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♦❧✐❣❛r❝❛ ❞❡ ❧❛ ❝✐❡♥❝✐❛
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❆❣r❛❞❡ç♦ ✐♠❡♥s❛♠❡♥t❡ à ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛✱ ♣r♦❢❡ss♦r❛ ❙ô♥✐❛✱ ♣♦r s✉❛ ❣r❛♥❞❡
❞❡❞✐❝❛çã♦ ❡ ♣❛❝✐ê♥❝✐❛ ✭♠✉✐t❛ ♣❛❝✐ê♥❝✐❛✮❀ s✉❛ ♦r✐❡♥t❛çã♦✱ ❝♦♥s❡❧❤♦s ❡ ❡♥s✐♥❛♠❡♥t♦s
t❡♠ s✐❞♦ ✐♥❞✐s♣❡♥sá✈❡✐s ♥❡st❛ ❡t❛♣❛ ❞❡ ❣r❛♥❞❡ ❛♣r❡♥❞✐③❛❞♦✳
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❡ r❡s♣♦♥sá✈❡✐s ♣♦r t♦❞❛ ❛ ♠✐♥❤❛ ❡❞✉❝❛çã♦ ❛❝❛❞é♠✐❝❛ ❡ ♣❡ss♦❛❧✳ ❙❡♠ ❞ú✈✐❞❛ sã♦ ❛
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s❡♠ ❞ú✈✐❞❛ ❢♦r❛♠ ✐♠♣♦rt❛♥t❡s ♥♦ ♠❡✉ ❝r❡s❝✐♠❡♥t♦ ❝♦♠♦ s❡r ❤✉♠❛♥♦❀ ♣♦r
s❡✉s ❝♦♥s❡❧❤♦s✱ ♠♦♠❡♥t♦s ❞❡ ❞❡s❝♦♥tr❛çã♦✱ ✈✐r❛❞❛s ❡st✉❞❛♥❞♦✱ t❛r❞❡s ❡ ♥♦✐t❡s
❞❡ ❝♦♥✈❡rs❛s✱ ❛♠❛♥❤❡❝✐❞❛s ❞❡ r❡✢❡①ã♦ ❡ ♠❡❞✐t❛çã♦✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ♣♦r ❝❛❞❛
♠♦♠❡♥t♦ ✈✐✈✐❞♦✱ ♣♦r ✐ss♦ ❡ ♠❛✐s ❛❣r❛❞❡ç♦ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛ ❱â♥❣❡❧❧✐s✱ ❆♥❞❡rs✐t♦♥✱
▼❛✉r✐t♦✱ ▼❛r✐✱ ❆rt❤✉r✱ ❚❤✐❡❧②✱ ❚❤❛♠✐❧❡s✱ ❙❛r❛❤✱ ❚♦❜✐❛s✱ ❏✉❛♥✐t♦✱ ❊❧❡♥❝✐t❛✱ ▲✉✐s✱
▲✉❛♥❛✱ ◆❛í③❛✱ ●❡♥✐❧s♦♥✱ ●r❡✐❝❡✱ P❛❧♦♠❛✱ ▼❛r❝❡❧❛✱ ❉✉❞❛✱ ❩é ❇r✉♥♦✱ ❙❡❜✐t❛s✱ ❚❛✐s✱
❇r❡♥❞❛✱ ❈❛r❧✐t♦s✱ P❛✉❧✐♥❤❛✱ ▲❡❛♥❞r♦✱ ❚❤❛♠❛r❛✱ ❏♦ã♦✱ ❱❡rô♥✐❝❛✱ ❉♦♥ ▼❛r❝❡❧✐♥♦✱
❡ ♦✉tr♦s q✉❡ ❞❡s❞❡ ❛ ❞✐stâ♥❝✐❛ ❝♦♥✜❛r❛♠ ❡♠ ♠✐♠ ❞❡s❞❡ q✉❡ ❡✉ ♣ôs ✉♠ ♣é ❢♦r❛
❞♦ ♠❡✉ ♣❛ís✿ ❈r✐st✐❛♥ P❡r❞♦♠♦✱ ❑❛t❡❝✐t❛✱ ▼❛✉r✐❝✐♦✱ ❧❛ ♣❛✐s❛✱ t✐❛ ❈❧❛✉❞✐❛✱ t✐❛
▼❛r✐♥❡❧❛✱ t✐❛ ▲✐❧✐❛♥❛✳

❆❣r❛❞❡ç♦ ❛ t♦❞❛s ❛s ♣❡ss♦❛s q✉❡ ♠❡ ❢❛③❡♠ ❜❡♠ t♦❞♦ ❞✐❛✱ ❡ ♠❡ ❞❡s❡❥❛♠
s✉❝❡ss♦❀ s❡r✐❛ ❞✐❢í❝✐❧ ♠❡♥❝✐♦♥❛✲❧❛s t♦❞❛s✱ ♠❛s t❡♥❤♦ ❝❡rt❡③❛ q✉❡ ❛s s✉❛s ♣r❡❝❡s
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❯♠ ❛❣r❛❞❡❝✐♠❡♥t♦ ❡s♣❡❝✐❛❧ ❛♦s ♣r♦❢❡ss♦r❡s ❏❡sús ❡ ●✉st❛✈♦✱ ♣❡❧❛ ❞✐s♣♦s✐çã♦
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✶✳✸✳✺ ❘❡♣r❡s❡♥t❛çõ❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✳✸✳✻ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡rs ❧✐♠✐t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✶✳✸✳✼ ❖s ♠ó❞✉❧♦s s✐♠♣❧❡s✱ ♣r♦❥❡t✐✈♦s ❡ ✐♥❥❡t✐✈♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✷ ❋✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ ✸✽

✷✳✶ ❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✈



✷✳✷ ❋✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸ ❆ φ✲❞✐♠❡♥sã♦ ❞❡ á❧❣❡❜r❛ ❛✉t♦✐♥❥❡t✐✈❛ ✺✸

✸✳✶ ❈❛t❡❣♦r✐❛ ❊stá✈❡❧ ❡ ❋✉♥t♦r ❙✐③✐❣✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✸✳✷ ➪❧❣❡❜r❛s ❆✉t♦✐♥❥❡t✐✈❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹ ❆ φ✲❞✐♠❡♥sã♦ ❞❡ á❧❣❡❜r❛s ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦ ✺✾

✹✳✶ ➪❧❣❡❜r❛s ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✻✼

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✻✽

✈✐



❘❡s✉♠♦

▼➱◆❉❊❩ ❆▲❋❖◆❙❖✱ ❏❛✈✐❡r ❊s♥❡✐❞❡r✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱
♥♦✈❡♠❜r♦ ❞❡ ✷✵✶✼✳ ❋✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈✳ ❖r✐❡♥t❛❞♦r❛✿ ❙ô♥✐❛ ▼❛r✐❛
❋❡r♥❛♥❞❡s✳

◆❡st❡ tr❛❜❛❧❤♦✱ ✐♥tr♦❞✉③✐♠♦s ❛s ❋✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ φ ❡ ψ✱ ♠♦t✐✈❛❞♦s

♣❡❧❛ ❈♦♥❥❡❝t✉r❛ ❋✐♥✐t✐st❛✳ ❖ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ ✈✐s❛ ❡st✉❞❛r

♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❛s ❢✉♥çõ❡s s♦❜r❡ K✲á❧❣❡❜r❛s ❆rt✐♥✐❛♥❛s ❞❡ ❞✐♠❡♥sã♦

✜♥✐t❛✱ s❡♥❞♦ K ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳ ❈♦♥❢♦r♠❡ ♦ ❛rt✐❣♦ ❬✶✷❪✱

❞❡♠♦♥str❛♠♦s ❝♦♠ ❞❡t❛❧❤❡s ♦ ❚❡♦r❡♠❛ ✹✱ q✉❡ r❡❧❛❝✐♦♥❛ ❛ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛

❝♦♠ ❛ ❢✉♥çã♦ ψ✳ ❊♠ s❡❣✉✐❞❛✱ ❝❛r❛❝t❡r✐③❛♠♦s á❧❣❡❜r❛s ❆rt✐♥✐❛♥❛s ❛✉t♦✐♥❥❡t✐✈❛s

❛tr❛✈és ❞❡ss❛s ❢✉♥çõ❡s✱ ✈❡❥❛ ❬✶✶❪✳ ◆♦ ❝❛s♦ ❞❡ á❧❣❡❜r❛s ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦

♥ã♦ ❛✉t♦✐♥❥❡t✐✈❛s ♠♦str❛♠♦s q✉❡ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ❛ φ✲❞✐♠❡♥sã♦ ❞❡ss❛s á❧❣❡❜r❛s

✈✐❛ ♦s ♠ó❞✉❧♦s s✐♠♣❧❡s✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❛ ❞✐♠❡♥sã♦ ❣❧♦❜❛❧ ❞❡ á❧❣❡❜r❛s ❆rt✐♥✐❛♥❛s✱

✈❡❥❛ ❬✶✹❪✳

✈✐✐



❆❜str❛❝t

▼➱◆❉❊❩ ❆▲❋❖◆❙❖✱ ❏❛✈✐❡r ❊s♥❡✐❞❡r✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱
◆♦✈❡♠❜❡r✱ ✷✵✶✼✳ ■❣✉s❛✲❚♦❞♦r♦✈ ❢✉♥❝t✐♦♥s✳ ❆❞✈✐s❡r✿ ❙ô♥✐❛ ▼❛r✐❛ ❋❡r♥❛♥❞❡s✳

■♥ t❤✐s ✇♦r❦✱ ✇❡ ✐♥tr♦❞✉❝❡ t❤❡ ■❣✉s❛✲❚♦❞♦r♦✈ ❢✉♥❝t✐♦♥s φ ❛♥❞ ψ✱ ♠♦t✐✈❛t❡❞ ❢♦r

t❤❡ ❋✐♥✐t✐st✐❝ ❈♦♥❥❡❝t✉r❡✳ ❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ t❤✐s ✇♦r❦ ❛✐♠ ❛t t♦ st✉❞② t❤❡

❜❡❤❛✈✐♦r ♦❢ t❤❡s❡ ❢✉♥❝t✐♦♥s ❛❜♦✉t t❤❡ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ❆rt✐♥ K✲❛❧❣❡❜r❛s✱ ❜❡✐♥❣

K ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ✜❡❧❞✳ ❆❝❝♦r❞✐♥❣ t❤❡ ❛rt✐❝❧❡ ❬✶✷❪✱ ✇❡ ♣r♦✈❡ ✇✐t❤ ❞❡t❛✐❧s t❤❡

❚❤❡♦r❡♠ 4✱ t❤❛t r❡❧❛t❡s t❤❡ ♣r♦❥❡❝t✐✈❡ ❞✐♠❡♥s✐♦♥ ✇✐t❤ t❤❡ ❢✉♥❝t✐♦♥ ψ✳ ❋✐♥❛❧❧②

✇❡ ❝❤❛r❛❝t❡r✐③❡ s❡❧❢✲✐♥❥❡❝t✐✈❡ ❆rt✐♥✐❛♥ ❛❧❣❡❜r❛s t❤r♦✉❣❤ t❤❡s❡ ❢✉♥❝t✐♦♥s✱ t♦ s❡❡

❬✶✶❪✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ r❛❞✐❝❛❧ sq✉❛r❡ ③❡r♦ ♥♦♥✲s❡❧✜♥❥❡❝t✐✈❡ ❛❧❣❡❜r❛ ✇❡ s❤♦✇ t❤❛t ✐s

♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡ t❤❡ φ✲❞✐♠❡♥s✐♦♥ ♦❢ ❛❧❣❡❜r❛ ✈✐❛ t❤❡ s✐♠♣❧❡ ♠♦❞✉❧❡s✱ ❛s t❤❡

❝❛s❡ ♦❢ ❣❧♦❜❛❧ ❞✐♠❡♥s✐♦♥ ♦❢ ❆rt✐♥ ❛❧❣❡❜r❛s✱ t♦ s❡❡ ❬✶✹❪✳

✈✐✐✐



■♥tr♦❞✉çã♦

❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é ❡st✉❞❛r ❛s ❢✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ s♦❜ ♦ ♣♦♥t♦
❞❡ ✈✐st❛ ❤♦♠♦❧ó❣✐❝♦✳

❯♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ Λ é ✉♠❛ á❧❣❡❜r❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞❛ ❝♦♠♦ ♠ó❞✉❧♦
s♦❜r❡ ♦ s❡✉ ❝❡♥tr♦ q✉❡ é ✉♠ ❛♥❡❧ ❝♦♠✉t❛t✐✈♦ ❛rt✐♥✐❛♥♦✳ ❯♠❛ ♣r♦♣r✐❡❞❛❞❡ q✉❡
t❡♠ ❛s á❧❣❡❜r❛s ❆rt✐♥✐❛♥❛s ❡ q✉❡ ❛s ❞✐st✐♥❣✉❡ ❞♦s ❛♥é✐s ❆rt✐♥✐❛♥♦s é q✉❡ ♦ ❛♥❡❧
❞❡ ❡♥❞♦♠♦r✜s♠♦s ❞❡ ✉♠ ♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ s♦❜ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛
é ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛✳

❊♠ ❚❡♦r✐❛ ❞❡ ❘❡♣r❡s❡♥t❛çõ❡s ✐♥t❡r❡ss❛✱ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ Λ ❞❛❞❛✱ ♦❜t❡r♠♦s
✐♥❢♦r♠❛çõ❡s s♦❜r❡ Λ ❛ ♣❛rt✐r ❞♦ ❝♦♥❤❡❝✐♠❡♥t♦ ❞♦s s❡✉s ♠ó❞✉❧♦s✳ ❯♠ ❡①❡♠♣❧♦
s✐♠♣❧❡s ❞❡st❛ ✐❞é✐❛ é ♦ s❡❣✉✐♥t❡✿ ❚♦❞♦ ♠ó❞✉❧♦ ❞❡ Λ é s✐♠♣❧❡s s❡ ❡ s♦♠❡♥t❡ s❡
Λ ∼= Mn(D) s❡♥❞♦ D ✉♠ ❛♥❡❧ ❝♦♠ ❞✐✈✐sã♦✳

❆ ❚❡♦r✐❛ ❞❡ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ á❧❣❡❜r❛s t❡♠ ✉t✐❧✐③❛❞♦ ✏✈ár✐❛s ❢❡rr❛♠❡♥t❛s✑✱
✉♠❛ ❞❡❧❛s é ❛ ❚❡♦r✐❛ ❞❡ ❈❛t❡❣♦r✐❛s✳ ❖ ❢❛t♦ ❤✐stór✐❝♦ q✉❡ ♠❛r❝❛ ❡ss❡ ✉s♦ é
♦ ❚❡♦r❡♠❛ ❞❡ ●❛❜r✐❡❧ q✉❡ r❡❧❛❝✐♦♥❛ ❛❧❣✉♠❛s á❧❣❡❜r❛s ❆rt✐♥✐❛♥❛s ❝♦♠ ❣r❛❢♦
♦r✐❡♥t❛❞♦✳

❯♠❛ ♦✉tr❛ ❢❡rr❛♠❡♥t❛ ✉t✐❧✐③❛❞❛ ❡♠ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ➪❧❣❡❜r❛s é ❛ ➪❧❣❡❜r❛
❍♦♠♦❧ó❣✐❝❛✱ q✉❡ t❡✈❡ ♦r✐❣❡♠ ♥♦ ✜♥❛❧ ❞♦ sé❝✉❧♦ ❳■❳ ❛tr❛✈és ❞♦s ❞✐✈❡rs♦s tr❛❜❛❧❤♦s
❞❡ ❘✐❡♠❛♥♥ ❡♠ 1857✳ ◆♦s tr❛❜❛❧❤♦s ❞❡ ❍✐❧❜❡rt ✭✶✽✾✵✮ ❢♦✐ ✐♥tr♦❞✉③✐❞♦ ♦ ❝♦♥❝❡✐t♦
❞❡ s✐③✐❣✐❛ ❝♦♠♦ ❝♦♥❤❡❝❡♠♦s ❛t✉❛❧♠❡♥t❡ ❡ ♠♦str❛✲s❡ ✉♠ ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦✿
P❛r❛ t♦❞♦ ❝♦r♣♦K ❛ ❞✐♠❡♥sã♦ ❣❧♦❜❛❧ ❞❛K✲á❧❣❡❜r❛K[x1, x2, . . . , xn] é ❡①❛t❛♠❡♥t❡
n✱ ✈❡r ❬✶✵❪✳

❙❡❥❛mod(Λ) ❛ ❝❛t❡❣♦r✐❛ ❞♦s ♠ó❞✉❧♦s à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✳ ❉❡✜♥✐♠♦s✿

gldim(Λ) = s✉♣ {dp(M) | M ∈ mod(Λ)} e,

findim(Λ) = s✉♣ {dp(M) | dp(M) <∞ ❡ M ∈ mod(Λ)} .

s❡♥❞♦ dp(M) ❛ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ❞❡ M ✳ ➱ ❝❧❛r♦ q✉❡ findim(Λ) ≤ gldim(Λ). ❆
❈♦♥❥❡❝t✉r❛ ❋✐♥✐t✐st❛ ❡st❛❜❡❧❡❝❡ q✉❡ findim(Λ) < ∞✳ ❚❛❧ ❝♦♥❥❡❝t✉r❛✱ ❛✐♥❞❛ ❡♠
❛❜❡rt♦✱ ❢♦✐ ♠♦str❛❞❛ ❡♠ ✈ár✐♦s ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❝♦♠♦ ♣❛r❛ á❧❣❡❜r❛s ♠♦♥♦♠✐❛✐s
♦✉ á❧❣❡❜r❛s ❝♦♠ r❛❞✐❝❛❧ ❛♦ ❝✉❜♦ ③❡r♦✳ ❖ q✉❡ ♠❛✐s ❞❡s♣❡rt❛ ✐♥t❡r❡ss❡ ❡♠ r❡s♦❧✈❡r
❡st❛ ❝♦♥❥❡❝t✉r❛ é q✉❡ ❡❧❛ ❡stá ❢♦rt❡♠❡♥t❡ r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ♦✉tr❛s ❝♦♥❥❡❝t✉r❛s
❤♦♠♦❧ó❣✐❝❛s✳ P♦r ❡①❡♠♣❧♦✱ s❡ ❡❧❛ ❢♦r r❡s♦❧✈✐❞❛✱ ✐♠♣❧✐❝❛ ❛ ✈❡r❛❝✐❞❛❞❡ ❞❛ ❝♦♥❥❡❝t✉r❛
❞❡ ◆❛❦❛②❛♠❛✱ ✈❡r ❬✶✻❪✳

❆ ✐♥✐❝✐❛t✐✈❛ ❞❡ ✐♥tr♦❞✉③✐r ❞✐♠❡♥sõ❡s ❤♦♠♦❧ó❣✐❝❛s ♣❛r❛ ✏♠❡❞✐r✑ ❛ ❝♦♠♣❧❡①✐❞❛❞❡

✶



✷

❞❛ ❝❛t❡❣♦r✐❛ ❞♦s ♠ó❞✉❧♦s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❡♠ t❡r♠♦s ❞❛s s✉❛s ❞✐♠❡♥sõ❡s ♣r♦❥❡t✐✈❛s
❞♦s s❡✉s ♠ó❞✉❧♦s ❡ ❛s á❧❣❡❜r❛s ❡♠ t❡r♠♦s ❞❛ s✉❛ ❞✐♠❡♥sã♦ ❣❧♦❜❛❧✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s
❢♦✐ ❡✜❝❛③✳ ❙❛❜❡♠♦s ♣♦r ❡①❡♠♣❧♦ q✉❡✿

• gldim(Λ) = 0 s❡ ❡ s♦♠❡♥t❡ s❡ ❛ á❧❣❡❜r❛ Λ é s❡♠✐s✐♠♣❧❡s✳

• gldim(Λ) = 1 s❡ ❡ s♦♠❡♥t❡ s❡ ❛ á❧❣❡❜r❛ Λ é ❤❡r❡❞✐tár✐❛✳

■❣✉s❛ ❡ ❚♦❞♦r♦✈✱ ♥♦ ❛♥♦ ❞❡ ✷✵✵✺✱ ❞❡✜♥✐r❛♠ ❡♠ ❬✶✷❪ ❞✉❛s ❢✉♥çõ❡s ❞❛ ❝❛t❡❣♦r✐❛
❞♦s Λ✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s ♥♦s ♥ú♠❡r♦s ♥❛t✉r❛✐s ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡
❞❛r s♦❧✉çã♦ ✭♣❡❧♦ ♠❡♥♦s ❡♠ ❛❧❣✉♥s ❝❛s♦s✮ à ❈♦♥❥❡❝t✉r❛ ❋✐♥✐t✐st❛✳ ❆t✉❛❧♠❡♥t❡✱
❡ss❛s ❢✉♥çõ❡s sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ❢✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ ✏φ✑ ❡ ✏ψ✑ ❡
✏❣❡♥❡r❛❧✐③❛♠✑ ❛ ♥♦çã♦ ❞❡ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛✳ ❊♠ r❡❧❛çã♦ ❛ ❡ss❛s ❢✉♥çõ❡s✱ ✉♠
❞♦s s❡✉s ♠❡❧❤♦r❡s r❡❝✉rs♦s é q✉❡ sã♦ ✜♥✐t❛s ♣❛r❛ ❝❛❞❛ ♠ó❞✉❧♦✳ ❉❡♥♦t❛♠♦s ❛s
❞✐♠❡♥sõ❡s ❤♦♠♦❧ó❣✐❝❛s ❞❡✜♥✐❞❛s ♣♦r φ ❡ ψ ♣❛r❛ ❛ á❧❣❡❜r❛ Λ ♣♦r φdim ❡ ψdim✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❱❡♠♦s q✉❡ ❡ss❛s ❞✐♠❡♥sõ❡s s❛t✐s❢❛③❡♠ ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡✿

findim(Λ) ≤ φdim(Λ) ≤ ψdim(Λ) ≤ gldim(Λ).

❊ss❛s ♠❡❞✐❞❛s ❤♦♠♦❧ó❣✐❝❛s ❝♦✐♥❝✐❞❡♠ ♥♦ ❝❛s♦ ❞❛s á❧❣❡❜r❛s t❡r❡♠ ❞✐♠❡♥sã♦ ❣❧♦❜❛❧
✜♥✐t❛✳

❯♠❛ á❧❣❡❜r❛ Λ é ❛✉t♦✐♥❥❡t✐✈❛ s❡ Λ ✈✐st❛ ❝♦♠♦ ✉♠ Λ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ é
✐♥❥❡t✐✈♦✳ ❙❛❜❡♠♦s q✉❡✱ s❡ Λ é ❛✉t♦✐♥❥❡t✐✈❛✱ ❡♥tã♦ ❛ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ❞❡ t♦❞♦
♠ó❞✉❧♦ é ③❡r♦ ♦✉ ✐♥✜♥✐t❛✳ P♦ré♠✱ ❛ ❛✜r♠❛çã♦ ✐♥✈❡rs❛ ♥ã♦ é ✈❡r❞❛❞❡✐r❛✱ ♦✉ s❡❥❛✱ ❛
❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ♥ã♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❝❧❛ss✐✜❝❛r ❛ á❧❣❡❜r❛✳ ❊♠ ✉♠ tr❛❜❛❧❤♦ ❞❡
2012✱ ❍✉❛r❞ ❡ ▲❛♥③✐❧♦tt❛ ❝❛r❛❝t❡r✐③❛r❛♠ ❛s á❧❣❡❜r❛s ❛✉t♦✐♥❥❡t✐✈❛s ❛tr❛✈és ❞❛ φ✲
❞✐♠❡♥sã♦ ✭♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ ❛tr❛✈és ❞❛ ψ✲❞✐♠❡♥sã♦✮✱ ✈❡r ❬✶✶❪✳ ❊ss❡ r❡s✉❧t❛❞♦
❢♦✐ ♦ ♣r✐♠❡✐r♦ ❛ ♠♦str❛r q✉❡ φ ♣♦❞❡r✐❛ s❡r ✉♠❛ ❜♦❛ ♠❡❞✐❞❛ ❤♦♠♦❧ó❣✐❝❛✳

❈♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❞❡s❡♥✈♦❧✈❡r ❡ss❛s ✐❞❡✐❛s ❡ ❛♣r❡s❡♥t❛r ✉♠ ❝♦♥t❡ú❞♦
❝♦❡r❡♥t❡✱ ❞✐✈✐❞✐♠♦s ❡st❡ tr❛❜❛❧❤♦ ❡♠ q✉❛tr♦ ❝❛♣ít✉❧♦s✳

◆♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✱ ❡①✐❜✐♠♦s ❛s ❞❡✜♥✐çõ❡s ❡ ❝♦♥❝❡✐t♦s ❢✉♥❞❛♠❡♥t❛✐s q✉❡
sã♦ ♥❡❝❡ssár✐♦s ❡ ❛❜♦r❞❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦ ♣❛r❛ ✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦✳
◆❛ ♣r✐♠❡✐r❛ s❡çã♦✱ ❢❛③❡♠♦s ✉♠❛ r❡✈✐sã♦ ❣❡r❛❧ s♦❜r❡ ❝❛t❡❣♦r✐❛s ❡ ❢✉♥t♦r❡s✳ ◆❛
s❡❣✉♥❞❛ s❡çã♦✱ ❞❡✜♥✐♠♦s ❛ ❝❛t❡❣♦r✐❛ mod(Λ) s❡♥❞♦ Λ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ ❢❛③❡♠♦s ✉♠ r❡s✉♠♦ s♦❜r❡ ❛s ♣r✐♥❝✐♣❛✐s ♣r♦♣r✐❡❞❛❞❡s ❡ r❡s✉❧t❛❞♦s
❞❡ss❛ ❝❛t❡❣♦r✐❛✳ ◆❛ t❡r❝❡✐r❛ s❡çã♦✱ ❞❡✜♥✐♠♦s q✉✐✈❡rs✱ á❧❣❡❜r❛s ❞❡ ❝❛♠✐♥❤♦s✱ ✐❞❡❛✐s
❛❞♠✐ssí✈❡✐s✱ r❡♣r❡s❡♥t❛çõ❡s✱ r❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡rs ❧✐♠✐t❛❞♦s✱ ♠ó❞✉❧♦s s✐♠♣❧❡s✱
♣r♦❥❡t✐✈♦s ❡ ✐♥❥❡t✐✈♦s✳ ❆ ♠❛✐♦r✐❛ ❞♦s r❡s✉❧t❛❞♦s ❞❛ s❡❣✉♥❞❛ ❡ t❡r❝❡✐r❛ s❡çã♦✱ ❛ss✐♠
❝♦♠♦ ❛s ♥♦t❛çõ❡s✱ ♣r♦✈ê♠ ❞❡ ❬✸❪✳ ❙♦❜r❡ ❡ss❡s t❡♠❛s r❡❝♦♠❡♥❞❛♠♦s ❬✷❪✱ ❬✹❪✱ ❬✷✵❪ ❡
❬✷✸❪✳

◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✱ ❞❡✜♥✐♠♦s ❛s ❢✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈✱ ❡ ❡st✉❞❛♠♦s
❛❧❣✉♠❛s ❞❛s s✉❛s ♣r♦♣r✐❡❞❛❞❡s✱ ✈❡r ❬✶✷❪✳ ❆ ❛❜♦r❞❛❣❡♠ ❞❡st❡ ❝❛♣ít✉❧♦ ✈✐s❛ ❡st✉❞❛r
❝♦♠ ❞❡t❛❧❤❡s ♦ r❡s✉❧t❛❞♦ q✉❡ r❡❧❛❝✐♦♥❛ ❛ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ❝♦♠ ❛ ψ✲❞✐♠❡♥sã♦
❞❡ ♠ó❞✉❧♦s q✉❡ ❛♣❛r❡❝❡♠ ❡♠ ✉♠❛ ♠❡s♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛✳ ■ss♦ ♣❡r♠✐t❡
❞❡♠♦♥str❛r q✉❡ ❛s á❧❣❡❜r❛s ❝♦♠ ❞✐♠❡♥sã♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛
✸ s❛t✐s❢❛③❡♠ ❛ ❈♦♥❥❡❝t✉r❛ ❋✐♥✐t✐st❛✳ ❊st❡ ú❧t✐♠♦ r❡s✉❧t❛❞♦ é ✐♥t❡r❡ss❛♥t❡✱ ♣♦✐s



✸

❛❝r❡❞✐t❛✈❛✲s❡ q✉❡ ❛ ❞✐♠❡♥sã♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ ❞❡ t♦❞❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛ ❡r❛ ❧✐♠✐t❛❞❛ ♣♦r 3✱ ✈❡r ❬✺❪✳

❏á ♥♦ t❡r❝❡✐r♦ ❝❛♣ít✉❧♦✱ ❞❡✜♥✐♠♦s ❛s á❧❣❡❜r❛s ❛✉t♦✐♥❥❡t✐✈❛s ❡ ❛❧❣✉♠❛s ❞❛s s✉❛s
♣r♦♣r✐❡❞❛❞❡s sã♦ ❛♣r❡s❡♥t❛❞❛s ❝♦♠ ♦ ✜♠ ❞❡ ❝❧❛ss✐✜❝á✲❧❛s ♣♦r ♠❡✐♦ ❞❛s ❢✉♥çõ❡s ❞❡
■❣✉s❛✲❚♦❞♦r♦✈✳ ◆♦s ❜❛s❡❛♠♦s ♥♦ tr❛❜❛❧❤♦ ❞❡ ❍✉❛r❞ ❡ ▲❛♥③✐❧♦tt❛ ♣❛r❛ ♠♦str❛r
q✉❡ á❧❣❡❜r❛s ❆rt✐♥✐❛♥❛s sã♦ ❛✉t♦✐♥❥❡t✐✈❛s s❡ ❡ s♦♠❡♥t❡ s❡ ❛ φ✲❞✐♠❡♥sã♦ ✭♦✉ ψ✲
❞✐♠❡♥sã♦✮ é ✐❣✉❛❧ ❛ ③❡r♦ ✭❚❡♦r❡♠❛ ✸✳✹✮✱ ✈❡r ❬✶✶❪✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ q✉❛rt♦ ❝❛♣ít✉❧♦✱ ❞❡✜♥✐♠♦s ❛s á❧❣❡❜r❛s ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦
③❡r♦✳ ▼♦str❛♠♦s✱ ♥❡st❡ ❝❛♣ít✉❧♦✱ q✉❡ s❡ Λ é ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦
♥ã♦ ❛✉t♦✐♥❥❡t✐✈❛ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛ s✉❛ φ✲❞✐♠❡♥sã♦ ♣♦r ♠❡✐♦ ❞♦s s❡✉s ♠ó❞✉❧♦s
s✐♠♣❧❡s✱ ✈❡r ❬✶✹❪✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♠❛s ♥♦çõ❡s ❜ás✐❝❛s ❞❡ ❚❡♦r✐❛ ❞❡ ❈❛t❡❣♦r✐❛s✱
➪❧❣❡❜r❛ ❍♦♠♦❧ó❣✐❝❛✱ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ ➪❧❣❡❜r❛s✱ ❡♥tr❡ ♦✉tr❛s✱ q✉❡ sã♦
♥❡❝❡ssár✐❛s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳ ❋✐①❛r❡♠♦s ❛s
♥♦t❛çõ❡s ✉t✐❧✐③❛❞❛s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦ ❡ ✈ár✐❛s ❞❡♠♦♥str❛çõ❡s s❡rã♦ ♦♠✐t✐❞❛s✱
♠❛s ❞❡✐①❛r❡♠♦s ❛s r❡❢❡rê♥❝✐❛s ❞♦s t❡①t♦s ♦♥❞❡ ♣♦❞❡rã♦ s❡r ❡♥❝♦♥tr❛❞❛s ❝♦♠
♠❛✐♦r❡s ❞❡t❛❧❤❡s✳

✶✳✶ ❈❛t❡❣♦r✐❛s ❡ ❢✉♥t♦r❡s

◆❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s s♦❜r❡ ❚❡♦r✐❛ ❞❡
❈❛t❡❣♦r✐❛s ❡ ❋✉♥t♦r❡s✳ ▼❛✐s ❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ❡♠ ❬✸❪✱ ❬✹❪✱ ❬✽❪✱ ❬✶✽❪✱
❬✷✵❪ ❡ ❬✷✸❪✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❯♠❛ ❝❛t❡❣♦r✐❛ C é ❞❛❞❛ ♣♦r ✉♠❛ ❝❧❛ss❡ Obj(C)✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s
sã♦ ❝❤❛♠❛❞♦s ❞❡ ♦❜❥❡t♦s ❞❡ C❀ ✉♠❛ ❝❧❛ss❡ Hom(C)✱ ❝✉❥♦s ❡❧❡♠❡♥t♦s sã♦ ❝❤❛♠❛❞♦s
❞❡ ♠♦r✜s♠♦s ❞❡ C❀ ❡ ✉♠❛ ♦♣❡r❛çã♦ ♣❛r❝✐❛❧ ❜✐♥ár✐❛ ◦ ❞❡✜♥✐❞❛ ❡♠ Hom(C)✱ t❛❧
q✉❡✿

✭❛✮ ❛ ❝❛❞❛ ♣❛r ♦r❞❡♥❛❞♦ ❞❡ ♦❜❥❡t♦s A✱ B ∈ Obj(C)✱ ❛ss♦❝✐❛♠♦s ✉♠ ❝♦♥❥✉♥t♦
HomC(A,B) ❝♦♠✿

(i) Hom(C) =
⋃

A,B∈Obj(C)
HomC(A,B)❀ ❡

(ii) HomC(A,B)
⋂
HomC(C,D) 6= ∅ s❡ ❡ s♦♠❡♥t❡ s❡ A = C ❡ B = D✳

✭❜✮ ♣❛r❛ ❝❛❞❛ tr✐♣❧❛ ❞❡ ♦❜❥❡t♦s A✱ B✱ C ∈ Obj(C) ❛ ♦♣❡r❛çã♦✿

◦ : HomC(B,C)×HomC(A,B) // HomC(A,C)

(g, f) ✤ // g ◦ f

❡stá ❜❡♠ ❞❡✜♥✐❞❛ ❡ t❡♠ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

✭✐✮ ❙❡ f ∈ HomC(A,B)✱ g ∈ HomC(B,C) ❡ h ∈ HomC(C,D)✱ ❡♥tã♦
(h ◦ g) ◦ f = h ◦ (g ◦ f)✳

✹
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✭✐✐✮ P❛r❛ t♦❞♦ A ∈ Obj(C)✱ ❡①✐st❡ idA ∈ HomC(A,A) t❛❧ q✉❡ f ◦ idA = f ❡
idA ◦ g = g✱ ∀f ∈ HomC(A,B) ❡ ∀g ∈ HomC(B,A)✳

❆ ♦♣❡r❛çã♦ ◦ é ❝❤❛♠❛❞❛ ❞❡ ❝♦♠♣♦s✐çã♦ ❞❡ f ❡ g✳ ❆♦ ❧♦♥❣♦ ❞♦ t❡①t♦ ❡s❝r❡✈❡♠♦s
♣♦r s✐♠♣❧✐❝✐❞❛❞❡ gf ✱ s❡♥❞♦ ❛ ❝♦♠♣♦s✐çã♦ g ◦ f ❞❡ ♠♦r✜s♠♦s ❞❡ C✳

❊①❡♠♣❧♦ ✶✳✷✳ ❆ s❡❣✉✐r ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❝❛t❡❣♦r✐❛s✿

✶✳ ❆ ❝❛t❡❣♦r✐❛ Sets✿ ❖s ♦❜❥❡t♦s ❞❡ Sets sã♦ ♦s ❝♦♥❥✉♥t♦s ❡ ♦s ♠♦r✜s♠♦s sã♦
às ❢✉♥çõ❡s ❡♥tr❡ ❝♦♥❥✉♥t♦s✳

✷✳ ❆ ❝❛t❡❣♦r✐❛ Groups✿ ❖s ♦❜❥❡t♦s sã♦ ♦s ❣r✉♣♦s ❡ ♦s ♠♦r✜s♠♦s sã♦ ♦s
❤♦♠♦♠♦r✜s♠♦s ❡♥tr❡ ❣r✉♣♦s✳

✸✳ ❆ ❝❛t❡❣♦r✐❛ V ectK✿ ❖s ♦❜❥❡t♦s sã♦ ♦s K✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❡ ♦s ♠♦r✜s♠♦s
sã♦ ❛s tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s✳

❯♠❛ ❝❛t❡❣♦r✐❛ C ′ é ❝❤❛♠❛❞❛ ❞❡ s✉❜❝❛t❡❣♦r✐❛ ❞❛ ❝❛t❡❣♦r✐❛ C s❡ s❛t✐s❢❛③ ❛s
s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

(a) Obj(C ′) é ✉♠❛ s✉❜❝❧❛ss❡ ❞❡ Obj(C)✱

(b) P❛r❛ t♦❞♦ A✱ B ∈ Obj(C ′)

HomC′(A,B) ⊆ HomC(A,B),

(c) P❛r❛ ❝❛❞❛ A ∈ Obj(C ′) ♦ ♠♦r✜s♠♦ ✐❞❡♥t✐❞❛❞❡ id′A ❡♠ HomC′(A,A) ❝♦✐♥❝✐❞❡
❝♦♠ ♦ ♠♦r✜s♠♦ ✐❞❡♥t✐❞❛❞❡ idA ❡♠ HomC(A,A),

(d) ❆ ❝♦♠♣♦s✐çã♦ ❞❡ ♠♦r✜s♠♦s ❡♠ C ′ é ❛ ♠❡s♠❛ ❞❡ C✳

❯♠❛ s✉❜❝❛t❡❣♦r✐❛ C ′ ❞❡ C é ❝❤❛♠❛❞❛ ♣❧❡♥❛ s❡ HomC′(A,B) = HomC(A,B)
♣❛r❛ t♦❞♦s ♦s ♦❜❥❡t♦s A✱ B ❡♠ C ′✳

❆ ❝❛t❡❣♦r✐❛ vectK ✱ ❝✉❥♦s ♦❜❥❡t♦s sã♦ K✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛
❡ ♦s ♠♦r✜s♠♦s sã♦ tr❛♥s❢♦r♠❛çõ❡s ❧✐♥❡❛r❡s✱ é ✉♠❛ s✉❜❝❛t❡❣♦r✐❛ ♣❧❡♥❛ ❞❡ V ectK ✳
❆ ❝❛t❡❣♦r✐❛ Ab✱ q✉❡ t❡♠ ♣♦r ♦❜❥❡t♦s ♦s ❣r✉♣♦s ❛❜❡❧✐❛♥♦s ❡ ♠♦r✜s♠♦s ♦s
❤♦♠♦♠♦r✜s♠♦s ❡♥tr❡ ❣r✉♣♦s✱ é ✉♠❛ s✉❜❝❛t❡❣♦r✐❛ ♣❧❡♥❛ ❞❡ Groups✳

❙❡❥❛♠ A✱ B ❞♦✐s ♦❜❥❡t♦s ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ C ❡ f ∈ HomC(A,B)✳ ❙❡
A = B ❞✐③❡♠♦s q✉❡ f é ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❞❡ A ❡ ❞❡♥♦t❛♠♦s ♣♦r EndC(A) ❛♦
❝♦♥❥✉♥t♦ HomC(A,A)✳ ❉✐③❡♠♦s q✉❡ f é ✉♠ ♠♦♥♦♠♦r✜s♠♦ s❡ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡
♠♦r✜s♠♦s g1✱ g2 ∈ HomC(C,A) t❛✐s q✉❡ fg1 = fg2 ✐♠♣❧✐❝❛ q✉❡ g1 = g2✳ ❉✐③❡♠♦s
q✉❡ f é ✉♠ ❡♣✐♠♦r✜s♠♦ s❡ ♣❛r❛ ❝❛❞❛ ♣❛r ❞❡ ♠♦r✜s♠♦s h1✱ h2 ∈ HomC(B,C)
t❛✐s q✉❡ h1f = h2f ✐♠♣❧✐❝❛ h1 = h2✳ ❙❡ ❡①✐st❡ h ∈ HomC(B,A) t❛❧ q✉❡ fh = idB
❡ hf = idA ❞✐③❡♠♦s q✉❡ f é ✉♠ ✐s♦♠♦r✜s♠♦ ❡ ❝❤❛♠❛♠♦s h ♦ ✐♥✈❡rs♦ ❞❡ f q✉❡
❞❡♥♦t❛♠♦s ♣♦r f−1✳ ❙❡ f é ✉♠ ✐s♦♠♦r✜s♠♦ ❡ ❡♥❞♦♠♦r✜s♠♦ ❞❡ A✱ ❞✐③❡♠♦s q✉❡ é
✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ A✳

◗✉❛♥❞♦ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❞♦✐s ♦❜❥❡t♦s A ❡ B✱ ❞✐③❡♠♦s q✉❡ A ❡ B
sã♦ ✐s♦♠♦r❢♦s ❡ ❞❡♥♦t❛♠♦s ♣♦r A ∼= B✳
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❙❡❥❛ (Mγ)γ∈Γ ✉♠❛ ❢❛♠✐❧✐❛ ❞❡ ♦❜❥❡t♦s ❡♠ C✳ ❖ ❝♦♣r♦❞✉t♦ (M, (qγ)γ∈Γ) ❞❡ss❛
❢❛♠✐❧✐❛ é ✉♠ ♦❜❥❡t♦ M ∈ Obj(C) ❡ ✉♠❛ ❢❛♠✐❧✐❛ ❞❡ ♠♦r✜s♠♦s qγ : Mγ −→ M
t❛❧ q✉❡✱ s❡ (M ′, (q′γ)γ∈Γ) é ✉♠ ♣❛r ❝♦♠ q′γ : Mγ −→ M ′ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦
♠♦r✜s♠♦ f :M −→M ′ ❝♦♠ fqγ = q′γ✱ ✐st♦ é✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛✿

Mγ

qγ //

q′γ
��

M

∃!f

��
M ′

❉❡ ♠❛♥❡✐r❛ ❞✉❛❧ s❡ ❞❡✜♥❡ ♦ ♣r♦❞✉t♦ ❞❛ ❢❛♠í❧✐❛ (Mγ)γ∈Γ✳

❯♠❛ ❝❛t❡❣♦r✐❛ C é ❝❤❛♠❛❞❛ ❞❡ ❈❛t❡❣♦r✐❛ ❆❞✐t✐✈❛ s❡ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s
sã♦ s❛t✐s❢❡✐t❛s✿

✭❆✶✮ P❛r❛ t♦❞♦ A✱ B ∈ Obj(C)✱ HomC(A,B) é ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❡ ❛ ❝♦♠♣♦s✐çã♦
❞❡ ♠♦r✜s♠♦s é ❜✐❧✐♥❡❛r✱

✭❆✷✮ ❆ ❝❛t❡❣♦r✐❛ C ❝♦♥té♠ ✉♠ ♦❜❥❡t♦ ③❡r♦✱ ❞❡♥♦t❛❞♦ ♣♦r 0✱ q✉❡ t❡♠ ❛ s❡❣✉✐♥t❡
♣r♦♣r✐❡❞❛❞❡✿ s❡ A ∈ Obj(C)✱ ♦s ❝♦♥❥✉♥t♦s HomC(A, 0) ❡ HomC(0, A) t❡♠
só ✉♠ ❡❧❡♠❡♥t♦✱

✭❆✸✮ P❛r❛ t♦❞♦ ♣❛r ❞❡ ♦❜❥❡t♦s A✱ B ∈ Obj(C) ❡①✐st❡ ♦ s❡✉ ❝♦♣r♦❞✉t♦ ❡♠ C✳

❆s ❝❛t❡❣♦r✐❛s Groups ❡ V ectK sã♦ ❡①❡♠♣❧♦s ❞❡ ❝❛t❡❣♦r✐❛s ❛❞✐t✐✈❛s✳

❖ ◆ú❝❧❡♦ ❞❡ ✉♠ ♠♦r✜s♠♦ f : B −→ C é ♦ ♦❜❥❡t♦ ker(f) t❛❧ q✉❡ ♦ ♠♦r✜s♠♦
k : ker(f) −→ B s❛t✐s❢❛③✿

(i) fk = 0✱

(ii) P❛r❛ t♦❞♦ ξ : X −→ B ❝♦♠ fξ = 0 ❡①✐st❡ ✉♠ ú♥✐❝♦ γ : X −→ ker(f) t❛❧
q✉❡ ξ = kγ✱ ✐st♦ é✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛✿

ker(f) k // B
f // C

X

∃!γ

hh

ξ

OO

0

66

❖ ❈♦♥ú❝❧❡♦ ❞❡ ✉♠ ♠♦r✜s♠♦ g : B −→ C é ♦ ♦❜❥❡t♦ coker(g) t❛❧ q✉❡ ♦
♠♦r✜s♠♦ π : C −→ coker(g) s❛t✐s❢❛③✿

(i) πg = 0✱

(ii) P❛r❛ t♦❞♦ ξ : C −→ X ❝♦♠ ξg = 0 ❡①✐st❡ ✉♠ ú♥✐❝♦ σ : coker(g) −→ X t❛❧
q✉❡ ξ = πσ✱ ✐st♦ é✱ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛✿

B
g //

0
!!

C
π //

ξ

��

coker(g)

∃!σ
{{

X
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❖❜s❡r✈❛✲s❡ q✉❡ ♦ ♠♦r✜s♠♦ k ❞❛ ❞❡✜♥✐çã♦ ❞♦ ♥ú❝❧❡♦ é ✉♠ ♠♦♥♦♠♦r✜s♠♦ ❡ ♦
♠♦r✜s♠♦ π ❞❛ ❞❡✜♥✐çã♦ ❞♦ ❝♦♥ú❝❧❡♦ é ✉♠ ❡♣✐♠♦r✜s♠♦✳

❯♠❛ ❝❛t❡❣♦r✐❛ ❛❞✐t✐✈❛ C é ❞✐t❛ ✉♠❛ ❈❛t❡❣♦r✐❛ ❆❜❡❧✐❛♥❛ s❡ t♦❞♦ ♠♦r✜s♠♦
t❡♠ ♥ú❝❧❡♦ ❡ ❝♦♥ú❝❧❡♦✳ ❆❧é♠ ❞✐ss♦✱ ♦ ♠♦r✜s♠♦ j ✐♥❞✐❝❛❞♦ ♥♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛
é ✐s♦♠♦r✜s♠♦✿

ker(f) k // X
f //

u

��

Y
π // coker(f)

coker(k)

h

99

j
// ker(π)

v

OO

◆♦ ❞✐❛❣r❛♠❛ ❛♥t❡r✐♦r✱ ker(π) é ❝❤❛♠❛❞♦ ❛ ■♠❛❣❡♠ ❞❡ f ❡ é ❞❡♥♦t❛❞♦ ♣♦r Im(f)✳

❙❡❥❛♠ f1 : X1 −→ X ❡ f2 : X2 −→ X ♠♦r✜s♠♦s ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ C✳ ❖
P✉❧❧❜❛❝❦ ❞❡ f1 ❡ f2 é ✉♠ ♦❜❥❡t♦ U ❡ ❞♦✐s ♠♦r✜s♠♦s p1 : U −→ X1 ❡ p2 : U −→ X2

t❛❧ q✉❡✿

(i) f1p1 = f2p2✱

(ii) s❡ ❡①✐st❡ ✉♠ ♦❜❥❡t♦ U ′ ❡ ❞♦✐s ♠♦r✜s♠♦s g1 : U ′ −→ X1 ❡ g2 : U ′ −→ X2 ❝♦♠
f1g1 = f2g2✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♠♦r✜s♠♦ g : U ′ −→ U t❛❧ q✉❡ p1g = g1
❡ p2g = g2✳

U ′ g2

��

g1

""

∃!g
!!
U

p2 //

p1

��

X2

f2

��
X1

f1

// X

❙❡❥❛♠ f1 : X −→ X1 ❡ f2 : X −→ X2 ♠♦r✜s♠♦s ❞❡ ✉♠❛ ❝❛t❡❣♦r✐❛ C✳ ❖
P✉s❤♦✉t ❞❡ f1 ❡ f2 é ✉♠ ♦❜❥❡t♦ P ❡ ❞♦✐s ♠♦r✜s♠♦s p1 : X1 −→ P ❡ p2 : X2 −→ P
t❛❧ q✉❡✿

(i) p1f1 = p2f2✱

(ii) s❡ ❡①✐st❡ ✉♠ ♦❜❥❡t♦ P ′ ❡ ❞♦✐s ♠♦r✜s♠♦s g1 : X1 −→ P ′ ❡ g2 : X2 −→ P ′ ❝♦♠
f1g1 = f2g2✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ú♥✐❝♦ ♠♦r✜s♠♦ g : P −→ P ′ t❛❧ q✉❡ gp1 = g1
❡ gp2 = g2✳

X
f2 //

f1

��

X2

g2





p2

��
X1 p1

//

g1
22

P
∃!g
!!
P ′
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❆s ❝❛t❡❣♦r✐❛s ❛❜❡❧✐❛♥❛s t❡♠ P✉❧❧❜❛❝❦ ❡ P✉s❤♦✉t✳

❙❡❥❛♠ C ❡ C ′ ❞✉❛s ❝❛t❡❣♦r✐❛s✳ ❯♠ ❋✉♥t♦r ❈♦✈❛r✐❛♥t❡ F ❞❡ C ♣❛r❛ C ′ ❝♦♥s✐st❡
❞❡✿

✭✶✮ ✉♠❛ ❛♣❧✐❝❛çã♦ A 7−→ F(A) ❞❡ Obj(C) ❡♠ Obj(C ′)✱

✭✷✮ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ♦❜❥❡t♦s A ❡ B ❡♠ Obj(C)✱ ✉♠❛ ❛♣❧✐❝❛çã♦ f 7−→ F(f)
❞❡ HomC(A,B) ❡♠ HomC′(F(A),F(B)) q✉❡ t❛♠❜é♠ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s
❝♦♥❞✐çõ❡s✿

(i) s❡ gf ❡stá ❞❡✜♥✐❞❛ ❡♠ C✱ ❡♥tã♦ F(gf) = F(g)F(f)✱

(ii) F(idA) = idF(A)✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ✉♠ ❋✉♥t♦r ❈♦♥tr❛✈❛r✐❛♥t❡ F ❞❡ C ♣❛r❛ C ′ ❝♦♥s✐st❡ ❞❡✿

✭✶✮ ✉♠❛ ❛♣❧✐❝❛çã♦ A 7−→ F(A) ❞❡ Obj(C) ❡♠ Obj(C ′)❀

✭✷✮ ♣❛r❛ t♦❞♦ ♣❛r ❞❡ ♦❜❥❡t♦s A ❡ B ❡♠ Obj(C)✱ ✉♠❛ ❛♣❧✐❝❛çã♦ f 7−→ F(f) ❞❡
HomC(A,B) ❡♠ HomC′(F(B),F(A)) q✉❡ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

(i) s❡ gf ❡stá ❞❡✜♥✐❞❛ ❡♠ C✱ ❡♥tã♦ F(gf) = F(f)F(g)✱

(ii) F(idA) = idF(A)✳

❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❢✉♥t♦r❡s✳

❊①❡♠♣❧♦ ✶✳✸✳ ❙❡❥❛ C ✉♠❛ ❝❛t❡❣♦r✐❛✳

✶✳ ❖ ❋✉♥t♦r ■❞❡♥t✐❞❛❞❡ 1C : C −→ C ❡stá ❞❡✜♥✐❞♦ ♣♦r 1C(A) = A ❡
1C(f) = f ♣❛r❛ t♦❞♦ ♦❜❥❡t♦ A ❡ t♦❞♦ ♠♦r✜s♠♦ f ❡♠ C✳

✷✳ ❙❡ ✜①❛♠♦s ✉♠ ♦❜❥❡t♦ A ❞❡ C✳ ❖ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ HomC(A,−)HomC(A,−)HomC(A,−) : C → Sets
é ❞❡✜♥✐❞♦ ♣♦r HomC(A,−)(X) = HomC(A,X) ♣❛r❛ t♦❞♦ X ∈ Obj(C) ❡
♣❛r❛ t♦❞♦ f ∈ HomC(X, Y )✱ HomC(A,−)(f) = HomC(A, f)✱ s❡♥❞♦

HomC(A, f) : HomC(A,X) −→ HomC(A, Y )

❞❡✜♥✐❞♦ ♣♦r h 7→ fh✱ ♣❛r❛ t♦❞♦ h ∈ HomC(A,X)

✸✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ❞❡✜♥✐♠♦s ♦ ❢✉♥t♦r ❝♦♥tr❛✈❛r✐❛♥t❡ HomC(−, A)HomC(−, A)HomC(−, A) : C → Sets✱
s❡♥❞♦ HomC(−, A)(f) = HomC(f, A) ♣❛r❛ t♦❞♦ f ∈ HomC(X, Y )✱ ♦♥❞❡

HomC(f, A) : HomC(Y,A) −→ HomC(X,A)

❡stá ❞❡✜♥✐❞♦ ♣♦r h 7→ hf ✱ ♣❛r❛ t♦❞♦ h ∈ HomC(Y,A)✳

❙❡ C ❡ D sã♦ ❝❛t❡❣♦r✐❛s ❛❞✐t✐✈❛s✱ ✉♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ F : C −→ D é ❛❞✐t✐✈♦
s❡ ♣❛r❛ t♦❞♦ A✱ B ❡♠ C ❡ t♦❞♦ f ✱ g ❡♠ HomC(A,B) t❡♠♦s✿

F(f + g) = F(f) + F(g),
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✐st♦ é✱ ❛ ❛♣❧✐❝❛çã♦ HomC(A,B) −→ HomD(F(A),F(B))✱ ❞❛❞❛ ♣♦r f 7−→ F(f) é
✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ ❣r✉♣♦s ❛❜❡❧✐❛♥♦s✳ ❙❡ F é ✉♠ ❢✉♥t♦r ❛❞✐t✐✈♦ ❡♥tã♦ F(0) = 0✱
♦♥❞❡ 0 é ♦ ♦❜❥❡t♦ ③❡r♦✳

❙❡ F : C −→ C ′ ❡ G : C ′ −→ C ′′ sã♦ ❢✉♥t♦r❡s✱ ❞❡✜♥✐♠♦s ❛ s✉❛ ❝♦♠♣♦s✐çã♦
GF : C −→ C ′′ ❝♦♠♦ s❡❣✉❡✳ P❛r❛ ❝❛❞❛ ♦❜❥❡t♦ A ❞❡ C✱ t❡♠♦s GF(A) = G(F(A))
❡ ♣❛r❛ ❝❛❞❛ ♠♦r✜s♠♦ f : A −→ B ❡♠ C✱ t❡♠♦s GF(f) = G(F(f))✳ ▲♦❣♦✱ GF
❛ss✐♠ ❞❡✜♥✐❞♦ r❡s✉❧t❛ s❡r ✉♠ ❢✉♥t♦r✳

❙❡❥❛♠ C ❡ C ′ ❞✉❛s ❝❛t❡❣♦r✐❛s ❡ F ✱ G : C −→ C ′ ❞♦✐s ❢✉♥t♦r❡s ❝♦✈❛r✐❛♥t❡s✳ ❯♠
♠♦r✜s♠♦ ❢✉♥t♦r✐❛❧ ♦✉ tr❛♥s❢♦r♠❛çã♦ ♥❛t✉r❛❧ ϕ : F −→ G✱ é ✉♠❛ ❢❛♠í❧✐❛
ϕ = {ϕA}A∈Obj(C) ❞❡ ♠♦r✜s♠♦s ϕA : F(A) −→ G(A) t❛❧ q✉❡ ❞❛❞♦ f : A −→ B
❡♠ C t❡♠♦s ϕBF(f) = G(f)ϕA✱ ✐st♦ é✱ ♦ s❡❣✉✐♥t❡ q✉❛❞r❛❞♦ ❝♦♠✉t❛✿

A

f

��

F(A)
ϕA //

F(f)

��

G(A)

G(f)

��
B F(B) ϕB

// G(B)

❙❡❥❛♠ F ✱ G✱ H : C −→ C ′ ❢✉♥t♦r❡s ❝♦✈❛r✐❛♥t❡s✱ ❝♦♠ C ❡ C ′ ❝❛t❡❣♦r✐❛s✳ ❙❡
ϕ : F −→ G ❡ ψ : G −→ H sã♦ ♠♦r✜s♠♦s ❢✉♥t♦r✐❛✐s✱ ψϕ é ✉♠ ♠♦r✜s♠♦
❢✉♥t♦r✐❛❧✳ ❉❡ ❢❛t♦✱ ♣♦r s❡r❡♠ ♠♦r✜s♠♦s ❢✉♥t♦r✐❛✐s✱ ♦s q✉❛❞r❛❞♦s (1) ❡ (2) ❞♦
s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛♠✿

A

f

��

F(A)

(1)

ϕA //

F(f)

��

G(A)

(2)

ψA //

G(f)

��

H(A)

H(f)

��
B F(B) ϕB

// G(B)
ψB

// H(B)

▲♦❣♦✱ ♣❛r❛ ❝❛❞❛ A✱ B ∈ C ❞❡✜♥✐♠♦s

(ψϕ)A := ψAϕA : F(A) −→ H(A)

q✉❡ s❛t✐s❢❛③ (H(f)ψA)ϕA = (ψBϕB)F(f)✱ ❞♦♥❞❡ ♦ q✉❛❞r❛❞♦ ♠❛✐♦r ❝♦♠✉t❛✱ ✐st♦
é✱ H(f)(ψϕ)A = (ψϕ)BF(f)✳

❆ ❛♣❧✐❝❛çã♦ 1F : F −→ F ❞❡✜♥✐❞❛ ♣♦r 1F(F(A)) = F(A) ♣❛r❛ t♦❞♦ A ∈ C é
✉♠ ♠♦r✜s♠♦ ❢✉♥t♦r✐❛❧✳ ❉✐③❡♠♦s q✉❡ ϕ : F −→ G é ✉♠ ✐s♦♠♦r✜s♠♦ ❢✉♥t♦r✐❛❧
♦✉ ❡q✉✐✈❛❧ê♥❝✐❛ ♥❛t✉r❛❧ ❞❡ ❢✉♥t♦r❡s s❡ ϕA é ✉♠ ✐s♦♠♦r✜s♠♦ ♣❛r❛ t♦❞♦ ♦❜❥❡t♦
A ❞❡ C✱ ✐st♦ é✱ ♣❛r❛ t♦❞♦ A ∈ Obj(C) ❡①✐st❡ (ϕA)

′ : G(A) −→ F(A) t❛❧ q✉❡
(ϕA)

′ϕA = 1F(A) ❡ ϕA(ϕA)′ = 1G(A) ✳

❯♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ F : C −→ C ′ é ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❝❛t❡❣♦r✐❛s s❡
❡①✐st❡ ✉♠ ❢✉♥t♦r G : C ′ −→ C ❡ ✐s♦♠♦r✜s♠♦ ❢✉♥t♦r✐❛❧✿

φ : 1C
∼= // GF e ψ : 1C′

∼= // FG
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♦♥❞❡ 1C ❡ 1C′ sã♦ ❢✉♥t♦r❡s ✐❞❡♥t✐❞❛❞❡ ❡♠ C ❡ C ′✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ ❡①✐st❡ ✉♠❛
❡q✉✐✈❛❧ê♥❝✐❛ φ : F −→ G✱ ❞✐③❡♠♦s q✉❡ C ❡ C ′ sã♦ ❝❛t❡❣♦r✐❛s ❡q✉✐✈❛❧❡♥t❡s✳

❯♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ F : C −→ C ′ é ❝❤❛♠❛❞♦ ❞❡♥s♦ s❡✱ ♣❛r❛ t♦❞♦ ♦❜❥❡t♦ A
❡♠ C ′✱ ❡①✐st❡ ✉♠ ♦❜❥❡t♦ B ❡♠ C ❡ ✉♠ ✐s♦♠♦r✜s♠♦ F(B) ∼= A✳ ❉✐③❡♠♦s q✉❡ F é
♣❧❡♥♦ s❡ ❛ ❛♣❧✐❝❛çã♦

FAB : HomC(A,B) −→ HomC′(F(A),F(B)),

❞❛❞❛ ♣♦r f 7→ F(f) é s♦❜r❡❥❡t♦r❛ ♣❛r❛ t♦❞♦s ♦s ♦❜❥❡t♦s A ❡ B ❞❡ C✳ ❙❡ FAB é
✉♠❛ ❛♣❧✐❝❛çã♦ ✐♥❥❡t✐✈❛✱ ♣❛r❛ t♦❞♦ A✱ B ∈ Obj(C)✱ ♦ ❢✉♥t♦r F é ❝❤❛♠❛❞♦ ✜❡❧✳

❚❡♦r❡♠❛ ✶✳✹✳ ❯♠ ❢✉♥t♦r ❝♦✈❛r✐❛♥t❡ F : C −→ C ′ é ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡
❝❛t❡❣♦r✐❛s s❡ ❡ s♦♠❡♥t❡ s❡ F é ✜❡❧✱ ♣❧❡♥♦ ❡ ❞❡♥s♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♦r❡♠❛ 2.5✱ ❆♣é♥❞✐❝❡ A ❡♠ ❬✸❪✳

✶✳✷ ❈❛t❡❣♦r✐❛ ❞♦s ▼ó❞✉❧♦s s♦❜r❡ ✉♠❛ á❧❣❡❜r❛

◆❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐♠♦s ❛s ♥♦t❛çõ❡s✱ t❡r♠✐♥♦❧♦❣✐❛s ❡ ♥♦çõ❡s ♣r✐♥❝✐♣❛✐s s♦❜r❡
á❧❣❡❜r❛s ❡ ♠ó❞✉❧♦s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛♣r❡s❡♥t❛♠♦s ❛ ❝❛t❡❣♦r✐❛ ❞♦s ♠ó❞✉❧♦s s♦❜r❡
✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ Λ ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❛ s❡r❡♠ ✉s❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✳
❱ár✐❛s ❞❡♠♦♥str❛çõ❡s sã♦ ♦♠✐t✐❞❛s ❡ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❡♠
❬✸❪ ❡ ❬✹❪✳ ❆❧❣✉♥s ♦✉tr♦s r❡s✉❧t❛❞♦s s♦❜r❡ á❧❣❡❜r❛s ❡ ♠ó❞✉❧♦s ♣♦❞❡♠ s❡r ❝♦♥s✉❧t❛❞♦s
❡♠ ❬✶❪✱ ❬✷❪✱ ❬✶✽❪✱ ❬✷✵❪✱ ❬✷✸❪✳

✶✳✷✳✶ ➪❧❣❡❜r❛s

❙❡❥❛ K ✉♠ ❝♦r♣♦✳ ❯♠❛ K✲á❧❣❡❜r❛ é ✉♠ ❛♥❡❧ Λ ❝♦♠ ❡❧❡♠❡♥t♦ ✐❞❡♥t✐❞❛❞❡✱
q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r 1✱ t❛❧ q✉❡ Λ t❡♠ ✉♠❛ ❡str✉t✉r❛ ❞❡ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ ❛
♠✉❧t✐♣❧✐❝❛çã♦ ❞♦ ❛♥❡❧ ❝♦♠♣❛tí✈❡❧✱ ✐st♦ é✱ ♣❛r❛ t♦❞♦ λ ∈ K ❡ t♦❞♦ a✱b ∈ Λ t❡♠✲s❡✿

λ(ab) = (aλ)b.

❉✐r❡♠♦s q✉❡ Λ é ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ s❡ ❛ ❞✐♠❡♥sã♦ ❞♦ K✲❡s♣❛ç♦
✈❡t♦r✐❛❧ Λ✱ dimkΛ✱ é ✜♥✐t❛✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❞✐r❡♠♦s q✉❡ Λ é ✉♠❛ á❧❣❡❜r❛ ❞❡
❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳ ◆❡st❡ tr❛❜❛❧❤♦✱ ❛ ♠❡♥♦s q✉❡ s❡❥❛ ❞✐t♦ ♦ ❝♦♥trár✐♦✱ Λ ❞❡♥♦t❛rá
✉♠❛ K✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❯♠ K✲s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ Γ ❞❡ ✉♠❛ K✲á❧❣❡❜r❛ Λ é ✉♠❛ K✲s✉❜á❧❣❡❜r❛ ❞❡ Λ
s❡ ❛ ✐❞❡♥t✐❞❛❞❡ ❞❡ Λ ♣❡rt❡♥❝❡ ❛ Γ ❡ bb′ ∈ Γ ♣❛r❛ t♦❞♦ b✱ b′ ∈ Γ✳ ❉✐r❡♠♦s q✉❡
✉♠ K✲s✉❜❡s♣❛ç♦ ✈❡t♦r✐❛❧ I ❞❡ ✉♠❛ K✲á❧❣❡❜r❛ Λ é ✉♠ ✐❞❡❛❧ à ❞✐r❡✐t❛ ✭♦✉ à
❡sq✉❡r❞❛✮ ❞❡ Λ s❡ xa ∈ I ✭♦✉ ax ∈ I✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✮ ♣❛r❛ t♦❞♦ x ∈ I ❡ t♦❞♦
a ∈ Λ✳ ❯♠ ✐❞❡❛❧ I é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ✉♠ ✐❞❡❛❧✱ s❡ é ✐❞❡❛❧
à ❞✐r❡✐t❛ ❡ à ❡sq✉❡r❞❛ ❞❡ Λ✳

❊①❡♠♣❧♦ ✶✳✺✳ ❆❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ á❧❣❡❜r❛s sã♦✿
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✭✐✮ ❖ ❛♥❡❧ ❞❛s ♠❛tr✐③❡s Mn(K) é ✉♠❛ K✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ n2✱ ❝♦♠ ♦ ♣r♦❞✉t♦
♣♦r ❡s❝❛❧❛r ✉s✉❛❧✳

✭✐✐✮ ❖ ❛♥❡❧ K[t] ❞❡ t♦❞♦s ♦s ♣♦❧✐♥ô♠✐♦s ♥❛ ✐♥❞❡t❡r♠✐♥❛❞❛ t ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠

K é ✉♠❛ K✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✳ ❙❡❥❛ p(x) =
n∑

i=0

aix
i ❡ λ ∈ K✱ ♦

♣r♦❞✉t♦ ✏❝♦♠♣❛tí✈❡❧✑ é ❞❛❞♦ ♣♦r λp(x) =
n∑

i=0

(λai)x
i✳

✭✐✐✐✮ ❖ ❝♦♥❥✉♥t♦ ❞❛s ♠❛tr✐③❡s tr✐❛♥❣✉❧❛r❡s s✉♣❡r✐♦r❡s é ✉♠❛ K✲s✉❜á❧❣❡❜r❛ ❞❡
Mn(K)✳

✭✐✈✮ ❙❡❥❛ (Λ,+, ·) ✉♠❛ K✲á❧❣❡❜r❛✳ ❆ á❧❣❡❜r❛ ♦♣♦st❛ ❞❡ Λ✱ ❡s❝r❡✈❡♠♦s Λop✱ é
❞❡✜♥✐❞❛ ♣❡❧❛ tr✐♣❧❛ (Λop,+, •) t❛❧ q✉❡ Λop t❡♠ ❛ ♠❡s♠❛ ❡str✉t✉r❛ ❛❞✐t✐✈❛ ❞❡
Λ ❡

• : Λop × Λop −→ Λop

é ❞❡✜♥✐❞❛ ♣♦r (a, b) 7→ a • b = b · a✱ ♣❛r❛ t♦❞♦ (a, b) ∈ Λop × Λop✳

❯♠❛ á❧❣❡❜r❛ Λ ♥ã♦ ♥✉❧❛ é s✐♠♣❧❡s s❡ ♦s ú♥✐❝♦s ✐❞❡❛✐s ❞❡ Λ sã♦ {0} ❡ ♦ ♣ró♣r✐♦
Λ✳ ❙❡ I é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ❡ m é ✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦✱ ♦ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ Im ❞❡
Λ é ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ❛s s♦♠❛s ✜♥✐t❛s ❞❡ ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛ x1x2 . . . xm ♦♥❞❡
x1, x2, . . . , xm ∈ I✳ ❙❡ In = 0 ♣❛r❛ ❛❧❣✉♠ ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ n✱ ❞✐③❡♠♦s q✉❡ I é ✉♠
✐❞❡❛❧ ♥✐❧♣♦t❡♥t❡ ❞❡ Λ✳

❯♠ ✐❞❡❛❧ I ✭à ❞✐r❡✐t❛✱ à ❡sq✉❡r❞❛ ♦✉ ❜✐❧❛t❡r❛❧✮ ♣ró♣r✐♦ ❞❡ Λ é ❞✐t♦ ♠❛①✐♠❛❧
s❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ✐❞❡❛❧ I ′ ❞❡ Λ t❛❧ q✉❡ I ⊆ I ′ ⊆ Λ ✐♠♣❧✐❝❛ I ′ = I ♦✉
I ′ = 0✳ ❆ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s ✐❞❡❛✐s à ❞✐r❡✐t❛ ✭♦✉ à ❡sq✉❡r❞❛✮ ♠❛①✐♠❛✐s ❞❡ Λ é
❝❤❛♠❛❞♦ ♦ ❘❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜♦s♦♥✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡ ❘❛❞✐❝❛❧ ❞❛ K✲á❧❣❡❜r❛ Λ
❡ s❡rá ❞❡♥♦t❛❞♦ ♣♦r rad(Λ)✳ P♦❞❡✲s❡ ♠♦str❛r q✉❡ ♦ rad(Λ) é ✉♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧
♥✐❧♣♦t❡♥t❡ ❞❡ Λ ❡ Λ/rad(Λ) é ✉♠❛ K✲á❧❣❡❜r❛✳

✶✳✷✳✷ ▼ó❞✉❧♦s

❉❡✜♥✐çã♦ ✶✳✻✳ ❙❡❥❛ Λ ✉♠❛ K✲á❧❣❡❜r❛✳ ❯♠ Λ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛✱ ♦✉ ♠ó❞✉❧♦ à
❞✐r❡✐t❛ s♦❜r❡ Λ✱ é ✉♠ ♣❛r (M, ·)✱ ♦♥❞❡ M é ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❡ ❛ ♦♣❡r❛çã♦
❡①t❡r♥❛ · :M ×Λ −→M ✱ (m, a) 7→ ·(m, a) = ma s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✭❛✮ (m+ n)a = ma+ na✱

✭❜✮ m(a+ b) = ma+mb✱

✭❝✮ m(ab) = (ma)b✱

✭❞✮ m1 = m✱

✭❡✮ (mλ)a = m(aλ) = (ma)λ✱

♣❛r❛ t♦❞♦ m✱ n ∈M ✱ a✱ b ∈ Λ ❡ λ ∈ K✳
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❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦❞❡✲s❡ ❞❡✜♥✐r ✉♠ Λ✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛ s❡ ❛ ♦♣❡r❛çã♦ ❡①t❡r♥❛
· : Λ × M −→ M ❞❡✜♥✐❞❛ ♣♦r ·(a,m) = am s❛t✐s❢❛③ ♦ ❞✉❛❧ ❞❛s ♣r♦♣r✐❡❞❛❞❡s
❛♥t❡r✐♦r❡s ✭(a) ❛té (e)✮✳ ◆♦t❡ q✉❡ t♦❞♦ Λ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ M t❡♠ ❡str✉t✉r❛
❞❡ Λop✲♠ó❞✉❧♦ à ❡sq✉❡r❞❛✱ ❝♦♠ ❛ ♦♣❡r❛çã♦ ∗ : Λop × M −→ M ❞❡✜♥✐❞❛ ♣♦r
a ∗m = ma✱ ♣❛r❛ t♦❞♦ m ❡♠ M ❡ t♦❞♦ a ❡♠ Λ✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ✈❛♠♦s ❝♦♥s✐❞❡r❛r Λ✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✳ ❚♦❞♦ r❡s✉❧t❛❞♦
❛q✉✐ ❛♣r❡s❡♥t❛❞♦ é ✈á❧✐❞♦✱ ❝♦♠ ❛❧❣✉♠❛s ❛❞❛♣t❛çõ❡s✱ ♣❛r❛ Λ✲♠ó❞✉❧♦s à ❡sq✉❡r❞❛✳
❊s❝r❡✈❡♠♦s M ❛♦ ✐♥✈és ❞❡ (M, ·)✳

❯♠ s✉❜❣r✉♣♦ ❛❜❡❧✐❛♥♦ N ❞❡ M é ❞✐t♦ Λ✲s✉❜♠ó❞✉❧♦ s❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦
❡①t❡r♥❛ é ❢❡❝❤❛❞❛ ❡♠ N ✱ ✐st♦ é✱ s❡ ♣❛r❛ t♦❞♦ a ∈ Λ ❡ t♦❞♦ n ∈ N t❡♠✲s❡ na ∈ N ✳

❊①❡♠♣❧♦ ✶✳✼✳ ✶✳ ❚♦❞♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ é ✉♠ Z✲♠ó❞✉❧♦✳

✷✳ ❖s K✲❡s♣❛ç♦s ✈❡t♦r✐❛✐s sã♦ K✲♠ó❞✉❧♦s✳

❉✐③❡♠♦s q✉❡ ✉♠ Λ✲♠ó❞✉❧♦ M é ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s m1,m2, . . . ,mt ❞❡
M s❡ t♦❞♦ ❡❧❡♠❡♥t♦ m ∈ M t❡♠ ❛ ❢♦r♠❛ m = m1a1 +m2a2 + · · · +mtat ♣❛r❛
❛❧❣✉♥s a1, a2, . . . , at ∈ Λ✳ ❊s❝r❡✈❡♠♦s M = m1Λ+m2Λ+ · · ·+mtΛ✳ ◆❡st❡ ❝❛s♦✱
M é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣♦r ✉♠ s✉❜❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ M ✳

❙❡❥❛♠ M ❡ N ❞♦✐s Λ✲♠ó❞✉❧♦s✳ ❯♠❛ ❛♣❧✐❝❛çã♦ K✲❧✐♥❡❛r f : M −→ N é ❞✐t❛
❤♦♠♦♠♦r✜s♠♦ ❞❡ Λ✲♠ó❞✉❧♦s s❡ f(m1a1+m2a2) = f(m1)a1+ f(m2)a2 ♣❛r❛ t♦❞♦
m1✱ m2 ❡♠ M ❡ t♦❞♦ a1✱ a2 ❡♠ Λ✳

❙❡❥❛♠ M1 ❡ M2 ❞♦✐s s✉❜♠ó❞✉❧♦s ♥ã♦ ♥✉❧♦s ❞❡ ✉♠ ♠ó❞✉❧♦ M ✳ ❉✐③❡♠♦s q✉❡
M é ✉♠❛ s♦♠❛ ❞✐r❡t❛ ♦✉ t❡♠ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛♥❞♦s ❞✐r❡t♦s M1 ❡
M2 s❡ M = M1 +M2 ❡ M1 ∩M2 = {0}✳ ❉❡♥♦t❛♠♦s ♣♦r M = M1 ⊕M2 q✉❛♥❞♦
M ❢♦r s♦♠❛ ❞✐r❡t❛ ❞❡ M1 ❡ M2✳ ❈❤❛♠❛♠♦s M1 ❡ M2 s♦♠❛♥❞♦s ❞✐r❡t♦s ❞❡ M ❡
❡s❝r❡✈❡♠♦s M1 |M ❡ M2 |M ✳ ❖ ♠ó❞✉❧♦ M é ❝❤❛♠❛❞♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ s❡ ♥ã♦
t❡♠ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛♥❞♦s ❞✐r❡t♦s ♥ã♦ ♥✉❧♦s✳

❉✐③❡♠♦s q✉❡ ✉♠ Λ✲♠ó❞✉❧♦ S é s✐♠♣❧❡s s❡ S é ♥ã♦ ③❡r♦ ❡ t♦❞♦ s✉❜♠ó❞✉❧♦
❞❡ S é ③❡r♦ ♦✉ S✳ ❯♠ Λ✲♠ó❞✉❧♦ M é s❡♠✐s✐♠♣❧❡s s❡ é s♦♠❛ ❞✐r❡t❛ ❞❡ ♠ó❞✉❧♦s
s✐♠♣❧❡s✳ ❙❡ ♦ Λ✲♠ó❞✉❧♦ M é s✐♠♣❧❡s✱ ❡♥tã♦ é ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳ ❆ r❡❝í♣r♦❝❛ ♥ã♦ é
s❡♠♣r❡ ✈❡r❞❛❞❡✐r❛✱ ❜❛st❛ ✈❡r q✉❡ ♣❛r❛ p ✉♠ ♥ú♠❡r♦ ♣r✐♠♦✱ Zpn é ✐♥❞❡❝♦♠♣♦♥í✈❡❧
♠❛s ♥ã♦ é s✐♠♣❧❡s✳

▼♦str❛♠♦s ❛❣♦r❛ ✉♠❛ ❝❧❛ss❡ ❡s♣❡❝✐❛❧ ❞❡ ♠ó❞✉❧♦s ❡ ❛♣r❡s❡♥t❛♠♦s ♦s ❝♦♥❝❡✐t♦s
❞❡ ❜❛s❡ ❡ ♣♦st♦ ♣❛r❛ ✉♠ ♠ó❞✉❧♦ M ✳

❉❡✜♥✐çã♦ ✶✳✽✳ ❯♠ Λ✲♠ó❞✉❧♦ F é ❧✐✈r❡ s❡ é ✐s♦♠♦r❢♦ ❛ ✉♠❛ s♦♠❛ ❞✐r❡t❛ ❞❡
❝ó♣✐❛s ❞♦ ♠ó❞✉❧♦ Λ✱ ✐st♦ é✱

F ∼=
⊕

i∈F
Λi,

♦♥❞❡ Λi = 〈xi〉 ∼= Λ✱ ♣❛r❛ t♦❞♦ i ❡♠ F✱ s❡♥❞♦ F ✉♠❛ ❢❛♠í❧✐❛ ❞❡ í♥❞✐❝❡s✳ ❈❤❛♠❛♠♦s
X = {xi | i ∈ F} ✉♠❛ ❜❛s❡ ❞❡ F ✳

❖ ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ❡♠ ✉♠❛ ❜❛s❡ ❞❡ F é ❝❤❛♠❛❞♦ ♦ ♣♦st♦ ❞❡ F ❡
❞❡♥♦t❛♠♦s ♣♦r rk(F )✳ ❉❡✜♥❛♠♦s ❛❣♦r❛ ♦s Λ✲♠ó❞✉❧♦s ❆rt✐♥✐❛♥♦s ❡ ◆♦❡t❤❡r✐❛♥♦s✳
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❉❡✜♥✐çã♦ ✶✳✾✳ ❯♠ Λ✲♠ó❞✉❧♦ M é ❝❤❛♠❛❞♦ ❆rt✐♥✐❛♥♦ ♦✉ ❞❡ ❆rt✐♥ s❡ ♣❛r❛ t♦❞❛
❢❛♠✐❧✐❛ {Mi}i∈N ❞❡ s✉❜♠ó❞✉❧♦s ❞❡ M ♦r❞❡♥❛❞❛ ♣❡❧❛ ✐♥❝❧✉sã♦ ❝♦♠♦ s❡❣✉❡✱

M1 ⊇M2 ⊇ · · · ⊇Mi ⊇ · · ·

s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝❛❞❡✐❛ ❞❡s❝❡♥❞❡♥t❡✱ ✐st♦ é✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦
n ≥ n0 t❡♠✲s❡ Mn =Mn0✳

❉✉❛❧♠❡♥t❡✱ s❡ ❞❡✜♥❡ ◆♦❡t❤❡r✐❛♥♦ ❝♦♠♦ s❡❣✉❡✿

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❯♠ Λ✲♠ó❞✉❧♦ M é ❝❤❛♠❛❞♦ ❞❡ ◆♦❡t❤❡r✐❛♥♦ ♦✉ ❞❡ ◆♦❡t❤❡r
s❡ ♣❛r❛ t♦❞❛ ❢❛♠✐❧✐❛ {Mi}i∈N ❞❡ s✉❜♠ó❞✉❧♦s ❞❡ M ♦r❞❡♥❛❞❛ ♣❡❧❛ ✐♥❝❧✉sã♦ ❝♦♠♦
s❡❣✉❡✱

M1 ⊆M2 ⊆ · · · ⊆Mi ⊆ · · ·

s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ ❞❡ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡✱ ✐st♦ é✱ ❡①✐st❡ n0 ∈ N t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦
n ≥ n0 t❡♠✲s❡ Mn =Mn0✳

❯♠❛ á❧❣❡❜r❛ Λ é ❞✐t❛ ❆rt✐♥✐❛♥❛ à ❞✐r❡✐t❛ ✭◆♦❡t❤❡r✐❛♥❛ à ❞✐r❡✐t❛✮ s❡ é ✉♠ Λ✲
♠ó❞✉❧♦ ❆rt✐♥✐❛♥♦ ✭◆♦❡t❤❡r✐❛♥♦✮ à ❞✐r❡✐t❛✳ ❆♦ ❧♦♥❣♦ ❞❡st❡ tr❛❜❛❧❤♦✱ ❛ ♠❡♥♦s q✉❡
s❡❥❛ ❞✐t♦ ♦ ❝♦♥trár✐♦✱ Λ ❞❡♥♦t❛rá ✉♠❛ K✲á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ à ❞✐r❡✐t❛ ❞❡ ❞✐♠❡♥sã♦
✜♥✐t❛ s❡♥❞♦ K ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳

❉❡♥♦t❛♠♦s ♣♦r ▼♦❞(Λ) ❛ ❝❛t❡❣♦r✐❛ ❞❡ t♦❞♦s ♦s Λ✲♠ó❞✉❧♦s à ❞✐r❡✐t❛✱ ❝✉❥♦s
♦❜❥❡t♦s sã♦ ♦s Λ✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❡ ♠♦r✜s♠♦s sã♦ ❤♦♠♦♠♦r✜s♠♦s ❞❡ Λ✲♠ó❞✉❧♦s✳
❆ ❝♦♠♣♦s✐çã♦ ❞❡ ♠♦r✜s♠♦s é ❛ ❝♦♠♣♦s✐çã♦ ✉s✉❛❧ ❞❡ ❤♦♠♦♠♦r✜s♠♦s✳ ▼❛✐s ❛✐♥❞❛✱
s❡❥❛ f :M −→ N ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❞❡ Λ✲♠ó❞✉❧♦s✳ ❊♥tã♦✿

• ker(f) := {m ∈M | f(m) = 0} ❡ ❛ ✐♥❝❧✉sã♦ ❞❡ s✉❜♠ó❞✉❧♦s µ : ker(f) →֒
M é ♦ ♥ú❝❧❡♦ ❞❡ f ❀

• coker(f) = N/Im(f) ❡ ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ p : N → coker(f) é ♦ ❝♦♥ú❝❧❡♦
❞❡ f ✱ ♦♥❞❡ Im(f) := {f(m) | m ∈M} ❀ ❡

• ❈♦♠♦ ❝♦♥s❡q✉ê♥❝✐❛ ❞♦ ❚❡♦r❡♠❛ ❞♦ ■s♦♠♦r✜s♠♦ ♣❛r❛ Λ✲♠ó❞✉❧♦s✱ ♦
❤♦♠♦♠♦r✜s♠♦ f :M/ker(f) −→ Im(f) é ✉♠ ✐s♦♠♦r✜s♠♦✳

P♦rt❛♥t♦✱ Mod(Λ) é ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛✳

❉❡♥♦t❛♠♦s ♣♦r♠♦❞(Λ) ❛ s✉❜❝❛t❡❣♦r✐❛ ♣❧❡♥❛ ❞❡Mod(Λ) ❝✉❥♦s ♦❜❥❡t♦s sã♦ ♦s
♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✳ ❊♠ ❣❡r❛❧✱ mod(Λ) ♥ã♦ é ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛✳
■st♦ ♦❝♦rr❡ ♣♦rq✉❡ ♦ ♥ú❝❧❡♦ ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❡♥tr❡ ♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s
♥ã♦ é ❡♠ ❣❡r❛❧ ✉♠ ♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ◆♦ ❡♥t❛♥t♦✱ é s❛❜✐❞♦ q✉❡ mod(Λ)
é ✉♠❛ ❝❛t❡❣♦r✐❛ ❛❜❡❧✐❛♥❛ s❡ ❡ s♦♠❡♥t❡ s❡ Λ é ✉♠❛ á❧❣❡❜r❛ ◆♦❡t❤❡r✐❛♥❛✳ ❊♠
♣❛rt✐❝✉❧❛r✱ s❡ Λ é ✉♠❛ K✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❛ ❝❛t❡❣♦r✐❛ mod(Λ) é
❛❜❡❧✐❛♥❛✳

❙❡❥❛♠M ❡ N ❡♠mod(Λ)✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❤♦♠♦♠♦r✜s♠♦ ❞❡M ❡♠ N ✱
HomΛ(M,N)✱ é ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝♦♠ r❡s♣❡✐t♦ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ♣♦r ❡s❝❛❧❛r
(f, λ) 7→ λf ❞❡✜♥✐❞❛ ♣♦r (λf)(m) = f(mλ)✱ ♣❛r❛ t♦❞♦ f ∈ HomΛ(M,N)✱ λ ∈ K
❡ m ∈ M ✳ ▼❛✐s✱ ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ End(M) = Hom(M,N) é ✉♠❛ K✲á❧❣❡❜r❛
❝♦♠ r❡s♣❡✐t♦ à ❝♦♠♣♦s✐çã♦ ❞❡ ❤♦♠♦♠♦r✜s♠♦s✳
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▲❡♠❛ ✶✳✶✶✳ ❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

(a) M é ✉♠ Λ✲♠ó❞✉❧♦ s❡♠✐s✐♠♣❧❡s s❡ ❡ s♦♠❡♥t❡ s❡ t♦❞♦ s✉❜♠ó❞✉❧♦ N ❞❡ M é
s♦♠❛♥❞♦ ❞✐r❡t♦ ❞❡ M ✳

(b) ❯♠ s✉❜♠ó❞✉❧♦ ❞❡ ✉♠ ♠ó❞✉❧♦ s❡♠✐s✐♠♣❧❡s é s❡♠✐s✐♠♣❧❡s✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲❡♠❛ I.3.3. ❡♠ ❬✸❪✳

❯♠❛ K✲á❧❣❡❜r❛ Λ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é s❡♠✐s✐♠♣❧❡s s❡ s❛t✐s❢❛③ ❛❧❣✉♠❛
❞❛s ❝♦♥❞✐çõ❡s ❡q✉✐✈❛❧❡♥t❡s ❞♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡
❲❡❞❞❡r❜✉r♥✲❆rt✐♥✳

❚❡♦r❡♠❛ ✶✳✶✷✳ P❛r❛ t♦❞❛ á❧❣❡❜r❛ Λ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s♦❜r❡ ✉♠ ❝♦r♣♦
❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦ K ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✭❛✮ ❖ Λ✲♠ó❞✉❧♦ Λ é s❡♠✐s✐♠♣❧❡s✳

✭❜✮ ❚♦❞♦ Λ✲♠ó❞✉❧♦ é s❡♠✐s✐♠♣❧❡s✳

✭❝✮ rad(Λ) = 0✳

✭❞✮ ❊①✐st❡♠ ✐♥t❡✐r♦s ♣♦s✐t✐✈♦s m1,m2, . . . ,ms ❡ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ K✲á❧❣❡❜r❛s

Λ ∼= Mm1(K)× · · · ×Mms
(K).

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♦r❡♠❛ I.3.4 ❡♠ ❬✸❪✳

❉❡✜♥✐çã♦ ✶✳✶✸✳ ❙❡❥❛ M ✉♠ Λ✲♠ó❞✉❧♦✳ ❈❤❛♠❛♠♦s s♦❝❧❡ ❞♦ ♠ó❞✉❧♦ M ✱ q✉❡
❞❡♥♦t❛♠♦s ♣♦r soc(M)✱ ❛♦ s✉❜♠ó❞✉❧♦ ❞❡ M ❣❡r❛❞♦ ♣♦r t♦❞♦s ♦s s✉❜♠ó❞✉❧♦s
s✐♠♣❧❡s ❞❡ M ✳

◆♦t❡ q✉❡ soc(M) é s❡♠♣r❡ ✉♠ Λ✲♠ó❞✉❧♦ s❡♠✐s✐♠♣❧❡s✳

❙❡❥❛ M ❡♠ mod(Λ)✱ ❞❡✜♥✐♠♦s ♦ r❛❞✐❝❛❧ ❞❡ ❏❛❝♦❜s♦♥ ❞❡ M ✱ q✉❡ ❞❡♥♦t❛♠♦s
♣♦r rad(M)✱ ❝♦♠♦ ❛ ✐♥t❡rs❡çã♦ ❞❡ t♦❞♦s ♦s s✉❜♠ó❞✉❧♦s ♠❛①✐♠❛✐s ❞❡ M ✳

Pr♦♣♦s✐çã♦ ✶✳✶✹✳ ❙❡❥❛♠ M ✱ N ❡ L ♠ó❞✉❧♦s ❡♠ mod(Λ)✳

❛✮ rad(M ⊕N) = rad(M)⊕ rad(N)✳

❜✮ ❙❡ f ∈ HomΛ(M,N) ❡♥tã♦ f(rad(M)) ⊆ rad(N)✳

❝✮ Mrad(Λ) = rad(M)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r Pr♦♣♦s✐çã♦ I.3.7. ❡♠ ❬✸❪✳

Pr♦♣♦s✐çã♦ ✶✳✶✺✳ ❙❡❥❛ f : M −→ N ✉♠ ❡♣✐♠♦r✜s♠♦ ❞❡ Λ✲♠ó❞✉❧♦s✳ ❊♥tã♦
f(radi(M)) = radi(N) ♣❛r❛ t♦❞♦ i ≥ 0✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲❡♠❛ ❱.1.1. ❡♠ ❬✸❪✳
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❙❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✹✱ ✐t❡♠ (c)✱ q✉❡ (M/rad(M))rad(Λ) = 0✳ ❉❡ ♠♦❞♦
q✉❡✱ ❝❤❛♠❛♠♦s t♦♣ ❞❡ M ❛♦

(
Λ/rad(Λ)

)
✲♠ó❞✉❧♦ à ❞✐r❡✐t❛

top(M) =M/rad(M)

❞❡✜♥✐❞♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ (m+ rad(M))(a+ rad(Λ)) = ma+ rad(M)✳

❈♦r♦❧ár✐♦ ✶✳✶✻✳ ❙❡❥❛ M ✉♠ ♠ó❞✉❧♦ ❡♠ mod(Λ)✳

✭❛✮ top(M) é s❡♠✐s✐♠♣❧❡s ❡ é ✉♠ ♠ó❞✉❧♦ s♦❜r❡ ❛ K✲á❧❣❡❜r❛ Λ/rad(Λ)✳

✭❜✮ ❙❡ L é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M t❛❧ q✉❡ M/L é s❡♠✐s✐♠♣❧❡s✱ ❡♥tã♦ rad(M) ⊆ L✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❈♦r♦❧ár✐♦ I.3.8. ❡♠ ❬✸❪✳

P❡❧♦ ✐t❡♠ ✭❜✮ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✶✹✱ ♦ ❤♦♠♦♠♦r✜s♠♦ ❞❡ Λ✲♠ó❞✉❧♦s f :M −→ N
✐♥❞✉③ ♦ ❤♦♠♦♠♦r✜s♠♦ top(f) : top(M) −→ top(N) ❞❡ (Λ/rad(Λ))✲♠ó❞✉❧♦s à
❞✐r❡✐t❛ ❞❡✜♥✐❞♦ ♣♦r (top(f))(m+ rad(M)) = f(m) + rad(N)✳

❈♦r♦❧ár✐♦ ✶✳✶✼✳ ✭❛✮ ❯♠ ❤♦♠♦♠♦r✜s♠♦ f :M −→ N ❡♠ mod(Λ) é s♦❜r❡❥❡t♦r
s❡ ❡ s♦♠❡♥t❡ s❡ ♦ ❤♦♠♦♠♦r✜s♠♦ top(f) : top(M) −→ top(N) é s♦❜r❡❥❡t♦r✳

✭❜✮ ❙❡ S é ✉♠ Λ✲♠ó❞✉❧♦ s✐♠♣❧❡s✱ ❡♥tã♦ Srad(Λ) = 0 ❡ S é ✉♠ Λ/rad(Λ)✲
♠ó❞✉❧♦ s✐♠♣❧❡s✳

✭❝✮ ❯♠ Λ✲♠ó❞✉❧♦ M é s❡♠✐s✐♠♣❧❡s s❡ ❡ s♦♠❡♥t❡ s❡ rad(M) = 0✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❈♦r♦❧ár✐♦ I.3.9. ❡♠ ❬✸❪✳

Pr♦♣♦s✐çã♦ ✶✳✶✽✳ ❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❊♥tã♦

✭❛✮ ❊①✐st❡ s♦♠❡♥t❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ Λ✲♠ó❞✉❧♦s s✐♠♣❧❡s ♥ã♦ ✐s♦♠♦r❢♦s✱

✭❜✮ Λ é ♥♦❡t❤❡r✐❛♥♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡r Pr♦♣♦s✐çã♦ I.3.1. ❡♠ ❬✹❪✳

❙❡❥❛ M ✉♠ ♠ó❞✉❧♦ ♥ã♦ ③❡r♦✳ ❯♠❛ ❝❛❞❡✐❛ ✜♥✐t❛ ❞❡ n+ 1 s✉❜♠ó❞✉❧♦s ❞❡ M

M =M0 ⊇M1 ⊇ · · · ⊇Mn = 0

é ❝❤❛♠❛❞❛ ✉♠❛ sér✐❡ ❞❡ ❝♦♠♣♦s✐çã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n ♣❛r❛M ✱ s❡Mi−1/Mi

é s✐♠♣❧❡s ♣❛r❛ t♦❞♦ i ∈ {1, 2, . . . , n}✳

Pr♦♣♦s✐çã♦ ✶✳✶✾✳ ❯♠ ♠ó❞✉❧♦ ♥ã♦ ♥✉❧♦ M t❡♠ ✉♠❛ sér✐❡ ❞❡ ❝♦♠♣♦s✐çã♦ s❡ ❡
s♦♠❡♥t❡ s❡ M é ❆rt✐♥✐❛♥♦ ❡ ◆♦❡t❤❡r✐❛♥♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡r Pr♦♣♦s✐çã♦ 11.1. ❡♠ ❬✶❪✳
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❈♦♠♦ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ➪❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ✭❧♦❣♦
◆♦❡t❤❡r✐❛♥❛✮ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✶✾ q✉❡ t♦❞♦ ♠ó❞✉❧♦ ♥♦ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦
t❡♠ ✉♠❛ sér✐❡ ❞❡ ❝♦♠♣♦s✐çã♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ✜♥✐t♦✳

P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ❏♦r❞❛♥✲❍♦❧❞❡r✱ ✈❡r ❚❡♦r❡♠❛ I.3.10 ❡♠ ❬✸❪✱ ♦ ❝♦♠♣r✐♠❡♥t♦
❞❛ sér✐❡ ❞❡ ❝♦♠♣♦s✐çã♦ ♣❛r❛ ✉♠ ♠ó❞✉❧♦ M ❞❡♣❡♥❞❡ s♦♠❡♥t❡ ❞❡ M ✳ ❉❡♥♦t❛♠♦s
♣♦r ℓ(M) ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛ sér✐❡ ❞❡ ❝♦♠♣♦s✐çã♦✳ ❉✐r❡♠♦s q✉❡ ✉♠ Λ✲♠ó❞✉❧♦
M t❡♠ ❝♦♠♣r✐♠❡♥t♦ ③❡r♦ s❡ M = 0 ❡ ❝♦♠♣r✐♠❡♥t♦ n s❡ t❡♠ sér✐❡ ❞❡ ❝♦♠♣♦s✐çã♦
❞❡ ❝♦♠♣r✐♠❡♥t♦ n✳

❈♦r♦❧ár✐♦ ✶✳✷✵✳ ❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❊♥tã♦
♦ r❛❞✐❝❛❧ ❞❡ Λ é ♥✐❧♣♦t❡♥t❡ ❡ radi(Λ)/radi+1(Λ) é ✉♠ ♠ó❞✉❧♦ s❡♠✐s✐♠♣❧❡s
✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♣❛r❛ t♦❞♦ i ≥ 0✳

❙❡❥❛ M ∈ mod(Λ)✱ ❝♦♥s✐❞❡r❛♠♦s ❛ s❡q✉ê♥❝✐❛ ❞❡ s✉❜♠ó❞✉❧♦s ❞❡ M ❞❛❞❛ ♣♦r

M ⊃ rad(M) ⊃ rad2(M) ⊃ · · · ⊃ radi(M) ⊃ · · · .

❊st❛ s❡q✉ê♥❝✐❛ é ❝❤❛♠❛❞❛ ❙ér✐❡ ❘❛❞✐❝❛❧ ♦✉ ❙ér✐❡ ❉❡s❝❡♥❞❡♥t❡ ▲♦❡✇② ❞❡
M ✳ ❈♦♠♦ ✈❡♠♦s✱ ❡①✐st❡ ✉♠ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ m t❛❧ q✉❡ radm(M) = 0✳ ❊ss❡
♠❡♥♦r m é ❞❡♥♦t❛❞♦ ♣♦r rℓ(M) ❡ ❝❤❛♠❛❞♦ t❛♠❛♥❤♦ ❞❛ sér✐❡ r❛❞✐❝❛❧✳ ❆ ♥♦çã♦
❞✉❛❧ é ❛ ❙ér✐❡ ❙♦❝❧❡ ♦✉ ❙ér✐❡ ❆s❝❡♥❞❡♥t❡ ▲♦❡✇② ❞❡ M ✱

0 = soc0(M) ⊂ soc(M) ⊂ soc2(M) ⊂ · · · ⊂ soci(M) ⊂ · · · ⊂M,

❡ ♦ ♠❡♥♦r ✐♥t❡✐r♦ m t❛❧ q✉❡ socm(M) =M é ❝❤❛♠❛❞♦ t❛♠❛♥❤♦ ❞❛ sér✐❡ s♦❝❧❡✱
q✉❡ ❞❡♥♦t❛♠♦s ♣♦r sℓ(M)✳ P❛r❛ ♠❛✐s ❞❡t❛❧❤❡s ❝♦♥s✉❧t❛r s❡çã♦ ❱✳■✳ ❡♠ ❬✸❪✳

❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ q✉❡ rℓ(M) ❡ sℓ(M) sã♦ ♥♦ ♠á①✐♠♦ ✐❣✉❛✐s ❛♦ t❛♠❛♥❤♦ ❞❡
❝♦♠♣♦s✐çã♦ ℓ(M) ❞❡ ▼✱ ✐st♦ é✱ à ❞✐♠❡♥sã♦ ❞❡ M ❝♦♠♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧✳

Pr♦♣♦s✐çã♦ ✶✳✷✶✳ P❛r❛ t♦❞♦ Λ✲♠ó❞✉❧♦ M ✱ t❡♠♦s rℓ(M) = sℓ(M)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r Pr♦♣♦s✐çã♦ ❱.1.3. ❡♠ ❬✸❪✳

❉❡✜♥✐çã♦ ✶✳✷✷✳ ❖ t❛♠❛♥❤♦ ❞❡ ▲♦❡✇② ❞❡ ✉♠ Λ✲♠ó❞✉❧♦ M ✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r
ℓℓ(M)✱ é ♦ ✈❛❧♦r ❝♦♠✉♠ ❞❡ rℓ(M) ❡ sℓ(M)✳

❖❜s❡r✈❛✲s❡ q✉❡ ℓℓ(M) ≤ ℓ(M) ♣❛r❛ t♦❞♦ ♠ó❞✉❧♦ M ❡ s❡ M =M1⊕· · ·⊕Mm

❡♥tã♦ ℓℓ(M) = ♠á① {ℓℓ(M1), . . . , ℓℓ(Mm)}✳ ❆ ♣r♦✈❛ ❞♦ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦ ♣♦❞❡
s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❬✷❪✱ ❈♦r♦❧ár✐♦ VI.5.5.

❈♦r♦❧ár✐♦ ✶✳✷✸✳ ❙❡❥❛♠ f : L −→ M ✉♠ ♠♦♥♦❢♦r♠✐s♠♦ ❡ g : M −→ N ✉♠
❡♣✐♠♦r✜s♠♦ t❛❧ q✉❡ Im(f) = ker(g)✳ ❊♥tã♦ ℓ(M) = ℓ(L) + ℓ(N)✳

❆ s❡❣✉✐r ❞❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ❝♦♠ ♦ ♣r♦♣ós✐t♦ ❞❡ ❞❡✜♥✐r ✉♠
❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ✐❞❡♠♣♦t❡♥t❡s ♣r✐♠✐t✐✈♦s ♦rt♦❣♦♥❛✐s ❞❡ ✉♠❛ á❧❣❡❜r❛ Λ✱ q✉❡
❞❡s❡♠♣❡♥❤❛ ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ q✉❛♥❞♦ q✉❡r❡♠♦s ❞❡✜♥✐r ❡ ❡st✉❞❛r á❧❣❡❜r❛s
❜ás✐❝❛s✳
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❯♠ ❡❧❡♠❡♥t♦ e ∈ Λ é ✐❞❡♠♣♦t❡♥t❡ s❡ e2 = e✳ ❖ ✐❞❡♠♣♦t❡♥t❡ e é ❞✐t♦
❝❡♥tr❛❧ s❡ ae = ea ♣❛r❛ t♦❞♦ a ∈ Λ✳ ❉♦✐s ✐❞❡♠♣♦t❡♥t❡s e1 ❡ e2 sã♦ ❝❤❛♠❛❞♦s ❞❡
♦rt♦❣♦♥❛✐s s❡ e1e2 = e2e1 = 0✳

❯♠ ✐❞❡♠♣♦t❡♥t❡ e é ❞✐t♦ ♣r✐♠✐t✐✈♦ s❡ ♥ã♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ✉♠❛ s♦♠❛
e = e1+e2✱ ♦♥❞❡ e1 ❡ e2 sã♦ ✐❞❡♠♣♦t❡♥t❡s ♦rt♦❣♦♥❛✐s ♥ã♦ ♥✉❧♦s ❞❡ Λ✳ ❙❡ ♦s ú♥✐❝♦s
❡❧❡♠❡♥t♦s ❝❡♥tr❛✐s ❡ ✐❞❡♠♣♦t❡♥t❡s ❞❡ ✉♠❛ á❧❣❡❜r❛ Λ sã♦ 0 ❡ 1✱ ❞✐③❡♠♦s q✉❡ Λ é
❝♦♥❡①❛✳

❙❡ Λ é ✉♠❛ K✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♦ Λ✲♠ó❞✉❧♦ Λ ❛❞♠✐t❡ ✉♠❛
❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛ ❞✐r❡t❛ Λ = P1 ⊕ · · · ⊕ Pn✱ ♦♥❞❡ P1✱ P2✱ . . . ✱ Pn sã♦
✐❞❡❛✐s à ❞✐r❡✐t❛ ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❞❡ Λ✳ ❙❡❣✉❡ q✉❡ P1 = e1Λ✱ P2 = e2Λ✱ . . . ✱
Pn = enΛ ♦♥❞❡ e1, e2, . . . , en sã♦ ✐❞❡♠♣♦t❡♥t❡s ♣r✐♠✐t✐✈♦s ♦rt♦❣♦♥❛✐s ❞❡ Λ t❛❧ q✉❡
1 = e1 + e2 + · · · + en✳ ❘❡❝✐♣r♦❝❛♠❡♥t❡ t♦❞♦ ❝♦♥❥✉♥t♦ ❞❡ ✐❞❡♠♣♦t❡♥t❡s ❝♦♠ ❛
♣r♦♣r✐❡❞❛❞❡ ❛♥t❡r✐♦r ✐♥❞✉③ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ΛΛ = P1⊕P2⊕· · ·⊕Pn ❝♦♠ ✐❞❡❛✐s
à ❞✐r❡✐t❛ ✐♥❞❡❝♦♠♣♦♥í✈❡✐s P1 = e1Λ✱ . . . ✱ Pn = enΛ✳

❚❛❧ ❞❡❝♦♠♣♦s✐çã♦ é ❝❤❛♠❛❞❛ ❞❡❝♦♠♣♦s✐çã♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❞❡ Λ ❡ ♦
❝♦♥❥✉♥t♦ {e1, e2, . . . , en} é ❝❤❛♠❛❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ✐❞❡♠♣♦t❡♥t❡s
♣r✐♠✐t✐✈♦s ♦rt♦❣♦♥❛✐s ❞❡ Λ✳ ❉✐③❡♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ {P1, P2, . . . , Pn} é ✉♠
❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ q✉❛♥❞♦ ❛ ❞❡❝♦♠♣♦s✐çã♦ ΛΛ = P1 ⊕ P2 ⊕ · · · ⊕ Pn ❢♦r ✉♠❛
❞❡❝♦♠♣♦s✐çã♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳

❙❡❥❛ Λ é ✉♠❛ á❧❣❡❜r❛ ❡ {e1, e2, . . . , en} ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ✐❞❡♠♣♦t❡♥t❡s
♣r✐♠✐t✐✈♦s ♦rt♦❣♦♥❛✐s ❞❡ Λ✳ ❆ á❧❣❡❜r❛ Λ é ❝❤❛♠❛❞❛ ❜ás✐❝❛ s❡ eiΛ 6∼= ejΛ✱ ♣❛r❛
t♦❞♦ i 6= j✳

P❛r❛ t❡r♠✐♥❛r ❛ s❡çã♦ ❡♥✉♥❝✐❛♠♦s ✉♠ t❡♦r❡♠❛ ❝❧áss✐❝♦ ❞❛ ❚❡♦r✐❛ ❞❡ ♠ó❞✉❧♦s✳

❚❡♦r❡♠❛ ✶✳✷✹✳ ✭❑r✉❧❧✲❙❝❤♠✐❞t✮ ❙❡❥❛♠ Λ ✉♠❛ K✲á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦
✜♥✐t❛ ❡M ✉♠ Λ✲♠ó❞✉❧♦✳ ❊♥tã♦M é s♦♠❛ ❞✐r❡t❛ ❞❡ s✉❜♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳
▼❛✐s ❛✐♥❞❛✱ s❡ ❡①✐st❡♠ Λ✲♠ó❞✉❧♦s M1✱ M2✱ . . . ✱ Mm ❡ N1✱ N2✱ . . . ✱ Nm t❛✐s q✉❡

m⊕

j=1

Mj =M =
n⊕

i=1

Ni.

❊♥tã♦ m = n ❡ ❡①✐st❡ ✉♠❛ ♣❡r♠✉t❛çã♦ σ ∈ Sn t❛❧ q✉❡ Mj
∼= Nσ(j)

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♦r❡♠❛ I.4.10. ❡♠ ❬✸❪✳

✶✳✷✳✸ ▼ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ❡ ✐♥❥❡t✐✈♦s

❯♠❛ s❡q✉ê♥❝✐❛ · · · // Xn−1
dn−1 // Xn

dn // Xn+1
// · · · t❛❧ q✉❡ ❝❛❞❛ Xi é

✉♠ Λ✲♠ó❞✉❧♦ ❡ ❝❛❞❛ dn é ✉♠ ❤♦♠♦♠♦r✜s♠♦ ❡♥tr❡ Λ✲♠ó❞✉❧♦s é ❝❤❛♠❛❞❛ ❡①❛t❛
s❡ ker(dn) = Im(dn−1) ♣❛r❛ t♦❞♦ n✳ ❊♠ ♣❛rt✐❝✉❧❛r

0 // L
f //M

g // N // 0

é ❝❤❛♠❛❞❛ ❞❡ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ s❡ f é ✉♠ ♠♦♥♦♠♦r✜s♠♦✱ g é ✉♠
❡♣✐♠♦r✜s♠♦ ❡ ker(g) = Im(f)✳
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❉✐③❡♠♦s q✉❡ ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ 0 // X
f // Y

g // Z // 0 ❡♠
mod(Λ) ❝✐♥❞❡ ♦✉ é ❝✐♥❞✐❞❛ s❡ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦ h : Y −→ X ⊕ Z t❛❧ q✉❡
♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛

0 // X
f //

1X
��

Y
g //

h

��

Z //

1Z
��

0

0 // X
i // X ⊕ Z

π // Z // 0

é ❝♦♠✉t❛t✐✈♦✱ s❡♥❞♦ i(x) = (x, 0) ❡ π(x, z) = z✳ ❆s ❛♣❧✐❝❛çõ❡s i ❡ π ❛ss✐♠ ❞❡✜♥✐❞❛s
sã♦ ❝♦♥❤❡❝✐❞❛s ❝♦♠♦ ✐♥❥❡çã♦ ❡ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲❡♠❛ ✶✳✷✺✳ ✭▲❡♠❛ ❞❛ ❙❡r♣❡♥t❡ ✲ ▲❡♠❛ 3x3✮✳ ❙✉♣♦♥❤❛ q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛

0 // L
u //

f

��

M
v //

g

��

N //

h
��

0

0 // L′ u′ //M ′ v′ // N ′ // 0

❡♠ mod(Λ) t❡♠ s❡q✉ê♥❝✐❛s ❡①❛t❛s ❡ é ❝♦♠✉t❛t✐✈♦✳ ❊♥tã♦ ❡①✐st❡ ✉♠ Λ✲
❤♦♠♦♠♦r✜s♠♦ ❞❡ ❝♦♥❡①ã♦ δ : ker(h) −→ coker(f) t❛❧ q✉❡ ❛ s❡q✉ê♥❝✐❛ ✐♥❞✉③✐❞❛

0 // ker(f)
u // ker(g)

v // ker(h)
δ // coker(f)

u′

// coker(g)
v′

// coker(h) // 0

é ❡①❛t❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❈♦r♦❧ár✐♦ 6.12. ❡♠ ❬✷✵❪✳

❉❡✜♥✐çã♦ ✶✳✷✻✳ ✭❛✮ ❉✐③❡♠♦s q✉❡ ✉♠ Λ✲♠ó❞✉❧♦ P é ♣r♦❥❡t✐✈♦ s❡✱ ♣❛r❛
q✉❛❧q✉❡r ❡♣✐♠♦r✜s♠♦ h : M −→ N ❞❡ Λ✲♠ó❞✉❧♦s✱ ❛ ❛♣❧✐❝❛çã♦ ✐♥❞✉③✐❞❛
HomΛ(P, h) : HomΛ(P,M) −→ HomΛ(P,N) é s♦❜r❡❥❡t♦r❛✱ ✐st♦ é✱ ♣❛r❛
t♦❞♦ ❡♣✐♠♦r✜s♠♦ h : M −→ N ❡ ♣❛r❛ t♦❞♦ f ∈ HomΛ(P,N)✱ ❡①✐st❡ ✉♠
f ′ ∈ HomΛ(P,M) t❛❧ q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦

P
∃f ′

��
f

��
M

h // N // 0.

✭❜✮ ❖ ❞✉❛❧ ❞♦ ✐t❡♠ ❛♥t❡r✐♦r é ♦ Λ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ E ❝❤❛♠❛❞♦ ❞❡ ✐♥❥❡t✐✈♦✱
q✉❡ s❛t✐s❢❛③ ♦ s❡❣✉✐♥t❡✿ ♣❛r❛ t♦❞♦ ♠♦♥♦♠♦r✜s♠♦ u : L −→ M ✱ ❛ ❛♣❧✐❝❛çã♦
✐♥❞✉③✐❞❛ HomΛ(u,E) : HomΛ(M,E) −→ HomΛ(L,E) é s♦❜r❡❥❡t♦r❛✱ ✐st♦
é✱ ♣❛r❛ t♦❞♦ ♠♦♥♦♠♦r✜s♠♦ u : L −→ M ❡ t♦❞♦ g ∈ HomΛ(L,E)✱ ❡①✐st❡
✉♠ g′ ∈ HomΛ(M,E) t❛❧ q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦

0 // L u //

g

��

M

∃g′
��

E

❖s ♠♦r✜s♠♦s f ′ ❡♠ (a) ❡ g′ ❡♠ (b) ❞❛ ❞❡✜♥✐çã♦ ❛♥t❡r✐♦r ♥ã♦ sã♦ ú♥✐❝♦s✳
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❙❡❥❛♠ L ✉♠ ♠ó❞✉❧♦ ❧✐✈r❡ ❡ X ✉♠❛ ❜❛s❡ ❞❡ L✳ ❉❛❞♦ ✉♠ ❤♦♠♦♠♦r✜s♠♦
f : X −→ N ❡♠ mod(Λ)✱ s❡♠♣r❡ é ♣♦ssí✈❡❧ ❡st❡♥❞❡r f ❛ ✉♠ ú♥✐❝♦ Λ✲
❤♦♠♦♠♦r✜s♠♦ f̄ : L −→ N t❛❧ q✉❡ f̄ r❡str✐t❛ ❛ X ❝♦✐♥❝✐❞❛ ❝♦♠ f ✳ P♦❞❡✲s❡
♠♦str❛r ❛ss✐♠ q✉❡ t♦❞♦ ♠ó❞✉❧♦ ❧✐✈r❡ L é ✉♠ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦✳ ❊st❡ ❡ ♦✉tr♦s
r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ❝♦♥s✉❧t❛❞♦s ♥♦ ❝❛♣ít✉❧♦ II ❞❡ ❬✶✽❪✳

❙❡❥❛ M =
n⊕

i=1

M li
i ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛♥❞♦s ❞✐r❡t♦s ❞♦ Λ✲♠ó❞✉❧♦ M ✳

❉✐③❡♠♦s q✉❡ M é ❜ás✐❝♦ s❡ li = 1 ❡ Mi ♥ã♦ é ♣r♦❥❡t✐✈♦ ♣❛r❛ t♦❞♦ i ∈ {1, . . . , n}✳

▲❡♠❛ ✶✳✷✼✳ ❯♠ Λ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ P é ♣r♦❥❡t✐✈♦ s❡ ❡ s♦♠❡♥t❡ s❡ ❡①✐st❡ ✉♠
Λ✲♠ó❞✉❧♦ ❧✐✈r❡ F t❛❧ q✉❡ P ⊕ P ′ ∼= F ♣❛r❛ ❛❧❣✉♠ Λ✲♠ó❞✉❧♦ à ❞✐r❡✐t❛ P ′✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲❡♠❛ I.5.3. ❡♠ ❬✸❪✳

❙❡❥❛♠ M ❡ N ❞♦✐s Λ✲♠ó❞✉❧♦s✳ ❯♠ ❡♣✐♠♦r✜s♠♦ f : M −→ N é ❝❤❛♠❛❞♦
✉♠ ❡♣✐♠♦r✜s♠♦ ❡ss❡♥❝✐❛❧ s❡ ♣❛r❛ t♦❞♦ ❤♦♠♦♠♦r✜s♠♦ g : X −→ M t❛❧ q✉❡
fg : X −→ N é ❡♣✐♠♦r✜s♠♦✱ g é ❡♣✐♠♦r✜s♠♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✽✳ ❙❡❥❛♠ M ✱ N ∈ mod(Λ) ❡ f : M −→ N ✉♠ ❡♣✐♠♦r✜s♠♦✳ ❆s
s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

✭❛✮ f é ✉♠ ❡♣✐♠♦r✜s♠♦ ❡ss❡♥❝✐❛❧✱

✭❜✮ ker(f) ⊆ rad(M)✱

✭❝✮ ❖ ❡♣✐♠♦r✜s♠♦ ✐♥❞✉③✐❞♦ M/rad(M) −→ N/rad(N) é ✉♠ ✐s♦♠♦r✜s♠♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡r Pr♦♣♦s✐çã♦ I.3.6 ❡♠ ❬✹❪✳

❙❡ M é ✉♠ Λ✲♠ó❞✉❧♦ ❡ f : P0(M) −→ M é ✉♠ ❡♣✐♠♦r✜s♠♦ ❡ss❡♥❝✐❛❧ ❝♦♠
P0(M) ✉♠ Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦✱ ❞✐③❡♠♦s q✉❡ f é ✉♠❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡
M ✳ ◗✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦ ❞✐r❡♠♦s s✐♠♣❧❡s♠❡♥t❡ q✉❡ P0(M) é ❝♦❜❡rt✉r❛
♣r♦❥❡t✐✈❛ ❞❡ M ♣❛r❛ r❡❢❡r✐r♠♦s à ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ f : P0(M) −→ M ❞❡ M ✳
❯s❛r❡♠♦s ♦ t❡r♠♦ s✐③✐❣✐❛ ❞❡ ✉♠ ♠ó❞✉❧♦ M ♣❛r❛ ❞❡♥♦t❛r ♦ ❦❡r♥❡❧ ❞❛ ❝♦❜❡rt✉r❛
♣r♦❥❡t✐✈❛ ❞❡ M ❡ ❡s❝r❡✈❡♠♦s Ω(M)✱ ✐st♦ é✱ Ω(M) = ker(f)✳

Pr♦♣♦s✐çã♦ ✶✳✷✾✳ ❙❡❥❛♠ Λ ✉♠ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡ M ❡♠
mod(Λ)✳ ❊♥tã♦ M s❡♠♣r❡ ❛❞♠✐t❡ ✉♠❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ f : P0(M) −→ M ✳
❊♠ ♣❛rt✐❝✉❧❛r ❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ P0 é ú♥✐❝❛ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♦r❡♠❛ 4.2 ❡♠ ❬✹❪ ❡ Pr♦♣♦s✐çã♦ 1.9.5 ❡♠ ❬✷✸❪✳

Pr♦♣♦s✐çã♦ ✶✳✸✵✳ ❯♠ ❡♣✐♠♦r✜s♠♦ f : P −→ M ❝♦♠ P ✉♠ Λ✲♠ó❞✉❧♦
♣r♦❥❡t✐✈♦ é ✉♠❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ s❡ ❡ s♦♠❡♥t❡ s❡ ♦ ❡♣✐♠♦r✜s♠♦ ✐♥❞✉③✐❞♦
f : P/rad(P ) −→M/rad(M) é ✉♠ ✐s♦♠♦r✜s♠♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡r Pr♦♣♦s✐çã♦ ✹✳✸ ❡♠ ❬✹❪✳

P♦❞❡✲s❡ ♠♦str❛r q✉❡ ♦s ♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ❞❡ ✉♠❛ á❧❣❡❜r❛ Λ ❞❡✜♥❡♠ ✉♠❛
s✉❜❝❛t❡❣♦r✐❛ ♣❧❡♥❛ ❞❡ mod(Λ)✳ ❊st❛ s✉❜❝❛t❡❣♦r✐❛ é ❞❡♥♦t❛❞❛ ♣♦r P(Λ)✳
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❚❡♦r❡♠❛ ✶✳✸✶✳ ✭❛✮ P❛r❛ ❝❛❞❛ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ P ✱ ♦ ❡♣✐♠♦r✜s♠♦ ♥❛t✉r❛❧
P −→ P/rad(P ) é ✉♠❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛✳

✭❜✮ ❙❡ P ❡ Q sã♦ ♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s✱ ❡♥tã♦ P ∼= Q s❡ ❡ s♦♠❡♥t❡ s❡ P/rad(P ) ∼=
Q/rad(Q)✳

✭❝✮ ❖ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ P é ✐♥❞❡❝♦♠♣♦♥í✈❡❧ s❡ ❡ s♦♠❡♥t❡ s❡ P/rad(P ) é s✐♠♣❧❡s✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♦r❡♠❛ I.4.4 ❡♠ ❬✹❪✳

❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✶ q✉❡ s❡ {S1, S2, . . . , Sn} é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦
❞❡ Λ✲♠ó❞✉❧♦s s✐♠♣❧❡s ♥ã♦ ✐s♦♠♦r❢♦s ❡♥tã♦ ❛s s✉❛s r❡s♣❡❝t✐✈❛s ❝♦❜❡rt✉r❛s
♣r♦❥❡t✐✈❛s P1, . . . , Pn ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ Λ✲♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s
✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦ ✐s♦♠♦r❢♦s ❡♠ Λ✳ ❖ s❡❣✉✐♥t❡ ❧❡♠❛ ♥♦s ❞✐③ ❝♦♠♦ sã♦ ♦s
♣r♦❥❡t✐✈♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❡♠ Λ✳

▲❡♠❛ ✶✳✸✷✳ ❙✉♣♦♥❤❛ q✉❡ Λ = e1Λ ⊕ · · · ⊕ enΛ é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ Λ ❡♠
s✉❜♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳ ❊♥tã♦ ❝❛❞❛ Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ é
✐s♦♠♦r❢♦ ❛ ✉♠ ❞♦s ♠ó❞✉❧♦s eiΛ✱ ❝♦♠ i ∈ {1, . . . , n}✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲❡♠❛ I.5.3 ❡ ❈♦r♦❧ár✐♦ I.5.17 ❡♠ ❬✸❪✳

Pr♦♣♦s✐çã♦ ✶✳✸✸✳ ❙✉♣♦♥❤❛ q✉❡ Λ = e1Λ⊕ · · · ⊕ enΛ é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ Λ
❡♠ s✉❜♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳

✭❛✮ ❚♦❞♦ Λ✲♠ó❞✉❧♦ s✐♠♣❧❡s é ✐s♦♠♦r❢♦ ❛ ✉♠ ❞♦s ♠ó❞✉❧♦s

S(1) = top(e1Λ), . . . , S(n) = top(enΛ).

✭❜✮ ❚♦❞♦ Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ é ✐s♦♠♦r❢♦ ❛ ✉♠ ❞♦s ♠ó❞✉❧♦s

P (1) = e1Λ, P (2) = e2Λ, . . . , P (n) = enΛ.

▼❛✐s ❛✐♥❞❛✱ eiΛ ∼= ejΛ s❡ ❡ s♦♠❡♥t❡ s❡ S(i) ∼= S(j)✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❈♦r♦❧ár✐♦ I.5.17 ❡♠ ❬✸❪✳

Pr♦♣♦s✐çã♦ ✶✳✸✹✳ ❙❡❥❛ Λ ✉♠❛ K✲á❧❣❡❜r❛ ❡ P ✉♠ Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦
✐♥❞❡❝♦♠♣♦♥í✈❡❧ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦ P/M é ✉♠ Λ✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧
♣❛r❛ ❝❛❞❛ s✉❜♠ó❞✉❧♦ M ❞❡ P ❡ M 6= P ✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ P ✉♠ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧✱M ✉♠ s✉❜♠ó❞✉❧♦
♥ã♦ ♥✉❧♦ ❞❡ P ❡ P 6= M ✳ ❙❡ g : Q0 −→ P/M é ❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡ P/M ✱
♠♦str❡♠♦s q✉❡ P é ✐s♦♠♦r❢♦ ❛ Q0✳

❉❡ P s❡r ♣r♦❥❡t✐✈♦ ❡①✐st❡ f : P −→ Q0 t❛❧ q✉❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛✿

P
f

||
π

��
Q0 g

// P/M // 0
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s❡♥❞♦ π ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛ ❞❡ P s♦❜r❡ M ✳ ❈♦♠♦ g é ✉♠ ❡♣✐♠♦r✜s♠♦ ❡ss❡♥❝✐❛❧
❡ gf é ✉♠ ❡♣✐♠♦r✜s♠♦ t❡♠♦s q✉❡ f é ❡♣✐♠♦r✜s♠♦✳ ❈♦♥s✐❞❡r❡♠♦s ❛ s❡q✉ê♥❝✐❛

❡①❛t❛ ❝✉rt❛ 0 // ker(f) // P
f // Q0

// 0 ✳ ❊♥tã♦ P ∼= ker(f)⊕Q0✱ ❧♦❣♦
ker(f) = 0✱ ♣♦✐s P é ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳ P♦rt❛♥t♦ P ∼= Q0✱ ✐st♦ é✱ P é ❝♦❜❡rt✉r❛
♣r♦❥❡t✐✈❛ ❞❡ P/M ✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✵ ♦❜t❡♠♦s ♦ ✐s♦♠♦r✜s♠♦ ✐♥❞✉③✐❞♦

P/rad(P ) ∼= P/M/rad(P/M).

❖ ✐t❡♠ (c) ♥♦ ❚❡♦r❡♠❛ ✶✳✸✶ ❣❛r❛♥t❡ q✉❡ P/M é ✐♥❞❡❝♦♠♣♦♥í✈❡❧✱ ♣♦✐s ❝❛s♦
❝♦♥trár✐♦ P/rad(P ) ♥ã♦ é s✐♠♣❧❡s✳

❆♥❛❧♦❣❛♠❡♥t❡ ❛ ❡♣✐♠♦r✜s♠♦s ❡ss❡♥❝✐❛✐s ❡ ❝♦❜❡rt✉r❛s ♣r♦❥❡t✐✈❛s ❞❡✜♥✐♠♦s
♠♦♥♦♠♦r✜s♠♦s ❡ss❡♥❝✐❛✐s ❡ ❡♥✈♦❧✈❡♥t❡s ✐♥❥❡t✐✈❛s ❝♦♠♦ s❡❣✉❡✳

❙❡❥❛♠ M ❡ N ❞♦✐s Λ✲♠ó❞✉❧♦s✳ ❯♠ ♠♦♥♦♠♦r✜s♠♦ f : M −→ N é ❞✐t♦
❡ss❡♥❝✐❛❧ s❡ ♣❛r❛ t♦❞♦ ❤♦♠♦♠♦r✜s♠♦ h : N −→ Y t❛❧ q✉❡ hf é ♠♦♥♦♠♦r✜s♠♦
t❡♠♦s h ✉♠ ♠♦♥♦♠♦r✜s♠♦✳

❙❡ M é ✉♠ Λ✲♠ó❞✉❧♦ ❡ f : M −→ I0(M) é ✉♠ ♠♦♥♦♠♦r✜s♠♦ ❡ss❡♥❝✐❛❧ ❝♦♠
I0(M) ✉♠ Λ✲♠ó❞✉❧♦ ✐♥❥❡t✐✈♦✱ ❞✐③❡♠♦s q✉❡ f é ✉♠❛ ❡♥✈♦❧✈❡♥t❡ ✐♥❥❡t✐✈❛ ❞❡ M ✳
◗✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦ ❞✐r❡♠♦s q✉❡ I0(M) é ❛ ❡♥✈♦❧✈❡♥t❡ ✐♥❥❡t✐✈❛ ❞❡ M
♣❛r❛ r❡❢❡r✐r♠♦s à ❡♥✈♦❧✈❡♥t❡ ✐♥❥❡t✐✈❛ f :M −→ I0(M) ❞❡ M ✳ ❯s❛r❡♠♦s ♦ t❡r♠♦
❝♦s✐③✐❣✐❛ ❞❡ ✉♠ ♠ó❞✉❧♦ M ♣❛r❛ ❞❡♥♦t❛r ♦ ❝♦❦❡r♥❡❧ ❞❛ ❡♥✈♦❧✈❡♥t❡ ✐♥❥❡t✐✈❛ ❞❡ M
❡ ❡s❝r❡✈❡♠♦s Ω−1(M)✱ ✐st♦ é✱ Ω−1(M) = coker(f)✳

Pr♦♣♦s✐çã♦ ✶✳✸✺✳ ❙❡ Λ é ✉♠❛ K✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ f : M −→ N ✉♠
❤♦♠♦♠♦r✜s♠♦ ❡♠ mod(Λ) ❡ M 6= 0✳ ❊♥tã♦✿

❛✮ ❖ s✉❜♠ó❞✉❧♦ soc(M) ❞❡ M é ✉♠ s✉❜♠ó❞✉❧♦ s❡♠✐s✐♠♣❧❡s ♥ã♦ ③❡r♦ ❞❡ M ❡
f(soc(M)) ⊆ soc(N)✳

❜✮ ❙❡ f(soc(M)) 6= 0✱ ❡♥tã♦ f 6= 0✳

❝✮ ❖ ❤♦♠♦♠♦r✜s♠♦ ✐♥❝❧✉sã♦ soc(M) ⊆ M ✐♥❞✉③ ✉♠ ✐s♦♠♦r✜s♠♦ ❞❡ Λ✲

♠ó❞✉❧♦s E(soc(M))
∼= // E(M) ❞❛s ❡♥✈♦❧✈❡♥t❡s ✐♥❥❡t✐✈❛s E(soc(M)) ❡

E(M) ❞❡ soc(M) ❡ M ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❞✮ ❖ ♠ó❞✉❧♦ M é ✐♥❞❡❝♦♠♣♦♥í✈❡❧ s❡ ❡ s♦♠❡♥t❡ s❡ ❛ ❡♥✈♦❧✈❡♥t❡ ✐♥❥❡t✐✈❛ E(M)
❞❡ M é ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳

Pr♦♣♦s✐çã♦ ✶✳✸✻✳ ❙❡❥❛ M =
⊕

i∈I
Mi ∈ mod(Λ)✳ ❊♥tã♦✿

i) M é ♣r♦❥❡t✐✈♦ s❡ ❡ s♦♠❡♥t❡ s❡ ❝❛❞❛ Mi é ♣r♦❥❡t✐✈♦✳

ii) M é ✐♥❥❡t✐✈♦ s❡ ❡ s♦♠❡♥t❡ s❡ ❝❛❞❛ Mi é ✐♥❥❡t✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡r Pr♦♣♦s✐çõ❡s IV.2.3. ❡ IV.3.2. ❡♠ ❬✷❪✳



✶✳✷✳ ❈❆❚❊●❖❘■❆ ❉❖❙ ▼Ó❉❯▲❖❙ ❙❖❇❘❊ ❯▼❆ ➪▲●❊❇❘❆ ✷✷

❖ ❚❡♦r❡♠❛ ❞❡ ▼♦r✐t❛✱ q✉❡ ❛♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐r✱ é ✉♠❛ ✐♠♣♦rt❛♥t❡
❢❡rr❛♠❡♥t❛ ♣❛r❛ ❝❛r❛❝t❡r✐③❛r♠♦s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ á❧❣❡❜r❛s✳ ❊ss❡
r❡s✉❧t❛❞♦ ♥♦s ❣❛r❛♥t❡ q✉❡ ❡①✐st❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ á❧❣❡❜r❛s t❛✐s q✉❡ ❛s ❝❛t❡❣♦r✐❛s
❞❡ ♠ó❞✉❧♦s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❚❡♦r❡♠❛ ✶✳✸✼✳ ✭▼♦r✐t❛✮ ❙❡❥❛ Λ ✉♠❛ K✲á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❊♥tã♦ ❡①✐st❡
✉♠❛ á❧❣❡❜r❛ ❜ás✐❝❛ Γ t❛❧ q✉❡ ❛s s✉❛s r❡s♣❡❝t✐✈❛s ❝❛t❡❣♦r✐❛s mod(Λ) ❡ mod(Γ) sã♦
❡q✉✐✈❛❧❡♥t❡s✳

❖✉tr❛s ✈❡rsõ❡s ❞♦ ❚❡♦r❡♠❛ ❞❡ ▼♦r✐t❛✱ ♠❛✐s ❣❡r❛✐s✱ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠
❬✶❪ ✭❙❡çã♦ 21✮✱ ❬✷❪ ✭❈❛♣ít✉❧♦ VIII✮ ❡ ❬✷✵❪ ✭❚❡♦r❡♠❛ 5.55✮✳

✶✳✷✳✹ ❘❡s♦❧✉çã♦ Pr♦❥❡t✐✈❛

❙❡❥❛ M ∈ mod(Λ)✳ ❯♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ M é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛

PM := · · · // P2
d2 // P1

d1 // P0
d0 //M // 0

♥❛ q✉❛❧ ❝❛❞❛ Pn é ♣r♦❥❡t✐✈♦✳

❆ ♣❛rt✐r ❞❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞♦ ♠ó❞✉❧♦ M ✱ ❞❡✜♥✐♠♦s ❛ s✉❛ r❡s♦❧✉çã♦
♣r♦❥❡t✐✈❛ ❛♣❛❣❛❞❛ P∗

M s❡♥❞♦ ❛ s❡q✉ê♥❝✐❛

P∗
M = · · · // P2

d2 // P1
d1 // P0

// 0

❞❡ Λ✲♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s✳

Pr♦♣♦s✐çã♦ ✶✳✸✽✳ ❚♦❞♦ Λ✲♠ó❞✉❧♦ M t❡♠ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❡♠ mod(Λ)✳

❇❛st❛ t♦♠❛r ❛ s✉❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❧✐✈r❡✱ q✉❡ é ♥❡❝❡ss❛r✐❛♠❡♥t❡ ♣r♦❥❡t✐✈❛✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❞❡ ✉♠ Λ✲♠ó❞✉❧♦ ❝♦♠♦
✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛

■M := 0 //M
h0 // I0

h1 // I1
h2 // · · ·

hn−1 // In−1
hn // In // · · ·

♥❛ q✉❛❧ ❝❛❞❛ In é ✉♠ ✐♥❥❡t✐✈♦✳

❙❡❥❛M ✉♠ Λ✲♠ó❞✉❧♦✳ ❆❉✐♠❡♥sã♦ Pr♦❥❡t✐✈❛ ❞❡M é ♦ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦
dp(M) = n t❛❧ q✉❡ ❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛

0 // Pn
dn // Pn−1

dn−1 // · · · // P2
// P1

d1 // P0
d0 //M // 0.

❞❡ ❝♦♠♣r✐♠❡♥t♦ n✱ ❡ t❛❧ q✉❡M ♥ã♦ t❡♠ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦
♠❡♥♦r ♦✉ ✐❣✉❛❧ q✉❡ n − 1✱ s❡ t❛❧ ♥ú♠❡r♦ n ❡①✐st✐r✳ ❈❛s♦ M ♥ã♦ ❛❞♠✐t❛ ✉♠❛
r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ t❛♠❛♥❤♦ ✜♥✐t♦✱ ❞✐③❡♠♦s q✉❡ ❛ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ❞❡ M é
✐♥✜♥✐t❛ ❡ ❡s❝r❡✈❡♠♦s dp(M) = ∞✳ ❆♥á❧♦❣❛♠❡♥t❡ s❡ ❞❡✜♥❡ ❛ ❞✐♠❡♥sã♦ ✐♥❥❡t✐✈❛
❞❡ ✉♠ Λ✲♠ó❞✉❧♦ M ✱ ❡ é ❞❡♥♦t❛❞❛ ♣♦r di(M)✳ ❖❜s❡r✈❡ q✉❡ ♣❛r❛ t♦❞♦ Λ✲♠ó❞✉❧♦
♣r♦❥❡t✐✈♦ P ✱ dp(P ) = 0✱ ❡ ♣❛r❛ t♦❞♦ Λ✲♠ó❞✉❧♦ ✐♥❥❡t✐✈♦ I✱ di(I) = 0✳
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❙❡❥❛♠ M ✉♠ ♠ó❞✉❧♦ ❞❡ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ n > 1 ❡

0 // Pn // Pn−1
// · · · // P1

// P0
d0 //M // 0

✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ M ✳ ❚❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛

0 // ker(d0) // P0
//M // 0

❡ ❛❧é♠ ❞✐ss♦ dp(Ω(M)) = n − 1✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ ♣❛r❛ ✉♠❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❞❡
M ❝♦♠ di(M) = n > 1 t❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛

0 //M // I0 // coker(h0) // 0

❡ ❛❧é♠ ❞✐ss♦ di(Ω−1(M)) = n− 1✳

❉❡✜♥✐♠♦s ❛ ❉✐♠❡♥sã♦ ❣❧♦❜❛❧ ❞❡ ✉♠❛ á❧❣❡❜r❛ Λ✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r
gldim(Λ)✱ ❝♦♠♦ ♦ s✉♣r❡♠♦ ❞❛s ❞✐♠❡♥sõ❡s ♣r♦❥❡t✐✈❛s ❞♦s Λ✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦s✱ ✐st♦ é✱

gldim(Λ) = sup {dp(M) | M ∈ mod(Λ)} .

❙❡ ❡st❡ ♥ú♠❡r♦ ❡①✐st✐r✱ ❞✐③❡♠♦s q✉❡ Λ t❡♠ ❞✐♠❡♥sã♦ ❣❧♦❜❛❧ ✜♥✐t❛✱ ❝❛s♦ ❝♦♥trár✐♦
❞✐③❡♠♦s q✉❡ Λ t❡♠ ❞✐♠❡♥sã♦ ❣❧♦❜❛❧ ✐♥✜♥✐t❛✳

❆ ❉✐♠❡♥sã♦ ❋✐♥✐t✐st❛ ❞❛ á❧❣❡❜r❛ Λ✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r findim(Λ)✱ é
❞❡✜♥✐❞❛ ❝♦♠♦ ♦ s✉♣r❡♠♦ ❞❛s ❞✐♠❡♥sõ❡s ♣r♦❥❡t✐✈❛s ❞♦s Λ✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦s q✉❡ sã♦ ✜♥✐t❛s✱ ✐st♦ é✱

findim(Λ) = sup {dp(M) | pd(M) <∞ e M ∈ mod(Λ)} .

◆♦t❡ q✉❡ findim(Λ) ≤ gldim(Λ)✳ ❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ♠♦♥str❛ q✉❡ ♣❛r❛ ❝❛❧❝✉❧❛r
❛ ❞✐♠❡♥sã♦ ❣❧♦❜❛❧ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ é s✉✜❝✐❡♥t❡ ❝❛❧❝✉❧❛r ❛ ❞✐♠❡♥sã♦
♣r♦❥❡t✐✈❛ ❞♦s s❡✉s ♠ó❞✉❧♦s s✐♠♣❧❡s✳ ▲❡♠❜r❛✲s❡ q✉❡ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡
❞✐♠❡♥sã♦ ✜♥✐t❛ ❛❞♠✐t❡ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ Λ✲♠ó❞✉❧♦s s✐♠♣❧❡s ♥ã♦
✐s♦♠♦r❢♦s✱ ✈❡r Pr♦♣♦s✐çã♦ ✶✳✶✽✳

❚❡♦r❡♠❛ ✶✳✸✾✳ ❙❡❥❛ Λ ✉♠❛ K✲á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛✳ ❊♥tã♦

gldimΛ = ♠á① {dp(S) | S é ✉♠ Λ✲♠ó❞✉❧♦ s✐♠♣❧❡s } .

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♦r❡♠❛ X.2.8 ❡♠ ❬✷❪✳

❯♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ M

· · · // Pn
dn // Pn−1

dn−1 // · · ·
d2 // P1

d1 // P0
d0 //M // 0

❞✐③✲s❡ s❡r ♠✐♥✐♠❛❧ s❡✱ P0 é ✉♠❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡ M ❡✱ ♣❛r❛ ❝❛❞❛ i ≥ 1✱
Pi é ✉♠❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡ ker(di−1)✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Ω0(M) =M ❡ ♣❛r❛
❝❛❞❛ n ≥ 1✱ ❝❤❛♠❛♠♦s n✲és✐♠❛ s✐③✐❣✐❛ ❞❡ M ❛♦ ker(dn−1) q✉❡ ❞❡♥♦t❛♠♦s ♣♦r
Ωn(M)✱ ✐st♦ é✱ Ωn = ker(dn−1) s❡♥❞♦ Ω1(M) = Ω(M)✳

❆♥❛❧♦❣❛♠❡♥t❡✱ ✉♠❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❞❡ M

0 //M
h0 // I0

h1 // I1
h2 // · · ·

hn−1 // In−1
hn // In // · · ·
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❞✐③✲s❡ s❡r ♠✐♥✐♠❛❧ s❡✱ I0(M) é ✉♠❛ ❡♥✈♦❧✈❡♥t❡ ✐♥❥❡t✐✈❛ ❞❡ M ❡✱ ♣❛r❛ ❝❛❞❛
i ≥ 1✱ Ii é ✉♠❛ ❡♥✈♦❧✈❡♥t❡ ✐♥❥❡t✐✈❛ ❞❡ coker(hi−1)✳ P❛r❛ ❝❛❞❛ n ≥ 1✱ ❝❤❛♠❛♠♦s
n✲és✐♠❛ ❝♦s✐③✐❣✐❛ ❞❡ M ❛♦ coker(hn−1) q✉❡ ❞❡♥♦t❛♠♦s ♣♦r Ω−n(M)✱ ✐st♦ é✱
Ω−n(M) = coker(hn−1)✳

▲❡♠❛ ✶✳✹✵✳ ❙❡❥❛♠ Λ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❡ M ❡♠ mod(Λ)✳ ❙❡

P❂ · · · // P2
// P1

d1 // P0
d0 //M // 0

❡

P′ = · · · // P ′
2

// P ′
1

d′1 // P ′
0

d′0 //M // 0.

sã♦ ❞✉❛s r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❞❡ M ✱ ❝♦♠ P ♠✐♥✐♠❛❧✱ ❡①✐st❡ ✉♠❛ ❢❛♠✐❧✐❛
{fi : P

′
i −→ Pi}i∈N∪{0} ❞❡ ❤♦♠♦♠♦r✜s♠♦s ❞❡ Λ✲♠ó❞✉❧♦s q✉❡ r❡s✉❧t❛ ❞❡ 1M ✱ ❝♦♠

❝❛❞❛ fi ✉♠❛ r❡tr❛çã♦✱ ♦✉ s❡❥❛✱ ❡①✐st❡♠ gi : Pi −→ P ′
i t❛❧ q✉❡ figi = 0Pi

✳ ❙❡ ❛❧é♠
❞✐ss♦✱ P′ é t❛♠❜é♠ ♠✐♥✐♠❛❧✱ t❡♠✲s❡ P ❡ P′ ✐s♦♠♦r❢♦s✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲❡♠❛ X.1.13 ❡♠ ❬✷❪✳

❋✐①❛♠♦s ❛s ♥♦t❛çõ❡s ♣❛r❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ♠✐♥✐♠❛❧ ❡ s✉❛ r❡s♣❡❝t✐✈❛
r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❛♣❛❣❛❞❛ ♣♦r P0 ❡ P∗

0✳ ■❣✉❛❧♠❡♥t❡✱ ♣❛r❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛
♠✐♥✐♠❛❧ ❡ s✉❛ r❡s♣❡❝t✐✈❛ r❡s♦❧✉çã♦ ✐♥❥❡t✐✈❛ ❛♣❛❣❛❞❛ ♣♦r ■0 ❡ ■∗0✳

❚❡♦r❡♠❛ ✶✳✹✶✳ ❙❡❥❛♠ M ∈ mod(Λ) ❡

P0 = · · · // P2
// P1

d1 // P0
d0 //M // 0

✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ♠✐♥✐♠❛❧ ❞❡M ✳ ❊♥tã♦ dp(M) = n s❡ ❡ s♦♠❡♥t❡ s❡ Pn 6= 0
❡ Pi = 0 ♣❛r❛ t♦❞♦ i > n✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♦r❡♠❛ X.1.14 ❡♠ ❬✷❪✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ s❡❣✉❡ ❝♦♠♦ ❈♦r♦❧ár✐♦ ❞❛ Pr♦♣♦s✐çã♦ II.2.5. ❡♠ ❬✹❪✳

Pr♦♣♦s✐çã♦ ✶✳✹✷✳ ❙✉♣♦♥❤❛ q✉❡ {P1, P2, . . . , Pn} é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡

Λ✲♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦ ✐s♦♠♦r❢♦s✳ ❙❡❥❛♠ P =
n⊕

i=n

Pi ❡

Γ = EndΛ(P )
op✳ ❊♥tã♦ HomΛ(P,−) : P(Λ) −→ mod(Γ) é ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛

❞❡ ❝❛t❡❣♦r✐❛s✳

❊♥❝❡rr❛♠♦s ❡st❛ s❡çã♦ ❝♦♠ ❞♦✐s r❡s✉❧t❛❞♦s ✉s❛❞♦s ❛♦ ❧♦♥❣♦ ❞♦ tr❛❜❛❧❤♦✳

▲❡♠❛ ✶✳✹✸✳ ✭▲❡♠❛ ❞❡ ❙❝❤❛♥✉❡❧✮ ❉❛❞❛s ❛s s❡q✉ê♥❝✐❛s ❡①❛t❛s ❝✉rt❛s

0 // K // P //M // 0

❡
0 // K ′ // P ′ //M // 0

♦♥❞❡ P ❡ P ′ sã♦ Λ✲♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s✱ ❡♥tã♦ ❡①✐st❡ ✉♠ ✐s♦♠♦r✜s♠♦

K ⊕ P ′ ∼= K ′ ⊕ P.
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❉❡♠♦♥str❛çã♦✳ ❱❡❥❛ Pr♦♣♦s✐çã♦ 3.12 ❡♠ ❬✷✵❪✳

❙❡❥❛♠ M ❡ N ❡♠ mod(Λ) ❡ P0(M)✱ P0(N) ❛s s✉❛s r❡s♣❡❝t✐✈❛s ❝♦❜❡rt✉r❛s
♣r♦❥❡t✐✈❛s✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ❑r✉❧❧✲❙❝❤♠✐❞t ✶✳✷✹ ❡ ❞♦ ▲❡♠❛ ❞❡ ❙❝❤❛♥✉❡❧ ✶✳✹✸
q✉❡ Ω(M ⊕N) ∼= Ω(M)⊕ Ω(N)✳

▲❡♠❛ ✶✳✹✹✳ ✭▲❡♠❛ ❞❛ ❢❡rr❛❞✉r❛✮✳ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❡♠ mod(Λ)

✳✳✳

��

✳✳✳

��
P ′
1

��

P ′′
1

��
P ′
0

��

P ′′
0

��
0 //M ′

��

i //M
q //M ′′

��

// 0

0 0

♦♥❞❡ ❛s ❝♦❧✉♥❛s sã♦ r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❡ ❛ s❡q✉ê♥❝✐❛ ❤♦r✐③♦♥t❛❧ é ❡①❛t❛✳ ❊♥tã♦
❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡M ❡ ✉♠❛ ❝❛❞❡✐❛ ❞❡ ❛♣❧✐❝❛çõ❡s t❛❧ q✉❡ ♦ ❞✐❛❣r❛♠❛
❛ s❡❣✉✐r t❡♠ ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s ❡①❛t❛s ❡ é ❝♦♠✉t❛t✐✈♦

✳✳✳

��

✳✳✳

��

✳✳✳

��
0 // P ′

1

��

i1 // P1

��

q1 // P ′′
1

��

// 0

0 // P ′
0

��

i0 // P0

��

q0 // P ′′
0

��

// 0

0 //M ′

��

i //M

��

q //M ′′

��

// 0

0 0 0

❉❡♠♦♥str❛çã♦✳ ❱❡r Pr♦♣♦s✐çã♦ 6.24 ❡♠ ❬✷✵❪✳

✶✳✷✳✺ ❋✉♥t♦r❡s ❍♦♠ ❡ ❊①t

▲❡♠❜r❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ A ❡♠ mod(Λ)✱ ♦ ❢✉♥t♦r ❝♦♥tr❛✈❛r✐❛♥t❡
HomΛ(−, A) : mod(Λ) −→ Ab ❢♦✐ ❞❡✜♥✐❞♦ ❝♦♠♦ s❡❣✉❡✳ ❉❛❞♦ M ❡♠ mod(Λ)✱
HomΛ(M,A) é ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❞♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ M ❡♠ A✱ ❡ ♣❛r❛ f ∈
HomΛ(M,N) ❡♠ mod(Λ)✱ t❡♠♦s HomΛ(f, A) : HomΛ(N,A) −→ HomΛ(M,A)
❞❡✜♥✐❞♦ ♣♦r HomΛ(f, A)(g) = f ∗(g) = gf ✱ ♣❛r❛ t♦❞♦ g ∈ HomΛ(N,A)✳

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ♠♦str❛ q✉❡ ♦ ❢✉♥t♦r Hom é ❡①❛t♦ à ❡sq✉❡r❞❛✳
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Pr♦♣♦s✐çã♦ ✶✳✹✺✳ ❙❡❥❛ 0 //M
f // L

g // N // 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛
❝✉rt❛ ❡♠ mod(Λ) ❡ A ✉♠ Λ✲♠ó❞✉❧♦ ❞❛❞♦✳ ❆ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ é ✉♠❛ s❡q✉ê♥❝✐❛
❡①❛t❛

0 // HomΛ(N,A)
g∗ // HomΛ(L,A)

f∗ // HomΛ(M,A).

❉❡♠♦♥str❛çã♦✳ ❱❡r Pr♦♣♦s✐çã♦ V.I.3 ❡♠ ❬✶✽❪✳

❈♦r♦❧ár✐♦ ✶✳✹✻✳ ❙❡❥❛ 0 //M
f // L

g // N // 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛
❝✉rt❛ ❡♠ mod(Λ)✳ ❊♥tã♦ f ∗ : Hom(N,A) −→ Hom(L,A) é s♦❜r❡❥❡t♦r❛ s❡ ❡
s♦♠❡♥t❡ s❡ ♦ ♠ó❞✉❧♦ A é ✐♥❥❡t✐✈♦✳

❈♦♥s✐❞❡r❡ PM = · · · // P2
d2 // P1

d1 // P0
ǫ //M // 0 ❛ r❡s♦❧✉çã♦

♣r♦❥❡t✐✈❛ ♠✐♥✐♠❛❧ ❞❡M ∈ mod(Λ) ❡ P∗
M ❛ s✉❛ r❡s♦❧✉çã♦ ❛♣❛❣❛❞❛✳ ❆♦ ❛♣❧✐❝❛r♠♦s

♦ ❢✉♥t♦r HomΛ(−, A) à r❡s♦❧✉çã♦ ❛♣❛❣❛❞❛ ❞❡ M ✱ P∗
M ✱ ♦❜t❡♠♦s

HomΛ(P
∗
M , A) = 0 // HomΛ(P0, A)

d∗1 // HomΛ(P1, A)
d∗2 // HomΛ(P2, A) // · · · .

❆ss✐♠✱ ❛ n✲és✐♠❛ ❝♦❤♦♠♦❧♦❣✐❛ ❞❡ HomΛ(P
∗
M , A) ❡stá ❞❛❞❛ ♣♦r

Hn(HomΛ(P
∗
M , A)) = ker(d∗n)/Im(d∗n−1)

♣❛r❛ t♦❞♦ n ≥ 1✳ P♦❞❡✲s❡ ♣r♦✈❛r q✉❡ Hn(HomΛ(P
∗
M , A)) ❡stá ♥❛ ❝❛t❡❣♦r✐❛ Ab✳

❉❡✜♥✐♠♦s ♦ ❢✉♥t♦r Extn(−, A) : mod(Λ) −→ Ab ❝♦♠♦ s❡❣✉❡✳ ❙❡❥❛M ❡♠ mod(Λ)
❡♥tã♦ ExtnΛ(−, A)(M) = ExtnΛ(M,A) = Hn(HomΛ(P

∗
M , A))✳ ❙❡❥❛♠ M ❡ N ❡♠

mod(Λ) ❡ f ∈ HomΛ(M,N)✳ ❊♥tã♦

Extn(f) : Hn(HomΛ(P
∗
N , A)) −→ Hn(HomΛ(P

∗
N , A))

é ❞❡✜♥✐❞♦ ♣♦r Extn(f)(αn+ Im(q∗n−1)) = f ∗
n(αn) + Im(d∗n−1) = αnfn+ Im(d∗n−1)

♣❛r❛ t♦❞♦ αn ❡♠ ker(q∗n)✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞♦ ❚❡♦r❡♠❛ 6.61 ❡♠ ❬✷✵❪ ❡
♣❛r❛ ✉♠❛ ♠❡❧❤♦r ❝♦♠♣r❡❡♥sã♦ r❡❝♦♠❡♥❞❛♠♦s ✉♠❛ ❧❡✐t✉r❛ ❞❛s ❙❡çõ❡s 6.1 ❡ 6.2✱
❈❛♣✐t✉❧♦ 6 ❡♠ [✷✵]✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛ ❞❡✜♥✐çã♦ ❞❛ n✲és✐♠❛ ❤♦♠♦❧♦❣✐❛ ❞❡ ✉♠
❝♦♠♣❧❡①♦ ✭♣❛❣✳ ✸✷✾ ❡♠ ❬✷✵❪✮ ❡ ❛s Pr♦♣♦s✐çõ❡s 6.8✱ 6.9 ❡ 6.10 ❡♠ q✉❡ s❡ ❞❡✜♥❡ ♦
❤♦♠♦♠♦r✜s♠♦ ❝♦♥❡❝t♦r ∂n✳

Pr♦♣♦s✐çã♦ ✶✳✹✼✳ ❙❡❥❛ 0 //M
f // L

g // N // 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛
❝✉rt❛ ❡♠ mod(Λ)✳ ❊♥tã♦✱ ♣❛r❛ t♦❞♦ A ❡♠ mod(Λ)✱ ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❞❡ Ab é
❡①❛t❛

0 // Ext0(N,A)
Ext0(g,A)// Ext0(L,A)

Ext0(f,A)// Ext0(M,A)
∂0 // Ext1(N,A)

Ext1(g,A)// · · ·

❝♦♠ Ext0Λ(−, A)
∼= HomΛ(−, A) ❡ ∂n ♦ ❤♦♠♦♠♦r✜s♠♦ ❝♦♥❡❝t♦r✳

❱❡❥❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ♦ ❢✉♥t♦r Ext✳

▲❡♠❛ ✶✳✹✽✳ ❙❡❥❛♠ PM = · · · // P3
// P2

d2 // P1
d1 // P0

d0 //M // 0 ❛
r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ♠✐♥✐♠❛❧ ❞❡ M ❡ M ✱ N ❡♠ mod(Λ)✳ ❊♥tã♦ t❡♠♦s ♦s s❡❣✉✐♥t❡s
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✐s♦♠♦r✜s♠♦s ❢✉♥t♦r✐❛✐s✿

Extn+1(M,N) ∼= Extn(Ω(M), N) ∼= · · · ∼= Ext1(Ωn(M), N).

❚❡♦r❡♠❛ ✶✳✹✾✳ ❙❡❥❛♠ Λ ✉♠❛ K✲á❧❣❡❜r❛✱ M ✉♠ Λ✲♠ó❞✉❧♦ ❡ n ≥ 0✳ ❆s s❡❣✉✐♥t❡s
❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

✭❛✮ dp(M) ≤ n✳

✭❜✮ ExtkΛ(M,−) = 0 ♣❛r❛ t♦❞♦ k > n✳

✭❝✮ Extn+1
Λ (M,−) = 0✳

✭❞✮ P❛r❛ t♦❞❛ s❡q✉ê♥❝✐❛ ❡①❛t❛

0 // Ωn(M) // Pn−1
// · · · // P1

// P0
//M // 0

❝♦♠ Pi✬s ♣r♦❥❡t✐✈♦s✱ Ωn(M) é ♣r♦❥❡t✐✈♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♦r❡♠❛ X.1.2. ❡♠ ❬✷❪✳

❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✹✾ q✉❡ dp(M) = sup {n | ExtnΛ(M,−) 6= 0}✳ ❖ s❡❣✉✐♥t❡
❈♦r♦❧ár✐♦ é t❛♠❜é♠ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ✐♠❡❞✐❛t❛ ❞❡ss❡ ❚❡♦r❡♠❛✳

❈♦r♦❧ár✐♦ ✶✳✺✵✳ ❙❡❥❛ (Mi)i∈I ✉♠❛ ❢❛♠í❧✐❛ ❞❡ Λ✲♠ó❞✉❧♦s✱ ❡♥tã♦✿

dp
(⊕

i∈I
(Mi)

)
= sup {dp(Mi) | i ∈ I} .

❖ ❞✉❛❧ ❞♦ ❚❡♦r❡♠❛ ✶✳✹✾ s❡ ❞❡✜♥❡ ❛tr❛✈és ❞♦ ❢✉♥t♦r ❝♦♥tr❛✈❛r✐❛♥t❡ Ext ❡ ❛
❞✐♠❡♥sã♦ ✐♥❥❡t✐✈❛ ❝♦♠♦ s❡❣✉❡✳

❚❡♦r❡♠❛ ✶✳✺✶✳ ❙❡❥❛♠ Λ ✉♠❛ K✲á❧❣❡❜r❛✱ N ✉♠ Λ✲♠ó❞✉❧♦ ❡ n ≥ 0✳ ❆s s❡❣✉✐♥t❡s
❝♦♥❞✐çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

✭❛✮ di(N) ≤ n✳

✭❜✮ ExtkΛ(−, N) = 0 ♣❛r❛ t♦❞♦ k > n✳

✭❝✮ Extn+1
Λ (−, N) = 0✳

✭❞✮ P❛r❛ t♦❞❛ s❡q✉ê♥❝✐❛ ❡①❛t❛

0 // N // I0 // · · · // In−1
// Ω−n(N) // 0

❝♦♠ Ii✬s ✐♥❥❡t✐✈♦s✱ Ω−n(N) é ✐♥❥❡t✐✈♦✳

❉♦ ❚❡♦r❡♠❛ ✶✳✺✶ t❡♠✲s❡ ❛♥❛❧❛❣♦❛♠❡♥t❡ di(M) = sup {n | ExtnΛ(−, N) 6= 0}✳

❖ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❢❛t♦ ❞♦ ❢✉♥t♦r Exti(−, A) s❡r ✉♠
❢✉♥t♦r ❛❞✐t✐✈♦ ✭✈❡r Pr♦♣♦s✐çã♦ 6.8 ❡ ♦ ❚❡♦r❡♠❛ 6.52 ❡♠ ❬✷✵❪✮✳

Pr♦♣♦s✐çã♦ ✶✳✺✷✳ ❙❡❥❛ β ✉♠ ♠♦r✜s♠♦ ❡♠ mod(Λ)✳ ❙❡ β é ♥✐❧♣♦t❡♥t❡✱ ✐st♦ é✱
❡①✐st❡ n t❛❧ q✉❡ βn = 0 ❡♥tã♦ Ext(β,M) é ♥✐❧♣♦t❡♥t❡✳
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✶✳✸ ◗✉✐✈❡rs ❡ á❧❣❡❜r❛s ❞❡ ❝❛♠✐♥❤♦s

❊st❛ s❡çã♦ é ❞❡❞✐❝❛❞❛ ❛ ✐♥tr♦❞✉③✐r ✉♠❛ ❡str✉t✉r❛ ❣rá✜❝❛ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦
q✉✐✈❡r ❡ ❞♦tá✲❧❛ ❞❡ ✉♠❛ ❡str✉t✉r❛ ❞❡ K✲á❧❣❡❜r❛ ♣❛r❛ ♠♦str❛r♠♦s ❞❡♣♦✐s ❛
♣❛ss❛❣❡♠ ❡♥tr❡ ❛ ❝❛t❡❣♦r✐❛ ❞♦s ♠ó❞✉❧♦s ❞❡ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦
✜♥✐t❛ Λ ❡ ❛ ❝❛t❡❣♦r✐❛ ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞♦ s❡✉ q✉✐✈❡r ❛ss♦❝✐❛❞♦ (Q, I)✳ ❆q✉✐ ♦
❚❡♦r❡♠❛ ❞❡ ▼♦r✐t❛ ❡ ❚❡♦r❡♠❛ ❞❡ ●❛❜r✐❡❧ sã♦ ❢♦rt❡♠❡♥t❡ ✉s❛❞♦s✳ ◆♦s ❜❛s❡❛♠♦s
♥❛s ❙❡çõ❡s II ❡ III ❞❡ ❬✸❪✳

✶✳✸✳✶ ◗✉✐✈❡r

❉❡✜♥✐çã♦ ✶✳✺✸✳ ❯♠ q✉✐✈❡r Q = (Q0, Q1, s, t) é ✉♠❛ q✉❛❞r✉♣❧❛ ❝♦♥s✐st✐♥❞♦ ❞❡
❞♦✐s ❝♦♥❥✉♥t♦s✿ Q0✱ ♥♦ q✉❛❧ ♦s ❡❧❡♠❡♥t♦s sã♦ ❝❤❛♠❛❞♦s ❞❡ ✈ért✐❝❡s✱ ❡ Q1✱ ♥♦ q✉❛❧
♦s ❡❧❡♠❡♥t♦s sã♦ ❝❤❛♠❛❞♦s ❞❡ ✢❡❝❤❛s❀ ❡ ❞✉❛s ❛♣❧✐❝❛çõ❡s s, t : Q1 −→ Q0 ❛s q✉❛✐s
❛ss♦❝✐❛♠ ❛ ❝❛❞❛ ✢❡❝❤❛ α ∈ Q1 s❡✉ ✐♥✐❝✐♦ s(α) ∈ Q0 ❡ ♦ s❡✉ ✜♥❛❧ t(α) ∈ Q0✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❯♠❛ ✢❡❝❤❛ α ∈ Q1 ❞❡ ✐♥✐❝✐♦ a = s(α) ❡ ✜♥❛❧ b = t(α) é ✉s✉❛❧♠❡♥t❡ ❞❡♥♦t❛❞❛
♣♦r α : a → b✳ ❉❡♥♦t❛r❡♠♦s ♦ q✉✐✈❡r Q = (Q0, Q1, s, t) ♣♦r Q = (Q0, Q1) ♦✉
❛♣❡♥❛s ♣♦r Q q✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦✳

❆❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ q✉✐✈❡rs sã♦✿

◦

◦

ee

// ◦ ◦,oo ◦ ◦oo // ◦oo

◦

99

◦ //
// ◦ ee , ◦ ee99 .

❯♠ s✉❜q✉✐✈❡r Q′ ❞❡ ✉♠ q✉✐✈❡r Q = (Q0, Q1, s, t) é ✉♠ q✉✐✈❡r ❞❡✜♥✐❞♦ ♣♦r
Q′ = (Q′

0, Q
′
1, s

′, t′) t❛❧ q✉❡ Q′
0 ⊆ Q0✱ Q′

1 ⊆ Q1 ❡ ❛s r❡str✐çõ❡s s|Q′

1
✱ t|Q′

1
❞❡ s✱ t ❛

Q′
1 sã♦ r❡s♣❡❝t✐✈❛♠❡♥t❡ ✐❣✉❛✐s ❛ s′✱ t′ ✭✐st♦ é✱ s❡ α : a→ b é ✉♠❛ ✢❡❝❤❛ ❡♠ Q1 t❛❧

q✉❡ α ∈ Q′
1 ❡ a✱ b ∈ Q′

0✱ ❡♥tã♦ s
′(α) = a ❡ t′(α) = b✮❀ ♦ s✉❜q✉✐✈❡r Q′ é ❝❤❛♠❛❞♦

♣❧❡♥♦ s❡ Q′
1 é ✐❣✉❛❧ ❛♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ✢❡❝❤❛s ❡♠ Q1 ❛s q✉❛✐s ♦s ✐♥✐❝✐♦s ❡

✜♥❛✐s ♣❡rt❡♥❝❡♠ ❛♦ Q′
0✱ ✐st♦ é✱

Q′
1 = {α ∈ Q1 | s(α) ∈ Q′

0 ❡ t(α) ∈ Q′
0}

❊♠ ♣❛rt✐❝✉❧❛r✱ ✉♠ s✉❜q✉✐✈❡r ♣❧❡♥♦ é ❞❡t❡r♠✐♥❛❞♦ ✉♥✐❝❛♠❡♥t❡ ♣❡❧♦ s❡✉ ❝♦♥❥✉♥t♦
❞❡ ✈ért✐❝❡s✳

❯♠ q✉✐✈❡r Q ❞✐③✲s❡ ✜♥✐t♦ s❡ Q0 ❡ Q1 sã♦ ❝♦♥❥✉♥t♦s ✜♥✐t♦s ❡ é ❞✐t♦ ❝♦♥❡①♦ s❡
♦ ❣r❛❢♦ ❛ss♦❝✐❛❞♦ ♦❜t✐❞♦ ♣❡❧♦ ✧❡sq✉❡❝✐♠❡♥t♦✧ ❞❛ ♦r✐❡♥t❛çã♦ é ❝♦♥❡①♦✳ ◆♦t❡ q✉❡
s❡ ✉♠❛s ❞❛s ❢✉♥çõ❡s s ♦✉ t é s♦❜r❡❥❡t♦r❛✱ ♦ q✉✐✈❡r é ❝♦♥❡①♦✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ Q = (Q0, Q1, s, t) ❞❡♥♦t❛rá ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ ❝♦♥❡①♦✱
❛ ♠❡♥♦s q✉❡ s❡❥❛ ❞✐t♦ ♦ ❝♦♥trár✐♦✳ ❙❡❥❛♠ a✱ b ∈ Q0✳ ❯♠ ❝❛♠✐♥❤♦ w ❞❡
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❝♦♠♣r✐♠❡♥t♦ ℓ ≥ 1 ❝♦♠ ✐♥í❝✐♦ ❡♠ a ❡ ✜♥❛❧ ❡♠ b✱ ♦✉ q✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦✱
❞❡ a ❛ b✱ é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ✢❡❝❤❛s

w = (a | α1, α2, . . . , αℓ | b)

♦♥❞❡ αk ∈ Q1 ♣❛r❛ t♦❞♦ 1 ≤ k ≤ ℓ✱ s(α1) = a✱ t(αk) = s(αk+1) ♣❛r❛ ❝❛❞❛
1 ≤ k < ℓ ❡ ✜♥❛❧♠❡♥t❡ t(αℓ) = b✳ ❖ ❝❛♠✐♥❤♦ w é ❞❡♥♦t❛❞♦ ♣♦r α1α2 · · ·αℓ ❡ ♣♦❞❡
s❡r ✈✐s✉❛❧✐③❛❞♦ ❝♦♠♦ s❡❣✉❡

a = a0
α1 // a1

α2 // · · · // aℓ−1
αℓ // aℓ = b.

❉❡♥♦t❛♠♦s ♣♦r Qℓ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❡♠ Q ❞❡ ❝♦♠♣r✐♠❡♥t♦
ℓ✳ ❚❛♠❜é♠ ❛ss♦❝✐❛♠♦s ❛ ❝❛❞❛ ✈ért✐❝❡ a ∈ Q0 ✉♠ ❝❛♠✐♥❤♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦
ℓ = 0 ❝❤❛♠❛❞♦ ❞❡ ❝❛♠✐♥❤♦ tr✐✈✐❛❧ ♦✉ ❡st❛❝✐♦♥❛r✐♦ ❛ a✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r
εa = (a | | a)✱ ♦✉ s❡❥❛✱ t❡♠ ✐♥í❝✐♦ ❡ ✜♥❛❧ ♥♦ ✈ért✐❝❡ a✳ ◆♦t❡ q✉❡ ♦s ❝❛♠✐♥❤♦s ❞❡
❝♦♠♣r✐♠❡♥t♦s 0 ❡ 1 sã♦ ❝♦rr❡s♣♦♥❞ê♥❝✐❛s ❜✐❥❡t✐✈❛s ❝♦♠ ❡❧❡♠❡♥t♦s ❞❡ Q0 ❡ Q1✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❯♠ ❝❛♠✐♥❤♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ℓ ≥ 1 é ❝❤❛♠❛❞♦ ❞❡ ❝✐❝❧♦ q✉❛♥❞♦ ♦ s❡✉ ✐♥✐❝✐♦
❡ ✜♥❛❧ ❝♦✐♥❝✐❞❡♠✳ ❯♠ ❝✐❝❧♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ 1 é ❝❤❛♠❛❞♦ ❞❡ ❧♦♦♣✳ ❙❡ ✉♠ q✉✐✈❡r
♥ã♦ ❝♦♥té♠ ❝✐❝❧♦s✱ é ❝❤❛♠❛❞♦ ❞❡ ❛❝í❝❧✐❝♦✳

❉✐③❡♠♦s q✉❡ a ∈ Q0 é ✉♠ ♣r❡❞❡❝❡ss♦r ❞❡ b ∈ Q0 s❡ ❡①✐st❡ α ∈ Q1 t❛❧ q✉❡
s(α) = a ❡ t(α) = b✱ ❡ c ∈ Q0 é ✉♠ s✉❝❡ss♦r ❞❡ b ∈ Q0 s❡ ❡①✐st❡ β ∈ Q1 t❛❧ q✉❡
t(β) = c ❡ s(β) = b✳

◗✉❛♥❞♦ ✉♠ ✈ért✐❝❡ b ♥ã♦ t✐✈❡r ♣r❡❞❡❝❡ss♦r❡s ❞✐③❡♠♦s q✉❡ b é ❢♦♥t❡ ❡ q✉❛♥❞♦
♥ã♦ t✐✈❡r s✉❝❡ss♦r❡s ❞✐③❡♠♦s q✉❡ é b ♣♦ç♦✳

✶✳✸✳✷ ➪❧❣❡❜r❛ ❞❡ ❈❛♠✐♥❤♦s

❯♠❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s KQ ❞❡ ✉♠ q✉✐✈❡r Q é ❛ K✲á❧❣❡❜r❛ à q✉❛❧
❛ss♦❝✐❛♠♦s ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ q✉❡ t❡♠ ❝♦♠♦ ❜❛s❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞♦s ♦s
❝❛♠✐♥❤♦s (a|α1, α2, . . . , αℓ|b) ❞❡ ❝♦♠♣r✐♠❡♥t♦ ℓ ≥ 0 ❡♠ Q ❡ t❛❧ q✉❡ ♦ ♣r♦❞✉t♦ ❞❡
❞♦✐s ✈❡t♦r❡s ❞❛ ❜❛s❡ (a|α1, α2, . . . , αℓ|b) ❡ (c|β1, β2, . . . , β❦|d) é ❞❡✜♥✐❞♦ ♣♦r

• 0 s❡ b 6= c✱

• (a | α1, α2, . . . , αℓ, β1, β2, . . . , β❦ | b) ❝❛s♦ ❝♦♥trár✐♦✳

▲♦❣♦✱ ✉♠ ❡❧❡♠❡♥t♦ ❞❛ K✲á❧❣❡❜r❛ KQ é ✉♠❛ ❝♦♠❜✐♥❛çã♦ ❧✐♥❡❛r ❞❡ ❝❛♠✐♥❤♦s ❡♠
Q ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠ K✳ ◆♦t❡ q✉❡ ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ KQ ❛ss✐♠ ❞❡✜♥✐❞♦✱
♣♦❞❡♠♦s r❡❡s❝r❡✈ê✲❧♦ ❝♦♠♦ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛ ❞✐r❡t❛✱

KQ = KQ0 ⊕KQ1 ⊕KQ2 ⊕ · · · ⊕KQℓ ⊕ · · ·

♦♥❞❡✱ ♣❛r❛ ❝❛❞❛ ℓ ≥ 0✱ KQℓ é ♦ s✉❜❡s♣❛ç♦ ❞❡ KQ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ Qℓ ❞❡
t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ℓ✳



✶✳✸✳ ◗❯■❱❊❘❙ ❊ ➪▲●❊❇❘❆❙ ❉❊ ❈❆▼■◆❍❖❙ ✸✵

P♦r ❡①❡♠♣❧♦✱ ❝♦♥s✐❞❡r❡ ♦ q✉✐✈❡r

Q : ·
1

αdd .

❆ ❜❛s❡ q✉❡ ❞❡✜♥❡ ❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s KQ é

{
ε1, α, α

2, . . . , αℓ, . . .
}

❡ ❛ ♠✉❧t✐♣❧✐❝❛çã♦ ❞♦s ✈❡t♦r❡s ❞❛ ❜❛s❡ ❡stá ❞❛❞❛ ♣♦r

ε1α
ℓ = αℓε1 = αℓ ♣❛r❛ t♦❞♦ ℓ ≥ 0, ❡

αℓα❦ = αℓ+❦ ♣❛r❛ t♦❞♦ ℓ, ❦ ≥ 0,

♦♥❞❡ α0 = ε1✳ ❆ss✐♠✱ KQ é ✐s♦♠♦r❢❛ à á❧❣❡❜r❛ K[t] ❞♦s ♣♦❧✐♥ô♠✐♦s ❡♠ ✉♠❛
✐♥❞❡t❡r♠✐♥❛❞❛ t✱ ♦ ✐s♦♠♦r✜s♠♦ s❡♥❞♦ ✐♥❞✉③✐❞♦ ♣❡❧❛ ❛♣❧✐❝❛çã♦ K✲❧✐♥❡❛r t❛❧ q✉❡

ε1
✤ // 1 ❡ α ✤ // t.

▲❡♠❛ ✶✳✺✹✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ❡ KQ ❛ s✉❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s✳ ❊♥tã♦✿

❛✮ KQ é ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛✱

❜✮ KQ t❡♠ ✉♠ ❡❧❡♠❡♥t♦ ✐❞❡♥t✐❞❛❞❡ s❡ ❡ só s❡ Q0 é ✜♥✐t♦✱ ❡

❝✮ KQ é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ s❡ ❡ só s❡ Q é ✜♥✐t♦ ❡ ❛❝í❝❧✐❝♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲❡♠❛ II.1.4. ❡♠ ❬✸❪✳

❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦✳ ❆ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s KQ é ❝♦♥❡①❛ s❡ ❡ s♦♠❡♥t❡
s❡ ♦ q✉✐✈❡r Q é ❝♦♥❡①♦✳

❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ ❝♦♥❡①♦✳ ❯♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ ✭✉♠ ✐❞❡❛❧ à ❡sq✉❡r❞❛ ❡ à
❞✐r❡✐t❛✮ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s KQ ❣❡r❛❞♦ ✭❝♦♠♦ ✉♠ ✐❞❡❛❧✮ ♣❡❧❛s ✢❡❝❤❛s ❞❡
Q é ❝❤❛♠❛❞♦ ❞❡ ✐❞❡❛❧ ❞❡ ✢❡❝❤❛s ❞❡ KQ ❡ é ❞❡♥♦t❛❞♦ ♣♦r RQ✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡
♣♦r R✱ q✉❛♥❞♦ ♥ã♦ ❤♦✉✈❡r ❝♦♥❢✉sã♦✳

❖❜s❡r✈❛çã♦ ✶✳✺✺✳ ◆♦t❡ q✉❡ ❡①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛ ❞✐r❡t❛

RQ = KQ1 ⊕KQ2 ⊕ · · · ⊕KQℓ ⊕ · · ·

❞♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ RQ✱ ♦♥❞❡ KQℓ é ♦ s✉❜❡s♣❛ç♦ ❞❡ KQ ❣❡r❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦
Qℓ ❞❡ t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ℓ✳ ❉❡♥♦t❛r❡♠♦s ♣♦r Rℓ

Q ♦ ✐❞❡❛❧ ❞❡ KQ✱
❣❡r❛❞♦ ❝♦♠♦ ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ♣♦r t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r
♦✉ ✐❣✉❛❧ ❛ ℓ✳

❙❡ Q é ❛❝í❝❧✐❝♦✱ ❡♥tã♦ rad(KQ) = R✳ ◆♦t❡ ♣♦r ❡①❡♠♣❧♦ q✉❡✱ ♣❛r❛ ♦ q✉✐✈❡r
❝í❝❧✐❝♦

Q : ·
1

αdd .

t❡♠♦s KQ = K[t]✱ ❧♦❣♦ rad(KQ) = 0✳ ❊♥q✉❛♥t♦ RQ =
⊕

t>0

Kαℓ ❝♦♠♦ K✲❡s♣❛ç♦

✈❡t♦r✐❛❧ é ♥ã♦ ♥✉❧♦✳
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✶✳✸✳✸ ■❞❡❛✐s ❛❞♠✐ssí✈❡✐s ❡ q✉♦❝✐❡♥t❡ ❞❡ á❧❣❡❜r❛s ❞❡
❝❛♠✐♥❤♦s

❉❡✜♥✐çã♦ ✶✳✺✻✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ R ♦ ✐❞❡❛❧ ❞❡ ✢❡❝❤❛s ❞❛ á❧❣❡❜r❛ ❞❡
❝❛♠✐♥❤♦s KQ✳ ❯♠ ✐❞❡❛❧ ❜✐❧❛t❡r❛❧ I ❞❡ KQ é ❞✐t♦ ❛❞♠✐ssí✈❡❧ s❡ ❡①✐st❡ ✉♠ m ≥ 2
t❛❧ q✉❡

Rm ⊆ I ⊆ R2.

❙❡ I é ✉♠ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧ ❞❡ KQ✱ ♦ ♣❛r (Q, I) é ❝❤❛♠❛❞♦ q✉✐✈❡r ❧✐♠✐t❛❞♦✳
❆ á❧❣❡❜r❛ q✉♦❝✐❡♥t❡ KQ/I é ❞✐t❛ á❧❣❡❜r❛ ❞♦ q✉✐✈❡r ❧✐♠✐t❛❞♦ (Q, I)✳

❖❜s❡r✈❛çã♦ ✶✳✺✼✳ ❙❡ ❡♠ ♣❛rt✐❝✉❧❛r✱ Q é ❛❝í❝❧✐❝♦✱ q✉❛❧q✉❡r ✐❞❡❛❧ ❝♦♥t✐❞♦ ❡♠ R2

é ❛❞♠✐ssí✈❡❧✳

❊①❡♠♣❧♦ ✶✳✺✽✳ ❛✮ P❛r❛ q✉❛❧q✉❡r q✉✐✈❡r ✜♥✐t♦ Q ❡ q✉❛❧q✉❡r m ≥ 2✱ ♦ ✐❞❡❛❧
Rm é ❛❞♠✐ssí✈❡❧✳ ❇❛st❛ ✈❡r q✉❡ ♦ ✐❞❡❛❧ ❞❡ ✢❡❝❤❛s s❛t✐s❢❛③

· · · ⊆ Rm ⊂ · · · ⊂ R3 ⊂ R2

❜✮ ❖ ✐❞❡❛❧ ③❡r♦ é ❛❞♠✐ssí✈❡❧ ❡♠ KQ s❡ ❡ s♦♠❡♥t❡ s❡ Q é ❛❝í❝❧✐❝♦✳ ❙❡ ♦ ✐❞❡❛❧
③❡r♦ é ❛❞♠✐ssí✈❡❧✱ ❡①✐st❡ ✉♠ m ≥ 2 t❛❧ q✉❡ Rm = 0✱ ✐st♦ é✱ q✉❛❧q✉❡r ♣r♦❞✉t♦
❞❡ m ✢❡❝❤❛s ❡♠ KQ é ③❡r♦✱ ♦ q✉❡ ❛❝♦♥t❡❝❡ s❡ ❡ s♦♠❡♥t❡ s❡ Q é ❛❝í❝❧✐❝♦✳

❝✮ ❙❡❥❛ Q ♦ q✉✐✈❡r
2
·

β

��
·
1

·
4

α

\\

γ

��

λoo

·
3
,

δ

\\

♦ ✐❞❡❛❧ I1 = 〈βα − δγ〉 ❞❛ K✲á❧❣❡❜r❛ KQ é ❛❞♠✐ssí✈❡❧✱ ♣♦✐s Q é ❛❝í❝❧✐❝♦
❡ I1 ⊆ R2✳ ❙❡ ❝♦♥s✐❞❡r❛r♠♦s✱ ♣♦ré♠✱ ♦ ✐❞❡❛❧ I2 = 〈βα − λ〉✱ t❡♠♦s q✉❡
I2 ♥ã♦ é ❛❞♠✐ssí✈❡❧✳ ❙✉♣♦♥❤❛ q✉❡ ♦ é✱ t❡♠♦s ❡♥tã♦ q✉❡ I2 ⊆ R2✳ ❈♦♠♦
βα − λ ∈ I2 ⊆ R2 ❡♥tã♦ (βα − λ) − βα = −λ ∈ R2✱ ♦ q✉❛❧ é ✉♠❛
❝♦♥tr❛❞✐çã♦✳ ▲♦❣♦✱ I2 é ♥ã♦ ❛❞♠✐ssí✈❡❧✳

❉❡✜♥✐çã♦ ✶✳✺✾✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r✳ ❯♠❛ r❡❧❛çã♦ ❡♠ Q ❝♦♠ ❝♦❡✜❝✐❡♥t❡s ❡♠
K é ✉♠❛ ❝♦♠❜✐♥❛çã♦ K✲❧✐♥❡❛r ❞❡ ❝❛♠✐♥❤♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ 2✱
t❡♥❞♦ ♦ ♠❡s♠♦ ❝♦♠❡ç♦ ❡ ✜♥❛❧✳

❆ss✐♠✱ ✉♠❛ r❡❧❛çã♦ ρ é ✉♠ ❡❧❡♠❡♥t♦ ❞❡ KQ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

ρ =
m∑

i=1

λiwi
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♦♥❞❡ ♦s λi sã♦ ❡s❝❛❧❛r❡s ✭♥ã♦ t♦❞♦s ③❡r♦✮ ❡ ♦s wi sã♦ ❝❛♠✐♥❤♦s ❡♠ Q ❞❡
❝♦♠♣r✐♠❡♥t♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ 2✱ t❛❧ q✉❡✱ s❡ i 6= j✱ ❡♥tã♦ ♦ ❝♦♠❡ç♦ ✭♦✉ ✜♥❛❧✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✮ ❞❡ wi ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❞❡ wj✳

❙❡ m = 1✱ ❛ r❡❧❛çã♦ ❛♥t❡r✐♦r ❝❤❛♠❛✲s❡ r❡❧❛çã♦ ♠♦♥♦♠✐❛❧ ♦✉ s✐♠♣❧❡s♠❡♥t❡
r❡❧❛çã♦ ③❡r♦✳ ❙❡ é ❞❛ ❢♦r♠❛ w1−w2 ✭♦♥❞❡ w1✱ w2 sã♦ ❞♦✐s ❝❛♠✐♥❤♦s✮ é ❝❤❛♠❛❞❛
❞❡ r❡❧❛çã♦ ❝♦♠✉t❛t✐✈❛✳

▲❡♠❛ ✶✳✻✵✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ I ✉♠ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧ ❞❡ KQ✳ ❆ á❧❣❡❜r❛
❞❡ q✉✐✈❡r ❧✐♠✐t❛❞❛ KQ/I é ❝♦♥❡①❛ s❡ ❡ só s❡ Q é ✉♠ q✉✐✈❡r ❝♦♥❡①♦✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲❡♠❛ II.2.5. ❡♠ ❬✸❪✳

Pr♦♣♦s✐çã♦ ✶✳✻✶✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ I ✉♠ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧ ❞❡ KQ✳ ❆
á❧❣❡❜r❛ ❞❡ q✉✐✈❡r ❧✐♠✐t❛❞❛ KQ/I é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❉❡♠♦♥str❛çã♦✳ ❱❡r Pr♦♣♦s✐çã♦ II.2.6. ❡♠ ❬✸❪✳

✶✳✸✳✹ ❖ q✉✐✈❡r ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛

❱❡❥❛♠♦s ❛❣♦r❛ q✉❡ ❞❡ ♠❛♥❡✐r❛ ♥❛t✉r❛❧ ♣♦❞❡♠♦s ❛ss♦❝✐❛r ❛ ✉♠❛ á❧❣❡❜r❛ ❜ás✐❝❛✱
❝♦♥❡①❛ ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ ❝♦♥❡①♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ❛s á❧❣❡❜r❛s
❜ás✐❝❛s sã♦ ✐s♦♠♦r❢❛s ❛ á❧❣❡❜r❛s ❞♦ t✐♣♦KQ/I ❝♦♠ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ ❝♦♥❡①♦✱ ❡
✉♠ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧ I✳ ❊st❡ r❡s✉❧t❛❞♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ ❚❡♦r❡♠❛ ❞❡ ●❛❜r✐❡❧✳
◆♦t❡ q✉❡ ❞♦ ❚❡♦r❡♠❛ ❞❡ ▼♦r✐t❛ ✶✳✸✼✱ ❛ ❤✐♣ót❡s❡ ❞❡ s❡r ❜ás✐❝❛ r❡s✉❧t❛ ♥ã♦ s❡r ✉♠❛
r❡str✐çã♦ ♠✉✐t♦ ❢♦rt❡ ♣❛r❛ ♦s ♥♦ss♦s ♦❜❥❡t♦s ❞❡ ❡st✉❞♦✳

❉❡✜♥✐çã♦ ✶✳✻✷✳ ❙❡❥❛♠ Λ ✉♠❛ K✲á❧❣❡❜r❛ ❜ás✐❝❛✱ ❝♦♥❡①❛ ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❡
{e1, e2, . . . , en} ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ♦rt♦❣♦♥❛✐s ✐❞❡♠♣♦t❡♥t❡s ♣r✐♠✐t✐✈♦s✳ ❖
q✉✐✈❡r ♦r❞✐♥ár✐♦ ❛ss♦❝✐❛❞♦ ❛ Λ✱ ❞❡♥♦t❛❞♦ ♣♦r QΛ✱ ❡stá ❞❡✜♥✐❞♦ ❝♦♠♦ s❡❣✉❡✿

(a) ❖s ✈ért✐❝❡s ❞❡ QΛ sã♦ ♥ú♠❡r♦s 1, 2, . . . , n✱ ♦s q✉❛✐s ❡stã♦ ❡♠
❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❝♦♠ ♦s ✐❞❡♠♣♦t❡♥t❡s e1, e2, . . . , en✳

(b) ❉❛❞♦s ❞♦✐s ✈ért✐❝❡s a ❡ b ❞❡ QΛ✳ ❆s ✢❡❝❤❛s α : a → b ❡stã♦ ❡♠
❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❜✐✉♥í✈♦❝❛ ❝♦♠ ♦s ✈❡t♦r❡s ❡♠ ✉♠❛ ❜❛s❡ ❞♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧
ea(rad(Λ)/rad

2(Λ))eb✳

❈♦♠♦ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ Λ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧
ea(rad(Λ)/rad

2(Λ))eb é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ❧♦❣♦ QΛ é ✜♥✐t♦✳ ◆❛ ❙❡çã♦ II.3 ❡♠
❬✸❪✱ ♠♦str❛✲s❡ ❝♦♠ ❞❡t❛❧❤❡s q✉❡ ♦ q✉✐✈❡r QΛ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦ ❝♦♥❥✉♥t♦
❝♦♠♣❧❡t♦ ❞❡ ♦rt♦❣♦♥❛✐s ✐❞❡♠♣♦t❡♥t❡s ❞❡ Λ q✉❡ t❡♠♦s ❡s❝♦❧❤✐❞♦✱ ❛ss✐♠ ❝♦♠♦ ♦✉tr♦s
r❡s✉❧t❛❞♦s s♦❜r❡ ♦ q✉✐✈❡r ♦r❞✐♥ár✐♦ QΛ q✉❡ ♣♦❞❡♠ s❡r ❝♦♥s✉❧t❛❞♦s✱ ❝♦♠♦ ♦ q✉✐✈❡r
QΛ s❡r ❝♦♥❡①♦ s❡♠♣r❡ q✉❡ Λ s❡❥❛ ❜ás✐❝❛✱ ❝♦♥❡①❛ ❡ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

▲❡♠❛ ✶✳✻✸✳ ❙❡❥❛♠ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❝♦♥❡①♦✱ I ✉♠ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧ ❞❡ KQ ❡
Λ = KQ/I✳ ❊♥tã♦ QΛ = Q✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲❡♠❛ II.3.6 ❡♠ ❬✸❪✳
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❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ ♠❛♥❡✐r❛ ❞❡ ❡st✉❞❛r ❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡
á❧❣❡❜r❛s ❛ss♦❝✐❛t✐✈❛s ❝♦♥❡①❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❛tr❛✈és ❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡
s✉❛s á❧❣❡❜r❛s ❞❡ ❝❛♠✐♥❤♦s ❞❡ q✉✐✈❡rs ❧✐♠✐t❛❞❛s✱ ❞❡ q✉✐✈❡rs ✜♥✐t♦s ❡ ❝♦♥❡①♦s✳

❚❡♦r❡♠❛ ✶✳✻✹✳ ❚❡♦r❡♠❛ ❞❡ ●❛❜r✐❡❧

❙❡❥❛ K ✉♠ ❝♦r♣♦ ❛❧❣❡❜r✐❝❛♠❡♥t❡ ❢❡❝❤❛❞♦✳ ❚♦❞❛ K✲á❧❣❡❜r❛ Λ ❞❡ ❞✐♠❡♥sã♦
✜♥✐t❛ ❜ás✐❝❛ ❡ ❝♦♥❡①❛ é ✐s♦♠♦r❢❛ ❛ ✉♠❛ á❧❣❡❜r❛ KQ/I✱ ❝♦♠ Q ✉♠ q✉✐✈❡r ✜♥✐t♦
❡ I ✉♠ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♦r❡♠❛ II.3.7 ❡♠ ❬✸❪✳

✶✳✸✳✺ ❘❡♣r❡s❡♥t❛çõ❡s

❈♦♠♦ ❥á ✈✐♠♦s✱ ♦s q✉✐✈❡rs ♦❢❡r❡❝❡♠ ✉♠ ❝❛♠✐♥❤♦ ❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛ ✈✐s✉❛❧✐③❛r
❛s á❧❣❡❜r❛s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ❉❡st❛ ✈❡③✱ ❡①♣❧✐❝❛r❡♠♦s ❝♦♠♦ ♦s q✉✐✈❡rs ♣♦❞❡♠
s❡r ✉s❛❞♦s ♣❛r❛ ✈✐s✉❛❧✐③❛r ❛❧❣✉♥s t✐♣♦s ❞❡ ♠ó❞✉❧♦s✳

✶✳✸✳✻ ❘❡♣r❡s❡♥t❛çõ❡s ❞❡ q✉✐✈❡rs ❧✐♠✐t❛❞♦s

❉❡✜♥✐çã♦ ✶✳✻✺✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ K✲❧✐♥❡❛r✱
♦✉✱ ♠❛✐s r❡s✉♠✐❞❛♠❡♥t❡✱ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ M ❞❡ Q é ❞❡✜♥✐❞❛ ♣❡❧❛ s❡❣✉✐♥t❡
✐♥❢♦r♠❛çã♦✿

❛✮ ❆ ❝❛❞❛ ✈ért✐❝❡ a ❡♠ Q0 é ❛ss♦❝✐❛❞♦ ✉♠ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ Ma✳

❜✮ ❆ ❝❛❞❛ ✢❡❝❤❛ α : a → b ❡♠ Q1 é ❛ss♦❝✐❛❞❛ ✉♠❛ ❛♣❧✐❝❛çã♦ K✲❧✐♥❡❛r
ϕα :Ma −→Mb✳

❚❛❧ r❡♣r❡s❡♥t❛çã♦ é ❞❡♥♦t❛❞❛ ❝♦♠♦ M = (Ma, ϕα)a∈Q0,α∈Q1 ✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡
M = (Ma, ϕα)✳ ❆ r❡♣r❡s❡♥t❛çã♦ M = (Ma, ϕα) é ❝❤❛♠❛❞❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛
s❡ ❝❛❞❛ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ Ma é ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❙❡❥❛♠ M = (Ma, ϕα) ❡ M ′ = (M ′
a, ϕ

′
α) ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ Q✳ ❯♠

♠♦r✜s♠♦ ✭❞❡ r❡♣r❡s❡♥t❛çõ❡s✮ f : M −→ M ′ é ✉♠❛ ❢❛♠✐❧✐❛ f = (fa)a∈Q0 ❞❡
❛♣❧✐❝❛çõ❡s K✲❧✐♥❡❛r❡s (fa :Ma −→M ′

a)a∈Q0 q✉❡ sã♦ ❝♦♠♣❛tí✈❡✐s ❝♦♠ ❛ ❡str✉t✉r❛
❞❛s ❛♣❧✐❝❛çõ❡s ϕα✱ ✐st♦ é✱ ♣❛r❛ ❝❛❞❛ ✢❡❝❤❛ α : a → b✱ t❡♠♦s ϕ′

αfa = fbϕα ♦✉
❡q✉✐✈❛❧❡♥t❡♠❡♥t❡✱ q✉❡ ♦ s❡❣✉✐♥t❡ q✉❛❞r❛❞♦ é ❝♦♠✉t❛t✐✈♦

Ma

ϕα //

fa

��

Mb

fb

��
M ′

a ϕ′
α

//M ′
b

❙❡❥❛♠ f :M −→M ′ ❡ g :M ′ −→M ′′ ❞♦✐s ♠♦r✜s♠♦s ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ Q✱
♦♥❞❡ f = (fa)a∈Q0 ❡ g = (ga)a∈Q0 ✳ ❆ s✉❛ ❝♦♠♣♦s✐çã♦ ❡stá ❞❡✜♥✐❞❛ ♣❡❧❛ ❢❛♠í❧✐❛
gf = (gafa)a∈Q0 ✱ q✉❡ ❛ s✉❛ ✈❡③ é ✉♠ ♠♦r✜s♠♦ ❞❡ M ❡♠ M ′′✳
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❚❡♠♦s ❛ss✐♠ à ❝❛t❡❣♦r✐❛ ❞❡ r❡♣r❡s❡♥t❛çõ❡s K✲❧✐♥❡❛r❡s ❞❡ Q✱ q✉❡ ❞❡♥♦t❛♠♦s
♣♦r Rep(Q) ✳ ❉❡♥♦t❛♠♦s ♣♦r rep(Q) ❛ s✉❜❝❛t❡❣♦r✐❛ ♣❧❡♥❛ ❞❡ Rep(Q) ❝♦♥s✐st✐♥❞♦
❞❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♦✉ s❡❥❛✱ s❡ ❝❛❞❛Ma é ✉♠K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧
❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❊①❡♠♣❧♦ ✶✳✻✻✳ ❙❡❥❛ Q ♦ q✉✐✈❡r ✭❞❡ ❑r♦♥❡❝❦❡r✮

·
1

·
2

oo
oo

❯♠❛ r❡♣r❡s❡♥t❛çã♦ M ❞❡ Q ❡stá ❞❛❞❛ ♣♦r✿

K2 K
[ 01 ]

oo
[ 10 ]oo

❯♠❛ ♦✉tr❛ r❡♣r❡s❡♥t❛çã♦ M ′ ❞❡ Q ❡stá ❞❛❞❛ ♣♦r✿

K2 K2

[ 0 0
1 0 ]

oo
[ 1 0
0 1 ]oo

❆s ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s sã♦ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳
❚❡♠♦s ✉♠ ♠♦r✜s♠♦ ❞❡ M −→M ′ ❞❡✜♥✐❞♦ ♣♦r✿

K2

[ 1 0
0 1 ]

��

K

[ 10 ]

��

[ 01 ]
oo

[ 10 ]oo

K2 K2

[ 0 0
1 0 ]

oo
[ 1 0
0 1 ]oo

♣♦✐s

[
1 0
0 1

] [
1
0

]

=

[
1 0
0 1

] [
1
0

]

✱ ❡

[
1 0
0 1

] [
0
1

]

=

[
0 0
1 0

] [
1
0

]

.

❉❡✜♥✐♠♦s ❛ s♦♠❛ ❞✐r❡t❛ ❞❡ ❞✉❛s r❡♣r❡s❡♥t❛çõ❡s ♣♦♥t✉❛❧♠❡♥t❡✱ ❡♠ ❝❛❞❛
✈ért✐❝❡✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦ é ❞✐t❛ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ s❡ é ♥ã♦ ♥✉❧❛ ❡ ♣❛r❛ ❝❛❞❛
❞❡❝♦♠♣♦s✐çã♦ M =M ′ ⊕M ′′ t❡♠♦s M ′ = 0 ♦✉ M ′′ = 0 ✱ ❝❛s♦ ❝♦♥trár✐♦ ❞✐③❡♠♦s
q✉❡ M é ❞❡❝♦♠♣♦♥í✈❡❧✳

❖❜s❡r✈❛çã♦ ✶✳✻✼✳ ❆s K✲❝❛t❡❣♦r✐❛s RepK(Q) ❡ repK(Q) sã♦ ❛❜❡❧✐❛♥❛s✳ P♦❞❡✲s❡
❡♥❝♦♥tr❛r ✉♠❛ ❞❡♠♦♥str❛çã♦ ❝♦♠ ❞❡t❛❧❤❡s ❡♠ ❬✸❪ ✭▲❡♠❛ III.1.3. ❡♠ ❬✸❪✮✳

❉❡✜♥✐çã♦ ✶✳✻✽✳ ❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ M = (Ma, ϕα) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡
Q✳ P❛r❛ q✉❛❧q✉❡r ❝❛♠✐♥❤♦ ♥ã♦ tr✐✈✐❛❧ w = α1α2 · · ·α❧ ❞❡ a ❛ b ❡♠ Q✱ ❞❡✜♥✐♠♦s
❛ ❛✈❛❧✐❛çã♦ ❞❡ M s♦❜r❡ ♦ ❝❛♠✐♥❤♦ w ❛ ❛♣❧✐❝❛çã♦ K✲❧✐♥❡❛r ❞❡ Ma ❛ Mb ❞❡✜♥✐❞❛
♣♦r✿

ϕw = ϕα❧
ϕα❧−1

· · ·ϕα2ϕα1

❆ ❞❡✜♥✐çã♦ ❞❡ ❛✈❛❧✐❛çã♦ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ❝♦♠❜✐♥❛çõ❡s K✲❧✐♥❡❛r❡s ❞❡
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❝❛♠✐♥❤♦s ❝♦♠ ✉♠ ❝♦♠❡ç♦ ❝♦♠✉♠✱ ❡ ✉♠ ✜♥❛❧ ❝♦♠✉♠❀ ❛ss✐♠✱ s❡❥❛

ρ =
m∑

i=1

λiwi

t❛❧ ❝♦♠❜✐♥❛çã♦✱ ♦♥❞❡ λi ∈ K ❡ wi é ✉♠ ❝❛♠✐♥❤♦ ❡♠ Q✱ ♣❛r❛ ❝❛❞❛ i✱ ❡♥tã♦

ϕρ =
m∑

i=1

λiϕwi
.

P♦❞❡♠♦s ❛❣♦r❛ ❞❡✜♥✐r ✉♠❛ ♥♦çã♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ ❞❡ ✉♠ q✉✐✈❡r ❧✐♠✐t❛❞♦✳
❙❡❥❛ Q ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ I ✉♠ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧ ❞❡ KQ✳ ❯♠❛ r❡♣r❡s❡♥t❛çã♦
M = (Ma, ϕα) ❞❡ Q é ❞✐t❛ q✉❡ s❛t✐s❢❛③ ❛s r❡❧❛çõ❡s ❡♠ I✱ ♦✉ ❧✐♠✐t❛❞❛ ♣♦r I✱ s❡
t❡♠♦s

ϕρ = 0 ♣❛r❛ t♦❞❛s ❛s r❡❧❛çõ❡s ρ ∈ I.

❉❡♥♦t❛♠♦s RepK(Q, I) ❡ repK(Q, I) ❛s s✉❜❝❛t❡❣♦r✐❛s ♣❧❡♥❛s ❞❡ RepK(Q) ❡
repK(Q)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝✉❥❛s r❡♣r❡s❡♥t❛çõ❡s ❞❡ Q s❛t✐s❢❛③❡♠ ❛s r❡❧❛çõ❡s ❡♠
I✳

❊①❡♠♣❧♦ ✶✳✻✾✳ ❙❡❥❛ Q ♦ q✉✐✈❡r

3
·

β

{{
·
1

·
2

λoo ·
5

α

cc

γ
{{

·
4

δ

cc

❝♦♠ ❛ r❡❧❛çã♦ ❝♦♠✉t❛t✐✈❛ βα = δγ✳
❈♦♥s✐❞❡r❡♠♦s ❛s r❡♣r❡s❡♥t❛çõ❡s M ❡ N ❞❡ Q ❞❛❞❛s ♣♦r✿

K
[ 10 ]

{{

K
1

{{
K K2[ 1 1 ]oo 0,

bb

||

K K1oo K

1
cc

1{{
K

[ 01 ]

cc

K
1

cc

r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦❞❡♠♦s ✈❡r q✉❡ M ❡ N s❛t✐s❢❛③❡♠ ❛ r❡❧❛çã♦ βα = δγ✳ P♦r
♦✉tr♦ ❧❛❞♦✱ ✉♠ ❡①❡♠♣❧♦ ❞❡ ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ Q q✉❡ ♥ã♦ s❛t✐s❢❛③ ❛ r❡❧❛çã♦
βα = δγ é

0

{{
K K1oo K.

dd

1zz
K

1

cc

❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛ ♥♦s ♣❡r♠✐t❡ ❡ ❢❛❝✐❧✐t❛ ❡st✉❞❛r ❛ ❝❛t❡❣♦r✐❛ mod(Λ) ❞♦s
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Λ✲♠ó❞✉❧♦s à ❞✐r❡✐t❛ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❛ss♦❝✐❛t✐✈❛ Λ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❛tr❛✈és ❞❛
❝❛t❡❣♦r✐❛ rep(Q, I) ❞❡ r❡♣r❡s❡♥t❛çõ❡s ❞❡ ✉♠ q✉✐✈❡r ✜♥✐t♦ ❡ ❝♦♥❡①♦ Q✱ s❡♥❞♦ I
✉♠ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧✳

❚❡♦r❡♠❛ ✶✳✼✵✳ ❙❡❥❛ Λ = KQ/I✱ ♦♥❞❡ Q é ✉♠ q✉✐✈❡r ✜♥✐t♦ ❝♦♥❡①♦ ❡ I é ✉♠
✐❞❡❛❧ ❛❞♠✐ssí✈❡❧ ❞❡ KQ✳ ❊①✐st❡ ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❝❛t❡❣♦r✐❛s

F : Mod(Λ)
∼= // RepK(Q, I)

q✉❡ s❡ r❡str✐♥❣❡ ❛ ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❝❛t❡❣♦r✐❛s F : mod(Λ)
∼= // repK(Q, I) ✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ❚❡♦r❡♠❛ III.1.6 ❡♠ ❬✸❪✳

✶✳✸✳✼ ❖s ♠ó❞✉❧♦s s✐♠♣❧❡s✱ ♣r♦❥❡t✐✈♦s ❡ ✐♥❥❡t✐✈♦s

❚❡♥❞♦ (Q, I) ✉♠ q✉✐✈❡r ❝♦♥❡①♦ ✜♥✐t♦ ❝♦♠ #(Q0) = n ❡ I ✉♠ ✐❞❡❛❧ ❛❞♠✐ssí✈❡❧✳
❙❡❥❛ Λ = KQ/I ✉♠❛ K✲á❧❣❡❜r❛ ❜ás✐❝❛ ❝♦♥❡①❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❝♦♠ ✐❞❡♥t✐❞❛❞❡
❡ t❡♥❞♦ R/I ❝♦♠♦ r❛❞✐❝❛❧✱ ❝♦♠ R ♦ ✐❞❡❛❧ ❞❡ ✢❡❝❤❛s ❞❡ KQ ❡ {ea|a ∈ Q0} ❝♦♠♦
❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ♦rt♦❣♦♥❛✐s ✐❞❡♠♣♦t❡♥t❡s ♣r✐♠✐t✐✈♦s✳

❙❡❥❛ a ∈ Q0❀ ❞❡♥♦t❛♠♦s ♣♦r S(a) ❛ r❡♣r❡s❡♥t❛çã♦ (S(a)b, ϕα) ❞❡ Q ❞❡✜♥✐❞❛
❝♦♠♦ s❡❣✉❡

S(a)b =

{
0 s❡ b 6= a
K s❡ b = a

ϕα = 0 ♣❛r❛ t♦❞♦ α ∈ Q1

◆♦t❡ q✉❡ S(a) é ✉♠❛ r❡♣r❡s❡♥t❛çã♦ ❧✐♠✐t❛❞❛ ❞❡ (Q, I) ♣❛r❛ q✉❛❧q✉❡r ✐❞❡❛❧
❛❞♠✐ssí✈❡❧ I✳ ❉✐③❡♠♦s q✉❡ Λ✲♠ó❞✉❧♦ s✐♠♣❧❡s S(a) é ♦ Λ✲♠ó❞✉❧♦ s✐♠♣❧❡s
❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ✈ért✐❝❡ a ∈ Q0✳

▲❡♠❛ ✶✳✼✶✳ ❙❡❥❛ Λ = KQ/I ❛ á❧❣❡❜r❛ ❞❡ q✉✐✈❡r ❧✐♠✐t❛❞❛ ❞❡ (Q, I)✳

✭❛✮ P❛r❛ q✉❛❧q✉❡r a ∈ Q0✱ S(a) ✈✐st♦ ❝♦♠♦ ✉♠ Λ✲♠ó❞✉❧♦ é ✐s♦♠♦r❢♦ ❛♦ top ❞♦
Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ eaΛ✳

✭❜✮ ❖ ❝♦♥❥✉♥t♦ {S(a) | a ∈ Q0} é ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ r❡♣r❡s❡♥t❛♥t❡s ❞❛s
❝❧❛ss❡s ❞❡ ✐s♦♠♦r✜s♠♦ ❞♦s Λ✲♠ó❞✉❧♦s s✐♠♣❧❡s✳

❉❡♠♦♥str❛çã♦✳ ❱❡r ▲❡♠❛ III.2.1 ❡♠ ❬✸❪✳

❊♠ ❝♦♥tr❛st❡ ❛♦ ✐t❡♠ (b) ❞❡ ✶✳✼✶✱ ♦❜s❡r✈❡ ♣♦r ❡①❡♠♣❧♦ q✉❡ ♣❛r❛ ❛ á❧❣❡❜r❛

KQ ❞❡✜♥✐❞❛ ♣❡❧♦ q✉✐✈❡r Q = ·
1

α // ·
2β

oo ✱ ♦s KQ✲♠ó❞✉❧♦s S(1)✱ S(2) ❡

Sλ = ( K
1 // K
λ

oo ) sã♦ s✐♠♣❧❡s ❝♦♠ λ ∈ K✳ P♦❞❡✲s❡ ✈❡r q✉❡ Sλ 6∼= Sµ

q✉❛♥❞♦ λ 6= µ✳ ❖✉ s❡❥❛✱ t♦❞❛ á❧❣❡❜r❛ ❞❡ ❝❛♠✐♥❤♦s KQ ❞❡ ✉♠ q✉✐✈❡r ✜♥✐t♦ Q
❝♦♠ ❝✐❝❧♦s ♦r✐❡♥t❛❞♦s t❡♠ ✐♥✜♥✐t♦s ♠ó❞✉❧♦s s✐♠♣❧❡s ♥ã♦ ✐s♦♠♦r❢♦s ❞❡ ❞✐♠❡♥sã♦
✜♥✐t❛✳
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❙❡❥❛ {ea | a ∈ Q0} ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ ✐❞❡♠♣♦t❡♥t❡s ♦rt♦❣♦♥❛✐s
♣r✐♠✐t✐✈♦s ❞❡ Λ✳ ❆ ❞❡❝♦♠♣♦s✐çã♦ ΛΛ =

⊕

a∈Q0

eaΛ é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ ΛΛ

❡♠ s♦♠❛ ❞✐r❡t❛ ❞❡ Λ✲♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦ ✐s♦♠♦r❢♦s ❞♦✐s ❛
❞♦✐s✳ ❆ s❡❣✉✐r ❞❡s❝r❡✈❡♠♦s ♦s ♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ❡ ✐♥❥❡t✐✈♦s ❞❡ Λ✳

▲❡♠❛ ✶✳✼✷✳ ❙❡❥❛ Λ = KQ/I ❛ á❧❣❡❜r❛ ❞❡ q✉✐✈❡r ❧✐♠✐t❛❞❛ ❞❡ (Q, I)✳ ❖s ♣r♦❥❡t✐✈♦s
P (a) = eaΛ ❡stã♦ ❞❛❞♦s ♣❡❧❛s r❡♣r❡s❡♥t❛çõ❡s (P (a)b, ϕα)b∈Q0,ϕ∈Q1 ❛s q✉❛✐s ❡stã♦
❞❡✜♥✐❞❛s ❝♦♠♦ s❡❣✉❡✿

• P❛r❛ ❝❛❞❛ a ∈ Q0✱ P (a)b é ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝✉❥❛ ❜❛s❡ é ♦ ❝♦♥❥✉♥t♦ ❞❡
t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❞❡ a ♣❛r❛ b ✱ ✐st♦ é✱ P (a)b = K {w + I | w : a→ b} .

• P❛r❛ ❝❛❞❛ ❝❛♠✐♥❤♦ α : b → c✱ ❛ ❛♣❧✐❝❛çã♦ K✲❧✐♥❡❛r ϕα : P (a)b −→ P (a)c
❡stá ❞❛❞❛ ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ à ❞✐r❡✐t❛ ♣♦r α = α + I ✳

❉✐③❡♠♦s q✉❡ P (a) é ♦ Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦
✈ért✐❝❡ a✳ ❊♥❝❡rr❛♠♦s ❞❡s❝r❡✈❡♥❞♦ ♦s Λ✲♠ó❞✉❧♦s ✐♥❥❡t✐✈♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳

▲❡♠❛ ✶✳✼✸✳ ❙❡❥❛ Λ = KQ/I ❛ á❧❣❡❜r❛ ❞❡ q✉✐✈❡r ❧✐♠✐t❛❞❛ ❞❡ (Q, I)✳ ❊♥tã♦
♦s Λ✲♠ó❞✉❧♦s ✐♥❥❡t✐✈♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s I(a) ❡stã♦ ❞❛❞❛s ♣❡❧❛s r❡♣r❡s❡♥t❛çõ❡s
(I(a)b, ϕβ)b∈Q0,ϕ∈Q1 ❞❡✜♥✐❞❛s ❝♦♠♦ s❡❣✉❡✿

• P❛r❛ ❝❛❞❛ a ∈ Q0✱ I(a)b é ♦ K✲❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❝✉❥❛ ❜❛s❡ é ♦ ❝♦♥❥✉♥t♦ ❞❡
t♦❞♦s ♦s ❝❛♠✐♥❤♦s ❞❡ b ♣❛r❛ a✱ ✐st♦ é✱ I(a)b = K {w + I | w : b→ a}✳

• P❛r❛ ❝❛❞❛ ❝❛♠✐♥❤♦ β : b → c✱ ❛ ❛♣❧✐❝❛çã♦ K✲❧✐♥❡❛r ϕβ : P (a)c → P (a)b
❡stá ❞❛❞❛ ♣❡❧❛ ♠✉❧t✐♣❧✐❝❛çã♦ à ❡sq✉❡r❞❛ ❞❡ β = β + I✳

❉✐③❡♠♦s q✉❡ I(a) é ♦ Λ✲♠ó❞✉❧♦ ✐♥❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦
✈ért✐❝❡ a✳ ❙❡❣✉❡ ❞❛ ❢♦r♠❛ ❡♠ q✉❡ ❡st❛♠♦s ❝♦♥str✉✐♥❞♦ ♦s ♠ó❞✉❧♦s ✐♥❥❡t✐✈♦s q✉❡
soc(S(a)) ∼= I(a)✱ ♣❛r❛ ❝❛❞❛ a ∈ Q0✳



❈❛♣ít✉❧♦ ✷

❋✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈

◆❡st❡ ❝❛♣ít✉❧♦ ✐♥tr♦❞✉③✐♠♦s ❛s ❢✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ ❞❡♥♦t❛❞❛s ♣♦r φ ❡ ψ✱
❛ss✐♠ ❝♦♠♦ ❛s ❞✐♠❡♥sõ❡s ❤♦♠♦❧ó❣✐❝❛s ❞❡✜♥✐❞❛s ♣♦r ❡❧❛s q✉❡ ❝❤❛♠❛r❡♠♦s φdim
❡ ψdim✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ Λ ❞❡♥♦t❛ ✉♠❛ K✲á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛
❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳ ◆♦s ❜❛s❡❛♠♦s ❡♠ ❬✶✶❪✱ ❬✶✷❪ ❡ ❬✶✹❪✳

✷✳✶ ❘❡s✉❧t❛❞♦s Pr❡❧✐♠✐♥❛r❡s

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛♠♦s ❞♦✐s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❞❡✜♥✐r ❛s ❢✉♥çõ❡s
❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ ❡ ❢❛♠✐❧✐❛r✐③❛r♠♦s ❝♦♠ ❛s ♥♦t❛çõ❡s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞❛s ❛♦ ❧♦♥❣♦
❞♦ tr❛❜❛❧❤♦✳

❖ s❡❣✉✐♥t❡ ❧❡♠❛ é ✉s❛❞♦ ♣♦r ■❣✉s❛ ❡ ❚♦❞♦r♦✈ ❡♠ ❬✶✷❪ ♣❛r❛ ❞❡✜♥✐r ❛ ❢✉♥çã♦ φ✳

▲❡♠❛ ✷✳✶✳ ✭▲❡♠❛ ❞❡ ❋✐tt✐♥❣✮ ❙❡❥❛♠ M ✉♠ ♠ó❞✉❧♦ s♦❜r❡ ✉♠❛ á❧❣❡❜r❛
◆♦❡t❤❡r✐❛♥❛ Λ✱ f : M −→ M ✉♠ ❡♥❞♦♠♦r✜s♠♦ ❞❡ ▼ ❡ X ✉♠ s✉❜♠ó❞✉❧♦ ❞❡
M ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦✳ ❊♥tã♦✿

a) ❊①✐st❡ ✉♠ ✐♥t❡✐r♦ ♥ t❛❧ q✉❡ fm(X) é ✐s♦♠♦r❢♦ ❛ fm+1(X)✱ ♣❛r❛ t♦❞♦ m ≥ n✳
❊ss❡ ♠❡♥♦r n ❞❡♥♦t❛✲s❡ ♣♦r ηf (X)✳

b) ❙❡ Y é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ X ❡♥tã♦ ηf (Y ) ≤ ηf (X)✳

c) ❙❡ Λ é ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❡ X =M ❡①✐st❡ ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❡♠ s♦♠❛
❞✐r❡t❛ X = Y⊕Z t❛❧ q✉❡ Z = ker(fm) ❡ Y = Im(fm) ♣❛r❛ t♦❞♦m ≥ ηf (X)✳

❉❡♠♦♥str❛çã♦✳ (a) ❙❡❥❛ f ∈ End(M)✳ ❈♦♥s✐❞❡r❡♠♦s ❛ r❡str✐çã♦ ❞❡ f s♦❜r❡ X

(∗) X
f
∣
∣
X // f(X)

f
∣
∣
f(X)// f2(X)

f
∣
∣
f2(X)// · · · // fm(X)

f
∣
∣
fm(X)// fm+1(X) // · · ·

❚❡♠♦s ❛ss✐♠ ❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ❞❡ s✉❜♠ó❞✉❧♦s ❞❡ X✿

(∗∗) ker(f
∣
∣
X
) ⊆ ker(f

∣
∣
f(X)

) ⊆ · · · ⊆ ker(f
∣
∣
fm(X)

) ⊆ ker(f
∣
∣
fm+1(X)

) ⊆ · · · ⊆ X.

✸✽
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❈♦♠♦ Λ é ✉♠❛ á❧❣❡❜r❛ ◆♦❡t❤❡r✐❛♥❛ ❡X é ❢✳❣✳✱ ❡♥tã♦X é ◆♦❡t❤❡r✐❛♥♦✳ ▲♦❣♦
❛ ❝❛❞❡✐❛ ❛s❝❡♥❞❡♥t❡ ❞❡ s✉❜♠ó❞✉❧♦s ❞❡ X✱ (∗∗)✱ ❡st❛❝✐♦♥❛✱ ✐st♦ é✱ ❡①✐st❡ ✉♠
♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ nf (X) t❛❧ q✉❡ ker(f

∣
∣
fm(X)

) = ker(f
∣
∣
fm+1(X)

) ♣❛r❛
t♦❞♦ m ≥ nf (X)✳ ❙❡❥❛ ηf = ηf (X) ♣r♦✈❡♠♦s ❛❣♦r❛ q✉❡✿

ker(f |fηf (X)) = kerf ∩ f ηf (X) = 0.

❙❡❥❛ x ∈ kerf ∩ f ηf (X)✳ ❊♥tã♦ f(x) = 0 ❡ x = f ηf (y)✱ ♣❛r❛ ❛❧❣✉♠ y ∈ X✳
❉❛í✱ 0 = f(x) = f(f ηf (y)) = f ηf+1(y)✱ ❧♦❣♦ y ∈ ker(f ηf+1|X) = ker(f ηf |X)✳
P♦rt❛♥t♦✱ f ηf (y) = 0 ✐♠♣❧✐❝❛♥❞♦ x = 0✳ ❊♥tã♦ ❛ ❛♣❧✐❝❛çã♦✿

f
∣
∣
f
ηf (X)

: f ηf (X) −→ f ηf+1(X),

é ✉♠ ✐s♦♠♦r✜s♠♦ ❡ ❛ss✐♠ fm(X) ∼= fm+1(X), ∀m ≥ ηf (X)✳

b) ❙❡❥❛♠ Y ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ X ❡ ηf (X) t❛❧ q✉❡ fm(X) ∼= fm+1(X) ♣❛r❛ t♦❞♦
m ≥ ηf (X)✳ ❊♥tã♦ fm(Y ) ∼= fm+1(Y ) ♣❛r❛ t♦❞♦ m ≥ ηf (X)✳ ❈♦♠♦

ηf (Y ) = min
{
m ∈ Z

+ | fm(Y ) ∼= fm+1(Y )
}
,

t❡♠♦s ηf (Y ) ≤ ηf (X)✳

c) ❙✉♣♦♥❤❛♠♦s q✉❡ Λ s❡❥❛ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛✳ ❊♥tã♦ X é ❆rt✐♥✐❛♥♦ ❡ ❞❛í
❡①✐st❡ n t❛❧ q✉❡ Im(fk) = Im(fk+1) ♣❛r❛ t♦❞♦ k ≥ n✳ ◆♦t❡ q✉❡ n ≤ ηf (X)✳
❚❡♠♦s t❛♠❜é♠ ker(fk) = ker(fk+1) ♣❛r❛ t♦❞♦ k ≥ nf ✳ ❱❡❥❛♠♦s q✉❡
ker(fm) ∩ Im(fm) = 0 ♣❛r❛ t♦❞♦ m ≥ nf ✳
❙❡❥❛ x ∈ ker(fm) ∩ Im(fm) ❝♦♠ m ≥ nf ❡♥tã♦ fm(x) = 0 ❡ m = fk(y)
♣❛r❛ ❛❧❣✉♠ y ∈ X✳ ❆ss✐♠✿

f 2m(y) = fm(fm(y)) = fm(x) = 0,

❞♦♥❞❡ y ∈ ker(f 2m) = ker(fm) ♦✉ s❡❥❛ x = fm(y) = 0✳

❇❛st❛ ♠♦str❛r ❡♥tã♦ q✉❡ t♦❞♦ ❡❧❡♠❡♥t♦ c ∈ X é ❞❛ ❢♦r♠❛ x + y ❝♦♠
x ∈ ker(fm) ❡ y ∈ Im(fm)✱ ❡ m ≥ nf ✳

❙❡❥❛ c ∈ X✳ ❊♥tã♦ fm(c) ∈ Im(fm) = Im(f 2m) ❧♦❣♦ fm(c) = f 2m(x) ♣❛r❛
❛❧❣✉♠ x ∈ X✳ ❆ss✐♠✿

fm(c− fm(x)) = fm(c)− f 2m(x) = 0,

♦ q✉❡ ✐♠♣❧✐❝❛ c − fm(x) ∈ ker(fm)✳ P♦rt❛♥t♦✱ M = ker(fm) ⊕ Im(fm)
♣❛r❛ t♦❞♦ m ≥ nf (X)✳

❚❡♦r❡♠❛ ✷✳✷✳ ❙❡❥❛♠ Λ ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐❞❡❛✐s ♣r✐♥❝✐♣❛✐s ❡ M ✉♠ Λ✲♠ó❞✉❧♦ ❧✐✈r❡
❞❡ ♣♦st♦ ✜♥✐t♦ r✳ ❊♥tã♦ t♦❞♦ s✉❜♠ó❞✉❧♦ ❞❡ M é ❧✐✈r❡ ❞❡ ♣♦st♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛
r✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Λ ✉♠ ❞♦♠í♥✐♦ ❞❡ ✐❞❡❛✐s ♣r✐♥❝✐♣❛✐s✱ ✐st♦ é✱ t♦❞♦ ✐❞❡❛❧ ❞❡ Λ
é ♣r✐♥❝✐♣❛❧✳ ❋❛r❡♠♦s ❛ ❞❡♠♦♥str❛çã♦ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ r✱ ♦✉ s❡❥❛✱ s❡ M é ✉♠
♠ó❞✉❧♦ ❧✐✈r❡ ❞❡ ♣♦st♦ r ❡♥tã♦ t♦❞♦ s✉❜♠ó❞✉❧♦ ❞❡ M é ❧✐✈r❡ ❡ t❡♠ ♣♦st♦ ♠❡♥♦r
♦✉ ✐❣✉❛❧ ❛ r✳



✷✳✷✳ ❋❯◆➬Õ❊❙ ❉❊ ■●❯❙❆✲❚❖❉❖❘❖❱ ✹✵

P❛r❛ r = 1 t❡♠♦s M ∼= Λ✳ ❙❡❥❛ N ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ M ✱ ❝♦♠♦ N é ✐❞❡❛❧
❡①✐st❡ a ∈ N t❛❧ q✉❡ N = aΛ✱ ❞♦♥❞❡ N = 0 ♦✉ N ∼= Λ✳

❙✉♣♦♥❤❛♠♦s ♦ r❡s✉❧t❛❞♦ ✈á❧✐❞♦ ♣❛r❛ t♦❞♦ ♠ó❞✉❧♦ M ❝♦♠ ♣♦st♦ k < r✳ ❙❡❥❛
M ✉♠ ♠ó❞✉❧♦ ❞❡ ♣♦st♦ r✳ ❊♥tã♦ ♣♦❞❡♠♦s ❞❡❝♦♠♣♦r M ❡♠ ✉♠❛ s♦♠❛ ❞✐r❡t❛
❝♦♠♦ s❡❣✉❡✿

M ∼= Mr−k ⊕Mk,

s❡♥❞♦ Mr−k = Λ⊕ Λ⊕ · · · ⊕ Λ
︸ ︷︷ ︸

(r−k)−vezes

❡ Mk = Λ⊕ Λ⊕ · · · ⊕ Λ
︸ ︷︷ ︸

k−vezes

✱ ❝♦♠ k > 0✳ ❙❡❥❛ N ✉♠

s✉❜♠ó❞✉❧♦ ❞❡ M ✱ ♦❜t❡♠♦s ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ❧✐♥❤❛s ❡①❛t❛s✿

0 //Mk
� � //M π //Mr−k // 0

0 // ker(π) //

OO

N
π //

?�

OO

π(N)
?�

OO

// 0.

◆♦t❡ q✉❡ ker(π) = N ∩ Mk ❡ π(N) sã♦ s✉❜♠ó❞✉❧♦s ❞❡ Mk ❡ Mr−k✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆♣❧✐❝❛♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦ s♦❜r❡ Mk ❡ Mr−k✱ s❡❣✉❡ q✉❡
N ∩Mk ❡ π(N) sã♦ s✉❜♠ó❞✉❧♦s ❧✐✈r❡s ❞❡ ♣♦st♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ q✉❡ k ❡ r − k✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❈♦♠♦ π(N) é ❧✐✈r❡✱ ❡❧❡ é ♣r♦❥❡t✐✈♦ ❧♦❣♦ ❛ s❡q✉ê♥❝✐❛ ✐♥❢❡r✐♦r ❞♦
❞✐❛❣r❛♠❛ ❝✐♥❞❡✱ ♦✉ s❡❥❛✱

N ∼= (N ∩Mk)⊕ π(N).

P♦rt❛♥t♦✱ N é s✉❜♠ó❞✉❧♦ ❧✐✈r❡ ❡ ❞❡ ♣♦st♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ q✉❡ (r−k)+k = r✳

❖ s❡❣✉✐♥t❡ ❝♦r♦❧ár✐♦ ❡♥❝♦♥tr❛✲s❡ ❝♦♠✉♠❡♥t❡ ♥❛ ❧✐t❡r❛t✉r❛ ❝♦♠♦ ❚❡♦r❡♠❛ ❞❡
◆✐❡❧s❡♥✲❙❝❤r❡✐❡r✳ ❙✉❛ ❞❡♠♦♥str❛çã♦ é ✉♠❛ ❛♣❧✐❝❛çã♦ ✐♠❡❞✐❛t❛ ❞♦ ❚❡♦r❡♠❛ ✷✳✷✱
♣♦✐s t♦❞♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ é ✉♠ Z✲♠ó❞✉❧♦✳

❈♦r♦❧ár✐♦ ✷✳✸✳ ❚♦❞♦ s✉❜❣r✉♣♦ ❞❡ ✉♠ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❞❡ ♣♦st♦ ✜♥✐t♦ t❛♠❜é♠
é ❧✐✈r❡ ❞❡ ♣♦st♦ ✜♥✐t♦✳

❱❡r❡♠♦s q✉❡ ❡ss❡ r❡s✉❧t❛❞♦ ✭❚❡♦r❡♠❛ ❞❡ ◆✐❡❧s❡♥✲❙❝❤r❡✐❡r✮ ♥♦s ♣♦ss✐❜✐❧✐t❛
❞❡✜♥✐r ❛ ❢✉♥çã♦ φ s❡♠ ✉t❧✐③❛r ♦ ▲❡♠❛ ❞❡ ❋✐tt✐♥❣ ❝♦♠♦ ❢❡✐t♦ ❡♠ ❬✶✷❪✳

✷✳✷ ❋✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈

❆♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐r✱ ❞✉❛s ❢♦r♠❛s ❞❡ ❞❡✜♥✐r ❛s ❢✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈✳
❆❧❣✉♠❛s ❞❛s s✉❛s ♣r♦♣r✐❡❞❛❞❡s sã♦ ❡st✉❞❛❞❛s ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❞❡♠♦♥str❛r ❝♦♠
❞❡t❛❧❤❡ ♦ t❡♦r❡♠❛ q✉❡ r❡❧❛❝✐♦♥❛ ❛ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ❝♦♠ ❛ ψ✲❞✐♠❡♥sã♦ ❞❡ ✉♠
♠ó❞✉❧♦✳

❙❡❥❛ K0 ♦ ❣r✉♣♦ ❛❜❡❧✐❛♥♦ ❧✐✈r❡ ❣❡r❛❞♦ ♣❡❧♦s sí♠❜♦❧♦s [M ]✱ ❝♦♠ M ∈ mod(Λ)✱
♠ó❞✉❧♦ ❛s r❡❧❛çõ❡s✿

❛✮ [M ] = [N ] + [L] s❡ M ∼= N ⊕ L✱

❜✮ [P ] = 0 s❡ P é ♣r♦❥❡t✐✈♦✳
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❆ss✐♠✱ ✉♠ ❡❧❡♠❡♥t♦ ❞❡ K0 é ❞❛ ❢♦r♠❛ λ1[M1] + λ2[M2] + · · · + λt[Mt]✱ s❡♥❞♦
λi ∈ Z ❡ Mi ♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ♥ã♦ ♣r♦❥❡t✐✈♦ ❡ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ t❛❧ q✉❡
Mi 6∼= Mj ❝♦♠ i, j ∈ {1, . . . , n} ❡ i 6= j✳

❈♦♥s✐❞❡r❛♠♦s ❛ ❛♣❧✐❝❛çã♦ L : K0 −→ K0 t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ [M ] ∈ K0✱
L([M ]) = [Ω(M)]✱ ♦♥❞❡ Ω(M) é ❛ ♣r✐♠❡✐r❛ s✐③✐❣✐❛ ❞❡ M ✳ ❈♦♠♦ Ω ❝♦♠✉t❛ ❝♦♠
s♦♠❛s ❞✐r❡t❛s ❡ ❧❡✈❛ ♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ♥♦ ③❡r♦✱ t❡♠♦s q✉❡ L é ✉♠ ❤♦♠♦♠♦r✜s♠♦
❞❡ ❣r✉♣♦s✳

P❛r❛ t♦❞♦ M ❡♠ mod(Λ)✱ ❞❡♥♦t❛♠♦s ♣♦r 〈add(M)〉 ♦ s✉❜❣r✉♣♦ ❞❡ K0 ❣❡r❛❞♦
♣♦r t♦❞♦s ♦s s♦♠❛♥❞♦s ❞✐r❡t♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ❞❡ M ✳

❉❡✜♥✐♠♦s ❛ ♣r✐♠❡✐r❛ ❋✉♥çã♦ ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ φ : mod(Λ) −→ N ∪ {0}
✉t✐❧✐③❛♥❞♦ ❛s ♥♦t❛çõ❡s ❞♦ ▲❡♠❛ ❞❡ ❋✐tt✐♥❣ ✷✳✶✳ ❙❡❥❛ M ❡♠ mod(Λ)✱ ❡♥tã♦
φ(M) = ηL(〈add(M)〉)✱ ♦♥❞❡ Ωn(〈addM〉) ∼= Ωn+1(〈addM〉) ♣❛r❛ t♦❞♦ n ≥ ηL
✭✈❡r ❬✶✷❪✮✳

❆ s❡❣✉✐r✱ ❞❛r❡♠♦s ✉♠❛ ❞❡✜♥✐çã♦ ❞❛ ❢✉♥çã♦ φ ✉t✐❧✐③❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ◆✐❡❧s❡♥✲
❙❝❤r❡✐❡r ❡ ♦ ♣r✐♥❝í♣✐♦ ❞❡ ❜♦❛ ♦r❞❡♥❛çã♦✳ ➱ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ♥❛ ❞❡♠♦♥str❛çã♦ ❞♦
▲❡♠❛ ❞❡ ❋✐tt✐♥❣ q✉❡ ❡ss❛ ❞❡✜♥✐çã♦ q✉❡ ✈❡r❡♠♦s ❛ s❡❣✉✐r é ❡q✉✐✈❛❧❡♥t❡ à ❞❡✜♥✐çã♦
❛♥t❡r✐♦r✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❤♦♠♦♠♦r✜s♠♦ L r❡str✐♥❣✐❞♦ ❛♦ s✉❜❣r✉♣♦ 〈add(M)〉
❡ ♣❛r❛ ❝❛❞❛ i ≥ 1✱ s❡❥❛ Li ♦ ❤♦♠♦♠♦r✜s♠♦ q✉❡ ❧❡✈❛ ♦ s✉❜❣r✉♣♦ 〈add(M)〉 ♥♦
s✉❜❣r✉♣♦ Li(〈add(M)〉) q✉❡ r❡s✉❧t❛ ❞❡ ❛♣❧✐❝❛r i✲✈❡③❡s ♦ ❤♦♠♦♠♦r✜s♠♦ L✱ ✐st♦ é

〈add(M)〉 L // L(〈add(M)〉) L // · · · L // Li(〈add(M)〉) // · · · .

❈♦♠♦ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ Λ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✱ ♦
❚❡♦r❡♠❛ ❞❡ ❑r✉❧❧✲❙❝❤♠✐❞t ✶✳✷✹ ❣❛r❛♥t❡ q✉❡ ♦ Λ✲♠ó❞✉❧♦ M s❡ ❡s❝r❡✈❡ ❞❡ ❢♦r♠❛
ú♥✐❝❛ ✭❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✮ ❝♦♠♦ ✉♠❛ s♦♠❛ ❞✐r❡t❛ ❞❡ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡
♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✱ ❧♦❣♦ 〈add(M)〉 é ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦ ❡ ♣♦rt❛♥t♦ t❡♠
♣♦st♦ ✜♥✐t♦✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ◆✐❡❧s❡♥✲❙❝❤❡r❡✐❡r ✷✳✸ t❡♠♦s✿

rk(〈add(M)〉) ≥ rk(L〈add(M)〉) ≥ rk(L2〈add(M)〉) ≥ · · · ,

♣♦✐s L(〈add(M)〉) é s✉❜❣r✉♣♦ ❞❡ 〈add(M)〉 ❡ Li+1〈add(M)〉 é s✉❜❣r✉♣♦ ❞❡
Li(〈add(M)〉) ♣❛r❛ t♦❞♦ i ≥ 1✳ ❙❡❣✉❡ ❞♦ ♣r✐♥❝í♣✐♦ ❞❡ ❜♦❛ ♦r❞❡♥❛çã♦ q✉❡ ❡①✐st❡
✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦ n t❛❧ q✉❡✿

rk(Ln〈add(M)〉) = rk(Li〈add(M)〉) ∀i ≥ n.

❆ss✐♠✱ ♦ ♠❡♥♦r n ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❢✉♥çã♦ φ✳ ❖✉ s❡❥❛✱ ❛ ♣r✐♠❡✐r❛ ❋✉♥çã♦ ❞❡ ■❣✉s❛✲
❚♦❞♦r♦✈✱ φ : mod(Λ) −→ N∪ {0}✱ ❛ss♦❝✐❛ ❛ ❝❛❞❛ ♠ó❞✉❧♦ M ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♥ã♦
♥❡❣❛t✐✈♦ φ(M)✱ ❛ ♣❛rt✐r ❞♦ q✉❛❧ ♦ ♣♦st♦ ❞❡ Li〈add(M)〉 ❡st❛❜✐❧✐③❛✱ ✐st♦ é✿

rk(Lφ(M)〈add(M)〉) = rk(Li〈add(M)〉) ∀i ≥ φ(M).

❉❡✜♥✐çã♦ ✷✳✹✳ ❉❡✜♥✐♠♦s ♦ ♣♦st♦ ❞♦ ♠ó❞✉❧♦ M ✱ rk(M)✱ ❝♦♠♦ ♦ ♣♦st♦ ❞♦
s✉❜❣r✉♣♦ ❞❡ K0✱ ❣❡r❛❞♦ ♣♦r 〈add(M)〉✳

❖ s❡❣✉✐♥t❡ ▲❡♠❛ ♠♦str❛ q✉❡ ❞❡ ❝❡rt❛ ❢♦r♠❛✱ φ(M) é ✉♠❛ ✏♠❡❞✐❞❛ ♠❛✐s ✜♥❛✑
q✉❡ ❛ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛✳
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▲❡♠❛ ✷✳✺✳ ❛✮ ❙❡ M t❡♠ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ✜♥✐t❛✱ ❡♥tã♦ φ(M) = dp(M)❀

❜✮ ❙❡ M é ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❡ dp(M) = ∞ ❡♥tã♦ φ(M) = 0❀

❝✮ φ(M) ≤ φ(M ⊕N)❀

❞✮ φ(kM) = φ(M)✱ ♣❛r❛ t♦❞♦ k ∈ Z
+✳

❉❡♠♦♥str❛çã♦✳ ❛✮ ❙✉♣♦♥❤❛ M ∈ mod(Λ) t❛❧ q✉❡ dp(M) = m > 0✳ ❊♥tã♦
❡①✐st❡ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ♠✐♥✐♠❛❧ ❞❛ ❢♦r♠❛

0 // Pm
dm // Pm−1

dm−1 // · · · // P1
d1 // P0

d0 //M // 0.

❈♦♠♦ Pm ∼= Ωm(M)✱ t❡♠♦s [Ωi(M)] = 0 ♣❛r❛ t♦❞♦ i ≥ m✱ ❧♦❣♦ φ(M) ≤ m✳

❙❡ φ(M) = t < m t❡rí❛♠♦s [Ωt(M)] = 0✱ ♦✉ s❡❥❛✱ Ωt(M) s❡r✐❛ ✉♠
♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ♦ q✉❛❧ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s dp(M) = m✳ P♦rt❛♥t♦✱
φ(M) = dp(M) = m✳

❜✮ ❙❡ M é ✉♠ Λ✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❝♦♠ dp(M) = ∞ t❡♠♦s rk(M) = 1✳
▲♦❣♦✱ ♣❛r❛ ❝❛❞❛ i ∈ N✱ rk(Ωi(M)) ≤ 1✳ ❙❡ ❡①✐st✐r ❛❧❣✉♠ k ∈ N t❛❧ q✉❡
rk(Ωk(M)) = 0 ❡♥tã♦ dp(M) < ∞ ❡ ❛ss✐♠ rk(Ωk(M)) = 1 ♣❛r❛ t♦❞♦ k✳
P♦rt❛♥t♦✱ φ(M) = 0✳

❝✮ ❙❡❣✉❡ ❞♦ ✐t❡♠ (b) ♥♦ ▲❡♠❛ ❞❡ ❋✐tt✐♥❣ ✷✳✶✱ ♣♦✐s 〈add(M)〉 é s✉❜❣r✉♣♦ ❞❡
〈add(M ⊕N)〉✳

❞✮ ❖❜s❡r✈❡ q✉❡ 〈add(M)〉 = 〈add(kM)〉 ❡♥tã♦ φ(kM) = φ(M)✱ s❡ k ≥ 1✳

▲❡♠❛ ✷✳✻✳ P❛r❛ t♦❞♦ Λ✲♠ó❞✉❧♦ M t❡♠✲s❡ φ(M) ≤ φ(Ω(M)) + 1✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ M ∈ mod(Λ)✳ ❙❡ φ(M) = 0 ❡♥tã♦ φ(Ω(M)) = 0✱ ❧♦❣♦
φ(M) < φ(Ω(M)) + 1✳ ❙❡ φ(M) = r > 0 t❡♠♦s [Ωr(M)] = [Ωi(M)] ♣❛r❛ t♦❞♦
i ≥ r✳ ▲♦❣♦✱ [Ωr−1(Ω(M))] = [Ωi−1(Ω(M))] ♣❛r❛ t♦❞♦ i − 1 ≥ r − 1✳ P♦rt❛♥t♦✱
φ(Ω(M)) = r − 1✱ ♦✉ s❡❥❛✱ φ(M) = φ(Ω(M)) + 1✳

❊①❡♠♣❧♦ ✷✳✼✳ ❙❡❥❛ Λ ❛ á❧❣❡❜r❛ ❞❛❞❛ ♣♦r ✉♠ ✈ért✐❝❡ ❝♦♠ ✉♠ ❧♦♦♣ t❛❧ q✉❡
rad2(Λ) = 0✳ ■st♦ é✱ Λ é ✐s♦♠♦r❢❛ ❛ KQ/〈α2〉✱ ❝♦♠

Q : ·
1

α
zz

❡ ❛ r❡♣r❡s❡♥t❛çã♦ ❞♦ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ P1 = 1
1 ✳ ❚❡♠♦s✿

· · · // P1

  

// P1

  

// P1
// S1

// 0,

S1

>>

S1

>>

dp(S1) = ∞ ❡ S1 é ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳ ❚❡♠♦s ❡♥tã♦✿

L : K0 −→ K0

[S1] 7−→ [S1]
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❡ ❛ss✐♠
φ(S1) = ηL(〈add(S1)〉) = ηL(〈S1〉) = 0.

❊①❡♠♣❧♦ ✷✳✽✳ ❙❡❥❛ Λ = KQ/I ❛ á❧❣❡❜r❛ ❞❡✜♥✐❞❛ ♣❡❧♦ q✉✐✈❡r✿

Q : ◦
4

◦
3

ǫoo ◦
1

δoo

β

�� γ // ◦
2

α

��

❡ ❛s r❡❧❛çõ❡s α2 = β2 = δβ = γβ = ǫδ = 0✳ ❆s r❡♣r❡s❡♥t❛çõ❡s ❞♦s ♠ó❞✉❧♦s
♣r♦❥❡t✐✈♦s ❡stã♦ ❞❛❞❛s ♣♦r✿

P1 =
1

1 2 3
2

; P2 = 2
2 ; P3 = 3

4 ; P4 = S4 = 4 .

❙❡❥❛ M = ( 1
1 2 ⊕ 2 )✳ ❈❛❧❝✉❧❛♥❞♦ ❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞♦ ♠ó❞✉❧♦ M

♦❜t❡♠♦s✿

· · · // P2 ⊕ P2
//

��

P2 ⊕ P2
//

!!

(P2 ⊕ P3)⊕ P2
//

%%

P1 ⊕ P2
// M // 0.

S2⊕S2

>>

(S4⊕S2)⊕S2

99

(S2⊕S3)⊕S2

;;

❖❜s❡r✈❡ q✉❡ rk(M) = 2✱ rk(Ω(M)) = 2 ♣♦ré♠ rk(Ω2(M)) = 1 ♣♦✐s S4 é ✉♠
♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦✳ ❈♦♠♦ dp(S2) é ✐♥✜♥✐t❛ t❡♠♦s rk(Ωi(M)) = 1 ∀i ≥ 2✳ P♦rt❛♥t♦
φ(M) = φ( 1

1 2 ⊕ 2 ) = 2✳

❆❣♦r❛ ✈❛♠♦s ❞❡✜♥✐r ❛ s❡❣✉♥❞❛ ❢✉♥çã♦ ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ ψ : mod(Λ) → N∪{0}
❝♦♠♦ s❡❣✉❡✳

❉❡✜♥✐çã♦ ✷✳✾✳ ❙❡❥❛ M ∈ mod(Λ)✳ ❉❡✜♥✐♠♦s✿

ψ(M) := φ(M) + sup
{
dp(X) | dp(X) <∞, X |Ωφ(M)(M)

}
.

X |Ωφ(M)(M) s✐❣♥✐✜❝❛ q✉❡ X é s♦♠❛♥❞♦ ❞✐r❡t♦ ❞❡ Ωφ(M)(M)✳

▲❡♠❛ ✷✳✶✵✳ ❛✮ ❙❡ M t❡♠ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ✜♥✐t❛ ❡♥tã♦ ψ(M) = dp(M)✱

❜✮ ψ(kM) = ψ(M) ♣❛r❛ t♦❞♦ k ∈ Z
+✱

❝✮ ❙❡ Z é s♦♠❛♥❞♦ ❞❡ Ωn(M)✱ ❝♦♠ n ≤ φ(M)✱ ❡ dp(Z) < ∞✱ ❡♥tã♦
dp(Z) + n ≤ ψ(M)✱

❞✮ ψ(M) ≤ ψ(M ⊕N)✳

❉❡♠♦♥str❛çã♦✳ ❛✮ ❙❡ dp(M) < ∞✱ Ωφ(M)(M) é ✉♠ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ❡ ❛ss✐♠
sup

{
dp(X) | dp(X) <∞ ❡ X |Ωφ(M)(M)

}
= 0✱ ❧♦❣♦ ψ(M) = dp(M)✳

❜✮ P❡❧♦ ✐t❡♠ d) ❞♦ ▲❡♠❛ ✷✳✺ t❡♠♦s φ(kM) = φ(M) ♣❛r❛ k ∈ Z
+✳ ▲♦❣♦✱

ψ(kM) = φ(kM) + sup
{
dp(X) | dp(X) <∞ ❡ X |Ωφ(kM)(kM)

}

= φ(M) + sup
{
dp(X) | dp(X) <∞ ❡ X |Ωφ(M)(M)

}

= ψ(M).
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❝✮ ❙❡❥❛♠ Z ∈ mod(Λ) ✉♠ s♦♠❛♥❞♦ ❞✐r❡t♦ ❞❡ Ωn(M) ❝♦♠ n ≤ φ(M) ❡
k = φ(M)−n ≥ 0✳ P♦r ❤✐♣ót❡s❡ ❡①✐st❡ Y ∈ mod(Λ) t❛❧ q✉❡ Ωn(M) = Z⊕Y ✳
▲♦❣♦✱

Ωk(Ωn(M)) = Ωk(Z ⊕ Y )

Ωk+n(M) = Ωk(Z)⊕ Ωk(Y )

Ωφ(M)(M) = Ωk(Z)⊕ Ωk(Y ).

❈♦♠♦ Ωk(Z) é s♦♠❛♥❞♦ ❞❡ Ωφ(M)(M) s❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❛ ψ q✉❡✿

ψ(M) ≥ φ(M) + dp(Ωk(Z)). (∗)

❊ ❞❡ dp(Z)− k = dp(Ωk(Z)) ❞❡❝♦rr❡✿

dp(Z) + n = dp(Z) + φ(M)− k

= (dp(Z)− k) + φ(M)

= dp(Ωk(Z)) + φ(M)

≤ ψ(M) ♣♦r (∗)

❞✮ P❡❧♦ ✐t❡♠ c) ❞♦ ▲❡♠❛ ✷✳✺ t❡♠♦s φ(M) ≤ φ(M ⊕ N)✳ ❙❡ Z é s♦♠❛♥❞♦ ❞❡
Ωφ(M)(M ⊕N) ❡ dp(Z) <∞ s❡❣✉❡ ❞♦ ✐t❡♠ c) ▲❡♠❛ ✷✳✶✵

dp(Z) + φ(M) ≤ ψ(M ⊕N).

P♦rt❛♥t♦✱ ψ(M) ≤ ψ(M ⊕ N)✱ ♣♦✐s
{
dp(Z) | dp(Z) <∞ ❡ Z |Ωφ(M)(M)

}

é ❧✐♠✐t❛❞♦ ♣♦r ψ(M ⊕N)− φ(M)✳

❊①❡♠♣❧♦ ✷✳✶✶✳ ❈♦♥s✐❞❡r❡ ❛ á❧❣❡❜r❛ Λ = KQ/I ❞❡✜♥✐❞❛ ♣❡❧♦ q✉✐✈❡r✿ Q

2
·

β

��
·
1

γ //

α

CC

·
3δ

oo

❡ ❛s r❡❧❛çõ❡s γδβ = δγ = αδ = δβα = 0✳ ❙❡❥❛ M = ( 3
1 ⊕ 1

3 ⊕ 1 ).

❆s r❡♣r❡s❡♥t❛çõ❡s ❞♦s s❡✉s Λ✲♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s✱ ❡stã♦ ❞❛❞❛s ♣♦r✿

P1 =
1

2 3
3

; P2 =
2
3
1
; P3 =

3
1
3
.

❆s r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❞❡ S1✱ S3✱ X1 = 1
3 ✱ X2 = 2

3 ✱ X3 = 3
1 sã♦

r❡s♣❡❝t✐✈❛♠❡♥t❡✿

· · · // (P2 ⊕ P3)⊕ P2
//

%%

P 2
1

//

""

P2 ⊕ P3
//

##

P1
// S1

// 0

(X2 ⊕ S3)⊕X2

>>

S1 ⊕X1 = Ω2(S1)

::

X2 ⊕ S3 = Ω(S1)

==
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· · · // P1
//

!!

P2
//

!!

P1
//

  

P3
// S3

// 0

S1 = Ω3(S3)

==

X2 = Ω2(S3)

==

X1 = Ω(S3)

>>

· · · // P2 ⊕ P3
//

%%

P1
//

  

P2
//

  

P1
// X1

// 0

X2 ⊕ S3 = Ω3(X1)

;;

S1 = Ω2(X1)

>>

X2 = Ω(X1)

>>

· · · // P 2
1

//

##

P2 ⊕ P3
//

%%

P1
//

��

P2
// X2

// 0

S1 ⊕X1 = Ω3(X2)

99

X2 ⊕ S3 = Ω2(X2)

;;

S1 = Ω(X2)

??

· · · // P2
//

!!

P1
//

""

P3
//

!!

P3
// X3

// 0.

X2 = Ω(X3)

==

X1 = Ω2(X3)

<<

S3 = Ω(X3)

==

❉♦♥❞❡ [Ω(M)] = [X2 ⊕ S3]✱ ♣♦✐s

Ω(M) = Ω(X3)⊕ Ω(X1)⊕ Ω(S1)

= S3 ⊕X2 ⊕ (X2 ⊕ S3).

❱❛♠♦s ♠♦str❛r q✉❡ φ(M) = 1✱ ♦✉ s❡❥❛✱ ♣❛r❛ t♦❞♦ n✱ Ωn(M) t❡♠ s❡♠♣r❡ ♣♦st♦ ✷✱
♥♦t❡♠♦s q✉❡✿

Ω3(M) = Ω2(X2 ⊕ S3)

= X2 ⊕ (X2 ⊕ S3)

Ω5(M) = Ω2(X2 ⊕ (X2 ⊕ S3))

= X2 ⊕ S3 ⊕ (2X2 ⊕ S3)

Ω7(M) = Ω2(X2 ⊕ S3 ⊕ (2X2 ⊕ S3))

= (2X2 ⊕ S3)⊕ (3X2 ⊕ 2S3)

✳✳✳

s❡ ❝♦♥t✐♥✉❛r♠♦s ♦ ♣r♦❝❡ss♦✱ t❡♠♦s✿

Ω2n+1(M) = (λnX2 ⊕ λn−1S3)⊕ (λn+1X2 ⊕ λnS3),

s❡♥❞♦ λn ♦ n✲és✐♠♦ ♥ú♠❡r♦ ❞❡ ❋✐❜♦♥❛❝❝✐✱ ✐st♦ é✱ ♦ n✲és✐♠♦ ♥ú♠❡r♦ ❞❛ s❡q✉ê♥❝✐❛
{1, 1, 2, 3, 5, 8, . . . }✳

❙✉♣♦♥❤❛♠♦s q✉❡ {(λnX2 ⊕ λn−1S3), (λn+1X2 ⊕ λnS3)} s❡❥❛ ✉♠ ❝♦♥❥✉♥t♦
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❧✐♥❡❛r♠❡♥t❡ ❞❡♣❡♥❞❡♥t❡✱ ♦✉ s❡❥❛✱

λnX2 ⊕ λn−1S3 = µ(λn+1X2 ⊕ λnS3) ♣❛r❛ ❛❧❣✉♠ µ ∈ Z

✐st♦ ✐♠♣❧✐❝❛ q✉❡✿ {
µλn = λn−1

µλn+1 = λn,

♦✉ s❡❥❛✱ {
µλn = λn−1

µ(λn + λn−1) = λn,

s❡❣✉❡ q✉❡ λn(µ2 + µ− 1) = 0✳

❈♦♠♦ λn 6= 0✱ t❡♠♦s µ = −1+
√
5

2
♦ q✉❡ é ❛❜s✉r❞♦✱ ♣♦✐s µ = λn−1

λn
♣❛r❛ t♦❞♦

n ≥ 2 ❝♦♠ λi ∈ Z✱ ❧♦❣♦ {(λnX2 ⊕ λn−1S3), (λn+1X2 ⊕ λnS3)} é ❧✐♥❡❛r♠❡♥t❡
✐♥❞❡♣❡♥❞❡♥t❡✳ ❆ss✐♠✱ ♦ ♣♦st♦ ❞❡ Ω2n+1(M) é 2 ♣❛r❛ t♦❞♦ n ≥ 0✳ P♦rt❛♥t♦✱
φ(M) = 1✳

P❛r❛ ❝❛❧❝✉❧❛r ψ(M)✱ ♥♦t❡ q✉❡ s❡ Z ∈ mod(Λ) é s♦♠❛♥❞♦ ❞✐r❡t♦ ❞❡
Ωφ(M)(M) = Ω(M) = 2X2 ⊕ 2S3✱ ❡♥tã♦ Z é X2 ♦✉ S3✱ ♦s q✉❛✐s t❡♠ ❞✐♠❡♥sã♦
♣r♦❥❡t✐✈❛ ✐♥✜♥✐t❛✳ ❙❡❣✉❡ ❞❛ ❞❡✜♥✐çã♦ ❞❛ ψ q✉❡ ψ(M) = φ(M) = 1✳

▲❡♠❛ ✷✳✶✷✳ ❙❡❥❛

0 // A⊕ B

(

f δ
σ γ

)

// A⊕ C
(h1 h2) // D // 0

✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❡♠ mod(Λ) ❡ f ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ A✳ ❊♥tã♦

0 // B
−σf−1δ+γ // C

h2 // D // 0

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛✳

❉❡♠♦♥str❛çã♦✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ❧✐♥❤❛s ❡①❛t❛s✿

0 // A⊕ B

(

f δ
σ γ

)

// A⊕ C
(h1 h2) // D // 0

0 // A⊕ B

(

f−1 0
0 1

)

OO

(

1 δ
σf−1 γ

)

// A⊕ C
(h1 h2)

// D // 0

❞♦♥❞❡ ♦❜t❡♠♦s ✉♠ ♦✉tr♦ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦ ❝♦♠ ❧✐♥❤❛s ❡①❛t❛s✿

0 // A⊕ B

(

f δ
σ γ

)

// A⊕ C
(h1 h2) // D // 0

0 // A⊕ B

(

f−1 −f−1δ
0 1

)

OO

(

1 δ
σf−1 −σf−1δ+γ

)

// A⊕ C
(h1 h2)

// D // 0
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❱❛♠♦s ♠♦str❛r q✉❡ ❛ s❡q✉ê♥❝✐❛

(∗) 0 // B
−σf−1δ+γ // C

h2 // D // 0

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛✳
➱ ❝❧❛r♦ q✉❡ h2

(
(−σf−1δ + γ)(b)

)
= 0 ♣❛r❛ t♦❞♦ b ∈ B✳ ❙❡❥❛ x ∈ C t❛❧ q✉❡

h2(x) = 0 ❡♥tã♦ ( 0
x ) =

(
1 δ

σf−1 γ

)
( ab ) ♣❛r❛ ❛❧❣✉♠ ( ab ) ❡♠ A⊕ B✳ ▲♦❣♦✱

{
a+ δ(b) = 0

σf−1(a) + γ(b) = x

❡ ❞❡ a = −δ(b) ♦❜t❡♠♦s (−σf−1δ + γ)(b) = x. P♦rt❛♥t♦ (∗) é ✉♠❛ s❡q✉ê♥❝✐❛
❡①❛t❛ ❝✉rt❛✱ ❝♦♠♦ q✉❡rí❛♠♦s ♠♦str❛r✳

❊♠❜♦r❛ ❛ ❝♦♥❥❡❝t✉r❛ ✜♥✐t✐st❛ ❡st❡❥❛ ❡♠ ❛❜❡rt♦✱ s❛❜❡♠♦s q✉❡ ❡❧❛ é ✈❡r❞❛❞❡✐r❛
♣❛r❛ ❝❡rt❛s á❧❣❡❜r❛s✳ ❖ s❡❣✉✐♥t❡ t❡♦r❡♠❛✱ ♣r♦✈❛❞♦ ♣♦r ■❣✉s❛ ❡ ❚♦❞♦r♦✈ ❡♠ ❬✶✷❪✱
é ♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ ❝❛♣ít✉❧♦ ❡ ♣❡r♠✐t❡ ♣r♦✈❛r ❛ ❝♦♥❥❡❝t✉r❛ ✜♥✐t✐st❛ ♣❛r❛
❛❧❣✉♠❛s ❝❧❛ss❡s ❞❡ á❧❣❡❜r❛s✳ ❊ss❡ t❡♦r❡♠❛ é ✉♠ ❞♦s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❡♠ [✶✷]✳

❚❡♦r❡♠❛ ✷✳✶✸✳ ❙✉♣♦♥❤❛ q✉❡ 0 // A // B // C // 0 é ✉♠❛ s❡q✉ê♥❝✐❛
❡①❛t❛ ❝✉rt❛ ❞❡ Λ✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s t❛❧ q✉❡ C t❡♠ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛
✜♥✐t❛✳ ❊♥tã♦ dp(C) ≤ ψ(A⊕ B) + 1.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ 0 // A // B // C // 0 ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛
❡ dp(C) = r✳ ❚♦♠❛♥❞♦ ❝❛❞❛ ✉♠❛ ❞❛s r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ♠✐♥✐♠❛✐s ♦❜t❡♠♦s ❛s
s❡q✉ê♥❝✐❛s ❡①❛t❛s ❝✉rt❛s

Ω : 0 // Ω(A) // Ω(B) // Ω(C) // 0

Ω2 : 0 // Ω2(A) // Ω2(B) // Ω2(C) // 0

Ωk : 0 // Ωk(A) // Ωk(B) // Ωk(C) // 0.

❈♦♠♦ dp(C) = r✱ t❡♠♦s ♥♦ ♥í✈❡❧ r ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛

Ωr : 0 // Ωr(A) // Ωr(B) // Ωr(C) // 0

❝♦♠ Ωr(C) ♣r♦❥❡t✐✈♦✱ ❧♦❣♦ Ωr(C) ⊕ Ωr(A) ∼= Ωr(B) ❡ ❛ss✐♠ [Ωr(A)] = [Ωr(B)]✳
❚❡♠♦s ❡♥tã♦ [Ωm(A)] = [Ωm(B)] ♣❛r❛ t♦❞♦ m ≥ r✳

❈♦♥s✐❞❡r❡ n ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♣♦s✐t✐✈♦ t❛❧ q✉❡ [Ωn(A)] = [Ωn(B)]✱ ✐st♦ é✱

n = min
{
j ∈ N :

[
Ωj(A)

]
=

[
Ωj(B)

]}

❡♥tã♦ n ≤ dp(C)✳

❙❡ φ(A⊕B) < n ❡♥tã♦ φ(A)✱ φ(B) < n✱ ❧♦❣♦ t❡rí❛♠♦s [Ωn−1(A)] = [Ωn−1(B)]
♦ q✉❡ ❝♦♥tr❛❞✐③ ❛ ❡s❝♦❧❤❛ ❞❡ n s❡r ♦ ♠í♥✐♠♦✳ P♦rt❛♥t♦ n ≤ φ(A⊕ B)✳
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❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛✿

0 // Ωn(A) // Ωn(B) // Ωn(C) // 0 ,

❝♦♠♦ [Ωn(A)] = [Ωn(B)] ♦❝♦rr❡ [Ωn(A)] − [Ωn(B)] = 0✱ ♦✉ s❡❥❛✱ ❛ ❞✐❢❡r❡♥ç❛ é
s♦♠❛ ❞❡ ♣r♦❥❡t✐✈♦s✳ ❆♣❧✐❝❛♥❞♦ ♦ ❚❡♦r❡♠❛ ❞❡ ❑r✉❧❧✲❙❝❤♠✐❞t✱ ✈❡r ❚❡♦r❡♠❛ ✶✳✷✹✱
t❡♠♦s Ωn(A) ∼= X ⊕ P ❡ Ωn(B) ∼= X ⊕Q✱ ❝♦♠ P ❡ Q ♣r♦❥❡t✐✈♦s✱ ❞♦♥❞❡ ♦❜t❡♠♦s
❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛

0 // X ⊕ P

(

f g
h δ

)

// X ⊕Q // Ωn(C) // 0 ,

❝♦♠ f : X −→ X ♦ ❡♥❞♦♠♦r✜s♠♦ ❞❡ X✳ P❡❧♦ ▲❡♠❛ ❞❡ ❋✐tt✐♥❣✱ ✈❡r ▲❡♠❛
✷✳✶✱ t❡♠♦s X = Y ⊕ Z ❝♦♠ f |Y = α : Y −→ Y ✉♠ ❛✉t♦♠♦r✜s♠♦ ❞❡ Y ❡
f |Z = β : Z −→ Z ✉♠ ❡♥❞♦♠♦r✜s♠♦ ♥✐❧♣♦t❡♥t❡ ❞❡ ❩✳ ❊♥tã♦

0 // Y ⊕ (Z ⊕ P )

(

α 0 t1
0 β t2
t3 t4 t5

)

// Y ⊕ (Z ⊕Q)
(h1 h2) // Ωn(C) // 0

é ✉♠❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❡♠ mod(Λ)✳ P❡❧♦ ▲❡♠❛ ✷✳✶✷✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡
s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛✿

(∗) 0 // Z ⊕ P
(β ·
· · ) // Z ⊕Q

h2 // Ωn(C) // 0,

♣♦✐s

− ( 0
t3 )α

−1(0 t1) +
(
β t2
t4 t5

)
=

(
0 0
0 −t3α−1t1

)
+
(
β t2
t4 t5

)
= ( β ·

· · ) .

❙❡❥❛ M ∈ mod(Λ)✳ ❆♦ ❛♣❧✐❝❛r♠♦s ♦ ❢✉♥t♦r ❝♦♥tr❛✈❛r✐❛♥t❡ HomΛ(−,M) à
s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ (∗)✱ ♦❜t❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛

· · · // Extk−1
Λ (Z ⊕ P,M)

λk−1 // ExtkΛ(Ω
n(C),M)

ExtkΛ(h2,M)// ExtkΛ(Z ⊕Q,M)

ExtkΛ

(

( β ·
· ·

),M
)

// ExtkΛ(Z ⊕ P,M)
λk // Extk+1

Λ (Ωn(C),M) // · · ·

❈♦♠♦ Ext(−,M) é ✉♠ ❢✉♥t♦r ❛❞✐t✐✈♦ ❡ P ✱ Q sã♦ ♣r♦❥❡t✐✈♦s✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s
✐❣✉❛❧❞❛❞❡s ♣❛r❛ t♦❞♦ ✐♥t❡✐r♦ k ✭✈❡r t❛♠❜é♠ ❚❡♦r❡♠❛ ✶✳✹✾✮✿

ExtkΛ(Z ⊕ P,M) = ExtkΛ(Z,M)⊕ ExtkΛ(P,M) = ExtkΛ(Z,M)

ExtkΛ(Z ⊕Q,M) = ExtkΛ(Z,M)⊕ ExtkΛ(Q,M) = ExtkΛ(Z,M).

❉♦♥❞❡ ♦❜t❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛

(∗∗) · · · // Extk−1
Λ (Z,M)

λk−1 // ExtkΛ(Ω
n(C),M)

ExtkΛ(h2,M) // ExtkΛ(Z,M)

ExtkΛ(β,M) // ExtkΛ(Z,M)
λk // Extk+1

Λ (Ωn(C),M) // · · · .

❆✜r♠❛çã♦ ✷✳✶✹✳ dp(Z) ≤ r − n✳
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❉❡ ❢❛t♦✱ ❝♦♠♦ dp(C) = r ❡ dp(Ωn(C)) = r − n t❡♠♦s ExtjΛ(Ω
n(C),M) = 0

♣❛r❛ t♦❞♦ j ≥ (r − n) + 1✱ ✈❡r ❚❡♦r❡♠❛ ✶✳✺✶✳ ❉❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛ (∗∗)
t❡♠♦s✿

Extj−1
Λ (β,M) : Extj−1

Λ (Z,M) −→ Extj−1
Λ (Z,M)

é ✉♠ ❡♣✐♠♦r✜s♠♦ ♣❛r❛ t♦❞♦ j ≥ (r−n)+1✱ ♦✉ s❡❥❛✱ ExtjΛ(β,M) é ✉♠ ❡♣✐♠♦r✜s♠♦
♣❛r❛ t♦❞♦ j ≥ r − n✳ ▼❛✐s ❛✐♥❞❛✱ ❝♦♠♦ β é ♥✐❧♣♦t❡♥t❡ ❡♥tã♦ ExtjΛ(β,M)
t❛♠❜é♠ é ♥✐❧♣♦t❡♥t❡✱ ✭❡st❡ ❢❛t♦ s❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❢❛t♦ ❞❡ ExtΛ(−,M) s❡r
✉♠ ❢✉♥t♦r ❛❞✐t✐✈♦✮✱ ❡ ❞❡ ExtjΛ(β,M) s❡r ❡♣✐♠♦r✜s♠♦ ❛ ♣❛rt✐r ❞❡ j ≥ r−n t❡♠♦s
ExtjΛ(β,M) = 0 ❧♦❣♦ ExtjΛ(Z,M) = 0 ♣❛r❛ t♦❞♦ j ≥ r − n✳ ❆ss✐♠

dp(Z) ≤ r − n.

❆✜r♠❛çã♦ ✷✳✶✺✳ dp(Ωn(C)) ≤ dp(Z) + 1✳

❙❡❥❛ dp(Z) = k✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✾✱ Extj+1(Z,M) = 0 ♣❛r❛ t♦❞♦ j ≥ k✳
❆ss✐♠✱ ❞❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❧♦♥❣❛

· · · // Extk+1(Z,M)
λk+1 // Extk+2(Ωn(C),M)

Extk+2(h2,M)// Extk+2(Z,M)
Extk+2(β,M) // · · · ,

♦❜t❡♠♦s Extk+2(Ωn(C),−) = 0✱ ♣♦✐s Extk+1(Z,M) = Extk+2(Z,M) = 0 ♣❛r❛
t♦❞♦ M ∈ mod(Λ)✳ P❡❧❛ ♣r♦♣♦s✐çã♦ ✶✳✹✾✱ t❡♠♦s dp(Ωn(C)) ≤ k + 1✳ P♦rt❛♥t♦✱

dp(Ωn(C)) ≤ dp(Z) + 1.

❆♣❧✐❝❛♥❞♦ ♦ ✐t❡♠ c) ❞♦ ▲❡♠❛ ✷✳✶✵ ♣❛r❛ Z t❡♠♦s dp(Z) + n ≤ ψ(A ⊕ B)✳
❆ss✐♠✱

dp(C) = (r − n) + n

= dp(Ωn(C)) + n

≤ dp(Z) + 1 + n ✭❆✜r♠❛çã♦ ✷✳✶✺✮

= (dp(Z) + n) + 1

≤ ψ(A⊕ B) + 1.

P♦rt❛♥t♦✱
dp(C) ≤ ψ(A⊕ B) + 1.

❖❜s❡r✈❛çã♦ ✷✳✶✻✳ ❙✉♣♦♥❤❛ q✉❡ 0 // A // B // C // 0 s❡❥❛ ✉♠❛
s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ ❞❡ Λ✲♠ó❞✉❧♦s ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✳ ◆ã♦ ♣♦❞❡♠♦s tr♦❝❛r
❛ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ❞❡ C ♣♦r φ(C) ♥♦ ❚❡♦r❡♠❛ 2.13✳ ❱❡❥❛ ♦ s❡❣✉✐♥t❡ ❡①❡♠♣❧♦✳

❊①❡♠♣❧♦ ✷✳✶✼✳ ❙❡❥❛ Λ = KQ/I ❛ á❧❣❡❜r❛ ❞❡✜♥✐❞❛ ♣❡❧♦ q✉✐✈❡r✿

Q : ◦
1

α1 // ◦
2

α2 // ◦
3

α3 // 4 α4ee

❡ ♦ ✐❞❡❛❧ I = 〈R2〉✳ ❆s r❡♣r❡s❡♥t❛çõ❡s ❞♦s s❡✉s Λ✲♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ❡stã♦ ❞❛❞❛s
♣♦r✿

P1 = 1
2 ; P2 = 2

3 ; P3 = 3
4 ; P4 = 4

4 .
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❆ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞♦ ♠ó❞✉❧♦ s✐♠♣❧❡s S1 é✿

· · · //

$$

P4
//

$$

P3
//

$$

P2
//

$$

P1
// S1

// 0,

S4

::

S4

::

S3

::

S2

::

❞♦♥❞❡ dp(S1) = ∞✱ ❧♦❣♦ φ(S1) = 0.

❆ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ S2✱

· · · //

$$

P4
//

$$

P4
//

$$

P3
//

$$

P2
// S2

// 0,

S4

::

S4

::

S4

::

S3

::

❞♦♥❞❡ dp(S2) = ∞✱ ❧♦❣♦ φ(S2) = 0.

❆ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ S1 ⊕ S2✱

· · · //

$$

P3 ⊕ P4
//

''

P2 ⊕ P3
//

''

P1 ⊕ P2
// S1 ⊕ S2

// 0,

S4 ⊕ S4

77

S3 ⊕ S4

77

S2 ⊕ S3

77

❞♦♥❞❡ dp(S1 ⊕ S2) = ∞ ❡ φ(S1 ⊕ S2) = 3.

❈♦♥s✐❞❡r❛♥❞♦ ❛s s❡q✉ê♥❝✐❛s ❡①❛t❛s

0 // S2
// P1

// S1
// 0, e 0 // 0 // S2

// S2
// 0,

♦❜t❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛✿

0 // S2
// P1 ⊕ S2

// S1 ⊕ S2
// 0,

♠❛s dp(S1⊕S2) = ∞ ✱ ❧♦❣♦ ♥ã♦ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ♦ t❡♦r❡♠❛✳ ▼❛s✱ φ(S1⊕S2) = 3✳
P♦r ♦✉tr♦ ❧❛❞♦✱

ψ(S2 ⊕ P1 ⊕ S2) = ψ(S2) = 0.

❆ss✐♠✱ ψ(S2 ⊕ P1 ⊕ S2) + 1 < 3 = φ(S1 ⊕ S2)✳
❉♦♥❞❡✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ♣❛r❛ ❛ ❢✉♥çã♦ φ✱ ♦ t❡♦r❡♠❛ ♥ã♦ é ✈á❧✐❞♦✱ ♦✉ s❡❥❛✱ ♥❡♠
s❡♠♣r❡ é ✈❡r❞❛❞❡ q✉❡ φ(C) ≤ ψ(A⊕ B) + 1✳

❆ ♣❛rt✐r ❞❛s ❢✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ ❡ ✐♥s♣✐r❛❞♦s ♥❛ ❞✐♠❡♥sã♦ ❣❧♦❜❛❧ ❞❡
✉♠❛ K✲á❧❣❡❜r❛ Λ✱ t❡♠♦s ❛s ❞❡✜♥✐çõ❡s ❞❡ φ✲❞✐♠❡♥sã♦ ❡ ψ✲❞✐♠❡♥sã♦ ❞❡ Λ ❝♦♠♦
s❡❣✉❡✿

• ❆ φ✲❞✐♠❡♥sã♦ ❞❡ Λ ❝♦♠♦ φdim(Λ) = sup {φ(M) | M ∈ mod(Λ)} ❡✱

• ❆ ψ✲❞✐♠❡♥sã♦ ❞❡ Λ ❝♦♠♦ ψdim(Λ) = sup {ψ(M) | M ∈ mod(Λ)} .

❊st❡s ❞♦✐s ♥♦✈♦s ❝♦♥❝❡✐t♦s ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛s ❞✐♠❡♥sõ❡s ❥á ❝♦♥❤❡❝✐❞❛s ❞❛
s❡❣✉✐♥t❡ ❢♦r♠❛✿

findim(Λ) ≤ φdim(Λ) ≤ ψdim(Λ) ≤ gldim(Λ),



✷✳✷✳ ❋❯◆➬Õ❊❙ ❉❊ ■●❯❙❆✲❚❖❉❖❘❖❱ ✺✶

❡ s❛t✐s❢❛③❡♠ ❛ ✐❣✉❛❧❞❛❞❡ ♥♦ ❝❛s♦ ❡♠ q✉❡ ❛ ❞✐♠❡♥sã♦ ❣❧♦❜❛❧ ❞❛ á❧❣❡❜r❛ é ✜♥✐t❛✳

❈♦r♦❧ár✐♦ ✷✳✶✽✳ ❙❡❥❛ M ∈ mod(Λ) ❝♦♠ t❛♠❛♥❤♦ ▲♦❡✇② ✷ ❡ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛
✜♥✐t❛✳ ❊♥tã♦✿

dp(M) ≤ ψ(Λ/rad(Λ)⊕ Λ/rad2(Λ)) + 1.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛♠ M ∈ mod(Λ) ❡ f : P0(M) −→ M ❛ s✉❛ ❝♦❜❡rt✉r❛
♣r♦❥❡t✐✈❛✳ ❙❡❣✉❡ ❞❛ Pr♦♣♦s✐ç❛♦ ✶✳✶✺ q✉❡ f(rad2(P0(M))) = rad2(M) ❡ ❝♦♠♦

ℓℓ(M) = 2 ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ 0 // ker(f) // P0(M)
f //M // 0

✐♥❞✉③ ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛✿

0 // P0(M)/rad2(P0(M))
g //M // 0.

❈♦♠♦ dp(M) <∞✱ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✸ q✉❡✿

(∗) dp(M) ≤ ψ
(
ker(g)⊕ P0(M)/rad2(P0(M))

)
+ 1.

◆♦t❡ q✉❡ A é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ rad(P0(M))/rad2(P0(M))✱ ♣♦✐s s❡ x ∈ A ❡♥tã♦
x é ❞❛ ❢♦r♠❛ m+ rad2(P0(M)) ❝♦♠ m ∈ P0(M) ❧♦❣♦ m ∈ ker(f) ⊆ rad(P0(M))
✭✈❡r Pr♦♣♦s✐çã♦ ✶✳✷✽✮✳

❙❛❜❡♠♦s ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✷✵ q✉❡ rad(P0(M))/rad2(P0(M)) é s❡♠✐s✐♠♣❧❡s✳
❙❡❣✉❡ ❞♦ ▲❡♠❛ ✶✳✶✶ q✉❡ A é s❡♠✐s✐♠♣❧❡s✳ ❆ss✐♠✱ ♣♦❞❡♠♦s s✉♣♦r q✉❡✱ ❛ ♠❡♥♦s
❞❡ ✐s♦♠♦r✜s♠♦✱ A é ✉♠ s✉❜♠ó❞✉❧♦ ❞❡ Λ/rad(Λ)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✷✳✶✵ ❡ ❞❛
❞❡s✐❣✉❛❧❞❛❞❡ (∗) ♦❜t❡♠♦s✿

dp(M) ≤ ψ
(
Λ/rad(Λ)⊕ Λ/rad2(Λ)

)
+ 1.

❈♦r♦❧ár✐♦ ✷✳✶✾✳ ❙✉♣♦♥❤❛ q✉❡ Λ é ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ ❝♦♠
rad3(Λ) = 0✳ ❊♥tã♦

findim(Λ) ≤ ψ(Λ/rad(Λ)⊕ Λ/(rad2(Λ)) + 2.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ M ∈ mod(Λ) ❝♦♠ dp(M) < ∞✳ ❈♦♠♦ rad3(Λ) = 0 s❡❣✉❡
q✉❡ Ω(M) t❡♠ t❛♠❛♥❤♦ ▲♦❡✇② ♠❡♥♦r ♦✉ ✐❣✉❛❧ q✉❡ 2✱ ✈❡r ✐t❡♠ (b) ❞❛ Pr♦♣♦s✐çã♦
✶✳✷✽✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✶✽ t❡♠♦s✿

dp(Ω(M)) ≤ ψ(Λ/rad(Λ)⊕ Λ/rad2(Λ)) + 1,

❧♦❣♦
dp(M) ≤ dp(Ω(M)) + 1 ≤ ψ(Λ/rad(Λ)⊕ Λ/rad2(Λ)) + 2.

P♦rt❛♥t♦✱
findim(Λ) ≤ ψ(Λ/rad(Λ)⊕ Λ/rad2(Λ)) + 2.

❈♦r♦❧ár✐♦ ✷✳✷✵✳ ❙❡❥❛ Λ = EndΓ(P )
op✱ ♦♥❞❡ P é ✉♠ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ s♦❜r❡ ✉♠❛

á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ Γ ❝♦♠ gldim(Γ) ≤ 3✳ ❊♥tã♦

findim(Λ) ≤ ψ(HomΓ(P,Γ)) + 3
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s❡♥❞♦ HomΓ(P,Γ) ✉♠ Λ✲♠ó❞✉❧♦✳

❉❡♠♦♥str❛çã♦✳ ◆♦t❡ q✉❡ ❤á ✉♠❛ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❛ ❝❛t❡❣♦r✐❛ mod(Γ) ❡ ❛
s✉❜❝❛t❡❣♦r✐❛ P(Λ) ❞❡ mod(Λ)✱ ✈❡r Pr♦♣♦s✐çã♦ ✶✳✹✷✳ ❙❡❥❛♠ X ∈ mod(Λ) ❡ P0

❛ s✉❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ♠✐♥✐♠❛❧✱ ❡♥tã♦ ❛ r❡s♦❧✉çã♦ ❛♣❛❣❛❞❛ P∗
0 ❡stá ❡♠ P(Λ) ❡

t❡♠ ❝♦♠♣r✐♠❡♥t♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ q✉❡ ✸ ♣♦✐s gldim(Γ) ≤ 3✳ ▼❛✐s ❛✐♥❞❛✱ P∗
0 é ❞❛

❢♦r♠❛✿

0 // HomΓ(P, P3) // HomΓ(P, P2) // HomΓ(P, P1) // HomΓ(P, P0).

❉♦♥❞❡ t❡♠♦s ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛

0 // HomΓ(P, P3) // HomΓ(P, P2) // coker
(
HomΓ(P, P3) → HomΓ(P, P2)

)
// 0.

❈♦♠♦ dp(Ω2(X)) = dp
(
coker

(
HomΓ(P, P3) → HomΓ(P, P2)

))
t❡♠♦s✿

dp(X) ≤ dp
(
coker

(
HomΓ(P, P3) → HomΓ(P, P2)

))
+ 2

≤ ψ(HomΓ(P, P3)⊕HomΓ(P, P2)) + 3

= ψ(HomΓ(P, P3 ⊕ P2)) + 3

❛ s❡❣✉♥❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ s❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ ✷✳✶✸✳ P❡❧♦ ❚❡♦r❡♠❛ ❞❡ ▼♦r✐t❛ ✶✳✸✼
♣♦❞❡♠♦s s✉♣♦r Γ ✉♠❛ á❧❣❡❜r❛ ❜ás✐❝❛ ❧♦❣♦ Γ é ✐❣✉❛❧ à s♦♠❛ ❞❡ t♦❞♦s ♦s s❡✉s
♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s✳ ❊♥tã♦ P2 ⊕ P3 |Γ✳ ❙❡❣✉❡ ❞♦ ▲❡♠❛ ✷✳✶✵ ❡ ❞❡ Hom(P,−) s❡r
✉♠ ❢✉♥t♦r ❛❞✐t✐✈♦ q✉❡ ψ(Hom(P, P2 ⊕ P3)) ≤ ψ(Hom(P,Γ))✳ ❆ss✐♠

dp(X) ≤ ψ(Hom(P,Γ)) + 3.

❯♠ Λ✲♠ó❞✉❧♦ M é ✉♠ ❣❡r❛❞♦r✲❝♦❣❡r❛❞♦r ❞❡ Λ s❡ q✉❛❧q✉❡r Λ✲♠ó❞✉❧♦
♣r♦❥❡t✐✈♦ ♦✉ ✐♥❥❡t✐✈♦ é ✉♠ s♦♠❛♥❞♦ ❞✐r❡t♦ ❞❡ M ✳

❉❡✜♥✐çã♦ ✷✳✷✶✳ ❙❡❥❛ Λ ✉♠❛ K✲á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛✳ ❆ ❞✐♠❡♥sã♦ ❞❡ r❡♣r❡s❡♥t❛çã♦
❞❛ á❧❣❡❜r❛ Λ✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r repdim(Λ)✱ é ❛ ❞✐♠❡♥sã♦ ❣❧♦❜❛❧ ♠í♥✐♠❛ ♣♦ssí✈❡❧
❞♦ ❛♥❡❧ ❞❡ ❡♥❞♦♠♦r✜s♠♦ ❞❡ ✉♠ ❣❡r❛❞♦r✲❝♦❣❡r❛❞♦r✳

❙❡❣✉❡ ❞❛ ❉❡✜♥✐çã♦ ✷✳✷✶ q✉❡ repdim(Λ) ≤ n s❡ ❡①✐st❡ ✉♠ ♠ó❞✉❧♦ ✜♥✐t❛♠❡♥t❡
❣❡r❛❞♦ X t❛❧ q✉❡ gldim(EndΛ(X)op) ≤ n ❡ add(X) ❝♦♥t❡♠ t♦❞♦s ♦s Λ✲♠ó❞✉❧♦s
♣r♦❥❡t✐✈♦s ❡ ✐♥❥❡t✐✈♦s✳

❈♦r♦❧ár✐♦ ✷✳✷✷✳ ❙❡ repdim(Λ) ≤ 3 ❡♥tã♦ findim(Λ) <∞✳

❆ ♥♦çã♦ ❞❡ ❞✐♠❡♥sã♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ ❢♦✐ ✐♥tr♦❞✉③✐❞❛ ♣♦r ❆✉s❧❛♥❞❡r ❡♠ ❬✺❪✳
❊ss❡ ú❧t✐♠♦ ❈♦r♦❧ár✐♦ ✷✳✷✷ é ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛ r❡❧❡✈❛♥t❡ ❞♦ ❚❡♦r❡♠❛ ♣r✐♥❝✐♣❛❧
✷✳✶✸✱ ♣♦✐s ❛✜r♠❛ ✭❡ ❝♦♠ ✐st♦ ♣r♦✈❛✮ ❛ ❝♦♥❥❡❝t✉r❛ ❞❛ ❞✐♠❡♥sã♦ ✜♥✐t✐st❛ ♣❛r❛
á❧❣❡❜r❛s ❞❡ ❞✐♠❡♥sã♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ ❛ 3✱ repdim(Λ) ≤ 3✳



❈❛♣ít✉❧♦ ✸

❆ φ✲❞✐♠❡♥sã♦ ❞❡ á❧❣❡❜r❛

❛✉t♦✐♥❥❡t✐✈❛

❯♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ Λ é ❞✐t❛ ❛✉t♦✐♥❥❡t✐✈❛ s❡ Λ ∈ mod(Λ) é ✐♥❥❡t✐✈♦✳ ❍á
❡①❡♠♣❧♦s q✉❡ ♠♦str❛♠ q✉❡ ❛ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ♥ã♦ é s✉✜❝✐❡♥t❡ ♣❛r❛ ❞❡t❡r♠✐♥❛r
q✉❛♥❞♦ ✉♠❛ á❧❣❡❜r❛ é ❛✉t♦✐♥❥❡t✐✈❛✳ ◆♦ss♦ ✐♥t❡r❡ss❡ ♥❡st❡ ❝❛♣ít✉❧♦ é ❝❛r❛t❡r✐③❛r
❡st❛s á❧❣❡❜r❛s ♣♦r ♠❡✐♦ ❞❛s ❢✉♥çõ❡s ■❣✉s❛✲❚♦❞♦r♦✈✳ ▼♦str❛♠♦s ❡♥tã♦ ❛❧❣✉♠❛s
♣r♦♣r✐❡❞❛❞❡s ❡ r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s q✉❡✱ ❛♦ ♠❡♥♦s ♥❡ss❡s ❝❛s♦s✱ ❛s ❢✉♥çõ❡s
φdim✱ ψdim : mod(Λ) −→ N r❡s✉❧t❛♠ s❡r ✉♠ ✐♥✈❛r✐❛♥t❡ ♠❛✐s ♣r❡❝✐s♦✳

❆♣r❡s❡♥t❛r❡♠♦s ♥♦ q✉❡ s❡❣✉❡✱ ❛s ❝❛t❡❣♦r✐❛s ❡stá✈❡✐s✱ ♦s ❢✉♥t♦r❡s s✐③✐❣✐❛ ❡
❝♦s✐③✐❣✐❛ ♣❛r❛✱ ❡♠ s❡❣✉✐❞❛✱ ✐♥tr♦❞✉③✐r♠♦s ❛♦s ❡st✉❞♦s ❞❛s á❧❣❡❜r❛s ❛✉t♦✐♥❥❡t✐✈❛s
❛tr❛✈és ❞❛s ❢✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈✳ ❙♦❜r❡ ❛ ❈❛t❡❣♦r✐❛ ❊stá✈❡❧ ❡ ♦ ❋✉♥t♦r
❙✐③✐❣✐❛ ♣♦❞❡♠ s❡r ❝♦♥s✉❧t❛❞♦s ❛s s❡çõ❡s IV.3 ❡♠ ❬✹❪ ❡ ❈❛♣✐t✉❧♦ 5 ❡♠ ❬✷✸❪✳

✸✳✶ ❈❛t❡❣♦r✐❛ ❊stá✈❡❧ ❡ ❋✉♥t♦r ❙✐③✐❣✐❛

❙❡❥❛♠ M ✱ N ❡♠ mod(Λ)✳ ❈♦♥s✐❞❡r❡ ♦ s✉❜♠ó❞✉❧♦ P(M,N) ❞❡ HomΛ(M,N)
❞❡✜♥✐❞♦ ♣♦r t♦❞♦s ♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ M ❡♠ N q✉❡ s❡ ❢❛t♦r❛♠ ♣♦r ✉♠ Λ✲
♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦✱ ✐st♦ é✱ ❡①✐st❡♠ P ❡♠ P(Λ)✱ g :M −→ P ❡ h : P −→ N t❛❧ q✉❡
f = hg✱

M
f //

g

��

N

P
h

>>

P♦❞❡✲s❡ ♠♦str❛r q✉❡ {P(M,N) | M,N ∈ mod(Λ)} =
⋃

M,N∈mod(Λ)
P(M,N)

❞❡✜♥❡ ✉♠ ✐❞❡❛❧ P ♥❛ ❝❛t❡❣♦r✐❛ mod(Λ)✳ ❆ss✐♠✱ ✜❝❛ ❜❡♠ ❞❡✜♥✐❞❛ ❛ ❝❛t❡❣♦r✐❛
q✉♦❝✐❡♥t❡ mod(Λ) := mod(Λ)/P ✳ ❊ss❛ ❝❛t❡❣♦r✐❛ é ❝❤❛♠❛❞❛ ❞❡ ❈❛t❡❣♦r✐❛
Pr♦❥❡t✐✈❛♠❡♥t❡ ❊stá✈❡❧✳ ❖s ♦❜❥❡t♦s ❞❡ mod(Λ) sã♦ ♦s ♠❡s♠♦s ❞❡ mod(Λ)
❡ ♦s ♠♦r✜s♠♦s ❞❡ M ❡♠ N ✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r HomΛ(M,N)✱ ♣❛r❛ t♦❞♦ M ✱
N ❡♠ mod(Λ) é ❞❡✜♥✐❞♦ ♣❡❧♦ q✉♦❝✐❡♥t❡ HomΛ(M,N) = HomΛ(M,N)/P(M,N)
❡ ❛ ❝♦♠♣♦s✐çã♦ ❞❡ ♠♦r✜s♠♦s é ❛ ❝♦♠♣♦s✐çã♦ ✐♥❞✉③✐❞❛ ❡♠ mod(Λ)✳

✺✸
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❉✉❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ❛ ❝❛t❡❣♦r✐❛ mod(Λ) := mod(Λ)/I✱ s❡♥❞♦
I(M,N) ♦ s✉❜♠ó❞✉❧♦ ❞❡ HomΛ(M,N) ❞❡ t♦❞♦s ♦s ❤♦♠♦♠♦r✜s♠♦s ❞❡ M ❡♠
N q✉❡ s❡ ❢❛t♦r❛♠ ♣♦r ✉♠ Λ✲♠ó❞✉❧♦ ✐♥❥❡t✐✈♦ ❡ I =

⋃

M,N∈mod(Λ)
I(M,N)✳ ❊ss❛

❝❛t❡❣♦r✐❛ é ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ ❈❛t❡❣♦r✐❛ ■♥❥❡t✐✈❛♠❡♥t❡ ❊stá✈❡❧✳

❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛✳ ❉❡✜♥✐♠♦s Ω : mod(Λ) −→ mod(Λ) ❝♦♠♦

s❡❣✉❡✳ P❛r❛ ❝❛❞❛ M ❡♠ mod(Λ)✱ ✜①❡ ✉♠❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ P0(M)
p0 //M

❡ ❞❡✜♥❛ Ω(M) s❡♥❞♦ ❛ ♣r✐♠❡✐r❛ s✐③✐❣✐❛ ❞❡ M ✱ Ω(M) = ker(p0)✳ ❙✉♣♦♥❤❛ ❛❣♦r❛
q✉❡ f :M −→ N ❡stá ❡♠ mod(Λ)✳ ❊♥tã♦ ❡①✐st❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛t✐✈♦
❡①❛t♦✿

0 // Ω(M) ////

h
��

P0(M)
p0 //

g

��

M //

f

��

0

0 // Ω(N) // P0(N) q0
// N // 0.

❖ ♠♦r✜s♠♦ h : Ω(M) −→ Ω(N) ❡s❝♦❧❤✐❞♦ ❞❡ss❛ ❢♦r♠❛ ❞❡♣❡♥❞❡ ♣❛rt✐❝✉❧❛r♠❡♥t❡
❞❛ ❡s❝♦❧❤❛ ❞❡ g✳ P♦❞❡✲s❡ ♠♦str❛r q✉❡✱ s❡ tr♦❝❛r♠♦s g ♣♦r g′ : P0(M) −→ P0(N)✱
♦❜t❡♠♦s ✉♠ ♥♦✈♦ ♠♦r✜s♠♦ h′ : Ω(M) −→ Ω(N) ❡ ♦ ♠♦r✜s♠♦ h − h′ ❡stá
❡♠ P(Ω(M),Ω(N))✳ ◆❡ss❡ s❡♥t✐❞♦ ♦❜t❡♠♦s ✉♠ ♠♦r✜s♠♦ HomΛ(M,N) −→
HomΛ(Ω(M),Ω(N))✳ ❙❡ f ❡stá ❡♠ P(M,N)✱ t❡♠♦s h ∈ P(Ω(M),Ω(N)) ❡
♦❜t❡♠♦s ♦ ♠♦r✜s♠♦ Ω : HomΛ(M,N) −→ HomΛ(Ω(M),Ω(N))✳

P♦❞❡✲s❡ ♣r♦✈❛r q✉❡ Ω : mod(Λ) −→ mod(Λ) ❛ss✐♠ ❞❡✜♥✐❞♦ é ✉♠ ❢✉♥t♦r✳ ❊ss❡
❢✉♥t♦r é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❢✉♥t♦r s✐③✐❣✐❛✳ ❉✉❛❧♠❡♥t❡✱ ♣♦❞❡♠♦s ❞❡✜♥✐r ♦ ❢✉♥t♦r
❝♦s✐③✐❣✐❛ Ω

−1 : mod(Λ) −→ mod(Λ)✳

❋✉♥t♦r❡s s✐③✐❣✐❛ ❡ ❝♦s✐③✐❣✐❛ sã♦ ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ á❧❣❡❜r❛s
❆rt✐♥✐❛♥❛s✳ ❖ ❧❡✐t♦r ♣♦❞❡ ❝♦♥s✉❧t❛r ❝♦♠ ♠❛✐s ❞❡t❛❧❤❡s s♦❜r❡ ❢✉♥t♦r❡s s✐❣✐③✐❛
❡ ❝♦s✐③✐❣✐❛ ♥❛ ❙❡çã♦ IV.3 ❡♠ ❬✹❪✳

✸✳✷ ➪❧❣❡❜r❛s ❆✉t♦✐♥❥❡t✐✈❛s

❆♣r❡s❡♥t❛♠♦s ❛ s❡❣✉✐r ❛❧❣✉♥s r❡s✉❧t❛❞♦s ♣❛r❛ ❛s á❧❣❡❜r❛s ❆rt✐♥✐❛♥❛s q✉❡ sã♦
❛✉t♦✐♥❥❡t✐✈❛s✳

❖ s❡❣✉✐♥t❡ ❧❡♠❛ ♠♦str❛ q✉❡ ♣❛r❛ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❛✉t♦✐♥❥❡t✐✈❛ Λ✱ ♦s
Λ✲♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ❡ ✐♥❥❡t✐✈♦s ❝♦✐♥❝✐❞❡♠✱ ✐st♦ é✱ P(M,N) = I(M,N)✳ ❉♦♥❞❡
♦❜t❡♠♦s mod(Λ) = mod(Λ)✳

▲❡♠❛ ✸✳✶✳ ❯♠❛ á❧❣❡❜r❛ Λ é ❛✉t♦✐♥❥❡t✐✈❛ s❡ ❡ s♦♠❡♥t❡ s❡ t♦❞♦ Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦
é ✐♥❥❡t✐✈♦ ❡ ✈✐❝❡✈❡rs❛✳

❉❡♠♦♥str❛çã♦✳ (⇒) ❙✉♣♦♥❤❛ q✉❡ Λ s❡❥❛ ✉♠❛ á❧❣❡❜r❛ ❛✉t♦✐♥❥❡t✐✈❛✳ ❙❡ M é
✉♠ Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ❡♥tã♦ M é ✉♠ s♦♠❛♥❞♦ ❞✐r❡t♦ ❞❡ ✉♠ ♠ó❞✉❧♦
❧✐✈r❡ Λn✳ P♦r ❤✐♣ót❡s❡✱ Λ é ✐♥❥❡t✐✈♦✱ ❧♦❣♦ Λn t❛♠❜é♠ ♦ é ❡ ❛ss✐♠ M é
✐♥❥❡t✐✈♦✱ ✈❡r Pr♦♣♦s✐çã♦ ✶✳✸✻✳ ❈♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ♣r♦❥❡t✐✈♦s ❡ ❞❡ ✐♥❥❡t✐✈♦s
✐♥❞❡❝♦♠♣♦♥í✈❡✐s é ♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞❛ á❧❣❡❜r❛ ❡ ❛❝❛❜❛♠♦s ❞❡ ♠♦str❛r
q✉❡ t♦❞♦ ♣r♦❥❡t✐✈♦ é ✐♥❥❡t✐✈♦✱ s❡❣✉❡ q✉❡ t♦❞♦ Λ✲♠ó❞✉❧♦ ✐♥❥❡t✐✈♦ é ♣r♦❥❡t✐✈♦✳
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(⇐) ❙✉♣♦♥❤❛ q✉❡ t♦❞♦ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ é ✐♥❥❡t✐✈♦✳ ❈♦♠♦ Λ é ✉♠ ♠ó❞✉❧♦ ❧✐✈r❡
❡♥tã♦ Λ é ♣r♦❥❡t✐✈♦ ❡ ❛ss✐♠ ✐♥❥❡t✐✈♦✳ P♦rt❛♥t♦✱ Λ é ❛✉t♦✐♥❥❡t✐✈❛✳

❆ss✐♠✱ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ ❢✉♥t♦r ❝♦s✐③✐❣✐❛ Ω
−1 ❞❛ ❝❛t❡❣♦r✐❛ mod(Λ) ❡♠

mod(Λ) ❡ ❡♥✉♥❝✐❛r♠♦s ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✿

Pr♦♣♦s✐çã♦ ✸✳✷✳ ❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❛✉t♦✐♥❥❡t✐✈❛✳ ❊♥tã♦ ♦s ❢✉♥t♦r❡s
Ω : mod(Λ) −→ mod(Λ) ❡ Ω

−1 : mod(Λ) −→ mod(Λ) sã♦ ❡q✉✐✈❛❧ê♥❝✐❛s ✐♥✈❡rs❛s✳

❊ss❡ r❡s✉❧t❛❞♦ é ✉s❛❞♦ ❛♦ ❧♦♥❣♦ ❞♦ ❝❛♣ít✉❧♦ ♣♦ré♠ ♥ã♦ ♦ ❞❡♠♦♥str❛♠♦s✳ ❈♦♠♦
❢♦✐ ❞✐t♦ ❛♥t❡r✐♦r♠❡♥t❡ ♦ ❧❡✐t♦r ♣♦❞❡ ❡♥❝♦♥tr❛r ♠❛✐s ❞❡t❛❧❤❡s ♥❛ s❡çã♦ IV.3 ❡♠ ❬✹❪✳

❉❡✜♥✐♠♦s ♦ ❢✉♥t♦r Ωi : mod(Λ) −→ mod(Λ) ❝♦♠♦ é ❢❡✐t♦ ❡♠ ❬✹❪✳ P❛r❛ i = 0✱
Ω

0 = 1mod(Λ) ❡ Ω
i+1 = ΩΩ

i ♣❛r❛ t♦❞♦ i ≥ 0✳ ❙✐♠✐❧❛r♠❡♥t❡ ❞❡✜♥✐♠♦s Ω
−i ♣❛r❛

t♦❞♦ i ≥ 0✳

▲❡♠❛ ✸✳✸✳ ❚♦❞♦ ♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ s♦❜r❡ ✉♠❛ á❧❣❡❜r❛ ❛✉t♦✐♥❥❡t✐✈❛ é
♣r♦❥❡t✐✈♦ ♦✉ t❡♠ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ✐♥✜♥✐t❛✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ M ✉♠ Λ✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧✱ s❡♥❞♦ Λ ✉♠❛ á❧❣❡❜r❛
❛✉t♦✐♥❥❡t✐✈❛✳ ❙❡ dp(M) = ∞✱ ♥❛❞❛ ❤á ❢❛③❡r✳ ❙✉♣♦♥❤❛ ❡♥tã♦ dp(M) = n < ∞✱ ❡
n 6= 0✳ ❙❡❥❛

0 // Pn
dn // Pn−1

// . . . // P2
// P1

d1 // P0
d0 //M // 0

✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ♠✐♥✐♠❛❧ ❞❡ M ✳ ❈♦♥s✐❞❡r❡ ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛

0 // Pn
dn // Pn−1

// coker(dn) // 0,

❈♦♠♦ Λ é ❛✉t♦✐♥❥❡t✐✈❛✱ ❡♥tã♦ ♦ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ Pn t❛♠❜é♠ é ✐♥❥❡t✐✈♦✳ ▲♦❣♦✱
Pn ⊕ coker(dn) ∼= Pn−1✳ ❆ss✐♠✱ coker(dn) é ♣r♦❥❡t✐✈♦ ✭✈❡r Pr♦♣♦s✐çã♦ ✶✳✸✻✮✱ ♣♦✐s
Pn−1 ♦ é✱ ♦ q✉❛❧ é ✉♠❛ ❝♦♥tr❛❞✐çã♦ ♣♦✐s t❡rí❛♠♦s ❛ s❡❣✉✐♥t❡ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛

0 // coker(dn) // Pn−2
// . . . // P2

// P1
// P0

//M // 0

❞❡ ❝♦♠♣r✐♠❡♥t♦ n− 1✳ P♦rt❛♥t♦✱ n = 0✱ ✐st♦ é✱ M é ✉♠ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦✳

P♦❞❡♠♦s ❛❣♦r❛ ❛✜r♠❛r ❡ ♣r♦✈❛r ♥♦ss♦ ♣r✐♥❝✐♣❛❧ r❡s✉❧t❛❞♦ ❞❡st❡ ❝❛♣ít✉❧♦✱ q✉❡
❝❛r❛❝t❡r✐③❛ ❛s á❧❣❡❜r❛s ❛✉t♦✐♥❥❡t✐✈❛s✱ ✈❡r ❬✶✶❪✳

❚❡♦r❡♠❛ ✸✳✹✳ ❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦
❡q✉✐✈❛❧❡♥t❡s✱

❛✮ φdim(Λ) = 0

❜✮ ψdim(Λ) = 0

❝✮ Λ é ✉♠❛ á❧❣❡❜r❛ ❛✉t♦✐♥❥❡t✐✈❛✳
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❉❡♠♦♥str❛çã♦✳ b) ⇒ a) ❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞❛s ❞❡✜♥✐çõ❡s ❞❛ φdim(Λ) ❡ ❞❛
ψdim(Λ)✳

❛✮⇒ ❜✮ ❙❡ φdim(Λ) = 0 ❡♥tã♦ ♣❛r❛ t♦❞♦ M ∈ mod(Λ) t❡♠✲s❡ φ(M) = 0✳ ❙❡❥❛
M ∈ mod(Λ)✱ ♣❛r❛ ❝❛❞❛ X |M ❝♦♠ dp(X) < ∞✱ ♣❡❧♦s ✐t❡♥s (a) ❡ (c) ♥♦
▲❡♠❛ ✷✳✺ t❡♠✲s❡ dp(X) = φ(X) ≤ φ(M) = 0✳ P♦rt❛♥t♦✱ ψdim(Λ) = 0✳

❛✮ ⇒ ❝✮ ❙✉♣♦♥❤❛ q✉❡ φdim(Λ) = 0✳ ❱❛♠♦s ♣r♦✈❛r q✉❡ Λ é ✉♠❛ á❧❣❡❜r❛ ❛✉t♦✐♥❥❡t✐✈❛✱
✐st♦ é✱ t♦❞♦ Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ✭✐♥❞❡❝♦♠♣♦♥í✈❡❧✮ é ✐♥❥❡t✐✈♦✳ Pr✐♠❡✐r♦
✈❡❥❛♠♦s q✉❡ t♦❞♦ Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ t❡♠ s♦❝❧❡ s✐♠♣❧❡s✳
❉❡ ❢❛t♦✱ s❡ P t❡♠ ❞♦✐s Λ✲♠ó❞✉❧♦s s✐♠♣❧❡s S1 ❡ S2 ♥ã♦ ✐s♦♠♦r❢♦s ♥♦ s❡✉
s♦❝❧❡✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s s❡q✉ê♥❝✐❛s ❡①❛t❛s ❝✉rt❛s✿

0 // S1
// P //M1

// 0

0 // S2
// P //M2

// 0

0 // S1 ⊕ S2
// P //M3

// 0

❝♦♠ M1✱ M2 ❡ M3 Λ✲♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✱ ✈❡r Pr♦♣♦s✐çã♦ ✶✳✸✹✳

❙❡ Mi
∼= Mj ❝♦♠ i, j ∈ {1, 2, 3}✱ ❡♥tã♦ rk(Mi ⊕Mj) = 1 ♣♦✐s M1 ❡ M2

sã♦ ✐♥❞❡❝♦♠♣♦♥í✈❡✐s✱ ❧♦❣♦ rk(Ω(M1 ⊕M2)) ≤ 1. ❚❡♠✲s❡ ♣♦r ❤✐♣ót❡s❡ q✉❡
φ(Mi ⊕Mj) = 0✱ ❡♥tã♦ rk(Ω(M1 ⊕M2)) = rk(S1 ⊕ S2) = 1✱ ♦ q✉❛❧ é ✉♠
❛❜s✉r❞♦✱ ♣♦✐s S1 ❡ S2 sã♦ s✐♠♣❧❡s ♥ã♦ ✐s♦♠♦r❢♦s✳ ▲♦❣♦ rk(M1⊕M2⊕M3) =
3✱ ❡♥q✉❛♥t♦ rk

(
Ω(M1 ⊕M2 ⊕M3)

)
= 2 ✐♠♣❧✐❝❛♥❞♦ φ(M1 ⊕M2 ⊕M3) ≥ 1✱

♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✱ ♣♦✐s φdim(Λ) = 0✳

❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ P t❡♠ ❞♦✐s Λ✲♠ó❞✉❧♦s s✐♠♣❧❡s ✐s♦♠♦r❢♦s ♥♦ s❡✉ s♦❝❧❡✳
❙❡❥❛ S ❡ss❡ s✐♠♣❧❡s✱ t❡♠♦s ❛s s❡q✉ê♥❝✐❛s ❡①❛t❛s ❝✉rt❛s

0 // S // P //M1
// 0

0 // S ⊕ S // P //M2
// 0

❝♦♠M1 ❡M2 ♠ó❞✉❧♦s ✐♥❞❡❝♦♠♣♦♥í✈❡✐s ♥ã♦ ✐s♦♠♦r❢♦s✱ ✈❡r Pr♦♣♦s✐çã♦ ✶✳✸✹✳
❆ss✐♠ rk(M1 ⊕ M2) = 2✱ ❡♥q✉❛♥t♦ rk

(
Ω(M1 ⊕ M2)

)
= 1 ✐♠♣❧✐❝❛♥❞♦

φ(M1 ⊕M2) ≥ 1✱ q✉❡ é ♥♦✈❛♠❡♥t❡ ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ ❊♠ t♦❞♦s ♦s ❝❛s♦s✱
♣r♦✈❛♠♦s q✉❡ t♦❞♦ Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ t❡♠ s♦❝❧❡ s✐♠♣❧❡s✳

❉❛❞♦ ✉♠ Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ P ∈ mod(Λ)✱ s❡❥❛ I = I(P )
❛ s✉❛ ❡♥✈♦❧✈❡♥t❡ ✐♥❥❡t✐✈❛✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✺ ✐t❡♠ (d) t❡♠♦s q✉❡ I é
✐♥❞❡❝♦♠♣♦♥í✈❡❧✳

▼♦str❛r❡♠♦s q✉❡ P é ✐♥❥❡t✐✈♦✳ ❙✉♣♦♥❤❛ q✉❡ P ♥ã♦ s❡❥❛ ✐♥❥❡t✐✈♦✱ ❡♥tã♦ ♦
s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦

0 // P // U //

��

S //
� _

��

0

0 // P // I // C // 0

♦♥❞❡ C = I/P 6= 0✱ S é ✉♠ Λ✲♠ó❞✉❧♦ s✐♠♣❧❡s ♥♦ s♦❝❧❡s ❞❡ C✱ ❡ ❛
s❡q✉ê♥❝✐❛ s✉♣❡r✐♦r é ♦❜t✐❞❛ ❞♦ P✉❧❧❜❛❝❦ ❞❛ s❡q✉ê♥❝✐❛ ✐♥❢❡r✐♦r ❛♦ ❧♦♥❣♦ ❞♦
♠♦♥♦♠♦r✜s♠♦ S −→ C✳
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◆♦t❡ q✉❡ ❞❡ P ❡ S s❡r❡♠ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s✱ U t❛♠❜é♠ ♦ é✳ ▼❛✐s ❛✐♥❞❛✱
❞❡ U −→ I s❡r ✉♠ ♠♦♥♦♠♦r✜s♠♦ U t❡♠ s♦❝❧❡ s✐♠♣❧❡s✱ Pr♦♣♦s✐çã♦ ✶✳✸✺
✐t❡♠ (a)✱ ❧♦❣♦ U é ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ✭Pr♦♣♦s✐çã♦ ✶✳✸✺ ✐t❡♠ d)✮✳ ■st♦ ✐♠♣❧✐❝❛
q✉❡ S é ♥ã♦ ♣r♦❥❡t✐✈♦✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ U = P ⊕S✱ ♦ q✉❡ ❝♦♥tr❛❞✐③ ♦ ❢❛t♦
❞❡ U s❡r ✐♥❞❡❝♦♠♣♦♥í✈❡❧✳ P♦❞❡✲s❡ ♦❜s❡r✈❛r q✉❡ U t❛♠❜é♠ ♥ã♦ é ♣r♦❥❡t✐✈♦✱
♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ❛ s❡q✉ê♥❝✐❛ s✉♣❡r✐♦r s❡r✐❛ ✉♠❛ r❡s♦❧✉çã♦ ♣r♦❥❡t✐✈❛ ❞❡ S
❡ ❡♥tã♦ dp(S) = 1 = φ(M)✱ ♦ q✉❛❧ ❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡✳

❙❡❥❛ P (S) ❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡ S✳ ❖ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠✉t❛

(∗)

0 // P // U ′ //

α

��

P (S) //

��

0

0 // P // U // S // 0

s❡♥❞♦ ❛ ❧✐♥❤❛ s✉♣❡r✐♦r ❛ s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛ q✉❡ r❡s✉❧t❛ ❞❡ ❛♣❧✐❝❛r ♦
P✉❧❧❜❛❝❦ U ′ à s❡q✉ê♥❝✐❛ ✐♥❢❡r✐♦r ❛♦ ❧♦♥❣♦ ❞♦ ❡♣✐♠♦r✜s♠♦ P (S) −→ S✳
❚❡♠♦s ❛ss✐♠ U ′ ∼= P ⊕ P (S)✳ ❈♦♥s✐❞❡r❡ ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠ ❧✐♥❤❛s
❡①❛t❛s✿

0 // Ω(U) // P0(U) // U // 0

0 // ker(α) // P ⊕ P (S) // U // 0.

❙❡❣✉❡✲s❡ ♣❡❧♦ ▲❡♠❛ ❞❛ ❋❡rr❛❞✉r❛ q✉❡ ✶✳✹✹✱ Ω(U) ⊕ P ⊕ P (S) ∼= ker(α) ⊕
P0(U)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❞♦ ▲❡♠❛ ❞❛ ❙❡r♣❡♥t❡ ✶✳✷✺ t❡♠♦s ker(α) ∼= Ω(S)
❞♦♥❞❡ ♦❜t❡♠♦s✿

Ω(U)⊕ P ′′ ∼= Ω(S)⊕ P0(U).

❚❡♠♦s [Ω(S)] = [Ω(S)⊕ P0(S)] = [Ω(U)⊕ P ′′] = [Ω(U)] ❡♠ K0✳ ❈♦♠♦ U
❡ S sã♦ ✐♥❞❡❝♦♠♣♦♥í✈❡✐s t❡♠♦s q✉❡ ♦s s✉❜❣r✉♣♦s ❣❡r❛❞♦s ♣♦r add(Ω(U)) ❡
add(Ω(S)) sã♦ ✐❣✉❛✐s ❡♠ K0✱ ✐st♦ é✱ 〈Ω(U)〉 = 〈Ω(S)〉✳ ❚❡♠♦s ❡♠ K0

〈Ω(U ⊕ S)〉 = 〈Ω(U)⊕ Ω(S)〉 = 〈Ω(U)〉+ 〈Ω(S)〉 = 〈Ω(S)〉.

❆❣♦r❛✱ ❝♦♠♦ S ♥ã♦ é s♦♠❛♥❞♦ ❞❡ U ✭♣♦✐s U é ✐♥❞❡❝♦♠♣♦♥í✈❡❧✮ ❡♥tã♦

rk(U ⊕ S) > rk(S)

= rk(Ω(S)) ♣♦✐s φdim(Λ) = 0

= rk(Ω(U ⊕ S)),

❛ss✐♠ φ(U ⊕ S) > 0✱ ♦ q✉❛❧ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳ P♦rt❛♥t♦✱ P é ✐♥❥❡t✐✈♦✳
❉♦♥❞❡✱ Λ é ✉♠❛ á❧❣❡❜r❛ ❛✉t♦✐♥❥❡t✐✈❛✱ ❝♦♠♦ q✉❡rí❛♠♦s ♠♦str❛r✳

❝✮ ⇒ ❛✮ ❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❛✉t♦✐♥❥❡t✐✈❛✳ ❱❡❥❛♠♦s ♣r✐♠❡✐r♦ q✉❡ ♣❛r❛ t♦❞♦ ♠ó❞✉❧♦
♥ã♦ ♣r♦❥❡t✐✈♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ✈❛❧❡ ❛ s❡❣✉✐♥t❡ ❛✜r♠❛çã♦✿

❆✜r♠❛çã♦ ✸✳✺✳ M ∼= N s❡ ❡ s♦♠❡♥t❡ s❡ Ωn(M) ∼= Ωn(N) ♣❛r❛ t♦❞♦ M ✱
N ∈ mod(Λ) ❡ t♦❞♦ n✳

❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ M ∼= N ✳ ❚❡♠♦s ♦ s❡❣✉✐♥t❡ ❞✐❛❣r❛♠❛ ❝♦♠ ❧✐♥❤❛s
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❡①❛t❛s
0 // Ω(M) // P0(M) //M //

≀
��

0

0 // Ω(N) // Q0(N) // N // 0

❡♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ❞❡ ❙❝❤❛♥✉❡❧ ✶✳✹✸ ♦❜t❡♠♦s

Ω(M)⊕Q0
∼= Ω(N)⊕ P0

Ωn−1(Ω(M)⊕Q0) ∼= Ωn−1(Ω(N)⊕ P0)

Ωn(M)⊕ Ωn−1(Q0) ∼= Ωn(N)⊕ Ωn−1(P0).

❈♦♠♦ Λ é ❛✉t♦✐♥❥❡t✐✈❛ ❡ P0✱ Q0 sã♦ ♣r♦❥❡t✐✈♦s ❡♥tã♦ sã♦ ✐♥❥❡t✐✈♦s✱ ❧♦❣♦
Ωn−1(P0) = Ωn−1(Q0) = 0✳ ❆ss✐♠✱ Ωn(M) = Ωn(N)✳

❘❡❝✐♣r♦❝❛♠❡♥t❡✱ s❡ Ωn(M) = Ωn(N) ❡♥tã♦ ❞❛s r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s

· · · // Pn // · · · // P1
// P0

//M // 0

· · · // Qn
// · · · // Q1

// Q0
// N // 0

♦❜t❡♠♦s ❛s r❡s♦❧✉çõ❡s ✐♥❥❡t✐✈❛s

0 // Ωn(M) // Pn−1
// · · · // P1

// P0
// Ω−n(Ωn(M)) // 0

0 // Ωn(N) // Qn−1
// · · · // Q1

// Q0
// Ω−n(Ωn(N)) // 0,

❧♦❣♦
M ∼= Ω−n(Ωn(M)) ∼= Ω−n(Ωn(N)) = N.

❙❡❣✉❡ ❞❛ ❛✜r♠❛çã♦ ✸✳✺ q✉❡ ♣❛r❛ t♦❞♦ Λ✲♠ó❞✉❧♦ ♥ã♦ ♣r♦❥❡t✐✈♦ M ✱ s❡
rk(M) = k ❡♥tã♦ rk(Ωi(M)) = k ♣❛r❛ ❝❛❞❛ i ≥ 0✱ ✐♠♣❧✐❝❛♥❞♦ φ(M) = 0✳
❈♦♠♦ ✐st♦ é s❛t✐s❢❡✐t♦ ♣❛r❛ t♦❞♦M ∈ mod(Λ)✱ ♠♦str❛♠♦s q✉❡ φdim(Λ) = 0



❈❛♣ít✉❧♦ ✹

❆ φ✲❞✐♠❡♥sã♦ ❞❡ á❧❣❡❜r❛s ❞❡ r❛❞✐❝❛❧

q✉❛❞r❛❞♦ ③❡r♦

❉❛q✉✐ ❡♠ ❞✐❛♥t❡ tr❛❜❛❧❤❛♠♦s ❝♦♠ á❧❣❡❜r❛s ❆rt✐♥✐❛♥❛s Λ ❞❛ ❢♦r♠❛ KQ/R2✱
s❡♥❞♦ Q ✉♠ q✉✐✈❡r ❝♦♥❡①♦✱ R ♦ ✐❞❡❛❧ ❣❡r❛❞♦ ♣❡❧❛s ✢❡❝❤❛s ❡ n ♦ ♥ú♠❡r♦ ❞❡
✈ért✐❝❡s✳ ❈❤❛♠❛♠♦s ❡st❛s á❧❣❡❜r❛s ❞❡ ✏➪❧❣❡❜r❛s ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦✑✳ ◆❡st❡
❝❛♣✐t✉❧♦✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ♠♦str❛r q✉❡ ♣❛r❛ á❧❣❡❜r❛s ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦ ♥ã♦
❛✉t♦✐♥❥❡t✐✈❛s ❛ φ✲❞✐♠❡♥sã♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞❛ ❛tr❛✈és ❞♦s s❡✉s ♠ó❞✉❧♦s s✐♠♣❧❡s✱
❚❡♦r❡♠❛ ✹✳✷✶✳ ❊st❡ ❝❛♣✐t✉❧♦ é ❜❛s❡❛❞♦ ❡♠ ❬✶✹❪✳

✹✳✶ ➪❧❣❡❜r❛s ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦

❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦✳ ❉❡♥♦t❛♠♦s ♣♦r Si ♦ ♠ó❞✉❧♦
s✐♠♣❧❡s ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❞❡✜♥✐❞♦ ♣❡❧♦ ✈ért✐❝❡ i ❡ Λ0 = KQ/R✱ ♦ q✉❛❧ é ❛
s♦♠❛ ❞❡ t♦❞♦s ♦s ♠ó❞✉❧♦s s✐♠♣❧❡s✱ ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦✳ ❙❡❥❛♠ S ✉♠
❝♦♥❥✉♥t♦ ❝♦♠♣❧❡t♦ ❞❡ Λ✲♠ó❞✉❧♦s s✐♠♣❧❡s ❛ ♠❡♥♦s ❞❡ ✐s♦♠♦r✜s♠♦s✱ SI ♦ ❝♦♥❥✉♥t♦
❞♦s ♠ó❞✉❧♦s ✐♥❥❡t✐✈♦s ❞❡ S✱ SP ♦ ❝♦♥❥✉♥t♦ ❞♦s ♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ❞❡ S ❡
SD = S \ {SI ∪ SP}✳

❖❜s❡r✈❡ q✉❡ t♦❞♦ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ q✉❡ é s♦♠❛♥❞♦ ❞❛ ❝♦❜❡rt✉r❛ ♣r♦❥❡t✐✈❛ ❞❡
Si✱ é ♦ ♠ó❞✉❧♦ Pi t❛❧ q✉❡ ❡①✐st❡ ✢❡❝❤❛ ❞❡ i ♣❛r❛ j✱ α : i→ j✳ ▲♦❣♦ Ω(Si) =

⊕

α:i→j

Sj✳

Pr♦♣♦s✐çã♦ ✹✳✶✳ ❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦ ❝♦♠ n
✈ért✐❝❡s✳ ❙❡ gldim(Λ) <∞ ❡♥tã♦ gldim(Λ) ≤ n− 1✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Si ✉♠ ♠ó❞✉❧♦ s✐♠♣❧❡s ❞❡ Λ✳ ❊♥tã♦ Si ♥ã♦ é s♦♠❛♥❞♦ ❞✐r❡t♦
❞❡ Ωk(Si) ♣❛r❛ t♦❞♦ k > 0✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ❡①✐st✐r✐❛ ✉♠ ❝✐❝❧♦✱ ♦ q✉❡ ✐♠♣❧✐❝❛r✐❛
dp(Si) = ∞✱ q✉❡ é ✉♠ ❛❜s✉r❞♦ ♣♦r ❤✐♣ót❡s❡✳ ❈♦♠♦ Ω(Si) =

⊕

α:i→j

Sj ❡♥tã♦

❡♠ Ω(Si) só ❤á ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛♣❛r❡❝❡r ✉♠ ❞♦s n − 1 s✐♠♣❧❡s r❡st❛♥t❡s ❝♦♠♦
s♦♠❛♥❞♦ ❞✐r❡t♦✳ ❙❡❥❛ Sj |Ω(Si) ❡♥tã♦ Sj ♥ã♦ é s♦♠❛♥❞♦ ❞✐r❡t♦ ❞❡ Ω2(Si) ♥❡♠
❞❡ Ω(Si) ❧♦❣♦ ❡♠ Ω2(Si) ❤á ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❛♣❛r❡❝❡r ♥♦ ♠á①✐♠♦ ✉♠ ❞♦s n − 2
s✐♠♣❧❡s r❡st❛♥t❡s ❝♦♠♦ s♦♠❛♥❞♦ ❞✐r❡t♦✱ ♣♦✐s ♥❡♠ Si ♥❡♠ Sj sã♦ s♦♠❛♥❞♦s ❞✐r❡t♦s

✺✾
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❞❡ Ω2(Si)✳ P♦❞❡♠♦s ❝♦♥t✐♥✉❛r ❝♦♠ ❡ss❡ ♣r♦❝❡ss♦ ♥♦ ♠á①✐♠♦ (n− 1)✲✈❡③❡s✱ ♥❡ss❡
❝❛s♦ ♦❜t❡♠♦s Ωn−1(Si) ♣r♦❥❡t✐✈♦ ❞♦♥❞❡ dp(Si) ≤ n − 1 ♣❛r❛ t♦❞♦ Λ✲♠ó❞✉❧♦
s✐♠♣❧❡s ♥ã♦ ♣r♦❥❡t✐✈♦ Si ❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✾ ♦❜t❡♠♦s gldim(Λ) ≤ n− 1✳

❖ s❡❣✉✐♥t❡ ❧❡♠❛ ❣❡♥❡r❛❧✐③❛ ♦ ▲❡♠❛ ✷✳✺ ❡ ✈❛❧❡ ❡♠ ❣❡r❛❧ ♣❛r❛ á❧❣❡❜r❛s ❆rt✐♥✐❛♥❛s
à ❞✐r❡✐t❛✳

▲❡♠❛ ✹✳✷✳ ❙❡ M = P ⊕M l1
1 ⊕ · · · ⊕M lt

t ♦♥❞❡ P é ♣r♦❥❡t✐✈♦✱ Mi é ♥ã♦ ♣r♦❥❡t✐✈♦
♣❛r❛ ❝❛❞❛ i ❡ t❛♠❜é♠ Mi 6∼= Mj ♣❛r❛ i 6= j ❡♥tã♦ φ(M) = φ(M1 ⊕ · · · ⊕Mt)✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❢❛t♦ ❞❡ rk(P ⊕M l1
1 ⊕· · ·⊕M lk

k ) = rk(M1⊕
· · · ⊕Mk)✳

❉❛q✉✐ ❡♠ ❞✐❛♥t❡ ❛♦ ❝❛❧❝✉❧❛r♠♦s φ(M) ❛ss✉♠✐r❡♠♦s M ❜ás✐❝♦✳

Pr♦♣♦s✐çã♦ ✹✳✸✳ ❙❡❥❛ M =
k⊕

i=1

Mi ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M ❡♠ ♠ó❞✉❧♦s

✐♥❞❡❝♦♠♣♦♥í✈❡✐s✱ ❝♦♠ [Ω(M)] ∈ 〈add(M)〉✳ ❊♥tã♦ φ(M) ≤ k✳ ❊♠ ♣❛rt✐❝✉❧❛r✱
s❡ φ(M) = k t❡♠♦s pd(M) = k✳

❉❡♠♦♥str❛çã♦✳ ❈♦♥s✐❞❡r❡ M =
k⊕

i=1

Mi ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ M ❡♠ ♠ó❞✉❧♦s

✐♥❞❡❝♦♠♣♦♥í✈❡✐s✳ Pr♦✈❛r❡♠♦s q✉❡ φ(M) ≤ k ♣♦r ✐♥❞✉çã♦ s♦❜r❡ k✳ ❙❡ k = 1
❡♥tã♦ M é ✉♠ Λ✲♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ❡ rk(Ω(M)) ≤ 1✳ ❙❡ rk(Ω(M)) = 0
❡♥tã♦ φ(M) = 1✳ ❙❡ rk(Ω(M)) = 1 ❡♥tã♦ 〈Ω(M)〉 ∼= 〈add(M)〉 ♣♦✐s [Ω(M)] ∈
〈add(M)〉✳ ▲♦❣♦✱

〈add(M)〉 ∼= L〈add(M)〉 ∼= · · · ∼= Li〈add(M)〉 ∼= · · · ,

❡ ❛ss✐♠ φ(M) = 0✳

❙✉♣♦♥❤❛ ♦ r❡s✉❧t❛❞♦ ✈á❧✐❞♦ ♣❛r❛ ✈❛❧♦r❡s ♠❡♥♦r❡s q✉❡ k✳ ❈♦♠♦ M é ❜ás✐❝♦
❡♥tã♦ rk(M) = k✳

• ❙❡ rk(Ω(M)) = k✱ ❝♦♠♦ ♣♦r ❤✐♣ót❡s❡ [Ω(M)] ❡stá ❡♠ 〈add(M)〉 ❡♥tã♦
〈add(M)〉 ∼= 〈add(Ω(M))〉 ∼= · · · , ❧♦❣♦ 〈add(M)〉 ∼= Li〈add(M)〉 ♣❛r❛ t♦❞♦
i✳ ❆ss✐♠ φ(M) = 0✳

• ❙❡ rk(Ω(M)) < k ❡♥tã♦ φ(Ω(M)) ≤ k − 1✳ P❡❧♦ ▲❡♠❛ ✷✳✻ t❡♠♦s✿

φ(M) ≤ φ(Ω(M)) + 1 ≤ (k − 1) + 1 = k.

Pr♦♣♦s✐çã♦ ✹✳✹✳ ❙❡❥❛ M ∈ mod(Λ) t❛❧ q✉❡ M ∼= Ωn(M) ♣❛r❛ ❛❧❣✉♠ n ∈ N

❡♥tã♦ φ(M) = 0✳ ❊♠ ♣❛rt✐❝✉❧❛r s❡ N |M ✱ t❡♠♦s dp(N) = ∞✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ M ∈ mod(Λ) t❛❧ q✉❡ M ∼= Ωn(M)✳ ▲♦❣♦ rk(M) =
rk(Ωn(M)) ❡ ❛ss✐♠ rk(Ωk(M)) = rk(M) ♣❛r❛ t♦❞♦ 0 ≤ k ≤ n✳ ❚❡♠♦s t❛♠❜é♠
Ωmn(M) = Ωn(···(Ωn(M))) ∼= M, ❞♦♥❞❡ rk(Ωmn(M)) = rk(M) ♣❛r❛ t♦❞♦ ✐♥t❡✐r♦
m > 0✳ P♦rt❛♥t♦ ♦ ♣♦st♦ ❡st❛❜✐❧✐③❛ ❞❡s❞❡ ♦ ✐♥í❝✐♦✱ ♦✉ s❡❥❛✱ φ(M) = 0✳
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Pr♦♣♦s✐çã♦ ✹✳✺✳ ❙❡ Lk|〈add(M)〉 : 〈add(M)〉 −→ 〈add(Ωk(M))〉 é ✉♠ ❡♣✐♠♦r✜s♠♦
❡ rk(Lk〈add(M)〉) < rk(Lk−1〈add(M)〉) ❡♥tã♦ φ(M) = φ(Ωk(M)) + k.

❉❡♠♦♥str❛çã♦✳ ❙❡ Lk|〈add(M)〉 : 〈add(M)〉 −→ 〈add(Ωk(M))〉 é ✉♠ ❡♣✐♠♦r✜s♠♦
❡♥tã♦ Lk〈add(M)〉 = 〈add(Ωk(M))〉✳ P❡❧❛ ❤✐♣ót❡s❡s rk(Lk〈add(M)〉) <
rk(Lk−1〈add(M)〉) ♦❜t❡♠♦s q✉❡ ❛ ❛♣❧✐❝❛çã♦ L|〈add(Ωk−1(M))〉 : 〈add(Ω

k−1(M))〉 −→
〈add(Ωk(M))〉 ♥ã♦ é ♠♦♥♦♠♦r✜s♠♦✱ ❞♦♥❞❡ L|〈add(Ωk−1(M))〉 : 〈add(Ω

k−1(M))〉 −→
〈add(Ωk(M))〉 é ✉♠ ✐s♦♠♦r✜s♠♦ s❡ ❡ s♦♠❡♥t❡ s❡ ❛ r❡str✐çã♦ L|Lj〈add(Ωk(M)) é ✉♠
♠♦♥♦♠♦r✜s♠♦✱ ♦✉ s❡❥❛✱ ♦ ♣♦st♦ ❡st❛❜✐❧✐③❛✳

❈♦r♦❧ár✐♦ ✹✳✻✳ ❙❡❥❛M =
t⊕

i=1

Mi ❛ ❞❡❝♦♠♣♦s✐çã♦ ❞♦ ♠ó❞✉❧♦ ❜ás✐❝♦M ✳ ❙❡ Ωk(Mi)

é ✐♥❞❡❝♦♠♣♦♥í✈❡❧ ♣❛r❛ t♦❞♦ i ❡ rk(Lk〈add(M)〉) < rk(Lk−1〈add(M)〉)✱ ❡♥tã♦

φ(M) = φ(Ωk(M)) + k.

❉❡✜♥✐çã♦ ✹✳✼✳ ❙❡❥❛ M = (Mα, ϕα) ✉♠❛ r❡♣r❡s❡♥t❛çã♦ K✲❧✐♥❡❛r ❞♦ q✉✐✈❡r Q ❡ ♦
✐❞❡❛❧ ❛❞♠✐ssí✈❡❧ I✳ ❉❡✜♥✐♠♦s ♦ s✉♣♦rt❡ ❞❛ r❡♣r❡s❡♥t❛çã♦ M ✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r
supp(M)✱ ❝♦♠♦ ♦ s✉❜q✉✐✈❡r ♣❧❡♥♦ ❞❡ Q t❛❧ q✉❡ (supp(M))0 = {b ∈ Q0 | Mb 6= 0} .

❆ s❡❣✉✐r✱ ❞❡✜♥✐♠♦s ♦ ❈♦r❛çã♦ ❡ ♦ ▼❡♠❜r♦ ❞❡ ✉♠ q✉✐✈❡r Q✳

❉❡✜♥✐çã♦ ✹✳✽✳ ❉❛❞♦ ✉♠ q✉✐✈❡r ✜♥✐t♦ Q ❝♦♠ n ✈ért✐❝❡s✱ ♦ ❈♦r❛çã♦ ❞❡ Q✱
❞❡♥♦t❛❞♦ ♣♦r C(Q)✱ é ♦ s✉❜q✉✐✈❡r ♣❧❡♥♦ ❞❡ Q ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦s ✈ért✐❝❡s ❝✉❥♦s
♠ó❞✉❧♦s s✐♠♣❧❡s ❛ss♦❝✐❛❞♦s ❡stã♦ ♥❛ ✐♥t❡rs❡çã♦ ❞♦ s✉♣♦rt❡ ❞❡ Ωn(Λ0) ❝♦♠ ♦
s✉♣♦rt❡ ❞❡ Ω−n(Λ0)✳

❉❡✜♥✐♠♦s ♦ ▼❡♠❜r♦ ❞❡ ✉♠ q✉✐✈❡r Q✱ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r M(Q)✱ ❛♦
s✉❜q✉✐✈❡r ♣❧❡♥♦ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦s ✈ért✐❝❡s q✉❡ ♥ã♦ ❡stã♦ ♥♦ ❝♦r❛çã♦✳

❖❜s❡r✈❛çã♦ ✹✳✾✳ ❖ ❝♦r❛çã♦ ❞❡ Q✱ C(Q)✱ é ♦ s✉❜q✉✐✈❡r ♣❧❡♥♦ ❞❡ Q ❞❡t❡r♠✐♥❛❞♦
♣❡❧♦s ✈ért✐❝❡s ❝✉❥♦s ♠ó❞✉❧♦s s✐♠♣❧❡s ❛ss♦❝✐❛❞♦s ❡stã♦ ♥♦ s✉♣♦rt❡ ❞❡

⋂

t∈Z
(Ωt(Λ0))✳

❊①❡♠♣❧♦ ✹✳✶✵✳ ❈♦♥s✐❞❡r❡ ♦ q✉✐✈❡r

4
· // 6·

��
Q = ·

1

// ·
2

// ·
3

BB

·
8

��

// ·
9

// ·
10
.

·
5

\\

·
7

oo

❆s r❡♣r❡s❡♥t❛çõ❡s ❞♦s s❡✉s Λ✲♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s ❡stã♦ ❞❛❞❛s ♣♦r✿

P1 = 1
2 ; P2 = 2

3 ; P3 = 3
4 ; P4 = 4

6 ; P5 = 5
3 ; P6 = 6

8 ;

P7 = 7
5 ; P8 = 8

7 9 ; P9 = 9
10 ; P10 = 10 ,

❡ ❞♦s s❡✉s Λ✲♠ó❞✉❧♦s ✐♥❥❡t✐✈♦s ♣♦r✿

I1 = 1 ; I2 = 2
1 ; I3 = 3

2 5 ; I4 = 4
3 ; I5 = 5

7 ; I6 = 6
4 ;
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I7 = 7
8 ; I8 = 8

6 ; I9 = 9
8 ; P10 = 10

9 .

❈❛❧❝✉❧❛♥❞♦ ❛s r❡s♦❧✉çõ❡s ♣r♦❥❡t✐✈❛s ❡ ✐♥❥❡t✐✈❛s ❞♦s s✐♠♣❧❡s ♦❜t❡♠♦s ♦ s✉♣♦rt❡
❞❡ Ω10(Λ0)✱ q✉❡ é ♦ s✉❜q✉✐✈❡r ♣❧❡♥♦ ❛ss♦❝✐❛❞♦ ❛♦s ✈ért✐❝❡s {3, 4, 5, 6, 7, 9, 10}✱
❡ ♦ s✉♣♦rt❡ ❞❡ Ω−10(Λ0)✱ q✉❡ é ♦ s✉❜q✉✐✈❡r ♣❧❡♥♦ ❛ss♦❝✐❛❞♦ ❛♦s ✈ért✐❝❡s
{1, 2, 3, 4, 5, 6, 7, 8}✳ ❊♥tã♦✿

C(Q) =

·
4

// ·
6

��
·
3

AA

·
8

��
·
5

]]

·
7

oo

M(Q) = ·
1

// ·
2

·
9

// ·
10
.

▲❡♠❜r❡♠♦s q✉❡ ✉♠ ✈ért✐❝❡ v é ❢♦♥t❡ s❡ ♥ã♦ t❡♠ ♣r❡❞❡❝❡ss♦r❡s ❡ é ♣♦ç♦ s❡
♥ã♦ t❡♠ s✉❝❡ss♦r❡s✳

Pr♦♣♦s✐çã♦ ✹✳✶✶✳ ❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦✳ ❆s s❡❣✉✐♥t❡s
❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

(1) M(Q) = ∅✳

(2) C(Q) = Q✳

(3) Q ♥ã♦ t❡♠ ♣♦ç♦ ♥❡♠ ❢♦♥t❡✳

(4) mod(Λ) ♥ã♦ t❡♠ ♠ó❞✉❧♦ ✐♥❥❡t✐✈♦ s✐♠♣❧❡s ♥❡♠ ♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ s✐♠♣❧❡s✳

❉❡♠♦♥str❛çã♦✳ ❆ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ (1) ❡ (2) s❡❣✉❡ ❞❛s ❞❡✜♥✐çõ❡s ❞❡ ❝♦r❛çã♦ ❡
♠❡♠❜r♦ ❞❡ Q✳ ❆ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ (3) ❡ (4) t❛♠❜é♠ é ❝❧❛r❛✳ P❛r❛ ♣r♦✈❛r q✉❡
(3) ✐♠♣❧✐❝❛ (2) s✉♣♦♥❤❛ q✉❡ Q ♥ã♦ t❡♠ ♣♦ç♦ ♥❡♠ ❢♦♥t❡ ❡♥tã♦ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ v
t❡♠♦s ♣❡❧♦ ♠❡♥♦s ✉♠❛ ✢❡❝❤❛ t❡r♠✐♥❛♥❞♦ ❡♠ v ❡ ♣❡❧♦ ♠❡♥♦s ✉♠❛ ❝♦♠❡ç❛♥❞♦ ❡♠ v✳
❆ss✐♠✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ❝❛♠✐♥❤♦s ❞❡ ❝♦♠♣r✐♠❡♥t♦ n ❝♦♠❡ç❛♥❞♦ ❡ ✜♥❛❧✐③❛♥❞♦
❡♠ q✉❛❧q✉❡r ✈ért✐❝❡ ❞❡ Q✱ ✈❡r ❖❜s❡r✈❛çã♦ ✹✳✾✱ ❧♦❣♦ C(Q) = Q✳
❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ♠♦str❛r♠♦s (1) ✐♠♣❧✐❝❛ (4) s✉♣♦♥❤❛ q✉❡ ❡①✐st❡ ✉♠ ♠ó❞✉❧♦
s✐♠♣❧❡s ✐♥❥❡t✐✈♦ Si ❡♠ mod(Λ)✱ ❡♥tã♦ ❡st❡ s✐♠♣❧❡s ♥ã♦ ♣♦❞❡ s❡r s♦♠❛♥❞♦ ❞✐r❡t♦
❞❛ s✐③✐❣✐❛ ❞❡ q✉❛❧q✉❡r ♠ó❞✉❧♦✳ ❊♠ ♣❛rt✐❝✉❧❛r ♥ã♦ ♣♦❞❡ ❡st❛r ♥♦ s✉♣♦rt❡ ❞❡
Ωn(Λ0)✳ ❆♥❛❧♦❣❛♠❡♥t❡ s❡ s✉♣♦♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ♣r♦❥❡t✐✈♦ s✐♠♣❧❡s✳

❱❡❥❛♠♦s ✉♠ r❡s✉❧t❛❞♦ s♦❜r❡ ❛ ❞✐♠❡♥sã♦ ✜♥✐t✐st❛ ♣❛r❛ á❧❣❡❜r❛s ❞❡ r❛❞✐❝❛❧
q✉❛❞r❛❞♦ ③❡r♦✳

▲❡♠❛ ✹✳✶✷✳ ❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦ ♥ã♦ s✐♠♣❧❡s✳ ❊♥tã♦ Q
♥ã♦ t❡♠ ♣♦ç♦ s❡ ❡ s♦♠❡♥t❡ s❡ findim(Λ) = 0✳

❉❡♠♦♥str❛çã♦✳ (⇐) ❙✉♣♦♥❤❛♠♦s q✉❡ findim(Λ) = 0 ❡ q✉❡ ❡①✐st❛ ✉♠ ♠ó❞✉❧♦M
t❛❧ q✉❡ dp(M) = ∞✳ ❙❡ ❡①✐st✐r ✉♠ ♣♦ç♦ v ∈ Q0 ❡♥tã♦ v ♥ã♦ t❡♠ s✉❝❡ss♦r❡s ❡ ❛ss✐♠
♦ s✐♠♣❧❡s Sv q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ✈ért✐❝❡ v é ♣r♦❥❡t✐✈♦✳ P♦r s❡r Λ ❝♦♥❡①❛ ❡ ♥ã♦
s✐♠♣❧❡s✱ ❡①✐st❡ ♣r❡❞❡❝❡ss♦r ❞❡ v ❡♠ Q✱ ✐st♦ é✱ w ∈ Q0 ❡ ✉♠❛ ✢❡❝❤❛ α : w → v✳
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❙❡❥❛ Pw ♦ ♣r♦❥❡t✐✈♦ q✉❡ ❝♦rr❡s♣♦♥❞❡ ❛♦ ✈ért✐❝❡ w✱ ❡♥tã♦ ♣♦❞❡♠♦s ❝♦♥str✉✐r ❛
s❡q✉ê♥❝✐❛ ❡①❛t❛ ❝✉rt❛

0 // Sv // Pw // Pw/Sv // 0

❞♦♥❞❡ Ω(Pw/Sv) = Sv✳ P♦rt❛♥t♦ dp(Pw/Sv) = 1 ♦ q✉❡ ❝♦♥tr❛❞✐③ ♥♦ss❛ ❤✐♣ót❡s❡
❞❡ findim(Λ) = 0✳ P♦rt❛♥t♦✱ Q ♥ã♦ t❡♠ ♣♦ç♦✳

(⇒) ❘❡❝✐♣r♦❝❛♠❡♥t❡ s✉♣♦♥❤❛♠♦s q✉❡ Q ♥ã♦ t❡♠ ♣♦ç♦✱ ❡♥tã♦ ♣❛r❛ t♦❞♦
v ∈ Q0 t❡♠♦s Sv ♥ã♦ ♣r♦❥❡t✐✈♦✳ ❈♦♠♦ ❛ ♣r✐♠❡✐r❛ s✐③✐❣✐❛ ❞❡ t♦❞♦ ♠ó❞✉❧♦ é
s❡♠✐s✐♠♣❧❡s✱ ✐st♦ é✱ ♣❛r❛ t♦❞♦ ♠ó❞✉❧♦ M t❡♠✲s❡ Ω(M) ✐❣✉❛❧ à s♦♠❛ ❞❡ s✐♠♣❧❡s✱
s❡❣✉❡ q✉❡ ❛ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ❞❡ t♦❞♦ ♠ó❞✉❧♦M ♥ã♦ ♣r♦❥❡t✐✈♦ é ✐♥✜♥✐t❛✳ ❆ss✐♠✱
findim(Λ) = 0.

❖❜s❡r✈❛çã♦ ✹✳✶✸✳ ◆❛ ❞❡♠♦♥str❛çã♦ ❞♦ ▲❡♠❛ ✹✳✶✷✱ ♦❜t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛
❡①❛t❛ ❝✉rt❛ q✉❡ ❞❡♥♦t❛♠♦s ♣♦r ηSv

✱ ♦✉ s❡❥❛✱

ηSv
: 0 // Sv // Pw // Pw/Sv // 0,

s❡♥❞♦ Sv ♦ ♠ó❞✉❧♦ s✐♠♣❧❡s ❛ss♦❝✐❛❞♦ ❛♦ ✈ért✐❝❡ v ∈ Q0 q✉❡ ♥ã♦ é ❢♦♥t❡✳

Pr♦♣♦s✐çã♦ ✹✳✶✹✳ ❙❡ Λ é ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦ ❡♥tã♦

φdim(Λ) ≤ φ(Λ0) + 1.

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ M ∈ mod(Λ)✳ ❈♦♠♦ Ω(M) é s❡♠✐s✐♠♣❧❡s ❡ Λ0 é ❛ s♦♠❛ ❞❡
t♦❞♦s ♦s ♠ó❞✉❧♦s s✐♠♣❧❡s✱ ❞❛ Pr♦♣♦s✐çã♦ ✷✳✺✱ φ(Ω(M)) ≤ φ(Λ0)✳ P❡❧♦ ▲❡♠❛ ✷✳✻✱
φ(M) ≤ φ(Ω(M)) + 1 ♣❛r❛ t♦❞♦ M ∈ mod(Λ)✳ P♦rt❛♥t♦✱ φdim(Λ) ≤ φ(Λ0) + 1.

Pr♦♣♦s✐çã♦ ✹✳✶✺✳ ❙❡❥❛ Λ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦✳ ❙❡ Λ t❡♠ ❞✐♠❡♥sã♦
❣❧♦❜❛❧ ✐♥✜♥✐t❛ ❡ M(Q) é ♥ã♦ ✈❛③✐♦ ❡♥tã♦ φdim(Λ) ≤ #SD = n − k✱ s❡♥❞♦ k ♦
♥ú♠❡r♦ ❞❡ s✐♠♣❧❡s ♥ã♦ ♣r♦❥❡t✐✈♦s ♥❡♠ ✐♥❥❡t✐✈♦s✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦✳ ❈♦♠♦ Q t❡♠
♠❡♠❜r♦✱ ✐st♦ éM(Q) 6= ∅✱ Λ t❡♠ ♠ó❞✉❧♦s ♣r♦❥❡t✐✈♦s s✐♠♣❧❡s ♦✉ ♠ó❞✉❧♦s ✐♥❥❡t✐✈♦s
s✐♠♣❧❡s✱ ✈❡r Pr♦♣♦s✐çã♦ ✹✳✶✶✳ ❙❡❥❛ #(SP ∪SI) = k ❡ SD = {Sk+1, . . . , Sn}✳ ❙❡❣✉❡
❞❛ ❤✐♣ót❡s❡ gldim(Λ) = ∞ ❡ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✾ q✉❡ ❡①✐st❡ ✉♠ ♠ó❞✉❧♦ s✐♠♣❧❡s ❝♦♠

❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ✐♥✜♥✐t❛✳ ▲♦❣♦ φ
( n⊕

i=k+1

Si
)
≤ n − (k + 1)✳ P❡❧❛ Pr♦♣♦s✐çã♦

✹✳✶✹ t❡♠♦s φdim(Λ) ≤ φ(Λ0) + 1 ≤ (n− (k + 1)) + 1✳

Pr♦♣♦s✐çã♦ ✹✳✶✻✳ ❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦ ❝♦♥❡①❛ ♥ã♦
s✐♠♣❧❡s✳ ❆s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✶✮ S = SD ❡ ♣❛r❛ ❝❛❞❛ ♠ó❞✉❧♦ S ∈ S ♦ ♠ó❞✉❧♦ MS é s✐♠♣❧❡s✳

✷✮ Q é ✉♠ ❝✐❝❧♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n✳

✸✮ Λ é ✉♠❛ á❧❣❡❜r❛ ❛✉t♦✐♥❥❡t✐✈❛✳
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❉❡♠♦♥str❛çã♦✳ ✷✮ ⇒ 1) ❙❡❣✉❡ ❞❡ Q s❡r ✉♠ ❝✐❝❧♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n ❡ Λ s❡r
✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦✳

✶✮ ⇒ 2) ❙✉♣♦♥❤❛ S = SD ❡ ❝♦♥s✐❞❡r❡♠♦s ❛s s❡q✉ê♥❝✐❛s ❡①❛t❛s ❝✉rt❛s ηS ✭✈❡❥❛
❖❜s❡r✈❛çã♦ ✹✳✶✸✮✳ ❙❡ MS é s✐♠♣❧❡s ♣❛r❛ ❝❛❞❛ S ∈ S✱ ❛♣❧✐❝❛♥❞♦ ♦ ❈♦r♦❧ár✐♦
✶✳✷✸ ♥❛s s❡q✉ê♥❝✐❛s ηS t❡♠♦s ℓ(P0(MS)) = 2 ♣❛r❛ t♦❞♦ S ∈ S✳ ◆❡ss❡
❝❛s♦✱ t❡♠♦s q✉❡ ❡ss❛ ❢❛♠í❧✐❛ {MS}S∈S é ❛ ❢❛♠í❧✐❛ ❞❡ t♦❞♦s ♦s s✐♠♣❧❡s✱ ❧♦❣♦
♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ ❡①✐st❡ ❡①❛t❛♠❡♥t❡ ✉♠❛ ✢❡❝❤❛ ❝♦♠❡ç❛♥❞♦ ♥❡❧❡✳ ❆ss✐♠✱
♦ ♥ú♠❡r♦ ❞❡ ✢❡❝❤❛s é ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ✈ért✐❝❡s ❞♦ q✉✐✈❡r✳ ❈♦♠♦ ♥ã♦
❡①✐st❡ ❢♦♥t❡✱ ♣♦✐s S = SD✱ t❡♠♦s q✉❡ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ ❡①✐st❡ ♣❡❧♦ ♠❡♥♦s
✉♠❛ ✢❡❝❤❛ t❡r♠✐♥❛♥❞♦ ♥❡❧❡✳ ❈♦♠♦ ♦ ♥ú♠❡r♦ ❞❡ ✢❡❝❤❛s ❡ ✈ért✐❝❡s ❝♦✐♥❝✐❞❡✱
♣❛r❛ q✉❛❧q✉❡r ✈ért✐❝❡ ❡①✐st❡ ✉♠❛ ✢❡❝❤❛ ❝♦♠❡ç❛♥❞♦ ❡ ✉♠❛ ✢❡❝❤❛ t❡r♠✐♥❛♥❞♦
♥❡ss❡ ✈ért✐❝❡✱ ❡ ❞♦ q✉✐✈❡r Q s❡r ✜♥✐t♦ ♦❜t❡♠♦s q✉❡ Q é ✉♠ ❝✐❝❧♦✳

✷✮ ⇒ 3) ❙❡❣✉❡ ❞♦ ❢❛t♦ ❞❡ Λ s❡r ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦ ❡ ❞♦
q✉✐✈❡r Q s❡r ✉♠ ❝✐❝❧♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n q✉❡ t♦❞♦ Λ✲♠ó❞✉❧♦ ♣r♦❥❡t✐✈♦ é
✐♥❥❡t✐✈♦✳ P♦rt❛♥t♦✱ Λ é ✉♠❛ á❧❣❡❜r❛ ❛✉t♦✐♥❥❡t✐✈❛✳

✸✮ ⇒ 2) ❙✉♣♦♥❤❛ q✉❡ Λ é ✉♠❛ á❧❣❡❜r❛ ❛✉t♦✐♥❥❡t✐✈❛ ❝♦♥❡①❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦
③❡r♦✳ ❊♥tã♦ ♣❛r❛ ❝❛❞❛ ✈ért✐❝❡ v ∈ Q0 ❡①✐st❡ ✉♠❛ ✢❡❝❤❛ ❝♦♠❡ç❛♥❞♦ ❡♠ v ❡
✉♠❛ ✢❡❝❤❛ t❡r♠✐♥❛♥❞♦ ❡♠ v✳ P♦rt❛♥t♦ Q é ✉♠ ❝✐❝❧♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ n✳

Pr♦♣♦s✐çã♦ ✹✳✶✼✳ ❙❡ Q t❡♠ n ✈ért✐❝❡s✱ ❡♥tã♦ φ(Λ0) ≤ n− 1✳

❉❡♠♦♥str❛çã♦✳ ❈♦♠♦ [Ω(Λ0)] ∈ 〈add(Λ0)〉✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✸ φ(Λ0) ≤ n✳
❙❡ φ(Λ0) = n s❡❣✉❡ t❛♠❜é♠ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✸ q✉❡ dp(Λ0) = n✱ ❞♦♥❞❡ ♣♦❞❡♠♦s
❞✐③❡r q✉❡ gldim(Λ) é ✜♥✐t❛✱ ❝❛s♦ ❝♦♥trár✐♦ ❡①✐st✐r✐❛ ✉♠ ♠ó❞✉❧♦ s✐♠♣❧❡s ❝♦♠
❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ✐♥✜♥✐t❛✱ ✉♠ ❛❜s✉r❞♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶ t❡♠♦s gldim(Λ) ≤
n− 1 ❞♦♥❞❡ dp(Λ0) ≤ n− 1✱ ❧♦❣♦ φ(Λ0) ≤ n− 1✱ ♦ q✉❡ é ✉♠ ❛❜s✉r❞♦✳ P♦rt❛♥t♦✱
φ(Λ0) ≤ n− 1✳

❈♦r♦❧ár✐♦ ✹✳✶✽✳ ❙❡ Λ é ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦ ❡♥tã♦ φdim(Λ) ≤ n✳

❉❡♠♦♥str❛çã♦✳ P❡❧❛s ♣r♦♣♦s✐çõ❡s ✹✳✶✹ ❡ ✹✳✶✼ t❡♠♦s✿

φdim(Λ) ≤ φ(Λ0) + 1 ≤ (n− 1) + 1.

❊①❡♠♣❧♦ ✹✳✶✾✳ ❙❡❥❛ Λ ❛ á❧❣❡❜r❛ ❞❡✜♥✐❞❛ ♣❡❧♦ q✉✐✈❡r✿

Q = ·
1

zz

❡ ❛ r❡❧❛çã♦ R2✳ ❈♦♠♦ Λ é ❛✉t♦✐♥❥❡t✐✈❛ φdim(Λ) = 0 < 1✳ ❖✉ s❡❥❛✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡
♥♦ ❈♦r♦❧ár✐♦ 4.18 é ❡str✐t❛✳

❖❜s❡r✈❛çã♦ ✹✳✷✵✳ ❙❡❥❛ Λ ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦✳ ❙❡ S é ✉♠
♠ó❞✉❧♦ s✐♠♣❧❡s ✐♥❥❡t✐✈♦ s♦♠❛♥❞♦ ❞✐r❡t♦ ❞❡ Ω(M) ♣❛r❛ ❛❧❣ú♠ ♠ó❞✉❧♦ M ✱ ❡♥tã♦
S é ♣r♦❥❡t✐✈♦ ✭✈❡❥❛ s✉❜s❡çã♦ ✶✳✸✳✼✮✳
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❚❡♠♦s ❛ s❡❣✉✐r ✉♠❛ ✈❡rsã♦ ❞♦ ❚❡♦r❡♠❛ ✶✳✸✾ ♣❛r❛ ❛ φ✲❞✐♠❡♥sã♦ ♥♦ ❝❛s♦ ❞❡ Λ
s❡r ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦ ❡ ♥ã♦ ❛✉t♦✐♥❥❡t✐✈❛✳

❚❡♦r❡♠❛ ✹✳✷✶✳ ❙❡ Λ é ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦ ❡ ♥ã♦ ❛✉t♦✐♥❥❡t✐✈❛
❡♥tã♦ φdim(Λ) = φ

( ⊕

S∈SD

S
)
+ 1✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ M ∈ mod(Λ) ♥ã♦ ♣r♦❥❡t✐✈♦✳ P❡❧♦ ▲❡♠❛ ✷✳✺ ♦❜t❡♠♦s
φ(M) ≤ φ(Ω(M)) + 1✳ ❈♦♠♦ ❛ s✐③✐❣✐❛ ❞♦ ♠ó❞✉❧♦ M é s❡♠✐s✐♠♣❧❡s ❡♥tã♦
φ(Ω(M)) ≤ φ(

⊕

S∈S
S)✳ ▼❛s✱ ♣❡❧❛ ❖❜s❡r✈❛çã♦ ✹✳✷✵ s❡❣✉❡✿

φ(Ω(M)) ≤ φ
( ⊕

S∈SD

S
)
,

❞♦♥❞❡ φ(M) ≤ φ
( ⊕

S∈SD

S
)
+ 1✳ ❈♦♠♦ ❡st❛ ❞❡s✐❣✉❛❧❞❛❞❡ é s❛t✐s❢❡✐t❛ ♣❛r❛

t♦❞♦ Λ✲♠ó❞✉❧♦ ♥ã♦ ♣r♦❥❡t✐✈♦ t❡♠♦s ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ φdim(Λ) q✉❡ φdim(Λ) ≤
φ(⊕S∈SD

S) + 1✳

P❛r❛ ♠♦str❛r♠♦s q✉❡ φ(
⊕

S∈SD

S) + 1 ≤ φdim(Λ) ✈❛♠♦s ❡①✐❜✐r ✉♠ ♠ó❞✉❧♦

M ∈ mod(Λ) t❛❧ q✉❡ φ(M) = φ(
⊕

S∈SD

S) + 1✳ P❛r❛ ❝❛❞❛ S ∈ SD ❝♦♥s✐❞❡r❡ ♦

♠ó❞✉❧♦ ✐♥❞❡❝♦♠♣♦♥í✈❡❧ MS t❛❧ q✉❡ Ω(MS) = S ✭✈❡❥❛ ❖❜s❡r✈❛çã♦ ✹✳✶✸✮✳

• ❙❡MS ♥ã♦ é s✐♠♣❧❡s ♣❛r❛ ❛❧❣✉♠ S ∈ SD✳ ❚♦♠❡M =
( ⊕

S∈SD

MS

)
⊕
( ⊕

S∈SD

S
)
✱

❛♣❧✐❝❛♥❞♦ ♦ ❈♦r♦❧ár✐♦ ✹✳✻ ❝♦♠ k = 1 ♦❜t❡♠♦s✿

φ(M) = φ(⊕S∈SD
S) + 1.

• ❙❡MS é s✐♠♣❧❡s ♣❛r❛ t♦❞♦ S ∈ SD✱ ❝♦♠♦ Λ ♥ã♦ é ❛✉t♦✐♥❥❡t✐✈❛ ❡ é ❞❡ r❛❞✐❝❛❧
q✉❛❞r❛❞♦ ③❡r♦✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✶✻ q✉❡ ❡①✐st❡ ✉♠ s✐♠♣❧❡s S0 ∈ S q✉❡
é ✐♥❥❡t✐✈♦ ♦✉ é ♣r♦❥❡t✐✈♦✳
❙❡❥❛ ♦ S0 ♣r♦❥❡t✐✈♦ ❡ ♥ã♦ ✐♥❥❡t✐✈♦✳ ❚♦♠❡ M =

( ⊕

S∈SD

MS

)
⊕MS0 ✱ s❡♥❞♦

Ω(MS0) = S0 ✭✈❡❥❛ ❖❜s❡r✈❛çã♦ ✹✳✶✸✮✳ ❊♥tã♦

rk
(
L〈add(⊕S∈SD

MS ⊕MS0)〉
)
< rk

(
〈add(⊕S∈SD

MS ⊕MS0)〉
)
,

❡ ❛♣❧✐❝❛♥❞♦ ♥♦✈❛♠❡♥t❡ ♦ ❈♦r♦❧ár✐♦ ✹✳✻ ❝♦♠ k = 1 t❡♠♦s✿

φ(M) = φ(⊕S∈SD
S) + 1.

❙❡❥❛ ♦ S0 ✐♥❥❡t✐✈♦ ❡ ♥ã♦ ♣r♦❥❡t✐✈♦✳ ❙❡ S0 ♥ã♦ é ✐s♦♠♦r❢♦ ❛ MS ♣❛r❛ t♦❞♦
S ∈ SD✳ ❚♦♠❡ M =

( ⊕

S∈SD

MS

)
⊕ S0✱ s❡❣✉❡ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✺ q✉❡

φ(M) = φ(⊕S∈SD
S) + 1✱ ❝♦♠ k = 1✳

❙✉♣♦♥❤❛ ❡♥tã♦ q✉❡ S0 é ✐s♦♠♦r❢♦ ❛MS ♣❛r❛ ❛❧❣✉♠ S ∈ SD✳ P❡❧❛ ❝♦♥str✉çã♦
❞❡ ♥♦ss♦ ❝♦♥❥✉♥t♦ {MS | S ∈ SD} ♥❛ ❖❜s❡r✈❛çã♦ ✹✳✶✸✱ ❡①✐st❡ ✉♠ S1 ∈ SD
t❛❧ q✉❡ S1 ♥ã♦ é ✐s♦♠♦r❢♦ ❛ MS✱ ♣❛r❛ t♦❞♦ S ∈ SD✱ ❝❛s♦ ❝♦♥trár✐♦ t❡rí❛♠♦s
S0 ♥ã♦ ✐♥❥❡t✐✈♦✳ ❙❡❥❛ M =

( ⊕

S∈SD

MS

)
⊕ S1✱ t❡♠♦s ❡♥tã♦ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✹✳✻

q✉❡ φ(M) = φ(⊕S∈SD
S) + 1✳
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❈♦r♦❧ár✐♦ ✹✳✷✷✳ ❙❡ Λ é ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦ ♥ã♦ ❛✉t♦✐♥❥❡t✐✈❛
❡ M(Q) é ✈❛③✐♦ ❡♥tã♦ φdim(Λ) = φ(Λ0) + 1✳

❉❡♠♦♥str❛çã♦✳ ❙❡❣✉❡ ❞♦ ❚❡♦r❡♠❛ 4.21 q✉❡ φdim(Λ) = φ(⊕S∈SD
S) + 1✳ ❈♦♠♦

M(Q) = ∅✱ t❡♠♦s ♣❡❧❛ Pr♦♣♦s✐çã♦ 4.11 q✉❡ mod(Λ) ♥ã♦ t❡♠ s✐♠♣❧❡s ♣r♦❥❡t✐✈♦s
♥❡♠ ✐♥❥❡t✐✈♦s✱ ❧♦❣♦ S = SD ❡ ❛ss✐♠ φ(⊕S∈SS) = φ(Λ0). P♦rt❛♥t♦✱ φdim(Λ) =
φ(Λ0) + 1.



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❆s ❢✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ φ ❡ ψ✱ ❣❡♥❡r❛❧✐③❛♠ ❞❡ ✉♠❛ ❝❡rt❛ ❢♦r♠❛ ❛ ♥♦çã♦
❞❡ ❞✐♠❡♥sã♦ ♣r♦❥❡t✐✈❛ ❡ ♥♦s ❢♦r♥❡❝❡♠ ✉♠❛ ❜♦❛ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ❛ ❝♦♠♣❧❡①✐❞❛❞❡
❞❛ ❝❛t❡❣♦r✐❛ ❞♦s ♠ó❞✉❧♦s à ❞✐r❡✐t❛ ✜♥✐t❛♠❡♥t❡ ❣❡r❛❞♦s s♦❜r❡ ✉♠❛ á❧❣❡❜r❛
❛✉t♦✐♥❥❡t✐✈❛✳

❱❡♠♦s q✉❡ ♥♦ ❝❛s♦ ❞❡ Λ s❡r ✉♠❛ á❧❣❡❜r❛ ❞❡ r❛❞✐❝❛❧ q✉❛❞r❛❞♦ ③❡r♦✱ ♣♦❞❡♠♦s
❝❛❧❝✉❧❛r φdim(Λ) ❡♠ t❡r♠♦s ❞♦s s❡✉s s✐♠♣❧❡s ❝♦♠♦ ♥♦ ❝❛s♦ ❞❛ gldim(Λ) s❡♥❞♦
Λ ✉♠❛ á❧❣❡❜r❛ ❆rt✐♥✐❛♥❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛✳

❊ss❡ ❛ss✉♥t♦ é ✐♥t❡r❡ss❛♥t❡ ♥♦ s❡♥t✐❞♦ ❞❡ q✉❡ ❤á ♠❛✐s ❞❡ ❝✐♥q✉❡♥t❛ ❛♥♦s s❡
❝♦♥❥❡❝t✉r❛ q✉❡ ❛ ❞✐♠❡♥sã♦ ✜♥✐t✐st❛ ❞❡ ✉♠❛ á❧❣❡❜r❛ ❞❡ ❞✐♠❡♥sã♦ ✜♥✐t❛ é ✜♥✐t❛✳
❊♠ ❬✷✶❪ s❡ ✐♥tr♦❞✉③✐✉ ❛ ♥♦çã♦ ❞❡ ➪❧❣❡❜r❛s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ ❞❡✜♥✐❞❛s ❛ ♣❛rt✐r ❞❛s
❢✉♥çõ❡s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈✳ ◆❡ss❡ ❛rt✐❣♦ ♣r♦✈♦✉✲s❡ q✉❡ ❛ ❝♦♥❥❡❝t✉r❛ ❞❛ ❞✐♠❡♥sã♦
✜♥✐t✐st❛ é ✈❡r❞❛❞❡✐r❛ ♣❛r❛ ❡ss❛ ❝❧❛ss❡ ❞❡ á❧❣❡❜r❛s✳

❆ ❝❧❛ss❡ ❞❛s ➪❧❣❡❜r❛s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈ ❝♦♥té♠ ✈ár✐❛s ♦✉tr❛s✱ ♣♦r ❡①❡♠♣❧♦✿
á❧❣❡❜r❛s ❞❡ ❞✐♠❡♥sã♦ ❞❡ r❡♣r❡s❡♥t❛çã♦ ♠❡♥♦r ♦✉ ✐❣✉❛❧ q✉❡ 3✱ á❧❣❡❜r❛s ❞❡ r❛❞✐❝❛❧
❝✉❜♦ ③❡r♦✱ á❧❣❡❜r❛s ♠♦♥♦♠✐❛✐s ❡ á❧❣❡❜r❛s s❡r✐❛✐s à ❡sq✉❡r❞❛✳ ❆❝r❡❞✐t❛✲s❡ q✉❡
t♦❞❛s ❛s á❧❣❡❜r❛s ❆rt✐♥✐❛♥❛s sã♦ ➪❧❣❡❜r❛s ❞❡ ■❣✉s❛✲❚♦❞♦r♦✈✳
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❬✷❪ ■✳ ❆ss❡♠✳ ❆❧❣❡❜r❡s ❡t ♠♦❞✉❧❡s✿ ❈♦✉rs ❡t ❡①❡r❝✐❝❡s✳ ▲❡s Pr❡ss❡s ❞❡
❧✬❯♥✐✈❡rs✐té ❞ ❖tt❛✇❛✱ ❖♥t❛r✐♦✱ ❈❛♥❛❞❛✱ ✭✶✾✾✼✮✳

❬✸❪ ■✳ ❆ss❡♠✱ ❉✳ ❙✐♠♣s♦♥✱ ❆✳ ❙❦♦✇r♦♥s❦✐✳ ❊❧❡♠❡♥ts ♦❢ t❤❡ ❘❡♣r❡s❡♥t❛t✐♦♥
❚❤❡♦r② ♦❢ ❛ss♦❝✐❛t✐✈❡ ❆❧❣❡❜r❛s✳ ▲♦♥❞♦♥ ▼❛t❤✳ ❙♦❝✳ ❙t✉❞❡♥t ❚❡①ts ✻✺✱
❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✱ ❈❛♠❜r✐❞❣❡✱ ✭✷✵✵✻✮✳

❬✹❪ ▼✳ ❆✉s❧❛♥❞❡r✱ ■✳ ❘❡✐t❡♥✱ ❙✳ ❖✳ ❙♠❛❧♦✳ ❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r② ♦❢ ❆rt✐♥
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❬✺❪ ▼✳ ❆✉s❧❛♥❞❡r✳ ❘❡♣r❡s❡♥t❛t✐♦♥ ❞✐♠❡♥s✐♦♥ ♦❢ ❆rt✐♥ ❛❧❣❡❜r❛s✳ ▲❡❝t✉r❡
◆♦t❡s✱ ◗✉❡❡♥ ▼❛r② ❈♦❧❧❡❣❡✱ ▲♦♥❞♦♥✱ ✭✶✾✼✶✮✳

❬✻❪ ❍✳ ❇❛ss✳ ❋✐♥✐t✐st✐❝ ❞✐♠❡♥s✐♦♥ ❛♥❞ ❛ ❤♦♠♦❧♦❣✐❝❛❧ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ s❡♠✐✲
♣r✐♠❛r② r✐♥❣s✳ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✾✺✱ ♣♣✳ ✹✻✻✲✹✽✽✱ ✭✶✾✻✵✮✳

❬✼❪ ▼✳ ❇r♦✉é✳ ❊q✉✐✈❛❧❡♥❝❡s ♦❢ ❜❧♦❝❦s ♦❢ ❣r♦✉♣ ❛❧❣❡❜r❛s✳ ✐♥✿ ❱✳ ❉❧❛❜✱
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✻ ✭✶✾✼✷✮✳

❬✶✵❪ ❉✳ ❍✐❧❜❡rt✳ Ü❡❜❡r ❞✐❡ ❚❤❡♦r✐❡ ❞❡r ❛❧❣❡❜r❛✐s❝❤❡♥ ❋♦r♠❡♥✳ ❙♣r✐♥❣❡r
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❬✶✶❪ ❋✳ ❍✉❛r❞✱ ▼✳ ▲❛♥③✐❧♦tt❛✳ ❙❡❧❢✲✐♥❥❡❝t✐✈❡ r✐❣❤t ❛rt✐♥✐❛♥ r✐♥❣s ❛♥❞ ■❣✉s❛
❚♦❞♦r♦✈ ❢✉♥❝t✐♦♥s✳ ❆❧❣❡❜r❛s ❘❡♣r❡s❡♥t✳ ❚❤❡♦r② ✶✻✭✸✮✱ ✼✻✺✲✼✼✵✱ ✭✷✵✶✷✮✳

❬✶✷❪ ❑✳ ■❣✉s❛✱ ●✳ ❚♦❞♦r♦✈✳ ❖♥ t❤❡ ✜♥✐t✐st✐❝ ❣❧♦❜❛❧ ❞✐♠❡♥s✐♦♥ ❝♦♥❥❡❝t✉r❡ ❢♦r
❆rt✐♥ ❛❧❣❡❜r❛s✳ ❘❡♣r❡s❡♥t❛t✐♦♥ ❛❧❣❡❜r❛s ❛♥❞ r❡❧❛t❡❞ t♦♣✐❝s✱ ✷✵✶ ✲ ✷✵✹✳
❋✐❡❧❞ ■♥st ❈♦♠♠✉♥✳✱ ✹✺✱ ❆♠♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱ Pr♦✈✐❞❡♥❝❡✱ ❘■✱ ✭✷✵✵✺✮✳

❬✶✸❪ ❙✳ ▲❛♥❣✳ ●r❛❞✉❛t❡ ❚❡①ts ✐♥ ▼❛t❤❡♠❛t✐❝s✳ ❙♣r✐♥❣❡r✲❱❡r❧❛❣ ✱ ◆❡✇ ❨♦r❦✱
■♥❝✳✱ ✭✷✵✵✷✮✳
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