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ABSTRACT

In this thesis we study the quantization of Yang-Mills-Chern-Simons theory through

the lens of the algebraic renormalization framework, which allows us to prove the

extensions of the symmetries of the classical action to the quantum theory to all

orders in perturbation theory in a regularization-scheme independent way. This is a

particularly useful feature when dealing with theories containing the Levi-Civita totally

anti-simmetric tensor, since a regularization which preserves the symmetries is not

always available in such cases. Moreover, it allows us to determine the most general

local counterterms that can be added to the classical action in a purely algebraic way.

Based on the algebraic framework, we establish a local version of the Callan-

Symanzik equation which proves the non-renormalization of the Chern-Simons mass

parameter and the finiteness of the Yang-Mills-Chern-Simons theory as a whole in

the Landau gauge. We then analyse the theory in more general scenarios, including

non-covariant gauges and taking into account the existence of Gribov copies which

appear in the infrared regime of the theory. In both of these, we recover the finite

character of the theory.
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RESUMO

Nesta tese, estudamos a quantização da teoria de Yang-Mills-Chern-Simons através

do formalismo da renormalização algébrica, o que nos permite provar as extensões

das simetrias da ação clássica à teoria quântica para todas as ordens na teoria de

perturbação de uma forma independente do esquema de regularização. Este é um

recurso particularmente útil ao lidar com teorias que contêm o tensor totalmente

antissimétrico de Levi-Civita, uma vez que uma regularização que preserva as

simetrias nem sempre está disponível em tais casos. Além disso, permite-nos

determinar os contratermos locais mais gerais que podem ser adicionados à ação

clássica de uma forma puramente algébrica. Com base no formalismo algébrico,

estabelecemos uma versão local da equação de Callan-Symanzik que prova a não

renormalização do parâmetro de massa de Chern-Simons e a finitude da teoria de

Yang-Mills-Chern-Simons como um todo no calibre de Landau. Em seguida,

analisamos a teoria em cenários mais gerais, incluindo calibres não covariantes e

levando em consideração a existência de cópias de Gribov que aparecem no regime

infravermelho da teoria. Em ambos, recuperamos o caráter finito da teoria.

Palavras-chave: Yang-Mills-Chern-Simons; Renormalização Algébrica; Simetria

BRST
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Chapter 1

Introduction

When non-Abelian gauge theory was first introduced in 1954 by C.N.
Yang and R.L. Mills [1] (and independently by R. Shaw, who never published
his results) and later generalized by R. Utyiama [2], it was treated more as a
mathematical exercise than as physically significant. This impression came
from a general disbelief that field theory would be applicable for anything
other then quantum electrodynamics, which had its problematic ultraviolet
behavior tamed in the late 40’s by the works of H. Bethe [3], R. Feynman [4,5],
J. Schwinger [6–8], S. Tomonaga [9–11] and F. Dyson [12]. The proliferation
of new subatomic particles and the incapacity of theorists at the time to
properly address them led many to search for more phenomenologically based
approaches, such as the S-matrix theory (for example, [13]). The main issue
was that the gauge invariance principle [14] required that all new particles,
responsible for the interactions, needed to be massless, and no such particles
were found so far.

This view, however, started to change in the mid 60’s. The idea of spon-
taneous symmetry breaking, described by the Brout–Englert–Higgs mecha-
nism [15–17], explained how gauge fields could acquire mass while preserving
gauge invariance. This mechanism paved the way for a consistent description
of the weak nuclear force, resulting in the Glashow-Salam-Weinberg theory
or electroweak theory [18–20], which also presented a unified description of
the weak and electromagnetic interactions. Around the same time, the new
particles (hadrons) discovered in the preceding decades were organized by M.
Gell-Mann [21] and Y. Ne’eman [22], in a scheme based in the SU(3) sym-
metry group, called the Eightfold Way. These hadrons were later described
as non-fundamental particles composed of quarks [23–25], whose dynamics is
described by a theory which would later turn into our modern understanding
of Quantum Chromodynamics (QCD). With these two pieces together, the
Standard Model (SM) was formed.

8



CHAPTER 1. 9

The years following were marked by major advances in the physics of
the SM. The renormalization of Yang-Mills theories was proven at the start
of the decade by G. ’t Hooft, both at the symmetric [26] and broken [27]
phases. Moreover, the theoretical framework established allowed for the pre-
diction of a fourth quark [28, 29], which was later confirmed to exist with
the detection of the J/ψ (charmonium) [30,31], in a remarkable event known
afterwards as the November revolution. The discovery of the weak neutral
current [32], confirming a prediction of the electroweak theory, and the dis-
covery of asymptotic freedom [33, 34], indicating a possible explanation for
the confinement of quarks, were further evidence for the robustness of the
SM. With the identification of the Higgs boson [35,36] in 2012, the last piece
of the Standard Model was set. However, there are still phenomena it does
not contemplate, like the neutrino masses, which require some extension of
the theory.

Another important event coming from those years was the identifica-
tion of the Becchi-Rouet-Stora-Tyutin (BRST) symmetry and the impact
it had on theoretical physics. The quantization of Yang-Mills theories in
the continuum (and of gauge theories in general) requires the introduction
of a gauge-fixing term. In the framework of path integral quantization, the
gauge-fixing is necessary to avoid the overcounting of gauge field configura-
tions related by a gauge transformation. In non-Abelian gauge theories, this
term is introduced through the Faddeev-Popov procedure [37]. This leads to
a breakdown of gauge invariance for the total action, but also to the emer-
gence of BRST symmetry [38–41]. This symmetry allowed for a sophisticated
characterization of the renormalization of gauge theories as a cohomology
problem, namely the cohomology of the Slavnov-Taylor operator, which ex-
presses the invariance of the total action under BRST transformations, and
for the consistent construction of the physical space of the theory [42], with-
out unphysical and non-propagating modes. With the BRST symmetry, one
can study the renormalization of gauge theories in a purely algebraic manner
(see [43]), without relying on a specific renormalization-scheme.

This discussion on renormalization works really well for the perturbative
regime, but fails when we try to asses strongly coupled theories. To this date,
we still don’t know exactly what mechanism drives confinement in QCD, that
is, what makes it go from a theory of quarks and gluons at high energies to
one of hadrons and mesons atlow energies. In the late 70’s, this motivated
some research on 2 + 1 dimensional Yang-Mills theories, since they exhibit
an explicitly confining phase [44–46]. Moreover, these theories allow for the
introduction of a gauge-invariant mass term for the gauge fields [47–49],
called the Chern-Simons term, endowing this lower dimensional theory with
a vastly different structure than its four dimensional counterpart. Beyond
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serving as a theoretical laboratory, where we can study phenomena which are
of more complicated description in four dimensions, they are also of interest
for the description of some condensed matter systems, like high-temperature
superconductors [50, 51] and the fractional quantum Hall effect [52–54].

In view of all this considerations, in the following chapters we will present
a study of Yang-Mills theories in three spacetime dimensions, endowed with
a Chern-Simons mass term, which defines the so called Yang-Mills-Chern-
Simons (YMCS) theory. We consider this type of theory for a general SU(N)
group. The quantization of such theories will be made using the BRST
framework through the algebraic renormalization program. In chapter 2,
we present a general introduction to the Quantum Action Principle (QAP)
[55–62] , which is key in establishing the validity of the algebraic method. In
chapter 3, we introduce the YMCS theory in the Landau gauge and prove its
renormalizability to all orders in perturbation theory. Finally, we prove the
finite character of YMCS using a local formulation of the Callan-Symanzik
equation. In chapter 4, we introduce a discussion of non-covariant gauges,
which do not allow for a direct implementation of the QAP.We then construct
a more general gauge fixing, which interpolates between covariant and non-
covariant gauges, and show that the assumptions of the QAP are valid for it.
Lastly, we prove the renormalizability of YMCS theory in the interpolating
gauge. In chapter 5 we introduce a discussion on the Gribov problem and
how it affects non-Abelian theories in the infrared regime. We then present a
partial solution to this issue through the formulation of the Gribov-Zwanziger
action and its subsequent refinement. At last, we implement the elimination
of the so-called Gribov copies coming from the Gribov problem to the YMCS
action in linear covariant gauges and prove that it maintains the finiteness of
the usual YMCS theory. In chapter 6, we gather our final remarks and the
perspectives for future work.

For our conventions, we use natural units ℏ = c = 1, with the exception
of chapter 2, where we keep ℏ for clarity in the exposition of some arguments,
and use the Minkowski metric in (2+1)d ηµν = (1,−1,−1), except for chapter
5, where we adopt the Euclidean signature ηµν = δµν = (1, 1, 1). Whenever
the number of dimensions is not explicitly stated (for example, in the integral
measure d3x), it is assumed that we are working in a general dimension d.



Chapter 2

An introduction to the

Quantum Action Principle

2.1 A Brief Remark on the Generating Func-

tionals

2.1.1 The Green functional

Before the presentation of the algebraic renormalization of the Yang-
Mills-Chern-Simons theory, we shall first introduce how the Quantum Action
Principle emerges from the formulation of renormalized perturbation theory
and the major role played by symmetries in the renormalization of a theory.
We start by discussing the Green functions (or correlation functions) of a
theory, given by the vacuum expectation value of time-ordered products of
the field operators ϕi(x)

Gi1...in(x1, . . . , xn) = ⟨Tϕi1(x1) . . . ϕin(xn)⟩, (2.1)

where the index i generically represents any tensorial or internal structure
the field may posses.

From the Green functions, we can obtain all physical information of a
theory. Indeed, one can show that a theory can be fully reconstructed from
its vacuum expectation values (cf. [63] for a complete discussion). In partic-
ular, correlation functions are the building blocks for the LSZ (Lehmann,
Symanzik, Zimmermann) [64] construction of the scattering matrix, also
called S-matrix, which gives us the probability of obtaining a certain out-
going state of a system from the incoming state (cf. [65] for a pedagogical
introduction).

11
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Within the scope of perturbation theory, correlation functions are con-
structed as formal power series in the coupling constants, and are related to
the diagrammatic expansion using Feynman graphs. We talk of formal series
in the sense that the results from the perturbative expansion are expected
to hold order by order and no assumptions about convergence of their sums
are being made, all interest lying on the coefficients. With that in mind, we
define the generating functional of the Green functions as

Z[J ] =
∞∑

n=0

in

n! ℏn

∫

dx1 . . . dxnGi1...in(x1, . . . , xn)J
i1(x1) . . . J

in(xn), (2.2)

where the sources J in are functions of the Schwartz space S(Rn,C), i.e. are
rapidly decreasing C∞ functions. This define the Green functions to be
tempered distributions (cf. [63, 66] for a general discussion on the theory of
distributions).

From the generating functional Z[J ], one can obtain the Green functions
Gi1...in(x1, . . . , xn) through functional derivatives with respect to the sources
J ij(x). Equivalently, we can write Z[J ] as

Z[J ] = Z[0] +
i

ℏ

∫

dx
δZ

δJ i(x)

∣
∣
∣
∣
J=0

J i(x)

+
i2

2ℏ2

∫

dx1dx2
δ2Z

δJ i1(x1)δJ i2(x2)

∣
∣
∣
∣
J=0

J i1(x1)J
i2(x2) + . . .

+
in

n! ℏn

∫

dx1 . . . dxn
δnZ

δJ i1(x1) . . . δJ in(xn)

∣
∣
∣
∣
J=0

J i1(x1) . . . J
in(xn) + . . . .

(2.3)

Therefore, we can identify

(−iℏ)n
δnZ

δJ i1(x1) . . . δJ in(xn)

∣
∣
∣
∣
J=0

= ⟨Tϕi1(x1) . . . ϕin(xn)⟩. (2.4)

Using the previous result and taking into account that the transition ampli-
tude for a given scattering process, i.e. a certain final state |f⟩ coming from
an initial state |i⟩, is given by the sum over all possible field configurations of
the exponential of the action [67, 68], we can formally define the generating
functional as the path integral

Z[J ] = N

∫

Dϕ e
i
ℏ
(S[ϕ]+

∫

dxϕi(x)J
i(x)) , (2.5)

whereN is a normalization factor, Dϕ is the functional measure of integration
and S[ϕ] is the action functional which determines the classical theory. With
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this expression for the generating functional, the correlation functions are
given by

⟨Tϕi1(x1) . . . ϕin(xn)⟩ = N

∫

Dϕ ϕi1(x1) . . . ϕin(xn) e
i
ℏ
S[ϕ] . (2.6)

It is useful to split the action into its free and interacting parts

S[ϕ] = S0[ϕ] + Sint[ϕ], (2.7)

the former being composed only of quadratic terms on the fields, while the
latter exhibits terms which are the product of three or more fields. This can
be written in the general form as

S[ϕ] =

∫

dx
1

2
ϕi(x)K

ij(∂x)ϕj(x) + Sint[ϕ], (2.8)

where Kij(∂) is some invertible differential operator, called the wave opera-
tor. One can perform a change of variables

ϕi(x) → ϕi(x)−

∫

dy J j(y)∆ij(x, y), (2.9)

where ∆ij(x, y) is the inverse of the wave operator (∆ik(x, y)K
kj(∂x) =

δji δ(x−y)).The measure Dϕ is left invariant, since the Jacobian of the trans-
formation is the identity. After the change of variables, the free action plus
source terms reads

S0[ϕ
′] +

∫

dx ϕ′
i(x)J

i(x) = S0[ϕ]−
1

2

∫

dxdy J i(x)∆ij(x, y)J
j(y). (2.10)

The generating functional of the free action can then be written as

Z0[J ] = N

∫

Dϕ e
i
ℏ
S0[ϕ]e−

i
2ℏ

∫

dxdy Ji(x)∆ij(x,y)J
j(y) . (2.11)

We see that, up to a normalization factor (which we can choose to be 1),
the two-point correlation function of the free theory, i.e. the propagator, is
proportional to the inverse of the wave operator

⟨Tϕi(x)ϕj(y)⟩0 = −iℏ∆ij(x, y). (2.12)

Moreover, we see that higher point correlation functions obey the following
rule

⟨Tϕi1(x1) . . . ϕin(xn)⟩0 =

{

0, if n is odd;

(iℏ)n∆i1i2 . . .∆in−1in + perm., if n is even,

(2.13)
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where we need to take into account all possible permutations of the n in-
dices. This result is known as Wick’s theorem, which appears as a natural
consequence in the functional formalism [67]. However, the free theory says
nothing to us about how the fields interact. In fact, we see from (2.13)
that higher point correlation functions are simply disconnected products of
propagators.

As we shall see in the following, we can obtain the Green functions of the
full interacting theory as a perturbation of the free one. To show this, let us
assume a functional R[ϕ] of the free fields ϕi(x), which admits a power series
expansion

R[ϕ] =
∞∑

n=0

1

n!

∫

dx1 . . . dxn
δnR[ϕ]

δϕi1(x1) . . . δϕin(xn)

∣
∣
∣
∣
ϕ=0

ϕi1(x1) . . . ϕin(xn).

(2.14)
We can readily see from (2.6) that the expectation value of such functional

in the free theory is given by

⟨TR[ϕ]⟩0 = N

∫

DϕR[ϕ]e
i
ℏ
S0[ϕ] . (2.15)

Choosing R[ϕ] = ϕi1(x1) . . . ϕin(xn)e
i
ℏ
Sint[ϕ] and the normalization factor to

be N =
(∫

Dϕ e
i
ℏ
Sint[ϕ]e

i
ℏ
S0[ϕ]

)−1

, we obtain the Gell-Mann-Low formula

⟨Tϕi1(x1) . . . ϕin(xn)⟩ =

∫
Dϕ ϕi1(x1) . . . ϕin(xn)e

i
ℏ
Sint[ϕ]e

i
ℏ
S0[ϕ]

∫
Dϕ e

i
ℏ
Sint[ϕ]e

i
ℏ
S0[ϕ]

=
⟨Tϕi1(x1) . . . ϕin(xn)e

i
ℏ
Sint[ϕ]⟩0

⟨Te
i
ℏ
Sint[ϕ]⟩0

.

(2.16)

Expressing the interaction term as a power series results in the perturbative
expansion of the Green functions, diagrammatically represented by Feynman
graphs. From the leading term we recover the tree-level interacting theory
and the other terms in the series give the loop diagrams of nth order. This
perturbative expansions can be expressed in another way by noticing that
[67, 69]

δ

δJ i(xi)
e

i
ℏ

∫

dxϕi(x)J
i(x) =

i

ℏ
ϕi(xi)e

i
ℏ

∫

dxϕi(x)J
i(x) , (2.17)

so that we can associate to the fields ϕi(x) a functional derivative operator

ϕi(xi) →
ℏ

i

δ

δJ i(xi)
. (2.18)
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Now, if we expand the interaction term into a power series, as stated before,
we can rewrite its field content in terms of this functional operator. Therefore,
the interaction part of the action can be extracted from the functional integral
over the free fields, which modifies (2.5) into

Z[J ] = N e
i
ℏ
Sint

(

ℏ

i
δ

δJi(xi)

)

Z0[J ]. (2.19)

Notice that this expression is only possible when dealing with perturbative
theories. This expression leads to the loop expansion of the correlation func-
tions. However, it generates disconnected and vacuum bubble diagrams along
with the connected ones. To obtain only connected graphs, we will need to
look to the connected and vertex functionals, as we shall see in the next
section.

2.1.2 The Connected and Vertex Functionals

To see how to get rid of disconnected diagrams, let us evaluate the two-
point correlation function of

Zc[J ] = −iℏ lnZ[J ], (2.20)

which is defined as the generating functional of connected Green functions.
Using the definition of equation (2.4), the two-point connected correlation
function is given by

δ2Zc[J ]

δJ i(x)δJ j(y)
= −iℏ

1

Z

δ2Z[J ]

δJ i(x)δJ j(y)
+ iℏ

1

Z2

δZ[J ]

δJ i(x)

δZ[J ]

δJ j(y)

=
i

ℏ
(⟨Tϕi(x)ϕj(y)⟩ − ⟨ϕi(x)⟩⟨ϕj(y)⟩) ,

(2.21)

expressed in terms of the general Green functions. Here, the second term
is responsible for eliminating the disconnected contributions coming from
Z[J ], leaving only connected terms between the points x and y. This can
be generalized for all n-point correlation functions [65]. As a formal power
series, the connected functional can be expressed as

Zc[J ] =
∞∑

n=1

in−1

n! ℏn−1

∫

dx1 . . . dxnJ
i1(x1) . . . J

in(xn)⟨Tϕi1(x1) . . . ϕin(xn)⟩c ,

(2.22)
from which we can define

⟨Tϕi1(x1) . . . ϕin(xn)⟩c = (−iℏ)n−1 δnZc[J ]

δJ i1(x1) . . . δJ in(xn)

∣
∣
∣
∣
J=0

. (2.23)
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The vertex functional, also known as the one-particle irreducible (1PI)
generating functional, provides connected Green functions with amputated
external legs, that is, the connected function stripped of the full two point
functions of all external legs. By defining the ”classical fields” φi(x), which
are the vacuum expectation value of the quantum fields ϕi(x), as

φi =
δZc

δJ i
, (2.24)

we obtain the vertex functional as a Legendre transformation of the connected
one

Γ[φ] = Zc[J ]−

∫

dx J i(x)φi(x)

∣
∣
∣
∣
φi=

δZc

δJi

, (2.25)

where φi(x) are fast decreasing functions belonging to the Schwartz space
S(Rn,C), as the sources J i(x). As such, it can be expressed as a formal
power series

Γ[φ] =
∞∑

n=2

1

n!

∫

dx1 . . . dxnφi1(x1) . . . φin(xn)Γ
i1...in(x1 . . . xn), (2.26)

where Γi1...in(x1 . . . xn) = ⟨Tϕi1(x1) . . . ϕin(xn)⟩1PI is the n-points 1PI Green
function. From the definition (2.25), we get

δΓ[φ]

δφi(x)
= −J i(x), (2.27)

We assume that the fields vacuum expectation values are zero. From these
functional identities, we see that

δ2Γ[φ]

δJ i(x)δφj(y)
= −

δJ j(y)

δJ i(x)
, (2.28)

but since φ = δZc

δJ
, we can manipulate the expression to be

∫

dz
δ2Γ[φ]

δφk(z)δφj(y)

δ2Zc[J ]

δJk(z)δJ i(x)

∣
∣
∣
∣
J,φ=0

= −δji δ(x− y), (2.29)

which tells us that

δ2Γ[φ]

δφk(z)δφj(y)
= −

(
δ2Zc[J ]

δJk(z)δJ j(y)

)−1

. (2.30)

This represents the generalization of the tree-level identity involving the prop-
agator and wave operator, in which now all perturbative corrections are taken
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into account. Moreover, from this result it is possible to show that the con-
nected Green functions can be decomposed as products of 1PI functions,
from the three-point function onward.

The vertex functional can also be written as a formal power series in ℏ

Γ[φ] =
∞∑

n=0

ℏ
nΓ(n)[φ], (2.31)

where the index n indicates the number of loops of the diagrams contribut-
ing to the sum. We prove this statement in the following. The diagrams
containing zero loops are those present in the tree-level action, so that we
can identify

Γ(0)[φ] = S[φ]. (2.32)

Since in a given diagram each vertex V contributes a factor of ℏ−1, each
internal line I corresponds to a propagator carrying a factor of ℏ and there
is a global ℏ factor coming from (2.20), the overall power of ℏ is

N(ℏ) = I + 1− V = L, (2.33)

where L is the number of loops and the identity is due to Euler’s formula.
Therefore, the expansion in ℏ is also a loop expansion of the vertex functional.

2.1.3 Composite operators

For the sake of completeness and for later use, we discuss how to in-
troduce composite operators in a given theory, these being field operators
Qp(x), where p represents any tensorial or color structure, corresponding to
local field polynomials in the classical theory. They are particularly useful
in theories which are invariant under non-linear symmetries and will be used
to control the renormalization of such transformations. Consider the clas-
sical insertion of the composite operator Qp(x) in a theory with a classical
interaction action Sint[ϕ], i.e.,

Sint[ϕ, ρ] = Sint[ϕ] +

∫

dx ρp(x)Q
p(x), (2.34)

depending on the external sources ρp(x). This allows us to write a new Green
functional

Z[J, ρ] =
∞∑

n=0

∞∑

m=0

in

n! ℏn
im

m! ℏm

∫

dx1 . . . dxn

∫

dy1 . . . dym×

× J i1(x1) . . . J
in(xn)ρp1(y1) . . . ρpm(ym)×

× ⟨Tϕi1(x1) . . . ϕin(xn)Q
p1(y1) . . . Q

pm(ym)⟩,

(2.35)
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where now we can obtain all the Green functions with insertions of the com-
posite operator Qp(x) [43]. The connected and vertex functional generaliza-
tions follow in the same manner. In particular, we get

(−iℏ)
δZ[J, ρ]

δρp(x)

∣
∣
∣
∣
ρ=0

:= Qp(x) · Z[J ] (2.36)

which correspond to the Green functional with the insertion of the composite
operatorQp(x), which generates n-point functions ⟨Tϕi1(x1) . . . ϕin(xn)Q

p(y)⟩
with a vertex coming from the composite operator. This Green function con-
tains Feynman graphs with a new vertex associated with the insertion. As
before, similar results hold for the connected and vertex functionals. In par-
ticular, in view of the loop expansion of the vertex functional, we have

δΓ[φ, ρ]

δρp(x)

∣
∣
∣
∣
ρ=0

= Qp(x) · Γ[φ] = Qp(x) +O(ℏ), (2.37)

where the zeroth order term is simply the classical insertion to the interaction
term (2.34).

2.2 Symmetries and the Quantum Action Prin-

ciple

A key aspect of renormalization is to prove that the classical symmetries
of a theory can be extended to a quantum analogue. In other words, that
the Green functions of the theory fulfill such symmetries, expressed by Ward
identities, to all orders in perturbation theory. However, is not always pos-
sible to find an invariant regularization procedure, capable of taming the di-
vergencies in correlation functions while maintaining its invariant character,
which may lead to a breaking of the symmetries of the quantum theory. The
Quantum Action Principle enters then as a tool to identify true symmetry
breakings, i.e. symmetries of the classical action that are not carried on to the
quantum theory, and breakings which appear solely due to the renormaliza-
tion procedure. Those are called anomalies and noninvariant counterterms,
respectively. We will discuss more about that later on.

Let us begin by explaining how to functionally characterize a symmetry
through the so called Ward identities, which generalize the classical symme-
tries to a quantum analogue. Suppose there is a continuous symmetry of the
action (2.7), that is, a transformation of the fields which leaves the action
invariant, that has the infinitesimal form

δϕi(x) = iϵaRai(x), (2.38)
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where ϵa is an infinitesimal parameter of the transformation and Rai(x) are
local functionals of the fields and their derivatives. The set of possible trans-
formations of the fields (2.38) constitutes a continuous group G, also called
a Lie group. Therefore, these transformations belong to a certain represen-
tation of G. The generators τa of G, belonging to the algebra g, obey the
relations

[τa, τb] = ifab
cτc , (2.39)

with fab
c being the totally antisymmetric structure constants of the group

G, which fulfill the Jacobi identities

⟲
a,b,c

fab
dfcd

e = 0, (2.40)

where ⟲ is the cyclic sum symbol. We then impose that Rai(x) obey the
functional relations

∫

dz

(

Rbj(z)
δRai(x)

δϕj(z)
−Raj(z)

δRbi(x)

δϕj(z)

)

= ifab
cRci(x). (2.41)

The transformations can be implemented by aWard operatorWa on a general
functional F [ϕ]

δF [ϕ] = −iϵaWaF [ϕ] = iϵa
∫

dxRai(x)
δF [ϕ]

δϕi(x)
(2.42)

where we define

Wa = −

∫

dxRai(x)
δ

δϕi(x)
. (2.43)

The Ward operators obey the same commutation relations of the Lie algebra
g. We can verify this explicitly

[Wa,Wb]F =

∫

dydz

[

Rai(y)
δ

δϕi(y)

(

Rbj(z)
δF

δϕj(z)

)

−Rbi(y)
δ

δϕi(y)

(

Raj(z)
δF

δϕj(z)

)]

=

∫

dydz

[

Rai(y)
δRbj(z)

δϕi(y)
−Rbi(y)

δRaj(z)

δϕi(y)

]
δF

δϕj(z)

=

∫

dz(−ifab
cRcj(z))

δF

δϕj(z)
= ifab

cWcF,

(2.44)

where we used (2.41) from the second to the third equality.
In the case of linear symmetries, that is, transformations which depend

linearly on the fields, we have

δϕi(x) = iϵaTai
jϕj(x), (2.45)
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with the matrix elements Tai
j obeying the commutation relations, defining a

representation of the Lie group G. Under this representation, the identities
which express the invariance of the action S[ϕ] are functionally implemented
by

WaS[ϕ] = −

∫

dxTai
jϕj(x)

δ

δϕi(x)
S[ϕ] = 0. (2.46)

Bearing in mind that the classical action is the tree-level approximation
of the vertex functional, one can obtain the connected and Green generat-
ing functionals tree approximation from (2.25) and (2.20). One can then
establish the equivalent invariance of the Green generating functional

WaZ
(0)[J ] = −

∫

dxJ i(x)Tai
j δ

δJ j(x)
Z(0)[J ] = 0. (2.47)

Therefore, one can establish relations between Green functions which are
consequences of this symmetry. They read

N∑

n=1

⟨Tϕi1(x1) . . . ϕin−1(xn−1)Tain
jnϕjn(xn) . . . ϕiN (xN)⟩ = 0, (2.48)

resulting in a sum of elementary Green functions. These are the so-called
Ward Identities. Such symmetries will not be subjected to the process of
renormalization.

2.2.1 Non-linear symmetries

In the general case, where Rai is not a linear function in the fields, the
Ward identity would not result in a sum of elementary Green functions, due
to the insertion of local composite operators. Thus, one can express the total
classical action as

Γ(0) = S[ϕ] + Sext[ρ, ϕ] = S[ϕ] + i

∫

dxϵaρi(x)Rai(x), (2.49)

where we couple the field transformation to an external source ρi. The total
action Γ(0), however, is not invariant under the transformation of the fields
(2.38), due to the introduction of the external sources, so we can’t directly
derive Ward identities for it as in the linear case. A way to do so is to treat
the infinitesimal parameters ϵa as Grassmann numbers transforming in the
adjoint representation of the gauge group G, that is

{ϵa, ϵb} = 0, δϵa = −
1

2
fbc

aϵbϵc. (2.50)
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With this redefinition, the transformation rules implemented by the operator
δ are nilpotent

δ2 = 0. (2.51)

From now on, the operator δ will be denoted as s. The total action now is
invariant under the transformations implemeted by s

sΓ(0) = sS[ϕ] + is

∫

dxϵaρi(x)Rai(x)

= i

∫

dxsϵaρi(x)Rai(x)− i

∫

dxϵasρi(x)Rai(x)− i

∫

dxϵaρi(x)sRai(x)

= −
i

2

∫

dxfbc
aϵbϵcρi(x)Rai(x)− i

∫

dxϵaρi(x)

∫

dzδϕj(z)
δRai(x)

δϕj(z)

= −
i

2

∫

dxfbc
aϵbϵcρi(x)Rai(x) +

∫

dxdzρiϵaϵbRbj(z)
δRai(x)

δϕj(z)

= −
i

2

∫

dxfbc
aϵbϵcρi(x)Rai(x)

+
1

2

∫

dxdzρiϵaϵb
(

Rbj(z)
δRai(x)

δϕj(z)
−Raj(z)

δRbi(x)

δϕj(z)

)

= −
i

2

∫

dxfbc
aϵbϵcρi(x)Rai(x) +

i

2

∫

dxρiϵaϵbfab
cRci(x) = 0,

(2.52)

where we used (2.38), (2.41) and (2.50) in the intermediate steps, as well as
the cyclic permutation of the structure constants and the invariance of the
external source (sρi = 0). The invariance of the total tree-level action can
be functionally expressed as

S(Γ(0)) =

∫

dx
δΓ(0)

δρi
δΓ(0)

δϕi

−
1

2
fbc

aϵbϵc
δΓ(0)

δϵa
= 0. (2.53)

This equation is known as a Slavnov-Taylor identity. The nilpotent operator
s is called the BRST operator [38, 40, 41] and is of great importance in the
study of gauge theories, as it turns out that the renormalization of such
theories is fully encompassed by the study of the cohomology of the BRST
operator [70]. Beyond that, it is also useful at the classical level [71,72]. The
previous presentation was done considering global (rigid) transformations,
where the parameters ϵa do not depend on the space-time position x, but it
works similarly for local (gauge) transformations, where ϵa = ϵa(x).
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2.2.2 Power-counting

As stated before, the perturbative quantization of a classical theory goes
through the process of renormalization, that is, the removal of ultraviolet
(UV) divergencies from the loop integrals in momentum space. These diver-
gencies appear due to the local product of propagators, that is, in coinciding
space-time points, which is not properly defined, since they are distribution
valued objects. Renormalization is then the process of removing these diver-
gencies in a physically meaningful way.

Since all Feynman graphs can be constructed using 1PI diagrams, we can
focus on the divergencies of the latter. Considering a 1PI Feynman diagram
γ with

• Na amputated external legs corresponding to the fields Φa = ϕi or the
sources ρi with UV dimension da;

• NV interaction vertices Vk of UV dimension dk;

• Iij internal lines corresponding to the propagators ∆ij = ⟨Tϕiϕj⟩;

• L loops;

where UV dimension of the fields ϕi, sources ρp and propagators ∆ij are
defined as such

1. The quadratic part of the Lagrangian is bounded by the space-time
dimension D, where the derivative ∂µ has UV dimension 1;

2. The UV dimension of the propagators dij is given by the asymptotic
behavior of its Fourier transform

lim
p→∞

∆ij(p) ∼ pdij ; (2.54)

3. The UV dimensions of the fields are then restricted by the inequality

di + dj ≥ dij +D; (2.55)

4. The UV dimension of the sources is defined as dp = D − dQp , where
dQp is the UV dimension of the composite operator coupled to it.

The UV dimension of the vertices is given by the sum of the dimensions of
the fields and derivatives composing each vertex.

Therefore, to the diagram γ corresponds a momentum integral

Jγ(p) =

∫

dk1 . . . dkLIγ(p, k), (2.56)
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where p = (p1, . . . , pNa
), obeying momentum conservation

∑Na

1 pi = 0, are
the external leg momenta and k = (k1, . . . , kL) are the independent loop
momenta. One can find the superficial degree of divergence d(γ) by rescaling
the momenta as p, k → λp, λk, so that the integrand behavior in the limit
λ→ ∞ is given by

∫

d(λk1) . . . d(λkL)Iγ(λp, λk) ∼ λd(γ), (2.57)

where d(γ) is defined as

d(γ) = D +
∑

NV

(dk −D)−
∑

a

Nada. (2.58)

Theories in which the degree of divergence d(γ) is bounded by a maximum
value depending on the number of external legs

dmax(γ) = D −
∑

a

Nada, (2.59)

that is, theories whose interaction vertices do not present dimension higher
than D (in fact, the above expression is obtained assuming dk = D for all
vertices) are called power-counting renormalizable theories. These are all
theories where the number of divergent diagrams is finite, independently of
the number of loops. A primary example is Quantum Electrodynamics. On
the contrary, if the number of diagrams grows indefinitely with the number
of loops, the theory is called power-counting non-renormalizable. That is the
case of general relativity, for example. Finally, if the number of divergent
diagrams decreases as we go to higher loop orders, the theory is called su-
perrenormalizable. In the following, we’ll be dealing with Yang-Mills-Chern-
Simons theories, which belong to such class.

These results are formally expressed in the power-counting theorem, de-
rived by Weinberg [73] and Zimmermann [74] for massive theories, and gen-
eralized to the massless case by Lowenstein and others [75–77]. They give
a proper meaning to the subtraction of divergencies realized by the renor-
malization procedures. Moreover, they show how this subtraction leads to
the introduction of local counterterms which are responsible for the renor-
malization of the parameters of the theory. These counterterms are fixed by
normalization conditions and symmetry requirements. As a final comment,
we mention that a sufficient condition for a theory to be physically meaning-
ful is that the number of possible counterterms is finite, a feature that can
be obtained by imposing that they obey symmetry restrictions, as we shall
see in the following.
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2.2.3 The Quantum Action Principle

The Ward identities derived so far are valid at the classical level, but we
do not know if they remain valid for the quantized theory. The Quantum
Action Principle [55–62] comes in as a way to constrain the possible breakings
of the classical symmetries at the quantum level1. For the vertex functional,
it reads ∫

dx
δΓ

δρa(x)

δΓ

δϕi(x)
= ∆ai(x) · Γ, (2.60)

or equivalently, in a way which makes explicit use of the Ward operator,

WaΓ = ∆a · Γ, (2.61)

where the insertions ∆ are local composite field operators, that is, integrated
polynomials of the fields and their derivatives, coinciding with the classi-
cal insertion in the tree approximation. The insertions ∆ are bounded by
the space-time dimension D and fields dimensions di, and hold the same
properties as the Ward operator (color indices, charge conjugation,etc). The
expression above remain valid for linear symmetries, where no external source
ρ needs to be introduced. In this case, the variation in relation to ρ is ex-
changed by the linear transformations of the fields.

The Quantum Action Principle is also valid for variations with respect to
the parameters λ of the theory (masses, coupling constants, etc), where it
reads

∂

∂λ
Γ = ∆ · Γ, (2.62)

where the quantum insertions ∆ hold the same properties as discussed pre-
viously.

In particular, an anomaly can be defined as the failure of the Ward iden-
tities to hold to a certain order in perturbation theory, that is, a symmetry
of the classical action that cannot be extended to the full quantum theory.
In terms of the vertex functional, for a non-anomalous symmetry, we want
that

WaS = 0 → WaΓ = 0. (2.63)

But as we mentioned before, every regularization procedure may break the
symmetry in the computation of the loop diagrams. If the symmetry breaking
term cannot be absorbed by the introduction of suitable counterterms at
some nth order in the loop expansion, it represents a true anomaly and the
symmetry is lost in the quantum theory. The argument follows as such:

1These results hold provided the theory is power-counting renormalizable.
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assuming that the vertex functional violates the Ward identity at some order
n

WaΓ = ℏ
n∆a · Γ = ℏ

n∆a +O(ℏn+1), (2.64)

where ∆a are local insertions representing the breaking of the symmetry at
that order. In a general manner, the breakings ∆a can be written as

∆a = Aa +Wa∆̂, (2.65)

where Aa represents a true anomaly and ∆̂ is a non-invariant counterterm
which can be absorbed by a redefinition of the vertex functional Γ → Γ−ℏ

n∆̂
at order n. To define the presence or not of a true anomaly, we must study
the cohomology problem posed by the Wess-Zumino condition [43, 70]

Wa∆b −Wb∆a = ifab
c∆c. (2.66)

In this context, the anomalies represent non-trivial terms of the cohomology,
that is, terms which cannot be expressed as W-variation of some local inser-
tion, while the non-invariant counterterms are represented by trivial ones.

In addition to anomalies and non-invariant counterterms, one can still
have symmetric (invariant) counterterms added to the classical action through
the renormalization process. These counterterms are responsible for the
renormalization of the parameters and fields of the theory and need to be
fixed by appropriate renormalization conditions. They are, in general, in a
one-to-one correspondence to the terms in the classical action. This expresses
the stability of the theory with respect to quantum fluctuations.

They can be understood as a perturbation of the total classical action
Γ(0) → Γ(0) + εΓct, so that it obeys the general Ward identity

W(Γ(0) + εΓct) = 0 +O(ε2), (2.67)

up to second order in the infinitesimal parameter ε. Given that we can
generally write the Ward operator acting on the vertex functional as

WΓ =

∫

dx
δΓ

δρa(x)

δΓ

δϕi(x)
, (2.68)

the counterterm action Γct must obey the linearized version of the Ward
operator, which can easily be obtained from

W(Γ(0) + εΓct) =

∫

dx
δΓ(0)

δρa(x)

δΓ(0)

δϕi(x)

+ ε

∫

dx

(
δΓ(0)

δρa(x)

δΓct

δϕi(x)
+

δΓ(0)

δϕi(x)

δΓct

δρa(x)

)

︸ ︷︷ ︸

W
Γ(0)Γ

ct

= 0 +O(ε2),

(2.69)
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that is, the counterterm action must obey

WΓ(0)Γct = 0, (2.70)

where WΓ is the linearized version of the Ward operator. The classical action
is then stable if the perturbation can be reabsorbed by a redefinition of the
initial fields and parameters

Γ(0)[ϕ, λ, ρ] + εΓct[ϕ, λ, ρ] = Γ(0)[ϕ0, λ0, ρ0] +O(ε2), (2.71)

where the quantities ϕ0, λ0, ρ0 are related to the original ones by

ϕ0 = Z
1/2
ϕ ϕ, λ0 = Zλλ, ρ0 = Zρρ. (2.72)

The quantities Zi are defined order by order as a series in ℏ. If this condition
is satisfied, we say that the theory is multiplicatively renormalizable.

What we call algebraic renormalization is an iterative program to con-
struct the most general anomaly, non-invariant and symmetric counterterms
possible at any perturbative order, based on the Quantum Action Principle.
Therefore, at a given order n, we identify the possible quantum insertions
which respect the symmetry and dimensional restrictions for a given Ward
operator as a polynomial in the fields and their derivatives. In special, we
look at this construction for the Slavnov-Taylor operator, which represents
the BRST transformations at the functional level, in the cohomology sectors
of ghost number 1, for possible anomalies and non-invariant counterterms,
and ghost number 0, for the counterterms responsible for the renormalization
of the parameters and fields of the tree-level action. This construction will
be used throughout the rest of this thesis to study the renormalization of
Yang-Mills-Chern-Simons theory, as we shall see in the following.
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Algebraic Renormalization of

Yang-Mills-Chern-Simons in

the Landau Gauge

3.1 Yang-Mills-Chern-Simons in the Landau

Gauge

We now apply the results from the previous discussion to a concrete
example, the Yang-Mills-Chern-Simons theory [47–49]. The tree-level Yang-
Mills-Chern-Simons action for a general SU(N) gauge group is given by

SYMCS = Tr

∫

d3x

[

−
1

4
FµνF

µν +
m

2
ϵµρν

(

Aµ∂ρAν +
2g

3
AµAρAν

)]

, (3.1)

where the gauge field is a Lie algebra valued field Aµ = Aa
µτ

a in the adjoint
representation of SU(N), the field-strength is defined as Fµν = ∂µAν−∂νAµ−
ig[Aµ, Aν ], g is the coupling constant associated with the gauge group and
m is the topological mass associated to the Chern-Simons term. We assume
that the generators obey the normalization Tr(τaτ b) = δab, which renders
the action in components

SYMCS =

∫

d3x

[

−
1

4
F a
µνF

aµν +
m

2
ϵµρν

(

Aa
µ∂ρA

a
ν +

2g

3
fabcAa

µA
b
ρA

c
ν

)]

.

(3.2)
The Yang-Mills term in the action is fully invariant under general gauge
transformations

Aµ → A′
µ = U−1AµU +

i

g
U−1∂µU, (3.3)

27
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where U = eigω
aτa is an element of the gauge group SU(N). In particular,

an infinitesimal transformations takes the form

Aµ → A′
µ = Aµ −Dµω, (3.4)

where ω = ωa(x)τa is a Lie algebra valued infinitesimal local parameter of
the gauge transformation and

Dµω = ∂µω − g[Aµ, ω], (3.5)

is the covariant derivative in the adjoint representation. However, unlike the
Yang-Mills term, the Chern-Simons action is only invariant under infinitesi-
mal gauge transformations, up to a total derivative. Under finite transforma-
tions, its variation is proportional to the second Chern character integral [78]

I = Tr

∫

d3xϵµρν
(
U−1∂µUU

−1∂ρUU
−1∂νU

)
. (3.6)

Another feature of the Chern-Simons term is that it is odd under parity
transformations. In three space-time dimensions, parity transformations can
be defined as

x0 → x0,

x1 → −x1, (3.7)

x2 → x2,

and since the gauge field transforms covariantly, we get

A0 → A0,

A1 → −A1, (3.8)

A2 → A2,

so that under parity transformations

ϵµρν
(

Aa
µ∂ρA

a
ν +

2g

3
fabcAa

µA
b
ρA

c
ν

)

P
→ −ϵµρν

(

Aa
µ∂ρA

a
ν +

2g

3
fabcAa

µA
b
ρA

c
ν

)

.

(3.9)
A final comment is due on the topological nature of the Chern-Simons

term. Being the integral of a 3-form on a general manifold M, it does not
depend on any metric gµν defined over M. Explicitly, this reads

δSCS

δgµν
= 0. (3.10)
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This identity allows one to compute topological invariants using the general
techniques of perturbative quantum field theory [79], making it a valuable
tool from the mathematics perspective. It is also responsible for the ul-
traviolet finiteness of pure Chern-Simons theory [80, 81], meaning that its
parameters and fields receive no radiative corrections coming from the loop
diagrams expansion.

In the following, we present the complete gauge-fixed YMCS action. In
order to make use of a local version of the Callan-Symanzik equation later, so
as to prove its ultraviolet finiteness, we define the Yang-Mills-Chern-Simons
theory on a general three-dimensional Riemannian manifold, asymptotically
flat and topologically equivalent to R

3 [82–84]. This is, however, a choice of
presentation, since the vanishing of β functions for the Chern-Simons can be
shown to hold purely from cohomological arguments [85].

3.1.1 The Complete Action and its Symmetries

We begin then with a theory defined over a Riemannian manifold M,
topologically equivalent to R

3, which allows us to use the general results
from renormalization theory in flat space-time [55–62,86]. It is described by
a dreiben emµ (x), which connects the manifold metric tensor gµν(x) to the flat
tangent space metric ηmn through the relation

gµν(x) = emµ (x)e
n
ν (x)ηmn. (3.11)

Here µ denotes the global manifold index and m the local tangent space
index. The inverse of the dreibein is denoted as eµm(x) and its determinant
is denoted as e.

Then, the gauge-fixed YMCS action in the Landau gauge, coupled to
external sources to control the renormalization of the BRST transformations,
is given by

Γ(0) =

∫

d3x

[

−
e

4
F a
µνF

aµν +
m

2
ϵµρν

(

Aa
µ∂ρA

a
ν +

2g

3
fabcAa

µA
b
ρA

c
ν

)

− egµν(∂µb
aAa

ν + ∂µc̄
aDνc

a) + (A∗aµsAa
ν + c∗asca)] ,

(3.12)

where ca, c̄a and ba are the Faddeev-Popov ghost, antighost and the Nakanishi-
Lautrup fields, respectively, and A∗aµ and c∗a are tensorial density sources
(“antifields”) coupled to the nonlinear transformations of Aa

µ and ca. The
BRST transformations of the fields are:

sAa
µ = −Dµc

a = −(∂µc
a + fabcAb

µc
c),

sca =
g

2
fabccbcc, sc̄a = ba, sba = 0,

(3.13)
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and the antifields are BRST-invariant (sA∗aµ = 0 and sc∗a = 0). These
transformations ensure that the BRST operator s is nilpotent (s2 = 0) and
that the tree-level action is BRST-invariant (sΓ(0) = 0). Since we are working
in a general curved manifold, we also have invariance under diffeomorphisms

δεdiffFµ = εα∂αFµ + (∂µε
α)Fα, for Fµ = Aa

µ, e
m
µ

δεdiffΦ = εα∂αΦ, for Φ = ca, c̄a, ba

δεdiffA
∗aµ = ∂α(ε

αA∗aµ)− (∂αε
µ)A∗aα, δεdiffc

∗a = ∂α(ε
αc∗a),

(3.14)

or in a condensed notation

δεdiffΦ = LεΦ, for Φ = Aa
µ, e

m
µ , c

a, c̄a, ba, A∗aα, c∗a, (3.15)

where Lε is the appropriate Lie derivative of the field along the infinitesimal
vector field εµ. Local Lorentz invariance is given by

δλLorentzΦ =
1

2
λmnΩ

[mn]Φ, (3.16)

where λmn is the infinitesimal parameter of the transformation and Ω[mn] is
the antisymmetric matrix generator of the Lorentz transformation, acting on
the fields with the appropriate representation for each case.

To make use of the Quantum Action Principle, we first express the in-
variances of the action in terms of functional Ward identities. The BRST
invariance is given by the Slavnov-Taylor identity

S(Γ(0)) =

∫

d3x

(
δΓ(0)

δA∗aµ

δΓ(0)

δAa
µ

+
δΓ(0)

δc∗a
δΓ(0)

δca
+ ba

δΓ(0)

δc̄a

)

= 0, (3.17)

with the linearized Slavnov-Taylor operator defined as

SΓ(0) =

∫

d3x

(
δΓ(0)

δA∗aµ

δ

δAa
µ

+
δΓ(0)

δAa
µ

δ

δA∗aµ
+
δΓ(0)

δc∗a
δ

δca
+
δΓ(0)

δca
δ

δc∗a
+ ba

δ

δc̄a

)

.

(3.18)
These operators obey the following algebraic relations, valid for any func-

tional F

SFS(F) = 0, ∀F ,

SFSF = 0, if S(F) = 0.
(3.19)

These relations ensure the nilpotency of the Slavnov-Taylor operator, due
to (3.17), so that (SΓ(0))2 = 0. The tree-level action is also subjected by a
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number of constraints and identities beyond the Slavnov-Taylor. They are
the gauge-fixing condition, in this case the Landau gauge condition

δΓ(0)

δba
= ∂µ(eg

µνAa
ν). (3.20)

The ghost equation

GaΓ(0) =
δΓ(0)

δc̄a
+ ∂µ

(

egµν
δΓ(0)

δA∗aµ

)

= 0, (3.21)

which comes from the commutator of (3.17) with (3.20). It restrains the
dependence of the theory on the anti-ghost to the combination Ã∗aµ = A∗aµ+
egµν∂νc

a. As a special feature of the Landau gauge, we have also an anti-
ghost equation

ḠaΓ(0) =

∫

d3x

(
δΓ(0)

δca
+ gfabcc̄b

δΓ(0)

δbc

)

= ∆a
cl,

with ∆a
cl =

∫

d3xgfabc(A∗bµAc
µ − c∗bcc).

(3.22)

The equations (3.20-3.22) above, being linearly broken in the quantum fields,
therefore composed of linear sums of C∞ distributions, will not be subjected
to renormalization, that is, they hold for the quantum theory as well [43].
This result will simplify the search for possible counterterms, as we shall see
later. In particular, the anti-ghost equation implies the nonrenormalization
of the ghost fields and of the classical breaking ∆a

cl coefficients, that is, the
structure constants fabc [87].

Beyond that, we have the Ward identities corresponding to the diffeomor-
phisms and Lorentz transformations

WXΓ
(0) =

∫

d3x
∑

Φ

δXΦ
δΓ(0)

δΦ
= 0, (3.23)

where X = (diff, Lorentz) and Φ runs over all fields and anti-fields of the
theory. Finally, there is a rigid gauge invariance, coming from the commuta-
tion of (3.17) and (3.22)

Wa
rigidΓ

(0) =

∫

d3x
∑

ϕ

fabcϕb δΓ
(0)

δϕc
= 0, (3.24)

where ϕ = A, c, c̄, b, A∗, c∗.



CHAPTER 3. 32

Field A c c̄ b A∗ c∗ g
d 1/2 -1/2 3/2 3/2 5/2 7/2 1/2
ΦΠ 0 1 -1 0 -1 -2 0
dW -1/2 -1/2 3/2 3/2 1/2 1/2 1/2

Table 3.1: Dimension, ghost number and Weyl dimension of the field content
and coupling constant of the YMCS action.

3.1.2 Renormalizability

To prove the renormalizability of the theory is to prove that we can con-
struct a renormalized vertex functional Γ = Γ(0) + O(ℏ), which obeys the
same symmetry constraints as the tree-level action Γ(0) and corresponds to it
at zero order in the ℏ perturbative expansion (2.31). To do so, we make use
of the Quantum Action Principle, which allows us to establish a recursive
procedure valid at all orders in perturbation theory. This is the core of the
algebraic renormalization procedure [43].

The first step is then to check the power-counting renormalizability of the
Yang-Mills-Chern-Simons theory defined by (3.12). A usual feature of lower-
dimensional field theories is that they are superrenormalizable, meaning that
the number of divergent graphs decreases as we go to higher loop orders and
are, therefore, finite. This can be interpreted as a result of the coupling
constant possessing non-zero mass dimension. In the case of YMCS, the
fields UV dimension is equal to their canonical dimension, and therefore
constrained by the dimension of the action being bounded by three, and
the coupling constant has mass dimension 1/2. Beyond that, we choose the
dimensions so as to render the BRST operator massless. We collect the
dimensions in Table 3.1, as well as their ghost numbers ΦΠ (associated with
the Grassmann parity of the field) and Weyl dimension dW , which is defined
by how the field transforms under a rescaling of the metric tensor

gµν → e−2ω(x)gµν =⇒ Φ → ΦedWω. (3.25)

The superrenormalizability can be seen directly from the superficial de-
gree of divergence. For a given 1PI Feynman diagram γ, we have

d(γ) = 3−
∑

ϕ

dϕNϕ −
1

2
Ng, (3.26)

where Ng is the power of the coupling constant appearing in the integral
representation of the diagram. This dependence indicates its superrenormal-
izability, since higher loops implies higher powers in the coupling constant,
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and therefore lower degree of divergence. In fact, from (3.26), we get that
the YMCS theory is only divergent up to two loops, which allows the explicit
verification of its ultraviolet finiteness [48, 88–90].

Following [91], we consider g as an external field of mass dimension 1/2,
so that we can use the results from the Quantum Action Principle to restrict
the dimension of the counterterms. In this manner, the degree of divergence
of a diagram γ is given by

d(γ) = 3−
∑

Φ=ϕ,g

dΦNΦ. (3.27)

The dimension of the counterterms is then restricted by the dimension
of the action, being bounded by 3. But since they come from radiative
corrections, which means at least power g2 in the coupling constant, the field
polynomials have dimensions bounded by 2, not taking g into account.

We are now able to discuss the possible anomalies and counterterms of
the theory. As stated before, the gauge-fixing condition (3.20), ghost (3.21)
and antighost (3.22) equations, being linearly broken in the quantum fields,
do not need to go through renormalization. The rigid invariance can also be
shown to hold for the quantum theory [43]. As for the diffeomorphisms and
Lorentz Ward identities (3.23), they have been shown to be free of anomalies
for the class of manifolds we consider here [92, 93] and, therefore, can be
assumed as valid to all orders.

The question about renormalizability therefore rests on the validity of
the Slavnov-Taylor identity (3.17) for the vertex functional Γ. As it is well
known, this corresponds to the study of the cohomology of the linearized
Slavnov-Taylor operator SΓ(0) , with its nilpotency defined by the algebraic
relations (3.19). It follow as such: assuming that the Slavnov-Taylor identity
holds to order n− 1 in ℏ, that is

S(Γ) = O(ℏn), (3.28)

we want to prove that it can be extended to order n, so that

S(Γ) = O(ℏn+1). (3.29)

Using the results from the Quantum Action Principle, we know that a
possible breaking is a quantum insertion ∆ ·Γ in the space of integrated local
polynomials in the fields, bounded by dimension 2 (not counting the coupling
constant) and with ghost number 1, at order n in the ℏ expansion

S(Γ) = ℏ
n∆ · Γ = ℏ

n∆+O(ℏn+1). (3.30)
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Since we can expand the linearized operator for the vertex functional as

SΓ = SΓ(0) +O(ℏ), (3.31)

the nilpotency of the Slavnov-Taylor operator implies that the breaking term
obeys the following identity

SΓ(0)∆ = 0. (3.32)

This consistency condition describes the cohomology of the operator in
the sector of ghost number 1. The solution of (3.32) has the general form

∆ = A+ SΓ(0)∆̂, (3.33)

where A represents an anomaly, being a non-trivial cocycle, while SΓ(0)∆̂
belongs to the space of coboundaries, that is, solutions that are themselves
variations of another term, and therefore are trivial solution due to the nilpo-
tency of the operator SΓ(0) . We see that the Slavnov-Taylor operator defines
equivalence classes of elements which differ by a coboundary, that is

∆′ ∼ ∆′′ =⇒ ∆′ −∆′′ = SΓ(0)∆̃. (3.34)

The breaking ∆, which is a solution of (3.32), is an integrated local func-
tional of the fields, with ghost number 1 and dimension 2. Since all identities
other than the Slavnov-Taylor were argued to hold for the quantum theory,
it obeys the restrictions

δ

δba
∆ = Ga∆ = Ḡa∆ = WX∆ = 0, (3.35)

where WX stands for the diffeomorphisms, Lorentz and rigid Ward identities.
Moreover, the cohomology sector of ghost number 1 does not depend on
the antifields [93, 94], which further restricts the fields dependence of ∆ to
only the gauge fields Aa

µ and the ghosts ca, and the latter only through its
derivatives since the anti-ghost equation (3.22) is an integrated one

∫

d3x
δ

δca
∆ = 0. (3.36)

It is known that in three dimensions there are no anomalies, that is, the
cohomology sector of ghost number 1 is empty [92,94], up to some contribu-
tion from Abelian ghosts. These, however, do not contribute to the anomaly,
due to their soft coupling [95, 96]. Moreover, we assume a simple compact
SU(N) Lie group, so no Abelian factor appears in the analysis. Therefore,
the Slavnov-Taylor identity can be consistently implemented for the vertex
functional Γ at all orders in perturbation theory.
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As for the symmetric counterterms, that is, the sector of ghost number
0, responsible for the renormalization of the fields and parameters, we see
that the bound to mass dimension 2 terms (since we must take into account
the g2 factor) to be added at each order to the tree-level action is rather
restrictive. In fact, terms like the Yang-Mills kinetic term F aµνF a

µν , being of
mass dimension 3, do not belong to the cohomology. The only term allowed
by this constraint is the Chern-Simons term, so that

Γct = zm

∫

d3x
m

2
ϵµρν

(

Aa
µ∂ρA

a
ν +

2g

3
fabcAa

µA
b
ρA

c
ν

)

= zmm
∂

∂m
Γ(0),

(3.37)

where zm is an arbitrary parameter.
It follows from (3.37) that the Chern-Simons topological mass m is the

only parameter that may suffer radiative corrections, since the only possible
counterterm is related to it. Therefore, the coupling constant g and the fields
exhibit vanishing β-function and anomalous dimensions, respectively. This
shows that the theory is renormalizable at all orders, i.e. its symmetries
remain valid for the quantum theory, represented in terms of the vertex
functional Γ, and radiative corrections only affect the Chern-Simons mass
parameter, being possibly reabsorbed by an appropriate redefinition of the
tree-level action parameters and fields. However, we shall see that, due to
(3.37) not being locally BRST-invariant, there are no radiative corrections
for the mass m.

3.2 Scaling Properties of Yang-Mills-Chern-

Simons

The beta functions and anomalous dimensions of a quantum field theory
are related to the scaling properties of such theory. Since invariant countert-
erms must be fixed by renormalization conditions at a certain energy scale µ,
these quantities express the dependence of parameters and fields to a change
of scale, that is, how the theory varies along the energy scale µ. This be-
havior is described by the Callan-Symanzik equation, which, in view of the
Quantum Action Principle, can be written as [43]

(m∂m + µ∂µ)Γ = ∆ · Γ, (3.38)

where ∆ · Γ is a symmetric insertion bounded by the space-time dimension
D. In our case, the insertion given by the counterterm (3.37) is written in a
suitable basis to enter (3.38).



CHAPTER 3. 36

However, as we mentioned before, the counterterm, which is proportional
to the Chern-Simons action, is not locally invariant under BRST transfor-
mations, meaning that the Lagrangian density LCS is not invariant, but it’s
integral is, since this change is proportional to a total derivative (sLCS = ∂Λ).
Therefore, a more appropriate set up to study the scale dependence of the
theory is through a local version of the Callan-Symanzik equation, where the
differences between the Chern-Simons Lagrangian and action can be better
exploited. This local formulation can be achieved from the trace identity of
the energy-momentum tensor, defined as the quantum insertion

Θµ
ν · Γ = e−1emµ

δΓ

δemν
. (3.39)

Let us see how one can obtain such equation. From the conservation of
the classical energy momentum tensor, due to the invariance of the classical
action under diffeomorphisms, we get the following local equation

e∇µΘν
µ = wν(x)Γ

(0) +∇µwν
µ(x)Γ(0), (3.40)

where ∇µ is the curved space covariant derivative1, that is, it takes into
account the diffeomorphism invariance, and the operators wν(x) and wν

µ(x)
are

wµ(x) =
∑

Φ

∇µΦ
δ

δΦ
, (3.42)

and

wν
µ(x) = A∗µ δ

δA∗ν
− Aµ δ

δAν
− δµν

(

c∗
δ

δc∗
+ A∗λ δ

δA∗λ

)

, (3.43)

which represent contact terms. We see that in the flat space limit the operator
wµ(x) is nothing more than the translation Ward operator.

The integrated trace of the energy-momentum is

∫

d3xeΘµ
µ =

∫

d3xemµ
δΓ(0)

δemµ
≡ NeΓ

(0), (3.44)

where Ne is the counting operator for the dreibein field emµ . The integral
(3.44) is nothing but the rigid Weyl symmetry Ward operator [97] and it

1For a general tensor T , the action of the covariant derivative is given by

∇µT
α···
β··· ≡ ∂µT

α···
β··· + Γα

µρT
ρ···
β··· + · · · − Γρ

µαT
α···
ρ··· − · · · , (3.41)

where Γρ
µν are the corresponding Christoffel symbols associated to the spin connection

ωab
µ .
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turns out to be an equation of motion, signaling that Θµ
ν is an improved

energy-momentum tensor [98]. This follows from the identity

NeΓ
(0) =

(
∑

Φ

dW (Φ)NΦ +m∂m +
1

2
g∂g

)

Γ(0), (3.45)

with dW (Φ) the Weyl dimension and NΦ =
∫
d3xΦ δ

δΦ
the counting operator

for the each field Φ in the action. Considering the integrand of equation
(3.45) and taking (3.44) into account, we find the local trace identity

w(x)Γ(0) ≡

(

emµ (x)
δ

δemµ (x)
−
∑

Φ

dW (Φ)NΦ

)

Γ(0) = Λ(x), (3.46)

which is a local version of equation (3.44), more easily seen as such in the
form

eΘµ
µ =

∑

Φ

dW (Φ)Φ(x)
δ

δΦ(x)
Γ(0) + Λ(x), (3.47)

where the breaking of the scale invariance Λ, coming from the mass and
coupling constant derivatives of the tree-level Lagrangian, that is, from the
dimensionful couplings of the theory, is invariant under SΓ(0) and, being a
soft breaking, of mass dimension lower than 3.

The goal now is to promote this local trace identity (3.46) to the quantum
theory, that is, make sure it holds for the quantum insertion Θν

µ ·Γ. In terms
of the w operator, we want to show that

wΓ = Λ · Γ, (3.48)

where Λ · Γ is some quantum version of the classical soft scale breaking Λ.
First, we notice that the following conditions hold for wΓ

SΓw(x)Γ = 0, Ḡaw(x)Γ =
1

2

δΓ

δca(x)
,

δΓ

δba(y)
w(x)Γ = −

3

2

∂

∂xµ
δ(x− y)(egµνAa

ν)(y),

Ga(y)w(x)Γ =
3

2

∂

∂xµ
δ(x− y)

(

egµν
δΓ

δA∗aν

)

(y),

(3.49)

coming from the commutation of the local operator w(x) (3.46) and the ghost,
anti-ghost, gauge condition and Slavnov-Taylor identities, which hold for the
quantum theory. From the Quantum Action Principle, the trace identity can
get corrected by some insertion ∆ · Γ, so that

w(x)Γ = Λ · Γ +∆ · Γ. (3.50)



CHAPTER 3. 38

Since Λ ·Γ obeys the full constraints (3.49) [83], this insertion must obey the
homogeneous version of the constraints (3.49) imposed on w(x)Γ,

SΓ[∆ · Γ] = Ḡa[∆ · Γ] =
δ

δba
[∆ · Γ] = Ga[∆ · Γ] = 0, (3.51)

as well as invariance or covariance under (3.23) and (3.24).
As in the previous cases, the insertion ∆ · Γ has an effective dimension

bounded by 2, since a factor of g2 must be included coming from radiative
corrections. This restriction, added to the other constraints, makes it that
there is no possible quantum breaking term for the local trace identity (3.46),
since we now must have a local insertion which is invariant under the Slavnov-
Taylor operator SΓ, ruling out the Chern-Simons Lagrangian. Therefore,
∆ ·Γ = 0 and the local trace identity (3.46) is valid for the vertex functional,
which means

eΘµ
µ · Γ =

∑

Φ

dW (Φ)Φ
δ

δΦ
Γ + Λ · Γ. (3.52)

Therefore, the Callan-Symanzik equation is given by

(

m∂m +
1

2
g∂g

)

Γ =

∫

d3xΛ · Γ, (3.53)

which is only affected by the soft breaking term, but no radiative corrections.
This results implies the vanishing of the mass m and coupling constant g
β-functions and the anomalous dimensions of the fields, as stated in the
previous section. This shows that the Yang-Mills-Chern-Simons theory is
UV finite, that is, it suffers no renormalization of its fields and parameters
to all orders in perturbation theory.

The result obtained in this section will be of extreme importance in the
following chapters, where we study Yang-Mills-Chern-Simons theory in more
general scenarios.
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Yang-Mills-Chern-Simons in

Non-covariant Gauges

4.1 Non-covariant Gauges

The study of theories possessing gauge freedom started with Maxwell’s

electrodynamics in non-covariant gauges, such as the Coulomb gauge (∇ ·A =

0), also known as radiation gauge, and the temporal gauge (A0 = 0). In fact,

the quantization of electrodynamics (QED) was first performed in these two

gauge, and only many years after in a manifest Lorentz invariant way. How-

ever, there were some problems arising from the canonical quantization of

electrodynamics, for example the non-local character of the canonical com-

mutation relations [99]

[Ai(x), Ej(x′)] = −i

(

δij −
∇i∇j

∇2

)

δ(x− x′), (4.1)

where ∇i are the components of the Euclidean spatial differential operator,

appearing as a result of the Coulomb gauge choice. The covariant approach,

however, introduces negative norm states to the Hilbert spaceH of the theory,

making it ill-defined. It was shown by Gupta [100] and Bleuler [101] that the

true space in which the theory is defined only contains transverse photons,

39
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that is, it is a subspace obeying the supplementary condition

Hphys = {|Ψ⟩, ⟨Ψ′|∂µAµ|Ψ⟩ = 0}. (4.2)

This allowed for more practical calculation of the renormalization of QED,

since Lorentz covariance and locality were restored. Moreover, one can see

that this is nothing more than the BRST cohomology space in the case of

Abelian theories.

The advantage of working with covariant gauges is that renormalization

theory was well-established in this setting, which allowed for the perturbative

treatment of gauge theories. In fact, all the main theorems of renormalization

theory are valid for manifest Lorentz-invariant scenarios, such as the Power

Counting Theorem [73–75] and the Quantum Action Principle [55–62]. Be-

yond that, they present a set of technical features [102] which facilitate the

evaluation of loop integrals, i.e. the existence of a uniform prescription to

dislocate the poles in the propagators (Feynman’s iϵ prescription), which

allows for the Wick rotation of the integrals into Euclidean space, and the

possibility to use the tensor method, also known as the Passarino-Veltman

reduction [103], to reduce 1-loop and multiloop tensor integrals into known

scalar integrals.

But non-covariant gauges also come with their own advantages [102,104].

First of all is the decoupling of the Faddeev-Popov ghost fields from the gauge

fields for a wide range of such conditions. This is related to the elimination

of spurious degrees of freedom from the theory, defining it in terms of only

the propagating physical ones. For that reason, they are sometimes called

physical gauges. Let us see how this happens, following a derivation due to

Frenkel [105]. Take a Yang-Mills theory with the gauge condition

nµAa
µ(x) = 0, (4.3)

where nµ is some arbitrary dimension one constant four-vector. The gauge-
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fixing Lagrangian is given by

LGF = −
1

2α
(nµAa

µ(x))
2, (4.4)

and it yields, together with the standard Yang-Mills Lagrangian, a gluon

propagator of the form

⟨TAa
µA

b
ν⟩(k) = −i

δab

k2

[

ηµν −
kµnν + kνnµ

k · n
+ kµkν

n2

(k · n)2

]

, (4.5)

where we have taken α = 0. This propagator is orthogonal to the vector nµ,

as can be seen by the contraction

nµ⟨TAa
µA

b
ν⟩ = −i

δab

k2

[

nν −
(k · n)nν + kνn

2

k · n
+ (k · n)kν

n2

(k · n)2

]

= 0. (4.6)

The decoupling of the ghost comes from the gluon-ghost vertex, which is pro-

portional to nµ. From the gauge condition, we compute the ghost Lagrangian

through the Faddeev-Popov operator. Given the gauge condition (4.3)

Mab(x, y) =
δ(nµA

′a
µ (x))

δωb(y)
=

∫

dz
δ(nµA

′a
µ (x))

δA′c
ν (z)

δA
′c
ν (z)

δωb(y)

= δacnµDcb
µ δ(x− y) (4.7)

= nµ(δab∂µ + igfabcAc
µ)δ(x− y),

Therefore, the ghost Lagrangian is given by

Lgh = c̄aMabcb. (4.8)

The gluon-ghost vertex arises from the second therm in the Lagrangian,

which is proportional to nµ. This implies that the ghost fields decouple from

the theory, since any diagram involving ghost fields automatically vanishes.

Moreover, all S-matrix elements are independent of nµ. This result also

holds for the inhomogeneous condition n · Aa = ba, with ba being arbitrary

functions.

Another way to see this decoupling, although rather naive, is to notice
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that the use of the gauge condition n · Aa = 0 turns the Faddeev-Popov

operator into

Mab(x, y) = δabn · ∂δ(x− y), (4.9)

which no longer depends on the gauge fields and can be directly absorbed

by the normalization factor of the generating functional, without the need to

introduce ghost fields.

Beyond that, non-covariant gauges find extensive applications in super-

symmetric theories. It was used to prove the ultraviolet finiteness of N = 4

super Yang-Mills [106–108] and the cancellation of anomalies in superstring

theories [109]. The special class of algebraic non-covariant gauges are also

free from the Gribov problem [110], that is, the choice of gauge-fixing suc-

cessfully selects one representative element for each gauge orbit. More on

the Gribov problem with be discussed in the next chapter.

We will focus on the class of algebraic non-covariant gauges [110]: they are

defined by the introduction of a privileged direction in space-time, given by a

constant vector nµ = (n0,−n), such as the one we already encountered in eq.

(4.3). They can be divided into two different classes: axial gauges and planar

gauges. In the axial case, we have the homogeneous conditions n · Aa = 0,

while the planar gauges are defined by the inhomogeneous conditions n·Aa =

ba, where the ba are arbitrary scalar functions. For this reason the planar

gauge is also called the inhomogeneous axial gauge. There is a second division

that can be made among them, regarding the type of constant vector nµ, that

is, the sign of its square norm: they are called temporal gauges for time-like

vectors (n2 > 0), light-cone gauges for light-like vectors (n2 = 0) and spatial

gauges for space-like vectors (n2 < 0).

In all algebraic non-covariant gauges, we encounter a gauge propagator

with the presence of spurious poles (n · k)−α, (α = 1, 2, . . . ), as we have seen

in equation (4.5) of the previous example. The proper way to handle such

poles is the first difficulty someone faces when dealing with such gauges. As

we mentioned, there is no all encompassing prescription for the poles like

Feynman’s iϵ prescription in covariant gauges. The main used ones are the

Cauchy principle-value (PV) and the Mandelstam-Leibbrandt prescriptions.
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The PV prescription is related to the Sokhotski–Plemelj theorem, for

integrals defined on the real line [111]

1

x± iϵ
= PV

1

x
∓ iπδ(x), ϵ > 0 (4.10)

which implies that the principle value of the pole (n · k)−α can be written as

PV
1

(n · k)α
=

1

2
lim
ϵ→0

(
1

(n · k + iϵ)α
+

1

(n · k − iϵ)α

)

, (4.11)

for ϵ > 0 and α = 1, . . . , n. This places the poles in the first and fourth

quadrants in the complex q0 plane (for n · k > 0), which prevents the Wick

rotation from Minkowski to Euclidean space, difficulting the evaluation of

loop integrals. A similar relation holds for n · k < 0, the poles now shifted

to the second and third quadrants.

The Mandelstam-Leibbrandt prescription [102], also called the n∗µ-prescription,

was initially proposed for the light-cone gauge and later generalized to the

other classes [104] . It introduces the dual vector n∗µ = (n0,n), so that

1

(n · k)
=







limϵ→0
1

n·k+iϵsign(n∗·k)
,

limϵ→0
n∗·k

(n∗·k)(n·k)+iϵ
,

(4.12)

where we assume ϵ > 0. It has the main advantage to be causal and of placing

the poles in the second and fourth quadrants, like Feynman’s prescription, so

that the integrals can be Wick rotated, overcoming a major computational

trouble for non-covariant gauges.

However, even though the Mandelstam-Leibbrandt prescription was able

to handle a few of the more serious problems of the PV one [110], it does fall

short on some issues. The obvious one is lack of manifest Lorentz covariance.

But it also the introduces another privileged direction, given by n∗µ, bring-

ing on another source of Lorentz violation. This new vector also generates

new integrals, which complicate the handling of divergencies in the pertur-

bative expansion. Another serious question comes from the non-polynomial

character of the divergent parts of the loop integrals [104, 112]. According
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to the quantum action principle, the divergencies coming from loop integrals

correspond to counterterms that are added to the classical action, them be-

ing local polynomials in the fields. The appearance of non-local divergencies

coming from this non-polynomial dependence on the external momenta pre-

vents us to naively apply some general results of renormalization theory, like

the power counting theorem. But there is a way to circumvent this difficul-

ties, which we will see in the following.

4.2 The Interpolating Gauge

Even though the use of non-covariant gauges led to non-local divergen-

cies in the perturbative expansion of 1PI diagrams, they did not affect any

physical quantities of the theory, such as S-matrix elements, and only lo-

cal counterterms were necessary to render Yang-Mills theories finite at any

order [113, 114]. These arguments, however, relied on the existent of an in-

variant regularization scheme, namely dimensional regularization. But there

is another way to deal with such divergencies. One can introduce an interpo-

lation parameter ζ, such that the gauge condition contain specific covariant

and noncovariant conditions for certain values of ζ [115, 116]. The non-local

divergencies can then be regularized with this new gauge parameter, ensur-

ing that only local counterterms are needed for all ζ, except limiting values

which define a non-covariant gauge condition. In this way, power counting

now applies to the theory and the results from the quantum action princi-

ple can be employed. Moreover, this means that the restriction to a special

regularization scheme falls over, since we can now work in a regularization

independent way, and avoid the troubles of computing Feynman diagrams

in non-covariant gauges [117]. The restriction of ζ to be a gauge parameter

also guarantees that physical quantities, like correlation function of gauge

invariant operators, do not depend on it.

We follow [116] to show how this works. Consider a gauge condition which

interpolates between the light-cone (LC) gauge

nµAa
µ = 0, with n2 = 0, (4.13)
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and the covariant gauge

∂µAa
µ = 0. (4.14)

We can introduce this through the gauge-fixing action

SGF =

∫

dx(baNµAa
µ − c̄aNµDab

µ c
b), (4.15)

where Nµ defines the gauge condition we want to impose. Since we want to

interpolate between the light-cone gauge and the covariant gauge, it can be

constructed by demanding that it goes to either one of these gauge conditions

for limiting values of the interpolation parameter ζ, so that we can take

Nµ =
∂µ + ζ(n∗ · ∂)nµ

ζ(n∗ · ∂)
. (4.16)

We can see the limiting cases for ζ → 0 and for ζ → ∞, where we get the

covariant and light-cone conditions, respectively. Here we introduce the dual

vector n∗µ, in order to use the Mandelstam-Leibbrandt prescription for the

poles. The interpolation between the two gauge conditions gets clearer by

analyzing the gluon propagator of pure Yang-Mills theory with the gauge-

fixing term 4.15

⟨TAa
µA

b
ν⟩(k) =

−iδab

k2 + iϵ

[

ηµν −
(kµnν + kνnµ)ζ(n

∗ · k)

k2 + ζ(n∗ · k)(n · k) + iϵ(1 + ζ)

−
k2kµkν

(k2 + ζ(n∗ · k)(n · k) + iϵ(1 + ζ))2

]

,

(4.17)

where the LC propagator

⟨TAa
µA

b
ν⟩(k)

∣
∣
ζ→∞

=
−iδab

k2 + iϵ

[

ηµν −
(kµnν + kνnµ)(n

∗ · k)

(n∗ · k)(n · k) + iϵ

]

(4.18)

arises naturally with the Mandelstam-Leibbrandt prescription. In the limit

ζ → 0, we see that it leads to the Landau gauge gluon propagator, which

is expected from the gauge-fixing action (4.15). This interpolation, however,

is not exclusive to the Landau gauge and can be extended to other linear

covariant gauges.
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This interpolating gauge condition is non-local, due to the (n∗ · ∂) term

in the denominator of Nµ, a feature which could ruin the potential appli-

cation of the quantum action principle. However, it can be localized with

the introduction of auxiliary fields. It will also allow us to write the gauge

condition in a manifest BRST-invariant way. Generalizing equation (4.15) to

a linear covariant gauge, through the introduction of a gauge parameter α,

and recalling that the gauge-fixing action does not affect physical quantities

of the theory, which implies it must be a BRST-exact term, we cast (4.15)

into the form

SGF = s

∫

dx

[

c̄a
(

∂µ

ζ(n∗ · ∂)
+ nµ

)

Aa
µ +

1

2
αc̄a

1

ζ2(n∗ · ∂)
ba
]

. (4.19)

To localize the gauge condition, we introduce two sets of auxiliary fields

Ka and Da, which can be removed by use of their respective equations of

motion, so that the bosonic sector of the gauge-fixing is

Sboson
GF =

∫

dx

[

Ka(ζ(n∗ · ∂)− ∂µAa
µ)D + baDa + banµAa

µ +
1

2
αKaKa

]

.

(4.20)

To rewrite the fermionic sector, we need to introduce two ghost fields Ka
− and

Da
+, and require them to compose BRST-doublets with the auxiliary fields,

so that the BRST transformations are

sAa
µ = −Dab

µ c
b, sca =

1

2
gfabccbcc, sc̄a = ba, sba = 0, (4.21)

sKa
− = Ka, sKa = 0, sDa = Da

+, sDa
+ = 0,

where the indices −,+ on the auxiliary ghost fields indicate their ghost num-

ber. The full local gauge-fixing action is then

SGF = s

∫

dx

[

Ka
−(ζ(n

∗µ∂µ)− ∂µAa
µ)D + c̄a(Da + nµAa

µ) +
1

2
αKa

−K
a

]

.

(4.22)

From this construction of the gauge-fixing action, one can immediately

get that physical quantities do not depend on the gauge parameters ζ, α, nµ

and n∗µ. That is because the total tree-level action, which is composed of
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(4.22) together with an invariant action, giving the dynamics and interac-

tion of the gauge fields (and possibly other fields), and an external source

action, which must be introduced to control the renormalization of the BRST-

transformations of A and c, only depend on these gauge parameters through

some BRST-variation

∂ζΓ
(0) = s

∫

dx(Ka
−(n

∗ · ∂)D), ∂αΓ
(0) = s

∫

dx

(
1

2
Ka

−K
a

)

, (4.23)

∂nµΓ(0) = s

∫

dx(c̄aAa
µ), ∂n∗µΓ(0) = s

∫

dx(ζKa
−∂µD),

meaning that these identities can be transformed in exact symmetries by

extending the BRST symmetry, transforming the parameters into BRST-

doublets and, therefore, ensuring that they can only appear in the trivial

sector of the Slavnov-Taylor cohomology of ghost number 0. This proves

that no physical quantity, whose renormalization is given by counterterms

belonging to the non-trivial sector, depend on any of the gauge parameters

nor on any of the auxiliary fields, which are also BRST-doublets.

We now proceed to briefly argument why only local counterterms ap-

pear and the power counting theorem is valid in this set up, following a

reasoning which proves the quantum action principle for the Bogoliubov-

Parasiuk-Hepp-Zimmermann-Lowenstein (BPHZL) scheme [74, 76, 77]. The

convergence of the BPHZL renormalized integrals in Minkowski space is guar-

anteed by the existence of convergent lower and upper bound integrals in Eu-

clidean space [118], coming from a modification of Feynman’s iϵ-prescription

for the propagator poles

1

k2 + iϵ
→

1

k2 −m2
s + iϵ(k2 +m2

s)
, (4.24)

wherem2
s = m2(s−1) is a mass term introduced for massless theories in order

to avoid the appearance of IR divergencies coming from the renormalization

process. By taking the limit s = 1 at the end of the subtraction procedure, we

recover the original massless theory. For the non-covariant gluon propagator



CHAPTER 4. 48

(4.17), this prescription implies the modification

1

k2 + ζ(n∗ · k)(n · k) + iϵ(1 + ζ)
→

1

k2 + ζ(n∗ · k)(n · k)−m2
s + iϵ(k2 +m2

s + ζ(k · n)2)

(4.25)

We can see that the non-covariant denominator of the propagator (4.17)

can be obtained from the covariant one by the changing the Minkowski metric

like

η00 = 1 + ζn2
0, ηij = −(δij + ζninj), (4.26)

so that the pole structure changes like

k2 → ηµνk
µkν

= (1 + ζn2
0)k

2
0 − (δij + ζninj)kikj (4.27)

= k20 − k2i + ζ(n2
0k

2
0 − (niki)

2)

= k2 + ζ(n∗ · k)(n · k).

Therefore, by using the modifications in the Minkowski metric presented

above, the same prescription used with a covariant gauge-fixing can be ob-

tained in the non-covariant one we are discussing. For non-negative values

of ζ, the corresponding Euclidean metric is positive definite, and there are

Euclidean majorant and minorant values for the integrals, which allows us

to use the usual BPHZL subtraction procedure [74, 76, 77]. The theory is

then well-defined for the interval ζ ∈ [0,∞). In the limit ζ → ∞, this as-

sumptions are no longer valid, and we may encounter non-local divergences

proportional to (n · k)−r, but since this value characterizes the LC gauge,

this is to be expected. For all other finite values, the integrals can always be

made finite, so the usual power counting arguments remain valid, as well as

the general results of the quantum action principle. The question of Lorentz

invariance can be dealt with by treating the LC vectors nµ and n∗µ as Lorentz

vectors [119]. In this manner, the algebraic renormalization program can be

extended to this class of non-covariant gauges.
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4.3 Algebraic Renormalization of Yang-Mills-

Chern-Simons in the Interpolating Gauge

The interpolating gauge-fixing presented in the previous section was first

introduced to study the renormalization properties of Yang-Mills theories

in four space-time dimensions [116], and later used to prove the ultraviolet

finiteness of Chern-Simons theory in three space-time dimensions [120]. In

the latter, it was shown to preserve the local vector-supersymmetry charac-

teristic of topological field theories [121–124]. This vector-supersymmetry,

first identified in the Landau gauge, is crucial to the proof of the UV finite-

ness of Chern-Simons theory [125], as it imposes an extra constraint to the

theory, and it is also present in algebraic non-covariant gauges [120,126–128].

We now make use of this interpolating gauge to study the algebraic renor-

malization of the Yang-Mills-Chern-Simons theory and prove its ultraviolet

finiteness. The tree-level gauge-fixed YMCS action is given by the invariant

action plus the interpolating gauge-fixing term [129]

S = Sinv + Sgf , (4.28)

where the invariant action is given by

Sinv =

∫

d3x

[

−
1

4
F a
µνF

aµν +
1

2
mϵµρν

(

Aa
µ∂ρA

a
ν +

2g

3
fabcAa

µA
b
ρA

c
ν

)]

,

(4.29)

while the gauge-fixing action is given by eq. (4.22), which we write explicitly

Sgf =

∫

d3x
[
Ka(ζ(n∗µ∂µ)D

a − ∂µAa
µ)−Ka

−(ζ(n
∗µ∂µ)D

a
+ + ∂µDab

µ c
b)

+ ba(Da + nµAa
µ)− c̄a(Da

+ − nµDab
µ c

b +
α

2
KaKa)

]

.

(4.30)

As in the case of pure Yang-Mills, the gluon propagator makes clear the

interpolation of the gauge-fixing for the limiting values of ζ between the
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light-cone (ζ → ∞) and the linear covariant (ζ → 0) gauges. It reads

⟨TAa
µA

b
ν⟩ =

iδab

∂2 +m2

[

ηµν −
∂2∂µ∂ν
∂2ζ

−
m

∂2
ϵµρν∂

ρ −
ζn∗λ∂λ
∂2ζ

(nµ∂ν + nν∂µ)

+
α

(∂2ζ )
2

∂2(∂2 +m2) +m2ζ(n∗λ∂λ)(n
λ∂λ)

∂2
∂µ∂ν

]

,

(4.31)

where we defined ∂2ζ = ∂2 + ζ(n∗λ∂λ)(n
λ∂λ). From (4.31), one can recover

the covariant propagator

⟨TAa
µA

b
ν⟩|ζ=0=

iδab

∂2 +m2

[

ηµν −
∂µ∂ν
∂2

−
m

∂2
ϵµρν∂

ρ

]

+ iδab
α

∂2
∂µ∂ν
∂2

, (4.32)

and the light-cone propagator

⟨TAa
µA

b
ν⟩|ζ→∞=

iδab

∂2 +m2

[

ηµν −
m

∂2
ϵµρν∂

ρ −
nµ∂ν + nν∂µ

nλ∂λ

]

. (4.33)

For finite values of ζ, the propagator is compatible with the requirements

of the power-counting theorem and we can use the quantum action principle

to study the renormalization properties of the YMCS action to all orders in

perturbation theory. To make use of the algebraic renormalization procedure

[43,117], we must introduce external sources coupled to the non-linear BRST-

variations of the gauge (Aa
µ) and Faddeev-Popov ghost (ca) fields to control

their renormalization

Sext =

∫

d3x[ρaµsAa
µ + σasca], (4.34)

so that the complete tree-level action is given by

Γ(0) = Sinv + Sgf + Sext. (4.35)

To ensure that the whole tree-level action is BRST-invariant, we require the

sources to transform trivially under the BRST operator, that is, sρaµ = sσ =

0. The BRST-invariance of the tree-level action Γ(0) is expressed functionally
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through the Slavnov-Taylor identity

S(Γ(0)) =

∫

d3x

[
δΓ(0)

δρaµ
δΓ(0)

δAa
µ

+
δΓ(0)

δσa

δΓ(0)

δca

+ ba
δΓ(0)

δc̄a
+Ka δΓ

(0)

δKa
−

+Da
+

δΓ(0)

δDa

]

= 0.

(4.36)

The linearized Slavnov-Taylor operator, which will be used later in the anal-

ysis of the BRST cohomology, is defined as

SΓ(0) =

∫

d3x

[
δΓ(0)

δρaµ
δ

δAa
µ

+
δΓ(0)

δAa
µ

δ

δρaµ
+
δΓ(0)

δσa

δ

δca

+
δΓ(0)

δca
δ

δσa
+ ba

δ

δc̄a
+Ka δ

δKa
−

+Da
+

δ

δDa

]

.

(4.37)

Beyond that, the tree-level action Γ(0) obeys a series of other functional

identities, which will be useful in the determination of the counterterm.

Those are linearly broken identities on the quantum fields, given by the

equations of motion of some of the fields of the theory, whose extension for

the quantum theory is guaranteed by the Quantum Action Principle [43].

They are four gauge conditions for the auxiliary Lagrange multiplier fields

δΓ(0)

δba
= Da + nµAa

µ, (4.38)

δΓ(0)

δKa
= ζ(n∗µ∂µ)D

a − ∂µA
a
µ + αKa, (4.39)

δΓ(0)

δDa
= −ζ(n∗µ∂µ)K

a + ba, (4.40)

δΓ(0)

δDa
+

= −ζ(n∗µ∂µ)K
a
− + c̄a, (4.41)

two ghost equations

δΓ(0)

δc̄a
+ nµ δΓ

(0)

δρaµ
= −Da

+, (4.42)

δΓ(0)

δKa
−

− ∂µ
δΓ(0)

δρaµ
= −ζ(n∗µ∂µ)D

a
+, (4.43)
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Field Aµ c c̄ b K K− D D+ ρµ σ g
d 1/2 -1/2 5/2 5/2 3/2 3/2 1/2 1/2 5/2 7/2 1/2
ΦΠ 0 1 -1 0 0 -1 0 1 -1 -2 0

Table 4.1: Dimension and ghost number of the field content and coupling
constant of the YMCS action with the auxiliary fields of the interpolating
gauge.

as well as an integrated anti-ghost equation

GaΓ(0) = ∆a
cl, (4.44)

where we define

Ga =

∫

d3x

[
δ

δca
+ gfabcKa

−

δ

δKa
+ gfabcDa δ

δDa
+

+ gfabcc̄a
δ

δba

]

, (4.45)

and

∆a
cl =

∫

d3x gfabc[cbσc − ρbµAc
µ + αKb

−K
c]. (4.46)

Before starting the discussion on renormalization, let us recap a little

about the power counting for Yang-Mills-Chern-Simons. As stated in the

previous chapter, the YMCS theory is superrenormalizable due to the dimen-

sionful nature of its coupling constant g, of mass dimension dg = 1/2 [91].

This reduces the effective dimension of the counterterms to 2, since any ra-

diative correction appearing in the full vertex functional must be at least of

order g2 in the coupling constant. Since we have introduced new auxiliary

fields, we collect the dimensions and ghost numbers of the full field content of

the theory on Table 4.1. Notice how the change in the gauge-fixing alters the

dimensions of the fields other than Aa
µ, which is fully defined by the kinetic

term in the invariant action Sinv (4.29).

We also know that the gauge conditions (4.38) - (4.41) and ghost equa-

tions (4.42), (4.43) can be readily extended from the classical to the quan-

tum theory, since they are at most linearly broken in the quantum fields [43].

However, that is not the case for the anti-ghost equation (4.44), since its

classical breaking exhibits a non-linear term on the quantum fields, namely
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the αKb
−K

c term. But due to its explicit dependence on the gauge param-

eter, this term can be eliminated by a suitable choice of α. We can choose

α = 0, corresponding to the Landau gauge, so that the breaking is now lin-

ear in the quantum fields and the antighost equation can be extended to the

quantum theory. The use of the Landau gauge when quantizing a theory

comes with some advantages: first, the nonrenormalization of the antighost

equation controls the dependence of the counterterms on the ghost fields, as

well as its nonrenormalization [87]; second, it provides an extra symmetry to

the action, which is also valid for the vertex functional, given by the rigid

gauge transformations

WaΓ(0) =

∫

d3x
∑

ϕ

fabcϕb δΓ
(0)

δϕc
= 0, (4.47)

where ϕ stands for any field of the tree-level action (4.35). We assume the

Landau gauge from now on.

We now discuss the extension of the Slavnov-Taylor identity for the ver-

tex functional, which is defined by the cohomology of the linearized Slavnov-

Taylor operator SΓ(0) in the sector of ghost number 1. As before, we already

know that there is no anomaly in three space-time dimensions, that is, the

cohomology sector of ghost number 1 is empty [92–96]. This is not altered by

the introduction of the auxiliary fields, since they all enter as BRST-doublets

and, therefore, can only appear in the trivial sector of the cohomology, that

is, terms which are of the form SΓ(0)∆. These are non-invariant counterterms,

which appear through the regularization procedure employed in the evalua-

tion of Feynman diagrams, and can be reabsorbed by the vertex functional

at each order, since

SΓ(0)Γ = ℏ
nSΓ(0)∆+O(ℏn+1) → SΓ(0)(Γ− ℏ

n∆) = 0 +O(ℏn+1) (4.48)

Moving over to the cohomology sector of ghost number 0, its solution

represents the renormalization of physical parameters and redefinition of field

amplitudes, which are given by nontrivial cocycles and coboundaries invariant

under the Slavnov-Taylor operator. This corresponds to the stability of the
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tree-level action subject to a perturbation Γ(0) + εΓct, where the invariant

counterterm action Γct is an integrated local polynomial in the fields and

obeys the following constraints:

δΓct

δba
=
δΓct

δKa
=
δΓct

δDa
=
δΓct

δDa
+

=

∫

d3x
δΓct

δca
= 0, (4.49)

which implies that Γct does not depend on the fields ba, Ka, Da, Da
+ and

that the Faddeev-Popov ghost field can only enter through a derivative ∂µc
a,

due to the integrated antighost equation. Moreover, the ghost equations

(4.42,4.43) intertwines the dependence on the fields c̄a and Ka
− with the

source ρaµ, so that they can only appear as

ρ̄aµ = ρaµ − nµc̄a + ∂µKa
−. (4.50)

All these restrictions, together with dimension 2 bound on the countert-

erm and the requirement of invariance under SΓ(0) , enforce that the only

possible counterterm is proportional to the Chern-Simons action, which we

can write as

Γct = zmm
∂

∂m
Γ(0), (4.51)

where zm is an arbitrary parameter.

Therefore, we recover the results discussed in the previous chapter, that

the counterterm is invariant up to a total derivative, but not locally invariant.

This allows us to conclude that no parameter of the theory in the interpolat-

ing gauge fixing receives any radiative correction [85], that is, all β-functions

and anomalous dimensions are identically zero. We conclude that the Yang-

Mills-Chern-Simons theory is ultraviolet finite to all orders in perturbation

theory when quantized in the interpolating gauge [129].
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Yang-Mills-Chern-Simons and

the Gribov Horizon

The algebraic renormalization of gauge theories relies on the invariance

of the gauge-fixed action under BRST transformations. The extension of

such symmetry to the quantum analogue of the classical action, the vertex

functional, is the goal of renormalization, which can be done in a fully alge-

braic manner through the use of the Quantum Action Principle, as we have

seen in the previous chapters. Therefore, the Faddeev-Popov gauge-fixing

procedure [37] is crucial to the quantization of gauge theories, not only for

the elimination of spurious degrees of freedom of the gauge fields, but as the

foundation of the general framework we are pursuing here.

Gauge-fixing consists on choosing a representative for each inequivalent

gauge field configuration, that is, those which are not related by a gauge

transformation

A
′a
µ = Aa

µ −Dab
µ ω

b. (5.1)

The fields related by a gauge transformation compose a set called the gauge

orbit. Therefore, to avoid overcounting of the gauge fields in the functional

integration, we must integrate over the space of gauge orbits rather than

the whole configuration space. We introduce this constraint in the Green

functional by means of the Faddeev-Popov trick, which expresses the gauge

condition in terms of the insertion of a unity.

55
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Let us assume a gauge condition given by the equation F [A] = 0, where

F is some local, linear function of the gauge field. It is assumed to be ideal,

i.e., to select only one representative per gauge orbit, such that F [A′] ̸= 0,

and therefore it has only one root. Recalling the composition property of the

Dirac delta function δ(f(x)) =
∑

i
δ(x−xi)
|f ′(xi)|

and generalizing it to the space of

gauge functions, we get that

∫

Dω δ(F [A′])

∣
∣
∣
∣
det

(
δF [A′]

δω

)∣
∣
∣
∣
= 1 (5.2)

where we integrate over all possible infinitesimal group transformations, with

Dω being the functional measure of the group. Since we assumed a linear

gauge condition, the functional derivative δF [A′]
δω

is independent of ω. The

gauge field measure DA is invariant under gauge transformations, as well as

the starting action. Therefore, we can insert (5.2) into the path integral, so

that ∫

DA eiS =

∫

DωDA δ(F [A′])

∣
∣
∣
∣
det

(
δF [A′]

δω

)∣
∣
∣
∣
eiS. (5.3)

Using the invariance of the action and the measure DA, we can change

the integration variables A → A′, so that the integrand is independent of

ω and the integral over the gauge group can be factored out. Moreover,

the determinant can be lifted to the exponential, giving rise to the Faddeev-

Popov ghosts term
∫

DcDc̄ e
i
∫

dxc̄a
(

δF [A′]
δω

)ab

cb
. (5.4)

The delta function can also be lifted to the action through a gaussian in-

tegration, which will result in the introduction of the Lagrange multiplier

Nakanishi-Lautrup fields [130, 131]. These are an important component of

the BRST formulation, since they form a doublet structure with the antighost

c̄, allowing for the off-shell closure of the BRST algebra.

The construction of the ghost path-integral (5.4) relied on two assump-

tions: that the gauge condition F [A] is ideal, i.e., it successfully selects only

one representative of the gauge field per orbit; and that the Faddeev-Popov

determinant, computed at the root of the gauge condition, is positive, which
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identifies it with its absolute value and guarantees that it does not develop

zero-modes. However, as first shown by Gribov in the case of the Landau

gauge [132], the gauge condition fails to properly fix the gauge in non-abelian

theories, so that representatives of the same gauge orbit are always present.

This issue, called the Gribov ambiguity, were later shown to be a general fea-

ture of non-Abelian Lie groups [133], not a peculiarity of the Landau gauge.

This is not a particular issue on the high-energy limit, where we expand

perturbatively around the trivial vacuum configuration A = 0. Indeed, the

agreement of perturbative calculations with experimental data, e.g. as seen

in the LHC, leads us to the conclusion that Gribov copies are absent or at

least that their role is negligible in this energy regime. However, as we go

to the non-perturbative infrared region, they need to be properly addressed.

The solution proposed by Gribov were to restrict the functional integration

to a region free of copies, called the Gribov region.

For the rest of this chapter, we will work in Euclidean space-time signature

ηµν = δµν = (1, 1, 1), so as to better compare the results with the literature

involving the Gribov problem. Before proceeding, we must emphasize that

the following exposition covers general aspects of the restriction of gauge

theories to the Gribov horizon, but shall not go deep into details, as this is

not the focus of this thesis. For a complete account of the results presented

next, we refer to [134,135] and references therein.

5.1 Solving the Gribov Problem

Let us see how Gribov copies appear in the Landau gauge, which is a

gauge choice where is easy to explicitly verify that it fails the condition to

be ideal [132]. Take the Landau gauge condition

∂µA
a
µ = 0, (5.5)

and an infinitesimal transformation of the gauge field

A
′a
µ = Aa

µ −Dab
µ ω

b. (5.6)
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If the gauge-fixing were ideal, we would get ∂µA
′a
µ ̸= 0, as only one repre-

sentative per orbit would fulfill the condition (5.5). In terms of the gauge

transformation, this implies

∂µ(A
a
µ −Dab

µ ω
b) = −∂µD

ab
µ ω

b ̸= 0. (5.7)

The equation above expresses that the Faddeev-Popov operator −∂µD
ab
µ

must attain non-zero values for any gauge fields other than the representative

chosen by the gauge-fixing. But since we know that no gauge condition is

ideal in non-abelian theories [133], we must have

∂µD
ab
µ ω

b = 0, (5.8)

for certain values of ωa. By studying the eigenvalue equation of the Faddeev-

Popov operator, we can obtain information on its spectrum. Assuming an

eigenvector Ψ of this operator, we have

−∂µD
ab
µ Ψb = ε(A)Ψa =⇒ −(δab∂2 − gfabcAc

µ∂µ)Ψ
b = ε(A)Ψa, (5.9)

where we used the transversality condition of the Landau gauge (5.5). This

condition also implies that the Faddev-Popov operator is self-adjoint in the

space of Lie-algebra valued fields in the Landau gauge, which can be seen

through the inner product

∫

dx (−∂µD
ab
µ ψ

b)†ϕa =

∫

dx (−∂µ∂µψ
a + gfabcAb

µ∂µψ
c)†ϕa

=

∫

dx (−ψa†∂µ∂µϕ
a − gfabcψc†Ab

µ∂µϕ
a)

=

∫

dx (−ψa†∂µ∂µϕ
a − gf cbaψa†Ab

µ∂µϕ
c)

=

∫

dx (−ψa†∂µ∂µϕ
a + gfabcψa†Ab

µ∂µϕ
c

=

∫

dx ψa†(−∂µD
ab
µ ϕ

b).

(5.10)

Therefore, its spectrum consists of real eigenvalues ε(A). The presence of
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Gribov copies is related to the existence of null eigenvalues of the Faddeev-

Popov operator, that is, to the existence of zero modes of the operator.

That this is always the case can be seen through the following remarks: by

neglecting the term proportional to Aa
µ (ignoring the non-abelian nature of

the group), we get an eigenvalue equation of the d’Alembertian operator

−∂2Ψa = εΨa, (5.11)

which only has positive solutions ε = p2 > 0, apart from the trivial one. This

explains why no Gribov ambiguity appears in abelian theories and why the

results from perturbation theory, where we expand around the trivial vacuum

A = 0, are valid. In the perturbative regime, we can ensure that the two

assumptions of the Faddeev-Popov procedure are met, i.e., that the gauge

condition is ideal and that the Faddeev-Popov determinant is positive. As

we move far from the perturbative regime, the contribution from Aa
µ can no

longer be neglected, and may lead to zero and negative eigenvalues. Thus,

we can see that the existence of Gribov copies is deeply intertwined with the

presence of zero-modes of the Faddeev-Popov operator. For a detailed and

pedagogical exposition of the subject, we refer to [136,137].

To solve this problem, we must restrict the space of gauge configurations

to a region Ω, called the Gribov region [132], such that

Ω = {Aa
µ, ∂µA

a
µ = 0|Mab > 0}, (5.12)

whereMab = −∂µD
ab
µ is the Faddeev-Popov operator. Thus, the assumptions

in the gauge-fixing procedure are true for all Aa
µ ∈ Ω. The boundary δΩ of the

Gribov region is the hypersurface where the first zero-mode of the Faddeev-

Popov operator appears and is called the first Gribov horizon. Subsequent

horizons are defined by the hypersurfaces where the second, third, etc, zero-

modes appear. Since we will proceed always within the Gribov region, we

only need to concern about the first horizon, hereafter simply called as the

Gribov horizon.

The Gribov region presents a set of properties, beyond the ones presented
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so far [138–140]:

• It is intersected by every gauge orbit, ensuring that all different gauge

configuration are accounted for in the functional integration;

• It contains the trivial configuration A = 0, which ensures that the

perturbative vacuum is incorporated by the Gribov region;

• It is bounded in every direction. This implies that for every configura-

tion Aa
µ ̸= 0 inside the Gribov region Ω, there is a configuration λAa

µ,

with λ > 0, which is outside Ω;

• It is convex. This means that any ”line segment” connecting two dis-

tinct gauge configurations lies entirely within the Gribov region.

We should point out, however, that this construction does not rid the

space of field configurations from every Gribov copy. Indeed, only infinitesi-

mal copies are ruled out by the restriction to the Gribov region, while copies

generated by finite gauge transformations are still present [141]. A conjec-

tured complete removal of Gribov copies would be achieved in the Funda-

mental Modular Region Λ, which shares the properties of the Gribov region,

being a proper subset of the latter (Λ ⊂ Ω), as we shall see. It can be

constructed as the set of absolute minima of the functional

||A||2=
1

2

∫

dx Aa
µA

a
µ, (5.13)

which corresponds to the squared norm of the gauge fields Aa
µ. The variation

of the norm gives us the stationary points

δ||A||2 =

∫

dx δAa
µA

a
µ = −

∫

dx Dab
µ ω

bAa
µ

= −

∫

dx ∂µω
aAa

µ =

∫

dx ωa∂µA
a
µ = 0,

(5.14)

for any ωa belonging to a semi-simple Lie group, so that ∂µA
a
µ = 0, recovering

the Landau gauge condition. The second variation ensures the positivity of

the Faddeev-Popov operator by requiring the stationary points to be local
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minima of the functional

δ2||A||2= −

∫

dx ∂µω
aδAa

µ =

∫

dxωa(−∂µD
ab
µ )ωb > 0. (5.15)

This already defines the Gribov region, as discussed above. The further step

to construct Λ is to select from each orbit the gauge configuration closest

to the trivial vacuum A = 0, that is, we select the absolute minima of the

functional ||A||2. Nevertheless, there is no known practical way of defining

Λ and restricting the functional integration to it.

5.1.1 The no-pole condition

The restriction of the path integral to the Gribov region Ω was first

proposed by Gribov [132] through the introduction of a factor V (Ω), so that

∫

Ω

DA e−Sinv =

∫

DADcDc̄ δ(∂µA
a
µ)e

−(Sinv+
∫

dxc̄a∂µDab
µ cb)V (Ω), (5.16)

where Sinv stands for a gauge-invariant initial action. As can be seen through

the delta-function, we are still working in the Landau gauge. The factor V (Ω)

must act like a characteristic function of the Gribov region. To properly

characterize it, we will analyze the exact ghost two-point function, given by

⟨T c̄a(x)cb(y)⟩ =

∫

DA δ(∂µA
a
µ) det(M)[M−1]ab(x, y)e−SinvV (Ω), (5.17)

which is directly related to the inverse of the Faddeev-Popov operator M−1,

as can be seen from the expression above. Since we are inside the Gribov

region, this operator is positive-definite, and the inverse is well-defined. For

gauge configurations in the Gribov horizon, it can develop zero-modes, which

translates to a pole in the ghost propagator. Since at tree-level the propa-

gator diverges only at k2 → 0, the restriction to the Gribov region can be

implemented by demanding that the full propagator does not develop new

poles other then the trivial one, therefore known as the no-pole condition.
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However, if we take the 1-loop approximation to the ghost propagator [33,34]

⟨T c̄acb⟩(k) =
δab

k2
1

(

1− 11g2N
48π2 ln Λ2

k2

) 9
44

(5.18)

where Λ is an ultraviolet cut-off and N is the adjoint Casimir element of

SU(N), we see that it shows two distinct singularities, one at k2 = 0 and

other at k2 = Λ2 exp
(

− 48π2

11g2N

)

. But the second pole indicates that the

propagator is no longer positive for k2 < Λ2 exp
(

− 48π2

11g2N

)

, which violates

the positivity of the Faddeev-Popov operator, signaling that we are out of

the Gribov region. Therefore, the only possible singularity is the one at

k2 = 0 and the factor V (Ω) must enforce this through the restriction to the

Gribov region.

We can then use the ghost propagator to describe the no-pole condition,

and with it define the explicit form of V (Ω) as a step function. Take the

color-singlet, connected ghost two-point function

⟨T c̄a(x)ca(y)⟩

N2 − 1
=

∫

DADcDc̄ δ(∂µA
a
µ)

c̄aca

N2 − 1
e−(Sinv+

∫

dxc̄a∂µDab
µ cb)

=

∫

DA δ(∂µA
a
µ)G(x, y;A)e

−(Sinv),

(5.19)

where G(x, y;A) represents the ghost two-point function with the gluon Aa
µ

treated as an external classical field. By taking its Fourier transform and

expanding it to second order in perturbation theory (see [136,137] for details),

we get the following expression

G(k2;A) =
1

k2
+

1

k4
1

V

Ng2

N2 − 1

∫
dq

(2π)d
Aa

µ(−q)A
a
µ(q)

=
1

k2
(1 + σ(k2, A)),

(5.20)

where V is the space-time volume and

σ(k,A) =
1

k2
1

V

Ng2

N2 − 1

∫
dq

(2π)d
Aa

µ(−q)A
a
µ(q). (5.21)
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Since this is the second order approximation for an infinite number of

diagrams, it can be rewritten as

G(k2;A) ≈
1

k2
1

1− σ(k,A)
, (5.22)

and the no-pole condition then resumes to imposing that

σ(k,A) < 1. (5.23)

However, as shown in [137], the function σ(k,A) is decreasing for increasing

k2, so it suffices to demand that

σ(0, A) < 0. (5.24)

The limit k2 → 0 yields

σ(0, A) =
1

V

1

d− 1

Ng2

N2 − 1
lim
k2→0

kµkν
k2

d− 1

d

∫
dq

(2π)d
Aa

µ(−q)A
a
µ(q)

1

q2

=
1

V

1

d

Ng2

N2 − 1

∫
dq

(2π)d
Aa

µ(−q)A
a
µ(q)

1

q2
,

(5.25)

which renders a closed expression depending on the gauge field Aa
µ. The

restriction to the Gribov region can then be implemented by making

V (Ω) = θ(1− σ(0, A)), (5.26)

which can be inserted in the path integral through the integral representation

of the step function

θ(1− σ(0, A)) =

∫ +i∞+ε

−i∞+ε

dβ

2πiβ
eβ(1−σ(0,A)), (5.27)

that leads to the final result

Z = N

∫ +i∞+ε

−i∞+ε

dβ

2πiβ

∫

DADcDc̄ eβ(1−σ(0,A))δ(∂µA
a
µ)e

−(Sinv+
∫

dxc̄a∂µDab
µ cb)

(5.28)
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To obtain the gluon propagator, we can ignore the ghost fields and the

interaction terms, retaining only the quadratic part in the gauge fields of the

gauge-fixed action. We exchange the delta function enforcing the Landau

gauge condition by the gauge-fixing term 1
2α
(∂µA

a
µ)

2, where we must take the

limit α → 0 at the end of the calculation. Writing in terms of the Fourier

transforms of the gauge fields, we get

Zquad = N

∫ +i∞+ε

−i∞+ε

dβ

2πiβ

∫

DA eβ(1−σ(0,A))e
− 1

2

∫

dk

(2π)d
Aa

µ(k)K
ab
µν(k)A

b
ν(−k)

, (5.29)

where the wave operator Kab
µν depend on the invariant action. For simplicity,

let us assume for now a Yang-Mills action, so that working out the free part

of the theory and recalling the definition of the function σ(0, A) (5.25), we

get the full wave operator

Qab
µν(k) = δab

(
β

V

2

d

Ng2

N2 − 1

δµν
k2

+ k2δµν +

(
1

α
− 1

)

kµkν

)

. (5.30)

Integrating the quadratic path integral (5.29) over the gauge field, we get

Zquad = N

∫
dβ

2πiβ
eβ
(
detQab

µν

)− 1
2 =

∫
dβ

2πi
ef(β), (5.31)

where we used the identity ln detA = Tr lnA and defined the function

f(β) = β − ln β −
1

2
Tr lnQab

µν . (5.32)

The evaluation of the last term of f(β) is done explicitly in the Appendix

of [137], and we refer to that for a complete derivation. Here we simply state

the result, which is

f(β) = β− ln β−
d− 1

2
V (N2−1)

∫
dq

(2π)d
ln

(

q2 +
βNg2

N2 − 1

2

dV

1

q2

)

. (5.33)

Applying the method of steepest descent to evaluate the integral over β,
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we evaluate it at the saddle point

Zquad ≈ ef(β0), (5.34)

where the value of β0 is determined by the minimum condition

f ′(β0) = 0, (5.35)

which implies

1−
1

β0
−
d− 1

d
Ng2

∫
dq

(2π)d
1

(

q4 + β0Ng2

N2−1
2
dV

) = 0. (5.36)

To make sense of the expression above, we must have β0 ∼ V , since

V → ∞, so that we can fix the finite parameter

γ4 =
β0Ng

2

N2 − 1

2

dV
, (5.37)

called the Gribov parameter or Gribov mass. This parameter is self-consistently

fixed by the minimum equation (5.36)

1 =
d− 1

d
Ng2

∫
dq

(2π)d
1

q4 + γ4
, (5.38)

called the gap equation, where we neglected the term proportional to 1/β0.

We can now obtain the propagator at the saddle point β = β0, which is just

the inverse of the wave operator Qab
µν(k), and take the limit α → 0 to recover

the Landau gauge, resulting in

⟨TAa
µA

b
ν⟩(k) = δab

k2

k4 + γ4

(

δµν −
kµkν
k2

)

. (5.39)

This propagator exhibits a series of properties that differs from the usual

gluon propagator, which can be seen as the effect of the restriction to the

Gribov region:

• It is suppressed in the infrared regime, due to the Gribov parameter γ;
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• It vanishes in the infrared limit k2 → 0, contrary to the YM propagator

which diverges;

• It recover the YM propagator in the ultraviolet, where k2 ≫ γ2;

• It possesses two complex poles k2 = ±iγ2. Therefore, the gluon cannot

be part of the physical spectrum of the theory, which allows us to

interpret it as a signal of confinement.

The restriction to the Gribov region also has consequences to the 1-loop

ghost propagator, which is enhanced in the infrared, being proportional to

1/k4. This more singular behavior may lead to IR divergences.

5.1.2 Zwanziger’s Horizon Function and the Gribov-

Zwanziger Action

Although it already presents new features in comparison with the stan-

dard perturbative Yang-Mills theory, and even agrees with it in the high-

energy limit, Gribov’s proposal to restrict the integral over the gauge fields

is worked out only at leading order. The generalization to all orders was de-

veloped by Zwanziger in [142]. Instead of a self-consistent restriction based

on the ghost propagator (Gribov’s no-pole condition), he studied directly the

spectrum of the Faddeev-Popov operator M,

MabΨb = ε(A)Ψa, (5.40)

in order to find its lowest positive eigenvalue λ(A). By introducing the step

function θ(λ(A)), we ensure that the operator M is always positive and,

thus, the integration is bounded to the Gribov region Ω. We do not delve

into the computation here (see [137] for a complete account of it). The step

function is written as

θ(dV (N2 − 1)−H(A)), (5.41)

where H(A), called the horizon function, is given by the expression

H(A) = g2
∫

dxdy fabcAb
µ(x)[M

−1]ad(x, y)fdecAe
µ(y). (5.42)
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At last, based on the result that the Gribov horizon δΩ is an ellipsoid in

the A-space [139, 143], the theta function can be lifted into the Boltzmann

factor of the path integral, so that we have

Z = N

∫

DADcDc̄Db e−Snl
GZ , (5.43)

where the Gribov-Zwanziger action Snl
GZ is defined as

Snl
GZ = Sinv + SGF + γ4H(A)− γ4V d(N2 − 1), (5.44)

with the Gribov parameter γ now fixed through the horizon condition

⟨H(A)⟩ = V d(N2 − 1), (5.45)

taken with respect to the modified path integral (5.43). The Gribov-Zwanziger

action (5.44) effectively restricts the domain of integration to the Gribov re-

gion, but does so at the cost of locality, since the horizon term (5.42) contains

the inverse of the Faddeev-Popov operator in it. However, it can be made lo-

cal through the introduction of appropriate auxiliary fields, much like we have

shown in the previous chapter. As a closing remark, we point out that even

though the two approaches followed different methods, extending Gribov’s

procedure to all orders in the perturbative expansion leads to Zwanziger’s

horizon function [144].

5.1.3 Localizing the GZ Action

In order to get a local action which restricts the integration to the Gribov

region, we need to introduce some auxiliary fields. First, we deal we the

inverse Faddeev-Popov operator appearing in the horizon term (5.42). Using
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the identity

∫

DϕDϕ̄ exp

[

−

∫

dxdy ϕ̄(x)A(x, y)ϕ(y) +

∫

dx (ϕ̄(x)Jϕ̄(x) + ϕ(x)Jϕ(x))

]

= C(detA)−1

∫

DϕDϕ̄ exp

[

−

∫

dxdy Jϕ̄(x)A
−1(x, y)Jϕ(y)

]

,

(5.46)

with C a constant, which can be absorbed by the normalization factor, A an

invertible operator and Jϕ, Jϕ̄ are source terms, we see that the horizon term

can be written as

e−γ4H(A) = exp

[∫

dxdy gγ2fabcAb
µ(x)[−M−1]ad(x, y)gγ2fdecAe

µ(y)

]

= [det(−M)]d(N
2−1)

∫

DφDφ̄ exp

[∫

dxdy φ̄ac
µ (x)Mab(x, y)φbc

µ (y)

+

∫

dx
(
J̄ab
µ φ

ab
µ + φ̄ab

µ J
ab
µ

)
]

,

(5.47)

where we defined the sources J̄ac
µ = Jac

µ = gγ2fabcAb
µ and introduced the

complex conjugate bosonic fields (φ̄ab
µ , φ

ab
µ ). To lift the remaining determi-

nant to the exponential, we follow the same trick used for the ghost action,

introducing anti-commuting Grassmann variables (ω̄ab
µ , ω

ab
µ ), so that

[det(−M)]d(N
2−1) =

∫

Dω̄Dω exp

[

−

∫

dxdy ω̄ac
µ (x)Mab(x, y)ωbc

µ (y)

]

.

(5.48)

Making these substitutions, the horizon term becomes

e−γ4H(A) =

∫

DφDφ̄Dω̄Dω exp

[∫

dx
(
φ̄ac
µ Mabφbc

µ − ω̄ac
µ Mabωbc

µ

)

+

∫

dx gγ2fabcAb
µ(x)(φ̄+ φ)acµ

]

,

(5.49)
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and we can finally define the local Gribov-Zwanziger action

SGZ = Sinv + SGF −

∫

dx
(
φ̄ac
µ Mabφbc

µ − ω̄ac
µ Mabωbc

µ

)

+

∫

dx gγ2fabcAa
µ(x)(φ̄+ φ)bcµ − γ4V d(N2 − 1),

(5.50)

which defines the partition function

Z = N

∫

DADcDc̄DbDφDφ̄Dω̄Dω eSGZ . (5.51)

With a local expression to the Gribov-Zwanziger action, we can apply the

usual techniques of perturbative quantum field theory. In fact, the SGZ is

not only local, but renormalizable to all orders [137,142]. In this local form,

the horizon condition reads

∂Γ

∂γ2
= 0 =⇒ −⟨gfabcAa

µ(x)(φ̄+ φ)bcµ ⟩+ 2γ2d(N2 − 1) = 0, (5.52)

remembering that the vertex functional Γ is defined as

e−Γ =

∫

DΦe−SGZ , (5.53)

where the measure DΦ represents all fields of the Gribov-Zwanziger action,

and we used the translation invariance of the horizon function to eliminate

the volume term V . Moreover, the gluon and ghost propagators obtained

from SGZ have the same behavior as the ones obtained by imposing Gribov’s

no-pole condition [137].

5.2 The Refined Gribov-Zwanziger Action

For a time, results from lattice gauge theory simulations on the Lan-

dau gauge [145, 146] seemed to converge with the Gribov-Zwanziger action

on the two-point functions behavior in the IR regime. They also showed a

suppressed, vanishing gluon propagator and an enhanced ghost propagator.

These results were also supported by other non-perturbative techniques, such
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as the Dyson-Schwinger equations [147–150] and the functional renormaliza-

tion group [151] approaches.

However, more precise results coming from lattice data of larger vol-

umes [152–157] contested this agreement, displaying a non-vanishing gluon

propagator at null momentum and a non-enhanced ghost propagator for

3 and 4 dimensions, but maintaining the previous behavior for the two-

dimensional case. These were later corroborated by further computations

done via Dyson-Schwinger equations [158–160]. The question arose on how

to reconcile these results to the Gribov-Zwanziger description of IR Yang-

Mills theories.

The solution was to take into account further non-perturbative effects into

the Gribov-Zwanziger action. A primary example of which are condensates

(vacuum expectation values of local operators), which were already known

to be relevant in the study of Quantum Chromodynamics [161, 162]. One

such condensate, already extensively studied, is the ⟨A2
µ⟩ (see [163–172]), as

it was associated with a dynamical mass generation for the gluons [173–175].

The inclusion of a gluon condensate, however, did not accommodate a non-

vanishing gluon propagator, and could not resolve the non-enhancement

of the ghost propagator at one-loop order [172]. These are accounted for

by the introduction of another condensate, involving the auxiliary fields

(φ̄ab
µ , φ

ab
µ , ω̄

ab
µ , ω

ab
µ ), namely ⟨φ̄ab

µ φ
ab
µ − ω̄ab

µ ω
ab
µ ⟩. One can justify the appearance

of this condensate by two main reasons. First, since they are introduced to

localize the horizon function, they translate the non-local dynamics of the GZ

action to a local equivalent formulation, and as so should acquire their own

quantum dynamics, inducing further non-perturbative effects beyond the re-

striction to the Gribov region. In fact, looking at the tree-level Aφ-coupling,

one can infer an influence of the auxiliary fields dynamics in the gluon prop-

agator. Second, we already have a condensate involving the auxiliary fields

in the Gribov parameter gap equation ⟨gfabcAa
µ(x)(φ̄+φ)bcµ ⟩ = 2γ2d(N2− 1)

(5.52), so a possible φ̄φ-condensation seems to be reasonable [176, 177].

The presence of such non-vanishing condensates can be attested already

at one-loop order and are a direct consequence of the restriction to the Gri-

bov region, which carries this non-perturbative information to a perturbative
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analysis [178, 179]. These condensates represent infrared instabilities of the

Gribov-Zwanziger action, which should be taken into account from the start-

ing action1. The inclusion of such terms into SGZ (5.50)leads to the so-called

Refined Gribov-Zwanziger action

SRGZ = SGZ +
m2

2

∫

dxAa
µA

a
µ −M2

∫

dx(φ̄ab
µ φ

ab
µ − ω̄ab

µ ω
ab
µ ), (5.54)

wherem andM are mass parameters associated with the vacuum expectation

values of the condensates, which are dynamically fixed by their own gap

equations
∂Γ

∂m2
= 0,

∂Γ

∂M2
= 0, (5.55)

much as the Gribov mass parameter γ2. This modifications lead to a tree-

level gluon propagator in the Landau gauge given by

⟨Aa
µA

b
ν⟩(k) = δab

k2 +M2

(k2 +m2)(k2 +M2) + γ4

(

δµν −
kµkν
k2

)

. (5.56)

It is easy to see that this propagator still presents a suppressed behavior in

the IR, but now it attains a non-vanishing value at the k → 0 limit, agreeing

with the lattice results and other subsequent non-perturbative approaches.

We must emphasize that, although the auxiliary field condensate is enough

to obtain a qualitative agreement with the lattice data, the correction coming

from the gluon condensate is crucial to a quantitative agreement [181]. As a

final comment, we mention that the inclusion of such condensates does not

spoil the renormalization of the Gribov-Zwanziger action, meaning that the

Refined Gribov-Zwanziger theory in the Landau gauge is also proven to be

renormalizable to all orders in perturbation theory [177].

1In d = 2 dimensions, it is not possible to introduce the condensates in the starting
action, due to their singular behavior [180]
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5.3 BRST Symmetry in the Gribov Region

An important feature of the Gribov-Zwanziger action (5.50)(and also of

its refined version (5.54)) that must be taken into consideration is that it

breaks the BRST symmetry, which can obfuscate its renormalizability, as

well as the discussion on unitarity and the definition of the physical Hilbert

space of the theory. However, this breaking is realized in a soft manner,

with a breaking term of dimension lower than that of the action, due to its

dependence on the Gribov parameter γ2. Let us see how this appears.

Beyond the usual fields from the Faddeev-Popov action (A, c̄, c, b), the

Gribov-Zwanziger action possesses two more sets of auxiliary fields (φ̄, φ, ω̄, ω),

one of which is bosonic, with ghost number 0, while the other is fermionic,

with ghost numbers ±1. Recalling that the BRST operator increases ghost

number, we can define the following transformations [182]

sφab
µ = ωab

µ , sωab
µ = 0, (5.57)

sω̄ab
µ = φ̄ab

µ , sφ̄ab
µ = 0,

so that we still have s2 = 0. Setting γ = 0, we can write the gauge-fixing

and horizon terms in a manifestly BRST-invariant way

Sγ=0
GZ = Sinv + s

∫

dx(c̄a∂µA
a
µ − ω̄ac

µ Mabφbc
µ ), (5.58)

since the auxiliary fields enter as BRST-doublets and, therefore, can only

enter in the trivial part of the BRST-cohomology. However, the explicit

form of the action (5.58) differs from that of (5.50), with γ = 0, by the term

∫

dx gfade(∂µω̄
ac
µ )φecDdf

µ c
f . (5.59)

But this term can be eliminated by shifting the ω field as

ωab
µ → ωab

µ + gfdef

∫

dy
[
M−1

]ad
(x, y)∂ν(φ

fbDeg
µ c

g), (5.60)

which causes no further modification due to its trivial Jacobian. Therefore,
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as long as γ = 0, we can readily recover the Faddeev-Popov action physical

content, since the auxiliary fields, being BRST-doublets, cannot enter in

correlation functions of gauge invariant operators. This can also be seems by

the fact that integrating over the auxiliary fields corresponds to an insertion

of the unity in the partition function.

The breaking of the BRST symmetry comes then from the γ-dependent

term in the action (5.50), denoting a characteristic of the restriction to the

Gribov region. This breaking is given by

sSGZ = gγ2fabc

∫

dx
(
Aa

µω
bc
µ −Dad

µ c
d(φ̄+ φ)bcµ

)
. (5.61)

In the limit γ → 0, away from the Gribov horizon and into the perturbative

UV region, we recover BRST-invariance, with the vanishing of the breaking

term. This characterizes it as a soft breaking term, which is explicitly so by

its coefficient of positive mass dimension, and do not jeopardize the high-

energy properties of the theory [183].

The origin of such breaking can be interpreted as the following: the re-

striction to the Gribov region eliminates gauge configurations connected by

infinitesimal transformations. Thus, any gauge transformation will lead from

a configuration within the horizon Ω to another one outside Ω. But since the

BRST transformation of the gauge fields is formally equal to infinitesimal

gauge transformations, with the gauge parameter exchanged by the ghost

field c, it implies that the theory no longer enjoys this symmetry, resulting in

the breaking term (5.61). It is, however, possible to modify our construction

of the Gribov-Zwanziger action to enforce its invariance under BRST sym-

metry. It also comes from a more general construction, where we no longer

depend on the chosen gauge condition.

We begin by introducing the field Ah,a
µ , which can be constructed by

minimizing the functional ||A||2 (5.13) for a given gauge orbit [184–186]. It
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can be written as a non-local formal series

Ah,a
µ =

(

δµν −
∂µ∂ν
∂2

)(

Aa
ν − ig

[
1

∂2
∂Aa, Aa

ν

]

+
ig

2

[
1

∂2
∂Aa, ∂ν

1

∂2
∂Aa

]

+O(A3)

)

,

(5.62)

which is manifestly transverse, due to the presence of the transverse projec-

tor, and BRST-invariant order by order, so that

∂µA
h,a
µ = 0, sAh,a

µ = 0. (5.63)

We can then redefine the horizon function in terms of this new field

H(A) = H(Ah)−

∫

dxdy Ra(x, y)(∂Aa)(y), (5.64)

using the fact that all higher order terms of Ah,a
µ contain a divergence ∂Aa,

where Ra(x, y) is an infinite formal series in Aa
µ. By absorbing this second

term into the Nakanishi-Lautrup b field

ba → ba − γ4
∫

dy Ra(x, y), (5.65)

which defines a shift with trivial Jacobian. The localization procedure for

the horizon function proceeds exactly in the same manner, with the gauge

field Aa
µ exchanged by the gauge-invariant non-local field Ah,a

µ , resulting in a

modified Gribov-Zwanziger action

SGZ = Sinv+SGF −

∫

dx
(
φ̄M(Ah)φ− ω̄M(Ah)ω + γ2Ah(φ̄+ φ)

)
, (5.66)

where we omitted color and Lorentz indices for simplicity.

We can see that the only terms of the action proportional to the field Ah

are those coming from the restriction to the Gribov horizon. The determina-

tion of the region Ω can then be made in terms of the field Ah, ensuring that

the determinant of the Faddeev-Popov operator is positive, which allows for

the construction previously presented. Moreover, it allows us to define the
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theory for linear covariant gauges [187,188], since now we do not depend on

a construction based on the Landau gauge. However, we remain with a non-

local action, the source of non-locality now coming from the invariant field

Ah. Fortunately, it can be localized with the introduction of an auxiliary

Stueckelberg-like field ξa, with the definition

h = eigξ
aTa

, (5.67)

so that the invariant gauge field Ah is written as

Ah
µ = h†Aµh+

i

g
h†∂µh, (5.68)

which is a local expression, although non-polynomial. By imposing the

transversality constraint ∂µA
h,a
µ = 0 to this local version and solving it-

eratively for ξa, one recovers the non-local expression (5.62). The above

construction also remains invariant under gauge transformations

Aµ → U †AµU +
i

g
U †∂µU, h→ U †h, h† → h†U, (5.69)

so that

Ah
µ → Ah

µ. (5.70)

Therefore, we can write a BRST-invariant and local Gribov-Zwanziger

action

SGZ = Sinv + SGF −

∫

dx
(
φ̄ac
µ Mab(Ah)φbc

µ − ω̄ac
µ Mab(Ah)ωbc

µ

)

+

∫

dx gγ2fabcAh,a
µ (φ̄+ φ)bcµ +

∫

dx τa
(
∂µA

h,a
µ

)
−

∫

dx η̄aMab(Ah)ηb,

(5.71)

where τa is a Lagrange multiplier field introduced to enforce the transversality

of Ah,a
µ and (η̄a, ηa) are ghost fields coming from the equivalence of the local

and non-local formulations upon integration of the Stueckelberg field [189].

The complete set of nilpotent BRST transformation which leave the action
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invariant is

sAa
µ = −Dab

µ c
b, sca =

g

2
fabccbcc,

sc̄a = ba, sba = 0,

sφab
µ = 0, sφ̄ab

µ = 0,

sωab
µ = 0, sω̄ab

µ = 0, (5.72)

sAh,a
µ = 0, sτa = 0,

sηa = 0, sη̄a = 0,

shij = −igca(T a)ikhkj, sξa = gab(ξ)cb,

with gab(ξ) a power series in ξ, given by

gab(ξ) = −δab +
g

2
fabcξc −

g2

12
famrfmbqξrξq +O(ξ3). (5.73)

As before, we need to introduce the condensates to account for the IR

instabilities of the action. By introducing the gluon condensate in terms

of the invariant field Ah, we can see from the BRST transformations (5.72)

that the RGZ action coming from (5.71) remains invariant. We can then

use all of the theorems from the Quantum Action Principle to study the

renormalizability of the RGZ action. In the following section, we will study

the restriction of YMCS theories to the Gribov region using the algebraic

renormalization framework [43].

5.4 Algebraic Renormalization of the Yang-

Mills-Chern-Simons Theory in the Gri-

bov Region

Before addressing the renormalizability analysis of the Yang-Mills-Chern-

Simons theory restricted to the Gribov region, we must make a remark about

the validity of the algebraic method [43] in such a case. This is necessary be-

cause the algebraic renormalization framework is established upon the Quan-
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tum Action Principle, which was proved in perturbation theory for general

gauge theories. However, in the infrared energy scale, Yang-Mills theories

become non-perturbative, due to the increase of the coupling constant com-

ing from its negative β-function [65, 67]. Indeed, naive perturbation theory

indicates a Landau pole for QCD on the infrared energy scale (102 MeV).

Any results from a perturbative expansion on the coupling constant would

fall short at this point.

However, some comments are necessary to avoid arising doubt and confu-

sion. We talk about perturbative expansion in a formal sense in the algebraic

renormalization program, which means that we look at the expansions or-

der by order and are not concerned about the convergence of the sum [43].

We have also included in the starting action non-perturbative features of the

theory, such as condensates and the restriction to the Gribov region Ω, so

that perturbation theory will carry information from the non-perturbative

regime. Moreover, there has been recent discussions about the absence of a

QCD Landau pole, with a running coupling saturating scenario at low en-

ergies [190, 191], but for the pure Yang-Mills case, results from the lattice

show that the coupling constant displays low values for the whole range of

momenta [156], suggesting that perturbative approaches should be valid at

all scales [192]. With these remarks pointed out, let us proceed with the

renormalizability of YMCS theory in the Gribov region [193].

Since we are now working in Euclidean space-time, it is necessary to

reintroduce the YMCS action, since it is slightly different from its Minkowski

counterpart (3.2). For a general SU(N) gauge group, it reads

SYMCS =
1

4

∫

d3x F a
µνF

a
µν − im

∫

d3x ϵµρν

(
1

2
Aa

µ∂ρA
a
ν +

g

3!
fabcAa

µA
b
ρA

c
ν

)

.

(5.74)

The gauge fixing action for linear covariant gauges is given by a BRST-exact

action

SGF = s

∫

d3x c̄a
(

∂µA
a
µ −

α

2
ba
)

=

∫

d3x
(

ba∂µA
a
µ −

α

2
baba + c̄a∂µD

ab
µ c

a
)

,

(5.75)
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so that the gauge-fixed action is given by

S = SYMCS + SGF . (5.76)

With the restriction of such theory to the Gribov region as in (5.71) and the

inclusion of condensates, we get the RGZ-YMCS action

SRGZ
YMCS = S −

∫

d3x
(
φ̄ac
µ Mab(Ah)φbc

µ − ω̄ac
µ Mab(Ah)ωbc

µ

)

+

∫

d3x gγ2fabcAh,a
µ (φ̄+ φ)bcµ +

M2

2

∫

d3x Ah,a
µ Ah,a

µ

− µ2

∫

d3x
(
φ̄ab
µ φ

ab
µ − ω̄ab

µ ω
ab
µ

)
+

∫

d3x
(
τa∂µA

h,a
µ − η̄aMab(Ah)ηb

)
,

(5.77)

which is invariant under the BRST transformations (5.72.) This action will

be the starting point for our analysis.

5.4.1 Introducing External Sources

Following [189], we begin by introducing a set of external sources which

take physical values at the end of the renormalization procedure, as well as

the usual sources coupled to the non-linear BRST transformations. Starting

from the latter, we introduce

Sext =

∫

d3x
(

−Ωa
µD

ab
µ c

b +
g

2
Lafabccbcc +Kagab(ξ)cb + J a

µA
h,a
µ

)

, (5.78)

where we also introduced a source coupled to the invariant field Ah,a
µ due to

its composite nature. All these sources transform trivially under BRST, i.e.,

sΩa
µ = sLa = sKa = sJ a

µ = 0, so that the action Sext is BRST-invariant

(sSext = 0).

The presence of the condensates ⟨Ah,a
µ Ah,a

µ ⟩ and ⟨φ̄ab
µ φ

ab
µ − ω̄ab

µ ω
ab
µ ⟩ leads

to the introduction of sources coupled to the corresponding local composite
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operators, as described in [173,194],

Scond =

∫

d3x
[
J
(
Ah,a

µ Ah,a
µ

)
− ρ

(
φ̄ab
µ φ

ab
µ − ω̄ab

µ ω
ab
µ

)]
. (5.79)

This action will replace the condensate terms in (5.77). Since the composite

operators are BRST-invariant, the associated sources also need to be, i.e.,

sJ = sρ = 0. In the end, these sources should attain the physical values

J |phys=
M2

2
, ρ|phys= µ2. (5.80)

In four dimensions, one needs to introduce a quadratic terms in the source J ,

in order to control divergencies coming from ⟨(Ah,a
µ )2(x)(Ah,a

µ )2(y)⟩x→y. How-

ever, such a term is not allowed in three dimensions due to power counting

(the dimensions and charges of all fields and sources are collected in Tables

5.1, 5.2 and 5.3). As for the auxiliary fields condensate, there is no need for

such a quadratic term due to the absence of UV divergencies coming from a

⟨
(
φ̄ab
µ φ

ab
µ − ω̄ab

µ ω
ab
µ

)
(x)
(
φ̄ab
µ φ

ab
µ − ω̄ab

µ ω
ab
µ

)
(y)⟩x→y [177].

Next, we modify the Gribov mass term in the action (5.77) by introducing

a set of new sources. This was first employed to study the renormalization

of the softly broken RGZ theory in the Landau gauge [142, 177]. There,

the introduction of such sources was motivated by the restoration of BRST

symmetry, allowing for the use of cohomological arguments in the study of

renormalization. These sources needed to obtain physical values in the end of

the analysis, restoring the softly broken theory [195]. Here, even though our

starting action is already BRST-invariant, the introduction of these sources

remains useful, as it will restore the doublet structure of the auxiliary fields

as in (5.57). We then make the substitution from

Sγ2 ≡

∫

d3x gγ2fabcAh,a
µ (φ̄+ φ)bcµ , (5.81)
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to

Sγ2 ≡

∫

d3x
[
Mai

µ D
ab
µ (Ah)φbi + V ai

µ D
ab
µ (Ah)φ̄bi +Nai

µ D
ab
µ (Ah)ωbi

+ Uai
µ D

ab
µ (Ah)ω̄bi −Mai

µ V
ai
µ +Nai

µ U
ai
µ

]
,

(5.82)

where we used the multi-index notation i = (a, µ), concerning color and

spacetime indices. The introduction of the sources (M,N, V, U)abµν renders us

with additional Ward identities, further constraining the possible countert-

erms allowed, which will be proven useful when studying the renormalizability

of the action. Once again, they must attune to physical values to recover the

original action Sγ2 , given by

Mab
µν |phys= V ab

µν |phys= γ2δµνδ
ab,

Nab
µν |phys= Uab

µν |phys= 0.
(5.83)

Also, to preserve BRST-invariance of the total action, the sources must trans-

form as singlets, i.e., sMab
µν = sNab

µν = sV ab
µν = sUab

µν = 0. As a final remark,

we emphasize that the introduction of these sources is done in the same

fashion as in [142, 177] and that the quadratic source terms are allowed by

power-counting.

Finally, we introduce an extra set of external sources coupled to the non-

linear terms, as in [189],

Sextra =

∫

d3x
[
−Ξa

µD
ab
µ (Ah)ηa +X iηaω̄ai

+ Y iηaφ̄ai + X̄abiηaωbi + Ȳ abiηaφbi
]
.

(5.84)

These new sources are also BRST singlets, so that

sΞa
µ = sX i = sY i = sX̄abi = sȲ abi = 0. (5.85)

With the introduction of all these external sources, we are left with an

enlarged action which will be the focus of the algebraic renormalization anal-
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ysis. It reads

Σ = S −

∫

d3x
(
φ̄ac
µ Mab(Ah)φbc

µ − ω̄ac
µ Mab(Ah)ωbc

µ

)

+

∫

d3x
(
τa∂µA

h,a
µ − η̄aMab(Ah)ηb

)
+ Sγ2 + Scond + Sext + Sextra,

(5.86)

which is invariant under BRST, i.e.

sΣ = 0. (5.87)

We also see that the original RGZ-YMCS action (5.77) is recovered in the

limit where all the introduced sources attain the prescribed physical values

(5.80) and (5.83), while the remaining sources are all set to zero

Ωa
µ|phys= La|phys= Ka|phys= J a

µ |phys= 0,

Ξa
µ|phys= X i|phys= Y i|phys= X̄abi|phys= Ȳ abi|phys= 0,

(5.88)

so that we have

Σ|phys= SRGZ
YMCS. (5.89)

Before we start the characterization of all the enlarged action Σ symme-

tries, it will be useful to define an extended BRST symmetry Q, which will

later simplify the characterization of the invariant counterterm.

5.4.2 Extended BRST symmetry

Following the strategy developed in [196] and already explored in the

context of RGZ theories [189,197], we introduce a BRST transformation for

the gauge parameter α, making it a BRST doublet

sα = χ, sχ = 0, (5.90)

where χ is a constant Grassmann variable of ghost number 1, which we

can take to zero at the end of the analysis, recovering the original theory.

In this way, we can control the dependence of correlation functions on the



CHAPTER 5. 82

gauge parameter α through functional identities. Moreover, being now in a

BRST doublet, the gauge parameter can only enter the trivial sector in the

cohomology of the BRST operator, so that it does not affect gauge-invariant

physical quantities.

Beyond that, due to the introduction of sources, the action Σ is also left

invariant by another symmetry

δΣ = 0, (5.91)

with δ being a Grassmann operator which acts on the fields and sources as

δφab = ωab
µ , δωab

µ = 0,

δω̄ab
µ = φ̄ab

µ , δφ̄ab
µ = 0,

δNai
µ =Mai

µ , δMai
µ = 0, (5.92)

δV ai
µ = Uai

µ , δUai
µ = 0,

δY i = X i, δY i = 0,

δX̄abi = Ȳ abi, δȲ abi = 0,

with all other fields and sources transforming trivially under δ. From the

transformations (5.92), we can see that this new operator is nilpotent, i.e.,

δ2 = 0. Given that the operators s and δ anticommute, i.e., {s, δ} = 0, we

can construct an extended nilpotent operator Q as

Q = s+ δ, Q2 = 0. (5.93)
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The transformations of fields and sources under Q are given by

QAa
µ = −Dab

µ c
b , Qca =

g

2
fabccbcc ,

Qc̄a = ba , Qba = 0 ,

Qφai = ωai , Qωai = 0 ,

Qω̄ai = φ̄ai , Qφ̄ai = 0 ,

QAh,a
µ = 0 , Qτa = 0 ,

Qη̄a = 0 , Qηa = 0 ,

Qξa = gab(ξ)cb , Qα = χ ,

Qχ = 0 , QNai
µ =Mai

µ ,

QMai
µ = 0 , QV ai

µ = Uai
µ ,

QUai
µ = 0 , QY i = X i ,

QX i = 0 , QX̄abi = −Ȳ abi ,

QȲ abi = 0 , QΩa
µ = 0 ,

QLa = 0 , QJ a
µ = 0 ,

QKa = 0 , QJ = 0 ,

QΞa
µ = 0 .

(5.94)

The introduction of the extended symmetry Q restores the doublet na-

ture of the localizing auxiliary fields (φ̄, φ)abµ and (ω̄, ω)abµ , which ensures that

those fields can only appear in the trivial sector of the cohomology of the

operator Q. Thus, we can also define the source ρ coupled to the refin-

ing auxiliary fields condensate as a Q-doublet, by introducing the following

transformations

Qρ = σ, Qσ = 0, (5.95)

where we introduced an extra source σ.

The complete action Σ, which is invariant under the extended BRST
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symmetry Q defined by the transformations (5.94) and (5.95), is given by

Σ = SYMCS +

∫

d3x
(

ba∂µA
a
µ −

α

2
baba −

χ

2
c̄aba + c̄a∂µD

ab
µ c

a
)

−

∫

d3x
(
φ̄aiMab(Ah)φbi − ω̄aiMab(Ah)ωbi

)

+

∫

d3x
[
J(Ah,a

µ Ah,a
µ )− ρ(φ̄aiφai − ω̄aiωai)− σω̄aiφai

]

+

∫

d3x
(
τa∂µA

h,a
µ − η̄aMab(Ah)ηb

)
+ Sext + Sγ2 + Sextra,

(5.96)

so that

QΣ = 0. (5.97)

As before, the action (5.96) reduces to the original one (5.77) when the

sources assume physical values and the Grassmann parameter χ is set to

zero. As already pointed out for the auxiliary fields, the extension of the

BRST symmetry to the transformations Q (5.94) introduces a large set of

the sources as Q-doublets, due to the δ-component of Q, limiting all of these

sources to the trivial sector of the Q-cohomology. This restriction will control

the counterterm candidates which can be constructed. Beyond that, the

use of the multi-index i = (a, µ) entails another global symmetry of the

action (5.96), to which we attribute another quantum number dubbed U(f)

charge [189] and show explicitly in the next section. Moreover, the localizing

ghost-fields (η̄a, ηa), introduced in the localization of Ah,a
µ , carry a ghost

number that is independent of the Faddeev-Popov ghosts. Therefore, we

need to assign different names to each type of ghost number, namely ΦΠ

for the Faddeev-Popov ghost and η for the η-ghost, in order to avoid any

confusion. We collect the dimensions and quantum numbers of all fields,

sources and parameters in Tables 5.1, 5.2 and 5.3. In the following, we

characterize all the functional identities obeyed by (5.96), which will allow

us to investigate algebraically the most general counterterm which can be

added to the initial action in the renormalization procedure.
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Fields A b c c̄ ξ φ̄ φ ω̄ ω α χ
d 1/2 3/2 -1/2 3/2 -1/2 1/2 1/2 1/2 1/2 0 0
ΦΠ 0 0 1 -1 0 0 0 -1 1 0 1
η 0 0 0 0 0 0 0 0 0 0 0

U(f) 0 0 0 0 0 -1 1 -1 1 0 0
Nature B B F F B B B F F B F

Table 5.1: The quantum numbers of fields and their nature, i.e., bosonic (B)
meaning that they are commuting and fermionic (F) that implies an anti-
commuting field.

Sources Ω L K J M N U V J ρ σ
d 5/2 7/2 7/2 5/2 3/2 3/2 3/2 3/2 2 2 2
ΦΠ -1 -2 -1 0 0 -1 1 0 0 0 1
η 0 0 0 0 0 0 0 0 0 0 0

U(f) 0 0 0 0 -1 -1 1 1 0 0 0
Nature F B F B B F F B B B F

Table 5.2: The quantum numbers of sources and their nature, i.e., bosonic
(B) meaning that they are commuting and fermionic (F) that implies an
anti-commuting source.

Fields/Sources τ η η̄ Ξ X Y X̄ Ȳ
d 3/2 1/2 1/2 3/2 2 2 2 2
ΦΠ 0 0 0 0 1 0 −1 0
η 0 1 −1 −1 −1 −1 −1 −1

U(f) 0 1 −1 0 1 1 −1 −1
Nature B F F F B F B F

Table 5.3: The quantum numbers of fields and sources and their nature, i.e.,
bosonic (B) meaning that they are commuting and fermionic (F) that they
are anti-commuting
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5.4.3 Slavnov-Taylor and other functional identities

The Q-invariance of the action Σ (5.96) can be functionally expressed by

the Slavnov-Taylor identity, or rather, the extended Slavnov-Taylor identity

(since Q is an extension of the BRST operator s). It reads

SQ(Σ) = 0, (5.98)

where

SQ(Σ) =

∫

d3x

[
δΣ

δΩa
µ

δΣ

δAa
µ

+
δΣ

δLa

δΣ

δca
+

δΣ

δKa

δΣ

δξa
+ ba

δΣ

δc̄a
+ ωai δΣ

δφai
+ φ̄ai δΣ

δω̄ai

+ Mai
µ

δΣ

δNai
µ

+ Uai
µ

δΣ

δV ai
µ

+ σ
δΣ

δρ
+X i δΣ

δY i
− Ȳ abi δΣ

δX̄abi

]

+ χ
∂Σ

∂α
.

(5.99)

Other useful identities can be readily extended to the quantum theory

due to the quantum action principle [43], being linearly broken in the quan-

tum fields. They are listed in the following:

The gauge-fixing condition

δΣ

δba
= ∂µA

a
µ − αba −

1

2
χc̄a; (5.100)

The anti-ghost equation

δΣ

δc̄a
− ∂µ

δΣ

δΩa
µ

=
1

2
χba; (5.101)

The equations of motion of the lagrange multiplier τa

δΣ

δτa
− ∂µ

δΣ

δJ a
µ

= 0; (5.102)

The global U(f) symmetry, which can be seen from the particular contrac-

tion of fields and sources carrying the multi-index i = (a, µ), is functionally
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expressed as

UijΣ = 0, (5.103)

with

Uij =

∫

d3x

[

φai δ

δφaj
− φ̄aj δ

δφ̄ai
+ ωai δ

δωaj
− ω̄aj δ

δω̄ai

−Maj
µ

δ

δMai
µ

+ V ai
µ

δ

δV aj
µ

−Naj
µ

δ

δNai
µ

+ Uai
µ

δ

δUaj
µ

+ X i δ

δXj
+ Y i δ

δY j
− X̄abj δ

δX̄abi
− Ȳ abj δ

δȲ abi

]

;

(5.104)

We also have a set of linearly broken identities mixing the auxiliary fields

and sources:

δΣ

δφ̄ai
+ ∂µ

δΣ

δMai
µ

+ gfabcV bi
µ

δΣ

δJ c
µ

= −ρφai + Y iηa; (5.105)

δΣ

δφai
+∂µ

δΣ

δV ai
µ

−gfabcφ̄bi δΣ

δτ c
+gfabcM bi

µ

δΣ

δJ c
µ

= −ρφ̄ai−σω̄ai+Ȳ baiηb; (5.106)

δΣ

δω̄ai
+ ∂µ

δΣ

δNai
µ

− gfabcU bi
µ

δΣ

δJ c
µ

= ρωai + σφai −X iηa; (5.107)

δΣ

δωai
+ ∂µ

δΣ

δUai
µ

− gfabcω̄bi δΣ

δτ c
+ gfabcN bi

µ

δΣ

δJ c
µ

= −ρω̄ai − X̄baiηb; (5.108)

The Faddeev-Popov and η-ghosts present two distinct global ghost number

identities, given by

∫

d3x

[

ca
δΣ

δca
− c̄a

δΣ

δc̄a
+ ωai δΣ

δωai
− ω̄ai δΣ

δω̄ai
− Ωa

µ

δΣ

δΩa
µ

− 2La δΣ

δLa
−Ka δΣ

δKa

+ Uai
µ

δΣ

δUai
µ

−Nai
µ

δΣ

δNai
µ

+X i δΣ

δX i
− X̄abi δΣ

δX̄abi

]

+ χ
∂Σ

∂χ
= 0;

(5.109)

∫

d3x

[

ηa
δΣ

δηa
− η̄a

δΣ

δη̄a
− Ξa

µ

δΣ

δΞa
µ

− X i δΣ

δX i
− Y i δΣ

δY i
− X̄abi δΣ

δX̄abi
− Ȳ abi δΣ

δȲ abi

]

= 0;

(5.110)
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Beyond the global U(f) symmetry, the auxiliary fields and sources satisfy

another symmetry corresponding to an exchange between them with appro-

priate signs. This is named in the literature as a Rij symmetry [189] and is

given by the functional identity

RijΣ = 0, (5.111)

with

Rij =

∫

d3x

[

φai δΣ

δωaj
− ω̄aj δΣ

δφ̄ai
+ V ai

µ

δΣ

δUaj
µ

− Naj
µ

δΣ

δMai
µ

+ X̄abj δΣ

δȲ abi
+ Y i δΣ

δXj

]

;

(5.112)

The auxiliary ghost fields (η̄a, ηa), introduced in the localization of the invari-

ant field Ah, are presented in a similar fashion to the Faddeev-Popov ghosts

in the Landau gauge. In fact, they also lead to a η-ghost equation

δΣ

δη̄a
− ∂µ

δΣ

δΞa
µ

= 0, (5.113)

and an anti-ghost equation

∫

d3x

[
δΣ

δηa
+ gfabcη̄b

δΣ

δτ c
− gfabcΞb

µ

δΣ

δJ c
µ

]

=

∫

d3x
[
X iω̄ai − Y iφ̄ai + X̄abiωbi − Ȳ abiφbi

]
;

(5.114)

Finally, we have a series of identities that mix the auxiliary fields (φ̄, φ, ω̄, ω)

with the ghosts (η̄, η):

W i
(1)Σ =

∫

d3x

(

ω̄ai δΣ

δη̄a
+ ηa

δΣ

δωai
+Nai

µ

δΣ

δΞa
µ

+ ρ
δΣ

δX i

)

= 0; (5.115)

W i
(2)Σ =

∫

d3x

(

φ̄ai δΣ

δη̄a
− ηa

δΣ

δφai
+Mai

µ

δΣ

δΞa
µ

− ρ
δΣ

δY i
+ σ

δΣ

δX i

)

= 0;

(5.116)
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W i
(3)Σ =

∫

d3x

(

φai δΣ

δη̄a
− ηa

δΣ

δφ̄ai
− gfabc δΣ

δȲ abi

δΣ

δτ c
− V ai

µ

δΣ

δΞa
µ

+ ρ
δΣ

δȲ aai

)

= 0;

(5.117)

W i
(4)Σ =

∫

d3x

(

ωai δΣ

δη̄a
− ηa

δΣ

δω̄ai

+ gfabc δΣ

δX̄abi

δΣ

δτ c
+ Uai

µ

δΣ

δΞa
µ

+ ρ
δΣ

δX̄aai
+ σ

δΣ

δȲ aai

)

= 0.

(5.118)

These identities show that the RGZ-YMCS action (5.96) share the same

symmetry content of the standard RGZ action [189]. This is to be expected,

since the addition of the Chern-Simons term is already compatible with the

BRST invariance of the Yang-Mills action and does not affect the additional

structure responsible for elimination of infinitesimal Gribov copies. In the

next section, we study the renormalizability of the RGZ-YMCS action, in

which we will make use of all these identities to characterize the most general

invariant counterterm that is allowed to be constructed.

5.4.4 Finiteness of the YMCS-RGZ theory

Let us discuss the renormalizability of the RGZ-YMCS theory. A known

property of the RGZ formalism is that it does not introduce new UV diver-

gencies to the underlying theory [198]. Therefore, since the YMCS theory

is UV finite, i.e., all of the β-functions and anomalous dimensions of its pa-

rameters and fields are identically zero, the restriction to the Gribov region

should maintain such finite character.

As stated before, the most general invariant counterterm ΣCT is an inte-

grated, local polynomial on the fields and sources, bounded by dimension 2

(due to the superrenormalizable character of the theory) and ghost number

0. Within the algebraic renormalization set up, it is interpreted as a per-

turbation of the classical action (Σ + ϵΣCT ), which implies that it obeys the

following constraints:
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BQΣCT = 0,

UijΣCT = 0,

RijΣCT = 0,

δΣCT

δba
= 0,

δΣCT

δc̄a
− ∂µ

δΣCT

δΩa
µ

= 0,

δΣCT

δτa
− ∂µ

δΣCT

δJ a
µ

= 0,

δΣCT

δφ̄ai
+ ∂µ

δΣCT

δMai
µ

+ gfabcV bi
µ

δΣCT

δJ c
µ

= 0,

δΣCT

δφai
+ ∂µ

δΣCT

δV ai
µ

− gfabcφ̄bi δΣCT

δτ c
+ gfabcM bi

µ

δΣCT

δJ c
µ

= 0,

δΣCT

δω̄ai
+ ∂µ

δΣCT

δNai
µ

− gfabcU bi
µ

δΣCT

δJ c
µ

= 0,

δΣCT

δωai
+ ∂µ

δΣCT

δUai
µ

− gfabcω̄bi δΣCT

δτ c
+ gfabcN bi

µ

δΣCT

δJ c
µ

= 0,

δΣCT

δη̄a
− ∂µ

δΣCT

δΞa
µ

= 0,

W i
(1,2,3,4)ΣCT = 0,
∫

d3x

(
δΣCT

δηa
+ gfabcη̄b

δΣCT

δτ c
− gfabcΞb

µ

δΣCT

δJ c
µ

)

= 0.

(5.119)

In the first identity of (5.119), we define the linearized extended Slavnov-

Taylor operator BQ, which is written as

BQ =

∫

d3x

(
δΣ

δΩa
µ

δ

δAa
µ

+
δΣ

δAa
µ

δ

δΩa
µ

+
δΣ

δLa

δ

δca
+
δΣ

δca
δ

δLa

+
δΣ

δKa

δ

δξa
+
δΣ

δξa
δ

δKa
+ ba

δ

δc̄a
+ ωai δ

δφai
+ φ̄ai δ

δω̄ai

+Mai
µ

δ

δNai
µ

+ Uai
µ

δ

δV ai
µ

+ σ
δ

δρ
+X i δ

δY i
− Ȳ abi δ

δX̄abi

)

+ χ
∂

∂α
,

(5.120)
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and obeys the identity

BQBQ = 0, (5.121)

i.e., it is a nilpotent operator. This property restricts the general solution to

be of the form

ΣCT = ∆+ BQ∆
(−1). (5.122)

The solution is then divided into two sector: the functional ∆ belonging

to the cohomology of the operator (5.120), i.e. it is a non-trivial Q-cocycle;

while the functional BQ∆
(−1) is a trivial cocycle, i.e. a Q-coboundary. The

auxiliary fields and sources must belong to the latter, since they were in-

troduced as Q-doublets. Therefore, the functionals ∆ and ∆(−1) are local,

integrated polynomials bounded by dimension 2 and with ghost number 0

and −1, respectively. These restrictions lead to the following expressions

∆ =

∫

d3x
[

a0ϵµρν

(
1

2
Aa

µ∂ρA
a
ν +

g

3!
fabcAa

µA
b
ρA

c
ν

)

+a1J+λ
abcdAh,a

µ Ah,b
µ Ah,c

ν Ah,d
ν

]

,

(5.123)

and

∆(−1) =

∫

d3x ϵµρν
[
b1ω̄

ab
µ ∂ρφ

ab
ν + b2gf

abdω̄acAh,d
ρ φbc

ν + b3N
ab
µρφ

ab
ν + b4V

ab
µρ ω̄

ab
ν

]
,

(5.124)

where, upon the action of BQ, the trivial term becomes

BQ∆
(−1) =

∫

d3x ϵµρν
[
b1(φ̄

ab
µ ∂ρφ

ab
ν − ω̄ab

µ ∂ρω
ab
ν ) + b2gf

abd(φ̄ac
µ A

h,d
ρ φbc

ν

− ω̄ac
µ A

h,d
ρ ωbc

ν ) + b3(M
ab
µρω

ab
ν −Nab

µρω
ab
ν ) + b4(U

ab
µρω̄

ab
ν − V ab

µρ φ̄
ab
ν )
]
.

(5.125)

However, these expressions must also obey to the other conditions in

(5.119), which severely restricts the coefficients a0, a1, λ
abcd, b1, b2, b3 and

b4. By enforcing (5.119), we have that the trivial solution vanishes, i.e.,

b1 = b2 = b3 = b4 = 0. This vanishing solution also enforces the independence

of the counterterm from the gauge parameter α, since by introducing it as

a Q-doublet, it could only appear in the trivial cocycle. This also allows us

to further restrict the non-trivial sector, since the coefficients can then be
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considered in a simplified manner by taking α = 0, i.e., by assuming the

Landau gauge. But in this situation, the invariant field Ah,a
µ reduces to the

usual gauge field Aa
µ (see the appendix of [189]), thanks to the decoupling

of the Stueckelberg-like field ξa [199]. Thus, to preserve BRST-invariance

(more precisely, Q-invariance), we must demand that λabcd = 0, so that the

most general counterterm is given by

∆ =

∫

d3x

[

a0ϵµρν

(
1

2
Aa

µ∂ρA
a
ν +

g

3!
fabcAa

µA
b
ρA

c
ν

)

+ a1J

]

. (5.126)

Two comments are in order: the term proportional to the source J must

be taken at its physical value, and is, therefore, nothing more than an ad-

ditive constant. As such, it does not affect any correlation functions of the

theory and does not interfere with the renormalizability. As for the a0 term,

we have, once again, the Chern-Simons action. Being BRST-invariant only

as an integrated term, it does not contribute to the non-trivial part of the

cohomology [82–85], as discussed in chapters 3 and 4. Therefore, the coun-

terterm action is trivial and the YMCS theory in linear covariant gauges

remains finite when taking into account the elimination of Gribov copies and

the dynamical formation of condensates.
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Final Remarks

As we have seen throughout this thesis, quantum field theories in 3 space-

time dimensions have many different properties than its four-dimensional

counterpart, with the possibility of a gauge invariant mass term for gauge

fields and superrenormalizability among these properties. It serves as a good

theoretical laboratory where one can encounter new phenomena and study

features of four dimensional Yang-Mills in a simpler setting, while also being

of key interest for the application in condensed matter physics. Here we pur-

sued an investigation of the renormalization properties of Yang-Mills-Chern-

Simons theories using the algebraic renormalization framework, analyzing it

in a couple of different scenarios.

We began with a review of the Quantum Action Principle, upon which the

algebraic method is built, and then introduced the Yang-Mills-Chern-Simons

theory in the Landau gauge. Even though the theory is superrenormalizable

and the counterterms can be explicitly computed with a little effort, since

they appear only up to two loops order, the use of the algebraic framework al-

lows us to come up with a new functional identity, the local Callan-Symanzik

equation, which proves the finiteness of YMCS without the need of explicit

calculations.

Building upon it, we extend the known finiteness of YMCS to more gen-

eral settings. First, we introduce the theory for a wider class of gauge con-

ditions, namely one which interpolates between the light-cone gauge and
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linear covariant gauges. This specific choice of gauge-fixing is made since it

obeys the requirements of the QAP, a property that non-covariant gauges do

not usually present, while also retaining information on the more physical

light-cone gauge, which is recovered for a limiting value of the interpolating

parameter. With it, we were once again able to prove the renormalizabil-

ity of YMCS to all orders in perturbation theory and, even more, its finite

character.

Finally, we have investigated the restriction of YMCS to the first Gri-

bov horizon through the implementation of the Gribov-Zwanziger formalism.

This is possible due to the geometrical nature of the problem and can pro-

vide insights on the dynamics of gauge fields in the infrared regime of three

dimensions. We verified that the introduction of the auxiliary fields respon-

sible of implementing such a restriction does not lead to new divergencies,

thus retaining the finiteness of YMCS theory to all orders.

These investigations open up possible paths of continuity. A purely alge-

braic investigation of supersymmetric extensions of YMCS theory seems like

a natural complement to the work presented here. Also, a careful study of

the phase diagram of the gluon propagator and the possibility of a confin-

ing/deconfining transition coming from the interplay between the different

mass parameters present in the RGZ-YMCS theory, which can be enriched

even further with the introduction of a Higgs mass term. Beyond that, the

computation of the Gribov parameter and the dynamical condensate masses

self-consistently through their gap equation is still a little explored topic

within the Gribov-Zwanziger formalism, in both three and four dimensions,

and should also be addressed to allow for comparisons with the lattice data.
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