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ABSTRACT

MIRANDA, Emerson da Silva, D.Sc., Universidade Federal de Vicosa, August, 2021. On
the quantum properties of graphene-like quantum electrodynamics. Advisor:
Oswaldo Monteiro Del Cima. Co-Advisor: Daniel Heber Theodoro Franco

First, in Part I we study a Lorentz invariant version of a mass-gap graphene-like planar
quantum electrodynamics, the parity-preserving U(1) x U(1) massive QED3. In Chapter
3, was showed it exhibits attractive interaction in low-energy electron-polaron—electron-
polaron s-wave scattering, favoring quasiparticles bound states, the s-wave bipolarons.
Still in Part I in Chapter 4, was verified that the model is ultraviolet finiteness — exhibits
vanishing S-functions, associated to the gauge coupling constants (electric and pseudochiral
charges) and the Chern-Simons mass parameter, and all the anomalous dimensions of
the fields — as well as is parity and gauge anomaly free at all orders in perturbation
theory. It was done adopting the Becchi-Rouet-Stora (BRS) algebraic renormalization
method in the framework of Bogoliubov-Parasiuk-Hepp-Zimmermann (BPHZ) subtraction
scheme. In the sequence, in Part II of the thesis, we deal with the parity-preserving
U(1) x U(1) hybrid QEDs3, proposed as a pristine graphene-like planar quantum elec-
trodynamics model. In Chapter 5 was determined the spectrum as well as the four-fold
broken degeneracy of the Landau levels, similar as the one experimentally observed in
pristine graphene submitted to high applied external magnetic fields, besides that, was
verified it exhibits zero-energy Landau level indicating a kind of anomalous quantum Hall
effect. Furthermore, the electron-polaron—electron-polaron scattering potentials in s- and
p-wave states mediated by photon and Néel quasiparticles might exhibit attractive (s-wave
state) or repulsive (p-wave state) interactions. Already in Chapter 6 was analyzed the
quantum parity conservation at all orders in perturbation theory for the hybrid model.
It was proved, by using the Lowenstein-Zimmermann (LZ) subtraction scheme, that the
Bogoliubov-Parasiuk-Hepp-Zimmermann-Lowenstein (BPHZL) renormalization method,
preserves parity for the model. To finalize the Part II, in Chapter 7, was showed the
vanishing of the S-functions associated to the coupling constants (8, = 0 and 3, = 0), the
mass parameter (,) and the anomalous dimensions of all fields (y4, = 0), as well as the
absence of parity and gauge anomalies at all orders of perturbation theory. Closing the
analysis of the U4(1) x U,(1) hybrid QEDj it is ultraviolet and infrared finite at all orders

in perturbation theory.

Keywords: Quantum Hall effect. Graphene. Three space-time dimensions. Algebraic

renormalization. Quantum Electrodynamics.



RESUMO

MIRANDA, Emerson da Silva, D.Sc., Universidade Federal de Vicosa, agosto de 2021.
Propriedades quanticas da eletrodindmica tipo grafeno. Orientador: Oswaldo
Monteiro Del Cima. Coorientador: Daniel Heber Theodoro Franco

Na parte I, estudou-se uma versao de eletrodinamica quantica planar invariante de Lorentz
tipo grafeno com gap de massa, uma QEDj3 massiva Lorentz e paridade invariante com
simetria U(1) x U(1). No Capitulo 3 demonstrou-se que o modelo massivo exibe um
potencial de espalhamento (elétron-pélaron—elétron-pdlaron) em baixas energias no estado
de onda-s atrativo propiciando estados ligados de quasipariculas, os bipolarons no estado
de onda-s. Ainda na parte I, no Capitulo 4 verificou-se que o modelo massivo é finito no
ultravioleta — exibe fungoes-S nulas, associadas as constantes de acoplamento ( cargas
elétrica e pseudo quiral) e o pardmetro de massa de Chern-Simons, assim como todas
as dimensoes andémalas dos campos — como também viu-se ser livre de anomalias de
gauge e paridade em todas as ordens da teoria de perturbagao onde usou-se o método
de renormalizagao algébrica de BRS (Becchi-Rouet-Stora) tendo o BPHZ (Bogoliubov-
Parasiuk-Hepp-Zimmermann ) como esquema de subtracao. Na sequéncia, parte II do
trabalho, trabalhamos com a QED3 hibrida Lorentz e paridade invariante com simetria
U(1) x U(1), uma eletrodindmica quantica planar proposta tipo grafeno puro (sem gap
de massa). No Capitulo 5 determinou-se o espectro como também a degenerescéncia
quéartica dos niveis de Landau, similar ao que é observado em grafeno puro submetido a
intensos campos magnéticos, além disso, verificou-se que esse exibe nivel de Landau de
nivel zero indicando um possivel efeito Hall quantico anémalo. Além do mais, calculou-se
os potenciais de espalhamento elétron-polaron—elétron-polaron nos estados de onda-s e
onda-p mediados pelos campos das quasiparticulas de fé6ton e de Néel podendo exibir
comportamento atrativo (estado de onda-s) ou repulsivo (estado de onda-p). J& no
Capitulo 6 analisou-se a conservacao de paridade quantica em todas as ordens em teoria de
perturbagao para o modelo hibrido utilizando-se do método de renormalizacao de BPHZL
(Bogoliubov-Parasiuk-Hepp-Zimmermann-Lowenstein) tendo o esquema de subtragao de
Lowenstein-Zimmermann (LZ). Finalizando a parte I, no capitulo 7, mostrou-se a nulidade
das funceos-/3 associadas as constantes de acoplamentos (. =0 e 5, = 0), do pardmetro
de massa (8,) e das dimensoes anoémalas de todos os campos (7, = 0), assim como
também a auséncia das anomalias de "gauge" e paridade em todas as ordens em teoria
de perturbacao. E por tltimo, mostrou-se que o modelo hibrido é finito nos limites do

ultravioleta e infravermelho em todas as ordens da teoria de perturbacao.

Palavras-chave: Efeito Hall Quéantico. Grafeno. Trés dimensoes espaco-temporais. Renor-

malizacao algébrica. Eletrodinamica quantica.
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Chapter 1
Introduction

The particularities and singularities of QED3 when compared to QED,4 show us that
the results of a two-dimensional system are unique and that the non-existence of the third
spatial component, nor its nullity, brings interesting results that can help in the study
of emerging phenomena in physics. In this sense, QEDj3 is explored as an appropriate
theoretical tool to discuss fundamental issues of Fields and Particles Theory confined to
the two-dimensional space world, such as quantization, spin and their interactions [1,2].

Notwithstanding, the rising of new interpretations with possible correlations to physical
known systems, in particular to those of Condensed Matter [3] as to quantum Hall
effect [4], SAT. (Superconductivity at high critical temperature) and more recently graphene
reinforces the need for a new perspective to planar theories.

Quoting the SAT. phenomenon discovered by A. Bednorz and K.A. Miiller in 1986:
‘Possible High-T. Superconductivity in the Ba-La-Cu-O system ” [5], after confirmation of
these results, there was a considerable increase in research on the structure of copper oxide
ceramics, revealing, among others things, a planar structure: these oxides are constituted
by successive layers of copper-oxygen planes (Cu-O planes), separated from each other
by plans of other oxides and this stratification is a reason for the application of the Field
Theory, more specifically the QED3 in order to describe some aspects of the “ High-T.
Superconductivity.f”, as it implies a planning of some fundamental physical quantities of
the superconducting state, such as the order and distance of the penetration parameter
between Cu-O planes.

Models in QED3 are justified not only by Superconductivity in high-T, which in itself
is a sufficient reason for the studies of planar models, there is also the quantum Hall effect
that is shown macroscopically as an effect resulting from planar microscopic chemical
interactions. The quantum Hall effect (EHQ) is characterized by the quantization of the
Hall conductivity (o = ne?/h, where n is an integer ) and the almost nullification of the
longitudinal conductivity (0., — 0) of a two-dimensional electron electron subjected to
an intense magnetic field (B > 107 orthogonal to the plane, at very low temperatures

(T < 4K). Hall conductivity is universal and independent of particularities (impurities,
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structures, etc ...) depending only on fundamental constants (electromagnetic coupling
and Planck constant). This universality is a consequence of the quantization of the Landau
levels and the fact that the conductivity (in D = 1 4 2) does not depend on the spatial
extension samples.

In this sense, the study of quantum field theory in special the QEDs3 is a way of
improving the understanding of the purely theoretical, and when is the case, to correlate
it with physical phenomena. But before we continue, we just clarify that a study doesn’t
mean to building models which describe specific phenomenon, like the electromagnetism
for electromagnetic phenomena, we just are making correlations, and maybe in some future,
the models can be more adjustable for a specific phenomenon.

In this way can be done the extension of Electrodynamics beyond to the traditional
D =1+ 3 dimensions starting from the Lagrangian formulation to the dynamics Maxwell’s
four-dimensional Lagrangian equations and keeping its shape invariant now at D = 1 + 2.

Therefore, in this two-dimensional Maxwellian environment, we represent the action by:
3 1 Qv A JH
Syax = d’x _ZF Fuy—i— M‘] : (11)

where the metric 7, = (1, —1,—1) is used, being p, v = 0, 1,2 and the gauge vector field
A, with the usual field strength F),, = 0, A, — 0,A,,, but now, with two spatial and one
temporal dimensions. The action (1.1) is studied in details in [6] where the author shows
the peculiar aspects of electric and magnetic fields, the propagation of these signals (The
problem of the associated Green functions) and the typical logarithmic potential of these
interactions.

Similar to what is made in D = 1+ 3, the construction of the quantum electrodynamics,
a possible natural extension to a lower dimension, in this case (D = 1+ 2), is the coupling
to Maxwell’s terms (1.1) the Dirac’s action term representing the fermions dynamics.
Beyond that, the parity invariance in (D = 1+ 2) requires now two sets of fermions, which
we use sub-indices (+ and —, also known as "flavours") in the wave functions (¢1) to
distinguish them. We will see that when the fermions are massive the sub-indices make
possible to distinguish the charges associated to the space-time symmetry, that is, the
polarization of the spins associated to each fermionic function®. In this way, we start from

a planar massive parity invariant quantum electrodynamics.

Sqed - /dgx{ - EFMVFHV + ZE—}—@QZJ—&- + ZE—@¢— - mw—i—d}-ﬁ- + mw—zﬁ—} . (12)

4
where we use the common definition ¢' = v*C), and the Dirac adjoint ¢, = 1/1170.
Within the proposal to contextualize the models presented in this work we can talk

briefly about the condensed matter phenomena and how they contribute to the development

IThis will become clearer in the development of Chapters 3 and 5.
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of the quantum field theory in D = 1+ 2 and vice-versa. Focusing on superconductivity, in
special the anionic superconductivity, after proved it to be at finite temperature impossible,
new approaches to SAT. had to be made. The Chern-Simons (CS) formulation emerged
as an appropriate tool for the replacement of anionic models in the planar quantum
electrodynamics, like as, there was the ZHK model ( Zhang-Hansson-Kivelson) for the
Fractional Hall Effect [7] the CS approach would come to superconductivity, since the
statistical field ( Neel field) ) a, representing a non-local interaction, perfectly reproduces
the average field approximation of anionic superconductors. Formally represented by the

Chern-Simons action.
Scg = / (ge“””auapay> d*z (1.3)

A peculiarity of the Chern-Simons electrodynamics is the generation of a massive photon
of a non-local nature. This is due to the fact that the CS term has a topological character,
as it does not depend on the metric and does not contribute to the energy-moment tensor
of the system [8]. This action also presents gauge invariance, but it does not preserve
parity and time-reversal symmetries. In addition, the CS field has no dynamics, always
requiring the addition of a term for the propagation of the photon.

However, the parity break is a striking feature in CS theories and, in anionic supercon-
ductors for example, there is no definitive experimental evidence to prove the break in the
parity symmetry of the superconducting state, we want to discuss a model in which this
does not occur. Thus, models without parity breaking constitute an attempt to understand
planar superconductivity and can be used in future studies that help to understand SAT..
We therefore use a mixed CS term, coupling the vectorial gauge fields A, and a, and a

term that is dynamic for field a, which in this case is Maxwell’s term.

1
Scsm = / (gEWVAuapau - Zf/wf/w > P (1.4)

In this way, a Maxwell-Chern-Simons (MCS) action is proposed, Syrcs = Scsy+Smax,
coupled to a system of fermions with "flavours” (4, —) minimally coupled. This model is

a way of write a massive electrodynamics parity invariant [9].

S= / d%{— }LF,WF“” - ifwf’” +ue" A, 0pa, +1b  Proy DY —m(P )y +¢_¢_>} :

(1.5)
where F,, = 0,A, — 0,A,, is the electromagnetic field strength and f,,=0,a, — 0,a, is
the Néel field strength . The covariant derivative is defined by Dy = (@ + ie A + igd)+
and the gamma matrices v* = (o, —io,, i0,) constructed in terms of the Pauli matrices

{0} which have the explicit form given by:

B 1 0 B 0 —1 B 0 1 (1.6)
Yo = 0 —1 , 1= i 0 , Y2 = 10 . .
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In the development of this work, the graphene shows up like an important framework
in the quantum electrodynamics as will be seen in the Chapters 3 and 5. For now, we
know that the graphene monolayer [10] is a two-dimensional system with no mass-gap in
which it behaves like a semi-metallic semi-filled with load carriers (quasiparticles ) being
necessary for Dirac fermions loaded without mass. However, for practical applications,
such as transistors, a mass gap graphene is more appropriate, and such a mass gap effect
is observed in pure graphene monolayer on substrates [11]. Interactions electron-electron
(pairing of electrons) [12] includes spreading processes of electron-polarons (electron -
phonons) [13,14], where these quasiparticles, the polarons, which are formed by linked
states of electrons (or holes) and phonons, were first introduced by Landau in 1933 [15].

Although, in the context of condensed matter, especially when it comes to graphene [16],
we know that we can have collective excitements that have a massless electrical charge,
despite they are not elementary particles, they have a quantum number which is similar
to spin . Spin, which already has its particularities in tree space-time dimensions [8,17],
does not have such an evident interpretation for massless particles. In four space-time
dimensions, this problem is overcome by the magnitude called helicity, which is the
projection of the spin in the direction of movement, but there is no two-dimensional
analogous for helicity. Still with respect to the spin, the mass signal is responsible for
fixing the spin signal in three dimensions, without the mass term, in principle, there would
be no distinction between the 1 and ¥ _ fermions. In fact, the distinction is only made,
in the model, at the level of interaction through coupling with the chiral field a,. Finally,
the non-massive nature of fermions generates serious physical divergences in the model,
such as infrared divergences, associated with low-energy fermions (long wavelengths) that
must be analyzed.

To improve our comprehension of massless models, it is also proposed an action with
fermions without mass, which in principle can be seeing like a subtle modification, it brings
a series of notorious physical modifications. Although a charged (electrically) massless
particle have not yet been observed in nature, there is still no explanation for it, therefore
studies of models of this type can somehow improve the understanding of why a contest of
a kind to that configuration. In addition, as massless particles propagate at the speed of
light, what is impossible for massive particles, and therefore, they do not present a resting
reference frame. Thus, in a similar way, we also write a Maxwell-Chern-Simons invariant

by parity with massless fermions,

B o= /d?’x{ _ EFMVFHV . }lflwf/w + et A, 0,a, + E+@¢+ + E_@d}_} . (1)

The actions (1.5) and (1.7) share some common symmetries . The parity, already
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mentioned, is given by:

An o AR = (Ao, — Ay, Ad)

8, —» Y = (8,—01,8) ,

a, s af = (—ag, a1, —as) ,

Y > Yf = —iv'yy

P 2 Py =iPyt, onde P = iyl (1.8)

The previous actions are also invariant by local gauge transformations U4 (1) x U,(1) which

explicitly forms are:
vy — Y, = P @)y,

Yy — E/:I: = e P@FA@)y), . (1.9)

DYy — (Py) = ePoF@) Py,

and through the condition (Pvy) = D', we easily obtain the transformations imposed

on the gauge fields:
A=Ay 0P
(1.10)

aL =a, — é@l)\(x) E

In the forthcoming chapters, a detailed discussion is made being organized essentially in
two parts: Part I and Part II. However, before this division, we write the Chapter 2 where
we discuss some important affirmations used in the process of algebraic renormalization,
being the main purpose of this chapter the strengthen the coming chapters and serve as a
basis for better comprehension of the text in a general form.

In the Part I we deal with the massive model having the action (1.5) as the starting
point. The Chapter 3 have a complete study on the physical spectrum of the Maxwell-
Chern-Simons quantum electrodynamics parity invariant model, the calculation of the
scattering potential as well as the formation of bound-states of electron-polaron — electron-
polaron [16] with the necessary conditions to it happens. To finalize the first part we have
in the Chapter 4 the algebraic renormalization of the massive model proving at all orders
that the model is renormalizable and it has not any kind of anomaly.

In Part IT the parity invariant massless Maxwell-Chern-Simons quantum electrody-
namics model (1.7) is studied. In the Chapter 5 we study the physical consistency of the
massless model analysing the causality and unitarity at tree level as well as the explicit
form of the wave function, together with the form of the scattering potential with the
analysis of the possibility of formation of bound states in a possible application in pristine

graphene. In the Chapter 6 we realize the renormalization of the massless model using the
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Bogoliubov-Parasiuk-Hepp-Zimmermann-Lowenstein (BPHZL) renormalization scheme
finding explicitly values at one-loop of the Feynman diagrams and the expressions to
two-loop of the Feynman graphs. In it, we prove the impossibility of the appearance
of parity odd counterterm closing the false affirmation that the method breaks parity
independently of the model. Still in part II, in the Chapter 7 the algebraic renormalization
of the massless model is realized and we prove that there is not renormalization to the
fields, masses and coupling constant of the model and in same way the absence of gauge

and parity anomalies. Lastly we present the appendix.
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Chapter 2

A brief talk about algebraic

renormalization

In this chapter, we make a brief introduction about some results that will be used in
forthcoming chapters. Some results are found in books that deal with quantization using the
mechanism of path integrals [18] and also with the method of algebraic renormalization [19)],
as well as there are results present in course notes [20] . These results will serve as a
starting point to the perturbation theory. It is worth mentioning that this chapter is a
very brief introduction and does not intend to be an complete algebraic renormalization
course, however, I believe it is valid to leave it as a part of the text since it brings an
important contribution to the understanding of the coming chapters.

We start by considering classic models composed by a set of ¢;(x) fields in D dimensions

as follows:

S9] = [ dr £(x) = Sol6] + Siuile] (2.1

where the Lagrangian density has the form,

L) = 50V KT (0)65(2) + Lindd] = Lold] + Linld) 22

in general K% () is a second-order differential operator (higher-order operators almost
always lead to nonrenormalisability ) and it must be invertible. The term L;,;[¢] corresponds
to the Lagrangian interaction terms, that is, they are a polynomial field equal or higher
than three.

2.1 The generating functional of Green’s functions

The expected values of the time-ordered product of field operators in the vacuum,
that is, the Green’s functions, will be the main objects of study in this section. Being the

basis for the study of renormalizations and practically all the relevant physical quantities,
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namely, the elements of the scatter matrix operator.

We can introduce the Feynman path integral,

/Dqﬁ eS| (2.3)

The mechanisms of Feynman path integral is one of the basis of quantum field theory.

In (2.3) the notation D¢ is representing the product by:

All Green’s functions can be generated by the generating functional Z[J] formally

given by Feynman’s path integral,
_N / Dep eh S+ [ deT @)ai(@) (2.5)

where N is a numerical factor. An interesting way to see how the generating functional

Z[J] contributes is expanding functionally it in the following way:

52Z[J]
ﬁ/ 10 60 (22)

Y5 I(x)

(=1/R)" 52 Z1J)
+ / doL B S 5 7 ()

J(z1) - J(Tn) + - -

If we known the expansion coefficients of Z[.J] we can completely determine our functional,

" Z1J]
0J(xy)---0J(zp)

Giyeui (21, ) = (O[T i, (21) - - - 63, () ]0) - (2.7)

J=0

We identify (2.7) as n-points Green’s functions. It should be noted that Green’s functions
are tempered distributions and the fonts J(x) belong to the Schwarts fast decrease functions
of fast decrease C'*°, that is, they are test functions that guarantee convergence of the

functional. And we also write Z[J]:

> (—1/m)Y ,

Z / /d:vl cdey M (z) - TN @N)Giyig (71, TN (2.8)
N=0

The case of the free action Sy[¢], that is, the action without the presence of the interaction
term S;nt[@], can be analyzed immediately and it is useful as a base for the general case

where the interaction term is present.

J(z1)J(x2) + - -

+

(2.6)
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So, making an useful changing of variables:

o(x) / dyK = (0)(w,1)I(y) .
Do(z) — Dqﬁ (2.9)

and keeping in mind the fact that [dzK"(9)(z,z)K},

L(O)(z.y) = 6j6%(x —y), we find:

N
=
!

Mol [ Does)exp | i [ andna 0K

ZolJ] = Z[J =0]exp lzh? / drdyJ(z) K~ (9)(x, y)J(y)] (2.10)
using the normalization factor:
0j0)=1=>Z[J=0]=1, (2.11)

and therefore,
Zo[J] = exp lW [ dedy @) K@), 9)I(9)] | (2.12)

So, by the expression (2.7) we find the Green’s functions to the free functional Zy[J]:

(0]T¢i, (x1)0)0 = 0,
OIT ¢i, (z1)$i, (22)[0)0 = —iK~1(9)(x1 — x2)
(0[T'¢s, (21) iy (22) b3 (23)[0)0 = O,
(01T i, (1) iy (22) Py (23) Py (24)[0)0 = iK' (9) (w1 — 22)i K™ (0) (w3 — wa) +
+iK10)(zy — x3)i K~ H(0) (w3 — x4) +
+iKH0)(zg — 23)i K~ H(0) (71 — x4)

where K~1(9)(z,y) is identified as the fundamental free Stueckelberg-Feynman causal
propagator in the study of the physical consistency of the models. We have observed here

a pattern known as Wick’s theorem which is summarized as follows:

(5J(a;(15;20[i]](xn) = (0|T'¢s, (1) - - - ¢4, (2)[0)0 = {

J=0

iKi5(0) iK' (D) , n=even
(2.13)

It is observed that for any n there are (n — 1)!! ! possible numbers of connected pair of

0 ,n=odd }

points. However, even though it is the case of the interesting free functional, we still need
to find the Green’s functions in the case where there is interaction S;,[¢] which is of

physical interest. For such purpose let’s separate the action as in equation (2.1) in the

n—1M=m-1)(n—-1-2)(n—1-4)--- 1!
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functional Z[J]:
_N / D e Sintldl o (Soldl+ [ do i (@)ei(2) (2.14)

Before we will present some important results,

0 i fd:rJ%:r)qS(x) i lfd%]l(xﬂ)(x)
i3 7 — — - X
5T (y) <€ pou(@)er

m <eXp %/ e i“)@(”)) - <ﬁ> $ia (2) i, (w)eh | 4T @@ (3 15)

what we do in the expression (2.15) is to associate to the fields a respective functional

derivative calculated within the generator of Green’s functions as follows:

h 9o
() — ——r—, 2.16
6) = s (2.16)
Expanding the exponential of the interaction term in a power serie:
eSimtld] — 1 4 lg 8] + i(s. [8])2 + i(s. [B])3 + - - - (2.17)
h int 2‘h2 int 3‘h3 int .

In the functional Z[J] (2.14):

Z[0] = N/qu €%<so[¢}+fdw<x>¢i<x)> +N/D¢%Sint[¢] F(Solgl+ [ da i @)gi(@)

N [ Do o (Smlgl)? b sl s (2.18)

3'h3

this shows us an important result that is the expansion of the functional with interaction

in terms of the free functional, that is:
Z1J) = NetSml341) Z51] (2.19)

The Z[J] functional generates all Feynman diagrams (graphic representations of Feynman
integrals) and it includes connected, disconnected and bubble graphs. However, we are
looking for the contributions of the connected graphs that is given by the generating

functional of the connected Greens functions Z°¢[.J].

2.2 The connected and vertice functional

The generating functional of the connected Green functions is given by:

o0

Z_ 1/h /dxl ~dey I (@) - TN (2n)(0|T i, (1) - - - 83, (z)|0)con
N=1 (2.20)
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and it is related to the generating functional of Green functions by the expression
Z1J] = e #%V — Z°[J] = ihln Z[J] (2.21)

Although we do not go into details about the graphics (Feynman diagrams), it is no-
ticeable when calculating the graphics of the functional Z¢[.J] just survive the connected
graphics, eliminating disconnected graphics and vacuum bubbles (graphics with loops in
self-interaction without external legs).

Beyond the connected functional Z¢[J] we also write the one-particle irreducible graph
generator I'[¢], commonly abbreviated by 1-PI ( 1- Particle irreducible). The contribution
to the connected Green functions is that it has the same form but their mathematical and
graphic representations are made amputating the external legs, as can be seen, the free

propagators to the respective connected Green function.

clas Z N‘ /dl’l dl’N ¢clas( ) . st]l\?s(xN)Fil"'iN(xla"' >~TN) (2‘22)

here TN (zy, -+ xy) = (0|T¢; (21) - - - ¢i,, (xn)]0)1-pr and ¢§%(x) are the classical
fields, which we usually omit the label ¢<%*(z), just writing ¢(z).
The vertex functional (I'[¢]) is related to the connected functional (Z¢[¢]) by a

Legendre transformation,

Ilg] = 2] - [ de(@)i(a) , (2.23)

pi(x)=-2£

6J%(x)

and the inverse of the Legendre transformation is:

2] =Tlo) + [ de'()éilx) (2.24)

T @)= 53l

Now we will find an important functional relation that can be obtained from (2.21) and
which will be important late. That important relation is useful to find out the propagators
and the fixation of renormalization constant for example. Making:
(52F[¢5] dJ(x)

== SeeE) = )

T[]
6¢()

3¢(2)
3J(y)

(2.25)

Applying on both sides of the equation (2.25) and by integrating in the z variable we
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obtain:
6°T[¢ 6] _ [ [0@)  d6(z)
/dl&f’ >]_ /dl 4(2) J(y)]’
ho 8Tlg] —i 6220[ #=0
dz e |
/ ll&zﬁ( )3(z) h 6J(y)sJ(z) |,_, 5z ~y), (2.26)

r@)  (0|Té(y)é(2)0con

and therefore,
o°T'[¢]

0|7 (y)p(2)|0)con = h<5¢ >_. (2.27)

(2)0¢(x) |4

That is, the vertex function of second order is the inverse of the connected Green function.

Keeping this in mind, we define:

h 0°T[¢]

ik
Py = S @) ey

(2.28)

Which motivates us to define a more generalized form of the 1-PI n points Green functions,

h 6"T[¢]
0 803, (1) -+ 663, (Tm) |,y

The vertex functional can also be expanded in a Taylor series, as we did for the other

Filf'"i"(l'l, Ce >'Tn) —

(2.29)

functionals having its expansion given by:

ACEDY - = [T, s (@) du(a) . (230)

n=

The [ (2, - -+, x,) are called proper vertices.
An important point to stress here is the form of the vertex functional expansion which

can be given in terms of A,

= i T [g)] (2.31)

where I'™[¢] are the 1-PI Green functions.

We consider the generating functional (2.21) in the classical approximation,

Z[J] —expl o] + / dzJH (z) iz ))] (2.32)

Ze[J]

thus implying that I'° = S[¢] is the classical action. "This is obvious since the only 1PI
zero-loop graphs — the 1PI tree graphs — are the trivial ones, i.e, those containing a single
vertex, and this vertex corresponds to a term of the interaction Lagrangian " [19]. Let

N(h) be a function that represents the number of factors of A. Consider a vertex diagram



Chapter 2. A brief talk about algebraic renormalization 23

consisting of I inner lines, V' vertices and L loops. We have that each propagator carries a
factor h, while the vertices carrier a factor h~! and in addition a global factor A comes
from '™ . So,

Nh)=14+1-V (2.33)

besides that, from the topological identity L =1 —V +1 <= I -V = L — 1 we will
obtain, by replacing in N(h), the relation:

N =L (2.34)

The result is of paramount importance, it shows that in each order in the loop, and

therefore the order in perturbative expansion, we have a correction in A.

2.3 Composite fields and external sources

We are interested to know how invariant models under nonlinear field transformations
affect Green’s functions and how important they are in maintaining symmetries in the
renormalization process. For this, we insert in the classical action next to the interaction

term the term Sext[p, ¢, that is,

Sint [p> 975] = Sint [QS] + Sext[ﬂa (ZS] ) (235)

We write Sext in terms of a field operator P, corresponding to a local polynomial in the

classical action and also the external sources p, coupled as follows:

Sexilp, 0] = [ dapy(2)Q¥0(@)] | (2.36)

When we add such a term within the generating functional of the Green functions, we

get a new functional [21] Z|[p, J],
Z[p, J] = / DD oi (S8l [ do (pp.QU+7i6:)} (2.37)

The expansion allows us to write:
= & (/RN (/R
Zlp,J] =
[0, J] NZZO’MZ:O N
X JH(@1) - TN (@N)pp (Y1) - - Ppas (Yar) X
(O[T's (1) -+ - diy () Q7 (y1) - - - QP (ym)[0) (2.38)

/d:vl---d:vN/dyl---dny
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Calculating the functional derivatives with respect to p? and J, we obtain

66" Z[p, J]

SpP(x)8J;, (z1) - 0J; = (0|TQP(y)di, (z1) - - - pin (zN)|0) (2.39)

n lp=J=0

As we did previously, we can generalize to the connected generating functional Z¢[p, J]

and the vertex functional (functions 1-PI) I'[p, J] through:
Zlp, J) = eh = (2.40)

in the same way,

Plp,dl = 200, J) = [ de F@ou(a)| (2.41)
di= Miz(z)
making it for the inverse too,
2%, J) = Tlp, 8] + [ dw T (2)u(x) (2.42)
==l
As a particular case, we write:
héZlp, J]
-~ =Q"(y)Z[J] , (2.43)
i 6p(y) |-y

that is, it generates the Green function (2.39), Feynman graphs that contain a new vertex
corresponding to the insertion of the QP field polynomial that can generate quantum

corrections. And in the same way:

52°p, J] . . o -
o) |, " WZV ad Spe T Wl (2.44)

Recalling the expansion (2.31) we saw that (I'©[¢] = S[#]) implying that,

Qp(y)r(()) [(ZS] = Q{:Jlas (245)

And the generalization for this expression is given by:

Qp(y)r[(b] = leas + O(h) (246)

This is a crucial point for the quantum insertion in the perturbative construction.
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2.4 Symmetries and the quantum action principle

(QAP)

Symmetries play a fundamental role in understanding nature, in particular, in the
study of a more fundamental physics such as field theory. In classical physics we know
that, by Noether’s theorem, continuous symmetries (local or global) imply conserved
currents ( see chapters (3) and (5)) and at the quantum level there is a similar one that
join transformations in the fields and leads to the relationship between Green’s functions
of the theory.

Let’s assume that the classical action has NV fields ®; and is invariant under infinitesimal

transformations,
0i(z) = Pi(2) +e"(Ra)yy®j(z) = 6Pi(2) = e(Ra)ij®;(x) (2.47)
with a = 1,2,3,--- where (R,);; are local functional of the fields and of their derivatives.

For our purpose, all continuous symmetries appearing shall belong to a representation
of a Lie group (G. The generators X, of the Lie Algebra g they satisfy the commutation

algebra relation,
[Xa, Xo] = if0p"Xe (2.48)

being fu the group structure constants which obey the Jacobi identity,

> fdfi =0, (2.49)

cycl. perm. of abc

demanding that the R, (z) obey the functional relations,

fan (st S~ gt 5 ) gt (2.50)

We will see later the motivation of our demanding, for now, to help clarify the relation we

can apply it to the case of linear homogeneous transformations,
Rai(x) = Tai]¢j(x) ’ (251)

where the matrices T, obey the algebra commutation relation (2.48) and they do not have
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any dependency of the fields ¢;. Let’s see:

[ anf pontn @t S @ ontiamt 5545 =

’ \5(25] (_)/ ’ 5(25] (y)
87 6(x—y) 5{5(50—3/)

= (1) or(2)(Ta)! — (Tu)jon(2)(Ty)] =
= (T)U(Ty)jn(e) — (T (T)5on(z) =
= [T, To) ;" du(2) = i fub (Te) 0 - (2.52)

A field functional F'[¢] has the infinitesimal variation of form,

OF
§F = i / doRaig (2.53)
where we define the following operator:
W, = —/da;R O (2.54)
a al 6¢Z ) *

As we can see by the commutation relation (2.50) the functional operator W, was defined

with (—) sign so that they obey the same algebra of the generators X, of the group, that

is,

Wl = [ doy{ Rt s o 5] = Rt s 5 | =

:/dxdy {Rai(aﬁ)(Sij;y)) 23 + Roi(z) Ryi(y) O°F

56:(2) 30;(1) 50:(w)o0,(y)
R 5 S o) g0 5 ) -
- [t [mato 8 - muto |
| R o) = Ry | 5 S (2.55)

Working in the expression (2.55) we observe that the second term vanishes and left the

first term:

5%( ) N

W,, Wi F / dxdyl () OB

SRy )] SF
5@( )

56:(z)
Wa WP = [ dyifiaResl) 55 = =ifu’ [ duRes(o) 55 =

] J
W, Wo|F = if,,¢ W.F (2.56)
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And therefore, we can see that the operators, which we usually call Ward operator, has

the same algebra of generator of the generators of the group, that is:
Wa, W] =if,¢ W, (2.58)

We can classify the symmetries based on the form of the fields transformations saying
they are nonlinear on the fields or linearly homogeneous in the fields. The structure
of the transformations, and therefore the symmetries, are composed by the parameters
that distinguish two different groups, one is called from global transformations where
the parameters €* do not have dependency on position = being a constant and a group
called local transformations, where the parameters are functions of space-time coordinates

e = e%(x).

2.4.1 Linear symmetries

Before proceeding, let’s see how the " element" D® is transformed within the generating

functional,
Dd(x) = | det Do(z) , 2.59
(@) [ | o) (259
just looking to the determinant,
i e Do) det[5;; + e*tr(R,)|D® (2.60)
et| de et]d;; (R, . .
09;(y) ’

All generators for the Lie groups can be chosen in such a way that tr R, = 0. Thus,
DO, = DY, = ¢DP(z) =0. (2.61)

We want to know how these symmetries of the fields affect the generating functional of

Green’s functions, and for that, we will calculate
52ZJ] = N/(sz)@ e:vp%(S[@i] + TP, +N/D<I> 5leap, (SO + JD))}

5210 = N [ Do ;_L [ dz Tt (R0, exp:L(S[@i]—i-Ji@i) (2.62)

where we use the result (2.61). In addition, as Z[J] is only a function of the sources J;(z)

and using the identification we did in (2.16), we can write:

4]

/d:v [Ji(a;)ea(Ra)ij W]Z[J] =0. (2.63)
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The relation is the source of all Ward identities. Returning to the expression (2.51) with

the linearly homogeneous transformations in the fields when the R,;(x) takes the form
Rai(x) = Taij¢j(x) ) (264)
The invariance of the classical action under the W, action
— [ dar ig 05 =0 (2.65)
a ]6(;51 )
Returning to (2.63) by the linear transformation it is easy to see that
/d JH(@)e Ty ——| z[J] =0 (2.66)
) (Ta)ij —— =10, .
! 70 J;(x)

From the equations (2.51) and (2.7) we see that the Green functions:

N
Z 0|T¢Z1 ‘Tl ¢in—1(xn—1) atp ¢]n(xn)¢ln+1(xn+1) ¢1N(xN)|0> (267)

As we can see, we have a sum of linear Green functions, resulting of the linear symmetries.

In this way, in the process of renormalization we do not need to regularize the symmetry.

2.4.2 Nonlinear symmetries

When we say nonlinear symmetries we are referring to the non-linearity in the fields

and assuming a symmetry that is quadratic in the fields like an example we will have,

Rui(z) = T, " ¢;(2)dnly) (2.68)

Based on the result (2.63), we note that there is a difference between the linear case,

because now we do not have a sum of elementary Green functions,

Z (01T ¢i, (1) -+ Gy (wn—1) Toi” %( )Pk () Gi oy (Tnt) - - Giy (z1)]0) (2.69)

One way to restore this is to add to the classical action a term of external source in the
following way:

St = / dzpi ()6 Ros () | (2.70)

which results to the total classical action,

FO[¢> p] = S[(ZS] + Se:rt[¢> p] (271)
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The new form of the action is now not invariant under the transformations (2.65) caused
by the external term and a possible solution is:
i) take the infinitesimal parameters of the transformations €% as Grassmann numbers,

that is, anti-commuting numbers,
{e*,"} =0, (2.72)

ii)the transformations of the parameters takes the form:

1
s = & o (2.73)

Here again, the f,¢ are the Lie group structure constants, besides that, the operator s is

nilpotent, i.e, s = 0.

1
s(se?) = 5fbcas»s e+ fb ePse®

1 a a
= Z_lfbcfe e e - fbcfe 6669 )

\_.\,_/
brc
1 a e c Cole
= Z_lfbcfe;))g e 4F fcb b )
reordering
s(se®) = 0. (2.74)

Thus, we restore the invariance of the total action (2.71), s = 0, which we can be written

in a functional form as
0 _ i ,
STg] = s +s [ dap'(@)si(a)

=0
= /d:vsp )soi(x —i—/dﬂUP s(s¢i(x))

= i [ depla)sc" Rui(w) =5 [ dup(e) fe"e Rui(w) +i [ dopl@)esRai(o)
_ a b_c ) : 6Ral()
s oo = fansotn o)

v

i ab_c Bei(2) () o
= 3 Jdar@ i o)~ [ depteiznet S [ ay {R‘” 59, (y) R“J(y)5¢j<z>}’

i

The antisymmetric part of (*)=3 f £Rci(x)

s[Og] = ; /dwp(w)fbca e /dxp f.ecbeRuy(z) = 0 . (2.75)

c — a, b(—)c
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The notation used for (¢ — ¢) was the changing of a by ¢ and for (b <+— ¢) the
permutation of b and c.

We can write the same conclusion above in a functional form in the following way:

STO 6T0 1 or°
SFoz/d O Craghe P 2.76
( ) .T 6pl 6(;51 bec 88(1 ( )
\_\/./ -
5pi(x) 5¢

The operator S is called of Slavnov-Taylor operator and we shall point out that the

variation of the external source is defined as sp(x) = 0.

2.4.3 The QAP

The knowledge of the symmetries in the classical level rises the question: how the
symmetries behave at the quantum level? At this point, the quantum action principle
(QAP) comes to helps us to answer the question.

At quantum level, the classical Ward identity, by the Quantum Action Principle,

establishes its form for the linear symmetries,

S ol
dzT * ¢’ =WT = AT 2.
[dar; PO =W , (2.77)
and for the nonlinear symmetries,
or oT
dx——— =W'T = AT, 2.78
T 27)

where A is an insertion, that is, integrated local polynomial in the fields, sources and
their derivatives. The insertion A = [ dzA(z) has the same numbers as W (global indices,
charge conjugation, parity,etc ...) and it is limited by the dimension of space d, the mass
dimension of the fields ¢; abbreviated by d;. (See the chapters 4 and 7)

2.4.4 The Wess-Zumino condition

A symmetry is called anomalous when it is not preserved at the quantum level.
The extension of the model by perturbative method and its analysis by the algebraic
renormalization consist in part in the analysis of the possible counterterms composing the
breaking A, searching for a possible anomaly.

Let’s supose the Ward identity W in (2.78) being the nonlinear or the linear Ward

operator. We write:

oS
di(z)

In general, we work with power counting renormalizable models, having in mind the power

Wes — / da R (x) _0, (2.79)
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counting theorem [19] like an necessary condition. Assuming it here, we can write,

WT = AT =WT + bW T + O(Kh?) ,
WT = hA+ O(h?) . (2.80)

Refreshing our mind with relation (2.58) and applying it to I, order by order, we find:

WWT — WWT = fPWT |
WIAP — WPAL = f A° (2.81)

The equation(2.81) is the Wess-Zumino condition. It resulted from the Ward commutation
relation and it states clearly that the breaking A suffer restrictions under the Ward

operator, that is, symmetries of the classical action do not allow any counterterm.

2.5 The study of the stability

The starting point for the stability analysis is the classical Ward identity [20] associated

to the symmetries in question. The classical Ward identity is given by:

5% 6%
= [ dP2—= .
W / © 5, (2.82)

being X the classical action that may not be in its complete form and p’ the external

source. To this purpose, we slightly disturb our action as follows:

Y N =N4eXe (2.83)

applying this to Ward identity,
W(E 4 eX%) = 0+ O(e?) (2.84)

that is,

/ pnI ;pfzc) Je2 (;:;ZC) =0+ O(2) (2.85)

Working the expression above,
/dD gpz g; /dD <2§ gi jpzi f;é) =04 0(?) . (2.86)

B

from which we obtain:

eBY° =0 . (2.87)
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The operator B is the VW operator linearized on external p sources. The stretched, or
more general, form of the action follows an equation with the Ward operator in question.

Definition: Given some starting classical action.
¥ = X[¢' 0% N, (2.88)
we say it is renormalizable (multiplicative renormalizable) if the equation’s solution,
B¥=0, (2.89)
can be inserted in the action by a redefinition of the fields, that is,
Y+ =X+ 0> (2.90)

where XY is what we call disturbed classical action obtained by the following transformations:

Y009, p0, ], com @Y = &;(1+eZy,), p) =pi(1+eZ,,) e N =N(1+¢eZ,,) (2.91)
The action (X°[®Y, p?. \V]) is the starting action (3[®;, p;, \i]) from where we replace all
fields ®;, external sources p; and the parameters of the model A; (coupling constants, mass
parameters) with their "disturbed" versions (®?, p?, \?) and we expand by disregarding the
second order terms in €. Since the classical action is determined by equations of bounds

and symmetries, we look for counterterms that also carry such properties.



Part 1

Massive Case

33



34

Chapter 3

Electron-polaron—electron-polaron
bound states in mass-gap
graphene-like planar quantum

electrodynamics: s-wave bipolarons

3.1 Introduction

! The seminal works by Deser, Jackiw, Templeton and Schonfeld [2,23-25] have
attracted attention to the quantum electrodynamics in three space-time dimensions
(QEDj3) in view of its potentiality as theoretical foundation for quasi-planar condensed
matter phenomena, such as high-T, superconductors [26-28], quantum Hall effect [29-31],
topological insulators [32-34], topological superconductors [35-37] and graphene [16, 38—
44]. Since then, the planar quantum electrodynamics has been widely studied in many
physical configurations, namely, small (perturbative) and large (non perturbative) gauge
transformations, Abelian and non-Abelian gauge groups, fermions families, odd and even
under parity, compact space-times, space-times with boundaries, curved space-times,
discrete (lattice) space-times, external fields and finite temperatures.

The pure graphene [16,38-44] monolayer is a gapless (massless gap graphene) bidi-
mensional system which behaves like a half-filling semimetal with its charge carriers
(quasiparticles) being described by massless charged Dirac fermions. However, for practi-
cal applications like transistors a gap (mass-gap) graphene [45-49] is more appropriate,
and such a mass-gap effect is observed in pure monolayer graphene on substrates [11].
Electron-electron interactions (electron pairing) in graphene [12] include electron polarons
(electron-phonon) [13] scattering processes [50-52], where this quasiparticle, the polaron,

which is formed by a bound state of electron (or hole) and phonon, was first introduced

!The content was published in The European Physical Journal B [22].
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by Landau [15].

The proposed issue in this chapter about the possibility of s-wave bipolarons emerging
from the parity-preserving U(1) x U(1) massive QED3 — a mass-gap graphene-like [45-49]
planar quantum electrodynamics — is presented as follows. Initially, the model defined
by its discrete and continuous symmetries is introduced and, since the interactions are
nonconfining — the vector mesons, the photon and the Néel quasiparticle, are massive
— the asymptotic states for the fermions (electron polarons) are established. Hereafter,
in the low-energy limit, the s- and p-wave Mgller (e -polaron—e -polaron) scattering
amplitudes are computed and their respective interaction potentials obtained and analysed.
However, from this analysis, it was found conditions on the parameters which, in spite of
the p-wave scattering potential still remains repulsive, the s-wave interaction potential
becomes attractive. The latter shall favour e™-polaron—e~-polaron bound states — provided
the attractive s-wave scattering potential satisfies necessary conditions [53-58] — giving

rise to the s-wave bipolarons condensates [50-52].

3.2 The model

The Lorentz invariant version of mass-gap graphene-like planar quantum electrody-

namics, the parity-even U(1)4 x U(1), massive QEDj3, is defined by the action:

1 v 1 v v YN -
S = /d%{_ZFN B — z_lfu fuw + p et A, 0pa, + 0 Doy + ip_Drp_
(@ ys T+ o (A — (00, (31)
= Ty w9t T '

where Dy = (@ + ied £ igd)1y, and any object X = X*v,. The coupling constants e
and g are dimensionful, with mass dimension %, and, m and p are mass parameters with
mass dimension 1. Also, F,,, = 0,A, —0,A, and f,, = 0,a, — 0,a,, are the field strengths
associated to the electromagnetic field (A,) and the Néel gauge field (a,), respectively, 1
and ¥_ are two kinds of fermions — each of them describing electron polarons (electron-
phonon) and hole polarons (hole-phonon) quasiparticles — where the + subscripts are

related to their spin sign [17], and the gamma matrices are v* = (0, —i0,, i0y).

3.2.1 The symmetries: parity and U(1) x U(1)

The CPT-even action (3.1) is invariant under:
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1. parity symmetry (P):

P
By 5 xﬁ (xg, —x1,22) ,
P P .1 —= P —P — 1
Ve — Yy =—vYx, Yy — Yy =y,
P
AN — Allj (Ao,—Al,Ag) R
P
a, — aﬁ (—ag, ar, —az) . (3.2)

2. gauge U(1)4 x U(1), symmetry (dq):

Ot () = ilf(2) £ w()[Y<(z) ,
Og¥s(x) = —i[f(z) £ w(@)]Ps(2)

1
OgA () = e 0.0(x) ,

Fia,(2) = = - Oyela) (33)

3.2.2 The spectrum: degrees of freedom, spin, masses and

charges

The free Dirac equations associated to ¥, and ¥ _, which stem from the action (3.1),

read:

(i@ —m)yy =0 and (id+m)Y_ =0, (3.4)

So, by expanding the operators ¥, and 1_ in terms of the c-number plane wave solutions
of the Dirac equations, with operator-valued amplitudes, a., b;, a_ and b_ (annihilation

operators), and al, bl, al and b- (creation operators):

0u0) = [ s as By (e 4 B (B (e} (3.5)
0-0) = [ e ta- (u- (e 4 8L (ko (B (3.
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where ¢, = 140, Consequently, from (3.4) and (3.5)-(3.6), by assuming p* = (E, pg, py),

the wave functions, u., vy, u_ and v_, are given by:

44 (p) = \/%m(mﬁ) |
0. (p) = %wm@ , (7)
u () = %um@ ,
v (p) = J% (m, ) (33)
satisfying the following conditions:
uy(p)us(p) =1 and vi(p)vi(p) = -1, (3.9)
u_(p)u-(p) =—-1 and v_(pjv_(p)=1, (3.10)
where
uy(m,0) = ( (1) ) and v, (m,0) = ( (1) ) , (3.11)
u_(m,0) = ( (1) ) and v_(m,0) = ( (1) ) , (3.12)

are the momenta space solutions of the Dirac equations at the particle rest-frame, p* =

(m,0). The microcausality conditions for ¢, and 1_:

{Ys(@), 0k} ,_ =EF-§), (3.13)

20=y0

together with the Dirac equations (3.4) and the normalization conditions (5.11)-(5.12),
implies that:

2k0

{ax(k),al(p)} = (2m)*=-6%(k - p) , (3.14)

{be(k), bli(p)} = (2m)* =%k - p) , (3.15)
where all other anticommutators vanish and, for the vacuum state |0), as(k)|0) =
b+ (k)[0) = 0.

The quantum operators associated to space-time (SO(1,2)) symmetry and internal
(U(1)a x U(1),) symmetry, spin (), electric charge (Q+) and Néel (chiral) charge (¢4 ),
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are

S = -0, , (3.16)
Os = —e / 27 - Pl (z)yu(z) - (3.17)
Qs = —¢ [ ST {ab (o (8) (e}

@ = Fg [ 7 L@ (o) (3.18)

2o = Fg [ TN Al () (k) — (k)b ()

respectively, with their action upon the asymptotic fermion (antifermion) states with spin

up and spin down, | f7) (If7) and [f7) (I/]"):

SIfyy=+3lf5) s SIf =3l
SIfey=—3lf0) s SIfE) =3l (3.19)
Q+lff) = —elff) s Qulff) = +elf)),
Q_Ify) = —elfy), Q-Iff) =+elfy); (3.20)
arlfi) = —glfy) . @lf) =+alff)
a|f7)y =+alf) s alff) = —glfi) ; (3.21)
where
1) =al(®)0), £ =bh(k)0) (3.22)
17y =al(®)0), 1) =bL(k)0), (3.23)

which means that, al. (a') creates a spin-up (spin-down) fermion (electron polaron) and

bl (b') creates a spin-down (spin-up) antifermion (hole polaron). Moreover, from the
results above, for any fermion or antifermion (spin up or down) quantum state |¢), it is
verified that

Sl = —ng gl | (3.24)

which proves the correlation among spin and chiral charge (see TABLE 3.1).

In the low-energy limit (Born approximation), the two-particle scattering potential is
given by the Fourier transform of the two-particle t-channel scattering amplitude (direct
scattering) [59]. However, so as to compute the scattering amplitudes, use has been made

of the propagators. Hence, switching off the coupling constants (e and g), the tree-level



Chapter 3. Electron-polaron—electron-polaron bound states in mass-gap graphene-like --- 39

state wave | electriq chiral | spin quasiparticle
function charge| charge

i) o —e —g | 43 | electron polaron

1f0) u_ —e +g | —3 | electron polaron

15 vy +e +g | -1 hole polaron

D) v_ +e —g | +3 hole polaron

Table 3.1: The quasiparticles, electric charges, chiral charges and spin.

propagators in momenta space, for all the fields, read:

. —m +m
Ay (k) = m AL(k) = ,ff m (3.25)
, . RRY o kR
) I T AN N
ALk {kQ_MQ (w ! )+k2 e
AP (k) = AM, N (3.26)

k2(k2 _ /1’2)

From the propagators above, Ay, A__| AW\ A* and A% the spectrum and the

aa
tree-level unitarity of the model can be be analyzed by coupling them to external cur-
rents, Jo, = (J+, T, T4, T!), compatible with the symmetries of the model, where
the current-current transition amplitudes in momentum space are written as: Aq>i¢>j =
Tz, (k)(®i(k)®;(k))Ts,;(k). Then, by taking the imaginary part of the residues of the
current-current amplitudes, Ag,¢,, at the poles, it can be probed the necessary condi-
tions for unitarity — positive imaginary part of the residues of the transition amplitudes,
SRes Ag,e, > 0, as a consequence of the S-matrix be unitary — at the tree-level and
the counting of the degrees of freedom described by the fields, ®; = (V4,v_, A,,a,). 1
summary, it has been concluded [60] that the two kind of fermions, 14 and v_, hold
two massive degrees of freedom with mass m — the electron-polaron |f;") (u4) and the
hole-polaron | ff} (vy) associated to the spinor 11, and the electron-polaron [f") (u_)
and the hole-polaron | fT+ ) (v_) associated to the spinor ¢_. Also, the vector fields, the
electromagnetic field (A,) and the Néel gauge field (a,), carry each one two massive
degrees of freedom with mass p, moreover, it shall be noticed that the single massless
mode in model, displayed in A4’ does not propagate, it decouples. From the results
presented above, it can be concluded that the the parity-preserving U(1) x U(1) massive
QEDj3 is free from tachyons and ghosts at the classical level. Nevertheless, to have full
control of the unitarity at tree-level, it is still necessary to study the behaviour of the
scattering cross sections in the limit of high center of mass energies, by analyzing the
Froissart-Martin bound [53,61,62].
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3.3 The Mgller scattering

In order to calculate the scattering amplitudes, it remains the vertex Feynman

rules associated to the interaction vertices —et, Ay and Fg dir: YT =iey* and

eGP

Figure 3.1: e -polaron—e -polaron (Mgller) t-channel scattering mediated by electromag-
netic (A,) and Néel (a,) quantum fields.

v =+igy", respectively.

The t-channel e”-polaron—e~-polaron Mgller scattering amplitudes mediated by the
electromagnetic and the Néel quanta (see FIG. 3.1) are given by:

—iMuag = T (p) [T (p1) Aps (k) (p5) [T Jus (p2) (3.27)
Moz = s (py) [ViEL]us (pr) Ap (Bt (p5) [V uz(p2) | (3.28)
—iMiax = T (p)) [Tha]us (p) AL (k) aw (ph) [T s lus (p2) | (3.29)
—iMziar = Tz (p)) [V Jux (pr) A%y (k)T (py) [V ]us (p2) - (3.30)

Furthermore, in the center of mass (CM) reference frame, the three-momenta configu-
ration of the two scattered fermions, py, p2, pj and p}, so as the momentum transfer, k,

are fixed as

p1=(E,p,0), pi=(E,pcosy,psiny) ; (3.31)
p2 = (E,—p,0) , ph=(E,—pcosp,—psinyp) ; (3.32)
k=p; —p;=(0,p(1 —cosgp), —psiny) = (0,k) , (3.33)

where ¢ is the CM scattering angle, defined as the angle among the directions in the CM
frame of the two incoming (initial state) and outgoing (final state) fermions.

The total s- and p-wave Moller scattering amplitudes can now be derived from the
partial ones (3.27)-(3.30) in the low-energy approximation, M (|)+ [{) — [+ []))
and M, (IN)+ 1) — [+ 1) or [L)+]) = [L)+]))), where, by assuming the momenta
configuration above (3.31)-(3.33), it follows that:

M, = in/ﬁ (e2-¢%) (3.34)
M, = ﬁ (¢ +¢°) . (3.35)



Chapter 3. Electron-polaron—electron-polaron bound states in mass-gap graphene-like --- 41

3.3.1 Scattering potentials

In the low-energy (nonrelativistic) limit, the two-particle interaction potential, in
the Born approximation, is nothing but the two-dimensional Fourier transform of the

lowest-order two-particle M scattering amplitude:

V(r) = / (;l;; M ek (3.36)

Accordingly to the Born approximation (3.36), the electron-polaron—electron-polaron

s- and p-wave scattering potentials, mediated by the photon and the Néel quasiparticle,

read:
V(7)) = % (62 — g2) Ko(pr) , (3.37)
Vp(r) = % (62 - g2) Ko(pr) . (3.38)

Thereafter, it can be concluded from (3.38) that, regardless the values of the electromagnetic
and the chiral coupling constants — e and g, respectively — the e -polaron—e~-polaron
interaction in p-wave state (|1)+|1) or |})+]))) is always repulsive. Nevertheless, from
(3.37), it shall be stressed about the possibility of attractive e”-polaron—e~-polaron
interaction in s-wave state (|1)+[])) provided g? > e?. In this case, where g > €2, the

s-wave interaction potential V,(r) is attractive,

1

Vilr) = o (g2 — 62) Ko(pr) , (3.39)

however, this is not a sufficient condition for the existence of bound states.

3.3.2 Bound states

Beyond the attractive nature, provided that g? > €2, of s-wave interaction potential
(3.39), starting from the "distinguished" extension of the free hamiltonian, and adding to
it a potential V', does not alter the self-adjointness of the total hamiltonian, provided V is
"weak' in the sense of Kato-Redlich [55,63]. Here, the condition that defines this "weak'

class is expressed precisely in the following integrability condition on the potential:

| do ol + () IVe)] < 00 p=pr (3.40)

This condition ensure the semi-boundedness of the total hamiltonian,and the finiteness of
the number of bound states. As an aside here we give the upper bound of Set6 [56] on the

number N of bound states for dimension 2, and [ = 0. This is the 2-dimensional version
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of the old Bargmann inequality for d = 3 [58]. The Set6 bound is

e [ o () V) V)l
2 w (2,;?) /OOO plV(p)dp

The fact that there is always a bound state, regardless of how weak an attractive potential

N9 £ 1.4

(3.41)

V may be, is somehow reflected by the presence of 1 in the right-hand side of Eq. (3.41).

Also, an upper bound for their number (N') for nonvanishing angular momentum (I # 0):

1 /2u\ 1 [
N< g () [ evede. (3.42)

respectively, where h = 1 and p, = 2 is the e”-polaron—e~-polaron reduced mass.

£l

It has been proved elsewhere [64] that, whenever an interaction potential of the type
V(r) = CKy(ur) is attractive (C < 0), it satisfies the following criteria: the weakness in
the sense of Kato (3.40); the Newton-Seto bound (3.41) for [ = 0; and the Bargmann

bound (3.42) for all I such that [ < I, = |49 (where |z] is the floor function of ).

h2H2

In the same manner, by means of the effective potential Veg(r) = EQZ(Z;E) + V(r) with
0 <1 <y, it can be figured out that bound states arise (see FIG. 3.2). In addition to,
it shall be stressed that these fulfilled conditions, (3.40), (3.41) and (3.42), guarantee
the existence of bound states for any kind of three-dimensional space-time model which

exhibits scattering potential of the type V(r) = CKy(ur) (C < 0).

Verr (1)

Figure 3.2: The effective e”-polaron—e~-polaron interaction potential, which for the s-wave
case, C' < 0, Veg(r) is attrative, if 0 <[ <[, (solid line), and repulsive, if [ > [, (dashed
line).

3.4 Conclusions

The Lorentz invariant parity-preserving U(1) x U(1) massive QED3, a mass-gap
graphene-like planar quantum electrodynamics model, at low-energy limit exhibits electron-
polaron—electron-polaron scattering short range non confining potentials, similarly it can

be concluded that the same behaviour takes place for hole-polaron—hole-polaron scatterings.
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The interactions among electron-polarons and hole-polarons are mediated by two massive
vector mesons, the photon (electric charge source) and the Néel quasiparticle (chiral charge
source), both stemming from the U(1)4 x U(1), gauge symmetry. It should be noticed that
it was disclosed the correlation among the electron-polaron (hole-polaron) spin polarization
and correspondent chiral charge. At the tree-level, the absence of tachyons (k% < 0) and
ghosts ((¢|1) < 0) in the model spectrum guarantees causality and unitarity, respectively,
at this level. Notwithstanding, in order to complete the tree-level unitarity analysis, it
remains to finish the proof that the scattering cross sections in the limit of high center
of mass energies respect the Froissart-Martin bound [53, 61, 62], but since ultraviolet
problems are less critical in lower dimensional quantum field models, together with the
fact that the four space-time dimensional QED (QEDy) [59] satisfies the Froissart-Martin
bound, consequently this fulfilment shall be foreseen for parity-even U(1) x U(1) massive
QEDs3. Also, it shall be pointed out that for condensed matter systems like graphene, the
quasiparticles (electron-polaron and hole-polaron) dynamics is in non relativistic regime,
so ultraviolet unitarity upper bound violations should not be expected.

Bearing in mind hypothetical applications of the model presented here to graphene, or
any other two dimensional system, the orders of magnitude of some theoretical parameters
need to be established firstly, namely, a typical mass-gap in graphene is around meV [45-49]
whereas the low-energy limit for a condensed matter system is of eV order. In addition
to that, the characteristic range of the two interactions, mediated by the both massive
photon and the Néel quantum, shall be associated to the pair-coherence length measured
in graphene, orders of magnitude in nm [65]. The mass-gap in graphene [45—-49], besides
of being more realistic, can be either achieved when pure graphene monolayer is settled on
substrates [11], increasing its application range and improving device developments.

At the low-energy limit, the non relativistic electron-polaron—electron-polaron (or hole-
polaron—hole-polaron) scattering potential, owing to photon and Néel quasiparticle short
range exchanges, shows to be always repulsive (3.38) for parallel (p-wave) electron-polaron
(hole-polaron) spin polarizations (|1)+|1) or |})+|])). Nevertheless, for electron-polaron—
electron-polaron (or hole-polaron-hole-polaron) scatterings with antiparallel (s-wave) spin
polarizations (|1)+]})), the s-wave interaction potential (3.39) might be attractive provided
e~ (e™)-polaron—Néel-quasiparticle coupling strength (|g|) be stronger than the strength of
e~ (e™)-polaron—photon coupling (|e|), g? > e Moreover, the s-wave attractive scattering
potential (3.39) satisfies the Kato condition [55], the Newton-Set6 and the Bargmann
upper bounds [56, 58], indicating that s-wave bipolarons [50-52] might stem from these
electron-polaron—electron-polaron quasiparticles bound states [64]. The possible emergence
of such a Cooper-type e -polaron—e~-polaron condensate (bipolaron) directly calls the
issue of superconductivity in graphene [66—68], thus a deep investigation on that deserves

special attention.
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Chapter 4

On the ultraviolet finiteness of
parity-preserving U(1) x U(1) massive
QEDs3

4.1 Introduction

!The perturbative finiteness in quantum field theory, particularly in Chern-Simons
models [2,24,25,70] in three space-time dimensions, has drawn attention since the pre-
liminary results at 1-loop order [2,71], and afterwards at 2-loops [72]. At all orders
in perturbation theory, pure non-Abelian Chern-Simons model in the Landau gauge
exhibits ultraviolet finiteness [73-75]. However, even though coupled to bosonic and
fermionic matter fields, non-Abelian Chern-Simons model in three-dimensional Rieman-
nian manifolds still manifests at all radiative order vanishing [-function associated to
Chern-Simons coupling constant [76]. The massless U(1) QEDj exhibits ultraviolet and
infrared perturbative finiteness, parity and infrared anomaly free at all orders [77,78].
Moreover, in opposition to some claims in the literature still now defending that parity
could spontaneously be broken, even perturbatively, in massless U(1) QEDs3, known as
parity anomaly, has already been discarded by the consistent and correct use of dimension
regularization [79,80], Pauli-Villars regularization [81], algebraic renormalization in the
framework of Bogoliubov-Parasiuk-Hepp-Zimmermann-Lowenstein (BPHZL) subtraction
method [77,78], and more recently through the Epstein-Glaser method [82]. The exact
quantum scale invariance in dimensional reduced to three dimensional space-time massless
QED, models was investigated in [83], and the gauge covariance of the massless fermion
propagator was studied in quenched QEDj [84]. The massive U(1) QEDj3 can be odd (odd
fermion families number) or even (even fermion families number) under parity symmetry.

The parity-even massive U(1) QEDj is ultraviolet finite, the gauge coupling S-function

!The content was published in Annals of Physics [69]
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and the anomalous dimensions of all the fields vanish, furthermore, is infrared and parity
anomaly free at all orders [85]. Besides all the latter quantum field theory formal aspects,
planar quantum electrodynamics (QED3) has been demonstrated potential applications in
condensed matter phenomena and low energy physics, on the other hand in early universe
physics and high energy as well.

The main purpose in this chapter is to show the ultraviolet finiteness — vanishing
[B-functions of both gauge couplings and all field anomalous dimensions — at all orders
in perturbation theory of the parity-even Us(1) x U,(1) massive QED3 [22], and the
absence of any kind of anomaly, e.g. gauge and parity, as well. The proof is done by
using the BRS (Becchi-Rouet-Stora) algebraic renormalization method in the framework
of Bogoliubov-Parasiuk-Hepp-Zimmermann (BPHZ) subtraction scheme, which is based
on general theorems of perturbative quantum field theory [19,86-96] thus independent
of any regularization scheme. Accordingly, the action of the model and its symmetries,
the action for the gauge-fixing and the one which couples antifields to the nonlinear BRS
transformations of the fields are established in Section 4.2. The extension of parity-even
Ua(1) x U,(1) massive QEDj3 at the classical level to all orders in perturbation theory
— its perturbative quantization — is arranged as follows. Prior the stability analysis of
the classical action — if the radiative corrections can be reabsorbed by a redefinition of
the initial parameters of the model — which is presented in Section 4.4, in Section 4.3 all
potential anomalies are identified by means of the analysis of the Wess-Zumino consistency
condition, in other words, solving the Slavnov-Taylor cohomology problem in the sector
of ghost number one, in addition to, it is checked if the radiatively induced breakings
might be fine-tuned by an appropriate choice of local non-invariant counterterms. Final

comments and conclusions are left to Section 4.5.

4.2 The model and its symmetries

The action for the parity-even U (1) x U,(1) massive QED3 [22] is defined by:

1 1 — — _ _
Viny = / dS:E{—;LF ””Fuu—zf“”fuﬂru e Audpan+ih  PYi+iy Py —m(¢+¢+—¢_¢—)} ,
(4.1)

where Py = (P + ied +igd)s, e (electric charge) and g (pseudochiral charge) are the

1
29
dimension 1. The field strengths, F},, = 0,4, — 0,A, and f,, = 0,a, — 0,a,, correspond

coupling constants with mass dimension =, and, ;4 and m are mass parameters with mass
to the electromagnetic field (A,) and the pseudochiral gauge field (a,), respectively. ¢4
and ¥_ are two kinds of Dirac spinors where the + subscripts are associated to their spin
sign [17], and the gamma matrices are V" = (0, —i0,,i0,).

The action (4.1) was built up assuming invariance under parity, fixed posteriorly, and
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the gauge Us(1) x U,(1) transformations as follows:

0+ (2) = il02(2) + O2(2)]4 () , 6 (2) = i[01(2) — O2(2)]9-(2)
00 (x) = —i[fi(z) + Ox(2)Y 1 (z) , 0¥ _(x) = —i[bh(2) — Ox(2)]Y_(2)
0A,(z) = —%@91(:13) , day(z) = —;@92(:13) : (4.2)

from which the BRS field transformations shall be defined. In view of a forthcoming
quantization of the model (4.1), a parity-preserving gauge-fixing action is added, beyond
that in order to follow the BRS procedure [91-93], two sorts of Lautrup-Nakanishi fields (b
and 7) [97-99], ghosts (c and ¢) and antighosts (¢ and ), the formers (b and 7) are indeed
Lagrange multiplier fields fixing the gauge condition, have to be introduced. Therefore, so
as to quantize the model, a gauge-fixing action, belonging to the class of covariant linear

gauges [100,101], is assumed:

s

gt = / d%{b(‘?“Au - %62 +ee + m0"a, + 5 + E0¢ } (4.3)

Hereafter, the BRS transformations of the quantum fields are now defined by:

51/}4- - Z(C e €)¢+ 9 5@—}— - _Z(C + S)E—&- )
S¢— = Z(C - €)¢— ) 5@— = _Z(C - 5)@— )
SAH:—iauc, se=0; sa, = 1(%5, S =0
sE:é, sb=0; sE:E, st=0. (4.4)
€ g

Together with the parity-even action term, Y,y + Xg¢, another parity-even action, ey, is
introduced in order to control at the quantum level the renormalization of the nonlinear

BRS transformations by coupling them to the antifields (BRS invariant external fields):

zext:/d3a;{z‘§+c+¢+ Qe tici P,y — z'c_E_Q_} : (4.5)

where ¢y = c+ & and c_ = ¢ — £. Tt should be pointed out that in spite of the Faddeev-
Popov ghosts be massless, consequently serious infrared divergences could be stemmed
from radiative corrections, nevertheless they decouple because of be free fields, there is
no need to introduce Lowenstein-Zimmermann mass terms [95,96] for them. Now, the

complete classical action to be perturbatively quantized reads
ro=x. -+ Taipi o2 Piexs (4.6)

The propagators are the key ingredient on unitarity and spectral consistency analyses
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at tree-level of the model?, even as in the calculation of ultraviolet and infrared dimensions
of the fields. The tree-level propagators can be derived for all the quantum fields just by
turning off the coupling constants (e and g) and picking up the free part of the action
Yiny + 2gr ((4.1) and (4.3)). In that case all the propagators in momenta space are given
by:

K —-m __ K+m
, (1 kY a kR
2ty = —if s (- )+ 2L, w8
) (1 I T AN
Ab (k) = _2{1@ e <n“ -7 ) + } : (4.9)
v K v
Aia(k) — me’”‘ k/\ 5 (410)
-
Aly(k) = AL (k) = 2 (4.11)
1
Beek) = Ag(k) = — 1 (4.12)
(k) = Ay (k) =0 (1.13)

It should be emphasized that the non decoupled propagators (4.7)—(4.9) carrying physical
degrees of freedom are all massive, so there were no infrared divergences that would arisen
during the ultraviolet subtractions in BPHZ method, in other words from (4.11)—(4.13) it
can be concluded that all massless degrees of freedom — so potential infrared divergences
inducers — do decouple. As a consequence, since no care about possible infrared divergences
induced by ultraviolet subtractions is required, the ultraviolet divergences are the only
that could spoiled the physical consistency of the model. Accordingly, the ultraviolet (UV)
dimension of any fields, X and Y, is established through the UV asymptotical behaviour
(dxy) of their propagator Axy (k), namely dxy = deg,Axy(k), such that deg, provides
the asymptotic power when k& — oo. In addition to that, in the BPHZ renormalization
method sometimes it is opportune to employ more UV subtractions than would indeed be
necessary for convergence issue, establishing therefore bounds for UV subtractions of any
Feynman graph or subgraph () independent of either its detailed structure or its order.
As a consequence, according to Zimmermann’s convergence method [94-96,102,103], the
UV dimension (d) of the fields, X and Y, shall fulfill the inequality below:

dx +dy > dxy + 3 . (414)

in such a manner that, together with the power-counting formula (4.57) presented farther,

they set what kind of appropriate UV subtractions have to be performed so as to get a

2The issues about unitarity, spectral consistency and two-particle scattering potentials have been
discussed in [60].
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finite integral associated to a particular graph or subgraph () at some perturbative order.

With the aim of determinate the UV dimensions of the vector fields, A, and a,, and
the spinor fields, 11 and 1_, use has been made of the propagators (4.7)—(4.10) together
with the condition (4.14), that results:

dip=-1 = 2d,>2 = d, =1, =—1 = 2d_>2 = d_=1(4.15)

d__
1
daa=-2 = 2da2>21 = da=5; dea=-2 = 2dg 21 = da:§;(4'16)

daa=—-3 = da+d, >0, (4.17)

N —

where the latter constraint (4.17)3 — stemming from the mixed propagator (4.10) and the
UV bound (4.14) — is also fulfilled by UV dimensions d4 and d, obtained in the former
condition (4.16). Additionally, it shall be called into question that, despite of the mixed
propagator (4.10) carries no on-shell degrees of freedom [22,60], whenever it enters as an
internal (off-shell) line of any 1-particle irreducible Feynman graph or subgraph (), thus
as a virtual quantum, and the graph (v) exhibits non-negative UV degree of divergence
(0(y) > 0), BPHZ ultraviolet subtractions have to be performed. Notice however that,
since daq < daa = dgq, internal lines containing the mixed propagator (4.10), instead of
propagators (4.8) and (4.9), reduce the graph UV degree of divergence, as translated by
the power-counting formula (4.57) presented in the following. Furthermore, concerning
the fulfillment of the constraint (4.17) by the UV dimensions d4 and d,, stemming from
the mixed propagator (4.10), it might imply over-subtractions for some graph or subgraph
(7), either related to invariant counterterms or noninvariat counterterms, containing the
propagator A%}’ (k) as internal lines.

From the propagators (4.11) and the conditions (4.14) and (4.16), the UV dimensions
of the Lautrup-Nakanishi fields, b and 7, can be fixed as:

3 3
dap=—1 = da+dy>2 = db:§§ don=—1 = do+d>2 = d7r:§ (418)

By considering the propagators (4.12), the UV dimensions of the Faddeev-Popov ghosts, ¢

and &, and antighosts, ¢ and &, are constrained by:
dee =2 = de+d:>1; dgg =2 = de+dg> 1. (4.19)

Furthermore, by fixing the BRS operator (s) as dimensionless and knowing that the
coupling constants e and g have mass dimension %, from the conditions (4.19), the UV

dimensions of the Faddeev-Popov ghosts and antighosts result:

de=0 and dz=1; d¢=0 and dg=1. (4.20)

3The Zimmermann’s inequality (4.14) yields likewise the condition (4.17) also satisfied by d4 and d,.
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A, | ay Yy | Y- |c| T | b|& € 7| Q.
d [1/2]12] 11 ]o]1]3]o]1[3]2]2
I 0 0|00 [1]-1]0[1 -1]0]-1]-1
GP| 0] 01 |1 |1]1]oj1]1]0[0]O

Table 4.1: The UV dimension (d), ghost number (®II) and Grassmann parity (GP).

After all, from the antifields action (Xe) together with the UV dimensions of all the

quantum fields previously computed, it follows that:
dQ7L =2 and d97 =2 . (421)

Briefly, the UV dimension (d), the ghost number (®II) and the Grassmann parity (G P) of
all fields are displayed in Table 4.1. The statistics is defined in such a way that, the integer
spin fields with odd ghost number and the half integer spin fields with even ghost number
anticommute among themselves, in any other case the fields commute among themselves.
In a functional way, the Slavnov-Taylor identity expresses the BRS invariance of the

action T'© (4.6):
SICr” =o, (4.22)

where, acting on an arbitrary functional F, the Slavnov-Taylor operator S read

oOF b oF 1 moF
3.0 _ K e o Loy S I
/d { e (5A“ e oc Séaﬂ g 6¢ *
+(5f OF OF OF  OF 6f+5f oOF (4.23)
60y 0y 0QL 6, Q-0 SOy '
and the linearized Slavnov-Taylor operator Sz is given by
b (5 7r ) 0F o 0F o
Pz — =0 c—o + - O =— +—= 3 0
/ { C(sAu L= 5 t T a0, T Sup e,
0F o 0F o oOF (5 0F 9 O0F o 0F o
— — — — = = . (4.24)
00 0y, 0 00 0Q_oY_ _6Q_  SQ_oy_ s 00
Thenceforward, it follows the nilpotency identities:
SrS(F)=0, VF, (4.25)
SrSr=0 if S(F)=0. (4.26)

Particularly, the linearized Slavnov-Taylor operator Sy is nilpotent, namely SE(O) =0, due
to the fact that the action T'© (4.6) fulfills the Slavnov-Taylor identity (4.22). Moreover,



Chapter 4. On the ultraviolet finiteness of parity-preserving U(1) x U(1) massive QED3s 50

the action of Sy upon the fields and the antifields (external sources) results

SF(O)(ZS = S(ZS 5 (ZS = {'(/}4-9%—1-71/}—7%—7%1#70’;“67 c, 677‘-7575} 5

ST _ ST
Q — = Q .
St {24 . Sro 24 S0
o7 _ sT©
Sr ) 5@—_ , Spofl- =— . (4.27)

Besides the Slavnov-Taylor identity (4.22), the classical action I'®©) (4.6) satisfies the

gauge conditions, antighost equations and ghost equations as below:

(0) (0) _ - _ - S5T0)
61(;{) =0"A,+ab, _Z,(SFC =10c+Q9,+9, Q0 -0 Y_—9_Q_, 5o O (4.28)
oT© oro _ _ _ ST©

St :8NG’H+B7T> —1 65 :ZD€+Q+¢++¢+Q+_Q—'¢—_,(/}—9—7(5—5:‘35(4'29)

Furthermore, the action I'®© (4.6) is invariant under the two rigid symmetries associated
to UA(l) X Ua(l):

W L® =0 and WZLI® =0, (4.30)

where the Ward operators, W¢, and W

rig rig> read

5§ ~ & 5§ o~ 4
Wiig /d3 {%(sm d’ﬂsm 50, 259 ¢5¢__¢—7+ TN ﬁ}

by 4 ) 4 by —~ 0
Wiy = [ & P, —+Q i SN . S o SR
tig x{mam Vagg. P sq, M Q+ Y &p_ W st 59_}
(4.31)
The Ua(1) x U,(1) gauge invariant action T'©) (4.6) being even under the parity

transformation (P) fixes its operation on the fields and antifields:

P : P :

¢+ — ¢—f = _271¢— ) 1/}— — ¢I—D = _Zryl,(/}-l— )

— —P — P —P

Oy Py =00, DUl =i

Q, 5 of = —ivly_, 0. 5P =iy,

=~ P =P .= 1 = P =P =

Qp — QL =10y, Q. —Q_ =iy ;

A —>AP (A0> A1>A2); ¢L¢P:¢> (ZSZ{b,C,é};

a’H —> a’u = (_a0>a1> _a2) 7 X i) XP =X, X= {77-7575} ) (432)
Next, Section 4.3 is devoted to seek for anomalies, .e. classical symmetries broken

at the quantum level. Although the gauge symmetry group Ux(1) x U,(1) is Abelian, it

is a non-semisimple Lie group, a priori the associated rigid invariance might be broken
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by radiative corrections, thus anomalous. Therefore, checking potential anomalies is a

primary issue in comparison to the stability investigation presented in Section 4.4

4.3 The unitarity condition: in search for anomalies

The multiplicative renormalizability, more precisely the stability condition, does not
assure the extension of the classical model to quantum level, it still remains to guarantee
the non existence of any gauge anomaly, i.e. electromagnetic and pseudochiral anomalies,
and also the parity anomaly, once the latter is sometimes claimed in the literature as a
typical anomaly of three dimensional space-times.

The quantum vertex functional (I') matches the tree-level action (I'¥)) at zeroth-order
in h,

r=1%4+0(), (4.33)

shall fulfill the same conditions (4.28)—(4.30) of the tree-level action.
Actually, as stated by the Quantum Action Principle [86-90], the classical Slavnov-
Taylor identity (4.22) acquires a breaking at the quantum level:

SC)=A-T=A+0(hA), (4.34)

where the Slavnov-Taylor breaking A is an integrated local Lorentz invariant functional,
with ghost number equal to 1 and UV dimension bounded by d < %

Taking into consideration the Slavnov-Taylor quantum identity (4.34), the nilpotency
identity (4.25) applied to the quantum vertex functional, 7.e., SpS(I') = 0, and the
equation St = Sy + O(h) obtained from (4.24) and (4.33), this all together leads to the

Wess-Zumino consistency condition for the quantum breaking A:
SroA =0, (4.35)

Moreover, in addition to (4.35), calling into question the Slavnov-Taylor identity (4.22),
the gauge, antighost and ghost equations (4.28)—(4.29), so as the rigid conditions (4.30), it

is verified that the Slavnov-Taylor quantum breaking (A) also satisfies the constraints:

T = Fis 0 and

(5A_/d3 VAN JAN _
om

A 6A_/d36A_6A
5b

= =WLA=0. (4.36
65 55 rig ( )
At this point it shall be mentioned that, as far as rigid gauge invariance is concerned,
since the symmetry group Ua(1) x U,(1) is a non-semisimple Lie group, in principle rigid
invariance could be broken at the quantum level, in other words, rigid symmetry might be
anomalous. Nevertheless, none of both abelian factors are spontaneously broken as well

as the conditions displayed in (4.30), Wreigl—‘(o) =0 and Wf{gl—‘(o) = 0, express indeed the
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conservation of the electric (e) and the pseudochiral (g) charges, therefore the conditions
exhibited in (4.36), WA = 0 and W,A = 0, are valid [103,104].

Recalling again the Slavnov-Taylor condition (4.52) satisfied by the counterterm (4.56),
which is indeed a cohomology problem in the sector of ghost number zero, similarly in
the sector of ghost number one, the cohomology problem is represented by Wess-Zumino
consistency condition (4.35). As a matter of fact, a general solution to the cohomology
problem (4.35) can ever be expressed as a sum of a trivial cocycle SF(O)A(O)7 where A© has
ghost number zero, and of nontrivial elements possessing ghost number one, A(l), lying in

the cohomology of Spw) (4.24):
AL = AD + SF(O)A(O) , (4.37)

reminding that the Slavnov-Taylor quantum breaking A™ (4.37) has to fulfill the con-
straints (4.35) and (4.36). It should be highlighted that the trivial cocycle Spo)A©® can
be incorporated order by order into the vertex functional I, namely Spo)(I" — A© ) =
AW 4 O(RAW), as a non invariant integrated local counterterm, —A© — 4 vanishing
ghost number local field integrated polynomial. The linearized Slavnov-Taylor operator
Sr (4.24) in combination with the Slavnov-Taylor quantum identity (4.34) results that
the breaking AW exhibits UV dimension bounded by d < % It shall be stressed that since
the insertion A stems from radiative corrections, it possesses a factor, €2, g2 or eg, at
least, hence its effective UV dimension turns out to be bounded by d < g

Now, it has been verified that, as displayed in (4.36), from the antighost equations
(4.28)(4.29), the quantum breaking A®") (4.37) fulfill the constraints:

SAW sAM
3 _ 3 _
/dw = =0 and /dw e =0 (4.38)

then it follows that AW reads
AW = / d%{/cf?)a“c + X Oore } , (4.39)

where K/SO) and X/EO) are rank-1 tensors with zero ghost number and UV dimension bounded
by d < % Beyond that, the breaking A®) may be expressed by two linearly independent
terms, where one is even under parity while the other is odd, thus ICLO) and Xlso) can be

written as
[CLO) => vk,iV; + mepzb and XP(LO) =Y U:c,iTL + pr,iﬂi ; (4.40)
i=1 i=1 =l =t

with vi 4, pr.i, Vs and p,; being fixed coeflicients to be further determined. Moreover, V;

and TL are defined as vectors, while 73/3 and HL as pseudo-vectors, in such a way that
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V;@“c and HL@"S are parity-even, whereas 73;8“0 and TL@"S are parity-odd, since 0¥c is
a vector and 0*¢ a pseudo-vector. Taking into consideration that ICELO) and Xlso) have their
UV dimensions given by d < 2 and A®) must fulfill the conditions (4.35) and (4.36), it is
verified that even though there are 73; and TL surviving all of these constraints, namely,
Pl = eup 0°AY and T}, = e,,, 0°a”, their contributions in AW (4.39) are all ruled out by
partial integration, therefore effectively for the anomaly analysis purposes, {73;} = () and
{TL} = (), thereby leaving only the parity invariant part (A{!) ) of the Slavnov-Taylor
quantum breaking A1) (4.39):

A,(;?an = /d?’x{z Uk g V;@“c + pr,i HL@%} , (4.41)
=1 i=1

ending the proof that parity is not broken at the quantum level, there is no parity anomaly
at all.
It still remains to verify if the parity-even breaking A(l)

Svhn (4.41) is a genuine gauge
anomaly or just a trivial cocycle that could be reabsorbed into the quantum action as
noninvariant counterterms. However, it lacks to find the candidates for V,, (vector) and II,,
(pseudo-vector) with UV dimensions given by d < 3 provided that A{}) (4.41) satisfies

the constraints (4.35) and (4.36). So, they read as follows:

V.=AAA,, Vi=Auda,, Vi=Ada,,
HL = 0 G Hi = @l Ay 5 Hi = A A ; (4.42)

as a consequence the quantum breaking A{l) (4.41) becomes expressed by

Aéxl,)en = /d?’:v{ v A AV A0 e+ v 2 Apa” a0 e + v 3 A a”a, 0 e +

+ pz10,0"0,0"E + pg 20, AV A,0ME —|—px73a,,A”AM8"§} . (4.43)

At this moment, from the Wess-Zumino consistency condition (4.35), whether any
gauge anomaly thanks to radiative corrections shows up or not shall be demonstrated by
analyzing the breaking A(}) (4.43), consequently if it could be written unambiguously as
a trivial cocycle SF(O)A(O), with A© being a zero ghost number integrated local monomials,
the noninvariant counterterms, there is no gauge anomaly and the unitarity is guaranteed,
otherwise, if there is at least one nontrivial element AW pertaining to the cohomology
of Spw (4.24) in the sector of ghost number one, the gauge symmetry is anomalous and

unitarity is definitely jeopardized. In order to give the sequel on the issue of gauge anomaly,
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it can be straightforwardly verified that:

SrAO = S /d3;p AFALAYA, = —%/d% A AV A0 | (4.44)
SF(O)A(O)2 = Sro /d3:v a’aya”a, = —g/d% a,a”a,0"¢ | (4.45)
SroAD3 = S / Bx A" A,ad”a, =
SrA* = _Sno / dPx A*A,a%a, =

= —i/d% Aya"a,0"c — z/d?’x a, AV A, 0%¢ . (4.47)

Besides that, by taking into consideration the four trivial cocycles above (4.44)—(4.47), it
follows that the quantum breaking (4.41) might be rewritten as:

AL, = Spo {MAOT 4 A2 4 \ A3 4 3 A0
N SF<O>{A1 / dBr APALAA, + Mg / & ata,a’a, +
Y / dPr A"Ad"a, + Mg / &x A“A,,a”au}
Al = f d%{—%)\lAHA”A,,@“c - %A;;Aua”aya“c - §A4Aya”aua"c 4
. g)qa“a”a,ﬂ“f . §A3%AVAV8N§ . §>\4aVA”AN8”§} | (4.48)

where it can be checked that

4 2 2
ki = =M, tka ==Xy, Ukg= =M,
(] e e
4 2 2
Poi=—-A2s Pez=—-As, Pos=—-Ms, (4.49)
g g q

thus finally demonstrating that the quantum breaking A{l) (4.41) is actually a trivial

even

cocycle Sp) A©).

AL, = St A© = S {MAO + A2 4 (A8 4 3 A0 (4.50)

even

Therefore, as a final result, the integrated local monomials A(O)l, 3(0)27 A3 and A4
can be absorbed as noninvariant counterterms order by order into the quantum action,

e.g., at m-order in h:

Sp (C—H"A) =Sy (T = "M AO! = A A2 i A A3 — ) AO) = 0RO (") |
(4.51)
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which concludes the proof on the absence of gauge anomaly, meaning that the U4 (1) x U,(1)
local symmetry is not anomalous at the quantum level.

In summary, it is finally proved that the parity-even Ua(1) x U,(1) massive QED3 [22]
is free from any anomalies, stemming from either continuous or discrete symmetries, at
all orders in perturbation theory. However, in the meantime in order to complete the full
quantum level analysis, it still remains to demonstrate the multiplicative renormalizability

of the model, which is presented in the following.

4.4 The stability condition: in search for countert-

eris

The stability condition, i.e. the multiplicative renormalizability, is ensured if pertur-
bative quantum corrections do not produce local counterterms corresponding to renor-
malization of parameters which are not already present in the classical theory, therefore
thus those radiative corrections can be reabsorbed order by order through redefinitions
of the initial physical quantities — fields, coupling constants and masses — of the theory.
Consequently, so as to verify if the classical action T'©) (4.6) is stable under radiative
corrections, it is perturbed by an arbitrary counterterm (integrated local functional) 3¢,
namely I'° = T'© 4 ¢3¢ such that ¢ is an infinitesimal parameter and the counterterm
action X¢ has the same quantum numbers as the tree-level action I'® (4.6). Reminding
the results of Section 4.3 about the absence of any sort of anomaly, which means that all
the classical symmetries are preserved at the quantum level, it can be straightforwardly
concluded that the deformed action ['* satisfies all the conditions fulfilled by the classical
action I'®©) (4.6), this leads to the counterterm ¥.¢ be subjected to the following set of

constraints:

SroXc=0; (4.52)
WieZ=0, W§E =0; (4.53)
O%° _ 0% % 0% 6% 6% (4.54)
b~ 6c  oc ' om 6 6 '
§xe  oxe ox°  oxe

00y 00, o0 60 ( )

The most general Lorentz invariant and vanishing ghost number field polynomial (3¢)
fulfilling the conditions (4.52)—(4.55) with ultraviolet dimension bounded by d < 3, reads:

%e = / d‘”’ar{aﬂ%@% + Qi) DY + az y + aup o +

+ asF* F, + a6 f* fu, + az e A,ﬁpal/} , (4.56)
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where o; (i = 1,...,7) are parameters to be fixed later by normalization conditions. Beyond
that, there are other constraints due to superrenormalizability and parity invariance.
Since all quantum fields are massive no infrared divergences arise from the ultraviolet
subtractions in the Bogoliubov-Parasiuk-Hepp-Zimmermann (BPHZ) renormalization
procedure, thereby there is no need to use the Lowenstein-Zimmermann subtraction scheme
[95,96] — which explicitly breaks parity in three space-time dimensions [77,78,85] while the
infrared divergences are subtracted — in order to subtract those infrared divergences. In
this way, as a by-product the BPHZ method is an available parity-preserving subtraction
procedure guaranteeing that at each loop order the counterterm (%) shall be parity-even.
The superrenormalizability of the model is responsible for the following coupling-constant-

dependent power-counting formula:

6(7) =3 = daoNg — Nag — %Ne - %Ng ; (4.57)
o

is defined for the UV degree of divergence (d(7)) of a 1-particle irreducible Feynman
diagram (), whith Ng being the number of external lines of v associated to the field ®, dg
the UV dimension of ® (see Table 4.1), N4, the number of internal lines of 7 associated to
the mixed propagator A 4,(4.10), and N, and Ny are the powers of the coupling constants e
and g, respectively, in the integral representing the Feynman graph . Thanks to fact that
counterterms stem from loop corrections, thus they are at least of order two in the coupling
constants, namely, €2, g° or eg. Beyond that as previously mentioned, any topologically
equivalent graphs with the same type of external legs, among those which have internal
lines as the mixed propagator A 4,(4.10) instead of the pure ones A 44(4.8) or A (4.9),
exhibit smaller UV degree of divergence due to the third term, —N,,, displayed in (4.57).
Accordingly, the effective UV dimension of the counterterm (X€) is bounded by

d < 2, implying that, a1 = ay = a5 = ag = 0. Furthermore, since a parity-even
subtraction scheme is available thus the counterterm has to be parity invariant, resulting

that a3 = —ay = «, and the counterterm expressed by

_ _ 0 0

5= [ da{a(@ s - T_p-) +are™ A,0,0,} = zumTO + 20— TO , (458)
om ol

where z,, = —~ and z, = % are arbitrary parameters to be fixed order by order through

the vacuum-polarization tensor and fermion self-energies normalization conditions:

() 0

6 Cppv %FZZ(p) 0, (4.59)
p

1 To @), =0 md T, @), -

with k being an energy scale. The counterterm (4.58) shows that, in principle, only the

p2=r2

fermions mass m and the Chern-Simons mass p shall acquire radiative corrections, implying

that, at all orders in A, the S-functions associated to the gauge coupling constants, e and
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g, vanish, 8. = 0 and (3, = 0, respectively, the anomalous dimensions () of any field as
well.

In time, a subtle property of the Chern-Simons piece of action in T'©) (4.6):
Sos = i / Bz e A,0,a, | (4.60)

shall be put in evidence. The Chern-Simons action YX¢g (4.60) is not BRS local invariant,

thus its invariance under BRS transformations is up to a surface term, i.e. a total derivative,

s¥cs = s{,u/d‘g:v g Auapa,,} = —H/d?’:v e 0, (cO,a,) (4.61)

e
suggesting a vanishing at the quantum level of the S-function [76,105-107] associated to
the Chern-Simons mass parameter (1), 5, = 0. In summary, the counterterm finally reads

_ _ 0
o= [@r{a@ vy - Ty )} = 2mma T (4.62)

yielding that all S-functions associated to the gauge coupling constants, electric charge (e)
and pseudochiral charge (g), the Chern-Simons mass parameter (1), and all anomalous
dimensions (7) of the fields, are vanishing, excepting the S-function corresponding to the
fermions mass parameter (m).

In summary, by taking the last result (4.62), the stability condition analysis, together
with the former one (4.51), about the Wess-Zumino condition, ends the proof of vanishing
B-functions associated to the gauge coupling constants (e and g) and the Chern-Simons
mass parameter (4), and all anomalous dimensions () of the fields, as well as the absence
of parity and gauge anomaly at all orders in perturbation theory. Finally, as a by-product,
it is demonstrated the all orders ultraviolet finiteness of the parity-even Ua(1) x U,(1)
massive QED3 [22].

4.5 Conclusion

In conclusion, the parity-even Ua(1) x U,(1) massive QED3 [22] is free from any
gauge anomaly and parity anomaly at all orders in perturbation theory. Beyond that, it
exhibits vanishing S-functions associated to the gauge coupling constants (e and g) and
the Chern-Simons mass parameter (1), and all the anomalous dimensions (7) of the fields
as well. The proof is independent of particular diagrammatic calculations or regularization
schemes, since the BRS (Becchi-Rouet-Stora) algebraic renormalization method together
with the BPHZ (Bogoliubov-Parasiuk-Hepp-Zimmermann) subtraction scheme [19,86-96]
is grounded in the general theorems of perturbative quantum field theory. Furthermore,
once the quantum perturbative physical consistency of the mass-gap graphene-like planar

quantum electrodynamics has been proven from the results demonstrated here together
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with those presented in [22], it should be newsworthy to deepen its analysis so as to
apply in graphene-like electronic systems [108]. As a final comment, the vanishing of
all S-functions associated to the electric charge (e), the pseudochiral charge (g) and the
Chern-Simons mass parameter (1) — with the exception of that associated to the fermions
mass parameter (m) — foresees the independence of those system parameters with respect
to the temperature, on the other hand for instance the mass-gap in graphene, which can

be described by the fermions mass parameter, shall be temperature dependent.
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Chapter 5

On the
electron-polaron—electron-polaron
scattering and Landau levels in
pristine graphene-like quantum

electrodynamics

5.1 Introduction

!The quantum electrodynamics in three dimensional space-time (QED3) has drawn
attention since the groundbreaking works by Schonfeld, Jackiw, Templeton and Deser
2,24, 25,70,110] owing to the viability of taking planar quantum electrodynamics models
as theoretical foundation for quasiplanar condensed matter phenomena, such as high-
T. superconductors [26-28|, quantum Hall effect [29-31], topological insulators [32-34],
topological superconductors [35-37] and graphene [16,38-44,111]. Since then, planar
quantum electrodynamics models have been investigated in many physical arrangements,
namely, small (perturbative) and large (non perturbative) gauge transformations, Abelian
and non-Abelian gauge groups, fermions families, odd and even under parity, compact
space-times, space-times with boundaries, curved space-times, discrete (lattice) space-times,
external fields and finite temperatures.

The pristine graphene, a monolayer of pure graphene [16,38-44,111], is a gapless
quasibidimensional system behaving like a half-filling semimetal where the quasiparticles
charge carriers are described by massless charged Dirac fermions. The electron-electron
interactions in graphene [12] include electron-polarons [13] scattering processes [14,50-52,

112], where the quasiparticle electron-polaron (or hole-polaron) is formed by a bound state

!The content was published in The European Physical Journal B [109]
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of electron (or hole) and phonon [15].

In this chapter a pristine graphene-like planar quantum electrodynamics model, the
parity-preserving U(1) x U(1) massless QED3, is proposed and introduced as follows. In
Section 5.2, the model defined by its discrete and continuous symmetries is presented and
its spectrum — degrees of freedom, spin, masses and charges of all the quanta particles
content of the model — is discussed. In graphene the interactions among the massless
fermion quasiparticles (electron-polaron and hole-polaron) are nonconfining, so the vector
meson mediated quasiparticles contained in the model, namely the photon and the Néel
quasiparticles, must be massive — massless mediated quanta in three space-time dimensions
yield logarithm-type (confining) interaction potentials [113] — consequently the asymptotic
states for the massless fermion quasiparticles might be determined. Also, similar effect as
the four-fold broken degeneracy of the Landau levels experimentally observed [114-129] in
pristine graphene under high applied external magnetic fields is noticed. Next, in Section
5.3, the s- and p-wave Mgller (electron-polaron—electron-polaron) scattering amplitudes are
computed and their respective interaction potentials obtained and analyzed. Conclusions

and final comments are left to Section 5.4.

5.2 The model

The proposed Lorentz invariant model for a pristine graphene-like planar quantum

electrodynamics, the parity-even U(1)4 x U(1), massless QED3, is defined by the action:

S = /d3x{2¢+w¢+ + Z@_wd}_ - iFMVF/,LV - ifuyf/u/ +
1

5 1
e Adya, — o (0" A,) - 25(8"%)2} : (5.1)

where Dy = (@ + ied £ igd)1y, and any object X = X*v,. The coupling constants e
1

(electric charge) and g (chiral charge) carry mass dimension 3, and the mixed Chern-Simons
(CS) mass parameter f has mass dimension 1. The field strengths, F,, = 0,4, — 0, A,
and f,, = d,a, — 0,a,, are associated to the electromagnetic field (A,) and the Néel
(pseudo)chiral field (a,), respectively. The spinors 14 and 1_ are two kinds of massless
fermions, each of them representing electron-polaron (electron-phonon) and hole-polaron
(hole-phonon) quasiparticles, where the subscripts + (sublattice A) and — (sublattice
B) are related to their coupling to the Néel gauge field, or alternatively, to the two
inequivalent K and K’ points in the Brillouin zone of a monolayer graphene. Also, the
gamma matrices are fixed by 7" = (0,, —i0,,10,). It should be pointed out that possible
parity-odd local counterterms as radiative corrections to the classical action (5.1) might
appear for the vacuum polarization tensor associated to the both gauge fields, A, and a,,

at 1-loop with linear ultraviolet degree of divergence (6 = 1), and at 2-loops with logarithm
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ultraviolet degree of divergence (6 = 0). In addition to that, at 1-loop parity-odd local
counterterms might also arise for the self-energy related to the fermion fields, ¥, and
¥_, with logarithm ultraviolet degree of divergence (6 = 0). Nevertheless, by adopting
the BPHZL (Bogoliubov-Parasiuk-Hepp-Zimmermann-Lowenstein) subtraction scheme
and computing the contribution of those possible parity-violating local counterterms — at
1- and 2-loops to the vacuum polarization tensor for the electromagnetic field (A,) and
the Néel field (a,), as well as, at 1-loop to the self-energy for the sublattice A fermion
(14) and the sublattice B fermion (1)) — the final conclusion is that they vanish [130].
Furthermore, if parity symmetry could be broken or not — at the stage of infrared
subtractions [77,78,85] induced by subtracting ultraviolet divergences during the BPHZL
renormalization procedure at 1- and 2-loops orders, where potential ultraviolet divergences
in vacuum polarization tensor and fermion self-energy Feynman graphs shall show up — has
also been verified. Also, it was demonstrated in [130] that, neither parity-odd CS pure-like
terms, e’ A,0,A, or e a,,0,a,, nor parity-even CS mixed-like term, e#”” A,0,a,, just as
neither fermion parity-odd monomials, ¥, ¢, or 1 _t_, nor fermion parity-even binomial,
oy —p_1p_, are radiatively generated. Finally, the action (5.1) shows to be stable
under quantum perturbation, thus multiplicative renormalizable, however it still lacks to
prove its full renormalizability, namely the absence of any kind of anomaly at all orders in

perturbation theory, which is now under investigation.

5.2.1 The symmetries: charge conjugation, parity, time reversion

and U(1) x U(1)

The CPT-even action (5.1) is invariant under the following discrete and continuous

symmetries:

1. charge conjugation symmetry (C):

c —T — ¢, ¢
v — Y8 =Py, Dy > YL = -9,
Ay -5 AS = (—Ag, — A1, —As)
a, Ly afb = (—ag, —ay, —as) . (5.2)
2. parity symmetry (P)
Ty, RN 335 = (zg, —x1,T2) ,
P P .1 e P —P = 9
djzl:—) i:_zv¢¢>¢i—>¢i:“ﬂq{y )
A, = AP = (A9, - A1, Ay) |
a, = afj = (—ag,ay, —as) . (5.3)
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3. time reversion symmetry (7'):

=N

T
z, — z, = (-2, 21,%2) ,
i T .2 ik = T —T )
¢:|: — ¢i:_27 djq: ) ¢:|:—>¢:I::“/}q:ry )
L AT = (Ag, — A1, —Ay)
= (—ao, a1, as) . (5.4)

lq
)
=N

4. gauge U(1)4 x U(1), symmetry (dy):

Ot () = ilf(2) £ w()[Y<(z) ,
Og¥s(x) = —i[f(z) £ w(@)]Ps(2)

1
OgA () = e 0.0(x) ,

Fia,(2) = = - Oyela) (5.5)

5.2.2 The spectrum: charges, spin, Landau levels, masses and
degrees of freedom

The free Dirac equations associated to massless spinors, 1, and ©_, derived from the
action (5.1), read:

iy =0 and i@y =0. (5.6)

Thus, expanding the spinor field operators ¢/, and ¥_ in terms of the c-number plane
wave solutions of the Dirac equations, with operator-valued amplitudes, a,, by, a_ and b_

(annihilation operators), and al, bl, al and b (creation operators), it follows that:

d2_) —1ipx pT .
vile) = [ oo el - ) (e} (5.7

_ d2_) —ipx I v eip:c
v-o) = [ e () e (e} (58)

where 1) = 140, Consequently, taking into account (5.6) and (5.7)-(5.8), and by adopting

p" = (E,ps,py) where E =, /p2 + p;, since p"p,, = 0, the wave functions, uy, vy, u_ and
v_, are given by:

wl) =t )= E 59)

(5.10)
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fulfilling the conditions below:

ul (p)uy (p) = vk (p)vs(p) = 2B ; (5.11)
ul (p)u-(p) = vl (pv_(p) = 2 ; (5.12)
Ut (p)ux(p) = v£(p)v+(p) =0, (5.13)

where

1 0
uﬂr:ul_:(()) and vﬂrzvl_:(1>. (5.14)

From the microcausality conditions for the massless fermions ¢, and ¥_:

{va@), 0k} ,_, =EF-9), (5.15)

together with the Dirac equations (5.6) and the normalization conditions (5.11)-(5.12), it

stems that:

{as().al(h)} =@~ F) , (5.16)
{b+(0). 0L (k) } = * 7 F) | (5.17)

where all other anticommutators vanish and, for the vacuum state |0), as(k)|0) =
by (k)|0) = 0.
Charges

The quantum operators associated with the internal U(1)4 x U(1), symmetry, namely

electric charge (Q)+) and Néel (chiral) charge (¢+) operators, are

Qi = —¢ [T vh(@)u(a) (5.18)
Qs = —e [ d*flal(plas(p) — bl (p)b=(0)}
@ = Fg [ T uh(@)a(a) (5.19)

0 = Fg [ Eplal(plac(p) = LL(p)b=(p)} |
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respectively. Therefore, the electric charges and chiral charges of the asymptotic massless
fermion (antifermion) states, |f7) (|f;")) and |f) (If])) read:

Q+1ff) = —elff) s Q+lff) = +elf);
Q-1f7) = —elfy) s Q-1ff) = +elfi); (5.20)
e lf7) = —alff) s aelf) = +glff) ;
a|f7) =+alf), alff) = —glfi) ; (5.21)
where
1) =al(B)0), |£F) =0bh(k)0) (5.22)
1f7) =al®)0), 1) =bL(k)0) (5.23)

meaning that the creation operators al and a' create a fermion (electron-polaron) whereas

the creation operators bl and b creates an antifermion (hole-polaron). The electron-

polaron and hole-polaron electric and chiral charges are displayed in TAB. 5.1.

(Pseudo)spin

Whenever dealing with massless particles in three space-time dimensions, since there
is no rest frame, spin cannot be straightforwardly defined, nonetheless, spin (in the
generalized sense of a quantum number labelling the representation of the little group [17])
is still a fundamental quantum number. In the present case of massless fermions, it is
verified that

1
HY L+ §o—z] =0, (5.24)

where H( )= a- p (with @ = 7°9) is the free Hamiltonian operator associated to the
massless spinors, ¢, and ¢_, and L = xp, — yp, is the angular momentum operator. Thus,

accordingly to (5.24) it shall be concluded that 2o, is the (pseudo)spin operator.

Landau levels

The issue of the (pseudo)spin can also be investigated by computing the quantum

Landau levels of the model. Therefore, subjecting this pristine graphene-like system to

high external and static magnetic field, B = aA = (0, /T), somehow inducing
within the bulk of the system a static magnetlc—chlral field, b = aﬂ — %Lyz and a* = (0,a),
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the hamiltonians for the both massless spinors, ¥, and 1 _, are respectively given by:

H.=a-(f—eA—ga); (5.25)
H_ =a-(F—eA+gad), (5.26)

whose spectrum, the quantum Landau levels, reads as follows:

1 1
Epis= S (%= .
nis = FY2AB+gb) 5 - (£5) (5.27)
~—~
S
1 1
En_s=+y/ = — .
S

with n being a non-negative integer number, n € N (n = 0,1,2, ...), where E, | , and
E, _ s are the Landau levels associated to 1, (at sublattice A) and ¥_ (at sublattice B)
for electron-polarons (if + sign in E), | ; and E, _ ) or hole-polarons (if — sign in E,,
and E, _ ;) and s = £1 are the (pseudo)spin eigenvalues. The obtention of the spectrum
for g = 0 is well known [16,38-44,111] and the calculation for the present case [131]? is
mathematically the same. The conceptual novelty is that the presence of the two types
of fermions leads to two different cyclotron frequencies. This can be traced back to the
difference in sign of the couplings of the two fermion flavors with the (pseudo)chiral field
and possibly sheds light in the current debate [114-129] concerning the role played by
spin and valley symmetries when graphene is submitted to a magnetic field. For example,
it shall be stressed that the result displayed in (5.27)-(5.28) mimics the four-fold broken
degeneracy effect of the Landau levels (see FIG. 5.1) experimentally observed in pristine
graphene under high applied magnetic fields [114-129]. Also, it yields from the equations
(5.27)-(5.28) that the lowest Landau level (n = 0) appears at Ey s = Ey_, = 0 and

accommodates electron-polarons or hole-polarons with only one pseudospin eigenvalue,
o
levels n > 1 are occupied by electron-polarons or hole-polarons with both (s = j:%)

namely s = +3, signalizing a possible anomalous-type quantum Hall effect. All other
pseudospin eigenvalues. Therefore, this implies that for the lowest Landau level n = 0 the
degeneracy is half of that for any other n > 1, likewise, all Landau levels (n > 1) have
the same degeneracy (a number of electron-polaron or hole-polaron states with a given
energy) but the zero-energy (n = 0) Landau level is shared equally by electron-polarons
and hole-polarons, 7.e. depending on the sign of the applied magnetic field there is only
sublattice A or sublattice B states which contribute to the zero-energy (lowest) Landau

level.

2In [131], the pristine graphene quantum electrodynamics model is introduced adopting the Interna-
tional System of Units, the quantum Landau levels computations are discussed in details and the results
compared with the experimental data of [114-129].
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W _
En7_7+%

Figure 5.1: Four-fold Landau levels of electron-polarons and hole-polarons at sublattices A

and B with cyclotron frequencies w; = /2(eB + gb) and w— = {/2(eB — gb), respectively,
provided n > 1.

An interesting issue comes to light, how the magnetic-chiral bulk-induced quantity
(gb) could be measured in terms of physical quantities like external applied magnetic field
(B), electron-polaron (hole-polaron) electric charge (e), pseudospin quantum number (s)
and Landau levels state energies (E, ;s and E, _ 5). One way would be by measuring
the energy gaps of sublattices A (¢, ) and B (¢_) electron-polarons (or hole-polarons)
with pseudospin eigenvalue s = +%, from the first excited Landau state (n = 1) to zero-
energy state (n = 0), ABy i =Ei i —FEyqpand AEyy_ i =E_ 1 —FEy_ 1,
respectively, then the cyclotron frequencies wy = (/2(eB + gb) and w_ = /2(eB — gb)

can be written as:
wy =| AEw,+,+% | and w_ =] AElO,—,-F% | (5.29)

and the bulk-induced quantity gb reads:

(AEy 4 1) — (AE_ 1)
gh = 104,41 ; 10-+3) (5.30)

In the other way around, the bulk-induced quantity (gb) could be measured, for fixed
Landau level quantum number (n > 1) and pseudospin eigenvalue (s), by means of
the sublattice A energy (E, ) and the sublattice B energy (E, _ ), such that from
(5.27)-(5.28), it yields that:

(En,-hS)z - (En,—,é‘)2

4(n+3—s)

gb= (5.31)

Masses and degrees of freedom

For further computation on the electron-polaron—electron-polaron scattering ampli-

tudes, the tree-level propagators in momenta space for all the fields have to be obtained



Chapter 5. On the electron-polaron—electron-polaron scattering and Landau levels in --- 68

and this can be achieved by switching off the coupling constants e and ¢ in action (5.1).
Thus, it can be verified that:

Aps(k)=A__(k) =it . (5.32)

, (1 A
atw) = =il et (- S ) + 25

) [ 1 AN T
Aga(k):_z{kQ_N2<7]u - L2 >+ﬁ L2 }7

v 17 /’I’ v
Ala(k) = AGa(k) = me”p kp -

(5.33)

From the propagators, A, and A__ (5.32), A%, A4 and A} (5.33), the tree-level
unitarity of the model, so as its spectrum, shall be verified by coupling them to conserved
external currents Jp, = (J4, J_, I, J}) compatible with the symmetries of the model.
Thereby, the current-current transition amplitudes in momentum space are written as
Ap,a; = Tg,(k)(Pi(k)P;(k)) Te, (k). Furthermore, picking up the imaginary part of the
residues of the current-current amplitudes (Ag,,) at the poles, it can be verified the
necessary conditions for unitarity of the S-matrix at the tree-level — positive imaginary
part of the residues of the transition amplitudes, SRes Ag,4;, > 0 at all the poles —
besides the degrees of freedom counting of all the quantum fields presented in the model,
¢, = (Y4,v_, A, a,). Briefly, it has been concluded [132] that the two spinors, ¥4 and _,
hold two degrees of freedom — the electron-polaron |f;") (uy) and the hole-polaron | ff}
(vy) associated to the spinor 9, and the electron-polaron |f") (u_) and the hole-polaron
| fTJr ) (v_) associated to the spinor ©_. Moreover, the gauge fields, the electromagnetic
field (A,) and the Néel field (a,), carry each one two massive degrees of freedom with
mass f. Also, the single massless mode in A% (5.33) presented in the interaction
sector does not propagate, it decouples. Summarizing all results presented above, it is
concluded that the parity-even U(1)4 x U(1), massless QED3, a pristine graphene-like
planar quantum electrodynamics model, is free from tachyons and ghosts at the classical
level. Notwithstanding, to guarantee the unitarity at tree-level, it is still necessary to
investigate the behaviour of the scattering cross sections by testing the fulfillment of the
Froissart-Martin bound [53,61,62] in the ultraviolet regime, as also in the infrared limit

due to the presence of massless quantum fermions.

5.3 The Mgller scattering: electron-polaron—electron-

polaron

In order to calculate the scattering amplitudes, so as to obtain the scattering potentials,

use has been made of the vertex Feynman rules associated to the interaction vertices



Chapter 5. On the electron-polaron—electron-polaron scattering and Landau levels in --- 69

—etp Ay and Fg dipy: T =iey” and v =+igy", respectively.

Figure 5.2: e -polaron—e~-polaron (Mgller) ¢-channel scattering mediated by electromag-
netic (A,) and Néel (a,) quantum fields.

The t-channel in s- and p-wave states of electron-polaron—electron-polaron scattering

amplitudes owing to electromagnetic and Néel quanta exchange (see FIG. 5.2) are given

by:

~iMiar = ovu(ph)[Thalus (pr) A (k)i (0) Y% 4 uz (p2) | (5.34)
—iMaar = Ux(p))[Vii]us(pr) AL () (po) [Vigluz (p2) | (5.35)
~iMiar = ua(py)[Thalus (p) AL (k)as (ph) [T ]us (po) (5.36)
—iMaax = Tx(p))[Vii]us(py) AL (R)TL(po) [VLL]us (p2) | (5.37)

with My s+ and My,4 being the scattering amplitudes in s-wave state, whereas M 4+
and ML ,1+ being those in p-wave state.

The three-momenta configuration of the two scattered massless electron-polarons in
the center of momenta (CM) reference frame; the incoming momenta, p; and py; the

outgoing momenta, p| and p,, as well as the momentum transfer, k, are defined below

p1=(E,p,0), p)=(E,pcosg,psing) ; (5.38)
p2 = (E,—p,0), ph=(E,—pcosp,—psinyp) ; (5.39)
k=p—p, = (0,p(1 — cosp), —psinp) = (0,k) , (5.40)

where ¢ is the CM scattering angle, defined as the angle among the directions in the
CM frame of the two incoming (initial state) and outgoing (final state) massless electron-
polarons.

Assuming the momenta configuration above (5.38)-(5.40) and taking into consideration

state wave | electri¢ chiral | quasiparticle
function charge| charge

|fi) Ug —e —g | electron-polaron

|f0) u_ —e +g | electron-polaron

£ o +e +g hole-polaron

1) v_ +e —g hole-polaron

Table 5.1: The electron-polaron and hole-polaron electric and chiral charges.
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the conditions (5.9)-(5.14) on the wave functions uy and u_, the total s- and p-wave
Moller scattering amplitudes can be obtained from the partial ones (5.34)-(5.37), M+

(IM+1) = ID+N)) and Moy (1) +[1) = [1)+|1) or )+ ) — [L)+{)), then it follows
that:

Miz = —(2— &%) K 5:;) ~(u s t)] : (5.41)

t

Moy = (4 g% K:_ ;) + (u + t)] : (5.42)

where, s, t and u are the Lorentz invariant Mandelstam variables evaluated at the CM
frame:

s = (p1+p2)* =4E7,
t = (p1 —p})? = —2p*(1 — cosp) = —4p*sin® (

)
).

o6 NI

u = (pr— p/2)2 = —2p2(1 + cosp) = —4p2 cos? (

5.3.1 The scattering potentials

The two-particle interaction potential for two distinguishable electron-polarons (fermions),
1 and 2, in the tree approximation [133—-137] at the CM frame, reads:

Pk s .
V*:/ k78, 8, F(E) | 5.43
= [ s P (B (5.43)
with the product (5,35 being a spinorial factor in the space of the electron-polarons 1 and
2, where 31 = ¥ and B = 79. Also, in addition to that, taking into account only the
t-channel part of the electron-polaron—electron-polaron total scattering amplitude (M)
evaluated at the CM frame, it follows that

M =1, (py ) s (ph) F (k)ur (pr)ua(pa) - (5.44)

Moreover, in accordance to (5.34)-(5.37), (5.43) and (5.44), the scattering potentials among
two electron-polarons, firstly, in s-wave state — one situated at K point and the other at
K’ point in the Brillouin zone — and secondly, in p-wave state — the both located at either
K point or K’ point in the Brillouin zone — mediated by photon and Néel quasiparticles,

can be respectively written as:

Vitr) = (1= - ) T (5.4
V) = (- - ) i ) (5.4
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where @ = 7§. Thereafter, from (5.46) it is concluded that, regardless the values
of the electromagnetic (e) and the chiral coupling (g) constants, the electron-polaron—
electron-polaron interaction in p-wave state (|K) + |K) or |K') + |K')) is invariably
repulsive. Nevertheless, drawing attention to (5.45) it takes in evidence about the possibility
of attractive electron-polaron—electron-polaron interaction in s-wave state (|JK) + |K'))
provided ¢g? > e?. Notwithstanding, in spite of attractive potential be a necessary condition,
although not a sufficient one, for the existence of s-wave (K-K’) massless bipolarons bound
states, it still remains to verify relativistic conditions similar as the ones whose were
already verified for the non relativistic massive case [22] — where the non relativistic s-wave
attractive scattering potential [64] was proved to satisfy the Kato condition [55], the
Newton-Set6 and the Bargmann upper bounds [56-58, 138] — which, in turn, guarantees
that s-wave (K-K’) massive bipolarons bound states exist.

It shall be also mentioned that the presence of Breit-Darwin-type term &; - ds in
(5.45) and (5.46), where in the non-zero gap (mass-gap) graphene-type [22] is of order
Y32 (in real graphene units “—;;2—2) and can be therefore neglected at low energies (low
speeds), here in the pristine (gapless) graphene-type case, wherein the electron-polarons
and hole-polarons are massless, cannot. In summary, it has yet to be investigated in
relativistic regime if the attractive (g2 > €?) s-wave state potential (5.45) favours massless
bipolarons, namely, electron-polaron—electron-polaron or hole-polaron—hole-polaron s-wave
bound states. Furthermore, in order to avoid the continuum dissolution problem [133-137],
the Dirac equation for the wave function (V) associated to a two-particle-interaction

system, HpWV = EWV, has to be rewritten as:
HpV = Hp W+ HpoU + Vo, U = EV | (5.47)

where V,y = A, VA, with Ay, = A(1)A(2) being the product of Casimir-type positive
energy projection operators A(i) = % (]I + %) with Hp; = a; - p; (i = 1,2). Besides that,
bearing in mind that at the CM frame p; = —p5 = p, thus

Recently, the question if wheter or not, whenever ¢g? > €2, the attractive s-wave state
potential (5.45) favours s-wave masssless bipolarons (two-fermion bound states) has been
answeredby the authors of [139], by investigating into details the Dirac equation (5.48).
Analyzing the stability of the matter, they have obtained the value of the critical constant
of the model. As a by product, they have shown that there is no bound state in the

subcritical region.
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5.4 Conclusions

The model proposed, a gapless pristine graphene-like planar quantum electrodynamics
model, the parity-preserving U(1) x U(1) massless QED3, exhibits two-fermion scattering
short range non confining potentials originated by two massive vector-mediated quanta,
the photon (electric charge) and the Néel (chiral charge) quasiparticle, both stemming
from the gauging of the U(1) x U(1) global symmetry. At the tree-level, the absence in
the spectrum of tachyons (k? < 0) and ghosts ({¥]1)) < 0) assures respectively, causality
and unitarity, at this level. Additionally, the charges of the quasiparticles (electron-
polaron, hole-polaron, photon and Néel quasiparticles), their masses, degrees of freedom
and (pseudo)spin are determined and discussed. As a by-product, it is obtained the
four-fold broken degeneracy of the Landau levels, reminding those experimentally observed
in pristine graphene subjected to high external magnetic fields [114-129], moreover, the
system presents zero-energy Landau level suggesting a kind of anomalous quantum Hall
effect — detailing results and discussions shall appear further [131].

The p-wave state fermion—fermion (or antifermion-antifermion) scattering potential
shows to be repulsive (5.46) whatever the values of the electric (e) and chiral (g) charges.
Nevertheless, for s-wave scattering of fermion—fermion (or antifermion—antifermion), the

2. In summary, if two

interaction potential (5.45) might be attractive provided ¢ > e
electron-polarons (or hole-polarons) lie in the inequivalent K and K’ points in the Brillouin
zone the interaction might be attractive, otherwise the interaction is always repulsive if
those two electron-polarons (or hole-polarons) rest both either in K or in K’ points.

In view of possible applications of this quantum electrodynamics three space-time
dimensional model to pristine (gapless) graphene, or any other planar system, the orders of
magnitude of some theoretical parameters have to be estimated. The typical energy-scale
in graphene — for instance E = vg|p], Cs = 5-(e? — ¢*) or Cp = 5-(e* + ¢g*) — is around
meV [16,38-44,111], while the length-scale interaction X = ZMLCh — the reduced Compton
wavelength of the quantum-mediated photon and Néel massive quasiparticles — is orders
of magnitude in nm [65].

To end this conclusions, it is in progress the proof, analogously to the relativistic
massive case [140], if whether the attractive s-wave scattering potential can lead to bound
states, that is, if the potential (5.45), provided g* > €?, could favour s-wave massless
bipolarons. The possible emergence of such a kind of Cooper-type electron-polaron—electron-
polaron (hole-polaron—hole-polaron) condensate draws attention to superconductivity in

graphene [66-68].
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Chapter 6

Quantum parity conservation in

planar quantum electrodynamics

6.1 Introduction

!The quantum electrodynamics in three space-time dimensions (QED3) [2,23-25,110]
has been considered as a potential theoretical framework for some condensed matter
phenomena, namely high-temperature superconductivity [26-28], quantum Hall effect [29],
graphene [16, 22, 38-40, 42, 44,141, 142], topological insulators [32-34] and topological
superconductors [35-37]. Some interesting properties may arise in massless, mixed or
massive QEDj3, as parity violation, anyons, topological gauge fields, superrenormalizability
and the appearance of infrared divergences. The ordinary massless U(1) QEDj is infrared
and ultraviolet perturbatively finite, parity and infrared anomaly free at all orders [78],
however at 1-loop parity is explicitly broken in the course of Lowenstein-Zimmermann (LZ)
infrared subtractions in the Bogoliubov-Parasiuk-Hepp-Zimmermann-Lowenstein (BPHZL)
renormalization scheme [77], signalizing that the 1-loop radiatively induced parity-odd
Chern-Simons term to the vacuum-polarization tensor is nothing but a counterterm owing
to parity-violating LZ infrared subtractions in the BPHZL program?. In the meantime, a
fundamental question arises if regardless of model the LZ subtraction scheme necessarily
violates parity in three space-time dimensions, more specifically, if whether or not parity is
broken at any order throughout the infrared subtraction in the Bogoliubov-Parasiuk-Hepp-
Zimmermann-Lowenstein (BPHZL) renormalization procedure. Accordingly, the latter
issue is dealt in this work by considering a massless parity-even U(1) x U(1) Maxwell-
Chern-Simons QED3 model [109], with two massless fermions, ¥, and ¥ _, where the gauge
mediating bosons, A, (electromagnetic field) and a,, (pseudochiral field), associated to the

both U(1) symmetries, are massive through a mixed Chern-Simons term.

!The content was published in International Journal of Theoretical Physics [130]
2In perturbation theory, the proof on the absence of a parity anomaly in massless U (1) QED3 has
also been performed by the Epstein-Glaser renormalization method [82].
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The proof presented in this chapter is organized as follows. In Section 6.2 the action
of the model is introduced and some useful gamma matrices relations are established.
Moreover, in Subsections 6.2.1 and 6.2.2, the continuous and discrete classical symmetries,
gauge and parity, the propagators and the interactions Feynman rules are presented, the
ultraviolet and infrared power countings are fixed for the model, the 1-loop Feynman
graphs are identified and the BPHZL subtraction operator defined. In Subsections 6.2.3
and 6.2.4, the 1-loop vacuum-polarization tensor and self-energy graphs are presented, and
among those ones, the divergents are renormalized. The 2-loop graphs and their BPHZL

analyses are left to Section 6.3.

6.2 BPHZL: 1-loop

In this section the Bogoliubov-Parasiuk-Hepp-Zimmermann momentum space sub-
traction scheme (BPHZ) [94, 143], which does not use any regularization procedure, is
applied to 1-loop vacuum-polarization tensor and self-energy divergent graphs. However,
due to the presence of massless fermions, ¥, and ¥_, the momentum subtraction scheme
modified by Lowenstein-Zimmermann (BPHZL) [95,96] has to be adopted in order to
deal with the infrared (IR) divergences that shall arise in the process of ultraviolet (UV)
subtractions.

The action for the massless parity-even U(1) x U(1) Maxwell-Chern-Simons QED3
model [109]3, with the parity and gauge invariant Lowenstein-Zimmermann mass term

added, is given by:

1 1 _ _
Z(S_l) :/dgx{ - ZLFNVF;W - Z_lflwfuu + ,U/{‘:MQVApaaau + “/}—f—w,(/}-i— + Z¢—@¢— +

—m(s— D )y +m(s — IWp_1_ +,68“AM+%62+0D0+7T8“%+§W2+§D§}(6.1)

Lowenstein-Zimmermann mass term

where Dy = (@ +ied £igd)y, m and p are mass parameters with mass dimension 1 and
the coupling constants e (electric charge) and g (pseudochiral charge) are dimensionful
with mass dimension % The field strengths, F,, = 0,4, —0,A, and f,, = 0,a, —0,a,, are
related to the electromagnetic field (A,) and the pseudochiral gauge field (a,), respectively.
The Dirac spinors 1, and 1_ are two kinds of fermions where the 4 subscripts are related
to their pseudospin sign [17,109]. Also, the fields ¢ and ¢ are two kind of ghosts* and,
¢ and &, the two antighosts, whereas b and 7 are the Lautrup-Nakanishi fields [97-99]

3A quantum electrodynamics model describing electron-polaron—electron-polaron scattering and
four-fold broken degeneracy of the Landau levels in pristine graphene.

41t is appropriated to stress that neither the ghosts (c and ¢) nor the antighosts (¢ and €) take part of
vacuum-polarization tensor, self energy or vertex function Feynman diagrams at any perturbative order,
since they are free quantum fields, thus they decouple.
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playing the role of Lagrange multiplier fields for the gauge conditions. The adopted gamma
matrices are v* = (0, —i0,,%0,). Finally, the Lowenstein-Zimmermann parameter s lies
in the interval 0 < s < 1 and has the same status of an additional subtraction variable (as
the external momentum) in the BPHZL renormalization scheme, in such a way that the
massless model [109] is recovered by taking s = 1 at the end of calculations. Furthermore,

some conventions and useful relations that shall be used in subsequent calculations follow:

" = diag(+ — —), v =T+ iy, ,
Tr{y#y"} =2n* | Tr{y#y"~*} = 2ie"* |
Tef{y# ... qtn} = ghn-tnTe{y#t .. b2 4 jehn—thndTrlo#t . ybn—2y 1 (6.2)

It should be pointed out that the trace (Tr) of product of an even number of gamma
matrices does not exhibit the Levi-Civita symbol, on the other hand, the trace of product

of an odd number (greater than one) of gamma matrices does.

6.2.1 Classical symmetries: BRS and parity

The action LY (6.1) is invariant under the Becchi-Rouet-Stora (BRS) transforma-
tions [91-93, 144]:

, smt=0; (6.3)
as well as under the parity transformations:
P : P :
¢+ — ¢—f = _271¢— ) 1/}— — ¢I—D = _Zryl,(/}-l— )
— P —P — P —P
by — =iy, b =Pl =
AM i) Allj = (A0>_A17A2) ) (ZS i) (ZSP :(;5 ) (25: {67076} )

P P =
a’u — a’;]j = (_a0>a1> _a2) ;X XP =—X, X= {77-7575} s (64)

The tree-level propagators are obtained by taking the free part of the action X~
(6.1), i.e., by switching off the coupling constants e and g, thence the propagators in
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momenta space read:

, (1 R a kR
At = =il g (- B ) + }

) [ 1 R B Rk
Aga(k):_l{kg_lug <7]M - L2 >+ﬁ L2 }7

Ay (k)= Zk5:22((2:11))2 , A__(k) = Zkfj:;z((i__ll))z )

kH
ﬁ?

174 /’l/ av
Al (k) = me” ko, Aly(k) = AL (k) =

Abb(l'{f) . Amr(k) =0, AEC(k) . Agg(k) = T 75 (6'5)

Notice that from this point forward, all 1- and 2-loops Feynman graphs calculations will
be performed in the Landau gauge, a = 8 = 0.

The graphical conventions for the propagators are assumed as below:

A = , A =000 , A=A~ Api=—+ | (6.6)

and the Feynman rules for the interaction vertices are given by:

s gl Al
Viaws = Zﬁ\ ; Vit = izgv/i : (6.7)

6.2.2 The BPHZL scheme: power counting, subtraction operator,

vacuum-polarization and self-energy

For the purpose of renormalizing the ultraviolet (UV) and infrared (IR) divergences of
all divergent graphs, UV and IR subtraction degrees have to be fixed, to do so the UV and
IR dimensions of all the fields shall be determined firstly. For any propagator Axy (k,s),
the UV (d) and IR (r) dimensions of the fields, X and Y, are defined by means of the
asymptotical UV and IR behaviour of the propagator, dyy (for k, s — 0o0) and rxy (for
k,(s — 1) — 0), respectively, furthermore the following inequalities hold [94, 143]:

dx—i-dyzg—i—dxy and Tx+Ty§3+Txy, (68)

where, in the Landau gauge, a = 5 = 0, the UV (d) and IR (r) dimensions of all the fields
are summarized in the Table 6.1. Thus, by taking into account all previous results, the UV

(d(7)) and IR (r(7)) superficial degrees of divergence of a 1-particle irreducible Feynman
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Yy | Yo | Ay |la, | b|m|c|C|¢ £ s—1
T T 33
d| 1 1 5 1515151011011 1
r| 1 1 1 (111 10|1]0 1 1

Table 6.1: UV (d) and IR (r) dimensions of the fields.

diagram 7 stems:

(ig;) =3—§f: (i}’:)m—; (%d:b>Nb+ (;)%NJr (1)% —Naa, (6.9)

where Ny and NN, are the numbers of external lines of fermions and bosons, respectively,
whereas Ny, is the number of internal lines associated to the mixed propagator A 4,. Also,
N, and N, are the powers of the coupling constants, e and g, in the integral corresponding
to the graph +.

The 1-loop vacuum-polarization tensors, self energies and vertex functions diagrams
are identified in Fig. 6.1, whereas their respectives UV and IR superficial degrees of
divergence are displayed in Table 6.2. At this time, it should be mentioned that for any
graph 7;, the subscript £ refers to external legs or internal lines of either 1, or ¢_.

Yay

V54

V64 V7 AJJD%
Figure 6.1: The 1-loop diagrams 7;., 72, and 73, are the vacuum-polarization tensors,
V4, is the vertex functions and 75, , 76, and 7. are the self-energies. The continuous line

represents external legs or propagators of either 1, or ¥ _, whereas the dashed lines in v,
denote the propagator of A,, a, or the mixed one, and the external leg of either A, or a,,.

a b
Tie | Y2+ | V3x ’yz(Li) ryii) Voe | V6x | V7x
0
2

1 1 -1 | -2
r| 1 1 1 1 0

Table 6.2: UV (d) and the IR (r) superficial degrees of divergence of a 1-particle irreducible
Feynman diagrams of Fig. 6.1, where for the vertex functions ’yﬁ) the dashed internal
line represents either A4 4 or A,, propagators, while for mﬁ) it symbolizes the mixed

propagator Aa,.
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Accordingly to the power counting theorem, in view of the fact that the 1-loop diagrams
My Vous Y3y V5o and Ye. (see Fig. 6.1 and Table 6.2) are superficially UV divergent,
they have to be UV and IR subtracted. Whenever a graph -y is possibly UV divergent,
i.e. d(7v) > 0, the BPHZL renormalization method is followed so as to make the graph
convergent [95,96] by also subtracting the IR divergences induced by the UV subtractions.
The BPHZL subtraction program consists of performing UV and IR subtraction operations
upon a UV divergent Feynman graph integrand, I, (p, k, s):

R,(p,k,s) = (1 — t;(g:l) (1 — tzfg)) L(p,k,s), (6.10)

where R, (p,k,s) is the renormalized integrand, which is UV convergent. Moreover, 6(7)

and p(7) are the UV and IR degrees of subtraction, respectively, given by [95,96]:

6(y) =d(v) +b(y) and p(y) =7r(y) —c(v), (6.11)

where at 1-loop b(7y) and ¢(7y) are non-negative integers constrained as follows:

p(y) <o(y) +1, (6.12)

with ¢, being the Taylor expansion operator about x =y = 0 to order 7, provided 7 > 0.

6.2.3 The vacuum-polarization tensor

The BPHZL renormalization procedures of all 1-particle irreducible vacuum-polarization
tensor divergent diagrams (see Fig. 6.1 and Table 6.2) are rather similar, since they possess
the same loop structure, their integrands are equal up to coupling constants dependent
factors, +e?, +¢* and Feg, corresponding to the 1-loop graphs, 71, , 72, and 73, , respec-
tively. Initially, the analysis is carried out for the ;. Feynman graphs, where the 1-loop

vacuum-polarization tensor, Hﬁjfi (p,s), reads

v _ [ Pk o |on FFM(s=1) , F—pFm(s—1)
l'Imt(p,s)—/(zw)3 {—e Tr [V k2—m2(s—1)2v (l{:—p)Z—m2(s—1)2]} . (6.13)

1 (pks)

Bearing in mind the conditions (6.11) and the inequality (6.12), by taking b(v;.) =
¢(my) = 0, the UV and IR subtraction degrees are such that 6(y,) = p(1.) = 1.
Consequently, the 1-loop BPHZL subtracted (renormalized) integrand, Rfy‘fi (p, k,s), is

written in terms of the unsubtracted one, I Log} (p, k,s), in the following way:

Rsfi (p7 k? S) = (1 - tjoo,s—l)(l - t;),s)lf/yill;[ (p> k? 5)
= (L —tpac1 — tps T tpeitps) Iy (0., 5) . (6.14)
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However, as previously mentioned by setting s = 1 at the end of all Taylor expansion

operations, to retrieve the massless condition, the subtracted integrand, Rfy‘;’i (p, k, 1),

results:
R™ (p,k,1) = I"™ (p,k,1) — I (0,k, 1) — 2 (p, k, 5) (6.15)
Vig p,r, Ty p,r, Yigp VY 8 p Vg p,r, ) %
parit}:r—even parity—even parity—odd p=s=0
where
. _ WK, k-9
Ifjli(p,k:,l) = —e“Tr { kzv (k: SE }
v k¥
Iﬁli(0>k>1) = —€2T1” {Vukzv 1{52 )
0 2 kxm /4 k¥ m
p° o plwi(p,k; s) = —eTr {Vukﬂ_m?V —]{/‘2_7712—i—2p-l<:(k2 ) (6.16)
p=s=0

In addition to that, since the renormalized vacuum-polarization tensor, Hﬂ/i)[“”(p, s), is

defined by
3

d’k
(R)pv _ v
03, 5) = [ Goys B (0 Ks5) (6.17)

and recalling to the fact that the issue here is to verify if Levi-Civita symbol ¢#*? dependent

terms might be induced by UV and IR subtractions, only parity-odd pieces of the subtracted
integrand, Rggd%i (p,k,1) (6.15), shall be taken into account, then from the Eqs.(6.15)—

(6.16), leads to
2
H(R)MV — Zl: em ,uat/ » 618
oddry1 47T|m| Pa ( )

. R)pv
with H(()d(){fﬂ = H(()d()i'yli (p,1).

(R)pv

Analogously to the previous case, Hoddw1 , the renormalized parity-odd vacuum-

polarization tensors Héd()i,mi and Hgdzlw,i’ corresponding to vz, and 73, diagrams, are

respectively given by

me (R)puv egm

(R)NV _ av _ av
Hodd,mi = :|Z47T|m| EH’ Pa and HOdd’Y:ii = :F47T|m| EH Pa - (619)
Finally, the 1-loop renormalized parity-odd vacuum polarization tensors, Hgdzhl;, Hgg(){;l;
and l_[(()d()H3 :
R)uv R)uv Ruv __
Hgd?fél = Hgd?il;l + H(()d()i/fyl =0;
R)puv R)uv _
Hgd?i% o Hgd?il;z + Hgd()m =0,
R)puv R)uv _
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vanishes identically. In conclusion, besides there is no 1-loop counterterm for the mixed
Chern-Simons term, e#*” A, 0,a, — which sets out that the 1-loop S-function associated to
the Chern-Simons mass parameter (4) vanishes — the BPHZL subtraction scheme applied
to the 1-loop vacuum-polarization tensor preserves parity, being the opposite to what
takes place in ordinary massless U(1) QED; [77].

6.2.4 The self-energy

Among the six self-energy diagrams (see Fig. 6.1 and Table 6.2), two are UV finite,
7., while the four remaining, v5, and 7, , are UV divergent, thus those which have to be
renormalized. However, the BPHZL subtraction procedures for the 1-particle irreducible
self-energy divergent diagrams are analogous, differing only by coupling constants dependent
factors, +e? and +g¢?, corresponding to the 1-loop graphs, vs, and 7, , respectively.
Starting the analysis with 5, Feynman graphs, the 1-loop self-energy, (s, ), reads

A3k - 1 kK, (¥ —9) Fm(s—1) v
2 (V54) :/(27.()3 {_6 v [M <7];w_ k? )] l(kﬁ—p)2_m2(5—1)2]ry }

I’Ysi (pakvs)

(6.21)

Keeping in mind one more time the conditions (6.11) and the inequality (6.12), the UV

and IR subtraction degrees are 0(7ys,) = 0(76.) = 0 and p(76.) = p(75.) = 1, where it has
been fixed b(v5.) = b(76.) = 0 and ¢(75.) = ¢(76,) = 1. The 1-loop BPHZL subtracted
(renormalized) integrand, R, (p, k,s), can be expressed in terms of the unsubtracted one,

L, (p,k,s), as follows:

R’YsjE (p> k, 5) = (1 - t2,5—1)(1 - tg,s)l’%i (p> k, 5)
= (1 - tg,s—l - tg,s + tg,s—ltg,s)l’%i (p7 k? 5) : (622)

Yet again, setting s = 1 at the end of the Taylor expansion operations, restoring the

massless condition, the subtracted integrand, R, (p, k, 1), results:

R’ysi(p> k>1) =1 (p>k>1) — (0>k>1) ) (623)

V54 Y54

where,

I, (p,k,1) = 262{ ! ! [k—%(’j{;p)]},

L. (0,k 1) = QeQL. (6.24)

V54



Chapter 6. Quantum parity conservation in planar quantum electrodynamics 81

Additionally, once the renormalized self-energy, Z( ) (p, s), is defined by

&k
20 (p,s) = / @nyg s (p, k, ), (6.25)

such that, from the Eqs.(6.23)—(6.24), leads to

1 (p* 3 2 p? 13 2
X = wzzjl <p +L+2>1 <%>_M<_2+_2>+m%1’
+ dm | 4v/p? (V2 = Vp?) 2 \p* p 4/1(\/27)
6.26

with 20 = 50 (p,1).
Slmllarly to the previous case, E(R) the renormalized self-energies E( ) corresponding

to 6. diagram, read

1 2 2 _ 2 P
20 — _ wy p+3i+2 Y b S 1 (R NI ) DI
= Ar | 4v/p? V2 —=vp)?) 2\ p? 4u2\/_
(6.27)
Accordingly, the 1-loop renormalized self-energies, ESFR) — Efyg + ZEYEJ)F and =7 =

Zg? + Zﬁfg, associated respectively to ¥, and ¥ _:

2 2 1 p2 3,u2 u2 — p?
(g TP
+ e - W R R R *

Sl 3y P
2 <u2 +p2> " ZWJF] ’
7(6 )y 02, (6.28)

In the same way we get ZSLR) = Z(_R), that is:

s® _ 49 0

Tp 00, (6.29)

contribute to the 1-loop effective action (in momenta space) with the following term:

. 5Py +9_ =By L sy 19, 2Py, (6.30)

that shows to be invariant under parity, thereby the BPHZL subtraction scheme does not
break parity in the case of the 1-loop self-energy either. Finally, it has been finished the
proof on the BPHZL parity invariance at 1-loop for the massless parity-even U(1) x U(1)
Maxwell-Chern-Simons QED3; model [109]. Nevertheless, thanks to divergent 2-loops
vacuum polarization tensor diagrams (see Fig. 6.2), it remains to verify if whether or
not parity still be preserved in the course of the 2-loops BPHZL ultraviolet and infrared

subtractions.
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6.3 BPHZL: 2-loops

In order to complete the proof if parity is broken or not by the BPHZL renormalization
method, once the model into consideration here is superrenormalizable and the ultraviolet
divergences are bounded up to 2-loops (6.9), it still remains to identify and investigate the
potential UV divergent 2-loops diagrams in what concerns parity breakdown. By power-
counting inspection (6.9), exclusively twenty four of the thirty six vacuum-polarization
tensor Feynman graphs® show to be divergent at 2-loops (see Fig. 6.2), furthermore,
it shall be verified if parity-odd local counterterms, with UV dimension 2, of the type
etV A, pa A, or €a,paa, — local counterterm of the type e#*” A,p.a, shall be discarded
throughout this analysis because it is parity-even — might be generated by the UV and
IR subtractions. However, power-counting (6.9) dimensional analysis reveals that even
though parity-odd Levi-Civita symbol dependent counterterms could appear, they would

be nonlocal since their coupling constant order should be of mass dimension 2, namely, e*,

e? g2 or g4.
781[ 79i 710i
Y114 V124 Y134

Figure 6.2: The 2-loops vacuum-polarization tensor graphs, which the continuous lines
represent propagators of either ¥, or ¥_, and the dashed lines the external legs of either
A, ora,.

p H

Complementary to the previous dimensional discussion, a tensor structure analysis of
the 2-loops vacuum-polarization tensor integrands is opportune. First of all, the thirty six
2-loops vacuum-polarization tensors diagrams (v;,, i = 8...13) are displayed in Fig. 6.2,
and their UV superficial degrees of divergence (d(7;.)) are d(7s.) = d(yo.) = d(711,) =
d(v12.) = 0 and d(y10..) = d(113.) = —1, thus from the former UV degree of divergences,
the graphs 75, , 79., 711, and 712, have to be renormalized, on the other hand the graphs
Y0, and 73, are already UV finite. Also, prior to the proof on the non generation of

possible parity-odd Levi-Civita symbol dependent counterterms, it is suitable to write

5Tt should be pointed that, for the sake of subsequent renormalization, the symmetrical diagrams
corresponding to y11,, 712, and 73, — those with the propagators A4", A#Y or AR” inside the loop in
its upper part — have to be taken into consideration.
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down explicitly the divergent vacuum-polarization tensors corresponding to the diagrams®
V8xs VoLs Vilg and Y124:
d3k d3k -
v 2 1 2 2 v
2 05) =% [ oy | (g © T Gakerps) (6.31)
d3k d3k -
v 2 1 2 2 v .
1w (.5) =3 [ oy | ey & 2 k) (6.32)
and
d3k d3k ~
v _ )2 1 2 2 v
Hl';lli (p7 5) - >\11 / W/ (27'(')3 € Ii (kla k2>p7 5) ) (633)
d3k dk -
v )2 1 2 2 Juv .
Hl’;mi (p7 5) - >\12/(27T)3/ (277')3 g I:lli (kla k27p7 5) ) (634)

such that \; = e (¢ = 8,9,11,12) if the two external legs are of A, otherwise, if a, as the

two external legs, \; = ¢, and

~

. 1 wr (R =R — k)
l_z(k/‘l — k2)? — pi? <77 - (k1 — k2)? )] -

;2]7yli((%2_¢)$m(s_l)] li((%—ﬁ)ij(s—l)] ’

ki — p)? — m2(s — 1)?

(6.35)

) ==t [ BT [ BT E 1)
N [_Z% <,r]aﬁ _ k‘gk‘g)] [@'( (b= =) Fm(s — 1) ] ; l (L —9) Fm(s—1) ] |

2 ke — kg —p)2 —m2(s — 12| P "y — p)2 — m2(s — 1)2

(6.36)

where p is the external momentum and the subscripts + and — refer to the internal lines
of ¢, and ¥ _, respectively.

Drawing attention to the integrands I (6.35) and I (6.36), it can be seen that
trace of the product of four to eight gamma matrices is generated, notwithstanding that
solely trace of five and seven gamma matrices produces the Levi-Civita symbol e#** (6.2).
Also, it shall be noticed from the terms of the integrands, I} (6.35) and I (6.36),

6As already mentioned, since possible parity-even local counterterm of the type e A,pqa, has not
been taken into consideration, it remains sixteen graphs that could generate parity-odd-like counterterms
et A, pa Ay, and e“Ya,paa,.
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identified by under braces that they contribute each one to the trace product with at
most one gamma matrix. Furthermore, as an example, by picking out from the integrand
I (6.35) a picce of trace product of five gamma matrices, e.g.: Z&¥(ky, ko, p,s) =
“Tefye[Fim(s — DA%k, k)| [Fim(s — Dy’ [Fim(s — D]yslitk — PI}, i can be
written as Z5Y (K1, ko, p, s) = £ X, (k1, ko, p, s) + V5L (k1, ko, p, s), where the first term
is parity-odd whereas the second one is parity-even. In the sequence, using the same
strategy applied to all five gamma matrices dependent terms, of the integrands (6.35) and
(6.36), they can be rewritten as:

fgi(kb k2>p> 5) = + e’ A\Sp(kla k2>p> 5) + S\gi(kla k2ap> 5) ) (637)
fgi(kb k2>p> 5) ==x eIWP “Zf)p(kla k2>p> 5) + ggi(kb k2>p> 5) 9 (638)

where S and S!Y are parity-even tensors, and their subscripts + and — refer to the
internal lines of ¥, and ¥_, respectively. Consequently, the total integrands stemming

from the trace of five gamma matrices, ! = féﬁ + I and I = I8 4+ I8 vead:

fé)“/(kb k2>p> 5) = S\g:(kla k2>p> 5) - S\gf(kla k2>p> 5) ) (639)
fgy(k1> k2>p> 5) = gg:(kla k2>p> 5) + ggf(kjla k2>p> 5) ) (640)

thence there is no Levi-Civita symbol ¢*”? dependent terms emerged from the trace of
five gamma matrices contributing to the total divergent integrand of vacuum-polarization
tensor, remaining therefore only parity-even terms. Beyond that, it lacks to discuss
the issue of non generation of possible parity-odd Levi-Civita symbol dependent coun-
terterms for the case of the trace product of seven gamma matrices. Analogously to
the preceding discussion, from the integrands I (6.35) and It (6.36), considering
the terms highlighted by under braces, and for instance, by picking out from the inte-
grand T4 (6.35) a piece of trace product of seven gamma matrices, e.g.: Z&%(ky, ko, p, s) =
Ty i () 1l A (ke k) (o) ]9 i o= ) sl im(s— 1]}, it follows that 222 (ky, ks, p, 5) =
+ e Xy, (K, ke, p, 5) + VEL(K1, k2, p, s), with the first term being parity-odd whereas the
second one being parity-even. In addition to, doing similarly to all seven gamma matrices
dependent terms of (6.35) and (6.36), it can be shown that:

f#i(kb k2>p> 5) =gk “Zl\7p(k1> k2>p> S) + S\#i(kh k2>p> 5) ) (641)
ff#i(kb k2>p> 5) = + e’ “Z7p(k1> k2>p> 5) + Sv#i(kla k2>p> 5) ) (642)

where S and S are parity-even tensors, and the internal lines of 1, and ¥_ in the
corresponding graphs are respectively represented by the subscripts + and —. Morover,

from the trace of seven gamma matrices, the total integrands, IX = f#j + I and
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IE = T 4 I are given by:

féul(kb k2>p> 5) = S\#:(kla k2>p> 5) - S\#ij(kla k2>p7 5) ) (643)
ff#l/(kb k2>p> 5) = Sv'?:(kla k2>p> 5) + Sv#ij(kla k2>p> 5) ) (644)

thus likewise the five gamma matrices case, there is no Levi-Civita symbol e*” dependent
terms yielded from the trace of seven gamma matrices, surviving only parity-even terms
which contribute to the total divergent vacuum-polarization tensor.

Ultimately, based on the argumentations above, the 2-loops unsubtracted integrands
associated to the vacuum-polarization tensors 1%’ and IT1#* do not produce parity-violating
counterterms of the type, e#*¥A4,0,A, and €#*”a,0,a,, therefore it is concluded that parity
is still preserved at 2-loops under the BPHZL renormalization procedures. Besides, due to
the fact that the UV divergences are restricted up to 2-loops, thus for higher perturbative
orders greater than two there is no need of UV subtractions, consequently it is definitely
proved that the BPHZL renormalization method preserves parity for the massless parity-
even U(1) x U(1) Maxwell-Chern-Simons QED3 model [109].

However the presence of counterterms breaking the parity [109] do not showns up we

still need the complete renormalizability of the model.

6.4 Conclusion

The massless parity-even U(1) x U(1) planar quantum electrodynamics (QEDs3)
model [109] exhibits quantum parity conservation at all orders in perturbation theory. The
proof has been performed using the Bogoliubov-Parasiuk-Hepp-Zimmermann-Lowenstein
(BPHZL) renormalization method, however owing to the presence of two massless fermions
in the spectrum, infrared divergences might emerge in the course of the ultraviolet
divergences subtractions and must be subtracted as well, for this reason, the Lowenstein-
Zimmermann (LZ) subtraction scheme has been adopted. The power-counting — the
ultraviolet and infrared superficial degrees of divergence (6.9) of any 1-particle irreducible
Feynman diagram — reveals that ultraviolet divergences are bounded at most to two loops.
At one loop all six vacuum-polarization tensor diagrams are linear ultraviolet divergent,
four of the six self-energy diagrams are logarithm ultraviolet divergent, while all the vertex-
function diagrams are ultraviolet finite, beyond that at two loops, twenty four of the thirty
six vacuum-polarization tensor Feynman graphs are ultraviolet divergent (Fig. 6.1 and
Table 6.2). Although there are counterterms’ at one and two loops, none of them violate

parity symmetry and together to the fact that the model is superrenormalizable, it stems

“The explicitly BPHZL renormalization and the calculations of all counterterms at 1- and 2-loops,
whether parity-even or -odd, are left to another work [145], since the purpose of this one was to verify if
the LZ subtraction scheme in the framework of the BPHZ renormalization method would preserve or not
parity symmetry.
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as a byproduct that parity is guaranteed at any radiative order. As a final conclusion, for
the model presented in this work, opposite to the case of the ordinary massless parity-even
U(1) QED; [77], the BPHZL subtraction scheme with the Lowenstein’s adaptation of the

Zimmermann’s forest formula [95,96] preserves parity symmetry at all perturbative order.
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Chapter 7

On the infrared and ultraviolet

finiteness of parity-preserving
U(1) x U(1) massless QED3

As discussed in Chapter 4, here we will extend to the quantum level the model
presented in [109], already analyzed up to two loops by the BPHZL method [130], but

now using the Algebraic Renormalization method ! .

7.1 Introduction

The study of models in different space-time dimensions, beyond the traditional 1 + 3
dimensions, has been considered as a prominent tool in the search for the comprehension
of physical problems. In the branch of condensed matter, special in the theoretical
framework, the quantum electrodynamics in tree space-time dimensions (QED3) has
been considered an outstanding improvement for our attempts in the comprehension of
phenomena like high-temperature superconductivity [26-28], quantum Hall effect [29],
graphene [16, 22, 38-40, 42, 44,141, 142], topological insulators [32-34] and topological
superconductors [35-37].

The massless parity-even U(1) x U(1) planar quantum electrodynamics (QEDs3)
model [109], exhibits, by using the Bogoliubov-Parasiuk-Hepp-Zimmermann-Lowenstein
(BPHZL) renormalization method quantum parity conservation at all orders in perturbation
theory [130]. Owing to the presence of two massless fermions in the spectrum, infrared
divergences might emerge in the course of the ultraviolet divergences subtractions and
must be subtracted as well, for this reason, the Lowenstein-Zimmermann (LZ) subtraction

scheme was adopted [130]. Nevertheless the algebraic method is independently of any

1O.M. Del Cima, D.H.T. Franco, L.S. Lima and E.S. Miranda, "On the infrared and ultraviolet
finiteness of parity-preserving U(1) x U(1) massless QED3", in preparation.
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regularization scheme. In this chapter we shall verify the issue of anomalies and stability
of the model ensuring its renormalizability.

Guided by this purpose, initially we define the model and its classical symmetries,
continuous and discrete, Sections 7.2 and 7.3, respectively. Almost concomitant to that,
still in Section 7.3 the action for the gauge-fixing and the action of external sources,
coupling antifields to the nonlinear BRS transformations of the fields, are established.
Regarding the perturbative quantization, that is, the extension of parity-even U(1) x U,(1)
hybrid QED3 at the classical level to all orders in perturbation theory, first is analyzed
the stability of the classical action — if the radiative corrections can be reabsorbed by a
redefinition of the initial parameters of the model — which is done by taking in account the
ultraviolet and infrared bounds required by the process in Section 7.4. Next, in Section
7.5, all potential anomalies are identified by means of the analysis of the Wess-Zumino
consistency condition, in other words, solving the Slavnov-Taylor cohomology problem
in the sector of ghost number one. Besides that, it is checked if the radiatively induced
breakings might be fine-tuned by an appropriate choice of local non-invariant counterterms
as wellas if the non-invariant counterterms do not generate possible infrared anomalies.

The conclusion is left to Section 7.6.

7.2 Some model statements
We start by presenting the parity-preserving U(1) x U(1) hybrid QED3 proposed
in [109],
(s—1) 3 1 nv 1 pv pav T S
ZJinv = /d Ty — ZF F;w - Z_lf f,uu + He Auaaau + Z¢+D¢+ + Mﬁ_@'{ﬂ_ +

— (s — )8,y +m(s — p_v_ (7.1)

Lowenstein-Zimmermann mass term

here Py = (@ + ted £ igd)y+ with gamma matrices v = (0., —i0y,i0y) and the field
strengths, F},, = 0,A, — 0,A, and f,, = 0,a, — 0,a,, are related to the electromagnetic
field (A,) and the pseudo chiral gauge field (a,), respectively. The Dirac spinors 1 and
1_ are two kinds of fermions where the £ subscripts are related to their pseudo-spin
sign [17,109]. In the processes of renormalization is imperative to known that m and u
are mass parameters with mass dimension 1 and the coupling constants e (electric charge)
and g (pseudo chiral charge) are dimensionful with mass dimension % Besides that, we
have the Lowenstein-Zimmermann parameter s which lies in the interval 0 < s <1 and
has the same status of an additional subtraction variable (as the external momentum) in
the BPHZL renormalization scheme, it allows us to recovery the massless model [109] by

taking s = 1 at the end of calculations.
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7.3 The symmetries

It is important to elucidate that the action (7.1) is Ua(1) x U,(1) gauge invariant
(1.9),
1
eula) = L 0,(e)
Ogay () = _é OuA(z)
Ogthx () = i[p(x) £ A(x)]P<() |
Ogths(z) = —i[p(x) £ X)) () . (7.2)

Its gauge invariance constitutes a necessary requirement in the processes of construction
of the Becchi-Rouet-Stora (BRS) symmetry and the action is parity invariant which shall
be fixed posteriorly (See eq. 7.37).
The quantization of the model requires a gauge fixing :
B o

gt = /di”x{bamu 1 %62 + e + 70" a, + o+ ZDS} . (7.3)

where (c, ) are called ghosts and (¢, ) the anti-ghosts of Faddeev-Popov. Being the (b
and 7) the Lautrup-Nakanish fields [97-99, 146] acting like Lagrange multipliers.

The BRS transformations are given by,

s =i(lcE Oy, sty = —i(cE Py

1 1
A —=_19 _ =
sA, e“c’ sa,, g“g’
b _
SC = —, SSZE
e g
sc=0,sb=0 s€=0,sm=0. (7.4)

The operator s is nilpotent s = 0 and all Grassmann variables thereby obeying the algebra
{e,cf ={¢,¢1 =0
For the non-linear BRS transformations we couple external sources () to avoid

renormalization of the symmetries
Wt = /d3x{i§+c+¢+ —iQ e +ic P, Oy — ic_E_Q_} : (7.5)

where we defined ¢y = ¢ £ ¢ and due to the algebra of (¢ and §) we obtain ¢2 = ¢2 = 0.

The complete classical action £~ is:

inv

26D = 58 4 Bt + B (7.6)
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The calculation of the propagators, or the second order Green functions, given us the

following result:

_ -1 -1
Apy(k) =i kf_ 22((55_ 1))2 CA (k) =i kffgﬁ(i_ 1))2 . (7.7)
1 Kk ki
A (k) = —Z{m <7I’"W i ) + % 12 } ) (7.8)
1 kHk ki kY
AL (k) = —i{ s (- )+ B } , (79
Alja(k) = mew Jets (7.10)
L+
Aly(k) = AL (k) = 2 (7.11)
App(k) = Anr(k) =0, (7.12)
Aco(k) = Age(k) = =75 (7.13)

As we know, the propagators carry the bases for the unitarity and spectral consistency
analyses at the tree-level of a model. In [60] there is detailed spectral analysis together
with the two-particle scattering potentials.

To determine the ultraviolet (UV) and infrared (IR) dimensions of any fields, X and Y,
we use the asymptotical behaviour of their propagator Axy (k), dxy and ryy, respectively,

as follows:
dxy = EkAXY(k) and ryxy = @kAXY(k) ) (7.14)

such that deg, provides the asymptotic power when k¥ — oo, while deg, provides the
asymptotic power when k — 0. The UV (d) and IR (r) dimensions of the fields, X and Y,

satisfy inequalities below [19]:
dx—i-dyzg—l—dxy and Tx—l-TySg—l—Txy. (715)

Thereby, making use of the propagators (7.7) with the conditions (7.15), specifically

aiming to determinate the UV and IR dimensions of the spinor fields, ¥, and ¥_, we have:

d++:—1:>2d+22:>d+:1, 7’++:—1:> 27’+§2:>7‘+:1 (716)
do_=-1=2d_>2 =d.=1; r-_=—-1=2r_<2 = r_=1 (7.17)
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and for the vector fields, A, and a,, we make use of the propagators (7.8)—(7.10):

dan=——2 = 2a=>1; raa=0= 2ry <3
daa:_2:>2da21, Taa:0:>2ra§3

dag=-3 = da+d; >20; ragg=—-1= r44+7r,<2
1
dA:da:§; T’A:Tazl (718)

It is important to mention here though the mixed propagator (7.10) does not carry any
degrees of freedom on-shell [22,60]. However, since da, < das = dy,, internal lines
containing the mixed propagator (7.10), instead of propagators (7.8) and (7.9), reduces
the UV degree of divergence of Feynman diagrams, as indicated by the power-counting
formula (7.53).

From the propagators (7.11) and the conditions (7.15) and (7.18), the UV and IR
dimensions of the Lautrup-Nakanishi fields, b and m, are:

dapy=-1;da+dy>22 = dy=_, ry=-1;ra+r<2 = n=1, (7.19)

daﬂ:_l;da+dn22:>d7r: Tmr:_l;ra—i_rﬂ'§22>r7r:1‘ (720)

N LN W

To complete the UV and IR dimensions we consider the propagators (7.13), that is , the
dimensions of the Faddeev-Popov ghosts, ¢ and £, and antighosts, ¢ and &, are constrained

by:

=2 =» et 1y Tag=—2 = Thrp L1, (7.21)
dgg=—2 = de+dg>1, r56=-2 = re+7g<1. (7.22)

Furthermore, by fixing the BRS operator (s) as dimensionless and knowing that the
coupling constants e and g have mass dimension %, from the conditions (7.22), the UV

dimensions of the Faddeev-Popov ghosts and anti-ghosts result:

de=0 and dz=1, 7r.=0 and r;=1, (7.23)
de=0 and dg=1, re=0 and r;=1. (7.24)

After all, from the antifields action (Xey) together with the UV and IR dimensions of all

the quantum fields previously computed, it follows that:
do, =2 and dg_=2;rq, =2 and rq_=2. (7.25)

In summary, the UV dimension (d), the IR dimension (), the ghost number (®II) and the
Grassmann parity (GP) of all fields are displayed in Table 7.1. The statistics is defined in
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Ayl a, [ e |- lel e | b]e] € [m|s|s—1|Q|Q
d |1/2|1/2] 1] 1]0 1 2|01 [3|1] 1 2 | 2
r |1 1|11 0 1 |1|0]1]1]0] 1 |2]2
I 0 0o Jo]o]1][-1]o|1]-1]0]0] 0 |[-1]-1
GPl oo 1|1 ]1]1]oj1]1]o[0o] 0 [ 0]O

Table 7.1: The UV dimension (d), the infrared dimension (7), ghost number (®II) and
Grassmann parity (GP).

such a way that, the integer spin fields with odd ghost number and the half integer spin
fields with even ghost number anticommute among themselves, in any other case the fields
commute among themselves.

Representing symmetries in a functional way, namely the rigid and the BRS symmetries,
is a powerful and elegant manner to deal with them. Therefore, the Slavnov-Taylor operator,
a functional representation of the BRS symmetry, has its invariance for this model given
by:

Sty =0, (7.26)

where the explicit form of the Slavnov-Taylor operator S acting in an arbitrary functional

(F) is given by:

Sar g oE
| OF 0F _0F 0F F (5]-"+6f 5F
50 00y 00 50, 6Q_ 0y 806U

1 O0F boF 1 7T(5.7:
_ 3 - R R R
_/d { 8MC(5A“+6 &¢ MS e

(7.27)
Also the corresponding linearized Slavnov-Taylor operator (Sx) is

VTR, 1) S R i _
C(sAu t e 55a~ g8 0L, 00, | sun o,

/d3{ bo 1 mo OF 9O OF &
g

OF 6 6F 6 6F & OF § OF & OF & %)
00, 5, 00, 00, 00 0v_ Y 0. 02 syp_ g o0 [T

can be shown that the following nilpotence identities are true:

SrS(F)=0, VF, (7.29)
SrSr=0 if S(F)=0. (7.30)

In the particular case, (Sx)? = 0, it was expected by the constructed relation of the BRS

action invariance (7.26).
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7.3.1 Some others symmetries of the classical action

Still dealing with the Slavnov-Taylor operator upon the classical action we can find

some important relations for the renormalization process. Some of then are:

SE(ZS - 5975 (ZS {1/}:|:7¢:|:7A,u7 a,, C, c, b>7T>E> 5} )

0x o
Ssly = ——, S0
pHYA 51/4’ ol = 5¢+’
0 — 0X
Se) = — Sl = ——— . 7.31
P 6¢_’ b 6¢_ ( )

Notwithstanding, others relations satisfied by our classical model, namely ghost equations
(7.32)—(7.33), gauge conditions (7.34) and antighost equations (7.35), read:

R Gt - - — 1)
—1 5e = ZD6+Q+¢+—Q—¢—+'¢+Q+_¢—Q— = Aclass ) (732)
6
—1 55 = ZD€+Q+'¢++Q ¢ +¢+Q++'¢ Q= Aclass : (733)
58D gt
—_— H = H . 4
5 OMA,+ab and 5 o*a, + B, (7.34)
(5—1) 62(8—1)
0% — = Oe¢ and — = DS ) (735)
oc 0§

Moreover, the classical action is invariant under the rigid symmetries:

WtV =0, and Wzt Y =0, (7.36)

where the Ward operators are defined by:

5 5 5 5 5
4 0 o) _ T . o
Wi / {m(sm ¢+5¢++ 50, 0, T 51/;_ ¢—5¢ 50 59}

and

@ fal & — & 5 5 5o 6
W :/d P — 40 . ' g
rigid x{d’*(sm Vagg om0 (5Q+ Y 5¢_+¢—5¢_ 50 s
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Finally, the action Y is invariant under the discrete symmetry, parity (P), described

bellow:
P . — P P
QZJ:I: — ¢:]I? = _271¢¢ ) ¢:|: — QZJ:I: = “/}q:ryl )
O 5 0F = —iylyr , Oy QL =iQFA",
A 55 AP = (4g, — Ay, A9)
i it af = (—ap, a1, —as) ,
P P
X — X ==X,
o s pF=0¢. (7.37)

where ¢ and x are the fields ¢ = {b,¢,c} and x = {7, &, ¢}

7.4 Searching for counterterms

At this stage, we will analyze the stability of the model. In other words, we want
to guarantee that perturbative corrections do not generate any local counterterms corre-
sponding to renormalization of fields and parameters which are not already present in the
classical theory, that is, the radiative corrections can be reabsorbed order by order through
redefinitions of the initial physical quantities — fields, coupling constants and masses — of
the model.

Our starting point is the expression:
2(8_1)[‘1%01', Ai] + €36(Dy, pi, Ai] = 20[07, p7, M| + O(?) (7.38)

where Y0[®, p9 A9 is the perturbed classical action. We call perturbed action the classical
action XC~D[®;, p;, \;] written as a functional of the fields ®;, external sources p; and the

0
%

parameters \; replaced by the respective expanded versions @9, p? \) given by

SO0Y, p), N)],  with @ = ®,(1 +¢Zs,) , p) =pi(1+e2Z,) e X =XN(1+2Zy,) (7.39)
The X¢[®;, p;, Ai] is the counterterm action, such counterterm is find out by a set of
symmetries and conditions imposed upon the classical action Z(~D[®;, pi, Ai].

The perturbed action X0[®, p¥ \V], we normally just write 3X° obeys the same
conditions that the classical action £~V In this way we verify that:
§x0  gxe-D - gye 5x°

- — M
5h 5h +€(5b 0MA, + ab= 5

=0, (7.40)
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in a similar way it can be concluded that:

0¥¢  9Xc  0X°  4x¢  0X€

—_ —_ —_ — —_— 7-41
dc dc om 6 8¢’ (7.41)
WEe=0, and WE=0. (7.42)

The %¢ independence of the ghost fields (c, ¢, £, ) together with the fact that the action
has ®II[X] = 0 implying that the counterterms are external sources ( ®II[2] = —1)

independent,
C C C 6ZC
0% = 0% = (5§ =—=0. (7.43)
0y 00- 60 00

The counterterm invariance under the Slavnov-Taylor operator is another important
feature related to the UV and IR dimensions. Analysing the action of the operator on the

counterterm, we can establish the UV and IR limit of field polynomials.

+1 10 3-1 +3 3—1 +1 10 3—-1
1 0" 2 b zoxe 1 0x.°|" 2
SFX" = /d%{"au ‘| sar ol ol 7Y 8 e
€ lulo 504 Clag Clag 9 |ag 9%? lz=3
UV<ZI, IR>3 UV<I, IR>3 Uv< gv IR>3
x| T2 6xe 3*1+ 53¢ P2 55 3*1+ 5z P2 sy “+ } i)
9 4 0§ 3—-1 oS4 3725¢+ 3—1 0P 3725Q+ 3—2 . .
UvggT [R>3 UV<3, IR>3 UV<3, IR>3

In (7.44) the superscripts refer to the UV dimensions and the subscripts to the IR
dimensions, where we obtain the following UV and IR limits the counterterm has to satisfy
d < % and r > 3, respectively. Therefore, the Lorentz invariant counterterm, 3¢, is formed

by polynomials satisfying the following properties.

2= 2y, O, b Yoy A ] (7.45)
W =0 and W, =°=0, (7.46)
pi S > (7.47)
Se¥° =0, (7.48)
Ss (7.49)

At this point we shall remember that the condition (7.47) is assumed having in
mind the result presented in Chapter 6 and [130] where was showed that the BPHZL

renormalization scheme does not break parity.
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The most general Lorentz invariant polynomial observing the requirement (7.45) reads:

e = /d?’x {a1A* A, + axata, + azAta, +
+b, A" A, AV A, + byataya”a, + bsAYAa”a, + 04 AYa, A ay, +
+c10,A%a"a, + c0,0"" A" A, + c30, A" AY A, + c40,,0"a"a, +
+d,0,A"0, A" + dy0" A" 0, A, + d30" AY0, A, +
+d,0,a"0,a" + ds0"a”0,a, + dg0" A”0,a,, +
+d0,A"0,a” + ds0"a"0, A, + dy0"a"0,a, +
+e1€" A,0,A, + € a,0,a, + €77 A,0,a, +
+ 1004 + fo - + fsh W + fa)_toy + fsh MOy
+fot_VOup— + fr VO + feh v Oy +
+a19, 7 A + g2 Y aus + g3V A + gab_aup- +
+950 by AP AL+ et 1 atay, + grh_h_AFA, + gs_v_ata, +
+h1E+7NAu¢— + hﬂw“@,ﬂﬁ_ + h3E+AHA;ﬂﬁ— + hﬂw“auw_ +
+hstp L APauh_ + hetp Y A +he)_ya by +hep _A* A, +
+ho)_ata, s + higth_Ata,ipy ). (7.50)

Applying now (7.46)-(7.49) we obtain:
¥ = / Co{fo(P 7" Outbs + ieP Y Authy + igh Y auby) +

+fe(V_1"0, - + iep_YFAN_ —ig_yrap ) +
Fdy FP Fyy + ds f* f + 36" A,0,0,} . (7.51)

Adopting fs = iay, dy = an, d5 = a3, e3 = a4 and rewriting the expression (7.51) using

the covariant derivatives definition, we get:

= /d?’:v{ozliJJr@z/q + i) _PY_ + " Fy, + asf* fu + aue™ A0, ) . (7.52)

Furthermore, taking into consideration the super-renormalizability of the model, its power

counting ? coupling constant dependency [105] is given by the formula:

(ig;) =3—§fj (f;>Nf—§ (;:b>Nb+ (;);N+ (;);NQ—NAQ, (7.53)

expressing the UV (d(y)) and IR (r(7)) degree of divergence of some 1-PI (one particle

irreducible ) Feynman diagram () having N; and N, as the number of fermions and

2See more in the Appendix B.
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bosons external legs, respectively. The ultraviolet and infrared dimensions of the fermion
fields (dy, 7¢) as well as the dimensions associated to the bosons fields (dp, ;) are displayed
in Table 7.1. N, and N, are the power of the coupling constants, e and ¢, in v and Naq
counts the number of internal lines associated to the mixed propagator (7.10). Any loop is
at least of order two in the coupling constant,e?, g2 or eg, consequently the counterterms
are restricted by the following UV and IR constraints, d < % and r > 4, respectively,
implying that:

B =0 (7.54)

Looking the stability condition (7.38) and replacing all respective fields @Y, p? and param-

eters \), using the following definitions:

W) = va(a)1+eZe), ) = Q@)1 +cZ0y) |
M) = A@)(1+eZa), () =ba)1+e%) .
() = a(x)(1+:cZ,), m%(z) = n(z)(1 +eZ,) ,
m = m(lteZn), ) =E@)(1+eZ),
W= pl+ez), ) =c@)(1+eZ)
e = e(l+eZ,), a®=a(l+ez,),
9 = g(1+¢eZ,), B°=B(1+eZg), (7.55)

from the expanded action, X0[®?, p¥, \V], and the equation (7.38), we get
Ty = Zip=Ly = Ly, = L= Zop =2y =gy, =Tp = L= Lg=Ty—Z=Zig =0 ;, (7:906)

We can assert an important result related to the coupling constants e, g and the parameter
i, its associated beta-functions 3. = 0, 8, = 0 and 3, = 0 vanish at all orders in
perturbation theory, as well as, the same appointment about the anomalous dimensions of
all the fields (y4, = 0).

7.5 Searching for anomalies

The classical stability does not imply necessarily the possibility to extend the theory
to the quantum level, it is still necessary to show that the model is absent from anomalies.
This result combined to the previous one, namely the absence of counterterms (7.54),
ensures the nullity of all S-functions and anomalous dimensions of all fields and absence of
anomalies at all orders in perturbation theory.

At the quantum level the vertex functional, I', coincide with the classical action, X
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(7.6), at zeroth order in A,
I=x6"Y4 0, (7.57)

and shall obey the same conditions of the classical action, see Eqs.(7.32)-(7.36), that is:

oI o
_Z% = A((:izss ) - ZE = A((:iiss :
or or
%za“Au—l—ab, gza“au—i-ﬁw,
or or
? = Uec ) -l DS )
c o0&
W =0 and Wr=o0. (7.58)

In accordance with the Quantum Action Principle [19,91,92], the Slavnov-Taylor identity
(7.26) gets the following quantum break:

STM=A-T=A+0(hA), (7.59)
where A is a local integrable functional,
A= / Bz A (7.60)

with ghost number 1, UV limited by d < g and IR by » > 3. To understand that, see the
relation (7.59) which I' has ®II = 0 whereas ®II[S] = 1.
The nilpotent identity (7.29) together with the fact we expand the functional St in

terms Sy, we find in first order:
Sr=S8s+0(h), (7.61)

and therefore imply,

SeA=0. (7.62)

Besides that, other restrictions on A resulting from the algebra involving S and S acting
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upon some functional F:

- / #2251 s, / d*x ( ' Ag}gss> W T (7.63)

i / Bz s, / &z ( —A,ﬁfgss> W, F (7.64)

0S(F) 0F . 1(6F
— - - 2= 0O )
N sf( 5 = 0" A, ab> , ( = c> : (7.65)
0S(F) 0F . 1(6F
- — | = _ 0O ]
= sf( 5 — Oy — Bw) ; ( i 5) , (7.66)
6S(F) oF 3S(F) (5]-“
WYS(F) = SpWOF =0 and WYS(F)—SsWWF=0.  (7.68)

Therefore, with the relations (7.63)-(7.68) now acting on I' and observing the Quantum
Action Principle (7.59) it provides us the following conditions on A:

oA 3 (&) A _

== 50 / &z _o and WA =0,

A

== / d%— —0 and W9,A=0. (7.69)

This ensures that A is not an explicit function of the fields {b, 7, and £} as well as
invariant under the rigid symmetries, W(lg)ld and angid The last conditions is a start point
to find the explicit form of the quantum break.

The Wess-Zumino condition (7.62) constitutes a cohomology problem in the sector
ghost number one. The solution can always be splitted in two parts, SsA© (where A
has the ghost number zero) and nontrivial elements belonging to the cohomology of Sy

(7.28) in the sector of ghost number one:
AD = AW 4 S A0 (7.70)

Thereby AWM satisfies (7.62) and (7.69) and the SyA© can always be absorbed into the

vertex functional I' like a integrable local non-invariant counterterm ~AO),
Se(l — Ay = AD (7.71)

Taking in account the Slavnov-Taylor operator Sy, (7.28) and the quantum breaking (7.59)

we can see that A must have UV dimensions bounded by d < % and IR dimension
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bounded by r > 3. Again, the radiative corrections are at least of one loop or equivalent
order two in the coupling constants €2, g% and eg, so by looking at the power counting
formula (7.53) we easily conclude that the UV and IR dimensions are bounded by d < g
and r > 4.

Returning to the conditions (7.69) we find:

SAD SAM
3 _ 3 _
/dx 5 =0 and /dx 3¢ =0. (7.72)

We conclude that the terms should be linear in derivative of the ghost fields, c e £, that is:

AV = [ @ (KDgre+ XD0%¢) | (7.73)

where ICLO) and X ,EO) are rank one tensors with zero ghost number (®II = 0), with UV and
IR limited by d < % and 7 > 3. We still can write the breaking A® in two parts, one odd

and the other even under parity symmetry:
ICLO) = Z Uk,iV; -+ thﬂ); and X;EO) = Z Ux,iTL + pr,znz ) (774)
i=1 i=1 i=1 i=1

where v, Pri, V2 and p,; being coefficients to be determined. Moreover, V/i and TL was
defined as vectors, whereas 73; and HL as pseudo-vectors, in such way V;@“c and HL@“S
are even, and P, d"c and T},0"¢ odd under parity.

In this case, for the anomaly analysis here, we get {P}} = 0 and {T},} = 0, lefting
behind just even terms for the quantum Slavnov-Taylor A®M (7.73).

Ao = / d3w{Z Upg ViOHC+ Y Pay Hgaﬂg} . (7.75)
=1 =1

It still remains to analyze the parity even breaking A(l) (7.75) if it is a genuine gauge
anomaly or some non invariant counterterm absorbable into the quantum action. However,
it is necessary to find out the possible terms for V, (vectors) and II,, (pseudovectors)
limited by d < % and 7 > 3 which left A{}) (7.75) satisfying (7.62) and (7.69). The

even

possible candidates are:

V.=AA%A,, V2=Ad"a, Vi=Ada,,
I, = a,e’a, , I =a,A"A, , I =a,AA, , (7.76)

We can write the quantum breaking A{l) (7.75) as:

even
Ag,?m = /d3:13{ v 1 A AY A0 e + v 2 Aa” a0 e + v 3Aa” a,0"c +

+ px,laual/auaug =+ px,ZapAVAuaug + px,?)aVAVAuaNS} * (777)
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If a gauge anomaly generated by radiative corrections exists or not should be proved
by analysing the quantum breaking that is what says the Wess-Zumino condition (7.62).
Consequently, if the breaking can be expressed as a trivial cocycle, SF(O)A(O) where A©
being a local integrable monomial with ghost number zero,i.e, a non-invariant counterterm,
thereby we do not have gauge anomaly and the unitarity is ensured. Otherwise, if exist
just one nontrivial element AW belonging to the cohomology Sp) (7.28) in the sector of
ghost number one, the gauge symmetry is anomalous and the unitarity is compromised.

Following this argument to solve the gauge anomaly problem we can check that:

A 1
Spo A0 — S / dBr APA AV A, = - / dPr A A A0
€
A 1
SF(O)A(O)2 = Sro /d?’x ata,a”a, = —f/dS:v a,a’a,0"¢ |
g
A 2 2
Spo A8 — S / Pr A"Adva, = — = / &Pr Ayata,dc— = / &Pr a, A" A,
e g

SF(O)A(OM = Sro) /d?’x A¥A,a%a, = —Z/dS:U Aya"a,0"c — z/de a, A" A, 0" .
(7.78)

Moreover, considering the four cocycle above (7.78), it follows that the quantum break

(7.75) assume the form:
Al = Sro {>\1A(0)1 + AA02 4 A A3 >\4A(0)4}
= S\ [ &3z AFAL AV A+ )| dBx ata a’a,+As dBr AFA 0 a,+ M\ | BPx AP A a”a
" I " "

— /d?’aﬁ{—4>\1AHA”Ay8“c — g)\3Aua”a,,8“c — g)\4A,,a”all8”c +
e e e

4 2 2
— S Naa,ata, 0 — “hga, AV A0 — >\4a,,A”AM8"§} , (7.79)
g g g
where it is verified:
4 2 2
Up1=—=A1, Uka=——A3, Uk3=——M\g,
(& [ (&
4 2 2
p:c,l = ——>\2 5 px,Q = ——>\3 5 px,g = ——>\4 < (780)
g g g

In this way, we finally show that the quantum breaking A{l) (7.75) is really a trivial

even

cocycle S A©).

AY = §.0AD = 8. {Alﬁ@l + A A2 L N A3 A4A<O>4} . (7.81)

even

Therefore, as a final result, the local integrable monomials A(O)l, A(0)27 A3 o A0 cap

be absorbed as non-invariant counterterms order by order in the quantum action, that is,
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in order n of h:

Sp (T=H"AO) =8 (D= MAO— A"} A2 — B A A0\ AOY = 0"+ O (R .

(7.82)
Here, we have an important result, the proof of the gauge anomaly absence independently
of the loop order, that is, meaning that the local symmetry Us(1) x U,(1) is not an
anomaly at the quantum level.

Notwithstanding the absence of the gauge anomaly does not show the complete
consistency of the model at the quantum level, a more serious question, now a physical one,
can arise when massless fields are present and propagate any freedom degree, the infrared
anomaly. To finalize this question it is necessary to check the UV and IR dimensions of

the noninvariant counterterms.

AO1 /d3xA“ANAVA,,, d=2, P=4,
A2 _ /de a‘a,d’a, , d=2,r=4,
A3 _ /de A“Auaya,, , =2, r=4,

A0 — /d?’x A*Ad%a, , d=2,1r=4, (7.83)

At each loop order, the non invariant counterterms are absorbed into quantum action I'
in order to restore the gauge symmetry order by order. However, due to the presence of
massless fields, the non invariant counterterms could introduce IR divergences, namely the
infrared anomaly, spoiling the renormalizability of the model. Finally, we can sse that the
noinvariant counterterms (7.83) satisfy the IR constraint, r < 2, consequently no infrared

anomaly shows up.

7.6 Conclusion

In summary, the last result (7.82), about the consistency of the Wess-Zumino condition,
combined with the previous one (7.54), the stability analysis, completes the proof about
the vanishing of the S-functions associated to the coupling constants (8. = 0 and 3, = 0),
the mass parameter (3,) and the anomalous dimensions of all fields (y,, = 0), as well as
the absence of parity and gauge anomalies at all orders of perturbation theory. As a final
conclusion, the Uy (1) x U,(1) hybrid QEDj is ultraviolet and infrared finite at all orders
in perturbation theory [130].
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Chapter 8
Final conclusions

In Chapter 3, the Lorentz invariant parity-preserving U(1) x U(1) massive QEDj3, a
mass-gap graphene-like planar quantum electrodynamics model, at low-energy limit exhibits
electron-polaron—electron-polaron scattering short range non confining potentials, similarly
it can be concluded that the same behaviour takes place for hole-polaron—hole-polaron
scatterings. The interactions among electron-polarons and hole-polarons are mediated by
two massive vector mesons, the photon (electric charge source) and the Néel quasiparticle
(chiral charge source), both stemming from the U(1)4 x U(1), gauge symmetry. It should
be noticed that it was disclosed the correlation among the electron-polaron (hole-polaron)
spin polarization and correspondent chiral charge. At the tree-level, the absence of tachyons
(k* < 0) and ghosts ({(¢]1) < 0) in the model spectrum guarantees causality and unitarity,
respectively, at this level. Notwithstanding, in order to complete the tree-level unitarity
analysis, it remains to finish the proof that the scattering cross sections in the limit of high
center of mass energies respect the Froissart-Martin bound [53,61,62], but since ultraviolet
problems are less critical in lower dimensional quantum field models, together with the
fact that the four space-time dimensional QED (QEDy) [59] satisfies the Froissart-Martin
bound, consequently this fulfilment shall be foreseen for parity-even U(1) x U(1) massive
QED3. Also, it shall be pointed out that for condensed matter systems like graphene, the
quasiparticles (electron-polaron and hole-polaron) dynamics is in non relativistic regime,
so ultraviolet unitarity upper bound violations should not be expected.

Bearing in mind hypothetical applications of the model presented here to graphene, or
any other two dimensional system, the orders of magnitude of some theoretical parameters
need to be established firstly, namely, a typical mass-gap in graphene is around meV [45-49]
whereas the low-energy limit for a condensed matter system is of eV order. In addition
to that, the characteristic range of the two interactions, mediated by the both massive
photon and the Néel quantum, shall be associated to the pair-coherence length measured
in graphene, orders of magnitude in nm [65]. The mass-gap in graphene [45-49], besides
of being more realistic, can be either achieved when pure graphene monolayer is settled on

substrates [11], increasing its application range and improving device developments.
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At the low-energy limit, the non relativistic electron-polaron—electron-polaron (or hole-
polaron—hole-polaron) scattering potential, owing to photon and Néel quasiparticle short
range exchanges, shows to be always repulsive (5.46) for parallel (p-wave) electron-polaron
(hole-polaron) spin polarizations (|1)+|1) or |})+|])). Nevertheless, for electron-polaron—
electron-polaron (or hole-polaron-hole-polaron) scatterings with antiparallel (s-wave) spin
polarizations (|1)+[{)), the s-wave interaction potential might be attractive provided
e~ (e™)-polaron—Néel-quasiparticle coupling strength (|g|) be stronger than the strength of
e~ (e™)-polaron—photon coupling (|e|), g? > e Moreover, the s-wave attractive scattering
potential satisfies the Kato condition [55], the Newton-Setd and the Bargmann upper
bounds [56, 58], indicating that s-wave bipolarons [50-52] might stem from these electron-
polaron—electron-polaron quasiparticles bound states [64]. The possible emergence of such
a Cooper-type e -polaron—e~-polaron condensate (bipolaron) directly calls the issue of
superconductivity in graphene [66-68], thus a deep investigation on that deserves special
attention.

The model presented in Chapter 3, the parity-even U4 (1) x U,(1) massive QEDj3 [22],
has been shown in Chapter 4 to be free from any gauge anomaly and parity anomaly at all
orders in perturbation theory. Beyond that, it exhibits vanishing S-functions associated to
the gauge coupling constants (e and ¢) and the Chern-Simons mass parameter (u), and all
the anomalous dimensions () of the fields as well. The proof is independent of particular
diagrammatic calculations or regularization schemes, since the BRS (Becchi-Rouet-Stora)
algebraic renormalization method together with the BPHZ (Bogoliubov-Parasiuk-Hepp-
Zimmermann) subtraction scheme [19,86-96] is grounded in the general theorems of
perturbative quantum field theory. Furthermore, once the quantum perturbative physical
consistency of the mass-gap graphene-like planar quantum electrodynamics has been proven
from the results demonstrated here together with those presented in [22], it should be
newsworthy to deepen its analysis so as to apply in graphene-like electronic systems [108].
As a final comment, the vanishing of all S-functions associated to the electric charge (e),
the pseudochiral charge (¢) and the Chern-Simons mass parameter (u) — with the exception
of that associated to the fermions mass parameter (m) — foresees the independence of
those system parameters with respect to the temperature, on the other hand for instance
the mass-gap in graphene, which can be described by the fermions mass parameter, shall
be temperature dependent.

The model proposed in Chapter 5, a gapless pristine graphene-like planar quantum
electrodynamics model, the parity-preserving U(1) x U(1) massless QEDj3, exhibits two-
fermion scattering short range non confining potentials originated by two massive vector-
mediated quanta, the photon (electric charge) and the Néel (chiral charge) quasiparticle,
both stemming from the gauging of the U(1) x U(1) global symmetry. At the tree-level, the
absence in the spectrum of tachyons (k? < 0) and ghosts ({¢)|1)) < 0) assures respectively,
causality and unitarity, at this level. Additionally, the charges of the quasiparticles
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(electron-polaron, hole-polaron, photon and Néel quasiparticles), their masses, degrees of
freedom and (pseudo)spin are determined and discussed. As a by-product, it is obtained the
four-fold broken degeneracy of the Landau levels, reminding those experimentally observed
in pristine graphene subjected to high external magnetic fields [114-129], moreover, the
system presents zero-energy Landau level suggesting a kind of anomalous quantum Hall
effect — detailing results and discussions shall appear further [131].

The p-wave state fermion—fermion (or antifermion-antifermion) scattering potential
shows to be repulsive (5.46) whatever the values of the electric (e) and chiral (g) charges.
Nevertheless, for s-wave scattering of fermion—fermion (or antifermion—antifermion), the

2. In summary, if two

interaction potential (5.45) might be attractive provided ¢g* > e
electron-polarons (or hole-polarons) lie in the inequivalent K and K’ points in the Brillouin
zone the interaction might be attractive, otherwise the interaction is always repulsive if
those two electron-polarons (or hole-polarons) rest both either in K or in K’ points.

In view of possible applications of this quantum electrodynamics three space-time
dimensional model to pristine (gapless) graphene, or any other planar system, the orders of

magnitude of some theoretical parameters have to be estimated. The typical energy-scale

in graphene — for instance E = vg|p], Cs = 5=(e? — g*) or C) = 5=(e* + ¢g*) — is around
meV [16,38-44,111], while the length-scale interaction X = ZMLCE — the reduced Compton

wavelength of the quantum-mediated photon and Néel massive quasiparticles — is orders
of magnitude in nm [65].

To end this conclusions, it is in progress the proof, analogously to the relativistic
massive case [140], if whether the attractive s-wave scattering potential can lead to bound
states, that is, if the potential (5.45), provided g* > €?, could favour s-wave massless
bipolarons. The possible emergence of such a kind of Cooper-type electron-polaron—electron-
polaron (hole-polaron—hole-polaron) condensate draws attention to superconductivity in
graphene [66—68].

In Chapter 6, the model presented in Chapter 5, the massless parity-even U(1) x U(1)
planar quantum electrodynamics (QED3) model [109] exhibits quantum parity conser-
vation at all orders in perturbation theory. The proof has been performed using the
Bogoliubov-Parasiuk-Hepp-Zimmermann-Lowenstein (BPHZL) renormalization method,
however owing to the presence of two massless fermions in the spectrum, infrared diver-
gences might emerge in the course of the ultraviolet divergences subtractions and must be
subtracted as well, for this reason, the Lowenstein-Zimmermann (LZ) subtraction scheme
has been adopted. The power-counting — the ultraviolet and infrared superficial degrees of
divergence (6.9) of any 1-particle irreducible Feynman diagram — reveals that ultraviolet
divergences are bounded at most to two loops. At one loop all six vacuum-polarization
tensor diagrams are linear ultraviolet divergent, four of the six self-energy diagrams are
logarithm ultraviolet divergent, while all the vertex-function diagrams are ultraviolet

finite, beyond that at two loops, twenty four of the thirty six vacuum-polarization tensor
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Feynman graphs are ultraviolet divergent (Fig. 6.1 and Table 6.2). Although there are
counterterms at one and two loops, none of them violate parity symmetry and together
to the fact that the model is superrenormalizable, it stems as a byproduct that parity
is guaranteed at any radiative order. As a final conclusion, for the model presented in
this work, opposite to the case of the ordinary massless parity-even U(1) QEDs [77], the
BPHZL subtraction scheme with the Lowenstein’s adaptation of the Zimmermann’s forest
formula [95,96] preserves parity symmetry at all perturbative order.

Finishing our conclusions, still with the model introduced in Chapter 5, there in the
Chapter 7 some results were presented. The parity-even Us(1) x U, (1) hybrid QEDj3 [109]
is free from any gauge anomaly and parity anomaly at all orders in perturbation theory.
Besides that, it exhibits vanishing S-functions associated to the gauge coupling constants (e
and ¢g) and the Chern-Simons mass parameter (1), and all the anomalous dimensions () of
the fields as well, foresseing by the way, the independence of those system parameters with
respect to the temperature.It shall be stressed that the proof is independent of particular
diagrammatic calculations or regularization schemes, since the BRS (Becchi-Rouet-Stora)
algebraic renormalization method together with the BPHZL (Bogoliubov-Parasiuk-Hepp-
Zimmermann-Lowenstein) subtraction scheme [19,86-96] is grounded on the general
theorems of perturbative quantum field theory. Addionaly, indispensable for models
with the presence of massless fields is the analysis about infrared anomalies spoiling the
renormalizability of the model. However, as proved, the Ua(1) x U,(1) hybrid QED3
is infrared anomaly free and ultraviolet and infrared finite at all orders in perturbation
theory [130].
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Appendix A

The terms of the amplitude scattering

In this short appendix is displayed the terms used to the calculus of the amplitude
scatterings.

Direct scattering spin (+):

o m 2 2ei¢ o

TP us (pr) = EHEEE = a (o) s (pa)

_ el _

TPV () = TR = ) ()

_ ip(1—e'® _

TP e () = PR = () A e () (A1)
Direct scattering spin (—)

_ ’I\N_0 _ (B4+m)24p2eit '\ 0

a_(py)y u—(p1) = T om(Btmy | U- (po)7 u—(p2)

_ e e _

) u-(p) = P = —u )y u(pa)

—ip(l—e—t® _

() u-(p) = TEEE = —n ()7 u(pa) (A2)
Transverse scattering spin (+)

_ I\N_ 0O _ (E4m)2—p2e® /\_ 0

U4+ (py)7 us(pr) = T2m(Etm) | Ut (p1)7 u+(p2)

_ it _

T () = P = —m ) e ()

_ 3 e"‘z’ _

u (ph) 7y uy (pr) = % =~y (py)7Y*ur (p2) - (A.3)
Transverse scattering spin (—)

m)2—p2e—id _

w_ () u-(p) = Fhgh— =T u-(p2)

. —eii‘z’ s

a(py)y'u-(p) = e = —u () u(p)

_ —1 eiiqb _

w(potu(p) = TP = () () (A4)
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Appendix B

Power counting

The power counting theorem establishes asymptotically upper and lower limits for
the calculations of possible divergent graphs, in this manner, to known their form is an
indispensable tool in the renormalization programs.

In this section, we will establish the power counting relation for the massless model
present in the chapters 3,4 and 5 in the asymptotic limits £k — oo and k£ — 0 knowing as
the UV (d) and IR(r) asymptotic limits for the Feynman diagrams. We start presenting

the forms of the vertices interaction together with its Feynman rules,

;s Al oy
Viaws = Z% ; Vigut = izgﬁ - (B.1)

In this way, we have for the fields, the following contributions: The spinorial field,

vy I@iwi( 2 spinorial) |

Ey 4. (1 spinorial) . (B.2)

The vectorial field A, ,

A, Ia(2 vectorial) ,
Taa( 1 vectorial) |

E44( 1 vectorial) . (B.3)
The vectorial field a,,,

a, : lg( 2 vectorial) |
I,a( 1 vectorial) |

FEou( 1 vectorial) . (B.4)
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We must to notice is, every vertice with N external legs when connected in some way to
form a Feynman graph, the external line E needs two internal lines and it is equal to the

number of fields ¢ times the number of vertices. A mathematical expression is:
21, +1E, = Z,Vy , (B.5)
Applying to our model,

vy — 2L, +1E; . =2V + Vi

W 20, +1Bg , =2V 42V,
Ay —2lpa+1Eaa+ 140 =1Vy +1V_4_
a, —>2l+1Ey+1ag =1Vigr +1V_,_ (B.6)

On the left side of equality (B.6) we wrote how the fields are seeing by the external and
internal lines and on the right side by the vertices. Now, using the useful topological

relation of the number of loops L,
L=I—-(V-1), (B.7)

Is necessary to emphasize here that [ is the total number of internal lines [ = I@+¢+ +
IEJ# + 144+ 140+ 14, and V the total number of vertices V = Vi +2Vi o +V_ 4 +2V_, .

When we make a calculus of a graph v, the count is for each loop L in a space-time
d dimensional we will have L.d power of k£ in the numerator, for the vertices V; with
derivatives of the order d; it contributes with Vid; in the numerator and finally, the
propagators contribution in terms of the internal lines give us in each internal line I;
the inverse of power in k together the UV and IR dimension represented here by the G.

Resuming all in a expression, we get:
D=Ld+)Y Vidi—> Gl (B.8)
( J

To understand the origin of the relation above (B.8) becomes easier if we express the
graphic representation of Feynman diagrams in terms of integrals where we can visualize
it in a ludic manner (Chapter 6 has some examples). Let’s remember, in the quantum
level at each order of loop the Feynman diagrams is equivalent an order of & (See Chapter
2) and an more smart way to count the contribution of momenta in the graphs is to write
it in terms of external lines and the number of vertices. This proceeding allow to guess
a priori, depending on the power counting results, tendencies about the power limits of
the graphs at high orders of loop, be it the ultraviolet or infrared limit, based on the

knowledge of lower orders.
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The symbol D we use can be the ultraviolet limit d(y) or the infrared limit r(7)
depending on the necessity of the model, that is, if all fields of the model are massive we

do not need to make the study of the infrared limit, otherwise, it is a necessity.

B.1 Ultraviolet limit

We still need to known to contribution of the propagators in terms of the internal lines
of some graph, represented here by the symbol G which is made calculating the ultraviolet
and infrared asymptotic limit of the propagators. We will initiate by the ultraviolet limit,
that is, the asymptotic limit of the propagators when the k£ — oo.

A++(l€) and A__(k) — %,

Aga(k) and  Ag(k) — &,

Aua(k) and  Aga(k) — 5. (B.9)
Following our argument the expression (B.8) in d = 3 for the ultraviolet limit of some

graph 7y is D(y) = d(7) taking the form:
d(’}/) =3L — 1I$+¢+ -+ 1]@71#7 + QIAA + QIaa + 3IAa 5 (BlO)

Replacing in the equation above (B.10) the term L written in terms of the internal

lines and vertices obtained from the expression (B.6) is obtained:

1 1 1 1 1 1
d(y) =3-1E3 , —1E; , — gPant SEaa—5Vor- — Voo = SViar —5Vou- — 1,

2

(B.11)
Observing the expression above (B.11) the vertices (V_4_ and V, 44) is one imput of e
respectively, in the same way, the vertices (V_,_ and V,,,) one imput of g and so on
we count the power of e and ¢ in the graph. Therefore, we define N, and N, are the
powers (the number of imputes) of the coupling constants, e and g, together with this new

definition, rewriting the number of external fields Fy, 4. by Ng. we obtain:
d(v):3—1N¢+—1N¢7—ENA—EN(I—ENC—1 g — NVad (B.12)

2 2 2 2
also N, is the number of internal lines 14, associated to the mixed propagator A 4,in the
integral corresponding to the graph +.

And finally, for aesthetics reason a last modification can be done, writing the equation

of power counting (B.12) introducing the ultraviolet limit of the fields dy, present in the
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tables, Tab. (6.1) or Tab.(7.1), we finally obtain:

1 1
d(’}/) =3 - d¢+N¢+ — d¢7N¢7 — dANA — daNa — §Ne — 5 g — NAa (B13)

B.2 Infrared limit

Looking for now the power counting in the infrared limit, but first, we need the
known the infrared dimension of the propagators, that is, the asymptotic behavior of the

propagators when K — 0,
A++(k5> and A__(k) — =

Aqa(k) and  Aglk) — &

g
Ang(k) and Aga(k) — 1. (B.14)

In the same way,
r(y)=3L—1I; , +1I; , +0la4+0lua+ 14a , (B.15)

Again, substituting the term L (B.7) in terms of vertices and internal lines resulted from

the expression (B.6) we get:

3 3 1 1 1 1
—1E; , —~Eyp—=Fuq+ = Vs Vg 4=V =1, ,
P_1p_ 9 AA 9 +2V+A++2VA +2 +2 A
(B.16)

Making a similar substitution like we did in the passage from (B.11) to (B.12) we will

r(y) =3-— 1EE+1/’+

obtain for the equation above (B.16) the following result:

3 3 1 1
7’(’)/):3—1N¢+—1N¢7—§NA—§NQ+§ e+§Ng_NaA (B17)
Now, using the infrared dimension of the fields present in the tables, (6.1) and (7.1), the

final result is:

3 3 1 1
r(v) =3 — 1y, Ny, — ry_Ny_ — §T’ANA — §raNa + 5 Ve + §Ng — Naa (B.18)
Putting the expressions (B.13) and (B.18) in a same expression and using the notation
present in the Chapters, Chap. 6 and Chap. 7, where we use the notation, f for the

spinors fields f = {t¢;,%_} and b for the boson fields b = {A, a} just for coincides the
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notations, the result is that:

: . —
(7”8;> 5 (ijz)Nf_% (;:b>Nb+ (+>%Ne+ (+>% o= Naa, (B19)

The results present in this section was choose because it presents the analysis of the
power counting in the ultraviolet and infrared limit, in the case of massive models, like
the chapters 2 and 3, the procedure is exactly the same and its content is present in the

first part of this appendix when we calculated the ultraviolet limit only.
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