y′ (t) = −λx (t)
y (0) = y (2π) = 0.

❉❡r✐✈❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ❡q✉❛çã♦✱ ♦❜t❡♠♦s

{
x′′ (t)+ λx (t) = 0, t ∈ [0, 2π] ,

x′ (0) = x′ (2π) = 0.
✭✷✳✺✮

❙❡ λ < 0✱ ❛ ❢✉♥çã♦ x é ❞❛❞❛ ♣❡❧❛ s❡❣✉✐♥t❡ ❡①♣r❡ssã♦ ❣❡r❛❧✿

x (t) = c1exp
(√

−λt
)
+ c2exp

(
−
√
−λt

)
, para c1, c2 ∈ R,

x′ (t) = c1
√
−λexp

(√
−λt

)
− c2

√
−λexp

(
−
√
−λt

)
.

❙✉❜st✐t✉✐♥❞♦ t = 0 ❡ t = 2π t❡♠♦s✿
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x′ (0) = c1
√
−λ− c2

√
−λ = 0,

x′ (2π) = c1
√
−λexp

(
2π

√
−λ
)
− c2

√
−λexp

(
−2π

√
−λ
)
= 0.

❆ss✐♠✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛✿

{
c1 − c2 = 0, c1, c2 ∈ R

c1
√
−λexp

(
2π

√
−λ
)
− c2

√
−λexp

(
−2π

√
−λ
)
= 0

.

❚❛❧ s✐st❡♠❛ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ s❡✱ ❡ ❝♦♠❡♥t❡ s❡✱

(
c1
c2

)
∈ Ker

{(
1 −1

exp
(
2π

√
−λ
)

exp
(
−2π

√
−λ
)
)}

=

{(
0
0

)}
.

❙❛❜❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ s♦❧✉çõ❡s ❞♦ s✐st❡♠❛ ❤♦♠♦❣ê♥❡♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❦❡r♥❡❧
❞♦ ♦♣❡r❛❞♦r L✱ ♦✉ s❡❥❛✱

Ker (L) =

{(
x
y

)
∈ W ; L

(
x
y

)
= X ′ − AX = 0

}

Ker (L) =

{(
0
0

)}
,

♦♥❞❡✿

L

(
x (· )
y (· )

)
=

(
x′ (· )
y′ (· )

)
−
(

0 1
−λ 0

)(
x (· )
y (· )

)

❞❡✜♥✐❞♦ ♥♦ ❡s♣❛ç♦✿

W =

{(
x
y

)
∈ AC ([0, 2π] ,R2) ;

(
0 1
0 0

)(
x (0)
y (0)

)
+

(
0 0
0 1

)(
x (2π)
y (2π)

)
=

(
0
0

)}
.

P♦rt❛♥t♦ ♣❛r❛ λ < 0✱ ✈❡r✐✜❝❛♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐❞❡r❛❞♦ t❡♠ s♦❧✉çã♦ tr✐✈✐❛❧
ú♥✐❝❛✳

❙❡ λ = 0✱ t❡♠✲s❡✿

x (t) = c1 + c2t e x′ (t) = c2.

❆✈❛❧✐❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛✱ t❡♠♦s x′ (0) = c2 = 0 ❡ x′ (2π) = c2 = 0 ♣❡❧♦
q✉❛❧ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ sã♦ s❛t✐s❢❡✐t❛s s❡✱ ❡ ❝♦♠❡♥t❡ s❡✱ c2 = 0✳ P♦rt❛♥t♦✱
q✉❛♥❞♦ λ = 0 ❝❛❞❛ s♦❧✉çã♦ ❝♦♥st❛♥t❡ ❞❡ x r❡s♦❧✈❡ ♥♦ss♦ ♣r♦❜❧❡♠❛ ✭✷✳✺✮✳ ❆❧é♠
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❞✐ss♦✱ dim (Ker) = 1✱ ♣♦✐s Ker (L) =
{(

c
0

)
; c ∈ R

}
❡ ❛s s♦❧✉çõ❡s ❞♦ s✐st❡♠❛

✭✷✳✺✮ sã♦ ❞❛❞♦s ♣❡❧♦ ❡s♣❛ç♦ ❧✐♥❡❛r ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❣❡r❛❞♦ ♣❡❧♦ ✈❡t♦r
(

1
0

)
✳

❙❡ λ > 0✱ ❛ ❡①♣r❡ssã♦ ❞❛ ❢✉♥çã♦ x é ❞❛❞❛ ♣♦r✿

x (t) = c1cos
(√

λt
)
+ c2sen

(√
λt
)

x′ (t) = −c1
√
λsen

(√
λt
)
+ c2

√
λcos

(√
λt
)
.

❆✈❛❧✐❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛✱ t❡♠♦s✿

x′ (0) = −c1
√
λsen (0) + c2

√
λcos (0) = 0

x′ (0) = c2
√
λ = 0

x′ ((2π)) = −c1
√
λsen

(√
λ (2π)

)
+ c2

√
λcos

(√
λ (2π)

)
= 0.

P♦rt❛♥t♦✱ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ sã♦ s❛t✐s❢❡✐t❛s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ c2 = 0 ❡

c1sen
(
2
√
λπ
)
= 0✳

❙❡ λ 6= n2

4
♣❛r❛ t♦❞♦ n ∈ N✱ t❡♠♦s q✉❡ ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ ♥♦ss♦ ♣r♦❜❧❡♠❛

✭✷✳✺✮ é ❛ s♦❧✉çã♦ ♥✉❧❛ ❡✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ♦ ♦♣❡r❛❞♦r L é ✐♥❥❡t✐✈♦✳ ❙❡ λ =
n2

4
♣❛r❛ ❛❧❣✉♠ n ∈ N✱ t❡♠♦s s♦❧✉çõ❡s ♥ã♦ tr✐✈✐❛✐s ❞❛ ❢♦r♠❛✿

x (t) = c1cos
n

2
t, c1 ∈ R

x′ (t) = y (t) = −c1
n

2
sen

(n
2
t
)
.

❆ss✐♠✱ Ker (L) é ♦ ❡s♣❛ç♦ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ❧✐♥❡❛r ❣❡r❛❞♦ ♣♦r✿

(
cosn

2
t

−n
2
senn

2
t

)
.

❆ss✐♠ t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✈❛❧♦r❡s ❞❡ λ
(
λn =

n2

4
, n = 0, 1, ...

)
♣❛r❛ ♦s q✉❛✐s

♦ ♣r♦❜❧❡♠❛ t❡♠ s♦❧✉çõ❡s ♥ã♦✲tr✐✈✐❛✐s✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡ ♦ ♥ú♠❡r♦ r❡❛❧ λn ❡

♦ ❡s♣❛ç♦ ❧✐♥❡❛r ❞❡ ❞✐♠❡♥sã♦ ✉♠✱ ❣❡r❛❞♦ ♣♦r
(

cosn
2
t

−n
2
senn

2
t

)
, ❝♦♥s✐st❡ ❞❛s s♦❧✉çõ❡s

♥ã♦ tr✐✈✐❛✐s ❞♦ ♣r♦❜❧❡♠❛ ❝♦♥s✐❞❡r❛❞♦✳

❊st❡ ❡①❡♠♣❧♦ ♠♦str❛ q✉❡✱ ❛♦ ❝♦♥trár✐♦ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡♠
❣❡r❛❧✱ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✸✮ ♥ã♦ t❡♠ s♦❧✉çã♦ ú♥✐❝❛✳ ❖❜s❡r✈❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✸✮
❝♦❜r❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ q✉❛♥❞♦ B é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❡ C ≡ 0✳ ❆
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r❡❣✉❧❛r✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ♠❛tr✐❝✐❛❧ A✱ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❊①✐stê♥❝✐❛ ❡ ❯♥✐❝✐❞❛❞❡ ❞❛s
❊❉❖✬s✱ ❣❛r❛♥t❡ s♦❧✉çã♦ ú♥✐❝❛ ❞♦ P✳❱✳■✳ ❡♠ t♦❞♦ ♦ ✐♥t❡r✈❛❧♦ J ✳

❚❡♦r❡♠❛ ✷✳✷✳ X é ✉♠❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
X = Y + P ✱ ♦♥❞❡ Y é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❤♦♠♦❣ê♥❡♦ ✭✷✳✸✮ ❡ P é ✉♠❛ s♦❧✉çã♦
♣❛rt✐❝✉❧❛r ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ Y ❡ P s❡❥❛♠ s♦❧✉çõ❡s ❞❡ ✭✷✳✸✮ ❡ ✭✷✳✶✮✲✭✷✳✷✮
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣❡❧♦ q✉❛❧✱ s❛t✐s❢❛③❡♠ Y ′ (t) = A (t)Y (t) ❡ P ′ (t) = A (t)P (t) +
f (t)✳ ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ t❡♠♦s q✉❡✿

Y ′ (t) + P ′ (t) = A (t)Y (t) + A (t)P (t) + f (t)
= A (t) (Y (t) + P (t)) + f (t)

,

♦♥❞❡X = Y +P s❛t✐s❢❛③ ♦ s✐st❡♠❛ ✭✷✳✶✮ ❡♠ J ✳ ❆❧é♠ ❞✐ss♦✱ X s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s
❞❡ ❢r♦♥t❡✐r❛✿

B (Y + P ) (a) + C (Y + P ) (b) = BY (a) + Bp (a) + CY (b) + CP (b)
= BY (a) + CY (b) + BP (a) + CP (b)
= 0 +BP (a) + CP (b)
= h.

P♦rt❛♥t♦✱ X é s♦❧✉çã♦ ❞❡ ✭✷✳✶✮✲✭✷✳✷✮✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s X1 ❡ X2✱ s♦❧✉çõ❡s ❞♦
♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮✱ ♦✉ s❡❥❛✱

X ′
1 (t) = A (t)X1 (t) + f (t) e X ′

2 (t) = A (t)X2 (t) + f (t) .

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ s♦❧✉çõ❡s t❛♠❜é♠ s❛t✐s❢❛③ ❛ ❊❉❖ ❧✐♥❡❛r
❤♦♠♦❣ê♥❡❛✿

X ′
1 (t)−X ′

2 (t) = A (t) (X1 (t)−X2 (t)) + f (t)− f (t)

= A (t) (X1 (t)−X2 (t)) ∀t ∈ J.

❆❧é♠ ❞✐ss♦✱ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛✿

B (X1 (a)−X2 (a)) + C (X1 (b)−X2 (b)) = BX1 (a)− BX2 (a) + CX1 (b)−
CX2 (b)

= BX1 (a) + CX1 (b)−
(BX2 (a) + CX2 (b)) .

❈♦♠♦ X1 ❡ X2 sã♦ s♦❧✉çõ❡s ❞❡ ✭✷✳✶✮✲✭✷✳✷✮✱ s❛t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛✱
♦✉ s❡❥❛✱ BX1 (a) + CX1 (b) = h ❡ BX2 (a) + CX2 (b) = h✳ ❉❛í✱ t❡♠♦s✱

B (X1 (a)−X2 (a)) + C (X1 (b)−X2 (b)) = 0,
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♦✉ s❡❥❛✱ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛
❤♦♠♦❣ê♥❡♦ ✭✷✳✸✮ �

❙❡❥❛ φ : J −→ Mn×n ✉♠❛ ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧ ❛ss♦❝✐❛❞❛ ❛♦ s✐st❡♠❛ ✭✷✳✸✮✱
✐st♦ é✱ φ é ✉♠❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ♠❛tr✐❝✐❛❧ ❧✐♥❡❛r✿

φ′ (t) = A (t)φ (t) , t ∈ J. ✭✷✳✻✮

❈❤❡❣❛♠♦s ❛♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❡ ✉♥✐❝✐❞❛❞❡ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲
✭✷✳✷✮

❚❡♦r❡♠❛ ✷✳✸✳ ❖ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ t❡♠ s♦❧✉çã♦ ú♥✐❝❛ X ∈ AC (J,Rn) s❡✱ ❡
s♦♠❡♥t❡ s❡✿

det (Mφ) 6= 0, ✭✷✳✼✮

♦♥❞❡ φ é ✉♠❛ ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ s✐st❡♠❛ ✭✷✳✸✮ ❡ Mφ ≡ Bφ (a) + Cφ (b)✳

❉❡♠♦♥str❛çã♦✿ ❯s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ ✈❛r✐❛çã♦ ❞❡ ♣❛râ♠❡tr♦s✱ t❡♠♦s X ∈
AC (J,Rn) é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st❡ λ ∈ Rn t❛❧ q✉❡

X (t) = φ (t)λ+ φ (t)

∫ t

a

φ−1 (s) f (s) ds, t ∈ J. ✭✷✳✽✮

❆ ❢✉♥çã♦ X s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❡ ✈❛❧♦r ♥❛ ❢r♦♥t❡✐r❛ ✭✷✳✷✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✿

h = BX (a) + CX (b)

= B (φ (a)λ+ φ (a)) + C

(
φ (b)λ+ φ (b)

∫ b

a

φ−1 (s) f (s) ds

)

= Bφ (a)λ+ Cφ (b)λ+ Cφ (b)

∫ b

a

φ−1 (s) f (s) ds

= (Bφ (a) + Cφ (b))λ+ Cφ (b)

∫ b

a

φ−1 (s) f (s) ds.

❈♦♠♦ Mφ ≡ Bφ (a) + Cφ (b)✱ ✜♥❛❧♠❡♥t❡✱ ♦❜t❡♠♦s✱

Mφλ = h− Cφ (b)

∫ b

a

φ−1 (s) f (s) ds. ✭✷✳✾✮

❈♦♥❝❧✉í♠♦s q✉❡ ❡ss❛ ❡q✉❛çã♦ t❡♠ s♦❧✉çã♦ ú♥✐❝❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Mφ é ✐♥✈❡rtí✈❡❧✳
�

❈♦r♦❧ár✐♦ ✷✳✹✳ ❖ ♣r♦❜❧❡♠❛ ✭✷✳✸✮ t❡♠ ❛♣❡♥❛s ❛ s♦❧✉çã♦ tr✐✈✐❛❧ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ t❡♠ s♦❧✉çã♦ ú♥✐❝❛✳

❖❜s❡r✈❛çã♦ ✷✳✺✳ ◆♦t❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❡ ♦ ♣r♦❜❧❡♠❛ ❞❡
✈❛❧♦r t❡r♠✐♥❛❧ tê♠ ✉♠❛ s♦❧✉çã♦ ú♥✐❝❛✳ P❛r❛ ♣❡r❝❡❜❡r ✐st♦✱ é s✉✜❝✐❡♥t❡ ❧❡✈❛r ❡♠
❝♦♥t❛ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❝♦rr❡s♣♦♥❞❡ ❡♠ ❡s❝♦❧❤❡r B = In ❡ C = 0
(Mφ = φ (a)) ❡ ♦ ♣r♦❜❧❡♠❛ t❡r♠✐♥❛❧ ❝♦rr❡s♣♦♥❞❡ ❡♠ ❡s❝♦❧❤❡r B = 0 ❡ C = In
(Mφ = φ (b))✱ ♦♥❞❡ In é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ n−❞✐♠❡♥s✐♦♥❛❧✳
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❖❜s❡r✈❛çã♦ ✷✳✻✳ ❉❛❞♦ ✷ ♠❛tr✐③❡s ❢✉♥❞❛♠❡♥t❛✐s φ ❡ ψ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✸✮✱ ❡①✐st❡
✉♠❛ ♠❛tr✐③ ❝♦♥st❛♥t❡ ♥ã♦ s✐♥❣✉❧❛r n× n D✱ t❛❧ q✉❡✱ φ (t) = ψ (t)D✳ ❆ss✐♠✱

Mφ = Bφ (a) + Cφ (b) = (Bψ (a) + Cψ (b))D =MψD.

❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ❛ ❝♦♥❞✐çã♦ ✭✷✳✼✮ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛ ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧
❡s❝♦❧❤✐❞❛✳

❖❜s❡r✈❛çã♦ ✷✳✼✳ ◆♦t❡♠♦s q✉❡✱ q✉❛♥❞♦ ❛ ❝♦♥❞✐çã♦ ✭✷✳✼✮ é s❛t✐s❢❡✐t❛✱ ❛ s♦❧✉çã♦
ú♥✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ é ❞❛❞❛ ♣♦r✿

X (t) = φ (t)M−1
φ

(
h− Cφ (b)

∫ b

a

φ−1 (s) f (s) ds

)
+ φ (t)

∫ t

a

φ−1 (s) f (s) ds.

✭✷✳✶✵✮

❉❡ ❢❛t♦✱ ❝♦♠♦ Mφ é ✐♥✈❡rtí✈❡❧✱ ❞❡ ✭✷✳✾✮ t❡♠♦s✿

λ =M−1
φ

(
h− Cφ (b)

∫ b

a

φ−1 (s) f (s) ds

)
.

❙✉❜st✐t✉✐♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ❡♠ ✭✷✳✽✮✱ ♦❜t❡♠♦s✿

X (t) = φ (t)

(
M−1

φ

(
h− Cφ (b)

∫ b

a

φ−1 (s) f (s) ds

))
+ φ (t)

∫ t

a

φ−1 (s) f (s) ds,

❡ ❛ s♦❧✉çã♦ X (t) t❛♠❜é♠ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ✭✷✳✷✮✳

❖❜s❡r✈❡ q✉❡ ❛ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s é ❣❛r❛♥t✐❞❛ s❡♠ ❛ ✐♥✢✉ê♥❝✐❛ ❞❛ ♣❛rt❡ ♥ã♦
❤♦♠♦❣é♥❡❛ f ❡ h✳

◆♦t❡ q✉❡✱ é ✐♠❡❞✐❛t♦ ✈❡r✐✜❝❛r q✉❡ ❛ ❡①♣r❡ssã♦ ❡♠ ✭✷✳✶✵✮ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛
♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧ φ ❡s❝♦❧❤✐❞❛✳

❖❜s❡r✈❛çã♦ ✷✳✽✳ ❙❡ ✭✷✳✼✮ ♥ã♦ s❡ ❝✉♠♣r❡✱ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮✱ t❡♠ s♦❧✉çã♦
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ s✐st❡♠❛ ❛❧❣é❜r✐❝♦ ✭✷✳✾✮ t❛♠❜é♠ t❡♠ s♦❧✉çã♦✳ ■st♦ é ♣♦ssí✈❡❧
s♦♠❡♥t❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ ♦ ♣♦st♦ ❞❡ Mφ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ♣♦st♦ ❞❛ ♠❛tr✐③✳

(
Mφ

∣∣∣∣h− Cφ (b)

∫ b

a

φ−1 (s) f (s) ds

)
.

◆❡st❛ s✐t✉❛çã♦✱ ❛♦ ❝♦♥trár✐♦ ❞♦ ❝❛s♦ ❞❡ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s✱ ❛ ❡①✐stê♥❝✐❛ ✭♦✉
♥ã♦✮ ❞❡ s♦❧✉çõ❡s✱ ❞❡♣❡♥❞❡ ❞❛ ♣❛rt❡ ♥ã♦ ❤♦♠♦❣ê♥❡❛ ❞♦ s✐st❡♠❛ f ❡ h✳ ❆❧é♠ ❞✐ss♦✱
s❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ s♦❧✉çõ❡s é ♥ã♦ ✈❛③✐♦✱ ❡ss❡ ❝♦♥s✐st❡ ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❛✜♠
❞❡ ❞✐♠❡♥sã♦ n − posto (Mφ)✳ ❉❛ ♦❜s❡r✈❛çã♦ ✷✳✻✱ ❡ss❡ ♣♦st♦ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞❛
❡s❝♦❧❤❛ ❞❛ ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧ φ✳
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❖❜s❡r✈❛çã♦ ✷✳✾✳ ➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡✱ ♣❛r❛ ❣❛r❛♥t✐r ❛ ✉♥✐❝✐❞❛❞❡ ❞❡
s♦❧✉çõ❡s ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ ♣❛r❛ q✉❛❧q✉❡r x ∈ L1 (J,Rn) ❡ h ∈ Rn✱ ❛s
❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ❡♥✈♦❧✈✐❞❛s ❡♠ ✭✷✳✷✮ ❞❡✈❡♠ ❞❡✜♥✐r n ❝♦♥❞✐çõ❡s ❧✐♥❡❛r♠❡♥t❡
✐♥❞❡♣❡♥❞❡♥t❡s✳ ❊♥tã♦ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛✿

posto (B |C ) = n. ✭✷✳✶✶✮

P♦ré♠✱ ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ q✉❡ ✭✷✳✶✶✮ ♥ã♦ ✐♠♣õ❡ ❛❧❣✉♠❛ r❡str✐çã♦ ♥❛ ❢✉♥çã♦
♠❛tr✐❝✐❛❧ A (t)✱ ❡st❛ ❝♦♥❞✐çã♦ ♥ã♦ é s✉✜❝✐❡♥t❡✳ P♦r ❡①❡♠♣❧♦✱ ♣❛r❛ ♦❧❤❛r ✐ss♦ é
s✉✜❝✐❡♥t❡ ♣❡♥s❛r ♥♦ ♣r♦❜❧❡♠❛ ❤♦♠♦❣ê♥❡♦ ✭✷✳✸✮✱ ❝♦♠ A (t) = 0✱ ♠✉♥✐❞♦ ❝♦♠
❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ♣❡r✐ó❞✐❝❛s B = −C = In✳ ➱ ✐♠❡❞✐❛t♦ ✈❡r✐✜❝❛r q✉❡ ♥❡st❡
❝❛s♦ ❛ ❝♦♥❞✐çã♦ ✭✷✳✶✶✮✱ é s❛t✐s❢❡✐t❛✳ P♦ré♠✱ q✉❛❧q✉❡r ✈❡t♦r ❝♦♥st❛♥t❡ ❡♠ Rn é
✉♠❛ s♦❧✉çã♦ ❞❡ ✭✷✳✸✮✳

❚❡♥❞♦ ❡♠ ♠❡♥t❡ ❛ ♦❜s❡r✈❛çã♦ ✷✳✾✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ♦❜t❡r ✉♠❛
❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮✱ q✉❡ ❡♥✈♦❧✈❡
❛ ❝♦♥❞✐çã♦ ✭✷✳✶✶✮✳

❆ s♦❧✉çã♦ ❣❡r❛❧ ❞♦ s✐st❡♠❛ ❞✐❢❡r❡♥❝✐❛❧ ✭✷✳✶✮ é ❞❛❞♦ ♣♦r ✭✷✳✽✮✱ ♦✉
❛❧t❡r♥❛t✐✈❛♠❡♥t❡ ♣♦r✿

X (t) = φ (t)λ+ φ (t)

∫ t

t0

φ−1 (s) f (s) ds, λ ∈ Rn, ✭✷✳✶✷✮

♦♥❞❡ t0 ∈ J ♣♦❞❡ s❡r ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✳

P❛r❛ ✜♥s ♣♦st❡r✐♦r❡s✱ s❡rá ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ✜①❛♠♦s t0 ∈ (a, b)✱ ❞❛í ❛ s♦❧✉çã♦
X ❞❛❞❛ ♣♦r ✭✷✳✶✷✮ é s♦❧✉çã♦ ❞❡ ✭✷✳✶✮✲✭✷✳✷✮ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ λ ∈ Rn r❡s♦❧✈❡ ♦
s❡❣✉✐♥t❡ s✐st❡♠❛ ❛❧❣é❜r✐❝♦

Mφλ = h− Bφ (a)

∫ a

t0

φ−1 (s) f (s) ds− Cφ (b)

∫ b

t0

φ−1 (s) f (s) ds, ✭✷✳✶✸✮

♦♥❞❡ Mφ é ❞❛❞♦ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✸✳

❊♠ s❡❣✉✐❞❛✱ ❛♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐♥t❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ✉♥✐❝✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s
❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ ♣♦r ♠❡✐♦ ❞❛s ❝♦♥❞✐çõ❡s ✭✷✳✶✶✮✳

❚❡♦r❡♠❛ ✷✳✶✵✳ ❙❡❥❛ L : W → L1 (J,Rn) ♦♣❡r❛❞♦r ❧✐♥❡❛r ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✹✮ ❡ s❡❥❛
φ : J −→ Mn×n ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ s✐st❡♠❛ ❤♦♠♦❣ê♥❡♦ ✭✷✳✸✮✳ ❆s s❡❣✉✐♥t❡s
❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✶✳ ❖ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ t❡♠ s♦❧✉çã♦ ú♥✐❝❛ x ∈ AC (J,Rn)❀

✷✳ det (Mφ) 6= 0❀

✸✳ L é ❜✐❥❡t✐✈❛❀

✹✳ L é ✐♥❥❡t✐✈❛❀
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✺✳ L é s♦❜r❡❥❡t✐✈❛ ❡ ❛ ❝♦♥❞✐çã♦ posto (B |C ) = n é s❛t✐s❢❡✐t❛✳

❉❡♠♦♥str❛çã♦✿ ❆s ❛✜r♠❛çõ❡s ✶✱ ✷ ❡ ✸ sã♦ ❡q✉✐✈❛❧❡♥t❡s ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✸ ❡ ❞❡
❢❛t♦ é tr✐✈✐❛❧ q✉❡ ✸ ✐♠♣❧✐❝❛ ✹✳

Pr♦✈❡♠♦s q✉❡ ✹ ✐♠♣❧✐❝❛ ✷✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡♠♦s q✉❡ ✹ ❣❛r❛♥t❡ q✉❡ u = 0 é
❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡ ✭✷✳✸✮ ❡ ✐ss♦ ♣♦r s✉❛ ✈❡③ é ❡q✉✐✈❛❧❡♥t❡ ♣❛r❛ ❞✐③❡r q✉❡ λ = 0 ∈ Rn

é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❛❧❣é❜r✐❝♦ Mφλ = 0✱ ♦ q✉❛❧ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r
q✉❡ det (Mφ) 6= 0✳ ❊♥tã♦ ♥ós t❡♠♦s q✉❡ ❛s q✉❛tr♦ ♣r✐♠❡✐r❛s ❛✜r♠❛çõ❡s sã♦
❡q✉✐✈❛❧❡♥t❡s✳ ❆❣♦r❛ ♠♦str❡♠♦s q✉❡ ❡❧❛s sã♦ ❡q✉✐✈❛❧❡♥t❡s à ❛✜r♠❛çã♦ ✺✳ P❛r❛ ✈❡r
✐ss♦✱ s✉♣♦♥❤❛♠♦s ❛ ❝♦♥❞✐çã♦ ✸✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ L é s♦❜r❡❥❡t✐✈❛ ❡ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡
❞❡ ✺ é ♣r♦✈❛❞❛✳

Pr♦✈❡♠♦s ❛❣♦r❛ q✉❡ ✸ ✐♠♣❧✐❝❛ ✭✷✳✶✶✮✳ ❏á ♠♦str❛♠♦s q✉❡ ✐♠♣❧✐❝❛ ✷✱ ❡♥tã♦✱ ♣❛r❛
❝❛❞❛ w ∈ Rn ❡①✐st❡ λ ∈ Rn t❛❧ q✉❡ Mφλ = w✱ ✐st♦ é✱ Bφ (a)λ + Cφ (b)λ = w✱
✐ss♦ ✐♠♣❧✐❝❛ q✉❡ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r

T : Rn × Rn −→ Rn

(v1, v2) 7−→ T (v1, v2) = Bv1 + Cv2

= (B |C )

(
v1
v2

)

é s♦❜r❡❥❡t✐✈❛✱ ♦✉ s❡❥❛✱ t❡♠ ♣♦st♦ n✱ ♦♥❞❡ B, C ∈ Mn×n✳

❋✐♥❛❧♠❡♥t❡✱ ♣r♦✈❡♠♦s q✉❡ ✺ ✐♠♣❧✐❝❛ ✷✳ ❆ ❝♦♥❞✐çã♦ ✭✷✳✶✶✮ ❣❛r❛♥t❡ q✉❡ ♣❛r❛
✉♠ w ∈ Rn ✜①❛❞♦ ❡①✐st❡♠ v1, v2 ∈ Rn t❛✐s q✉❡ Bv1 + Cv2 = −w✳ ❋✐①❛♠♦s
t0 ∈ (a, b)✱ ❞❡✜♥✐♠♦s ❛ ❢✉♥çã♦ ✐♥t❡❣rá✈❡❧ ❞❛❞❛ ♣♦r✿

f (t) =





1

a− t0
φ−1 (a) v1, se a ≤ t ≤ t0,

1

b− t0
φ−1 (b) v2, se t0 < t ≤ b.

◆♦t❡ q✉❡ ✺ ❣❛r❛♥t❡ q✉❡ ♦ ♣r♦❜❧❡♠❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ✭✷✳✶✮✲✭✷✳✷✮ ❝♦♠ h = 0✱ t❡♠
♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ X ♦✉✱ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠ λ ∈ Rn

♦ q✉❛❧ s❛t✐s❢❛③ ✭✷✳✶✸✮ ❝♦♠ h = 0✳ ❙✉❜st✐t✉✐♥❞♦ ❛ ❡①♣r❡ssã♦ ❞❡ f ❡♠ ✭✷✳✶✸✮ ❝♦♠
h = 0 t❡♠♦s Mφλ = −Bv1 − Cv2 = w✳ ❉❛❞♦ q✉❡ w é ✜①❛❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡ ❡♠
Rn✱ ❞❡❞✉③✐♠♦s q✉❡ ❛ ♠❛tr✐③ t❡♠ ♣♦st♦ ♠á①✐♠♦ ♦ q✉❛❧ ✐♠♣❧✐❝❛ ✷✳ �

❊①❡♠♣❧♦ ✷✳✶✶✳ ❉❛❞♦ h1✱ h2 ∈ R✱ ♦❜t❡♠♦s ❛ ❡①♣r❡ssã♦ ❞❛ s♦❧✉çã♦ ❞♦ s❡❣✉✐♥t❡
s✐st❡♠❛✿

{
x′ (t) = y (t) , t ∈ [0, 2π] , x (0) = h1,

y′ (t) = −x (t) , t ∈ [0, 2π] , y (2π) = h2.

❖ s✐st❡♠❛ s❛t✐s❢❛③ ❛ ❢♦r♠❛ ✭✷✳✶✮✲✭✷✳✷✮ ♣❛r❛✿

A (t) =

(
0 1
−1 0

)
✱ f (t) =

(
0
0

)
✱ B =

(
1 0
0 0

)
✱ C =

(
0 0
0 1

)
✱ h =

(
h1
h2

)
✱

posto (B |C ) = 2.
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❉❛❞♦ q✉❡ A é ✉♠❛ ❢✉♥çã♦ ❝♦♥st❛♥t❡✱ s❛❜❡♠♦s q✉❡ eAt é ❛ ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧ ❞♦
s✐st❡♠❛✱ ♦✉ s❡❥❛✱

φ (t) =

(
cos t sen t

−sen t cos t

)
,

Mφ = Bφ (0) + Cφ (2π) =

(
1 0
0 1

)
,

❧♦❣♦ Mφ é ✐♥✈❡rtí✈❡❧✳ ❆ ❝♦♥❞✐çã♦ ✭✷✳✼✮ é s❛t✐s❢❡✐t❛ ❡✱ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛✱ ❡ss❡
♣r♦❜❧❡♠❛ t❡♠ s♦❧✉çã♦ ú♥✐❝❛ ♣❛r❛ ❝❛❞❛ h1✱ h2 ∈ R✳ ❆❧é♠ ❞✐ss♦✱ ❞❡ ✭✷✳✶✵✮ t❡♠♦s✿

X (t) = φ (t)

(
M−1
φ

(
h− Cφ (b)

∫ b

a

φ−1 (s) f (s) ds

))
+ φ (t)

∫ t

a

φ−1 (s) f (s) ds,

X (t) = φ (t)M−1
φ h✱ Mφ =

(
1 0
0 1

)
eM−1

φ =

(
1 0
0 1

)
. ❆ss✐♠✱

X (t) =

(
cos t sen t

−sen t cos t

)(
1 0
0 1

)(
h1
h2

)
,

X (t) =

(
cos t sen t

−sen t cos t

)(
h1
h2

)
=

(
h1cos t+ h2sen t
−h1sen t+ h2cos t

)
,

X (t) =

(
x (t)
y (t)

)
=

(
h1cos t+ h2sen t
−h1sen t+ h2cos t

)
.

❊①❡♠♣❧♦ ✷✳✶✷✳ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿

u′′ (t) + u (t) = 0, t ∈ [0, 2π] , u (0) + u (2π) = 1.

❉❡♥♦t❡♠♦s x (t) = u (t) ❡ y (t) = u′ (t)✳ ❖ s✐st❡♠❛ ❡q✉✐✈❛❧❡♥t❡ é ❞❛❞♦ ♣♦r✿

A (t) =

(
0 1
−1 0

)
✱ f (t) =

(
0
0

)
✱ B =

(
1 0
0 0

)
✱ C =

(
1 0
0 0

)
✱ h =

(
1
0

)
.

◆❡st❡ ❝❛s♦ B |C =

(
1 0
0 0

∣∣∣∣
1 0
0 0

)
. ❊♥tã♦✱ posto (B |C ) = 1✱ ♣❡❧♦ q✉❡ ✭✷✳✶✶✮

♥ã♦ é s❛t✐s❢❡✐t❛✳ ❖ ❚❡♦r❡♠❛ ✷✳✶✵ ❣❛r❛♥t❡ q✉❡ L ♥ã♦ é ❜✐❥❡t✐✈❛ ❡♠ W ✳ ❆❧é♠ ❞✐ss♦✱

φ (t) =

(
cos t sen t

−sen t cos t

)
, eMφ = Bφ (0) + Cφ (2π) =

(
2 0
0 0

)
.

❆ss✐♠ ✱ ❛ ❝♦♥❞✐çã♦ ✭✷✳✼✮ ♥ã♦ é ❝✉♠♣r✐❞❛✳ P♦rt❛♥t♦ ♥♦ss♦ ♣r♦❜❧❡♠❛ t❡♠ s♦❧✉çã♦
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ s✐st❡♠❛ ❛❧❣é❜r✐❝♦ ✭✷✳✾✮ t❡♠ s♦❧✉çã♦✳ ◆❡t❡ ❝❛s♦ r❡❡s❝r❡✈❡♠♦s
✭✷✳✾✮ ❝♦♠♦✿

Mφλ =

(
2 0
0 0

)(
λ1
λ2

)
=

(
1
0

)
✱ ♦✉ s❡❥❛✱

(
2λ1
0

)
=

(
1
0

)
, então λ1 = 1

2
✱

λ2 ∈ R✳ ◆❡st❡ ❝❛s♦✱ ❛ s♦❧✉çã♦ é ❞❛❞❛ ♣♦r✱
(

1
2

λ2

)
❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

❞❡❞✉❝✐♠♦s ❞❡ ✭✷✳✽✮ q✉❡✿
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X (t) =

(
cos t sen t

−sen t cos t

)(
1
2

λ2

)
,

X (t) =

(
1
2
cos t +λ2sen t

−1
2
sen t +λ2cos t

)
=

(
x (t)
y (t)

)
,

u (t) = x (t) = 1
2
cos t + λ2sen t✱ λ2 ∈ R✱ ♦ q✉❛❧ ❢♦r♠❛ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❛✜♠

✉♥✐❞✐♠❡♥s✐♦♥❛❧ ✭2− posto (Mφ) = 1✮✳

❊①❡♠♣❧♦ ✷✳✶✸✳ ❉❛❞♦s h1✱ h2 ∈ R✱ ❝♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛✿





u′′ (t) + u (t) = 0, t ∈ [0, 2π] ,

u (0) = u (2π) + h1,

u′ (2π) = u′ (2π) + h2.

❈♦♠♦ ♥♦s ❡①❡♠♣❧♦s ❛♥t❡r✐♦r❡s✱ t❡♠♦s q✉❡ ❡st❡ ♣r♦❜❧❡♠❛ é ❡q✉✐✈❛❧❡♥t❡ ❛♦
s✐st❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ ❝♦♠✿

A (t) =

(
0 1
−1 0

)
✱ f (t) =

(
0
0

)
✱ B =

(
1 0
0 1

)
✱ C =

(
−1 0
0 −1

)
✱

h =

(
h1
h2

)
✳ ❆❧é♠ ❞✐ss♦✱

φ (t) =

(
cos t sen t

−sen t cos t

)
, eMφ = Bφ(0) + Cφ(2π) =

(
0 0
0 0

)
,

Mφ ♥ã♦ é ✐♥✈❡rtí✈❡❧✱ Mφλ = h✳ P♦rt❛♥t♦✱ ❡st❡ ♣r♦❜❧❡♠❛ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛

s♦❧✉çã♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ h1 = h2 = 0✳ ◆❡st❡ ❝❛s♦ ✭✷✳✾✮ t❡♠ s♦❧✉çã♦
(
λ1
λ2

)
✱

λ1, λ2 ∈ R✳ ❊ss❛s s♦❧✉çõ❡s sã♦

X (t) = φ (t)λ =

(
cos t sen t

−sen t cos t

)(
λ1
λ2

)
,

X (t) =

(
λ1cos t +λ2sen t

−λ1sen t +λ2cos t

)
=

(
x (t)
y (t)

)
,

u (t) = x (t) = λ1cost+λ2sent✳ ◆❡st❡ ❝❛s♦ t❡♠♦s ✉♠ ❡s♣❛ç♦ ❧✐♥❡❛r ✷✲❞✐♠❡♥s✐♦♥❛❧
❞❡ s♦❧✉çõ❡s ❣❡r❛❞❛s ♣♦r cos t✱ sen t ✭2− posto (Mφ) = 2✮✳

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❢✉♥çã♦ ❝❛r❛❝t❡r✐st✐❝❛ X(0,t) ❡♠ (0, t)✱ ❛ ✐❣✉❛❧❞❛❞❡ ✭✷✳✶✵✮ ♣♦❞❡
s❡r ❡s❝r✐t❛ ❝♦♠♦✿

X (t) = φ (t)

(
M−1
φ

(
h− Cφ (b)

∫ b

a

φ−1 (s) f (s) ds

))
+ φ (t)

∫ t

a

φ−1 (s) f (s) ds,

X (t) = φ (t)M−1
φ

(
h− Cφ (b)

∫ b

a

φ−1 (s) f (s) ds

)
+ φ (t)

∫ b

a

φ−1 (s)X(0,t) (s) f (s) ds,
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X (t) = φ (t)M−1
φ h−φ (t)M−1

φ Cφ (b)

∫ b

a

φ−1 (s) f (s) ds+φ (t)

∫ b

a

φ−1 (s)X(0,t) (s) f (s) ds,

X (t) = φ (t)M−1
φ h−

∫ b

a

(
φ (t)M−1

φ Cφ (b)φ−1 (s) f (s) + φ (t)φ−1 (s)X(0,t) (s) f (s)
)
ds,

X (t) = φ (t)M−1
φ h−

∫ b

a

(
φ (t)M−1

φ Cφ (b)φ−1 (s) + φ (t)φ−1 (s)X(0,t) (s)
)
f (s) ds,

♦♥❞❡✱

φ (t)φ−1 (s)X(0,t) (s) =

{
φ (t)φ−1 (s) se a ≤ s < t ≤ b,
0 se a ≤ t < s ≤ b.

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛✱

G (t, s) = −φ (t)M−1
φ Cφ (b)φ−1 (s) + φ (t)φ−1 (s)X(0,s) (s)✱ ♦♥❞❡

G (t, s) =

{
−φ (t)M−1

φ Cφ (b)φ−1 (s) + φ (t)φ−1 (s) se a ≤ s < t ≤ b,

−φ (t)M−1
φ Cφ (b)φ−1 (s) se a ≤ t < s ≤ b.

✭✷✳✶✹✮

❉❛í✱ r❡❡s❝r❡✈❡♠♦s X (t) ❝♦♠♦✿

X (t) =

∫ b

a

G (t, s) f (s) ds+ φ (t)M−1
φ h. ✭✷✳✶✺✮

❆ ❢✉♥çã♦ G : (J × J) |{(t, t) , t ∈ J} −→ Mn×n é ❝❤❛♠❛❞❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥
❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ✭✷✳✸✮ ❝♦♥❢♦r♠❡ ❛ ❞❡✜♥✐çã♦ ✷✳✶✺✳ ◆♦t❡ q✉❡✱ ❛ ❢✉♥çã♦ ❞❡
●r❡❡♥ G ≡ (Gi,j)✱ i, j ∈ {1, ..., n} ♥ã♦ ❡st❛ ❞❡✜♥✐❞❛ ♥❛ ❞✐❛❣♦♥❛❧ ❞♦ q✉❛❞r❛❞♦ J×J ✱
✐st♦ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ q✉❡ lim

s→t+
Gi,i (t, s) = Gi,i (t, t

+) 6= Gi,i (t, t
−) = lim

s→t−
Gi,i (t, s)✱

♣❛r❛ t♦❞♦ i ∈ {1, ..., n}✳

❯♠❛ ✈❡③ q✉❡ i 6= j✱ ❛ ❢✉♥çã♦ Gi,j ♣♦❞❡ s❡r ❝♦♥t✐♥✉❛♠❡♥t❡ ❡st❡♥❞✐❞❛ ♣❛r❛ ❛
❞✐❛❣♦♥❛❧✳ P❛r❛ ❡✈✐t❛r t❡❞✐♦s❛s ♥♦t❛çõ❡s✱ ❡♠ ♠✉✐t❛s ❞❛s s✐t✉❛çõ❡s✱ ❛ ❢✉♥çã♦ G é
❞❡✜♥✐❞❛ ❡♠ t♦❞♦ ♦ q✉❛❞r❛❞♦ J × J s♦❜ ❛s s✉♣♦s✐çõ❡s q✉❡✱ q✉❛♥❞♦ t = s ❡ i = j✱
❞❡✈❡♠♦s ❞❡✜♥✐r Gi,i (t, t) ❝♦♠♦ Gi,i (t, t

+) ♦✉ Gi,i (t, t
−)✳

❖❜s❡r✈❛çã♦ ✷✳✶✹✳ ❉❡st❛❝❛♠♦s q✉❡✱ ❞❛ ❡①♣r❡ssã♦ ✭✷✳✶✺✮✱ é ✐♠❡❞✐❛t♦ ✈❡r✐✜❝❛r q✉❡

Y (t) =

∫ b

a

G (t, s) f (s) ds

é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛

{
Y ′(t) = A(t)Y (t) + f(t), t ∈ J,

BY (a) + CY (b) = 0.

❆❧é♠ ❞✐ss♦✱ Z (t) = φ (t)M−1
φ h é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛✿
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{
Z ′ (t) = A (t)Z (t) , t ∈ J,

BZ (a) + CZ (b) = h.

❉❡✈✐❞♦ à r❡❣✉❧❛r✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ♠❛tr✐❝✐❛❧ A✱ t❡♠♦s q✉❡ ❛ ❢✉♥çã♦ φ
é ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛✳ ❊♠ ❝♦♥s❡q✉ê♥❝✐❛✱ G é ❝♦♥tí♥✉❛ ♥♦s tr✐â♥❣✉❧♦s
{(t, s) ∈ R2, a ≤ s < t ≤ b} ❡ {(t, s) ∈ R2, a ≤ t < s ≤ b}✳ ❆❧é♠ ❞✐ss♦✱ ❛♦ ❧♦♥❣♦
❞❛ ❞✐❛❣♦♥❛❧✱ t❡♠♦s q✉❡✿

G (t+, t) = G (t, t−) = −φ (t)M−1
φ Cφ (b)φ−1 (t) + In ❡

G (t−, t) = G (t, t+) = −φ (t)M−1
φ Cφ (b)φ−1 (t)✳ P♦rt❛♥t♦✱ ♦s ❡❧❡♠❡♥t♦s ❞❛

❞✐❛❣♦♥❛❧ ❞❛ ❢✉♥çã♦ ♠❛tr✐❝✐❛❧✿ G (t, s) ≡ (Gi,j (t, s))i,j∈{1,...,n} ❞ã♦ ✉♠ s❛❧t♦ ✭♦ q✉❡
é ✐❣✉❛❧ ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✮ ♥❛ ❞✐❛❣♦♥❛❧ ❞❡ J×J ✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♣❛r❛ t♦❞♦
i ∈ {1, ..., n} ❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s sã♦ s❛t✐s❢❡✐t❛s✿

lim
s→t+

Gi,i (s, t) = lim
s→t−

Gi,i (t, s) = 1 + lim
s→t+

Gi,i (t, s) = 1 + lim
s→t−

Gi,i (s, t) . ✭✷✳✶✻✮

❉❡✜♥✐çã♦ ✷✳✶✺✳ ◆ós ❞✐③❡♠♦s q✉❡ G é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✸✮
s❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✶✳ G ≡ (Gi,j)i,j∈{1,...,n} : (J × J) |{(t, t) , t ∈ J} −→ Mn×n ✳

✷✳ G é ❛❜s♦❧✉t❛♠❡♥t❡ ❝♦♥tí♥✉❛ ♥♦s tr✐â♥❣✉❧♦s {(t, s) ∈ R2, a ≤ s < t ≤ b} ❡
{(t, s) ∈ R2, a ≤ t < s ≤ b}✳

✸✳ P❛r❛ t♦❞♦ i 6= j✱ ❛s ❢✉♥çõ❡s ❡s❝❛❧❛r❡s Gi,j tê♠ ✉♠❛ ❡①t❡♥sã♦ ❝♦♥tí♥✉❛ ♣❛r❛
J × J ✳

✹✳ P❛r❛ t♦❞♦ s ∈ (a, b) ❛ s❡❣✉✐♥t❡ ✐❣✉❛❧❞❛❞❡ é s❛t✐s❢❡✐t❛✿
∂

∂t
G (t, s) =

A (t)G (t, s)✱ ♣❛r❛ q✳t✳♣✳ t ∈ J \{s} ✳

✺✳ P❛r❛ t♦❞♦ s ∈ (a, b) ❡ i ∈ {1, ..., n}✱ ❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s sã♦ s❛t✐s❢❡✐t❛s✿

lim
s→t+

Gi,j (s, t) = lim
s→t−

Gi,j (t, s) = 1 + lim
s→t+

Gi,j (t, s) = 1 + lim
s→t−

Gi,j (s, t) .

✻✳ P❛r❛ ❝❛❞❛ s ∈ (a, b) ❛ ❢✉♥çã♦ t −→ G (t, s) s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞❡
❢r♦♥t❡✐r❛✿ BG (a, s) + CG (b, s) = 0.

❆❣♦r❛✱ ❡st❛♠♦s ❡♠ ❝♦♥❞✐çõ❡s ❞❡ ♣r♦✈❛r ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ ❞❡ ❡①✐stê♥❝✐❛ ❡
✉♥✐❝✐❞❛❞❡ ❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥✳

❚❡♦r❡♠❛ ✷✳✶✻✳ ❖ ♣r♦❜❧❡♠❛ ✭✷✳✸✮ t❡♠ s♦♠❡♥t❡ ❛ s♦❧✉çã♦ tr✐✈✐❛❧ s❡✱ ❡ s♦♠❡♥t❡
s❡✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛ ❛ ❡st❡ ♣r♦❜❧❡♠❛✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛♠♦s q✉❡ u = 0 é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛
❤♦♠♦❣ê♥❡♦✳ ❯s❛♥❞♦ ♦ ❚❡♦r❡♠❛ ✷✳✸ ❡ ♦ ❈♦r♦❧❛r✐♦ ✷✳✹ s❛❜❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✸✮
t❡♠ s♦❧✉çã♦ tr✐✈✐❛❧ ú♥✐❝❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ det (Mφ) 6= 0✱ ♦✉ s❡❥❛✱ Mφ é ✐♥✈❡rtí✈❡❧✳
❉❛í✱ t❡♠♦s q✉❡ ❛ ❢✉♥çã♦ G ❞❛❞❛ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✷✳✶✹✮ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ s❛t✐s❢❛③
❛s ♣r♦♣r✐❡❞❛❞❡s ✭✶✮✲✭✻✮✳
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P❛r❛ ♠♦str❛r q✉❡ ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ é ú♥✐❝❛✱ ❞❡✜♥❛♠♦s ✉♠❛ ♦✉tr❛ ❢✉♥çã♦✳

❙❡❥❛ H : (J × J) |{(t, t) , t ∈ J} −→ Mn×n ✉♠❛ ❢✉♥çã♦ q✉❡ s❛t✐s❢❛③ ❛s
♣r♦♣r✐❡❞❛❞❡s ✭✶✮✲✭✻✮ ❡ ❞❡✜♥❛♠♦s Y : J −→ Rn ❝♦♠♦✿

Y (t) =

∫ b

a

H (t, s) f (s) ds =

∫ t

a

H (t, s) f (s) ds+

∫ b

t

H (t, s) f (s) ds.

❉❛s ❝♦♥❞✐çõ❡s ✭✹✮ ❡ ✭✺✮✱ ❞❡❞✉③✐♠♦s q✉❡✿

Y ′ (t) =

∫ t

a

∂

∂t
H (t, s) f (s) ds+

∫ b

t

∂

∂t
H (t, s) f (s) ds+H

(
t, t−

)
f (t)−H

(
t, t+

)
f (t)

=

∫ t

a

A (t)H (t, s) f (s) ds+

∫ b

t

A (t)H (t, s) f (s) ds+ f (t)

= A (t)

∫ b

a

H (t, s) f (s) ds+ f (t)

= A (t) y (t) + f (t) , para q.t.p. t ∈ J.

❆❧é♠ ❞✐ss♦✱ ❛ ❝♦♥❞✐çã♦ ✭✻✮ ✐♠♣❧✐❝❛ q✉❡✿

BY (a) + CY (b) = B

∫ b

a

H (a, s) f (s) ds+ C

∫ b

a

H (b, s) f (s) ds

=

∫ b

a

(BH (a, s) + CH (b, s)) f (s) ds

= 0.

P♦rt❛♥t♦✱ ❛ ❢✉♥çã♦ Y é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ ❡

(X − Y ) (t) =

∫ b

a

(G (t, s)−H (t, s)) f (s) ds

é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❤♦♠♦❣ê♥❡♦ ✭✷✳✸✮✳ ❉❛❞♦ q✉❡ ♦ s✐st❡♠❛ ❤♦♠♦❣ê♥❡♦ t❡♠
s♦❧✉çã♦ tr✐✈✐❛❧ ú♥✐❝❛✱ ❞❡❞✉③✐♠♦s q✉❡✿

∫ b

a

(G (t, s)−H (t, s)) f (s) ds = 0, ∀f ∈ L1 (J,Rn) .

❊♥tã♦✿

∫ b

a

G (t, s) f (s) ds−
∫ b

a

H (t, s) f (s) ds = 0,
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∫ b

a

G (t, s) f (s) ds =

∫ b

a

H (t, s) f (s) ds.

■st♦ ✐♠♣❧✐❝❛ q✉❡ G ≡ H ❡♠ (J × J) |{(t, t) , t ∈ J} ✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡❥❛ G ❛ ú♥✐❝❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛
✭✷✳✸✮✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ φ ∈ AC (J,Rn) s♦❧✉çã♦ ♥ã♦ tr✐✈✐❛❧ ❞♦ ♣r♦❜❧❡♠❛
❤♦♠♦❣ê♥❡♦✳ ◆❡st❡ ❝❛s♦✱ é ✐♠❡❞✐❛t♦ ✈❡r✐✜❝❛r q✉❡✱ ♣❛r❛ ❝❛❞❛ λ ∈ R✱ t❡♠♦s✿

Hλ (t, s) := G (t, s) + φ (t)λ, t, s ∈ J,

q✉❡ é ✉♠❛ ❢❛♠í❧✐❛ ❞❡ ❢✉♥çõ❡s ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛s ❛♦ ♣r♦❜❧❡♠❛ ❤♦♠♦❣ê♥❡♦ ✭✷✳✸✮✳
❊♠ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐ss♦✱ ♣❡❧❛ ✉♥✐❝✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥✱ ❝♦♥❝❧✉í♠♦s q✉❡ φ = 0✱
♦✉ s❡❥❛✱ ❛ s♦❧✉çã♦ tr✐✈✐❛❧ é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞♦ s✐st❡♠❛ ❤♦♠♦❣ê♥❡♦✳�

❚❡♦r❡♠❛ ✷✳✶✼✳ ❖ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ t❡♠ s♦❧✉çã♦ ú♥✐❝❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
posto (B |C ) = n ❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ❤♦♠♦❣ê♥❡♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ t❡♠ s♦❧✉çã♦ ú♥✐❝❛ ❡♥tã♦✱ ♣❡❧♦
❚❡♦r❡♠❛ ✷✳✶✵✱ ❛ ❝♦♥❞✐çã♦ posto (B |C ) = n é s❛t✐s❢❡✐t❛ ❡ ❛❧é♠ ❞✐ss♦✱ ♣❡❧♦ ❥á
✈✐st♦✱ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛ ❝♦♠ ♦ ♣r♦❜❧❡♠❛ ♥ã♦ ❤♦♠♦❣ê♥❡♦✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ posto (B |C ) = n ❡ ❡①✐st❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛
❛♦ ♣r♦❜❧❡♠❛ ❤♦♠♦❣ê♥❡♦✱ t❡♠♦s q✉❡ ♦ ♣r♦❜❧❡♠❛ s❡♠♣r❡ t❡♠ s♦❧✉çã♦ ♣❛r❛ q✉❛❧q✉❡r
f ∈ L1 (J,Rn)✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ ♦ ♦♣❡r❛❞♦r L ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✹✮ é s♦❜r❡❥❡t♦r✳
❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐ss♦✱ ♦ ❚❡♦r❡♠❛ ✷✳✶✵ ❣❛r❛♥t❡ q✉❡ ♦ ♣r♦❜❧❡♠❛ ✭✷✳✶✮✲✭✷✳✷✮ t❡♠
s♦❧✉çã♦ ú♥✐❝❛✳ �

❘❡t♦r♥❛♥❞♦ à ❡①♣r❡ssã♦ ✭✷✳✶✹✮✱ ♥ã♦ é ❞✐❢í❝✐❧ ✈❡r✐✜❝❛r q✉❡ s❡ A (t) ❡
∫ t

a

A (s) ds

❝♦♠✉t❛♠✱ ❡♥tã♦ φ (t) = exp

(∫ t

a

A (s) ds

)
é ✉♠❛ ♠❛tr✐③ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ s✐st❡♠❛

❧✐♥❡❛r ✭✷✳✸✮✳ ◆❡st❡ ❝❛s♦✱

φ−1 (t) = exp

(
−
∫ t

a

A (s) ds

)
.

❆ss✐♠✱ ♣♦r ❡st❛ ♣r♦♣r✐❡❞❛❞❡ ❝♦♠✉t❛t✐✈❛✱ ♣♦❞❡♠♦s r❡s❝r❡✈❡r ❛ ❡①♣r❡ssã♦ ✭✷✳✶✹✮
❝♦♠♦ s❡❣✉❡✿

G (t, s) =





exp

(∫ t

a

A (r) dr

)(
B + C exp

(∫ b

a

A (r) dr

))−1

B exp

(
−
∫ s

a

A (r) dr

)
,

a ≤ s < t ≤ b,

−exp

(∫ t

a

A (r) dr

)(
B + C exp

(∫ b

a

A (r) dr

))−1

C exp

(∫ b

s

A (r) dr

)
,

a ≤ t < s ≤ b.
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❆❣♦r❛✱ s❡ ❛s ♠❛tr✐③❡s ❞❡ ❢r♦♥t❡✐r❛ B ❡ C ❝♦♠✉t❛♠ ❝♦♠ exp

(∫ t

a

A (s) ds

)
✱ ♣❛r❛

t♦❞♦ t ∈ J ✱ ❡♥tã♦ ❛ ú❧t✐♠❛ ❡①♣r❡ssã♦ é ❞❛❞❛ ♣♦r✿

G (t, s) =





exp

(∫ t

s

A (r) dr

)(
B + C exp

(∫ b

a

A (r) dr

))−1

B,

a ≤ s < t ≤ b,

−exp

(∫ t

s

A (r) dr

)(
B + C exp

(∫ b

a

A (r) dr

))−1

C exp

(∫ b

a

A (r) dr

)
,

a ≤ t < s ≤ b.

❆❧é♠ ❞✐ss♦✱ ❝♦♥t✐♥✉❛ ❛ s❡r ✈á❧✐❞❛ ♣❛r❛ ♦ ❝❛s♦ ♣❡r✐ó❞✐❝♦ B = In ❡ C = −In✱

G (t, s) =





exp

(∫ t

s

A (r) dr

)(
In − exp

(∫ b

a

A (r) dr

))−1

,

a ≤ s < t ≤ b,

exp

(∫ t

s

A (r) dr

)(
In − exp

(∫ b

a

A (r) dr

))−1

exp

(∫ b

a

A (r) dr

)
,

a ≤ t < s ≤ b.

✷✳✷ ❈❖◆❙❚❘❯➬➹❖ ❉❆ ❋❯◆➬➹❖ ❉❊ ●❘❊❊◆
✶✲❞✐♠❡♥s✐♦♥❛❧

◆❡st❛ s❡çã♦ ❛s ♣r✐♥❝✐♣❛✐s r❡❢❡r❡♥❝✐❛s ❜✐❜❧✐♦❣rá✜❝❛s sã♦✿ ❬✻❪ ❡ ❬✶❪✳

❯s❛r❡♠♦s ❛ s❡❣✉✐♥t❡ ♥♦t❛çã♦✿

u (t) = exp

(∫ t0

t

a (ξ) dξ

)
= T (t0, t) ,

❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ s✐♠♣❧✐✜❝❛r ❛s ❡①♣r❡ssõ❡s✳ ❖❜s❡r✈❡ q✉❡ ♣❛r❛ ❛ ❢✉♥çã♦ T ❛s
s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s sã♦ ✈❡r❞❛❞❡✐r❛s✿

✶✳ T (t0, t0) = 1❀

✷✳ T (t0, t) = (T (t, t0))
−1❀

✸✳ T (t, t0) T (t0, s) = T (t, s)❀

✹✳ T ′ (t, t0) = T (t, t0) (a (t)− a (t0))✳

❈♦♥s✐❞❡r❡♠♦s ❛❣♦r❛ ❛ ❊q✉❛çã♦ ❉✐❢❡r❡♥❝✐❛❧ ❞❡ ❘✐❝❝❛t✐ ❡s❝❛❧❛r✿

x′ = a (t) x+ b (t) x2 + f (t) . ✭✷✳✶✼✮
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◆♦ss♦ ✐♥t❡r❡ss❡ é ❡st✉❞❛r ❡ss❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡✜♥✐❞❛ ♥♦ ✐♥t❡r✈❛❧♦ [0, ω] ❡
s❛t✐s❢❛③❡♥❞♦

x (0) = x (ω) .

❱❛♠♦s ❝♦♠❡ç❛r ❡st✉❞❛♥❞♦ ❛ ♣❛rt❡ ❧✐♥❡❛r ♥ã♦ ❤♦♠♦❣ê♥❡❛ ❞❛ ❡q✉❛çã♦ ✭✷✳✶✼✮✱

x′ = a (t) x+ f (t) , ✭✷✳✶✽✮

❞❡✜♥✐❞❛ ♥♦ ✐♥t❡r✈❛❧♦ [0, ω] ❡ s❛t✐s❢❛③❡♥❞♦ x (0) = x (ω)✳ ❈♦♠❡ç❛♠♦s ❡♥❝♦♥tr❛♥❞♦
❛ s♦❧✉çã♦ ❞❡ {

x′ − a (t) x = f (t) ,
x (t0) = x0.

❆ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧ ❛❝✐♠❛✱ ♥♦ ❝❛s♦ ❣❡r❛❧✱ é ❢❡✐t❛ ❛tr❛✈és ❞♦
✉s♦ ❞❡ ✉♠ ❢❛t♦r ✐♥t❡❣r❛♥t❡ µ (t)✳ P❛r❛ ❞❡t❡r♠✐♥á✲❧♦✱ ♠✉❧t✐♣❧✐❝❛♠♦s ❛ ❡q✉❛çã♦ ♣♦r
µ (t)

µ (t) (x′ − a (t) x) = µ (t) f (t)

❡ ❜✉s❝❛♠♦s µ (t) ❞❡ t❛❧ ♠♦❞♦ q✉❡ ♦ ♣r✐♠❡✐r♦ ♠❡♠❜r♦ s❡❥❛ ❛ ❞❡r✐✈❛❞❛ ❞♦ ♣r♦❞✉t♦
❞❡ µ ♣♦r x✱ ✐st♦ é✱

µ (x′ − a (t) x) = (µx)′ = µ′x+ µx′.

P♦rt❛♥t♦✱ t❡♠♦s ❢♦r♠❛❧♠❡♥t❡ q✉❡

µ′ (t) x = −µ (t) a (t) x ⇒ µ′ (t)

µ (t)
= −a (t)

⇒ d

dt
(lnµ) = −a (t)

⇒ lnµ = −
∫
a (t) dt.

❉❡t❡r♠✐♥❛♠♦s✱ ❛ss✐♠✱ ✉♠ ❢❛t♦r ✐♥t❡❣r❛♥t❡ µ (t) t♦♠❛♥❞♦ ✉♠❛ ♣❛rt✐❝✉❧❛r ♣r✐♠✐t✐✈❛
❞❡ a✿

µ (t) = exp

(
−
∫ t

t0

a (s) ds

)
= exp

(∫ t0

t

a (s) ds

)
= T (t0, t) .

▲♦❣♦
d

dt
(T (t0, t) x (t)) = T (t0, t) f (t) .
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❉❛í✱ ✐♥t❡❣r❛♥❞♦ ❡ss❛s ❡①♣r❡ssõ❡s ❞❡ t0 ❛ t✱ ♦❜t❡♠♦s
∫ t

t0

d

dt
(T (t0, s) x (s)) ds =

∫ t

t0

T (t0, s) f (s) ds,

T (t0, t) x (t) |tt0 =

∫ t

t0

T (t0, s) f (s) ds,

T (t0, t) x (t)− T (t0, t0) x (t0) =

∫ t

t0

T (t0, s) f (s) ds,

T (t0, t) x (t) = x (t0) +

∫ t

t0

T (t0, s) f (s) ds,

x (t) = T (t0, t)
−1 x0 + T (t0, t)

−1

∫ t

t0

T (t0, s) f (s) ds,

= T (t, t0) x0 +

∫ t

t0

T (t, t0)T (t0, s) f (s) ds,

= T (t, t0) x0 +

∫ t

t0

T (t, s) f (s) ds,

= exp

(∫ t

t0

a (s) ds

)
x0 +

∫ t

t0

exp

(∫ t

s

a (ξ) dξ

)
f (s) ds.

❈♦♠♦ t0 = 0 ❡ x (t0) = x0 = c✱ t❡♠♦s✱

x (t) = T (t, 0) c+

∫ t

0

T (t, s) f (s) ds ✭✷✳✶✾✮

q✉❡ é s♦❧✉çã♦ ❞❡ ✭✷✳✶✽✮✳ ❆❣♦r❛✱

x (0) = T (0, 0) c+

∫ 0

0

T (0, s) f (s) ds = c,

x (ω) = T (ω, 0) c+

∫ ω

0

T (ω, s) f (s) ds.

❈♦♠♦ x (0) = x (ω)✱ t❡♠♦s✿

c = T (ω, 0) c+

∫ ω

0

T (ω, s) f (s) ds,

c (1− T (ω, 0)) =

∫ ω

0

T (ω, s) f (s) ds,

c =
1

(1− T (ω, 0))

∫ ω

0

T (ω, s) f (s) ds.

❙✉❜st✐t✉í♠♦s ♦ ✈❛❧♦r ❞❡ c ❡♠ ✭✷✳✶✾✮✱ ♦❜t❡♠♦s✱
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x (t) = T (t, 0)
1

(1− T (ω, 0))

∫ ω

0

T (ω, s) f (s) ds+

∫ t

0

T (t, s) f (s) ds,

x (t) =
T (t, 0)

(1− T (ω, 0))

∫ ω

0

T (ω, s)f (s) ds+

∫ ω

0

T (t, s)χ(0,t) (s)f (s) ds,

x (t) =

∫ ω

0

(
T (t, 0)

(1− T (ω, 0))
T (ω, s) + T (t, s)χ(0,t) (s)

)
f (s)ds.

❉❛í✱

G (t, s) =





T (t, 0)

(1− T (ω, 0))
T (ω, s) + T (t, s) s❡ 0 ≤ s < t ≤ ω,

T (t, 0)

(1− T (ω, 0))
T (ω, s) s❡ 0 ≤ t < s ≤ ω,

é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛ ❛♦ ♣r♦❜❧❡♠❛ ❤♦♠♦❣ê♥❡♦✳ ❆❣♦r❛✱

T (t, 0)T (ω, s)

(1− T (ω, 0))
+ T (t, s) =

T (t, 0)T (ω, s) + T (t, s) (1− T (ω, 0))

(1− T (ω, 0))

=
T (t, 0)T (ω, s) + T (t, s)− T (t, s)T (ω, 0)

(1− T (ω, 0))

=
T (t, 0)T (ω, 0)T (0, s) + T (t, s)− T (t, s)T (ω, 0)

(1− T (ω, 0))

=
T (t, s)T (ω, 0) + T (t, s)− T (t, s)T (ω, 0)

(1− T (ω, 0))

=
T (t, s)

(1− T (ω, 0))

=

exp

(∫ t

s

a (ξ) dξ

)

1− exp

(∫ ω

0

a (ξ) dξ

) ,

T (t, 0)

(1− T (ω, 0))
T (ω, s) =

T (t, 0)T (ω, 0)T (0, s)
(1−T (ω,0))

=
T (ω, 0)T (t, s)

(1− T (ω, 0))

=

exp

(∫ ω

0

a (ξ) dξ

)

1− exp

(∫ ω

0

a (ξ) dξ

)exp
(∫ t

s

a (ξ) dξ

)
.
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❋✐♥❛❧♠❡♥t❡✱ r❡❡s❝r❡✈❡♠♦s ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❝♦♠♦

G (t, s) =





exp
(∫ t

s
a (ξ) dξ

)

1− exp

(∫ ω

0

a (ξ) dξ

) s❡ 0 ≤ s < t ≤ ω,

exp

(∫ ω

0

a (ξ) dξ

)

1− exp

(∫ ω

0

a (ξ) dξ

)exp

(∫ t

s

a (ξ) dξ

)
s❡ 0 ≤ t < s ≤ ω,

✭✷✳✷✵✮

♦♥❞❡
∫ ω

0

a (ξ) dξ 6= 0 ❡ x (t) =
∫ ω

0

G (t, s) f (s) ds.

❈♦♠♦
∫ ω

0

a (ξ) dξ 6= 0✱ ♦ s✐st❡♠❛

{
x′ = a (t) x+ f (t)

x (0) = x (ω)
✭✷✳✷✶✮

♣♦ss✉✐ s♦❧✉çã♦ ú♥✐❝❛✳

✷✳✸ ❙❖▲❯➬➹❖ P❊❘■Ó❉■❈❆ ❉❆ ❊◗❯❆➬➹❖ ❉❊
❘■❈❈❆❚■

◆❡st❛ s❡çã♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r ♦s ❝r✐tér✐♦s q✉❡ ❢♦r❛♠ ♦❜t✐❞♦s ❡♠ ❬✶✸❪
♣❛r❛ ♠♦str❛r q✉❡✱ s♦❜ ❝❡rt❛s ❤✐♣ót❡s❡s✱ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❘✐❝❝❛t✐ ❡s❝❛❧❛r✱
❝♦♠ ❝♦❡✜❝✐❡♥t❡s ♣❡r✐ó❞✐❝♦s✱ ❛❞♠✐t❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ✐♥❝❧✉í♠♦s ❛q✉✐ ♦ ❚❡♦r❡♠❛ ❞❡ ❆s❝♦❧✐✲❆r③❡❧á ❡ ♦ ❚❡♦r❡♠❛ ❞❡
♣♦♥t♦ ✜①♦ ❞❡ ❙❝❤❛✉❞❡r✱ ♦s q✉❛✐s s❡rã♦ ✉s❛❞♦s ♥❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✶✳

❚❡♦r❡♠❛ ✷✳✶✽✳ ✭❆s❝♦❧✐✲❆r③❡❧á✮✳ ❙❡❥❛ {ϕn (t)} ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❞❡
[a, b] ♣❛r❛ R✳ ❙❡ ❛ s❡q✉ê♥❝✐❛ é ✉♥✐❢♦r♠❡♠❡♥t❡ ❧✐♠✐t❛❞❛ ❡ ❡q✉✐❝♦♥tí♥✉❛✱ ❡♥tã♦
{ϕn (t)} t❡♠ s✉❜s❡q✉ê♥❝✐❛ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥✈❡r❣❡♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✷❪✳

❚❡♦r❡♠❛ ✷✳✶✾✳ ✭❙❝❤❛✉❞❡r✮✳ ❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤ ❡ Ω ⊂ X é ❢❡❝❤❛❞♦✱
❧✐♠✐t❛❞♦ ❡ ❝♦♥✈❡①♦✳ ❙❡ S : Ω −→ Ω é ✉♠ ♦♣❡r❛❞♦r ❝♦♠♣❛❝t♦✱ ❡♥tã♦✱ S t❡♠ ♣❡❧♦
♠❡♥♦s ✉♠ ♣♦♥t♦ ✜①♦ ❡♠ Ω✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✷❪✳

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ é út✐❧ ♣❛r❛ ♣r♦✈❛r ♦ ❚❡♦r❡♠❛ ✷✳✷✶✳

❚❡♦r❡♠❛ ✷✳✷✵✳ ❙❡❥❛♠ a✱ b ❡ c ❢✉♥çõ❡s r❡❛✐s ❝♦♥tí♥✉❛s ❡ ω✲♣❡r✐ó❞✐❝❛s ❡♠ R✳

❉❛❞♦ a t❛❧ q✉❡
∫ ω

0

a (ξ) dξ 6= 0✳ ❙✉♣♦♥❤❛ q✉❡ x é ✉♠❛ ❢✉♥çã♦ r❡❛❧ ❡ ❝♦♥tí♥✉❛ ❡♠
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R✳ ❙❡ x é ✉♠❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✐♥t❡❣r❛❧

x (t) =

∫ ω

0

G (t, s)
(
b (s) x2 (s) + c (s)

)
ds, ✭✷✳✷✷✮

❡♥tã♦✱ x é ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✷✳✶✼✮✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ ❤✐♣ót❡s❡ ❞❡ q✉❡ x é ✉♠❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✐♥t❡❣r❛❧ ✭✷✳✷✷✮
❡ ✉s❛♥❞♦ ✭✷✳✷✵✮✱ t❡♠♦s

x (t) =

∫ ω

0

G (t, s) (b (s) x2 (s) + c (s)) ds

=

∫ t

0

G (t, s) (b (s) x2 (s) + c (s)) ds+

∫ ω

t

G (t, s) (b (s) x2 (s) + c (s)) ds

=

∫ t

0

T (t, s)

1− T (ω, 0)
(b (s) x2 (s) + c (s)) ds+

∫ ω

t

T (ω, 0)

1− T (ω, 0)
T (t, s) (b (s) x2 (s) + c (s)) ds

=
1

1− T (ω, 0)

∫ t

0

T (t, s) (b (s) x2 (s) + c (s)) ds−
T (ω, 0)

1− T (ω, 0)

∫ t

ω

T (t, s) (b (s) x2 (s) + c (s)) ds

=
1

1− T (ω, 0)

∫ t

0

T (t, 0)T (0, s) (b (s) x2 (s) + c (s)) ds−
T (ω, 0)

1− T (ω, 0)

∫ t

ω

T (t, 0)T (0, s) (b (s) x2 (s) + c (s)) ds

=
1

1− T (ω, 0)

∫ t

0

T (t, 0) (T (s, 0))−1 (b (s) x2 (s) + c (s)) ds−
T (ω, 0)

1− T (ω, 0)

∫ t

ω

T (t, 0) (T (s, 0))−1 (b (s) x2 (s) + c (s)) ds

=
T (t, 0)

1− T (ω, 0)

∫ t

0

1

T (s, 0)
(b (s) x2 (s) + c (s)) ds−

T (ω, 0)T (t, 0)

1− T (ω, 0)

∫ t

ω

1

T (s, 0)
(b (s) x2 (s) + c (s)) ds.

❊s❝r❡✈❡♥❞♦ x (t) = x1 (t)− x2 (t)✱ s✉❛ ❞❡r✐✈❛❞❛ é x′ (t) = x′1 (t)− x′2 (t)✱ ❞❛í✱

x1 (t) =
T (t, 0)

1− T (ω, 0)

∫ t

0

1

T (s, 0)

(
b (s) x2 (s) + c (s)

)
ds,

x2 (t) =
T (ω, 0)T (t, 0)

1− T (ω, 0)

∫ t

ω

1

T (s, 0)

(
b (s) x2 (s) + c (s)

)
ds.

❉❡r✐✈❛♥❞♦ x1 (t)✱

x′1 (t) =
1

1− T (ω, 0)

[
T ′ (t, 0)

∫ t

0

1

T (t, 0)
(b (s) x2 (s) + c (s)) ds+

T (t, 0)

[
1

T (s, 0)
(b (s) x2 (s) + c (s))

]∣∣∣∣
t

0

]
,
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x′1 (t) =
1

1− T (ω, 0)

[
T ′ (t, 0)

∫ t

0

1

T (t, 0)
(b (s) x2 (s) + c (s)) ds+

(b (t) x2 (t) + c (t))− T (t, 0) (b (0) x2 (0) + c (0))

]
,

x′1 (t) =
T (t, 0) (a (t)− a (0))

1− T (ω, 0)

∫ t

0

1

T (s, 0)

(
b (s)x2 (s) + c (s)

)
ds+

1

1− T (ω, 0)

(
b (t)x2 (t) + c (t)

)
− T (t, 0)

1− T (ω, 0)

(
b (0)x2 (0) + c (0)

)
.

❉❡r✐✈❛♥❞♦ x2 (t)✱

x′2 (t) =
T (ω, 0)

1− T (ω, 0)

[
T ′ (t, 0)

∫ t

ω

1

T (s, 0)

(
b (s)x2 (s) + c (s)

)
ds+

T (t, 0)

[
1

T (s, 0)

(
b (s)x2 (s) + c (s)

)]∣∣∣∣
t

ω

]
,

P♦rt❛♥t♦

x′2 (t) =
T (ω, 0)

1− T (ω, 0)

[
T (t, 0) (a (t)− a (0))

∫ t

ω

1

T (s, 0)

(
b (s)x2 (s) + c (s)

)
ds+

T (t, 0)

T (t, 0)

(
b (t)x2 (t) + c (t)

)
− T (t, 0)

T (ω, 0)

(
b (ω)x2 (ω) + c (ω)

)]
,

❛ss✐♠

x′2 (t) =
T (ω, 0)T (t, 0)

1− T (ω, 0)
(a (t)− a (0))

∫ t

ω

1

T (s, 0)

(
b (s)x2 (s) + c (s)

)
ds+

T (ω, 0)

1− T (ω, 0)

(
b (t)x2 (t) + c (t)

)
− T (ω, 0)T (t, ω)

1− T (ω, 0)

(
b (ω)x2 (ω) + c (ω)

)
.

❙✉❜st✐t✉✐♥❞♦ x′1 (t) ❡ x
′
2 (t) ❡♠ x′ (t)✱ t❡♠♦s✿

x′ (t) =
a (t)T (t, 0)

1− T (ω, 0)

∫ t

0

(
b (s)x2 (s) + c (s)

)

T (s, 0)
ds+

(
b (t)x2 (t) + c (t)

)

1− T (ω, 0)
−

a (t)T (ω, 0)T (t, 0)

1− T (ω, 0)

∫ t

ω

(
b (s)x2 (s) + c (s)

)

T (s, 0)
ds

T (ω, 0)

1− T (ω, 0)

(
b (t)x2 (t) + c (t)

)
,

♣♦rt❛♥t♦

x′ (t) = a (t)

∫ t

0

T (t, s)

1− T (ω, 0)

(
b (s)x2 (s) + c (s)

)
ds+

a (t)

∫ ω

t

T (ω, 0)T (t, s)

1− T (ω, 0)

(
b (s)x2 (s) + c (s)

)
ds+

(
1− T (ω, 0)

1− T (ω, 0)

)(
b (t)x2 (t) + c (t)

)
,

❛ss✐♠

x′ (t) = a (t)

∫ ω

0

G (t, s) (b (s) x2 (s) + c (s)) ds+ b (t) x2 (t) + c (t)✱ ♦✉ s❡❥❛✱

x′ (t) = a (t) x (t) + b (t) x2 (t) + c (t) �

❚❡♦r❡♠❛ ✷✳✷✶✳ ❙❡❥❛♠ a, b ❡ c ❢✉♥çõ❡s r❡❛✐s ❝♦♥tí♥✉❛s ω✲♣❡r✐ó❞✐❝❛s s♦❜r❡ R✱
s❡♥❞♦ a t❛❧ q✉❡

∫ ω
0
a (ξ) dξ 6= 0✳ ❈♦♥s✐❞❡r❡✱

M = sup
0≤t,s≤ω

|G (t, s)| , N = sup
0≤t≤ω

∣∣∣∣
∫ ω

0

G (t, s) c (s) ds

∣∣∣∣
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❡ s✉♣♦♥❤❛♠♦s q✉❡
∫ ω
0
|b (ξ)| dξ ≤ 1

4MN
✳ ❊♥tã♦✱ x′ = a (t) x+b (t) x2+c (t) ❛❞♠✐t❡✱

♣❡❧♦ ♠❡♥♦s✱ ✉♠❛ s♦❧✉çã♦ ω✲♣❡r✐ó❞✐❝❛✳

❉❡♠♦♥str❛çã♦✿

❙❡❥❛
X = {ϕ; ϕ é ✉♠❛ ❢✉♥çã♦ r❡❛❧ ❡ ❝♦♥tí♥✉❛ ❡ ω✲♣❡r✐ó❞✐❝❛ s♦❜r❡ R }✳ ❉❡✜♥✐♠♦s ❛
♥♦r♠❛ ‖ϕ‖ = sup

0≤t≤ω
|ϕ (t)| s♦❜r❡ X✳

❆✜r♠❛çã♦ ✷✳✷✷✳ (X, ‖·‖) é ✉♠ ❡s♣❛ç♦ ❞❡ ❇❛♥❛❝❤✳

❉❡ ❢❛t♦✱ ϕ é ✉♠❛ ❢✉♥çã♦ r❡❛❧✱ ❝♦♥tí♥✉❛ ❡ ω✲♣❡r✐ó❞✐❝❛✳ ❈♦♠♦ ϕ é ♣❡r✐ó❞✐❝❛✱ ∃ω
t❛❧ q✉❡ ϕ (t+ ω) = ϕ (t) , ∀t ∈ R✱ ♣❡❧♦ q✉❛❧ ❜❛st❛ ❝♦♥❤❡❝❡r ♦s ✈❛❧♦r❡s ❞❡ ϕ (t) s♦❜r❡
[0, ω]✳ ϕ é ❝♦♥tí♥✉❛✱ ❡♠ ♣❛rt✐❝✉❧❛r é ❝♦♥tí♥✉❛ ❡♠ [0, ω]✱ ❞❛í t♦❞❛ ❢✉♥çã♦ ❞❡✜♥✐❞❛
♥✉♠ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ é ❧✐♠✐t❛❞❛ ❡ ❛❧❝❛♥ç❛ s❡✉s ✈❛❧♦r❡s ♠á①✐♠♦ ❡ ♠í♥✐♠♦✳ ❈♦♠♦
ϕ (x) é ♣❡r✐ó❞✐❝❛✱ ✐ss♦ ✐♠♣❧✐❝❛ q✉❡ ϕ é ❧✐♠✐t❛❞❛ ❡♠ t♦❞❛ ❛ r❡t❛✳ P♦rt❛♥t♦✱ ♣r♦✈❛r
q✉❡ (X, ‖·‖) é ❇❛♥❛❝❤ é ♦ ♠❡s♠♦ ❞♦ q✉❡ ♣r♦✈❛r q✉❡ (B [0, ω] , ‖·‖) é ❇❛♥❛❝❤✳
❚❡♠♦s q✉❡ ♣r♦✈❛r q✉❡ t♦❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❝❛✉❝❤② ❡♠ (B [0, ω] , ‖·‖) é ❝♦♥✈❡r❣❡♥t❡✳
❙❡❥❛ {fn}n∈N ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ X✳ ❚♦❞❛ s❡q✉ê♥❝✐❛ ❞❡ ❈❛✉❝❤② ❡♠ R

é ❝♦♥✈❡r❣❡♥t❡✳ ❋❛③❡♥❞♦ m −→ ∞✱ t❡♠♦s q✉❡ |f (x)− fn (x)| < ǫ, ∀x ∈ [0, ω]✳
❆♣❧✐❝❛♥❞♦ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r✿

|f (x)| − |fn (x)| ≤ ||f (x)| − |fn (x)|| ≤ |f (x)− fn (x)| < ǫ.

❉❛í✱

|f (x)| − |fn (x)| ≤ ǫ

|f (x)| ≤ |fn (x)|+ ǫ ≤ ‖fn‖+ ǫ ≤M + ǫ

|f (x)| ≤ M + ǫ.

❚♦♠❛♥❞♦ s✉♣r❡♠♦s t❡♠♦s✿

sup |f (x)| ≤ M + ǫ, ∀x ∈ [0, ω]

‖f‖ ≤ M + ǫ.

❊♥tã♦✱ f ∈ B ([0, ω])✳ ❉❛í✱ s❡ s❡❣✉❡

∀ǫ > 0, ∃n0 ∈ N; n ≥ n0 ⇒ |fn (x)− f | < ǫ
⇒ sup |fn (x)− f | < ǫ
⇒ ‖fn − f‖ < ǫ.

P♦rt❛♥t♦ fn ❝♦♥✈❡r❣❡ ♣❛r❛ f ✳ �

❈♦♥s✐❞❡r❡ ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦✿

ψ : [0, ω] −→ R

t 7−→ ψ (t) =

∫ ω

0

G (t, s) c (s) ds
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❡ ❝♦♥s✐❞❡r❡♠♦s✿ Ω = {ϕ ∈ X; ‖ϕ− ψ‖ ≤ N}✱ q✉❡ é ❛ ❜♦❧❛ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳
❖❜s❡r✈❡ q✉❡ Ω é ❢❡❝❤❛❞♦✱ ❧✐♠✐t❛❞♦ ❡ ❝♦♥✈❡①♦✳ ❊✈✐❞❡♥t❡♠❡♥t❡ ❛ ❜♦❧❛ é ❢❡❝❤❛❞❛ ❡
❧✐♠✐t❛❞❛✳ Pr♦✈❡♠♦s q✉❡ é ❝♦♥✈❡①♦✳ ❉❡✜♥✐♠♦s ❛ ❢✉♥çã♦✱

φ = (1− α)ϕ1 + αϕ2 ∈ Ω.

❉❡ ❢❛t♦✱ ❞❛❞♦s ϕ1, ϕ2 ∈ Ω✱ t❡♠♦s ‖ϕ1 − ψ‖ ≤ N ❡ ‖ϕ2 − ψ‖ ≤ N ✳ ❊♥tã♦✱

‖φ− ψ‖ = ‖(1− α)ϕ1 + αϕ2 − ψ‖
= ‖(1− α)ϕ1 + αϕ2 − (1− α)ψ − αψ‖
= ‖(1− α) (ϕ1 − ψ) + α (ϕ2 − ψ)‖
≤ (1− α) ‖ϕ1 − ψ‖+ α ‖ϕ2 − ψ‖ .

♦♥❞❡
(1− α) ‖ϕ1 − ψ‖+ α ‖ϕ2 − ψ‖ ≤ (1− α)N + αN = N.

P♦rt❛♥t♦ ‖φ− ψ‖ ≤ N ❡ φ ∈ Ω✳ ❙❡❣✉❡ q✉❡ Ω é ❝♦♥✈❡①♦✳

❆❣♦r❛✱ ❞❡✜♥❛♠♦s ♦ ♦♣❡r❛❞♦r✱

S : Ω −→ X
ϕ 7−→ S (ϕ) : [0, ω] −→ R

t 7−→ S (ϕ) (t) ,

S (ϕ) (t) =

∫ ω

0

G (t, s)
(
b (s)ϕ2 (s) + c (s)

)
ds.

❆✜r♠❛çã♦ ✷✳✷✸✳ S : Ω −→ Ω✳

❉❡ ❢❛t♦✱ t❡♠♦s q✉❡ ♠♦str❛r q✉❡ ‖S (ϕ) (t)− ψ‖ ≤ N ✳ ◆♦t❡ q✉❡

‖ϕ− ψ‖ ≤ N,
‖ϕ‖ − ‖ψ‖ ≤ ‖ϕ− ψ‖ ≤ N,

‖ϕ‖ ≤ ‖ψ‖+N,
|ϕ (t)| ≤ |ψ (t)|+N ≤ ‖ψ‖+N.

❈♦♠♦ ψ (t) =

∫ ω

0

G (t, s) c (s) ds✱ t❡♠♦s

‖ψ‖ = sup |ψ (t)| = sup

∣∣∣∣
∫ ω

0

G (t, s) c (s) ds

∣∣∣∣ ,
‖ψ‖ = N,

|ϕ (t)| ≤ N +N = 2N, ∀ϕ ∈ Ω, ∀t ∈ [0, ω] .

❆❣♦r❛✱
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|S (ϕ) (t)− ψ (t)| =

∣∣∣∣
∫ ω

0

G (t, s) (b (s)ϕ2 (s) + c (s)) ds−
∫ ω

0

G (t, s) c (s) ds

∣∣∣∣

=

∣∣∣∣
∫ ω

0

G (t, s) b (s)ϕ2 (s) ds

∣∣∣∣

≤
∣∣∣∣
∫ ω

0

Mb (s) 4N2ds

∣∣∣∣

≤ 4MN2

∫ ω

0

|b (s)| ds

≤ 4MN2 1

4MN
= N,

|S (ϕ) (t)− ψ (t)| ≤ N, ∀ϕ ∈ Ω, ∀t ∈ [0, ω] .

sup |S (ϕ) (t)− ψ (t)| ≤ N
‖S (ϕ)− ψ‖ ≤ N, ∀ϕ ∈ Ω

.

P♦rt❛♥t♦ S (ϕ) ∈ Ω✱ q✉❡ ♣r♦✈❛ ♥♦ss❛ ❛✜r♠❛çã♦✳ �

❆✜r♠❛çã♦ ✷✳✷✹✳ ❖ ♦♣❡r❛❞♦r S é ❝♦♠♣❛❝t♦✳

P❛r❛ ♠♦str❛r ✐ss♦✱ s✉♣♦♥❤❛♠♦s q✉❡ {ϕn}n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❧✐♠✐t❛❞❛ ❡♠ Ω✱ ♦✉
s❡❥❛✱

∃L > 0; |ϕn (t)| ≤ L, ∀n ∈ N, ∀t ∈ [0, ω] .

❚❡♠♦s q✉❡ ♠♦str❛r q✉❡ {ϕn}n∈N t❡♠ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ {ϕni
}i∈N✱ t❛❧ q✉❡

{S (ϕni
)}i∈N é ❝♦♥✈❡r❣❡♥t❡ ❡♠ Ω✳ ◆♦t❡♠♦s q✉❡✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✵✱ ♣❛r❛ t♦❞♦

n ∈ N✱ ❛ ❢✉♥çã♦ S (ϕn) é ❞✐❢❡r❡♥❝✐á✈❡❧ ❡

S (ϕn)
′ (t) = a (t)ϕn (t) + b (t)ϕ2

n (t) + c (t) , ∀t ∈ [0, ω] .

❚❡♠♦s✱
∣∣S (ϕn)

′ (t)
∣∣ = |a (t)ϕn (t) + b (t)ϕ2

n (t) + c (t)|
≤ |a (t)| |ϕn (t)|+ |b (t)| |ϕ2

n (t)|+ |c (t)|
≤ AL+BL2 + C.

❆ss✐♠✱ ∣∣S (ϕn)
′ (t)
∣∣ ≤ AL+BL2 + C, ∀n ∈ N, ∀t ∈ [0, ω]

♦♥❞❡ A, B ❡ C sã♦ ♦s ✈❛❧♦r❡s ♠á①✐♠♦s ❞❡ |a (t)|✱ |b (t)| ❡ |c (t)| s♦❜r❡ [0, ω]✳ ❆❣♦r❛
♣r♦✈❡♠♦s q✉❡ é ❡q✉✐❝♦♥tí♥✉❛✳ ❉❡ ❢❛t♦✱ t❡♠♦s q✉❡ ♠♦str❛r q✉❡

∀ǫ > 0, ∃δ (ǫ) ; ∀n ∈ N, ∀t1, t2 ∈ [0, ω] , |S (ϕn) (t1)− S (ϕn) (t2)| < ǫ se |t1 − t2| < δ.

❈♦♠♦ S (ϕn) é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ❛❜❡rt♦ (0, ω) ❡ ❡①✐st❡ (AL+BL2 + C) > 0 t❛❧
q✉❡

∣∣S (ϕn)
′ (t)
∣∣ ≤ AL+BL2 + C, ∀t ∈ (0, ω)✱ ❡♥tã♦ |S (ϕn) (t1)− S (ϕn) (t2)| ≤

(AL+BL2 + C) |t1 − t2| .
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❈♦♠♦
|t1 − t2| < δ

(AL+BL2 + C) |t1 − t2| < (AL+BL2 + C) δ.

❉❛í✱

|S (ϕn) (t1)− S (ϕn) (t2)| ≤
(
AL+BL2 + C

)
|t1 − t2| <

(
AL+BL2 + C

)
δ,

♦♥❞❡ ǫ = (AL+BL2 + C) δ ❡ δ =
ǫ

AL+BL2 + C
= δ (ǫ)✳ ❆ss✐♠✱ {S (ϕn (t))} é

✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❢✉♥çõ❡s ❡q✉✐❝♦♥tí♥✉❛✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❆s❝♦❧✐✲❆r③❡❧❛✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ {S (ϕn (t))}✱
{S (ϕni

(t))}✱ q✉❡ ❝♦♥✈❡r❣❡ ✉♥✐❢♦r♠❡♠❡♥t❡ s♦❜r❡ [0, ω]✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡
{S (ϕni

)} é ❝♦♥✈❡r❣❡♥t❡ s♦❜r❡ Ω✳ P♦rt❛♥t♦ S é ❝♦♠♣❛❝t♦✳ �

❋✐♥❛❧♠❡♥t❡✱ ❝♦♠♦ S é ✉♠ ♦♣❡r❛❞♦r q✉❡ ✈❛✐ ❞❡ Ω ❡♠ Ω✱ ♦♥❞❡ Ω ⊂ X é ❢❡❝❤❛❞♦
❧✐♠✐t❛❞♦ ❡ ❝♦♥✈❡①♦✱ ❡♥tã♦✱ ♣❡❧♦ t❡♦r❡♠❛ ❞♦ ♣♦♥t♦ ✜①♦ ❞❡ ❙❝❤❛✉❞❡r✱ ❡①✐st❡ x ∈ Ω
t❛❧ q✉❡ S (x) = x✳

S (x) (t) = x (t) =

∫ ω

0

G (t, s)
(
b (s) x2 (s) + c (s)

)
ds, ∀t ∈ [0, ω] .

❉❡s❞❡ q✉❡ x ∈ Ω✱ x é ❢✉♥çã♦ r❡❛❧✱ ❝♦♥tí♥✉❛ ❡ ω✲♣❡r✐ó❞✐❝❛ ❡♠ R✳ x é s♦❧✉çã♦ ❞❛
❡q✉❛çã♦ ❞❡ ❘✐❝❝❛t✐✱ ✐st♦ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✵✳

P♦rt❛♥t♦✱ x′ = a (t) x+ b (t) x2 + c (t) t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛ �
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◆❡st❛ s❡çã♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r ♦s ❝r✐tér✐♦s q✉❡ ❢♦r❛♠ ♦❜t✐❞♦s ❡♠ ❬✶✾❪
♣❛r❛ ❛ ❡①✐stê♥❝✐❛ ❞❡ s♦❧✉çõ❡s ❢❡❝❤❛❞❛s ❞❛ ❡q✉❛çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❆❜❡❧✱ ♦✉ s❡❥❛✱
s♦❧✉çõ❡s t❛❧ q✉❡ x (0) = x (2π)✳ ❖ ✐♥t❡r❡ss❡ ❞❡st❛ ❡q✉❛çã♦ ❜❛s❡✐❛✲s❡ ♥❛ s✉❛
r❡❧❛çã♦ ❝♦♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❝✐❝❧♦s ❧✐♠✐t❡ ❞❡ ✉♠ s✐st❡♠❛ ♣♦❧✐♥♦♠✐❛❧ ♣❧❛♥❛r ❡ ♦
16th ♣r♦❜❧❡♠❛ ❞❡ ❍✐❧❜❡rt✳ ❊♠ ❛❧❣✉♠❛s ❝♦♥❞✐çõ❡s✱ ✉♠ s✐st❡♠❛ ♣♦❧✐♥♦♠✐❛❧ ♣❧❛♥❛r
♣♦❞❡ s❡r ❡s❝r✐t♦ ❡♠ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ❝♦♠♦ ✉♠❛ ❡q✉❛çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❆❜❡❧✳
❊♥tã♦✱ ✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ ✐s♦❧❛❞❛ ❞❛ ❡q✉❛çã♦ ❞❡ ❆❜❡❧ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠ ❝✐❝❧♦
❧✐♠✐t❡ ❞❡ ✉♠ s✐st❡♠❛ ♣❧❛♥❛r✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ✐♥❝❧✉í♠♦s ❛q✉✐ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❝♦♥❤❡❝✐❞♦s✱ ✉s❛❞♦s ♥❛s
❞❡♠♦♥str❛çõ❡s ❞♦s ❚❡♦r❡♠❛s ✸✳✹✱ ✸✳✼✱ ✸✳✾✱ ✸✳✶✵✳

❈♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠

x′ = f (t, x) ,

♦♥❞❡ f : [0, 2π]× I −→ R✱ I é ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ ❞❡ R✳

❉❡✜♥✐çã♦ ✸✳✶✳ ❯♠❛ ❢✉♥çã♦ α ∈ C1 ([0, 2π]) é ❝❤❛♠❛❞❛ ❞❡ s♦❧✉çã♦ ✐♥❢❡r✐♦r ❡str✐t❛
❞♦ ♣r♦❜❧❡♠❛ {

x′ = f (t, x) ,
x (0) = x (2π) ,

✭✸✳✶✮

s❡ α′ < f (t, α (t))✱ ∀t ∈ [0, 2π] ❡ α (0) ≤ α (2π)✳ ❯♠❛ ❢✉♥çã♦ β ∈ C1 ([0, 2π])
é ❝❤❛♠❛❞❛ ❞❡ s♦❧✉çã♦ s✉♣❡r✐♦r ❡str✐t❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✶✮ s❡ β′ > f (t, β (t))✱
∀t ∈ [0, 2π] ❡ β (0) ≥ β (2π)✳

▲❡♠❛ ✸✳✷✳ ❙✉♣♦♥❤❛♠♦s q✉❡ f é ❝♦♥tí♥✉❛ ❡♠ t ❡ ❛♥❛❧ít✐❝❛ ❡♠ x✳ ❙❡ ❡①✐st❡
✉♠ ♣❛r ❞❡ s♦❧✉çõ❡s ✐♥❢❡r✐♦r ❡ s✉♣❡r✐♦r ❡str✐t❛s α✱ β t❛❧ q✉❡ α (t) ≤ β (t)

✸✾
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✭r❡s♣❡t✐✈❛♠❡♥t❡ α (t) ≥ β (t)✮ ♣❛r❛ t♦❞♦ t✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ x′ = f (t, x) t❡♠ ♣❡❧♦
♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ ✐s♦❧❛❞❛ x t❛❧ q✉❡ α (t) ≤ x (t) ≤ β (t) ✭r❡s♣❡t✐✈❛♠❡♥t❡
α (t) ≥ x (t) ≥ β (t) ✮ ♣❛r❛ t♦❞♦ t✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✾❪✱ ❬✶✹❪ ♦✉ ❬✶✺❪✳

▲❡♠❛ ✸✳✸✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧

x′ + a (t) x = b (t) + ǫc (t, x, ǫ) , ✭✸✳✷✮

♦♥❞❡ a, b : [0, 2π] −→ R sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡ c : [0, 2π]× I ×R −→ R é ✉♠❛
❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝♦♠ ❞❡r✐✈❛❞❛s ❝♦♥tí♥✉❛s ❡♠ x ❡ ǫ ✭I é ✉♠ ✐♥t❡r✈❛❧♦ ❛❜❡rt♦ ❞❡ R✮✳

❙✉♣♦♥❤❛♠♦s q✉❡
∫ 2π

0

a (t) dt 6= 0 ❡ ❛ ú♥✐❝❛ s♦❧✉çã♦ x0 ❞❛ ❡q✉❛çã♦ ♥ã♦ ♣❡rt✉r❜❛❞❛

x′ + a (t) = b (t) é t❛❧ q✉❡ x0 (t) ∈ I ∀t ∈ [0, 2π]✳ ❊♥tã♦✱ ❡①✐st❡ ǫ0, ρ > 0 t❛❧ q✉❡
♣❛r❛ t♦❞♦ 0 < ǫ < ǫ0 ❡①✐st❡ ✉♠❛ ú♥✐❝❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ xǫ ❞❛ ❡q✉❛çã♦ ✭✸✳✷✮ ♥❛ ❜♦❧❛
B [x0, ρ] ❡♠ C ([0, 2π])✳ ❆❧é♠ ❞✐ss♦✱ xǫ ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ ǫ ❡ ❝♦♥✈❡r❣❡
♣❛r❛ x0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ t✳

❉❡♠♦♥str❛çã♦✿ ❱❡r ❬✶✼❪

◆♦s s❡❣✉✐♥t❡s t❡♦r❡♠❛s ♣r♦✈❛r❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦
❢❡❝❤❛❞❛ ✐s♦❧❛❞❛ ♣♦s✐t✐✈❛ ♣❛r❛ ❛ ❡q✉❛çã♦ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ❆❜❡❧✳ ◆♦s três ♣r✐♠❡✐r♦s
t❡♦r❡♠❛s ❞❡st❛ s❡çã♦✱ ❢♦❝❛❧✐③❛♠♦s ❛ ♥♦ss❛ ❛t❡♥çã♦ ♥♦ ❝❛s♦ a0 (t) = 0 ♣❛r❛ t♦❞♦ t✱
❡ ♥♦ ú❧t✐♠♦ t❡♦r❡♠❛ ❞❡st❛ s❡çã♦✱ ❝♦♥❝❡♥tr❛r❡♠♦s ♥♦ss❛ ❛t❡♥çã♦ ♥♦ ❝❛s♦ ❣❡r❛❧✳

❚❡♦r❡♠❛ ✸✳✹✳ ❙❡❥❛
∫ 2π

0
a1 (t) dt < 0✱ s✉♣♦♥❤❛♠♦s q✉❡ ❡①✐st❡ ❛❧❣✉♠ j = 2, 3, ..., n✱

t❛❧ q✉❡✱ ak (t) ≥ 0 ♣❛r❛ t♦❞♦ k = j, ..., n ❡
n∑

k=j

ak (t) > 0 ♣❛r❛ t♦❞♦ t ∈ [0, 2π]✳

❊♥tã♦✱ ❡①✐st❡ ✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ ✐s♦❧❛❞❛ ♣♦s✐t✐✈❛ ❞❛ ❡q✉❛çã♦✿

x′ =
n∑

k=1

ak (t) x
k. ✭✸✳✸✮

❉❡♠♦♥str❛çã♦✿

Pr✐♠❡✐r❛♠❡♥t❡✱ ♥♦t❡♠♦s q✉❡ ❛s ❝♦♥❞✐çõ❡s s♦❜r❡ ♦s ❝♦❡✜❝✐❡♥t❡s ✐♠♣❧✐❝❛♠ q✉❡
n ≥ 3✳ ❋❛③❡♠♦s ❛ s❡❣✉✐♥t❡ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧✿

ω (t) =
1

x (t)
,

♦♥❞❡ s✉❛ ❞❡r✐✈❛❞❛ é✿

ω′ (t) = − x′ (t)

x (t)2
.

❉✐✈✐❞✐♥❞♦ ❛ ❡q✉❛çã♦ ❞❡ ❆❜❡❧ ✭✸✳✸✮ ♣♦r − 1

x2
♦❜t❡♠♦s
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− x′

x2
= −a1 (t)

(
1

x

)
− a2 (t)−

n∑

k=3

ak (t)

(
1

x

)−k+2

,

❆ss✐♠✱

ω′ (t) = −a1 (t)ω − a2 (t)−
n∑

k=3

ak (t)ω
−k+2,

ω′ (t) + a1 (t)ω = −a2 (t)−
n∑

k=3

ak (t)ω
−k+2. ✭✸✳✹✮

◆♦t❡♠♦s q✉❡ ♣❛r❛ ♦ ❝❛s♦ n = 3✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦✿

ω′ (t) + a1 (t)ω = −a2 (t)− a3 (t)
1

ω
,

ωω′ (t) = −a1 (t)ω2 − a2 (t)ω − a3 (t) .
.

❊st❛ ❡q✉❛çã♦ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❛ ❊q✉❛çã♦ ❉✐❢❡r❡♥❝✐❛❧ ❞❡ ❆❜❡❧ ❞♦ s❡❣✉♥❞♦ t✐♣♦✳
❊ss❛ ❡q✉❛çã♦ t❡♠ ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡ ❡♠ 0✳ ❯♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ ♣♦s✐t✐✈❛ ❞❡
✭✸✳✹✮ é ❡q✉✐✈❛❧❡♥t❡ ❛ ✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ ♣♦s✐t✐✈❛ ❞❡ ✭✸✳✸✮✳ ❈♦♥s✐❞❡r❡♠♦s✱ ❛❣♦r❛
♦ s❡❣✉✐♥t❡ ♦♣❡r❛❞♦r ❝♦♠ ❝♦♥❞✐çõ❡s ❞❡ ❢r♦♥t❡✐r❛ ♣❡r✐ó❞✐❝❛✿

{
L [x] = x′ + a1 (t) x,

x (0) = x (2π) .

❆ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❛ss♦❝✐❛❞❛ ❛ ❡ss❡ ♦♣❡r❛❞♦r é✿

G (t, s) =





1

1− σ
exp

(
−
∫ t

s

a1 (τ) dτ

)
s❡ 0 ≤ s < t ≤ 2π,

σ

1− σ
exp

(
−
∫ t

s

a1 (τ) dτ

)
s❡ 0 ≤ t < s ≤ 2π,

✭✸✳✺✮

♦♥❞❡ σ = exp

(
−
∫ 2π

0

a1 (τ) dτ

)
✳ ❊st❛ ❢✉♥çã♦ é ♥❡❣❛t✐✈❛ ♣❛r❛ t♦❞♦ (t, s)✱ ♣♦✐s

σ > 1✳

❆✜r♠❛çã♦ ✸✳✺✳ α (t) = −µ
∫ 2π

0

G (t, s) ds é ✉♠❛ s♦❧✉çã♦ ✐♥❢❡r✐♦r ❡str✐t❛ ❞♦

♣r♦❜❧❡♠❛✿




ω′ = f (t, ω) = −a1 (t)ω − a2 (t)−

n∑

k=3

ak (t)ω
−k+2,

ω (0) = ω (2π) ,

✭✸✳✻✮

♣❛r❛ µ ♣♦s✐t✐✈♦ ❡ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳
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❉❡ ❢❛t♦✱ ♣r✐♠❡✐r❛♠❡♥t❡ ❝❛❧❝✉❧❡♠♦s ❛ ❞❡r✐✈❛❞❛ ❞❡ α (t)✱

α (t) = −µ
∫ 2π

0

G (t, s) ds

= −µ





∫ 2π

0

1

1− σ
exp

(
−
∫ t

s

a1 (τ) dτ

)
ds , se 0 ≤ s < t ≤ 2π

∫ 2π

0

σ

1− σ
exp

(
−
∫ t

s

a1 (τ) dτ

)
ds , se 0 ≤ t < s ≤ 2π

= − µ

1− σ

∫ t

0

exp

(
−
∫ t

s

a1 (τ) dτ

)
ds− µσ

1− σ

∫ 2π

t

exp

(
−
∫ t

s

a1 (τ) dτ

)
ds

= − µ

1− σ

∫ t

0

exp (−A1 (t) + A1 (s)) ds−
µσ

1− σ

∫ 2π

t

exp (−A1 (t) + A1 (s)) ds

=
µ

σ − 1
exp (−A1 (t))

∫ t

0

exp (A1 (s)) ds+

µσ

σ − 1
exp (−A1 (t))

∫ 2π

t

exp (A1 (s)) ds (1)

❉❡r✐✈❛♥❞♦ (1) ❡♠ r❡❧❛çã♦ ❛ t✱

α′ (t) =
µ

σ − 1
exp (−A1 (t)) (−a1 (t))

∫ t

0

exp (A1 (s)) ds+
µ

σ − 1
+

µσ

σ − 1
exp (−A1 (t)) (−a1 (t))

∫ 2π

t

exp (A1 (s)) ds+
µσ

σ − 1

= − µ

σ − 1
exp (−A1 (t)) a1 (t)

∫ t

0

exp (A1 (s)) ds+
µ

σ − 1
−

µσ

σ − 1
exp (−A1 (t)) a1 (t)

∫ 2π

t

exp (A1 (s)) ds−
µσ

σ − 1

α′ (t) = − µ

σ − 1
exp (−A1 (t)) a1 (t)

[∫ t

0

exp (A1 (s)) ds+

σ

∫ 2π

t

exp (A1 (s)) ds

]
− µ (2)

❆❣♦r❛ s✉❜t✐t✉✐♠♦s ♦ ✈❛❧♦r ❞❡ α (t) ❡♠ f (t, x)✱ ♦❜t❡♠♦s
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f (t, α (t)) = −a1 (t)
(
−µ
∫ 2π

0

G (t, s) ds

)
− a2 (t)−

n∑

k=3

ak (t)(
−µ
∫ 2π

0

G (t, s) ds

)k−2

= −a1 (t)
µ

σ − 1
exp (−A1 (t))

(∫ t

0

exp (A1 (s)) ds+ σ

∫ 2π

t

exp (A1 (s)) ds

)
−

a2 (t)−
n∑

k=3

ak (t)(
−µ
∫ 2π

0

G (t, s) ds

)k−2
(3)

❈♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ❢✉♥çã♦

F̃ (t) =
µ

σ − 1
exp (−A1 (t)) a1 (t)

[∫ t

0

exp (A1 (s)) ds+ σ

∫ 2π

t

exp (A1 (s)) ds

]
.

❉❛í✱ ✉s❛♥❞♦ F̃ (t) ❡♠ (2) ❡ (3)✱ ♦❜t❡♠♦s

α′ (t) = −F̃ (t)− µ, e

f (t, α (t)) = −F̃ (t)− a2 (t)−
n∑

k=3

ak (t)(
−µ
∫ 2π

0

G (t, s) ds

)k−2
.

❙❡❣✉❡ q✉❡✱ ♣❛r❛ µ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✱ t❡♠♦s α′ (t) < f (t, α (t))✳ ❆❣♦r❛✱
✈❡r✐✜q✉❡♠♦s α (0) ≤ α (2π)✳

α (0) = −µ
∫ 2π

0

σ

1− σ
exp

(
−
∫ 0

s

a1 (τ) dτ

)
ds

= µ
σ

σ − 1

∫ 2π

0

exp

(∫ s

0

a1 (τ) dτ

)
ds,

α (2π) = −µ
∫ 2π

0

1

1− σ
exp

(
−
∫ 2π

s

a1 (τ) dτ

)

= µ
1

σ − 1

∫ 2π

0

exp

(
−
∫ 2π

s

a1 (τ) dτ

)
ds

= µ
1

σ − 1

∫ 2π

0

exp

(
−
∫ 2π

0

a1 (τ) dτ

)
exp

(∫ s

0

a1 (τ) dτ

)
ds

= µ
σ

σ − 1

∫ 2π

0

exp

(∫ s

0

a1 (τ) dτ

)
ds.

❙❡❣✉❡ q✉❡ α (0) ≤ α (2π)✳ P♦rt❛♥t♦ α é s♦❧✉çã♦ ✐♥❢❡r✐♦r ❡str✐t❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✻✮✳

❆✜r♠❛çã♦ ✸✳✻✳ β (t) = ǫ > 0 é s♦❧✉çã♦ s✉♣❡r✐♦r ❡str✐t❛ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✻✮ ♣❛r❛
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ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳

❉❡ ❢❛t♦✱ s❡❥❛ β (t) = ǫ > 0✳ ❙✉❛ ❞❡r✐✈❛❞❛ β′ (t) = 0 ❡

f (t, β (t)) = f (t, ǫ) = −a1 (t) ǫ− a2 (t)−
n∑

k=3

ak (t) ǫ
−k+2.

❉❡✈❡♠♦s ♠♦str❛r ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡❀

f (t, ǫ) = −a1 (t) ǫ− a2 (t)−
n∑

k=3

ak (t) ǫ
−k+2 < 0,

♦ q✉❡ é ♦ ♠❡s♠♦ q✉❡ ♠♦str❛r

a1 (t) ǫ+ a2 (t) +
n∑

k=3

ak (t) ǫ
−k+2 > 0.

❉❡ ❢❛t♦✱ ❛ ❡sq✉❡r❞❛ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ǫn−2✱ ♦❜t❡♠♦s✿

a1 (t) ǫ
n−1 + a2 (t) ǫ

n−2 +
n∑

k=3

ak (t) ǫ
n−k =

n∑

k=1

ak (t) ǫ
n−k,

n∑

k=1

ak (t) ǫ
n−k =

j−1∑

k=1

ak (t) ǫ
n−k +

n∑

k=j

ak (t) ǫ
n−k. ✭✸✳✼✮

❆❣♦r❛✱

n∑

k=j

ak (t) ǫ
n−k = aj (t) ǫ

n−j + aj+1 (t) ǫ
n−(j+1) + aj+2 (t) ǫ

n−(j+2) + . . .

+an (t) ǫ
n−(j+n−j)

= aj (t) ǫ
n−j + aj+1 (t) ǫ

n−jǫ−1 + aj+2 (t) ǫ
n−jǫ−2 + . . .

+an (t) ǫ
n−jǫ−(n−j)

= ǫn−j
(
aj (t) + aj+1 (t) ǫ

−1 + aj+2 (t) ǫ
−2 + ...+ an (t) ǫ

−(n−j)
)

= ǫn−j (aj (t) + aj+1 (t) ǫ
−1 + aj+2 (t) ǫ

−2 + ...+ an (t) ǫ
j−n)

= ǫn−j
n∑

k=j

ak (t) ǫ
j−k.

❈♦♠♦ ❛ss✉♠✐♠♦s ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡✿

aj (t)
1

ǫ0
+ aj+1 (t)

1

ǫ1
+ ...+ an (t)

1

ǫn−j
> aj (t) + aj+1 (t) + ...+ an (t)

n∑

k=j

ak (t) ǫ
j−k >

n∑

k=j

ak (t) .
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❆❣♦r❛✱ ♠✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ǫn−j✱ ♦❜t❡♠♦s✿

ǫn−j
n∑

k=j

ak (t) ǫ
j−k > ǫn−j

n∑

k=j

ak (t) > 0.

❙♦♠❛♥❞♦ ♦s ♣r✐♠❡✐r♦s t❡r♠♦s ❞❡ ✭✸✳✼✮✱ ♦❜t❡♠♦s✿

j−1∑

k=1

ak (t) ǫ
n−k + ǫn−j

n∑

k=j

ak (t) ǫ
j−k >

j−1∑

k=1

ak (t) ǫ
n−k + ǫn−j

n∑

k=j

ak (t)

❉❛í✱ ♣❛r❛ ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ t❡♠♦s✱

n∑

k=1

ak (t) ǫ
n−k >

j−1∑

k=1

ak (t) ǫ
n−k + ǫn−j

n∑

k=j

ak (t) > 0.

❊♥tã♦

n∑

k=1

ak (t) ǫ
n−k > 0,

a1 (t) ǫ
n−1 + a2 (t) ǫ

n−2 + ...+ an (t) ǫ
n−n > 0,

ǫn−2

(
a1 (t) ǫ+ a2 (t) +

n∑

k=3

ak (t) ǫ
n−k

)
> 0,

a1 (t) ǫ+ a2 (t) +
n∑

k=3

ak (t) ǫ
n−k > 0.

❊✈✐❞❡♥t❡♠❡♥t❡ β (0) = ǫ ≥ β (2π)✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❛s s♦❧✉çõ❡s ✐♥❢❡r✐♦r ❡
s✉♣❡r✐♦r✱ ♣♦❞❡♠ s❡r ❡s❝♦❧❤✐❞❛s t❛✐s q✉❡ β < α✳ P♦rt❛♥t♦ ♣❡❧♦ ▲❡♠❛ ✭✸✳✷✮✱ ❛
❡q✉❛çã♦ ✭✸✳✸✮ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ ✐s♦❧❛❞❛ ♣♦s✐t✐✈❛ x✱ t❛❧ q✉❡
0 < ǫ = β (t) < x (t) < α (t)✱∀t✳ �

❚❡♦r❡♠❛ ✸✳✼✳ ❈♦♥s✐❞❡r❛♥❞♦ a2 (t) = λp (t)✱ ♦♥❞❡ p é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ✜①❛
❡ ❛ss✉♠✐♠♦s q✉❡

∫ 2π

0
a1 (t) dt 6= 0 ❡ q✉❡ ❛ ú♥✐❝❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ ❞❛ ❡q✉❛çã♦ ❧✐♥❡❛r

x′ + a1 (t) x = −p (t) é ♣♦s✐t✐✈❛✳ ❊♥tã♦✱ ❡①✐st❡ λ0 > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ λ > λ0✱
❡①✐st❡ ❛♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ ✐s♦❧❛❞❛ ♣♦s✐t✐✈❛ ❞❛ ❡q✉❛çã♦✿

x′ =
n∑

k=1

ak (t) x
k.

❉❡♠♦♥str❛çã♦✿

❯s❡♠♦s ♥♦✈❛♠❡♥t❡ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧

ω (t) =
1

x (t)
.

❙✉❜st✐t✉✐♥❞♦ ♦ ✈❛❧♦r ❞❡ a2 (t) ♥❛ ❡q✉❛çã♦ ✭✸✳✹✮✱ ♦❜t❡♠♦s✿



✹✻ ✸✳✶✳ ❙❖▲❯➬Õ❊❙ ❋❊❈❍❆❉❆❙ P❆❘❆ ❆ ❊◗❯❆➬➹❖ ❉❊ ❆❇❊▲

ω′ (t) + a1 (t)ω = −λp (t)−
n∑

k=3

ak (t)ω
−k+2.

❈♦♥s✐❞❡r❡ ❛ ❡q✉❛çã♦ ♣❡rt✉r❜❛❞❛

y′ + a1 (t) y = −p (t)−
n∑

k=3

ǫk−1ak (t) y
−k+2,

y′ + a1 (t) y = −p (t)− ǫ

n∑

k=3

ǫk−2ak (t) y
−k+2, ✭✸✳✽✮

♦♥❞❡ a1✱ p : [0, 2π] −→ R sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡

c : [0, 2π]× I × R −→ R

(t, y, ǫ) 7−→ c (t, y, ǫ) =
n∑

k=3

ǫk−2ak (t) y
−k+2

é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝♦♠ ❞❡r✐✈❛❞❛s ❝♦♥tí♥✉❛s ❡♠ y e ǫ✳
∫ 2π

0
a1 (t) dt 6= 0

❡ ❛ ú♥✐❝❛ s♦❧✉çã♦ y0 ❞❛ ❡q✉❛çã♦ y′ + a1 (t) y = −p (t) é ♣♦s✐t✐✈❛✱ ♣❛r❛ t♦❞♦
t ∈ [0, 2π]✳ P❡❧♦ ▲❡♠❛ ✸✳✸✱ ❡①✐st❡ ǫ0 t❛❧ q✉❡ ✭✸✳✽✮ t❡♠ ✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛
✐s♦❧❛❞❛ yǫ ♣❛r❛ q✉❛❧q✉❡r ǫ ∈ (0, ǫ0)✳ ❆❧é♠ ❞✐ss♦✱ yǫ ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ ǫ
❡ yǫ → y0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ t✳ ❈♦♠♦ y0 é ♣♦s✐t✐✈♦✱ s❡❣✉❡ q✉❡ yǫ é ♣♦s✐t✐✈♦ ♣❛r❛
ǫ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳

❆✜r♠❛çã♦ ✸✳✽✳ ω (t) = ǫyǫ é ✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ ♣♦s✐t✐✈❛ ❞❡

ω′ (t) + a1 (t)ω = −λp (t)−
n∑

k=3

ak (t)ω
−k+2, ✭✸✳✾✮

❝♦♠ λ =
1

ǫ
✳

❉❡ ❢❛t♦✱ ♣r♦✈❡♠♦s q✉❡ ω é s♦❧✉çã♦ ❞❡ ✭✸✳✾✮✳
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ω (t) = ǫyǫ (t)
ω′ (t) = ǫy′ǫ (t)

= ǫ

(
−a1 (t) yǫ − p (t)−

n∑

k=3

ǫk−1ak (t) y
−k+2
ǫ

)

= −a1 (t) (ǫyǫ)− ǫp (t)−
n∑

k=3

ǫkak (t) y
−k+2
ǫ

= −a1 (t) (ǫyǫ)− ǫp (t)− (ǫ3a3 (t) y
−1
ǫ + ǫ4a4 (t) y

−2
ǫ + ǫ5a5 (t) y

−3
ǫ + . . .

+ǫnan (t) y
−n+2
ǫ )

= −a1 (t) (ǫyǫ)− ǫp (t)−
(
ǫ4a3 (t) (ǫyǫ)

−1 + ǫ6a4 (t) (ǫyǫ)
−2 + . . .

+ǫ2n−2an (t) (ǫyǫ)
−n+2)

= −a1 (t)ω − ǫp (t)− (ǫ4a3 (t)ω
−1 + ǫ6a4 (t)ω

−2 + . . .
+ǫ2n−2an (t)ω

−n+2)

= −a1 (t)ω − ǫp (t)−
n∑

k=3

ǫ2k−2ak (t)ω
−k+2.

▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r
1

ǫ2
✱

ω′ (t)

ǫ2
= −a1 (t)ω

ǫ2
− ǫ

ǫ2
p (t)−

n∑

k=3

ǫ2k−2

ǫ2
ak (t)ω

−k+2,

ω′ (t)

ǫ2
= −a1 (t)ω

ǫ2
− 1

ǫ
p (t)−

n∑

k=3

ǫ2k−4ak (t)ω
−k+2,

ω′ (t) = ǫ2

(
−a1 (t)ω

ǫ2
− λp (t)−

n∑

k=3

ǫ2k−4ak (t)ω
−k+2

)
,

ω′ (t) = −a1 (t)ω − ǫ2λp (t)−
n∑

k=3

ǫ2k−2ak (t)ω
−k+2.

❉❛í✱ ω (t) é s♦❧✉çã♦ ❞❡ ✭✸✳✾✮✳ ❆❣♦r❛✱ ♠♦str❡♠♦s q✉❡ ω (t) é s♦❧✉çã♦ ❢❡❝❤❛❞❛✳
❚❡♠♦s ω (t) = ǫyǫ (t)✱ s❛❜❡♠♦s q✉❡ yǫ (t) é s♦❧✉çã♦ ❢❡❝❤❛❞❛ ♣♦s✐t✐✈❛ ♣❛r❛ ❛ ❡q✉❛çã♦
♣❡rt✉r❜❛❞❛✱ ✐st♦ é✱ yǫ (0) = yǫ (2π)✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r ǫ > 0✱

ǫyǫ (0) = ǫyǫ (2π)
ω (0) = ω (2π) ,

❆ss✐♠✱ ω (t) é ✉♠❛ s♦❧✉çã♦ ♣♦s✐t✐✈❛ ❡ ❢❡❝❤❛❞❛ ❞❛ ❡q✉❛çã♦ ✭✸✳✾✮✳ ❉❛í✱ ♣❛r❛ λ0 =
1

ǫ0
❝♦♥❝❧✉í♠♦s q✉❡ ω (t) é ✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ ✐s♦❧❛❞❛ ♣♦s✐t✐✈❛✳ �

❚❡♦r❡♠❛ ✸✳✾✳ ❈♦♥s✐❞❡r❡ a2 (t) = λ + p (t)✳ ❙❡
∫ 2π

0
a1 (t) dt < 0✱ ❡♥tã♦ ❡①✐st❡

λ0 > 0 t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ λ > λ0✱ ❡①✐st❡ ❛♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ ✐s♦❧❛❞❛
♣♦s✐t✐✈❛ ❞❛ ❡q✉❛çã♦

x′ =
n∑

k=1

ak (t) x
k.
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❉❡♠♦♥str❛çã♦✿ ◆♦✈❛♠❡♥t❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ ω (t) =
1

x (t)
♥❛ ❡q✉❛çã♦ ✭✸✳✹✮ ❡ s✉❜st✐t✉✐♥❞♦ a2 (t) = λ+ p (t)✱ ♦❜t❡♠♦s

ω′ (t) + a1 (t)ω = −λ− p (t)−
n∑

k=3

ak (t)ω
−k+2.

❈♦♥s✐❞❡r❡ s✉❛ ❡q✉❛çã♦ ♣❡rt✉r❜❛❞❛

y′ + a1 (t) y = −1− ǫp (t)−
n∑

k=3

ǫk−2ak (t) y
−k+2,

y′ + a1 (t) y = −1− ǫ

(
p (t)−

n∑

k=3

ǫk−3ak (t) y
−k+2

)
,

♦♥❞❡ a1 : [0, 2π] −→ R é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ b (t) = −1 ❡

c : [0, 2π]× I × R −→ R

(t, x, ǫ) 7−→ c (t, x, ǫ) = p (t)−
n∑

k=3

ǫk−3ak (t) y
−k+2

é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❝♦♠ ❞❡r✐✈❛❞❛s ❝♦♥tí♥✉❛s ❡♠ x, ǫ✳ P♦r ❤✐♣ót❡s❡✱ t❡♠♦s∫ 2π

0
a1 (t) dt 6= 0 ❡ y0 é ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ♥ã♦ ♣❡rt✉r❜❛❞❛ y′ + a1 (t) y =

−p (t)✱ ❛ q✉❛❧ é ♣♦s✐t✐✈❛ ♣❛r❛ t♦❞♦ t ∈ [0, 2π]✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✸ ❡①✐st❡♠
ǫ0, δ > 0 t❛✐s q✉❡✱ ♣❛r❛ t♦❞♦ ǫ ∈ (0, ǫ0)✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ yǫ s♦❧✉çã♦ ❢❡❝❤❛❞❛
❞❛ ❡q✉❛çã♦ ♣❡rt✉r❜❛❞❛ ♥❛ ❜♦❧❛ B [y0, δ0]✱ ❛ s❛❜❡r yǫ ∈ C0 ([0, 2π])✳ ❆❧é♠
❞✐ss♦✱ yǫ ❞❡♣❡♥❞❡ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞❡ ǫ ❡ yǫ → y0 ✉♥✐❢♦r♠❡♠❡♥t❡ ❡♠ t✱ ♣❛r❛
ǫ0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ ♣♦rt❛♥t♦✱ yǫ é ♣♦s✐t✐✈♦✳ ❈♦♠♦ ♥❛ ❞❡♠♦♥str❛çã♦
❛♥t❡r✐♦r✱ w(t) = εyε é s♦❧✉çã♦ ❢❡❝❤❛❞❛ ✐s♦❧❛❞❛ ♣♦s✐t✐✈❛✳ �

❚❡♦r❡♠❛ ✸✳✶✵✳ ❙✉♣♦♥❤❛ q✉❡
∫ 2π

0
a1 (t) dt 6= 0 ❡ ❡s❝r❡✈❛ a0 (t) = λp (t)✳ ❊♥tã♦✱

❡①✐st❡ λ0 > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ 0 < λ < λ0 ❡①✐st❡ ❛♦ ♠❡♥♦s ✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛
✐s♦❧❛❞❛ ❞❛ ❡q✉❛çã♦✿

x′ =
n∑

k=0

ak (t) x
k. ✭✸✳✶✵✮

❉❡♠♦♥str❛çã♦✿

Pr✐♠❡✐r❛♠❡♥t❡ ❡s❝r❡✈❡♠♦s ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✿

x′ = a0 (t) + a1 (t) x+
n∑

k=2

ak (t) x
k.

❙✉❜st✐t✉í♠♦s ♦ ✈❛❧♦r ❞❡ a0 (t) ♣♦r λp (t)
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x′ = λp (t) + a1 (t) x+
n∑

k=2

ak (t) x
k

❡ ❝♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ♣❡rt✉r❜❛❞❛

y′ = p (t) + a1 (t) y +
n∑

k=2

ak (t)λ
k−1yk. ✭✸✳✶✶✮

❙♦❜r❡ ❛s ❤✐♣ót❡s❡s ❞♦ ❧❡♠❛ ✸✳✸✱ ❡①✐st❡ λ0 > 0 t❛❧ q✉❡ ✭✸✳✶✶✮ t❡♠ s♦❧✉çã♦ ❢❡❝❤❛❞❛
yλ ♣❛r❛ t♦❞♦ 0 < λ < λ0✳ ❊♥tã♦✱ x (t) = λyλ é s♦❧✉çã♦ ❢❡❝❤❛❞❛ ❞❛ ❡q✉❛çã♦ ✭✸✳✶✶✮✱
❝♦♠ a0 (t) = λp (t) �
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◆❡st❛ s❡çã♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❡st✉❞❛r ♦s ❝r✐tér✐♦s q✉❡ ❢♦r❛♠ ♦❜t✐❞♦s ❡♠ ❬✺❪
♣❛r❛ ❣❛r❛♥t✐r ✉♠❛ ❝♦t❛ s✉♣❡r✐♦r ❛♦ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s ❧✐♠✐t❡ ❞❛s s❡❣✉✐♥t❡s ❢❛♠í❧✐❛s✿

dx

dt
= an (t) x

n + am (t) xm + a1 (t) , ✭✸✳✶✷✮

♦♥❞❡ n > m > 1✱ ❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❞❛s ❢✉♥çõ❡s an ♦✉ am ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧❀ ❊

dx

dt
= an (t) x

n + a2 (t) x
2 + a1 (t) x+ a0 (t) , n > 2 ✭✸✳✶✸✮

♦♥❞❡ ❛ ❢✉♥çã♦ an ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧✳ ❖s r❡s✉❧t❛❞♦s q✉❡ ♦❜t❡♠♦s ♥❛ ❡q✉❛çã♦
✭✸✳✶✷✮ ✐♠✐t❛♠ ♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦ ❞♦ t❡♦r❡♠❛ ❞❡ ❇✉❞❛♥✲❋♦✉r✐❡r✿

▲❡♠❛ ✸✳✶✶✳ P❛r❛ q✉❛❧q✉❡r an, am, a1 ∈ R ❡ n > m > 1✱ ❛ ❡q✉❛çã♦ ♣♦❧✐♥♦♠✐❛❧

anx
n + amx

m + a1x = 0

t❡♠ ♣❡❧♦ ♠❡♥♦s ✺ s♦❧✉çõ❡s r❡❛✐s s❡ ♥ é í♠♣❛r ❡ t❡♠ ♣❡❧♦ ♠❡♥♦s ✹ s♦❧✉çõ❡s r❡❛✐s
s❡ ♥ é ♣❛r✳ ❆❧é♠ ❞✐ss♦✱ ❡①❝❡t♦ ♣❛r❛ n = 3✱ ❛s ❝♦t❛s s✉♣❡r✐♦r❡s ❛❝✐♠❛ ♥ã♦ ♣♦❞❡♠
s❡r ♠❡❧❤♦r❛❞❛s✳

❙❡❥❛♠ ak : [0, 1] −→ R✱ k = 0, . . . , n ❢✉♥çõ❡s ❞❡ ❝❧❛ss❡ C1✳ ❈♦♥s✐❞❡r❡ ❛
❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✱

dx

dt
=

n∑

k=0

ak (t) x
k = S (t, x) ✭✸✳✶✹✮

♦♥❞❡ 0 ≤ t ≤ 1 ❡ n ∈ N✳ ❯♠❛ s♦❧✉çã♦ ❞❡ ✭✸✳✶✹✮ é ✉♠❛ ❢✉♥çã♦ x : [0, 1] −→ R

q✉❡ s❛t✐s❢❛③ ❛ ❡q✉❛çã♦ ✭✸✳✶✹✮✳ ❯t✐❧✐③❛r❡♠♦s ❛ ♥♦t❛çã♦ x = x (t, y) ♣❛r❛ ❞❡s✐❣♥❛r
❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ❢♦r♠❛❞♦ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✹✮ ❡ ❛ ❝♦♥❞✐çã♦
✐♥✐❝✐❛❧ x (0, y) = y✳ ❉✐③❡♠♦s q✉❡ ✉♠❛ s♦❧✉çã♦ ❞❡ ✭✸✳✶✹✮ é ❢❡❝❤❛❞❛ ♦✉ ♣❡r✐ó❞✐❝❛ s❡
x (1, y) = y. ❆ ♣r✐♥❝✐♣❛❧ ♠♦t✐✈❛çã♦ ♣❛r❛ ❡st✉❞❛r ❛s s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s é q✉❡✱ s❡
ak : (0, 1) −→ R✱ k = 0, . . . , n✱ ❢♦r❡♠ ❢✉♥çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ♣❡rí♦❞♦ ✶✱ ❛ ❡q✉❛çã♦
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✭✸✳✶✹✮ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❝❛♠♣♦ ❞❡ ✈❡t♦r❡s X (t, x) =
(
1,
∑n

k=0 ak (t) x
k
)
♥♦ ❝✐❧✐♥❞r♦

S1 × R ❡ ❛s s♦❧✉çõ❡s ❢❡❝❤❛❞❛s ❞❡ ✭✸✳✶✹✮ sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛ ór❜✐t❛s ❢❡❝❤❛❞❛s ❞♦
❝❛♠♣♦ ❞❡ ✈❡t♦r❡s ♥♦ ❝✐❧✐♥❞r♦✳ ❯♠❛ s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛ ✐s♦❧❛❞❛ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s
❛s s♦❧✉çõ❡s ♣❡r✐ó❞✐❝❛s ❞❡ ✭✸✳✶✹✮ é ❝❤❛♠❛❞❛ ❞❡ ❝✐❝❧♦ ❧✐♠✐t❡✳

❉❡✜♥✐çã♦ ✸✳✶✷✳ ❙❡❥❛♠
∑

0 = {(t, x) ∈ R2; t = 0}✱
∑

1 = {(t, x) ∈ R2; t = 1} ❡
U ♦ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡

∑
0 t❛❧ q✉❡✱ (0, y) ∈ U s❡✱ ❡ s♦♠❡♥t❡ s❡✱ x (t, y)∩∑1 6=

φ✳ ❉❡✜♥✐♠♦s ❛ ❛♣❧✐❝❛çã♦ ❞❡ r❡t♦r♥♦ ❛ss♦❝✐❛❞❛ ❛ ❡q✉❛çã♦ ✭✸✳✶✹✮✱

h : U ⊂
∑

0 −→
∑

1

y 7−→ h (y) = x (1, y) .
✭✸✳✶✺✮

❖❜s❡r✈❛çã♦ ✸✳✶✸✳ s❡ x (t, y) é ✉♠❛ s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛ ❞❡ ✭✸✳✶✹✮✱ ❡♥tã♦ h (y) = y✳

❉❡✜♥✐çã♦ ✸✳✶✹✳ ❉✐③❡♠♦s q✉❡ ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡ x (t, y∗) ❞❡ ✭✸✳✶✹✮ é❀

✶✳ ❊stá✈❡❧ s❡ ❡①✐st❡ ǫ > 0✱ t❛❧ q✉❡✱ |h (y)− y∗| < |y − y∗| ♣❛r❛ t♦❞♦ y ∈
(y ∗ −ǫ, y∗) ∪ (y∗, y ∗+ǫ)✱

✷✳ ■♥stá✈❡❧ s❡ ❡①✐st❡ ǫ > 0✱ t❛❧ q✉❡✱ |h (y)− y∗| > |y − y∗| ♣❛r❛ t♦❞♦ y ∈
(y ∗ −ǫ, y∗) ∪ (y∗, y ∗+ǫ)✱

✸✳ ❙❡♠✐✲❊stá✈❡❧ s❡ ❡①✐st❡ ǫ > 0✱ t❛❧ q✉❡✱ |h (y)− y∗| > |y − y∗| ♣❛r❛ t♦❞♦
y ∈ (y ∗ −ǫ, y∗) ❡ |h (y)− y∗| < |y − y∗| ♣❛r❛ t♦❞♦ y ∈ (y∗, y ∗+ǫ) ♦✉ ♦
❝♦♥tr❛r✐♦✳

❉❡✜♥✐çã♦ ✸✳✶✺✳ ❆ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞❡ ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡ x (t, y) é ❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡
❛❧❣é❜r✐❝❛ ❞❡ y ❝♦♠♦ ③❡r♦ ❞❛ ❢✉♥çã♦ D (y) = h (y)− y✳

❉❡✜♥✐çã♦ ✸✳✶✻✳ ❯♠ ❝✐❝❧♦ ❧✐♠✐t❡ x (t, y∗) ❞❡ ✭✸✳✶✹✮ é ❞✐t♦ ❍✐♣❡r❜ó❧✐❝♦ s❡
d
dy
h (y∗) 6= 1✳

❖❜s❡r✈❛çã♦ ✸✳✶✼✳ ❙❡ d
dy
h (y∗) < 1 ❡ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❱❛❧♦r ▼é❞✐♦ t❡♠♦s✱

dh

dy
(y∗) = h (y2)− h (y1)

y2 − y1
=
x (1, y2)− x (1, y1)

y2 − y1
< 1,

❞❛í ❝♦♥❝❧✉í♠♦s q✉❡ x (t, y∗) é ❝✐❝❧♦ ❧✐♠✐t❡ ❡stá✈❡❧✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ d
dy
h (y∗) > 1

❡✱ ❞❛ ♠❡s♠❛ ❢♦r♠❛✱ ❛♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❱❛❧♦r ▼é❞✐♦ ❝♦♥❝❧✉í♠♦s q✉❡
x (t, y∗) é ❝✐❝❧♦ ❧✐♠✐t❡ ✐♥stá✈❡❧✳ ❊ss❛s ❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s ❛ ❞✐③❡r
q✉❡✱ s❡

∫ 1

0
∂
∂x
S (t, x (t, y∗)) dt < 0✱ ❡♥tã♦ x (t, y∗) é ❝✐❝❧♦ ❧✐♠✐t❡ ❡stá✈❡❧ ❡ s❡∫ 1

0
∂
∂x
S (t, x (t, y∗)) dt > 0 ✱ ❡♥tã♦ x (t, y∗) é ❝✐❝❧♦ ❧✐♠✐t❡ ✐♥stá✈❡❧✳ ❆❧é♠ ❞✐ss♦✱

✉♠ ❝✐❝❧♦ ❧✐♠✐t❡ é ❤✐♣❡r❜ó❧✐❝♦ s❡
∫ 1

0
∂
∂x
S (t, x (t, y∗)) dt 6= 0✳

❆s Pr♦♣♦s✐çõ❡s ✸✳✶✽✱ ✸✳✷✷ ❡ ♦s ▲❡♠❛s ✸✳✶✾✱ ✸✳✷✵ ❛ s❡❣✉✐r s❡rã♦ ✉s❛❞♦s ♣❛r❛
♣r♦✈❛r ♦s ❚❡♦r❡♠❛s ✸✳✷✶ ❡ ✸✳✷✸✳ ❆ ❞❡♠♦♥str❛çã♦ ❛♣r❡s❡♥t❛❞❛ ❛q✉✐✱ ❞❛ ♣r♦♣♦s✐çã♦
✸✳✶✽✱ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✼❪ ❡ ❬✽❪✳ ❖ r❡st♦ ❞❛s ❞❡♠♦♥str❛çõ❡s ❛♣r❡s❡♥t❛❞❛s
❛q✉✐ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✺❪✳
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Pr♦♣♦s✐çã♦ ✸✳✶✽✳ ❙❡❥❛ h (y) ❛ ❛♣❧✐❝❛çã♦ ❞❡ r❡t♦r♥♦ ❛ss♦❝✐❛❞❛ à ❡q✉❛çã♦✿

dx

dt
= S (t, x) ,

♦♥❞❡ S ∈ C3 é ❞❡ ♣❡rí♦❞♦ ✶ ❡♠ r❡❧❛çã♦ ❛ t ∈ [0, 1]✳ ❚❡♠♦s✿

✶✳
d

dy
h (y) = exp

(∫ 1

0

∂

∂x
S (t, x (t, y)) dt

)
❀

✷✳
d2

dy2
h (y) =

d

dy
h (y)

[∫ 1

0

∂2

∂x2
S (t, x (t, y)) exp

(∫ t

0

∂

∂x
S (s, x (s, y)) ds

)
dt

]
;

✸✳ d3

dy3
h (y) =

d

dy
h (y)











3

2









d2

dy2
h (y)

d

dy
h (y)









2

+

∫ 1

0

∂3

∂x3
S (t, x (t, y)) exp

(

2

∫ t

0

∂

∂x
S (s, x (s, y)) ds

)

dt











.

❉❡♠♦♥str❛çã♦✿

P❡❧❛ ❞❡✜♥✐çã♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞♦ r❡t♦r♥♦ t❡♠♦s h (y) = x (1, y)✱ ❞❛í
d

dy
h (y) =

∂

∂y
x (1, y)✱

d2

dy2
h (y) =

∂2

∂y2
x (1, y) ❡

d3

dy3
h (y) =

∂3

∂y3
x (1, y)✳ ❈♦♥s✐❞❡r❡♠♦s ♦

s❡❣✉✐♥t❡ ♣r♦❜❧❡♠❛ ❞♦ ✈❛❧♦r ✐♥✐❝✐❛❧✿

{
dx

dt
= S (t, x)

x (0, y) = y,

♦♥❞❡ ❛ s♦❧✉çã♦ é✿

x (t, y) = y +

∫ t

0

S (s, x (s, y)) ds

❆❣♦r❛✱ ❞❡r✐✈❛♥❞♦ ❡♠ r❡❧❛çã♦ ❛ y ❡ ✉s❛♥❞♦ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛✱ ♦❜t❡♠♦s✿

∂

∂y
x (t, y) = 1 +

∫ t

0

∂

∂x
S (s, x (s, y))

∂

∂y
x (s, y) ds. (1)

◆❡st❛ ú❧t✐♠❛ ❡q✉❛çã♦✱ ❢❛③❡♥❞♦ z (t) =
∂

∂y
x (t, y)✱ ♦❜t❡♠♦s✿

z (t) = 1 +

∫ t

0

∂

∂x
S (s, x (s, y)) z (s) ds.

❙❡ t = 0✱ ❡♥tã♦ z (0) = 1✳ ❉❡r✐✈❛♥❞♦ z (t) ❡♠ r❡❧❛çã♦ ❛ t ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡
♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧✿

{
dz

dt
=

∂

∂x
S (s, x (s, y)) z (t) ,

z (0) = 1.
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❆tr❛✈és ❞❛ s❡♣❛r❛çã♦ ❞❡ ✈❛r✐á✈❡✐s✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r q✉❡ ❛ s♦❧✉çã♦ ❞❡st❛ ❡q✉❛çã♦
é

z (t) = exp

(∫ t

0

∂

∂x
S (s, x (s, y)) ds

)
.

❙❡ t = 1✱ ❡♥tã♦ z (1) =
∂

∂y
x (1, y) . P♦rt❛♥t♦✱

d

dy
h (y) =

∂

∂y
x (1, y) = z (1) = exp

(∫ 1

0

∂

∂x
S (t, x (t, y)) dt

)
,

♦ q✉❡ ♣r♦✈❛ 1✳

❉❡r✐✈❛♥❞♦ ✭✶✮ ❡♠ r❡❧❛çã♦ ❛ y ❡ ✉s❛♥❞♦ ❛ r❡❣r❛ ❞❡ ❝❛❞❡✐❛✱ ♦❜t❡♠♦s✿

∂2x

∂y2
(t, y) =

∫ t

0

((
∂2S

∂x2
(s, x (s, y))

)(
∂x

∂y
(s, y)

)2

+
∂S

∂x
(s, x (s, y))

∂2x

∂y2
(s, y)

)
ds. (2)

❋❛③❡♥❞♦ w (t) =
∂2

∂y2
x (t, y) ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ t❡♠♦s✿

w (t) =

∫ t

0

((
∂2

∂x2
S (s, x (s, y))

)
(z (s))2 +

∂

∂x
S (s, x (s, y))w (s)

)
ds,

♦♥❞❡ s❡ t = 0✱ ❡♥tã♦ w (0) = 0✳ ❉❡r✐✈❛♥❞♦ w (t) ❡♠ r❡❧❛çã♦ ❛ t✱ ♦❜t❡♠♦s ♦
♣r♦❜❧❡♠❛ ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧✿





dw

dt
=

∂

∂x
S (t, x (t, y))w (t) +

∂2

∂x2
S (t, x (t, y)) (z (t))2 ,

w (0) = 0,

♦♥❞❡ ❛tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ ✈❛r✐❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r q✉❡ ❛ s♦❧✉çã♦
❞❡st❛ ❡q✉❛çã♦ é✿

w (t) = z (t)

∫ t

0

∂2

∂x2
S (s, x (s, y)) z (s) ds,

P♦rt❛♥t♦✿
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d2

dy2
h (y) =

∂2

∂y2
x (1, y)

= w (1)

= z (1)

∫ 1

0

∂2

∂x2
S (s, x (s, y)) z (s) ds

=
d

dy
h (y)

[∫ 1

0

∂2

∂x2
S (t, x (t, y)) exp

(∫ t

0

∂

∂x
S (s, x (s, y)) ds

)
dt

]

=
d

dy
h (y)

[∫ 1

0

∂2

∂x2
S (t, x (t, y)) exp

(∫ t

0

∂

∂x
S (s, x (s, y)) ds

)
dt

]
,

♦ q✉❡ ♣r♦✈❛ 2✳

❉❡r✐✈❛♥❞♦ ✭✷✮ ❡♠ r❡❧❛çã♦ ❛ y ❡ ✉s❛♥❞♦ ❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛✱ ♦❜t❡♠♦s✿

∂3

∂y3
x (t, y) =

∫ t

0

(
∂3S

∂x3

(
∂x

∂y

)3

+ 3
∂2S

∂x2
∂x

∂y

∂2x

∂y2
+
∂S

∂x

∂3x

∂y3

)
ds.

❋❛③❡♥❞♦ u (t) =
∂3

∂y3
x (t, y) ♥❛ ❡q✉❛çã♦ ❛❝✐♠❛✱ t❡♠♦s✿

u (t) =

∫ t

0

(
(z (s))3

∂3S

∂x3
+ 3z (s)w (s)

∂2S

∂x2
+ u (s)

∂S

∂x

)
ds,

♦♥❞❡✱ s❡ t = 0✱ ❡♥tã♦ u (0) = 0✳ ❉❡r✐✈❛♥❞♦ u (t) ❡♠ r❡❧❛çã♦ ❛ t ♦❜t❡♠♦s ♦ ♣r♦❜❧❡♠❛
❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧✳





du

dt
=

∂

∂x
S (t, x (t, y))u (t) +

(
3
∂2S

∂x2
(t, x (t, y))z (t)w (t) +

∂3

∂x3
S (t, x (t, y)) (z (t))3

)
,

u (0) = 0.

❆tr❛✈és ❞♦ ♠ét♦❞♦ ❞❡ ✈❛r✐❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r q✉❡ ❛ s♦❧✉çã♦
❞❡st❛ ❡q✉❛çã♦ é✿

u (t) = z (t)

[
3

∫ t

0

∂2S

∂x2
(s, x (s, y))w (s) ds+

∫ t

0

∂3

∂x3
S (s, x (s, y)) (z (s))2 ds

]
.(3)

❈♦♥s✐❞❡r❛♥❞♦ ❛ ❢✉♥çã♦ N (t) =
3

2

[
w (t)

z (t)

]2
✱ t❡♠♦s q✉❡✿
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dN

dt
= 3

[∫ t

0

∂2S

∂x2
(s, x (s, y))z (s) ds

]
∂2

∂x2
S (t, x (t, y)) z (t)

= 3
∂2S

∂x2

[
z (t)

∫ t

0

∂2S

∂x2
(s, x (s, y))z (s) ds

]

= 3
∂2

∂x2
S (t, x (t, y))w (t) .

❆❣♦r❛✱ ✐♥t❡❣r❛♥❞♦✱ t❡♠♦s✿

N (t) = 3

∫ t

0

∂2

∂x2
S (s, x (s, y))w (s) ds.

❙✉❜st✐t✉✐♥❞♦ ❡♠ ✭✸✮✱ ♦❜t❡♠♦s✿

u (t) = z (t)

[
N (t) +

∫ t

0

∂3

∂x3
S (s, x (s, y)) (z (s))2 ds

]
.

P♦rt❛♥t♦✱ t❡♠♦s✿

d3

dy3
h (y) =

∂3

∂y3
x (1, y)

= u (1)

= z (1)

[
N (1) +

∫ 1

0

∂3

∂x3
S (s, x (s, y)) (z (s))

2
ds

]

=
d

dy
h (y)



3

2




d2

dy2
h (y)

d

dy
h (y)




2

+

∫ 1

0

∂3

∂x3
S (t, x (t, y)) exp

(
2

∫ t

0

∂

∂x
S (s, x (s, y)) ds

)
dt


 ,

q✉❡ ♣r♦✈❛ 3✳ �

▲❡♠❛ ✸✳✶✾✳ ❈♦♥s✐❞❡r❡♠♦s ❛s ❢✉♥çõ❡s Φ✱ ψ : I ⊂ R −→ R✱ ❞❡✜♥✐❞❛s ❝♦♠♦✿

Φ (y) = (n−m)

∫ 1

0

an (t) x
n−1 (t, y) dt+ (1−m)

∫ 1

0

a1 (t) dt, ✭✸✳✶✻✮

ψ (y) = (m− n)

∫ 1

0

am (t) xm−1 (t, y) dt+ (1− n)

∫ 1

0

a1 (t) dt, ✭✸✳✶✼✮

♦♥❞❡ x (t, y) ❞❡♥♦t❛ ❛ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✸✳✶✷✮ t❛❧ q✉❡ x (0, y) = y✳
❊♥tã♦✿

h′ (y) =





exp (Φ (y)) = exp (ψ (y)) , se y 6= 0,

exp

(∫ 1

0

a1 (t) dt

)
= exp

(
Φ(0)
(1−m)

)

= exp
(

ψ(0)
(1−n)

)
, se y = 0,
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♦♥❞❡ h é ❛ ❛♣❧✐❝❛çã♦ ❞❡ r❡t♦r♥♦ ❞❛❞♦ ❡♠ ✭✸✳✶✺✮✳

❉❡♠♦♥str❛çã♦✿

P❛r❛ ❛ ❡q✉❛çã♦
dx

dt
= S (t, x) ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✽✱ s❛❜❡♠♦s q✉❡✿

h′ (y) = exp

∫ 1

0

∂S

∂x
(t, x (t, y)) dt,

♦♥❞❡ x (t, y) ❞❡♥♦t❛ ❛ s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ❞♦ ✈❛❧♦r ✐♥✐❝✐❛❧✱

{
dx

dt
= S (t, x)

x (0, y) = y.

P❛r❛ ♥♦ss♦ ❝❛s♦✱ t❡♠♦s✿

{
dx

dt
= an (t) x

n + am (t) xm + a1 (t) x,

x (0, y) = y.
✭✸✳✶✽✮

❈♦♠♦ S (t, x) = an (t) x
n + am (t) xm + a1 (t) x✱ s✉❛ ❞❡r✐✈❛❞❛ ❡♠ r❡❧❛çã♦ ❛ x é✱

∂S (t, x)

∂x
= nan (t) x

n−1 +mam (t) xm−1 + a1 (t)

❉❛í✱ ❝❛❧❝✉❧❛♥❞♦ h′ (y)✿

h′ (y) = exp

∫ 1

0

(
nan (t) x

n−1 (t, y) +mam (t) xm−1 (t, y) + a1 (t)
)
dt

h′ (y) = exp

{∫ 1

0
nan (t)x

n−1 (t, y) dt+

∫ 1

0
mam (t)xm−1 (t, y) dt+

∫ 1

0
a1 (t) dt

}
,

♦♥❞❡ x (t, y) é s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ ✭✸✳✶✽✮✳ ◆♦t❡♠♦s q✉❡✱ s❡ y = 0✱ ❡♥tã♦✿

h′ (0) = exp

{∫ 1

0
nan (t)x

n−1 (t, 0) dt+

∫ 1

0
mam (t)xm−1 (t, 0) dt+

∫ 1

0
a1 (t) dt

}

h′ (0) = exp

{∫ 1

0

a1 (t) dt

}
,

♣♦✐s✱ x (t, 0) = 0✳ ❆❣♦r❛✱
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(1) Φ (0) = (n−m)

∫ 1

0

an (t) x
n−1 (t, 0) dt+ (1−m)

∫ 1

0

a1 (t) dt

= (1−m)

∫ 1

0

a1 (t) dt,

❡ s❡❣✉❡ ∫ 1

0

a1 (t) dt =
Φ (0)

(1−m)
.

(2) ψ (0) = (m− n)

∫ 1

0

am (t) xm−1 (t, 0) dt+ (1− n)

∫ 1

0

a1 (t) dt

= (1− n)

∫ 1

0

a1 (t) dt

❡ s❡❣✉❡ ∫ 1

0

a1 (t) dt =
ψ (0)

(1− n)
.

❉❛í✱

h′ (0) = exp

{∫ 1

0

a1 (t) dt

}
= exp

(
Φ(0)
(1−m)

)

= exp
(

ψ(0)
(1−n)

)
.

❯s❛♥❞♦ ❛s ❞❡✜♥✐çõ❡s ✭✸✳✶✻✮ ❡ ✭✸✳✶✼✮✱ h′ (y) ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✿

h′ (y) = exp {Φ (y) +mZ (y)} = exp {ψ (y) + nZ (y)} ,
♦♥❞❡✿

Z (y) :=

∫ 1

0

an (t) x
n−1 (t, y) dt+

∫ 1

0

am (t) xm−1 (t, y) dt+

∫ 1

0

a1 (t) dt.

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ x = x (t, y) é ✉♠❛ s♦❧✉çã♦ ♣❡r✐ó❞✐❝❛ ♥ã♦ ♥✉❧❛ ❞❡ ✭✸✳✶✷✮✱ t❡♠♦s✿

∂x(t,y)
∂t

= an (t) x
n (t, y) + am (t) xm (t, y) + a1 (t) x (t, y)

= x (t, y) (an (t) x
n−1 (t, y) + am (t) xm−1 (t, y) + a1 (t))

1
x(t,y)

(
∂x(t,y)
∂t

)
= an (t) x

n−1 (t, y) + am (t) xm−1 (t, y) + a1 (t) .

■♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ 1✱ ♦❜t❡♠♦s✿

Z (y) =

∫ 1

0

an (t) x
n−1 (t, y) dt+

∫ 1

0

am (t) xm−1 (t, y) dt+

∫ 1

0

a1 (t) dt = 0.
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P♦r t❛♥t♦✱

h′ (y) = exp {Φ (y) +m (0)} = exp {ψ (y) + n (0)} ,
♦✉ s❡❥❛✱

h′ (y) = exp {Φ (y)} = exp {ψ (y)}
�

▲❡♠❛ ✸✳✷✵✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❢❛♠í❧✐❛ ♣❛r❛♠étr✐❝❛ ❞❡ ❡q✉❛çõ❡s ❞✐❢❡r❡♥❝✐❛✐s ♥ã♦
❛✉tô♥♦♠❛s ❞❡ ♣❡rí♦❞♦ ✶✱

dx

dt
= f (t, x) + ǫx, ✭✸✳✶✾✮

♦♥❞❡ f (t, 0) ≡ 0✳ ❙✉♣♦♥❤❛ q✉❡ ♣❛r❛ ǫ = 0 ❡♠ ✭✸✳✶✾✮✱ t❡♠✲s❡ ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡
♥ã♦ ♥✉❧♦ s❡♠✐✲❡stá✈❡❧ x = x (t, y∗)✳ ❊♥tã♦✱ ♣❛r❛ |ǫ| s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱
❝♦♠ s✐♥❛❧ ❛❞❡q✉❛❞♦✱ ❛ ❡q✉❛çã♦ ✭✸✳✶✾✮ t❡♠ ♣❡❧♦ ♠❡♥♦s ❞♦✐s ❝✐❝❧♦s ❧✐♠✐t❡ ❡♠ ✉♠❛
✈✐③✐♥❤❛♥ç❛ ♣❡q✉❡♥❛ ❞❡ x = x (t, y∗)✳

❉❡♠♦♥str❛çã♦✿

❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ P❱■✿

{
dx

dt
= f (t, x) + ǫx,

xǫ (0, y) = y,

♦♥❞❡ ❛ s♦❧✉çã♦ ❞❡ss❡ ♣r♦❜❧❡♠❛ é xǫ (t, y)✳ ❆❣♦r❛✱ ❞❡✜♥❛♠♦s ❛ ❛♣❧✐❝❛çã♦
❞❡s❧♦❝❛♠❡♥t♦ ♣❛r❛ ❡ss❡ ♣r♦❜❧❡♠❛✿

Dǫ (y) = hǫ (y)− y.

❙✉♣♦♥❤❛ q✉❡ x = x0 (t, y∗) > 0 é ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡ s❡♠✐✲❡stá✈❡❧✱ ❡stá✈❡❧ ♥❛ r❡❣✐ã♦
{(t, x) ∈ S; x < x (t, y∗)} ❡ ✐♥stá✈❡❧ ♥❛ r❡❣✐ã♦ {(t, x) ∈ S; x > x (t, y∗)}✳ ❉❛í
D0 (y) = h0 (y) − y > 0 ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♣❡r❢✉r❛❞❛ ❞❡ y∗✳ ❚♦♠❛♠♦s y1 ❡ y2
♠✉✐t♦ ♣ró①✐♠♦ ❞❡ y∗ ❡ ❞❡♥♦t❛♠♦s ✐ss♦ ❝♦♠♦ y1 > y∗ > y2 t❛❧ q✉❡ D0 (yi) > 0
♣❛r❛ i = 1, 2✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥tí♥✉❛ ❝♦♠ r❡❧❛çã♦ ❛ ♣❛râ♠❡tr♦s
❞❛ ❡q✉❛çã♦ ✭✸✳✶✾✮✱ ♣❛r❛ |ǫ| s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s q✉❡ Dǫ (yi) > 0 ♣❛r❛
i = 1, 2✳ ❙❡ ǫ = 0✱ t❡♠♦s x = x0 (t, y∗) é s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✱ ❛❣♦r❛
q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s ♦ ✢✉①♦ ❞❡ ✭✸✳✶✾✮✱ ♣❛r❛ ǫ < 0✱ t❡r❡♠♦s Dǫ (y

∗) < 0✱ ♣♦✐s
x (t, y∗) > 0 ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ ǫx (t, y∗) < 0✳ P❡❧♦ t❡♦r❡♠❛ ❞❡ ❇♦❧③❛♥♦ ❛ ❢✉♥çã♦
Dǫ ♣♦ss✉✐ ❞✉❛s ③❡r♦s ♣❡rt♦ ❞❡ y∗✱ ♦✉ s❡❥❛✱ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✸✳✶✾✮ t❡♠ ♣❡❧♦
♠❡♥♦s ❞♦✐s ❝✐❝❧♦s ❧✐♠✐t❡ ♣ró①✐♠♦ ❞♦ ❝✐❝❧♦ ❧✐♠✐t❡ x = x (t, y∗)✳

❙✉♣♦♥❞♦ q✉❡ x = x0 (t, y∗) > 0 é ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡ s❡♠✐✲❡stá✈❡❧✱ ✐♥stá✈❡❧ ♥❛
r❡❣✐ã♦ {(t, x) ∈ S; x < x (t, y∗)} ❡ ❡stá✈❡❧ ♥❛ r❡❣✐ã♦ {(t, x) ∈ S; x > x (t, y∗)}✳
❉❛í D0 (y) = h0 (y) − y < 0 ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ♣❡r❢✉r❛❞♦ ❞❡ y∗✳ ❚♦♠❛♠♦s y1
❡ y2 ♠✉✐t♦ ♣ró①✐♠♦ ❞❡ y∗ ❡ ❞❡♥♦t❛♠♦s ✐ss♦ ❝♦♠♦ y1 > y∗ > y2 t❛❧ q✉❡ D0 (yi) < 0
♣❛r❛ i = 1, 2✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♥tí♥✉❛ ❝♦♠ r❡❧❛çã♦ ❛ ♣❛râ♠❡tr♦s
❞❛ ❡q✉❛çã♦ ✭✸✳✶✾✮✱ ♣❛r❛ |ǫ| s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✱ t❡♠♦s q✉❡ Dǫ (yi) < 0 ♣❛r❛
i = 1, 2✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦ ✢✉①♦ ❞❡ ✭✸✳✶✾✮✱ ♣❛r❛ ǫ > 0✱ t❡r❡♠♦s Dǫ (y

∗) > 0✱ ♣♦✐s
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x (t, y∗) > 0✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ ǫx (t, y∗) > 0✳ P❡❧♦ t❡♦r❡♠❛ ❞❡ ❇♦❧③❛♥♦ ❛ ❢✉♥çã♦
Dǫ ♣♦ss✉✐ ❞♦✐s ③❡r♦s ♣❡rt♦ ❞❡ y∗✱ ♦✉ s❡❥❛✱ ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ✭✸✳✶✾✮ t❡♠ ♣❡❧♦
♠❡♥♦s ❞♦✐s ❝✐❝❧♦s ❧✐♠✐t❡ ♣ró①✐♠♦ ❞♦ ❝✐❝❧♦ ❧✐♠✐t❡ x = x (t, y∗)✳�

❚❡♦r❡♠❛ ✸✳✷✶✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❆❜❡❧ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ♣❡rí♦❞♦ ✶✱

dx

dt
= an (t) x

n + am (t) xm + a1 (t) x, ✭✸✳✷✵✮

❝♦♠ n > m > 1 ❡ an✱ am ❡ a1 ∈ C1✳ ❙✉♣♦♥❤❛♠♦s q✉❡ an (t) ♦✉ am (t) ♥ã♦ ♠✉❞❛
❞❡ s✐♥❛❧✳ ❊♥tã♦✿

✶✳ ❙❡ n é í♠♣❛r✱ ❛ ❡q✉❛çã♦ ✭✸✳✷✵✮ t❡♠ ♥♦ ♠á①✐♠♦ ✺ ❝✐❝❧♦s ❧✐♠✐t❡✳ ❆❧é♠ ❞✐ss♦✱
❛❧é♠ ❞♦ ❝✐❝❧♦ ❧✐♠✐t❡ x = x (t) ≡ 0✱ ❡♠ ❝❛❞❛ r❡❣✐ã♦ D+ := {x > 0} ♦✉
D− := {x < 0} ✉♠❛ ❡ ❛♣❡♥❛s ✉♠❛ ❞❛s s❡❣✉✐♥t❡s ♣♦ss✐❜✐❧✐❞❛❞❡s ❛❝♦♥t❡❝❡✿

✭❛✮ ❆ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ♥ã♦ t❡♠ ❝✐❝❧♦s ❧✐♠✐t❡✳

✭❜✮ ❆ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ t❡♠ ✉♠ ú♥✐❝♦ ❝✐❝❧♦ ❧✐♠✐t❡ ❤✐♣❡r❜ó❧✐❝♦✳

✭❝✮ ❆ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ t❡♠ ✉♠ ú♥✐❝♦ ❝✐❝❧♦ ❧✐♠✐t❡ s❡♠✐✲❡stá✈❡❧✳

✭❞✮ ❆ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ t❡♠ ❡①❛t❛♠❡♥t❡ ❞♦✐s ❝✐❝❧♦s ❧✐♠✐t❡ ❤✐♣❡r❜ó❧✐❝♦s✱

❡ t♦❞♦s ❡❧❛s sã♦ ♣♦ssí✈❡✐s s❡ n ≥ 5✳

✷✳ ❙❡ n é ♣❛r✱ ❛ ❡q✉❛çã♦ ✭✸✳✷✵✮ t❡♠ ♥♦ ♠á①✐♠♦ ✹ ❝✐❝❧♦s ❧✐♠✐t❡✳
❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❛❧é♠ ❞♦ ❝✐❝❧♦ ❧✐♠✐t❡ x = x (t) ≡ 0✱ ❡♠ ❝❛❞❛ r❡❣✐ã♦ ❞❡✜♥✐❞❛
❛❝✐♠❛ D±✱ só ✉♠❛ ❞❛s ♣♦ss✐❜✐❧✐❞❛❞❡s ❛❝✐♠❛ ❛❝♦♥t❡❝❡✱ ❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ q✉❡
♥✉♥❝❛ ♣♦❞❡ ❝♦❡①✐st✐r ♠❛✐s ❞❡ ✹ ❝✐❝❧♦s ❧✐♠✐t❡ ❡ q✉❡ ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡ s❡♠✐✲
❡stá✈❡❧ ❝♦♥t❛ ❝♦♠♦ ❞♦✐s ❝✐❝❧♦s ❧✐♠✐t❡s✳

❉❡♠♦♥str❛çã♦✿

❈♦♥s✐❞❡r❡♠♦s ♣r✐♠❡✐r♦ ♦ ❝❛s♦ q✉❛♥❞♦ n é í♠♣❛r ❡ r❡str✐♥❣✐♠♦s ♥♦ss♦ ❝❛s♦
♣❛r❛ ❛ r❡❣✐ã♦ D+ := {(t, x) ; 0 ≤ t ≤ 1, x > 0} ❡ ♣❛r❛ ♦ ❝❛s♦ an (t) ≥ 0✳ ❊ss❛
r❡str✐çã♦ ♣♦❞❡ s❡r ❛t✐♥❣✐❞❛ ♣♦r ♠❡✐♦ ❞❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✿ (t, x) 7−→ (t,−x)✱
(t, x) 7−→ (1− t, x) ♦✉ (t, x) 7−→ (1− t,−x)✳ Pr♦✈❛r❡♠♦s q✉❡ Φ (y) é ✉♠❛ ❢✉♥çã♦
❝r❡s❝❡♥t❡ ♣❛r❛ y > 0 ❡ ✈❛♠♦s ✈❡r ❝♦♠♦ ❡ss❡ ❢❛t♦ ❡①❝❧✉✐ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ t❡r
três ❝✐❝❧♦s ❧✐♠✐t❡ ❡♠ D+✳ P❛r❛ ♣r♦✈❛r q✉❡ Φ (y) é ❝r❡s❝❡♥t❡ ❝♦♠ y > 0✱ t♦♠❡♠♦s
0 < y1 < y2✳ ❆s s♦❧✉çõ❡s ❞❡ ✭✸✳✷✵✮✱ ❝♦♠ ❡ss❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s✱ ✐rã♦ s❛t✐s❢❛③❡r
0 < x (t, y1) < x (t, y2) ❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ♦❜t❡♠♦s✿

∫ 1

0

an (t) x
n−1 (t, y1) dt <

∫ 1

0

an (t) x
n−1 (t, y2) dt

n > m > 1 ❡♥tã♦ n − m > 0 ❡ 1 − m < 0✳ ▼✉❧t✐♣❧✐❝❛♥❞♦ ♣♦r n − m ❛ ♥♦ss❛
ú❧t✐♠❛ ❡①♣r❡ssã♦✱ ♦❜t❡♠♦s

(n−m)

∫ 1

0

an (t) x
n−1 (t, y1) dt < (n−m)

∫ 1

0

an (t) x
n−1 (t, y2) dt.
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❙♦♠❛♥❞♦ (1−m)

∫ 1

0

a1 (t) dt ❛ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ t❡♠♦s✿

(n−m)

∫ 1

0

an (t) x
n−1 (t, y1) dt < (n−m)

∫ 1

0

an (t) x
n−1 (t, y2) dt

+(1−m)

∫ 1

0

a1 (t) dt +(1−m)

∫ 1

0

a1 (t) dt.

❋✐♥❛❧♠❡♥t❡✱ Φ (y1) < Φ (y2)✱ ♦ q✉❡ ♣r♦✈❛ q✉❡ Φ é ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡✳
❯s❛♥❞♦ h′ (y) = exp (Φ (y)) ❞♦ ▲❡♠❛ ✸✳✶✾ ❡ ♦ ❢❛t♦ ❞❡ q✉❡ ❞♦✐s ❝✐❝❧♦s ❧✐♠✐t❡
❤✐♣❡r❜ó❧✐❝♦s ❝♦♥s❡❝✉t✐✈♦s tê♠ ❞✐❢❡r❡♥t❡ ❡st❛❜✐❧✐❞❛❞❡✱ ♣♦❞❡rí❛♠♦s t❡r três ❝✐❝❧♦s
❧✐♠✐t❡ ❝♦♠❡ç❛♥❞♦ ♥♦s ♣♦♥t♦s y1✱ y2 ❡ y3✱ ❝♦♠ 0 < y1 < y2 < y3✱ s♦♠❡♥t❡ s❡
Φ (y1) < Φ (y2) = 0 < Φ (y3)✳ ❆ss✐♠✱ ♥♦ ❝❛s♦ ❞❡ ❡①✐st✐r três ❝✐❝❧♦s ❧✐♠✐t❡✱ ♦ ❞♦
♠❡✐♦ é s❡♠✐✲❡stá✈❡❧✳ ◆❡st❡ ♣♦♥t♦✱ ♣♦❞❡♠♦s ❛❧t❡r❛r ♥♦ss❛ ❡q✉❛çã♦ ❛❞✐❝✐♦♥❛♥❞♦ ♦
♣❛râ♠❡tr♦ ǫ ❝♦♠♦ ❡♠ ✭✸✳✶✾✮✳

dx

dt
= an (t) x

n + am (t) xm + a1 (t) x+ ǫx

= an (t) x
n + am (t) xm + (a1 (t) + ǫ) x.

❉♦ ▲❡♠❛ ✸✳✷✵✱ ❛ ♥♦✈❛ ❡q✉❛çã♦✱ q✉❡ é ♥♦✈❛♠❡♥t❡ ❞❛ ❢♦r♠❛ ✭✸✳✷✵✮ ❝♦♠ ♦ ♠❡s♠♦
an (t)✱ t❡♠ q✉❛tr♦ ❝✐❝❧♦s ❧✐♠✐t❡✳ ❊st❡ ❢❛t♦ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ❝♦♠ ❛ ❝♦t❛ s✉♣❡r✐♦r
♣r♦✈❛❞❛ ❛❝✐♠❛✱ ♦♥❞❡ ❢❛❧❛ q✉❡ ❛ ❝♦t❛ s✉♣❡r✐♦r é três✱ ♣♦✐s s❡ ❛ss✉♠✐♠♦s✱ ♣♦r
❡①❡♠♣❧♦✱ y∗ < y1✱ ❡♥tã♦ ❝♦♠♦ Φ é ❝r❡s❝❡♥t❡ ❡ t❡♠♦s Φ (y∗) < Φ (y1) < 0✱ ❞❛í
h′ (y∗) = exp (Φ (y∗)) < 1✱ ♦✉ s❡❥❛✱ x (t, y∗) s❡r✐❛ ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡ ❡stá✈❡❧ ♠❛✐s ✐st♦
♥ã♦ ♣♦❞❡ ❛❝♦♥t❡❝❡r✱ ♣♦✐s ❝✐❝❧♦s ❧✐♠✐t❡s ❝♦♥s❡❝✉t✐✈♦s tê♠ ❞✐❢❡r❡♥t❡ ❡st❛❜✐❧✐❞❛❞❡✳
❉❛í q✉❡ ❛ ❝♦t❛ s✉♣❡r✐♦r é ❞♦✐s ❝✐❝❧♦s ❧✐♠✐t❡✱ s❡♥❞♦ ♦ ♠❛✐s ♣ró①✐♠♦ ❞❛ ♦r✐❣❡♠
❡stá✈❡❧ ❡ ♦ ♦✉tr♦ ✐♥stá✈❡❧✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❝♦t❛ s✉♣❡r✐♦r ❞❛❞❛ ♥♦ ❚❡♦r❡♠❛
s❡❣✉❡ q✉❛♥❞♦ n é í♠♣❛r✳

Pr♦✈❡♠♦s ❛❣♦r❛ ♦ ❝❛s♦ q✉❛♥❞♦ n é ♣❛r✳ ❆ ♣r✐♥❝✐♣❛❧ ♠✉❞❛♥ç❛ ♥❛ ♣r♦✈❛ é
q✉❡ q✉❛♥❞♦✱ an (t) ≥ 0✱ ❛ ❢✉♥çã♦ Φ é ❝r❡s❝❡♥t❡ ♣❛r❛ t♦❞♦ y ∈ R ❡♠ q✉❛❧ h (y)
é ❞❡✜♥✐❞♦✳ ❉❡ ❢❛t♦✱ n é ♣❛r✱ ❡♥tã♦ n − 1 é ✐♠♣❛r✳ ❚♦♠❡♠♦s y1 < y2 ♦♥❞❡ ❛s
s♦❧✉çõ❡s ❞❡ ✭✸✳✷✵✮ ❝♦♠ ❡ss❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛✐s ✐rã♦ s❛t✐s❢❛③❡r x (t, y1) < x (t, y2)
❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ♦❜t❡♠♦s✱

(n−m)

∫ 1

0

an (t) x
n−1 (t, y1) dt < (n−m)

∫ 1

0

an (t) x
n−1 (t, y2) dt

+(1−m)

∫ 1

0

a1 (t) dt +(1−m)

∫ 1

0

a1 (t) dt

Φ (y1) < Φ (y2) .

❖ q✉❡ ♣r♦✈❛ q✉❡ Φ é ❝r❡s❝❡♥t❡ ♣❛r❛ t♦❞♦ y ∈ R✳ ❊ss❛ ❞✐❢❡r❡♥ç❛ ❢♦rç❛ ❛ ❡①✐stê♥❝✐❛
❞❡ ♥♦ ♠á①✐♠♦ q✉❛tr♦ ❝✐❝❧♦s ❧✐♠✐t❡ ❝♦♠❡ç❛♥❞♦ ♥♦s ♣♦♥t♦s y1 < 0 < y2 < y3✳
❉❡ ❢❛t♦✱ ♣r✐♠❡✐r❛♠❡♥t❡ ❛✜r♠❛♠♦s q✉❡ Φ é ♥❡❣❛t✐✈♦ ♥♦s ♣♦♥t♦s y1✱ 0 ❡ y2✱
✐st♦ ✐♠♣❧✐❝❛ q✉❡ h′ (y2) = exp (Φ (y2)) < 1✱ ♦✉ s❡❥❛✱ x (t, y2) é ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡
❡stá✈❡❧✳ ❙❡ Φ (y3) < 0✱ ❡♥tã♦ h′ (y3) = exp (Φ (y3)) < 1✱ ♦✉ s❡❥❛✱ x (t, y3) é
✉♠ ❝✐❝❧♦ ❧✐♠✐t❡ ❡stá✈❡❧✱ ❝♦♠♦ Φ é ❝r❡s❝❡♥t❡✱ t❡♠♦s Φ (y2) < Φ (y3) < 0✱ ❞❛í
h′ (y2) = exp (Φ (y2)) < 1✱ ♦♥❞❡ x (t, y2) t❛♠❜é♠ s❡r✐❛ ❝✐❝❧♦ ❧✐♠✐t❡ ❡stá✈❡❧✱ ♠❛✐s
❞♦✐s ❝✐❝❧♦s ❧✐♠✐t❡s ❤✐♣❡r❜ó❧✐❝♦s ❝♦♥s❡❝✉t✐✈♦s tê♠ ❞✐❢❡r❡♥t❡ ❡st❛❜✐❧✐❞❛❞❡✳ ❉❛í✱
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x (t, y3) é ✐♥stá✈❡❧ ❡ x (t, y2) é ❡stá✈❡❧✳ P❡❧♦ ▲❡♠❛ ✸✳✶✾✱ ❛ ❡st❛❜✐❧✐❞❛❞❡ ❞❛ ♦r✐❣❡♠
é ❞❛❞♦ ♣❡❧❛ s✐♥❛❧ ❞❡ −Φ (0)✱ q✉❡ ❢♦r♥❡❝❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛❧t❡r♥â♥❝✐❛ ❞❡ s✐♥❛❧ ❡
❛ss✐♠ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛❧t❡r♥❛r ❝✐❝❧♦s ❧✐♠✐t❡ ❡stá✈❡✐s ❡ ✐♥stá✈❡✐s✳ ❈♦♠♦ Φ (y1) < 0
s❡❣✉❡ ✐♠❡❞✐❛t❛♠❡♥t❡ q✉❡ x (t, y1) é ❝✐❝❧♦ ❧✐♠✐t❡ ❡stá✈❡❧ ❡ s❡ t✐✈ér❛♠♦s y∗ < y1✱ ♦
❝✐❝❧♦ ❧✐♠✐t❡ x (t, y∗) s❡r✐❛ t❛♠❜é♠ ❡stá✈❡❧✱ ♠❛✐s ✐ss♦ ♥ã♦ ♣♦❞❡ ❛❝♦♥t❡❝❡r✳ ❉❛í✱ só
t❡♠♦s ♥♦ ♠á①✐♠♦ 4 ❝✐❝❧♦s ❧✐♠✐t❡s �

Pr♦♣♦s✐çã♦ ✸✳✷✷✳ ❉❛❞♦ q✉❛❧q✉❡r ♥✉♠❡r♦ ♥❛t✉r❛❧ l ❡ ♥ú♠❡r♦s ♥❛t✉r❛✐s ✜①♦s
p > n > m ≥ 2✱ ❡①✐st❡ ✉♠❛ ❡q✉❛çã♦ ❞❛ ❢♦r♠❛✿

dx

dt
= ǫ̃xp + ǫf (t) xn + a (t) xm + δx, ✭✸✳✷✶✮

❝♦♠ f ❡ a ♣♦❧✐♥ô♠✐♦s tr✐❣♦♥♦♠étr✐❝♦s❀ |ǫ̃| é s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ♦✉ ǫ̃ = 0✱ ❡
|δ| t❛♠❜é♠ s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ ♦✉ δ = 0✱ q✉❡ t❡♠ ♣❡❧♦ ♠❡♥♦s l ❝✐❝❧♦s ❧✐♠✐t❡✳

❉❡♠♦♥str❛çã♦✿

❆ ❞❡♠♦♥str❛çã♦ ❞❡st❛ Pr♦♣♦s✐çã♦✱ ❢❡✐t❛ ❡♠ ❬✺❪✱ é ✉♠❛ ❛❞❛♣t❛çã♦ ❞♦ q✉❡
✜③❡r❛♠ ❡♠ ❬✶✵❪ ♣❛r❛ ♦ ❝❛s♦ n = 3✱ m = 2✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❡q✉❛çã♦✿

dx

dt
= ǫf (t) xn + a (t) xm, t ∈ [0, 1] . ✭✸✳✷✷✮

❉❡✜♥❛ A (t) =

∫ t

0

a (s) ds ❡ t♦♠❡ a (t) t❛❧ q✉❡ A (1) = 0✱ ❈♦❧♦q✉❡ A = max
t∈[0,1]

|A (t)|✳

❉❡♥♦t❛♥❞♦ ♣♦r ϕ (t, x, ǫ) ❛ s♦❧✉çã♦ ❞❡ ✭✸✳✷✷✮✱ ♣❛r❛ ǫ̃ = 0 ❡ |x| ≤
(
(m− 1)A

) 1
(1−m) ✱

♦❜t❡♠♦s✿

ϕ0 (t, x) = x

(
1

1− (m− 1)A (t) xm−1

) 1
(1−m)

. ✭✸✳✷✸✮

❆❣♦r❛✱ ❡s❝r❡✈❡♠♦s ϕǫ (t, x, ǫ) ❡♠ ♣♦tê♥❝✐❛s ❞❡ ǫ ❝♦♠♦✿

ϕǫ (t, x, ǫ) = ϕ0 (t, x) + ǫW (t, x) + ǫ2R (t, x, ǫ) ,

♦♥❞❡ W (t, x) = ∂ϕ(t,x,0)
∂ǫ

✱ W (0, x) = 0✳ ❙❡❣✉✐♥❞♦ ❛r❣✉♠❡♥t♦s tí♣✐❝♦s ❞❡
♣❡rt✉r❜❛çã♦✱ ♣♦❞❡♠♦s ✈❡r q✉❡ s❡ W (x) := W (1, x) t❡♠ ✉♠ ③❡r♦ s✐♠♣❧❡s ❡♠
x0 ❡♥tã♦✱ ♣❛r❛ ✈❛❧♦r❡s ♣❡q✉❡♥♦s ❞❡ ǫ✱ ❛ ❢✉♥çã♦ ϕǫ (1, x, ǫ) − x t❡♠ t❛♠❜é♠ ✉♠
③❡r♦ s✐♠♣❧❡s ♣ró①✐♠♦ ♣❛r❛ x0✳ ❆ q✉❡stã♦ ❛❣♦r❛ é ❡s❝♦❧❤❡r f (t) ❡ a (t) t❛❧ q✉❡ W
t❡♥❤❛ ✉♠ ♥✉♠❡r♦ ❛r❜✐trár✐♦ ❞❡ s♦❧✉çõ❡s s✐♠♣❧❡s ❡ ❞✐st✐♥t❛s✳ ❉❡s❡❥❛♠♦s ❝❛❧❝✉❧❛r
W ❡♠ t❡r♠♦s ❞❡ f ❡ a❀ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✷✷✮✱ ❞❛❞♦ q✉❡ ϕ é s♦❧✉çã♦✱ t❡♠♦s✿
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∂
∂t

(
∂ϕ

∂ǫ

)
= ∂ϕ′

∂ǫ
= ∂

∂ǫ
(ǫf (t)ϕn + a (t)ϕm)

= ∂
∂ǫ

(
ǫf (t) (ϕ0 + ǫW + ǫ2R)

n
+ a (t) (ϕ0 + ǫW + ǫ2R)

m)

= ∂
∂ǫ

(
ǫf (t) (ϕ0 + ǫW + ǫ2R)

n)
+ ∂

∂ǫ

(
a (t) (ϕ0 + ǫW + ǫ2R)

m)

= f (t) ∂
∂ǫ

[
ǫ (ϕ0 + ǫW + ǫ2R)

n]
+ a (t) ∂

∂ǫ
(ϕ0 + ǫW + ǫ2R)

m

= f (t)
[
(ϕ0 + ǫW + ǫ2R)

n
+ ǫn (ϕ0 + ǫW + ǫ2R)

n−1
(W + 2ǫR)

]

+a (t)m (ϕ0 + ǫW + ǫ2R)
m
(W + 2ǫR)

= f (t) (ϕ0 + ǫW + ǫ2R)
n
+ ǫf (t)n (ϕ0 + ǫW + ǫ2R)

n−1
(W + 2ǫR)

+a (t)m (ϕ0 + ǫW + ǫ2R)
m
(W + 2ǫR)

= f (t)ϕn0 + a (t)mϕm−1
0 W +O (ǫ)

= f (t)ϕn0 + a (t)mϕm−1
0 W +O (ǫ) .

❘❡str✐♥❣✐♥❞♦ ♣❛r❛ ǫ = 0 ❡ ✉s❛♥❞♦ ✭✸✳✷✷✮ t❡♠♦s✿

d

dt
W (t, x) = f (t)ϕn0 +m

ϕ′
0

ϕm0
ϕm−1
0 W.

❉❛í✿

d

dt

(
W

ϕm0

)
=

ϕm0
dW

dt
−W

dϕm0
dt

ϕ2m
0

=
1

ϕm0

dW

dt
−mW

ϕm−1
0

ϕ2m
0

dϕ0

dt

=
1

ϕm0

(
f (t)ϕn0 +m

ϕ′
0

ϕm0
ϕm−1
0 W

)
− mϕ′

0ϕ
m−1
0 W

ϕ2m
0

= f (t)
ϕn0
ϕm0

+
mϕ′

0ϕ
m−1
0 W

ϕ2m
0

− mϕ′
0ϕ

m−1
0 W

ϕ2m
0

= f (t)ϕn−m0 .

■♥t❡❣r❛♥❞♦ ❛ ❛♠❜♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ❛❝✐♠❛ t❡♠♦s✿

∫ 1

0

d

dt

(
W

ϕm0

)
dt =

∫ 1

0

f (t)ϕn−m0 dt

W (t, x)

(ϕ0 (t, x))
m

∣∣∣∣
1

0

=

∫ 1

0

f (t)

[
x
(

1
1−(m−1)A(t)xm−1

) 1
(m−1)

]n−m
dt

W (1, x)

(ϕ0 (1, x))
m − W (0, x)

(ϕ0 (0, x))
m =

∫ 1

0

f (t) xn−m

(1− (m− 1)A (t) xm−1)
n−m

(m−1)

dt

W (x)

xm
= xn−m

∫ 1

0

f (t)

(1− (m− 1)A (t) xm−1)
n−m

(m−1)

dt

W (x) = xn
∫ 1

0

f (t)

(1− (m− 1)A (t) xm−1)
n−m
(m−1)

dt.

❈♦❧♦q✉❡ y = xm−1✱ α :=
n−m

(m− 1)
❡ a (t) = 2π

m−1
cos (2πt)✳ ❊♠ ✈❡③ ❞❡ ❡st✉❞❛r ♦s
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③❡r♦s ❞❡ W (x) ❝♦♥s✐❞❡r❡♠♦s ❛ ❢✉♥çã♦✿

Hf (y) :=

∫ 1

0

f (t)

(1− (m− 1)A (t) y)α
dt =

∫ 1

0

f (t)

(1− sen (2πt) y)α
dt.

❋✐①❛♥❞♦ l ∈ N ❡ ✉♠ ♣♦❧✐♥ô♠✐♦ ❛r❜✐trár✐♦ ❞❡ ❣r❛✉ l✱ p (y)✱ ♣r♦✈❛r❡♠♦s q✉❡ ❡①✐st❡

f (t) ❞❛ ❢♦r♠❛✿ f (t) =
l∑

j=0

βjfj (t)✱ ♦♥❞❡ fj (t) = senj (2πt)✱ βj ∈ R✱ t❛❧ q✉❡✿

Hf (y) = p (y) +O
(
yl+1

)
. ✭✸✳✷✹✮

❉♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛✱ Hf (y) t❡♠ ♣❡❧♦ ♠❡♥♦s l ③❡r♦s s✐♠♣❧❡s ♥✉♠❛ ✈✐③✐♥❤❛♥ç❛
♣❡q✉❡♥❛ ❞❛ ♦r✐❣❡♠✱ q✉❡ s❡❣✉❡ ❝♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞✐r❡t❛ ❞♦s ▲❡♠❛s ✶ ❡ ✷ ❞❡ ❬✶✵❪✳
❉❛ ❞❡✜♥✐çã♦ ❞❡ Hf (y)✱ ♦ ♠❡s♠♦ r❡s✉❧t❛❞♦ é ✈❛❧✐❞♦ ♣❛r❛ W (x)✳

❘❡st❛ ♣r♦✈❛r ✭✸✳✷✹✮✳ ❆q✉✐ ✉s❛♠♦s ❢♦rt❡♠❡♥t❡ q✉❡ Hf é ❧✐♥❡❛r ❝♦♠ r❡❧❛çã♦ ❛
f ✳ ◆♦t❡ q✉❡✿

Hfj (y) =

∫ 1

0

fj (t)

(1− sen (2πt))α
dt

=

∫ 1

0

senj (2πt)
∞∑

k=0

(
α + k − 1

k

)
senk (2πt) ykdt

=

∫ 1

0

∞∑

k=0

(
α + k − 1

k

)
senj+k (2πt) ykdt

=

∫ 1

0

{
l∑

k=0

(
α + k − 1

k

)
senj+k (2πt) ykdt+

∞∑

k=l+1

(
α + k − 1

k

)
senj+k (2πt) ykdt

}

=
l∑

k=0

∫ 1

0

(
α + k − 1

k

)
senj+k (2πt) ykdt+

∫ 1

0

∞∑

k=l+1

(
α + k − 1

k

)
senj+k (2πt) ykdt

=
l∑

k=0

[∫ 1

0

(
α + k − 1

k

)
senj+k (2πt) dt

]
yk +O

(
yl+1

)
,

♦♥❞❡✱

O
(
yl+1

)
=

∫ 1

0

∞∑

k=l+1

(
α + k − 1

k

)
senj+k (2πt) ykdt.

❈♦❧♦q✉❡
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Cj,k :=

(
α + k − 1

k

)∫ 1

0

senj+k (2πt) dt, asim Hfj (y) =
l∑

k=0

Cj,ky
k +O

(
yl+1

)
.

❖❜s❡r✈❡ t❛♠❜é♠ q✉❡ s❡ ❞❡✜♥✐♠♦s ❛ ♠❛tr✐③ C = (Cj,k)
l

j,k=0✱ ❡♥tã♦✿

det C =
l∏

k=0

(
α + k − 1

k

)
det G

♦♥❞❡ G = (gj,k)
l

j,k=0 é ✉♠❛ ♥♦✈❛ ♠❛tr✐③✱ ❝♦♠ gj,k =

∫ 1

0

senj+k (2πt) dt✳ ❈♦♠♦

❛ ♠❛tr✐③ G é ❛ ♠❛tr✐③ ❞♦ ♣r♦❞✉t♦ ✐♥t❡r♥♦ ❡♠ 〈f0, f1, ..., fl〉✱ ❞❛❞♦ ♣♦r f.g =∫ 1

0

f (t) g (t) dt✱ t❡♠♦s q✉❡ det G 6= 0✳ P♦rt❛♥t♦✱ ❞❛ ❧✐♥❡❛r✐❞❛❞❡ ❞❡ Hf s❡ s❡❣✉❡

q✉❡ ❞❛❞♦ q✉❛❧q✉❡r ♣♦❧✐♥ô♠✐♦ p (y)✱ ❡①✐st❡♠ ✈❛❧♦r❡s ú♥✐❝♦s β0, ..., βl ❞❡ ♠♦❞♦ q✉❡
♦ f ❛ss♦❝✐❛❞♦ s❛t✐s❢❛ç❛ ✭✸✳✷✹✮ ❝♦♠♦ q✉❡rí❛♠♦s ♣r♦✈❛r✳ P❛r❛ ✜♥❛❧✐③❛r ❛ ♣r♦✈❛ ❞❛
♣r♦♣♦s✐çã♦ ✸✳✷✷✱ ❜❛st❛ ❝♦♥s✐❞❡r❛r ❛ s❡❣✉✐♥t❡ ♣❡rt✉r❜❛çã♦ ❞❡ ✭✸✳✷✷✮✳

dx

dt
= ǫ̃xp + ǫf (t) xn + a (t) xm + δx.

❊♥tã♦✱ t♦♠❡♠♦s ✉♠ s✐st❡♠❛ ❝♦♠ ǫ̃ = δ = 0 ❡ l ❝✐❝❧♦s ❧✐♠✐t❡ s✐♠♣❧❡s✳ P❛r❛ |ǫ̃| ❡
|δ| s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦s✱ ♣♦❞❡♠♦s ❣❛r❛♥t✐r q✉❡ t♦❞♦s ❡❧❡s ♣❡rs✐st❛♠✳ �

❚❡♦r❡♠❛ ✸✳✷✸✳ ❈♦♥s✐❞❡r❡♠♦s ❛ ❡q✉❛çã♦ ❞❡ ❆❜❡❧ ❣❡♥❡r❛❧✐③❛❞❛ ❞❡ ♣❡rí♦❞♦ ✶✱

dx

dt
= an (t) x

n + a2 (t) x
2 + a1 (t) x+ a0 (t) , ✭✸✳✷✺✮

❝♦♠ an, a2, a1, a0 ∈ C1✳ ❙✉♣♦♥❤❛♠♦s q✉❡ an (t) ♥ã♦ ♠✉❞❛ ❞❡ s✐♥❛❧✳ ❊♥tã♦✿

✶✳ ❙❡ n ≥ 3 é í♠♣❛r✱ ❛ ❡q✉❛çã♦ ✭✸✳✷✺✮ t❡♠ ♥♦ ♠á①✐♠♦ 3 ❝✐❝❧♦s ❧✐♠✐t❡ t❡♥❞♦
❡♠ ❝♦♥t❛ ❛s s✉❛s ♠✉❧t✐♣❧✐❝✐❞❛❞❡s✳

✷✳ ❙❡ n ≥ 4 é ♣❛r✱ ♣❛r❛ q✉❛❧q✉❡r l ∈ N✱ ❡①✐st❡ ✉♠❛ ❡q✉❛çã♦ ❞♦ t✐♣♦ ✭✸✳✷✺✮
t❡♥❞♦ ♣❡❧♦ ♠❡♥♦s l ❝✐❝❧♦s ❧✐♠✐t❡✳

❉❡♠♦♥str❛çã♦✿

❙❡❣✉✐♥❞♦ ♦s ♠❡s♠♦s ❛r❣✉♠❡♥t♦s ❞❛ ♣r♦✈❛ ❞♦ ❚❡♦r❡♠❛ ✸✳✷✶✱ ♥❡st❡ ❝❛s♦
s✉♣♦♥❤❛ q✉❡ an (t) ≥ 0✳

P❛r❛ ♣r♦✈❛r ♦ ✐t❡♠ (1) ✉s❛♠♦s ♦ ❢❛t♦ q✉❡ ❛ t❡r❝❡✐r❛ ❞❡r✐✈❛❞❛ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡

r❡t♦r♥♦ h✱ ❞❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧
dx

dt
= S (t, x)✱ s❛t✐s❢❛③

h′′′ (y) = h′ (y)

[
3
2

(
h′′(y)
h′(y)

)2
+
∫ 1

0
∂3S(t,x(t,y))

∂x3
exp

{
2
∫ t
0
∂S(s,x(s,y))

∂x
ds
}
dt

]

= n (n− 1) (n− 2)
∫ 1

0
an (t) x

n−3 (t, y) dt > 0,
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✭❱❡r ❬✶✶❪✮✳ ◆♦t❡ q✉❡ ❛s s♦❧✉çõ❡s s❛t✐s❢❛③❡♥❞♦ x (0) = x (1) ❝♦rr❡s♣♦♥❞❡♠ ❛
③❡r♦s ❞❡ D (y) = h (y) − y✳ ❙✉♣♦♥❤❛ q✉❡ h (y) − y t❡♠ ✹ ③❡r♦s ✭❧❡✈❛♥❞♦
❡♠ ❝♦♥t❛ ♠✉❧t✐♣❧✐❝✐❞❛❞❡s✮✳ ❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❘♦❧❧❡ s✉❝❡ss✐✈❛♠❡♥t❡ ♣❛r❛
D (y) = h (y)−y✱ D′ (y) = h′ (y)−1 ❡ D′′ (y) = h′′ (y)✱ ♣♦❞❡♠♦s ✐♥❢❡r✐r q✉❡ h′′′ (y)
s❡ ❛♥✉❧❛✱ ♦ q✉❡ s❡r✐❛ ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s h′′′ (y) > 0✳ P♦rt❛♥t♦✱ ❛ ❡q✉❛çã♦
✭✸✳✷✺✮✱ ❝♦♠ n í♠♣❛r✱ t❡♠ ♥♦ ♠á①✐♠♦ 3 ❝✐❝❧♦s ❧✐♠✐t❡ s❛t✐s❢❛③❡♥❞♦ x (0) = x (1)✱
❧❡✈❛♥❞♦ ❡♠ ❝♦♥t❛ s✉❛s ♠✉❧t✐♣❧✐❝✐❞❛❞❡s✳

❖❜s❡r✈❡♠♦s ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❛ ♣♦tê♥❝✐❛ ♣❛r ❡♠ xn−3 ❛ q✉❛❧ é ❛ ❞✐❢❡r❡♥❝✐❛ ❡♥tr❡
❛ ♣❛rt❡ ✭✶✮ ❡ ❛ ♣❛rt❡ ✭✷✮✳ P❛r❛ ✐♥✐❝✐❛r ❛ ♣r♦✈❛ ❞❛ ♣❛rt❡ ✭✷✮✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠❛
❡q✉❛çã♦ ❞❛ ❢♦r♠❛✿

z′ = f̃ (t) z3 + ã (t) z2. ✭✸✳✷✻✮

❝♦♠ f̃ (t) ❡ ã (t) ♣♦❧✐♥ô♠✐♦s tr✐❣♦♥♦♠étr✐❝♦s ❡ t❡♥❞♦ ♣❡❧♦ ♠❡♥♦s l ❝✐❝❧♦s ❧✐♠✐t❡
❤✐♣❡r❜ó❧✐❝♦s✳ ❆ ❡①✐stê♥❝✐❛ ❞❡st❛ ❡q✉❛çã♦ é ♣r♦✈❛❞❛ ❡♠ ❬✶✵❪✱ ✈❡r t❛♠❜é♠ ❛
Pr♦♣♦s✐çã♦ ✸✳✷✷✱ ❝♦♠ ǫ̃ = δ = 0✱ m = 3 ❡ n = 2✳ ❆❣♦r❛ ❛✜r♠❛♠♦s q✉❡✱ ♣❛r❛
q✉❛❧q✉❡r ♥✉♠❡r♦ ♣❛r n✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♠❛ ♦✉tr❛ ❡q✉❛çã♦ ❞❛ ❢♦r♠❛✿

z′ =

(
n
3

)
f (t)n−3 z3 + a (t) z2, ✭✸✳✷✼✮

t❡♥❞♦ t❛♠❜é♠✱ ♣❡❧♦ ♠❡♥♦s✱ l ❝✐❝❧♦s ❧✐♠✐t❡ ❤✐♣❡r❜ó❧✐❝♦s ❡ t❡♥❞♦ ❛s ❢✉♥çõ❡s f (t)
❡ a (t) ❞❡ ❝❧❛ss❡ CM ✱ ♣❛r❛ q✉❛❧q✉❡r M ∈ N✳ ❉❡ ❢❛t♦✱ s❡ ❡①✐❣✐♠♦s s♦♠❡♥t❡
❝♦♥t✐♥✉✐❞❛❞❡ ❞❛ ❢✉♥çã♦ f ✱ ♦ r❡s✉❧t❛❞♦ é tr✐✈✐❛❧✱ ♣♦rq✉❡ é s✉✜❝✐❡♥t❡ t♦♠❛r✿

f (t) =
n−3

√√√√√
f̃ (t)(
n
3

) .

❆ r❡❣✉❧❛r✐❞❛❞❡ ❞❛ ❢✉♥çã♦ f s❡rá ❛❧❝❛♥ç❛❞❛ ❛tr❛✈és ❞❡ ✉♠❛ ❡s❝❛❧❛ ❞❡ t❡♠♣♦
q✉❡ ❛✉♠❡♥t❛ ❛ ♦r❞❡♠ ❞♦s ③❡r♦s ❞❡ f̃ ✳ ❉❡♥♦t❡♠♦s ♣♦r t1, t2, ..., tr ♦s ③❡r♦s ❞❡
f̃ (t)✳ ❋✐①❡♠♦s q✉❛❧q✉❡r ♥ú♠❡r♦ ♥❛t✉r❛❧ í♠♣❛r N ≥ 3 ❡ ✉♠ ✐♥t❡✐r♦ k ≥ N ✳
❈♦♥s✐❞❡r❡♠♦s t❛♠❜é♠ ✉♠❛ ❢✉♥çã♦ ❝r❡s❝❡♥t❡ ❞❡ ❝❧❛ss❡ Ck✱ ψ ❡♠ [0, 1]✱ s❛t✐s❢❛③❡♥❞♦
ψ (0) = 0✱ ψ (1) = 1✱ ψ (tj) = tj ❡ ψ(d) (tj) = 0 ♣❛r❛ t♦❞♦ j = 1, ..., r ❡ ♣❛r❛ t♦❞♦
d = 1, ..., N − 1✳ ❙✉♣♦♥❤❛ t❛♠❜é♠ q✉❡ ψ′ só s❡ ❛♥✉❧❛ ❡♠ [0, 1] ♥♦s ✈❛❧♦r❡s
t1, t2, ..., tr✳ ❙❡ ❛♣❧✐❝❛♠♦s ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡❧ t = ψ (τ)✱ ❛ ❡q✉❛çã♦ ✭✸✳✷✻✮
♣♦❞❡✲s❡ ❡s❝r❡✈❡r ❝♦♠♦✿

z′ = f̃ (ψ (τ))ψ′ (τ) z3 + ã (ψ (τ))ψ′ (τ) z2,

◆♦t❡♠♦s q✉❡ ♦s ③❡r♦s ❞❡ f̂ (τ) := f̃ (ψ (τ))ψ′ (τ) sã♦ t❛♠❜é♠ τ = tj✱ j = 1, 2, ..., r✳
❆❧é♠ ❞✐ss♦✱ ♣❛r❛ ❝❛❞❛ j, τ = tj✱ t❡♠ ♣❡❧♦ ♠❡♥♦s ♠✉❧t✐♣❧✐❝✐❞❛❞❡ 2N−1 ♣❛r❛ f̂ (τ)✳
❆ ❢✉♥çã♦ ❞❡✜♥✐❞❛ ♣♦r✿
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f (τ) :=
n−3

√√√√√
f̂ (τ)(
n
3

)

♣♦ss✉✐ r❡❣✉❧❛r✐❞❛❞❡✱ ♣❡❧♦ ♠❡♥♦s✱ ❞❡ ❝❧❛ss❡ CM ✱ s❡♥❞♦ M ❛ ♣❛rt❡ ✐♥t❡✐r❛ ❞❡ 2N−1
n−3

✳
◆♦t❡♠♦s q✉❡✱ ❥á q✉❡ N é ❛r❜✐trár✐♦✱ M ♣♦❞❡ s❡r ❡s❝♦❧❤✐❞♦ ❛r❜✐tr❛r✐❛♠❡♥t❡✳
❋✐♥❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ♣❡rt✉r❜❛çã♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✷✼✮✱ ♦✉ s❡❥❛✱

z′ =
n∑

k=4

ǫk−3

(
n
k

)
f (t)n−k zk +

(
n
3

)
f (t)n−3 z3 + a (t) z2. ✭✸✳✷✽✮

❆ ❡q✉❛çã♦ ✭✸✳✷✽✮ ♠❛♥té♠ ♦s l ❝✐❝❧♦s ❧✐♠✐t❡ ♣❛r❛ ♦ |ǫ| 6= 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦✳
❆❧é♠ ❞✐ss♦✱ ❢❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ✈❛r✐á✈❡✐s✿

x (t) = z (t) +
f (t)

ǫ

✭✸✳✷✽✮ é tr❛♥s❢♦r♠❛❞♦ ❡♠✿

x′ = ǫn−3xn + Cn,2 (ǫ, t) x
2 + Cn,1 (ǫ, t) x+ Cn,0 (ǫ, t) , ✭✸✳✷✾✮

❝♦♠ Cn,j (ǫ, t)✱ j = 0, 1, 2✱ s❡♥❞♦ ❡①♣r❡ssõ❡s ♣♦❧✐♥♦♠✐❛✐s ❡♠ f (t)✱ f ′ (t) ❡ 1
ǫ
✳ ❉❡

❢❛t♦✱

z (t) = x (t)− f (t)

ǫ
,

z′ (t) = x′ (t)− f ′ (t)

ǫ
,

x′ (t)− f ′(t)
ǫ

=
n∑

k=4

ǫk−3

(
n
k

)
f (t)n−k

(
x (t)− f(t)

ǫ

)k
+

(
n
3

)
f (t)n−3

(
x (t)− f(t)

ǫ

)3
+ a (t)

(
x (t)− f(t)

ǫ

)2
.

✭✸✳✸✵✮

❉❛í✱

(
x (t)− f(t)

ǫ

)k
=

k∑

j=0

(
k
j

)
xk−j

(
−f(t)

ǫ

)j
=

k∑

j=0

(
k
j

)(
−1
ǫ

)j
xk−jf (t)j ,

(
x (t)− f(t)

ǫ

)3
=

3∑

j=0

(
3
j

)
x3−j

(
−f(t)

ǫ

)j
=

3∑

j=0

(
3
j

)(
−1
ǫ

)j
x3−jf (t)j ,

(
x (t)− f(t)

ǫ

)2
=

2∑

j=0

(
2
j

)(
−1
ǫ

)j
x2−jf (t)j .
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❙✉❜st✐t✉✐♥❞♦ ❡♠ ✭✸✳✸✵✮✱ t❡♠♦s

x′ (t)− f ′(t)
ǫ

=
n∑

k=4

ǫk−3

(
n
k

)
f (t)n−k

k∑

j=0

(
k
j

)(
−1
ǫ

)j
xk−jf (t)j +

(
n
3

)
f (t)n−3

3∑

j=0

(
3
j

)(
−1
ǫ

)j
x3−jf (t)j

+a (t)
2∑

j=0

(
2
j

)(
−1
ǫ

)j
x2−jf (t)j .

❉❡s❡♥✈♦❧✈❡♥❞♦ ♦ ♣r✐♠❡✐r♦ t❡r♠♦ ❞♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ✐❣✉❛❧❞❛❞❡ ❛❝✐♠❛✱ ♦❜t❡♠♦s✿

n∑

k=4

ǫk−3

(
n
k

)
f (t)n−k

k∑

j=0

(
k
j

)(
−1
ǫ

)j
xk−jf (t)j =

= ǫn−3

(
n
n

) n∑

j=0

(
n
j

)(
−1
ǫ

)j
xn−jf (t)j +

n−1∑

k=4

ǫk−3

(
n− 1
k

)
f (t)n−1−k

k∑

j=0

(
k
j

)(
−1
ǫ

)j
xk−jf (t)j

= ǫn−3

(
n
0

)(
−1
ǫ

)0
xn + ǫn−3

n∑

j=1

(
n
j

)(
−1
ǫ

)j
xn−jf (t)j +

n−1∑

k=4

ǫk−3

(
n− 1
k

)
f (t)n−1−k

k∑

j=0

(
k
0

)(
−1
ǫ

)j
xk−jf (t)j ,

♦♥❞❡ ǫn−3

(
n
0

)(
−1
ǫ

)0
xn = ǫn−3xn✳ ❆ss✐♠✱ s✐♠♣❧✐✜❝❛♥❞♦✱ ♦❜t❡♠♦s ❛ ❡q✉❛çã♦

✭✸✳✷✾✮ q✉❡ é ❞❛ ❢♦r♠❛✿

x′ = an (t) x
n + a2 (t) x

2 + a1 (t) x+ a0 (t) ,

❝♦♠ n ♣❛r ❡ an (t) 6= 0 ♣❛r❛ t♦❞♦ t✳�

❖❜s❡r✈❛çã♦ ✸✳✷✹✳ ❖s ❝♦❡✜❝✐❡♥t❡s ❞❡ ✭✸✳✷✾✮ sã♦✿

Cn,0 (ε, t) = εn−3

(−1

ε

)n
f (t)n +

n−1∑

k=4

εk−3

(
n− 1
k

)
f (t)n−1

(−1

ε

)k
+
f ′ (t)

ε
,

Cn,1 (ε, t) = εn−3

(−1

ε

)n−1(
n

n− 1

)
f (t)n−1 +

n−1∑

k=4

εk−3

(
n− 1
k

)
f (t)n−2

(−1

ε

)k−1(
k

k − 1

)
,
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Cn,2 (ε, t) = εn−3

(−1

ε

)n−2(
n

n− 2

)
f (t)n−2 +

n−1∑

k=4

εk−3

(
n− 1
k

)
f (t)n−3

(−1

ε

)k−2(
k

k − 1

)
.
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◆❡st❛ s❡çã♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❛♣r❡s❡♥t❛r ❛❧❣✉♠❛s ❛♣❧✐❝❛çõ❡s ❞♦s t❡♦r❡♠❛s
❡st✉❞❛❞♦s ♥❛ s❡çã♦ 3✱ ❛s ♣r✐♥❝✐♣❛✐s r❡❢❡r❡♥❝✐❛s sã♦ ❬✶✾❪ ❡ ❬✺❪✳ ❆ ♣r✐♥❝✐♣❛❧ ♠♦t✐✈❛çã♦
♣❛r❛ ♦ ❛♥á❧✐s❡ ❞❛s ❊q✉❛çõ❡s ❉✐❢❡r❡♥❝✐❛✐s ♣♦❧✐♥♦♠✐❛✐s ❞❛ ♣r✐♠❡✐r❛ ♦r❞❡♠ é ♦ ❡st✉❞♦
❞❛ ❡①✐stê♥❝✐❛ ❡ ♠✉❧t✐♣❧✐❝✐❞❛❞❡ ❞♦ ❝✐❝❧♦s ❧✐♠✐t❡ ❞❡ ❝❛♠♣♦s ✈❡t♦r✐❛✐s ♣♦❧✐♥♦♠✐❛✐s ♥♦
♣❧❛♥♦✳ ❯♠ r❛♠♦ ✐♥t❡r❡ss❛♥t❡ ❡ ❝♦♠♣❧✐❝❛❞♦ ♥❛ t❡♦r✐❛ q✉❛❧✐t❛t✐✈❛ ❞❡ ❊q✉❛çõ❡s
❞✐❢❡r❡♥❝✐❛✐s✱ q✉❡ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♥té♠ ❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞♦ ✶✻ ♣r♦❜❧❡♠❛ ❞❡
❍✐❧❜❡rt✱ ♣r♦♣♦st♦ ♣♦r ❍✐❧❜❡rt ❡♠ ✶✾✵✵✳

❈♦♥s✐❞❡r❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛ ♣❧❛♥❛r✿




x′ =
n∑

k=1

Pk (x, y) ,

y′ =
n∑

k=1

Qk (x, y) ,

✭✹✳✶✮

♦♥❞❡ Pk ❡ Qk sã♦ ♣♦❧✐♥ó♠✐♦s ❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ k✳ ❯♠❛ ór❜✐t❛ ♣❡r✐ó❞✐❝❛ ✐s♦❧❛❞❛
❞♦ s✐st❡♠❛ ✭✹✳✶✮ é ❝❤❛♠❛❞♦ ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡✳ ▼✉❞❛r❡♠♦s ♦ s✐st❡♠❛ ✭✹✳✶✮ ❡♠
❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s✳ Pr✐♠❡✐r❛♠❡♥t❡ ❝♦♥s✐❞❡r❡♠♦s ✉♠ s✐st❡♠❛ ❤♦♠♦❣é♥❡♦





x′ =
k∑

v=0

pk−v,vx
k−vyv = Pk (x, y) ,

y′ =
k∑

v=0

qk−v,vx
k−vyv = Qk (x, y) .

✭✹✳✷✮

❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ♣❛r❛ x = rcosθ ❡ y = rsenθ ❡ ❞❡r✐✈❛♥❞♦ x
❡ y✱ t❡♠♦s✱ x′ = r′cosθ − rsenθθ′ ❡ y′ = r′senθ + rcosθθ′✳ ❙✉❜st✐t✉✐♥❞♦ ❡♠ ✭✹✳✷✮✱

✻✽



✻✾

♦❜t❡♠♦s





r′cosθ − rsenθθ′ =
k∑

v=0

pk−v,v (rcosθ)
k−v (rsenθ)v ,

r′senθ + rcosθθ′ =
k∑

v=0

qk−v,v (rcosθ)
k−v (rsenθ)v .

✭✹✳✸✮

❆ ♣❛rt✐r ❞❡ ✭✹✳✸✮✱ ♦❜t❡♠♦s r′ ❡ θ′✿

r′ =

∣∣∣∣∣∣∣∣∣∣

k∑

v=0

pk−v,v (rcosθ)
k−v (rsenθ)v −rsenθ

k∑

v=0

qk−v,v (rcosθ)
k−v (rsenθ)v rcosθ

∣∣∣∣∣∣∣∣∣∣
r

r′ =

rcosθ

k∑

v=0

pk−v,v (rcosθ)
k−v (rsenθ)v + rsenθ

k∑

v=0

qk−v,v (rcosθ)
k−v (rsenθ)v

r

r′ =
k∑

v=0

pk−v,vr
kcosk−v+1θsenvθ +

k∑

v=0

qk−v,vr
kcosk−vθsenv+1θ

θ′ =

∣∣∣∣∣∣∣∣∣∣

cosθ
k∑

v=0

pk−v,v (rcosθ)
k−v (rsenθ)v

senθ
k∑

v=0

qk−v,v (rcosθ)
k−v (rsenθ)v

∣∣∣∣∣∣∣∣∣∣
r

θ′ =

cosθ

k∑

v=0

qk−v,v (rcosθ)
k−v (rsenθ)v − senθ

k∑

v=0

pk−v,v (rcosθ)
k−v (rsenθ)v

r

θ′ =
1

r

(
k∑

v=0

qk−v,vr
kcosk−v+1θsenvθ −

k∑

v=0

pk−v,vr
kcosk−vθsenv+1θ

)

θ′ =
k∑

v=0

qk−v,vr
k−1cosk−v+1θsenvθ −

k∑

v=0

pk−v,vr
k−1cosk−vθsenv+1θ.

❆ss✐♠✱ ♦ s✐st❡♠❛ ❡♠ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s é




r′ = rk
k∑

v=0

(
cosθpk−v,vcos

k−vθsenvθ + senθqk−v,vcos
k−vθsenvθ

)

θ′ = rk−1

k∑

v=0

(
cosθqk−v,vcos

k−vθsenvθ − senθpk−v,vcos
k−vθsenvθ

)
,



✼✵

♦ q✉❛❧ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❝♦♠♦✿

{
r′ = rkfk (θ) ,

θ′ = rk−1gk (θ) ,
✭✹✳✹✮

♦♥❞❡

{
fk (θ) = cosθPk (cosθ, senθ) + senθQk (cosθ, senθ) ,

gk (θ) = cosθQk (cosθ, senθ) + senθPk (cosθ, senθ) .
✭✹✳✺✮

❉❡ ✭✹✳✺✮✱ s❡❣✉❡ q✉❡ ♦ s✐st❡♠❛ ✭✹✳✶✮ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❡♠ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s ❝♦♠♦✿





r′ =
n∑

k=1

fk (θ) r
k,

θ′ =
n∑

k=1

gk (θ) r
k−1.

✭✹✳✻✮

❊♠ ❛❧❣✉♥s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s✱ ♣♦❞❡✲s❡ ❡s❝r❡✈❡r ♦ s✐st❡♠❛ ✭✹✳✻✮ ❝♦♠♦ ✉♠❛ só
❡q✉❛çã♦ ❞♦ t✐♣♦ ✭✸✳✶✵✮ ❝♦♠ ✈❛r✐á✈❡❧ ✐♥❞❡♣❡♥❞❡♥t❡ θ✳ ❊♥tã♦✱ ❛s s♦❧✉çõ❡s ❢❡❝❤❛❞❛s
✐s♦❧❛❞❛s ❞❡ ✭✸✳✶✵✮ ❝♦rr❡s♣♦♥❞❡r❛♠ ♣❛r❛ ♦s ❝✐❝❧♦s ❧✐♠✐t❡s ❞❛ ❡q✉❛çã♦ ✭✹✳✶✮✳

❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s s❡rã♦ ✉s❛❞♦s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡
❛❧❣✉♥s ❡①❡♠♣❧♦s ♣❛rt✐❝✉❧❛r❡s✳ ❖ ♣r✐♠❡✐r♦ ❡①❡♠♣❧♦ ♣❡rt❡♥❝❡ ❛♦s s✐st❡♠❛s rí❣✐❞♦s✱
✐st♦ é✱ s✐st❡♠❛s t❡♥❞♦ ❛♦ ♦r✐❣❡♠ ❞♦ t✐♣♦ ❢♦❝♦ ♦✉ ❞❡ t✐♣♦ ❝❡♥tr♦✳

Pr♦♣♦s✐çã♦ ✹✳✶✳ ❈♦♥s✐❞❡r❡♠♦s ♦ s✐st❡♠❛✿





x′ = ax− cy +
n−1∑

k=1

xFk (x, y) ,

y′ = cx+ ay +
n−1∑

k=1

yFk (x, y) ,

✭✹✳✼✮

♦♥❞❡ a < 0 < c ❡ Fk sã♦ ♣♦❧✐♥ó♠✐♦s ❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ k✳ ❙✉♣♦♥❤❛ q✉❡ ❡①✐st❡♠
❛❧❣✉♥s j = 2, ..., n − 1 t❛✐s q✉❡✱ Fk (cosθ, senθ) ≥ 0 ♣❛r❛ t♦❞♦ k = j, ..., n ❡

θ ∈ [0, 2π]✱ ❡ ❛❧é♠ ❞✐ss♦
n−1∑

k=j

Fk (cosθ, senθ) > 0 ♣❛r❛ t♦❞♦ θ ∈ [0, 2π]✳ ❊♥tã♦✱ ♦

s✐st❡♠❛ ✭✹✳✼✮ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡✳

❉❡♠♦♥str❛çã♦✿

Pr✐♠❡✐r❛♠❡♥t❡ ♠✉❞❛♠♦s ♦ s✐st❡♠❛ ✭✹✳✼✮ ♣❛r❛ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s x = rcosθ✱



✼✶

y = rsenθ ❡ ❛s ❞❡r✐✈❛❞❛s x′ = r′cosθ − rsenθθ′ ❡ y′ = r′senθ + rcosθθ′✳





r′cosθ − rsenθθ′ = arcosθ − crsenθ +
n−1∑

k=1

rcosθFk (rcosθ, rsenθ) ,

r′senθ + rcosθθ′ = crcosθ + arsenθ +
n−1∑

k=1

rsenθFk (rcosθ, rsenθ) .

✭✹✳✽✮

❆ ♣❛rt✐r ❞❡ ✭✹✳✽✮ ♦❜t❡♠♦s r′ e θ′✳

r′ =

∣∣∣∣∣∣∣∣∣∣

arcosθ − crsenθ +
n−1∑

k=1

rcosθFkr
k −rsenθ

crcosθ + arsenθ +
n−1∑

k=1

rsenθFkr
k rcosθ

∣∣∣∣∣∣∣∣∣∣
r

=
1

r

(
ar2 +

n−1∑

k=1

r2Fkr
k

)

= ar +
n−1∑

k=1

Fk (cosθ, senθ) r
k+1

= ar +
n∑

k=2

Fk−1 (cosθ, senθ) r
k

❡

θ′ =

∣∣∣∣∣∣∣∣∣∣

cosθ arcosθ − crsenθ +
n−1∑

k=1

rcosθFkr
k

senθ crcosθ + arsenθ +
n−1∑

k=1

rsenθFkr
k

∣∣∣∣∣∣∣∣∣∣
r

=
cr (sen2θ + cos2θ)

r
= c.

❋✐♥❛❧♠❡♥t❡✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛✿




r′ = ar +

n∑

k=2

Fk−1 (cosθ, senθ) r
k,

θ′ = c.

✭✹✳✾✮

❚♦♠❛♥❞♦ r ❡♠ ❢✉♥çã♦ ❞❡ θ✱ t❡♠♦s

dr

dθ
=
a

c
r +

1

c

n∑

k=2

Fk−1 (cosθ, senθ) r
k. ✭✹✳✶✵✮

❆ ❡q✉❛çã♦ ✭✹✳✶✵✮ é ❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❆❜❡❧ ♥♦ ❝❛s♦ q✉❛♥❞♦ a0 ≡ 0✳ ❱❡❥❛♠♦s



✼✷

s❡ s❛t✐s❢❛③ ❛s ❝♦♥❞✐çõ❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✹✳ P♦r ❤✐♣ót❡s❡✱ t❡♠♦s q✉❡✿ a < 0 < c✱
❡♥tã♦

a

c
< 0✳ ❉❛í✿

∫ 2π

0

a

c
dt =

a

c

∫ 2π

0

dt =
a

c
t |2π0 =

2πa

c
< 0.

P♦rt❛♥t♦✱
∫ 2π

0

a1 (t) dt =

∫ 2π

0

a

c
dt < 0✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✹✱ t❡♠♦s q✉❡ ♥♦ss❛

❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ✭❊q✉❛çã♦ ❞❡ ❆❜❡❧✮✱ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠❛
s♦❧✉çã♦ ❢❡❝❤❛❞❛✱ ✐s♦❧❛❞❛ ❡ ♣♦s✐t✐✈❛✳ ❊♥tã♦ ♦ s✐st❡♠❛ ❝♦♥s✐❞❡r❛❞♦ t❡♠ ♣❡❧♦ ♠❡♥♦s
✉♠ ❝✐❝❧♦ ❧✐♠✐t❡✳�

Pr♦♣♦s✐çã♦ ✹✳✷✳ ❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛✿





x′ = λx+ Pm+1 (x, y) +
n∑

k=2

xFmk (x, y) ,

y′ = λx+Qm+1 (x, y) +
n∑

k=2

yFmk (x, y) ,

✭✹✳✶✶✮

♦♥❞❡ m ∈ N ❡ Fmk sã♦ ♣♦❧✐♥ô♠✐♦s ❞❡ ❣r❛✉ mk✳ ❙❡ gm+1 (θ) > 0 ✭< 0

r❡s♣❡t✐✈❛♠❡♥t❡✮ ♣❛r❛ t♦❞♦ θ ∈ [0, 2π] ❡
∫ 2π

0

fm+1 (θ)

gm+1 (θ)
dθ 6= 0✱ ❡♥tã♦✱ ❡①✐st❡ λ0 > 0

t❛❧ q✉❡✱ ✭✹✳✶✶✮ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡ ♣❛r❛ t♦❞♦ 0 < λ < λ0✳

❉❡♠♦♥str❛çã♦✿

▼✉❞❛♥❞♦ ♦ s✐st❡♠❛ ♣❛r❛ ❛s ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s✱ ♦♥❞❡ x = rcosθ✱ y = rsenθ
❡ ❛s ❞❡r✐✈❛❞❛s x′ = r′cosθ − rsenθθ′ ❡ y′ = r′senθ + rcosθθ′✱ ♦❜t❡♠♦s





r′cosθ − rsenθθ′ = λrcosθ + Pm+1 (rcosθ, rsenθ) +
n∑

k=2

rcosθFmk (rcosθ, rsenθ) ,

r′senθ + rcosθθ′ = λrcosθ +Qm+1 (rcosθ, rsenθ) +
n∑

k=2

rsenθFmk (rcosθ, rsenθ) .

❆ ♣❛rt✐r ❞❡st❡ s✐st❡♠❛ ♦❜t❡♠♦s r′ ❡ θ′✱

r′ =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

λrcosθ + rm+1Pm+1 + rcosθ

n∑

k=2

Fmkr
mk −rsenθ

λrsenθ + rm+1Qm+1 + rsenθ

n∑

k=2

Fmkr
mk rcosθ

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

r

=
r

r

(
λr + rm+1cosθPm+1 + rm+1senθQm+1 + r

n∑

k=2

Fmkr
mk

)

=

(
λr + rm+1cosθPm+1 + rm+1senθQm+1 + r

n∑

k=2

Fmkr
mk

)
.



✼✸

❆❣♦r❛ ♦❜t❡♠♦s t❛♠❜é♠ θ′✳

θ′ =

∣∣∣∣∣∣∣∣∣∣

cosθ λrcosθ + rm+1Pm+1 + rcosθ

n∑

k=2

Fmkr
mk

senθ λrsenθ + rm+1Qm+1 + rsenθ
n∑

k=2

Fmkr
mk

∣∣∣∣∣∣∣∣∣∣
r

=
rm+1

r
cosθQm+1 (cosθ, senθ)−

rm+1

r
senθPm+1 (cosθ, senθ)

= θ′ = rm (cosθQm+1 (cosθ, senθ)− senθPm+1 (cosθ, senθ)) .

❆ss✐♠✱ ❝♦♠ r′ ❡ θ′✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ s✐st❡♠❛✿




r′ = λr + rm+1cosθPm+1 (cosθ, senθ) + rm+1senθQm+1 (cosθ, senθ)+
n∑

k=2

Fmk (cosθ, senθ) r
mk+1

θ′ = rm (cosθQm+1 (cosθ, senθ)− senθPmk (cosθ, senθ))

❋❛③❡♥❞♦✿

fm+1 (θ) = cosθPm+1 (cosθ, senθ) + senθQm+1 (cosθ, senθ)

gm+1 (θ) = cosθQm+1 (cosθ, senθ)− senθPm+1 (cosθ, senθ)✱

♥♦ss♦ s✐st❡♠❛ ❡♠ ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s é




r′ = λr + fm+1 (θ) r

m+1 +
n∑

k=2

Fmk (cosθ, senθ) r
mk+1,

θ′ = gm+1 (θ) r
m.

✭✹✳✶✷✮

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s t❛♠❜é♠ ❛ s❡❣✉✐♥t❡ ♠✉❞❛♥ç❛✿ R = rm✳ ❉❡r✐✈❛♥❞♦✱ ♦❜t❡♠♦s

dR

dt
= mrm−1dr

dt
,

dR

dt
= mλR +mR2fm+1 (θ) +

n∑

k=2

Fk (cosθ, senθ)mR
k+1.

❚♦♠❛♥❞♦ R ❡♠ ❢✉♥çã♦ ❞❡ θ✳

dR

dθ
=

mR

gm+1 (θ)R

(
λ+Rfm+1 (θ) +

n∑

k=2

Fk (cosθ, senθ)R
k

)

dR

dθ
=

m

gm+1 (θ)

(
λ+Rfm+1 (θ) +

n∑

k=2

Fk (cosθ, senθ)R
k

)

dR

dθ
=

m

gm+1 (θ)
λR0 +

fm+1 (θ)

gm+1 (θ)
R +

n∑

k=2

Fk (cosθ, senθ)R
k. ✭✹✳✶✸✮

✭✹✳✶✸✮ é ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ ❆❜❡❧ ❞♦ t✐♣♦ ✭✸✳✶✵✮✳ ❱❡❥❛♠♦s q✉❡ ❡ss❛ ❡q✉❛çã♦



✼✹

❞✐❢❡r❡♥❝✐❛❧ s❛t✐s❢❛③ ❛s ❤✐♣ót❡s❡s ❞♦ ❚❡♦r❡♠❛ ✸✳✶✵✳ ❉❡ ❢❛t♦✱
∫ 2π

0

a1 (t) dt =

∫ 2π

0

m
fm+1 (θ)

gm+1 (θ)
dθ = m

∫ 2π

0

fm+1 (θ)

gm+1 (θ)
dθ 6= 0

a0 (t) = λP (t) = λ

(
m

gm+1 (θ)

)
.

P❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✵✱ ❡①✐st❡ λ0 > 0 t❛❧ q✉❡ ♣❛r❛ t♦❞♦ λ ∈ (0, λ0) ❡①✐st❡✱ ❛♦ ♠❡♥♦s✱

✉♠❛ s♦❧✉çã♦ ❢❡❝❤❛❞❛ ✐s♦❧❛❞❛ ❞❛ ❡q✉❛çã♦
dR

dθ
=

n∑

j=0

aj (θ)R
j✱ ♦♥❞❡✿

a0 (θ) =
m

gm+1 (θ)
✱ a1 (θ) =

mfm+1 (θ)

gm+1 (θ)
✱

aj (θ) =
m

gm+1 (θ)
Fj (cosθ, senθ) , ∀j ≥ 2.

❊♥tã♦✱ ♦ s✐st❡♠❛ ❝♦♥s✐❞❡r❛❞♦ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡✳�

Pr♦♣♦s✐çã♦ ✹✳✸✳ ❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛✿

{
x′ = −y + x [f0 + fm−1 (x, y) + fn−1 (x, y)]

y′ = x+ y [f0 + fm−1 (x, y) + fn−1 (x, y)]
✭✹✳✶✹✮

s❡♥❞♦ fi (x, y) ♣♦❧✐♥ô♠✐♦s ❤♦♠♦❣ê♥❡♦s ❞❡ ❣r❛✉ i ❡ 0 < m < n✳ ❙✉♣♦♥❤❛♠♦s q✉❡
fn−1 (cosθ, senθ) ♦✉ fm−1 (cosθ, senθ) ♥ã♦ ♠✉❞❛♠ ❞❡ s✐♥❛❧✳ ❊♥tã♦ ♦ s✐st❡♠❛ t❡♠
♥♦ ♠á①✐♠♦ ❞♦✐s ❝✐❝❧♦s ❧✐♠✐t❡✳

❉❡♠♦♥str❛çã♦✿

▼✉❞❛♥❞♦ ♦ s✐st❡♠❛ ♣❛r❛ ❛s ❝♦♦r❞❡♥❛❞❛s ♣♦❧❛r❡s✱ ♦♥❞❡ x = rcosθ✱ y = rsenθ
❡ ❛s ❞❡r✐✈❛❞❛s x′ = r′cosθ − rsenθθ′✱ y′ = r′senθ − rcosθθ′✿





r′cosθ − rsenθθ′ = −rsenθ + rcosθ [f0 + rm−1fm−1 (cosθ, senθ)+

rn−1fn−1 (cosθ, senθ)] ,

r′senθ − rcosθθ′ = rcosθ + rsenθ [f0 + rm−1fm−1 (cosθ, senθ)+

rn−1fn−1 (cosθ, senθ)] .

✭✹✳✶✺✮

❈♦♥s✐❞❡r❡♠♦s

F (r, θ) = f0 + rm−1fm−1 (cosθ, senθ) + rn−1fn−1 (cosθ, senθ) .

❆ ♣❛rt✐r ❞♦ s✐st❡♠❛ ✭✹✳✶✺✮✱ ♦❜t❡♠♦s r′ ❡ θ′✿



✼✺

r′ =

∣∣∣∣
−rsenθ + rcosθF (r, θ) −rsenθ
rcosθ + rsenθF (r, θ) rcosθ

∣∣∣∣
r

=
−r2cosθsenθ + r2cos2θF (r, θ) + r2cosθsenθ + r2sen2θF (r, θ)

r

=
r2F (r, θ)

r
= rF (r, θ)

❡

θ′ =

∣∣∣∣
cosθ −rsenθ + rcosθF (r, θ)
senθ rcosθ + rsenθF (r, θ)

∣∣∣∣
r

=
rcos2θ + rcosθsenθF (r, θ) + rsen2θ − rcosθsenθF (r, θ)

r
= 1.

❚♦♠❛♥❞♦ r ❡♠ ❢✉♥çã♦ ❞❡ θ ❡ s✉❜st✐t✉✐♥❞♦ F (r, θ)✱ ♦❜t❡♠♦s✿

dr

dθ
= r [f0 + rm−1fm−1 (cosθ, senθ) + rn−1fn−1 (cosθ, senθ)]

dr

dθ
= rf0 + rmfm−1 (cosθ, senθ) + rnfn−1 (cosθ, senθ)

dr

dθ
= fn−1 (cosθ, senθ) r

n + fm−1 (cosθ, senθ) r
m + f0r, ✭✹✳✶✻✮

♦♥❞❡ ✭✹✳✶✻✮ é ✉♠❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❛ ❢♦r♠❛ ✭✸✳✷✵✮✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦
0 < m < n ❡♥tã♦ −1 < m − 1 < n − 1 ♦♥❞❡ m − 1 ❡ n − 1 sã♦ ♥ú♠❡r♦s
♥❛t✉r❛✐s✱ t❡♠♦s 0 < m− 1 < n− 1 ❞❛í 1 < m < n✳ P♦rt❛♥t♦✱ ♥♦ss♦ s✐st❡♠❛ t❡♠
♥♦ ♠á①✐♠♦ ❞♦✐s ❝✐❝❧♦s ❧✐♠✐t❡✳�

❋✐♥❛❧♠❡♥t❡✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠ s✐st❡♠❛ s❡♠ ♣❛rt❡ ❧✐♥❡❛r✳

Pr♦♣♦s✐çã♦ ✹✳✹✳ ❈♦♥s✐❞❡r❡ ♦ s✐st❡♠❛✿





x′ = Pm+1 (x, y) + λxF2m (x, y) +
n∑

k=3

xFmk (x, y) ,

y′ = Qm+1 (x, y) + λyF2m (x, y) +
n∑

k=3

yFmk (x, y) ,

✭✹✳✶✼✮

♦♥❞❡ m ∈ N ❡ Fmk sã♦ ♣♦❧✐♥ó♠✐♦s ❤♦♠♦❣é♥❡♦s ❞❡ ❣r❛✉ mk✳ ❙✉♣♦♥❤❛♠♦s ❛s
s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✶✳ gm+1 (θ) > 0 ✭< 0✮ ♣❛r❛ t♦❞♦ θ ∈ [0, 2π]❀

✷✳
∫ 2π

0
a1 (θ) dθ 6= 0✱ s❡♥❞♦ a1 (θ) =

mfm+1 (θ)

gm+1 (θ)
❀

✸✳ ❆ ❢✉♥çã♦ M (θ) = −
∫ 2π

0

G (θ, s)
F2m (cos (s) , sen (s))

gm+1 (s)
ds é ♣♦s✐t✐✈❛ ♣❛r❛

t♦❞♦ θ ∈ [0, 2π]✱ ♦♥❞❡ G (θ, s) é ❛ ❢✉♥çã♦ ❞❡ ●r❡❡♥ ❞♦ ♦♣❡r❛❞♦r L [x] =
x′ + a1 (θ) x✱ ❝♦♠ ❝♦♥❞✐çõ❡s ♣❡r✐ó❞✐❝❛s ❞❛❞❛s ♣♦r ✭✸✳✺✮✳



✼✻

❊♥tã♦✱ ❡①✐st❡ λ0 > 0 t❛❧ q✉❡ ♦ s✐st❡♠❛ ✭✹✳✶✼✮✱ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡
♣❛r❛ t♦❞♦ λ > λ0✳

❉❡♠♦♥str❛çã♦✿

Pr✐♠❡✐r❛♠❡♥t❡ ♠✉❞❛♠♦s ♦ s✐st❡♠❛ ✭✹✳✶✼✮ ♣❛r❛ ♦✉tr♦ s✐st❡♠❛ ❡♠ ❝♦♦r❞❡♥❛❞❛s
♣♦❧❛r❡s x = rcosθ✱ y = rsenθ ❡ s✉❛s ❞❡r✐✈❛❞❛s x′ = r′cosθ − rsenθθ′ ❡
y′ = r′senθ + rcosθθ′✿





r′cosθ − rsenθθ′ = Pm+1 (rcosθ, rsenθ) + λrcosθF2m (rcosθ, rsenθ)+
n∑

k=3

rcosθFmk (rcosθ, rsenθ) ,

r′senθ + rcosθθ′ = Qm+1 (rcosθ, rsenθ) + λrsenθF2m (rcosθ, rsenθ)+
n∑

k=3

rsenθFmk (rcosθ, rsenθ) .

✭✹✳✶✽✮

❆ ♣❛rt✐r ❞❡ ✭✹✳✶✽✮✱ ♦❜t❡♠♦s r′ ❡ θ′✱

r′ =

∣∣∣∣∣∣∣∣∣∣

rm+1Pm+1 + λrr2mcosθF2m +
n∑

k=3

rcosθFmkr
mk −rsenθ

rm+1Qm+1 + λrr2msenθF2m +
n∑

k=3

rsenθFmkr
mk rcosθ

∣∣∣∣∣∣∣∣∣∣
r

= rm+1cosθPm+1 + rm+1senθQm+1 + λrr2mF2m + r

n∑

k=3

Fmkr
mk

= rm+1 (cosθPm+1 + senθQm+1) + λrr2mF2m + r
n∑

k=3

Fmkr
mk

= rm+1fm+1 (θ) + λr2m+1F2m +
n∑

k=3

Fmkr
mk+1,

❡

θ′ =

∣∣∣∣∣∣∣∣∣∣

cosθ rm+1Pm+1 + λrr2mcosθF2m +
n∑

k=3

rcosθFmkr
mk

senθ rm+1Qm+1 + λrr2msenθF2m +
n∑

k=3

rsenθFmkr
mk

∣∣∣∣∣∣∣∣∣∣
r

=
rm+1

r
(cosθQm+1 − senθPm+1)

= rmgm+1 (θ) .

❈♦♥s✐❞❡r❛♥❞♦ ❛ ♠✉❞❛♥ç❛ ♣❛r❛ r✱ R = rm ❡ s✉❛ ❞❡r✐✈❛❞❛ é



✼✼

dR

dt
= mrm−1 dr

dt

= mrm−1

(
rm+1fm+1 (θ) + λr2m+1F2m (cosθ, senθ) +

n∑

k=3

Fmk (cosθ, senθ) r
mk+1

)

= mr2mfm+1 (θ) + λmr3mF2m (cosθ, senθ) +

n∑

k=3

Fmk (cosθ, senθ)mrm(k+1)

= m (rm)
2
fm+1 (θ) + λm (rm)

3
F2m (cosθ, senθ) +

n∑

k=3

Fmk (cosθ, senθ)m (rm)
k+1

= R′ = mR2fm+1 (θ) + λmR3F2m (cosθ, senθ) +m

n∑

k=3

Fmk (cosθ, senθ)R
k+1.

❚♦♠❛♥❞♦ R ❡♠ ❢✉♥çã♦ ❞❡ θ✱ t❡♠♦s

dR

dθ
=

mR

gm+1 (θ)R

(
Rfm+1 (θ) + λF2m (cosθ, senθ)R2 +

n∑

k=3

Fmk (cosθ, senθ)R
k

)

=
m

gm+1 (θ)

(
Rfm+1 (θ) + λF2m (cosθ, senθ)R2 +

n∑

k=3

Fmk (cosθ, senθ)R
k

)

=
mfm+1 (θ)

gm+1 (θ)
R+ λ

mF2m (cosθ, senθ)

gm+1 (θ)
R2 +

n∑

k=3

mFmk (cosθ, senθ)

gm+1 (θ)
Rk,

❛ q✉❛❧ é ❛ ❊q✉❛çã♦ ❞❡ ❆❜❡❧✱ ♦♥❞❡ a0 (θ) = 0✳ ❆❣♦r❛

dR

dθ
= a1 (θ)R + λP (θ)R2 +

n∑

k=3

ak (θ)R
k,

♦♥❞❡ a1 (θ) =
mfm+1 (θ)

gm+1 (θ)
✱ a2 (θ) = λ

mF2m (cosθ, senθ)

gm+1 (θ)

❡ ak (θ) =
mFmk (cosθ, senθ)

gm+1 (θ)
✱ ∀k ≥ 3✳

dR

dθ
= a1 (θ)R + a2 (θ)R

2 +
n∑

k=3

ak (θ)R
k =

n∑

k=1

ak (θ)R
k.

❋❛③❡♥❞♦ ❛ ♠✉❞❛♥ç❛ ω (θ) =
1

R (θ)
❡ ❞❡r✐✈❛♥❞♦ ω′ (θ) = −R′ (θ)

R (θ)2
✱ t❡♠♦s

−R′

R2
= −a1 (θ)

R

R2
− a2 (θ)

R2

R2
− 1

R2

n∑

k=3

ak (θ)R
k

−R′

R2
= −a1 (θ)

1

R
− a2 (θ)−

n∑

k=3

ak (θ)

(
1

R

)−k+2

ω′ = −a1 (θ)ω − a2 (θ)−
n∑

k=3

ak (θ)ω
−k+2,

❡ ♣♦rt❛♥t♦

ω′ + a1 (θ)ω = −λP (θ)−
n∑

k=3

ak (θ)ω
−k+2✳



✼✽

❈♦♥s✐❞❡r❡♠♦s ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦ ♣❡rt✉r❜❛❞❛✿

y′ + a1 (θ) y = −P (θ)−
n∑

k=3

ǫk−1ak (θ) y
−k+2,

♦♥❞❡ a1✱ P : [0, 2π] −→ R sã♦ ❢✉♥çõ❡s ❝♦♥tí♥✉❛s ❡

c : [0, 2π]× I × R −→ R

(t, y, ǫ) 7−→ c (t, y, ǫ) =
n∑

k=3

ǫk−2ak (θ) y
−k+2

é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛✱ ❝♦♠ ❞❡r✐✈❛❞❛s ❝♦♥tí♥✉❛s ❡♠ y ❡ ǫ✳ ❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s
❛ ♣❛rt❡ ❧✐♥❡❛r ❞❡st❛ ❡q✉❛çã♦ ❞✐❢❡r❡♥❝✐❛❧✿

y′ + a1 (θ) y = −mF2m (cosθ, senθ)

gm+1 (θ)
= −P (θ) , ✭✹✳✶✾✮

♦♥❞❡ ❛ ú♥✐❝❛ s♦❧✉çã♦ ❞❡st❛ ❡q✉❛çã♦✱ M (θ) é ♣♦s✐t✐✈❛ ♣❛r❛ t♦❞♦ θ ∈ [0, 2π]✳ ❊♥tã♦✱
♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✼ ❡①✐st❡ λ0 > λ t❛❧ q✉❡ ♣❛r❛ t♦❞♦ λ > λ0 ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛
s♦❧✉çã♦ ❢❡❝❤❛❞❛ ✐s♦❧❛❞❛ ♣♦s✐t✐✈❛ ❞❛ ❡q✉❛çã♦✱

R′ =
n∑

k=1

ak (θ)R
k.

❊♥tã♦✱ ✭✹✳✶✼✮ ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s ✉♠ ❝✐❝❧♦ ❧✐♠✐t❡✳ �



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❈❆❇❆❉❆✱ ❆✳ ●r❡❡♥✬s ❋✉♥❝t✐♦♥s ✐♥ t❤❡ ❚❤❡♦r② ♦❢ ❖r❞✐♥❛r②
❉✐✛❡r❡♥t✐❛❧ ❊q✉❛t✐♦♥s✳ ❙♣r✐♥❣❡r❇r✐❡❢s ✐♥ ♠❛t❤❡♠❛t✐❝s ✭✷✵✶✹✮✳

❬✷❪ ❈❖◆❲❆❨✱ ❏✳❇✳ ❆ ❝♦✉rs❡ ✐♥ ❋✉♥❝t✐♦♥❛❧ ❆♥❛❧②s✐s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣✱
◆❡✇ ❨♦r❦✱ ❇❡r❧✐♥✱ ❍❡✐❞❡❧❜❡r❣ ❚♦❦②♦✱ ✭✶✾✽✺✮

❬✸❪ ❈❍■❈❖◆❊✱ ❈✳ ❖r❞✐♥❛r② ❉✐✛❡r❡♥t✐❛❧
❊q✉❛t✐♦♥s ❲✐t❤ ❆♣♣❧✐❝❛t✐♦♥s✳ ❚❡①ts ✐♥ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s ✸✹✱
❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✭✶✾✾✾✮

❬✹❪ ❉❯▼❖❘❚■❊❘✱ ❋✳✱ ▲▲■❇❘❊✱ ❏✳ ✫ ❆❘❚➱❙✱ ❏✳❈✳ ◗✉❛❧✐t❛t✐✈❡ ❚❤❡♦r②
♦❢ P❧❛♥❛r ❉✐❢❡❡r❡♥t✐❛❧ ❙②st❡♠s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱
✭✷✵✵✻✮
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