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Abstract

RODRIGUES, Nathann Teixeira, M.Sc., Universidade Federal de Viçosa, April, 2020.
Study of Some Lattice Models for Polymers and Fluids Adviser: Tiago José de
Oliveira.

Lattice models have been widely employed in the modeling of a sort of real systems, being

especially important in study phase transitions and critical phenomena. In polymers,

lattice models have helped to unveil the universal nature present in these systems, allowing

a deep understanding of important phenomena such as protein folding and adsorption.

When applied in the study of fluid systems, lattice models have been used to explore

several properties as, e.g., fluid interfaces, phase transitions and multiphase flown. Here

we investigate lattice models for both polymers and fluids. We explore two-dimensional

lattice models for a single linear polymer chain near to a surface, with the polymer modeled

through the path lattice model of interacting self-avoiding trails (ISATs). By using efficient

Monte Carlo methods, we have characterized the thermodynamic behavior of adsorbing

ISAT on the square and triangular lattices. In the former case, we have analyzed the

universal nature of the adsorption transition for different boundary and solvent conditions.

We have confirmed the universality hypothesis for the ordinary adsorption but, on the

special point, a non-universal behavior has been found. On the triangular lattice, we have

tackled the challenging problem of building up the three-dimensional phase diagram of

the model, which is featured by several phases separated by a number of surfaces of phase

transition and multicritical lines. In the part of fluids, we have investigated lattice gas

models of hard-particles that excluded up to their k nearest-neighbor (kNN) in the square

and cubic lattices with semi-analytic solutions on Husimi Lattices (HLs). By solving the

models 1NN and 2NN on L-level HL built with squares we have characterized the critical

parameters and, by using the coherent anomaly method (CAM), we have obtained the

critical exponent β and γ. For both models, we have found critical parameters in good

agreement with the more accurate estimates from Monte Carlo simulations. The values of

the exponentes, however, are far from the expected values. On the cubic lattice, we have

studied the binary 0NN-1NN, 0NN-2NN and 1NN-2NN and the ternary 0NN-1NN-2NN

mixtures. By solving these mixtures on a HL built with cubes we have found a very

rich thermodynamic behavior, with the presence of four stable phases, two fluid, and two

solids, being separated by continuous and discontinuous phase transitions. We also have

found critical, tricritical and triple points and even a density thermodynamic anomaly.



Keywords: Lattice models. Phase transitions. Critical phenomena. Self-avoiding
trails. Lattice gas. Husimi lattice.



Resumo

RODRIGUES, Nathann Teixeira, M.Sc., Universidade Federal de Viçosa, abril de 2020.
Um Estudo de Modelos de Rede para Polímeros e Fluídos Orientador: Tiago
José de Oliveira.

Modelos de rede têm sido amplamente utilizados na modelagem de diversos tipos de sis-

temas reais, sendo de grande importância no estudo de transições de fase. Em polímeros,

estes modelos foram essenciais no entendimento de propriedades universais, possibilitando

um maior entendimento de importantes fenômenos, como o enovelamento e a adsorção

de proteínas. Quando aplicados em sistemas fluidos, modelos de rede têm sido utilizados

no estudo de diversas propriedades, e.g, interfaces de fluidos, transições de fases e fluxos

de multifase. Nesta tese, investigamos modelos de rede para polímeros e fluídos. Ex-

ploramos redes bidimensionais para polímeros lineares próximos a uma superfície, com o

polímero sendo aproximado pelo modelo de interacting self-avoiding trails (ISATs). Com

a utilização de métodos de Monte Carlo, caracterizamos o comportamento termodinâmico

de ISATs adsorventes nas redes quadrada e triangular. No primeiro caso, exploramos a

natureza universal da transição de adsorção, considerando diferentes condições para a

superfície e para o solvente. Confirmamos a hipótese de universalidade na adsorção or-

dinária, entretanto, no ponto especial, um comportamento não universal foi observado.

Na rede triangular, estudamos o desafiador problema de analisar e construir o diagrama

de fases tridimensional do modelo. Para os sistemas de fluidos, investigamos modelos de

gases de redes compostos por partículas duras que excluem até o seu k-ésimo vizinho (k

nearest-neighbor - kNN) nas redes quadrada e cúbica com soluções semi-analíticas em

redes de Husimi (Husimi lattices - HLs). Resolvendo os modelos 1NN e 2NN em HL de

nível L construídas com quadrados, caracterizamos os parâmetros críticos e, utilizando o

método de anomalia coerente, tentamos obter os expoentes críticos β e γ. Em ambos os

modelos, encontramos parâmetros em boa concordância com as estimativas mais precisas

reportadas na literatura. Entretanto, não foi possível obter estimativas confiáveis para os

expoentes críticos. Na rede cúbica, estudamos as misturas binárias 0NN-1NN, 0NN-2NN

e 1NN-2NN e a ternária 0NN-1NN-2NN. Resolvendo estas misturas em uma HL con-

struída com cubos, encontramos um comportamento termodinâmico bastante rico, com a

presença de quatro fases estáveis, duas fluidas e duas sólidas, sendo separadas por tran-

sições de fases contínuas e descontínuas. Também encontramos pontos críticos, tricríticos

e triplos e até mesmo uma anomalia termodinâmica.



Palavras-Chave: Modelos de rede. Transições de fase. Fenômenos críticos. Self-

avoiding trails. Gás de rede. Redes de Husimi.
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Chapter 1

Introduction

Soft condensed matter is a sub-field of condensed matter which deals with materials
that presents distinguished, unique, properties that are not found in crystalline solids or
simple liquids, i.e., materials like colloidal dispersions [1], crystal liquids [2], polymers [3],
emulsions [4] and even biological materials [5]. The study of chemical and physical proper-
ties of those materials is of great importance in the advance of technological development
and plays a central role in the understanding of biological systems, after all, we are mostly
composed of soft matter.

The typical length scale of soft-matter systems, intermediary to the atomic and
macroscopic scale, allows the use of coarse-grained models where not all atomic details
need to be considered, highlighting universal properties. As an example, several properties
of a polymer are not determined by the complicate chemical details of its components, but
from the simple fact that the polymer is a long chain which does not cross itself. Although
the scale of these structures is larger than the atomic scale, they are still small enough
to be highly affected by thermal fluctuations and Brownian motion, allowing soft-matter
systems able to move towards equilibrium. However, differently from the equilibrium
states of usual solids and simple liquids, soft-matter systems are highly dependent on a
subtle balance between energy and entropic leading to very rich phase behaviors, where
complex structures are spontaneously formed.

The collective behavior is fundamental in the understanding of soft-matter prop-
erties. As they are composed of a large number of interacting atoms or molecules, the
statistical mechanic theory gives the right tools to explore these systems. An important
phenomenon occuring in almost all condensed matter materials is the phase transition.
By changing the conditions of a given system as, e.g., its temperature, the quality of
the solvent, the density of particles, the strength of an external field, etc. it can change
dramatically its properties going through a phase transition. Phase transitions are daily-
basis phenomena, in the simple act of boiling water to make a coffee we are changing
the conditions, by increasing the temperature, allowing a phase change from liquid water
to gas. Despite the simplicity needed to experiment a phase transition, the theoretical
understanding of this phenomenon was only recently possible with the theory of critical
phenomena [6]. Even with all development achieved in the last decades, the full under-
standing of phase properties and transitions is still a challenging problem, being exactly
solved only for few simple models [67]. In most cases, we need to resort to numerical
approaches allied with the critical phenomena and the statistical theory to investigate
these phenomena.

Here, we are interested in the study of the thermodynamic behavior of polymers
and fluids. Despite polymers being a soft-material system, fluids, on other hand, covers
different areas with many systems fitting into it, with some being soft-matter materials.
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So, it is important to remark that we will study a particular fluid system called hard-
fluids and, despite they be used as a model for colloids [54], we will be interested in
more general properties including the solid phase formed in these systems. With this
in mind, our main goal is to explore the equilibrium properties of polymers and hard-
fluids by characterizing the thermodynamic behavior for different lattice models. Through
computational simulations, we will study path lattice models [98] for a single flexible
homopolymer chain in the presence of an interacting surface in different solvent conditions.
Using a semi-analytical approach with hierarchical lattices we will explore different lattice
gas models for fluids, considering mixtures, binary and ternary, and also a problem with
a single component fluid.

Polymer chains near surfaces consist in a very common system being present several
materials with technological and biological importance [7]. An important phenomena in
these materials is polymer adsorption [8]. When the polymer is close to a surface and
there is a chemical affinity with the surface a phase transition where segments of the
polymer adsorb on the surface can take place. When adsorbed polymers can change the
surface properties making the adsorption transition an important process in, for example,
the utilization of polymers and surfactants [9] and in the stabilization of colloids [10].
Then, in a more fundamental point-of-view, the study of global properties of polymers
adsorption is crucial to understand the universal behavior present in such systems.

Another interesting system, studied here, is of fluid mixtures. In most of the cases,
real systems are composed by more than one type of constituent and several properties
depends of the interaction between them. As mentioned above, the terminology ’fluid’
covers a broad range of different systems and so ’fluid mixtures’. As an example the poly-
mer systems considered here, which consist of polymer + solvent + surface, can be seeing
as a fluid mixture. So to be more precise, here we are interested in the study of mixtures
of the fluids composed by hard-particles. In particular, we are interested in athermal
hard-particles systems. In this condition the excluded volume of each particle plays a
central role and all the process are driven by the entropy. Despite the simplicity, mixture
of hard-particles can yields very complexes thermodynamic behaviors as, for example,
the creation of depletion forces [75, 76] and thermodynamic anomalies [11], making the
study of hard-particles mixtures important to help in the understanding of these complex
phenomenon present in real systems.

Despite fluids and polymers being inside of the soft-matter theory, they are impor-
tant enough to be treated separately. So, next, we will present separated introductions
to the polymers and fluids problems considered here. The rest of the thesis is organized
as follows. On Chap. 2 we present the works for lattice polymers, both works are already
published [43, 44], and we choose to present as in the published version with a more de-
tailed text about the computational methods being presented on the Appendix. A. On
Chap. 3 we present the published versions [45, 46] of the three different binary mixtures
considered here and also the published version of a ternary mixture lattice gas model [47].
The methods used for these three papers can be found in Appendix B. We also present
in Chap. 4, in form of a preprint, an almost finished work of a single lattice gas on the
square lattice using the high-order hierarchical lattice method described in the Appendix.
B. On Chap. 5 we cover the ongoing work and on Chap. 6 we present our conclusions
and further comments.

1.1 Polymers

A polymer is a long chain of bonded monomers, while the monomer are the basic
structures that repeat along the chain. The chemistry and physics of polymers have
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been widely developed in the past decades [3, 12] and a variety of applications has been
discovered, from plastics to medicine. The polymer science can be divided into two main
categories depending on the scale of interest. The first one is of strong magnification, and
in this case, the local properties like the motion of a single monomer inside of the chain
and their chemical details are relevant and atomistic models with effective interactions
are usually employed [13]. On the other side, the weak magnification scale where the
observable is of the size of the polymer chain and depends on global details like the
concentration, temperature, and few interaction parameters.

As pointed out in the previous section, here we are interested in the global prop-
erties of a single linear polymer chain. Differently from the strong magnification scale,
the monomer details are not relevant here and very simple coarse-grain models can be
employed. More precisely, we are interested in coarse-grain models in which the length of
the polymer chain is much bigger than the persistence length, lp. If we take a close look
into the chemical bonds of a polymer, the monomers connect with each other with a fixed
angle α (see Fig. 1.1) leaving a rotation degree of freedom for the chemical bond. As the
number of monomers increases the correlation between bond directions decreases and for
lengths longer than lp the bonds directions are basically uncorrelated. To eliminate the
chemical details, our coarse-grain models must be on a scale such that a monomer is a
structure of the size of lp and the bond directions are random. Naturally, in this scale,
the simplest model for a polymer is of a random-walk in a regular lattice.

Figure 1.1: Figure from [21]. The set of monomers is presented by the points i− 1, i and
i + 1 the bonds between monomers are presented by the lines that connect the points.
The angle α is fixed allowing rotational freedom of the bonds.

A n-step random-walk on a regular lattice is a collection of vertices (v0, v1, ..., vn)
where each pair of vertex vi−1, vi is connected by an edge of length a, where a is the
lattice spacing. A polymer chain is represented by a random-walk by the identification
of the vertices as monomers and the edges as the chemical bonds that connect them.
In Fig. 1.2 an example of a random-walk with n = 13 steps on the square lattice is
shown. It is important to note that as the ”monomer” in our models is of the order of the
persistence length, the situation of two monomers occupying the same vertex does not
imply in real monomers occupying the same physical space. The random-walk model can
have an infinite number of monomers at the same site.
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a

Figure 1.2: An example of a random-walk with n = 13 steps on the square lattice with
spacing a. The black circles are the vertices of the walk (the monomers of the polymer)
and the black lines connecting them the edges (bonds between monomers).

As there is no interaction between monomers, the random-walk is known as a
model for an ideal polymer chain. Despite the absence of interactions being an unrealistic
scenario, there are some cases where the polymer behaves as an ideal chain. Two impor-
tant examples are the collapse transition and polymer melting in three dimensions [3].
Although the ideal chain regime being present at these examples, the random-walk model
does not give the entire picture of these phenomena. For example, in the three-dimensions,
a polymer in solution undergoes to collapse transition from a swollen-coil to a dense-
globule configuration (see Fig. 1.5). The ideal chain describes only the polymer at the
transition point and gives no clues on the thermodynamic behavior in the other phases.
To do so we need to introduce interactions in the model.

Several types of complicated interactions can be present in a polymer [14]. Here, in
our simplistic approach, we are interested in two global effects. First, a polymer is usually
immersed in a solvent and, in a good solvent regime, the monomers in the chain tend to
be surrounded by solvent molecules, creating an excluded volume to other monomers.
Conversely, in a poor solvent regime, the monomers tend to be closer to each other,
yielding a hydrophobic effect. All the details of these two effects are quite complicated
and it is not our aim to explore them here. The simplest way to introduce these effects is
by considering two very simple short-range interactions between monomers.

The clever way to introduce the excluded volume effect is by taking into account
the solvent effect implicitly by imposing an occupation restriction in the random-walk
model. If we impose that all vertices (v0, v1, ..., vn) that compose the n-step walk have to
be unique, we obtain the famous model of a self-avoiding walk (SAW) model -see Fig .1.4
(a)-. This model was first introduced by Flory [12] as a model for polymers in a good
solvent. As shown in Fig. 1.3 the excluded volume effect is indeed present, since for the
same size, the SAW, Fig. 1.3 (b), is more stretched and along the chain the density of
monomers is lower when compared with a random-walk, Fig. 1.3 (a).

The simple restriction in the occupancy of the sites in the lattice turns the SAW into
a very challenging mathematical problem, with only a few rigorous results available [98].
As an example, in a d-dimensional hypercubic the most fundamental statistical quantity,
the number of possible configuration, cn, with n steps, is simply given by (2d)n for random-
walks, where 2d is the number of nearest-neighbors of each vertex. For SAWs we only
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Figure 1.3: (a) A random-walk with 100000 steps on a square lattice, the walk has a short
length, filling more the volume, due to the absence of the excluded volume effect. (b) A
self-avoiding walk with 100000 steps on a square lattice, the configuration is more swollen
than the random-walk, with a lower monomer density along the chain, as an effect of the
excluded volume.

know, the asymptotic behavior (for n→∞) of cn

cn ∼ µnnγ−1, (1.1)

where µ is called the connectivity constant and, is also related to the lattice coordination.
The exponent γ, know as the entropic exponent, depends on the dimension of the lattice
and is assumed to be universal. For dimensions d ≥ 4 the SAW behaves as an ideal chain
and the exponent γ assume the classical value of γ = 1. Another important quantity
in polymer physics is the end-to-end distance, Rn, which gives information about the
conformation of the polymer chain. When modeling through lattice paths, as random-
walks and SAWs, Rn can be calculated as follows

Rn = ||v0 − vn|| (1.2)

where v0 and vn are, respectively, the initial vertex and the vertex at the nth step. As cn,
only the asymptotic behavior of the end-to-end distance is known for SAWs, the squared
end-to-end distance behaves as

R2
n ∼ n2ν , (1.3)

where ν is know as the Flory (or metric) exponent and, like γ, is universal, depending
only on the space dimension. For d ≥ 4, ν assumes the ideal chain value of ν = 1/2. For
dimensions d ≤ 3, the estimation of cn and the calculation of µ, γ and ν are challenging
problems and, in most of the cases, only numerical estimates are known [98].

A major leap forward in the understanding of the universal properties present in
polymer physics was made by [15], who found a connection between the SAW model and
the O(N) model. In the limit of N → 0 the magnetic susceptibility gives the grand-
canonical partition function of SAWs. This connection shows that the SAW model is a
critical phenomenon and Eqs. 1.1 and 1.3 can be understood as scaling laws with the
exponents ν and γ being related to critical exponents of the O(N) model in the limit of
N → 0. In two dimensions, the O(N)-model can be solved exactly by using a mapping in
the Coulomb gas problem [16] and the exponents ν = 3/4 and γ = 43/32 are found. In
three dimensions, only approximated results are known, using the renormalization group
theory for the Edwards polymer model [17] the values ν = 0.588(2) and γ = 1.157(3) are
obtained with the more precise values, ν = 0.587597(7) [18] and γ = 1.15695300(95) [19],
reported recently.
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Once the SAW model is a critical phenomena the exponents ν and γ can be seeing
as universal in the light of this theory. The universality means that the value of the
exponent should depend on the space dimensionality and, in the case of short-range
interactions, the symmetries of the order-parameter that describes the transition. Despite
the symmetries of the order-parameter and the order-parameter by itself are unknown for
the SAW problem, the universality hypothesis implies that the same set of exponents
should be observed if we change details in the models. For instance, we can introduce
the exclusion volume effect in a different manner: instead of restricting the vertex to be
unique, we can require that all edges should be unique. In this case, we have the model of
self-avoiding trails (SAT), or simply trails. In such model, as the occupancy restriction is
in the edges, it is possible to exist more than one monomer per site (see Fig. 1.4 (b)). The
maximum number of monomers per-site, however, is restricted by the lattice coordination.
For a lattice with coordination q one site can has q/2 monomers-per site. As shown in
the example of Fig. 1.4 (b), there are two forms for a site be visited twice at the square
lattice: collisions and crossings. If we restrict even more the way the walk can be formed,
by forbidding the occurrence of crossings, we obtain the vertex interacting self-avoiding
walk (VISAW) model, see Fig. 1.4 (c), where a multiply visited site can happens only
through collisions.

Figure 1.4: (a) A self-avoiding walk with n = 14 steps on the square lattice. (b) A
self-avoiding trail with n = 11 steps on the square lattice. With a lattice of coordination
q = 4 up to two monomers can be placed per vertex with intersections and collisions. (c)
A vertex interacting self-avoiding walk (VISAW) with n = 13 steps, only collisions are
allowed.

These models, SAW, SAT and VISAW, present three different ways for considering
the excluded volume effect and all of them, as coarse-grained models, should capture the
properties of a polymer chain dilute in a good solvent. Using any of those models the
same values of exponents ν and γ are observed [20, 30, 31] showing the universal nature
of them. However, the situation becomes more complicated when the hydrophobic effect
is included.

1.1.1 The collapse transition

With only the excluded volume effect the models can simulate the good-solvent
regime, to be able to study more complex phenomena, like the collapse transition, the
hydrophobic effect have to be also considered. At high temperatures (or for a good solvent)
the polymer chain is found on the coil phase, where the excluded volume effect dominate
(see Fig. 1.5 (a)). Decreasing the temperature, or changing the condition of the solvent to
a poor one, the hydrophobic effect starts to dominates and the chain collapses, forming a
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dense configuration, the globule phase (see Fig. 1.5 (b)). This transition, frequently called
coil-globule, occurs in a specific point called Θ point. At this point, in three dimensions,
the excluded volume effect cancels the hydrophobic one and the polymer behaves as an
ideal chain.

Figure 1.5: (a) A representation of the coil phase using a SAW on the square lattice.
(b) Globule phase on the square lattice for a interacting self-avoiding walk (ISAW) with
n = 100000 steps

The hydrophobic effect can be introduced as an attractive interaction between
monomers in the chain with an energy −ǫ < 0 being assigned for each monomer contact.
For the interacting SAW (ISAW) model, the canonical form to assign the energy is on
the non-consecutive nearest-neighbors monomers of the walk. For the interacting SAT
(ISAT) and the VISAW models, the monomer-monomer interaction is usually considered
on multiply visited sites. In all cases, the same phases are observed at high or low
temperatures. The equilibrium properties of polymers systems, and other systems in
general, depend on a delicate balance between the internal energy and entropy. We can
see this clearly for the collapse transition considering the free energy F given by

F = U − TS, (1.4)

where U is the internal energy, S the entropy and T the temperature. The equilibrium
state is achieved by minimizing F , then, at high temperatures, the term of entropy domi-
nates over the energy and the chain tends to have few monomer-monomer contacts, giving
rise to the coil phase. On another hand, at low temperatures, the energy term starts to
be more important and the free energy is minimized by increasing the number of con-
tacts between monomers. The higher number of contacts, either between nearest-neighbor
monomers or those at multiply visited sites, form a dense configuration that mimics the
hydrophobic effect regime, yielding the globule phase.

As in the coil phase, discussed above, the scaling relations with the exponents ν
and γ characterize also the globule and the θ point. In the globule phase, the dense
packing has the same dimension of the space and, by looking at the equation Eq. 1.3
as a mass-radius relation, we can identify the Flory exponent as ν = 1/df , where df is
the fractal dimension of the chain. Then in the globule phase one has ν = 1/d. The γ
exponent for the globule phase is more difficult to be determined. Due to the surface
effect present in the globule phase, the Eq. 1.1 has to be changed and the exponent value
is highly dependent on the geometry of dense configuration formed [22].

The characterization of the exponents at the Θ-point has been extensively studied
[23–27]. Close to the Θ-point the squared end-to-end distance has the scaling behavior

R2
n = n2νΘf(τnφ), (1.5)
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where νΘ is the value of the Flory exponent at the transition point, τ is the reduced
temperature given by τ = |T − TΘ|/TΘ, φ is a universal exponent know as the crossover
exponent and the scaling function f(x) behave as [25–27]

f(x) ∼











x(2νSAW −2νΘ)/φ, if x→∞,
const., if x = 0,
|x|(2/d−2νΘ)/φ, if x→ −∞.

(1.6)

The collapse transition is then characterized by the exponents νΘ, γΘ and φ. As
already mentioned, in three dimensions the polymer behaves like an ideal chain at the Θ-
point. From the point-of-view of the critical phenomena theory the Θ-point is a tricritical
transition point [28, 29], implying in an upper critical dimension d = 3 for it, so that the
critical exponents assumes the mean-field (ideal chain) values, νΘ = φ = 1/2 and γΘ = 1,
with logarithmic corrections to the scaling laws [29].

The nature of the collapse transition in two-dimensions is a question of a long
debate on the literature [23, 30, 32, 33]. Duplantier and Saleur (DS), whom managed
to exactly solve the collapse SAW model on a hexagonal lattice using a map with the
percolation theory [23], obtaining the values νDS

Θ = 4/7, γDS
Θ = 8/7 and φDS = 3/7.

Several subsequent works found values very similar to the ones of DS using Monte Carlo
and other numerical methods in two dimensions (see [98] and references therein). A
different set of values was found, however, by Blöte and Nienius (BN) [30,31] in the exact
solution of the VISAW model on the square lattice, being νBN

Θ = 23/42, γBN
Θ = 53/46 [31].

The situation becomes even worse when the crossings are allowed in the VISAW model,
i.e. for the ISAT model. Differently from the VISAW, only numerical results are known
for the ISAT. On the square lattice, some works claim to have observed the BN exponent
for ν but with γΘ = 22/23 [33] while others propose a different value for the Flory
exponent [34]. Despite the DS values being more accepted as the exponents of the Θ class
in two dimensions, the divergence observed in the VISAW and SAT models suggests that
these models are in a different universality class at the Θ point in two dimensions.

Here we will explore the thermodynamic behavior of the ISAT model in two di-
mensions. As it is going to be shown in the next section, we studied the ISAT model
on the square and on the triangular lattice considering not only the monomer-monomer
interaction but also an interaction with a planar surface that introduces another phase
transition in the system, the adsorption transition

1.1.2 The Adsorption Transition

When a polymer is near to an impenetrable surface and some form of attractive
interaction (chemical affinity between monomers and the atoms or molecules of the sur-
face) is present the monomers can bonded to the surface and an adsorption transition can
takes place. At high temperatures, similar to the collapse transition, the entropic effect
dominates and the chain tends to be away from the surface (see Fig. 1.6 (a)), decreas-
ing the temperature the number of contacts with the surface starts to increase until the
polymer chain being adsorbed at the surface (see Fig. 1.6 (b)).

The adsorption transition can be studied using the walk models (SAW, SAT or
VISAW) by simply introducing an energy −ǫs to every site of the walk in contact with
the surface. Usually, an infinite flat surface is considered containing the starting point
of the walk. Differently from the collapse transition, a well-defined order parameter is
known to characterize the adsorption transition. For T > Ta the fraction of contacts with
the surface vanishes in the thermodynamic limit (of infinite length chain) and for T < Ta

a non-null fraction of contacts is expected, then, the energy associated with the surface
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Figure 1.6: (a) Representation of non adsorbed polymer chain. (b) Adsorbed configura-
tion, characterized by a large number of polymer-surface contacts.

contacts, un, is defined as the order parameter

un =
< ms >

n
, (1.7)

where < ms > is the average number of surface contacts for a walk with n steps. Close
to the transition point, the order parameter is expected to behave as [35]

un ∼ nφ(a)−1g(τn1/δ), (1.8)

where τ = |Ta−T |/Ta is the reduced temperature and φ(a) and 1/δ are the exponents that
characterize the adsorption transition. These exponents are believed to assume the same
value [35] and for d ≥ 4 they have the mean-filed values φ(a) = 1/δ = 1/2. Interestingly
the mean-field values are also observed in two-dimensions [37], while in three-dimensions
a value very close to 1/2 is observed, φ(a) = 1/δ = 0.484(3) [36].

The problem of adsorption transition becomes more interesting when, besides the
monomer-surface, a monomer-monomer interaction is also considered. In this case, the
monomer-monomer interaction induces a bulk coil-globule transition and a more complex
thermodynamic behavior appears. For example, in three-dimensions, besides the coil,
globule and adsorbed phase, an two-dimensional coil-globule transition can be induced
while the polymer is adsorbed into the plane. Other phases can appear as the surface
attached globule (SAG) [38] and adsorbed phases with a layering structure (for finite
lengths) [39].

Recently, the universal nature of the exponents φ(a) and 1/δ has been questioned
in the numerical study of the ISAW with surface interaction in the cubic lattice [40]. The
authors have claimed that the adsorption exponents have a dependence on the strength
of the bulk interaction (solvent condition) which is unexpected from the point-of-view of
universality. They also found that the equality φ(a) = 1/δ may not hold when the solvent
condition is modified. A series of subsequent works [35, 41, 42] were made exploring
these points and in all universal nature of the exponents is observed. Motivated by this
renewed interest in polymer adsorption we will explore the ISAT model with bulk and
surface interactions in two-dimensional lattices.

In the first paper presented at the Chap. 2 we study the SAT model on the square
lattice considering two forms of introducing the monomer-surface, one at each monomer
in the surface and another for each bond at the surface. We also consider the case of an
non-horizontal surface for the adsorption. Our main goal in the work is to verify if the
universality hypothesis holds in this systems, by determining, in a very careful manner,
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the adsorption exponents for different solvent conditions. To perform the simulation we
have employed the flatPERM/PERM methods, which allowed us to the explore a large
portion of the phase diagram and to sample very long chains. More details about them
can be found in the Appendix A.

In the second paper presented in Chap. 2 we have extended our study of the
ISAT model with bulk and surface interactions on the triangular lattice. In this case,
the ISAT can have sites with up to three monomers, so that two distinct monomer-
monomer interactions can be considered for doubly and triply visited sites. Along with
the monomer-surface interaction, the model presents three interaction parameters, which
lead to a 3D phase diagram. The challenging work of building this phase diagram was
carried out using the flatPERM method.

1.2 Fluids

In fluid systems two types of interaction play a central role the van der Waals
interaction and the Pauli principle. In a gas, the thermal energy makes the atoms or
molecules move, almost, freely filling the entire available volume. When the temperature
is decreased a condensation starts to happen and the gas turns into a liquid. This process
lets evident that some form of attractive interaction between the gas constituents should
be present, which becomes weaker as the separation between atoms (molecules) increases
and stronger for short-range. This attractive part is mostly due to the van der Waals
interaction which is a short-range interaction mostly part due to the electrical dipoles of
the molecules 1.

Besides the attractive, some form of repulsive interaction should also exist to pre-
vent the matter from collapsing, making the solid phase possible. The high comprehen-
sibility of the liquids shows that this repulsive part must be strong and acting on a very
close range between atoms. Such repulsive interaction is associated to the Pauli princi-
ple and so it is of quantum nature, preventing the overlapping of the electrical orbitals
of atoms. The form of the potential for the Pauli principle is empirical and, usually, in-
volves exponential functions of high powers of the inverse of the separation between atoms
(molecules). A famous effective potential that captures the two types of interactions is
the Lennard-Jones (LJ) potential, given by

V (r) = 4ǫ

[

(

σ

r

)12

−
(

σ

r

)6
]

, (1.9)

where ǫ can be seen as the depth of the potential wall and σ as the finite distance at
which the potential between particles is zero. The LJ potential has been widely used in
both two- and three-dimensional fluids and it is often used in the study of gas-liquid-solid
transitions for fluids in the continuum [48–51].

Another very famous way to approach the Pauli principle in fluid systems is by
considering the models of hard-spheres [52, 53], an example is shown in Fig. 1.7. In this
case, the potential is simply fixed to infinity when two molecules overlap (r < 2R) and null
otherwise. Despite the hard-sphere model seems to lack a number of important features
of real systems it present fluid-solid phase transition and is also suitable for modeling the
low density regime of fluids. Real systems like some colloids are known to behave very
close to hard-spheres [54] and this simple model can give useful insights to much more
complex systems.

1Another type of attractive interactions as ionic interactions, covalent bonds, hydrogen bonds, metallic
bonds, etc, can also be present depending on the type of fluid. Here, for the purpose of illustration, we
will refer only to the van der Waals interaction.
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Figure 1.7: On the left, the curve of the LJ potential V (r) where r is the distance between
the molecules pairs. On the right, a representation of hard-spheres with R being the radius
of each sphere and r denoting the separation between two spheres.

From the theoretical point of view, the hard-sphere model consists of a very useful
approximation that allows some exact results. An important one is the analytic solution
of the Ornstein-Zernike equation [58] with the Percus-Yevick (PY) approximation [55–57],
which consists in an integral equation for the radial distribution function of a classical
fluid. In three-dimensions, the PY equation is given by [56]

τ(~r) = 1− ρ
∫

τ(~r)(e−βV (~r) − 1)d~r + ρ
∫

τ(~r′)(e−βV (~r′) − 1)τ(~r − ~r′)e−βV (~r−~r′)dr′, (1.10)

where β = 1/kbT , ρ is the molecular density, V (~r) is the potential of interaction and τ(r)
is related to the direct correlation function of Ornstein-Zerkine [58], c(~r), and the radial
distribution g(~r) by

g(~r) = τ(~r)e−βV (~r) and c(~r) = τ(~r)(e−βV (~r) − 1) (1.11)

In three-dimensions, the PY equation of state predicts a first-order gas-liquid transition
when potentials of the LJ type (with repulsive and attractive terms) are considered [59–
63]. However, the original PY solution has some limitations. For high densities, the
solution breaks down and no fluid-solid transition is predicted [64]. Another problem
occurs in the case of hard-spheres without attractive interactions, in this case, the PY
equation can be solved more easily and the equation of state follows

βP

ρ
=

1 + η + η2

(1− η)3
, (1.12)

where η = πR3ρ/6 with R being the radius of the spheres. This equation of state does
not predict any phase transition, however, hard-spheres systems are know to undergoes
to a fluid-solid transition even with only the repulsive part of the potential [65].

The hard-sphere models present an interesting view for the role of the entropy
[68]. Without any attractive interaction, the internal energy assumes a trivial form being
dependent only on the temperature, as in an ideal gas. Then, all complexity that leads
to phases transitions should be carried in the entropy. As the temperature is not relevant
for the phase change these systems are often called athermal models. For the sake of
simplicity, we can set the internal energy to zero and, by doing so, the free energy (Eq.
1.4) becomes simply F = −TS. Now, in order to minimize the free energy and to reach
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the equilibrium, only one route is available: an increase in the entropy. The existence
of the order-disorder transition in the athermal system implies that the system becomes
more ordered by increasing the entropy, challenging our common notion about entropy.
With a more careful look, however, it is easy to realize that, in fact, the ordered phase has
an entropy larger than the disordered one. The entropy is dependent on the free volume of
each molecule and in the ordered-solid phase the molecules are packed with high density,
leaving, on average, more free space than in the disordered-fluid phase.

The entropy-driven process is one route to understand the self-assembly of complex
structures in soft-condensate matter, making the study of athermal systems of great
importance. Here, we will be interested in the study of athermal hard-sphere (or disks)
models on regular lattices. Particularly, in the so-called kNN models, where the particles
exclude up to their kth-nearest-neighbor of being occupied. The kNN models present
interesting critical phenomena properties, for example, the nature of the phase transition
depends on the geometry of the lattice considered. The particles assume different shapes
in each geometry, changing how the translational symmetry is broken in the fluid-ordered
transition. For example, in the 1NN model on the square lattice, the ordering can occur in
two different ways, as shows Fig. 1.8, either in sub-lattices A or B being more occupied.
A continuous fluid-solid transition is observed in this system with exponents of the 2D
Ising universality class 2. In opposition, the 1NN model on the triangular lattice, exactly
solved by Baxter [66, 67], presents an ordering in one of three sub-lattices, A, B and C.
As in the square lattice, a continuous order-disorder transition is observed, however, due
to the different symmetry of the solid phase, the exponents are those of the 3-state Potts
model. Several kNN models have already been studied [70] in the square lattice and, in
most of the cases, the phase transition was properly characterized by a well-defined set of
exponents. The case with most divergence is the 2NN model on the square lattice.

Figure 1.8: On the left the ground state of the 1NN lattice gas model with the sub-lattice
A being populated. On the right the ground state with the sub-lattice B being the most
populated for the 1NN lattice gas model.

The 2NN model on the square lattice presents an ordering in four sub-lattices, as
shown in Fig. 1.9. Differently of the 1NN model, where one of the sub-latices is more
occupied forming the solid phase, in the 2NN model the four sub-lattice structure allows
the appearing of columnar phase, where the system become ordered along horizontal or
vertical columns, with a freedom of sliding between columns (see Fig. 1.9. The presence of
this columnar phase seems to make the characterization of the fluid-columnar transition
more difficult. Some works report a critical fluid-columnar phase transition [70–72], while
others claim a first-order [73] or even no phase transition [74]. Between the works who

2A detailed revision of this model is presented in Chap. 4.
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claim a critical phase transition it is not clear what universality class the model 2NN
belongs, some authors claim to be the 2D Ising class, while others claim to be the Ashkin-
Teller, or Baxter model class [71,72].

Figure 1.9: On the left the vertical columnar ordering in the sub-lattices A and D. On the
right the horizontal columnar ordering in the sub-lattices A and B. Similar configurations
can happens to B and C (vertical) and C and D (horizontal).

To shed some light on this debate in the Chap. 4 we study the 1NN and the 2NN
model on the square lattice. To identify the order of the phase transition, if exist, and
determine the exponents we tackle the problem by employing a semi-analytical solution of
the model for Husimi lattices of high order 3. When solving models in the Husimi lattice
the correlation between sites is usually weaker than in the regular lattice due to the
hierarchical nature of the lattice. In a Husimi lattice build with squares each generation
has a single square, by increasing the number of squares in each generation, the level of the
lattice, more correlation is introduced making a better approximation of the square lattice.
However, at any level of the Husimi lattice the critical exponents are always the mean-
field ones. To determine the non-classical exponents of the model, we use the coherent
anomaly method [104] which gives a way of extracting the true exponents of the model
from a succession of improved mean-field approximations. We have managed to found
the critical parameters for the 1NN model with great accuracy differing less than 0.1%
of the more precise values reported. For the 2NN we have found a critical fluid-columnar
transition with critical parameters close of those previous reported [70,71]. However, the
application of the coherent anomaly method gives unreliable values for the 1NN and for
the 2NN model.

Along with the pure lattice gas 2NN model we have also explored the problem
of mixtures of kNN particles. When considering mixtures the thermodynamic behavior
is much richer, and the entropy-driven process creates very interesting phenomena, an
important one is the depletion force. Let’s consider an athermal system composed by
small particles and large ones, at the same volume fraction there will be more small
particles than the large ones, then, the entropy is largely dominated by the small particles
with large ones behaving to maximize the entropy of the small. In order to maximize the
entropy, the small and large particles are driven to a configuration in which the excluded
volume created by the large ones is the smallest possible. So, the configuration where the
large particles are far apart is avoided and the equilibrium is reached by making the large
particles closer to each other. Despite the only interaction being the hard-core repulsion,

3An more detailed explanation about the Husimi and the high-order Husimi lattice can be found in
the Appendix. B.
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the system behaves as if an attractive interaction, induced by the entropy, exists between
the large particles. Such force is called the depletion force, which is of great importance
in colloids, emulsions and in biological systems [75,76].

Despite the clear importance in the study of mixtures, only a few works on the
literature approached the problem of kNN mixtures with, as far as we know, only in two-
dimensional lattices [11,77–80]. The lack of studies of kNN mixtures on the cubic lattice
motivated us to explore three different types of binary mixtures, 0NN-1NN, 0NN-2NN
and 1NN-2NN. All mixtures are presented on Chap . 3. Initially we present the problem
of the 0NN with 2NN particle followed by the problem of the binary mixtures 0NN-1NN
and 1NN-2NN, both in the form of the published papers. For all three mixtures, we
employed a mean-field approximation for the cubic lattice with a semi-analytical solution
of the models in a Husimi lattice build with cubes (see Appendix. B. As mentioned above,
despite the approximation with Husimi lattices be a mean-field one, due to the presence
of weakened correlation, the approximation usually gives qualitatively correct results with
even quantitative concordance in some cases [82]. The same method is also used to tackle
the more physically challenging problem of a ternary mixture of 0NN-1NN-2NN particles.
The ternary mixture problem is the last paper presented in Chap. 3.
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Chapter 2

Adsorption and collapse of

self-avoiding trails in two dimensions

In this chapter we present the results obtained for the self-avoiding trail model
with bulk and surface interaction. We initiate presenting the published version [43] of the
model on the square lattice where we explore the universality of the surface exponents.
Next, we present the published version [44] of the trail model on the triangular lattice with
the characterisation of the thermodynamic behavior by obtaining the 3D phase diagram
of the model.
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We investigate the surface adsorption transition of interacting self-avoiding square lattice trails onto a straight

boundary line. The character of this adsorption transition depends on the strength of the bulk interaction, which

induces a collapse transition of the trails from a swollen to a collapsed phase, separated by a critical state. If the

trail is in the critical state, the universality class of the adsorption transition changes; this is known as the special

adsorption point. Using flatPERM, a stochastic growth Monte Carlo algorithm, we simulate the adsorption of

self-avoiding interacting trails on the square lattice using three different boundary scenarios which differ with

respect to the orientation of the boundary and the type of surface interaction. We confirm the expected phase

diagram, showing swollen, collapsed, and adsorbed phases in all three scenarios, and confirm universality of

the normal adsorption transition at low values of the bulk interaction strength. Intriguingly, we cannot confirm

universality of the special adsorption transition. We find different values for the exponents; the most likely

explanation is that this is due to the presence of strong corrections to scaling at this point.

DOI: 10.1103/PhysRevE.100.022121

I. INTRODUCTION

When a polymer in solution is in contact with an attractive

surface, it adsorbs upon decreasing temperature [1–10]. In

the presence of attractive bulk interactions, a polymer col-

lapses from a swollen coil to a collapsed globule [11,12].

Additionally, a polymer can also undergo a collapse transition

when adsorbed on a two-dimensional surface. To complicate

matters, introduction of stiffness can give rise to a collapsed

crystalline phase [13], giving rise to a complex phase diagram.

It hence is helpful to consider the simpler scenario of

two-dimensional flexible interacting polymers adsorbing onto

a line, where we find a two-dimensional phase diagram with

three phases: swollen coil, collapsed globule, and adsorbed

polymer [14]. The canonical lattice model for this is given by

self-avoiding walks on the square lattice tethered to a point

on the surface, with energetic contributions from the number

of nonconsecutive nearest-neighbor sites of the walk (bulk

interactions) and the number of sites of the walk in the surface

(surface interactions). This model has been extensively stud-

ied previously, and theoretically predicted critical exponents

have been confirmed numerically with high accuracy [15].

Recently, there has been renewed interest in the polymer

adsorption transition. In [10,16], it was argued based on

numerical simulations in three dimensions that the generally

accepted scaling theory for polymer adsorption in terms of

a single crossover exponent may break down in the pres-

ence of bulk interactions. Specifically, it was claimed that

the exponent involved in the temperature scaling of the free

*nathan.rodrigues@ufv.br
†t.prellberg@qmul.ac.uk
‡owczarek@unimelb.edu.au

energy around the adsorption critical point is distinct from

the exponent describing the scaling of the order parameter at

this critical point, and moreover that these two exponents are

not universal with respect to varying the strength of the bulk

interactions.

Thus, there was need to examine the adsorption transition

more carefully in a variety of two- and three-dimensional

models [17,18], in order to test both the universality assump-

tion as well as the validity of the numerical methods used to

estimate the scaling exponents. The main conclusion of that

work was that existing methods for extracting critical expo-

nents for the adsorption transition from numerical data do not

seem to be able to capture the effect of finite-size corrections.

Different methods produced different exponent estimates with

statistical errors much smaller than the difference between

the estimates, and there also was no clear indication as to

which method was most reliable. It therefore seemed likely

that any apparent nonuniversal behavior was due to the fact

that the methods used could not account sufficiently well for

systematic error.

One of the models studied in [17] was the model of self-

avoiding trails (SATs) on the square and simple cubic lattice,

weighted by the number of sites in the surface. Trails are

lattice paths which may repeatedly visit sites but traverse

bonds only once. If one associates a contact interaction to

every multiply visited lattice site, then one can view self-

avoiding walks as self-avoiding trails with infinite repulsion.

It is known that self-avoiding trails and self-avoiding walks on

the square lattice are in the same universality class, with sub-

tle differences in the corrections to scaling [19]. Interacting

self-avoiding trails on the square lattice undergo a collapse

transition, which, however, is not in the same universality

class as the collapse transition of interacting self-avoiding

walks [20,21].

2470-0045/2019/100(2)/022121(10) 022121-1 ©2019 American Physical Society
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FIG. 1. Examples of trails for the three cases of surface interaction studied. The trail starts at the solid circle in the surface. Bulk and

surface interactions are indicated by dashed circles and are denoted by ω and κ , respectively. Panel (a) shows monomer-surface interactions in

a horizontal surface, panel (b) shows bond-surface interactions in a horizontal surface, and panel (c) shows monomer-surface interactions in a

diagonal surface. Note that the starting point does not contribute for the surface energy.

In the current paper we extend previous studies by con-

sidering the adsorption transition for interacting self-avoiding

trails on the square lattice. We analyze the adsorption transi-

tion in the presence of bulk interactions of varying strength. In

addition to the normal adsorption transition from the swollen

to the adsorbed phase, we also study the special surface

transition occurring when collapsing polymers adsorb. The

value of the bulk interaction at which interacting self-avoiding

trails on the square lattice collapse is exactly known, as is

the free energy at this point [20], which is a major advantage

of studying this model in contrast to interacting self-avoiding

walks, where only a numerical estimate of the collapse transi-

tion point is available.

The temperature of the adsorption transition is sensitive to

the orientation of the boundary and type of boundary interac-

tion, but the same universal critical exponents are expected.

However, previous works [20,22] which have considered dif-

ferent surface interactions are in disagreement about the value

of the exponents for the special transition. Alternatively to

considering the number of sites of a trail in the surface [17],

one can consider the number of bonds of a trail in the sur-

face [22]. Also, while conventionally a horizontal surface is

considered, for interacting self-avoiding trails at the collapse

point it is advantageous to consider weighting the number

of sites along a diagonal line, as in this case the value of

the surface interaction at which collapsing trails adsorb is

exactly known [20]. We hence investigate normal and special

adsorption for all three scenarios: a horizontal boundary with

either site or bond interactions, and a diagonal boundary with

site interactions.

The paper is structured as follows. In Sec. II we define

the lattice model we investigate, and introduce relevant ther-

modynamic quantities. In Sec. III we review scaling laws

and critical exponents, and describe the methods by which

we extract exponents from numerical data. In Sec. IV we

describe the simulation methods used in this paper, and Sec. V

describes our findings in detail.

II. THE MODEL

A SAT is a finite lattice path on a regular lattice in which

every bond may only be traversed once. We identify the

monomers of a polymer with the site visits of the path, and

allow for more than one monomer on a site. In this paper we

are interested in the adsorption and collapse transition in the

SAT model on the square lattice. To achieve this we need

to introduce two types of interaction: a bulk interaction ǫb

between doubly visited sites (i.e., monomers on the same site),

and a surface interaction ǫs for a monomer (or bond) lying in

the surface, which we take to be the boundary of a half plane.

We fix the boundary to contain the origin and consider trails

starting at the origin, i.e., on the boundary.

We consider two ways to define the interaction between

a trail and the surface, given by either the monomers or the

bonds of the lattice path in the surface. We shall denote this the

monomer-surface (MS) or bond-surface (BS) case. Examples

of this are shown in Figs. 1(a) and 1(b), respectively, where the

surface is aligned with one of the lattice directions. When the

surface is not aligned, then bonds cannot lie in the surface, and

it only makes sense to consider the monomer-surface case. An

example of a diagonal surface (DS) oriented at 45◦ is shown

in Fig. 1(c).

The canonical (fixed length) partition function for adsorb-

ing and interacting trails is given by

Zn(κ, ω) =
∑

ms,mb

C(n)
ms,mb

κmsωmb, (1)

where κ = eβǫs , ω = eβǫb , and C(n)
ms,mb

is the number of n-step

lattice paths with ms surface contacts and mb doubly visited

sites, and β = 1/kBT with T the temperature. The reduced

finite-size free energy is

fn(κ, ω) = −
1

n
log Zn(κ, ω), (2)

which in the thermodynamic limit gives

f∞(κ, ω) = lim
n→∞

fn(κ, ω). (3)

Any general thermodynamic quantity Q gives rise to averages

〈Q〉(κ, ω) =
1

Zn(κ, ω)

∑

ψn

κms (ψn )ωmb(ψn )Q(ψn), (4)

022121-2
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where the sum ranges over all n-step lattice trails ψn. In

particular, we are interested in the surface internal energy:

un(κ, ω) =
〈ms〉

n
. (5)

As this can be interpreted as the fraction of the trail that is

adsorbed in the surface, it is an order parameter for the surface

adsorption transition.

We also consider the components of the mean-squared end-

to-end radius R2
n parallel and perpendicular to the surface. For

a horizontal surface these are defined as

R2
⊥,n(κ, ω) =

〈

x2
n

〉

, (6)

R2
‖,n(κ, ω) =

〈

y2
n

〉

, (7)

with the end point of the trail being at (xn, yn), whereas for a

diagonal surface they are defined as

R2
⊥,n(κ, ω) = 1

2
〈(xn + yn)2〉, (8)

R2
‖,n(κ, ω) = 1

2
〈(xn − yn)2〉. (9)

III. SCALING LAWS AND CRITICAL EXPONENTS

The surface internal energy un is the order parameter of the

adsorption transition. For long lengths at the critical point un

scales as un ∼ nφ(a)−1. For finite lengths, finite-size corrections

need to be included:

un ∼ nφ(a)−1 f (0)
u (X )

[

1 + n−� f (1)
u (X ) + · · ·

]

, (10)

where f (i)
u are scaling functions of the variable X = (Ta −

T )n1/δ and � is the first correction term.

As a consequence, for a fixed value of X (i.e., near a

critical transition), this induces a relationship between T and

n and therefore we can infer a dependence of the finite-size

transition temperature T (n)
a of the form

T (n)
a ∼ Ta + const n−1/δ, (11)

and hence 1/δ is identified as the crossover exponent for the

adsorption transition. Both critical exponents φ(a) and 1/δ are

believed to be universal and equal to each other [17]. For the

normal surface transition in two dimensions it is expected that

φ(a) = 1/δ = 1/2.

In what follows, we need to modify our notion of tem-

perature to take into account only the surface interactions,

and not the bulk interactions. We accomplish this by formally

introducing two temperature variables by writing κ = eβǫs =

e1/Ts and ω = eβǫb = e1/Tb . For the adsorption transition, we

fix Tb and in a slight abuse of notation identify T with Ts. We

can then measure 1/δ independently of φ(a) by calculating the

logarithmic derivative of un:

Ŵn =
d log un

dTs

= (log κ )2

〈

m2
s

〉

− 〈ms〉
2

〈ms〉
. (12)

Ŵn is related to a second derivative of the free energy, therefore

the peaks of Ŵn have the following scaling form:

max Ŵn ∼ n1/δ f
(0)
Ŵ (X )

[

1 + n−� f
(1)
Ŵ (X ) + · · ·

]

. (13)

Using the dependence of max Ŵn we can therefore determinate

the adsorption transition temperature and the exponent 1/δ.

Another way to determine the adsorption point is using

metric quantities. Using the scaling behavior of the parallel

and the perpendicular components R2
⊥/‖,n with respect to the

surface,

R2
⊥/‖,n ∼ n2ν⊥/‖ , (14)

where ν⊥/‖ is the respective Flory exponent, we can calcu-

late finite-size estimates of these exponents simply by using

Eq. (14):

ν⊥/‖,n =
1

2 log 2
log

(

R2
⊥/‖,n

R2
⊥/‖,n/2

)

. (15)

In the desorbed phase both components have the same value

in the thermodynamic limit. For an adsorbed configuration

the polymer becomes a quasi-one-dimensional system and

ν⊥ → 0 while ν‖ → 1. For some intermediate temperature the

components of ν cross, and using these crossing points we can

locate the finite-size temperatures of adsorption T (n)
a .

Similarly, we can use the asymptotic scaling of R2
n to de-

termine and locate the collapse transition point as ω changes

in the desorbed regime, i.e., for small values of κ . At high

temperatures ν assumes the Flory value of ν = 3/4 for the

swollen phase, and for low temperatures the value of ν = 1/2

for the collapsed phase. At the collapse point a transition

occurs and the exponent ν assumes a different value. In the lit-

erature one can find ν = 12/23 [21] and also ν = 1/2 with the

presence of logarithmic corrections [20] (this is different from

interacting self-avoiding walks, where the value νθ = 4/7 is

well established [23]). We can estimate the finite-size collapse

temperature and the corresponding exponent ν by locating

the crossing point in νn(ω) curves for different lengths. Note

that, while for the adsorption transition we considered the

crossing of exponent estimates from two different components

at the same length, here we consider the crossing of exponent

estimates of different lengths.

While for the adsorption transition we use Ŵn to find the

crossover exponent, in the collapse transition the quantity of

interest is the bulk specific heat per monomer:

cn(Tb) =
(log w)2

n

(〈

m2
b

〉

− 〈mb〉
2
)

. (16)

Around the collapse temperature a tricritical crossover

scaling form is expected. Assuming that in the thermodynamic

limit the specific heat diverges as c(Tb) ∼ |Tb − T (c)|−α , and

assuming that the tricritical scaling relation

2 − α =
1

φ(c)
(17)

holds, the finite-size specific heat cn(Tb) has the following

scaling:

cn(Tb) ∼ n2φ(c)−1 f (0)
c (Y )

[

1 + n−� f (1)
c (Y ) + · · ·

]

, (18)

where Y = (Tb − T (c))nφ(c)

. The exponent φ(c) is the crossover

exponent for the collapse transition.
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IV. NUMERICAL SIMULATIONS

We sample trail configurations using the flatPERM al-

gorithm [24]. This method is an extension of the pruned-

enriched Rosenbluth method (PERM) [25]. Both PERM and

flatPERM are stochastic growth algorithms based on the

Rosenbluth method; the addition of pruning and enrichment

allows one to overcome attrition and to efficiently sample

large configurations. PERM gives an estimate of the partition

function Zn for a specific temperature while flatPERM sam-

ples a flat histogram giving a good estimate of the density of

states, i.e., the number of configurations C(n)
ms,mb

.

We perform simulations for three different scenarios, (a)

a horizontal boundary with MS interactions, (b) a horizontal

boundary with BS interactions, and (c) a DS with monomer-

surface interactions. In all three scenarios we first run a two-

parameter flatPERM simulation. In this case the algorithm

samples a flat histogram in both ms and mb (as well as n

up to a maximal length) and estimates the full density of

states at these lengths, allowing us to construct a finite-size

approximation to the phase diagram.

The two-parameter flatPERM simulation produces a two-

dimensional density of states, and it is necessary to generate

sufficiently many samples for each box of the histogram.

Therefore this is only feasible for relatively short lengths.

For all three scenarios we perform a two-parameter flatPERM

simulation for trails with up to 128 steps with 1010 trails

reaching the maximum length. From these simulations we

can then determine the different phases and the approximate

location of phase boundaries.

To determine more precisely the location of and the behav-

ior around the phase boundaries we perform one-parameter

flatPERM simulations for fixed values of ω or κ and gen-

erating a one-dimensional density of states for ms or mb,

respectively. This allows for a more detailed analysis in

specific regions of the phase diagram. As we only need to

generate a one-dimensional density of states, we can perform

simulations for longer lengths than for the two-parameter

flatPERM simulations. We can generate trails with up to 1024

steps with 1010 trails reaching the maximum length for a wide

range of ω and κ .

As we want to pay particular attention to the normal and

the special surface transitions, we also perform PERM (i.e.,

zero-parameter flatPERM) simulations for all three scenarios,

as this allows us to perform simulations for much larger

lengths. We generate trails with length up to 10 240 steps with

an average sample of 5 × 108 trails at maximum length for

a set of fixed values of ω and κ . At these large lengths the

finite-size corrections to scaling are significantly smaller than

at shorter lengths, which allows for a more reliable estimate of

the adsorption exponents for both ordinary and special surface

transitions.

V. RESULTS

For all three scenarios we first generate a finite-size ap-

proximation to the phase diagram. Transition regions between

different phases are characterized by large fluctuations in the

number of bulk and surface interactions mb and ms. To identify

the regions of maximal fluctuations, it is advantageous to

consider the covariance matrix:
[
〈

m2
s

〉

− 〈ms〉
2 〈msmb〉 − 〈ms〉〈mb〉

〈msmb〉 − 〈ms〉〈mb〉
〈

m2
b

〉

− 〈mb〉
2

]

. (19)

The covariance matrix is positive semidefinite and its leading

eigenvalue is the greatest variance, with the corresponding

eigenvector representing the linear combination (in this case

of ms and mb) that gives rise to this variance. We produce

finite-size fluctuation maps by plotting the logarithm of this

eigenvalue as a function of ω and κ for trails with n = 128

steps.

In Fig. 2 the logarithm of the largest eigenvalue is shown

in a density plot as a function of ω and κ . As expected, in

each scenario we find three phases, which by considering

averages of ms and mb we identify with the coil, collapsed,

and adsorbed states of the trail.

Qualitatively, the phase diagrams in the three scenarios are

similar, and we therefore only discuss the MS case in detail,

which is shown in Fig. 2(a). For small values of ω and κ

we find configurations dominated by a small number ms of

surface contacts and a small number mb of double visited sites.

We therefore conclude that this region can be identified with

the swollen coil phase.

When increasing ω while keeping κ constant at a small

value (κ � 2) the number of double visited sites increases

through the region 2 < ω < 5 and gets saturated for large

ω, where the trail configurations are dominated by a large

number mb of double visited sites, which is a characteristic

of the collapsed phase in this model. We therefore conclude

that there is a collapse transition, which for short trail lengths

is smoothed out over a wide range.

For small values of κ , the average number ms of surface

contacts is small, and the trail remains desorbed, but for large

values of κ we find an adsorbed phase characterized by trail

configurations with a large number ms of surface contacts.

This phase exists for all values of ω, and we therefore have

a transition between the desorbed and adsorbed regime. The

transition between the desorbed phases and the adsorbed one

can occur in three different ways.

For small values of ω there is a weak transition between

the swollen coil and the adsorbed phase which is known as

the “normal surface transition,” and for large values of ω

there is a strong transition between the collapsed and the

adsorbed phase. For the latter transition we find a bimodal

density of states which is indicative of a first-order transition.

Between these two different transitions we expect to see

another adsorption transition when increasing κ along the line

of critical collapse. This transition is known as the “special

surface transition.” It occurs at a multicritical point at which

three transition lines meet: the normal surface and the coil-

collapsed and collapsed-adsorbed lines.

In order to estimate the location of the transitions and the

associated critical exponents we simulate configurations of

longer lengths by fixing either ω or κ , and use the following

procedure for the analysis of the data. For the adsorption

transition we choose a fixed value of ω and find the maximum

point (κn, max Ŵn) as a function of n, shown as small circles in

Fig. 3(a). We then use the asymptotic behavior of Eq. (13) to

find the value of the exponent 1/δn. By extrapolating these
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FIG. 2. Finite-size fluctuation map for 128-step trails for the three boundary cases MS, BS, and DS. Darker colors represent regions of

small fluctuations, while brighter colors (yellow and orange) represent regions with strong fluctuations.

values to large n we then estimate the final value of 1/δ.

As shown in [17,18], a good way to estimate the adsorption

point is to find the crossing points of the parallel and the per-

pendicular length scale exponents ν⊥/‖,n [Fig. 3(b)]. Finding

these points and using the scaling of Eq. (11) and the value

of 1/δ previously estimated, we locate the transition point

(ω(a), κ (a)). Knowing this adsorption point, we then calculate

the average number of surface contacts 〈ms〉 [Fig. 3(c)] at

(ω(a), κ (a)) as a function of n. As expected, 〈ms〉 grows linearly

in the adsorbed regime and tends to a constant in the desorbed

regime, while following a distinct power law growth with an

exponent around 0.5 at the adsorption transition. Similarly to

our method of estimating 1/δ we use Eqs. (5) and (10) to find

the finite-size values of φ(a)
n and then we extrapolate these

values to estimate the value of φ(a).

To characterize the collapse transition for a fixed value

of κ we first calculate the bulk specific heat per monomer

[Eq. (16)] as a function of ω. By looking at the maxima

[Fig. 3(d)] and using Eq. (18) we estimate the exponent φ(c).

To locate the collapse transition point we proceed similar

to the adsorption transition, but we consider crossing points

(ω(c)
n , ν (c)

n ) of the graphs of νn as a function of ω for two

lengths n and n + �n. Using the value of φ(c) we estimate

ω(c) by extrapolating from finite-size estimates ω(c)
n .

In the asymptotic estimation of the exponents above we

assume that the finite-size estimate ηn of an exponent η

asymptotically satisfies the ansatz:

ηn = η∞ + const n−0.5 + . . . . (20)

In most cases, this ansatz appears to fit our data reasonably

well, and changing the power in the correction-to-scaling term

slightly does not seem to affect our results.

For the MS case we applied this procedure to the results

of the one-parameter flatPERM simulation for trails with up

to 1024 steps in the range of 1 � κ � 3.5 and 1 � ω � 5. In

Fig. 4 the phase diagram for the MS case is shown.

On the square lattice, the collapse transition for trails

is expected to occur at ω(c) = 3 [20]. At this value, the
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FIG. 3. (a) Graphs of Ŵn as a function of κ for ω = 2. The black

circles denote the maximum points (κn, max Ŵn) of the Ŵn curves.

(b) Graphs of the length scale exponents ν⊥,n (solid line) and ν‖,n

(dashed line) as a function of κ for w = 3. The inset shows the

crossing points (black circles) of these exponents. (c) The average

number of contacts 〈ms〉 as a function of n for ω = 1 for five different

values of κ . (d) The bulk specific heat per monomer for κ = 1. The

inset shows the location of the maximum values of the bulk specific

heat as a function of the length n.
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FIG. 4. The phase diagram for the MS case. The red square is the

location of a multicritical point where the special surface transition

occurs. The solid lines are critical transitions, i.e., the coil-collapsed

transition and the normal surface transition. The dashed line is the

coexistence line of the collapsed-adsorbed transition.

probabilities of a stochastic growth process are perfectly

balanced by the Boltzmann weight ω(c). This has also been

confirmed numerically [21,22], where a value of 3.000(1) was

found. The presence of a weakly interacting surface is not

expected to have any effect on the location of this transition.

This is because desorbed trails have o(n) contacts with the

surface, so that the free energy of desorbed trails is expected

to be independent of the strength of the surface attraction.

Upon increasing the strength of the surface interaction κ ,

the collapse transition remains therefore at ω(c) = 3 until a

multicritical point is reached at κ = κ (s), where the special

surface transition takes place. Our simulation of interacting

trails in the presence of a noninteracting surface (i.e., κ = 1)

gives a value of ω(c) = 3.013(10) for the MS case, and values

very close to 3 were also found for the BS and the DS cases.

We further confirm that the location of the collapse transition

does not change upon increasing κ , as shown in Fig. 4.

Together with estimating the location of the collapse transi-

tion, we also obtain estimates of the length-scale exponent ν (c)

at collapse, as well as the collapse crossover exponent φ(c).

On the line ω = ω(c) at the values of κ indicated in Fig. 4,

we find 0.538 < ν (c) < 0.560 and φ(c) very close to 0.78.

The values found for ν match well with finite-size estimates

from the data presented in [20] at corresponding lengths when

assuming simple power law scaling. They are not close to

ν (c) = 12/23 reported in [21] or ν (c) = 1/2 found in [20], but

rather indicative of strong finite-size corrections to scaling at

the collapse transition. The value of the collapse crossover

exponent φ(c) is also not close to the expected φ(c) ≈ 0.88

[20], but mirrors what was found for similar lengths in [26],

again indicative of strong finite-size corrections.

We now turn to the discussion of the adsorption transition

in the three regimes. For fixed ω > 3, upon increasing κ we

find a collapsed-adsorbed transition with a bimodal behavior

in the density of states and an exponent α close to 1, which

is a clear indication of a first-order transition. For ω � 3 we

observe a critical adsorption transition upon increasing κ . The
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FIG. 5. Surface exponents as a function of the bulk interaction

parameter ω for trails with up to 10 240 steps. The red circles are the

values for the φ (a) and the black circles are the values for 1/δ. The

dashed line represents the expected value in two dimensions. (a) The

MS case. (b) The BS case. (c) The DS boundary scenario.

value of κ at which adsorption occurs changes monotonically

from 1.805(3) at ω = 1 [17] to 1.924(2) at ω = 3. For the

normal surface transition (ω < 3) the surface exponents 1/δ

and φ(a) are expected to be equivalent and equal to 1/2 in

two dimensions. For the special surface transition at ω = 3,

however, a different value is expected. For the DS case, the

value φ(s) ≈ 0.44 was found previously in [20], and for the

BS case values slightly lower were reported: 0.379 < φ(s) <

0.414 [22].

By performing simulations with PERM for trails with up

10 240 steps we estimate the values of 1/δ and φ(a) for the

normal and the special surface transition for all three boundary

1 32
0.2

0.3

0.4

0.5

0.6
n = 10240

n = 2048

FIG. 6. Surface exponents 1/δ and φ (a) as a function of ω for

the BS case for trails with 2048 and 10 240 steps. The black and

red circles are the values of 1/δ and φ (a), respectively, for trails with

2048 steps (lower symbols), and the blue and orange circles are the

values of 1/δ and φ (a), respectively, for trails with 10 240 steps (upper

symbols).

scenarios. For the normal surface transition we investigate the

four different values ω = 1.0, 1.5, 2.0, and 2.5 in detail. In

Fig. 5 our estimates of the surface exponents are shown as a

function of ω. In all cases our estimates satisfy 1/δ = φ(a)

within error bars, and also agree with the expected value

φ = 1/2 in two dimensions. We conclude that the normal

surface transition shows universal behavior as expected: the

standard scaling hypothesis predicting 1/δ = φ(a) = 1/2 is

correct in the presence of attractive bulk interactions and

different surface boundary conditions.

At this point we note that we find strong corrections to

scaling in the estimation of these exponents. Figure 6 shows

surface exponent estimates obtained for trails with 2048 and

10 240 steps for the BS case. While the exponent estimates

appear converged to the expected value of 1/2 for the longer

trails, there is a clear deviation for estimates from the shorter

trails. Importantly, error bars at shorter lengths are misleading

and would seem to support claims of nonuniversality. Similar

deviations are evident for the other two cases.

In the remainder of this section we discuss the special sur-

face transition in detail. As established above, the special tran-

sition occurs at ω = 3 in all three scenarios, albeit at different

values of κ (s). From an analysis of R2
⊥/‖,n, we find κ

(s)
(MS) =

1.924(2), κ
(s)
(BS) = 2.442(4), and κ

(s)
(DS) = 3.001(2). The latter

value confirms the expected exact value κ
(s)
(DS) = 3; similar to

the identification of ω(c) = 3, at this value the probabilities

of a stochastic growth process are perfectly balanced by the

Boltzmann weight κ
(s)
(DS). There is no known exact value for the

other two cases. The BS case has been investigated previously

and a value κ
(s)
(BS) = 2.45(5) was found [22]. We are not aware

of any previous work regarding the value of κ
(s)
(MS).

We note that our estimates satisfy κ
(s)
(MS) < κ

(s)
(BS) < κ

(s)
(DS),

which make sense heuristically due to the density of contacts

in adsorbed configurations for each of the boundary scenarios.

While we have strong confirmation of universality for

the normal adsorption transition, our findings do not support

universality for the special transition. Intriguingly, we find
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FIG. 7. (a) The surface exponent φ (s) for different sizes as a

function of n−0.5 on the special surface point. Black circles are the

values for the MS case, red squares are those for the BS case, and

blue triangles are those for the DS case. The dashed black line is the

expected value of 0.44. (b) Exponent 1/δ(s) as a function of n−0.5 for

the boundary scenarios.

different exponent values depending on the boundary studied.

Figure 7 shows finite-size estimates of φ(s) (panel a) and 1/δ(s)

(panel b) for all three boundary scenarios. The estimates for

φ(s) seem to have no strong size dependence, and seem to con-

verge to three distinct values in the thermodynamic limit. We

estimate φ
(s)
(MS) = 0.338(17), φ

(s)
(BS) = 0.387(10), and φ

(s)
(DS) =

0.447(18), with the values for the DS and the BS cases

being in a good agreement with those found in [20,22]. The

estimates for 1/δ(s) show a stronger size dependence. We

find 1/δ
(s)
(MS) = 0.303(22), which is not too dissimilar from

φ
(s)
(MS) = 0.338(17), and 1/δ

(s)
(DS) = 0.449(22), which is in rea-

sonable agreement with φ
(s)
(DS) = 0.447(18). We could thus be

tempted to conclude that in both of these cases the equality

1/δ(s) = φ(s) holds, albeit with different exponent values.

However, we also find 1/δ
(s)
(BS) = 0.299(33), which does not

support this equality. Our findings are summarized in Table I.

TABLE I. Values found for the surface exponents 1/δ(s) and φ (s)

for the boundary scenarios at the special surface transition point.

Monomer surface Bond surface Diagonal surface

κ (s) 1.924(2) 2.442(4) 3.001(2)

φ (s) 0.338(17) 0.387(10) 0.447(18)

1/δ(s) 0.303(22) 0.299(33) 0.449(22)
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C
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n
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)  
- 

1
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2048

FIG. 8. Bulk specific heat per monomer normalized with

φ ≈ 0.78 as a function of κ for ω = 3 for the MS case. Two different

sizes are shown, 1024 steps (black curve) and 2048 steps (lighter red

curve).

These results do not support universality of the special

surface exponents. Neither can we confirm 1/δ(s) = φ(s), nor

does it seem that the exponent values are independent of the

details of the boundary.

It is important to notice that the estimate of φ(s) is highly

dependent on the precise location of the adsorption point, but

no such argument can be made for the method of estimating

1/δ(s). However, it is also important to highlight that the

presence of strong finite-size corrections seriously affects

exponent estimates for the ordinary surface transition, having

recently led to claims of nonuniversality in the case of self-

avoiding walks [10,16].

We also find evidence for strong finite-size corrections at

the special point. When looking more closely at the line of

critical collapse approaching the special adsorption transition,

we find two peaks in the bulk specific heat near the special

transition, as shown in Fig. 8 for the MS case. These two peaks

were only found in the MS and the BS scenarios. This could

be an indication of two neighboring phase transitions. These

two peaks persist in the vicinity of ω = ω(s), however one of

those peaks became weaker for longer lengths (2048), which

indicates that instead of a second phase transition we are

dealing with strong finite-size corrections. While we cannot

see the weakening of one of those peaks (or merging of both

peaks) near the special transition, we believe that this is likely

to happen for longer trails. With trails with up to 10 240 steps

it was not possible to resolve this question due to statistical

errors of the simulations, and we suggest that simulations with

even longer configurations have to be performed to understand

the precise nature of these finite-size corrections and how they

affect the estimates of the critical exponents.

VI. CONCLUSIONS

We performed simulations of the model of absorbing

interacting self-avoiding trails on the square lattice using

flatPERM, a uniform sampling stochastic growth algorithm.

We used a two-parameter version of flatPERM to sample

the density of states for trails with up 128 steps, and a one-

parameter version of flatPERM to sample trails with up to

1024 steps, going up to 2048 steps for specifically chosen
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values. We also performed PERM for trails with length up

to 10 240 steps. Three different scenarios for the surface

interaction were studied: MS interactions, BS interactions,

and monomer interactions at a DS.

By analyzing the fluctuation map for these three scenarios

we found similar phase diagrams with coil, collapsed, and

adsorbed phases. In all three scenarios the coil-collapsed

transition was found to occur at a constant line at ω = 3.

We also found evidence of a first-order transition between the

collapsed phase and the adsorbed phase.

The main focus of this paper was the analysis of adsorption

from the coil phase via the normal surface transition and of

adsorption from the bulk-critical phase via the special surface

transition.

We found for all three scenarios that the normal surface

transition occurs along a critical line. The estimated values

of the surface exponents 1/δ and φ(a) are both close to

the expected value of 1/2, showing that the normal surface

transition is universal for trails and that the relation φ(a) =

1/δ holds for different solvent conditions and different types

of boundary conditions. We point out that even for trails

with 2048 steps strong finite-size corrections led to exponent

estimates that indicated nonuniversality, and that we needed

to simulate consider considerably longer trails to observe the

actual exponent values.

These findings are relevant with regards to the recently

claimed nonuniversality of the adsorption transition for poly-

mers in the presence of bulk interactions [10,16]. This was

based on simulations of relatively short self-avoiding walks of

lengths up to 503 steps on the simple cubic lattice. A similar

variability of exponent estimates was found for self-avoiding

walks and trails in two and three dimensions for different

lattices and varying interaction strengths [17,18]. In the latter

works it was pointed out that different methods of analysis

resulted in significantly different exponent estimates for con-

figurations with steps up to length 1024, and that choosing

any single method of estimation leads to exponent estimates

with erroneously small error bars. The present paper indicates

that increasing the size of the configurations by an order of

magnitude is needed to go beyond finite-size correction terms

which are seemingly not captured by any of the methods used

in estimating the exponents.

When analyzing the special adsorption transition for ω =

3, we found critical behavior in all three scenarios. One of the

aims of the present paper was to investigate the discrepancy

between the previously reported values of φ(s) for the DS

and BS cases. Our estimates, summarized in Table I, do not

resolve this discrepancy. In addition, for the MS case we find

yet another value of φ(s). Moreover, our estimates of 1/δ(s)

deviate from the respective values of φ(s) with the exception

of the DS case, where we find good agreement within error

bars.

We would like to argue that the discrepancy between all

of these estimates is likely due to very strong finite-size

corrections to scaling around a higher-order critical point.

Support for this comes from the observation that near this

point we find two weak but clearly separated peaks in the

bulk-specific heat, which seem to weaken and move closer

to each other at longer lengths. This behavior is not captured

by our scaling assumptions, and hence one needs to either

amend these assumptions to capture this behavior or perform

simulations at even longer lengths than 10 240 steps to get

beyond these corrections to scaling.

We should like to point out the presence of confluent

logarithms in some thermodynamic quantities at the trail

collapse transition. For example, at the bulk collapse point

(in the absence of a boundary) the partition function scales

as 3n/ log n, the end-to-end distance grows as n1/2 log n [20],

and the collapse crossover exponent is extremely difficult to

determine, with the best estimate φ = 0.84(3) to date coming

from simulations using trails with over 2 × 106 steps [27].

While we have no explicit evidence of logarithmic corrections

for scaling at the special surface transition, they may well be

present and introduce additional complications.

As the simulations in [20] have been performed for 106

steps at the exact value κ (s) = 3, and as this is the only

scenario for which in the present paper we find agreement

between φ(s) and 1/δ(s), we assert that most likely the special

surface transition is universal and that the associated surface

exponent equals φ(s) = 1/δ(s) = 0.45(2). If there existed dif-

ferent sets of surface exponents for the special transition, then

one would have to still identify a mechanism that would be

capable of inducing this difference. We cannot discount this

completely, as collapsing trails have a length scale exponent

ν = 1/2(log), and in a scaling limit the lattice structure

near the boundary only becomes irrelevant if ν > 1/2. One

possible mechanism to cause a change, suggested to us by

Tiago José de Oliveira, is that for the horizontal boundary

long adsorbed segments of the trail in the surface suppress

interactions in the layer above, which is not the case for the

DS case. More work is needed to resolve this issue.
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Using extensive Monte Carlo simulations, we investigate the surface adsorption of self-avoiding trails on the

triangular lattice with two- and three-body on-site monomer-monomer interactions. In the parameter space of

two-body, three-body, and surface interaction strengths, the phase diagram displays four phases: swollen (coil),

globule, crystal, and adsorbed. For small values of the surface interaction, we confirm the presence of swollen,

globule, and crystal bulk phases. For sufficiently large values of the surface interaction, the system is in an

adsorbed state, and the adsorption transition can be continuous or discontinuous, depending on the bulk phase.

As such, the phase diagram contains a rich phase structure with transition surfaces that meet in multicritical lines

joining in a single special multicritical point. The adsorbed phase displays two distinct regions with different

characteristics, dominated by either single- or double-layer adsorbed ground states. Interestingly, we find that

there is no finite-temperature phase transition between these two regions though rather a smooth crossover.

DOI: 10.1103/PhysRevE.100.062504

I. INTRODUCTION

Understanding the behavior of self-interacting single poly-

mer chains in a solvent is of fundamental interest from

both the theoretical and experimental point of view [1,2].

In general, one can find a rich phase structure. In a good

solvent, a polymer exists in a swollen globule state, whereas

in a bad solvent the polymer collapses into a partially dense

amorphous globule or presents in a fully dense crystal-like

structure.

The study of a variety of lattice models of polymers has

played a fundamental role in elucidating these phases and

phase transitions between them. For example, the coil-globule

transition between a swollen coil and a collapsed globule

at the so-called θ point has been analyzed in both two and

three dimensions [3–5], with theoretically predicted critical

exponents [6–8] associated with the transition confirmed by

simulations and experiment.

More generally, interacting self-avoiding walks and trails

with competing two-body and three-body interactions give

rise to phase diagrams, which, in addition to the swollen

phase, show both collapsed globule and dense crystal-like

phases, with all three phases meeting at a multicritical point

[9–11]. A schematic phase diagram is shown in Fig. 1.

*nathan.rodrigues@ufv.br
†tiago@ufv.br
‡t.prellberg@qmul.ac.uk
§owczarek@unimelb.edu.au

Adsorption of a polymer chain onto a surface is another

fundamental problem in polymer physics [12–20]. If a poly-

mer is tethered with one end to a sticky surface, then increas-

ing the strength of the surface attraction induces an adsorption

transition from a desorbed bulk state to an adsorbed state in

which the polymer is bound to the surface. If the polymer

is in a swollen bulk phase, then one speaks of a “normal”

surface transition, whereas if the polymer in bulk is in the

critical θ -state, one speaks of a “special” surface transition,

each of which is associated with its own set of critical surface

exponents [21]. If the polymer adsorbs from a collapsed

coil, one finds a surface-attached globule (which is absent in

two-dimensional models, in which the adsorbing surface is

modeled by a line).

Recently, there has been renewed interest in the polymer

adsorption transition due to the fact that numerical studies

pointed at possible nonuniversal behavior of the normal ad-

sorption transition [22–25]. Of interest here is the fact that

these works show that the determination of these exponents is

rather subtle due to the presence of strong finite-size effects,

despite the fact that the phases themselves could be identified

in a robust manner.

In this paper, we consider the adsorption transition of

a polymer chain with both two-body and three-body inter-

actions. The lattice model considered here is one of self-

avoiding trails with on-site interactions on the triangular lat-

tice, which has been studied previously [9]. We now study this

model in a half-plane with the trails restricted to start at the

origin, and adsorption mediated by on-site attractive interac-

tions at vertices in the boundary line. In addition to the three

2470-0045/2019/100(6)/062504(11) 062504-1 ©2019 American Physical Society
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FIG. 1. Schematic phase diagram for a single polymer chain in

a solvent with two-body and three-body interactions, showing the

presence of coil, globule, and fully dense phases. The coil-globule

transition is critical, whereas the coil-dense transition is first-order.

In two dimensions, the globule-dense transition is expected to be

continuous.

bulk phases, we find an adsorbed phase. All phases meet each

other pairwise at transition surfaces, which meet each other

in multicritical lines joining in a single special multicritical

point. The analysis is made somewhat more difficult by the

fact that the adsorbed phase shows two distinct regions with

different characteristics, dominated by either single or double

layer adsorbed ground states.

We point out that an analogous scenario has been analyzed

using the bond-fluctuation model, which can be seen as a

self-avoiding lattice path model in which step lengths different

from unity are allowed [26], with a certain set of short-range

interactions added. The interplay of interaction and adsorption

in such a model has been studied in two [27] and three [28]

dimensions.

This paper is organized as follows. In Sec. II we define the

model and the quantities used to investigate its thermodynam-

ics properties. Some details on the Monte Carlo methods and

simulations are given in Sec. III. Sections IV and V present

results, respectively, for the boundary planes and for slices of

the three-dimensional parameter space. A summary of the full

phase diagram is presented in Sec. VI.

II. MODEL AND QUANTITIES OF INTEREST

A self-avoiding trail (SAT) is defined as a path on a regular

lattice, composed of a finite collection of adjacent vertices on

the sites of the lattice that are linked by steps along the edges

of the lattice, with the restriction that all edges have to be

unique. We identify the vertices of this path as monomers and

the edges as a sequence of bonds connecting such monomers,

in a way that no closed loop is formed. Thereby, the polymer

excluded volume interaction is introduced in this model by

the restriction of one bond per edge, while more than one

monomer can be placed at the same site. In a lattice of

FIG. 2. Illustration of a self-avoiding trail with n = 22 steps on

the triangular lattice. The solid black circle denotes the origin where

the trail is tethered. The Boltzmann weights associated with different

site configurations are also indicated.

coordination number q, the maximal number of monomers at

one site is ⌊q/2⌋.

Here we are interested in investigating transitions among

bulk and adsorbed phases of polymers modeled as self-

attracting SATs defined on the half-plane consisting of a

triangular lattice limited by a horizontal surface (see Fig. 2).

As the triangular lattice has coordination number q = 6, bulk

sites can be visited by up to three monomers. The coordination

number of sites on the surface is 4, so surface sites can have

at most two monomers. Self-attraction is included in the SATs

by associating energies −ǫ2 � 0 to doubly visited (regardless

they are in surface or bulk) and −ǫ3 � 0 to triply visited

sites. Moreover, a polymer-surface interaction is introduced

by assigning an energy −ǫs � 0 to each monomer lying on

the surface. A configuration for this system is illustrated in

Fig. 2. The trail is tethered to the origin, which is located on

the surface.

To write down the partition function of the system, we

associate Boltzmann weights ω2 = eβǫ2 and ω3 = eβǫ3 to each

doubly and triply visited site, respectively, and κ = eβǫs to

each monomer on the surface, with β = 1/(kBT ), where kB is

the Boltzmann constant and T the temperature. The partition

function is then given by

Zn(ω2, ω3, κ ) =
∑

m2,m3,ms

C
(n)
{m2,m3,ms}

ω
m2

2 ω
m3

3 κms , (1)

where C
(n)
{m2,m3,ms}

is the number of n-step lattice trails with m2

(m3) doubly (triply) visited sites and ms monomers on the

surface. The expected value of any thermodynamic quantity

Q is then defined by the average

〈Q〉(ω2, ω3, κ ) =
1

Zn

∑

ψn

ω
m2 (ψn )
2 ω

m3(ψn )
3 κms (ψn )Q(ψn), (2)

where the sum runs over all n-step trails ψn. We are partic-

ularly interested in the energy contribution per step e
(n)
j for

doubly, triply, and surface contacts:

e
(n)
j =

〈m j〉

n
=

1

nZn

∑

m2,m3,ms

m jC
(n)
{m2,m3,ms}

ω
m2

2 ω
m3

3 κms , (3)

where j = 2, 3, s.
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A key quantity to identify possible phase transitions is the

fluctuation c
(n)
j of these energy contributions:

c
(n)
j (ω2, ω3, κ ) =

〈

m2
j

〉

− 〈m j〉
2

n
. (4)

Close to a continuous bulk transition the fluctuations c
(n)
2

and c
(n)
3 of doubly and triply visited sites, respectively, are

expected to follow the scaling law

c
(n)
i ∼ n2φb−1h(τnφb ), (5)

where φb is the crossover exponent related to bulk transitions,

τ ≡ T − Tc is the temperature relative to the bulk transition

temperature Tc, and h(·) is a scaling function. Scaling around

the bulk transition is discussed in [2], see also [3,29]. Further

analysis can be found in [30].

The scaling theory around the adsorption transition was

developed in [31]. For an adsorption transition, the internal

surface energy e(n)
s is the order parameter. Close to the ad-

sorption point the surface energy is expected to behave as

e(n)
s ∼ nφs−1 f (τn1/δ ), (6)

where τ ≡ T − Ta is the temperature relative to the adsorption

temperature Ta, φs is a critical exponent, 1/δ is the crossover

exponent associated with the adsorption transition, and f (·) is

a scaling function.

To analyze the phase transitions, we need to introduce

several quantities. The exponent 1/δ can be obtained from the

quantity

Ŵn =

〈

m2
s

〉

− 〈ms〉
2

〈ms〉
, (7)

whose maximum in curves of Ŵn as function of T behaves as

Ŵn,max ∼ n1/δ. (8)

Although we will not be concerned with a careful study

of critical exponents here, in some cases estimates for such

exponents are very important to locate the transition points. In

particular, the crossover exponents φb and 1/δ are crucial if

we want to determine Tx,∞ from finite-size estimates Tx,n, for

x = c or a, since

Tx,n ≃ Tx,∞ + n−ψ , (9)

where ψ is equal to φb (when x = c) or 1/δ (when x = a).

Some metric quantities, such as the mean squared end-to-

end distance, R2
n, are also important in the study of both bulk

and surface transitions. For our simulations we created a tri-

angular lattice by augmenting a square lattice with diagonals,

and a simple linear transform implies that the parallel and

perpendicular components of R2
n with respect to the surface

are given by

R2
⊥,n(ω2, ω3, κ ) = 3

4

〈

y2
n

〉

, (10)

R2
‖,n(ω2, ω3, κ ) =

〈

x2
n

〉

+ 1
4

〈

y2
n

〉

+ 〈xnyn〉. (11)

Close to the adsorption such quantities are expected to follow

R2
⊥/‖,n ∼ n2ν⊥/‖g(τn1/δ ), (12)

where g(·) is a scaling function and ν⊥/‖ are the Flory expo-

nents. Clearly the scaling of R2
n = R2

⊥,n + R2
‖,n is dominated

by the scaling of the larger quantity on the right-hand side,

and thus has an associated Flory exponent ν = max(ν⊥, ν‖).

In nonadsorbed (bulk) phases, such exponents are equal (i.e.,

ν‖ = ν⊥) in the thermodynamic limit, but in finite systems

one finds effective exponent estimates ν⊥/‖,n for which ν‖,n <

ν⊥,n. In adsorbed phases, on the other hand, the trails be-

have as quasi-one-dimensional walks, so that ν‖,n → 1 and

ν⊥,n → 0. Therefore, in finite trails these exponents cross at

some temperature Ta,n, located in between the nonadsorbed

and adsorbed phases. These crossing temperatures can thus

be used as a finite-size estimate of the adsorption transition

temperature.

We can also use the exponent ν to locate bulk transitions

such as the coil-globule transition. In two dimensions, in the

coil phase ν assumes the value of 3/4 [32], while in the

globule phase a value ν = 1/2 [32] is expected. For finite

systems, however, we have that νcoil,n → 3/4 from below and

νglobule,n → 1/2 from above as the length n increases, so that

curves of νn against T for different values of n cross at some

intermediate temperature, which can be taken as an estimate

of Tc,n. At criticality, we expect to find ν = 4/7 [7]. In a

similar fashion, we can locate the collapse transition by using

the scaling of the partition function

Zn ∼ μnnγ−1, (13)

where μ is the connective constant and γ the entropic expo-

nent. Similarly to ν, curves of γ × T for different lengths

n should cross each other in between the coil and globule

phases, giving also estimates of Tc,n.

III. NUMERICAL SIMULATIONS

To build up the full phase diagram of the model for a broad

range of parameters, we sample SATs with the flatPERM

algorithm [33]. Similarly to the pruned-enriched Rosenbluth

method (PERM) [34], flatPERM is an improvement of the

classical Rosenbluth algorithm. In both flatPERM and PERM,

a SAT is stochastically grown with pruning and enrichment

strategies intended to prevent its attrition and the appearance

of rare configurations with small or extremely large statistical

weights. In the flatPERM, the pruning and enrichment pro-

cesses are implemented independently of the thermodynamic

parameters of the system, so that the method gives us an

estimate of the density of states C
(n)
{m2,m3,ms}

. PERM, on the

other hand, gives us an estimate of the partition function Zn

for a given set of parameters.

The dimensionality of the density of states (i.e., the number

of energy parameters in the model, which is three here) is the

main factor limiting the trails’ sizes studied with flatPERM.

For instance, by not fixing any of the model parameters (ω2,

ω3, and κ), in principle we can numerically obtain the full

density of states and from this the entire thermodynamic

behavior of the model. It turns out, however, that with this

three-parameter approach we are not able to obtain accurate

estimates of C
(n)
{m2,m3,ms}

for lengths larger than n ≈ 64 steps in

a reasonable amount of time. We can overcome this limitation

by fixing one of the parameters and running a two-parameter

flatPERM simulation for several slices of the full parameter

space. In the following, we will use this strategy to build up

the finite-size phase diagram of the model for trails with up
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to n = 128 steps. To extrapolate from these relatively short

finite-size results to the phase diagram in the thermodynamic

limit, we perform one-parameter flatPERM simulations (by

keeping two parameters fixed) for lengths up to n = 1024 for

values of particular interest. We also ran PERM simulations

for n � 4096 with all parameters fixed. In all cases, results

from averages of at least of 109 trails are presented.

IV. RESULTS FOR THE BOUNDARY PLANES

As implicit in the model definition above, we are interested

here in investigating only the most physically interesting

situation where all interactions are attractive. This means that

we will explore the three-parameter space (ω2, ω3, κ ) where

the three Boltzmann weights are larger than or equal 1. To

begin, it is interesting to analyze the three planes forming

the boundary of such a space. Namely, the planes (ω2, ω3, 1),

(1, ω3, κ ), and (ω2, 1, κ ). These planes correspond to the

absence of surface, two-body, and three-body interactions,

respectively.

A. Plane (ω2, ω3, 1)

First we investigate the case where the surface is inert, that

is, it does not interact with the polymer. This should be di-

rectly comparable to the bulk case previously studied without

a surface [9]. To determine the thermodynamic behavior of

this plane, we analyze the density of states
∑

ms
C{m2,m3,ms}

obtained from a two-parameter flatPERM simulation at κ = 1

for n = 128. We calculate the covariance matrix
[

〈

m2
2

〉

− 〈m2〉
2 〈m2m3〉 − 〈m2〉〈m3〉

〈m3m2〉 − 〈m3〉〈m2〉
〈

m2
3

〉

− 〈m3〉
2

]

, (14)

whose maximum eigenvalue λ is a measure of the fluctuations,

which can be plotted against ω2 and ω3 as a density plot.

In general, local maxima in such fluctuation maps indicate

the possible existence of phase boundaries there, so that we

can associate lines of suitably defined maxima with pseudo-

transition lines, for the finite system. Then, by considering

other quantities such as the distributions of monomer contacts,

we can identify the phases present in each region of the

fluctuation map, and also whether the pseudotransition lines

can be associated with discontinuous or continuous phase

transitions. This method allows us to build a “finite-size phase

diagram,” which, in most cases, captures the main features

of the actual phase diagram in the thermodynamic limit.

We caution that this method does not necessarily pick up

higher-order phase transitions and would also identify smooth

crossovers as transitions. Hence scaling in length needs to

be performed to conclusively identify the presence of phase

transitions.

The fluctuation map along with approximate transition

lines (i.e., the finite-size phase diagram) for the plane

(ω2, ω3, 1) is shown in Fig. 3. Distributions of doubly and

triply visited sites [not shown] reveal, for small values of ω2

and ω3, the presence of configurations typically dominated

by a high number of singly visited sites, characteristic of the

swollen coil phase. In the region of small ω3 and large ω2, we

find configurations with a large number of doubly visited sites,

which may be identified as the trails’ collapsed globule phase.

FIG. 3. Fluctuation map for the plane (ω2, ω3, 1). The lighter

(darker) colors indicate regions of larger (smaller) fluctuations. The

lower (higher) solid lines are approximations for the continuous

coil-globule and crystal-globule transition lines, while the dashed

line is the discontinuous coil-crystal transition line.

Conversely, for small ω2 and large ω3 the trails are dominated

by triply visited sites. In this region the configurations are

maximally dense, so that we will refer to this phase as a crystal

phase [9]. (More correctly, one should think of this phase as

crystal-like, as it has a nonvanishing entropy.)

Along the line of maximal fluctuation separating the coil-

globule and globule-crystal phases the distributions have a

single peak, indicating the existence of continuous transitions

there. Between the coil and crystal phases, on the other hand,

the distributions of triply visited sites are double-peaked,

suggesting that the coil-crystal transition is discontinuous. It is

important to remark that it is difficult to accurately determine

the transition lines when the regions of maximal fluctuation

separating different phases become close to each other. For

instance, in Fig. 3, we can identify only a region where the

coil-crystal line change to a globule-crystal one and due to

the proximity of this region with the coil-globule line, it

is reasonable to infer that exists a multicritical point there,

where the three lines meets. As prefigured above, such phase

behavior is very similar to the one reported in [9], for the case

where the surface is absent, where indeed such lines meet at a

multicritical point. This is quite expected since the presence

of an inert surface should not change the thermodynamic

behavior of such systems.

To verify the reliability of these results for small trails (with

n = 128 steps), we perform a finite-size analysis considering

trails with lengths up to n = 1024. The bulk transitions are

investigated, in most cases, through the fluctuations c j in the

number of doubly ( j = 2) and triply ( j = 3) visited sites. As

an example, curves of c3 versus ω3 are depicted in Fig. 4(a),

for ω2 = 1 and different lengths. From the maximum in such

curves, c
(n)
3,max, and the scaling behavior from Eq. (5), we

estimate the crossover exponent φb, which is slightly larger

than 1 in this case, consistently with the strong increase
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FIG. 4. (a) Fluctuation in the number of triply visited sites c3

versus ω3, for ω2 = κ = 1 and different lengths. The open black

circles indicate the maximum of each curve. In the insert the values of

ω3,n at the maxima are plotted against 1/n. The dashed line is a linear

fit used in the extrapolation. (b) Effective exponents νn as function

of ω2, for ω3 = κ = 1 and several lengths. The dashed vertical line

indicates the asymptotic value estimated from the crossing points.

of fluctuations observed in Fig. 4(a). Then we identify the

values of ω3 at each maximum as the finite-size transition

parameter and by assuming that they follow Eq. (9), with the

φb just estimated, we extrapolate such values to obtain the

transition point in the thermodynamic limit [see the insertion

in Fig. 4(a)]. For ω2 = 1, this yields ω3 = 6.91(5), which is on

the locus of the coil-crystal transition. Similar to the findings

for n = 128 around the transition point the distribution of the

number of triply visited sites still exhibits a bimodal behavior

for the long trails, which together with the large φb exponent

indicates that such transition is most likely discontinuous.

By increasing ω2 one still finds a very similar behavior

until ω2 � 5
3
, confirming the existence of a line of discontin-

uous coil-crystal transition in the phase diagram (see Fig. 5).

Exactly at ω2 = 5
3
, we observe a continuous transition at ω3 =

8.37(4). All these results are consistent with those reported by

Doukas et al. [9], where a discontinuous coil-crystal transition

ending at a multicritical point located at (ω2, ω3) = ( 5
3
, 25

3
)

was found.

1 1.5 2 2.5 3 3.5 4
ω2

2

4

6

8

10

ω
3

Coil

Globule

Crystal

FIG. 5. Phase diagram for the plane (ω2, ω3, 1). The blue circles

indicate the continuous coil-globule transition, the magenta stars

the continuous globule-crystal transition, and the cyan triangles the

discontinuous coil-crystal transition. The red square is a multicritical

point. In all cases the lines are interpolations.

From Fig. 3 and also from the results in Doukas et al. [9],

we expect to find a coil-globule transition for (relatively) small

ω3. Following a procedure similar to the one above for the

coil-crystal transition, the exponent φb was estimated from

the scaling behavior of c
(n)
2,max. For example, for ω3 = 1, one

obtains φb = 0.53(4), which is a bit larger than the value

for the θ class in two dimensions: φb,θ = 3/7 [7]. However,

as extensively reported elsewhere [35–37], estimates of φb

from the bulk fluctuations are usually hampered by strong

finite-size effects. For instance, by extrapolating the finite-

size transition points, ω2,n, obtained from the maximum of

c
(n)
2 curves for ω3 = 1 using φb,θ , as done in Doukas et al.

[9], we find ω2 ≈ 2.6 in agreement with the value found in

[9]. However, curves of ω2,n versus n−φb do not display a

good linear behavior neither for φb = φb,θ nor for φb = 0.53,

indicating that such estimate of ω2 is not so reliable. Other

evidence of this is the fact that if one uses the maximum in

the fluctuations in the number of trimers, instead of dimers

[that is, c
(n)
3 rather than c

(n)
2 ] to determine ω2,n, an extrapolated

value ω2 � 3 is obtained (for ω3 = 1).

To obtain a more accurate estimate of the location of the

coil-globule transition, we study the crossing of curves of ef-

fective exponents νn and γn versus the appropriate parameter.

Fig. 4(b) shows an example of this for ω3 = 1, where one sees

that curves for a broad range of lengths cross each other in

a narrow interval of ω2, demonstrating that finite-size effects

are very small in this measure. In fact, by using the crossing

points for pairs of successive lengths as estimates of ω2,n, one

observes only a mild dependence with n. Extrapolating such

values using Eq. (9), with the exponent φb,θ , we obtain ω2 =

3.12(8). A very similar value is obtained from an analysis of

the crossing points of effective entropic γ exponents, where

finite-size corrections are also weak. The same scenario dis-

cussed here for ω3 = 1 is found for larger values of ω3, along

the entire coil-globule transition line. Since the results coming

from the effective exponents are more accurate than those for

c
(n)
2 and somewhat agree with those from c

(n)
3 , we use them
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FIG. 6. Fluctuation map for the plane (1, ω3, κ ). The lighter

(darker) colors indicate regions of larger (smaller) fluctuations. The

solid (black) line is the continuous coil-adsorbed line, while the

slanted (indigo) and vertical (blue) dashed lines are the discontinuous

crystal-adsorbed and coil-crystal transition lines, respectively.

to determine the correct coil-globule transition line, which

is shown in Fig. 5. We notice that the location of this line

differs considerably from the one reported in Doukas et al. [9].

Regardless of the numerical difference, both line estimates

end at the same multicritical point, limiting similar regions

of the phase diagram. Moreover, our analysis of exponents

confirms the claim in [9] that this is a tricritical θ line, since

the values of ν and γ at the crossing points are found to be

reasonably close to the θ exponents.

Finally, for large values of ω3 we find a continuous crystal-

globule transition line [see Fig. 5], which was determined

following the same procedure employed above using the

maxima of fluctuations. We notice that, similarly to the coil-

crystal transition, here results from c
(n)
2 and c

(n)
3 are consistent.

However, once again the locus of our transition line is shifted

from that reported in [9], resulting from differing finite-size

analyses. Importantly, similar to the phase diagram from [9]

our line seems to start at the multicritical point and extends to

large values of ω, as also suggested by the fluctuation map for

n = 128. Actually, despite their quantitative differences, the

entire “finite-size diagram” from the fluctuation map in Fig. 3

is consistent with the phase diagram given here in Fig. 5.

B. Plane (1, ω3, κ)

Now we investigate the case where the two-body

monomer-monomer interaction is absent, so that ω2 = 1.

Similar to the plane (ω2, ω3, 1), we will start analyzing the

properties of the fluctuation map and the respective finite-

size phase diagram, for n = 128. This is shown in Fig. 6,

where one clearly sees three regions separated by stripes of

large fluctuations. The distributions of number of monomers

reveal that such regions are associated with the phases: coil

(for small κ and ω3), crystal (for small κ and large ω3),

2 4 6 8 10
ω3

1

1.5

2

2.5

3

3.5

κ

Coil

Crystal

Adsorbed

FIG. 7. Phase diagram for the plane (1, ω3, κ ). The cyan trian-

gles indicate the discontinuous coil-crystal transition, the indigo cir-

cles the discontinuous crystal-adsorbed transition, and the black stars

the continuous coil-adsorbed transition. The red circle represents the

critical-end-point. All lines are guide-to-eye.

and adsorbed (for large κ). This last one is characterized

by a high number of contacts with surface. An analysis of

the modality of the distribution for the number of trimers

points out that the coil-crystal and crystal-adsorbed phases

are separated by discontinuous transitions, while a continuous

transition line seems to exist between coil and adsorbed

phases. As it is well known [14], when the strength of the

polymer-surface interaction is not so large, the bulk transitions

should not be affected by such interaction. This means that

the discontinuous coil-crystal transition is expected to happen

at a straight line parallel to the κ axis in the (κ, ω3) space.

This important observation facilitates the determination of the

phase boundaries in the finite-size diagram. The maxima of

fluctuations in Fig. 6 suggest that the three transition lines

meet at single point, which turns out to be a critical end point

(CEP).

Let us now explore the phase behavior in the thermo-

dynamic limit. To determine and confirm the existence of

the (bulk) coil-crystal transition line, we follow the same

procedures described in the previous subsection. This yields

an approximately vertical (κ-independent) line in the phase

diagram, located at ω3 ≈ 6.93 (see Fig. 7). This coil-crystal

coexistence line ends at κ ≈ 2.08, above which it gives place

to a crystal-adsorbed discontinuous transition. The crystal-

adsorbed coexistence line, which was determined in the same

way of the coil-crystal one, increases monotonically with ω3,

as seen in Fig. 7.

To analyze the (presumed continuous) coil-adsorbed transi-

tion, one starts calculating Ŵn [Eq. (7)] and using the maxima

in their curves to estimate the crossover exponent 1/δ from

the scaling relation 8. We always find 1/δ ≈ 1/2 along this

line, in agreement with the expected value for the adsorption

transition in two dimensions [38]. Then, we use the position

of the maxima of Ŵn as the finite-size transition estimate κn

and extrapolate them according to Eq. (9) with 1/δ = 1/2. An
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FIG. 8. (a) Ŵn for different lengths as function of κ , for ω2 =

ω3 = 1. The circles indicate the maximum in each curve. The inser-

tion shows the values of κn at the maxima against n−1/2. The dashed

line is a linear fit used in extrapolation. (b) Effective Flory exponents

ν‖,n (dashed lines) and ν⊥,n (solid lines) versus of κ , for ω2 = 1 and

ω3 = 2 and several lengths.

example of this is shown in Fig. 8(a), for ω3 = ω2 = 1, for

which one obtains κ = 2.113(5).

The other accurate way of locating the adsorption transition

is through the crossing of the Flory exponents ν‖ and ν⊥ [24].

Figure 8(b) presents an example for ω3 = 2. The crossing

points for different lengths serve also as good estimates of

κn and their extrapolation [with Eq. (9) and 1/δ = 1/2] yields

an estimate for the thermodynamic value for the adsorption

point. Though this method returns results similar to those from

fluctuations, it has weaker finite-size effects, being so more

reliable to determine the adsorption transition line. Such a line

is also depicted in the phase diagram shown in Fig. 7, where

one sees that it ends at the point where the coexistence lines

meet, confirming the existence of a CEP in the diagram at

(ω3, κ ) ≈ (6.93, 2.08), as suggested by the finite-size fluctu-

ation map.

C. Plane (ω2, 1, κ)

Next we discuss the case where trimers at a given site do

not interact, so ω3 = 1. The fluctuation map and the finite-size

FIG. 9. (a) Fluctuation map for the plane (ω2, 1, κ ). The vertical

blue line indicates the coil-globule transition. The approximately

horizontal line to the left (right) of the coil globule transition is

the black (green) line being the coil-adsorbed (globule-adsorbed)

transition line. The transitions in all these lines seem to be con-

tinuous. While the adsorbed phase is a single phase (there are no

finite temperature phase transitions) it has two regions where the

ground state differs. Illustrations of the two different ground state

configurations are shown in (b) for the Ad1 region and (c) Ad2 region.

transition lines are displayed in Fig. 9(a). Using the same

methodology previously discussed, we find for small values

of κ indications of a continuous coil-globule transition. For

large values of κ one has signatures of two adsorbed regions.

The ordinary adsorbed region (characterized, in the ground

state, by a single line of monomers lying on the surface [see

Fig. 9(b)]) is found for small ω2. For large ω2, on the other

hand, we observe an adsorbed region which, in the ground

state, is featured by a bilayer of doubly visited sites, as illus-

trated in Fig. 9(c). Hereafter, we will refer to these monolayer

and bilayer regions as Ad1 and Ad2 regions, respectively.

Importantly below our analysis indicates that there are no

finite-temperature transitions between them, so they are not

thermodynamically stably different phases.

Our finite-size analysis indicates that both bulk (coil and

globule) phases adsorb through a continuous transition. While

the globule adsorbs to the Ad2 region, the coil phase adsorbs

to either an Ad1 or Ad2 region, depending on the value of ω2.

The globule adsorption to the Ad2 region can be understood,

from an energetic “cost” point of view since both feature a rel-

atively large proportion of doubly visited sites. By locating the

phase boundaries in the finite-size phase diagram, we found

indications of a possible multicritical point located where all

the three continuous lines, coil-globule, coil-adsorbed, and

globule-adsorbed meet.

In the fluctuation map, we see a clear region with large

fluctuation between the regions Ad1 and Ad2, suggesting

the possible existence of an Ad1-Ad2 transition. As already

remarked, however, from the finite behavior alone we can-

not determine whether this is a phase transition or simply

a smooth crossover. To check this, we performed PERM

calculations for trails with up to n = 4096 steps, for several

values of κ and ω2 = 2.4. We chose this value of ω2 since here

the coil adsorbs to an Ad2 region at the transition. Moreover,

for very large values of κ the adsorbed phase becomes Ad1.
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FIG. 10. (a) Ŵn as function of κ for ω3 = 1, ω2 = 2.4, and several

lengths. (b) Fluctuation in the number of doubly visited sites c
(n)
2

versus κ for the same parameters as in (a).

Figures 10(a) and 10(b) present Ŵn and c
(n)
2 , respectively,

from such simulations, verifying this scenario. There is a

single peak in Ŵn around κ ≈ 2, where the coil-adsorbed

transition is expected. There is no indication of an Ad1-Ad2

transition, but rather evidence for a smooth crossover.

From a physical point of view, one can understand the

two regions simply as two one-dimensional layers, and short-

range interactions in one-dimensional systems are not able to

induce any finite-temperature phase transition, so that there

can only be a smooth crossover between these regions.

Therefore, by using the same methods employed in pre-

vious subsections, we obtain the phase diagram depicted in

Fig. 11. Once again, it is consistent with our findings from the

fluctuation map, with continuous coil-globule, coil-adsorbed,

and globule-adsorbed transition lines. Similarly to the coil-

crystal transition found in the plane (1, ω3, κ ), an approxi-

mately vertical (κ-independent) straight line is found separat-

ing the coil and the globule phases, as expected. This line,

located at ω2 ≈ 3.2, starts at κ = 1 and ends at a multicritical

point located at κ = 1.96(2), where it meets the coil-adsorbed

and globule-adsorbed lines. It is interesting to note in Fig. 11

that the globule-adsorbed line appears for lower values of κ

than those at the crystal-adsorbed line (see Fig. 7). This shows

that trails in the globule phase adsorb easier than those in the

1 2 3 4 5
ω2

1

1.5

2

2.5

3

κ

Coil Globule

Adsorbed

FIG. 11. Phase diagram for the plane (ω2, 1, κ ). The black stars

indicate the continuous coil-adsorbed transition, the blue circles the

θ -like coil-globule transition, and the green diamonds the continuous

globule-adsorbed transition. The multicritical point is denoted by the

red circle. All lines are guide-to-eye.

crystal phase. One way to understand this is that due to the

presence of the Ad2 region in the plane (ω2, 1, κ ) the globule

phase adsorbs to a state in which the trails can retain their

large number of doubly visited sites.

V. THREE-PARAMETER MODEL

To get some insight on the phase behavior in the full three-

parameter space, it is instructive to begin by synthesizing the

information from the three boundary planes discussed in the

previous section. By simply putting these together one finds

a picture as depicted in Fig. 12, which indicates the regions

where each of the four thermodynamic phases (coil, globule,

FIG. 12. Summary of the phases diagrams for the three bound-

ary planes of three parameter space plotted together. The blue

squares are the coil-globule transition lines estimated here. The open

cyan squares are the points of discontinuous coil-crystal transitions,

while the open green triangles the discontinuous crystal-adsorbed

transition. The black circles denote the continuous coil-adsorbed

transitions and the dark-green triangles the critical globule-adsorbed

transition. The magenta diamonds indicates the continuous globule-

crystal transition. The red filled circles represent the CEP and the two

multicritical points.
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FIG. 13. Fluctuation maps in spaces (ω2, ω3, 2) and (ω2, ω3, 3)

in (a) and (b), respectively, with transition lines indicated. In both

panels solid and dashed lines indicate the presence of unimodal and

bimodal energy distributions near the transition, respectively.

crystal, and the adsorbed) found above appears in the full

phase space and how they are separated. Of course one is

assuming no new phases appear. So for instance, the con-

tinuous coil-adsorbed transition lines in the planes (κ, ω2, 1)

and (κ, 1, ω3) strongly suggest that a critical surface exists

separating these phases. Similarly, the tricritical coil-globule

lines in the planes (κ, ω2, 1) and (ω2, ω3, 1) indicate that

such phases are separated by a tricritical (possibly θ ) surface.

Moreover, the discontinuous transition lines between the coil

and crystal phases [in the planes (κ, 1, ω3) and (ω2, ω3, 1)]

provide strong evidence on the existence of a coil-crystal

coexistence surface.

As remarked above the full three-parameter flatPERM sim-

ulations could only be undertaken for length less than n ≈ 64

to a reasonable degree of convergence. As such we investi-

gated the full phase diagram based on the finite-size behavior

of two-parameter slices of the three-parameter space, for

n = 128. We remark that even such two-parameter flatPERM

approach has demanded extensive simulations. As already

shown in the previous section, these finite-size phase diagrams

(built up from the fluctuation maps) capture the correct ther-

modynamic properties of the system, though quantitatively

incorrect in most cases. Indeed we found no evidence of new

phases, beyond the four ones already discussed. Moreover,

since there is only a crossover between the adsorbed Ad1 rich

and Ad2 rich regions, no transition line separating them will

be shown, even if we indicate their locations in the figures.

A. κ slices

Let us start analyzing slices for κ fixed. We recall that

for κ = 1 [i.e., the plane (ω2, ω3, 1) considered in Sec. IV A]

the three bulk phases (coil, globule, and crystal) are present

in the system, as shows Figs. 3, 5, and 12. Since, for small

values of κ , the bulk transitions are not expected to be

affected by the presence of an interacting surface, the same

diagram of κ = 1 is expected in this region. In fact, as

demonstrated in Fig. 13(a), the finite-size phase diagram for

κ = 2 is practically identical to the one for κ = 1 shown in

Fig. 3. This strongly indicates that the transition lines between

the three bulk phases give rise to three surfaces: a tricriti-

cal coil-globule, a critical crystal-globule, and a coexistence

coil-crystal, consistently with the predictions above based

on Fig. 12. Moreover, the multicritical point found in the

case κ = 1 gives rise to a multicritical line, where the three

surfaces above meet. Since this line is related to bulk phases

only, we will refer to it as the bulk multicritical line (BML).

Note that these bulk transition surfaces, as well as the BML

are all expected to be κ-independent, i.e., perpendicular to the

(ω2, ω3) plane. This is indeed confirmed by the quantitative

agreement between the finite-size transition lines in Figs. 3

and 13(a) for κ = 1 and 2, respectively, as well as for inter-

mediate κ slices (not shown).

All these bulk transition surfaces (and the BML, as well)

are expected to end when they meet the adsorption transition

surfaces. Figures 7, 11, and 12 indicate that the coil-adsorbed

and the globule-adsorbed critical surfaces in the thermody-

namic limit change mildly with ω2 and ω3, being located

close to κ = 2. The same thing happens in the diagrams for

n = 128, as seen in Figs. 6 and 9(a), where such surfaces are

in the region 2 � κ � 3. Therefore, it is hard to observe these

adsorption surfaces in planes of fixed κ . Anyhow, as shown

in Fig. 13(b), for the κ = 3 slice, the only bulk phase ap-

pearing in this diagram is the crystal one, confirming that we

are above the coil-adsorbed and globule-adsorbed surfaces.

Interestingly, in the region for small ω2 (where the coil phase

was observed for smaller κ) one finds the adsorbed phase is

Ad1 rich, while for large values of ω2 the adsorbed phase is

Ad2 rich.

At finite length n = 128, as shown in the diagram for κ = 3

[Fig. 13(b)], the crystal-adsorbed transition is still found to

be discontinuous for small ω2, as evidenced by a bimodal

energy distribution. As discussed above, there is only one

adsorbed phase, so that one would expect this transition to

remain discontinuous for all values of ω2. Unfortunately, we

are unable to detect a bimodal distribution for large ω2 but

believe that this is simply a finite size effect.

B. ω2 slices

Now we investigate planes for ω2 fixed. As already demon-

strated in Sec. IV B, for ω2 = 1 three phases are present in the

diagram: adsorbed, coil, and crystal (see Fig. 6, for n = 128).

Figure 14(a) displays the behavior for ω2 = 1.5, which is the

same for ω2 = 1, confirming the existence of a continuous

coil-adsorbed transition surface, as well as of discontinuous

coil-crystal and crystal-adsorbed ones. Moreover, since the

former critical surface seems to end at its junction with the

latter two coexistence ones, they shall form a line of critical-

end-points (a CEP line) there.

The slice ω2 = 2 is shown in Fig. 14(b), where a different

thermodynamic behavior is observed. According to Figs. 3

and 13, in such plane, with κ small, one should observe

transitions from coil to globule and then from globule to

crystal by increasing ω3. It turns out, however, that the fluctu-

ation map displayed in Fig. 14(b) fails in capturing the coil-

globule transition, although for very small ω3 the trails have

the characteristics of the coil phase. This caveat is certainly

due to the short lengths considered. For large values of κ , the

expected adsorbed phase is observed.

We note that for the crystal-adsorbed transition at ω2 =

2.0 we were unable to detect a bimodal distribution. While

062504-9



NATHANN T. RODRIGUES et al. PHYSICAL REVIEW E 100, 062504 (2019)

FIG. 14. Fluctuation maps in spaces (1.5, ω3, κ ) and (2.0, ω3, κ )

in (a) and (b), respectively, with transition lines indicated. In all

panels solid and dashed lines indicate the presence of unimodal and

bimodal energy distributions near the transition, respectively.

consistent with the numerical evidence in the κ slices we

reiterate that we expect this to be a finite-size effect.

For fixed ω2, the globule-crystal transition line meets the

adsorbed phase at a dense-adsorbed multicritical point, which

in the full phase diagram extends to a dense-adsorbed multi-

critical (DAM) line. Such a line seems also to join the CEP

and the BML lines at a special multicritical point.

C. ω3 slices

We now present the results for planes with ω3 fixed.

Fig. 15(a) presents the diagram for the ω3 = 8 slice, which

is qualitatively identical to the one for ω3 = 1, see Fig. 9(a);

slices for intermediate values of ω3 (not shown) display the

same behavior. This gives additional confirmation of the exis-

tence of a tricritical coil-globule and of critical coil-adsorbed

and globule-adsorbed surfaces. These three surfaces meet,

yielding a third multicritical line in the three-parameter space,

which we will refer to as the collapsed-adsorbed multicritical

(CAM) line. We expect that this CAM line also ends at the

special multicritical point where the DAM, CEP, and BML

lines meet.

FIG. 15. Fluctuation maps in spaces (ω2, 8, κ ) and (ω2, 12, κ )

in (a) and (b), respectively, with transition lines indicated. In both

panels solid and dashed lines indicate the presence of unimodal and

bimodal energy distributions near the transition, respectively.

FIG. 16. Qualitative representation of the full phase diagram,

presenting the four phases found (regarding the regions Ad1 and

Ad2 simply as the adsorbed phase), the critical-end-point (CEP)

line, as well as the bulk (BML), collapsed-adsorbed (CAM), and

dense-adsorbed (DAM) multicritical lines. The special multicritical

point is denoted by a circle.

As expected from Figs. 3, 6, and 12, for large values of

ω3 the crystal phase appears in place of the coil phase for

small values of ω2 and κ . For ω3 = 12, this is demonstrated

in Fig. 15(b). We are unable to detect a bimodal energy

distribution along the whole crystal-adsorbed transition line,

but attribute this to finite-size effects as discussed above.

VI. SUMMARY: FULL PHASE DIAGRAM

Our simulation results for self-attracting self-avoiding

trails living on the triangular lattice and attractively interacting

with a surface reveals a very rich thermodynamic behavior,

with three bulk phases (coil, globule, and crystal) and an

adsorbed phase with two regions related to different ground

states (the ordinary monolayer Ad1 rich region and a bilayer

Ad2 rich region). The coil phase exists in a bounded part of

the full phase diagram where the three Boltzmann weights

ω2, ω3, and κ are small. The crystal phase appears in the

region where κ and ω2 are relatively small, but ω3 is large.

Similarly, the globule phase exists for small κ and large ω2.

Finally, the adsorbed phase appear in the region of large κ .

These features are summarized in the sketch of the full phase

diagram depicted in Fig. 16, where no distinction is made

between both adsorbed regions since we determined that there

is only a smooth crossover between them.

Three bulk transition surfaces are present in the system, for

small κ: the continuous coil-globule (possibly in θ class [9])

and globule-crystal surfaces and a discontinuous coil-crystal

surface. These three surfaces meet at the multicritical BML

line, which seems to end close to κ = 2. We remark that the

coordinates of such line in the plane (ω2, ω3) with κ = 1, i.e.,

in the absence of the surface interaction, is exactly known to

be (ω2, ω3) = ( 5
3
, 25

3
) [9]. Hence, by assuming that the bulk

transitions are not affected by the surface interaction when κ

is small, the BML line should end at a special multicritical

point located at (ω2 = 5
3
, ω3 = 25

3
, κ ≈ 2).

Beyond the three bulk surfaces, there are also several

adsorption transition surfaces in the full phase diagram, which

separate the bulk phases from the adsorbed ones. The coil-

adsorbed and the globule-adsorbed are continuous, and they
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meet the tricritical coil-globule surface at the multicritical

CAM line. Part of the critical coil-adsorbed surface ends at the

coexistence surfaces separating the crystal phase from the coil

and adsorbed ones, so that a CEP line exists there. Moreover,

the globule-crystal, globule-adsorbed, and crystal-adsorbed

surfaces meet at another multicritical DAM line. Therefore,

there are three multicritical (BML, CAM, and DAM), and a

CEP line in the phase diagram. Our results for finite trails

indicate that all these lines meet at the special multicritical

point discussed above.
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Chapter 3

Mixtures of hard-spheres on the

cubic lattice

This chapter is dedicated to the presentation of the works done about mixtures
of lattice gases on the cubic lattice. We initiate the chapter by presenting the published
version [45] of the binary mixture composed by 0NN and 2NN particles followed by the
published version [46] of the mixtures 0NN-1NN and 1NN-2NN. Lastly, the published
version of the ternary mixture 0NN-1NN-2NN is presented [47].
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ABSTRACT

While the realistic modeling of the thermodynamic behavior of fluids usually demands elaborated atomistic models, much has been learned
from simplified ones. Here, we investigate a model where pointlike particles (with activity z0) are mixed with molecules that exclude their first

and second neighbors (i.e., cubes of lateral size λ = √3a, with activity z2), both placed on the sites of a simple cubic lattice with parameter
a. Only hard-core interactions exist among the particles so that the model is athermal. Despite its simplicity, the grand-canonical solution
of this model on a Husimi lattice built with cubes revels a fluid-fluid demixing, yielding a phase diagram with two fluid phases (one of them
dominated by small particles—F0) and a solidlike phase coexisting at a triple-point. Moreover, the fluid-fluid coexistence line ends at a critical
point. An anomaly in the total density (ρT) of particles is also found, which is hallmarked by minima in the isobaric curves of ρT vs z0 (or z2).
Interestingly, the line of minimum density crosses the phase diagram starting inside the region where both fluid phases are stable, passing
through the F0 one and ending deep inside its metastable region, in a point where the spinodals of both fluid phases cross each other.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5109896., s

I. INTRODUCTION

Lattice gas (LG) models have a long history in the atomistic
modeling of fluids, among a wide variety of other systems.1 In gen-
eral, two key ingredients are expected to be necessary to repro-
duce the gas-solid-liquid phase behavior of simple fluids: repulsive
excluded volume interactions, which can naturally be imposed by
the particle size and lattice structure in LG systems, and short-range
attractive interactions. The first one alone, even in the simplest hard-
core (athermal) case, is capable of yielding entropy-driven fluid-
solid transitions, provided that the range of exclusion (associated
with the lateral particle size λ and its placement on the lattice) is
larger than the lattice spacing a. The ordering transition in these
hard-LGs is usually studied considering molecules which exclude
up to their kth nearest-neighbors (NN)—the so-called kNN mod-
els. These are discrete versions of hard disks and hard spheres in
two- and three-dimensions, respectively, which have been numeri-
cally investigated for a broad range of k’s on the square (see Refs. 2
and 3 and references therein) and simple cubic lattices.4 The 1NN
case on the triangular lattice is the famous hard hexagon model

exactly solved by Baxter.5,6 Entropy-driven transitions in hard-LGs
with particles of several other shapes have also been considered, such
as triangles,7 dimers,8 rectangles,9 rods,10 Y-shaped,11 and cubes.12

In mixtures of hard particles, the situation becomes much
more interesting, once demixing transitions may also take place in
the system. For instance, in binary nonadditive mixtures of hard
particles—whose minimum distance σ ij between particles i and j fol-
lows σAB > (σAA + σBB)/2—a demixing is expected since the space
is filled more effectively by the pure phases than by the mixture.
Fluid-fluid demixing has indeed been observed in different theo-
retical13–16 and numerical approaches17–21 for binary nonadditive
mixtures of isotropic hard particles. Mixtures of molecules with
anisotropic shapes are also known to undergo such transition.22–28

For additive mixtures—where σAB = (σAA + σBB)/2—the situation
is more controversial; while the possibility of fluid-fluid phase sep-
aration has been raised in some analytical studies of hard-spheres,
provided that the particle’s sizes are dissimilar enough,29,30 it seems
that the demixing is usually preempted by a fluid-solid or solid-solid
coexistence (see, e.g., Refs. 31 and 32 for a detailed discussion and
references).

J. Chem. Phys. 151, 024504 (2019); doi: 10.1063/1.5109896 151, 024504-1
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Once kNN systems can display fluid-solid transitions and since
binary mixtures of them are nonadditive, we are immediately led to
inquire whether such mixtures display fluid-fluid demixing, yield-
ing phase diagrams with three stable phases. This important point
was first addressed by Frenkel and Louis,20 investigating a mixture
of hard hexagons (1NN) with point particles (0NN) on the triangu-
lar lattice, but no fluid-fluid transition was found. Subsequently, Van
Duijneveldt and Lekkerkerker33,34 claimed to have found three stable
(gas-liquid-solid) phases for this system. However, their results were
contested by Verberkmoes and Nienhuis (VN) in Ref. 35, where
strong numerical evidence was presented that such mixture has in
fact only the fluid and solid phases reminiscent from the simple hard
hexagon model. The mixture of point particles with 1NN ones has
been also studied by different methods on the square lattice.36–38

The phase diagram of this system presents again only a fluid and
a solid phase, which are separated by a critical and a coexistence line
meeting at a tricritical point. The same properties were also found in
an exact (mean-field) solution of this model on the Bethe lattice.39

It is noteworthy that the same scenario was suggested for the hard
hexagons with point particles by VN.35 In three dimensions, as far
as we know, there exists no study of mixtures of kNN molecules.
Therefore, it seems that the existence of three stable (“gas-liquid-
solid”) phases arising in LG systems consisting of binary mixtures of
kNN particles is still an open issue.

Here, we investigate the (nonadditive) mixture of 0NN with
2NN molecules placed on the simple cubic lattice and demonstrate
that beyond the solid phase, two stable fluid phases are also present
in the phase diagram. Actually, we present a mean-field approxi-
mation for the model on the cubic lattice, consisting of its semi-
analytical grand-canonical solution on a Husimi lattice—the core
of a Cayley tree—built with cubes [see Fig. 1(a)]. As an aside, we
remark that this kind of solution on hierarchical lattices advances
over other typical mean-field treatments because some correlations

FIG. 1. (a) Illustration of part of a Husimi lattice built with cubes. (b) The ground
state of the solid phase (the limit z2 → ∞, with z0 = 0) in the cubic lattice. (c)
Definition of sublattices in an elementary cube. (d) Possible states of the root site,
where 0NN and 2NN particles are indicated by a square and a circle, respectively.

are still present in the system.40 For this reason, they not only usu-
ally provide the qualitatively correct thermodynamic behavior for
the analyzed models (as is the case, for instance, in the 0NN-1NN
mixture on the square and Bethe lattices38,39), but for some LG
models, they yield even some quantitative agreement with results
from Monte Carlo simulations on regular lattices.41,42 In some LG
systems (e.g., with nematic order), however, more elaborated lat-
tices may be need.43 In our present study, beyond the fluid and
solid phases expected for the simple 2NN model,4 a second disor-
dered (fluidlike) phase is also stable for large activity of 0NN par-
ticles, which is featured by a dominance of such particles. A rich
phase diagram is obtained, with this 0NN fluid (F0) phase coexist-
ing with the regular fluid (RF) and solid (S) ones at a triple point
(TP), where the RF-S, RF-F0, and F0-S coexistence lines meet. The
fluid-fluid coexistence line ends at a critical point (CP). A density
anomaly, characterized by minima in the isobaric density curves,
is observed in this system, indicating that it can be very useful as
a starting point for understanding the behavior of more complex
fluids.

The rest of the paper is organized as follows. In Sec. II, we
define the model and solve it on the Husimi lattice in terms of recur-
sion relations (RRs). The thermodynamic properties of the model
are presented in Sec. III. Our final discussions and conclusions are
summarized in Sec. IV. The calculation of the free energy is devised
in the Appendix.

II. MODEL DEFINITION AND SOLUTION IN TERMS
OF RECURSION RELATIONS

We consider a lattice gas with a binary mixture of hard particles
placed on (and centered at) the vertices of a cubic lattice. Assuming
that the lattice spacing is a, the small particles (0NN) are cubes of
lateral size λ = a, with faces parallel to the lattice, so that they occupy
a single lattice site and do not exclude their neighbors. On the other

hand, the large particles (2NN) are cubes of lateral size λ = √3a
slanted in a way that they exclude their first and second nearest
neighbors. Activities z0 and z2 are associated with 0NN and 2NN
particles, respectively. Thereby, for z0 = 0, one recovers the simple
2NN model, which have already been investigated through Monte
Carlo simulations on the cubic lattice and displays a discontinuous
fluid-solid transition.4 Moreover, in the limit z0 →∞, with z2 finite,
all sites are occupied with 0NN particles, leading to the densities
ρ0 = 1 and ρ2 = 0 for the densities of small and large particles, respec-
tively. In the opposite limit (z2 → ∞, with z0 finite), however, only
1/4 of the lattice sites can be occupied by the large particles so that
ρ2 = 1/4 and ρ0 = 0. In this case, one has the ground state of the solid
phase, which is featured by a sublattice ordering, as shows Fig. 1(b).
Namely, dividing the lattice into four sublattices (A, B, C, and D),
composed by the two diametrically opposite sites in each elementary
lattice cube [see Fig. 1(c)], the solid phase is hallmarked by a sym-
metry breaking, such that one of these sublattices is more populated
than the others.

In order to solve this model on aHusimi lattice built with cubes,
we define partial partition functions (ppfs) according to the state
of the root site of an elementary cube. As shows Fig. 1(d), for each
sublattice, there are three possible states: the root site can be empty
(i = 0), occupied by a 0NN (i = 1) or a 2NN particle (i = 2). Since
there are four sublattices, one has a total of 12 possible states for the

J. Chem. Phys. 151, 024504 (2019); doi: 10.1063/1.5109896 151, 024504-2
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root site. For sake of simplicity, for a while, let us consider that it
is in sublattice A. Note that by attaching seven cubes to the vertices
of another cube, with exception of the root site, we obtain a subtree
with 1 generation. Then, by attaching the root sites of seven of these
subtrees to the vertices of another new cube, a 2-generation subtree
is built. Proceeding in this way, we can obtain a (M + 1)-generation
subtree from seven ones with M generations. Now, by taking into

account the allowed configurations of the model in the new cube, we
can determine all the possible ways of attaching seven subtrees to it,
keeping its root site in state Ai. This give us the ppf A

′
i in generation

M + 1 as a function of the ppfs Aj, Bj, Cj, and Dj (with j = 0, 1 and 2)
in generation M. This simple procedure allows us to construct a set
of recursion relations for the ppfs of the model, which for sublattice
A reads

A
′
0 = z2A2B

2
0C

2
0D

2
0 + A0{2z0z2B1B2C

2
0D

2
0 + z

2
2B

2
2C

2
0D

2
0 + z

2
0B

2
1(C0 + z0C1)2(D0 + z0D1)2 + 2B0[z2B2C

2
0D

2
0 + z0B1(C0 + z0C1)2(D0 + z0D1)2]

+B
2
0[2z0z2C1C2D

2
0 + z

2
2C

2
2D

2
0 + z

2
0C

2
1(D0 + z0D1)2 + 2C0(z2C2D

2
0 + z0C1(D0 + z0D1)2) + C

2
0(D0 + z0D1 + z2D2)2]}

+ z0A1(B0 + z0B1)2(C0 + z0C1)2(D0 + z0D1)2, (1a)

A
′
1 = (A0 + z0A1)(B0 + z0B1)2(C0 + z0C1)2(D0 + z0D1)2 + z2A2B

2
0C

2
0D

2
0, (1b)

A
′
2 = (A0 + z0A1 + z2A2)B2

0C
2
0D

2
0. (1c)

The ppfs for the other sublattices can be obtained from these
ones by cyclic permutations of the letters (A → B, B → C, C → D,
and D→ A). Clearly, these recursion relations (RRs) shall diverge if
they are iterated too many times, what corresponds to the building
up of infinite subtrees, which is the desired thermodynamic limit.

Thereby, we analyze ratios of them, defined as R
(A)
1 = A1 A0 and

R
(A)
2 = A2 A0 for sublattice A, which remains finite in the thermo-

dynamic limit. For the other sublattices, the definition is the same,
with A replaced by B, C, or D. Therefore, from the 12 RRs for the
ppfs, we obtain eight RRs for these ratios.

The real and positive solutions (fixed points) of these RRs cor-
respond to the thermodynamic phases of the model on the Husimi
lattice. To determine the stability limits of each phase, we calculate
the Jacobian matrix, whose 64 entries are given by the derivatives

∂R′i
(K)

∂R
(W)
j , with i, j = 1, 2 and K, W = A, B, C, D, calculated in

a given fixed point. In regions of the parameter space (z0, z2) where
the largest eigenvalue (Λ) of this matrix is smaller than one (Λ < 1),
the fixed point is stable, as well as the corresponding thermodynamic
phase. The condition Λ = 1 defines the stability limits.

The partition function (Y) can be obtained, similarly to the
ppfs, by considering the operation of attaching the root sites of eight
subtrees to the eight vertices of a central cube. It can be written in a
compact form, e.g., as

Y = A0A
′
0 + z0A1A

′
1 + z2A2A

′
2 = (A0B0C0D0)2y. (2)

Using Eq. (1) to write the expanded expression for Y, the densities
of small and large particles at the central cube, in sublattice K, are
given, respectively, by

ρ
(K)
0 = R

(K)
1

8Y

∂Y

∂R
(K)
1

and ρ
(K)
2 = R

(K)
2

8Y

∂Y

∂R
(K)
2

. (3)

Thence, ρj = ρ(A)j +ρ
(B)
j +ρ

(C)
j +ρ

(D)
j gives us the total density of small

(j = 0) and large (j = 2) particles at the central cube.

Following the ansatz proposed by Gujrati40 and discussed in
detail in the Appendix, the bulk free energy per site of each phase
of the model can be calculated from

𝜙b = −18 ln

⎡⎢⎢⎢⎢⎢⎣
(R(A)0 R

(B)
0 R

(C)
0 R

(D)
0 )2

y6

⎤⎥⎥⎥⎥⎥⎦
, (4)

where R
(A)
0 ≡ A′0 (A0B

2
0C

2
0D

2
0) and the others are obtained from

cyclic permutations of the labels (A, B, C, and D). In regions
where two or more phases are stable, the points (or lines) where
the free energies of these phases are equal define the coexistence
loci. We notice also that since each lattice site occupies a volume
v0 = a3, the pressure in our grand-canonical formalism is given by
P = −𝜙b/a

3.

III. THERMODYNAMIC BEHAVIOR OF THE MODEL

A. 2NN model

Let us start discussing the simple 2NN model. Since z0 = 0 in

this case, one has R
(A)
1 = R

(B)
1 = R

(C)
1 = R

(D)
1 = 0 and the recursion

relations (RRs) considerably simplify. Even then we are not able to
calculate simple analytical expressions for their fixed points, and so
we numerically estimate them by iterating the RRs. For small values

of z2, one finds a homogeneous solution R
(A)
2 = R(B)2 = R(C)2 = R(D)2 ,

which corresponds to a disordered fluid (F) phase where all sub-
lattices are equally populated. This phase is stable for z2 ⩽ 15.1364.
For large z2, on the other hand, we find four equivalent fixed points
featured by a symmetry breaking, such that one of the four sublat-
tices dominates. For example, if A is the dominant sublattice, one

has R
(A)
2 ≫ R

(B)
2 = R

(C)
2 = R

(D)
2 . This corresponds to the ordered

solid (S) phase, which is stable for z2 ⩾ 5.0620.
Therefore, both phases coexist in the region 5.0620⩽ z2⩽ 15.1364, and hence, the fluid-solid transition is discontinuous. The

free energy of both phases are equal [𝜙
(F)
b
= 𝜙

(S)
b

] at z2 = 5.7932,

J. Chem. Phys. 151, 024504 (2019); doi: 10.1063/1.5109896 151, 024504-3

Published under license by AIP Publishing



The Journal
of Chemical Physics

ARTICLE scitation.org/journal/jcp

which defines the transition point. The particle densities at this point

for the fluid and solid phases are given, respectively, by ρ
(F)
2 = 0.1551

and ρ
(S)
2 = 0.2025, confirming the discontinuous nature of the tran-

sition. This result is consistent with Monte Carlo simulations of this
model on the cubic lattice, where a first-order transition was also
found.4 In this case, notwithstanding, the transition point is located
at z2 ≈ 1.70,45 which is considerably smaller than our value. In agree-

ment with this, the densities at coexistence ρ(F ) ≈ 0.10 and ρ(S) ≈ 0.13
estimated in Ref. 4 are also smaller than the ones found here.
We remark that while mean-field approximations usually predict
smaller critical points for continuous transitions than their correct
values, this is not necessarily a rule in discontinuous transitions. In
our specific case, the treelike structure of the Husimi lattice turns the
ordering of 2NN particles more difficult than on the cubic lattice,
demanding thus higher densities (and so a large z2).

B. 0NN-2NN model

Now, we turn to the analysis of the properties of the full model,
with two kinds of particles. For small z0 > 0, one still find the fluid
and solid (S) phases reminiscent from the 2NN model, but now

R
(K)
1 ≠ 0, for K = A, B, C, and D. The fluid phase is still homo-

geneous so that R
(A)
i = R

(B)
i = R

(C)
i = R

(D)
i ≡ Ri, while in the

solid phase, there still exists a symmetry breaking and one of the

sublattices dominates (e.g., R
(A)
i ≈ 1 and R

(B)
i = R

(C)
i = R

(D)
i ≈ 0,

for i = 1, 2). Beyond these expected phases, a remarkable result
found here is the existence of a second homogeneous fluid phase,
which is stable in the system for large values of z0. In such phase,

one also has R
(A)
i = R

(B)
i = R

(C)
i = R

(D)
i ≡ Ri, but with R1 ≈ 1

and R2 ≈ 0. Namely, this phase is featured by a dominance of the
RRs associated with small particles, and so, hereafter we will refer
to it as the 0NN fluid (F0) phase. By contrast, in the regular fluid
(RF) phase, the values of R1 and R2 depend more on the activities
(z0 and z2).

Figure 2(a) presents the stability limits (the spinodals) of these
phases in the (z0, z2) space. We find that the S phase is stable for
any value of z0 provided that z2 is large enough. Conversely, the
F0 phase is stable for any value of z2 for large z0’s. The RF phase,
on the other hand, is stable only in a limited region of the param-
eter space where z0 and z2 are both not too large. Interestingly, the
spinodals of the RF and F0 phases meet each other and end at the
point (z0,c, z2,c) = (0.6297, 5.4243), which turns out to be a critical
point (CP). Hence, in the region below this point (for z2 < z2,c), we
have a single fluid since we cannot distinguish between the RF and
F0 phases.

With exception to the CP and some points where they cross
each other, the spinodals do not coincide elsewhere. This implies
that there are no continuous transition lines in the phase diagram of
the model, and only discontinuous transitions separate the phases.

FIG. 2. (a) Stability limits of the regular fluid (RF), 0NN fluid (F0), and solid (S) phases. For small z2, the RF and F0 phases become indistinguishable in a single fluid. (b)
Phase diagram in space (z0, z2). The dashed lines are the coexistence loci, while the square (red) and triangle (blue) symbols are the triple and critical points, respectively.
The inset highlights the region around these points. (c) Phase diagram in density (ρ2, ρ0) space. The solid, dashed, and dotted lines are the coexistence loci, the triple point,
and tie lines, respectively.
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Indeed, we have found three coexistence lines: RF-S, RF-F0, and
F0-S, which meet at a triple point (TP) located at (z0,TP, z2,TP)
= (0.6774, 6.5671). See Fig. 2(b). The RF-S transition line starts
at z0 = 0 (and z2 = 5.7932 as discussed in Subsection III A) and
ends at the TP. It is interesting to notice that initially this line
decreases with z0, having an initial slope (dz2 dz0)∣z0→0 = −1.
Then, it passes through a minimum—located at z0 = 0.2523 and
z2 = 5.6522—after which it increases toward the TP. A very similar
behavior has been found for the fluid-solid transition in the mixture
of 0NN and 1NN particles on the square lattice and approximations
to it, although in this case, such transition is continuous for small
z0.

37–39 Anyhow, in all cases, the initial decreasing in the transition
lines is certainly a consequence of the effectively attractive deple-
tion interaction among the large particles induced by the smaller
ones.

The RF-F0 coexistence line extends from the CP to the TP, giv-
ing rise to a fluid-fluid demixing transition. The F0-S transition line
starts at the TP and extends to z0, z2 → ∞, being associated with a
fluid-solid demixing. For large values of z0 and z2, the fixed point of

the S phase tends to, e.g., R
(A)
1 = R

(A)
2 = 1 and R

(K)
1 = R

(K)
2 = 0 for

K = B, C, and D, whilst for the F0 phase, one has R
(K)
1 = 1 and

R
(K)
2 = 0 for K = A, B, C, and D. Inserting such limiting values

into the (expanded) expression for the free energy, it is easy to
demonstrate that the F0-S coexistence line is given by

z2 = 3z0 + 6z
2
0 + 4z

3
0 + z

4
0 , (5)

for large values of z0 and z2. Hence, in the limit z0 → ∞,
we have z2 ≈ z40 at the coexistence. This is indeed expected
since a 2NN particle effectively occupies a volume of four 0NN
ones.

To better understand the differences among the three phases,
especially between the two fluid ones, let us take a closer look
at the particle densities. The phase diagram in (ρ2, ρ0) space is
presented in Fig. 2(c), where one sees that the F0 phase is fea-
tured by large ρ0 and small ρ2, the opposite occurring in the S
phase, while in the RF phase both densities assume intermediate
values interpolating between the ones for the other two phases.
Figures 3(a)–3(c) display the densities ρ0 and ρ2 as functions of
z2 for three values of z0, chosen such that the three coexistence
lines are crossed. The first point to notice is that the S phase is

indeed always featured by ρ
(S)
2 ≫ ρ

(S)
0 , as expected, while an oppo-

site behavior is observed in the F0 one, namely, ρ
(F0)
0 ≫ ρ

(F0)
2 .

This confirms that this phase is indeed dominated by 0NN par-
ticles, as already anticipated by the fixed point symmetry. In the
RF phase, on the other hand, the densities strongly depend on

the activities. Anyhow, in general, one has that ρ
(RF)
2 > ρ

(RF)
0 and

ρ
(RF)
2 < ρ

(RF)
0 at the RF-S and RF-F0 coexistence, respectively. This

is also evidenced in the diagrams z0/(1 + z0) × ρ0 and z0/(1 + z0)× ρ2, depicted in Figs. 4(a)–4(b), where the densities at the coex-
istence lines are shown. Once we know the exact asymptotic
form of the coexistence line [Eq. (5)] and the fixed points there
for large z0, the densities of small and large particles can be

FIG. 3. Densities of small (ρ0) and large (ρ2) molecules as a function of z2 for (a) z0 = 0.5, (b) z0 = 0.65, and (c) z0 = 0.8. The vertical lines are located at the transition points
between the phases indicated in each case.
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FIG. 4. Phase diagrams in the variable z0/(1 + z0) as a function of the densities (a) ρ0 and (b) ρ2; and (c) in the pressure (P) vs molar fraction of 0NN particles (x0) plane. The
thicker lines are the displayed quantities at coexistence, with exception of the horizontal dotted lines, which indicate the triple point, where the three squares are connected.
The critical point is represented by the triangle and the thin horizontal solid line in (c) separates the regions above and below it. The insertion in (a) highlights the region
around these points.

obtained in such limit. This gives ρ
(F0)
0 ≈ 1 − 1

z0
and ρ

(F0)
2 ≈ 1

z9
0

in

the F0 phase and ρ
(S)
0 ≈ 1

4z3
0

and ρ
(S)
2 ≈ 1

4
− 1

4z3
0

in the S one, in fully

agreement with the behaviors presented in Figs. 4(a)–4(b). Particu-

larly, this explains the asymptotic linear variation observed in ρ
(F0)
0

in Fig. 4(a). We remark that we have refrained from referring to the
RF and F0 phases as gas and liquid, respectively, because the total
density of particles (ρT = ρ0 + 4ρ2) at coexistence can be larger in the
RF phase. For instance, for z0 = 0.65, whose densities are displayed

in Fig. 3(b), one finds ρ
(RF)
T ≈ 0.47 and ρ(F0)T ≈ 0.40 at the coexistence

point.
Figure 4(c) shows the phase diagram in the pressure-

composition (P, x0) plane, where the molar fraction of 0NN particles
was defined as x0 = ρ0/ρT . In such diagram, which is qualitatively
similar to the z0/(1 + z0) × ρ0 shown in Fig. 4(a), a detailed descrip-
tion of the several coexistence regions is presented. Although this
is not clear in the scale of Fig. 4(c), which highlights the region
around the critical and triple points, the (dashed-dotted) line for the

FIG. 5. (a) Isobaric curves of the total density of particles ρT vs z0 for pressures in the interval [0.38, 0.48]. The dotted line indicates the line of minimum density (LMD). In
(b), such curve is plotted along with the (z0, z2)-phase diagram and some spinodals.
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S phase and the (dashed) one for the F0 phase increase indefinitely
as x0 → 0 and x0 → 1, respectively. In fact, in such limits, which
correspond to z0, z2 → ∞ along the coexistence line, it is simple
to shown [from the asymptotic behaviors discussed around Eq. (5)]

that P(S) ∼ ln[1 + z0 + z2] ∼ ln z40 and P(F0) ∼ ln[1 + z0] ∼ ln z0. So,
from the asymptotic behavior of the densities just discussed above,

we readily obtain P(S) ∼ −ln x0, as x0 → 0, and P(F0) ∼ −ln[1 − x0],
for x0 → 1.

Interestingly, the total density of particles for the fluid phases,
calculated along isobaric curves, display a thermodynamic anomaly
characterized by minima in ρT × z0 curves, as shows Fig. 5(a). A
similar anomalous behavior is also found in ρT × z2 curves. The coor-
dinates (z0, z2) of such minima for different pressures give rise to a
monotonic increasing line of minimum density (LMD), which starts
below the CP, at z0 ≈ 0.333 when z2 → 0, enters the region where
the F0 phase is stable, crosses the F0-S coexistence line, continues
within the metastable F0 phase, and finally ends at a point where the
RF and F0 spinodals cross each other [see Fig. 5(b)]. This point is
located deep inside the region where the solid phase is more stable
so that one may say that the LMD extends to a region where the flu-
ids are super-cooled. We recall that a similar LMD was found in the
0NN-1NN mixture on the square lattice, where it also starts inside
the fluid phase but ends at the tricritical point present in suchmodel,
without passing through metastable regions.38

IV. FINAL DISCUSSIONS AND CONCLUSIONS

In summary, we have demonstrated that the athermal binary
mixture of 2NN molecules (excluding up to their second-nearest
neighbor sites) with 0NN ones (which only exclude the site they
are sited on) display a stable fluid-fluid demixing, yielding a very
rich thermodynamic behavior with three stable phases in the dia-
gram. The regular fluid (RF) and solid (S) phases are quite expected
since they are already present in the pure 2NN model. On the other
hand, the existence of a second fluid phase (F0) featured by a domi-
nance of 0NN particles, although it is somewhat expected because
of the nonadditivity of the mixture, turns out to be a very inter-
esting result, in face of its absence in other mixtures of kNN par-
ticles. We remark that other phases, such as columnar and smec-
tic (observed in some studies of hard cubes with faces parallel to
the cubic lattice12,32) are absent in our approach. This is consis-
tent with numerical simulations of the pure 2NN model on the
cubic lattice, where only a fluid and a solid phase were found.4

The fluid-fluid demixing observed here, but inexistent in the 0NN-
1NN mixtures analyzed (on planar lattices) so far, indicate that,
in the last case, the particle’s sizes are not so dissimilar to make
this transition stable. Following this thought, our results suggest
that 0NN-kNN mixtures, with k≥ 2, shall present two stable fluid
phases. Moreover, kNN-k′NN with k′ ⩾ k + 2 can be the condi-
tion for fluid-fluid demixing. These points are very important to
be analyzed in future works. We anticipate that unfortunately the
Husimi lattice built with elementary cubes does not capture the
symmetries of the solid phases of kNN particles for k > 2 so that
other methods shall be employed to investigate mixtures with larger
k’s. Particularly important might be Monte Carlo simulations for
kNN mixtures on the cubic lattice, even to confirm the fluid-fluid
demixing observed here, where the differences in particle densities
in both fluid phases [as demonstrated in Fig. 3(b)] might be very

important to distinguish them and to determine the possible transi-
tion lines.

Finally, we notice that the thermodynamic anomalies observed,
e.g., in water and other polymorphic fluids usually require a com-
plex modeling to be reproduced.44 Our system, similarly to the
0NN-1NN mixture on other lattices,38,39 demonstrates that a den-
sity anomaly can arise in such very simplified models for fluids.
Although minima in the isobaric curves of the total density are
observed here, whereas in water, for example, there exist maxima,
this indicates that athermal binary mixtures might be useful as a
starting building block for the modeling of complex fluids.
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APPENDIX: FREE ENERGY IN A HUSIMI LATTICE
BUILT WITH CUBES

A M-generation Cayley tree built with cubes has Ns = 8 × 7M

sites at the surface and Nb = 4[7M − 1]/3 ones in the bulk. Hence, in
contrast to regular lattices, the tree is dominated by surface sites in
the thermodynamic limit (M → ∞). Thereby, in order to calculate
the free energy in the bulk of such Cayley tree (i.e., in the Husimi
lattice), we have to discount the surface contribution. Once the free
energy of a M-generation tree is ΦM = Φ̃M kBT = − lnYM , follow-
ing Ref. 40, if we assume that 𝜙b and 𝜙s denote the free energy per
site of bulk and surface sites, respectively, then, we may also write
ΦM = Nb𝜙b + Ns𝜙s. From here, it is a simple matter to see that

𝜙b = 1

8
(ΦM+1 − 7ΦM) = −1

8
ln[YM+1

Y7
M

]. (A1)

From Eq. (2), we have YM = [A(M)0 B
(M)
0 C

(M)
0 D

(M)
0 ]2y, while Eq. (1a)

demonstrates that A
(M+1)
0 = A

(M)
0 (B(M)0 C

(M)
0 D

(M)
0 )2R(A)0 and sim-

ilar relations can be obtained for the other sublattices by cyclic
permutations of their labels. Substituting these expressions into the

rhs of Eq. (A1), we arrive at Eq. (4). We note that y and R
(K)
0 , for

K = A, . . ., D, do depend only on the ratios and, so, are independent
ofM in the thermodynamic limit.
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We study binary mixtures of hard particles, which exclude up to their kth nearest neighbors (kNN) on the

simple cubic lattice and have activities zk . In the first model analyzed, point particles (0NN) are mixed with 1NN

ones. The grand-canonical solution of this model on a Husimi lattice built with cubes unveils a phase diagram

with a fluid and a solid phase separated by a continuous and a discontinuous transition line which meet at a

tricritical point. A density anomaly, characterized by minima in isobaric curves of the total density of particles

against z0 (or z1), is also observed in this system. Overall, this scenario is identical to the one previously found

for this model when defined on the square lattice. The second model investigated consists of the mixture of 1NN

particles with 2NN ones. In this case, a very rich phase behavior is found in its Husimi lattice solution, with

two solid phases—one associated with the ordering of 1NN particles (S1) and the other with the ordering of

2NN ones (S2)—beyond the fluid (F ) phase. While the transitions between F -S2 and S1-S2 phases are always

discontinuous, the F -S1 transition is continuous (discontinuous) for small (large) z2. The critical and coexistence

F -S1 lines meet at a tricritical point. Moreover, the coexistence F -S1, F -S2, and S1-S2 lines meet at a triple point.

Density anomalies are absent in this case.

DOI: 10.1103/PhysRevE.100.032112

I. INTRODUCTION

Hard spheres (and hard disks in two dimensions) interact-

ing only through an infinite hard-core potential form the sim-

plest interacting models for a classical fluid. Such athermal

models have received a lot of attention in the last decades,

because they allow us to investigate only the entropic effect

on the thermodynamics of fluids and for their appealing role

in the modeling of granular systems [1]. In the monodisperse

case, a first-order fluid-solid transition has been observed

in numerical simulations of hard spheres [2–4]. For binary

mixtures of particles with dissimilar sizes, several solid phases

may arise [see, e.g., Ref. [5] and references therein]. More-

over, beyond the freezing transition, the existence of solid-

solid and fluid-fluid demixing transitions are also expected.

For nonadditive mixtures of hard particles a demixing is

expected because particles fill the space more effectively when

separated into pure phases [6–9]. Numerical simulations of

binary nonadditive mixtures of hard spheres have indeed con-

firmed this [8,10]. In the case of additive mixtures the scenario

is a bit more controversial, with the possibility of fluid-fluid

phase separation being demonstrated in some recent analytical

treatments, provided that the particle’s sizes are dissimilar

enough [11,12], in contrast with elder analytical approaches

ruling out the demixing [13]. However, in general, fluid-

solid or solid-solid coexistence can preempt the fluid-fluid

transition [see, e.g., Refs. [14,15] and references therein].

When defined on a lattice, the hard spheres (and disks) are

approximated by kNN particles, i.e., particles which forbid up

*nathan.rodrigues@ufv.br
†tiago@ufv.br

to their kth nearest neighbor (NN) sites of being occupied. The

0NN case consists of point particles which do not interact and,

so, do not undergo any transition. However, pure kNN models

with k � 1 are known to present fluid-solid transitions. For

instance, the 1NN case on the triangular lattice is the famous

hard-hexagon model exactly solved by Baxter [16,17], whose

continuous fluid-solid transition belongs to a universality class

different from the Ising one found for this model on the square

lattice [18]. In the cubic lattice, 3D Ising exponents have been

found for the 1NN model [19,20]. While recent works indicate

that the transition in the 2NN model on the square lattice is

continuous, its universality class is still a subject of debate

(see, e.g., Refs. [21,22] and references therein). On the cubic

lattice, a discontinuous fluid-solid transition has been found

for this model both on numerical simulations [23] and mean-

field approximations [24]. For larger k’s, discussions on the

behavior can be found in Refs. [22,25] for the square and [23]

for the cubic lattice.

As an aside, let us notice that entropy-driven transitions

have been also investigated for other particle shapes, such as

cubes [26], dimers [27], rectangles [28], rods [29], triangles

[30], Y-shaped [31], etc., on different lattices. Some binary

mixtures of hard lattice gases with isotropic [10,32–37] and

anisotropic particles [38–45] have been also analyzed, which

in several cases exhibit fluid-fluid or solid-solid demixing

transitions.

Curiously, however, mixtures of kNN particles are far less

explored. For instance, the 0NN-1NN case has been inves-

tigated on the square lattice by means of series expansions

[46] and transfer matrix calculations [47,48]. These later

studies revealed a grand-canonical phase diagram featured by

a fluid and a solid phase separated by a continuous and a

discontinuous transition line, which meet at a tricritical point.

2470-0045/2019/100(3)/032112(10) 032112-1 ©2019 American Physical Society
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FIG. 1. (a) Illustration of part of a Husimi lattice built with cubes. The ground states of the solid S1 (b) and S2 (c) phases on the cubic

lattice. Definitions of sublattices in an elementary cube used to solve the 0NN-1NN (d) and 1NN-2NN (e) mixtures. (f) Possible states of the

root site, where 0NN, 1NN and 2NN particles are indicated by an open square, a full square and a circle, respectively.

The same scenario was found in a mean-field solution of this

model on the Bethe lattice [49]. Interestingly, such model

display a thermodynamic anomaly characterized by minima

in isobaric curves of the total density of particles [48,49].

On the triangular lattice, some authors [50,51] claimed to

have numerically found a fluid-fluid transition, yielding three

stable (gas-liquid-solid) phases for the 0NN-1NN mixture.

However, evidence against the fluid-fluid demixing have been

presented in other works [34,52]. Particularly, in Ref. [52]

strong numerical evidence for a phase diagram similar to the

one just discussed for the square lattice was presented.

On the cubic lattice, for the best of our knowledge, only

the 0NN-2NN mixture has been considered up to now, via a

semianalytical (mean-field) solution of the model on a Husimi

lattice built with cubes [24]. Interestingly, a stable fluid-fluid

transition was found in this system, so that three stable phases

are present in its grand-canonical phase diagram: two fluids

(being one regular and other featured by a dominance of

point particles) and a solid phase. These phases are separated

by first-order transition lines which meet at a triple point,

while the fluid-fluid coexistence line ends at a critical point.

A density anomaly similar to the one found on the square

lattice 0NN-1NN model is also present in this system. In

face of the scarcity of binary systems presenting fluid-fluid

transitions, it turns out very important to extend the existing

studies for other mixtures of kNN particles, in order to de-

termine the conditions (e.g., the difference in particle size)

necessary for its onset. Moreover, binary mixtures of hard

particles are certainly more appealing for the modeling of real

fluids or granular matter than the monocomponent case—for

instance, binary mixtures of colloidal hard-spheres have been

widely studied [53]—which also justify further investigations

of these systems.

Here, we address this by analyzing the mixtures of 0NN-

1NN and 1NN-2NN particles defined on the simple cubic lat-

tice. From semianalytical grand-canonical solutions of these

models on Husimi lattices built with cubes [see Fig. 1(a)],

we demonstrate that no fluid-fluid demixing occurs in such

mixtures, in contrast with the 0NN-2NN one [24]. In fact,

the thermodynamic behavior of the 0NN-1NN model is qual-

itatively the same described above for its counterpart on

the square lattice. For the 1NN-2NN mixture, a solid-solid

demixing is found, between the ordered phases characteristic

of the 1NN and 2NN particles, while a single fluid phase

is present in the system. These three phases give rise to a

very rich phase diagram, with continuous and discontinuous

transitions lines, a tricritical and a triple point.

The rest of the paper is organized as follows. In Sec. II we

define the models and devise their solutions on the Husimi

lattice built with cubes. The thermodynamic properties of the

0NN-1NN and 1NN-2NN mixtures are presented in Secs. III

and IV, respectively. In Sec. V our final discussions and con-

clusions are summarized. Some details on the model solutions

are presented in the Appendix.

II. MODELS AND THEIR SOLUTION ON A HUSIMI

LATTICE BUILT WITH CUBES

We consider lattice gases consisting of binary mixtures

of hard particles placed on (and centered at) the vertices of

a cubic lattice. Assuming that the lattice spacing is a, the

small particles (0NN) are cubes of lateral size λ = a, which

occupy a single lattice site and do not exclude their neighbors.

However, the larger 1NN (2NN) particles are cubes of lateral

size λ =
√

2a (λ =
√

3a) placed on the lattice in a way that

they exclude their first (first and second) nearest neighbors. An

activity zk is associated with each kNN particle. The mixture

0NN-2NN (z1 = 0 case) was already investigated by us in

Ref. [24], so here we will focus on the cases z2 = 0 and z0 =
0, corresponding, respectively, to the mixtures 0NN-1NN and

1NN-2NN.

Let us remark that while the pure 0NN system (z1 = z2 =
0) can be trivially solved and does not display any transition,

the pure 1NN (z0 = z2 = 0) and 2NN (z0 = z1 = 0) models

032112-2
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on the cubic lattice are known to undergo a continuous and

a discontinuous transition, respectively, from disordered fluid

phases to ordered solid ones [23]. As illustrated in Figs. 1(b)

and 1(c), both solid phases are characterized by a sublattice

ordering. In the 1NN solid (S1) phase one of two sublattices

is preferentially occupied and in the ground state (the full

occupancy limit) the density per site of 1NN particles is

ρ1 = 1/2. In the 2NN solid (S2) phase one of four sublattices

is more occupied and the maximum density of 2NN particles

is ρ2 = 1/4. Therefore, to investigate the 0NN-1NN mixture

one has to divide the lattice into two sublattices (A and B), as

shows Fig. 1(d). For the 1NN-2NN system, eight sublattices

[as defined in Fig. 1(e)] are need in order to capture the

symmetries of both S1 and S2 phases.

Following our previous study of the 0NN-2NN mixture

[24], instead of investigating the models on the simple cubic

lattice, we will solve them on a Husimi lattice built with

cubes [see Fig. 1(a)]. Let us note that the solution of a given

model in the core of a Cayley tree of coordination q usually

corresponds to the (mean-field) Bethe approximation for this

model on a regular lattice with the same coordination, and

for this reason this is known as the Bethe lattice [17]. Once

the Cayley tree (and so the Bethe lattice) has no loops, an

improved approximation can be obtained by building such tree

with polygons or polyhedrons. The core of this cactus is the

Husimi lattice [54]. We remark that solutions on these lattices

usually provide the qualitatively correct thermodynamic be-

havior of the investigated models, as is indeed the case for the

0NN-1NN mixture on the square [47,48] and Bethe lattices

[49]. Moreover, for certain lattice gases even a quantitative

agreement with Monte Carlo simulation results on regular

lattices have been observed [55,56].

To solve the kNN mixtures on Husimi lattices, we proceed

as usual by defining partial partition functions (ppf’s) accord-

ing to the state of the root site of an elementary cube. As

shows Fig. 1(f), in general, for each sublattice the root site

can be empty ( j = ∅), occupied by a 0NN ( j = 0), a 1NN

( j = 1), or a 2NN particle ( j = 2). In the 0NN-1NN model

only j = ∅, 0, and 1 are allowed and since there are two

sublattices one has a total of six possible states for the root

site (and, so, six ppf’s). The situation worsen in the 1NN-2NN

mixture, where j = ∅, 1 and 2 are allowed and there are eight

sublattices, totaling 24 states.

Let us now consider the operation of attaching seven cubes

to the vertices of another cube, with exception of the root site.

This give us a 1-generation subtree. Repeating this process

by attaching the root sites of seven subtrees to the vertices

of another new cube, we can build a (M + 1)-generation

subtree from seven M-generation ones. So, if we keep the

root site of the new cube in a given state s and sublattice g,

and sum over all the possible ways of attaching the seven

M-generation subtrees to it, then we obtain the ppf g′
s in

generation (M + 1) as a function of the ppf’s g j in generation

M, with s, j = ∅, 0, 1 and g = a, b in the 0NN-1NN case

and s, j = ∅, 1, 2 and g = a1, a2, . . . , d1, d2 in the 1NN-

2NN model. Therefore, we obtain six (twenty-four) recursion

relations (RRs) for the ppf’s of the 0NN-1NN (1NN-2NN)

mixture. These RRs are presented in the Appendix. Since they

diverge in the thermodynamic limit (M → ∞), we will work

with ratios of them. From the RRs for the ppf’s, we may

define 4 (16) RRs for the ratios in the 0NN-1NN (1NN-2NN)

model, whose definitions are also presented in the Appendix.

The stable (real and positive) fixed points of these last RRs

gives us the stable thermodynamic phases of the models. To

determine the stability limits of a given phase, we calculate the

Jacobian matrix at the related fixed point. Wherever the largest

eigenvalue (�) of this matrix is smaller than 1, the fixed point

is stable, as well as the corresponding thermodynamic phase.

The condition � = 1 defines the stability limits.

The partition function (Y ) of the models can be obtained,

similarly to the ppf’s, by attaching the root sites of eight

subtrees to the eight vertices of a central cube. For the 0NN-

1NN mixture, it can be written in a compact form, e.g., as

Y = a∅a′
∅

+ z0a0a′
0 + z1a1a′

1 = (a∅b∅)4y, (1)

where y depends only on the activities and ratios A j = a j/a∅
and B j = bi/b∅, with j = 0, 1 (see the Appendix) and, so,

it attains a constant value in the thermodynamic limit. Using

Eqs. (A1) in the Appendix to write down the expanded ex-

pression for y, the densities of small and large particles at the

central cube, in sublattice A, are given, respectively, by

ρ
(A)
0 =

A0

8Y

∂Y

∂A0

and ρ
(A)
1 =

A1

8Y

∂Y

∂A1

. (2)

By replacing A to B one obtains the densities in sublattice B.

Thence, ρ j = ρ
(A)
j + ρ

(B)
j gives the total density of small ( j =

0) and large ( j = 1) particles at the central cube in the 0NN-

1NN mixture. We can obtain Y and the densities in a similar

fashion for the 1NN-2NN system, as devised in the Appendix.

The bulk free energy (per site) of each phase of the models

can be calculated following the ansatz proposed by Gujrati

[57], and discussed in detail for Husimi lattices built with

cubes in Ref. [24]. For the 0NN-1NN model it reads

φb = −
1

8
ln

[

(A∅B∅)4

y6

]

, (3)

where A∅ = a′
∅

/a3
∅

b4
∅

and B∅ = b′
∅

/a4
∅

b3
∅

. The equivalent

expression for the 1NN-2NN mixture is presented in the

Appendix. In general, in regions of the parameter space where

two or more phases are stable, the equality of their free en-

ergies will define the points, lines, or surfaces of coexistence

(where the first-order transitions take place). Since each lattice

site occupies a volume v0 = a3, the pressure (in our grand

canonical formalism) is given by P = −φ/a3.

III. THERMODYNAMIC BEHAVIOR

OF THE 0NN-1NN MIXTURE

Before discussing the 0NN-1NN system, it is interesting

to analyze the pure 1NN lattice gas. Once z0 = 0 in this

case, one has A0 = A1 = A and B0 = B1 = B, so that only

two recursion relations (RRs, A and B) have to be analyzed

(see the Appendix). For small activity (z1 � 0.8298) only a

homogeneous, disordered fluid phase with A = B is stable,

while for large activity (z1 � 0.8298) there are two equivalent

fixed points, where A = R > B = r or A = r < B = R. These

last ones correspond to the two possible states of the ordered

solid (S1) phase. Since the stability limits of both fluid and

S1 phases coincide at z1,c = 0.8298 this is a critical point and

there is a continuous fluid-solid transition in this model. This
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is consistent with several numerical studies of the 1NN model

on the cubic lattice, where a critical point located at z1 ≈ 1.05

has been found [19,20,23], which is a bit larger than the value

from our mean-field approximation, as expected. In agreement

with this, the critical density in the cubic lattice is given by

ρ1,c ≈ 0.21 [23,58], while here one finds a slightly smaller

value ρ1,c = 0.1762.

By including the 0NN particles in the system, we observe

that A0 �= A1 and B0 �= B1, so that now we have to deal

with four RRs for the ratios. In the fluid phase A j = B j ,

while in the solid phase A j > B j when sublattice A is the

one more populated, for j = 0, 1. For small activity (and so

density) of point particles, one still find a continuous fluid-

solid transition, which becomes discontinuous for large z0.

Namely, for small z0 the stability limits of the fluid and solid

phases are coincident, giving rise to a critical line, but for

z0 > z0,TC = 0.5958 (and z1 > z1,TC = 1.1277) they become

different, yielding a coexistence region [see Fig. 2(a)]. From

the equality of the free energies of both phases, one finds

a first-order transition line which starts at (z0,TC, z1,TC) and

extends to z0, z1 → ∞. In such limit, the fixed point of the S1

phase is given, e.g, by A0 = A1 = 1 and B0 = B1 = 0, while

the F phase is characterized by A0 = B0 = 1 and A1 = B1 =
0. By calculating the free energy with these limiting values,

we find that the F -S1 coexistence line is given by

z1 ≃ z2
0 + z0, (4)

for large z0 and z1. Therefore, for z0 → ∞ we have z1 ≈ z2
0,

which is consistent with the fact that effectively one 1NN

particle occupies the volume of two 0NN ones.

The critical line starts at (z0, z1) = (0, 0.8298) and tangen-

tially meet the coexistence line at (z0,TC, z1,TC), demonstrating

that this is a tricritical point. In contrast with the coexistence

line, which is a monotonic increasing function of z0 [in (z0, z1)

space], the critical line initially decreases with z0, having a

slope dz1/dz0|z0→0 = −1. Then, it passes through a minimum

at (z0, z1) = (0.1974, 0.7284) and finally increases towards

the tricritical point. See Fig. 2(a). Such initial decreasing of

the critical line shows that a small density of small particles

facilitates the ordering of the large ones, which is certainly due

to an effective attractive depletion interaction among the 1NN

particles. We remark that a very similar behavior have been

found for small z0’s in the solution of the 0NN-2NN mixture

on a Husimi lattice built with cubes [24], although in such case

the fluid-solid transition is discontinuous. Moreover, in studies

of the 0NN-1NN model on the square [47,48] and Bethe

lattice [49] a minimum in the critical fluid-solid transition line

has also been found. Actually, the full phase diagram for the

0NN-1NN mixture on these lattices is qualitatively identical

to the one found here, with a continuous and a discontinuous

transition line meeting at a tricritical point [47–49].

This is true also for the diagram in density space, as dis-

played in Fig. 2(b), where the critical line starts at (ρ0, ρ1) =
(0, 0.1762) and ends at the tricritical point, which is located

at (ρ0,TC, ρ1,TC) = (0.2190, 0.0761). There, one can see that

in general the solid phase is featured by a small density of

0NN particles (ρ0 � ρ0,TC), whereas the opposite happens

in the fluid phase (where ρ1 � 0.1762). For large z0 (and

z1), using the asymptotic behaviors discussed above for the

RRs and coexistence line, it is straightforward to demon-
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FIG. 2. Phase diagrams for the 0NN-1NN mixture in (a) ac-

tivities (z1, z0), (b) densities (ρ0, ρ1), and (c) pressure-composition

(P, x0) spaces. In all panels, the solid (blue) and dashed (red) lines

indicated the continuous and discontinuous transitions loci, respec-

tively. The dash-dotted (green) lines are the LMDs. The tricritical

point (TC) is indicated by the circle. The dotted lines in (a) are the

spinodals, while in (b) they are tie lines. The inset in (a) highlights

the region around the minimum in the critical line and the TC point.

strate that ρ
(S1)
0 ≈ 1

2z0
and ρ

(S1)
1 ≈ 1

2
− 1

2z0
in the solid phase,

while ρ
(F )
0 ≈ 1 − 1

z0
and ρ

(F )
1 ≈ 1

z5
0

in the fluid one. Thereby,

as z0 → ∞ one obtains the expected densities in the full
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occupancy limit: ρ
(S1)
0 → 0 and ρ

(S1)
1 → 1/2, and ρ

(F )
0 → 1

and ρ
(F )
1 → 0, as indeed observed in Fig. 2(b).

The fluid-solid demixing transition is also clearly observed

in the pressure (P) versus composition (x0) phase diagram

displayed in Fig. 2(c). Here, the molar fraction of 0NN

particles was defined as x0 = ρ0/ρT , where ρT = ρ0 + 2ρ1

is the total density of particles. In this phase diagram one

sees that for small pressures (P < 0.3219) only the fluid

phase is stable, regardless the composition x0. For larger P,

up to the tricritical point, which is located at (x0,TC, PTC) =
(0.5898, 0.5258), there is a continuous F -S1 transition line.

For P > PTC a coexistence region is observed. We notice that

in the limit of large P (corresponding to large z0 and z1) the

molar fraction in the fluid and solid phase tend to x0 = 1 and

x0 = 0, respectively. In this limit, it is simple to demonstrate

that P diverge as P(F ) ∼ − ln(1 − x0) and P(S1) ∼ − ln(x0).

Finally, let us notice that, similarly to what happens in the

0NN-1NN mixture on the square lattice, a density anomaly is

also observed in our cubic approximation, which is character-

ized by minima in the isobaric curves of the total density of

particles ρT against z0 (or z1). A behavior analogous to the

ones displayed, e.g., in Figs. 5(a) and 6 from Refs. [24] and

[48], respectively. The (z0, z1) coordinates of these minima

gives rise to a line of minimum density (LMD), which is

also shown in the phase diagram of Fig. 2(a). Such line starts

inside the fluid phase at z0 ≈ 0.2 as z1 → 0, which is a result

consistent with the one analytically predicted in the solution

of the model on the Bethe lattice [49], where the LMD was

found to start at z0 = 1/(q − 1), with q being the lattice

coordination (q = 6, here). Then, the LMD crosses the stable

and metastable fluid regions, ending at the spinodal of this

phase. The LMD in other thermodynamic variables are also

depicted in the Figs. 2(b) and 2(c), where the same behavior

is observed, as expected. We remark that such behavior is

somewhat different from that found on the square lattice,

where the LMD seems to end at the tricritical point [48,49].

However, it is similar to the LMD found for the 0NN-2NN

mixture on the Husimi lattice built with cubes, which also

ends inside the region where the fluid is metastable [24],

indicating that this can be a general feature of the LMDs of

such mixtures in the cubic lattice. Regardless the location of

their end points, in all these systems the LMDs divide the fluid

phase in two regions: a regular one, for small z0, ρ0 and x0,

where ∂ρT /∂z0 < 0, as expected; and the anomalous region,

for large z0, ρ0, and x0, where ∂ρT /∂z0 > 0.

IV. THERMODYNAMIC BEHAVIOR

OF THE 1NN-2NN MIXTURE

Now, we investigate the 1NN-2NN model. Let us start

noticing that three stable phases are found in this system: (i)

the isotropic, disordered fluid (F ) phase, for which the RRs

(at the fixed point) have the form Ai, j = Bi, j = Ci, j = Di, j

for i = 1, 2 and j = 1, 2; (ii) the solid (S1) phase, associated

with the ordering of 1NN particles, whose fixed point is

featured by, e.g., A1, j = B1, j = C1, j = D1, j > A2, j = B2, j =
C2, j = D2, j , for j = 1, 2, when the sublattices indexed by 1

[see Fig. 1(e)] are the more populated ones; and (iii) the solid

(S2) phase, associated with the ordering of 2NN particles,
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FIG. 3. (a) Stability limits of the three stable (fluid, S1 and S2)

phases found in the 1NN-2NN mixture. (b) Phase diagram of this

model in variables z1, z2. In (b), the solid and dashed lines represent

continuous and discontinuous transitions, respectively. The triple

point is indicated by a circle and the tricritical point by a triangle.

The inset highlights the region around the minimum in the F -S2

coexistence line.

where we find, e.g., Ai, j > Bi, j = Ci, j = Di, j , for i = 1, 2

and j = 1, 2, when the sublattices labeled by A are the ones

more occupied. Although the notations are different, the fixed

points’ symmetries for the fluid and S1 phases are the same

from the previous section. Since for the pure 1NN model

(z2 = 0) a continuous fluid-solid (F -S1) transition is found

(as discussed above), we might expect to find a continuous

F -S1 transition line for small z2. However, for the pure 2NN

model (z1 = 0) a discontinuous fluid-solid (F -S2) transition

takes place, as observed by Panagiotopoulos [23] in Monte

Carlo simulations on the cubic lattice and by us in the cubic

Husimi lattice approximation [24]. Therefore, for small z1 a

first order F -S2 transition line is expected. Such behaviors are

indeed found here for the 1NN-2NN mixture, as confirmed in

Fig. 3. There, the stability limits of the three stable phases

are shown in panel (a), where one sees that for small z2

the spinodals of the fluid and S1 phases indeed coincide,

up to (z1,TC, z2,TC) = (1.5273, 2.5016), after which they be-

come different, giving rise to a coexistence region between

these phases. The spinodal of the S2 phase, however, never

032112-5



NATHANN T. RODRIGUES AND TIAGO J. OLIVEIRA PHYSICAL REVIEW E 100, 032112 (2019)

coincides with the ones for the fluid and S1 phases, with ex-

ception of few points where they cross each other, indicating

that such phases are always separated by first order transition

lines.

In fact, from the equality of the bulk free energies, three

coexistence (F -S1, F -S2 and S1-S2) lines are obtained, all

of them meeting at a triple point, located at (z1,TP, z2,TP ) =
(2.3102, 7.8746). See Fig. 3(b). The F -S1 coexistence line

tangentially meet the F -S1 critical line at (z1,TC, z2,TC), show-

ing that this is a tricritical point. The F -S2 coexistence

line starts at z1 = 0 (and z2 = 5.7932) and ends at the

triple point. In between, however, it presents a minimum

located at (z1, z2) = (0.5702, 5.4907), as shows the insertion

in Fig. 3(b). Therefore, initially this line decreases, indicating

that a small fraction of 1NN particles facilitates the ordering

of the larger 2NN ones. This is similar to the effect of the

0NN particles on the ordering of 1NN ones discussed in the

previous section or in Refs. [48,49] for the square lattice, as

well as on the ordering of 2NN particles, as demonstrated

in Ref. [24] for the 0NN-2NN mixture. Interestingly, in all

these systems the initial slope of the decreasing critical or

coexistence lines is dzk/dz0|z0→0 = −1 (with k = 1, 2), and

here one also finds dz2/dz1|z1→0 = −1.

The S1-S2 coexistence line starts at the triple point and

extends to z1, z2 → ∞. In such limit, one finds that all RRs

vanish in S1 phase, with exception, e.g., of A1,1 = B1,1 =
C1,1 = D1,1 = 1, while in the S2 phase one has, e.g., Ai, j = 1

and Bi, j = Ci, j = Di, j = 0, for i = 1, 2 and j = 1, 2. Insert-

ing these limiting values in the free energies, we find the S1-S2

coexistence line as

z2 ≃ z2
1 + z1, (5)

for large z1. So, for z1 → ∞ one obtains z2 ≈ z2
1, which

is again consistent with the fact that effectively two 1NN

particles occupy the same volume of a 2NN one.

To let clear the differences among the three phases,

specially between the two solid ones, it is worthy analyzing

in detail the particle densities. Figures 4(a)–4(c) display the

densities ρ1 and ρ2 as functions of z2 for three values of z1,

chosen such that all transition lines are crossed, where the

continuous and discontinuous nature of the transitions are

confirmed. As expected, for all phases and parameters ρ1

decreases, while ρ2 increases, with z2. The S1 (S2) phase is

always featured by a large density of 1NN (2NN) particles

and a small density of 2NN (1NN) ones. In the fluid phase,

however, the densities are more sensitive to the activities.

For instance, at the F -S2 coexistence we find ρ
(F )
1 < ρ

(F )
2

for z1 = 1, but ρ
(F )
1 > ρ

(F )
2 for z1 = 2 [see Figs. 4(a) and

4(b)]. These density behaviors are also confirmed in the

phase diagram in the (ρ1, ρ2) space, which is depicted in

Fig. 5(a). In such diagram, the tricritical point is located at

(ρ1,TC, ρ2,TC) = (0.1463, 0.0435), while at the triple point

one has (ρ
(F )
1 , ρ

(F )
2 ) = (0.1126, 0.0823), (ρ

(S1)
1 , ρ

(S1)
2 ) =

(0.3000, 0.0115) and (ρ
(S2)
1 , ρ

(S2)
2 ) = (0.0550, 0.1679). The

F -S1 critical line starts at (ρ1, ρ2) = (0.1762, 0) and ends at

the tricritical point. From the asymptotic behaviors discussed

above for the RRs and the S1-S2 coexistence line in the

limit of large z1, it is easy to show that ρ
(S1)
1 ≈ 1

2
− 1

2z1
and

ρ
(S1)
2 ≈ 1

2z4
1

, while ρ
(S2)
1 ≈ 1

4z1
and ρ

(S2)
2 ≈ 1

4
− 1

4z1
. Hence,
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FIG. 4. (a) Densities of small ρ1 and large ρ2 particles in the

indicated phases, for the 1NN-2NN mixture, as functions of z2 for

(a) z1 = 1, (b) z1 = 2, and (c) z1 = 3. The vertical lines are the

transition loci between the indicated phases.

for z1 → ∞ we obtain ρ
(S1)
1 → 1/2 and ρ

(S1)
2 → 0, and

ρ
(S2)
1 → 0 and ρ

(S2)
2 → 1/4, as expected and confirmed in

Fig. 5(a).

Figure 5(b) shows the phase diagram in pressure-

composition (P, x1) plane, where the molar fraction of 1NN

particles was defined as x1 = 2ρ1/ρT , with ρT = 2ρ1 + 4ρ2

being the total density of particles in this model. For small

pressures, specifically for P < 0.3219, only the fluid phase

is stable, but above this point the S1 phase becomes also
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FIG. 5. Phase diagrams for the 1NN-2NN mixture in (a) density

(ρ1, ρ2) and (b) pressure-composition (P, x1) space. In both panels

the solid and dashed lines denotes the continuous and discontinuous

transitions, respectively. The tricritical point is indicated by the tri-

angle, while the circles represent the triple point, which are connect

by thicker dotted lines. The thin dotted lines in (a) are tie lines.

stable and both phases are separated by the critical line. This

line ends at the tricritical point, located at (PTC, x1,TC) =
(0.4816, 0.6270), above which a F -S1 coexistence appears.

For higher pressures, the F -S2 and S1-S2 coexistences also

show up. For instance, the F -S2 one starts at (P, x1) =
(0.4822, 0). The triple point, which separates the three regions

where each kind of coexistence is the stable one, is located

at PTP = 0.6059, where x
(S2)
1 = 0.1408, x

(F )
1 = 0.4061 and

x
(S1)
1 = 0.9286. For large pressures the S1 line tends to x1 =

1, while the S2 one goes to x1 = 0, as expected. From the

asymptotic behaviors discussed above for the RRs, coexis-

tence line and densities, it is simple to demonstrate that P

diverges as P(S1) ∼ − ln(1 − x1) and P(S2) ∼ − ln(x1). These

behaviors are the same found in the previous section for the

0NN-1NN mixture and for the 0NN-2NN model in Ref. [24],

indicating that such logarithmic divergences are universal in

these systems.

Interestingly, in contrast with the other mixtures of kNN

particles studied so far, the isobaric curves of the total den-

sity of particles (ρT ) are always monotonic decreasing func-

tions of z1 or z2. Namely, no density anomaly exists in the

1NN-2NN mixture. This is certainly related to the fact that

now the fluid phase is limited to a region of small activities

and, so, of small densities. This contrasts with the 0NN-1NN

mixture (discussed above and in previous studies related to

square lattice [47–49]), as well as with the 0NN-2NN system

[24], where the fluid phase extends to z0 → ∞ and, then,

ρ
(F )
0 , ρ

(F )
T → 1. Once the anomaly appears for relatively large

densities of the small particles, this strongly suggests that it is

absent in the 1NN-2NN case because it is preempted by the

F -S1 transitions.

V. CONCLUSIONS

We have investigated two binary mixtures of (hard) kNN

particles, which exclude up to their kth nearest neighbors

and are discretized approximations for hard-spheres on the

cubic lattice. More specifically, we have obtained the grand-

canonical solution, on a Husimi lattice built with cubes, of

the model with point particles (0NN) and 1NN ones; and for

the mixture 1NN-2NN. The 0NN-1NN system displays the

same thermodynamic behavior already observed for it on the

square [46–48] and on the Bethe lattice [49], with a disordered

fluid (F ) and a solid (S1) phase where 1NN particles tend to

preferentially occupy one of two sublattices. Such phases are

separated by a critical line and a first-order transition line, both

meeting at a tricritical point. As demonstrated in Ref. [48],

the critical line and the tricritical point found for this mixture

on the square lattice belong to the critical and tricritical Ising

universality classes in 2D, respectively. Moreover, 3D Ising

exponents were obtained by Heringa and Blöte [19] for the

pure 1NN model on the cubic lattice. These results suggest

that the entire critical line, as well as the tricritical point might

be also in the 3D Ising universality classes. Furthermore, in

the Bethe lattice with coordination q = 6, which is also a

mean-field approximation for the cubic lattice, the tricriti-

cal point is located at (z0,TC, z1,TC) = (0.5333, 0.9957) [49],

which is smaller than the values found here: (z0,TC, z1,TC) =
(0.5958, 1.1277). Since the Husimi lattice solution is an im-

proved approach when compared with the Bethe lattice one,

this strongly suggests that (z0,TC, z1,TC) in the cubic lattice

shall be a bit larger than the values found here. Numerical

investigations of this mixture on the cubic lattice are necessary

to confirm these things.

For the 1NN-2NN mixture, a disordered fluid (F ) and the

ordered S1 phases are still present in the phase diagram and,

once again, they are separated by a critical and a coexistence

line, which meet at a tricritical point. Nonetheless, there exists

also a second solid (S2) phase, which is featured by the order-

ing of 2NN particles into one of four sublattices. Such phase

is separated from the F and S1 phases by first-order transition

lines. Therefore, beyond the fluid-solid (F -S1) demixing also

observed in the 0NN-1NN mixture, in the 1NN-2NN case

there exist also another fluid-solid (F -S2) demixing, as well as

a solid-solid (S1-S2) phase separation. In this case, the three

phases coexist at a triple point.

It is interesting to remark that the cubic Husimi lattice solu-

tion of the 0NN-2NN mixture presents a fluid-fluid demixing

[24], which is absent in the mixtures analyzed here. We have

indeed scanned the parameter space looking for additional

phases, even metastable ones, but it seems that only the three
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(F , S1 and S2) phases discussed above exist in our approach.

These results - together with the ones for the 0NN-1NN

model on the square lattice, where no fluid-fluid demixing was

observed [46–48] - indicate that the condition for observation

of fluid-fluid transitions in such systems might be kNN-k′NN

with k′ � k + 2 or, maybe, it is limited to 0NN-kNN mixtures,

with k � 2. This is also an important issue to be addressed in

future works.

Finally, let us remark that a density anomaly is present

in the 0NN-1NN mixture, but it is absent in the 1NN-2NN

one. Since this anomaly, which might be important for under-

standing more complex fluids, have already been observed in

previous studies of the 0NN-1NN mixture [48,49] and also

in the 0NN-2NN model [24], its absence in the 1NN-2NN

system suggests that the presence of point (0NN) particles

in the mixtures is imperative for its existence. In fact, in

0NN-kNN mixtures, only the fluid phase is expected to be

stable in the phase diagram for small enough activities (zk) of

the larger kNN particles, so that it shall exist for z0 ranging

from 0 to ∞. This was indeed observed in all mixtures of this

type investigated so far. For mixtures of the type kNN-k′NN,

with 0 < k < k′, the fluid phase is expected to be stable only

in a limited region of parameter space (for small zk and zk′ ),

since it shall present transitions (at least) for the two solid

phases associated with the ordering of both kNN and k′NN

particles, as indeed observed here in the 1NN-2NN model.

In this scenario, it may be the case that the density of small

particles ρk does not become so large within the fluid phase

to allow the onset of the anomalous behavior, which certainly

explain its absence in 1NN-2NN. For other mixtures of this

type, however, there is no guarantee that this shall happen. So,

once again, more studies of these kNN mixtures are important

to unveil what are the conditions for the appearance of such

entropy-driven anomaly. We notice that the symmetries of the

ordered phases of kNN systems with k > 2 cannot be captured

by a Husimi lattice built with cubes, so that other methods,

such as Monte Carlo simulations, shall be employed to answer

the important questions raised here.

ACKNOWLEDGMENTS

This work is partially supported by CNPq, CAPES, and

Fundação de Amparo à Pesquisa do Estado de Minas Gerais

(Brazilian agencies).

APPENDIX: ADDITIONAL DETAILS ON THE SOLUTIONS OF THE MODELS ON THE HUSIMI LATTICE

1. Recursion relations for the 0NN-1NN mixture

The recursion relations (RRs) for the partial partition functions (ppf’s) of the 0NN-1NN mixture, defined and obtained as

explained in Sec. II, when the root site is in the sublattice A, are given by

a′
∅

= a3
∅

b4
∅

{

3z2
1A2

1 + z3
1A3

1 + z3
0A3

0(1 + z0B0)4 + 3z2
0A2

0(1 + z0B0)[z1A1 + (1 + z0B0)3] + 3z1A1(1 + z0B0 + z1B1)

+ (1 + z0B0 + z1B1)4 + 3z0A0

[

z2
1A2

1 + 2z1A1(1 + z0B0) + (1 + z0B0)3(1 + z0B0 + z1B1)
]}

, (A1a)

a′
0 = a3

∅
b4
∅

{

3z2
1A2

1 + z3
1A3

1 + 3z1A1(1 + z0B0) + z3
0A3

0(1 + z0B0)4 + 3z2
0A2

0(1 + z0B0)[z1A1 + (1 + z0B0)3]

+ 3z0A0

[

z2
1A2

1 + 2z1A1(1 + z0B0) + (1 + z0B0)4
]

+ (1 + z0B0)3(1 + z0B0 + z1B1)
}

, (A1b)

a′
1 = a3

∅
b4
∅

[

1 + 3z1A1 + 3z2
1A2

1 + z3
1A3

1 + z0B0 + z3
0A3

0(1 + z0B0) + 3z2
0A2

0(1 + z1A1 + z0B0)

+ 3z0A0

(

1 + 2z1A1 + z2
1A2

1 + z0B0

)

+ z1B1

]

, (A1c)

where the capital letters A j and B j denote the ratios A j = a j/a∅ and B j = b j/b∅, for j = 0, 1. The RRs for the sublattice B are

given by a simple permutation between a (A) and b (B) in the expressions above. Moreover, the RRs for the ratios are obtained

by dividing the equations A1, namely, A′
j = a′

j/a′
∅

and B′
j = b′

j/b′
∅

, with j = 0, 1.

2. Solution of the 1NN-2NN mixture

For the 1NN-2NN mixture, the RRs for the ppf’s, when the root site is in sublattice A1, are given by

a′
1,∅ = b1,∅c1,∅d1,∅a2,∅b2,∅c2,∅d2,∅[1 + z1(C1,1 + B2,1 + A2,1 + D1,1 + C2,1 + B1,1 + z1{A2,1C2,1 + D1,1B1,1

+ B2,1[A2,1 + C2,1 + B1,1 + z1A2,1C2,1] + C1,1[D1,1 + C2,1 + B1,1 + z1D1,1B1,1]}
+ D2,1{1 + z1[A2,1 + D1,1 + C2,1 + z1A2,1C2,1 + B2,1(1 + z1A2,1)(1 + z1C2,1)]})

+ z2(D2,2 + C1,2 + B2,2 + A2,2 + D1,2 + C2,2 + B1,2) + z1z2(D1,1D2,2 + D2,1D1,2

+C1,1C2,2 + C2,1C1,2 + B1,1B2,2 + B2,1B1,2) + z2
2 (D1,2D2,2 + C1,2C2,2 + B1,2B2,2)] (A2a)

a′
1,1 = b1,∅c1,∅d1,∅a2,∅b2,∅c2,∅d2,∅

[

1 + z1(A2,1 + D1,1 + B1,1 + z1D1,1B1,1) + z2A2,2

+z1C1,1(1 + z1D1,1)(1 + z1B1,1)
]

(A2b)

a′
1,2 = b1,∅c1,∅d1,∅a2,∅b2,∅c2,∅d2,∅(1 + z1A2,1 + z2A2,2), (A2c)
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where Ai, j , Bi, j , Ci, j , and Di, j , with i = 1, 2 and j = 1, 2, are the ratios defined by

Ai, j =
ai, j

ai,∅

, Bi, j =
bi, j

bi,∅

, Ci, j =
ci, j

ci,∅

, Di, j =
di, j

di,∅

.

The RRs for such ratios are defined similarly, by dividing the expressions A2 with index j �= ∅ by the ones with j = ∅, for

a given sublattice. From cyclic permutations of the sublattice labels: A1 → B2, B2 → C1, C1 → D2, D2 → A1, together with

C2 → D1, D1 → A2, A2 → B1, B1 → C2, in this order [see Fig. 1(e)], we can obtain the RRs for the ppf’s and ratios for the

sublattices D2, C1 and B2. Then, the RRs for the sublattices A2, B1, C2 and D1 can be obtained from the ones for A1, B2, C1 and

D2, respectively, by exchanging all the sublattice indexes i (1 ↔ 2).

The partition function of the 1NN-2NN mixture reads

Y = a1,∅a′
1,∅ + z1a1,1a′

1,1 + z2a1,2a′
1,2 = a1,∅b1,∅c1,∅d1,∅a2,∅b2,∅c2,∅d2,∅y, (A3)

where y depends only on the ratios at the fixed point and on the activities (z1, z2). From the expanded expression for Y , we can

calculate the densities of small and large particles in a given sublattice, at the central cube, using definitions analogous to those

in Eq. (2).

The bulk free energy (per site) for the 1NN-2NN mixture is given by

φb = −
1

8
ln

[

A1,∅B1,∅C1,∅D1,∅A2,∅B2,∅C2,∅D2,∅

y6

]

, (A4)

where

A1,∅ ≡
a′

1,∅

b1,∅c1,∅d1,∅a2,∅b2,∅c2,∅d2,∅

, (A5)

and the other ones can be obtained from this expression by using the same scheme of permutations described above for

determining the ratios for other sublattices.
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We report the grand-canonical solution of a ternary mixture of discrete hard spheres defined on a Husimi lattice

built with cubes, which provides a mean-field approximation for this system on the cubic lattice. The mixture is

composed of pointlike particles (0NN) and particles which exclude up to their first (1NN) and second neighbors

(2NN), with activities z0, z1, and z2, respectively. Our solution reveals a very rich thermodynamic behavior, with

two solid phases associated with the ordering of 1NN (S1) or 2NN particles (S2), and two fluid phases, one being

regular (RF ) and the other characterized by a dominance of 0NN particles (F0 phase). However, in most part of

the phase diagram these fluid (F ) phases are indistinguishable. Discontinuous transitions are observed between

all the four phases, yielding several coexistence surfaces in the system, among which a fluid-fluid and a solid-

solid demixing surface. The former one is limited by a line of critical points and a line of triple points (where

the phases RF -F0-S2 coexist), both meeting at a special point, after which the fluid-fluid coexistence becomes

metastable. Another line of triple points is found, connecting the F -S1, F -S2, and S1-S2 coexistence surfaces. A

critical F -S1 surface is also observed meeting the F -S1 coexistence one at a line of tricritical points. Furthermore,

a thermodynamic anomaly characterized by minima in isobaric curves of the total density of particles is found,

yielding three surfaces of minimal density in the activity space, depending on which activity is kept fixed during

its calculation.

DOI: 10.1103/PhysRevE.101.062102

I. INTRODUCTION

In two recent works [1,2], we have investigated three

athermal binary mixtures of hard spheres placed on the cubic

lattice, where they are approximated by kNN particles, i.e.,

particles which exclude up their kth neighbors. The mixtures

considered were composed by pairs of the three smallest

“spheres” (0NN-1NN, 0NN-2NN, and 1NN-2NN) and grand-

canonical phase diagrams for these systems were obtained

through their solution on a Husimi lattice built with cubes

[1,2] [see Fig. 1(a)]. Such mean-field solutions display very

rich entropy-driven thermodynamic behaviors. In a brief,

in the 0NN-1NN case, a fluid (F ) and a solid (S1) phase

(associated with the ordering of 1NN particles) were found,

separated by a continuous and a discontinuous transition line,

both meeting at a tricritical point [1]. The same phases and

behavior were observed in the 1NN-2NN mixture, but now

another solid (S2) phase (associated with the ordering of 2NN

particles) is present in the system and it is separated from the

F and S1 phases by coexistence lines, which meet the F -S1

one at a triple point [1]. For the 0NN-2NN mixture, an even

more interesting scenario was found, with two fluid phases,

one regular (RF ) and another characterized by a dominance of

0NN particles (F0), beyond the S2 phase. Its phase diagram

displays a fluid-fluid demixing transition, characterized by a

RF -F0 coexistence line, which ends in a critical point and

also meet a RF -S2 and a F0-S2 coexistence line in a triple

point [2]. Another interesting feature observed in the 0NN-

*nathan.rodrigues@ufv.br
†tiago@ufv.br

1NN and 0NN-2NN mixtures is a thermodynamic anomaly

characterized by minima in isobaric curves of the total density

of particles. These different behaviors in the binary systems—

especially the absence of the density anomaly in the 1NN-

2NN case and the existence of the fluid-fluid demixing only

the 0NN-2NN mixture—lead us to inquiry how these things

are connected in the more general and interesting case of

the 0NN-1NN-2NN ternary mixture. In this paper we address

this by tackling the challenging problem of building up the

three-dimensional (3D) phase diagram for this ternary model,

once again by solving it on a cubic Husimi lattice.

We remark that ternary mixtures are central in a vast

number of systems. To name a few, we may cite ternary

quasicrystals [3], several chemical reactions involving three

species (e.g., 2H2 + O2 ⇌ 2H2O), mixtures of cholesterol and

lipids which play a key role in cell membranes [4,5], water-

oil-surfactant mixtures [6,7], and so on. Moreover, colloids

and granular matter in general are usually modeled as hard

spheres [8]. In fact, (thermal) models of ternary mixtures have

recently been used to investigate, e.g., critical Casimir forces

among colloidal particles dispersed in a binary solvent [9,10]

and the percolation of patchy colloids [11,12]. Regarding the

athermal case, ternary mixtures of hard spheres have been the-

oretically investigated using different approximation methods

[13–16] and in several works such approaches were compared

with both simulations [17–23] and experiments [24–29].

Despite these works considering the hard spheres in the

continuous space, as long as we know, ternary mixtures of

them on the lattice (i.e., of kNN particles) have never been

investigated so far. Actually, even binary mixtures of kNN

particles on the cubic (or any other three-dimensional) lattice

have never be studied before our recent works discussed

2470-0045/2020/101(6)/062102(11) 062102-1 ©2020 American Physical Society



NATHANN T. RODRIGUES AND TIAGO J. OLIVEIRA PHYSICAL REVIEW E 101, 062102 (2020)

FIG. 1. (a) Illustration of part of a Husimi lattice built with cubes. The ground states of the solid S1 and S2 phases, in the cubic lattice, are

displayed in (b) and (c), respectively. (d) Definition of the sublattice structure in an elementary cube of the Husimi lattice. (e) Representation of

the possible states ( j) for the root sites. They can be empty ( j = ∅) or occupied by a 0NN ( j = 0, open square), an 1NN ( j = 1, full square),

or a 2NN ( j = 2, circle) particle.

above, based on the cubic Husimi lattice solution [1,2]. On

the other hand, the 0NN-1NN mixture has been considered by

several authors on the triangular [30–32] and square lattice

[33–35], beyond a mean-field solution on the Bethe lattice

[36]. A central topic in these studies is the possibility of a

fluid-fluid demixing transition in kNN-binary mixtures. We

remark that in nonadditive mixtures, as is the case in kNN

ones, the demixed phases fill the space more effectively than

the mixed one, so that a demixing is expected; and it has

indeed been observed in several systems [37–47]. In the

kNN systems, while van Duijneveldt and Lekkerkerker [31]

claimed to have found a fluid-fluid demixing in the 0NN-1NN

mixture on the triangular lattice, strong evidence against this

have been presented by other authors [30,32], who observed

only fluid-solid transitions in this model, similarly to what is

found for this mixture on the square [33–35] and hierarchical

lattices [1,36].

Therefore, it seems that among all kNN-binary mixtures

investigated so far the 0NN-2NN case on the cubic Husimi

lattice is the single one presenting a stable fluid-fluid demixing

[2]. Hence, it is quite interesting to analyze what happens

with this transition when 1NN particles are introduced in this

system. As will be demonstrated below, the RF -F0 coexis-

tence still exists for small densities of 1NN particles, giving

rise to a fluid-fluid demixing surface in the 3D phase diagram

of the 0NN-1NN-2NN mixture. Such phase diagram is also

featured by several other coexistence surfaces, including a

solid-solid demixing one, a critical F -S1 surface and lines of

critical, tricritical, and triple points, giving rise to a very rich

thermodynamic behavior.

The rest of the paper is organized as follows. In Sec. II

the model is defined and solved on the cubic Husimi lattice in

terms of recursion relations, which are presented in the Ap-

pendix. Its thermodynamic behavior is discussed in Sec. III.

Our final discussions and concluding remarks are presented

in Sec. IV.

II. MODEL DEFINITION AND SOLUTION ON THE

HUSIMI LATTICE

The model considered here consists of a ternary mixture of

hard spheres, with diameter λ, defined on—and centered at the

vertices of—a cubic lattice. By assuming the lattice spacing

being a, the smallest (0NN) particles corresponds to spheres

of diameter λ = a, so that they occupy a single lattice site and

effectively do not interact with each other. The intermediate

(1NN) and largest (2NN) particles are spheres of diameters

λ =
√

2a and λ =
√

3a, respectively, which thus exclude up

to their nearest- and next-nearest neighbors of being occupied

by other particles. Let us remark that in our previous works

on binary mixtures [1,2], we have wrongly stated that the

1NN and 2NN particles would correspond to cubes of lateral

sizes λ =
√

2a and λ =
√

3a, respectively, instead of spheres.

An activity zk is associated with each kNN particle (with

k = 0, 1, 2) in our grand-canonical study of the model. It

is worthy recalling that while the pure 0NN model can be

exactly solved and it does not present any phase transition,

the pure 1NN and 2NN models on the cubic lattice are known

to undergo a continuous [48–51] and a discontinuous [51]

phase transition, respectively, from disordered fluid to ordered

solid phases.

The translational symmetry breaking of these solid phases

display sublattice ordering, as illustrated in Figs. 1(b) and

1(c). In the ground state (the full occupancy limit) the solid
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phase for the pure 1NN system (the S1 phase) is charac-

terized by particles occupying one of two sublattices: either

sublattices with index 1 or 2 in Fig. 1(d). On the other hand,

the solid related to the pure 2NN system (the S2 phase) is

featured by particles occupying one among four sublattices

[Ai, Bi, Ci, or Di, with i = 1, 2, in Fig. 1(d)], so that its ground

state is fourfold degenerated. Thereby, to correctly capture

the symmetries of both solid phases in the 0NN-1NN-2NN

mixture, we have to deal with eight sublattices, as defined in

Fig. 1(d).

Following our recent studies on the corresponding binary

mixtures [1,2], here we will investigate the ternary 0NN-1NN-

2NN case by defining the model on a Husimi lattice built

with cubes [see Fig. 1(a)]. It is important to remark that the

Husimi lattice consists of an infinite Cayley tree where each

vertice is replaced by a polygon or a polyhedron. So, since the

dimension of such lattice is infinity, the critical transition be-

havior is lead by mean-field exponents. Despite this, solutions

on the Husimi lattice carry some degree of correlation of the

system on the relevant lattice (the cubic lattice here), usually

giving better results than other mean-field methods [52]. In

fact, in some lattice gas systems, the Husimi solution even

presents some quantitative agreement with simulation results

on regular lattices [53,54].

To solve the ternary mixture on the Husimi lattice, we

define a root site on an elementary cube [as shown in Fig. 1(a)]

and partial partition functions (ppf’s) according to its state.

For each sublattice, the root site (and any other lattice site

as well) can be empty ( j = ∅), occupied by a 0NN ( j = 0),

by an 1NN ( j = 1), or by a 2NN particle ( j = 2), totaling

4 states [see Fig. 1(e)]. Hence, since we have eight sublat-

tices, there are 32 ppf’s for this system. One cube defines

the 0-generation of the hierarchical lattice; so by attaching

the root sites of seven cubes to the vertices of such cube,

with exception of its root site, one obtains a subtree with

1-generation. Then, by attaching seven of such subtrees to

the vertices of a new cube with exception of its root site, a

2-generation subtree is built. By repeating this process, we

can create a (M + 1)-generation subtree from seven ones with

M generations. Then, by summing over all possibilities of

creating such subtree, by appropriately taking into account the

particle exclusions, with its root site kept fixed in the state s

and sublattice g, one obtains a recursion relation for the ppf

g′
s as function of all ppf’s in the previous generation g j , with

g = a1, a2, . . . , d1, d2 and s, j = ∅, 0, 1, 2. Some details on

such recursion relations (RRs) are presented in the Appendix.

Since we are interested in infinite subtrees, and the RRs

usually diverges in this thermodynamic limit, we will work

with ratios of them, defined as

G j =
g j

g∅
, (1)

where G j = A1, j, A2, j, . . . , D1, j, D2, j , and j = 0, 1, 2.

Thereby, from the 32 RRs for the ppf’s one obtains 24

RRs for the ratios. The thermodynamic phases of the system

are given by the stable and positive fixed points of these

RRs. To analyze the stability of a given phase, we calculate

the Jacobian matrix and its leading eigenvalue, �, at the

associated fixed point. The phase is stable in the regions of

the parameter space (z0, z1, z2), where � < 1, while � = 1

defines its spinodal.

Similarly to the ppf’s, we can obtain the partition function,

Y , of the model on the tree by summing over all possibilities

of attaching the root sites of eight subtrees to a central cube.

It can be written in a compact form in terms of the ppf’s, e.g.,

as

Y = a1,∅a′
1,∅ + z0a1,0a′

1,0 + z1a1,1a′
1,1 + z2a1,2a′

1,2

= a1,∅b1,∅c1,∅d1,∅a2,∅b2,∅c2,∅d2,∅y, (2)

where y is a function of the ratios [Eq. (1)] and the activities z0,

z1, and z2. Then, the density of kNN particles in the sublattice

A1 at the central cube is given by

ρ
(A1 )
k

=
A1,k

8Y

∂Y

∂A1,k

, (3)

with k = 0, 1, 2. A similar equation holds for the other sub-

lattices, by replacing A1 with A2, B1, . . ., or D2. Once we have

the density of a kNN particle in all sublattices, its total density

is ρk = ρ
(A1 )
k

+ ρ
(A2 )
k

+ · · · + ρ
(D1 )
k

+ ρ
(D2 )
k

. From the partition

function we can also calculate the bulk free energy per site.

Following the ansatz proposed by Gujrati [52], and discussed

in detail for a Husimi lattice build with cubes in Ref. [2], for

the ternary mixture one has

φb = −
1

8
ln

[

A1,∅B1,∅C1,∅D1,∅A2,∅B2,∅C2,∅D2,∅

y6

]

, (4)

where

A1,∅ ≡
a′

1,∅

b1,∅c1,∅d1,∅a2,∅b2,∅c2,∅d2,∅

, (5)

and the other ratios can be obtained by the sublattice per-

mutation scheme described in the Appendix. The bulk free

energy is handy to determine where a first-order transition

takes place. In a region where two or more phases have � < 1,

the equality of their bulk free energies determines the point,

line, or surface of coexistence among these phases.

III. THERMODYNAMIC BEHAVIOR OF THE MODEL

A. Summary of results for the binary mixtures

Once the binary mixtures 0NN-1NN (z2 = 0), 0NN-2NN

(z1 = 0), and 1NN-2NN (z0 = 0) are the boundary planes of

the (z0, z1, z2) space for the ternary case, it is interesting to

start the presentation of results by discussing in detail the

thermodynamic behavior of such planes [1,2].

For the 0NN-1NN mixture—the plane (z0, z1, 0)—we have

found two thermodynamic stable phases [1]: a disordered fluid

(F ) phase, where the RRs for the ratios assume a homo-

geneous solution A1, j = B1, j = · · · = C2, j = D2, j with j =
0, 1, 2, and the solid S1 phase, associated with the ordering

of the 1NN particles, where the RRs take the form Ai, j =
Bi, j = Ci, j = Di, j = ri, j , with i = 1, 2 and j = 0, 1, 2, and

r1, j > r2, j for j = 0, 1, while r1,2 < r2,2, when the sublattices

with index 1 are the ones more occupied. Namely, in this

phase one has ρ
(A1 )
j = · · · = ρ

(D1 )
j > ρ

(A2 )
j = · · · = ρ

(D2 )
j , for

j = 0, 1 and the opposite for j = 2. (Note that these fixed

points and densities are for these phases in the ternary case;

and obviously ρ
(X )
2 = 0, ∀ sublattice X , in the 0NN-1NN
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FIG. 2. Phase diagrams for the binary mixtures in the (z0, z1, z2)

space. The solid and dashed lines are continuous and discontinuous

transition lines between the indicated phases they are separating. The

squares are triple points, the circles are tricritical points and the star

is a critical point. The dotted lines are the LMDs.

mixture). For small z0 there is a continuous F -S1 transition,

while for large z0 such transition becomes discontinuous.

The critical and the coexistence F -S1 lines meet at a tricrit-

ical point, located at (z0, z1, z2)TC = (0.5958, 1.1277, 0) [see

Fig. 2]. Interestingly, this mixture presents a thermodynamic

anomaly, characterized by minima in isobaric curves of the

total density of particles as function of one activity (z0 or

z1). A line of minimum density (LMD) exists within the fluid

phase, starting at z0 ≈ 0.20 for z1 → 0 and ending close to the

tricritical point in a region where the F phase is metastable

(see Fig. 2).

A similar anomaly has also been observed in the 0NN-2NN

mixture—the plane (z0, 0, z2). In this case, the LMD starts

at z0 ≈ 0.333 for z2 → 0 and, as in the 0NN-1NN case, it

ends inside the region where the fluid phase is metastable

[2] (see Fig. 2). Actually, beyond the RF phase (whose RRs

have the symmetry just mentioned for the F phase), the 0NN-

2NN mixture displays another stable disordered fluid phase

characterized by a dominance of 0NN particles, reason for

which it was baptized as the F0 phase in Ref. [2]. The RRs

are also featured by A1, j = B1, j = . . . = C2, j = D2, j = r j in

the F0 case, but with r1 ≈ 1, r2 ≈ 0, and r3 ≈ 0, while in

RF case the values of r j strongly depend on the activities.

These very same symmetries apply for the particle densities:

While in RF phase ρ0, ρ1, and ρ2 considerably vary with

z0, z1, and z2, in the stable region of the F0 phase one

has ρ0 ≫ ρ1 and ρ0 ≫ ρ2. Beyond these two fluid phases,

the solid S2 phase is also present in the phase diagram,

which is associated with the ordering of the 2NN particles

and characterized by a fixed point with A1, j = A2, j > B1, j =
C1, j = · · · = C2, j = D2, j , for j = 0, 1, 2, when the sublattices

A1 and A2 are the more populated ones. This yields den-

sities ρ
(A1 )
j = ρ

(A2 )
j > ρ

(B1 )
j = · · · = ρ

(D2 )
j , for j = 0, 1, 2. A

stable fluid-fluid demixing is observed in this system, whose

discontinuous RF -F0 transition line ends at a critical point

(CP), located at (z0, z1, z2)CP = (0.6297, 0, 5.4243), so that

for z2 < z2,CP the RF and F0 phases cannot be distinguished.

Hereafter, whenever this happens we will refer to these phases

simply as the fluid (F ) phase. The S2 phase is the most stable

one for large z2 and it is separated from the two fluid phases

by discontinuous transition lines. The three coexistence lines

RF -F0, RF -S2, and F0-S2 meet at a triple point (TP) located

at (z0, z1, z2)TP = (0.6774, 0, 6.5671) [see Fig. 2].

Finally, in the 1NN-2NN mixture—the plane (0, z1, z2)—

we have found the fluid F and the two solid S1 and S2

phases [1]. Similarly to the 0NN-1NN mixture, continu-

ous and discontinuous F -S1 transition lines are observed,

which meet at a tricritical point, located at (z0, z1, z2)TC =
(0, 1.5273, 2.5016). The solid S1 and S2 phases are observed

in the regions of large z1 and z2, respectively, and are sepa-

rated by a discontinuous transition line. Another coexistence

line exists between the F -S2 phases, which meet the F -S1

and S1-S2 ones in a triple point, located at (z0, z1, z2)TP =
(0, 2.3102, 7.8746) (see Fig. 2). In contrast with the previous

binary mixtures, no density anomaly was found in the 1NN-

2NN case.

The summary of the behavior for the binary mixtures,

displayed in Fig. 2, indicates that the 3D phase diagram for

the ternary case is quite complex and interesting. For instance,

the presence of the two fluid-S2 discontinuous transition

lines in the planes (0, z1, z2) and (z0, 0, z2) strongly suggests

the existence of a coexistence fluid-S2 surface in the 3D

parameter space. Similarly, the F -S1 transitions in the planes

(z0, z1, 0) and (0, z1, z2) strongly indicates that a critical and

a coexistence F -S1 surface exist in the full phase diagram,

both meeting at a line of tricritical points (a TC line). Besides

these features, everything else is less clear. For example, it is

unclear from the binary mixtures what can be expected for the

LMD lines found in the planes (z0, z1, 0) and (z0, 0, z2), since

the values of z0 where they start in each plane do not coincide.

So this could indicate either a complex scenario with two (or

more) surfaces of minimum density, or that one or both of

such surfaces do not exist. In the same token, it is not possible

to known at this point whether the fluid-fluid demixing is a

particular feature of the case z1 = 0, or if it extends for z1 > 0,

giving rise to a RF -F0 coexistence surface, as well as to a line

of triple points (where the phases RF -F0-S2 coexist) and a

critical line in the 3D phase diagram. In what follows, these

points will be addressed in great detail.

B. The fluid-fluid transition

From all thermodynamic properties observed in the binary

mixtures discussed above, the fluid-fluid demixing transition

in the 0NN-2NN (z1 = 0) system is the most surprising one, in

face it is absence in other kNN mixtures studied so far. For this

reason, we will start the building up of the 3D phase diagram

for the ternary mixture by analyzing the RF -F0 transition.

In order to do this, we investigate the phase behavior of

slices of the 3D space for fixed values of z1. Some relevant

examples of such slices are shown in Fig. 3. For small z1,

specifically for z1 < 0.3177 [see Fig. 3(a) for the case z1 =
0.1], the same thermodynamic behavior of the case z1 = 0

is found, with the phases RF , F0, and S2 pairwise separated

by discontinuous transition lines which meet at a triple point,

while the fluid-fluid demixing transition ends in a critical

point. This demonstrates that in the 3D phase diagram there

exist coexistence surfaces separating the RF -F0, RF -S2, and

F0-S2 phases, all of them meeting at a line of triple points

(the RF -F0-S2 TP line). Moreover, there is a line of critical
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FIG. 3. Phase diagrams for fixed (a) z1 = 0.10, (b) z1 = 0.3177,

and (c) z1 = 1.10. In all panels, the dashed lines represent stable

coexistence lines between the phases they are separating, while the

dashed-dotted lines are the metastable RF -F0 coexistence lines.

The solid line in (c) is the F -S1 critical line. The square in (a) is

the RF -F0-S2 TP, while the stars are the RF -F0 CP and the triangle

in (b) represents the special point where the TP line ends.

points (a CP line), where the RF -F0 coexistence surface

ends. Substantially, this confirms that the fluid-fluid demixing

transition is not restricted to the z1 = 0 case, being a feature

of the ternary mixture.

FIG. 4. Part of the 3D phase diagram for the ternary mixture in

the activity space, highlighting the region around which the fluid-

fluid demixing surface [the shaded (orange) one in the plot] takes

place. All the surfaces presented here (separating the phases RF - or

F -S2, F0-S2, and RF -F0) are coexistence surfaces. The triangle is

the special point, where the CP line meets the RF -F0-S2 TP line. The

star and the square represent the CP and the TP point, respectively,

in the (z0, 0, z2) plane.

Quantitatively, we observe that while the (z0, z2) coordi-

nates of the TP line mildly change with z1, the z2 one for

the CP line presents a strong variation with z1, leading the

stable region of the RF -F0 coexistence to decrease as z1

increases. For instance, the RF -F0 coexistence line occurs

in an interval �z2 ≈ 1.14 for z1 = 0 but only �z2 ≈ 0.76 for

z1 = 0.1. In fact, by increasing z1 one observes that the CP

line becomes closer to the TP line, and at the special point

(z0, z1, z2)∗ = (0.6987, 0.3177, 7.0280) both lines meet, so

that the stable fluid-fluid demixing transition disappears at

this point. This gives rise to the phase diagram displayed in

Fig. 3(b), for z1 = z∗
1 , with the (now completely metastable)

RF -F0 coexistence line ending at the special point, so that the

RF -S2 coexistence surface for z1 < z∗
1 now becomes a F -S2

coexistence, which meets the F0-S2 coexistence line at the

special point.

For not so large values of z1 > z∗
1 , one still finds the RF -F0

coexistence ending at the CP line, as shows Fig. 3(c) for z1 =
1.1, but now this line is also metastable, occurring inside the

region where the S2 phase is the most stable one. Therefore,

the more complex scenario observed for small z1 gives place

to a simple F -S2 discontinuous transition. Namely, for z1 >

z∗
1 the fluid-fluid demixing transition becomes preempted by

the fluid-solid transition. Hence, at the special point the CP

line becomes metastable and the RF -F0-S2 TP line ends.

A summary of these behaviors in the 3D space is presented

in Fig. 4.

Although in general we will not be interested in discussing

metastable transitions here, it is interesting to take a close

look on this for the fluid-fluid demixing, to verify how further

the RF -F0 coexistence surface goes as z1 increases. First, we

notice that, regardless the value of z1, the metastable part of

this surface is always limited from above, i.e., it ends when

it meets the spinodal of the RF phase, as shown in Figs. 5(a)

and 5(b). Second, for large z1 the S1 phase also appears in

the phase diagram in the region of small z0 and z2, as seen

in Fig. 3(c), and the fluid phase let to be stable in such

region. This is clearly seen by comparing the phase diagram

in Fig. 5(c) with the spinodals of the fluid phases in Fig. 5(b).

Curiously, by increasing z1 the spinodal of the fluid phase
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FIG. 5. Spinodals of the disordered fluid phases (solid lines)

and the metastable RF -F0 coexistence lines (dash-dotted lines) for

fixed (a) z1 = 2.3 and (b) z1 = 2.5. The lines with triangles, circles,

and crosses are the RF , F0, and fluid (where RF and F0 phases

cannot be distinguished) spinodals, respectively. The star in (a) is the

metastable CP. For comparison, the phase diagram for z1 = 2.5 is

presented in (c), where the dashed lines represent coexistence lines

between the indicated phases they are separating and the square is

the TP. The phase diagram for z1 = 2.3 is quite similar to this one.

develops a cusp, which approximates of the (metastable) CP

line as z1 increases, see Fig. 5(a) for z1 = 2.3. Such approx-

imation occurs until z1 ≈ 2.3731, after which the cusp meets

the RF and F0 spinodals (in the point where there was the CP

line), changing completely the scenario of such spinodals. In

fact, as demonstrated in Fig. 5(b), for z1 = 2.5, the stability

region of RF phase becomes now limited to a closed domain

of the (z0, z2) phase diagram, and the (metastable) RF -F0

coexistence line ends at the point where the spinodal of the

F0 phase crosses the one for the RF phase. Therefore, the CP

line ends at z1 ≈ 2.3731, while the fluid-fluid demixing still

exists for larger values of z1. However, by increasing z1, one

observes that the domain of the RF stability shrinks, yielding

a decreasing in the in RF -F0 coexistence line, which finally

disappears at z1 = 5.7157.

C. The phase diagram for the ternary mixture

From the results in the previous subsection, one knows that

for z1 < z∗
1 the 3D phase diagram presents three coexistence

surfaces (RF -F0, RF -S2, and F0-S2), a RF -F0-S2 TP line

and a CP line, which meet (and ends or becomes metastable)

at the special point, as depicted in Fig. 4. Moreover, for z1 >

z∗
1 , but not so large, this behavior gives place to a simple F -S2

coexistence surface.

As shows Fig. 3(c), a critical F -S1 transition line is found

in slices of the phase diagram for z1 fixed (and large enough),

giving rise to a critical F -S1 surface in the 3D space, as

expected from the behavior of the binary mixtures. Such

surface starts at z1 = 0.7284—which turns out to be the point

of minimum (in relation to z1) of the F -S1 critical line in

the 0NN-1NN mixture [i.e., in the plane (z0, z1, 0)] [1]—and

exists in a limited region of the parameter space. Namely,

it gives place to a discontinuous F -S1 transition surface for

large z1, as confirmed in Fig. 5(c). These features are better

seen in slices of fixed and small z0, as the one in Fig. 6(a)

for z0 = 0.2, where one finds a phase diagram similar to

the one for z0 = 0, with a continuous and a discontinuous

F -S1 transition line meeting at a TC point. This confirms

not only the existence of a critical and a coexistence F -S1

surface, but also the presence of a TC line where they meet

in the 3D space. By analyzing several slices for fixed z0 or z2,

we have accurately determined the TC line, which connects

the two tricritical points found in the planes (z0, z1, 0) and

(0, z1, z2). Interestingly, it presents a complex non-monotonic

behavior, attaining a maximum point, with respect to z1 and z2,

at (z0, z1, z2)TC,max = (0.6719, 1.4216, 4.6678). This line, as

well as the critical and coexistence F -S1 surfaces are depicted

in Fig. 7, which shows this part of the 3D phase diagram in

detail.

The z0 slices, as those in Figs. 6(a) and 6(b), also confirm

the presence of the discontinuous F -S2 surface, as well as un-

veil the existence of a surface of solid-solid (S1-S2) demixing

in the ternary mixture. Moreover, one always observes that the

F -S1, F -S2, and S1-S2 coexistence surfaces meet in a line of

triple points (the F -S1-S2 TP line), as seen in Figs. 5(c) and

6. This line starts at the triple point of the 1NN-2NN mixture

[i.e., in the (0, z1, z2) plane] and extends to z0, z1, z2 → ∞; its

behavior is also shown in Fig. 7. It is important to notice that,

since the TC line (and then the critical F -S1 surface) ends at

a finite value of z0, for large values of this activity everything

we find in this part of the 3D phase diagram are the F -S1,

F -S2, and S1-S2 coexistence surfaces meeting at the TP line

[see Fig. 6(b)].
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1.20. The solid and dashed lines represent critical and coexistence

lines, respectively, between the indicated phases they are separating.

The black squares and the circle denote the TP and the TC point,

respectively.

FIG. 7. Part of the 3D phase diagram for the ternary mixture in

the activity space, highlighting the region where the critical F -S1

surface [the shaded (red) one in the plot] takes place. The the dashed

lines indicate the F -S1 coexistence surface, which meets the critical

surface at the TC line and is limited from above by the F -S1-S2 TP

line. The circles and the square mark the location of the TC line and

TP line, respectively, in the boundary planes.

The existence of the F -S1-S2 TP line in the limit of

z0, z1, z2 → ∞ can be justified by the existence of a F0-S1,

a F -S2, and a S1-S2 coexistence line in the binary mixtures,

all of them extending to infinity [1,2]. Since the RRs assume

simple forms in such limit, it is straightforward to determine

the behavior of the TP line there. For instance, the fixed point

for the RRs in the fluid phase has the form Ai,0 = Bi,0 =
Ci,0 = Di,0 = 1 and Ai, j = Bi, j = Ci, j = Di, j = 0 for i = 1, 2

and j = 1, 2. For the S1 phase one finds A1, j = B1, j = C1, j =
D1, j = 1 for j = 0, 1, while all others RRs vanish, when the

sublattices indexed by 1 are the more populated ones. In the

S2 phase, if the sublattices A1 and A2 are the ones more

populated, one has Ai, j = 1 and Bi, j = Ci, j = Di, j = 0, for

i = 1, 2 and j = 0, 1, 2. Using these solutions, it is simple

to calculate the free energies in this limit, being φ(F ) = (1 +
z0)8, φ(S1) = (1 + z0 + z1)4, and φ(S2) = (1 + z0 + z1 + z2)2.

By making φ(F ) = φ(S1) = φ(S2) and solving in terms of z0,

one finds

z1 = z2
0 + z0 (6)

and

z2 = z4
0 + 4z3

0 + 5z2
0 + 2z0. (7)

Therefore, as z0 → ∞ this TP line behaves has z1 ≈ z2
0 and

z2 ≈ z4
0. This result can be understood as follows: At full

occupancy an 1NN particle effectively occupies the volume

of two 0NN ones, while a 2NN particle occupies the volume

of four 0NN ones, in agreement with the exponents above.

The calculated free energies also allow us to determine the

behavior of the F -S1, F -S2, and S1-S2 coexistence surfaces

in the limit of z0, z1, z2 → ∞, where one finds z1 ≈ z2
0 and

z2 ≈ z4
0 for the F -S1 and F -S2 cases, respectively. Therefore,

in slices of the 3D phase diagram for very large and fixed

z0, these surfaces shall appear as straight lines at constant

z1 and z2, respectively. The S1-S2 coexistence surface, on

the other hand, behaves as z2 ≈ (z0 + z1)2, being a quadratic

function of z1 (z0) for fixed z0 (z1). In fact, these results are

somewhat confirmed in Fig. 6(b) for z0 = 1.2, where we see

that the F -S1 and F -S2 lines occur at almost constant values

(specially the former one), while the S1-S2 line is not so

straight, indicating the existence of a nonlinear dependence

between z2 and z1. Results (not shown) for slices for much

larger values of z0 indeed confirm the correctness of the

predicted surfaces.

Figure 8 presents the complete 3D phase diagram in the

space of activities, summarizing all the features discussed so

far. In face of its complexity—it has a fluid-fluid, a solid-solid,

and several fluid-solid coexistence surfaces, with three of

them (F -S1, F -S2, and S1-S2) extending to z0, z1, z2 → ∞,

beyond a critical fluid-solid surface, a CP line, a TC line, and

two TP lines—it is a bit hard drawing this phase diagram

in an intelligible way. Notwithstanding, it is important to

make clear how the partial diagrams depicted in Figs. 4 and

7 connect, what the sizes of the transition surfaces are (at least

the ones which exist in limited domains), and so on.

At this point, it is important to stress that we have carefully

looked for new phases in the general case, but only the four

phases already present in the binary mixtures were found.
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FIG. 8. Phase diagram for the ternary mixture in the activity

space, indicating all phases and transition surfaces and lines, fol-

lowing the same scheme of symbols and colors from the previous

figures.

D. The surfaces of minimum density

As discussed in Sec. III A, two lines of minimum density

(LMDs) were found in the binary mixtures inside the fluid

phase, one in the 0NN-1NN (z2 = 0) and other in the 0NN-

2NN (z1 = 0) case. In the former system, the LMD starts at

z0 ≈ 0.333 when z1 → 0, while in the last one it starts at

z0 ≈ 0.20 when z2 → 0, and in both cases they end at the

spinodal of the fluid phase, inside regions where the corre-

sponding solid phases are more stable than the fluid [1,2]. The

difference between these starting points suggests a complex

scenario for the ternary mixture with at least two surfaces

of minimum density (SMDs). Before discussing them, how-

ever, it is important to remark that such starting points were

calculated through a limiting process. For example, for the

0NN-1NN mixture, we located the (z0, z1) coordinate where

the total density—defined as ρT = ρ0 + 2ρ1 + 4ρ2—presents

a minimum for a given pressure, P,1 i.e., along an isobaric

curve of ρT × z0 (or z1) (see, e.g., Fig. 5 in Ref. [2]). Then, by

varying P we can build up the LMD curve and determine it

as close as we want of the z0 axis by making z1 → 0. Exactly

on the z0 axis, however, one has ρT = z0/(1 + z0), so that no

anomaly exists there.

Now, if we take slices of fixed z2 > 0, then one still finds

LMDs in the way just described, forming a SMD in the 3D

space. Such z2-SMD (since it is obtained for fixed values of z2)

starts at the LMD in the plane (z0, z1, 0) and varies smoothly

in the space, ending at the spinodal of the fluid phase, deep

inside the region where the fluid is metastable. Although this

surface does not exist exactly in the plane (z0, 0, z2), using

the limiting process we can obtain it as close as we want of

this plane, so that there exists a LMD for z1 → 0 limiting

this surface (see Fig. 9). Proceeding in the same way, but now

considering slices of fixed z1, a second SMD (the z1-SMD) is

obtained, which starts in the LMD on the plane (z0, 0, z2) and

also ends at the spinodal of the fluid phase in the metastable

region. In this case, the SMD does not exist exactly in the

plane (z0, z1, 0), but it can be determined in the limit of

z2 → 0. This z1-SMD is also shown in Fig. 9. The existence

of these two SMDs indicates, for sake of completeness, the

existence of a third one for fixed z0. As shown in Fig. 9, such

z0-SMD indeed exists in the 3D space and, albeit it cannot be

1In our grand-canonical formalism P = −φ/a3.

FIG. 9. Surfaces of minimum density in the activity space. The

dash-dotted (green), continuous (black) and dashed (red) lines are the

z0-, z1-, and z2-SMD, respectively. The dotted (black) line is the LMD

where all three SMDs seems to end. The shaded (blue) surface is

part of the F -S2 coexistence surface, above which the SMDs become

metastable.

observed exactly in the planes (z0, z1, 0) and (z0, 0, z2), it can

be obtained in the limits z2 → 0 and z1 → 0, respectively. In

such limits, the starting point of the z0-SMD is at z0 ≈ 0.50

and, similarly to the other SMDs, it also ends in the spinodal

of the fluid phase. As observed in Fig. 9, the three SMDs

become quite close for large z2 and they seem to be limited

from above by a single line. However, it is quite hard to

assure this numerically and it may be the case that they end

at different (but very close) lines, or become a single surface

before this.

IV. CONCLUSIONS

We have determined the thermodynamic behavior of a

ternary mixture of hard spheres, defined on the cubic lattice,

composed by pointlike particles (0NN) and particles which

exclude up to their first (1NN) and second (2NN) neighbors.

We treat this model by solving it on a Husimi lattice built with

cubes, where four phases were found in the phase diagram,

being two fluid and two solid ones, separated by several

coexistence surfaces and a critical surface, which end or meet

in lines of critical, tricritical, and triple points. One of the

disordered phases is a regular fluid (RF ), in the sense that

the particle densities (ρ0, ρ1 and ρ2) strongly depends on the

activities, while in the second disordered fluid (F0) phase one

always has ρ0 ≫ ρ1 and ρ0 ≫ ρ2. The solid S1 (S2) phase is

featured by a sublattice ordering of 1NN (2NN) particles. We

notice that columnar and smectic phases, observed for hard

cubes on the cubic lattice [55,56], are absent in our solution.

Although this can be due to the hierarchical structure of the

Husimi lattice, we remark that these phases have never been

found in previous studies of the pure 1NN and 2NN models on

the cubic lattice [48–51], strongly suggesting that they should

indeed not appear in their mixture.

A fluid-fluid (RF -F0) demixing surface is observed in the

system, which is limited from below [in the (z0, z1, z2) space]

by a line of critical points (CP), whose coordinate z2,c in-

creases fast with z1,c, while the CP line and the whole RF -F0

coexistence surface exist in a narrow range of z0. This shows

that, by increasing ρ1, a large ρ2 is need to yield the demixing,
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confirming that the fluid-fluid transition is not a feature re-

stricted to the 0NN-2NN mixture, but the presence of the 1NN

particles turns its appearance more difficult. In fact, although

the demixing surface extends for a large portion of the phase

diagram, it is stable only in a small area, when compared with

the other transition surfaces. Such stable part is limited from

above by the RF -F0-S2 triple point line, which ends when it

meets the CP line at a special point [located at (z0, z1, z2)∗ =
(0.6987, 0.3177, 7.0280)]. Therefore, the demixing surface

becomes completely metastable (i.e., preempted by the F -S2

transition) already for z1 > z∗
1 , corresponding to a very small

density of 1NN particles: ρ1 > ρ∗
1 = 0.014. This scenario lets

clear why a fluid-fluid demixing has not been observed in

the 0NN-1NN and 1NN-2NN binary mixtures. A possible

explanation for this fact is that, although these are nonadditive

mixtures, the particle sizes are not so dissimilar as in the

0NN-2NN case to yield a demixing. Further investigations of

kNN mixtures with larger k’s are necessary to confirm this.

We have also observed an anomaly in isobaric curves of the

total density of particles (versus zi, with i = 0, 1, 2), inside

the fluid phase, which increase after passing to a minimum.

Three surfaces of minimum density (SMDs) were found in

the 3D parameter space, each one defined for one of the

activities kept fixed. These SMDs start at different lines when

we approximate the planes (z0, 0, z2) and (z0, z1, 0) by making

z1 → 0 and z2 → 0, respectively, and ends at the spinodal

surface of the fluid phase. For very large z2, deep inside the

metastable fluid region, these three surfaces either become

quite close or collapse into a single surface. Although it is

hard to decide this numerically, it is simple to figure out

that this occurs because in this region one has ρ2 ≫ ρ0 and

ρ2 ≫ ρ1, so that ρT ≈ 4ρ2 independently of the activity being

fixed. We remark that density anomalies are typically found

in complex polymorphic fluids, whose modeling is usually

very elaborated (as is the case, e.g., in lattice gases with

directional interactions) [57]. Therefore, the existence of this

kind of anomaly in the simple athermal system analyzed here

indicates that mixtures of hard spheres (and hard disks as

well [35]) might be useful as a starting point to understand

anomalies in more complex fluids.

ACKNOWLEDGMENTS

We acknowledge support from CNPq, CAPES, and

FAPEMIG (Brazilian agencies).

APPENDIX: RECURSION RELATIONS FOR THE TERNARY MIXTURE

The RRs for the partial partition functions (ppf’s) of the 0NN-1NN-2NN mixture were obtained using the method described

in Sec. II. For the root site in the sublattice A1, they are given by

a′
1,∅ = b1,∅c1,∅d1,∅a2,∅b2,∅c2,∅d2,∅

{

(1 + z0B1,0)(1 + z0C1,0)(1 + z0D1,0)(1 + z0A2,0)(1 + z0B2,0)(1 + z0C2,0)

×(1 + z0D2,0) + z1(B1,1 + C1,1 + D1,1 + A2,1 + B2,1 + C2,1 + D2,1)

+ z2
1[B1,1(D1,1 + A2,1 + B2,1 + C2,1) + C1,1(B2,1 + C2,1 + D2,1) + D1,1(A2,1 + C2,1 + D2,1) + A2,1C2,1 + B2,1D2,1]

+ z3
1[B1,1D1,1(A2,1 + C2,1) + B1,1A2,1C2,1 + C1,1B2,1D2,1 + D1,1A2,1C2,1]

+ z4
1B1,1D1,1A2,1C2,1 + z0z1[B1,1(D1,0 + A2,0 + B2,0 + C2,0) + C1,1(B2,0 + C2,0 + D2,0)

+ D1,1(B1,0 + A2,0 + C2,0 + D2,0) + A2,1(B1,0 + D1,0 + C2,0) + B2,1(B1,0 + C1,0 + D2,0)

+C2,1(B1,0 + C1,0 + D1,0 + A2,0) + D2,1(C1,0 + D1,0 + B2,0)]

+ z2
0z1[B1,1D1,0(A2,0 + B2,0 + C2,0) + B1,1A2,0(B2,0 + C2,0) + B1,1B2,0C2,0 + C1,1B2,0(C2,0 + D2,0)

+C1,1C2,0D2,0 + D1,1B1,0(A2,0 + C2,0 + D2,0) + D1,1A2,0(C2,0 + D2,0) + D1,1C2,0D2,0

+ A2,1B1,0(D1,0 + C2,0) + A2,1D1,0C2,0 + B2,1B1,0(C1,0 + D2,0) + B2,1C1,0D2,0

+C2,1B1,0(C1,0 + D1,0 + A2,0) + C2,1C1,0(D1,0 + A2,0) + C2,1D1,0A2,0 + D2,1C1,0(D1,0 + B2,0) + D2,1D1,0B2,0]

+ z3
0z1[B1,1D1,0A2,0(B2,0 + C2,0) + B1,1D1,0B2,0C2,0 + B1,1A2,0B2,0C2,0 + C1,1B2,0C2,0D2,0

+ D1,1B1,0A2,0(C2,0 + D2,0) + D1,1B1,0C2,0D2,0 + D1,1A2,0C2,0D2,0 + A2,1B1,0D1,0C2,0 + B2,1B1,0C1,0D2,0

+C2,1B1,0C1,0(D1,0 + A2,0) + C2,1B1,0D1,0A2,0 + C2,1C1,0D1,0A2,0 + D2,1C1,0D1,0B2,0]

+ z4
0z1(B1,1D1,0A2,0B2,0C2,0 + D1,1B1,0A2,0C2,0D2,0 + C2,1B1,0C1,0D1,0A2,0)

+ z0z2
1[B1,1D1,1(A2,0 + C2,0) + B1,1A2,1(D1,0 + C2,0) + B1,1C2,1(D1,0 + A2,0) + C1,1B2,1D2,0 + C1,1D2,1B2,0

+ D1,1A2,1(B1,0 + C2,0) + D1,1C2,1(B1,0 + A2,0) + A2,1C2,1(B1,0 + D1,0) + B2,1D2,1C1,0]

+ z2
0z2

1(B1,1D1,1A2,0C2,0 + B1,1A2,1D1,0C2,0 + B1,1C2,1D1,0A2,0 + D1,1A2,1B1,0C2,0

+ D1,1C2,1B1,0A2,0 + A2,1C2,1B1,0D1,0) + z0z3
1(B1,1D1,1A2,1C2,0 + B1,1D1,1C2,1A2,0 + D1,1A2,1C2,1B1,0

+ B1,1A2,1C2,1D1,0) + z2(B1,2 + C1,2 + D1,2 + A2,2 + B2,2 + C2,2 + D2,2)

+ z2
2(B1,2B2,2 + C1,2C2,2 + D1,2D2,2) + z0z2(B1,2B2,0 + C1,2C2,0 + D1,2D2,0 + B2,2B1,0 + C2,2C1,0 + D2,2D1,0)

+ z1z2(B1,2B2,1 + C1,2C2,1 + D1,2D2,1 + B2,2B1,1 + C2,2C1,1 + D2,2D1,1)
}

(A1a)
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a′
1,0 = b1,∅c1,∅d1,∅a2,∅b2,∅c2,∅d2,∅

{

(1 + z0B1,0)(1 + z0C1,0)(1 + z0D1,0)(1 + z0A2,0)(1 + z0B2,0)(1 + z0C2,0)

×(1 + z0D2,0) + z1(C1,1 + A2,1 + B2,1 + D2,1) + z2
1(C1,1B2,1 + C1,1D2,1 + B2,1D2,1) + z3

1C1,1B2,1D2,1

+ z0z1[C1,1(B2,0 + C2,0 + D2,0) + A2,1(B1,0 + D1,0 + C2,0) + B2,1(B1,0 + C1,0 + D2,0) + D2,1(C1,0 + D1,0 + B2,0)]

+ z2
0z1[C1,1B2,0(C2,0 + D2,0) + C1,1C2,0D2,0 + A2,1B1,0(D1,0 + C2,0) + A2,1D1,0C2,0

+ B2,1B1,0(C1,0 + D2,0) + B2,1C1,0D2,0 + D2,1C1,0(D1,0 + B2,0) + D2,1D1,0B2,0]

+ z3
0z1(C1,1B2,0C2,0D2,0 + A2,1B1,0D1,0C2,0 + B2,1B1,0C1,0D2,0 + D2,1C1,0D1,0B2,0)

+ z0z2
1 (C1,1B2,1D2,0 + C1,1D2,1B2,0 + B2,1D2,1C1,0) + z2A2,2

}

(A1b)

a′
1,1 = b1,∅c1,∅d1,∅a2,∅b2,∅c2,∅d2,∅

{

1 + z0(C1,0 + A2,0 + B2,0 + D2,0) + z2
0[C1,0(A2,0 + B2,0 + D2,0)

+ A2,0(B2,0 + D2,0) + B2,0D2,0] + z3
0[C1,0A2,0(B2,0 + D2,0) + C1,0B2,0D2,0 + A2,0B2,0D2,0]

+ z4
0C1,0A2,0B2,0D2,0 + z1(C1,1 + A2,1 + B2,1 + D2,1) + z2

1 (C1,1(B2,1 + D2,1) + B2,1D2,1)

+ z3
1C1,1B2,1D2,1 + z0z1[C1,1(B2,0 + D2,0) + B2,1(C1,0 + D2,0) + D2,1(C1,0 + B2,0)]

+ z2
0z1(C1,1B2,0D2,0 + B2,1C1,0D2,0 + D2,1C1,0B2,0)

+ z0z2
1 (C1,1B2,1D2,0 + C1,1D2,1B2,0 + B2,1D2,1C1,0) + z2A2,2

}

(A1c)

a′
1,2 = b1,∅c1,∅d1,∅a2,∅b2,∅c2,∅d2,∅(1 + z0A2,0 + z1A2,1 + z2A2,2), (A1d)

where Ai, j , Bi, j , Ci, j , and Di, j , with i = 1, 2 and j = 0, 1, 2, are the ratios defined in Eq. (1). The RRs for the other sublattices can

be obtained from cyclic permutations of the sublattice labels: A1 → B2, B2 → C1, C1 → D2, D2 → A1, together with C2 → D1,

D1 → A2, A2 → B1, B1 → C2. Following this order, we can find the RRs for the sublattices D2, C1, and B2. Those for sublattices

A2, B1, C2, and D1 can be obtained from the ones for A1, B2, C1, and D2, respectively, by exchanging all the sublattice indexes i

(1 ↔ 2). Once we have the RRs for the ppf’s at hand, the ones for their ratios are obtained by simply dividing the corresponding

equations, e.g., by dividing Eqs. (A1b), (A1c), and (A1d) by (A1a).
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Chapter 4

Hard-squares on the square lattice

Here we present the preprint version of the pure 2NN lattice gas model. In the
paper we approach the well know 1NN and the challenging 2NN model using high-level
Husimi lattice solutions and the theory of coherent anomaly to characterize the critical
behavior.
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Although lattice gases composed by kNN particles, forbidding up to their kth nearest neighbors
of being occupied, have been widely investigated in literature, the location and the universality class
of the fluid-columnar transition in the 2NN model on the square lattice is still a subject of debate.
Here, we present grand-canonical solutions of this model on Husimi lattices built with diagonal
square lattices of effective lateral size

√

2L(L+ 1), for L 6 7. The systematic sequence of mean-
field solutions confirms the existence of a continuous transition in this system and extrapolations
of the critical chemical potential µ2,c(L) and density ρ2,c(L) to the thermodynamic limit (L → ∞)
yield precise estimates for these quantities on the square lattice, which agree with some less accurate
results from Monte Carlo simulations. To confirm the reliability of this approach, we employ it also
for the 1NN model, where a quite good agreement with the best known values for the critical
parameters µ1,c(∞) and ρ1,c(∞) — for the fluid-solid transition in this model on the square lattice
— was found in extrapolations of data for L 6 6. Despite the good agreement found in the critical
parameters, the application of the coherent anomaly method (CAM) yields unreliable values for the
critical exponents β and γ for both models. This confirms that the use of the CAM for calculating
the non-classical exponents in such models is problematic, at least for the set of L’s we were able
to deal with here.

I. INTRODUCTION

Entropy-driven phase transitions have received a lot of
attention for their role in the packing of dense fluids [1],
in granular systems [2, 3], in adsorption of molecules onto
a surface [4] and so on. In fact, a large number of stud-
ies have considered hard-disks, hard-spheres and other
hard-objects, through analytical treatments and numer-
ical simulations, in the continuous space (see, e.g., Refs.
[5, 6] and references therein). In another front, lattice
gases (LGs) composed by hard-particles have been also
widely investigated through different methods for a num-
ber of particle shapes, such as triangles [7], dimers [8],
rectangles [9], pentagons [10], tetrominoes [11], rods [12],
Y-shaped [13], cubes [14], etc. on different lattices.

Among these hard-LGs, certainly the most studied
ones are those of kNN particles, which forbid up to their
kth nearest neighbor (NN) sites of being occupied by
other particles, since they are discrete approximations
for hard-spheres and hard-disks and find applications in
several areas [15]. While the k = 0 case is boring, since
the point particles present only a trivial thermodynamic
behavior, for k > 1 this simple athermal LGs can present
single or multiple transitions from disordered to ordered
phases. For instance, on the simple cubic lattice, the
1NN model displays a continuous order-disorder transi-
tion [16–19] in the 3D Ising universality class [18], while
in the 2NN case this transition seems to be discontinuous
[19, 20], as well as for some larger values of k [19]. Re-
sults for the body-centered- and face-centered-cubic lat-
tices can be found, e.g., in [21, 22] and references therein.

∗ nathan.rodrigues@ufv.br
† tiago@ufv.br

On the honeycomb lattice, the 1NN model is long known
to present a continuous fluid-solid transition belonging
to the 2D Ising class [23, 24], whereas only very recently
systems for larger k’s were analyzed on this lattice [25],
revealing that the 2NN case presents three stable phases:
columnar, solid-like and fluid, with a first-order transi-
tion separating the first two ones [25]. On the triangu-
lar lattice, the 1NN case is the Baxter’s hard-hexagon
model [26, 27], the single kNN one for which an exact
solution is available, showing that it displays a continu-
ous fluid-solid transition in the class of the 3-state Potts
model. The 2NN model [28–31] and more recently larger
k’s [32, 33] have been also investigated on the triangular
lattice, where the continuous fluid-solid transition in the
2NN case seems to be in the 4-state Potts class [30, 31].

Despite all these works, most of the studies on kNN
models have been performed on the square lattice, which
is also the case of interest here. Since its introduction
approximately 70 years ago [34], the 1NN hard-square
model has been considered in a vast number of works
[21, 35–53] and it is well-known to undergo a continu-
ous fluid-solid transition in the 2D Ising class. Partic-
ularly in the transfer-matrix study by Guo and Blöte
[50], this was firmly established and the critical chem-
ical potential and density were accurately estimated as
µc = 1.33401510027774(1) and ρc = 0.3677429990410(3).
More recent works have focused on extended hard-core
exclusions [15, 51, 54] — for instance, k 6 820302 was
analyzed in Ref. [54] — and some of them revealed the
existence of multiple phase transitions in these systems
for large k’s [15, 54].

The 2 × 2 hard-square model (i.e., the 2NN case) has
also received much attention in the literature [6, 39, 42,
51, 55–66] and it is known to present a disordered fluid
and an ordered columnar phase for low and high particle



2

densities, respectively. However, the nature, the loca-
tion and even the existence of a transition between such
phases have been a subject of constant debate. In fact,
this is a taught model, for which different approximation
methods usually return quite different outcomes for µc,
ρc and the order of the transition (see e.g. the tables
in Refs. [51, 54] for summaries of the existing results).
While the recentest studies on this model agree in that
the transition is continuous, its universality class is a bit
controversial. For instance, it was suggested in Ref. [51]
that it is the class of the 2D Ising model, similarly to
the 1NN case, while exponents close, but deviating from
the Ising ones were subsequently reported in [62, 63, 65].
Particularly in Ref. [65], convincing evidence that this
system presents Ashkin-Teller criticality was reported,
as previously hinted in [63].

In view of this discussion — and considering that it
is being mainly based on Monte Carlo simulations, once
finite-size analysis successfully applied to the 1NN model
[50] has proved to be inconclusive in the 2NN case [63]
— it is important to further investigate the 2 × 2 hard-
square model considering other approaches. Here, we
address this through semi-analytical grand-canonical so-
lutions on Husimi lattices whose basic building blocks
are diagonal square lattices with 2L(L + 1) sites. Con-
tinuous fluid-columnar transitions are found at all lev-
els of approximation analyzed (up to L = 7), yielding
a series of even better mean-field results for the critical
point [µc(L) and ρc(L)]. Extrapolations of these numeri-
cally exact parameters to L → ∞ return values close, but
more accurate than the best known estimates for them
(from extensive Monte Carlo simulations on the square
lattice). To check the reliability of this procedure, we
employ it also for the 1NN model, where again results in
good agreement with those in literature are obtained for
the critical parameters. To investigate the non-classical

critical exponents of these systems on the square lattice,
we use the coherent anomaly method (CAM) [67]. We
remark that this method has been applied in the study of
the criticality in a diversity of classical and quantum sys-
tems, as well as nonequilibrium ones [68, 69]. However,
for the best of our knowledge, for LG systems there ex-
its a single study applying CAM in soft (Lennard-Jones
type) LGs [70], where the method has failed in providing
the expected critical exponents. So, our work may serve
also as a check of the effectiveness of this method for
hard-LGs. Unfortunately, for the low levels we are able
to deal with here, the estimated exponents for both 1NN
and 2NN models do not allow us to draw any conclusion
about their universality classes.

The outline of this paper is as follows. In Sec. II we
define the kNN models and devise the method for solving
them on square Husimi lattices of different levels. Results
for the critical parameters for the 1NN and 2NN models
are presented, respectively, in Secs. III and IV. In Sec.
V the coherent anomaly method is briefly discussed and
applied to both models. Section VI summarizes our final
discussions and conclusions.

FIG. 1. Illustration of a) 1NN and b) 2NN particles on the
diagonal square lattice with L = 4. The definitions of sublat-
tices for studying the 1NN and 2NN models are respectively
presented in (c) and (d).

II. MODELS AND METHODS

A. Models

A given kNNmodel is composed by hard-core particles,
placed on (and centered at) the vertices of a given lattice,
which exclude up to their first k next nearest neighbors of
being occupied by other particles. In our grand-canonical
treatment of these systems, an activity zk = eµk , where
µk = µ̃k/kBT is the reduced chemical potential, will be
associated with each kNN particle. For the sake of sim-
plicity, hereafter we will refer to µk simply as “the chem-
ical potential”. On the square lattice, the 1NN particles
correspond to hard squares of lateral size λ =

√
2a tilted

by 45◦ in relation to the lattice, where a is the lattice
spacing [see Fig. 1(a)]. In the full occupancy limit, when
µ1 → ∞ and the density is ρ1,max = 1/2, only one of
two sublattices [A or B, as defined in Fig. 1(c)] are oc-
cupied, so that the system presents long-range order in
this solid phase. By decreasing µ1 a melting transition is
observed for a disordered fluid phase, where both sublat-

tices are equally populated (i.e., ρ
(A)
1 = ρ

(B)
1 ). Thereby,

an appropriate definition of the order parameter for this
transition is [51]

Q1 =
1

ρ1,max
|ρ(A)

1 − ρ
(B)
1 |, (1)

since Q1 = 0 (Q1 > 0) in the fluid (solid) phase, being
Q1 = 1 in the ground state. The way to calculate the
densities will be devised in the Appendix.
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FIG. 2. a) Bethe lattice with coordination q = 4. Square Husimi lattices of b) first- (L = 1) and c) second-level (L = 2).
Lattices with three [two] generations are shown in (a) and (b) [(c)], once we are considering the central (magenta) building
blocks as the starting point. Different colors are associated with each generation. The dashed red lines in (b) and (c) indicate
the NNNs external to the plaquettes of the red sites they are emanating, while the dash-dotted green lines connect the red sites
with their internal NNNs.

The 2NN particles correspond to hard squares of lat-
eral size λ = 2a occupying four elementary plaquettes of
the square lattice, as shows Fig. 1(b). In the limit of
µ2 → ∞, where ρ2 = ρ2,max = 1/4, this system presents
a long-range columnar order, rather than a solid phase,
due to a sliding instability, and four sublattices [A, . . . ,D,
see Fig. 1(d)] are needed to characterize this fourfold de-
generate ground state. By decreasing µ2, a transition is
expected from the columnar phase to a disordered fluid

phase, where ρ
(A)
2 = ρ

(B)
2 = ρ

(C)
2 = ρ

(D)
2 . The fourfold

symmetry breaking in such transition can be captured by
the order parameter [51]

Q2 =
1

ρ2,max
(|ρ(A)

2 − ρ
(C)
2 |+ |ρ(B)

2 − ρ
(D)
2 |), (2)

once Q2 = 0 in the fluid phase and Q2 > 0 in the solid
one.

B. Husimi lattice solutions

A Bethe lattice (BL) is the core of an infinite Cay-
ley tree: a hierarchical structure, without loops, which
can be built by successively adding q − 1 edges to each
boundary site of the previous generation (M − 1), start-
ing with a “central” site and adding q edges to it to form
the first generation of the tree. In this way, all sites in
the interior of the tree have coordination q, while those
at the boundary have a single neighbor [see Fig. 2(a)].
Since loops are absent in the BL, solutions of models on
it can be seen as the zeroth-level mean-field approxima-
tion for a given model on a regular lattice (where loops
are present). This can be improved by replacing the sites
and edges of the BL by clusters, yielding the so-called
Husimi lattices (HLs) [71]. In the ordinary (first-level)
HL approximation for the square lattice, a square cactus
is built by connecting elementary squares by a single ver-

tex, as shown in Fig. 2(b). Similar treelike lattices can
be built with triangles, cubes and so on. Recent exam-
ples of systems investigated on these Husimi cacti include
frustrated magnets [72], polymers [73] and lattice gases
[74]. In particular, quite recently binary [75] and ternary
[76] mixtures of kNN particles were analyzed by us on a
HL built with cubes.
In order to obtain reliable solutions for a given model

on these treelike structures, it is obviously imperative
that the symmetries of all of its phases have to be re-
produced on such lattices. However, this is not always
possible when dealing with the lowest levels. For exam-
ple, the definition of the 2NN model on the BL is some-
what arbitrary, due to the definition of second neighbors
in this lattice. In fact, by doing this considering the
chemical distance, a discontinuous order-disorder transi-
tions is obtained for this model [77]. Actually, even in
the ordinary square HL of Fig. 2(b), it seems not pos-
sible to appropriately account for the correlations of the
columnar phase. In such situations, we are compelled
to consider high level HLs, where the elementary square
plaquette is replaced by a cluster of plaquettes forming
a small square lattice. Here, we will adopt the scheme
introduced by Monroe [79], using diagonal square lattices
as building blocks, which share L sites between two con-
secutive generations of the tree in each of its four sides.
Figure 3 shows these building blocks for levels L 6 4.
The HL for L = 2 is depicted in Fig. 2(c), where some
plaquettes had to be deformed to allow the drawing of a
tree with more than one generation in the plane.
It is important to remark here that even in HLs the

definition of second and high order neighbors is problem-
atic. Let us concentrate first on the L = 1 case of Fig.
2(b), where each site clearly has only two next-nearest
neighbors (NNNs) internal to the plaquettes, while this
number should be four in the square lattice. If one con-
siders also the NNNs external to the plaquettes, each site
has four of such neighbors, as indicated by the dashed
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FIG. 3. Building blocks of square Husimi lattices of level
L 6 4. The generalization for higher L’s is obvious. The
sites composing the root zigzag lines for the solution of the
1NN model are indicated by the red dots, while for solving
the 2NN model the sites indicated by the blue squares are
also included in the root lines. The colored plaquettes are the
central ones.

lines in Fig. 2(b), so that the total number of NNNs now
becomes six. As demonstrated in Ref. [78], in thermal
systems with NNN interactions associated with a Boltz-
mann weight ω, one way to conciliate this with the square
lattice is by giving weights ω for each of the two internal
NNNs and

√
ω for each of the four external ones. Since

this does not apply for the athermal 2NN model, we have
to either underestimate or overestimate the number of
NNN sites. This problem lessens for higher L’s, where
most of sites have four NNNs internal to the plaquettes.
The exceptions are the eight sites at the corners of the
building blocks shown in Fig. 3, which have only three
internal NNNs, as seen in Fig. 2(c). So, we can solve
the 2NN model underestimating (U) the neighborhood
of these corner sites, by excluding only their three inter-
nal NNNs. Another possibility is to extend the exclusion
also to the two external NNNs of the corner sites [see Fig.
2(c)], overestimating (O) this. As will be demonstrated
in the following, approach U yields unreliable results for
small L’s, although both solutions (O and U) are ex-
pected to become equivalent for L → ∞.

The solutions of the models on the square HLs are dis-
cussed in detail in the Appendix. We anticipate here
that such solutions are obtained in terms of recursion
relations (RRs) for ratios of partial partition functions
(ppf’s), Rσ,S , where σ accounts for the particles’ states
and S for the sublattice configuration in the root zigzag
line of rooted building blocks [see Fig. 3]. The real and
positive fixed points of these RRs define the thermody-
namic phases of the model on the HL. The free energies
per site (φ1 and φ2 for the 1NN and 2NN models, respec-
tively) will be calculated in the central building blocks of
the HLs. In our grand-canonical formalism, they are re-
lated to the pressure as Pk = −φk/a

2, where a2 is volume
of each site. The particle densities will be calculated in
the four sites of the central plaquettes in the building
blocks, as shown in Figs. 1 and 3, where one can calcu-
late ρ(S) for all sublattices S appropriated for each model.
As pointed out by Monroe [79], this central plaquette is
the one for which the better results are expected for the
densities, since it is the farthest one from the boundary

of the HL.

III. CRITICAL PARAMETERS FOR THE 1NN

MODEL

Let us start analyzing the 1NN model, which is solved
here on square HLs of levels 1 6 L 6 6. In all levels, two
types of fixed points are found for the recursions relations
(RRs) for the ratios of ppf’s defined in the appendix.
One has a fixed point associated with the disordered fluid
(F ) phase, characterized by a homogeneous solution of
the RRs, with Rσ,A = Rσ,B for σ = 1, 2, ..., NL − 1,
where NL is the total number of ppf’s for a given L and
sublattice (A or B). There are two other equivalent fixed
points associated with the ordered solid (S) phase, where
one of the sublattices is more populated. For example,
Rσ,A > Rσ,B when sublattice A is the one more occupied.
The stability analysis, for all levels, reveals that the

F (S) phase is stable for small (large) z1 and that the
spinodals of both phases take place at the same value of
z1. This characterizes a continuous F -S phase transition,
as expected for the 1NN model. This is confirmed also
by the behavior [not shown] of the densities (ρ1), free
energies (φ1) and order parameters (Q1). The values
found for the critical parameters µ1,c = ln(z1,c), ρ1,c and
φ1,c for different L’s are summarized in Tab. I.
With the data for the critical chemical potential

µ1,c(L) at hand, we can use different methods for ex-
trapolating them to L → ∞, which will correspond the
thermodynamic limit and shall provide an estimate of
µ1,c for the model on the square lattice. As usual, we
will assume the finite-size scaling form

µ1,c(L) = µ1,c(∞) + a1L
−∆1 + a2L

−∆2 + ..., (3)

where one expects that 0 < ∆1 < ∆2 < · · · . As a first
approximation, we can truncate this series at the second
term, by assuming that ai = 0 for i > 2. This lets us with
three unknowns [µ1,c(∞)(1), a1 and ∆1] that can be easily
estimated from three-point extrapolations. The values of
µ1,c(∞)(1) and ∆1 from such extrapolations for the sets
of L’s (1, 2, 3), (2, 3, 4), (3, 4, 5) and (4, 5, 6) are depicted
in Tab. II. They can be reduced to two values with
another three-point extrapolation and so on. Using this

L µ1,c ρ1,c φ1,c

1 0.68252587 0.269594 −0.57156

2 0.92990791 0.308815 −0.86793

3 1.03574380 0.319238 −1.02970

4 1.09621330 0.327915 −1.13145

5 1.13559460 0.333132 −1.20130

6 1.16338910 0.336462 −1.25230

TABLE I. Critical chemical potentials µ1,c, particle densities
ρ1,c and free energies φ1,c for the 1NN model on square HLs
of different levels L.
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Set of L’s µ1,c(∞)(1) ∆1 ρ1,c(∞)(1) φ1,c(∞)(1)

(1, 2, 3) 1.44933 0.561955 0.33950 −4.12490

(2, 3, 4) 1.40530 0.621107 0.37088 −2.10232

(3, 4, 5) 1.37521 0.681918 0.36760 −1.82332

(4, 5, 6) 1.36141 0.720412 0.36769 −1.73235

TABLE II. Three-point extrapolations for the critical param-
eters µ1,c(∞)(1) and ρc(∞)(1) for the sets of L’s (1, 2, 3),
(2, 3, 4), (3, 4, 5) and (4, 5, 6) and the respective values of ∆1

for the extrapolations of µ1,c(∞)(1).

procedure we have found µc(∞) = 1.33740 which differs
approximately 0.2% of the value µc(∞) ≈ 1.3340151002
reported in [50]. To verify the reliability of this extrapo-
lation method we have applied the scheme to the data of
the critical temperature of the 2D Ising model presented
in [79], where the Ising model is solved in HLs up to
L = 5. The sequence of three-point extrapolation gives
Tc = 2.263298 a value differing 0.2% from the Onsager
value.

We can improve the extrapolation scheme by consid-
ering the third term of Eq. 3. First we can try to find
the value of ∆1 and perform a four-point extrapolation.
However, from the data of ∆1 shown in Tab. II, it is un-
clear it extrapolated value. From a three-point extrapo-
lation on the ∆1 of the sets (2, 3, 4), (3, 4, 5) and (4, 5, 6),
we have found ∆1 = 0.9194. Using this value on the four-
point extrapolation we have found µ1,c(∞) = 1.37516,
which makes no improvement in the value found with se-
quences of three-point extrapolations. With ∆1 unknown
we can perform a five-point extrapolation. In [79] this
extrapolation gives the best results with the critical tem-
perature differing only 0.003% from the Onsager value.
Unfortunately, we have not found any physical solution
for µc(∞) (or any of the other critical parameters) with
the five-point extrapolation which can indicates that the
L’s considered here are not high enough to have a simple
correction to scale as presented in Eq. 3.

By assuming that the finite-size correction in the crit-
ical density ρ1,c(L) have a behavior similar to that of
Eq. 3, we employ the tree-point extrapolation for the
data up to L = 6. The extrapolated values of the sets
(1, 2, 3), (2, 3, 4), (3, 4, 5) and (4, 5, 6) are shown in Tab.
II. The four extrapolated points obtained fluctuate, mak-
ing it impossible to utilize another three-point extrapola-
tion. Then, we consider the value of ρc(∞) of the highest
set of L’s, (3, 4, 6), which gives ρc(∞) = 0.36769. This
value differs only 0.01% of the one reported in [50] of
ρc(∞) ≈ 0.367744.

Similar to the others quantities, we also assume a
finite-size correction of the form of Eq. 3 for the free
energy φ1,c. By making the three-point extrapolation of
the values of φc,1 shown in Tab. I we have found the

extrapolated values, φ1,c(∞)(1), presented in Tab. II.
With another three-point extrapolation in the values of
φ1,c(∞)(1) for the sets (2, 3, 4), (3, 4, 5) and (4, 5, 6), we

have found φ1,c(∞) = −1.62911 a value, in module, ap-
proximately twice bigger than the value of φ1,c(∞) =
0.791602643166112(1) reported in [50].

IV. CRITICAL PARAMETERS FOR THE 2NN

MODEL

Now, we investigate the 2NN model for HLs of level
up to L = 7 (L = 8) in the approximation O (U), which
overestimates (underestimates) the number of NNN sites
for some sites. The densities and free energies were cal-
culated only in the O case, for L 6 6. Similarly to the
1NN model, here, in both approximations, the RRs as-
sume a homogeneous solution, related to the fluid (F )
phase, characterized by Rσ,A = Rσ,B = Rσ,C = Rσ,D,
with σ = 1, 2, 3, ..., N − 1, which is stable for small z2.
For large z2, in both O and U approaches, we find four
equivalent fixed points associated with the columnar na-
ture of the ordered phase of the 2NN model. Although
these fixed points are not so simple as in the fluid phase
or in the solid phase of the 1NN model, by inspection
of the values of Rσ,S for all σ’s and sublattices S, it is
possible to verify, for example, that there are two pos-
sibilities for the sublattice A be more occupied: one in
which the sublattice B is also more occupied; and other
with the sublattice D, instead of B, being also more oc-
cupied. Each of these fixed points are associated with
columns being formed in one of the two directions of the
square lattice.

In all levels, the stability analysis reveals that exists
a critical point separating the fluid and the columnar
phases. This strongly indicates that the fluid-columnar
transition in the square lattice is continuous, in agree-
ment with most of the works on these hard-squares, as
already discussed in the Introduction. Moreover, this
demonstrates that the first-order transition observed by
Robledo and Varea [77] for the 2NN model on the Bethe
lattice is indeed a consequence of the failure of this lattice
in capturing the correlations of the columnar phase.

In Fig. 4 we compare the value of µc found in the ap-
proximation O and U. The underestimation of the num-
ber of NNN sites highly affect the critical value for low
L’s, as in the case of L = 2 and 3 shown in Fig. 4, re-
ducing the accuracy of any extrapolation analysis. Both
approximations displays an almost linear behavior when
plotted against L−0.75 indicating that ∆1 ≈ 3/4. How-
ever, a much smoother behavior is observed for the ap-
proximation O. Beyond this, in order to both approx-
imations converge a non-monotonic behavior shall ap-
pears on the U approximation. Then, from now on we
will only shown the critical parameters and analysis for
the overestimate approximation. The critical parameters
µ2,c, ρ2,c and the critical free energy φ2,c are shown in
Tab. III.

As in the 1NN we start by the three-point extrapola-
tion. In Tab. IV the extrapolation values for the sets
of L’s (2, 3, 4), (3, 4, 5), (4, 5, 6) and (5, 6, 7) is shown.
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FIG. 4. The black circles are the values of µ2,c of the un-
derestimate approximation, while the red squares the data of
the overestimation case. Both cases are plotted against L−∆1

with ∆1 = 0.75.

L µ2,c ρ2,c φ2,c

2 2.4867416 0.2004193 0.519643

3 3.0481278 0.2090740 0.457326

4 3.3545774 0.2133478 0.393478

5 3.5505669 0.2157784 0.340409

6 3.6884884 0.2172566 0.300490

7 3.7913584 – 0.267941

TABLE III. Critical chemical potentials µ2,c, particle densi-
ties ρ2,c and free energies φ2,c for the 2NN model in HLs of
different level L.

The values of µ2,c(∞)(1) fluctuate for the different sets
making impossible to reduce the data with another three-
point extrapolation. From the highest set of L’s we have
found µ2,c(∞) = 4.63792 a value close to the one re-
ported in [63] of µ2,c(∞) = 4.584(2) and of the value
µc(∞) ≈ 4.576 reported in [51]. As shown in Fig. 4 the
values of µ2,c(L) have a behavior close to linear when
plotted against L−∆1 with ∆1 = 0.75, in fact, in all sets
of three-point extrapolation the value obtained for the
exponent ∆1 is close to 3/4. By fixing this value and
considering the third term of the Eq. 3, we perform a
four-point extrapolation which gives µc = 4.57104, an
value that differs 0.2% from [63] and 0.1% from [51].

For the critical density, as in the 1NN case, we employ
the three-point extrapolation. With the three-point we
have observed ρ2,c(∞) for the sets (2, 3, 4), (3, 4, 5) and
(4, 5, 6) close to each other, considering the highest L’s
the we have found ρ2,c(∞) = 0.2221 a value slight lower
than the one of ρc(∞) ≈ 0.233 found in [51, 66]. Lastly
the critical free energy, as shown in Tab. IV the three-
point extrapolation gives values in a wide range between
−0.6959 < φ2,c(∞) < 0.63410, with any clear tendency
for a further extrapolation we are not able to determine

Set of L’s µ2,c(∞)(1) ∆1 ρ2,c(∞)(1) φ2,c(∞)(1)

(2, 3, 4) 4.62538 0.750954 0.2256 0.63410

(3, 4, 5) 4.62265 0.752407 0.2266 1.24463

(4, 5, 6) 4.65061 0.734765 0.2221 −0.2172

(5, 6, 7) 4.63792 0.743947 – −0.6959

TABLE IV. 2NN model three-point extrapolations of µ2,c, ρc,
φ2,c and the exponent ∆1 extracted from the µ2,c extrapola-
tions.

a reliable value for φ2,c(∞).

V. COHERENT ANOMALY METHOD

In this section, we will analyze the non-classical critical
exponents of both 1NN and 2NN models through the co-
herent anomaly method (CAM). Let us start remarking
that, independently of its level L (finite), the dimension
of the HLs is always infinity. Hence, in all levels, the
critical exponents assume their classical values. Of par-
ticular interest here will be the order parameters Q1 and
Q2, defined in Eqs. 1 and 2, respectively, and the sus-
ceptibilities associated with their fluctuations χ defined
in Eq. 10. Close to the critical point these quantities are
expected to behave as

Qi(L) = Q̄i(L)µ
∗
i (L)

βcl (4)

and

χi(L) = χ̄i(L)µ
∗
i (L)

γcl , (5)

where i = 1 for the 1NN model and i = 2 for 2NN one.
The rescaled chemical potential µ∗

i will be defined as

µ∗
i (L) =

|µi,c(∞)− µi,c(L)|
µi,c(∞)

. (6)

In Eqs. 4 and 5, Q̄i and χ̄i are non-universal am-
plitudes, while βcl = 1/2 and γcl = 1 are the classi-
cal exponents. According to the CAM theory, the non-
universal amplitudes of a sequence of systematically im-
proved mean-field approximations, as is the case of our
HL solutions, encode information on the non-classical
values of the critical exponents, being related to them
as [67]

Q̄i(L) ∼ µ∗
i (L)

β−1/2, χ̄i(L) ∼ µ∗
i (L)

1−γ . (7)

Therefore, the exponents β and γ and the chemical po-
tential µi,c(∞) can be obtained from the scaling of Q̄i

and χ̄i, all of them calculated for different L’s. The cal-
culation of such quantities requires much more computa-
tional resources than the critical parameters, because of
this we have calculated Q̄ for L 6 6 in the 1NN and 2NN
models. In particular, as we will show, the calculation of
χ is quite cumbersome, and as we have not observed the
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expected values for the well know non-classical exponents
β and γ on the 1NN model we have calculated only β for
the much challenging 2NN model.

As already mentioned we have calculated the densities
in the central sites of the plaquettes of level L. How-
ever, to calculate the susceptibility is more convenient
to consider the density of the entire plaquette. Then,
for the 1NN model, we have calculated two forms of the
order-parameter, one considering the density of the cen-

tral sites, Q
(C)
1 , calculated for the level up to L = 6, and

another considering the density of the central plaquette,

Q
(S)
1 , calculated up to L = 5. In Tab. V the amplitudes

associated with these order-parameters are shown. To
calculate the susceptibilities we introduce the field-like
variable z̄ conjugated to the order-parameter by defining

z =
zA + zB

2
(8)

and

z̄ =
zA − zB

2
, (9)

where zA and zB is the activities associated with the
sublattices A and B, respectively. With the definition
above we can rewrite the ratios for the partial partition
functions in terms of z and z̄ and then calculate the order-
parameter in terms of these quantities. The susceptibility
then obtained by the following derivative of the order-
parameter

χ1 =

(

∂Q1

∂z̄

)

z,z̄=0

(10)

In order to obtain χ1 we need to obtain the derivatives
of RRs in terms of z̄. As it is not possible to find an
exact solution for the RRs in terms of the activity, these
derivatives should be calculated implicit. However, this
process leads to a linear system of implicit derivatives to
be solved. As the L increase the linear system begins
to be more difficult to obtain and solve. So, we have
determined χ1 by numerically calculating the derivative
of Eq. 10 in the limit of z̄ → 0. Our tests with L = 1
and L = 2 showed that this method is reliable once we
can numerically solve the RRs with high precision for any
z̄ and z. The amplitudes of χ̄1 obtained thorough this
method are displayed in Tab. V

We start the application of the CAM theory by deter-
mining the exponent β. The Eq. 4 have three unknown
quantities so we can use the three-point extrapolation

method to obtain β and µ
(1)
c (∞), in Tab. VI the values

found are displayed. Using the values of Q̄
(C)
1 for the set

(1, 2, 3) we have not found physical solutions for β and µ.
For the set (2, 3, 4) we have found β = 0.124 which differs
0.8% of β = 1/8 expected for the 2D Ising class. A good
agreement is also observed for the chemical potential, we

have found µ
(1)
c (∞) = 1.3259 for (2, 3, 4), differing 0.6%

of the value reported in [50]. However this good agree-
ment is found only for this set of L’s. When considering

L Q̄
(C)
1 Q̄

(S)
1 χ̄1 Q̄

(C)
2

1 1.1904 1.1904 0.80195 –

2 2.9762 1.4868 3.9336 2.7426

3 3.3453 1.6862 6.2789 3.0762

4 3.6525 1.8466 11.224 3.3267

5 3.9160 2.0163 22.107 3.5410

6 4.1426 – – 3.7192

TABLE V. Amplitudes of the order-parameter for the 1NN

model considering central sites (Q̄
(C)
1 ) and central plaquete

densities (Q̄
(S)
1 ) for different levels L. Amplitudes for the sus-

ceptibility (χ̄1) for the 1NN model and of the order-parameter

Q̄
(C)
2 for the 2NN model are also shown for different L’s.

the set (3, 4, 5), we have found β = 0.098, which differs

21% of the 2D Ising value, and µ
(1)
c (∞) = 1.34361 de-

viating 0.7% of [50]. The deviation from the Ising value
increases even more for the set of largest L’s, i.e. (4, 5, 6),

where we have found β = 0.031 and µ
(1)
c (∞) = 1.38125.

L’s µ
(1)
c (∞) β (Q

(C)
1 ) β (Q

(S)
1 ) γ

(1, 2, 3) – –

(2, 3, 4) 1.3259 0.124

(3, 4, 5) 1.3461 0.098

(4, 5, 6) 1.3812 0.031

(1, 2, 3) – –

(2, 3, 4) 1.3769 0.034

(3, 4, 5) 1.1854 0.330

(1, 2, 3) – –

(2, 3, 4) 1.1396 1.665

(3, 4, 5) 1.1802 2.071

TABLE VI. Estimates of the non-classical exponents β and γ

and the critical chemical potential using the CAM theory for
the 1NN model for different set of L’s.

When considering the amplitudes Q̄
(S)
1 similar devia-

tions are found. For the lowest set of L’s a non-physical
solution of β < 0 is observed, while for (2, 3, 4) the value

of β = 0.034 with µ
(1)
c (∞) = 1.3769 is found. For the

set largest L’s, (3, 4, 5), a much higher value is found, we

have observed β = 0.330 with µ
(1)
c (∞) = 1.1854, showing

that the utilization of the exponent β does not allow the
confirmation of the universality class for 1NN model. In
fact, as reported in [79] the deviation found for the the
β exponent with the CAM theory in the 2D Ising model
on the square lattice was of 11.2%, a much close value is
found for the γ exponent deviating only 1.6% [79].

Similar to the exponent β, we have used the classi-
cal amplitudes obtained for χ (see Tab. V) and Eq. 5
with a three-point extrapolation to determine the non-
classical value of γ. The lowest set of L’s does not
present any physical solution, while for L’s (2, 3, 4) we
have found γ = 1.665 a value that differs 4.8% of the
expected value of γ = 7/4. A much higher disagree-
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ment is observed for the set of largest L’s, i.e. (3, 4, 5),
we have found γ = 2.071 differing 18% of the expected
value. We have also observed large deviations on the

value of µ
(1)
c (∞) determined by χ̄. For (2, 3, 4) we have

found µ
(1)
c (∞) = 1.1396 while for (3, 4, 5) the value

µ
(1)
c (∞) = 1.1802, differing 14.5% and 11.5% of the value

reported in [50], respectively.
The large deviation observed in γ and β for the 1NN

model shows that we may need large values of L to proper
use the CAM theory in kNN LG models. As we are not
able to conclude nothing about the universality class of
the much well behaved 1NN model we can expected at
least a similar situation for the 2NN one. In fact, using

the displayed values of Q̄
(C)
2 on Tab. V, we have found

for (2, 3, 4) β = 0.0633 and µ2,c(∞) = 4.91517, while
for (3, 4, 5) and (4, 5, 6) we have found β = 0.1798 with
µ2,c(∞) = 4.46095 and β = −0.0025 with µ2,c(∞) =
5.03236, respectively. As we can see the value of β vary
between a non-physical value for the largest L’s to a large
value of 0.179, which, as in the 1NN, makes impossible
to make conclusions about the universality class for the
2NN model.

VI. FINAL DISCUSSIONS AND CONCLUSIONS

We have solved the hard square models, of 1NN or 2NN
particles, on a sequence of high level Husimi lattices hav-
ing small square lattices (of effective size L) as building
blocks. The thermodynamic behavior of the 1NN (2NN)
model was obtained for L 6 6 (L 6 7) by the compu-
tational determination of recursive relations for partial
partition functions and by the linear stability analysis of
their fixed points (thermodynamic phases).

For the 1NN model two phases have been found: a fluid
and a solid one. For all orders considered, the phases
are always separated by a critical fluid-solid transition.
By using three-point extrapolations for the sequence of
values obtained for the critical chemical potential and
particle density, we have found results very close to the
more accurate ones reported in literature [50]. In partic-
ular, the critical density differs only 0.01% from the value
reported in [50], showing that the systematic approxima-
tions with higher-level Husimi lattices can, in fact, give
quantitatively correct results for these system in lattice
being approximated (the square lattice here).

In the 2NN case, the expected fluid and columnar
phases were also observed in our solutions. In all levels
analyzed, a critical fluid-columnar phase transition was
found in this system. By extrapolating the data obtained
for the different levels, we have found µ2,c = 4.57104 and
ρ2,c = 0.2221. The critical chemical potential found is in
good agreement with the estimates reported in [51, 63]
differing less than 0.3% of them, but it is slightly different
from the more recent value reported in [66]. The value of
the critical density found here is a little bit smaller than
the value ρ2,c ≈ 0.233 reported in [51, 66].

To determine the non-classical critical exponents, we
have used the coherent anomaly method (CAM). Despite
the high accuracy of the critical parameters µi,c and ρi,c
calculated here, we were unable to obtain reliable values
for the non-classical exponents. In particular, the 1NN
model is well-know to belong to the 2D Ising class, but
the application of the CAM for it returned values of β
and γ ranging between 0.031 < β < 0.330 and 1.665 <
γ < 2.071.

The deviations observed in β and γ for the 1NN model
shows that, at least for the levels considered here, the
application of the CAM theory is unable to proper de-
termine the value of non-classical exponents thorough a
systematic approach with Husimi lattices for kNN hard-
LGs. A similar conclusion is also given in the only work
(as far as we know) that applies CAM to LGs systems. In
[70] a Monte Carlo version of the CAM is applied to 2D
Lennard-Jones LG systems on the square lattice. Con-
sidering cluster sizes with up to 373 particles they found
significant divergences of the exponent associated to the
correlation length ν and the susceptibility exponent γ
with respect to the 2D Ising class.

When utilizing the same systematic approach with HL
for the ferromagnetic Ising model on the square lattice
Monroe [79] had found the critical temperature differing
only 0.003% of the Onsager value. However, the uti-
lization of CAM output much less accurate estimation,
with β and γ differing 11.2% and 1.6%. One possible
explanation for the difficulty in the utilization of CAM
is the simply scaling form for the classical amplitudes
(see Eq. 7). As showed in [81] logarithm corrections
are present in the CAM scaling relation for the Weiss-
and Beth-type mean-field approximations. As far as we
know, the study of correction to scaling for the CAM
in mean-field approximations like HL has not been con-
sidered yet. Moreover, the sub-lattice ordering in kNN
LGs effectively reduces the size of the system as only a
fraction of the lattice can be occupied leading the need
of higher levels of HL. Unfortunately, due to the expo-
nential grown in computational resources needed to solve
higher-levels HL (L > 7) we are unable to improve our
results or explore the possible corrections present in the
CAM scaling. To address these problems more efficient
methods to obtain and solve the recursive relations for
the ppf’s must be developed to increase the level of ap-
proximation.
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L NL (1NN) Conf. 1NN

2 10 1704

3 26 1146118

4 68 3985772648

5 178 70897617428720

6 466 6438412592897497526

7 1220 –

L NL (2NN) Conf. 2NN

2 36 8312

3 76 950636

4 164 357340560

5 352 435265986532

6 756 258990287426480

7 1624 3729631034070503744

TABLE VII. The number N of ppf’s and the total number of
configurations for the 1NN (top) and 2NN (bottom) models,
for the Lth level HL.

Appendix A: Solution of the kNN models on the

square Husimi lattices

To solve the kNN models on a L-level square Husimi
lattice, we define partial partition functions (ppf’s) asso-
ciated with the possible states of a root zigzag line [see
Fig. 3] of a rooted building block (BB). For solving the
1NN model, these root line can be defined with 2L − 1
sites, whereas to include exclusion among external NNN
sites in the 2NN case they must have 2L+1 sites. Let us
focus on the former case, since the extension to the latter
one is quite obvious. In the 1NN model with L = 2, for
example, there are N2 = 5 configurations of particles for
the root line: all sites empty (σ = 0), one site occupied
(there are 3 possibilities here, σ = 1, 2, 3) and two sites
occupied (σ = 4). Since these sites can have two different
sublattice configurations (the sequences ABA or BAB),
there is a total of 10 possible states for the root line of
the 1NN model with L = 2. For the sake of simplic-
ity, we will use only the sublattice of the leftmost site
of the root line to identify the sublattice configuration,
namely, we will use “A” to refer to ABA and “B” to
BAB. Thereby, in this case one has 10 ppf’s: Gσ,S , with
σ = 0, . . . , 4 and S = A,B. For comparison, for the 2NN
model with L = 2 one has N2 = 9 and four sublattice
configurations, totaling 36 states and ppf’s: Gσ,S , with
σ = 0, . . . , 8 and S = A, . . . ,D. In our solutions, we will
always define the configuration σ = 0 as the one with the
root line empty. In Tab. VII the number NL of particle
configurations in the root line is presented for different
levels, for both 1NN and 2NN models.

A recursion relation for the ppf Gσ,S can be obtained
by keeping the rooted BB with the root line in the state
(σ, S) and considering the operation of attaching three
subtrees (three branches) to it, one at each of its sides,
with exception of the root line. Note that, if each of
these subtrees has M generations, this process yields a

new subtree with M + 1 generations. By summing over
all possible ways of attaching the three subtrees in the
rooted BB — i.e., by considering all the possible configu-
rations for their root lines, respecting the particle exclu-
sions and sublattice order —, one obtains the ppf G′

σ,S
in generation M +1 as a polynomial function in terms of
the ppf’s (Gi,J) of M -generations.
Being more explicit, in the 1NN model, if the root line

is in sublattice configuration A, then, one has to connect
a subtree in configuration A on the top of the BB and
subtrees in configuration B in its lateral sides [see Fig.
1(c)]. This means that the recursion relations for the
ppf’s G′

σ,A will be given by a sum of terms of the form
Gα,BGβ,AGγ,B , with α, β, γ = 0, . . . , N − 1. Thereby, at
first, the polynomial for a given ppf might have N3 of
such terms. However, there exits several combinations of
Gα,BGβ,AGγ,B which are forbidden, due to the particle
exclusions, leading to a smaller number of allowed terms.
Anyhow, we can sum over all N3 configurations and in-
troduce a variable δσ,α,β,γ , such that δσ,α,β,γ = 0 for the
forbidden configurations and δσ,α,β,γ = 1 otherwise. In
this way, the ppf’s for the 1NN model in sublattice con-
figuration A can be written as

G′
σ,A =

∑

{α,β,γ}

δσ,α,β,γz
1
2n

(S)
σ,α,β,γfσ,α,β,γ(z)Gα,BGβ,AGγ,B .

(A1)
The ppf’s for the sublattice configuration B are given by
the same expression with A and B exchanged. In both
cases, one has

fσ,α,β,γ(z) =

Kσ,α,β,γ
∑

i=1

mi;σ,α,β,γz
n
(B)
i , (A2)

which is a polynomial accounting for the bulk configu-
rations in the rooted BB. Note that for L > 2 this BB
can be divided into two regions: the surface, composed
by the 4L sites that will be shared between consecutive
generations; and the bulk, defined by the remaining sites,
which belongs exclusively to the BB. Once we have fixed
the state, (σ,A) for example, of the root line and the
configuration {α, β, γ} of the three incoming subtrees,

the number n
(S)
σ,α,β,γ of particles at surface is determined.

This number is multiplied by half in Eq. A1 because
these particles are shared by two generations of the tree.
Note that the state of the root line fixes also the config-
uration of some few bulk sites of the rooted BB, but, for
a given surface state, there may still exists several ways
of placing particles in the other bulk sites and one has
to sum over all these configurations, what is done in Eq.
A2. In this expression, mi;σ,α,β,γ is the number of ways

of placing n
(B)
i particles in the bulk sites (with exception

of those belonging to the root line), while Kσ,α,β,γ is the
maximal number of particles possible there. It is obvious
that such quantities will depend on the level L, but this is
omitted for the sake of simplicity. Moreover, in the case
L = 1, where there is no bulk sites, one has fσ,α,β,γ = 1.
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The ppf’s for the 2NN model will be given by expres-
sions analogous to A1. The difference is only in the
sublattice configurations. For example, for even L, as
is the case in Fig. 1(d), one has that if the root line
is in sublattice configurations A, subtrees in configu-
rations B and D will be attached in the lateral sides,
while in the top side the subtree shall be in configura-
tion A. Hence, we must have Gα,BGβ,AGγ,C in place of
Gα,BGβ,AGγ,B in Eq. A1. When L is odd, one has to
make Gα,BGβ,AGγ,B → Gα,BGβ,CGγ,D in Eq. A1, since
in this case the subtree attaching to the top of the BB
shall be in configuration C. Once we have the recursion
relations for the ppf’s in sublattice A, the ones for the
other sublattices can be obtained by cyclic permutations
of their indexes: A → B, B → C, C → D and D → A.

The determination of the recursion relations for the
ppf’s is done computationally by calculating δσ,α,β,γ , the
multiplicity mi;σ,α,β,γ , the number of surface particles

n
(S)
σ,α,β,γ and the total number of particles in the bulk

Kσ,α,β,γ for each surface configuration. For small L this
exact enumeration process can be easily done, but as L
increases it becomes very demanding, limiting the maxi-
mal feasible L to small values. To let clear the complex-
ity of this method, the sum of all allowed terms in all the
ppf’s for a given L, KT =

∑

{σ,α,β,γ} δσ,α,β,γKσ,α,β,γ ,

is shown in Tab. VII for both models. Note that this
number of terms, becomes of order ∼ 1018 already for
L = 6 (L = 7) for the 1NN (2NN) model. To efficiently
enumerate these large number of terms, we use a recur-
sive method, where the information for the already made
counting for L−1 is used to determine the recursion rela-
tions for the ppf’s of Lth order. A caveat of the method
is that, to save time, all informations of all recursion re-
lations for the case L− 1 have to be stored in the RAM
memory, to allow rapid access. For instance, in the 2NN
case, these informations for L = 8 require at least 256GB
of RAM memory. The main problem, however, is that to
be efficient one must have these informations also in the
HD, what produces 5.2 terabytes of data for L = 8.

After concluding the enumeration process and, thus,
determining all ppf’s for a given L, we start the study
of the thermodynamic properties of the models for this
level. The first step is the determination of the fixed
points, each fixed point is associated with a thermody-
namic phase. As shown in Eq. A1 the ppf’s are com-
posed by a sum of positive terms which in the thermo-
dynamic limit diverge. To overcome the divergence the

ratio of ppf’s Rσ,S =
Gσ,S

G0,S
is defined. The Eq. A1 can

be easily write in terms of Rσ,S and by iterating the re-

cursive relations the fixed points are numerically found.
The stability of the fixed points is then determined by
the maximum eigenvalue, Λ, of the Jacobian matrix of
the recursive relations ratios for the ppf’s. In the region
whereof the activity space z where Λ < 1 the phase is
stable, the stability limit, the spinodal, of the phase is
determined by Λ = 1. As the counting process to the
ppf’s the determination of the fixed points and its sta-
bility becomes very costing for L large. For L = 8 the
program needs to handle 3488 equations each one being
in the order of 1021 terms.

Similar to the ppf’s the partition function can be ob-
tained by attaching four sub-trees to a central square of
Lth-level. As the ppf’s are parts of the partition function
we can write the partition function Y in the generic form
for a Lth-level HL

Y =

N
∑

i=0

N
∑

j=0

δijGj,SG
′
i,A =

(

∏

k

G0,k

)

y, (A3)

where δij is zero if the 1NN (2NN) particles overlap at
the root line and equal to one otherwise, y is function
of the ratios Rσ,S and of the activity z and k = A,B
for 1NN and k = A,B,C,D for the 2NN model. The
sublattice S in Eq. A3 is always A for the 1NN model
and the 2NN depends on L, being A if L is odd and C
in the case of L even. With the partition function, the
density of particles, ρT , at the central square of Lth-level
can be calculated as follows

ρT =
z

V Y

∂Y

∂z
, (A4)

where V is the volume of the central square defined by
V = 2(L2+L). We can also calculate the bulk free energy
per site. Using the ansatz proposed by Gujrati [80] the
free energy for a Lth-order HL can be written as

φb = − 1

V
ln

(∏

i Ω0,i

y2

)

, (A5)

where Ω0,i is given by

Ω0,i =
G′

0,i
∏

j G0,j
, (A6)

with i, j = A,B for the 1NN model and i, j = A,B,C,D
for the 2NN.
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Chapter 5

Ongoing Work

At the moment, beyond the finishing of the preprint presented on Chap. 4, we
are working on another problem related to polymer adsorption. As pointed out in Chap.
1, most of the existing works on this consider the surface as being flat. However, the
scenario of a perfectly flat surface is far from reality. Namely, most of the surfaces have
some kind of defect, which might have a significant effect on the adsorption behavior of
a polymer there. One example of this is the case of rough surfaces [83, 84], which has
recently been studied by means of Monte Carlo simulations [85], presenting a complex
kinetic and thermodynamic behavior. Of course, this is only relevant when the monomer
is smaller than (or at least of the same scale of) the defects, otherwise, the surface can be
very well approximated as flat.

With the mentioned scale in mind, we have been working on the adsorption problem
on vicinal stepped surfaces, which are commonly observed in crystal and are formed by a
sequence of terraces separated by steps as shown in Fig. 5.1. On this type of surface, the
polymer can either adsorb on a terrace, which is similar to adsorption on flat surfaces, or
on one step (see Fig. 5.1). On the step edges the monomers has effectively more contacts
with the surface sites, then, as in the modeling of crystal growth, it is natural to assume
different interaction energies for step edge and for terrace contacts. We remark that
adsorption of monomers on the step edge can enhance the polymerization process [86],
and the characterization of the adsorption transition in these surfaces can be an important
part of the process. Moreover, deposition of materials on vicinal surfaces is topic of much
interest [87,88], with appealing applications as the production of nanowires [89–91].

Despite the polymer adsorption on vicinal surfaces be a relevant problem in poly-
mer physics, as far as we know, the global properties of the adsorption transition in this
scenario have never been explored yet. To tackle this problem, we consider self-avoiding
walks (SAW) on the cubic lattice with a vicinal surface at its bottom. The model has
two types of surface interactions: an energy −ǫt for contacts with terraces and an energy
−ǫs for the step edge contacts. The partition function of this vicinal adsorption model is
given by

Zn(ωt, ωs) =
∑

mt,ms

cn(mt, ms)ω
mt

t ωms

s , (5.1)

where ωi = eβǫi with i = {t, s} and β = 1/kbT . The sum is evaluated over all possible
number of terrace contacts, mt, and step edge contacts, ms, for a SAW with n steps and
with cn(mt, ms) being the density of states. To characterize the adsorption transition, we
need to find an order parameter. An ideal candidate is the surface energy, which is the
order parameter for the flat-surface adsorption. So, by extending this concept for two
different energies: one associated with the terrace, u(t)

n , and another with the step, u(s)
n ,

each one being the order parameter for either the terrace or step edge adsorption. These
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Figure 5.1: Representation of a vicinal surface with the typical polymer phases in a good
solvent regime. On the top terrace a desorbed configuration is sketched, followed by an
step adsorbed in the first step and a terrace adsorbed configuration on the bottom.

energies are defined by

u(t)
n =

< mt >

n
and u(s)

n =
< ms >

n
(5.2)

In the same spirit, it is reasonable to assume that close to the adsorption point
these order parameters behave as

u(i)
n ∼ nφ(i)−1f(τn1/δ(i)

), (5.3)

with i = {t, s}, f(x) is a scale function and τ the rescaled temperature. The exponents
φ(t) and 1/δ(t) characterize the terrace adsorption, while φ(s) and 1/δ(s) the step edge
adsorption. The aim of this work is to characterize both adsorption transitions. To do
so, we follow the same procedures employed in Chap. 2. Namely, first we perform the
two-parameter version of the flatPERM [96] for polymer chains of short lengths, 128
steps, and build the fluctuation map. Then, with the fluctuation map, we can identify
the phases present and the possible order of the transitions among them. To characterize
the exponents we will perform the one-parameter flatPERM with 1024 steps and possible
the PERM with walks going up to 10000 steps.

At the moment of the writing of this thesis this this work is in an initial state.
Since no similar work as been done before, we start by considering two effectively infinite
terraces with only a single step at surface with the SAW tethered on it. By running
109 samples of the two-parameter flatPERM for chains with 128 steps, we build up the
fluctuation map shown in Fig. 5.2. By analyzing the distribution of step edges and
terrace contacts we have identified the phases present in the model. For small of ωs and
ωt, we have observed, as expected, the non-adsorbed coil phase, characterized by an small
number of terrace and step edge contacts. Increasing ωs with ωt small, a step edged
adsorbed phase (large number of step edge contacts) is found and for large ωt the terrace
adsorbed phase (large number of terrace contacts) takes place.

By analyzing the peak behavior of the contacts distribution we have identify three
regions of possible phase transitions. For small values of ωt, a two peaked distribution
behavior is observed indicating a possible first-order transition from the coil to the step
adsorbed phase while for low ωs a single peak is observed, which indicates a, possible,
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Figure 5.2: Fluctuation map for SAW with 128 steps. The brighter colors indicate the
regions of large fluctuations.

critical desorbed-terrace adsorbed transition. A critical transition is also observed for large
values of ωs and ωt between the step and terrace adsorbed phases. With the possibility of
two critical lines and one discontinuous, we infer that the discontinuous line should end
in a critical point connecting the lines.

Although no simulation for long chains has been done so far, the nature of each
phase present on the diagram allows us to fairly speculate about the exponents of each
transition line. As the desorbed-step adsorbed transition seems to be marked by a two-
peak distribution behavior, characteristic of a first-order transition, the exponents should
assume the theoretical values of φ(s) = 1/δ(s) = 1 for discontinuous transitions. For the
terrace adsorption, the transition is expected to be identical to the flat-surface adsorption
on the cubic lattice for SAW. In fact, for short lengths, the transition seems to be close
to ωt ≈ 1.4, which is not so far from the expected one ωt ≈ 1.33 [92]. Therefore, the
exponents should be close to the values φ(s) = 1/δ(s) ≈ 0.48 [93] expected for the three-
dimensional adsorption. Finally, the transition between the step and terrace adsorbed
phases involves one phase quasi-two-dimensional and other quasi-one-dimensional. If one
faces the terrace adsorbed as a desorbed coil phase on two-dimensional space, then the
step phase can be seen as the adsorbed phase onto a line in the 2D space. Using this
analogy, we can infer that the step-terrace adsorption is similar to the coil-adsorbed phase
transition for SAW on a square lattice. If this is correct, the exponents shall assume the
value φ(t) = φ(s) = 1/δ(t) = 1/δ(s) = 0.5.

Besides the characterization of the transitions and the build of the phase diagram,
we shall also explore aspects of the problem. For example, what is the effect of the number
of steps? For now, we have only considered a single step at the surface, which consists
in the case where the distance between steps is much larger than the polymer size, for
distances comparable to the polymer size can more adsorbed phases appears?. Another
generalization that we have the intention of exploring is the solvent condition, which
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leads to questions like, how the globule phase adsorbs in the presence of steps? We can
also explore the scenario where a semi-flexible polymer is considered, with the addition
of stiffness a crystalline phase can be formed [94], which can also lead to a crystalline
adsorbed phase. In all cases, a much richer thermodynamic behavior can be expected to
increase the complexity of the work.
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Chapter 6

Final Conclusion and perspectives

We have studied several statistical models for polymers and fluids. By using
efficient and sophisticated stochastic grown methods for polymers (flatPERM [96] and
PERM [95]) we have explored the adsorption and the polymer collapse by modeling it
as interacting self-avoiding trails in two dimensions, on the square and triangular lattice.
The fluid systems were modeled as lattice gas models of hard particles on the square and
cubic lattices. The lattice gases studied are composed of particles that exclude up to
their kth nearest-neighbors (kNN). On the square lattice, we considered the pure lattice
gas systems of 1NN and 2NN particles, we manage to solve them using a semi-analytical
approach with high-order Husimi lattices built with squares lattices as building blocks
approximating the square lattice. Beyond these pure systems, four different mixtures
were studied on the cubic lattice, three binary ones composed by pair of the particles
0NN, 1NN and 2NN and the ternary mixture composed by the same particles. We solve
all these mixtures on a Husimi lattice built with cubes.

On the collapse and the adsorption of SAT on the square lattice we have explored
the universality of the adsorption exponents φs and 1/δs. Three different boundary scenar-
ios were considered: the monomer-surface (MS), where the surface energy is determined
by the number of monomers in contact with the surface; the bond-surface (BS), where
the energy is determined by the number of bonds at surface, both in a horizontal sur-
face; and the case of a diagonal surface (DS) with the energy associated with surface
monomers. By carefully determining the exponents with long SATs, we observed that
in all scenarios the exponents are in the adsorption universality class in two dimensions
with φs = 1/δs = 1/2 for the normal adsorption. However, a deviation on the values of
the exponents between the scenarios was observed for the special point where the trail at
the collapse point adsorbs. The large difference is observed between the DS case and the
MS one. As pointed out in the paper we believe that the discrepancy is due to strong
corrections to scaling at the collapse point. However, with the analysis done we can not
entirely discard the possibility of the diagonal and the horizontal surface cases being in a
different universality class. As a future work to address this question, we will consider a
slightly different model for the horizontal surface adsorption. On the DS case, every time
a monomer ’touch’ the surface the next one is always out of the surface, forming, at the
fully adsorbed phase, a stepped chain with only half of the monomers being adsorbed. On
the horizontal surface, the same situation does not happen and in the fully adsorbed state
all monomers are adsorbed. The idea to address the question of universality is to make
the horizontal surface SAT more equal to the DS, so that each time a monomer makes two
sequential contacts with the surface the next one is forced to be away from the surface.
Another idea is to change the inclination of the surface, considering inclinations between
the horizontal and the diagonal case. With these approaches, we can test if either the
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diagonal and the horizontal surface are in the same class or not.
On the triangular lattice, the adsorption and collapse of the SAT present an ex-

tra challenge. Since in the triangular lattice each site can be occupied by up to three
monomers, the is an extra interaction energy related to the triply visited sites, besides
the one for doubly visited sites. Along with the surface interaction, the model presents
three parameters of interaction, leading to a 3D phase diagram. With the use of the
flatPERM to build several 2D slices of the phase diagram, we were able unveil the full
picture of the thermodynamic behavior. A very complex phase diagram with four phases:
coil, globule, crystal and adsorbed. With the analysis for short lengths, we identify a spe-
cial multicritical point where three multicritical lines and one line of critical-end-points
meets. As the assumption of the location of the special point is based on samples of trails
with up to 128 steps a further improvement on the location of the point and also the
determination of the critical exponents values with longer trails can be of interest. As a
further project, we also have the intention of exploring the SAT collapse and adsorption
on the cubic lattice. As on the triangular lattice, on the cubic one a 3D phase diagram
is expected to be built with the additional difficulty that more phases, as the surface
attached globule (SAG) one will be present.

For the pure 1NN and 2NN lattice gases models, we have solved them on improved
Husimi lattices up to sixth-level for the 1NN and seventh-level for the 2NN. For the
1NN hard squares, in all levels we have observed a critical fluid-solid transition and, by
extrapolating the data, we have found values for the critical chemical potential and density
close to the more precise values reported in the literature. Similarly, in the 2NN case,
we have observed in all levels a critical fluid-columnar phase transition and extrapolation
return critical parameters close to the values reported in the literature. With the coherent
anomaly method (CAM) we have obtained the non-classical value of the exponent β and
γ, but unfortunately our analysis does not allow conclude nothing about the universality
class of the models considered.

Three different binary mixtures of kNN particles have also been studied. In all
cases, a rich thermodynamic behavior is observed with critical, triple and tricritical points,
critical and discontinuous lines separating two fluid and two solid phases. In particular,
the binary mixture 0NN-2NN presents a fluid-fluid transition leading to a very interesting
phase diagram with two fluid phases and solid one. As all the thermodynamic behavior
was determined by a mean-field approach (solutions on a Husimi lattice built with cubes),
the next step is to simulate the binary mixtures on the cubic lattice. Usually, the results
of solutions on Husimi lattices are qualitatively correct and, then, by using our findings
here as a guide and with an appropriated Monte Carlo method, we intend to verify if all
the properties found on the Husimi lattice holds on the cubic one. Besides the binary
mixtures, we also solved the ternary 0NN-1NN-2NN mixture using the Husimi lattice
build with cubes. An even richer phase diagram is observed in the ternary mixture with
several surfaces of transition, critical, triple and tricritical lines as well three different
surfaces of anomalies, showing that despite the simplicity of these athermal systems a
variety of complex behaviors can emerge from the entropy-driven process.

Along with the conclusion of the work for the hard squares on the square lattice, we
are also working in the vicinal adsorption problem for polymers. Despite the work being
in its initial phase, by modeling the polymer as a self-avoiding walks on a single stepped
surface using the flatPERM method we have found interesting results with two adsorbed
phases and the desorbed one. The full characterization of the phase transitions is the next
step, as well as the exploration of how the number of steps affects the thermodynamic
behavior. Lastly, we have the intention of introducing bulk interactions along the chain
to induce the collapse transition or even the crystallization transition.
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Appendix A

Monte Carlo methods

The PERM [95] and flatPERM [96] are stochastic growth algorithms based on the
classical Rosenbluth-Rosenbluth (RR) [97] method being both very efficient to produce
samples of large sizes for a polymer chains modeled by self-avoiding walks and related
models. Briefly, the RR method can be described for the SAW by the following steps:
the walk is initiated at the vertex v0 of a hypercubic of dimension d, the second vertex
then is randomly chosen from the 2d nearest-neighbors. Then, the following vertices are
randomly chosen from the σ free nearest-neighbors. In the case of σ = 0, i.e., when there
is no free vertex, the walk is trapped and it is entirely rejected and a new one is started
from v0. Otherwise the new vertex is accepted and a monomer is placed at this position.
This grown process is repeated until the desired maximum length of the walk be attained.

The chosen of the new vertex from the free neighbors introduce a bias in the grown
process and the RR does not produce an ensemble of equiprobable walks. Each walk,
si, generated by the RR has a statistical weight, Wn(si), and the probability of a certain
walk being sampled is given by

Pn(si) ∝
1

Wn(si)
(A.1)

The statistical weight is calculated along the grown process by the product of the number
of free neighbors σ at each step, for a walk s with n steps Wn(s) is given by

Wn(s) =
n−1
∏

j=1

σj (A.2)

Initially the walk has W0 = 1 and, once a new vertex is accepted, the weight is updated
by doing Wn(si)→ Wn(si) ∗ σi−1. An estimate for the partition function, Zn, for a set of
N walks with n steps is obtained by averaging summing over the weights of all walks in
the set generated by the RR

〈Zn〉N =
1

N

N
∑

i=1

Wn(si). (A.3)

Then, naturally, estimate the value of any observable O, one calculates

〈O〉N =

∑N
i=1 Wn(si)O(si)
∑N

i=1 Wn(si)
. (A.4)

For N → ∞ the estimate of a quantity is expected to converge its the average value.
The RR method has two major flaws, the first one is the difficult to obtain long chains,
since eventually the walks becomes rapped. Despite the RR method be an improvement
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over the Simple Sample method 1, where the next step is always chosen between the 2d
neighbors, the attrition of the walk (trapped conformations) is still a problem. In fact,
on the square lattice the trapped configurations dominates when the length of the walk
exceeds 150 steps which makes the number of sampled walks for long lengths vanishes, as
shown in Fig. A.1.
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Figure A.1: Fraction of surviving self-avoiding walks as function of the number of steps
on the square lattice.

Beyond the attrition problem, the RR method has also an issue of weight disper-
sion. Eventually, few walks with a large statistical weight starts to dominates the set of
sampled walks reducing the effective size of the sample and affecting the quality of the
results. In order to solve this problems we need to implement strategies to overcome the
attrition and to reduce the weight dispersion. Peter Grassberg [95] propose to solve these
problems by introducing the procedures of pruning and enrichment in the RR giving rise
to the Pruned-enriched Rosenbluth Method (PERM). The method was latter improved
by Prellberg et al. [96] with the flatPERM. As both methods are central for the works
presented in Chap. 2, we will discuss them in more details with a scheme for an algorithm
for the flatPERM being presented at end of this Appendix.

In the PERM algorithm, walks with large weights are enriched (copies of the walks
are made) and their individual weight is reduced, walks with low weights, on other hand,
are pruned. These two procedures reduce the dispersion weight and the enrichment in-
crease the number of longer walks. To introduce this procedures in the RR we define a
cut-off threshold, T , and a lower threshold t. If at length n a walk s has Wn(s) > Tn,
then a copy of the walk s is made and the weight of the original walk and the copy is
Wn(s)/2, after that the original walk and the copy are grown independently. In the case
of Wn(s) < tn then, with a certain probability 1/q, the walk is pruned by stopping its
growth and making Wn(s) = 0. If the walk is not pruned, then, the RR grown process
continues with the walks weight being increased by a factor of q (usually q = 2 is used).

The estimative of any quantity is calculated in the same way as in the RR, the
difference is that for N started walks, usually, due to the prune and enrichment process,
we end up with a larger sample of walks. As shown in Fig. A.2 on the PERM, roughly, a
constant number of walks is sampled for each length n until the maximum length of 5000

1For a complete review about Monte Carlo methods for self-avoiding walks see [98].
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Figure A.2: Surviving SAWs as function of the monomer number in the square lattice.
Differently of the RR method we have a large number of walks reaching the maximum
chain size.

steps on the square lattice. The thresholds T and t can be calculated during the grown
process by the expressions

tn = c 〈Zn〉N , Tn = C 〈Zn〉N , (A.5)

where c and C are parameters of the simulation and they are in general chosen in a way
that C/c ≈ 10 [95]. As one can see, the implementation of the PERM depends on the value
of some parameters but, usually, the value of c and C chosen affects only the final size of
the sample, and a ”wrong” choose of these parameters will require the initiation of more
walks. Beyond these parameters, the thresholds also depend of a previous estimate of the
partition function. There is two ways to overcome this issue. The first one is by initially
running the RR method for walks of short lengths and then using the estimatives of the
partition function as an input to PERM. Another way, more convenient, is to initiate
t = 0 and T as a large value, then during the simulation as the < Zn > is obtained the
thresholds are updated. Initially, the values of the threshold will be very wrong and a
large number of walks can be enriched for small lengths (as shown in Fig. A.2), however,
as the simulations goes on the estimative of Zn is improved and the number of pruned
and enriched walks stabilize becoming roughly constant for each step.

Despite the PERM method be very efficient to sample large walks, it can be im-
proved. To see how, let us first consider a more general case where some form of interaction
between sites of the walk are allowed. For example, let I be the number of non-consecutive
nearest-neighbors (NN) (see Fig. A.3), for each pair an energy ǫ is associated. Defining
cn,I as the number of configuration of n-steps with the total of I NN interactions. The
partition function in of this more general model is given by

Zn(β) =
∑

I

cn,Ie±|β|I , (A.6)

with |β| = |ǫ|/(kBT ), where kB is the Boltzmann’s constant and T the temperature, the
signal of the exponential depends on whether the interaction is attractive or repulsive.
The approach with the PERM is similar to the one already described with the only change
being on the statistical weight of a walk s with n steps, now the Boltzmann weight is
introduced and we have

Wn(s) =
n−1
∏

j=1

σje
±|β|δj , (A.7)



A Monte Carlo methods 97

where δj is equal to the number of interactions of the vertex j. In this more general case,
the PERM gives the estimative of Zn for a given temperature (or strength of interaction)
β, and several runs of the method for different values of β are required to explore the
thermodynamic behavior of the model. How we can avoid this cumbersome process?
In fact, with few modifications on the PERM routine we can turn the method more
”cleaner”, without any parameter to prune and enrich, and instead access directly the
density of states cn(I), allowing the determination of the thermodynamic properties for
any temperature. This microcanonical implementation of the PERM is know as the
flatPERM [96].

Figure A.3: A nearest-neighbor interacting self-avoiding walk on the square lattice with
n = 25 steps and I = 10 interaction contacts.

As shown above, in then PERM algorithm walks are pruned and enriched in a
way that an uniform sampling in the size of the walk is obtained (see Fig. A.2). In the
flatPERM, we achieve an uniform sampling in the size and in the energy state by changing
the way that the walks are pruned and enriched. Instead of considering thresholds for
the weight the pruning/enrichment process is guided by the estimative of the density of
states, cest

n,I , given by

cest
n,I =< Wn >=

1

Sn,I

Sn,I
∑

i=1

Wn(si), (A.8)

where Sn,I is the number of walks si sampled with n steps and I interactions and Wn(si)
is given by Eq. A.2. If a n-step walk has a weight Wn then we calculate the ratio r

r =
Wn

< Wn >
(A.9)

If r > 1 then the walk has a larger weight than the target one and has a probability p,
that depends of r, to be enriched. Otherwise, if r < 1, with a probability 1−p the walk is
pruned. Initially with a poor estimation of cn,I the method will blindly prune and enrich.
However, as the number of walks increases the estimative improves and the method start
to prune and enrich around the right number of configurations for each bin of energy I.
The flatPERM can be easily generalized for models with more parameters of interaction
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by simply changing the Eq. A.8

cest
n,I1,I2,....,IN

=< Wn >=
1

Sn,I1,I2,...,IN

Sn,I1,I2,...,IN
∑

i=1

Wn(si), (A.10)

where I1, I2, ...IN are the total number of interactions being each one associated to an
energy ǫk and Sn,I1,I2,...,IN

is the number of sampled walks with n steps and I1, I2, ..., IN

interactions.
As the number of types of interaction increases the flatPERM takes longer to

converge and estimate the density of states. In many cases this time limitation impose a
needed to decrease the size of the walk. For example, for a interacting self-avoiding walk
model with two types of attractive interactions the flatPERM converge the density of
states, in a feasible time, only for short lengths (∼ 100 steps). Despite this limitation in
the size, as shown in Chap. 2, the complete density of states allows a finite-size (usually
qualitatively correct) picture of the thermodynamic behavior of the model. If our example
model has a partition function given by

Zn(ω1, ω2) =
∑

I1,I2

cn,I1,I2ωI1
1 ωI2

2 , (A.11)

where ω1 = eβǫ1 and ω2 = eβǫ2 are the Boltzmann weights. Then, the total density of
states with the two parameters free is determined, for short lengths, by (two-parameter
version) the flatPERM. By fixing the value of one of the parameters, we have only one
free parameter which reduces the dimension of the density of states allowing the (one-
parameter version) flatPERM to samples much longer walks, typically thousands of steps.
If all parameters of the model are fixed then the (zero-parameter version) flatPERM will
produce an uniform sampling in the size. In other worlds the zero-parameter flatPERM
version is the PERM and walks with millions of steps can be sampled with the benefit of
not needing any simulation parameter. Next we present an sketch of an algorithm for the
implementation of the flatPERM. We draw the algorithm in an optimized way with the
recursive subroutine idea from the Grassberg PERM [95] and ideas of an optimal way to
choose between prune/enrichment from Prellberg [99].
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Algorithm 1 flatPERM
Initiate the weight W0 ← 1 and the total number of walks S ← 0
Initiate the density of states cn,I1,...IN

← 0
Sample ← 0

while Sample < MaxSamples do {Main loop}
Initiate a walk at vertex v0

S0,0,...0 ← S0,0,...0 + 1
c0,0,...0 ← c0,0,...0 + W0

Call Step
end while

Recursive Subroutine Step
Determine the number σ of free neighbors
if (σ = 0) then

Trapped configuration return

end if

Draw one of the free neighbors uniformly at random
Step to the new site
n← n + 1, Wn ← Wn−1 ∗ σ
Determine the total of interactions I1, ...IN

Sn,I1,...IN
← Sn,I1,...IN

+ 1
cn,I1,...IN

← cn,I1,...IN
+ Wn

if (n < nmax) then

< Wn >= cn,I1,...IN
/S0,0,...0

r ← Wn/ < Wn >
Wn ←< Wn >
p← r mod 1
Draw a random number a ∈ [0, 1]
if (a < p) then {Determines if the walk is going to be pruned or enriched}

k ← Int[r] + 1 {k is the number of copies made}
else

k ← Int[r] {If k = 0 the walk is naturally pruned}
end if

Call Step k times
else if (n = nmax) then {Shrink the walk to the previous Step call}

Delete the last vertex of the walk
n← n− 1
return

end if

if (n > 0) then

Delete the last vertex of the walk
n← n− 1
return

else

Sample ← Sample +1
return {Return to the main loop, the first call of Step}

end if

End Subroutine



100

Appendix B

Mean-Field methods

The mean-filed approximations considered here are solutions of the models on the
hierarchical lattices of Bethe and Husimi. The Bethe lattice consist in the core of an
infinity Cayley tree while the Husimi lattice is the core of the infinity Cayley build with
blocks such as squares, triangles, cubes, etc. In such structures, any two elements (points
in the Bethe and blocks in the Husimi) are connected by only one path. A symmetric
Cayley tree with coordination q can be built in a recursive fashion from the starting
vertex. The initial vertex composes the zero-generation, where q new vertex is connected
forming the first generation or shell. At each one new vertex of the first generation, we
add q−1 new vertices, forming the second generation, and so on. Hence, the n-generation
is obtained from the connection of q − 1 vertices to each one of the n− 1 generation. In
Fig. B.1 a Cayley tree of coordination q = 3 is shown up to the fourth generation.

Figure B.1: Example of a Cayley Tree with coordination q = 3 and four generations.

One important feature of the Cayley trees is the lattice dimensions. The dimen-
sionality can be evaluated using the limit

d = lim
n→∞

ln Cn

ln n
, (B.1)

where Cn is the total number of vertices in the lattice. For a tree with coordination q and
n generations Cn can be written as

Cn =
q(q − 1)n − 2

q − 2
. (B.2)
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Then, by replacing Eq. B.2 in Eq. B.1 we obtain, for q > 2: d→∞, leading to the conclu-
sion that solutions in hierarchical lattices, like Cayley tree, are mean-filed approximation
to a problem on regular lattices.

Another important issue is the boundary effect present in the Cayley trees. In
regular lattices, the ratio between the number of sites at the boundary and the ones from
interior goes to zero in the thermodynamic limit. Meaning that in this limit there are no
effects due to the boundary sites. However, such vanishing is not true for Cayley trees.
In fact, the number of sites in a tree with n-generation and coordination q is given by

Cs = q(q − 1)n−1 (B.3)

then, the ratio Cs/Cn in the thermodynamic limit (n→∞) is given by

Cs

Cn

=
q − 2

q − 1
. (B.4)

Namely, a Cayley tree with q = 3, have 50% and with q = 4 66%, of its sites at
the boundary. With this dominant fraction of boundary sites, solutions in the Cayley
tree can contain unphysical effects produced by the different coordination number of
the boundary sites. For this reason, when approaching problems in regular lattices the
hierarchical lattices considered are the Bethe or the Husimi lattice. As these lattices are
the core of infinity Cayley trees they does not carry the boundary effects.

While the Bethe lattices is build with singles points in each generation, as in the
Cayley tree shown in Fig. B.1, the Husimi lattice is build with more complex structures
such as polygons and polyhedrons as shown in Fig. B.2.

Figure B.2: Examples of Husimi lattices. In the left corner, we have a Husimi lattice build
up with squares (an approximation to the square lattice). On the right and the bottom
left two approximations to the triangular lattice are shown. Last, on the bottom right, a
Husimi lattice build with cubes are shown.

Due to the hierarchical nature of those lattices, a large number of physical systems
with short-range interactions can be analytically (or semi-analytically) solved on them.
Moreover, as shown in [100], despite the solutions in those lattices being mean-field ones,
they give a better approximation than the usual mean-field methods. Usually, in the



B Mean-Field methods 102

conventional mean-field methods, the geometry of lattice is kept, but the correlations
between sites are not taken into account. On Bethe and Husimi lattices the approach is
different, the geometry is deformed to be approximated by the structure of the Cayley
tree, but some of the original correlation is retained making the solutions in those lattices
more reliable than the conventional mean-field methods.

To illustrate how we can solve short-range problems in hierarchical lattices we will
solve ferromagnetic Ising model on the square lattice approximated by the Bethe and
Husimi lattices.

B.1 Ising model on Bethe lattice

Let’s consider the ferromagnetic (J > 0) Ising model in the absence of an external
field, for which the Hamiltonian is given by

H = −J
∑

<ij>

σiσj, (B.5)

where σi = ±1 and the sum is evaluated over the pairs of nearest-neighbors i and j. The
partition function of the model is defined by

Z =
∑

{σ}

e−βH (B.6)

Defining w = eβJ , we can identify two types of terms in Eq. B.6: either w or 1/w.
To obtain an approximation for the square lattice, we need to consider a Bethe lattice
with coordination q = 4 (see Fig. B.3).

Figure B.3: Three generations of a Bethe lattice with q = 4, an approximation for the
square lattice.

We begin the solution of the Ising model on this lattice by defining all the possible
configuration for a root site of nth-generation which will be the ’root’ for the next n + 1-
generation. As in the Ising model one has σ = ±1, then, as shown in Fig. B.4, only two
configurations can happen in the root site. We define g1 as the contribution associated
with σ = 1 (spin-up) and g2 with σ = −1 (spin down).

By adding q−1 subtrees of generation n−1 to the root site, a subtree of n-generation
is formed. Doing this process for g1 and g2 considering all the possible configurations for
the q − 1 new sites, we obtain recursive relations on the form

g
(n+1)
i = f(g

(n)
1 , g

(n)
2 ). (B.7)
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Figure B.4: (a) The configurations for the root site, g1 spin up and g2 spin down. (b)
The building of the n + 1 generation, three sub-trees of generation n − 1 (black circles)
are added to the root site (red circle).

We can obtain the partition function in a similar fashion. For a given central
vertex of type g1 or g2, we add q sub-trees leading to a partition function of the form:
Z(n+1) = h(g

(n)
1 , g

(n)
2 ). As g1 and g2 are a partial contribution in the partition function

we, usually, refer to this quantities as the partial partition functions (ppfs).
For the Ising model, the recursion relations for the ppfs can be easily obtained.

Let’s start with a root site g1, then, we connect 3 new sites and evaluate the sum over
all allowed configurations of the new sites. For example, if the three new sites have
a configuration with all spins up (σ = 1) we have an associated term of w3g3

1 and in
the case of two spins up and one down we have a term 3wg2

1g2, where the factor 3 is the
multiplicity of this configuration. Following this process, we obtain the recursion relations
for g1 and g2

g
′

1 = w3g3
1 + 3wg2

1g2 + 3
1

w
g1g

2
2 +

1

w3
g3

2 =
(

wg1 +
1

w
g2

)3

, (B.8)

g
′

2 =
(

wg2 +
1

w
g1

)3

, (B.9)

where, in order to facilitate the notation, we have changed g
(n+1)
i and g

(n)
i to g

′

i e gi.
Real and positive solutions of the recursion relations for the ppfs, the fixed points given
by g

′

i = gi (thermodynamic limit), are related with the thermodynamic phases present in
the model. However, as shown in Eqs. B.8 and B.9, the recursion relations are composed
by a sum of positive terms which can diverge in the thermodynamic limit. To avoid the
divergent behavior, define a convergent ratio R = g1/g2 and then we can write the ratios
for the ppfs

R
′

=

(

w2R + 1

R + w2

)3

(B.10)

By making R
′

= R we find the fixed points

R∗ =
{

1,
1

2
(−a +

√
−4 + a2),

1

2
(−a−

√
−4 + a2)

}

, (B.11)

where a = 3w2 − w6. For R∗ = 1 we have g1 = g2, meaning that there is an equal
contribution of spins up and down in the system. In other words, this fixed point is
associated with the disordered phase of the Ising model. The other fixed points are
related to the two possible ordered phases. These solutions become complex for high
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temperatures, w → 0, and by analyzing these solutions for low temperatures, w →∞, we
find

R∗
− =

1

2
(−a−

√
−4 + a2)→ 0 and R∗

+ =
1

2
(−a +

√
−4 + a2)→∞ (B.12)

For R∗
− at low temperatures limit we have g1/g2 → 0, characterizing a state where

the spins pointing down dominate. Such a state is obviously one of the two possible
ground states, in this case with all spins with σ = −1. Naturally, for the other one, we
have g1/g2 →∞, characterizing the phase with all spins up.

Once all the physical fixed points are found, we move on to the characterization of
the thermodynamic behavior of the phases present. We start by making a linear stability
analysis of the fixed points, by finding the eigenvalues of the Jacobian matrix, J , defined
generally for a system with n recursion relations Ri by

J =













∂R
′

1

∂R1
...

∂R
′

1

∂Rn

...
. . .

...
∂R

′

n

∂R1
... ∂R

′

n

∂Rn













. (B.13)

We evaluate the Jacobian in the fixed points and by finding the leading eigenvalue,
λmax, we can determine the stability of a fixed point. If λmax < 1 the fixed point is stable
and for λmax > 1 the fixed point is said to be unstable. The stability limit of a fixed
point, i.e., of a thermodynamic phase of the system, is defined by the set of parameters,
in the case of the Ising model w, where λmax = 1. If a system has two phases, namely I
being stable for low t and II stable for large t, then, as shown in Fig. B.5 with t being
the system parameter, the limit stability of each phase can behave in two ways

1) The stability limits of each phase happens for different values of t in a way such in
some regions both phases are stable. In this case, a coexistence region is created
and a first-order transition separates the phases.

2) The stability limits of both phases are at the same value of t. This scenario happens
whenever a critical phase transition exists between the phases I and II.

Figure B.5: 1) Stability limits of phases I and II located at different values of t, creating
a coexistence region. 2) Critical behavior defined by a single stability point.

For the Ising model the stability analysis can be easily done, we have a single ratio
for the ppfs and then only one eigenvalue given by

λ =
3(1 + Rw2)2(w4 − 1)

(R + w2)4
(B.14)
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Evaluating λ for the fixed points of the ordered and the disordered phases we find
that both phases have the same stability limit and then, as expected, we have a critical
order-disorder phase transition in the ferromagnetic Ising model in the Bethe lattice with
coordination q = 4. The observed critical point, w =

√
2 → kBTc

J
= 2.885, is the same

result found in the Bethe approximation [101]. Curiously, the name Bethe lattice does
not derive from Hans Bethe but from the fact that the Bethe approximation is exact in
such lattice for the Ising model.

We conclude the thermodynamic analysis by calculating the partition function of
the model. As done for the ppfs, the partition function is obtained by the counting of all
possible configurations for 4 new sites being added to a central vertex

Z
′

= g4
2

[

(

wR +
1

w

)4

+
(

R

w
+ w

)4
]

= g4
2z, (B.15)

where z is the convergent part of the partition function. With the partition function
calculated we can obtain several other quantities like the bulk free energy, φb, which is
given by [100]

φb = −1

2
log

[

Z
′

Zq−1

]

(B.16)

By using Eqs. B.15 and B.9 we can write

φb = − log

[

(w + R/w)6

z

]

(B.17)

Once calculated the free energy we can identify the coexistence point of two phases (I
e II) by making φbI = φbII . In a critical transition, such a point must coincide with
the stability limit of the phases. In fact, using the fixed points previously calculated
and equaling the free energies, we obtain w =

√
2 as the coexistence point between the

disordered and the ordered phases, as expected.

B.2 Ising on the Husimi lattice

We can improve the approximation to the square lattice by building a Bethe lattice
with squares (see Fig.B.2), such lattice is known as a Husimi lattice. The process of solving
the Ising model in the Husimi lattice is very similar to the one for the Bethe lattice. As
shown in Fig. B.6, we start by determining the ppf connecting three sub-trees to the
square of generation n forming the new generation.

As the lattice is built with more complex structures then points the recursive
relations for the ppfs obtained are more complex due to a large number of configurations
for a given root site. Following a similar procedure to count the configuration we obtain
the ppfs for the Ising model on the Husimi lattice build with squares

g
′

1 = w4g3
1 + 3g2

1g2 + (2 + 1/w4)g1g
2
2 + g3

2 (B.18)

g
′

2 = w4g3
2 + 3g2

2g1 + (2 + 1/w4)g2g
2
1 + g3

1 (B.19)

The recursion relation for the convergent ratio, R = g1/g2, is then given by

R
′

=
w4R3 + 3R2 + (2 + 1/w4)R + 1

w4 + 3R + (2 + 1/w4)R2 + R3
(B.20)

By looking for fixed points, we find the same thermodynamic phases as those
already found in the Bethe lattice, with the main difference, that large expressions are
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Figure B.6: The red circle represents the root site of the square where the new squares
are connected (black circles).

obtained for such fixed points. With the analysis of linear stability, as in the Bethe lattice,
we have found that the ordered and disordered phases have same limit of stability. The
critical order-disorder transition is observed at kbTc

J
≈ 2.770797. This value a little bit

closer to the exact value for the Ising model on the square lattice kbTc

J
≈ 2.269 [102]

than the one from the Bethe lattice. This shows that the approach with a hierarchical
lattice can be improved by considering structures more close to the regular lattice being
approximated. In fact, as we are going to show in the next section, the approximation can
be improved even further by systematically increasing the building structures of lattice
creating high-level Husimi lattices.

B.3 High level Husimi lattices

We will define the level L of a Husimi lattice as the number of sites shared by two
generations (see Fig. B.7). The Husimi lattices are now build with plaquettes, which in
the case of an square lattice being approximated, composed by several squares. As we
increase the level the number of possible configurations for the root line increases which
leads to a large number of ppfs to handle. As an example, for the Ising model in the
L = 1 Husimi lattice, as showed, we have 2 ppfs while for L = 7 it will be 8192 ppfs.

As large the level the closer the results are expected to be of the regular lattice
which is being approximated. The use of Husimi lattices of a high level was introduced
by Monroe [103] in 2001. In his work, he solved the Ising model up to a fifth-level Husimi
lattice. By doing an extrapolation of five points in his data the author found the value
of Tc ≈ 2.269127 for the critical point with a difference of only 0.003% to the exact value
by Onsager.

As shown in the previous sections to solve any model in the Husimi lattice we need
to obtain the recursion relations for the ppfs, however, in the case of Husimi lattice of high
level the solving process can not be done by hand, then we need an efficient computational
method to count all the possible configurations for a given level. As shown in the Chap.
4, where we use this method to solve the problem of the lattice gas of 2NN particles on
the square lattice, we employ a recursive method to obtain the ppfs of level L by using
the previously counted configurations for the Husimi lattice of level L− 1.

To illustrate the method, lets consider the Ising model in a Husimi lattice of level
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Figure B.7: Husimi lattices of different levels for the approximation of the square lattice.
The red lines represent the root lines in each level. The dashed lines showed where the
three sub-tree connects to form the new generation, and example of how the sub-tree
connects to form a new generation is sketched for L = 2.

L. Any ppf, gσ, will have the general form

g′
σ =

N
∑

i=1

miω
n+,i−n−,igxi

gyi
gzi

, (B.21)

where sum is evaluated over the N configurations of the plaquette of L level, mi is the
multiplicity of the ith-configuration, gxi

, gyi
and gzi

are terms associated with the three
sub-trees connected to form a new generation and n+,i is the number of pairs of spins that
produce the contribution ω while n−,i is the number of pairs which produces 1/ω. So,
considering g1 as the ppfs for all spins up in the root line, a configuration i where all n spins
of the Lth-level plaquette are pointed up we will have mi = 1 and gxi

= gyi
= gzi

= g1

generating a term ωng3
1 for the considered ppf. In the configuration with all spins up

the multiplicity is trivial to be determined, but, in general, this quantity is hard to be
determined by hand and a computational counting process is needed. So the main goal of
the method to obtain the ppfs is to determine the mi, n+,i and n−,i for each contribution
gxi

gyi
gzi

.
The recursive counting method employed here consist on the fact that the L−1th-

level plaquette is part of Lth-level one (see Fig. B.8). So, once the count of the level
L−1 is done all the information obtained can be used to perform the count for the level L
lattice. There is several ways to implement this kind of procedure. Here, we will present in
general terms the procedure that we follow. First, as shown in Fig. B.8, we identify all of
the L−1-level sites inside of the L-level and the exclusive sites of the Lth-level plaquette.
We then fix the root line to the configuration of the desired ppf. For a fixed configuration
of the exclusive sites of L we vary all the possible configurations of the boundary of L−1.
If the configuration is allowed then, we update the list of configurations of L with the
information of the exclusives sites and the already know information of the L − 1-level
configuration.

A main downside of our method is that in order to obtain the ppfs for the level L
all the information of the level L−1 need to be stored. For low levels this is not a problem,
but as the number of configurations increases exponentially we reach a point where the
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Figure B.8: Blue line denote the sites that are exclusive of the fifth-level lattice while the
red line is the boundary of a fourth-level lattice.

storage of the information requires too much computational resource. As an example, to
solve the lattice gas composed by 2NN particles on a 9th-level Husimi lattice we need at
least 256GB of RAM and hundreds of terabytes to storage the output information.

Independently of the level of the Husimi lattice the dimension of the hierarchical
tree is infinity. Then we only obtain mean-field results for the critical exponents. For
example, the magnetization, m, of a lattice of level N follows the scaling law

mN(T ) = A|τ |1/2, τ =
T − Tc(N)

Tc(N)
, (B.22)

where A is a non-universal amplitude and 1/2 is the classical value of the critical exponent
β. Despite m being related to the classical exponent, Susuki [104] demonstrated that
the systematic variations of the amplitudes as functions of the level N , called coherent
anomaly, are related to the non-trivial critical exponents. The coherent anomaly method
(CAM) described by Susuki shows that the classical amplitudes, obtained through mean-
filed methods, have a scaling behavior of the form

A(N) = m̄s(N) ≈ (Tc(N)− Tc(∞))β−1/2 (B.23)

χ̄(N) ≈ (Tc(N)− Tc(∞))γ−1, (B.24)

where χ̄(N) is the amplitude associated with the classical susceptibility. The critical
exponents γ and β are the non-classical and Tc(∞) is the critical temperature of the
regular lattice that is being approximated. This method can be employed in the Husimi
lattices of a high level. In his work Monroe applied the method and obtained γ with a
value 1.2% different from the exact one, a large deviation was observed for β with 11.2% of
difference with relation to the expected value for the Ising model on the square lattice. The
larger deviation found for the exponents when compared with the value of found for the
critical temperature shown the needed to solve the model for a higher-level Husimi lattice.
However, as already mentioned an immense computational cost is needed to obtain the
ppfs and to solve the model. As shown in Chap 4, where we employ the CAM to obtain
the critical exponents for the 1NN and the 2NN model, the solution of the 2NN model
in a Husimi lattice of 8th-level requires computational resources to handle 3484 ppfs each
one with an average of 1021 terms, which making the computational implementation of
the method very challenging.
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