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The parity-preserving massive QED3; exhibits vanishing gauge coupling B-function and is parity and
infrared anomaly free at all orders in perturbation theory. Parity is not an anomalous symmetry, even for
the parity-preserving massive QED3, in spite of some claims about the possibility of a perturbative parity
breakdown, called parity anomaly. The proof is done by using the algebraic renormalization method,
which is independent of any regularization scheme, based on general theorems of perturbative quantum
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The quantum electrodynamics in three space-time dimensions
(QED3) has raised a great deal of interest since the precursor
work by Deser, Jackiw and Templeton [1] in view of a possible
theoretical foundation for condensed matter phenomena, such as
high-T. superconductivity, quantum Hall effect and, more recently,
graphene and topological insulators. The massive and the massless
QED3 can exhibit interesting and subtle properties, namely su-
perrenormalizability [2], parity violation, topological gauge fields,
anyons and the presence of infrared divergences. The massless
QEDs is ultraviolet and infrared perturbatively finite, infrared and
parity anomaly free at all orders [3], despite some statements
found out in the literature that still support that parity could be
broken even perturbatively, called parity anomaly, which has al-
ready been discarded [3-6]. The massless QEDs3 is parity-even at
the classical and quantum level (at least perturbatively), however,
at the classical level, the massive QED3 can be odd or even un-
der parity symmetry. For the parity-even massive QEDs, if whether
parity is a quantum symmetry or not, shall be definitely proved
by using a renormalization method independent of any regular-
ization scheme. The massive QED3 has also been studied in de-
tails in many other physical configurations, namely, large gauge
transformations, non-Abelian gauge groups, odd and even under
parity, fermions families, compact space-times, space-times with
boundaries, external fields and finite temperatures - in all of these
situations, the issues of parity breaking or parity preserving at
the quantum level, renormalizability and finite temperature cor-
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rections, are quite non-trivial. Therefore, in those cases previously
mentioned, the massive QED3 shall exhibit distinct behaviours
and properties [7,8] as compared to the case presented in this
work.

The proof presented in this letter on the absence of parity and
infrared anomaly, and the vanishing gauge coupling S-function, in
the parity-even massive QEDs3, is based on general theorems of
perturbative quantum field theory [9-12], where the Lowenstein-
Zimmermann subtraction scheme in the framework of Bogoliubov-
Parasiuk-Hepp-Zimmermann-Lowenstein (BPHZL) renormalization
method [12] is adopted. The former has to be introduced, owing
to the presence of massless gauge field, so as to subtract infrared
divergences that should arise from the ultraviolet subtractions.

The issue of the extension of parity-even massive QED3 in the
tree-approximation to all orders in perturbation theory is orga-
nized according to two independent parts. First, it is analyzed the
stability of the classical action - for the quantum theory, the sta-
bility corresponds to the fact that the radiative corrections can be
reabsorbed by a redefinition of the initial parameters of the theory.
Second, it is computed all possible anomalies through an analy-
sis of the Wess-Zumino consistency condition, furthermore, it is
checked if the possible breakings induced by radiative corrections
can be fine-tuned by a suitable choice of local non-invariant coun-
terterms. It shall be stressed that when massless fields are present,
infrared divergences may appear from non-invariant counterterms,
called infrared anomalies.

The gauge invariant action for the parity-preserving massive
QED3, with the gauge invariant Lowenstein-Zimmermann (LZ)
mass term added, is given by:
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LZ mass term

where Pyry = (§ +iefA)¥, e is a dimensionful coupling constant
with mass dimension % and m is a mass parameter with mass di-
mension 1. In action (1), Fy, is the field strength for Ay, F,, =
oAy —dyAy, and, ¥4 and _ are two kinds of fermions where
the & subscripts refer to their spin sign [13], also, the gamma
matrices are y* = (03, ioy, ioy). The Lowenstein-Zimmermann pa-
rameter s lies in the interval 0 <s <1 and plays the role of an
additional subtraction variable (as the external momentum) in the
BPHZL renormalization program, such that the parity-even massive
QED3 is recovered for s =1.

In the BPHZL scheme a subtracted (finite) integrand, R(p,k, ),
is written in terms of the unsubtracted (divergent) one, I(p,k, s),
as

R(p.k.s)=(1—1t5 (A —t, )I(p.k.s)

==t —tys+t9 1ty ). k.s),

where tf’y is the Taylor series about x =y =0 to order d if d > 0.
Thus, since the Lowenstein-Zimmermann mass term presented
in (1) breaks parity, by assuming s = 1, a subtracted integrand,
R(p,k,s), reads

a
R(p,k, 1) =1I(p,k,1) = 1(0,k, 1) — p? —1(0,k, 0) .
e e’ N’ app

— ——
parity-odd terms

parity-even  parity-even

In order to quantize the model, represented by the action (1),
a parity-even gauge-fixing action, Xgr, is added:

Tgf = /d%{ba“/\# + %bz +emc} , 2)

together with a parity-even action term, Xex¢, coupling the non-lin-
ear Becchi-Rouet-Stora (BRS) transformations to external sources:

Sext = fd3x{§+sw+ — Q. sy_+

—SY4Qp +sY_Q_}. (3)
The BRS transformations are given by:
sYy =iy, sy =—icyy,
sYy_=icy_, sy_=—icy_,
1
sAy =—;8Mc, sc=0,
_1

sc:Eb, sh=0, (4)

where ¢ is the ghost, ¢ is the antighost and b is the Lautrup-
Nakanishi field [14], playing the role of the Lagrange multiplier
field. In spite of been massless, since the Faddeev-Popov ghosts are
free fields, they decouple, therefore, no Lowenstein-Zimmermann
mass term has to be introduced for them.

The complete action, £¢~1, reads
OV =20 + T+ Text , (5)

mv

in such a way that the parity-preserving massive QEDs is recovered
taking s=1, T = 26"D|_q.

By switching off the coupling constant (e) and taking the free
part of the action, »6=D 4 Yef ((1) and (2)), the tree-level propa-

mv
gators in momenta space, for all the fields, read:

Ck+m Ck—m
Ay (k)= lm , Ak = lm , (6)
1 kHkY
ALY SR ) S — T
a0 =i\ g (7 - )+
u(s—1) 1pv & kHKY
k = — 7
e — 26— Ytieue | @
U ket
Ay (k) = 2 App(k) =0, (8)
1
Agc (k) = —lk—2 . 9)

At this moment, in order to establish the ultraviolet (UV) and in-
frared (IR) dimensions of any fields, X and Y, we make use of the
UV and IR asymptotical behaviour of their propagator, Axy(k,s),
dxy and ryy, respectively:

dxy = degg s Axy (k. s) . (10)
rxy =deg, . Axy(k,s), (11)

where the upper degree c@g(k,s) gives the asymptotic power for
(k,s) — oo whereas the lower degree @(k 1) gives the asymp-
totic power for (k,s — 1) — 0. The UV (d) and IR (r) dimensions of
the fields, X and Y, are chosen to fulfill the following inequalities:

dx +dy >3 +dxy and rx+ry <3+4rxy. (12)

In order to fix the UV and IR dimensions of the spinor fields
¥4+ and v_, and the vector field A, use has been made of the
propagators, (6) and (7) together with the conditions (12), then,
the following relations stem:

diy=—-1 = 2dy>2—>d+ =1, (13)
rii:O:>2ri§3—>ri:%; (14)
dAA:—2:>2dAzl—>dA:%, (15)
rAA:—2:>2rA§1—>rA:%. (16)

From the propagators (8) and the conditions, (12), (15) and (16), it
can fixed the UV and IR dimensions of the Lautrup-Nakanishi field
b as follows:

1 3
dap=—1= da+dy=2, dy=35—>dp=3, (17)

1 3
TAb:—1=>TA+Tb§2,TA:§—>Tb:§. (18)

The dimensions (UV and IR) of the Faddeev-Popov ghost (c) and
antighost (c) are fixed, by considering the propagators (9), such
that:

deie=—-2 = d.+d:>1, (19)
Tee=—2 =>T1c+1:<1. (20)

Also, assuming that the BRS operator s (4) is dimensionless and
bearing in mind that the coupling constant e has dimension

(mass)%, the UV and IR dimensions for the ghost and antighost
result:

de=0 and d;=1; rc.=0 and rz=1. (21)
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Table 1
UV (d) and IR (r) dimensions, ghost number ($IT) and Grassmann parity (GP).
Ap Yy [/ c c b Qy Q_ s—1 s
d 1/2 1 1 0 1 3/2 2 2 1 1
r 1/2 3/2 3/2 0 1 3/2 3/2 3/2 1 0
DI1 0 0 0 1 -1 0 -1 -1 0 0
GP 0 1 1 1 1 0 0 0 0 0

Finally, from the action of the antifields (3), and the UV and IR
dimensions of the fields fixed previously, it follows that:

3
do, =2 and rQizi. (22)

In summary, the UV (d) and IR (r) dimensions - which
are those involved in the Lowenstein-Zimmermann subtraction
scheme [12] - as well as the ghost numbers (®I1) and the Grass-
mann parity (GP) of all fields are collected in Table 1. Notice that
the statistics is defined as follows. The integer spin fields with odd
ghost number, as well as, the half integer spin fields with even
ghost number anticommute among themselves. However, the other
fields commute with the formers and also among themselves.

The BRS invariance of the action is expressed in a functional
way by the Slavnov-Taylor identity

S(=6Dy=0, (23)

where the Slavnov-Taylor operator S is defined, acting on an arbi-
trary functional F, by

1 §F 1 6F
S(}—):/CPX{—Ea'uC +-b—+

SAK e 4c
8F OF SF 6F
8Q 8y Q4 Sy
8F OF SF 6F
§Q_dY—  SQ_ Sy
The corresponding linearized Slavnov-Taylor operator reads
1 ) 1.6
Sr= [ d®x{—-dtc— + —b—
d / X{ e san Tl T
+8]—"8+8F6 SF & SF 8
8Q4 0V Sy 8Qy 8RSy 8Y 6Qy
§F 6 SF & n
8Q_dy- Y- 8Q_
§F & SF 8
8Q_ 8y Syr_ 6Q2—
The following nilpotency identities hold:
SrS(F)=0, VF, (26)
SrSr=0 if S(F)=0. (27)

In particular, (Sx)% =0, since the action ¢! obeys the Slavnov-
Taylor identity (23). The operation of Sy upon the fields and the
external sources is given by

SZ¢:S¢7 ¢:{\/fiv Jﬂ:sAlLscvéab}5

82(5—1) 82(5—1)
82 Q+ = — ) EQJr = )
84 LJ/AS
82(571) _ 82(57‘1)
Sy =22 50 —— . (28)

SV SY_

In addition to the Slavnov-Taylor identity (23), the classical action
»6=D (5) is characterized by the gauge condition, the ghost equa-
tion and the antighost equation:

§x =D
5 =0 At ED, (29)
E
52 =0c, (30)
Sz _
—I— =illc+ Qv + ¥4 Qp +
—Q Y —Y_Q_. (31)

The action =6~V (5) is invariant also with respect to the rigid
symmetry

WiigaZ¢ Y =0, (32)

where the Ward operator, Wigi4, is defined by

s — 8 s o~ 8
Wiigid= | X0y — =¥y — + Qy — — Q4 —
rigid / {w+5‘/’+ I/’+5‘l’+ + +5S2+ +(SQ+ +
+ v 5 v 5 +Q g 2 (33)
B2 T To N Yo Tl

The parity-preserving massive QED3 (s = 1) action, ¢~V |;_q,
is invariant under parity (P), its action upon the fields and external
sources is fixed as below:

X i xZ = (X0, —X1,X2) ,
ve >yl =—iyly_ gy Pl =iy,
Yoyl =iyl o T =iy
Ap =5 AP = (Ao, —A1, Ay)
¢ P =¢. p=Ic.C.b).
Q, Lol =—iyla, q, 5ol =ig y,
o Lol ——iyla,, a_ -5 af =ig,yl (34)

In order to verify if the action in the tree-approximation
(=6-D) is stable under radiative corrections, we perturb it by an
arbitrary integrated local functional (counterterm) X¢¢—1, such
that

E(S—]) — E(S_]) + SZC(S_l) , (35)

where ¢ is an infinitesimal parameter. The functional ¢ =
»¢6=D|,_; has the same quantum numbers as the action in the
tree-approximation at s =1.

The deformed action £6~1 must still obey all the conditions
presented above, henceforth, £¢~1 is subjected to the following
set of constraints:

Sy 2D =0, (36)
82(‘(5—1) 82c(s—1) (SEC(S—l)
_ I =0, (37)
b 8¢ §c
WiigiaZC™V =0. (38)

The most general invariant counterterm %G~ — the most
general field polynomial - with UV and IR dimensions bounded
by d <3 and r > 3, with ghost number zero and fulfilling the con-
ditions displayed in Eqgs. (36)-(38), reads:
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seG—1) _ /d3x{a1i$+¢w+ +oniy Py +

+o3¥ Y +oay Yo+
+asF*VF 4+ o€V A0, Ay} (39)

where «; (i=1,...,6) are, in principle, arbitrary parameters. How-
ever, there are other restrictions owing to the superrenormaliz-
ability of the theory and its parity invariance - the parity-even
massive QED3 recovered for s = 1. On account of the superrenor-
malizability, the coupling constant-dependent power-counting for-
mula [8,15] is given by:

Y ) —3_ d“’)N LY (40)
(p00> 2; (r¢ PR

for the UV (8(y)) and IR (p(y)) degrees of divergence of a
1-particle irreducible Feynman graph, y. Here N¢ is the num-
ber of external lines of y corresponding to the field ¥, d¢ and
re are the UV and IR dimensions of ®, respectively, as given in
Table 1, and N, is the power of the coupling constant e in the in-
tegral corresponding to the diagram y. Due to the fact that the
counterterms are generated by loop graphs, they are at least of or-
der two in the coupling constant (e). Consequently, the effective
UV and IR dimensions of the counterterm ¢~ are bounded by
d <2 and r > 2, then, a1 = oy = a5 = 0. Furthermore, the coun-
terterm ¢ = Y6~ |,_; is parity invariant, yielding that og = 0
and a3 = —o4 = «. Finally, it can be concluded that the countert-
erm results as

zfzz“*”uﬁ:i/d%uu$+w+—$_w_»,

0
=zZmm—23 , (41)
om

where z; is an arbitrary parameter (as «o is, zm = —%), and
% = =6-D|,_;. The counterterm (41) shows that, a priori, only
the mass parameter m can get radiative corrections. This means
that the S.-function related to the gauge coupling constant (e) is
vanishing (8 = 0) to all orders of perturbation theory, so as the
anomalous dimensions of the fields.

Owing to the fact that classical stability does not imply the
possibility of extending the theory to the quantum level, it still
lacks to show the absence of gauge anomaly, infrared anomaly
and the claimed parity anomaly. This result, combined with the
previous one (41), completes the proof of vanishing gauge cou-
pling B-function and the absence of infrared and parity anomaly
in parity-even massive QEDs3 at all orders in perturbation theory.

At the quantum level the vertex functional, =1, which coin-
cides with the classical action, £¢~1 (5), at Oth order in A,

re=b=s6"yom, (42)

has to satisfy the same constraints as the classical action does,
namely Eqgs. (29)-(32).

In accordance with the Quantum Action Principle [9,11], the
Slavnov-Taylor identity (23) gets a quantum breaking:

ST Moy =A-TE D =A+00A), (43)

where A = Als;—1 is an integrated local functional, taken at s =
with ghost number 1 and UV and IR dimensions bounded by d < %
and r > 3.

The nilpotency identity (26) together with

Sr=8z+0®M), (44)

implies the following consistency condition for the breaking A:

SsA=0, (45)
and beyond that, A also satisfies the constraints:

A SA SA

— = = | d®x— = Wyj5qA =0. 46
sb 5c / Sc rigid ( )

The Wess-Zumino consistency condition (45) constitutes a co-
homology problem in the sector of ghost number one. Its solution
can always be written as a sum of a trivial cocycle Sz A©®, where
AO has ghost number 0, and of nontrivial elements belonging to
the cohomology of Sy (25) in the sector of ghost number one:

AD =AM 4 Sz A0 (47)

It shall be stressed that there still remains a possible parity vi-
olation at the quantum level induced by parity-odd noninvariant
counterterms. Due to the fact that the Lowenstein-Zimmermann
subtraction method breaks parity during the intermediary steps,
the Slavnov-Taylor identity breaking, A, is not necessarily parity
invariant. In any case, A®D must satisfy the conditions imposed by
(45) and (46). The trivial cocycle Sz A© can be absorbed into the
vertex functional I~ as a noninvariant integrated local coun-
terterm, —A©. On the other hand, a nonzero A would repre-
sent an anomaly. If by chance, there exist any parity-odd Zg%)d.
a parity anomaly would be present induced by the noninvariant
counterterm, —Zf,%)d.

Taking into account the Slavnov-Taylor operator Sy (25) and
the quantum breaking (43), it results that the breaking A ex-
hibits UV and IR dimensions bounded by d < % and r > 3. Never-
theless, being an effect of the radiative corrections, the insertion
AWM possesses a factor e? at least, then its effective UV and IR di-
mensions are bounded by d < % and r > 2, respectively.

From the antighost equation:

1)
/d3x8A =0, (48)
éC

it follows that A can be written as
AD :[d3x Kudtc, (49)

where [C, is a rank-1 tensor with ghost number 0, with UV and IR
dimensions bounded by d < % and r > 1 (the ghost c is dimension-

less), respectively. The breaking A can be split into two pieces,
which are even and odd under parity, by writing IC;, as

Kp=rVu+1mpPu, (50)

in such a manner that V, is a vector and P, a pseudo-vector.

Bearing in mind that /C;, has its UV and IR dimensions bounded
by d < % and r > 1, it can be concluded that there are no V, sat-
isfying these dimensional constraints and the conditions (45) and
(46), therefore, {V,} =, which means the absence of a parity-
even Slavnov-Taylor breaking. However, still remains the odd sec-
tor represented by P, and it follows that by a dimensional analy-
sis a candidate for P,,, which satisfies also the conditions (45) and
(46), shows up:

~ 1
pM=FM=§€uvapv~ (51)

It turns out that there is only one parity-odd candidate, Agld)d,
which could be a parity anomaly, surviving all the constraints
above:



O.M. Del Cima / Physics Letters B 750 (2015) 1-5 5

1 T,
AV = A = EP/(Fx €upvFPYakc, (52)
however, integrating it by parts, leads that

AW =AlD =0. (53)

Hence it follows that, there is no radiative corrections to the
insertion describing the breaking of the Slavnov-Taylor identity,
{AM} = ¢, which means that there is no possible breaking to
the Slavnov-Taylor identity, and neither parity is violated nor in-
frared anomaly stems by noninvariant counterterms that could be
induced due to the Lowenstein-Zimmermann subtraction method,
which breaks parity at the intermediary stages of the IR subtrac-
tions.

In conclusion, the parity-preserving massive QED3 exhibits van-
ishing gauge coupling g-function (B8, = 0), vanishing anomalous
dimensions of all the fields (Y = 0), and besides that, is infrared
and parity anomaly free at all orders in perturbation theory. In
fact, the latter is a by-product of superrenormalizability and ab-
sence of parity-odd noninvariant couterterms that could be in-
duced by the IR divergences subtractions which break parity -
there is no Chern-Simons term radiatively induced at any order
as some claims found out in the literature. It shall be stressed that
the algebraic renormalization method does not involve any regular-
ization scheme, nor any particular diagrammatic calculation, and is
based on general theorems of perturbative quantum field theory.
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