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✸✳✹✳✷ ❖ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡ ❞♦✐s sít✐♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✹✳✸ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉ ✳ ✳ ✳ ✹✸

✹ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲●❡❧❘❡❞ ✺✵

✹✳✶ ❖ ●❡❧❘❡❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹✳✷ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✷✳✶ P✐♥ç❛ ó♣t✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✷✳✷ ❊s♣❛❧❤❛♠❡♥t♦ ❞❡ ▲✉③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✸ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛ ✐♥t❡r❛çã♦ ❉◆❆✲●❡❧❘❡❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✸✳✶ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✸✳✷ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✺ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐✲

❝♦❧✮ ✽✵✵✵ ✻✺

✺✳✶ ❖ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✺✳✷ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✺✳✷✳✶ P✐♥ç❛ ó♣t✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✻

✺✳✷✳✷ ❈❛❧♦r✐♠❡tr✐❛ ✐s♦tér♠✐❝❛ ❞❡ t✐t✉❧❛çã♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✺✳✸ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥✲

t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮ ✽✵✵✵ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✸✳✶ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✸✳✷ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ❝❛❧♦r✐♠❡tr✐❛ ✐s♦tér♠✐❝❛ ❞❡ t✐t✉❧❛çã♦ ✳ ✼✺

✻ ❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s ✼✾

❆♣ê♥❞✐❝❡✿ ❆rt✐❣♦s ♣✉❜❧✐❝❛❞♦s ✽✶

❘❡✈✐st❛ P❤②s✐❝❛❧ ❈❤❡♠✐str② ❈❤❡♠✐❝❛❧ P❤②s✐❝s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

❘❡✈✐st❛ ❊✉r♦♣❡❛♥ ❇✐♦♣❤②s✐❝s ❏♦✉r♥❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

❘❡✈✐st❛ ❇✐♦♣♦❧②♠❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✼
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✷✳✶ Pr❡ssã♦ ❞❡ r❛❞✐❛çã♦✳ ❆ ❢♦rç❛ r❡s✉❧t❛♥t❡✱ ♥❡ss❡ ❝❛s♦✱ ❡♠♣✉rr❛ ❛ ♠✐❝r♦❡s❢❡r❛ ♥♦

s❡♥t✐❞♦ ❞❡ ✐♥❝✐❞ê♥❝✐❛ ❞♦ ❢❡✐①❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✷✳✷ ❊❢❡✐t♦ ❞❛ r❡❢r❛çã♦✳ ❆ ♠✐❝r♦❡s❢❡r❛ ❡stá s✐t✉❛❞❛ ♥❛ r❡❣✐ã♦ ❛❜❛✐①♦ ❞♦ ❢♦❝♦ ❡✱

♥❡ss❡ ❝❛s♦✱ ❛ ❢♦rç❛ r❡s✉❧t❛♥t❡ ❡♠♣✉rr❛ ❛ ♠✐❝r♦❡s❢❡r❛ ♣❛r❛ ♦ ❢♦❝♦ ❞♦ ❢❡✐①❡✳ ✳ ✳ ✾

✷✳✸ ❊❢❡✐t♦ ❞❛ r❡❢r❛çã♦✳ ❆ ♠✐❝r♦❡s❢❡r❛ ❡stá s✐t✉❛❞❛ ♥❛ r❡❣✐ã♦ ❛❝✐♠❛ ❞♦ ❢♦❝♦ ❡✱ ♠❛✐s

✉♠❛ ✈❡③✱ ❛ ❢♦rç❛ r❡s✉❧t❛♥t❡ ❡♠♣✉rr❛ ❛ ♠✐❝r♦❡s❢❡r❛ ♣❛r❛ ♦ ❢♦❝♦ ❞♦ ❢❡✐①❡✳ ✳ ✳ ✳ ✶✵

✷✳✹ ▼♦♥t❛❣❡♠ ❡①♣❡r✐♠❡♥t❛❧ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛s ♠❡❞✐❞❛s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛✳ ✳ ✳ ✳ ✶✷

✷✳✺ ✭❛✮ ▼✐❝r♦❡s❢❡r❛ ♣r❡s❛ ♥❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♥♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❣❡r❛❞♦

♣❡❧❛ ♣✐♥ç❛ ó♣t✐❝❛✳ ✭❜✮ ❆♣ós ❛❝✐♦♥❛r♠♦s ♦ ♣✐❡③♦✱ ❛ ♠✐❝r♦❡s❢❡r❛ é ❡♠♣✉rr❛❞❛

♣❡❧♦ ✢✉✐❞♦ ❡ ✜❝❛ ❡♠ ❡q✉✐❧í❜r✐♦ ❡♠ ✉♠❛ ♥♦✈❛ ♣♦s✐çã♦ ♥♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧

❣❡r❛❞♦ ♣❡❧❛ ♣✐♥ç❛ ó♣t✐❝❛✳ ◆❡ss❛ ♣♦s✐çã♦✱ ❛ ❢♦rç❛ ❞❡ ❙t♦❦❡s✱ ~FS ✱ é ✐❣✉❛❧✱ ❡♠

♠ó❞✉❧♦✱ à ❢♦rç❛ ó♣t✐❝❛✱ ~FOP ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✷✳✻ ●rá✜❝♦ ❞♦ ∆xP ❡♠ ❢✉♥çã♦ ❞❡ v✱ ♦❜t✐❞♦ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❝❛❧✐❜r❛çã♦ ❞❛ ♣✐♥ç❛

ó♣t✐❝❛✱ ✈✐❛ ♠ét♦❞♦ ❞❡ ❙t♦❦❡s✳ ❈ír❝✉❧♦s ✈❡r♠❡❧❤♦s✿ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s❀ ▲✐♥❤❛

só❧✐❞❛✿ ❛❥✉st❡ ❢❡✐t♦ ✉t✐❧✐③❛♥❞♦✲s❡ ❛ ❡q✉❛çã♦ ✭✷✳✶✶✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✷✳✼ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ tí♣✐❝♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✳ ✶✼

✷✳✽ ●rá✜❝♦ ❞❡ ✉♠ tí♣✐❝❛ ❝✉r✈❛ ❧♦r❡♥t③✐❛♥❛✱ ♦♥❞❡ x0 = 0 ❡ Γ = 4✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✾ ■♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛✱ I(t)✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ ♣❛r❛ ♣❛rtí❝✉❧❛s ♠❛✐✲

♦r❡s ✭❡sq✉❡r❞❛✮ ❡ ♣❛r❛ ♣❛rtí❝✉❧❛s ♠❡♥♦r❡s ✭❞✐r❡✐t❛✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✶✵ ❈✉r✈❛s ❞❡ ❝♦rr❡❧❛çã♦ t❡♠♣♦r❛❧ tí♣✐❝❛s ♣❛r❛ ♣❛rtí❝✉❧❛s q✉❡ ❡①❡❝✉t❛♠ ♠♦✈✐✲

♠❡♥t♦ ❜r♦✇♥✐❛♥♦✳ ❈ír❝✉❧♦s ✈❡r♠❡❧❤♦s✿ ♣❛rtí❝✉❧❛s ♠❡♥♦r❡s❀ q✉❛❞r❛❞♦s ❛③✉✐s✿

♣❛rtí❝✉❧❛s ♠❛✐♦r❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶

✐①



✷✳✶✶ ■❧✉str❛çã♦ ❞❡ ✉♠ ❝❛❧♦rí♠❡tr♦ tí♣✐❝♦ ✉t✐❧✐③❛❞♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ■❚❈✳ ✳ ✳ ✳ ✷✸

✷✳✶✷ ■❧✉str❛çã♦ ❞❡ ✉♠ t❡r♠♦❣r❛♠❛ tí♣✐❝♦ ♦❜t✐❞♦ ❡♠ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❞❡ ■❚❈ ♣❛r❛

✉♠❛ r❡❛çã♦ ❡①♦tér♠✐❝❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✸✳✶ ❊str✉t✉r❛ ♠♦❧❡❝✉❧❛r ❞❛ ❆❝t✐♥♦♠✐❝✐♥❛ ❉✱ ❈62❍86◆12❖16✱ ❝✉❥❛ ♠❛ss❛ ♠♦❧❛r é

▼ ❂ ✶✷✺✺✱✹✷ ❣✴♠♦❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✷ P♦ssí✈❡✐s ❝♦♥✜❣✉r❛çõ❡s ♣❛r❛ ♦ ❉◆❆✱ ❛s ♠✐❝r♦❡s❢❡r❛s ❞❡ ♣♦❧✐❡st✐r❡♥♦ ❡ ❞♦ ❝♦♥✲

❥✉♥t♦ ❉◆❆✲♠✐❝r♦❡s❢❡r❛s ❡♠ ♥♦ss❛ ❛♠♦str❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✷

✸✳✸ ❊sq✉❡♠❛ ❞❛ r❡❛❧✐③❛çã♦ ❞♦s ❡st✐r❛♠❡♥t♦s ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❡♠ ✉♠ r❡❣✐♠❡

q✉❛s❡✲❡stát✐❝♦✳ ❙ã♦ ♠♦str❛❞❛s ❞✉❛s ♣♦s✐çõ❡s ❞❛ ♠✐❝r♦❡s❢❡r❛ ❡♠ ✐♥st❛♥t❡s ❞❡

t❡♠♣♦ ❞✐st✐♥t♦s✱ ❡✈✐❞❡♥❝✐❛♥❞♦ ♦ s❡✉ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡♥tr♦ ❞♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧

❣❡r❛❞♦ ♣❡❧❛ ♣✐♥ç❛ ó♣t✐❝❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✹ ❈✉r✈❛ tí♣✐❝❛ ❞❛ ❝♦♠♣♦♥❡♥t❡ x ❞❛ ❢♦rç❛ × ❡①t❡♥sã♦ ❞♦ ❉◆❆✳ ❖ ❛❥✉st❡ é ❢❡✐t♦

✉t✐❧✐③❛♥❞♦✲s❡ ❛ ❡q✉❛çã♦ ✸✳✹✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

✸✳✺ ■❧✉str❛çã♦ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ✉s❛❞♦ ♣❛r❛ ❛ tr♦❝❛ ❞❛s ❛❧íq✉♦t❛s ❝♦♥t❡♥❞♦ ❛ ❆❝✲

t✐♥♦♠✐❝✐♥❛ ❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✸✳✻ ●rá✜❝♦ ❞❡ r ❡♠ ❢✉♥çã♦ ❞❡ Cf ✱ ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ n✳ ◆❡ss❡ ❣rá✜❝♦✱ rmax = 1

❡ Ki = 105 ▼−1✱ ♣❛r❛ t♦❞❛s ❛s ❝✉r✈❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✸✳✼ ❉✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ♦❝✉♣❛çã♦✱ s❡❣✉♥❞♦ ♦ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡

❞♦✐s sít✐♦s✱ ❡♠ ✉♠ ❢r❛❣♠❡♥t♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ♦♥❞❡ x = r/rmax✳ ✳ ✳ ✳ ✳ ✹✷

✸✳✽ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡♠ ❢✉♥çã♦ ❞❛ r❛③ã♦ ❞❡ ❝♦♥❝❡♥tr❛çõ❡s✱

CT /Cbp✱ ♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✸✳✾ ▼♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❝♦♠ ✉♠❛ ❜♦❧❤❛ ❞❡ ❞❡s♥❛t✉r❛çã♦✱ ❞❡✈✐❞♦ à ❛♣❧✐❝❛çã♦ ❞❛

❢♦rç❛ ♣❡❧❛ ♣✐♥ç❛ ó♣t✐❝❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✶✵ ❈ír❝✉❧♦s✿ ✐♥✈❡rs♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ 1/A✱ ❡♠ ❢✉♥çã♦ ❞❛ r❛③ã♦

❞❡ ❝♦♥❝❡♥tr❛çõ❡s✱ CT /Cbp✱ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❛ ❋✐❣✉r❛

✸✳✽✳ ▲✐♥❤❛✿ ❛❥✉st❡ ❢❡✐t♦ ✉s❛♥❞♦ ♦ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡ ❞♦✐s sít✐♦s✱ ❛tr❛✈és ❞❛

❡q✉❛çã♦ ✭✸✳✶✹✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✶✶ ❈ír❝✉❧♦s✿ ❛✉♠❡♥t♦ r❡❧❛t✐✈♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ ∆L/L0✱ ❡♠ ❢✉♥çã♦

❞❛ r❛③ã♦ ❞❡ ❝♦♥❝❡♥tr❛çõ❡s✱ CT /Cbp✳ ▲✐♥❤❛✿ ❛❥✉st❡ ❢❡✐t♦ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✼✮✳ ✹✽

①



✹✳✶ ❊str✉t✉r❛ ♥ã♦ ♦✜❝✐❛❧ ❞♦ ●❡❧❘❡❞✱ ♠♦str❛♥❞♦ q✉❡ ♦ ❝♦♠♣♦st♦ é ♦ r❡s✉❧t❛❞♦ ❞❛

✉♥✐ã♦ ❡♥tr❡ ❞✉❛s ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r✳ ❆ ❡str✉t✉r❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥♦ s✐t❡

❤tt♣✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴●❡❧❘❡❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✹✳✷ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦✱ CT ✱ ❞❡ ●❡❧❘❡❞

✭❝ír❝✉❧♦s ✈❡r♠❡❧❤♦s✮ ❡ ❊t❇r ✭q✉❛❞r❛❞♦s ❛③✉✐s✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✸ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦✱ CT ✱ ❞❡ ●❡❧❘❡❞

✭❝ír❝✉❧♦s ✈❡r♠❡❧❤♦s✮ ❡ ❊t❇r ✭q✉❛❞r❛❞♦s ❛③✉✐s✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✹ ❆✉♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ ❞❡✈✐❞♦ ❛ ✐♥t❡r❝❛❧❛çã♦ ❡♥tr❡ ♦s ♣❛r❡s

❞❡ ❜❛s❡ ❞♦ ❉◆❆✳ L0 r❡♣r❡s❡♥t❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ✐♥✐❝✐❛❧ ✭❛♥t❡s ❞❛

✐♥t❡r❝❛❧❛çã♦✮ ❡ L r❡♣r❡s❡♥t❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ✜♥❛❧ ✭❛♣ós ❛ ✐♥t❡r❝❛✲

❧❛çã♦✮✳ ∆ é ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣❛r❡s ❞❡ ❜❛s❡s ❛❞❥❛❝❡♥t❡s ❡ ǫ r❡♣r❡s❡♥t❛ ♦

❛✉♠❡♥t♦ ❞❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣❛r❡s ❞❡ ❜❛s❡s ❛❞❥❛❝❡♥t❡s✱ ❞❡✈✐❞♦ ❛ ✐♥t❡r❝❛❧❛çã♦

❞♦ ❝♦♠♣♦st♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✺ ❆✉♠❡♥t♦ r❡❧❛t✐✈♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ Θ✱ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦

❞❡ ●❡❧❘❡❞✱ CT ✳ ❆ ❧✐♥❤❛ ✈❡r♠❡❧❤❛ r❡♣r❡s❡♥t❛ ♦ ❛❥✉st❡ ❢❡✐t♦ ✉t✐❧✐③❛♥❞♦✲s❡ ❛

❡q✉❛çã♦ ✹✳✻✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✽

✹✳✻ ❊str✉t✉r❛ ♠♦❧❡❝✉❧❛r ❞♦ ❊t❇r✳ ➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ♦ ❊t❇r é ✉♠ ❧✐❣❛♥t❡

♠♦♥♦❝❛t✐ô♥✐❝♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✼ ❈ír❝✉❧♦s✿ ❘❛✐♦ ❤✐❞r♦❞✐♥â♠✐❝♦✱ RH ✱ ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❡❧❘❡❞✱ ♦❜t✐❞♦s ❛

♣❛rt✐r ❞♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✱ ❡♠ ❢✉♥çã♦ ❞❛s ❝♦♥❝❡♥tr❛çõ❡s

❞❡ ●❡❧❘❡❞✱ CT ✳ ◗✉❛❞r❛❞♦s✿ ❡st✐♠❛t✐✈❛ ❞♦ r❛✐♦ ❞❡ ❣✐r♦✱ Rg✱ ❞♦s ❝♦♠♣❧❡①♦s

❉◆❆✲●❡❧❘❡❞✱ ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡st✐r❛♠❡♥t♦✱ ❡♠ ❢✉♥çã♦

❞❛s ❝♦♥❝❡♥tr❛çõ❡s ❞❡ ●❡❧❘❡❞✱ CT ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✺✳✶ ❊str✉t✉r❛ ♠♦❧❡❝✉❧❛r ❞♦ P❊●✱ ❝✉❥❛ ❢ór♠✉❧❛ ♠♦❧❡❝✉❧❛r é ❍❖✲✭❈❍2❈❍2❖✮n✲❍✳ ✻✻

✺✳✷ ❈✉r✈❛s tí♣✐❝❛s ❞❡ ❢♦rç❛ × ❡①t❡♥sã♦ ♣❛r❛ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ♣✉r♦ ❝♦♠ ❝♦♥❝❡♥✲

tr❛çõ❡s ❝r❡s❝❡♥t❡s ❞❡ P❊● ✽✵✵✵✱ r❡❛❧✐③❛❞❛s ♥♦ r❡❣✐♠❡ ❡♥tró♣✐❝♦ ✭❋ ≤ 2 ♣◆✮✳

➱ ♣♦ssí✈❡❧ ♦❜s❡r✈❛r q✉❡ ❛s ❝✉r✈❛s s❡ t♦r♥❛♠ ❧✐❣❡✐r❛♠❡♥t❡ ❞✐❢❡r❡♥t❡s✱ ❛ ♠❡❞✐❞❛

q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ P❊● ❛✉♠❡♥t❛ ♥❛ s♦❧✉çã♦✱ ♠♦str❛♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❛

✐♥t❡r❛çã♦ ❞❡ ❞❡♣❧❡çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾
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✺✳✸ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❞♦ ❉◆❆ ♣✉r♦ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦

❞♦ P❊● ✽✵✵✵ ♥❛ s♦❧✉çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✺✳✹ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❞♦ ❉◆❆ ♣✉r♦ ♥♦r♠❛❧✐③❛❞♦ ♣❡❧♦ ✈❛❧♦r ❞♦ ❝♦♠✲

♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L0✱ ❞♦ ❉◆❆ ♣✉r♦ ✭s❡♠ P❊● ♥❛ s♦❧✉çã♦✮ ❡♠ ❢✉♥çã♦ ❞❛

❝♦♥❝❡♥tr❛çã♦ ❞♦ P❊● ✽✵✵✵ ♥❛ s♦❧✉çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✺✳✺ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ r❡❧❛t✐✈♦✱ L/L0✱

♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲❊t❇r ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❊t❇r✳ ❈ír❝✉❧♦s

♣r❡t♦s✿ s♦❧✉çã♦ s❡♠ P❊●❀ ❧♦s❛♥❣♦s ✈❡r♠❡❧❤♦s✿ P❊● ✶✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦❀

tr✐â♥❣✉❧♦s ❛③✉✐s✿ P❊● ✺✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✺✳✻ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ r❡❧❛t✐✈♦✱ L/L0✱

♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❘ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ●❘✳ ❈ír❝✉❧♦s ♣r❡✲

t♦s✿ s♦❧✉çã♦ s❡♠ P❊●❀ ❧♦s❛♥❣♦s ✈❡r♠❡❧❤♦s✿ P❊● ✶✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦❀

tr✐â♥❣✉❧♦s ❛③✉✐s✿ P❊● ✺✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✺✳✼ ❊♥t❛❧♣✐❛ ❛♣❛r❡♥t❡ ❞❡ ✐♥t❡r❛çã♦✱ ∆Hap−int✱ ♣❛r❛ ♦s ❝♦♠♣❧❡①♦s P❊● ✲ ❊t❇r ❢♦r✲

♠❛❞♦s ♥❛ ❛✉sê♥❝✐❛ ✭q✉❛❞r❛❞♦s✱ ❡✐①♦ ✈❡rt✐❝❛❧ à ❞✐r❡✐t❛✮ ❡ ♥❛ ♣r❡s❡♥ç❛ ✭❝ír❝✉❧♦s✱

❡✐①♦ ✈❡rt✐❝❛❧ à ❡sq✉❡r❞❛✮ ❞❡ ❉◆❆ ❝✉❥❛ ❝♦♥❝❡♥tr❛çã♦ é 21, 3 µ▼✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

①✐✐



❘❊❙❯▼❖

❈❘■❙❆❋❯▲■✱ ❋❛❜✐❛♥♦ ❆✉❣✉st♦ ❞❡ P❛✉❧❛✱ ❉✳ ❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱
▼❛rç♦ ❞❡ 2016✳ ❈❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❞♦ ❉◆❆ ❝♦♠ ❛s ♠♦❧é❝✉❧❛s
❆❝t✐♥♦♠✐❝✐♥❛ ❉ ❡ ●❡❧❘❡❞✳ ❖r✐❡♥t❛❞♦r✿ ▼ár❝✐♦ ❙❛♥t♦s ❘♦❝❤❛✳ ❈♦♦r✐❡♥t❛❞♦r❡s✿
❏♦sé ➱s✐♦ ❇❡ss❛ ❘❛♠♦s ❏ú♥✐♦r ❡ ▼❛r❝❡❧♦ ▲♦❜❛t♦ ▼❛rt✐♥s✳

◆❡st❡ tr❛❜❛❧❤♦✱ ✉t✐❧✐③❛♥❞♦ três té❝♥✐❝❛s ❡①♣❡r✐♠❡♥t❛✐s ✭♣✐♥ç❛ ó♣t✐❝❛✱ ❡s♣❛❧❤❛♠❡♥t♦ ❞✐✲

♥â♠✐❝♦ ❞❡ ❧✉③ ❡ ❝❛❧♦r✐♠❡tr✐❛ ✐s♦tér♠✐❝❛ ❞❡ t✐t✉❧❛çã♦✮✱ ♥ós ✐♥✈❡st✐❣❛♠♦s ❛❧❣✉♥s ❧✐❣❛♥t❡s

q✉❡✱ ❛❧é♠ ❞❛ ✐♥t❡r❝❛❧❛çã♦ s✐♠♣❧❡s✱ ❛♣r❡s❡♥t❛♠ ♦✉tr♦ ♠❡❝❛♥✐s♠♦ ❞❡ ✐♥t❡r❛çã♦ ❝♦♠ ❛

♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ♥ós ✜③❡♠♦s ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆

❝♦♠ ❞♦✐s ❧✐❣❛♥t❡s✿ ❛ ❆❝t✐♥♦♠✐❝✐♥❛ ❉✱ q✉❡ é ✉♠ ❢ár♠❛❝♦ ❧❛r❣❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ❡♠ ❞♦❡♥✲

ç❛s tr♦❢♦❜❧ást✐❝❛s ❣❡st❛❝✐♦♥❛✐s✱ t✉♠♦r ❞❡ ❲✐❧♠s ❡ r❛❜❞♦♠✐♦ss❛r❝♦♠❛ ❡ ♦ ●❡❧❘❡❞✱ ✉♠

♠❛r❝❛❞♦r ❞❡ á❝✐❞♦s ♥✉❝❧é✐❝♦s ✉t✐❧✐③❛❞♦ ❡♠ ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡❧❡tr♦❢♦r❡s❡✳ ❯t✐❧✐③❛♥❞♦

❞♦✐s ♠♦❞❡❧♦s t❡ór✐❝♦s ✭♦ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡ ❞♦✐s sít✐♦s ❡ ♦ ♠♦❞❡❧♦ ❞❡ ❡①❝❧✉sã♦ ❞❡

✈✐③✐♥❤♦s✮✱ ❢♦✐ ♣♦ssí✈❡❧ ❡①tr❛✐r ♦s ♣❛râ♠❡tr♦s ❢ís✐❝♦✲q✉í♠✐❝♦s ❞❛s ✐♥t❡r❛çõ❡s ✉t✐❧✐③❛♥❞♦✲s❡

❛♣❡♥❛s ♦s ❞❛❞♦s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡st✐r❛♠❡♥t♦✳ P♦r ú❧t✐♠♦✱ ♥ós

✐♥✈❡st✐❣❛♠♦s ❛ ✐♥t❡r❛çã♦ ❞♦ ❉◆❆ ❝♦♠ ❞♦✐s ❧✐❣❛♥t❡s ✭❇r♦♠❡t♦ ❞❡ ❊tí❞✐♦ ❡ ●❡❧❘❡❞✮

❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮ ✽✵✵✵✱ ❛ ✜♠ ❞❡ ❡st✉❞❛r♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞♦ ❉◆❆ ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ ♦✉tr❛s ♠❛❝r♦♠♦❧é❝✉❧❛s✱ s✐♠✉❧❛♥❞♦✱ ❞❡ ❢♦r♠❛ ❜❛st❛♥t❡

s✐♠♣❧✐✜❝❛❞❛✱ ♦ ♠❡✐♦ ♥♦ q✉❛❧ ♦ ❉◆❆ s❡ ❡♥❝♦♥tr❛ ✐♥ ✈✐✈♦✳

①✐✐✐



❆❇❙❚❘❆❈❚

❈❘■❙❆❋❯▲■✱ ❋❛❜✐❛♥♦ ❆✉❣✉st♦ ❞❡ P❛✉❧❛✱ ❉✳ ❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱
▼❛r❝❤✱ 2016✳ ❈❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❉◆❆ ✐♥t❡r❛❝t✐♦♥s ✇✐t❤ ❆❝t✐♥♦♠②❝✐♥ ❉
❛♥❞ ●❡❧❘❡❞ ♠♦❧❡❝✉❧❡s✳ ❆❞✈✐s❡r✿ ▼ár❝✐♦ ❙❛♥t♦s ❘♦❝❤❛✳ ❈♦✲❛❞✈✐s❡rs✿ ❏♦sé ➱s✐♦
❇❡ss❛ ❘❛♠♦s ❏ú♥✐♦r ❛♥❞ ▼❛r❝❡❧♦ ▲♦❜❛t♦ ▼❛rt✐♥s✳

■♥ t❤✐s ✇♦r❦✱ ❜② ✉s✐♥❣ t❤r❡❡ ❡①♣❡r✐♠❡♥t❛❧ t❡❝❤♥✐q✉❡s ✭♦♣t✐❝❛❧ t✇❡❡③❡rs✱ ❞②♥❛♠✐❝ ❧✐❣❤t

s❝❛tt❡r✐♥❣ ❛♥❞ ✐s♦t❤❡r♠❛❧ t✐tr❛t✐♦♥ ❝❛❧♦r✐♠❡tr②✮✱ ✇❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ s♦♠❡ ❧✐❣❛♥❞s

t❤❛t✱ ❜❡s✐❞❡ s✐♠♣❧❡ ✐♥t❡r❝❛❧❛t✐♦♥✱ ❤❛✈❡ ❛♥ ❛❞❞✐t✐♦♥❛❧ ♠❡❝❤❛♥✐s♠ ♦❢ ✐♥t❡r❛❝t✐♦♥ ✇✐t❤ t❤❡

❉◆❆ ♠♦❧❡❝✉❧❡✳ ❋✐rst❧②✱ ✇❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❉◆❆ ♠♦❧❡❝✉❧❡ ✇✐t❤

t✇♦ ❧✐❣❛♥❞s✿ ❆❝t✐♥♦♠②❝✐♥ ❉✱ ✇❤✐❝❤ ✐s ❛ ❞r✉❣ ✇✐❞❡❧② ✉s❡❞ ✐♥ ❣❡st❛t✐♦♥❛❧ tr♦♣❤♦❜❧❛st✐❝

❞✐s❡❛s❡✱ ❲✐❧♠✬s t✉♠♦r ❛♥❞ r❤❛❜❞♦♠②♦s❛r❝♦♠❛ ❛♥❞ ●❡❧❘❡❞✱ ✇❤✐❝❤ ✐s ❛ ✢✉♦r❡s❝❡♥t

♥✉❝❧❡✐❝ ❛❝✐❞ st❛✐♥✱ ✉s❡❞ ✐♥ ❡❧❡❝tr♦♣❤♦r❡s✐s t❡❝❤♥✐q✉❡✳ ❇② ✉s✐♥❣ t✇♦ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧s

✭q✉❡♥❝❤❡❞ ❞✐s♦r❞❡r st❛t✐st✐❝❛❧ ♠♦❞❡❧ ❛♥❞ ♥❡✐❣❤❜♦r ❡①❝❧✉s✐♦♥ ♠♦❞❡❧✮✱ ✐t ✇❛s ♣♦ss✐❜❧❡ t♦

❡①tr❛❝t s♦♠❡ ♣❤②s✐❝♦❝❤❡♠✐❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ✐♥t❡r❛❝t✐♦♥ ❢r♦♠ t❤❡ ❞❛t❛ ♦❜t❛✐♥❡❞ ❜②

s✐♥❣❧❡ ♠♦❧❡❝✉❧❡ str❡t❝❤✐♥❣ ❡①♣❡r✐♠❡♥ts✳ ❋✐♥❛❧❧②✱ ✇❡ ❤❛✈❡ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ✐♥t❡r❛❝t✐♦♥ ♦❢

t❤❡ ❉◆❆ ♠♦❧❡❝✉❧❡ ✇✐t❤ t✇♦ ❧✐❣❛♥❞s ✭❊t❤✐❞✐✉♠ ❇r♦♠✐❞❡ ❛♥❞ ●❡❧❘❡❞✮ ✐♥ P♦❧②✭❡t❤②❧❡♥❡✲

❣❧②❝♦❧✮ ✽✵✵✵✲r✐❝❤ s♦❧✉t✐♦♥s✱ ✐♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ ❉◆❆ ♠♦❧❡❝✉❧❡s ✐♥ ❛

❝r♦✇❞ ❡♥✈✐r♦♥♠❡♥t✱ ♠✐♠✐❝❦✐♥❣✱ ✐♥ ❛ ✈❡r② s✐♠♣❧❡ ✇❛②✱ t❤❡ ✐♥ ✈✐✈♦ ❡♥✈✐r♦♥♠❡♥t✳

①✐✈



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❊♠ ✶✾✻✾✱ ❆rt❤✉r ❆s❤❦✐♥ ❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s✱ tr❛❜❛❧❤❛♥❞♦ ♥♦s ❧❛❜♦r❛tór✐♦s

❇❡❧❧✱ ♥♦s ❊st❛❞♦s ❯♥✐❞♦s✱ ❞❡r❛♠ ✐♥í❝✐♦ ❛ ✉♠❛ ✈❡r❞❛❞❡✐r❛ r❡✈♦❧✉çã♦ ♥❛ ❋ís✐❝❛ ❡ ♥❛

❇✐♦❧♦❣✐❛✱ ❝♦♠ ❛ ♣✉❜❧✐❝❛çã♦ ❞❡ ✉♠❛ sér✐❡ ❞❡ ❛rt✐❣♦s r❡❧❛❝✐♦♥❛❞♦s ❛ ♠✐❝r♦♠❛♥✐♣✉❧❛çã♦ ❞❡

♣❛rtí❝✉❧❛s ❞✐❡❧étr✐❝❛s✳ ❆s❤❦✐♥ ❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s ✜❝❛r❛♠ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ❢❛s❝✐♥❛❞♦s

❝♦♠ ❛ ❣r❛♥❞❡ ❛❝❡❧❡r❛çã♦ q✉❡ ❛s ♣❛rtí❝✉❧❛s ❛t✐♥❣✐❛♠ ❛♦ s❡r❡♠ ✐♥❝✐❞✐❞❛s ♣♦r ✉♠ ❧❛s❡r

❝♦♠ ♣♦✉❝♦s ✇❛tts ❞❡ ♣♦tê♥❝✐❛ ❬✶❪✳

■♥✐❝✐❛❧♠❡♥t❡✱ ❛s ♣✐♥ç❛s ó♣t✐❝❛s ❢♦r❛♠ ❞❡s❡♥✈♦❧✈✐❞❛s ♣❛r❛ ❛ ♠✐❝r♦♠❛♥✐♣✉❧❛çã♦

❡ ❛♣r✐s✐♦♥❛♠❡♥t♦ ❞❡ át♦♠♦s ❬✷❪✱ ♠❛s ❢♦✐ ♥♦ ❝❛♠♣♦ ❞❛ ❋ís✐❝❛ ❇✐♦❧ó❣✐❝❛ q✉❡ ❡ss❛ ♣♦✲

❞❡r♦s❛ ❢❡rr❛♠❡♥t❛ ❡①♣❡r✐♠❡♥t❛❧ ❡♥❝♦♥tr♦✉ s✉❛s ♠❛✐♦r❡s ❛♣❧✐❝❛çõ❡s✳ ◆❛ r❡❢❡rê♥❝✐❛ ❬✸❪✱

❆s❤❦✐♥ r❡❧❛t❛ ❛ ♣r✐♠❡✐r❛ ♦❜s❡r✈❛çã♦ ❞❡ ✉♠❛ ❛r♠❛❞✐❧❤❛ ó♣t✐❝❛ ❡stá✈❡❧ ✉t✐❧✐③❛❞❛ ♣❛r❛ ♦

❛♣r✐s✐♦♥❛♠❡♥t♦✱ ❡♠ três ❞✐♠❡♥sõ❡s✱ ❞❡ ♣❛rtí❝✉❧❛s ♥❛ ❢❛✐①❛ ❞❡ ∼ 25 ♥♠ ❛té ∼ 10 µ♠✱

✉t✐❧✐③❛♥❞♦ ✉♠❛ ú♥✐❝❛ ♣✐♥ç❛ ó♣t✐❝❛✳ ◆❡ss❡ tr❛❜❛❧❤♦✱ ❆s❤❦✐♥ ❡t ❛❧✳ ❥á ✈✐s❧✉♠❜r❛✈❛♠

♣♦ssí✈❡✐s ❛♣❧✐❝❛çõ❡s ♣❛r❛ ❛ r❡❝❡♥t❡ ❞❡s❝♦❜❡rt❛✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥♦ ❢r❛❣♠❡♥t♦ ❞❡

t❡①t♦ ❛❜❛✐①♦✿

✏❚❤❡② ❛❧s♦ ♦♣❡♥ ❛ ♥❡✇ s✐③❡ r❡❣✐♠❡ t♦ ♦♣t✐❝❛❧ tr❛♣♣✐♥❣ ❡♥❝♦♠♣❛ss✐♥❣

♠❛❝r♦♠♦❧❡❝✉❧❡s✱ ❝♦❧❧♦✐❞s✱ s♠❛❧❧ ❛❡r♦s♦❧s✱ ❛♥❞ ♣♦ss✐❜❧② ❜✐♦❧♦❣✐❝❛❧ ♣❛rt✐❝❧❡s✳

❚❤❡ r❡s✉❧ts ❛r❡ ♦❢ r❡❧❡✈❛♥❝❡ t♦ ♣r♦♣♦s❛❧s ❢♦r t❤❡ tr❛♣♣✐♥❣ ❛♥❞ ❝♦♦❧✐♥❣ ♦❢

❛t♦♠s ❜② r❡s♦♥❛♥❝❡ r❛❞✐❛t✐♦♥ ♣r❡ss✉r❡✳✑

◆♦ ❛♥♦ s❡❣✉✐♥t❡ ❛ ❡ss❛ ♣✉❜❧✐❝❛çã♦✱ ❆s❤❦✐♥ r❡❧❛t❛✱ ❡♠ ✉♠ ♥♦✈♦ tr❛❜❛❧❤♦✱ ✉♠❛

❞❛s ♣r✐♠❡✐r❛s ❛♣❧✐❝❛çõ❡s ❞❛ ♣✐♥ç❛ ó♣t✐❝❛ ♥❛ ❋ís✐❝❛ ❇✐♦❧ó❣✐❝❛✿ ♦ ❛♣r✐s✐♦♥❛♠❡♥t♦ ❞❡ ✈ír✉s

✶
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❡ ❜❛❝tér✐❛s ❡♠ s♦❧✉çã♦ ❛q✉♦s❛✱ ✉t✐❧✐③❛♥❞♦ ✉♠ ❧❛s❡r ❞❡ ❛r❣ô♥✐♦ ❝♦♠ ✉♠❛ ♣♦tê♥❝✐❛ ❞❡

∼ ✶✷✵ ♠❲ ❬✹❪✳ ❉❡s❞❡ ❛s ❞❡s❝♦❜❡rt❛s ❞❡ ❆s❤❦✐♥ ❡ s❡✉s ❝♦❧❛❜♦r❛❞♦r❡s✱ ❛s ♣✐♥ç❛s ó♣t✐✲

❝❛s ❢♦r❛♠ ✭❡ ❛✐♥❞❛ sã♦✮ ❡♠♣r❡❣❛❞❛s ♥♦ ❡st✉❞♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❡♥♦r♠❡ ❞❡ s✐st❡♠❛s

❜✐♦❧ó❣✐❝♦s✱ ❞❡♥tr❡ ♦s q✉❛✐s ♣♦❞❡♠♦s ❝✐t❛r✿ ♠❛♥✐♣✉❧❛çã♦ ❞❡ ❝é❧✉❧❛s ✐♥❞✐✈✐❞✉❛✐s ❬✺❪✱ ❡s✲

t✉❞♦ ❞❡ ♣r♦♣r✐❡❞❛❞❡s ♠❡❝â♥✐❝❛s ❞❡ ♠❡♠❜r❛♥❛s ❝❡❧✉❧❛r❡s ❬✻❪✱ ❢♦r♠❛çã♦ ❞❡ ❜♦❧❤❛s ✭❞♦

t❡r♠♦ ✐♥❣❧ês ✏❜❧❡❜s✑✮ ❡♠ ❝é❧✉❧❛s ❬✼❪✱ ♥❛ ❢♦r♠❛çã♦ ❞❡ ❝é❧✉❧❛s ❤í❜r✐❞❛s ❬✽❪✱ ❞✐♥â♠✐❝❛ ❞♦s

❝r♦♠♦ss♦♠♦s ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦ ❞❡ ♠✐t♦s❡ ❬✾❪ ❡ ♥♦ ❡st✉❞♦ ❞❡ ♣r♦t❡í♥❛s✱ ❝♦♠♦ ❛ ❘◆❆

♣♦❧✐♠❡r❛s❡ ❬✶✵❪✳ ❖✉tr❛s ✐♠♣♦rt❛♥t❡s ❛♣❧✐❝❛çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ♥❛s r❡❢❡rê♥✲

❝✐❛s ❬✶✶✕✶✹❪✳ ◆♦ ♥♦ss♦ ❝❛s♦✱ ❛ ♣✐♥ç❛ ó♣t✐❝❛ é ✉t✐❧✐③❛❞❛ ♣❛r❛ r❡❛❧✐③❛r ❡st✐r❛♠❡♥t♦s ❞❛

♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ❛ ✜♠ ❞❡ ❡st✉❞❛r♠♦s ❛s ❛❧t❡r❛çõ❡s ♥❛s ♣r♦♣r✐❡❞❛❞❡s ♠❡❝â♥✐❝❛s ❞♦ ♣♦✲

❧í♠❡r♦ ❛♦ ✐♥t❡r❛❣✐r ❝♦♠ ❢ár♠❛❝♦s ✉t✐❧✐③❛❞♦s ♥♦ tr❛t❛♠❡♥t♦ ❞❡ ❝â♥❝❡r ❡ ❝♦♠ ♠❛r❝❛❞♦r❡s

❞❡ á❝✐❞♦s ♥✉❝❧é✐❝♦s ✉t✐❧✐③❛❞♦s ❡♠ ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡❧❡tr♦❢♦r❡s❡✳

❊①✐st❡♠ ✈ár✐❛s ♠❛♥❡✐r❛s ♣❡❧❛s q✉❛✐s ✉♠ ❧✐❣❛♥t❡ ♣♦❞❡ ✐♥t❡r❛❣✐r ❝♦♠ ❛ ♠♦❧é❝✉❧❛

❞❡ ❉◆❆✳ ❖s ❧✐❣❛♥t❡s ❞❡ ❢❡♥❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ✐♥t❡r❛❣❡♠ ❝♦♠ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❛tr❛✈és

❞❡ ❧✐❣❛çõ❡s ❞❡ ❤✐❞r♦❣ê♥✐♦ ❡ ✐♥t❡r❛çõ❡s ❡❧❡tr♦stát✐❝❛s ❬✶✺❪❀ ♦✉tr♦s ❧✐❣❛♥t❡s✱ ❝♦♠♦ é ♦ ❝❛s♦

❞❛ ❆♥tr❛♠✐❝✐♥❛✱ ✐♥t❡r❛❣❡♠ ❝♦♠ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❛tr❛✈és ❞❡ ❧✐❣❛çõ❡s ❝♦✈❛❧❡♥t❡s ❬✶✻❪

❡✱ ♣♦r ú❧t✐♠♦✱ ❡①✐st❡♠ ♦s ❧✐❣❛♥t❡s q✉❡ ✐♥t❡r❛❣❡♠ ❝♦♠ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❛tr❛✈és

❞❛ ✐♥t❡r❝❛❧❛çã♦ s✐♠♣❧❡s✱ q✉❛♥❞♦ ✉♠❛ ♠♦❧é❝✉❧❛ ❞♦ ❧✐❣❛♥t❡ ✐♥t❡r❝❛❧❛ ❡♥tr❡ ♦s ♣❛r❡s ❞❡

❜❛s❡ ❛❞❥❛❝❡♥t❡s ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❬✶✼❪✳ ❆❧é♠ ❞✐ss♦✱ ❡①✐st❡♠ ❛❧❣✉♥s ❧✐❣❛♥t❡s q✉❡

✐♥t❡r❛❣❡♠ ❝♦♠ ♦ ❉◆❆ ❞❡ ♠❛♥❡✐r❛ ♠❛✐s ❝♦♠♣❧❡①❛✱ ♣♦r ❡①❡♠♣❧♦✱ q✉❛♥❞♦ ♣❛rt❡s ❞❛

♠❡s♠❛ ♠♦❧é❝✉❧❛ ❞♦ ❧✐❣❛♥t❡ ✐♥t❡r❛❣❡♠ ❞❡ ♠❛♥❡✐r❛s ❞✐st✐♥t❛s✱ ♦✉ ❛✐♥❞❛✱ q✉❛♥❞♦ ❞✉❛s

♠♦❧é❝✉❧❛s ❞♦ ❧✐❣❛♥t❡✱ ✉♥✐❞❛s ♣♦r ✉♠ ❝♦♥❡❝t♦r✱ ❝♦♥s❡❣✉❡♠ ✐♥t❡r❝❛❧❛r ❡♥tr❡ ♣❛r❡s ❞❡ ❜❛s❡

s✉❜s❡q✉❡♥t❡s ❞♦ ❉◆❆ ❬✶✽❪✳

◆❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❡ss❡ tr❛❜❛❧❤♦✱ ♥ós ✉t✐❧✐③❛♠♦s ♦ ❢ár♠❛❝♦ ❆❝t✐♥♦♠✐❝✐♥❛ ❉✱

❧❛r❣❛♠❡♥t❡ ✉t✐❧✐③❛❞♦ ❡♠ ❞♦❡♥ç❛s tr♦❢♦❜❧ást✐❝❛s ❣❡st❛❝✐♦♥❛✐s∗ ❬✶✾❪✱ t✉♠♦r ❞❡ ❲✐❧♠s†

❬✷✵❪ ❡ r❛❜❞♦♠✐♦ss❛r❝♦♠❛‡ ❬✷✶❪✱ ❛❧é♠ ❞♦s ♠❛r❝❛❞♦r❡s ❞❡ á❝✐❞♦s ♥✉❝❧é✐❝♦s ✉t✐❧✐③❛❞♦s ❡♠

∗➱ ♦ t❡r♠♦ ✉s❛❞♦ ♣❛r❛ ♥♦♠❡❛r ♦s t✉♠♦r❡s ❞♦ ❡♣✐té❧✐♦ tr♦❢♦❜❧ást✐❝♦ ♣❧❛❝❡♥tár✐♦✱ ❝♦♠ ❢♦r♠❛s ❝❧í♥✐❝❛s
❜❡♥✐❣♥❛s ❡ ♠❛❧í❣♥❛s✳

†❖ t✉♠♦r ❞❡ ❲✐❧♠s✱ t❛♠❜é♠ ❞❡♥♦♠✐♥❛❞♦ ♥❡❢r♦❜❧❛st♦♠❛✱ é ♦ t✉♠♦r r❡♥❛❧ ♠❛❧✐❣♥♦ ♠❛✐s ❝♦♠✉♠
❞✉r❛♥t❡ ❛ ✐♥❢â♥❝✐❛✳

‡❖ r❛❜❞♦♠✐♦ss❛r❝♦♠❛ é ✉♠ t✐♣♦ ❞❡ ❝â♥❝❡r q✉❡ ❛❝♦♠❡t❡ ❝é❧✉❧❛s ♠❡s❡♥q✉✐♠❛✐s q✉❡ s❡ ❞✐❢❡r❡♥❝✐❛r✐❛♠
❡♠ ❝é❧✉❧❛s ♠✉s❝✉❧❛r❡s ❡sq✉❡❧ét✐❝❛s✳

✷
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❡①♣❡r✐♠❡♥t♦s ❞❡ ❡❧❡tr♦❢♦r❡s❡✱ ♦ ❇r♦♠❡t♦ ❞❡ ❊tí❞✐♦ ✭❊t❇r✮ ❬✷✷❪ ❡ ♦ ●❡❧❘❡❞ ✭●❘✮ ❬✷✸❪✳

❊♠❜♦r❛ ♦ ❡st✉❞♦ ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲❧✐❣❛♥t❡s s❡❥❛ ✉♠ r❛♠♦ ❡①tr❡♠❛♠❡♥t❡ ✐♠✲

♣♦rt❛♥t❡ ❞❛ ❝✐ê♥❝✐❛✱ ✉♠❛ ✈❡③ q✉❡ ❡❧❡ s✐❣♥✐✜❝❛ ✉♠ ♣r✐♠❡✐r♦ ♣❛ss♦ ♥♦ s❡♥t✐❞♦ ❞❡ ♠❡❧❤♦r❛r

♦ tr❛t❛♠❡♥t♦ ❞❡ ✈ár✐❛s ❞♦❡♥ç❛s ❤✉♠❛♥❛s§✱ ❛ ♠❛✐♦r✐❛ ❞♦s tr❛❜❛❧❤♦s ❞✐s♣♦♥í✈❡✐s ♥❛ ❧✐t❡✲

r❛t✉r❛ sã♦ r❡❛❧✐③❛❞♦s ❝♦♠ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❞✐s♣❡rs❛ ❡♠ ✉♠❛ s♦❧✉çã♦ t❛♠♣ã♦✱ q✉❡ é

✉♠❛ s✐t✉❛çã♦ ❜❛st❛♥t❡ ❞✐❢❡r❡♥t❡ ❞❛ ❡♥❝♦♥tr❛❞❛ ✐♥ ✈✐✈♦✱ ♥❛ q✉❛❧ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ s❡

❡♥❝♦♥tr❛✱ ♥❛ ♠❛✐♦r✐❛ ❞♦ t❡♠♣♦✱ ❛❧t❛♠❡♥t❡ ❝♦♥❞❡♥s❛❞❛ ❞❡♥tr♦ ❞♦ ♥ú❝❧❡♦ ❝❡❧✉❧❛r✳ ❆❧é♠

❞✐ss♦✱ ♥♦ ❝✐t♦s♦❧✱ q✉❡ é ♦ ✢✉✐❞♦ q✉❡ ♣r❡❡♥❝❤❡ ♦ ❝✐t♦♣❧❛s♠❛✱ ❡①✐st❡♠ ✈ár✐❛s ♠❛❝r♦♠♦❧é✲

❝✉❧❛s✱ t❛✐s ❝♦♠♦✿ ♣r♦t❡í♥❛s✱ ❛çú❝❛r❡s✱ í♦♥s✱ ❡♥tr❡ ♦✉tr❛s ❬✷✹❪✱ q✉❡ ❛t✉❛♠ r❡❣✉❧❛♥❞♦ ♦

✈♦❧✉♠❡ ❝❡❧✉❧❛r ❡ ♦ ❜❛❧❛♥ç♦ ❞♦s ✢✉✐❞♦s ❡♥tr❡ ♦ ♠❡✐♦ ✐♥t❡r♥♦ ❡ ❡①t❡r♥♦✳ P♦rt❛♥t♦✱ ✉♠❛

q✉❡stã♦ ❜❛st❛♥t❡ r❡❧❡✈❛♥t❡ s✉r❣❡ ❞❡ss❡ ❝♦♥t❡①t♦✿ ❝♦♠♦ ♦s ♦s♠ó❧✐t♦s✱ ♣r❡s❡♥t❡s ♥❛ s♦❧✉✲

çã♦✱ ♣♦❞❡♠ ✐♥t❡r❢❡r✐r ♥♦ ♣r♦❝❡ss♦ ❞❡ ✐♥t❡r❛çã♦ ❉◆❆✲❧✐❣❛♥t❡s❄ ❆ s❡❣✉♥❞❛ ♣❛rt❡ ❞❡st❡

tr❛❜❛❧❤♦ t❡✈❡ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♣r✐♥❝✐♣❛❧ ✐♥✈❡st✐❣❛r ❡ss❛ q✉❡stã♦✳ P❛r❛ ✐ss♦✱ ♥ós ✉t✐❧✐③❛✲

♠♦s ✉♠ ✏♣♦❧í♠❡r♦ ♥❡✉tr♦✑✱ ♦ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮ ✽✵✵✵ ✭P❊● ✽✵✵✵✮✱ ❝♦♠♦ ♦s♠ó❧✐t♦ ❡ ♦s

✐♥t❡r❝❛❧❛♥t❡s ❇r♦♠❡t♦ ❞❡ ❊tí❞✐♦ ✭❊t❇r✮ ❡ ●❡❧❘❡❞ ✭●❘✮ ❝♦♠♦ ❧✐❣❛♥t❡s✳

❉❡ ✉♠❛ ♠❛♥❡✐r❛ ❣❡r❛❧✱ ❛s ♣✐♥ç❛s ó♣t✐❝❛s sã♦ ❢❡rr❛♠❡♥t❛s ❡①♣❡r✐♠❡♥t❛✐s ❜❛st❛♥t❡

s✐♠♣❧❡s✱ s❡♥❞♦ ❝♦♠♣♦st❛s ❜❛s✐❝❛♠❡♥t❡ ♣♦r ✉♠ ❧❛s❡r ❢♦rt❡♠❡♥t❡ ❢♦❝❛❧✐③❛❞♦ ♣♦r ✉♠❛

♦❜❥❡t✐✈❛ ❞❡ ❣r❛♥❞❡ ❛❜❡rt✉r❛ ♥✉♠ér✐❝❛✳ ❱❡r❡♠♦s ❞❡t❛❧❤❛❞❛♠❡♥t❡ ♥♦ ❈❛♣ít✉❧♦ ✷ q✉❛✐s

sã♦ ❛s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ♦❝♦rr❛ ♦ ♣✐♥ç❛♠❡♥t♦ ó♣t✐❝♦✳

❯t✐❧✐③❛♥❞♦ ✉♠ ♣r♦t♦❝♦❧♦ q✉❡ ♣❡r♠✐t❡ ❢✉♥❝✐♦♥❛❧✐③❛r ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❬✷✺❪✱ ✉♠❛

♣♦♥t❛ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ é ✜①❛❞❛ ❡♠ ✉♠❛ ❧❛♠í♥✉❧❛ ❞❡ ♠✐❝r♦s❝ó♣✐♦ ❡ ❛ ♦✉tr❛ ♣♦♥t❛

é ✜①❛❞❛ ❛ ✉♠❛ ♠✐❝r♦❡s❢❡r❛ ❞❡ ♣♦❧✐❡st✐r❡♥♦✳ ❯t✐❧✐③❛♥❞♦ ❛ ♣✐♥ç❛ ó♣t✐❝❛ ♣❛r❛ ❝❛♣t✉r❛r ❛

♠✐❝r♦❡s❢❡r❛ é ♣♦ssí✈❡❧ ❡♥tã♦ ❡st✐❝❛r ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳ ❯♠❛ ✈❡③ ❝♦♥❤❡❝✐❞❛ ❛ ❝♦♥st❛♥t❡

❞❡ ❢♦rç❛¶ ❞❛ ♣✐♥ç❛ ó♣t✐❝❛✱ é ♣♦ssí✈❡❧ ♦❜t❡r t♦❞♦s ♦s ♣❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s ❞❡ ✐♥t❡r❡ss❡

✉t✐❧✐③❛♥❞♦✲s❡ ❛ ❡①♣r❡ssã♦ ❞❡r✐✈❛❞❛ ♣♦r ▼❛r❦♦ ❡ ❙✐❣❣✐❛ ❬✷✻❪✳ ❚♦❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ s❡rá

❞✐s❝✉t✐❞♦ ❞❡t❛❧❤❛❞❛♠❡♥t❡ ♥♦ ❈❛♣ít✉❧♦ ✸✳

§❖ ❡①❡♠♣❧♦ ♠❛✐s ❝♦♠✉♠ é ❛ q✉✐♠✐♦t❡r❛♣✐❛✱ ♥♦ q✉❛❧ ✉♠ ❢ár♠❛❝♦ q✉❡ é ❛❞♠✐♥✐str❛❞♦ ❛♦ ♣❛❝✐❡♥t❡✱
✐rá ✐♥t❡r❛❣✐r ❝♦♠ ♦ ❉◆❆✱ ❛ ✜♠ ❞❡ ✐♥✐❜✐r ❛ r❡♣❧✐❝❛çã♦ ❞❛s ❝é❧✉❧❛s ❝❛♥❝❡r♦s❛s ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱
✐♥✐❜✐r ♦ ❝r❡s❝✐♠❡♥t♦ ❞♦s t✉♠♦r❡s✳

¶❆ ❝♦♥st❛♥t❡ ❞❡ ❢♦rç❛ κ é ✉♠ ♣❛râ♠❡tr♦ q✉❡ ♠♦str❛ ♦ q✉ã♦ ❢♦rt❡ é ❛ ♣✐♥ç❛ ó♣t✐❝❛✳ P❛r❛ ✉♠❛
♠✐❝r♦❡s❢❡r❛ ❞❡ r❛✐♦ ✜①♦✱ ❛ ♣✐♥ç❛ ó♣t✐❝❛ ❣❡r❛ ✉♠❛ ❢♦rç❛ ❞♦ t✐♣♦ F = −κx✱ ♦✉ s❡❥❛✱ ♦ ♣♦t❡♥❝✐❛❧ ❣❡r❛❞♦
♣❡❧❛ ♣✐♥ç❛ ó♣t✐❝❛ é ❤❛r♠ô♥✐❝♦ ♣❛r❛ ♣❡q✉❡♥♦s ❞❡s❧♦❝❛♠❡♥t♦s x✳

✸



✶✳ ■♥tr♦❞✉çã♦

◆♦ss♦ tr❛❜❛❧❤♦ ❝♦♥s✐st❡✱ ❜❛s✐❝❛♠❡♥t❡✱ ❡♠ ❞❡t❡r♠✐♥❛r ❛s ❝✉r✈❛s ❞❡ ❢♦rç❛ × ❡①✲

t❡♥sã♦ ♣❛r❛ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❡ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲❧✐❣❛♥t❡s✳ ❯t✐❧✐③❛♥❞♦ ♦ ♠♦❞❡❧♦

❲♦r♠✲▲✐❦❡ ❈❤❛✐♥ ✭❲▲❈✮ ❞❡❞✉③✐❞♦ ♣♦r ▼❛r❦♦ ❡ ❙✐❣❣✐❛ ❬✷✻❪✱ ♥ós ❛❥✉st❛♠♦s ❛s ❝✉r✈❛s

♦❜t✐❞❛s ❡ ❡①tr❛í♠♦s ❞♦✐s ♣❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ❛s ♥♦ss❛s ❛♥á❧✐s❡s✿ ♦

❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛‖✱ A✱ ❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦∗∗✱ L✳ ◆❛ t❡♥t❛t✐✈❛ ❞❡

❡❧✉❝✐❞❛r ❛s ✐♥t❡r❛çõ❡s ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❝♦♠ ♦s ❢ár♠❛❝♦s✴❝♦♠♣♦st♦s ✉t✐❧✐③❛❞♦s✱ ♥ós

♠♦♥✐t♦r❛♠♦s ❛s ♠✉❞❛♥ç❛s ♥❛s ♣r♦♣r✐❡❞❛❞❡s ♠❡❝â♥✐❝❛s ❞♦ ❉◆❆✱ ♣❛r❛ ❝♦♥❝❡♥tr❛çõ❡s

❡s♣❡❝í✜❝❛s ❞♦s ❢ár♠❛❝♦s✳ ❆❧é♠ ❞✐ss♦✱ ♥ós ✉t✐❧✐③❛♠♦s ❞♦✐s ♠♦❞❡❧♦s†† ❞✐❢❡r❡♥t❡s ♣❛r❛ ❛

❡①tr❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ❢ís✐❝♦✲q✉í♠✐❝♦s ❞❛s ✐♥t❡r❛çõ❡s✱ q✉❡ s❡rã♦ ❞❡t❛❧❤❛❞❛♠❡♥t❡ ❞✐s✲

❝✉t✐❞♦s ♥♦s ❈❛♣ít✉❧♦s ✸ ❡ ✹✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊♠ r❡s✉♠♦✱ ♥♦ ❈❛♣ít✉❧♦ ✷✱ ❞✐s❝✉t✐♠♦s ♦s ❛s♣❡❝t♦s ❣❡r❛✐s ❞❡ ✉♠❛ ♣✐♥ç❛ ó♣t✐❝❛ ❡

s❡✉ ♣r✐♥❝í♣✐♦ ❞❡ ❢✉♥❝✐♦♥❛♠❡♥t♦✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❞✐s❝✉t✐♠♦s ❜r❡✈❡♠❡♥t❡ s♦❜r❡ ❛ ❆❝t✐♥♦♠✐❝✐♥❛ ❉✱ ❛♣r❡s❡♥t❛✲

♠♦s t♦❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲

❆❝t✐♥♦♠✐❝✐♥❛ ❉✱ ❞✐s❝✉t✐♠♦s ♦ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡ ❞♦✐s sít✐♦s✱ ❛❧é♠ ❞♦s r❡s✉❧t❛❞♦s

❡①♣❡r✐♠❡♥t❛✐s ♦❜t✐❞♦s ♣❛r❛ ❛ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉✳

◆♦ ❈❛♣ít✉❧♦ ✹✱ ❞✐s❝✉t✐♠♦s ❜r❡✈❡♠❡♥t❡ s♦❜r❡ ♦ ●❡❧❘❡❞✱ ❛♣r❡s❡♥t❛♠♦s t♦❞♦ ♦

♣r♦❝❡❞✐♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲●❡❧❘❡❞✱ ❛❧é♠ ❞♦s

r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ♦❜t✐❞♦s ✉t✐❧✐③❛♥❞♦ ❛ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ ❢♦rç❛ ❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦

❞❡ ❧✉③✳

◆♦ ❈❛♣ít✉❧♦ ✺✱ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ♦❜t✐❞♦s ♣❛r❛ ❛ ✐♥t❡✲

r❛çã♦ ❡♥tr❡ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❡ ♦s ❝♦♠♣♦st♦s ✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦

P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮ ✽✵✵✵✱ ♦❜t✐❞♦s ✉t✐❧✐③❛♥❞♦ ❛ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ ❢♦rç❛ ❡ ❛ ❝❛❧♦r✐♠❡tr✐❛

✐s♦tér♠✐❝❛ ❞❡ t✐t✉❧❛çã♦✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ ❈❛♣ít✉❧♦ ✻✱ ❛♣r❡s❡♥t❛♠♦s ❛s ❝♦♥❝❧✉sõ❡s ❡ ♣❡rs♣❡❝t✐✈❛s ❞❡st❡

tr❛❜❛❧❤♦✳

‖❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❢♦r♥❡❝❡ ✐♥❢♦r♠❛çã♦ s♦❜r❡ ❛ r✐❣✐❞❡③ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳
∗∗❖ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ é ❛ ❞✐stâ♥❝✐❛ ♣♦♥t❛ à ♣♦♥t❛ ❞♦ ♣♦❧í♠❡r♦ q✉❛♥❞♦ ❡st❡ s❡ ❛♣r❡s❡♥t❛

t♦t❛❧♠❡♥t❡ ❡st✐❝❛❞♦✳
††❖ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡ ❞♦✐s sít✐♦s✱ ❢♦r♠✉❧❛❞♦ ❡♠ ♣❛r❝❡r✐❛ ❝♦♠ ♦ ❣r✉♣♦ ❞❡ ❋ís✐❝❛ ❇✐♦❧ó❣✐❝❛ ❞❛

❯❋▼● ❡ ♦ ♠♦❞❡❧♦ ❞❡ ❡①❝❧✉sã♦ ❞❡ ✈✐③✐♥❤♦s✳

✹



❈❛♣ít✉❧♦ ✷

❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s

✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

◆❡st❡ ❝❛♣ít✉❧♦ ❞✐s❝✉t✐r❡♠♦s ❛❧❣✉♥s ❛s♣❡❝t♦s t❡ór✐❝♦s r❡❧❛❝✐♦♥❛❞♦s ❛♦ ❢❡♥ô♠❡♥♦

❞♦ ♣✐♥ç❛♠❡♥t♦ ó♣t✐❝♦✳ ❙❡rã♦ ❛♣r❡s❡♥t❛❞♦s t❛♠❜é♠ t♦❞♦s ♦s ♣r♦❝❡❞✐♠❡♥t♦s ♣❛r❛ ❛

❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ♣✐♥ç❛ ó♣t✐❝❛ ❡ ❛ ♠♦♥t❛❣❡♠ ❡①♣❡r✐♠❡♥t❛❧ ✉t✐❧✐③❛❞❛ ♥❡st❛ té❝♥✐❝❛✳

❆❧é♠ ❞✐ss♦✱ ❞✐s❝✉t✐r❡♠♦s ❛❧❣✉♥s ❛s♣❡❝t♦s t❡ór✐❝♦s ✐♠♣♦rt❛♥t❡s r❡❧❛❝✐♦♥❛❞♦s às ♦✉tr❛s

té❝♥✐❝❛s ❡①♣❡r✐♠❡♥t❛✐s ✉t✐❧✐③❛❞❛s ♥❡ss❡ tr❛❜❛❧❤♦✿ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞❡ ❧✉③ ❡ ❛

❝❛❧♦r✐♠❡tr✐❛ ✐s♦tér♠✐❝❛ ❞❡ t✐t✉❧❛çã♦✳

✷✳✶ P✐♥ç❛ ó♣t✐❝❛

❈♦♠ ♦ ❛❞✈❡♥t♦ ❞❛ t❡♦r✐❛ ❡❧❡tr♦♠❛❣♥ét✐❝❛ ♥♦ sé❝✉❧♦ ❳■❳✱ ❢♦✐ ♣♦ssí✈❡❧ ❞❡♠♦♥str❛r

q✉❡ ❛ ❧✉③ é ❝❛♣❛③ ❞❡ ❡①❡r❝❡r ❢♦rç❛ ❡♠ ✉♠ ♦❜❥❡t♦ ❛♦ tr❛♥s❢❡r✐r ♠♦♠❡♥t♦ ♣❛r❛ ❡❧❡✳

➱ ❡①❛t❛♠❡♥t❡ ❡ss❡ ❢❛t♦ q✉❡ ❞á ♦r✐❣❡♠ ❛♦ ♣✐♥ç❛♠❡♥t♦ ó♣t✐❝♦✱ q✉❛♥❞♦ ❛ ❧✉③ ❞♦ ❧❛s❡r

tr❛♥s❢❡r❡ ♠♦♠❡♥t♦ ♣❛r❛ ✉♠❛ ♠✐❝r♦❡s❢❡r❛ ♦✉ ✉♠ ♦✉tr♦ ♦❜❥❡t♦✱ ❡①❡r❝❡♥❞♦ ❛ss✐♠ ❢♦rç❛✳

P❛r❛ t❡r♠♦s ✐❞❡✐❛ ❞❛ ♦r❞❡♠ ❞❡ ❣r❛♥❞❡③❛ ❞❛s ❢♦rç❛s ❡♥✈♦❧✈✐❞❛s ♥♦ ♣✐♥ç❛♠❡♥t♦

ó♣t✐❝♦✱ ✐♠❛❣✐♥❡ ✉♠ ❧❛s❡r ❝♦♠ ❛❧❣✉♥s ♠❲∗ ❞❡ ♣♦tê♥❝✐❛✱ ✐♥❝✐❞✐♥❞♦ r❛❞✐❛❧♠❡♥t❡ s♦❜r❡

✉♠❛ ♠✐❝r♦❡s❢❡r❛ ❛❜s♦r✈❡❞♦r❛✳ ❈❛❞❛ ❢ót♦♥ ❛❜s♦r✈✐❞♦ ♣♦ss✉✐ ✉♠ ♠♦♠❡♥t♦ ❞❛❞♦ ♣♦r

~p = ~~k , ✭✷✳✶✮

∗P♦tê♥❝✐❛ tí♣✐❝❛ ✉s❛❞❛ ♥❡ss❡ t✐♣♦ ❞❡ ❡①♣❡r✐♠❡♥t♦✳
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

♦♥❞❡ ~k é ♦ s❡✉ ✈❡t♦r ❞❡ ♦♥❞❛ ❡ ~ é ❛ ❝♦♥st❛♥t❡ ❞❡ P❧❛♥❝❦ ❞✐✈✐❞✐❞❛ ♣♦r 2π✳ ❊♠ ♠ó❞✉❧♦✱

♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡

p = ~k = ~
ω

c
=
E

c
, ✭✷✳✷✮

♦♥❞❡ c é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ ❧✉③✱ ω é ❛ ❢r❡q✉ê♥❝✐❛ ❛♥❣✉❧❛r ❞❛ ❧✉③ ✐♥❝✐❞❡♥t❡ ❡ E = ~ω é ❛

❡♥❡r❣✐❛ ❞❡ ❝❛❞❛ ❢ót♦♥✳ P❛r❛ N ❢ót♦♥s✱ t❡r❡♠♦s q✉❡ Etot = N~ω = NE✳

❆ ❢♦rç❛ t♦t❛❧ ❡①❡r❝✐❞❛ ♣♦r ✉♠ ❢❡✐①❡ ❝♦♠ N ❢ót♦♥s ♣♦r s❡❣✉♥❞♦ ✐♥❝✐❞✐♥❞♦ s♦❜r❡

❛ ♠✐❝r♦❡s❢❡r❛ ♣♦❞❡ s❡r ♦❜t✐❞❛ ❛ ♣❛rt✐r ❞❛ ❡q✉❛çã♦ ✭✷✳✷✮✳ ❯s❛♥❞♦ ❛ 2a ▲❡✐ ❞❡ ◆❡✇t♦♥✱

t❡r❡♠♦s

F =
dp

dt
=

d

dt

(
Etot

c

)

=
Ptot

c
, ✭✷✳✸✮

♦♥❞❡ Ptot é ❛ ♣♦tê♥❝✐❛ ❞♦ ❢❡✐①❡ ✐♥❝✐❞❡♥t❡✳

❉❡st❡ ♠♦❞♦✱ ♣♦❞❡♠♦s ❡st✐♠❛r ♦ ✈❛❧♦r ❞❛ ❢♦rç❛ ♥❛ ❡q✉❛çã♦ ✭✷✳✸✮✱ ❝♦♠♦ s❡♥❞♦

Ftot ≈
1× 10−3 ❲
3× 108 ♠✴s

≈ 10−11 ◆ = 10 ♣◆ · ✭✷✳✹✮

❉❡ ❢❛t♦✱ ❡♠ ❡①♣❡r✐♠❡♥t♦s ❝♦♠ ♣✐♥ç❛s ó♣t✐❝❛s✱ ❛s ❢♦rç❛s ❡stã♦ ♥❛ ❡s❝❛❧❛ ❞❡ ♣✐❝♦✲◆❡✇t♦♥✳

P❛r❛ ❡♥t❡♥❞❡r♠♦s q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ♦ ❢✉♥❝✐♦♥❛♠❡♥t♦ ❞❛ ♣✐♥ç❛ ó♣t✐❝❛✱ ❞❡✈❡♠♦s

❛♥❛❧✐s❛r ❛s ❢♦rç❛s q✉❡ ❛t✉❛♠ ♥❛ ♠✐❝r♦❡s❢❡r❛✳ ❆ ♣r✐♠❡✐r❛ ❢♦rç❛✱ ❝❤❛♠❛❞❛ ♣r❡ssã♦ ❞❡

r❛❞✐❛çã♦✱ s✉r❣❡ s❡♠♣r❡ q✉❡ ❛ ❧✉③ é r❡✢❡t✐❞❛ ♦✉ ❛❜s♦r✈✐❞❛ ❛♦ ✐♥❝✐❞✐r ♥✉♠❛ ✐♥t❡r❢❛❝❡

❡♥tr❡ ❞♦✐s ♠❡✐♦s✳ ❆ ❡①♣r❡ssã♦ ♣❛r❛ ❛ ❢♦rç❛ ❞❡ r❛❞✐❛çã♦✱ ❞❡✈✐❞♦ ❛ ✉♠ r❛✐♦✱ ♣♦❞❡ s❡r

❡s❝r✐t❛ ❝♦♠♦

F ∝ Praio

v
, ✭✷✳✺✮

❝♦♠

v =
c

nm

, ✭✷✳✻✮

♦♥❞❡ Praio é ❛ ♣♦tê♥❝✐❛ ❞♦ r❛✐♦ ❡ nm é ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❞♦ ♠❡✐♦ ❞❡ ✐♥❝✐❞ê♥❝✐❛✳

❆❧é♠ ❞❛ ♣r❡ssã♦ ❞❡ r❛❞✐❛çã♦✱ ❛ ❧✉③ é ❝❛♣❛③ ❞❡ ❡①❡r❝❡r ✉♠ s❡❣✉♥❞♦ t✐♣♦ ❞❡

❢♦rç❛ s♦❜r❡ ✉♠ ♦❜❥❡t♦✱ ❛♦ s❡r r❡❢r❛t❛❞❛ ♣♦r ❡st❡✳ ❊st❛ ❢♦rç❛ s✉r❣❡ ❞❡✈✐❞♦ ❛♦ ❢❛t♦

❞♦ ♠♦♠❡♥t♦ ❧✐♥❡❛r t♦t❛❧ ❞♦ s✐st❡♠❛ r❛✐♦✲♦❜❥❡t♦ t❡r q✉❡ s❡r ❝♦♥s❡r✈❛❞♦†✳ ❖ r❛✐♦ ❞❡

❧✉③✱ ❛♦ r❡❢r❛t❛r ❡♠ ✉♠ ♦❜❥❡t♦✱ ❡♠ ❣❡r❛❧ é ❞❡s✈✐❛❞♦ ❞❡ s✉❛ tr❛❥❡tór✐❛ ♦r✐❣✐♥❛❧ s❡ ♦s

†❊ss❡ ❢❛t♦ é ❞❡✈✐❞♦ ❛♦ t❡♦r❡♠❛ ❞❡ ❝♦♥s❡r✈❛çã♦ ❞♦ ♠♦♠❡♥t♦ ❧✐♥❡❛r✳
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

í♥❞✐❝❡s ❞❡ r❡❢r❛çã♦ ❞♦ ♠❡✐♦ ❞❡ ✐♥❝✐❞ê♥❝✐❛ ❡ ❞♦ ♦❜❥❡t♦ ❢♦r❡♠ ❞✐❢❡r❡♥t❡s✳ ❈♦♠ ✐ss♦✱ ♦ r❛✐♦

r❡❢r❛t❛❞♦ t❡rá ✉♠ ♠♦♠❡♥t♦ ❧✐♥❡❛r ❡♠ ✉♠❛ ❞✐r❡çã♦ ❞✐❢❡r❡♥t❡ ❞♦ r❛✐♦ ✐♥❝✐❞❡♥t❡✳ ❊♥tã♦✱

♣❡❧❛ 2a ▲❡✐ ❞❡ ◆❡✇t♦♥✱ ♦ ♦❜❥❡t♦ s♦❢r❡rá ✉♠❛ ✈❛r✐❛çã♦ ❞❡ ♠♦♠❡♥t♦ ❞❡ ♠❡s♠♦ ♠ó❞✉❧♦

❡ s❡♥t✐❞♦ ❝♦♥trár✐♦ à ✈❛r✐❛çã♦ ❞❡ ♠♦♠❡♥t♦ ❞♦ r❛✐♦✳ ■♠❛❣✐♥❡♠♦s q✉❡ ❡ss❡ ♦❜❥❡t♦ s❡❥❛

✉♠ ♠✐❝r♦❡s❢❡r❛✳ ❯♠❛ ✈❡③ q✉❡ ❛ ♠✐❝r♦❡s❢❡r❛ ♣♦ss✉✐ ♠❛ss❛✱ ❡♥tã♦ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

s✉r❣✐rá ✉♠❛ ❢♦rç❛ s♦❜r❡ ❡❧❛ ♣❛r❛ ❢❛③❡r ✈❛r✐❛r s❡✉ ♠♦♠❡♥t♦✳

❚♦❞❛ ♥♦ss❛ ❛♥á❧✐s❡ ❛❝✐♠❛ ❢♦✐ ❢❡✐t❛ ♣❛r❛ ✉♠ ú♥✐❝♦ r❛✐♦✳ ❆❣♦r❛✱ ✐♠❛❣✐♥❡♠♦s

q✉❡ ✈ár✐♦s r❛✐♦s ❛t✐♥❥❛♠ ❛ ♠✐❝r♦❡s❢❡r❛✱ ❞❡ ❢♦r♠❛ q✉❡ ❝❛❞❛ r❛✐♦ ✐♥❝✐❞❡♥t❡ ❞á ♦r✐❣❡♠ ❛

✉♠ r❛✐♦ r❡✢❡t✐❞♦ ❡ ✉♠ r❛✐♦ r❡❢r❛t❛❞♦✳ ❖s r❛✐♦s r❡✢❡t✐❞♦s ❞❛rã♦ ♦r✐❣❡♠ ❛ ♣r❡ssã♦ ❞❡

r❛❞✐❛çã♦✱ ❡♥q✉❛♥t♦ q✉❡ ♦s r❛✐♦s r❡❢r❛t❛❞♦s ❞❛rã♦ ♦r✐❣❡♠ à ❢♦rç❛s s❡♠❡❧❤❛♥t❡s às ❝✐t❛❞❛s

♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✳ ❙❡ ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❞❛ ♠✐❝r♦❡s❢❡r❛ ❢♦r ♠❛✐♦r q✉❡ ♦ í♥❞✐❝❡ ❞❡

r❡❢r❛çã♦ ❞♦ ♠❡✐♦ ♥♦ q✉❛❧ ❡❧❛ ❡stá ✐♥s❡r✐❞❛ ❡ s❡ ♦ ❧❛s❡r ❢♦r ❢♦rt❡♠❡♥t❡ ❢♦❝❛❧✐③❛❞♦✱ ❡♥tã♦ ♦s

r❛✐♦s r❡❢r❛t❛❞♦s ❞❛rã♦ ♦r✐❣❡♠ à ❢♦rç❛s ❞❡ ❣r❛❞✐❡♥t❡✱ q✉❡ t❡♥❞❡rã♦ ❛ ❧❡✈❛r ❛ ♠✐❝r♦❡s❢❡r❛

♣❛r❛ ♦ ❢♦❝♦ ❞♦ ❢❡✐①❡✳ ❆ ❝♦♠♣❡t✐çã♦ ❡♥tr❡ ❛s ❞✉❛s ❢♦rç❛s✱ ♣r❡ssã♦ ❞❡ r❛❞✐❛çã♦ ❡ ❢♦rç❛ ❞❡

❣r❛❞✐❡♥t❡✱ é q✉❡ ❞á ♦r✐❣❡♠ ❛♦ ♣✐♥ç❛♠❡♥t♦ ó♣t✐❝♦✳

P❛r❛ ✈✐s✉❛❧✐③❛r ♠❡❧❤♦r ❡st❡ ❡❢❡✐t♦✱ ✈❛♠♦s ❝♦♠❡ç❛r ❢❛③❡♥❞♦ ✉♠❛ ❛♥á❧✐s❡ ✉s❛♥❞♦

♦ r❡❣✐♠❡ ❞❛ ó♣t✐❝❛ ❣❡♦♠étr✐❝❛✳ ◆❡ss❡ r❡❣✐♠❡✱ ♦ r❛✐♦ ❞❛ ♠✐❝r♦❡s❢❡r❛ é ♠✉✐t♦ ♠❛✐♦r q✉❡

♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞❛ ❧✉③ (a≫ λ)✳

❆ ❋✐❣✉r❛ ✷✳✶ ♠♦str❛ ✉♠❛ s✐t✉❛çã♦ ♦♥❞❡ ❛ ♠✐❝r♦❡s❢❡r❛ s❡ ❡♥❝♦♥tr❛ ❧♦♥❣❡ ❞❛ r❡❣✐ã♦

❢♦❝❛❧ ❞❛ ♦❜❥❡t✐✈❛✳ ◆❡ss❡ ❝❛s♦✱ ❛s ❢♦rç❛s ~F1 ❡ ~F2✱ ♦r✐✉♥❞❛s ❞❡ ❞♦✐s r❛✐♦s ❞❡ ❡①tr❡♠✐❞❛❞❡s

♦♣♦st❛s✱ ❢♦r♥❡❝❡♠ ✉♠❛ ❢♦rç❛ r❡s✉❧t❛♥t❡ q✉❡ t❡♥❞❡ ❛ ❡♠♣✉rr❛r ❛ ♠✐❝r♦❡s❢❡r❛ ♥♦ s❡♥t✐❞♦

❞❡ ✐♥❝✐❞ê♥❝✐❛ ❞♦ ❢❡✐①❡ ❞❡ ❧❛s❡r✳

P❛r❛ ✜♥❛❧✐③❛r ♥♦ss❛ ❛♥á❧✐s❡ ♥♦ ❧✐♠✐t❡ ❞❛ ó♣t✐❝❛ ❣❡♦♠étr✐❝❛✱ ✈❛♠♦s ❞✐s❝✉t✐r ♦s

❡❢❡✐t♦s ❞❛ r❡❢r❛çã♦✳ ❆ ❋✐❣✉r❛ ✷✳✷ ♠♦str❛ ✉♠❛ s✐t✉❛çã♦ ♥❛ q✉❛❧ ❛ ♠✐❝r♦❡s❢❡r❛ ❡stá

s✐t✉❛❞❛ ❡♠ ✉♠❛ r❡❣✐ã♦ ♣ró①✐♠❛ ❞❛ r❡❣✐ã♦ ❢♦❝❛❧ ❞❛ ♦❜❥❡t✐✈❛✱ ♠❛s ❛❜❛✐①♦ ❞♦ ❢♦❝♦✳ ◆❡ss❛

r❡❣✐ã♦✱ ❛s ❢♦rç❛s ❞❡ ❣r❛❞✐❡♥t❡ ~F1 ❡ ~F2✱ ❢♦r♥❡❝❡♠ ✉♠❛ ❢♦rç❛ r❡s✉❧t❛♥t❡ q✉❡ t❡♥❞❡ ❛

❡♠♣✉rr❛r ❛ ♠✐❝r♦❡s❢❡r❛ ♣❛r❛ ❝✐♠❛✱ ❞❡ ❢♦r♠❛ q✉❡ ❛ ♠✐❝r♦❡s❢❡r❛ ✜q✉❡ s❡♠♣r❡ ♣r❡s❛ ♥❛

r❡❣✐ã♦ ❢♦❝❛❧✳ ■ss♦ ❛❝♦♥t❡❝❡ ♣♦✐s ♦ r❛✐♦ ✭✶✮✱ r❡s♣♦♥sá✈❡❧ ♣♦r ❣❡r❛r ❛ ❢♦rç❛ ~F1✱ s♦❢r❡

✉♠ ❞❡s✈✐♦ ❛♦ ♣❛ss❛r ♣❡❧❛ ♠✐❝r♦❡s❢❡r❛✱ ✈❛r✐❛♥❞♦ s❡✉ ♠♦♠❡♥t♦ ❧✐♥❡❛r✳ ❈♦♥s✐❞❡r❛♥❞♦ ♦

s✐st❡♠❛ r❛✐♦✲♠✐❝r♦❡s❢❡r❛ ❝♦♠♦ s❡♥❞♦ ✐s♦❧❛❞♦✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ♦ ♠♦♠❡♥t♦ ❧✐♥❡❛r t♦t❛❧
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❋✐❣✉r❛ ✷✳✶✿ Pr❡ssã♦ ❞❡ r❛❞✐❛çã♦✳ ❆ ❢♦rç❛ r❡s✉❧t❛♥t❡✱ ♥❡ss❡ ❝❛s♦✱ ❡♠♣✉rr❛ ❛ ♠✐❝r♦❡s❢❡r❛ ♥♦
s❡♥t✐❞♦ ❞❡ ✐♥❝✐❞ê♥❝✐❛ ❞♦ ❢❡✐①❡✳

❞♦ s✐st❡♠❛ t❡♠ q✉❡ s❡r ❝♦♥s❡r✈❛❞♦✱ ❞❡ ❢♦r♠❛ q✉❡ ❛ ♠✐❝r♦❡s❢❡r❛ s♦❢r❡rá ✉♠❛ ✈❛r✐❛çã♦ ♥♦

s❡✉ ♠♦♠❡♥t♦ ❧✐♥❡❛r ❞❡ ♠❡s♠❛ ✐♥t❡♥s✐❞❛❞❡ ❡ s❡♥t✐❞♦ ❝♦♥trár✐♦ à ✈❛r✐❛çã♦ ❞❡ ♠♦♠❡♥t♦

❧✐♥❡❛r ❞♦ r❛✐♦ ✭✶✮✳ ❆ ♠❡s♠❛ s✐t✉❛çã♦ ♦❝♦rr❡ ❝♦♠ ♦ r❛✐♦ ✭✷✮✱ s✐t✉❛❞♦ ♥❛ ❡①tr❡♠✐❞❛❞❡

♦♣♦st❛ ❞♦ ❢❡✐①❡ ❡ r❡s♣♦♥sá✈❡❧ ♣♦r ❣❡r❛r ❛ ❢♦rç❛ ~F2✳ ❆ r❡s✉❧t❛♥t❡ ❞❡ ~F1 ❡ ~F2 ❛♣♦♥t❛✱

♥❡ss❡ ❝❛s♦✱ ♣❛r❛ ❝✐♠❛✱ ♥♦ s❡♥t✐❞♦ ❞♦ ❢♦❝♦✳

❆ ❋✐❣✉r❛ ✷✳✸ ♠♦str❛ ✉♠❛ s✐t✉❛çã♦ ♥❛ q✉❛❧ ❛ ♠✐❝r♦❡s❢❡r❛ ❡stá s✐t✉❛❞❛ ❡♠ ✉♠❛

r❡❣✐ã♦ ♣ró①✐♠❛ ❞❛ r❡❣✐ã♦ ❢♦❝❛❧ ❞❛ ♦❜❥❡t✐✈❛✱ ♠❛s ❛❝✐♠❛ ❞♦ ❢♦❝♦✳ ❆♥❛❧♦❣❛♠❡♥t❡ ❛♦ q✉❡

❛❝♦♥t❡❝❡ ♥❛ s✐t✉❛çã♦ ♥❛ q✉❛❧ ❛ ❡s❢❡r❛ ❡stá s✐t✉❛❞❛ ❡♠ ✉♠❛ r❡❣✐ã♦ ❛❜❛✐①♦ ❞♦ ❢♦❝♦✱
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❋✐❣✉r❛ ✷✳✷✿ ❊❢❡✐t♦ ❞❛ r❡❢r❛çã♦✳ ❆ ♠✐❝r♦❡s❢❡r❛ ❡stá s✐t✉❛❞❛ ♥❛ r❡❣✐ã♦ ❛❜❛✐①♦ ❞♦ ❢♦❝♦ ❡✱ ♥❡ss❡
❝❛s♦✱ ❛ ❢♦rç❛ r❡s✉❧t❛♥t❡ ❡♠♣✉rr❛ ❛ ♠✐❝r♦❡s❢❡r❛ ♣❛r❛ ♦ ❢♦❝♦ ❞♦ ❢❡✐①❡✳

s✉r❣✐rã♦ ❢♦rç❛s ♥❛ ♠✐❝r♦❡s❢❡r❛ ❞❡ ❢♦r♠❛ ❛ ❝♦♥s❡r✈❛r ♦ ♠♦♠❡♥t♦ ❧✐♥❡❛r t♦t❛❧ ❞♦ s✐st❡♠❛

r❛✐♦✲♠✐❝r♦❡s❢❡r❛✳ ❆❣♦r❛✱ ♥♦ ❝❛s♦ ♦♥❞❡ ❛ ♠✐❝r♦❡s❢❡r❛ ❡stá s✐t✉❛❞❛ ❡♠ ✉♠❛ r❡❣✐ã♦ ❛❝✐♠❛

❞♦ ❢♦❝♦✱ ❛ ❢♦rç❛ r❡s✉❧t❛♥t❡ ♥❛ ♠✐❝r♦❡s❢❡r❛ ❛♣♦♥t❛rá ♣❛r❛ ❜❛✐①♦✱ ❞❡ ❢♦r♠❛ ❛ ❡♠♣✉rr❛r

♥♦✈❛♠❡♥t❡ ❛ ♠✐❝r♦❡s❢❡r❛ ♥❛ ❞✐r❡çã♦ ❞♦ ❢♦❝♦ ❞♦ ❢❡✐①❡✳

❉❡✈❡♠♦s s❛❧✐❡♥t❛r✱ ❡♥tr❡t❛♥t♦✱ q✉❡ t♦❞❛ ❛ ❞✐s❝✉ssã♦ ❛❝✐♠❛ ❢♦✐ ❢❡✐t❛ ♥♦ ❧✐♠✐t❡ ❞❛

ó♣t✐❝❛ ❣❡♦♠étr✐❝❛✱ q✉❛♥❞♦ ♦ r❛✐♦ ❞❛ ♠✐❝r♦❡s❢❡r❛ é ♠✉✐t♦ ♠❛✐♦r q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

♦♥❞❛ ❞❛ ❧✉③ ✐♥❝✐❞❡♥t❡ (a≫ λ)✳

❖❜s❡r✈❡ ♥❛s ❋✐❣✉r❛s ✷✳✷ ❡ ✷✳✸ q✉❡ ❝♦♥s✐❞❡r❛♠♦s ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❞❛ ♠✐❝r♦❡s✲
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❋✐❣✉r❛ ✷✳✸✿ ❊❢❡✐t♦ ❞❛ r❡❢r❛çã♦✳ ❆ ♠✐❝r♦❡s❢❡r❛ ❡stá s✐t✉❛❞❛ ♥❛ r❡❣✐ã♦ ❛❝✐♠❛ ❞♦ ❢♦❝♦ ❡✱ ♠❛✐s
✉♠❛ ✈❡③✱ ❛ ❢♦rç❛ r❡s✉❧t❛♥t❡ ❡♠♣✉rr❛ ❛ ♠✐❝r♦❡s❢❡r❛ ♣❛r❛ ♦ ❢♦❝♦ ❞♦ ❢❡✐①❡✳

❢❡r❛ ♠❛✐♦r q✉❡ ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❞♦ ♠❡✐♦✳ ❉❡ ❢❛t♦✱ ❡ss❛ é ✉♠❛ ❝♦♥❞✐çã♦ ❢✉♥❞❛♠❡♥t❛❧

♣❛r❛ q✉❡ ♦❝♦rr❛ ♦ ♣✐♥ç❛♠❡♥t♦✳

◗✉❛♥❞♦ ♦ r❛✐♦ ❞❛ ♠✐❝r♦❡s❢❡r❛ é ♠✉✐t♦ ♠❡♥♦r q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞❛ ❧✉③

✐♥❝✐❞❡♥t❡✱ ❡st❛♠♦s ♥♦ ❝❤❛♠❛❞♦ ❧✐♠✐t❡ ❘❛②❧❡✐❣❤✳ ◆❡ss❡ ❝❛s♦✱ ❛ ❡s❢❡r❛ s❡ ❝♦♠♣♦rt❛ ❝♦♠♦

✉♠ ❞✐♣♦❧♦ ❡❧étr✐❝♦ ✐♥❞✉③✐❞♦ ❡♠ ✉♠ ❝❛♠♣♦ ❡❧étr✐❝♦✳ ❆ ❢♦rç❛ q✉❡ ❛t✉❛ ♥❛ ♠✐❝r♦❡s❢❡r❛

é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ❣r❛❞✐❡♥t❡ ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞♦ ❝❛♠♣♦ ❡❧étr✐❝♦ ❞❛ r❛❞✐❛çã♦ ✐♥❝✐❞❡♥t❡✳

❊ss❛ ❢♦rç❛ ❢❛③ ❝♦♠ q✉❡ ❛ ♠✐❝r♦❡s❢❡r❛ s❡ ♠♦✈❛ ♣❛r❛ ❛ ❞✐r❡çã♦ ❞❡ ♠❛✐♦r ✐♥t❡♥s✐❞❛❞❡ ❞♦

❝❛♠♣♦✱ ♦✉ s❡❥❛✱ ♦ ❢♦❝♦✳ ▼❛✐s ✉♠❛ ✈❡③✱ ❛ ♠✐❝r♦❡s❢❡r❛ ✜❝❛rá ♣r❡s❛ ♥❛ r❡❣✐ã♦ ❢♦❝❛❧ ❬✷✼✱✷✽❪✳
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

P♦❞❡♠♦s ♣❡r❝❡❜❡r✱ ❡♥tã♦✱ q✉❡ ❛s ♣✐♥ç❛s ó♣t✐❝❛s sã♦ ❢❡rr❛♠❡♥t❛s ❡①♣❡r✐♠❡♥t❛✐s

✐♠♣♦rt❛♥t❡s ♥❛ ♠❛♥✐♣✉❧❛çã♦ ❞❡ ♣❡q✉❡♥❛s ♣❛rtí❝✉❧❛s ❞✐❡❧étr✐❝❛s✳ ❙✉❛ ❛♣❧✐❝❛çã♦ ♣♦❞❡

s❡r ❡♥❝♦♥tr❛❞❛ ❡♠ ❞✐✈❡rs❛s ár❡❛s✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛ ❋ís✐❝❛ ❇✐♦❧ó❣✐❝❛✱ ❝♦♠♦ ❞✐s❝✉t✐❞♦

♥♦ ❈❛♣ít✉❧♦ ✶✳

❘❡❝❡♥t❡♠❡♥t❡✱ ♦s ♣❡sq✉✐s❛❞♦r❡s ❘✳ ❙✳ ❉✉tr❛✱ ◆✳ ❇✳ ❱✐❛♥❛✱ P✳ ❆✳ ▼❛✐❛ ◆❡t♦ ❡ ❍✳

▼✳ ◆✉ss❡♥③✈❡✐❣✱ ❞❛ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞♦ ❘✐♦ ❞❡ ❏❛♥❡✐r♦✱ ♣r♦♣✉s❡r❛♠ ✉♠❛ ❡①t❡♥sã♦

❞❛ t❡♦r✐❛ ▼❉❙❆ ✭❞♦ t❡r♠♦ ❡♠ ✐♥❣❧ês ✏▼✐❡ ❉❡❜②❡ ❙♣❤❡r✐❝❛❧ ❆❜❡rr❛t✐♦♥✑✮ ❬✷✾✱✸✵❪✱ q✉❡ é

❝❛♣❛③ ❞❡ ♣r❡✈❡r✱ q✉❛♥t✐t❛t✐✈❛♠❡♥t❡✱ ❛ ❢♦rç❛ ❞♦ ❧❛s❡r s♦❜r❡ ✉♠❛ ♠✐❝r♦❡s❢❡r❛ ❞✐❡❧étr✐❝❛

❞❡ r❛✐♦ ❡ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❛r❜✐trár✐♦✳ ❆ ♥♦✈❛ t❡♦r✐❛✱ ❝✉❥♦ ♥♦♠❡ ♦s ❛✉t♦r❡s s✉❣❡r❡♠✱

▼❉❙❆ + ✐♥❝❧✉✐ ♦s ❡❢❡✐t♦s ❞❡ ✉♠❛ ❛❜❡rr❛çã♦ ó♣t✐❝❛✱ ♦ ❛st✐❣♠❛t✐s♠♦ ❬✸✶✱✸✷❪✳ ❆ t❡♦r✐❛

▼❉❙❆ + é ❛ ♠❛✐s ❣❡r❛❧✱ ❛t✉❛❧♠❡♥t❡✱ s♦❜r❡ ♣✐♥ç❛s ó♣t✐❝❛s✳

✷✳✶✳✶ ▼♦♥t❛❣❡♠ ❡①♣❡r✐♠❡♥t❛❧

❆ ❋✐❣✉r❛ ✷✳✹ ♠♦str❛ ✉♠ ❡sq✉❡♠❛ ❞❡t❛❧❤❛❞♦ ❞❛ ♠♦♥t❛❣❡♠ ❡①♣❡r✐♠❡♥t❛❧ ✉t✐❧✐③❛❞❛

❡♠ ♥♦ss❛s ♠❡❞✐❞❛s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛✳

❆ r❡❣✐ã♦ ❡♥tr❡ ❛s ❧✐♥❤❛s ♣♦♥t✐❧❤❛❞❛s r❡♣r❡s❡♥t❛ ♦ ♠✐❝r♦s❝ó♣✐♦ ◆✐❦♦♥ ❊❝❧✐♣s❡ ❚✐ ✲

❙✱ ❝♦♠ ó♣t✐❝❛ ❝♦rr✐❣✐❞❛ ♥♦ ✐♥✜♥✐t♦✱ ♦❜❥❡t✐✈❛ ❞❡ 100❳ ❡ ❛❜❡rt✉r❛ ♥✉♠ér✐❝❛‡ NA = 1, 4✳

❊ss❛ ♦❜❥❡t✐✈❛✱ ❞❡ ❛❧t❛ ❛❜❡rt✉r❛ ♥✉♠ér✐❝❛✱ é ❛ r❡s♣♦♥sá✈❡❧ ♣♦r ❢♦❝❛❧✐③❛r ♦ ❢❡✐①❡ ❞❡ ❧❛s❡r

✐♥❢r❛✈❡r♠❡❧❤♦ ❡ ♣r❡♥❞❡r ❛s ♠✐❝r♦❡s❢❡r❛s ♥❛ r❡❣✐ã♦ ❢♦❝❛❧✳

❆ r❛❞✐❛çã♦ é ❡♠✐t✐❞❛ ♣♦r ✉♠ ❧❛s❡r ✐♥❢r❛✈❡r♠❡❧❤♦ ✭■❱✮✱ ♠♦❞❡❧♦ ■P● P❤♦t♦♥✐❝s

❨▲❘✲✺✲✶✵✻✹✲▲P✱ ❝♦♠ ♣♦tê♥❝✐❛ ♠á①✐♠❛ ❞❡ ✻✱✵ ❲✱ λ = 1064 ♥♠ ❡ ♦♣❡r❛♥❞♦ ♥♦ ♠♦❞♦

❚❊▼00✳

E1✱ E2✱ E3 ❡ E4 sã♦ ❡s♣❡❧❤♦s✱ ♦♥❞❡ E1 ❡ E2 ♣❡r♠✐t❡♠ ✉♠❛ ♣r❡❝✐sã♦ ♠❛✐♦r ♥♦

❛❧✐♥❤❛♠❡♥t♦ ❞❛ ♣✐♥ç❛ ó♣t✐❝❛✱ E3 é ✉♠ ❡s♣❡❧❤♦ ❞✐❝ró✐❝♦ ❡ E4 ♣❡r♠✐t❡ q✉❡ ♦ ❧❛s❡r ❝❤❡❣✉❡

❛té ❛ ♦✉tr❛ s❛í❞❛ ❞♦ ♠✐❝r♦s❝ó♣✐♦✳ F1 r❡♣r❡s❡♥t❛ ✉♠❛ ❛ss♦❝✐❛çã♦ ❞❡ ✜❧tr♦s q✉❡ ♣❡r♠✐t❡

❝♦♥tr♦❧❛r ♦ ✈❛❧♦r ❞❛ ❝♦♥st❛♥t❡ ❞❡ ❢♦rç❛✱ κ✱ ❞❛ ♣✐♥ç❛ ó♣t✐❝❛ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦

♠ó❞✉❧♦ ❞❛ ❢♦rç❛ ó♣t✐❝❛ ❛♣❧✐❝❛❞❛✳

❖ ♠♦t♦r ♣✐❡③♦❡❧étr✐❝♦✱ r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✹✱ é ♦ r❡s♣♦♥sá✈❡❧ ♣♦r ❞❡s❧♦❝❛r

‡❆ ❛❜❡rt✉r❛ ♥✉♠ér✐❝❛ é ✉♠ ♣❛râ♠❡tr♦ ❢♦r♥❡❝✐❞♦ ♣❡❧♦ ❢❛❜r✐❝❛♥t❡ ❞❛ ❧❡♥t❡ ❡✱ q✉❛♥t♦ ♠❛✐♦r ♦ s❡✉
✈❛❧♦r✱ ♠❛✐♦r s❡rá ❛ ❛❜❡rt✉r❛ ❞♦ ❝♦♥❡ ❞❡ ❧✉③ ❢♦❝❛❧✐③❛❞♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♠❛✐s ❢♦rt❡ s❡rá ❛ ❢♦rç❛ ❞❡
❣r❛❞✐❡♥t❡✱ r❡s♣♦♥sá✈❡❧ ♣❡❧♦ ♣✐♥ç❛♠❡♥t♦ ó♣t✐❝♦✳
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❋✐❣✉r❛ ✷✳✹✿ ▼♦♥t❛❣❡♠ ❡①♣❡r✐♠❡♥t❛❧ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛s ♠❡❞✐❞❛s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛✳

♦ ❡stá❣✐♦ ❞♦ ♠✐❝r♦s❝ó♣✐♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ❧❛♠í♥✉❧❛ ❝♦♠ ♣r❡❝✐sã♦ ♥❛♥♦♠étr✐❝❛✳

❆ ❧❡♥t❡ L1✱ r❡♣r❡s❡♥t❛ ♦ ❝♦♥❞❡♥s❛❞♦r ❞♦ s✐st❡♠❛ ❞❡ ✐❧✉♠✐♥❛çã♦ ❞♦ ♠✐❝r♦s❝ó♣✐♦✳

❆❜❛✐①♦ ❞❛ ❧❡♥t❡ L1 ❡stá r❡♣r❡s❡♥t❛❞♦ ♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❣❡r❛❞♦ ♣❡❧❛ ♣✐♥ç❛ ó♣t✐❝❛✱

♦ s✐st❡♠❛ ❞❡ r❡❢❡rê♥❝✐❛ ✉t✐❧✐③❛❞♦ ❡ ❛ ♥♦ss❛ s♦❧✉çã♦ ❞❡ ❉◆❆ ❡ ♠✐❝r♦❡s❢❡r❛s✳ ◆♦t❡ q✉❡

❡st❛♠♦s r❡♣r❡s❡♥t❛♥❞♦ ❛ s✐t✉❛çã♦ ♥❛ q✉❛❧ ✉♠❛ ❞❛s ♣♦♥t❛s ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ s❡

❡♥❝♦♥tr❛ ❛❞s♦r✈✐❞❛ ♥❛ ♠✐❝r♦❡s❢❡r❛ ❡ ❛ ♦✉tr❛ ♣♦♥t❛ ❛❞s♦r✈✐❞❛ ♥❛ ❧❛♠í♥✉❧❛✱ q✉❡ é ♦ ♥♦ss♦

♣♦rt❛ ❛♠♦str❛s✳ ❆ ❛❧t✉r❛ h r❡♣r❡s❡♥t❛ ❛ ❞✐stâ♥❝✐❛ ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞❛ ♠✐❝r♦❡s❢❡r❛

♣✐♥ç❛❞❛ ❡♠ r❡❧❛çã♦ à ❧❛♠í♥✉❧❛✳

❋✐♥❛❧♠❡♥t❡✱ ♥❛s ❞✉❛s s❛í❞❛s ❞♦ ♠✐❝r♦s❝ó♣✐♦ sã♦ ❝♦♥❡❝t❛❞❛s ❞✉❛s ❝â♠❡r❛s ❈❈❉✱

♠♦❞❡❧♦s ❏❛✐ ❇▼✲500●❊ ❡ ❏❛✐ ❈❱✲❆50■❘✱ q✉❡ ❡♥✈✐❛♠ ❛s ✐♠❛❣❡♥s ❛té ♦ ♠♦♥✐t♦r ❡ ❛♦

❝♦♠♣✉t❛❞♦r✱ ♣❡r♠✐t✐♥❞♦ ❛ss✐♠ q✉❡ t♦❞♦ ♦ ❡①♣❡r✐♠❡♥t♦ s❡❥❛ ✈✐s✉❛❧✐③❛❞♦ ❡ ✜❧♠❛❞♦✳
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

✷✳✶✳✷ ❈❛❧✐❜r❛çã♦ ❞❛ ♣✐♥ç❛ ó♣t✐❝❛

❈♦♠♦ ❡①♣❧✐❝❛❞♦ ❡♠ ❧✐♥❤❛s ❣❡r❛✐s ♥♦ ❈❛♣ít✉❧♦ ✶✱ ❛ ❝♦♥st❛♥t❡ ❞❡ ❢♦rç❛✱ κ✱ é

♦ ♣❛râ♠❡tr♦ q✉❡ ❞❡✜♥❡ ♦ q✉ã♦ ❢♦rt❡ é ❛ ♣✐♥ç❛ ó♣t✐❝❛✳ P❛r❛ ❢❛③❡r ❛ ❝❛❧✐❜r❛çã♦ ❞❛

♣✐♥ç❛ ó♣t✐❝❛✱ ♥ós ✉t✐❧✐③❛♠♦s ♦ ♠ét♦❞♦ ❞❡ ❙t♦❦❡s✱ q✉❡ ❝♦♥s✐st❡ ❡♠ ❞❡s❧♦❝❛r ❛ ❧❛♠í♥✉❧❛

❞♦ ♠✐❝r♦s❝ó♣✐♦ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ~v ❝♦♥st❛♥t❡ ❡ ♠❡❞✐r ❛ ♥♦✈❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❛

♠✐❝r♦❡s❢❡r❛✳

❋✐❣✉r❛ ✷✳✺✿ ✭❛✮ ▼✐❝r♦❡s❢❡r❛ ♣r❡s❛ ♥❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ♥♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❣❡r❛❞♦ ♣❡❧❛
♣✐♥ç❛ ó♣t✐❝❛✳ ✭❜✮ ❆♣ós ❛❝✐♦♥❛r♠♦s ♦ ♣✐❡③♦✱ ❛ ♠✐❝r♦❡s❢❡r❛ é ❡♠♣✉rr❛❞❛ ♣❡❧♦ ✢✉✐❞♦ ❡ ✜❝❛ ❡♠
❡q✉✐❧í❜r✐♦ ❡♠ ✉♠❛ ♥♦✈❛ ♣♦s✐çã♦ ♥♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❣❡r❛❞♦ ♣❡❧❛ ♣✐♥ç❛ ó♣t✐❝❛✳ ◆❡ss❛ ♣♦s✐çã♦✱
❛ ❢♦rç❛ ❞❡ ❙t♦❦❡s✱ ~FS ✱ é ✐❣✉❛❧✱ ❡♠ ♠ó❞✉❧♦✱ à ❢♦rç❛ ó♣t✐❝❛✱ ~FOP ✳

❆ ❋✐❣✉r❛ ✷✳✺ ✭❛✮ ♠♦str❛ ❛ s✐t✉❛çã♦ ♥❛ q✉❛❧ ❛ ♠✐❝r♦❡s❢❡r❛ s❡ ❡♥❝♦♥tr❛ ❡♠ r❡♣♦✉s♦

♥♦ ❢✉♥❞♦ ♥♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧✳ ◆❡ss❡ ❝❛s♦✱ ❝♦♠♦ ♦ ♣✐❡③♦ q✉❡ ♠♦✈✐♠❡♥t❛ ❛ ❧❛♠í♥✉❧❛

❡stá ♣❛r❛❞♦✱ ❡♥tã♦ ❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛✱ v̄✱ ❞❛ ♠✐❝r♦❡s❢❡r❛ é ♥✉❧❛ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱

❛ ❢♦rç❛ ❞❡ ❙t♦❦❡s t❛♠❜é♠ é ♥✉❧❛✳ ❆ ♠✐❝r♦❡s❢❡r❛ ♣r❡s❛ ♥♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❞❛ ♣✐♥ç❛

ó♣t✐❝❛✱ q✉❡ é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❤❛r♠ô♥✐❝♦✱ é ✉♠ ♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ❜r♦✇♥✐❛♥♦✱ ❡s✲

t❛♥❞♦ s✉❥❡✐t♦ à ❢♦rç❛ ó♣t✐❝❛ r❡st❛✉r❛❞♦r❛ ❡ ❛ ❢♦rç❛ ❛❧❡❛tór✐❛ ❞❡✈✐❞♦ à ✐♥t❡r❛çã♦ ❝♦♠ ♦

✢✉✐❞♦✳ ❆ ❋✐❣✉r❛ ✷✳✺ ✭❜✮✱ ♠♦str❛ ❛ s✐t✉❛çã♦ ♥❛ q✉❛❧ ❛ ❧❛♠í♥✉❧❛ s❡ ♠♦✈✐♠❡♥t♦ ❝♦♠ ✉♠❛

✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡ ~v✱ ♠♦✈✐♠❡♥t❛♥❞♦ ♦ ✢✉✐❞♦ ♥♦ q✉❛❧ ❛s ♠✐❝r♦❡s❢❡r❛s ❡stã♦ ✐♠❡rs❛s✳
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❊ss❡ ♠♦✈✐♠❡♥t♦ ❞♦ ✢✉✐❞♦ ❞á ♦r✐❣❡♠ ❛ ✉♠❛ ❢♦rç❛ ❞❡ ❛tr✐t♦✱ ❝❤❛♠❛❞❛ ❞❡ ❢♦rç❛ ❞❡ ❙t♦❦❡s✱

q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛ ♠✐❝r♦❡s❢❡r❛ ❛t✐♥❥❛ ✉♠❛ ♥♦✈❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❡♥tr♦ ❞♦ ♣♦ç♦

❞❡ ♣♦t❡♥❝✐❛❧✳ ◆❡ss❛ ♥♦✈❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❛ ❢♦rç❛ ❞❡ ❙t♦❦❡s é ✐❣✉❛❧✱ ❡♠ ♠ó❞✉❧♦✱ à

❢♦rç❛ ó♣t✐❝❛ ❣❡r❛❞❛ ♣❡❧♦ ❧❛s❡r✳

❆ ❢♦rç❛ ❞❡ ❙t♦❦❡s ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✱

~FS = −γ~v , ✭✷✳✼✮

♦♥❞❡ γ é ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛tr✐t♦ ✈✐s❝♦s♦ ❡ ~v é ❛ ✈❡❧♦❝✐❞❛❞❡✳

❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛tr✐t♦ ✈✐s❝♦s♦ s♦❜r❡ ✉♠❛ ♠✐❝r♦❡s❢❡r❛ ❡♠ s♦❧✉çã♦ ❛q✉♦s❛ é ❞❛❞❛

♣❡❧❛ ❡①♣r❡ssã♦ ❛♣r♦①✐♠❛❞❛ ❬✸✸❪✱

γ = 6πηaa

[

1− 9

16

(a

h

)

+
1

8

(a

h

)3

− 45

256

(a

h

)4

− 1

16

(a

h

)5
]−1

, ✭✷✳✽✮

♦♥❞❡ ηa é ❛ ✈✐s❝♦s✐❞❛❞❡ ❞❛ á❣✉❛✱ s♦❧✉çã♦ ♥❛ q✉❛❧ ❛s ♠✐❝r♦❡s❢❡r❛s ❡stã♦ ✐♠❡rs❛s✱ a é ♦

r❛✐♦ ❞❛ ♠✐❝r♦❡s❢❡r❛ ❡ h é ❛ ❞✐stâ♥❝✐❛ ❞♦ ❝❡♥tr♦ ❞❛ ♠✐❝r♦❡s❢❡r❛ à ❧❛♠í♥✉❧❛✳

❆ ✈✐s❝♦s✐❞❛❞❡ ❞❛ á❣✉❛ ❝♦♠♦ ❢✉♥çã♦ ❞❛ t❡♠♣❡r❛t✉r❛ é ❞❛❞❛ ♣❡❧❛ ❡①♣r❡ssã♦ ❡♠✲

♣ír✐❝❛ ❬✸✹❪✱

ηa = 10−3

[

0, 26 + 1, 51 exp

(−tc
29

)]

, ✭✷✳✾✮

♦♥❞❡ tc é ❛ t❡♠♣❡r❛t✉r❛ ❡♠ ❣r❛✉s ❈❡❧s✐✉s ❡ ηa ❡stá ❡♠ ✉♥✐❞❛❞❡s ❙■✳

◆❛ ♥♦✈❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✺ ✭❜✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r

q✉❡✱ ❡♠ ♠ó❞✉❧♦✱ FOP = FS✱ ♦✉ s❡❥❛✱

κ∆xP = γv · ✭✷✳✶✵✮

■s♦❧❛♥❞♦ ∆xP ✱ t❡♠♦s q✉❡

∆xP =
γ

κ
v · ✭✷✳✶✶✮

❯♠❛ ✈❡③ ❝♦♥❤❡❝✐❞❛ ❛ t❡♠♣❡r❛t✉r❛✱ ❛ ❡q✉❛çã♦ ✭✷✳✾✮ é ✉s❛❞❛ ♣❛r❛ ❡♥❝♦♥tr❛r

♦ ✈❛❧♦r ❞❛ ✈✐s❝♦s✐❞❛❞❡✳ ❖ r❛✐♦ a ❞❛s ♠✐❝r♦❡s❢❡r❛s é ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦ ❢❛❜r✐❝❛♥t❡ ❡✱

♥♦ ♥♦ss♦ ❝❛s♦✱ ♦ ✈❛❧♦r é 1, 5 µm✳ ❆ ❛❧t✉r❛ h é ❡♥❝♦♥tr❛❞❛ ♠♦✈✐♠❡♥t❛♥❞♦✲s❡ ♦ ❢♦❝♦

❞♦ ♠✐❝r♦s❝ó♣✐♦ ♦♥❞❡✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❢♦❝❛❧✐③❛♠♦s ♦ ❢✉♥❞♦ ❞❛ ❧❛♠í♥✉❧❛ ❡✱ ♥❛ s❡q✉ê♥❝✐❛✱

✶✹



✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❛❥✉st❛♠♦s ♦ ❢♦❝♦ ❞♦ ♠✐❝r♦s❝ó♣✐♦ ❛té ❛ ❛❧t✉r❛ h ❞❡s❡❥❛❞❛✳ P♦r ú❧t✐♠♦✱ ❡ss❛ ❛❧t✉r❛ h é

♠✉❧t✐♣❧✐❝❛❞❛ ♣❡❧♦ ✐♥❞í❝❡ ❞❡ r❡❢r❛çã♦ r❡❧❛t✐✈♦ ❞❛ á❣✉❛ ❡ ❞♦ ✈✐❞r♦✱ ♦ q✉❡ ❢♦r♥❡❝❡ ♦ ✈❛❧♦r

r❡❛❧ ❞❛ ❛❧t✉r❛ ❞♦ ❝❡♥tr♦ ❞❛ ♠✐❝r♦❡s❢❡r❛ ❡♠ r❡❧❛çã♦ à ❧❛♠í♥✉❧❛✳ P❛r❛ ❞❡s❝♦❜r✐r ♦ ✈❛❧♦r

❞❡ ∆xP ✱ t♦❞♦ ♦ ❡①♣❡r✐♠❡♥t♦ é ✜❧♠❛❞♦ ✉t✐❧✐③❛♥❞♦✲s❡ ♦ ♣r♦❣r❛♠❛ ❙tr❡❛♠P✐①✱ q✉❡ ❢❛③

❛ ❝❛♣t✉r❛ ❞❛s ✐♠❛❣❡♥s ❢♦r♠❛♥❞♦ ✉♠ ✈í❞❡♦✳ ❖ ♣r♦❝❡❞✐♠❡♥t♦ é ❜❛s✐❝❛♠❡♥t❡ ❝♦♠♣♦st♦

♣♦r ❞✉❛s ❡t❛♣❛s✱ ❞❡s❝r✐t❛s ❛ s❡❣✉✐r✿

✭✐✮ ■♥✐❝✐❛♠♦s ♦ ✈í❞❡♦ ❝♦♠ ❛ ♠✐❝r♦❡s❢❡r❛ ♣❛r❛❞❛§ ❞❡♥tr♦ ❞♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❞❛

♣✐♥ç❛✱ ❛ ✜♠ ❞❡ ❡♥❝♦♥tr❛r ❛ ♣♦s✐çã♦ ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞❛ ♠✐❝r♦❡s❢❡r❛ q✉❛♥❞♦ ❡❧❛ s❡

❡♥❝♦♥tr❛ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✺ ✭❛✮✳

✭✐✐✮ ❆♣ós ∼ 5 s❡❣✉♥❞♦s✱ ♦ ♣✐❡③♦ q✉❡ ♠♦✈✐♠❡♥t❛ ❛ ❧❛♠í♥✉❧❛ é ❛❝✐♦♥❛❞♦ ❝♦♠

✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ✈❡❧♦❝✐❞❛❞❡ ❡ ❛ ♠✐❝r♦❡s❢❡r❛ ❛t✐♥❣❡ ❛ ♥♦✈❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦✱ ❝♦♠♦

♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✺ ✭❜✮✳ ❯t✐❧✐③❛♥❞♦ ♦ ♣r♦❣r❛♠❛ ■♠❛❣❡❏✱ q✉❡ ❢♦r♥❡❝❡ ♦s ✈❛❧♦r❡s ❞♦

❝❡♥tró✐❞❡ ❞❛ ♠✐❝r♦❡s❢❡r❛ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ é ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r ♦ ✈❛❧♦r ❞❡ ∆xP ✳

❚♦❞♦ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ é r❡♣❡t✐❞♦ ♣❛r❛ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞♦ ♣✐❡③♦ q✉❡

❞❡s❧♦❝❛ ❛ ❧❛♠í♥✉❧❛✳

❆ ❋✐❣✉r❛ ✷✳✻ ♠♦str❛ ♦ ❣rá✜❝♦ ♦❜t✐❞♦ ♣❛r❛ ♦ ∆xP ❡♠ ❢✉♥çã♦ ❞❛ ✈❡❧♦❝✐❞❛❞❡ v ❞♦

♣✐❡③♦✱ ❝♦♥❢♦r♠❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡s❝r✐t♦ ❛❝✐♠❛✳

❆ ❡q✉❛çã♦ ✭✷✳✶✶✮ ❢♦✐✱ ❡♥tã♦✱ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛❥✉st❛r ♦s ♣♦♥t♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❛

❋✐❣✉r❛ ✷✳✻✳ ❈♦♠♦ ❛ ❡q✉❛çã♦ ✭✷✳✶✶✮ é ❞❡ ✶◦ ❣r❛✉✱ ♦ ❛❥✉st❡ é ❧✐♥❡❛r ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❛♥❣✉❧❛r

♦❜t✐❞♦ é γ/κ✱ ♦♥❞❡ γ é ❝❛❧❝✉❧❛❞♦ ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ✭✷✳✽✮✳

❊♠ ♥♦ss♦s ❡①♣❡r✐♠❡♥t♦s✱ ❛ ❝♦♥st❛♥t❡ ❞❡ ❢♦rç❛ ♦❜t✐❞❛ ❢♦✐ ❞❡ (3, 5± 0, 4) ♣◆✴µ♠✱

q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛ ❢❛✐①❛ ❞❡ ❢♦rç❛s ❛♣❧✐❝❛❞❛s ❛♦ ❉◆❆✱ ❞✉r❛♥t❡ t♦❞♦ ♦ ❡st✐r❛♠❡♥t♦ ❞❛

♠♦❧é❝✉❧❛✱ ❡st❡❥❛ ❞❡♥tr♦ ❞♦ r❡❣✐♠❡ ❡♥tró♣✐❝♦¶✳ ❉❡ ❢❛t♦✱ ❡ss❛ ❢❛✐①❛ ❞❡ ❢♦rç❛s ❣❡r❛ ❣r❛♥❞❡s

✈❛♥t❛❣❡♥s ♥♦ ♥♦ss♦ ❝❛s♦✱ ❡♥tr❡ ❛s q✉❛✐s ♣♦❞❡♠♦s ❝✐t❛r✿

✭✐✮ ❖ ♠♦❞❡❧♦ ❲▲❈✱ ❞❡ ▼❛r❦♦ ❡ ❙✐❣❣✐❛✱ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛❥✉st❛r ♦s ❣rá✜❝♦s ❞❡

❢♦rç❛ × ❡①t❡♥sã♦✱ só ♣♦❞❡ s❡r ✉t✐❧✐③❛❞♦ ♥♦ r❡❣✐♠❡ ❞❡ ❜❛✐①❛s ❢♦rç❛s ✭< 5 ♣◆✮✱ ❝❤❛♠❛❞♦

§❊str✐t❛♠❡♥t❡ ❢❛❧❛♥❞♦ ❛ ♠✐❝r♦❡s❢❡r❛ ♥ã♦ ✜❝❛ ♣❛r❛❞❛ ❞❡♥tr♦ ❞♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❞❛ ♣✐♥ç❛✱ ♣❡❧♦
❝♦♥trár✐♦✱ ❡❧❛ ❡①❡❝✉t❛ ♠♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦✳ ❉✐❛♥t❡ ❞✐ss♦✱ ❛ ♠✐❝r♦❡s❢❡r❛ é ✜❧♠❛❞❛ ❞✉r❛♥t❡ ❛♣r♦①✐♠❛✲
❞❛♠❡♥t❡ 5 s❡❣✉♥❞♦s ❡ ♣♦st❡r✐♦r♠❡♥t❡ ❢❛③❡♠♦s ❛ ♠é❞✐❛ ❞♦s ✈❛❧♦r❡s ❞♦ ❝❡♥tró✐❞❡ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱
✉s❛♥❞♦✲s❡ ❞♦✐s ♣r♦❣r❛♠❛s✿ ♦ ■♠❛❣❡❏ q✉❡ ❢♦r♥❡❝❡ ❛ ♣♦s✐çã♦ ❞♦ ❝❡♥tró✐❞❡ ❞❛ ♠✐❝r♦❡s❢❡r❛ ❡♠ ❢✉♥çã♦ ❞♦
t❡♠♣♦ ❡ ♦ ❑❛❧❡✐❞❛ ●r❛♣❤✱ q✉❡ ✐♠♣♦rt❛ ♦s ❞❛❞♦s ❡ ❝❛❧❝✉❧❛ ❛s ♠é❞✐❛s✳

¶❈❤❛♠❛♠♦s ❞❡ r❡❣✐♠❡ ❡♥tró♣✐❝♦✱ ♦ ✐♥t❡r✈❛❧♦ ❞❡ ✐♥t❡♥s✐❞❛❞❡s ❞❡ ❢♦rç❛s ♥♦ q✉❛❧ ♥ã♦ ❤á ❞❛♥♦s à
♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ♦✉ s❡❥❛✱ ❛s ❧✐❣❛çõ❡s ❞❡ ❤✐❞r♦❣ê♥✐♦ ❡♥tr❡ ♦s ♣❛r❡s ❞❡ ❜❛s❡s ♥ã♦ sã♦ r♦♠♣✐❞❛s✳

✶✺



✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❋✐❣✉r❛ ✷✳✻✿ ●rá✜❝♦ ❞♦ ∆xP ❡♠ ❢✉♥çã♦ ❞❡ v✱ ♦❜t✐❞♦ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❝❛❧✐❜r❛çã♦ ❞❛ ♣✐♥ç❛
ó♣t✐❝❛✱ ✈✐❛ ♠ét♦❞♦ ❞❡ ❙t♦❦❡s✳ ❈ír❝✉❧♦s ✈❡r♠❡❧❤♦s✿ ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s❀ ▲✐♥❤❛ só❧✐❞❛✿ ❛❥✉st❡
❢❡✐t♦ ✉t✐❧✐③❛♥❞♦✲s❡ ❛ ❡q✉❛çã♦ ✭✷✳✶✶✮✳

r❡❣✐♠❡ ❡♥tró♣✐❝♦✱ ♣♦rt❛♥t♦✱ é ❡s♣❡r❛❞♦ q✉❡ t❛❧ ❡q✉❛çã♦ ❞❡s❝r❡✈❛ ♠❡❧❤♦r ♦s ❡①♣❡r✐♠❡♥t♦s

r❡❛❧✐③❛❞♦s ♥♦ ❧✐♠✐t❡ ❞❡ ❜❛✐①❛s ❢♦rç❛s✳

✭✐✐✮ ❖ ❡q✉✐❧í❜r✐♦ q✉í♠✐❝♦ ❡♥tr❡ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❡ ♦s ❝♦♠♣♦st♦s ♥ã♦ é s✐❣♥✐✲

✜❝❛t✐✈❛♠❡♥t❡ ❛❧t❡r❛❞♦ ♥❡ss❡ r❡❣✐♠❡ ❞❡ ❢♦rç❛s ❬✸✺❪✳ ➱ ❜❡♠ ❡st❛❜❡❧❡❝✐❞♦✱ ❤♦❥❡ ❡♠ ❞✐❛✱

q✉❡ ❛❧t❛s ❢♦rç❛s ♣♦❞❡♠ ❛❧t❡r❛r ♦ ❡q✉✐❧í❜r✐♦ q✉í♠✐❝♦ ❡♥tr❡ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❡ ♦s

❢ár♠❛❝♦s✴❝♦♠♣♦st♦s ❡♠ s♦❧✉çã♦✳ ❉❡ ❢❛t♦✱ r❡❝❡♥t❡♠❡♥t❡ ❱❧❛❞❡s❝✉ ❡t ❛❧✳ ♠♦str❛r❛♠

q✉❡ ✐♠♣♦rt❛♥t❡s ♣❛râ♠❡tr♦s ❞❡ ✐♥t❡r❛çã♦ ❞❡♣❡♥❞❡♠ ❢♦rt❡♠❡♥t❡ ❞❛s ❢♦rç❛s ❛♣❧✐❝❛❞❛s

❛♦s ❝♦♠♣❧❡①♦s ❉◆❆ ✲ ❢ár♠❛❝♦s ❬✸✺❪ ❡✱ ♣♦rt❛♥t♦✱ é ❡s♣❡r❛❞♦ q✉❡ ❛❧❣✉♠❛s ♣r♦♣r✐❡❞❛❞❡s

♠❡❝â♥✐❝❛s ❞❡ss❡s ❝♦♠♣❧❡①♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡

❞❡ ❝♦♥t♦r♥♦✱ L✱ s❡❥❛♠ t❛♠❜é♠ ❞❡♣❡♥❞❡♥t❡s ❞♦ r❡❣✐♠❡ ❞❡ ❢♦rç❛s ❡♠♣r❡❣❛❞♦✱ ✉♠❛ ✈❡③

q✉❡ ❡❧❛s ❞❡♣❡♥❞❡♠ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❢ár♠❛❝♦✴❝♦♠♣♦st♦ ✏❧✐❣❛❞♦✑ ❛♦ ❉◆❆✳
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

✷✳✷ ❊s♣❛❧❤❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞❡ ❧✉③

❖ ❡s♣❛❧❤❛♠❡♥t♦ ❞✐♥â♠✐❝♦ ❞❡ ❧✉③ ✭❞♦ t❡r♠♦ ✐♥❣❧ês ✏❉②♥❛♠✐❝ ▲✐❣❤t ❙❝❛tt❡r✐♥❣✑

♦✉ ❉▲❙✮ é ✉♠❛ té❝♥✐❝❛ ❡①♣❡r✐♠❡♥t❛❧ q✉❡ tê♠ s✐❞♦ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞❛✱ ❞❡s❞❡ ♦

s❡✉ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ♥❛ ❞é❝❛❞❛ ❞❡ ✻✵✱ ❡♠ ♠❡❞✐❞❛s ❞❡ ❞✐str✐❜✉✐çã♦ ❞♦ t❛♠❛♥❤♦ ❞❡

♣❛rtí❝✉❧❛s ❬✸✻❪✳ ❖ ❉▲❙ ♣❡r♠✐t❡ ♠❡❞✐r ❛ ❞✐str✐❜✉✐çã♦ ❞♦ t❛♠❛♥❤♦ ❞❡ ♣❛rtí❝✉❧❛s ♥❛

❢❛✐①❛ ❞❡ ✶✵ ♥♠ ❛té ∼ ✶ µ♠✳ ❖✉tr❛s ✐♠♣♦rt❛♥t❡s ❛♣❧✐❝❛çõ❡s ❞❡ss❛ té❝♥✐❝❛ ♣♦❞❡♠ s❡r

❡♥❝♦♥tr❛❞❛s ♥❛ r❡❢❡rê♥❝✐❛ ❬✸✼❪✳

❊♠ ✉♠ ❡①♣❡r✐♠❡♥t♦ tí♣✐❝♦ ❞❡ ❉▲❙✱ ✉♠ ❢❡✐①❡ ❞❡ ❧❛s❡r✱ ❝✉❥❛ ❞✐r❡çã♦ ❞❡ ♣r♦♣❛❣❛çã♦

é ❞❡s❝r✐t❛ ♣♦r ✉♠ ✈❡t♦r ❞❡ ♦♥❞❛✱ ~Ki✱ ❞❡ ♠ó❞✉❧♦ Ki = nωi/c✱ ♦♥❞❡ n é ♦ í♥❞✐❝❡ ❞❡

r❡❢r❛çã♦ ❞♦ ♠❡✐♦✱ ωi é ❛ ❢r❡q✉ê♥❝✐❛ ❛♥❣✉❧❛r ✐♥✐❝✐❛❧ ❡ c é ❛ ✈❡❧♦❝✐❞❛❞❡ ❞❡ ❧✉③ ♥♦ ✈á❝✉♦✱

✐♥❝✐❞❡ ♥❛s ♣❛rtí❝✉❧❛s ❞✐s♣❡rs❛s ♥❛ ❛♠♦str❛✳ ❆ r❛❞✐❛çã♦ ❡s♣❛❧❤❛❞❛✱ s♦❜ ✉♠ â♥❣✉❧♦ θ✱

❡♠ r❡❧❛çã♦ ❛ ❞✐r❡çã♦ ❞❛ ♣r♦♣❛❣❛çã♦ ✐♥✐❝✐❛❧✱ é ❝❛r❛❝t❡r✐③❛❞❛ ♣♦r ✉♠ ✈❡t♦r ❞❡ ♦♥❞❛✱ ~Ks✱

♥❛ ♠❡s♠❛ ❞✐r❡çã♦ ❞♦ ❢❡✐①❡ ❡s♣❛❧❤❛❞♦✳ ❆ r❛❞✐❛çã♦ ❡s♣❛❧❤❛❞❛ s♦❜ ♦ â♥❣✉❧♦ θ é✱ ❡♥tã♦✱

❝♦❧❡t❛❞❛ ♣♦r ✉♠ ❞❡t❡❝t♦r✱ ❣❡r❛❧♠❡♥t❡ ✉♠ ❢♦t♦♠✉❧t✐♣❧✐❝❛❞♦r✳ ❆ ❋✐❣✉r❛ ✷✳✼ ✐❧✉str❛✱ ❞❡

♠❛♥❡✐r❛ s✐♠♣❧✐✜❝❛❞❛✱ ✉♠ ❡①♣❡r✐♠❡♥t♦ tí♣✐❝♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✳

❋✐❣✉r❛ ✷✳✼✿ ❘❡♣r❡s❡♥t❛çã♦ ❡sq✉❡♠át✐❝❛ ❞❡ ✉♠ ❡①♣❡r✐♠❡♥t♦ tí♣✐❝♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✳

❯♠ ❣r❛♥❞❡③❛ ♣❛rt✐❝✉❧❛r♠❡♥t❡ ✐♠♣♦rt❛♥t❡ ♥❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛ é

♦ ✈❡t♦r ❞❡ ❡s♣❛❧❤❛♠❡♥t♦✱ ~q✱ ❞❡✜♥✐❞♦ ♣❡❧❛ ❣❡♦♠❡tr✐❛ ❞♦ ❡①♣❡r✐♠❡♥t♦ ❬✸✽❪✱ ❝♦♠♦ ♣♦❞❡
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✷✳✼✳ ❖ ✈❡t♦r ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ é ❞❛❞♦ ♣♦r

~q = ~Ki − ~Ks . ✭✷✳✶✷✮

◆♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞♦ ❢❡✐①❡

❡s♣❛❧❤❛❞♦ é ♠✉✐t♦ ♣ró①✐♠♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞♦ ❢❡✐①❡ ✐♥❝✐❞❡♥t❡✱ ❞❡ ♠♦❞♦ q✉❡

| ~Ki| ≃ | ~Ks| ❡✱ ❞❡ss❛ ❢♦r♠❛✱ ♦ ♠ó❞✉❧♦ ❞♦ ✈❡t♦r ❡s♣❛❧❤❛♠❡♥t♦ é ❞❛❞♦ ♣♦r ❬✸✽❪

q =
4πn

λi
sen

(
θ

2

)

, ✭✷✳✶✸✮

♦♥❞❡ n é ♦ í♥❞✐❝❡ ❞❡ r❡❢r❛çã♦ ❞♦ ♠❡✐♦✱ λi é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♦♥❞❛ ❞♦ ❢❡✐①❡ ✐♥❝✐❞❡♥t❡

❡ θ é ♦ â♥❣✉❧♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✷✳✼✳

P❛r❛ ♦❜t❡r♠♦s ✐♥❢♦r♠❛çõ❡s ❛ r❡s♣❡✐t♦ ❞❛ ❞✐♥â♠✐❝❛ ❞❛s ♣❛rtí❝✉❧❛s q✉❡ ❝♦♠♣õ❡♠

❛ ❛♠♦str❛✱ ✐♥✐❝✐❛❧♠❡♥t❡ é ♥❡❝❡ssár✐♦ ❡st✉❞❛r ♦ ❡s♣❡❝tr♦ ❞❡ ❢r❡q✉ê♥❝✐❛✱ S(ω)✱ ❞❛ ✐♥t❡♥s✐✲

❞❛❞❡ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛✳ P❛r❛ ♣❛rtí❝✉❧❛s ❞❡ t❛♠❛♥❤♦s ✈❛r✐❛❞♦s✱ ❝✉❥❛s ✈❡❧♦❝✐❞❛❞❡s s❡❥❛♠

✐♥❞❡♣❡♥❞❡♥t❡s ❞❛s ❞❡♠❛✐s ♣❛rtí❝✉❧❛s ♣r❡s❡♥t❡s ♥❛ ❛♠♦str❛✱ ♦ ❡s♣❡❝tr♦ ❞❡ ❢r❡q✉ê♥❝✐❛✱

S(ω)✱ t❡rá ❛ ❢♦r♠❛ ❞❡ ✉♠❛ ❝✉r✈❛ ❞♦ t✐♣♦ ❧♦r❡♥t③✐❛♥❛∗✱ ❝✉❥❛ ❧❛r❣✉r❛ ❞♦ ♣✐❝♦✱ Γ✱ ❞❡✲

♣❡♥❞❡ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✱ D✱ ❡ ❞♦ â♥❣✉❧♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ θ✱ ❝✉❥❛ r❡❧❛çã♦ é ❞❛❞❛

♣♦r ❬✹✵❪

S(w) =
1

π

Γ(θ)/2

(ω − ω0)2 + (Γ(θ)/2)2
, ✭✷✳✶✹✮

♦♥❞❡

ω = 2πf , ✭✷✳✶✺✮

❡

Γ(θ) = 2D

[
4πn

λi
sen

(
θ

2

)]2

· ✭✷✳✶✻✮

❆ ❋✐❣✉r❛ ✷✳✽ ♠♦str❛ ♦ ❣rá✜❝♦ ❞❡ ✉♠❛ tí♣✐❝❛ ❝✉r✈❛ ❧♦r❡♥t③✐❛♥❛✱ ♦♥❞❡ x0 = 0 ❡

Γ = 4✳

❆s ♣❛rtí❝✉❧❛s q✉❡ ❝♦♠♣õ❡♠ ❛s ❛♠♦str❛s ✉t✐❧✐③❛❞❛s ♥♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡s♣❛✲

❧❤❛♠❡♥t♦ ❞❡ ❧✉③ ❡①❡❝✉t❛♠ ✉♠ ♠♦✈✐♠❡♥t♦ ❝♦♥tí♥✉♦✱ ❞❡✈✐❞♦ às ❝♦❧✐sõ❡s ❝♦♠ ❛s ♦✉tr❛s

∗❆ ❧♦r❡♥t③✐❛♥❛ é ✉♠❛ ❢✉♥çã♦ q✉❡ ♣♦ss✉✐ ✉♠ ú♥✐❝♦ ♣✐❝♦ ❡ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ♣♦r L(x) =
1
π

Γ/2
(x−x0)2+(Γ/2)2 ✱ ♦♥❞❡ x0 é ♦ ❝❡♥tr♦ ❡ Γ é ♦ ♣❛râ♠❡tr♦ q✉❡ ❞❡✜♥❡ ❛ ❧❛r❣✉r❛ ❞♦ ♣✐❝♦ ❬✸✾❪✳
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❋✐❣✉r❛ ✷✳✽✿ ●rá✜❝♦ ❞❡ ✉♠ tí♣✐❝❛ ❝✉r✈❛ ❧♦r❡♥t③✐❛♥❛✱ ♦♥❞❡ x0 = 0 ❡ Γ = 4✳

♣❛rtí❝✉❧❛s ❞♦ ♠❡✐♦✳ ❊ss❡ ♠♦✈✐♠❡♥t♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦ ♦✉ ♠♦✲

✈✐♠❡♥t♦ r❛♥❞ô♠✐❝♦✱ q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛✱ I(t)✱ ✈❛r✐❡ ♥♦

t❡♠♣♦✳ P❛rtí❝✉❧❛s ♠❛✐♦r❡s ❛♣r❡s❡♥t❛♠ ✉♠❛ ❞✐♥â♠✐❝❛ ♠❛✐s ❧❡♥t❛✱ ♦❝❛s✐♦♥❛♥❞♦ ❡♠ ✢✉✲

t✉❛çõ❡s ♠❛✐s ❧❡♥t❛s ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛✱ I(t)✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳ P♦r

♦✉tr♦ ❧❛❞♦✱ ♣❛rtí❝✉❧❛s ♠❡♥♦r❡s ❛♣r❡s❡♥t❛♠ ✉♠❛ ❞✐♥â♠✐❝❛ ♠❛✐s rá♣✐❞❛✱ ♦❝❛s✐♦♥❛♥❞♦ ❡♠

✢✉t✉❛çõ❡s ♠❛✐s rá♣✐❞❛s ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛✱ I(t)✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳ ❆

✜❣✉r❛ ✷✳✾ ✐❧✉str❛ ❡ss❛ s✐t✉❛çã♦✳

❆ ❢✉♥çã♦ q✉❡ r❡❧❛❝✐♦♥❛ ❛s ✈❛r✐❛❝õ❡s ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛ ❝♦♠ ❛

❞✐♥â♠✐❝❛ ❞❛s ♣❛rtí❝✉❧❛s q✉❡ ❝♦♠♣õ❡♠ ❛ ❛♠♦str❛ é ❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ t❡♠♣♦r❛❧✱

❞❡✜♥✐❞❛ ❝♦♠♦ ❬✸✽❪

G(τ) = 〈I(t)I(t+ τ)〉 , ✭✷✳✶✼✮

♦♥❞❡ I(t) é ❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛ ❡♠ ✉♠ ✐♥st❛♥t❡ ❛r❜✐trár✐♦ ❡ I(t + τ) é ❛

✐♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛ ❡♠ ✉♠ ✐♥st❛♥t❡ ♣♦st❡r✐♦r✱ s❡♥❞♦ τ ♦ t❡♠♣♦ ❞♦ ❝♦rr❡❧❛❝✐✲

♦♥❛❞♦r†✳
†❉♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❡①♣❡r✐♠❡♥t❛❧✱ τ ✱ ❛ss✉♠❡ ✈❛❧♦r❡s t✐♣✐❝❛♠❡♥t❡ ♥❛ ❢❛✐①❛ ❞❡ ♥❛♥♦s❡❣✉♥❞♦s ❛ ♠✐✲

❝r♦s❡❣✉♥❞♦s✱ ❞❡♣❡♥❞❡♥❞♦ ❞♦ t✐♣♦ ❞❡ ❝♦rr❡❧❛❝✐♦♥❛❞♦r ✉t✐❧✐③❛❞♦✳

✶✾



✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❋✐❣✉r❛ ✷✳✾✿ ■♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛✱ I(t)✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ ♣❛r❛ ♣❛rtí❝✉❧❛s ♠❛✐♦r❡s
✭❡sq✉❡r❞❛✮ ❡ ♣❛r❛ ♣❛rtí❝✉❧❛s ♠❡♥♦r❡s ✭❞✐r❡✐t❛✮✳

❖ ✈❛❧♦r ♠á①✐♠♦ ❞❡ G(τ)✱ ❞❛❞♦ ♣♦r 〈I2〉✱ ♦❝♦rr❡ q✉❛♥❞♦ τ = 0 ❡✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱

s❡✉ ✈❛❧♦r ♠í♥✐♠♦✱ ❞❛❞♦ ♣♦r 〈I〉2✱ ♦❝♦rr❡ q✉❛♥❞♦ τ → ∞✱ ♦♥❞❡✱ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡

❢❛❧❛♥❞♦✱ ✏∞✑✱ s✐❣♥✐✜❝❛ ✉♠ t❡♠♣♦ ❞❛ ♦r❞❡♠ ❞❡ ❞❡③❡♥❛s ❞❡ ♠✐❧✐s❡❣✉♥❞♦s✳

❆ ❋✐❣✉r❛ ✷✳✶✵ ♠♦str❛ ✉♠ ❣rá✜❝♦ ❞❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ t❡♠♣♦r❛❧✱ G(τ)✱ ❡♠

❢✉♥çã♦ ❞❡ τ ✱ ♣❛r❛ ♦ ❝❛s♦ ♦♥❞❡ ❤á ✉♠❛ ❞✐str✐❜✉✐çã♦ ♥♦ t❛♠❛♥❤♦ ❞❛s ♣❛rtí❝✉❧❛s q✉❡

❝♦♠♣õ❡♠ ❛ ❛♠♦str❛✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ❝✉r✈❛s ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✶✵ ❡stá ❞✐r❡t❛♠❡♥t❡ r❡❧❛✲

❝✐♦♥❛❞♦ ❛♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ✢✉t✉❛çõ❡s ❞❡ I(t)✱ ❛♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✾✳ ❋❧✉t✉❛✲

çõ❡s ♠❛✐s ❧❡♥t❛s ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛✱ I(t)✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ q✉❡ ♦❝♦rr❡

♣❛r❛ ♣❛rtí❝✉❧❛s ♠❛✐♦r❡s✱ ♦❝❛s✐♦♥❛ ❡♠ ✉♠❛ ❧❡♥t❛ ♣❡r❞❛ ❞❡ ❝♦rr❡❧❛çã♦✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡

❛ ❝✉r✈❛ ❞❡ ❝♦rr❡❧❛çã♦✱ G(τ)✱ ❛t✐♥❥❛ ♦ s❡✉ ✈❛❧♦r ❞❡ s❛t✉r❛çã♦ ♣❛r❛ ✈❛❧♦r❡s ♠❛✐♦r❡s ❞❡

τ ✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ✢✉t✉❛çõ❡s ♠❛✐s rá♣✐❞❛s ❞❛ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛✱ I(t)✱ ❡♠

❢✉♥çã♦ ❞♦ t❡♠♣♦✱ q✉❡ ♦❝♦rr❡ ♣❛r❛ ♣❛rtí❝✉❧❛s ♠❡♥♦r❡s✱ ♦❝❛s✐♦♥❛ ❡♠ ✉♠❛ rá♣✐❞❛ ♣❡r❞❛

❞❡ ❝♦rr❡❧❛çã♦✱ ♦ q✉❡ ❢❛③ ❝♦♠ q✉❡ ❛ ❝✉r✈❛ ❞❡ ❝♦rr❡❧❛çã♦✱ G(τ)✱ ❛t✐♥❥❛ ♦ s❡✉ ✈❛❧♦r ❞❡

s❛t✉r❛çã♦ ♣❛r❛ ✈❛❧♦r❡s ♠❡♥♦r❡s ❞❡ τ ✳

❖ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✱ D✱ ♣♦❞❡ s❡r ♦❜t✐❞♦ ❞✐r❡t❛♠❡♥t❡ ❞❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦

t❡♠♣♦r❛❧✱ G(τ)✳ P❛r❛ s✐st❡♠❛s ♠♦♥♦❞✐s♣❡rs♦s ♦♥❞❡ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s ♣♦❞❡
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❋✐❣✉r❛ ✷✳✶✵✿ ❈✉r✈❛s ❞❡ ❝♦rr❡❧❛çã♦ t❡♠♣♦r❛❧ tí♣✐❝❛s ♣❛r❛ ♣❛rtí❝✉❧❛s q✉❡ ❡①❡❝✉t❛♠ ♠♦✈✐♠❡♥t♦
❜r♦✇♥✐❛♥♦✳ ❈ír❝✉❧♦s ✈❡r♠❡❧❤♦s✿ ♣❛rtí❝✉❧❛s ♠❡♥♦r❡s❀ q✉❛❞r❛❞♦s ❛③✉✐s✿ ♣❛rtí❝✉❧❛s ♠❛✐♦r❡s✳

s❡r ❞❡s♣r❡③❛❞❛✱ ❛ ❢✉♥ç❛♦ ❞❡ ❝♦rr❡❧❛çã♦ t❡♠♣♦r❛❧✱ G(τ)✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ❬✹✶❪

G(τ) = A+Be(−Γτ) , ✭✷✳✶✽✮

♦♥❞❡ A ❡ B sã♦ ♣❛râ♠❡tr♦s ❞❡ ❛❥✉st❡ ❞❛ ❝✉r✈❛ ❡ Γ é ❛ ❧❛r❣✉r❛ ❞♦ ♣✐❝♦ ❞❛ ❧♦r❡♥t③✐❛♥❛✱

♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✽✳ ❆ ♠❛✐♦r✐❛ ❞♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③ sã♦

r❡❛❧✐③❛❞❛s ❝♦♠ ❛♠♦str❛s q✉❡ ❛♣r❡s❡♥t❛♠ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❞❡ t❛♠❛♥❤♦✱ ♦✉ s❡❥❛✱ ❤á

✉♠❛ ♣♦❧✐❞✐s♣❡rsã♦ ❞❡ ♣❛rtí❝✉❧❛s ♥❛ ❛♠♦str❛✳ ◆❡ss❡ ❝❛s♦✱ ❛ ❡q✉❛çã♦ ✭✷✳✶✽✮ ♣r❡❝✐s❛ s♦❢r❡r

✉♠❛ ❛❧t❡r❛çã♦ ♣❛r❛ q✉❡ ❡❧❛ ♣♦ss❛ ❧❡✈❛r ❡♠ ❝♦♥t❛ ❡ss❡ ❡❢❡✐t♦✳ ❆ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦

t❡♠♣♦r❛❧✱ G(τ)✱ ♣❛r❛ ❛♠♦str❛s q✉❡ ❛♣r❡s❡♥t❛♠ ♣♦❧✐❞✐s♣❡rsã♦ ♥♦ t❛♠❛♥❤♦ ❞❛ ♣❛rtí❝✉❧❛s

é ❞❛❞❛ ♣♦r ❬✸✽❪

G(τ) = A+Bg2(τ) , ✭✷✳✶✾✮

♦♥❞❡ g(τ) é ❛ s♦♠❛ ❞❡ t♦❞♦s ♦s ❞❡❝❛✐♠❡♥t♦s ❡①♣♦♥❡♥❝✐❛✐s ❝♦♥t✐❞♦s ♥❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡✲

❧❛çã♦ t❡♠♣♦r❛❧✳
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❆ ❡q✉❛çã♦ ✭✷✳✶✻✮ ❢♦r♥❡❝❡ ❛ r❡❧❛çã♦ ❡♥tr❡ ❛ ❞✐♥â♠✐❝❛ ❞❛s ♣❛rtí❝✉❧❛s q✉❡ ❝♦♠♣õ❡♠

❛ ❛♠♦str❛ ❡ ❛ ❢✉♥çã♦ ❞❡ ❝♦rr❡❧❛çã♦ t❡♠♣♦r❛❧✱ G(τ)✱ ❛tr❛✈és ❞♦ ♣❛râ♠❡tr♦ Γ✳ P♦r

ú❧t✐♠♦✱ é ♥❡❝❡ssár✐♦ r❡❧❛❝✐♦♥❛r ❛ ❞✐str✐❜✉✐çã♦ ❞❡ t❛♠❛♥❤♦ ❞❛s ♣❛rtí❝✉❧❛s✱ r❡♣r❡s❡♥t❛❞❛

♣❡❧♦ r❛✐♦ ❤✐❞r♦❞✐♥â♠✐❝♦✱ RH ✱ ❝♦♠ ❛ ✐♥❢♦r♠❛çã♦ ♦❜t✐❞❛ ❛tr❛✈és ❞♦ ❡①♣❡r✐♠❡♥t♦ ❞❡

❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✱ D✳ P❛r❛ s✐t✉❛çõ❡s ♦♥❞❡ ❛s ♣❛rtí❝✉❧❛s sã♦

❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❡s❢ér✐❝❛s ❡ ♥ã♦ ✐♥t❡r❛❣❡♠ ❡♥tr❡ s✐✱ ❛ r❡❧❛çã♦ ❡♥tr❡ RH ❡ D é ❞❛❞❛

♣❡❧❛ ❡q✉❛çã♦ ❞❡ ❙t♦❦❡s✲❊✐♥st❡✐♥ ❬✸✼❪

RH =
KBT

6πηD
, ✭✷✳✷✵✮

♦♥❞❡ KB é ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥✱ T é ❛ t❡♠♣❡r❛t✉r❛ ❛❜s♦❧✉t❛ ❡ η é ❛ ✈✐s❝♦s✐❞❛❞❡

❞❛ s♦❧✉çã♦✳

✷✳✸ ❈❛❧♦r✐♠❡tr✐❛ ✐s♦tér♠✐❝❛ ❞❡ t✐t✉❧❛çã♦

❆ ❝❛❧♦r✐♠❡tr✐❛ ✐s♦tér♠✐❝❛ ❞❡ t✐t✉❧❛çã♦ ✭❞♦ t❡r♠♦ ✐♥❣❧ês ✏■s♦t❤❡r♠❛❧ ❚✐tr❛t✐♦♥

❈❛❧♦r✐♠❡tr②✑ ♦✉ ■❚❈✮ é ✉♠❛ ✐♠♣♦rt❛♥t❡ té❝♥✐❝❛ ❡①♣❡r✐♠❡♥t❛❧ q✉❡ ♣❡r♠✐t❡ ❛ ❡①tr❛✲

çã♦ ❞❡ ♣❛râ♠❡tr♦s ❢ís✐❝♦✲q✉í♠✐❝♦s ❡ t❡r♠♦❞✐♥â♠✐❝♦s ✉t✐❧✐③❛❞♦s ♥♦ ❡st✉❞♦ ❞❡ ✐♥t❡r❛çõ❡s

✐♥t❡r♠♦❧❡❝✉❧❛r❡s✳ ■♠♣♦rt❛♥t❡s ❛♣❧✐❝❛çõ❡s ❞❛ ■❚❈ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ♥❛s r❡❢❡rê♥✲

❝✐❛s ❬✹✷✕✹✹❪ ❝♦♠♦✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦ ❡st✉❞♦ ❞❛ ✐♥t❡r❛çã♦ ❞❡ ♣r♦t❡í♥❛s ❝♦♠ ❞✐✈❡rs❛s

❜✐♦♠♦❧é❝✉❧❛s✱ ✐♥t❡r❛çã♦ ❉◆❆✲❧✐❣❛♥t❡s✱ ♥♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ ♥♦✈♦s ❢ár♠❛❝♦s✱ ❡♥tr❡

♦✉tr❛s✳

❖s ❝❛❧♦rí♠❡tr♦s ❛t✉❛✐s ♣♦ss✉❡♠ ✉♠❛ ❛❧t❛ s❡♥s✐❜✐❧✐❞❛❞❡ ✭❞❛ ♦r❞❡♠ ❞❡ ✶✵−8❏✮✱

♣♦ss✐❜✐❧✐t❛♥❞♦ ✉♠❛ ♠❡❞✐❞❛ ❝♦♠ ♣r❡❝✐sã♦ ❞❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛❧♦r ❧✐❜❡r❛❞♦ ♦✉ ❛❜s♦r✲

✈✐❞♦ ♥❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♠♦❧é❝✉❧❛s✳ ❆ ❋✐❣✉r❛ ✷✳✶✶ ✐❧✉str❛✱ ❞❡ ♠❛♥❡✐r❛ q✉❛❧✐t❛t✐✈❛✱ ✉♠

❝❛❧♦rí♠❡tr♦ tí♣✐❝♦ ✉t✐❧✐③❛❞♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ■❚❈✳

❈♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✷✳✶✶✱ ♦ ❝❛❧♦rí♠❡tr♦ ♣♦ss✉✐ ❞✉❛s ❝é❧✉❧❛s✱ ✉♠❛

❞❡ r❡❢❡rê♥❝✐❛ ❡ ❛ ♦✉tr❛ ❞❡ ♠❡❞✐❞❛✱ ❝❛❞❛ ✉♠❛ ❝♦♠ ✉♠ ✈♦❧✉♠❡ ❡s♣❡❝í✜❝♦✳ ◆❛ ❝é❧✉❧❛ ❞❡

r❡❢❡rê♥❝✐❛ s❡ ❡♥❝♦♥tr❛ ❛ ♠♦❧é❝✉❧❛ ❆✱ ❣❡r❛❧♠❡♥t❡ ✉♠❛ ♠❛❝r♦♠♦❧é❝✉❧❛✳ ◆❡ss❛ ❝é❧✉❧❛ ♥❛❞❛

s❡rá ❛❝r❡s❝❡♥t❛❞♦✱ s❡r✈✐♥❞♦ ❛♣❡♥❛s ❝♦♠♦ r❡❢❡rê♥❝✐❛✳ ◆❛ ❝é❧✉❧❛ ❞❡ ♠❡❞✐❞❛s s❡ ❡♥❝♦♥tr❛ ❛

♠♦❧é❝✉❧❛ ❆ ❡✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ❛ ♠♦❧é❝✉❧❛ ❇✱ ❣❡r❛❧♠❡♥t❡ ✉♠ ❧✐❣❛♥t❡✱ q✉❡ s❡rá t✐t✉❧❛❞♦
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❋✐❣✉r❛ ✷✳✶✶✿ ■❧✉str❛çã♦ ❞❡ ✉♠ ❝❛❧♦rí♠❡tr♦ tí♣✐❝♦ ✉t✐❧✐③❛❞♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ■❚❈✳

♥❛ ❝é❧✉❧❛ ❞❡ ♠❡❞✐❞❛s ❛tr❛✈és ❞❡ ✉♠ s✐st❡♠❛ ❞❡ ✐♥❥❡çã♦✳ ❯♠ ❛❣✐t❛❞♦r✱ ❝♦❧♦❝❛❞♦ ♥♦

✐♥t❡r✐♦r ❞❛ ❝é❧✉❧❛ ❞❛s ♠❡❞✐❞❛s✱ é ♦ r❡s♣♦♥sá✈❡❧ ♣♦r ❤♦♠♦❣❡♥❡✐③❛r ❛ s♦❧✉çã♦✳ ❚♦❞♦ ♦

❡①♣❡r✐♠❡♥t♦ é r❡❛❧✐③❛❞♦ ❡♠ ✉♠❛ ❝♦♥❞✐çã♦ ❞❡ ♣r❡ssã♦ ❡ t❡♠♣❡r❛t✉r❛ ❝♦♥st❛♥t❡s✳ ❖

✢✉①♦ ❞❡ ❝❛❧♦r ❛❜s♦r✈✐❞♦ ♦✉ ❧✐❜❡r❛❞♦✱ ❛♣ós ❝❛❞❛ ✐♥❥❡çã♦ ❞♦ ❧✐❣❛♥t❡✱ é ❞❡t❡❝t❛❞♦ ❛trá✈❡s

❞❡ ✉♠ s✐st❡♠❛ ❞❡ t❡r♠♦♣✐❧❤❛s✳ ❆ ❋✐❣✉r❛ ✷✳✶✷ ✐❧✉str❛ ✉♠ t❡r♠♦❣r❛♠❛ tí♣✐❝♦ ♦❜t✐❞♦ ❡♠

✉♠ ❡①♣❡r✐♠❡♥t♦ ❞❡ ■❚❈ ♣❛r❛ ✉♠❛ r❡❛çã♦ ❡①♦tér♠✐❝❛✱ ♦✉ s❡❥❛✱ q✉❛♥❞♦ ❝❡rt❛ q✉❛♥t✐❞❛❞❡

❞❡ ❝❛❧♦r é ❧✐❜❡r❛❞❛ ❞❛ ❝é❧✉❧❛ ❞❡ ♠❡❞✐❞❛s ♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✳

❆♥t❡s ❞❛ t✐t✉❧❛çã♦ ❞♦ ❧✐❣❛♥t❡✱ ❛s ❝é❧✉❧❛s ❞♦ ❝❛❧♦rí♠❡tr♦ ❡♥tr❛♠ ❡♠ ❝♦♥t❛t♦ ❝♦♠

♦ ❜❛♥❤♦ t❡r♠♦stát✐❝♦ ❧♦❝❛❧✐③❛❞♦ ♥♦ ✐♥t❡r✐♦r ❞♦ ❛♣❛r❡❧❤♦ ❡✱ ❛♣ós ✉♠ ❝❡rt♦ ✐♥t❡r✈❛❧♦ ❞❡

t❡♠♣♦✱ ❡❧❛s ❡♥tr❛♠ ❡♠ ❡q✉✐❧í❜r✐♦ tér♠✐❝♦ ❝♦♠ ♦ ❜❛♥❤♦✳ ❆♣ós ♦ ❡q✉✐❧í❜r✐♦ tér♠✐❝♦

s❡r ❛t✐♥❣✐❞♦✱ ❡s♣❡r❛✲s❡ ♠❛✐s ✉♠ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ♣❛r❛ q✉❡ ❛ ❧✐♥❤❛ ❜❛s❡ s❡❥❛ ❣❡r❛❞❛✱

❝♦rr❡s♣♦♥❞❡♥❞♦ à s✐t✉❛çã♦ ♥❛ q✉❛❧ ❛ ♣♦tê♥❝✐❛ ❞✐ss✐♣❛❞❛ ♥♦ ❝❛❧♦rí♠❡tr♦ é ❝♦♥st❛♥t❡✳ ❆

❧✐♥❤❛ ❜❛s❡ ❝♦rr❡s♣♦♥❞❡ à ❧✐♥❤❛ tr❛❝❡❥❛❞❛ ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✶✷✳

❙❛❜❡♠♦s q✉❡ ❛ ♣♦tê♥❝✐❛ é ❛ t❛①❛ ❝♦♠ q✉❡ ❝❡rt❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛❧♦r ✢✉✐ ❞❛ ❝é❧✉❧❛

❞❡ ♠❡❞✐❞❛s ♣♦r ✉♥✐❞❛❞❡ ❞❡ t❡♠♣♦✱ ♦✉ s❡❥❛✱ P ❂ dQ✴dt✳ ❘❡❛❧✐③❛♥❞♦✲s❡ ❛ ✐♥t❡❣r❛çã♦
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❋✐❣✉r❛ ✷✳✶✷✿ ■❧✉str❛çã♦ ❞❡ ✉♠ t❡r♠♦❣r❛♠❛ tí♣✐❝♦ ♦❜t✐❞♦ ❡♠ ✉♠ ❡①♣❡r✐♠❡♥t♦ ❞❡ ■❚❈ ♣❛r❛
✉♠❛ r❡❛çã♦ ❡①♦tér♠✐❝❛✳

s♦❜r❡ t♦❞♦ ♦ ✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦✱ t❡r❡♠♦s q✉❡

∫ tf

to

Pdt = Q , ✭✷✳✷✶✮

♦✉ s❡❥❛✱ ❛ ✐♥t❡❣r❛çã♦ ❞❡ t♦❞♦s ♦s ♣✐❝♦s ❞♦ t❡r♠♦❣r❛♠❛ ❢♦r♥❡❝❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛❧♦r

❧✐❜❡r❛❞❛ ♦✉ ❛❜s♦r✈✐❞❛ ♥❛ ❝é❧✉❧❛ ❞❡ ♠❡❞✐❞❛s ❞✉r❛♥t❡ ♦ ❡①♣❡r✐♠❡♥t♦ ❞❡ ■❚❈ ❬✹✺❪✳ ◆♦ss♦

♦❜❥❡t✐✈♦ ❛❣♦r❛ é ❞❡♠♦♥str❛r q✉❡ ❡ss❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛❧♦r✱ Q✱ é ✐❣✉❛❧ à ✈❛r✐❛çã♦ ❞❡

❡♥t❛❧♣✐❛✱ ∆H✱ ❞♦ s✐st❡♠❛ q✉❛♥❞♦ ❛ ♣r❡ssã♦ é ♠❛♥t✐❞❛ ✜①❛ ❞✉r❛♥t❡ t♦❞♦ ♦ ❡①♣❡r✐♠❡♥t♦

❬✹✻❪✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ✈❛♠♦s ❞❡✜♥✐r ❛ ❢✉♥çã♦ ❞❡ ❡st❛❞♦ ❡♥t❛❧♣✐❛✱ H✱ ❡st✉❞❛❞❛ ♥♦ â♠❜✐t♦

❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛ ❡✱ ♣♦st❡r✐♦r♠❡♥t❡✱ ♠♦str❛r❡♠♦s ❛ r❡❧❛çã♦ ❡♥tr❡ Q ❡ ∆H✳

❆ ❡♥❡r❣✐❛ ✐♥t❡r♥❛✱ U ✱ ❞❡ ✉♠ s✐st❡♠❛ t❡r♠♦❞✐♥â♠✐❝♦ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ✉♠

❢✉♥çã♦ ❞❡ ❞✉❛s ✈❛r✐á✈❡✐s ❡♥tr❡ ❛ ♣r❡ssã♦✱ P ✱ ♦ ✈♦❧✉♠❡✱ V ✱ ❡ ❛ t❡♠♣❡r❛t✉r❛✱ T ✱ ✉♠❛

✈❡③ q✉❡ ❡ss❛s ❣r❛♥❞❡③❛s s❡ r❡❧❛❝✐♦♥❛♠ ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ ❬✹✼❪✳ ❱❛♠♦s✱

✐♥✐❝✐❛❧♠❡♥t❡✱ ❡s❝♦❧❤❡r ❝♦♠♦ ✈❛r✐á✈❡✐s ❢✉♥❞❛♠❡♥t❛✐s✱ P ❡ T ❡✱ ♥❛ s❡q✉ê♥❝✐❛✱ ❡s❝r❡✈❡r

✉♠❛ ❡q✉❛çã♦ ❞❡ ❡st❛❞♦ q✉❡ r❡❧❛❝✐♦♥❡ V ❡♠ t❡r♠♦s ❞❡ P ❡ T ✳ ❉❡ss❛ ❢♦r♠❛✱ ♥ós t❡r❡♠♦s
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✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❞✉❛s ❢✉♥çõ❡s✿ U(P, T ) ❡ V (P, T )✳ ❉✐❢❡r❡♥❝✐❛♥❞♦ ❛♠❜❛s ❛s ❢✉♥çõ❡s✱ ♦❜t❡♠♦s

dU =

(
∂U

∂P

)

T

dP +

(
∂U

∂T

)

P

dT, ✭✷✳✷✷✮

❡

dV =

(
∂V

∂P

)

T

dP +

(
∂V

∂T

)

P

dT . ✭✷✳✷✸✮

❆ ♣r✐♠❡✐r❛ ❧❡✐ ❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛✱ ♥❛ s✉❛ ❢♦r♠❛ ❞✐❢❡r❡♥❝✐❛❧✱ ♣♦❞❡ s❡r ❡s❝r✐t❛

❝♦♠♦

d̄Q = dU +d̄W, ✭✷✳✷✹✮

s❡♥❞♦ q✉❡ d̄W = PdV ✳

❙✉❜st✐t✉✐♥❞♦ ❛s ❡q✉❛çõ❡s ✭✷✳✷✷✮ ❡ ✭✷✳✷✸✮ ♥❛ ❡q✉❛çã♦ ✭✷✳✷✹✮✱ ♦❜t❡♠♦s

d̄Q =

(
∂U

∂P

)

T

dP +

(
∂U

∂T

)

P

dT + P

[(
∂V

∂P

)

T

dP +

(
∂V

∂T

)

P

dT

]

︸ ︷︷ ︸

dV

, ✭✷✳✷✺✮

♦♥❞❡✱ r❡❛rr❛♥❥❛♥❞♦ ♦s t❡r♠♦s✱ t❡r❡♠♦s

d̄Q =

[(
∂U

∂P

)

T

+ P

(
∂V

∂P

)

T

]

dP +

[(
∂U

∂T

)

P

+ P

(
∂V

∂T

)

P

]

dT . ✭✷✳✷✻✮

❙❡ ❛ ♣r❡ssã♦✱ P ✱ é ♠❛♥t✐❞❛ ❝♦♥st❛♥t❡ ❞✉r❛♥t❡ ♦ ♣r♦❝❡ss♦✱ ❡♥tã♦ ♦ ♣r✐♠❡✐r♦ t❡r♠♦

♥❛ ❡q✉❛çã♦ ✭✷✳✷✻✮ ❞❡s❛♣❛r❡❝❡✱ ❧♦❣♦✱ t❡r❡♠♦s

d̄Q =

[(
∂U

∂T

)

P

+ P

(
∂V

∂T

)

P

]

dT . ✭✷✳✷✼✮

❆ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❛ ♣r❡ssã♦ ❝♦♥st❛♥t❡ é ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çã♦ ❬✹✽❪

CP =

(
d̄Q

dT

)

P

, ✭✷✳✷✽✮

♦♥❞❡ ✐❞❡♥t✐✜❝❛♠♦s

CP =

(
∂U

∂T

)

P

+ P

(
∂V

∂T

)

P

· ✭✷✳✷✾✮

❆ ❡q✉❛çã♦ ✭✷✳✷✾✮ ♣♦❞❡ s❡r s✐♠♣❧✐✜❝❛❞❛✱ ❡♥❝♦♥tr❛♥❞♦ ✉♠❛ ❢✉♥çã♦✱ H(P, T )✱ ❞❡

✷✺



✷✳ ❆s té❝♥✐❝❛s ❞❡ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s

❢♦r♠❛ q✉❡ ❛ ❝❛♣❛❝✐❞❛❞❡ tér♠✐❝❛ ❛ ♣r❡ssã♦ ❝♦♥st❛♥t❡✱ CP ✱ ♣♦ss❛ s❡r ❡s❝r✐t❛ ❝♦♠♦

CP =

(
d̄H

dT

)

P

, ✭✷✳✸✵✮

♦♥❞❡ H(P, T ) é ❝❤❛♠❛❞❛ ❞❡ ❡♥t❛❧♣✐❛✳

❖❜s❡r✈❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✷✼✮ ✐❞❡♥t✐✜❝❛♠♦s ❛ ❡♥t❛❧♣✐❛ ❝♦♠♦ s❡♥❞♦

H(P, V ) = U + PV . ✭✷✳✸✶✮

❉✐❢❡r❡♥❝✐❛♥❞♦ ❛♠❜♦s ♦s ❧❛❞♦s ❞❛ ❡q✉❛çã♦ ✭✷✳✸✶✮✱ t❡r❡♠♦s

dH = dU + PdV + V dP . ✭✷✳✸✷✮

❈♦♠❜✐♥❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✷✳✸✷✮ ❝♦♠ ❛ ♣r✐♠❡✐r❛ ❧❡✐ ❞❛ ❚❡r♠♦❞✐♥â♠✐❝❛✱ ❞❛❞❛ ♣❡❧❛

❡q✉❛çã♦ ✭✷✳✷✹✮✱ ♦❜t❡♠♦s

dH = d̄Q+ V dP . ✭✷✳✸✸✮

❈♦♥s✐❞❡r❛♥❞♦✱ ♥♦✈❛♠❡♥t❡✱ q✉❡ ❛ ♣r❡ssã♦✱ P ✱ é ♠❛♥t✐❞❛ ❝♦♥st❛♥t❡ ❞✉r❛♥t❡ ♦

♣r♦❝❡ss♦✱ t❡r❡♠♦s q✉❡

dH = d̄Q , ✭✷✳✸✹✮

♦✉ s❡❥❛✱ ❛ ✈❛r✐❛çã♦ ❞❡ ❡♥t❛❧♣✐❛ é ✐❣✉❛❧ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❡♥❡r❣✐❛ tr♦❝❛❞❛ ♥❛ ❢♦r♠❛ ❞❡

❝❛❧♦r ❡♥tr❡ ♦ s✐st❡♠❛ ❡ ❛ s✉❛ ✈✐③✐♥❤❛♥ç❛✱ s❡ ❛ ♣r❡ssã♦✱ P ✱ é ♠❛♥t✐❞❛ ❝♦♥st❛♥t❡✳ ➱

✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❛ ❡♥t❛❧♣✐❛✱ H✱ é ❞❡✜♥✐❞❛ ❡♠ t❡r♠♦s ❞❡ ❢✉♥çõ❡s ❞❡ ❡st❛❞♦✱

❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❡q✉❛çã♦ ✭✷✳✸✶✮✱ ♣♦rt❛♥t♦✱ ❡❧❛ é t❛♠❜é♠ ✉♠❛ ❢✉♥çã♦ ❞❡ ❡st❛❞♦✳

❆ ✈❛♥t❛❣❡♠ ❞✐ss♦ é q✉❡ ♦s ♣r♦❝❡ss♦s ❡♥✈♦❧✈❡♥❞♦ ✈❛r✐❛çõ❡s ❞❡ ❡♥t❛❧♣✐❛✱ ∆H✱ ♠❡❞✐❞❛s

♥♦s ❝❛❧♦rí♠❡tr♦s ❛tr❛✈és ❞❛ ❡♥❡r❣✐❛ tr❛♥s❢❡r✐❞❛ ♥❛ ❢♦r♠❛ ❞❡ ❝❛❧♦r✱ ❞❡♣❡♥❞❡♠ ❛♣❡♥❛s

❞♦s ❡st❛❞♦s ✐♥✐❝✐❛❧ ❡ ✜♥❛❧✱ ♥ã♦ ✐♠♣♦rt❛♥❞♦ ♦ ✏❝❛♠✐♥❤♦✑ q✉❡ ❝♦♥❡❝t❛ ❡ss❡s ❞♦✐s ❡st❛❞♦s✳

✷✻



❈❛♣ít✉❧♦ ✸

❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

◆❡st❡ ❝❛♣ít✉❧♦ ❢❛r❡♠♦s ✉♠❛ ❜r❡✈❡ ❞❡s❝r✐çã♦ ❞❛ ❆❝t✐♥♦♠✐❝✐♥❛ ❉✱ ❞✐s❝✉t✐r❡♠♦s

t♦❞❛ ❛ ♠❡t♦❞♦❧♦❣✐❛ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛ ♠♦❧é❝✉❧❛ ❞❡

❉◆❆ ❡ ❛ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ❡ ❞✐s❝✉t✐r❡♠♦s t♦❞♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳

✸✳✶ ❆ ❆❝t✐♥♦♠✐❝✐♥❛ ❉

❆ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ❢♦✐ ♦ ♣r✐♠❡✐r♦ ❛♥t✐❜✐ót✐❝♦ q✉❡ ♠♦str♦✉ ♣♦ss✉✐r ✉♠❛ ❛t✐✈✐❞❛❞❡

❛♥t✐♥❡♦♣❧ás✐❝❛ ❬✹✾❪✳ ❖ ❢ár♠❛❝♦ ❢♦✐ ❡①tr❛í❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ❡♠ ✶✾✹✵✱ ♣♦r ❙❡❧♠❛♥

❲❛❦s♠❛♥ ❡ ❍✳ ❇✳ ❲♦♦❞r✉✛✱ ❞❡ ❜❛❝tér✐❛s ❞♦ ❣ê♥❡r♦ ❙tr❡♣t♦♠②❝❡s∗ ❬✺✵❪✳ ❖ s❡✉ ✉s♦

❡♠ ❤✉♠❛♥♦s ❢♦✐ ❛✉t♦r✐③❛❞♦ ❡♠ ✶✾✻✹✱ ♣❡❧❛ ❋❉❆† ❡ ♦ ❢ár♠❛❝♦ ❢♦✐ ❝♦♠❡r❝✐❛❧✐③❛❞♦ ❝♦♠ ♦

♥♦♠❡ ❞❡ ❈♦s♠❡❣❡♥✳ ❆ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ é ✉♠ ❞♦s ❢ár♠❛❝♦s ❛♥t✐❝â♥❝❡r ♠❛✐s ❛♥t✐❣♦s ❡

t❡♠ s✐❞♦ ❛♠♣❧❛♠❡♥t❡ ✉t✐❧✐③❛❞❛ ❞❡s❞❡ s✉❛ ❧✐❜❡r❛çã♦ ❡♠ ✶✾✻✹✳ ❆ ❋✐❣✉r❛ ✸✳✶ ♠♦str❛ ❛

❡str✉t✉r❛ ♠♦❧❡❝✉❧❛r ❞♦ ❝♦♠♣♦st♦✳

❆ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ é ✉t✐❧✐③❛❞❛ ❡♠ tr❛t❛♠❡♥t♦s ❞❡ t✉♠♦r❡s ❝♦♠ ✉♠❛ ❛❧t❛ ♠❛❧✐❣✲

♥✐❞❛❞❡✱ t❛✐s ❝♦♠♦✱ ❞♦❡♥ç❛ tr♦❢♦❜❧ást✐❝❛ ❣❡st❛❝✐♦♥❛❧ ❬✶✾❪✱ t✉♠♦r ❞❡ ❲✐❧♠s ❬✷✵❪ ❡ r❛❜✲

❞♦♠✐♦ss❛r❝♦♠❛ ❬✷✶❪✳ ❖ ❝♦♠♣♦st♦ ❡①✐❜❡ ✉♠ ❝♦♠♣❧❡①♦ ♠❡❝❛♥✐s♠♦ ❞❡ ✐♥t❡r❛çã♦ ❝♦♠ ❛

♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ❝♦♠ ❞✉❛s ♣❛rt❡s ❞❛ ♠♦❧é❝✉❧❛ ❞♦ ❝♦♠♣♦st♦ s❡ ❧✐❣❛♥❞♦ ❛tr❛✈és ❞❡ ❞✐✲

∗❙tr❡♣t♦♠②❝❡s é ✉♠ ❣ê♥❡r♦ ❞❡ ❜❛❝tér✐❛s q✉❡ ❤❛❜✐t❛♠✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡✱ ♦ s♦❧♦ ❡ sã♦ r❡s♣♦♥sá✈❡✐s ♣❡❧♦
❝❤❡✐r♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ t❡rr❛ ♠♦❧❤❛❞❛✳ ❉❡✈✐❞♦ ❛♦ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♠✐❝r♦♦r❣❛♥✐s♠♦s ❡①✐st❡♥t❡s ♥♦
❛♠❜✐❡♥t❡ ❡♠ q✉❡ ✈✐✈❡♠✱ ❡❧❛s s❡❝r❡t❛♠ ❛♥t✐❜✐ót✐❝♦s ♣❛r❛ ♠❛t❛r ♦✉tr♦s ♠✐❝r♦♦r❣❛♥✐s♠♦s q✉❡ ❝♦♠♣❡t❡♠
❝♦♠ ❡❧❛s ❡ q✉❡ s❡r✈❡♠ ❞❡ ♥✉tr✐❡♥t❡s ♣❛r❛ ♦ s❡✉ ♣ró♣r✐♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦✳

†❋❉❆ é ❛ ❛❜r❡✈✐❛çã♦ ❞♦ t❡r♠♦ ❡♠ ✐♥❣❧ês ✏❯✳ ❙✳ ❋♦♦❞ ❛♥❞ ❉r✉❣ ❆❞♠✐♥✐str❛t✐♦♥✑✱ q✉❡ é ❛ ❛❣ê♥❝✐❛
❛♠❡r✐❝❛♥❛ r❡❣✉❧❛❞♦r❛ ❞❡ ❛❧✐♠❡♥t♦s ❡ ♠❡❞✐❝❛♠❡♥t♦s✳

✷✼



✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❋✐❣✉r❛ ✸✳✶✿ ❊str✉t✉r❛ ♠♦❧❡❝✉❧❛r ❞❛ ❆❝t✐♥♦♠✐❝✐♥❛ ❉✱ ❈62❍86◆12❖16✱ ❝✉❥❛ ♠❛ss❛ ♠♦❧❛r é ▼
❂ ✶✷✺✺✱✹✷ ❣✴♠♦❧✳

❢❡r❡♥t❡s ♠♦❞♦s✿ ❡♥q✉❛♥t♦ ♦ ❛♥❡❧ ❞❡ ❢❡♥♦①❛③♦♥❛ s❡ ✐♥t❡r❝❛❧❛ ♣r❡❢❡r❡♥❝✐❛❧♠❡♥t❡ ♥♦s ♣❛r❡s

❞❡ ❜❛s❡ ❈✲●✱ ❛ ❝❛❞❡✐❛ ❝í❝❧✐❝❛ ❞❡ ♣❡♥t❛♣❡♣tí❞❡♦s s❡ ❧✐❣❛ ♥❛ ❢❡♥❞❛ ♠❡♥♦r✱ ❣❡r❛❧♠❡♥t❡✱

❢♦r♠❛♥❞♦ ❧✐❣❛çõ❡s ❞❡ ❤✐❞r♦❣ê♥✐♦ ❝♦♠ ❛s ❣✉❛♥✐♥❛s ❬✺✶✕✺✹❪✳

➱ ❜❡♠ ❡st❛❜❡❧❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ q✉❡ ❡ss❡s t✐♣♦s ❞❡ ✐♥t❡r❛çõ❡s ♣♦❞❡♠ ♣❡rt✉r❜❛r

❢♦rt❡♠❡♥t❡ ❛ ❡str✉t✉r❛ ❞❡ ❞✉♣❧❛ ❤é❧✐❝❡✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ❝♦♠♣♦st♦✳

❉❡ ❢❛t♦✱ ❛ ✐♥t❡r❝❛❧❛çã♦✱ ❡♠ ❣❡r❛❧✱ ♣r♦❞✉③ ❞♦✐s ❡❢❡✐t♦s✿ ✉♠ ❛✉♠❡♥t♦ ♥♦ ❝♦♠♣r✐♠❡♥t♦

❞❡ ❝♦♥t♦r♥♦ ❞♦ ❉◆❆✱ ❛tr❛✈és ❞♦ ❛✉♠❡♥t♦ ❞❛ ❞✐stâ♥❝✐❛ ❛①✐❛❧ ❡♥tr❡ ❞♦✐s ♣❛r❡s ❞❡ ❜❛s❡s

❝♦♥s❡❝✉t✐✈♦s ❡ ✉♠ ❣✐r♦ ♥❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ♥♦ s❡♥t✐❞♦ ❞❡ ❞❡s❢❛③❡r ❛ ❡str✉t✉r❛ ❞❡ ❞✉♣❧❛

❤é❧✐❝❡ ❬✺✺✕✺✼❪✳ ▲✐❣❛♥t❡s ❞❡ ❢❡♥❞❛✱ ♣♦r s✉❛ ✈❡③✱ ♣♦❞❡♠ ✐♥❞✉③✐r s✐❣♥✐✜❝❛♥t❡s ❞♦❜r❛s ♥❛

♠♦❧é❝✉❧❛✱ ❞❡s❡♥r♦❧❛♠❡♥t♦ ♣❛r❝✐❛❧ ♥❛ ❡str✉t✉r❛ ❞❡ ❞✉♣❧❛ ❤é❧✐❝❡ ❡ ❡✈❡♥t✉❛❧♠❡♥t❡ ✉♠ ❣✐r♦

❞❡ ✉♠ ♥✉❝❧❡♦tí❞❡♦ ♣❛r❛ ❢♦r❛ ❞❛ ❞✉♣❧❛ ❤é❧✐❝❡ ✭❞♦ t❡r♠♦ ❡♠ ✐♥❣❧ês ✏❜❛s❡ ✢✐♣♣✐♥❣✑✮ ❬✺✽✱✺✾❪✳

❊ss❛s ♣❡rt✉r❜❛çõ❡s ❡str✉t✉r❛✐s ✉s✉❛❧♠❡♥t❡ s❡ r❡✢❡t❡♠ ❡♠ ♠✉❞❛♥ç❛s ♥❛s ♣r♦♣r✐❡❞❛❞❡s

♠❡❝â♥✐❝❛s ❞♦ ❉◆❆✱ ❞❡ ❢♦r♠❛ q✉❡ ♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❛çã♦ ❞♦ ❢ár♠❛❝♦ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦

♠♦♥✐t♦r❛♥❞♦ ❛s ♠✉❞❛♥ç❛s ♥❡ss❡s ♣❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s✱ t❛✐s ❝♦♠♦✿ ❝♦♠♣r✐♠❡♥t♦ ❞❡

❝♦♥t♦r♥♦✱ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ r❛✐♦ ❞❡ ❣✐r♦✱ ❞✐stâ♥❝✐❛ ♣♦♥t❛ à ♣♦♥t❛✱ ❡t❝✳

✷✽



✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

✸✳✷ ❈♦♥str✉çã♦ ❞♦ ♣♦rt❛ ❛♠♦str❛s ❡ ♣r❡♣❛r❛çã♦ ❞❛

s♦❧✉çã♦ ❉◆❆✲♠✐❝r♦❡s❢❡r❛s

◆❡ss❛ s❡çã♦✱ ❞❡s❝r❡✈❡♠♦s ♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥str✉çã♦ ❞♦ ♣♦rt❛ ❛♠♦str❛s ❡ ❛ ♣r❡♣❛✲

r❛çã♦ ❞❛ s♦❧✉çã♦ ❉◆❆✲♠✐❝r♦❡s❢❡r❛s ✉t✐❧✐③❛❞❛ ❡♠ t♦❞♦s ♦s ❡①♣❡r✐♠❡♥t♦s ❛♣r❡s❡♥t❛❞♦s

♥❡ss❡ tr❛❜❛❧❤♦✳ ➱ ✐♠♣♦rt❛♥t❡ s❛❧✐❡♥t❛r q✉❡ ♦s ♣r♦❝❡❞✐♠❡♥t♦s ❛♣r❡s❡♥t❛❞♦s ♥❛s s❡çõ❡s

✸✳✷ ❡ ✸✳✸ sã♦ ✉t✐❧✐③❛❞♦s ❡♠ t♦❞♦s ♦s ❡①♣❡r✐♠❡♥t♦s✱ ♣♦r ✐ss♦ só s❡rã♦ ❛♣r❡s❡♥t❛❞♦s ♥❡ss❡

♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦ ❞❡ r❡s✉❧t❛❞♦s✱ q✉❡ tr❛t❛ ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉✳

✸✳✷✳✶ Pr❡♣❛r❛çã♦ ❞❛s ❛♠♦str❛s

❆s ❛♠♦str❛s ✉t✐❧✐③❛❞❛s ♥❡st❡ tr❛❜❛❧❤♦ ❝♦♥s✐st❡♠ ❡♠ ✉♠❛ s♦❧✉çã♦ ❛q✉♦s❛ ❞❡ P❇❙

✭❞♦ t❡r♠♦ ❡♠ ✐♥❣❧ês ✏P❤♦s♣❤❛t❡ ❇✉✛❡r ❙❛❧✐♥❡✑✮ ❝♦♠ ✉♠❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ◆❛❈❧ ❂ ✶✹✵

♠▼✱ ❛❧é♠ ❞❛s ♠✐❝r♦❡s❢❡r❛s ❞❡ ♣♦❧✐❡st✐r❡♥♦ ❝♦♠ ✉♠ ❞✐â♠❡tr♦ ❞❡ ✸✱✵ µ♠ r❡❝♦❜❡rt❛s ❝♦♠

❡str❡♣t❛✈✐❞✐♥❛ ❡ ♦ ❉◆❆ ❜✐♦t✐♥✐❧❛❞♦✳ ❯t✐❧✐③❛♥❞♦ ♦ ♣r♦t♦❝♦❧♦ ❞✐s♣♦♥í✈❡❧ ♥❛ r❡❢❡rê♥❝✐❛ ❬✷✺❪✱

❢♦✐ ♣♦ssí✈❡❧ r❡❛❧✐③❛r ❛ ❜✐♦t✐♥✐❧✐③❛çã♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳ ❯♠❛ ❞❛s ♣♦♥t❛s ❞❛ ♠♦❧é❝✉❧❛

❉◆❆ é ❧✐❣❛❞❛ ❛ ♠✐❝r♦❡s❢❡r❛ ❞❡ ♣♦❧✐❡st✐r❡♥♦ r❡❝♦❜❡rt❛ ❝♦♠ ❡str❡♣t❛✈✐❞✐♥❛ ❡ ❛ ♦✉tr❛

♣♦♥t❛ é ❧✐❣❛❞❛ às ♠♦❧é❝✉❧❛s ❞❡ ❡str❡♣t❛✈✐❞✐♥❛ q✉❡ r❡❝♦❜r❡♠ ❛ ❧❛♠í♥✉❧❛✳ P❛r❛ ❢❛③❡r ♦

r❡❝♦❜r✐♠❡♥t♦ ❞❛ ❧❛♠í♥✉❧❛✱ ♥ós ✉t✐❧✐③❛♠♦s ♦ ♣r♦t♦❝♦❧♦ ❞✐s♣♦♥í✈❡❧ ♥❛ r❡❢❡rê♥❝✐❛ ❬✻✵❪✳ ➱

✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❛ ❜✐♦t✐♥❛ é ✉♠❛ ✈✐t❛♠✐♥❛ ❞♦ ❝♦♠♣❧❡①♦ ❇ ❡ ❛ ❡str❡♣t❛✈✐❞✐♥❛

é ✉♠❛ ♣r♦t❡í♥❛ ❡ q✉❡ ❛♠❜❛s ♣♦ss✉❡♠ ✉♠❛ ❛❧t❛ ❛✜♥✐❞❛❞❡✳ ❯t✐❧✐③❛♥❞♦ ❛ ♣✐♥ç❛ ó♣t✐❝❛

♣❛r❛ ❛♣r✐s✐♦♥❛r ❛ ♠✐❝r♦❡s❢❡r❛ é ♣♦ssí✈❡❧ ❡♥tã♦✱ r❡❛❧✐③❛r ♦s ❡st✐r❛♠❡♥t♦s ❞❛ ♠♦❧é❝✉❧❛ ❞❡

❉◆❆✳

✸✳✷✳✷ ❈♦♥str✉çã♦ ❞♦ ♣♦rt❛ ❛♠♦str❛s

❖ ♥♦ss♦ ♣♦rt❛ ❛♠♦str❛ ❝♦♥s✐st❡ ❞❡ ✉♠❛ ❧❛♠í♥✉❧❛ ✭❈♦r♥✐♥❣✮ ❝♦♠ ✉♠❛ ❡s♣❡ss✉r❛

❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✵✱✶✺ ♠♠✱ ❛❧é♠ ❞❡ ✉♠ ❛♥❡❧ ❞❡ ❜♦rr❛❝❤❛ ❞♦ t✐♣♦ ❖✲r✐♥❣ ❝♦♠ ✉♠

❞✐â♠❡tr♦ ❞❡ ✵✱✼ ❝♠✳ ❯t✐❧✐③❛♥❞♦✲s❡ ✉♠ ❛q✉❡❝❡❞♦r✱ ❞❡rr❡t❡♠♦s ♣❛r❛✜♥❛ ♣❛r❛ ❝♦❧❛r ♦

❖✲r✐♥❣ ♥❛ ❧❛♠í♥✉❧❛ ❞❛ ❈♦r♥✐♥❣✳ ❆ r❡❣✐ã♦ ❞❡❧✐♠✐t❛❞❛ ♣❡❧♦ ❖✲r✐♥❣ é r❡❝♦❜❡rt❛ ❝♦♠ ✉♠❛

❝❛♠❛❞❛ ❞❡ ❡str❡♣t❛✈✐❞✐♥❛✱ ♣❛r❛ q✉❡ ❛ ❜✐♦t✐♥❛ ♣r❡s❡♥t❡ ♥❛s ♣♦♥t❛s ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆

♣♦ss❛ s❡ ❧✐❣❛r✳ ❆ s❡❣✉✐r✱ ❞❡t❛❧❤❛♠♦s ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦✿

✷✾



✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

✭✐✮ ❉❡♣♦✐s ❞❡ ❝♦❧❛❞♦ ♦ ❖✲r✐♥❣✱ ❛❝r❡s❝❡♥t❛♠♦s ✷✺ µ▲ ❞❡ ❇❙❆∗✲❜✐♦t✐♥✐❧❛❞❛ ♣r❡♣❛✲

r❛❞❛ ♥♦ s♦❧✈❡♥t❡ q✉❡ ❞❡♥♦♠✐♥❛♠♦s t❛♠♣ã♦ ❆†✱ ❝♦♠ ✉♠❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ✶✱✽ µ❣✴♠▲

❡ ❛❣✉❛r❞❛♠♦s ∼ ✸✵ ♠✐♥✉t♦s ♣❛r❛ q✉❡ ❛ ár❡❛ ❢♦ss❡ t♦t❛❧♠❡♥t❡ r❡❝♦❜❡rt❛✳

✭✐✐✮ ❱❡♥❝✐❞♦s ♦s ✸✵ ♠✐♥✉t♦s✱ t♦❞♦ ♦ ❡①❝❡ss♦ ❞❡ ❇❙❆ ❜✐♦t✐♥✐❧❛❞❛ é r❡t✐r❛❞♦ ❡ ❛

❛♠♦str❛ r❡❝❡❜❡ ✉♠❛ ❝❛♠❛❞❛ ❞❡ t❛♠♣ã♦ ❆✱ q✉❡ s❡r✈❡ ♣❛r❛ ✧❧❛✈❛r✧❛ ❛♠♦str❛✳

✭✐✐✐✮ ◆❛ s❡q✉ê♥❝✐❛✱ sã♦ ✐♥s❡r✐❞♦s ✸✵ µ▲ ❞❡ ❡str❡♣t❛✈✐❞✐♥❛ ♣r❡♣❛r❛❞❛ ♥♦ t❛♠♣ã♦

❆✱ ❝♦♠ ✉♠❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ✵✱✶ µ❣✴♠▲ ❡ ❛❣✉❛r❞❛♠♦s✱ ♥♦✈❛♠❡♥t❡✱ ♠❛✐s ✸✵ ♠✐♥✉t♦s

❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ♣❛r❛ q✉❡ ❛ ár❡❛ ❢♦ss❡ t♦t❛❧♠❡♥t❡ r❡❝♦❜❡rt❛✳

✭✐✈✮ ❊❢❡t✉❛♠♦s ♥♦✈❛♠❡♥t❡ ❛ ✧❧❛✈❛❣❡♠✧❞❛ ❛♠♦str❛✱ ❝♦♠♦ ❝✐t❛❞♦ ♥♦ ♣❛ss♦ ✭✐✐✮✳

✭✈✮ P♦r ú❧t✐♠♦✱ ❧❡✈❛♠♦s ♦ ♣♦rt❛ ❛♠♦str❛s ❛♦ ♠✐❝r♦s❝ó♣✐♦ ❡ ✉t✐❧✐③❛♥❞♦ ❛ ♣ró♣r✐❛

✐❧✉♠✐♥❛çã♦ ❞♦ ❛♣❛r❡❧❤♦✱ ❡❢❡t✉❛♠♦s ❛ s❡❝❛❣❡♠ ❞❛ ❛♠♦str❛✳ ❉❡♣♦✐s ❞❡ ❛❧❣✉♥s ♠❡s❡s

tr❛❜❛❧❤❛♥❞♦ ❝♦♠ ❡ss❡ ♣r♦t♦❝♦❧♦✱ ♣❡r❝❡❜❡♠♦s q✉❡ ❡ss❡ ú❧t✐♠♦ ♣❛ss♦ ❡r❛ ❡①tr❡♠❛♠❡♥t❡

✐♠♣♦rt❛♥t❡ ♣❛r❛ q✉❡ ❛ ❧✐❣❛çã♦ ❡♥tr❡ ♦ ❉◆❆ ❜✐♦t✐♥✐❧❛❞♦ ❡ ❛ ❡str❡♣t❛✈✐❞✐♥❛ q✉❡ r❡❝♦❜r❡

♦ ♣♦rt❛ ❛♠♦str❛s✱ ❢♦ss❡ ♦t✐♠✐③❛❞❛✳

✸✳✷✳✸ Pr❡♣❛r❛çã♦ ❞❛ s♦❧✉çã♦ ❉◆❆✲♠✐❝r♦❡s❢❡r❛s

P❛r❛❧❡❧❛♠❡♥t❡ à ♣r❡♣❛r❛çã♦ ❞♦ ♣♦rt❛ ❛♠♦str❛s✱ é ❡❢❡t✉❛❞❛ t❛♠❜é♠ ❛ ♣r❡♣❛✲

r❛çã♦ ❞❛ s♦❧✉çã♦ ❝♦♥t❡♥❞♦ ♦ ❉◆❆ ❡ ❛s ♠✐❝r♦❡s❢❡r❛s ❞❡ ♣♦❧✐❡st✐r❡♥♦ r❡❝♦❜❡rt❛s ❝♦♠

❡str❡♣t❛✈✐❞✐♥❛✳ P❛r❛ ✐ss♦✱ s❡❣✉✐♠♦s ❛ s❡❣✉✐♥t❡ s❡q✉ê♥❝✐❛ ❞❡ ♦♣❡r❛çõ❡s✿

✭✐✮ ❊♠ ✉♠ ♠✐❝r♦t✉❜♦ ❞♦ t✐♣♦ ❡♣♣❡♥❞♦r❢✱ ❛❝r❡s❝❡♥t❛♠♦s ✷✵ µ▲ ❞❡ P❇❙ ✼✱✹‡✱

q✉❡ é ♦ s♦❧✈❡♥t❡ ✉t✐❧✐③❛❞♦ ♥❛ ♣r❡♣❛r❛çã♦ ❞❡ t♦❞❛s ❛s ❝♦♥❝❡♥tr❛çõ❡s ❞♦ ❢ár♠❛❝♦✱ ❛❧é♠

❞❡ ✸ µ▲ ❞❡ ♠✐❝r♦❡s❢❡r❛s ❞❡ ♣♦❧✐❡st✐r❡♥♦ r❡❝♦❜❡rt❛s ❝♦♠ ❡str❡♣t❛✈✐❞✐♥❛ ❡ ✹ µ▲ ❞❡ ❉◆❆

❜✐♦t✐♥✐❧❛❞♦ ♣r❡✈✐❛♠❡♥t❡ ♣r❡♣❛r❛❞♦ ✉t✐❧✐③❛♥❞♦ ♦ ♣r♦t♦❝♦❧♦ ❞❡s❝r✐t♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✷✺❪✳ ❖

❡♣♣❡♥❞♦r❢ é ❡♥tã♦ ❧❡✈❛❞♦ ❛♦ ❜❛♥❤♦ tér♠✐❝♦ ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡ ✸✼◦❈§ ❡ ♦ t❡♠♣♦ ❞❡

✐♥❝✉❜❛çã♦ é ❞❡ ✶ ❤♦r❛✳

✭✐✐✮ ❱❡♥❝✐❞♦ ♦ t❡♠♣♦ ❞❡ ✐♥❝✉❜❛çã♦✱ ❛❝r❡s❝❡♥t❛♠♦s ✼✸ µ▲ ❞❡ P❇❙ ✼✱✹ ♣❛r❛ q✉❡

∗❆ ❇❙❆✱ ❆❧❜✉♠✐♥❛ ❙ér✐❝❛ ❇♦✈✐♥❛✱ ❞♦ t❡r♠♦ ❡♠ ✐♥❣❧ês ✏❇♦✈✐♥❡ ❙❡r✉♠ ❆❧❜✉♠✐♥✑✱ é ✉♠❛ ♣r♦t❡í♥❛
q✉❡ ♣♦ss✉✐ ✉♠❛ ❝❛r❣❛ ♥❡❣❛t✐✈❛ ❡♠ ♣❍ ✼✱✹ ❡ s❡ ❧✐❣❛ ❛♦ ✈✐❞r♦ ❛tr❛✈és ❞❛ ✐♥t❡r❛çã♦ ❡❧❡tr♦stát✐❝❛✳

†❖ s♦❧✈❡♥t❡✱ q✉❡ ❞❡♥♦♠✐♥❛♠♦s t❛♠♣ã♦ ❆✱ ❝♦♥s✐st❡ ❞❡ ✉♠❛ s♦❧✉çã♦ ♣r❡✈✐❛♠❡♥t❡ ♣r❡♣❛r❛❞❛ ❝♦♠ ✶✵
♠▼ ❞❡ ▼❣❈❧2✱ ✹✵ ♠▼ ❞❡ ❑❈❧✱ ❡ ✷✺ ♠▼ ❞❡ ❚r✐s ❍❈❧ ❡♠ ♣❍ ✽✱✵✳

‡❖ ♥ú♠❡r♦ ✼✱✹ r❡♣r❡s❡♥t❛ ♦ ♣❍ ❞♦ s♦❧✈❡♥t❡✱ q✉❡ é ♦ ✈❛❧♦r ❞♦ ♣❍ ✐♥tr❛❝❡❧✉❧❛r✱ ♥♦ q✉❛❧ ♦ ❉◆❆ s❡
❡♥❝♦♥tr❛ ✐♥ ✈✐✈♦✳

§◆❡ss❛ t❡♠♣❡r❛t✉r❛ ❤á ✉♠❛ ♦t✐♠✐③❛çã♦ ❞❛ ❧✐❣❛çã♦ ❡♥tr❡ ❛ ❜✐♦t✐♥❛ ❡ ❡str❡♣t❛✈✐❞✐♥❛

✸✵



✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❛ s♦❧✉çã♦ ❝♦♥t❡♥❤❛ ✉♠ ✈♦❧✉♠❡ t♦t❛❧ ❞❡ ✶✵✵ µ▲ ❡ ❛❣✉❛r❞❛♠♦s ♠❛✐s ∼ ✷✵ ♠✐♥✉t♦s ♣❛r❛

❛ ❞✐❧✉✐çã♦ ❞❛ s♦❧✉çã♦ ❞❡ ❉◆❆ ❡ ♠✐❝r♦❡s❢❡r❛s✳

✭✐✐✐✮ ◆❛ s❡q✉ê♥❝✐❛✱ ✉t✐❧✐③❛♥❞♦ ✉♠❛ ♠✐❝r♦♣✐♣❡t❛✱ ❧❡✈❛♠♦s ❛ s♦❧✉çã♦ ❞❡ ❉◆❆ ♣❛r❛

♦ ♠✐❝r♦s❝ó♣✐♦ ❡ ❛ ✐♥s❡r✐♠♦s ❛♦ ♣♦rt❛ ❛♠♦str❛s✱ q✉❡ ❥á s❡ ❡♥❝♦♥tr❛ s❡❝♦ ❡ ♣r♦♥t♦ ♣❛r❛

r❡❝❡❜❡r ❛ s♦❧✉çã♦ ❞❡ ❉◆❆✳

✭✐✈✮ P♦r ú❧t✐♠♦✱ ❡s♣❡r❛♠♦s ∼ ✷✵ ♠✐♥✉t♦s ♣❛r❛ q✉❡ ♣♦ss❛ ♦❝♦rr❡r ❛ ❧✐❣❛çã♦ ❡♥tr❡

❛ ❜✐♦t✐♥❛ ♥♦ ❉◆❆ ❡ ❛ ❡str❡♣t❛✈✐❞✐♥❛ q✉❡ r❡❝♦❜r❡ ♦ ♣♦rt❛ ❛♠♦str❛s✳

❱❡♥❝✐❞❛s t♦❞❛s ❡ss❛ ❡t❛♣❛s✱ ❡st❛♠♦s ♣r♦♥t♦s ♣❛r❛ ❝♦♠❡ç❛r ♦ ❡①♣❡r✐♠❡♥t♦✱ q✉❡

❝♦♥s✐st❡✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ♥❛ ♣r♦❝✉r❛ ❞❡ ✉♠ ❜♦♠ ❝♦♥❥✉♥t♦ ❉◆❆✲♠✐❝r♦❡s❢❡r❛ ♣❛r❛ ❛ r❡❛❧✐✲

③❛çã♦ ❞♦s ❡st✐r❛♠❡♥t♦s✳

✸✳✸ Pr♦❝❡❞✐♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞♦s

❡st✐r❛♠❡♥t♦s

◆❡ss❛ s❡çã♦✱ ❢❛r❡♠♦s ✉♠❛ ❞❡s❝r✐çã♦ ❞❡t❛❧❤❛❞❛ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧

✉t✐❧✐③❛❞♦ ♥ã♦ s♦♠❡♥t❡ ♣❛r❛ ❢❛③❡r ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉✱

♠❛s t❛♠❜é♠ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲●❡❧❘❡❞ ❡ ♥♦ ❡st✉❞♦ ❞❛

✐♥✢✉ê♥❝✐❛ ❞♦ P♦❧✐❡t✐❧❡♥♦❣❧✐❝♦❧ ♥❛ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s✱ q✉❡ s❡rã♦ ❞✐s❝✉t✐❞♦s ♥♦s

❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳

✸✳✸✳✶ ❊♥❝♦♥tr❛♥❞♦ ✉♠ ❜♦♠ ❝♦♥❥✉♥t♦ ❉◆❆✲♠✐❝r♦❡s❢❡r❛s

❖ ♣r✐♠❡✐r♦ ♣❛ss♦✱ ❛♣ós ❛ ♣r❡♣❛r❛çã♦ ❞❛ s♦❧✉çã♦ ❞❡ ❉◆❆✲♠✐❝r♦❡s❢❡r❛s✱ ♣❛r❛

q✉❡ ♦ ♥♦ss♦ ❡①♣❡r✐♠❡♥t♦ s❡❥❛ ❜❡♠ s✉❝❡❞✐❞♦ é ❛ ♣r♦❝✉r❛ ❞❡ ✉♠ ❜♦♠ ❝♦♥❥✉♥t♦ ❉◆❆✲

♠✐❝r♦❡s❢❡r❛s ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞♦s ❡st✐r❛♠❡♥t♦s✳ ❆ ❋✐❣✉r❛ ✸✳✷ ♠♦str❛ ❛s ♣♦ssí✈❡✐s ❝♦♥✜✲

❣✉r❛çõ❡s ♣❛r❛ ♦ ❉◆❆✱ ❛s ♠✐❝r♦❡s❢❡r❛s ❞❡ ♣♦❧✐❡st✐r❡♥♦ ❡ ❞♦ ❝♦♥❥✉♥t♦ ❉◆❆✲♠✐❝r♦❡s❢❡r❛s

❡♠ ♥♦ss❛ ❛♠♦str❛✳

➱ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ❡♠ ♥♦ss❛ ❛♠♦str❛ ✈ár✐❛s ❝♦♥✜❣✉r❛çõ❡s✱ ❞❡♥tr❡ ❛s q✉❛✐s ♣♦✲

❞❡♠♦s ❝✐t❛r✿ ❉◆❆ ❜✐♦t✐♥✐❧❛❞♦ ✐s♦❧❛❞♦✱ ♠✐❝r♦❡s❢❡r❛s ❞❡ ♣♦❧✐❡st✐r❡♥♦ ❛❞❡r✐❞❛s à ❧❛♠í♥✉❧❛✱

♠♦❧é❝✉❧❛s ❞❡ ❡str❡♣t❛✈✐❞✐♥❛✱ ❇❙❆ ❡ ❜✐♦t✐♥❛ ✐s♦❧❛❞❛s ❡♠ s♦❧✉çã♦✱ ❉◆❆ ❝♦♠ ✉♠❛ ♣♦♥t❛

❛❞❡r✐❞❛ à ♠✐❝r♦❡s❢❡r❛ ♠❛s ❝♦♠ ❛ ♦✉tr❛ ♣♦♥t❛ s♦❧t❛✱ ❛❧é♠ ❞❛ s✐t✉❛çã♦ q✉❡ r❡❛❧♠❡♥t❡ ♥♦s

✸✶



✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❋✐❣✉r❛ ✸✳✷✿ P♦ssí✈❡✐s ❝♦♥✜❣✉r❛çõ❡s ♣❛r❛ ♦ ❉◆❆✱ ❛s ♠✐❝r♦❡s❢❡r❛s ❞❡ ♣♦❧✐❡st✐r❡♥♦ ❡ ❞♦ ❝♦♥❥✉♥t♦
❉◆❆✲♠✐❝r♦❡s❢❡r❛s ❡♠ ♥♦ss❛ ❛♠♦str❛✳

✐♥t❡r❡ss❛ q✉❡ é ✉♠❛ ♣♦♥t❛ ❞♦ ❉◆❆ ❜✐♦t✐♥✐❧❛❞♦ ❛❞s♦r✈✐❞♦ ♥❛ ♠✐❝r♦❡s❢❡r❛ ❞❡ ♣♦❧✐❡st✐r❡♥♦

r❡❝♦❜❡rt❛ ❝♦♠ ❡s♣r❡♣t❛✈✐❞✐♥❛ ❡ ❛ ♦✉tr❛ ♣♦♥t❛ ❛❞s♦r✈✐❞❛ ♥❛ ❧❛♠í♥✉❧❛ ❞❡ ✈✐❞r♦ r❡❝♦❜❡rt❛

❝♦♠ ❡s♣tr❡♣t❛✈✐❞✐♥❛✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♣r♦❝✉r❛♠♦s ❛s ♠✐❝r♦❡s❢❡r❛s q✉❡ ❡①❡❝✉t❛♠ ♠♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦✱

♦✉ s❡❥❛✱ ❛q✉❡❧❛s ♠✐❝r♦❡s❢❡r❛s q✉❡ ♥ã♦ ❡stã♦ ❛❞❡r✐❞❛s à ❧❛♠í♥✉❧❛✳ ❯t✐❧✐③❛♥❞♦✲s❡ ♦s

❞❡s❧♦❝❛❞♦r❡s ♣✐❡③♦❡❧étr✐❝♦s ❛❝♦♣❧❛❞♦s ❛♦ ♠✐❝r♦s❝ó♣✐♦ ó♣t✐❝♦✱ ❛ ♠✐❝r♦❡s❢❡r❛ é ♣✉①❛❞❛

❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛ ❡ ♦❜t❡♠♦s ❞✉❛s s✐t✉❛çõ❡s✿

✭✐✮ ❆ ♠✐❝r♦❡s❢❡r❛ ♣❡r♠❛♥❡❝❡ ❞✉r❛♥t❡ t♦❞♦ ♦ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡♥tr♦ ❞♦ ♣♦ç♦ ❞❡

♣♦t❡♥❝✐❛❧ ❞❛ ♣✐♥ç❛ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♥ã♦ ❤á ❉◆❆ ❝♦❧❛❞♦ ❛ ♠✐❝r♦❡s❢❡r❛∗✳

✭✐✐✮ ❆♣ós ✉♠ ❝❡rt♦ t❡♠♣♦✱ ❛ ♠✐❝r♦❡s❢❡r❛ ❡s❝❛♣❛ ❞♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❞❛ ♣✐♥ç❛

❡ ❡ss❡ é ✉♠ ❢♦rt❡ ✐♥❞í❝✐♦ q✉❡ ❤á ❉◆❆ ❝♦❧❛❞♦ t❛♥t♦ ♥❛ ♠✐❝r♦❡s❢❡r❛ q✉❛♥t♦ ♥❛ ❧❛♠í♥✉❧❛✳

➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r q✉❡ ♥ã♦ é ♣♦ssí✈❡❧ ❡♥①❡r❣❛r ♦ ❉◆❆ ✈✐❛ ♠✐❝r♦s❝♦♣✐❛ ó♣t✐❝❛ ❡✱

❞❡ss❛ ❢♦r♠❛✱ ❛ ♣r♦❝✉r❛ ♣❡❧♦ ❉◆❆ é ❞✐t❛ ✐♥❞✐r❡t❛✳

▼❡s♠♦ ❛♣ós ❛ ❝♦♥✜❣✉r❛çã♦ ❞❡s❡❥❛❞❛ s❡r ❡♥❝♦♥tr❛❞❛✱ é ✐♠♣♦rt❛♥t❡ ✈❡r✐✜❝❛r s❡

♥ã♦ ❤á ♠❛✐s ❞❡ ✉♠ ❉◆❆ ❝♦❧❛❞♦ à ♠✐❝r♦❡s❢❡r❛✳ ■ss♦ ♣♦❞❡ s❡r ❢❡✐t♦ ❡st✐❝❛♥❞♦ ♦ ❉◆❆ ❡♠

∗❊str✐t❛♠❡♥t❡ ❢❛❧❛♥❞♦✱ é ♣♦ssí✈❡❧ q✉❡ ♠❡s♠♦ ♥❡ss❛ s✐t✉❛çã♦ ❡①✐st❛ ❉◆❆ ❝♦❧❛❞♦ ❛ ♠✐❝r♦❡s❢❡r❛✱ ♠❛s
❛ ❝♦♥✜❣✉r❛çã♦ q✉❡ r❡❛❧♠❡♥t❡ ♥♦s ✐♥t❡r❡ss❛ ♥ã♦ é ❡♥❝♦♥tr❛❞❛ ♥❡ss❡ ❝❛s♦✳

✸✷



✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❞♦✐s s❡♥t✐❞♦s ♦♣♦st♦s ✭✰① ❡ ✲①✱ ♣♦r ❡①❡♠♣❧♦✮ ❡ ✈❡r✐✜❝❛♥❞♦ q✉❡ ♦ t❡♠♣♦ q✉❡ ❛ ♠✐❝r♦❡s❢❡r❛

❞❡♠♦r❛ ♣❛r❛ ❡s❝❛♣❛r ❞♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❞❛ ♣✐♥ç❛ ó♣t✐❝❛ s❡❥❛ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♦

♠❡s♠♦ ♥♦s ❞♦✐s s❡♥t✐❞♦s✳ ❖❜✈✐❛♠❡♥t❡✱ ✐ss♦ ♥ã♦ ❣❛r❛♥t❡ q✉❡ ❤❛❥❛ ❛♣❡♥❛s ✉♠ ú♥✐❝♦

❉◆❆ ❝♦❧❛❞♦ à ♠✐❝r♦❡s❢❡r❛✱ ♠❛s é ✉♠ ❢♦rt❡ ✐♥❞í❝✐♦✳

✸✳✸✳✷ ❘❡❛❧✐③❛çã♦ ❞♦ ❡st✐r❛♠❡♥t♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆

❯♠❛ ✈❡③ ❡♥❝♦♥tr❛❞♦ ✉♠ ❜♦♠ ❝♦♥❥✉♥t♦ ❉◆❆ ✲ ♠✐❝r♦❡s❢❡r❛✱ ❡st❛♠♦s ❛♣t♦s ❛

r❡❛❧✐③❛r ♦s ❡st✐r❛♠❡♥t♦s✳ ■♥✐❝✐❛❧♠❡♥t❡✱ ❞❡✐①❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❉◆❆ ✲ ♠✐❝r♦❡s❢❡r❛ ❢♦r❛ ❞❛

♣✐♥ç❛ ó♣t✐❝❛ ♣❛r❛ q✉❡ ❡st❡ ❡♥❝♦♥tr❡ s✉❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ❡q✉✐❧í❜r✐♦✳ ❯♠❛ ✈❡③ ♦❜t✐❞❛ ❛

♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞❛ ♠✐❝r♦❡s❢❡r❛✱ ❛ ♣✐♥ç❛ ó♣t✐❝❛ é ❡♥tã♦ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❝❛♣t✉rá ✲ ❧❛✳

❖ ♠♦t♦r ♣✐❡③♦❡❧étr✐❝♦ q✉❡ ❡stá ❛❝♦♣❧❛❞♦ ❛♦ ❡stá❣✐♦ ❞♦ ♠✐❝r♦s❝ó♣✐♦ é ✐♥✐❝✐❛❞♦ ❡ ❛

✜❧♠❛❣❡♠ ❞♦ ❡①♣❡r✐♠❡♥t♦ é ✐♥✐❝✐❛❞❛ s✐♠✉❧t❛♥❡❛♠❡♥t❡✳ ❆ ✈❡❧♦❝✐❞❛❞❡ ♥❛ q✉❛❧ ♦ ❡stá❣✐♦

s❡ ❞❡s❧♦❝❛† é ❝♦♥st❛♥t❡ ❡✱ ❡♠ ♥♦ss♦s ❡①♣❡r✐♠❡♥t♦s✱ s❡✉ ✈❛❧♦r ❢♦✐ ❞❡ ✈ ❂ ✵✱✶ µ♠✴s✳ ❆

❋✐❣✉r❛ ✸✳✸ ♠♦str❛ ✉♠ ❡sq✉❡♠❛ ❞♦s ❡st✐r❛♠❡♥t♦s ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳

❆ ❛❧t✉r❛ h ❞❛ ♠✐❝r♦❡s❢❡r❛ é ♠❛♥t✐❞❛ ✜①❛ ❡♠ ∼ ✹✱✵ µ♠ ❡♥q✉❛♥t♦ ♦ ❡stá❣✐♦ ❞♦

♠✐❝r♦s❝ó♣✐♦ s❡ ❞❡s❧♦❝❛ ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡✳ ❈♦♠♦ ❡ss❛ ✈❡❧♦❝✐❞❛❞❡ é ♠✉✐t♦ ❜❛✐①❛✱

♣♦❞❡♠♦s ❞❡s♣r❡③❛r ❛ ❢♦rç❛ ❞❡ ❙t♦❦❡s q✉❡ ❛t✉❛ s♦❜r❡ ❛ ♠✐❝r♦❡s❢❡r❛ ❡ ❝♦♥s✐❞❡r❛r q✉❡ ♦

❡①♣❡r✐♠❡♥t♦ é r❡❛❧✐③❛❞♦ ❡♠ ✉♠ r❡❣✐♠❡ q✉❛s❡✲❡stát✐❝♦✱ ❞❡ ❢♦r♠❛ q✉❡ ❛ ❢♦rç❛ q✉❡ ♦ ❉◆❆

❡①❡r❝❡ s♦❜r❡ ❛ ♠✐❝r♦❡s❢❡r❛ é✱ ❡♠ ♠ó❞✉❧♦✱ ✐❣✉❛❧ ❛ ❢♦rç❛ q✉❡ ❛ ♣✐♥ç❛ ó♣t✐❝❛ ❡①❡r❝❡ s♦❜r❡ ❛

♠❡s♠❛✳ ❆ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ é ❡♥tã♦ ❡st✐❝❛❞❛✱ ❛té q✉❡ ❡❧❛ ❡s❝❛♣❡ ❞♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧

❞❛ ♣✐♥ç❛ ó♣t✐❝❛✳ ◗✉❛♥❞♦ ✐ss♦ ❛❝♦♥t❡❝❡✱ ❡s♣❡r❛♠♦s ♥♦✈❛♠❡♥t❡ ♦ ❉◆❆ r❡t♦r♥❛r ❛ s✉❛

♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❡ t♦❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞✐s❝✉t✐❞♦ ❛❝✐♠❛ é r❡♣❡t✐❞♦✳ ■ss♦ é ❢❡✐t♦ ♣❛r❛

q✉❡ ♥♦ ✜♥❛❧ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣♦ss❛♠♦s t♦♠❛r ❛s ♠é❞✐❛s ❞♦s ✈❛❧♦r❡s ❞♦s ♣❛râ♠❡tr♦s

❞❡ ✐♥t❡r❡ss❡✱ ❛ ✜♠ ❞❡ ♠❡❧❤♦r❛r ❛ ♣r❡❝✐sã♦ ❞♦ ❡①♣❡r✐♠❡♥t♦✳

P❛r❛ ❡♥❝♦♥tr❛r ❛ ❢♦rç❛ q✉❡ ♦ ❉◆❆ ❡①❡r❝❡ s♦❜r❡ ❛ ♠✐❝r♦❡s❢❡r❛✱ t♦❞♦ ♦ ❡①♣❡r✐✲

♠❡♥t♦ é ✜❧♠❛❞♦ ❝♦♠ ✉♠ ❝â♠❡r❛ ❈❈❉ ✭❞❡t❛❧❤❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛ ❋✐❣✉r❛ ✷✳✹✮

❡ ❝♦♠ ✐ss♦ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ❛ ♣♦s✐çã♦ ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞❛ ♠✐❝r♦❡s❢❡r❛ ❡♠ ❢✉♥çã♦

❞♦ t❡♠♣♦✱ x(t)✳ P♦rt❛♥t♦✱ ❝♦♥❤❡❝❡♥❞♦✲s❡ ❛ ♣♦s✐çã♦ ✐♥✐❝✐❛❧ ❞❛ ♠✐❝r♦❡s❢❡r❛✱ x(0)✱ q✉❛♥❞♦

†❖ ♣♦rt❛ ❛♠♦str❛s✱ ❝♦♥t❡♥❞♦ ❛ s♦❧✉çã♦ ❞❡ ❉◆❆✱ ✜❝❛ ❞❡♥tr♦ ❞♦ ❡stá❣✐♦ ❞♦ ♠✐❝r♦s❝ó♣✐♦ ❡✱ ❞✐❛♥t❡
❞✐ss♦✱ ❛ ✈❡❧♦❝✐❞❛❞❡ ♥❛ q✉❛❧ ♦ ❡stá❣✐♦ ❞♦ ♠✐❝r♦s❝ó♣✐♦ s❡ ❞❡s❧♦❝❛ é ✐❣✉❛❧ ❛ ✈❡❧♦❝✐❞❛❞❡ ♥❛ q✉❛❧ ♦ ♣♦rt❛
❛♠♦str❛ s❡ ❞❡s❧♦❝❛✳
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✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❋✐❣✉r❛ ✸✳✸✿ ❊sq✉❡♠❛ ❞❛ r❡❛❧✐③❛çã♦ ❞♦s ❡st✐r❛♠❡♥t♦s ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❡♠ ✉♠ r❡❣✐♠❡
q✉❛s❡✲❡stát✐❝♦✳ ❙ã♦ ♠♦str❛❞❛s ❞✉❛s ♣♦s✐çõ❡s ❞❛ ♠✐❝r♦❡s❢❡r❛ ❡♠ ✐♥st❛♥t❡s ❞❡ t❡♠♣♦ ❞✐st✐♥t♦s✱
❡✈✐❞❡♥❝✐❛♥❞♦ ♦ s❡✉ ❞❡s❧♦❝❛♠❡♥t♦ ❞❡♥tr♦ ❞♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❣❡r❛❞♦ ♣❡❧❛ ♣✐♥ç❛ ó♣t✐❝❛✳

❡st❛ ❡♥❝♦♥tr❛✲s❡ ♥♦ ❢✉♥❞♦ ❞♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧ ❞❛ ♣✐♥ç❛ ó♣t✐❝❛✱ ♣♦❞❡♠♦s ❝❛❧❝✉❧❛r ❛

♠✉❞❛♥ç❛ ❞❛ ♣♦s✐çã♦ ❞❛ ♠✐❝r♦❡s❢❡r❛✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ ❞❛❞❛ ♣♦r

∆x(t) = x(t)− x(0) . ✭✸✳✶✮

❆ ❢♦rç❛ q✉❡ ♦ ❉◆❆ ❡①❡r❝❡ s♦❜r❡ ❛ ♠✐❝r♦❡s❢❡r❛‡✱ ❡♠ ❢✉♥çã♦ ❞♦ t❡♠♣♦✱ é ❞❛❞❛

♣♦r

F (t) = κ∆x(t) , ✭✸✳✷✮

♦♥❞❡ κ é ❛ ❝♦♥st❛♥t❡ ❞❡ ❢♦rç❛ ❞❛ ♣✐♥ç❛ ó♣t✐❝❛✳

❆ ❋✐❣✉r❛ ✸✳✹ ♠♦str❛ ❛ ❝✉r✈❛ tí♣✐❝❛ ♦❜t✐❞❛ ❝♦♠ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦✱ ❛❧é♠ ❞♦ ❛❥✉st❡

❢❡✐t♦ ✉t✐❧✐③❛♥❞♦✲s❡ ♦ ♠♦❞❡❧♦ ❲▲❈ ❬✷✻❪✳

‡❘❡♣❛r❡ q✉❡ ❡st❛ ❢♦rç❛ é ✐❣✉❛❧ ❛ ❢♦rç❛ ó♣t✐❝❛ ❣❡r❛❞❛ ♣❡❧❛ ♣✐♥ç❛ q✉❛♥❞♦ ❛ ♠✐❝r♦❡s❢❡r❛ s❡ ❞❡s❧♦❝❛
❞❡♥tr♦ ❞♦ ♣♦ç♦ ❞❡ ♣♦t❡♥❝✐❛❧✳ ◆♦ ❡♥t❛♥t♦✱ ❝♦♥❢♦r♠❡ ❥á ❞✐s❝✉t✐♠♦s ❛❝✐♠❛✱ ❡st❛ ❢♦rç❛ é ✐❣✉❛❧✱ ❡♠ ♠ó❞✉❧♦✱
à ❢♦rç❛ q✉❡ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❡①❡r❝❡ s♦❜r❡ ❛ ♠✐❝r♦❡s❢❡r❛✱ ✈✐st♦ q✉❡ ♦ ❡①♣❡r✐♠❡♥t♦ é r❡❛❧✐③❛❞♦ ❡♠
✉♠ r❡❣✐♠❡ q✉❛s❡✲❡stát✐❝♦✳
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✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❋✐❣✉r❛ ✸✳✹✿ ❈✉r✈❛ tí♣✐❝❛ ❞❛ ❝♦♠♣♦♥❡♥t❡ x ❞❛ ❢♦rç❛ × ❡①t❡♥sã♦ ❞♦ ❉◆❆✳ ❖ ❛❥✉st❡ é ❢❡✐t♦
✉t✐❧✐③❛♥❞♦✲s❡ ❛ ❡q✉❛çã♦ ✸✳✹✳

❆ ❡①♣r❡ssã♦ ❞❡ ▼❛r❦♦ ❡ ❙✐❣❣✐❛ ✭♠♦❞❡❧♦ ❲▲❈✮ é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦

F =
kBT

A

[

z

L
+

1

4
(
1− z

L

)2 − 1

4

]

, ✭✸✳✸✮

♦♥❞❡ kB é ❛ ❝♦♥st❛♥t❡ ❞❡ ❇♦❧t③♠❛♥♥✱ T é ❛ t❡♠♣❡r❛t✉r❛ ❛❜s♦❧✉t❛✱ A ♦ ❝♦♠♣r✐♠❡♥t♦

❞❡ ♣❡rs✐stê♥❝✐❛✱ L ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ❡ z é ❛ ❡①t❡♥sã♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳

◆♦ ❡♥t❛♥t♦✱ ❝♦♠♦ ❡st❛♠♦s r❡❛❧✐③❛♥❞♦ ♦ ❡①♣❡r✐♠❡♥t♦ ♥❛ ❞✐r❡çã♦ x✱ é ♠❛✐s ❝♦♥✲

✈❡♥✐❡♥t❡ ✉t✐❧✐③❛r ❛ ❝♦♠♣♦♥❡♥t❡ x ❞❛ ❡q✉❛çã♦ ✭✸✳✸✮✳ ❖❜s❡r✈❡✱ ♥❛ ❋✐❣✉r❛ ✸✳✸✱ q✉❡ ❛

❡①t❡♥sã♦ ❞♦ ❉◆❆✱ z✱ é ❞❛❞❛ ♣♦r z =
√

x2DNA + h2 ❡ Fx = F cos θ = F (xDNA/z)✳ ❆

❛❧t✉r❛ h é ✜①❛ ❞✉r❛♥t❡ t♦❞♦ ♦ ❡①♣❡r✐♠❡♥t♦ ❡ s❡✉ ✈❛❧♦r é ∼ ✹✱✵ µ♠✳ ❙✉❜st✐t✉✐♥❞♦ ❡ss❛s

r❡❧❛çõ❡s ♥❛ ❡q✉❛çã♦ ✭✸✳✸✮✱ ♦❜t❡♠♦s ❛ ❡①♣r❡ssã♦ ✜♥❛❧ ❞❛ ❝♦♠♣♦♥❡♥t❡ x ❞❛ ❢♦rç❛✱ ❞❛❞❛
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♣♦r

Fx =
kBT

A








√

x2DNA + h2

L
+

1

4

(

1−
√

x2

DNA
+h2

L

)2 − 1

4








xDNA
√

x2DNA + h2
· ✭✸✳✹✮

❯t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✹✮✱ ♥ós ✜③❡♠♦s ♦ ❛❥✉st❡ ❛♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❛ ❋✐✲

❣✉r❛ ✸✳✹✱ ♣❛r❛ ❛ ♠♦❧é❝✉❧❛ ❞❡ λ✲❉◆❆§ ♣✉r❛ ❡ ♦❜t✐✈❡♠♦s ♦s ✈❛❧♦r❡s ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

❝♦♥t♦r♥♦ ❡ ❞❡ ♣❡rs✐stê♥❝✐❛✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ✐❣✉❛✐s ❛✿ L = (16, 5±1) µ♠ ❡ A = (50±3)

♥♠✱ ♦❜t✐❞♦s ❝♦♠ ✉♠❛ ♠é❞✐❛ ❞❡ ✼ ❡st✐r❛♠❡♥t♦s ❝♦♠ ✉♠❛ ♠❡s♠❛ ♠♦❧é❝✉❧❛ ❞❡ λ✲❉◆❆✳

◆♦ss♦s r❡s✉❧t❛❞♦s ♣♦ss✉❡♠ ❣r❛♥❞❡ s❡♠❡❧❤❛♥ç❛ ❝♦♠ ♦s ❞❛❞♦s ❡♥❝♦♥tr❛❞♦s ♥❛ ❧✐t❡r❛✲

t✉r❛ ❬✻✷✱✻✸❪ ❡✱ ♣♦rt❛♥t♦✱ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣♦❞❡ s❡r ✉s❛❞♦ ♣❛r❛ ❡st✉❞❛r ❛ ✈❛r✐❛çã♦ ❞❛s

♣r♦♣r✐❡❞❛❞❡s ♠❡❝â♥✐❝❛s ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❛♦ ✐♥t❡r❛❣✐r ❝♦♠ ♦s ❢ár♠❛❝♦s✴❝♦♠♣♦st♦s

✉t✐❧✐③❛❞♦s ♥❡ss❡ tr❛❜❛❧❤♦✳

✸✳✸✳✸ ❆❞✐çã♦ ❞♦ ❢ár♠❛❝♦ ♥❛ ❛♠♦str❛

❯♠❛ ✈❡③ r❡❛❧✐③❛❞♦ t♦❞♦s ♦s ❡st✐r❛♠❡♥t♦s ❝♦♠ ❛ ♠♦❧é❝✉❧❛ ♣✉r❛ ❞❡ λ✲❉◆❆✱ ❡r❛

♥❡❝❡ssár✐♦ ✐♥❝❧✉✐r ♦ ❢ár♠❛❝♦ ♥❛ ❛♠♦str❛✳ ❆s ❛❧íq✉♦t❛s ❝♦♥t❡♥❞♦ ♦ ❢ár♠❛❝♦ ❢♦r❛♠ ✐♥s❡✲

r✐❞❛s ❞✐r❡t❛♠❡♥t❡ ♥❛ ❛♠♦str❛✱ ✐♥tr♦❞✉③✐♥❞♦ ❛ ♠✐❝r♦♣✐♣❡t❛ ♥♦ ♣♦rt❛ ❛♠♦str❛s ❝♦♥t❡♥❞♦

❛ s♦❧✉çã♦ ❞❡ ❉◆❆✲♠✐❝r♦❡s❢❡r❛s✳ ❆ ❋✐❣✉r❛ ✸✳✺ ✐❧✉str❛ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦✳

❆ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ✉t✐❧✐③❛❞❛ ❡♠ ♥♦ss♦s ❡①♣❡r✐♠❡♥t♦s ❢♦✐ ♣r♦❞✉③✐❞❛ ♣❡❧❛ ❙✐❣♠❛✲

❆❧❞r✐❝❤ ❡ ❛s ❛❧íq✉♦t❛s ❝♦♥t❡♥❞♦ ♦ ❢ár♠❛❝♦ ❢♦r❛♠ ♣r❡♣❛r❛❞❛s ❞❡ ❢♦r♠❛ ❛ ❢♦r♥❡❝❡r ✉♠❛

❢❛✐①❛ ❞❡ ❝♦♥❝❡♥tr❛çã♦ q✉❡ ✈❛r✐❛✈❛ ❞❡s❞❡ 1 µ▼ ❛té 12 µ▼✳

❆ ♠❡s♠❛ ❛❧íq✉♦t❛ ❡r❛ ✐♥s❡r✐❞❛ ❡ r❡t✐r❛❞❛ ❛❧❣✉♠❛s ✈❡③❡s ❞❛ ❛♠♦str❛✱ ♣❛r❛ ❣❛✲

r❛♥t✐r q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ❢ár♠❛❝♦ ♥❛ ❛♠♦str❛ ❢♦ss❡ ♣r❛t✐❝❛♠❡♥t❡ ❛ ♠❡s♠❛ ❞❛q✉❡❧❛

♣r❡✈✐❛♠❡♥t❡ ♣r❡♣❛r❛❞❛ ♥♦ ❡♣♣❡♥❞♦r❢✳

➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡ ❛❞✐çã♦ ❡ tr♦❝❛ ❞♦ ❢ár♠❛❝♦ é

❡①tr❡♠❛♠❡♥t❡ ✐♠♣♦rt❛♥t❡✱ ✉♠❛ ✈❡③ q✉❡ ♣❡r♠✐t❡ r❡❛❧✐③❛r ♦ ❡①♣❡r✐♠❡♥t♦ ❝♦♠♣❧❡t♦ ❝♦♠

❛ ♠❡s♠❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ♣❛r❛ ✈ár✐❛s ❝♦♥❝❡♥tr❛çõ❡s ❞♦ ❢ár♠❛❝♦✳

§❖ ❢❛❣♦ λ é ✉♠ ✈ír✉s q✉❡ ✐♥❢❡❝t❛ ❛ ❜❛❝tér✐❛ ❊✳ ❈♦❧✐ ❬✻✶❪✳ ❖ ❉◆❆ ❞♦ ❢❛❣♦ λ é ✐❞❡❛❧ ♣❛r❛ ♦s ♥♦ss♦s
❡①♣❡r✐♠❡♥t♦s✱ ❞❡✈✐❞♦ ❛♦ s❡✉ t❛♠❛♥❤♦✳ ❯♠❛ ♠♦❧é❝✉❧❛ ❞❡ λ✲❉◆❆ ♣♦ss✉✐ ❝❡r❝❛ ❞❡ ✹✽✳✺✵✵ ♣❛r❡s ❞❡ ❜❛s❡✱
♦ q✉❡ r❡s✉❧t❛ ❡♠ ✉♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ♠é❞✐♦ ❞❡ ✶✻✱✺ µ♠✳
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✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❋✐❣✉r❛ ✸✳✺✿ ■❧✉str❛çã♦ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ✉s❛❞♦ ♣❛r❛ ❛ tr♦❝❛ ❞❛s ❛❧íq✉♦t❛s ❝♦♥t❡♥❞♦ ❛ ❆❝t✐✲
♥♦♠✐❝✐♥❛ ❉✳

✸✳✹ ❈❛r❛❝t❡r✐③❛çã♦ ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛

❉

◆❡st❛ s❡çã♦ ❞✐s❝✉t✐r❡♠♦s ♦ ♠♦❞❡❧♦ ❞❡ ❍✐❧❧ ❡ ♦ ♠♦❞❡❧♦ t❡ór✐❝♦ ♣r♦♣♦st♦ ♣♦r ❙✐✲

♠❛♥ ❡t ❛❧✳ ❬✻✹❪ ♣❛r❛ ❡①tr❛✐r ♦s ❞❛❞♦s ❢ís✐❝♦✲q✉í♠✐❝♦s ❞❛ ✐♥t❡r❛çã♦ ♣❛r❛ ❝♦♠♣♦st♦s q✉❡

❛♣r❡s❡♥t❛♠ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ ♠♦♥♦tô♥✐❝♦ ♣❛r❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱

A✱ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ❝♦♠♣♦st♦✱ ❝♦♠♦ é ♦ ❝❛s♦ ❞❛ ❆❝t✐♥♦♠✐❝✐♥❛ ❉✳ ❆❧é♠

❞✐ss♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡t❛❧❤❛❞❛♠❡♥t❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛ ✐♥t❡r❛çã♦ ❞❛ ❆❝t✐✲

♥♦♠✐❝✐♥❛ ❉ ❝♦♠ ♦ ❉◆❆✳

✸✳✹✳✶ ❖ ♠♦❞❡❧♦ ❞❡ ❍✐❧❧

❖ ♠♦❞❡❧♦ ❞❡ ❍✐❧❧✱ ♣r♦♣♦st♦ ❡♠ ✶✾✶✵ ♣❡❧♦ ✜s✐♦❧♦❣✐st❛ ✐♥❣❧ês ❆r❝❤✐❜❛❧❞ ❱✐✈✐❛♥

❍✐❧❧✱ ❢♦✐ ❢♦r♠✉❧❛❞♦ ♣❛r❛ ❡①♣❧✐❝❛r ❛ ✐♥t❡r❛çã♦ ❞♦ ♦①✐❣ê♥✐♦ ❝♦♠ ❛ ❤❡♠♦❣❧♦❜✐♥❛∗ ❬✻✺❪✳ ❉❡

♠❛♥❡✐r❛ ❣❡r❛❧✱ ❡ss❛ ✐♥t❡r❛çã♦ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ❛tr❛✈és ❞❛ r❡❛çã♦

❍❜n + n❖2 ⇋ ❍❜n❖2n ,

♦♥❞❡ ❍❜n r❡♣r❡s❡♥t❛ ✉♠ ❛❣r❡❣❛❞♦ ❝♦♠ n ♠♦❧é❝✉❧❛s ❞❡ ❍❜✳

∗❆ ❤❡♠♦❣❧♦❜✐♥❛ é ✉♠❛ ♣r♦t❡í♥❛ ♣r❡s❡♥t❡ ♥❛s ❤❡♠á❝✐❛s✱ ❝✉❥❛ ❢✉♥çã♦ é ❛❜s♦r✈❡r ♦ ♦①✐❣ê♥✐♦ ♣r❡s❡♥t❡
♥♦s ♣✉❧♠õ❡s ❡ tr❛♥s♣♦rtá✲❧♦ ❛♦s t❡❝✐❞♦s ❞❡ t♦❞♦ ♦ ❝♦r♣♦✳
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P♦❞❡♠♦s ❞❡✜♥✐r ❛ ❝♦♥st❛♥t❡ ❞❡ ✐♥t❡r❛çã♦ ❛♣❛r❡♥t❡✱ KA✱ q✉❛♥❞♦ n ♠♦❧é❝✉❧❛s ❞❡

❖2 s❡ ❧✐❣❛♠ ❛ ✉♠ ❛❣r❡❣❛❞♦ ❞❡ ❍❜n✱ ❝♦♠♦ s❡♥❞♦

KA =
[HbnO2n]

[Hbn][O2]n
, ✭✸✳✺✮

♦♥❞❡ ❬❍❜n❖2n❪✱ ❬❍❜n❪ ❡ ❬❖2❪ r❡♣r❡s❡♥t❛♠ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ❝♦♠♣♦st♦ r❡s✉❧t❛♥t❡ ❡ ❛s

❝♦♥❝❡♥tr❛çõ❡s ❞♦s s♦❧✉t♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❙❡ ❝❛❞❛ ♠♦❧é❝✉❧❛ ❞❡ ♦①✐❣ê♥✐♦ q✉❡ s❡ ❧✐❣❛ ❝♦♠ ❛ ❤❡♠♦❣❧♦❜✐♥❛ ♣♦ss✉✐r ❛ ♠❡s♠❛

❝♦♥st❛♥t❡ ❞❡ ✐♥t❡r❛çã♦ ✭♥♦ ❡q✉✐❧í❜r✐♦✮✱ Ki✱ ❡♥tã♦ ❛ ❡q✉❛çã♦ s❡❣✉✐♥t❡ é ✈á❧✐❞❛

KA = Kn
i . ✭✸✳✻✮

❖ ♠♦❞❡❧♦ ❞❡ ❍✐❧❧ ♣♦❞❡ s❡r ❛❞❛♣t❛❞♦ ❛♦ ♥♦ss♦ ❡st✉❞♦ ❞❛ ✐♥t❡r❛çã♦ ❞❛ ♠♦❧é❝✉❧❛

❞❡ ❉◆❆ ❝♦♠ ❢ár♠❛❝♦s✴❝♦♠♣♦st♦s✳ P❛r❛ ✐ss♦✱ ✈❛♠♦s s✉❜st✐t✉✐r ❛s ♠♦❧é❝✉❧❛s ❞❡ ❤❡♠♦✲

❣❧♦❜✐♥❛ ✭❍❜✮ ♣❡❧❛s ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆ ❡ ❛s ♠♦❧é❝✉❧❛s ❞❡ ♦①✐❣ê♥✐♦ ✭❖2✮ ♣❡❧❛s ♠♦❧é❝✉❧❛s

❞♦s ❢ár♠❛❝♦s✴❝♦♠♣♦st♦s✳ ❉❡ss❡ ♠♦❞♦✱ ❬❖2❪ ≡ Cf ✱ r❡♣r❡s❡♥t❛ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❢ár♠❛✲

❝♦s✴❝♦♠♣♦st♦s ❧✐✈r❡s ❡♠ s♦❧✉çã♦ ✭❞♦ t❡r♠♦ ✐♥❣❧ês ✏❢r❡❡✑✮❀ ❬❍❜n❖2n❪ ≡ Cb✱ r❡♣r❡s❡♥t❛

❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❢ár♠❛❝♦s✴❝♦♠♣♦st♦s ❧✐❣❛❞♦s ❛♦ ❉◆❆ ✭❞♦ t❡r♠♦ ✐♥❣❧ês ✏❜♦✉♥❞✑✮ ❡✱

✜♥❛❧♠❡♥t❡✱ ❬❍❜n❪ ≡ Cbp−Cb✱ r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ sít✐♦s ❧✐✈r❡s ♥❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳

Cbp é ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ♣❛r❡s ❞❡ ❜❛s❡ ❞♦ ❉◆❆ ✭❞♦ t❡r♠♦ ✐♥❣❧ês ✏❜❛s❡✲♣❛✐r✑✮✱ q✉❡ é ✉♠❛

❝♦♥st❛♥t❡ ❡♠ ♥♦ss♦s ❡①♣❡r✐♠❡♥t♦s✳

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✻✮ ♥❛ ❡q✉❛çã♦ ✭✸✳✺✮ ❡ ❢❛③❡♥❞♦ ❛s ❛❞❛♣t❛çõ❡s ❝✐t❛❞❛s

♥♦ ♣❛rá❣r❛❢♦ ❛♥t❡r✐♦r✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

Kn
i =

Cb

Cn
f (Cbp − Cb)

· ✭✸✳✼✮

❉✐✈✐❞✐♥❞♦ ♦ ♥✉♠❡r❛❞♦r ❡ ♦ ❞❡♥♦♠✐♥❛❞♦r✱ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ❡q✉❛çã♦ ✭✸✳✼✮✱ ♣♦r

Cbp✱ t❡♠♦s q✉❡

Kn
i =

r

Cn
f (1− r)

, ✭✸✳✽✮

♦♥❞❡

r =
Cb

Cbp

=
Nb

Nbp

, ✭✸✳✾✮

✸✽



✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

r❡♣r❡s❡♥t❛ ❛ ❢r❛çã♦ ❞❡ sít✐♦s ❧✐❣❛❞♦s✱ q✉❡ ♣♦❞❡ s❡r ❞❡✜♥✐❞❛ ❡♠ t❡r♠♦s ❞❛ r❛③ã♦ ❡♥tr❡

❝♦♥❝❡♥tr❛çõ❡s✱ Cb/Cbp ♦✉ ❡♠ t❡r♠♦s ❞❛ r❛③ã♦ ❡♥tr❡ ♦s ♥ú♠❡r♦s ❞❡ ♠♦❧é❝✉❧❛s✱ Nb/Nbp✳

■s♦❧❛♥❞♦ r ♥❛ ❡q✉❛çã♦ ✭✸✳✽✮✱ ✜♥❛❧♠❡♥t❡ ❝❤❡❣❛♠♦s à ✐s♦t❡r♠❛ ❞❡ ✏❧✐❣❛çã♦✑ ❞♦

♠♦❞❡❧♦ ❞❡ ❍✐❧❧ ✭♦✉ ❡q✉❛çã♦ ❞❡ ❍✐❧❧✮✱ ❞❛❞❛ ♣♦r

r =
(KiCf )

n

1 + (KiCf )n
, ✭✸✳✶✵✮

♦♥❞❡ Ki é ❛ ❝♦♥st❛♥t❡ ❞❛ ✐♥t❡r❛çã♦ ✭♥♦ ❡q✉✐❧í❜r✐♦✮ ❡ n é ♦ ❡①♣♦❡♥t❡ ❞❡ ❍✐❧❧✱ ✉♠ ♣❛râ♠❡✲

tr♦ ✉s✉❛❧♠❡♥t❡ ✉t✐❧✐③❛❞♦ ♣❛r❛ ♠❡❞✐r ♦ ❣r❛✉ ❞❡ ❝♦♦♣❡r❛t✐✈✐❞❛❞❡ ❡♠ r❡❛çõ❡s q✉í♠✐❝❛s†✳

❖ ❡①♣♦❡♥t❡ ❞❡ ❍✐❧❧✱ t❛♠❜é♠ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r ❞❡ sít✐♦s q✉❡

❡❢❡t✐✈❛♠❡♥t❡ ❝♦♦♣❡r❛♠ ♣❛r❛ ❛ ❧✐❣❛çã♦ ❬✻✻❪ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉♠❛ ♠❡❞✐❞❛ ❞❛ ♠é❞✐❛

❞♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❞♦ ❝♦♠♣♦st♦ q✉❡ ❢♦r♠❛♠ ✉♠ ❛❣r❡❣❛❞♦ ❬✻✹❪✳

❉❛ ♠❛♥❡✐r❛ ❝♦♠♦ ❢♦✐ ♦r✐❣✐♥❛❧♠❡♥t❡ ❢♦r♠✉❧❛❞♦✱ ♦ ♠♦❞❡❧♦ ❞❡ ❍✐❧❧ ♣r❡✈ê q✉❡ ❛♣❡♥❛s

♠♦❧é❝✉❧❛s ♣❡q✉❡♥❛s ♣♦ss❛♠ s❡ ❧✐❣❛r ❛♦s sít✐♦s ✈❛③✐♦s✱ q✉❡ ♥ã♦ é ♦ ❝❛s♦ ❞❛ ♠❛✐♦r✐❛ ❞♦s

❢ár♠❛❝♦s✴❝♦♠♣♦st♦s ✉t✐❧✐③❛❞♦s ♥♦ ❧❛❜♦r❛tór✐♦ ❞❡ ❋ís✐❝❛ ❇✐♦❧ó❣✐❝❛✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱

♦ ♠♦❞❡❧♦ ❞❡ ❍✐❧❧ ♥ã♦ ❛❞♠✐t❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ✉♠❛ ♠♦❧é❝✉❧❛ ❞♦ ❧✐❣❛♥t❡ ❡①❝❧✉✐r ❛❧❣✉♥s

sít✐♦s ✈✐③✐♥❤♦s ❛♣ós ❛ s✉❛ ❧✐❣❛çã♦✳ P♦❞❡♠♦s ✏❝♦♥t♦r♥❛r✑ ❡ss❡ ❢❛t♦ ❛♦ ✐♥tr♦❞✉③✐r♠♦s ✉♠

t❡r♠♦ ❛❞ ❤♦❝ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✵✮✳ ❊ss❡ t❡r♠♦✱ rmax✱ r❡♣r❡s❡♥t❛ ❛ ❢r❛çã♦ ♠á①✐♠❛ ❞❡

sít✐♦s ❧✐❣❛❞♦s ❡✱ ❞❡ss❛ ❢♦r♠❛✱ ❛ ❡q✉❛çã♦ ✭✸✳✶✵✮ ♣❛ss❛ ❛ s❡r ❡s❝r✐t❛ ❝♦♠♦

r =
rmax(KiCf )

n

1 + (KiCf )n
· ✭✸✳✶✶✮

❙❡ t♦❞♦s ♦s sít✐♦s ❞✐s♣♦♥í✈❡✐s ❡stã♦ ♦❝✉♣❛❞♦s✱ ❡♥tã♦ rmax = 1 ❡ ❛ ♠♦❧é❝✉❧❛ ❞❡

❉◆❆ ❡stá s❛t✉r❛❞❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ✉♠❛ ♠♦❧é❝✉❧❛✱ ❛♦ ✐♥t❡r❛❣✐r ❝♦♠ ♦ ❉◆❆✱ ❡①❝❧✉✐

❛❧❣✉♥s sít✐♦s ✈✐③✐♥❤♦s✱ ❡♥tã♦ rmax < 1✳ ❆ ❋✐❣✉r❛ ✸✳✻ ♠♦str❛ ✉♠ ❣rá✜❝♦ t❡ór✐❝♦ ❞❡ r

❡♠ ❢✉♥çã♦ ❞❡ Cf ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ n✱ ✉t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✶✮✳ ◆❡ss❡ ❣rá✜❝♦✱

rmax = 1 ❡ Ki = 105 ▼−1✱ ♣❛r❛ t♦❞❛s ❛s ❝✉r✈❛s✳

†❙❡ n > 1✱ ❡♥tã♦ ❤á ✉♠❛ ❝♦♦♣❡r❛t✐✈✐❞❛❞❡ ♣♦s✐t✐✈❛✱ ♦✉ s❡❥❛✱ ✉♠❛ ♠♦❧é❝✉❧❛ ❞♦ ❝♦♠♣♦st♦✱ ❛♦ ✐♥t❡r❛❣✐r
❝♦♠ ♦ ❉◆❆✱ ❛✉♠❡♥t❛ ❛ ❛✜♥✐❞❛❞❡ ❞♦ ♣♦❧í♠❡r♦ ♣❛r❛ ❛ ❧✐❣❛çã♦ s✉❜s❡q✉❡♥t❡✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ n < 1✱
❡♥tã♦ ❤á ✉♠❛ ❝♦♦♣❡r❛t✐✈✐❞❛❞❡ ♥❡❣❛t✐✈❛✱ ♦✉ s❡❥❛✱ ✉♠❛ ♠♦❧é❝✉❧❛ ❞♦ ❝♦♠♣♦st♦✱ ❛♦ ✐♥t❡r❛❣✐r ❝♦♠ ♦ ❉◆❆✱
❞✐♠✐♥✉✐ ❛ ❛✜♥✐❞❛❞❡ ❞♦ ♣♦❧í♠❡r♦ ♣❛r❛ ❛ ❧✐❣❛çã♦ s✉❜s❡q✉❡♥t❡✳ ❙❡ n = 1✱ ❛ ✐♥t❡r❛çã♦ é ♥ã♦ ❝♦♦♣❡r❛t✐✈❛
❡ ❛ ❛✜♥✐❞❛❞❡ é ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❧✐❣❛❞❛s✳
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✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❋✐❣✉r❛ ✸✳✻✿ ●rá✜❝♦ ❞❡ r ❡♠ ❢✉♥çã♦ ❞❡ Cf ✱ ♣❛r❛ ✈ár✐♦s ✈❛❧♦r❡s ❞❡ n✳ ◆❡ss❡ ❣rá✜❝♦✱ rmax = 1
❡ Ki = 105 ▼−1✱ ♣❛r❛ t♦❞❛s ❛s ❝✉r✈❛s✳

➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡✱ q✉❛♥t♦ ♠❛✐♦r ♦ ✈❛❧♦r ❞❡ n✱ ♠❡♥♦r ♦ ✈❛❧♦r ❞❡ Cf

q✉❛♥❞♦ ❛ ❝✉r✈❛ ❝♦♠❡ç❛ ❛ ❛t✐♥❣✐r ♦ ❧✐♠✐❛r ❞❡ s❛t✉r❛çã♦ ♣❛r❛ ❛ ❢r❛çã♦ ♠á①✐♠❛ ❞❡ sít✐♦s

❧✐❣❛❞♦s q✉❡✱ ♥❡ss❡ ❝❛s♦✱ é rmax = 1✳

✸✳✹✳✷ ❖ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡ ❞♦✐s sít✐♦s

❖ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡ ❞♦✐s sít✐♦s✱ ❢♦r♠✉❧❛❞♦ ❡♠ ♣❛r❝❡r✐❛ ❝♦♠ ♦ ❣r✉♣♦ ❞❡ ❋ís✐❝❛

❇✐♦❧ó❣✐❝❛ ❞❛ ❯❋▼●✱ s✉r❣✐✉ ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❡①♣❧✐❝❛r ❛ ✐♥t❡r❛çã♦ ❞❛ β✲❝✐❝❧♦❞❡①tr✐♥❛

❝♦♠ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❬✻✹❪✳ ❖ ♠♦❞❡❧♦ é ✉♠❛ ♣♦❞❡r♦s❛ ❢❡rr❛♠❡♥t❛ q✉❡ ♣❡r♠✐t❡ ❛

❡①tr❛çã♦ ❞❡ ♣❛râ♠❡tr♦s ❢ís✐❝♦✲q✉í♠✐❝♦s ❞❛ ✐♥t❡r❛çã♦ ❞❡ ❢ár♠❛❝♦s q✉❡ ❛♣r❡s❡♥t❛♠ ✉♠

❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ ♠♦♥♦tô♥✐❝♦ ♥♦ ❣rá✜❝♦ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡♠

❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ❢ár♠❛❝♦✳

❖ ♠♦❞❡❧♦ ❛ss✉♠❡ q✉❡ ♦s ❝♦♠♣♦st♦s ♣♦ss❛♠ s❡ ❧✐❣❛r à ♠♦❧❡❝✉❧❛ ❞❡ ❉◆❆ ❝♦♠ ✉♠❛

❝♦♦♣❡r❛t✐✈✐❞❛❞❡ ♣♦s✐t✐✈❛‡✱ ❢♦r♠❛♥❞♦ ❛❣r❡❣❛❞♦s✳ ❊ss❡s ❛❣r❡❣❛❞♦s tê♠ ✉♠❛ ❞✐str✐❜✉✐çã♦

‡❙❡ ✉♠ ❝♦♠♣♦st♦ ❛♣r❡s❡♥t❛ ✉♠❛ ❝♦♦♣❡r❛t✐✈✐❞❛❞❡ ♣♦s✐t✐✈❛✱ s✐❣♥✐✜❝❛ q✉❡ ❡❧❡ ❛✉♠❡♥t❛ ❛ ❛✜♥✐❞❛❞❡
❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ♣❛r❛ q✉❡ ♠❛✐s ♠♦❧é❝✉❧❛s ❞♦ ❝♦♠♣♦st♦ ♣♦ss❛♠ s❡ ❧✐❣❛r ❛♦ ♣♦❧í♠❡r♦✳
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✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❞❡ t❛♠❛♥❤♦ ❡str❡✐t❛✱ ❝♦♠ n ♠♦❧é❝✉❧❛s ♥❛ ♠é❞✐❛ ❡ ❡stã♦ ❞✐str✐❜✉í❞♦s ❛❧❡❛t♦r✐♠❡♥t❡ ❛♦

❧♦♥❣♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳ ❙❡ ♥ã♦ ❤á ❝♦♦♣❡r❛t✐✈✐❞❛❞❡✱ ❝♦♠♦ ♥♦ ❝❛s♦ ❞❛ ❆❝t✐♥♦♠✐✲

❝✐♥❛ ❉✱ n = 1 ❡ ❝❛❞❛ ♠♦❧é❝✉❧❛ ❞♦ ❧✐❣❛♥t❡ ❡stá ❧♦❝❛❧✐③❛❞❛ ❛❧❡❛t♦r✐❛♠❡♥t❡ ❛♦ ❧♦♥❣♦ ❞❛

♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳ ◗✉❛♥❞♦ ✉♠❛ ♠♦❧é❝✉❧❛ ❞♦ ❝♦♠♣♦st♦ s❡ ❧✐❣❛ ❛♦ ❉◆❆✱ ❡❧❛ ♠✉❞❛ ♦

❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❧♦❝❛❧ ❞❛ ♠♦❧é❝✉❧❛ ♣✉r❛ ❞❡ ❉◆❆ ❞❡ A0 ♣❛r❛ ♦ ✈❛❧♦r A1✳

❙❡ ❞✉❛s ♠♦❧é❝✉❧❛s ❞♦ ❝♦♠♣♦st♦ s❡ ❧✐❣❛♠ à ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❡♠ sít✐♦s ✈✐③✐♥❤♦s✱ ♦

❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❧♦❝❛❧ ♠✉❞❛ ♣❛r❛ ♦ ✈❛❧♦r A2✳

❱❛♠♦s ❝❤❛♠❛r ❞❡ CT
§ ❛ ❝♦♥❝❡♥tr❛çã♦ t♦t❛❧ ❞♦ ❝♦♠♣♦st♦✱ Cf ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡

❝♦♠♣♦st♦ ❧✐✈r❡ ❡♠ s♦❧✉çã♦ ❡ Cb ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❝♦♠♣♦st♦ ❧✐❣❛❞♦ ✳ ❊ss❛s ❣r❛♥❞❡③❛s

s❡ r❡❧❛❝✐♦♥❛♠ ❛tr❛✈és ❞❛ ❡q✉❛çã♦

CT = Cf + Cb . ✭✸✳✶✷✮

❆ ❢r❛çã♦ ❞❡ sít✐♦s ❧✐❣❛❞♦s✱ r✱ é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✾✮ ❡ ♦ t❡r♠♦✱ rmax✱ q✉❡

❢♦✐ ✐♥tr♦❞✉③✐❞♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✵✮✱ r❡♣r❡s❡♥t❛ ❛ ❢r❛çã♦ ♠á①✐♠❛ ❞❡ sít✐♦s ❧✐❣❛❞♦s✱ ❝♦♠♦

❞✐s❝✉t✐❞♦ ❡♠ ❞❡t❛❧❤❡s ♥❛ s❡çã♦ ✸✳✹✳✶✳ ❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ sít✐♦

❡st❛r ♦❝✉♣❛❞♦ é r/rmax ❡ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ✉♠ sít✐♦ ♥ã♦ ❡st❛r ♦❝✉♣❛❞♦ é 1− r/rmax✳

❆ss✉♠✐♥❞♦ ✉♠❛ ❞✐str✐❜✉✐çã♦ ❛❧❡❛tór✐❛ ♣❛r❛ ❛ ❞✐str✐❜✉✐çã♦ ❞❡ sít✐♦s ❧✐❣❛❞♦s✱ ♥ós t❡r❡♠♦s

três ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞✐st✐♥t❛s r❡❧❛❝✐♦♥❛❞❛s à ❧✐❣❛çã♦ ❞❡ ♠♦❧é❝✉❧❛s ❡♠ sít✐♦s ✈✐③✐♥❤♦s✿

✭❛✮ ❞♦✐s sít✐♦s ✈✐③✐♥❤♦s ♥ã♦ ♦❝✉♣❛❞♦s ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❧♦❝❛❧ A0 ❡

♣r♦❜❛❜✐❧✐❞❛❞❡ P0 = (1 − r/rmax)
2❀ ✭❜✮ ❞♦✐s sít✐♦s ✈✐③✐♥❤♦s s✐♠✉❧t❛♥❡❛♠❡♥t❡ ♦❝✉♣❛❞♦s

❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❧♦❝❛❧ A2 ❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ P2 = (r/rmax)
2 ❡✱ ✜♥❛❧♠❡♥t❡✱

✭❝✮ ✉♠ sít✐♦ ♥ã♦ ♦❝✉♣❛❞♦ ❡ ✉♠ sít✐♦ ♦❝✉♣❛❞♦ ❝♦♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❧♦❝❛❧

A1 ❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ P1 = 1 − P0 − P2 = (2r/rmax)(1 − r/rmax)✳ ❈♦♠♦ ❞✐s❝✉t✐❞♦ ♥❛

r❡❢❡rê♥❝✐❛ ❬✻✹❪✱ ❡ss❛ ❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ♣♦❞❡ s❡r ✉s❛❞❛ ♠❡s♠♦ q✉❛♥❞♦ ♦

❧✐❣❛♥t❡ ❛♣r❡s❡♥t❛ ❝♦♦♣❡r❛t✐✈✐❞❛❞❡ ❝♦♠ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳ ❆ ❋✐❣✉r❛ ✸✳✼ ✐❧✉str❛ ❡ss❛

❞✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ♦❝✉♣❛çã♦ ❡♠ ✉♠ ❢r❛❣♠❡♥t♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳

❙❡❣✉♥❞♦ ♦ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡ ❞♦✐s sít✐♦s✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❡❢❡✲

t✐✈♦✱ s✉♣♦♥❞♦ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❝♦♠♦ ✉♠❛ ❛ss♦❝✐❛çã♦ ❞❡ ♠♦❧❛s ❡♥tró♣✐❝❛s ❡♠ sér✐❡✱

§❖❜s❡r✈❡ q✉❡ CT é ❛ ❝♦♥❝❡♥tr❛çã♦ t♦t❛❧ ❞❡ ❝♦♠♣♦st♦ q✉❡ é ❛❞✐❝✐♦♥❛❞❛ ❛ ❛♠♦str❛ ❝♦♥t❡♥❞♦ ♦ ❉◆❆✱
❝♦❧♦❝❛♥❞♦ ❛ ♠✐❝r♦♣✐♣❡t❛ ❞✐r❡t❛♠❡♥t❡ ♥❛ ❛♠♦str❛✳

✹✶



✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❋✐❣✉r❛ ✸✳✼✿ ❉✐str✐❜✉✐çã♦ ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡s ❞❡ ♦❝✉♣❛çã♦✱ s❡❣✉♥❞♦ ♦ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡
❞♦✐s sít✐♦s✱ ❡♠ ✉♠ ❢r❛❣♠❡♥t♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ♦♥❞❡ x = r/rmax✳

é ❞❛❞♦ ♣♦r
1

A
=
P0

A0

+
P1

A1

+
P2

A2

· ✭✸✳✶✸✮

❙✉❜st✐t✉✐♥❞♦ ♦s ✈❛❧♦r❡s ❞❡ P0✱ P1 ❡ P2 ♥❛ ❡q✉❛çã♦ ✭✸✳✶✸✮ ❡ r❡❛r❛♥❥❛♥❞♦ ♦s t❡r♠♦s✱

t❡r❡♠♦s

1

A
=

1

A0

+

(
2

A1

− 2

A0

)(
r

rmax

)

+

(
1

A0

− 2

A1

+
1

A2

)(
r

rmax

)2

· ✭✸✳✶✹✮

❆ r❡❧❛çã♦ ❡♥tr❡ ❛ ❢r❛çã♦ ❞❡ sít✐♦s ❧✐❣❛❞♦s✱ r✱ ❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❧✐❣❛♥t❡ ❧✐✈r❡ ❡♠

s♦❧✉çã♦✱ Cf ✱ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❞❡s❝r✐t❛ ♣❡❧❛ ✐s♦t❡r♠❛ ❞❡ ✏❧✐❣❛çã♦✑ ❞♦ ♠♦❞❡❧♦

❞❡ ❍✐❧❧ ❬✻✻❪✱ ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✶✮✳

❆ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❧✐❣❛♥t❡ ❧✐✈r❡ ❡♠ s♦❧✉çã♦✱ Cf ✱ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦✱ Cf =

CT − rCbp✳ ❙✉❜st✐t✉✐♥❞♦ ❡ss❛ r❡❧❛çã♦ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✶✮✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r q✉❡

r

rmax

=
[Ki(CT − rCbp)]

n

1 + [Ki(CT − rCbp)]n
· ✭✸✳✶✺✮

◆❛ r❡❢❡rê♥❝✐❛ ❬✻✹❪✱ ♦s ❛✉t♦r❡s ❞❡♠♦♥str❛♠ q✉❡ ❛ ❡q✉❛çã♦ ✭✸✳✶✺✮ t❡♠ ✉♠❛ ú♥✐❝❛

s♦❧✉çã♦ ❡ q✉❡ ❡❧❛ ♣♦❞❡ s❡r ❞❡t❡r♠✐♥❛❞❛ ♣❛r❛ ✉♠❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ q✉❛❧q✉❡r✱ ♦ q✉❡ é

❜❛st❛♥t❡ ❛♣r♦♣r✐❛❞♦ q✉❛♥❞♦ q✉❡r❡♠♦s ❛❥✉st❛r ✉♠❛ ❝✉r✈❛ ❛ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❡①♣❡✲

r✐♠❡♥t❛✐s✳ P❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ✭✸✳✶✺✮✱ ✈❛♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡✜♥✐r x = r/rmax✱ ❞❡

♠♦❞♦ q✉❡ ❡❧❛ ♣♦ss❛ s❡r ❡s❝r✐t❛ ❝♦♠♦

x =
[Ki(CT − rCbp)]

n

1 + [Ki(CT − rCbp)]n
· ✭✸✳✶✻✮

❖❜s❡r✈❡ q✉❡ ❡ss❛ ❡q✉❛çã♦ ♣♦❞❡ s❡r r❡s♦❧✈✐❞❛ ♥✉♠❡r✐❝❛♠❡♥t❡ ❞❡s❞❡ q✉❡ ♦s ✈❛❧♦r❡s ❞❛s

✹✷



✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❝♦♥st❛♥t❡s s❡❥❛♠ ❝♦♥❤❡❝✐❞♦s✱ r❡t♦r♥❛♥❞♦ x ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ CT ✳ P❛r❛ ✐ss♦✱ ✉♠

❛❧❣♦r✐t♠♦ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ✉t✐❧✐③❛♥❞♦ ✉♠❛ s✉❜r♦t✐♥❛ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ✭✸✳✶✻✮ ♣❛r❛

✈❛❧♦r❡s ✐♥✐❝✐❛✐s ❞❛s ❝♦♥st❛♥t❡s✳ ❯♠❛ ✈❡③ ♦❜t✐❞♦ ♦s ✈❛❧♦r❡s ❞❡ss❛s ❝♦♥st❛♥t❡s✱ ✈♦❧t❛♠♦s

♥❛ ❡q✉❛çã♦ ✭✸✳✶✹✮ ❡ s✉❜st✐t✉í♠♦s ❡ss❡s ✈❛❧♦r❡s✱ ✉♠❛ ✈❡③ q✉❡ ❡ss❛ ❡q✉❛çã♦ ❢♦✐ ✉t✐❧✐③❛❞❛

♣❛r❛ ❛❥✉st❛r ♦s ✈❛❧♦r❡s ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡♠ ❢✉♥çã♦ ❞❡ CT/Cbp✳

❖s ❛❥✉st❡s ❢♦r❛♠ ❢❡✐t♦s ✉t✐❧✐③❛♥❞♦✲s❡ ♦ ♣r♦❣r❛♠❛ ▼❆❚▲❆❇ ❘©✱ ❛tr❛✈és ❞❛ ❢✉♥çã♦ ❞♦s

♠í♥✐♠♦s q✉❛❞r❛❞♦s ✭❞♦ t❡r♠♦ ✐♥❣❧ês ✏▲❡❛st ❙q✉❛r❡s ❋✐tt✐♥❣✑✮✳ ❚♦❞♦ ❡ss❡ ♣r♦❝❡❞✐♠❡♥t♦

♥♦s ♣♦ss✐❜✐❧✐t♦✉ ❡①tr❛✐r ♦s ❞❛❞♦s ❞❛ ✐♥t❡r❛çã♦ ❞♦ ❉◆❆ ❝♦♠ ❛ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ✭rmax✱

Ki ❡ n✮ ❛tr❛✈és ❞❡ ♠❡❞✐❞❛s ♣✉r❛♠❡♥t❡ ♠❡❝â♥✐❝❛s✳

✸✳✹✳✸ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛

❉

❆ ❋✐❣✉r❛ ✸✳✽ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡♠

❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ t♦t❛❧ ❞❡ ❢ár♠❛❝♦✱ CT ✱ ♥♦r♠❛❧✐③❛❞❛ ♣❡❧❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ♣❛r❡s

❞❡ ❜❛s❡ ❞❡ ❉◆❆ ♥❛ ❛♠♦str❛✱ Cbp✳

❖❜s❡r✈❡ q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❡①✐❜❡ ✉♠ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ ♠♦✲

♥♦tô♥✐❝♦✳ ❊❧❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❞❡❝r❡s❝❡ ❞♦ ✈❛❧♦r ♣❛r❛ ♦ ❉◆❆ ♣✉r♦ ✭∼ 50 ♥♠✮ ❛té ∼ 23 ♥♠

♥❛ ❝♦♥❝❡♥tr❛çã♦ CT/Cbp = 0, 09✳ ❆ ♣❛rt✐r ❞❡ss❛ ❝♦♥❝❡♥tr❛çã♦✱ s❡✉ ✈❛❧♦r ❛✉♠❡♥t❛ ❛t✐♥✲

❣✐♥❞♦ ∼ 43 ♥♠ ♥❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ CT/Cbp = 0, 66✳ ❋✐♥❛❧♠❡♥t❡✱ ♣❛r❛ ❝♦♥❝❡♥tr❛çõ❡s

♠❛✐♦r❡s q✉❡ CT/Cbp > 0, 66✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❝❛✐ ❛❜r✉♣t❛♠❡♥t❡ ♣❛r❛

∼ 25 ♥♠✳

❖ ❝♦♠♣♦rt❛♠❡♥t♦ ♥ã♦ ♠♦♥♦tô♥✐❝♦ ❡①✐❜✐❞♦ ♣❛r❛ ❛s ❝♦♥❝❡♥tr❛çõ❡s CT/Cbp <

0, 66✱ ♣♦❞❡ s❡r ❡♥t❡♥❞✐❞♦ ✉t✐❧✐③❛♥❞♦✲s❡ ♦ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡ ❞♦✐s sít✐♦s✱ ❞✐s❝✉t✐❞♦

♥❛ s❡çã♦ ✸✳✹✳✷✳ ❆ q✉❡❞❛ ❛❜r✉♣t❛ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ♣❛r❛ ❝♦♥❝❡♥tr❛çõ❡s

CT/Cbp > 0, 66✱ ❡stá r❡❧❛❝✐♦♥❛❞❛✱ ♣r♦✈❛✈❡❧♠❡♥t❡✱ ❛ ✉♠❛ ❞❡s♥❛t✉r❛çã♦ ♣❛r❝✐❛❧ ❞❛ ♠♦✲

❧é❝✉❧❛ ❞❡ ❉◆❆✱ ❛tr❛✈és ❞❛ ❢♦r♠❛çã♦ ❞❡ ❜♦❧❤❛s ❞❡ ❞❡s♥❛t✉r❛çã♦✱ ✐♥❞✉③✐❞❛ ♣❡❧❛ ❢♦rç❛

❛♣❧✐❝❛❞❛ ♣❡❧❛ ♣✐♥ç❛ ó♣t✐❝❛✱ ❝♦♠♦ ❞✐s❝✉t✐❞♦ ♥❛s r❡❢❡rê♥❝✐❛s ❬✻✼✱✻✽❪✳ ❆ ❋✐❣✉r❛ ✸✳✾ ♠♦str❛✱

❞❡ ♠❛♥❡✐r❛ q✉❛❧✐t❛t✐✈❛✱ ✉♠❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❝♦♠ ✉♠❛ ❜♦❧❤❛ ❞❡ ❞❡s♥❛t✉r❛çã♦✳ ❆

♣r✐♥❝í♣✐♦✱ ❡ss❡ ❡❢❡✐t♦ ♣♦❞❡r✐❛ s❡r ❞❡s❝r✐t♦ ❛❞✐❝✐♦♥❛♥❞♦✲s❡ ♠❛✐s ✉♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡r✲

s✐stê♥❝✐❛ ❧♦❝❛❧ ♥❛ ❡q✉❛çã♦ ✭✸✳✶✹✮✱ ❛ss♦❝✐❛❞♦ ❛ ❢♦r♠❛çã♦ ❞❡ ❜♦❧❤❛s ❞❡ ❞❡s♥❛t✉r❛çã♦✳ ◆♦
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✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❋✐❣✉r❛ ✸✳✽✿ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡♠ ❢✉♥çã♦ ❞❛ r❛③ã♦ ❞❡ ❝♦♥❝❡♥tr❛çõ❡s✱ CT /Cbp✱
♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉✳

❡♥t❛♥t♦✱ ♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s ❛❥✉stá✈❡✐s s❡ t♦r♥❛r✐❛ ♠❛✐♦r✱ ❞✐✜❝✉❧t❛♥❞♦ ♦ ♣r♦❝❡ss♦

❞❡ ❛❥✉st❡ ❞♦s ♣♦♥t♦s ❡①♣❡r✐♠❡♥t❛✐s✳ ❆❧é♠ ❞✐ss♦✱ ♥ós ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡st✉❞❛r ❛

✐♥t❡r❛çã♦ ❉◆❆✲❢ár♠❛❝♦s✱ q✉❛♥❞♦ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ♥ã♦ s❡ ❡♥❝♦♥tr❛ ❞❡s♥❛t✉r❛❞❛ ✭♦✉

♣❛r❝✐❛❧♠❡♥t❡ ❞❡s♥❛t✉r❛❞❛✮✱ ❞❡ ❢♦r♠❛ q✉❡ ♦s ❞❛❞♦s ♣❛r❛ ❝♦♥❝❡♥tr❛çõ❡s CT/Cbp > 0, 66✱

♥ã♦ ❢♦r❛♠ ✐♥❝❧✉í❞♦s ♥❛ ♥♦ss❛ ❛♥á❧✐s❡✳

■♥✐❝✐❛❧♠❡♥t❡✱ ♥ós ✜③❡♠♦s ♦ ❛❥✉st❡ ❞♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❛ ❋✐❣✉r❛ ✸✳✽ ✉t✐✲

❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✹✮✱ ❞❡✐①❛♥❞♦ A1✱ A2✱ Ki✱ n ❡ rmax ❝♦♠♦ ♣❛râ♠❡tr♦s ❛❥✉stá✈❡✐s✳

P❛r❛ ✐ss♦✱ ♥ós ✉t✐❧✐③❛♠♦s t♦❞♦ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞✐s❝✉t✐❞♦ ♥❛ s❡çã♦ ✸✳✹✳✷ ❡ A0 = 48 ♥♠✱

q✉❡ é ♦ ✈❛❧♦r ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ♣❛r❛ ♦ ❉◆❆ ♣✉r♦✳ ❖ r❡s✉❧t❛❞♦ ❞❡ss❡

♣r♦❝❡❞✐♠❡♥t♦ ❡stá ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✶✵✳

P♦r ❝♦♥✈❡♥✐ê♥❝✐❛✱ ♦ ❛❥✉st❡ ❢♦✐ r❡❛❧✐③❛❞♦ ♥♦ ❣rá✜❝♦ ❞♦ ✐♥✈❡rs♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

♣❡rs✐stê♥❝✐❛✱ 1/A✱ ❡♠ ❢✉♥çã♦ ❞❛ r❛③ã♦ ❞❡ ❝♦♥❝❡♥tr❛çõ❡s✱ CT/Cbp✱ ♣♦✐s ❛ ❡q✉❛çã♦ ✭✸✳✶✹✮
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✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❋✐❣✉r❛ ✸✳✾✿ ▼♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❝♦♠ ✉♠❛ ❜♦❧❤❛ ❞❡ ❞❡s♥❛t✉r❛çã♦✱ ❞❡✈✐❞♦ à ❛♣❧✐❝❛çã♦ ❞❛ ❢♦rç❛
♣❡❧❛ ♣✐♥ç❛ ó♣t✐❝❛✳

❛♣r❡s❡♥t❛ ✉♠❛ r❡❧❛çã♦ ❝♦♠ ♦s ✐♥✈❡rs♦s ❞♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❡rs✐stê♥❝✐❛✳ ➱ ✐♠♣♦rt❛♥t❡

♠❡♥❝✐♦♥❛r q✉❡ ♦ ♠♦❞❡❧♦ t❡ór✐❝♦ s❡ ❛❥✉st❛ ❞❡ ♠❛♥❡✐r❛ ❜❛st❛♥t❡ s❛t✐s❢❛tór✐❛ ❛♦s ❞❛❞♦s

❡①♣❡r✐♠❡♥t❛✐s✳ ❉❡ss❡ ❛❥✉st❡✱ ♥ós ♦❜t✐✈❡♠♦s ♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s✿ A1 = 15, 2± 0, 6 ♥♠✱

A2 = 65± 25 ♥♠✱ Ki = (1, 5± 0, 4)× 106 ▼−1✱ n = 1, 1± 0, 2 ❡ rmax = 0, 11± 0, 01✳

❈♦♠♦ ♠❡♥❝✐♦♥❛❞♦ ♥❛ s❡çã♦ ✸✳✹✳✷✱ A1 ❡ A2 sã♦ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❡rs✐stê♥❝✐❛s

❧♦❝❛✐s✱ ❛ss♦❝✐❛❞♦s ❝♦♠ ❛ ❧✐❣❛çã♦ ❞❡ ✉♠❛ ❡ ❞✉❛s ♠♦❧é❝✉❧❛s ❞❡ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ❡♠ sít✐♦s

✈✐③✐♥❤♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ P♦rt❛♥t♦✱ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ A1 < A0✱ ✐♥❞✐❝❛ q✉❡ ❛ ❧✐❣❛çã♦

❞❡ ✉♠❛ ♠♦❧é❝✉❧❛ ❞❡ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ❞✐♠✐♥✉✐ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❡❢❡t✐✈♦ ❞♦s

❝♦♠♣❧❡①♦s ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉✱ ❡♥q✉❛♥t♦ ♦ r❡s✉❧t❛❞♦ A2 > A1 ✐♥❞✐❝❛ q✉❡ ❛ ✐♥t❡r❛çã♦

❞❡ ❞✉❛s ♠♦❧é❝✉❧❛s ❞❡ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ❡♠ sít✐♦s ✈✐③✐♥❤♦s ❛✉♠❡♥t❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

♣❡rs✐stê♥❝✐❛ ❡❢❡t✐✈♦ ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉✳ ❆ ❜❛rr❛ ❞❡ ❡rr♦ r❡❧❛t✐✈❛♠❡♥t❡

❣r❛♥❞❡✱ ❛♣r❡s❡♥t❛❞❛ ♣❛r❛ A2✱ é ❡①♣❧✐❝❛❞❛ ♣❡❧♦ ❢❛t♦ ❞♦ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s

❛❥✉stá✈❡✐s ♥♦ ♠♦❞❡❧♦ t❡ór✐❝♦✳ ◗✉❛♥❞♦ ❡ss❛ ♠❡s♠❛ ♠❡t♦❞♦❧♦❣✐❛ é ❛♣❧✐❝❛❞❛ ❛ ✉♠ s✐st❡♠❛

❉◆❆✲❧✐❣❛♥t❡ ♣❛rt✐❝✉❧❛r✱ é ♣♦ssí✈❡❧ ♦❜t❡r ❜❛rr❛s ❞❡ ❡rr♦s ♠❡♥♦r❡s✱ q✉❛♥❞♦ ❛❧❣✉♥s ❞♦s

♣❛râ♠❡tr♦s ❛❥✉stá✈❡✐s sã♦ ♣r❡✈✐❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦s ♣♦r ♦✉tr❛s té❝♥✐❝❛s ❡①♣❡r✐♠❡♥t❛✐s

❡✱ ❞❡ss❛ ♠❛♥❡✐r❛✱ r❡❞✉③✐♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ♣❛râ♠❡tr♦s ❛❥✉stá✈❡✐s✳

❖ ❢❛t♦ ❞❡ n ∼ 1✱ ✐♥❞✐❝❛ q✉❡ ❛ ✐♥t❡r❛çã♦ ♥ã♦ é ❝♦♦♣❡r❛t✐✈❛✱ ♦ q✉❡ ❡stá ❞❡ ❛❝♦r❞♦

❝♦♠ ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ♦❜t✐❞♦s ❝♦♠ ♦✉tr❛s té❝♥✐❝❛s ❬✻✾✱✼✵❪✳ ❆❧é♠ ❞✐ss♦✱ ♣♦❞❡✲

♠♦s ✉t✐❧✐③❛r ♦ ✈❛❧♦r ❞❛ ❢r❛çã♦ ♠á①✐♠❛ ❞❡ sít✐♦s ❧✐❣❛❞♦s✱ rmax✱ ♣❛r❛ ❡st✐♠❛r ♦ ♥ú♠❡r♦ ❞❡

♣❛r❡s ❞❡ ❜❛s❡ q✉❡ sã♦ ❡①❝❧✉í❞♦s ♣♦r ✉♠❛ ♠♦❧é❝✉❧❛ ❞❡ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ♥♦ λ✲❉◆❆✱ q✉❡
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✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❋✐❣✉r❛ ✸✳✶✵✿ ❈ír❝✉❧♦s✿ ✐♥✈❡rs♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ 1/A✱ ❡♠ ❢✉♥çã♦ ❞❛ r❛③ã♦ ❞❡
❝♦♥❝❡♥tr❛çõ❡s✱ CT /Cbp✱ ♦❜t✐❞♦ ❛ ♣❛rt✐r ❞♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ❞❛ ❋✐❣✉r❛ ✸✳✽✳ ▲✐♥❤❛✿ ❛❥✉st❡
❢❡✐t♦ ✉s❛♥❞♦ ♦ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡ ❞♦✐s sít✐♦s✱ ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ✭✸✳✶✹✮✳

é✱ N = 1/rmax = 9, 1 ± 0, 8✳ ◆❛ r❡❢❡rê♥❝✐❛ ❬✼✶❪✱ ♦s ❛✉t♦r❡s ❡♥❝♦♥tr❛r❛♠ q✉❡ ♦ ♥ú♠❡r♦

❞❡ ♣❛r❡s ❞❡ ❜❛s❡ ❡①❝❧✉í❞♦s ♣♦r ✉♠❛ ♠♦❧é❝✉❧❛ ❞❡ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ é ✶✶✱ ✉s❛♥❞♦ ♦ ❉◆❆

❡①tr❛í❞♦ ❞♦ t✐♠♦ ❞❡ ❜❡③❡rr♦✳ ➱ ✐♠♣♦rt❛♥t❡ s❛❧✐❡♥t❛r✱ ❡♥tr❡t❛♥t♦✱ q✉❡ ❡ss❡ ♥ú♠❡r♦ ♥ã♦

s✐❣♥✐✜❝❛ q✉❡ ✾ sít✐♦s ❡stã♦ ❡❢❡t✐✈❛♠❡♥t❡ ♦❝✉♣❛❞♦s ♣♦r ✉♠❛ ♠♦❧é❝✉❧❛ ❞❡ ❆❝t✐♥♦♠✐❝✐♥❛ ❉✱

♣♦✐s ❞❡✈❡♠♦s ❧❡✈❛r ❡♠ ❝♦♥t❛ ♦ ❢❛t♦ ❞❛ ❧✐❣❛çã♦ ❣❡r❛r sít✐♦s ✈❛③✐♦s ❛♦ ❧♦♥❣♦ ❞❛ ♠♦❧é❝✉❧❛

❞❡ ❉◆❆✳ ❖ ♥ú♠❡r♦ ❞❡ sít✐♦s q✉❡ ✉♠❛ ♠♦❧é❝✉❧❛ ❞❡ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ❡❢❡t✐✈❛♠❡♥t❡ ♦❝✉♣❛

é ∼ 4 ❬✻✾❪✳

❋✐♥❛❧♠❡♥t❡✱ ♦ ✈❛❧♦r ♦❜t✐❞♦ ♣❛r❛ ❛ ❝♦♥st❛♥t❡ ❞❡ ✐♥t❡r❛çã♦ ✭♥♦ ❡q✉✐❧í❜r✐♦✮✱ Ki✱

❡stá ❡♠ ❡①❝❡❧❡♥t❡ ❛❝♦r❞♦ ❝♦♠ ♦s ✈❛❧♦r❡s r❡♣♦rt❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ✉t✐❧✐③❛♥❞♦ ♦✉tr❛s

❛❜♦r❞❛❣❡♥s ❡ té❝♥✐❝❛s ❡①♣❡r✐♠❡♥t❛✐s✱ ❡♠❜♦r❛ t❡♥❤❛♠ s✐❞♦ ✉t✐❧✐③❛❞♦s ❞✐❢❡r❡♥t❡s t✐♣♦s

❞❡ ❉◆❆ ❬✻✾✱✼✷✱✼✸❪✳ ❆ ♠❛✐♦r✐❛ ❞❛s ❞r♦❣❛s ❛♥t✐❝â♥❝❡r ♣♦ss✉❡♠ ❝♦♥st❛♥t❡s ❞❡ ❡q✉✐❧í❜r✐♦

❞❛ ♦r❞❡♠ ❞❡ 104 ❛ 107 ▼−1 q✉❛♥❞♦ ✐♥t❡r❛❣❡♠ ❝♦♠ ♦ ❉◆❆✳ ❈♦♠♦ ❡①❡♠♣❧♦s✱ ♣♦❞❡♠♦s

✹✻



✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❝✐t❛r ♦ ❛♥t✐❜✐ót✐❝♦ ❛♥tr❛❝✐❝❧í♥✐❝♦ ❉❛✉♥♦♠✐❝✐♥❛ ✭7, 0 × 105 ▼−1)✱ q✉❡ é ✉s❛❞♦ ♣❛r❛ ♦

tr❛t❛♠❡♥t♦ ❞❡ ❧❡✉❝❡♠✐❛ ❡ ♦✉tr♦s t✐♣♦s ❞❡ ❝â♥❝❡r ❬✼✹❪❀ ♦ ✐♥t❡r❝❛❧❛♥t❡ Ps♦r❛❧❡♥ ✭9, 0×104

▼−1)✱ ✉t✐❧✐③❛❞♦ ♥♦ tr❛t❛♠❡♥t♦ ❞❡ ✈ár✐❛s ❞♦❡♥ç❛s ❞❡ ♣❡❧❡ ❬✻✼❪ ❡ ♦ ❝♦♠♣♦st♦ ❞❡ ♣❧❛✲

t✐♥❛✱ ❈✐s♣❧❛t✐♥❛ ✭1, 5 × 104 ▼−1)✱ ✉t✐❧✐③❛❞♦ ♥♦ tr❛t❛♠❡♥t♦ ❞❡ ✈ár✐♦s t✐♣♦s ❞❡ ❝â♥❝❡r✱

❞❡♥tr❡ ♦s q✉❛✐s ♣♦❞❡♠♦s ❝✐t❛r✿ ❝â♥❝❡r ❞❡ ❝❛❜❡ç❛✱ ♣❡s❝♦ç♦✱ ♣✉❧♠õ❡s ❡ s✐st❡♠❛ ❣❡♥✐t✉r✐✲

♥ár✐♦ ❬✼✺✱✼✻❪✳ ❊♥q✉❛♥t♦ ❛ ❝♦♥st❛♥t❡ ❞❡ ❧✐❣❛çã♦ ♥♦ ❡q✉✐❧í❜r✐♦✱ Ki✱ ✐♥❞✐❝❛ q✉❛❧ ❝♦♠♣♦st♦

s❡ ❧✐❣❛ ♠❛✐s ❢♦rt❡♠❡♥t❡ ❛♦ ❉◆❆✱ ♦ ❡①♣♦❡♥t❡ ❞❡ ❍✐❧❧✱ n✱ ♣♦ss✉✐ ✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧

♥♦ ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ ♠❡❝❛♥✐s♠♦ ❞❡ ❛çã♦ ❞♦ ❝♦♠♣♦st♦✱ ✉♠❛ ✈❡③ q✉❡ ❡❧❡ ❡stá ❝♦rr❡❧❛✲

❝✐♦♥❛❞♦ ❝♦♠ ❛ ❝♦♦♣❡r❛t✐✈✐❞❛❞❡ ❞❛ ✐♥t❡r❛çã♦ ❡ ❝♦♠ ♦ t❛♠❛♥❤♦ ❞♦ ❛❣r❡❣❛❞♦ ❢♦r♠❛❞♦

❡♥tr❡ ♦ ❉◆❆ ❡ ♦ ❝♦♠♣♦st♦✳ ❖s ❞♦✐s ♣r✐♠❡✐r♦s ❡①❡♠♣❧♦s✱ ❉❛✉♥♦♠✐❝✐♥❛ ❡ Ps♦r❛❧❡♥✱ sã♦

❧✐❣❛♥t❡s q✉❡ ♥ã♦ ❛♣r❡s❡♥t❛♠ ❝♦♦♣❡r❛t✐✈✐❞❛❞❡✱ ❡♥q✉❛♥t♦ ❛ ❈✐s♣❧❛t✐♥❛ ♣♦ss✉✐ ✉♠❛ ❝♦♦✲

♣❡r❛t✐✈✐❞❛❞❡ ♣♦s✐t✐✈❛ ❬✼✺✱✼✼❪✳ ◆♦s tr❛t❛♠❡♥t♦s ❞❡ ❝â♥❝❡r✱ ❣❡r❛❧♠❡♥t❡✱ sã♦ ✉t✐❧✐③❛❞❛s

❞✉❛s ♦✉ ♠❛✐s ❞r♦❣❛s q✉❡ sã♦ ❝♦♠♣❧❡♠❡♥t❛r❡s✱ ❛ ✜♠ ❞❡ ♣♦t❡♥❝✐❛❧✐③❛r ♦s r❡s✉❧t❛❞♦s✳ P♦r✲

t❛♥t♦✱ ❡♥t❡♥❞❡r ❛s ❞✐❢❡r❡♥ç❛s ♥♦s ❛s♣❡❝t♦s ♠♦❧❡❝✉❧❛r❡s ❞❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❢ár♠❛❝♦s✱

♣♦❞❡ ♠❡❧❤♦r❛r ❛ ❡✜❝á❝✐❛ ❞❡ t❛✐s tr❛t❛♠❡♥t♦s✳ ◆♦ ❡♥t❛♥t♦✱ ♥ã♦ é ♦❜❥❡t✐✈♦ ❞❡ss❡ tr❛✲

❜❛❧❤♦ ❝❧❛ss✐✜❝❛r ❛ ❡✜❝✐ê♥❝✐❛ ❞❛ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ❢r❡♥t❡ ❛ ♦✉tr❛s ❞r♦❣❛s ✉t✐❧✐③❛❞❛s ❡♠

tr❛t❛♠❡♥t♦s q✉✐♠✐♦t❡rá♣✐❝♦s✱ ✉♠❛ ✈❡③ q✉❡ ❡ss❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡♣❡♥❞❡ ❢♦rt❡♠❡♥t❡ ❞❛

❡s♣❡❝✐✜❝✐❞❛❞❡ ❞❡ ❝❛❞❛ t✐♣♦ ❞❡ ❝â♥❝❡r q✉❡ s❡ ❞❡s❡❥❛ tr❛t❛r✳

❆ ❋✐❣✉r❛ ✸✳✶✶ ♠♦str❛ ♦ ❛✉♠❡♥t♦ r❡❧❛t✐✈♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ ∆L/L0✱

❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ t♦t❛❧ ❞❡ ❢ár♠❛❝♦✱ CT ✱ ♥♦r♠❛❧✐③❛❞❛ ♣❡❧❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡

♣❛r❡s ❞❡ ❜❛s❡ ❞❡ ❉◆❆ ♥❛ ❛♠♦str❛✱ Cbp✳

➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ❛✉♠❡♥t❛ ♠♦♥♦t♦♥✐❝❛✲

♠❡♥t❡ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ♥❛ ❛♠♦str❛✱ ❛ss❡♠❡❧❤❛♥❞♦✲s❡

❛♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ✐♥t❡r❝❛❧❛♥t❡s tí♣✐❝♦s ❬✻✼❪✳ P❛r❛ ❢❛③❡r ♦ ❛❥✉st❡ ❞♦s ❞❛❞♦s ❡①♣❡✲

r✐♠❡♥t❛✐s ❞❛ ❋✐❣✉r❛ ✸✳✶✶✱ ♥ós ❛ss✉♠✐♠♦s q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ❛✉♠❡♥t❛

q✉❛♥❞♦ ❞♦✐s sít✐♦s ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ sã♦ ♦❝✉♣❛❞♦s s✐♠✉❧t❛♥❡❛♠❡♥t❡✱ ❞❡ ♠♦❞♦ q✉❡✱

∆L

L0

= γP2 = γ

(
r

rmax

)2

, ✭✸✳✶✼✮

♦♥❞❡ γ é ♦ ✈❛❧♦r ❞❡ s❛t✉r❛çã♦ ❞❡ ∆L/L0 ❡ r/rmax = x é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✶✻✮✳

❊ss❛ s✉♣♦s✐çã♦✱ q✉❛♥t♦ ❛♦ ❛✉♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ é ❜❛st❛♥t❡ r❛③♦á✈❡❧✱

✹✼



✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❋✐❣✉r❛ ✸✳✶✶✿ ❈ír❝✉❧♦s✿ ❛✉♠❡♥t♦ r❡❧❛t✐✈♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ ∆L/L0✱ ❡♠ ❢✉♥çã♦
❞❛ r❛③ã♦ ❞❡ ❝♦♥❝❡♥tr❛çõ❡s✱ CT /Cbp✳ ▲✐♥❤❛✿ ❛❥✉st❡ ❢❡✐t♦ ✉s❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✼✮✳

✉♠❛ ✈❡③ q✉❡ q✉❛♥❞♦ ❞✉❛s ♠♦❧é❝✉❧❛s ❞❡ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ♦❝✉♣❛♠ ❞♦✐s sít✐♦s ✈✐③✐♥❤♦s

♥♦ ❉◆❆✱ ❤á t❛♠❜é♠ ✉♠ ❛✉♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ ❞♦ ✈❛❧♦r ✐♥✐❝✐❛❧ A0

♣❛r❛ ♦ ✈❛❧♦r A2✱ ❡❢❡✐t♦ q✉❡ t❛♠❜é♠ é ✈❡r✐✜❝❛❞♦ ♣❛r❛ ✐♥t❡r❝❛❧❛♥t❡s tí♣✐❝♦s ❬✻✼❪✳

❆ ❧✐♥❤❛ só❧✐❞❛✱ ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✸✳✶✶✱ é ♦ r❡s✉❧t❛❞♦ ❞♦ ❛❥✉st❡ ❢❡✐t♦ ✉t✐❧✐③❛♥❞♦✲

s❡ ❛ ❡q✉❛çã♦ ✭✸✳✶✼✮ ❡ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞✐s❝✉t✐❞❛ ♥❛ s❡çã♦ ✸✳✹✳✷✳ ➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r

q✉❡ ❛ ❡q✉❛çã♦ ✭✸✳✶✼✮ s❡ ❛❥✉st❛ ❞❡ ♠❛♥❡✐r❛ ❜❛st❛♥t❡ s❛t✐s❢❛tór✐❛ ❛♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥✲

t❛✐s✳ ❉❡ss❡ ❛❥✉st❡✱ ♥ós ♦❜t✐✈❡♠♦s ♦s s❡❣✉✐♥t❡s ✈❛❧♦r❡s ♣❛r❛ ♦s ♣❛râ♠❡tr♦s ❛❥✉stá✈❡✐s✿

rmax = 0, 10±0, 01✱ n = 1, 0±0, 2 ❡ Ki = (1, 6±0, 2)×106 ▼−1✳ ❊ss❡s r❡s✉❧t❛❞♦s ♦❜t✐✲

❞♦s ❝♦♥❝♦r❞❛♠ ❞❡ ♠❛♥❡✐r❛ ❜❛st❛♥t❡ s❛t✐s❢❛tór✐❛ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♣r❡✈✐❛♠❡♥t❡ ♦❜t✐❞♦s

♥♦ ❛❥✉st❡ ❞♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ♣❛r❛ ♦ ✐♥✈❡rs♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ 1/A✳

❆❧é♠ ❞✐ss♦✱ ♥ós ♦❜t✐✈❡♠♦s q✉❡ γ = 0, 31 ± 0, 02✱ ✐♥❞✐❝❛♥❞♦ q✉❡ ❛s ♠♦❧é❝✉❧❛s ❞❡ ❆❝t✐✲

♥♦♠✐❝✐♥❛ ❉ q✉❡ ✐♥t❡r❝❛❧❛♠ ♥♦ ❉◆❆ ❝❛✉s❛♠ ✉♠ ❛✉♠❡♥t♦ ❞❡ ∼ 30% ♥♦ ❝♦♠♣r✐♠❡♥t♦

✹✽



✸✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉

❞❡ ❝♦♥t♦r♥♦✱ L✱ q✉❛♥❞♦ ❛ s❛t✉r❛çã♦ é ❛t✐♥❣✐❞❛✳

➱ ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❢♦✐ ❢❡✐t❛ ✉♠❛ ♦✉tr❛ t❡♥t❛t✐✈❛ ❞❡ ❛❥✉st❡ ❛♦s ❞❛❞♦s

❡①♣❡r✐♠❡♥t❛✐s ❞❛ ❋✐❣✉r❛ ✸✳✶✶✱ ✉s❛♥❞♦ ❛ ❧✐❣❛çã♦ ❞❡ ❛♣❡♥❛s ✉♠❛ ♠♦❧é❝✉❧❛ ❞❡ ❆❝t✐♥♦♠✐✲

❝✐♥❛ ❉ ❡♠ ✉♠ sít✐♦ ❡s♣❡❝í✜❝♦✱ ❞❡ ♠❛♥❡✐r❛ q✉❡ ∆L/L0 s❡r✐❛ ♣r♦♣♦r❝✐♦♥❛❧ ❛ r/rmax✳ ◆♦

❡♥t❛♥t♦✱ ❡ss❡ ❛❥✉st❡ r❡t♦r♥♦✉ ✈❛❧♦r❡s ❞✉❛s ✈❡③❡s ♠❛✐♦r❡s ❞♦ q✉❡ ♦s ✈❛❧♦r❡s ♦❜t✐❞♦s ♣❛r❛

n ❡ Ki ❝♦♠ ♦ ❛❥✉st❡ ❞♦s ❞❛❞♦s ❞♦ ✐♥✈❡rs♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✳

✹✾



❈❛♣ít✉❧♦ ✹

❆ ✐♥t❡r❛çã♦ ❉◆❆✲●❡❧❘❡❞

◆❡st❡ ❝❛♣ít✉❧♦ ❢❛r❡♠♦s ✉♠❛ ❜r❡✈❡ ❞❡s❝r✐çã♦ ❞♦ ●❡❧❘❡❞✱ ❞✐s❝✉t✐r❡♠♦s t♦❞❛ ❛

♠❡t♦❞♦❧♦❣✐❛ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❡ ♦

●❡❧❘❡❞ ❡ ❞✐s❝✉t✐r❡♠♦s t♦❞♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳

✹✳✶ ❖ ●❡❧❘❡❞

❖ ●❡❧❘❡❞ é ✉♠ ♠❛r❝❛❞♦r ❞❡ á❝✐❞♦s ♥✉❝❧é✐❝♦s q✉❡ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ❝♦♠ ♦ ♣r♦✲

♣ós✐t♦ ❞❡ s✉❜st✐t✉✐r ♦ ❇r♦♠❡t♦ ❞❡ ❊tí❞✐♦∗ ✭❊t❇r✮ ❡♠ ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡❧❡tr♦❢♦r❡s❡ ❡

❡♠ ♦✉tr❛s ❛t✐✈✐❞❛❞❛❞❡s ❡①♣❡r✐♠❡♥t❛✐s q✉❡ ❞❡♣❡♥❞❛♠ ❞❛ ♦❜t❡♥çã♦ ❞❡ ✢✉♦r❡s❝ê♥❝✐❛ ❞♦

❝♦♠♣❧❡①♦ q✉❛♥❞♦ ❧✐❣❛❞♦ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳ ◗✉❛♥❞♦ ✐♥t❡r❝❛❧❛❞♦ ❛♦ ❉◆❆ ♦ ●❡❧❘❡❞

❛♣r❡s❡♥t❛✱ s❡❣✉♥❞♦ ♦ s❡✉ ❢❛❜r✐❝❛♥t❡ ✭❇✐♦t✐✉♠✱ ❍❛②✇❛r❞✱ ❈❆✱ ❯❙❆✮✱ ♦ ♠❡s♠♦ ❡s♣❡❝tr♦

❞❡ ❛❜s♦rçã♦ ❡ ❞❡ ❡♠✐ssã♦ q✉❡ ♦ ❊t❇r✱ ❝♦♠ ❛ ✈❛♥t❛❣❡♠ ❞❡ s❡r ❜❡♠ ♠❡♥♦s tó①✐❝♦ ❡ ♠✉t❛✲

❣ê♥✐❝♦✳ ❊ss❛s ❞✉❛s ú❧t✐♠❛s ❝❛r❛❝t❡ríst✐❝❛s sã♦ ❞❡✈✐❞❛s✱ s❡❣✉♥❞♦ ♦ s❡✉ ❢❛❜r✐❝❛♥t❡✱ ❛♦ ❢❛t♦

❞❡ q✉❡ ❛ ❡str✉t✉r❛ q✉í♠✐❝❛ ❞❛ ♠♦❧é❝✉❧❛ t❡r s✐❞♦ ❝♦♥❝❡❜✐❞❛ ❞❡ ♠❛♥❡✐r❛ ❛ ♥ã♦ ♣❡r♠✐t✐r

q✉❡ ❡❧❛ ♣❡♥❡tr❡ ♥❛ ♠❡♠❜r❛♥❛ ❝❡❧✉❧❛r ❬✼✽❪✳ ❆ ❡str✉t✉r❛ q✉í♠✐❝❛ ❞♦ ●❡❧❘❡❞ é ♣❛t❡♥t❡❛❞❛

❡✱ ❛té ♦ ♣r❡s❡♥t❡ ♠♦♠❡♥t♦✱ ♥ã♦ ❢♦✐ ❛♣r❡s❡♥t❛❞❛ ♦✜❝✐❛❧♠❡♥t❡ ♣❡❧♦ s❡✉ ❢❛❜r✐❝❛♥t❡✳ ◆♦

❡♥t❛♥t♦✱ ❝♦♠♦ ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✹✳✶ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛ ✐♥❢♦r♠❛çã♦ ♥ã♦ ♦✜❝✐❛❧

♥❛ ✐♥t❡r♥❡t✱ ❛tr❛✈és ❞♦ s✐t❡ ❤tt♣✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴●❡❧❘❡❞✱ ♠♦str❛♥❞♦ ❛ ❡str✉✲

t✉r❛ q✉í♠✐❝❛ ❞♦ ❝♦♠♣♦st♦ ❡ s✉❣❡r✐♥❞♦ q✉❡ ♦ ●❡❧❘❡❞ ♣♦ss❛ s❡r✱ ♥❛ ✈❡r❞❛❞❡✱ ♦ r❡s✉❧t❛❞♦

∗❖ ❇r♦♠❡t♦ ❞❡ ❊tí❞✐♦ ✭❊t❇r✮ é ✉♠ ❝♦♠♣♦st♦ ♠♦♥♦✐♥t❡r❝❛❧❛♥t❡✱ ❛❧t❛♠❡♥t❡ ♠✉t❛❣ê♥✐❝♦✱ ✉t✐❧✐③❛❞♦
❝♦♠♦ ♠❛r❝❛❞♦r ❞❡ á❝✐❞♦s ♥✉❝❧é✐❝♦s ❡♠ ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡❧❡tr♦❢♦r❡s❡✳

✺✵



✹✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲●❡❧❘❡❞

❞❛ ✉♥✐ã♦ ❡♥tr❡ ❞✉❛s ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r✱ ❛❧é♠ ❞❡ s❡r ✉♠ ❜✐s✲✐♥t❡r❝❛❧❛♥t❡✳

❋✐❣✉r❛ ✹✳✶✿ ❊str✉t✉r❛ ♥ã♦ ♦✜❝✐❛❧ ❞♦ ●❡❧❘❡❞✱ ♠♦str❛♥❞♦ q✉❡ ♦ ❝♦♠♣♦st♦ é ♦ r❡s✉❧✲
t❛❞♦ ❞❛ ✉♥✐ã♦ ❡♥tr❡ ❞✉❛s ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r✳ ❆ ❡str✉t✉r❛ ♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞❛ ♥♦ s✐t❡
❤tt♣✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴●❡❧❘❡❞✳

❊♠❜♦r❛ ♦ s❡✉ ❢❛❜r✐❝❛♥t❡ ❞❡❝❧❛r❡ q✉❡ ♦ ●❡❧❘❡❞ ✐♥t❡r❛❥❛ ❝♦♠ ♦ ❉◆❆ ❛tr❛✈és ❞❡

✉♠❛ ❝♦♠❜✐♥❛çã♦ ❞❡ ✐♥t❡r❝❛❧❛çã♦ ❡ ✐♥t❡r❛çã♦ ❡❧❡tr♦stát✐❝❛✱ ♠❛✐♦r❡s ❞❡t❛❧❤❡s ❞❡ss❛ ✐♥✲

t❡r❛çã♦ ♥ã♦ ❢♦r❛♠ r❡♣♦rt❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ❬✼✽❪✳ ❆ ♣r♦♣♦st❛ ❞❡ss❡ tr❛❜❛❧❤♦ ❢♦✐ ❛❧✐❛r

❞✉❛s té❝♥✐❝❛s ❡①♣❡r✐♠❡♥t❛✐s✱ ❛ ♣✐♥ç❛ ó♣t✐❝❛ ❡ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✱ ❛ ✜♠ ❞❡ ❢❛③❡r♠♦s

✉♠❛ ❝❛r❛❝t❡r✐③❛çã♦ r♦❜✉st❛ ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲●❡❧❘❡❞✱ ❛tr❛✈és ❞♦ ♠♦♥✐t♦r❛♠❡♥t♦ ❞❛s

♠✉❞❛♥ç❛s ♥❛s ♣r♦♣r✐❡❞❛❞❡s ♠❡❝â♥✐❝❛s ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❡❧❘❡❞✳ ❆tr❛✈és ❞❡ss❡ ♠♦✲

♥✐t♦r❛♠❡♥t♦✱ ❢♦✐ ♣♦ssí✈❡❧ ❡①tr❛✐r ♦s ♣❛râ♠❡tr♦s ❢ís✐❝♦✲q✉í♠✐❝♦s ❞❛ ✐♥t❡r❛çã♦ ❡ ❛ ♥❛t✉r❡③❛

❞♦ ♠❡❝❛♥✐s♠♦ ❞❡ ✐♥t❡r❛çã♦ ❞♦ ❝♦♠♣♦st♦✳

✺✶



✹✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲●❡❧❘❡❞

✹✳✷ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧

✹✳✷✳✶ P✐♥ç❛ ó♣t✐❝❛

❖ ♣r♦❝❡❞✐♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧ ✉t✐❧✐③❛❞♦ ♥❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲

●❡❧❘❡❞ é ♦ ♠❡s♠♦ ❛♣r❡s❡♥t❛❞♦ ❞❡t❛❧❤❛❞❛♠❡♥t❡ ♥❛ s❡çã♦ ✸✳✸ ❡ ♥ã♦ s❡rá ❞✐s❝✉t✐❞♦

♥♦✈❛♠❡♥t❡✳

✹✳✷✳✷ ❊s♣❛❧❤❛♠❡♥t♦ ❞❡ ▲✉③

P❛r❛ r❡❛❧✐③❛r ♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✱ ♥ós ✉t✐❧✐③❛♠♦s ♠♦❧é❝✉❧❛s

❞❡ ❉◆❆ ❝♦♠ ✸✵✵✵ ♣❛r❡s ❞❡ ❜❛s❡s✱ ❞✐❢❡r❡♥t❡♠❡♥t❡ ❞❛s ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆ ✉t✐❧✐③❛❞❛s ♥♦s

❡①♣❡r✐♠❡♥t♦s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛✱ q✉❡ ♣♦ss✉❡♠ ❞❛ ♦r❞❡♠ ❞❡ ✹✽✳✺✵✵ ♣❛r❡s ❞❡ ❜❛s❡s✳ ■ss♦

❢♦✐ ♥❡❝❡ssár✐♦✱ ♣♦✐s✱ ❛ s❡❣✉♥❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❝✐t❛❞❛✱ ♣♦ss✉✐ ✉♠ ❝♦♠♣r✐♠❡♥t♦ ❞❡

❝♦♥t♦r♥♦ ❣r❛♥❞❡✱ ♦ q✉❡ ✐♥✈✐❛❜✐❧✐③❛ ❛ s✉❛ ✉t✐❧✐③❛çã♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡

❧✉③✳ ❖ s♦❧✈❡♥t❡ ✉t✐❧✐③❛❞♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③ é ♦ ♠❡s♠♦ ✉t✐❧✐③❛❞♦

♥♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛ ❡✱ ❛❧é♠ ❞✐ss♦✱ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❉◆❆ ✉t✐❧✐③❛❞❛ ♥❛s

❞✉❛s té❝♥✐❝❛s ❢♦✐ ❛ ♠❡s♠❛✱ Cbp = 2, 4 µ▼✳ ◆❡ss❛ ❝♦♥❝❡♥tr❛çã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❜❛✐①❛✱ é

♣♦ssí✈❡❧ ❣❛r❛♥t✐r q✉❡ ❛s ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆ ♥ã♦ ❢♦r♠❡♠ ❛❣❧♦♠❡r❛❞♦s ❡ ✐♥t❡r❛❥❛♠ ✉♠❛s

❝♦♠ ❛s ♦✉tr❛s ❬✼✾❪✳

P❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✱ ♥ós ✉t✐❧✐③❛♠♦s ♦

❡q✉✐♣❛♠❡♥t♦ ❩❡t❛❙✐③❡r ◆❛♥♦✲❙ ✭▼❛❧✈❡r♥ ■♥str✉♠❡♥ts✮✱ ❝♦♠ ✉♠❛ ❝✉❜❡t❛ ❞❡ q✉❛rt③♦

❞❡ ❜❛✐①♦ ✈♦❧✉♠❡ ✭❩❊◆✷✶✶✷✱ ❍❡❧❧♠❛ ❆♥❛❧②t✐❝s✮✳ ❊♠ t♦❞♦s ♦s ❡①♣❡r✐♠❡♥t♦s ♦ â♥❣✉❧♦

❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ✉t✐❧✐③❛❞♦ ❢♦✐ ❞❡ ✶✼✸◦ ❡ ❛ ❞✐str✐❜✉✐çã♦ ❞♦ t❛♠❛♥❤♦ ❞❛s ♣❛rtí❝✉❧❛s ❢♦✐

❞❡t❡r♠✐♥❛❞❛ ✉t✐❧✐③❛♥❞♦✲s❡ ♦ ❛❧❣♦r✐t♠♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s ♥ã♦✲♥❡❣❛t✐✈♦s ✭❞♦ t❡r♠♦

✐♥❣❧ês ✏♥♦♥✲♥❡❣❛t✐✈❡ ❧❡❛st sq✉❛r❡s✑ ♦✉ ◆◆▲❙✮✳ ❆s ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆ ❢♦r❛♠ ❡q✉✐❧✐❜r❛❞❛s

❝♦♠ q✉❛tr♦ ❝♦♥❝❡♥tr❛çõ❡s ❡s♣❡❝í✜❝❛s ❞❡ ●❡❧❘❡❞✱ ❞✐r❡t❛♠❡♥t❡ ♥❛ ❝✉❜❡t❛ ✉t✐❧✐③❛❞❛ ♣❛r❛

♦ ❡①♣❡r✐♠❡♥t♦ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✳ P❛r❛ ❝❛❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ●❡❧❘❡❞ ❢♦r❛♠

r❡❛❧✐③❛❞❛s ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✶✵✵ ♠❡❞✐❞❛s ❞❡ ✶✺ s ❞❡ ❞✉r❛çã♦ ❝❛❞❛ ✉♠❛✱ ♣❛r❛ ♦ ❝á❧❝✉❧♦

❞♦s ✈❛❧♦r❡s ♠é❞✐♦s ❡ ❜❛rr❛s ❞❡ ❡rr♦✳ ❖ t❡♠♣♦ ❞❡ ❡s♣❡r❛ ♣❛r❛ q✉❡ ♦ ❡q✉✐❧✐❜rí♦ ❡♥tr❡ ♦

●❡❧❘❡❞ ❡ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❢♦ss❡ ❛t✐♥❣✐❞♦ ❢♦✐ ❞❡✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ✷✵ ♠✐♥✉t♦s ❡

t♦❞♦s ♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③ ❢♦r❛♠ r❡❛❧✐③❛❞♦s ❛ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❞❡
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✷✺◦❈✳

✹✳✸ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛ ✐♥t❡r❛çã♦ ❉◆❆✲

●❡❧❘❡❞

✹✳✸✳✶ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛

❆ ❋✐❣✉r❛ ✹✳✷ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡♠

❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦✱ CT ✱ ❞❡ ●❡❧❘❡❞ ❡ ❞❡ ❇r♦♠❡t♦ ❞❡ ❊tí❞✐♦✳ ❖❜s❡r✈❡ q✉❡✱ ✉t✐❧✐✲

③❛♥❞♦ ♦ ●❡❧❘❡❞✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❝r❡s❝❡ ❛ ♣❛rt✐r ❞♦ ✈❛❧♦r

✐♥✐❝✐❛❧ ♣❛r❛ ♦ ❉◆❆ ♣✉r♦ ✭∼ 46 ♥♠✮ ❛té ❛❧❝❛♥ç❛r ♦ s❡✉ ✈❛❧♦r ♠á①✐♠♦ ∼ 86 ♥♠ q✉❛♥❞♦

CT = 4, 0 µ▼✳ P❛r❛ ❝♦♥❝❡♥tr❛çõ❡s ♠❛✐♦r❡s✱ ❤á ✉♠❛ q✉❡❞❛ ❛❜r✉♣t❛ ❢❛③❡♥❞♦ ❝♦♠ q✉❡ ♦

❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❛ss✉♠❛ ✉♠ ✈❛❧♦r ∼ 43 ♥♠✳

❋✐❣✉r❛ ✹✳✷✿ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦✱ CT ✱ ❞❡ ●❡❧❘❡❞
✭❝ír❝✉❧♦s ✈❡r♠❡❧❤♦s✮ ❡ ❊t❇r ✭q✉❛❞r❛❞♦s ❛③✉✐s✮✳
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❖❜s❡r✈❡ q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❡ ♣❛râ♠❡tr♦ ♠❡❝â♥✐❝♦ ♣❛r❛ ❛s ❞✉❛s ❞r♦❣❛s é

❜❛st❛♥t❡ s✐♠✐❧❛r✱ ♠❡s♠♦ q✉❛♥t✐t❛t✐✈❛♠❡♥t❡✱ ♦ q✉❡ ❢♦r♥❡❝❡ ✉♠❛ ♣r✐♠❡✐r❛ ❡✈✐❞ê♥❝✐❛ q✉❡ ❛

❡str✉t✉r❛ q✉í♠✐❝❛ ❡ ♦ ♠♦❞♦ ❞❡ ❧✐❣❛çã♦ ❞♦s ❞♦✐s ❝♦♠♣♦st♦s sã♦✱ ❞❡ ❝❡rt❛ ❢♦r♠❛✱ s✐♠✐❧❛r❡s✳

❆ ❋✐❣✉r❛ ✹✳✸ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❡♠ ❢✉♥çã♦ ❞❛

❝♦♥❝❡♥tr❛çã♦✱ CT ✱ ❞❡ ●❡❧❘❡❞ ❡ ❞❡ ❇r♦♠❡t♦ ❞❡ ❊tí❞✐♦✳ ❖❜s❡r✈❡ q✉❡✱ ✉t✐❧✐③❛♥❞♦ ♦

●❡❧❘❡❞✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ❝r❡s❝❡ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ❛ ♣❛rt✐r ❞♦ ✈❛❧♦r ✐♥✐❝✐❛❧

♣❛r❛ ♦ ❉◆❆ ♣✉r♦ ✭∼ 16, 5 µ♠✮ ❛té ❛❧❝❛♥ç❛r ♦ s❡✉ ✈❛❧♦r ❞❡ s❛t✉r❛çã♦ ∼ 24, 0 µ♠✳

❖❜s❡r✈❡ q✉❡✱ ♥♦✈❛♠❡♥t❡✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❛♥t✐t❛t✐✈♦ é ❜❛st❛♥t❡ s✐♠✐❧❛r✱ ♠❛s ♥♦

❝❛s♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ❤á ✉♠❛ ♠❛✐♦r ❞✐❢❡r❡♥ç❛✿ ♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲

●❡❧❘❡❞✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ s❛t✉r❛ ❡♠ ✉♠❛ ❜❛✐①❛ ❝♦♥❝❡♥tr❛çã♦ ✭∼ 1 µ▼✮

q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦s ❛♦s r❡s✉❧t❛❞♦s ♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲❊t❇r✱ q✉❡ s❛t✉r❛♠ ❝♦♠

✉♠❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ∼ 10 µ▼✱ ❝♦♠ ✉♠ ✈❛❧♦r ♣❛r❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ∼
23 µ♠✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈❡r✐✜❝❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✽✵❪✳

❋✐❣✉r❛ ✹✳✸✿ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦✱ CT ✱ ❞❡ ●❡❧❘❡❞
✭❝ír❝✉❧♦s ✈❡r♠❡❧❤♦s✮ ❡ ❊t❇r ✭q✉❛❞r❛❞♦s ❛③✉✐s✮✳
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❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ ❛♠❜♦s ♦s ♣❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s✱ A ❡ L✱ s✉❣❡r❡♠ ❢♦rt❡✲

♠❡♥t❡ q✉❡ ♦ ♠❡❝❛♥✐s♠♦ ❞♦♠✐♥❛♥t❡ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦ ❉◆❆ ❡ ♦ ●❡❧❘❡❞ é ❛ ✐♥t❡r❝❛❧❛✲

çã♦✱ ✉♠❛ ✈❡③ q✉❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❛♣r❡s❡♥t❛❞♦ ♥❛s ❋✐❣✉r❛s ✹✳✷ ❡ ✹✳✸ é q✉❛❧✐t❛t✐✈❛♠❡♥t❡

s❡♠❡❧❤❛♥t❡ ❛♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♠♦♥♦✐♥t❡r❝❛❧❛♥t❡ ❊t❇r✳ ❉❡ ❢❛t♦✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦

❣❡r❛❧ ♣❛r❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ♠♦str❛❞♦ ♥❛ ❋✐❣✉r❛ ✹✳✷ ❥á ❢♦✐ ♣r❡✈✐❛✲

♠❡♥t❡ ✈❡r✐✜❝❛❞♦ ♣❡❧♦ ♥♦ss♦ ❣r✉♣♦ ❞❡ ♣❡sq✉✐s❛ ♣❛r❛ ♦✉tr♦s ✐♥t❡r❝❛❧❛♥t❡s✱ t❛✐s ❝♦♠♦✱

❉❛✉♥♦♠✐❝✐♥❛✱ Ps♦❧❛r❡♥✱ ❉✐❛♠✐♥♦❜❡♥③✐❞✐♥❛ ❡ ♠❡s♠♦ ♣❛r❛ ♦ ❊t❇r✱ ❡♠ ❝♦♥❞✐çõ❡s ❡①✲

♣❡r✐♠❡♥t❛✐s ❜❛st❛♥t❡ s✐♠✐❧❛r❡s✱ ✉s❛♥❞♦ ❛ ♣✐♥ç❛ ó♣t✐❝❛ ❡♠ ✉♠ r❡❣✐♠❡ ❞❡ ❢♦rç❛s ❜❛✐①❛s

✭≤ 2 ♣◆✮ ❬✻✼✱✻✽✱✽✵✱✽✶❪✳ ❖✉tr♦s tr❛❜❛❧❤♦s ❡♥❝♦♥tr❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛ r❡♣♦rt❛♠ ♦ ♠❡s♠♦

❝♦♠♣♦rt❛♠❡♥t♦ q✉❛❧✐t❛t✐✈♦ ♣❛r❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❞❡ ✐♥t❡r❝❛❧❛♥t❡s✱ ❞❡✲

♠♦♥str❛♥❞♦ q✉❡ s❡✉ ✈❛❧♦r ❛✉♠❡♥t❛ ♣❛r❛ ❜❛✐①❛s ❝♦♥❝❡♥tr❛çõ❡s ❡ ❞❡♣♦✐s s♦❢r❡ ✉♠❛ q✉❡❞❛

❛❜r✉♣t❛ ♣❛r❛ ❝♦♥❝❡♥tr❛çõ❡s ♠❛✐s ❛❧t❛s ❬✽✷✕✽✹❪✳ ❈♦♠♦ ❞✐s❝✉t✐❞♦ ♥♦ ❈❛♣ít✉❧♦ ✸✱ ❛ q✉❡❞❛

❛❜r✉♣t❛ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❛♣r❡s❡♥t❛❞❛ ♥❛ ❋✐❣✉r❛ ✹✳✷ ❡stá r❡❧❛❝✐♦♥❛❞❛

❛ ✉♠❛ ❞❡s♥❛t✉r❛çã♦ ♣❛r❝✐❛❧ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ❛tr❛✈és ❞❛ ❢♦r♠❛çã♦ ❞❡ ❜♦❧❤❛s ❞❡

❞❡s♥❛t✉r❛çã♦✱ ✐♥❞✉③✐❞❛ ♣❡❧❛ ❢♦rç❛ ❛♣❧✐❝❛❞❛ ♣❡❧❛ ♣✐♥ç❛ ó♣t✐❝❛✳ ◆♦ ❡♥t❛♥t♦✱ é ✐♠♣♦r✲

t❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ❛❧❣✉♥s tr❛❜❛❧❤♦s ❡♥❝♦♥tr❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛✱ ✉t✐❧✐③❛♥❞♦ ❡s♣❡❝tr♦s✲

❝♦♣✐❛ ❞❡ ❢♦rç❛ ✭♣✐♥ç❛ ó♣t✐❝❛ ❡ ♣✐♥ç❛ ♠❛❣♥ét✐❝❛✮✱ r❡♣♦rt❛♠ ♦ ❞❡❝❛✐♠❡♥t♦ ♠♦♥♦tô♥✐❝♦

❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s✱ ❡♠ ❢✉♥çã♦ ❞❛

❝♦♥❝❡♥tr❛çã♦ ❞❡ ✐♥t❡r❝❛❧❛♥t❡s ❬✺✼✱✽✺✱✽✻❪✳ ❉♦ ♥♦ss♦ ♣♦♥t♦ ❞❡ ✈✐st❛✱ t❛✐s r❡s✉❧t❛❞♦s sã♦

✈❡r✐✜❝❛❞♦s ♣♦r ❝♦♥t❛ ❞❛ ❢❛✐①❛ ❞❡ ❢♦rç❛s ✉t✐❧✐③❛❞❛s ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞♦s ❡①♣❡r✐♠❡♥✲

t♦s✱ ♣♦✐s✱ à ♠❡❞✐❞❛ q✉❡ ❛ ❢♦rç❛ ó♣t✐❝❛ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❡st✐❝❛r ♦ ❉◆❆ t♦r♥❛✲s❡ ❝❛❞❛ ✈❡③

♠❛✐s ✐♥t❡♥s❛✱ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❢♦r♠❛çã♦ ❞❡ ❜♦❧❤❛s ❞❡ ❞❡s♥❛t✉r❛çã♦ t♦r♥❛✲s❡ ❝❛❞❛ ✈❡③

♠❛✐♦r ❬✽✼❪✳ ❆❧é♠ ❞✐ss♦✱ ❞❡✈❡♠♦s s♦♠❛r ♦ ❢❛t♦ ❞❡ q✉❡ ❛ ❞✉♣❧❛ ❤é❧✐❝❡ ❥á ❡stá ❛❧t❛♠❡♥t❡

❞✐st♦r❝✐❞❛ ♣♦r ❝♦♥t❛ ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s✱ ♦ q✉❡ ❝♦♦♣❡r❛ ❛✐♥❞❛ ♠❛✐s ♣❛r❛

❛ ❢♦r♠❛çã♦ ❞❛s ❜♦❧❤❛s ❞❡ ❞❡s♥❛t✉r❛çã♦ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♣❛r❛ ❛ q✉❡❞❛ ❞♦ ✈❛❧♦r

❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ ♠❡s♠♦ ♣❛r❛ ❝♦♥❝❡♥tr❛çõ❡s ♠❛✐s ❜❛✐①❛s✳ ❖✉tr♦s ❢❛t♦r❡s

t❛♠❜é♠ ♣♦❞❡♠ ❛❢❡t❛r ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❝♦♥❝❡♥tr❛✲

çã♦ ❞❡ s❛❧ ♥♦ s♦❧✈❡♥t❡ ✭s♦❧✉çã♦ t❛♠♣ã♦✮✱ ♦ ♠♦❞❡❧♦ t❡ór✐❝♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛❥✉st❛r ♦s

❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s ✭♦ q✉❛❧ ❞❡✈❡ ✐♥❝❧✉✐r ♦ ♠ó❞✉❧♦ ❡❧ást✐❝♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ s❡ ♦

♠ó❞✉❧♦ ❞❛ ❢♦rç❛ ❛♣❧✐❝❛❞❛ é ≥ ✶✵ ♣◆✮ ❡ ❛ r❛③ã♦ ❡♥tr❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❧✐❣❛♥t❡s ♣♦r

✺✺
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❝♦♥❝❡♥tr❛çã♦ ❞❡ ♣❛r❡s ❞❡ ❜❛s❡s ❞♦ ❉◆❆ ❬✽✵❪✳

❋✐❣✉r❛ ✹✳✹✿ ❆✉♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ ❞❡✈✐❞♦ ❛ ✐♥t❡r❝❛❧❛çã♦ ❡♥tr❡ ♦s ♣❛r❡s
❞❡ ❜❛s❡ ❞♦ ❉◆❆✳ L0 r❡♣r❡s❡♥t❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ✐♥✐❝✐❛❧ ✭❛♥t❡s ❞❛ ✐♥t❡r❝❛❧❛çã♦✮ ❡
L r❡♣r❡s❡♥t❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ✜♥❛❧ ✭❛♣ós ❛ ✐♥t❡r❝❛❧❛çã♦✮✳ ∆ é ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡
❞♦✐s ♣❛r❡s ❞❡ ❜❛s❡s ❛❞❥❛❝❡♥t❡s ❡ ǫ r❡♣r❡s❡♥t❛ ♦ ❛✉♠❡♥t♦ ❞❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣❛r❡s ❞❡ ❜❛s❡s
❛❞❥❛❝❡♥t❡s✱ ❞❡✈✐❞♦ ❛ ✐♥t❡r❝❛❧❛çã♦ ❞♦ ❝♦♠♣♦st♦✳

➱ ❜❡♠ ❡st❛❜❡❧❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ q✉❡ ✐♥t❡r❝❛❧❛♥t❡s s❡♠♣r❡ ❛✉♠❡♥t❛♠ ♦ ❝♦♠✲

♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❞♦ ❉◆❆✱ ❛tr❛✈és ❞♦ ❛✉♠❡♥t♦ ❞❛ ❞✐stâ♥❝✐❛ ❛①✐❛❧ ❡♥tr❡ ❞♦✐s

♣❛r❡s ❞❡ ❜❛s❡ ❛❞❥❛❝❡♥t❡s ❬✺✺✱✺✼✱✼✹❪✳ ❆ ❋✐❣✉r❛ ✹✳✹ ✐❧✉str❛ ♦ ❛✉♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

❝♦♥t♦r♥♦✱ L✱ ❛♣ós ❛ ✐♥t❡r❝❛❧❛çã♦ ❞❡ ❛❧❣✉♠❛s ♠♦❧é❝✉❧❛s ❞♦ ❧✐❣❛♥t❡ ❡♥tr❡ ♦s ♣❛r❡s ❞❡ ❜❛s❡

❞♦ ❉◆❆✳ ❖✉tr♦s t✐♣♦s ❝♦♠✉♥s ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❡ ❧✐❣❛♥t❡s✱ t❛✐s

❝♦♠♦✿ ✐♥t❡r❛çõ❡s ❞❡ ❢❡♥❞❛✱ ✐♥t❡r❛çã♦ ❡❧❡tr♦stát✐❝❛ ♦✉ ❧✐❣❛çã♦ ❝♦✈❛❧❡♥t❡✱ ♥ã♦ ❛✉♠❡♥t❛♠

♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✳ P❡❧♦ ❝♦♥trár✐♦✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s✱ ❝♦♠♦ ♦❜s❡r✈❛❞♦ ♣❡❧♦

♥♦ss♦ ❣r✉♣♦ ❞❡ ♣❡sq✉✐s❛✱ ❡ss❡s t✐♣♦s ❞❡ ✐♥t❡r❛çõ❡s ♣♦❞❡♠ ❝❛✉s❛r ✉♠❛ ❝♦♠♣❛❝t❛çã♦ ❞❛

♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❝♦♠ ✉♠ ❞❡❝rés❝✐♠♦ ♥♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡∗ ♠❡❞✐✲

❞♦s ❝♦♠ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ ❢♦rç❛ ♥♦ r❡❣✐♠❡ ❡♥tró♣✐❝♦ ✭❜❛✐①❛s ❢♦rç❛s✮ ❬✼✺✱✽✽❪✳ P♦rt❛♥t♦✱

♣❛r❛ ❛s ❝♦♥❝❡♥tr❛çõ❡s CT ≤ 1 µ▼ ✭❢❛✐①❛ ❞❡ ❝♦♥❝❡♥tr❛çã♦ ♥❛ q✉❛❧ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

∗◗✉❛♥❞♦ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ s♦❢r❡ ❛ ❢♦r♠❛çã♦ ❞❡ ❧♦♦♣s✱ ♥ã♦ ♣♦❞❡♠♦s ♠❛✐s ♥♦s r❡❢❡r✐r ❛♦ ❝♦♠♣r✐✲
♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ ♣♦✐s ❡ss❛ ❣r❛♥❞❡③❛ é ❛ ❞✐stâ♥❝✐❛ ♣♦♥t❛ à ♣♦♥t❛ ❞♦ ♣♦❧í♠❡r♦ q✉❛♥❞♦ ❡st❡ s❡ ❡♥❝♦♥tr❛
t♦t❛❧♠❡♥t❡ ❡st✐❝❛❞♦✳ ◆❡ss❡ ❝❛s♦✱ ❝❤❛♠❛♠♦s ❡ss❛ ❣r❛❞❡③❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡✳
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❝♦♥t♦r♥♦✱ L✱ s♦❢r❡ ✉♠ ❣r❛♥❞❡ ❛✉♠❡♥t♦✮ ❛ ✐♥t❡r❝❛❧❛çã♦ é ♦ t✐♣♦ ❞❡ ✐♥t❡r❛çã♦ ❞♦♠✐♥❛♥t❡

♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❡❧❘❡❞✳

❈♦♠♦ ♠♦str❛ ❛ ❋✐❣✉r❛ ✹✳✹✱ ❛♥t❡s ❞❛ ✐♥t❡r❝❛❧❛çã♦✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦

✐♥✐❝✐❛❧✱ L0✱ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❝♦♠♦

L0 = Nbp∆ , ✭✹✳✶✮

♦♥❞❡ Nbp é ♦ ♥ú♠❡r♦ ❞❡ ♣❛r❡s ❞❡ ❜❛s❡ ❡ ∆ é ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣❛r❡s ❞❡ ❜❛s❡

❛❞❥❛❝❡♥t❡s✳ ❆♣ós ❛ ✐♥t❡r❝❛❧❛çã♦✱ ❤á ✉♠ ❛✉♠❡♥t♦ ♥❛ ❞✐stâ♥❝✐❛ ❛①✐❛❧ ❡♥tr❡ ❞♦✐s ♣❛r❡s

❞❡ ❜❛s❡ ❛❞❥❛❝❡♥t❡s✱ ♦❝❛s✐♦♥❛♥❞♦ ✉♠ ❛✉♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✳ ❖ ♥♦✈♦

❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

L = L0 +Nbǫ , ✭✹✳✷✮

♦♥❞❡ Nb é ♦ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❞♦ ❝♦♠♣♦st♦ q✉❡ ✐♥t❡r❝❛❧❛r❛♠ ❡ ǫ é ♦ ❛✉♠❡♥t♦ ❞❛

❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣❛r❡s ❞❡ ❜❛s❡s ❛❞❥❛❝❡♥t❡s✱ ❞❡✈✐❞♦ ❛ ✐♥t❡r❝❛❧❛çã♦ ❞♦ ❝♦♠♣♦st♦✳

P❛r❛ ♦ λ✲❉◆❆ ♣✉r♦✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ é ∼ 16, 5 µ♠ ❡ Nbp ∼ 48.500✱

❡♥tã♦✱ ✉t✐❧✐③❛♥❞♦ ❛ ❡q✉❛çã♦ ✭✹✳✶✮✱ t❡♠♦s q✉❡ ∆ ∼ 0, 34 ♥♠✳

❆s ♣r♦♣r✐❡❞❛❞❡s ❢ís✐❝♦✲q✉í♠✐❝❛s ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲●❡❧❘❡❞ ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❛

♣❛rt✐r ❞♦s ❞❛❞♦s ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ♥❛ ❋✐❣✉r❛ ✹✳✸✳ Pr✐♠❡✐r❛♠❡♥t❡✱ ✉t✐❧✐③❛♥❞♦

❡ss❡s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✱ ♥ós ❞❡t❡r♠✐♥❛♠♦s ♦ ❛✉♠❡♥t♦ r❡❧❛t✐✈♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

❝♦♥t♦r♥♦✱ Θ✱ ♣❛r❛ ❝❛❞❛ ❝♦♥❝❡♥tr❛çã♦✱ CT ✱ ❞❡ ●❡❧❘❡❞✳ ❖ ❛✉♠❡♥t♦ r❡❧❛t✐✈♦ ❞♦ ❝♦♠♣r✐✲

♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ é ❞❛❞♦ ♣♦r

Θ =
L− L0

L0

, ✭✹✳✸✮

♦♥❞❡ L0 é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ❞♦ ❉◆❆ ♣✉r♦ ✭q✉❛♥❞♦ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ●❡❧❘❡❞

♥❛ s♦❧✉çã♦ é ③❡r♦✮✳ P❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ ❧✐❣❛♥t❡✱ CT ✱ t❡♠♦s ✉♠ ✈❛❧♦r

♣❛r❛ Θ✳ ❈♦♠ ✐ss♦✱ ♣♦❞❡♠♦s ♦❜t❡r ✉♠ ❣rá✜❝♦ q✉❡ r❡❧❛❝✐♦♥❛ ♦ ❛✉♠❡♥t♦ r❡❧❛t✐✈♦ ❞♦

❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ Θ✱ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ●❡❧❘❡❞✱ CT ✳ ❊ss❡s ❞❛❞♦s

❡stã♦ ♠♦str❛❞♦s ♥❛ ❋✐❣✉r❛ ✹✳✺✳

❙✉❜st✐t✉✐♥❞♦ ❛s ❡q✉❛çõ❡s ✭✹✳✶✮ ❡ ✭✹✳✷✮ ♥❛ ❡q✉❛çã♦ ✭✹✳✸✮✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡

✺✼
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❋✐❣✉r❛ ✹✳✺✿ ❆✉♠❡♥t♦ r❡❧❛t✐✈♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ Θ✱ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦
❞❡ ●❡❧❘❡❞✱ CT ✳ ❆ ❧✐♥❤❛ ✈❡r♠❡❧❤❛ r❡♣r❡s❡♥t❛ ♦ ❛❥✉st❡ ❢❡✐t♦ ✉t✐❧✐③❛♥❞♦✲s❡ ❛ ❡q✉❛çã♦ ✹✳✻✳

❡q✉❛çã♦

Θ =
L− L0

L0

= ✚✚L0 +Nbǫ−✚✚L0

Nbp∆
=

Nbǫ

Nbp∆
, ✭✹✳✹✮

♦♥❞❡ ❛ r❛③ã♦ Nb✴Nbp é ❞❡✜♥✐❞❛ ♣❡❧❛ ❡q✉❛çã♦ ✭✸✳✾✮ ❡ γ = ǫ✴∆✳ P❛r❛ ✐♥t❡r❝❛❧❛♥t❡s

tí♣✐❝♦s✱ ǫ ∼ 0, 34 ♥♠ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ γ ∼ 1 ❬✺✺✱✺✼❪✳

❆ ❢r❛çã♦ ❞❡ ❝♦♠♣♦st♦ ✏❧✐❣❛❞♦✑ r ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ❛ ✈❛r✐á✈❡❧ ♠❡❝â♥✐❝❛ Θ✱

♣♦❞❡♠ s❡r r❡❧❛❝✐♦♥❛❞❛s às ♣r♦♣r✐❡❞❛❞❡s ❢ís✐❝♦✲q✉í♠✐❝❛s ❞♦ s✐st❡♠❛ ❛tr❛✈és ❞❛ ✐s♦t❡r♠❛

❞❡ ✏❧✐❣❛çã♦✑✳ ❆ ❡q✉❛çã♦ ❞❡ ▼❝●❤❡❡ ❡ ✈♦♥ ❍✐♣♣❡❧ ❞❡s❝r❡✈❡ ❞❡ ♠❛♥❡✐r❛ s❛t✐s❢❛tór✐❛ ❛

✐♥t❡r❛çã♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❝♦♠ ❝♦♠♣♦st♦s ✐♥t❡r❝❛❧❛♥t❡s✱ ♣♦✐s ❡ss❡ ♠♦❞❡❧♦ ❧❡✈❛ ❡♠

❝♦♥t❛ ♦ ❡❢❡✐t♦ ❞❡ ❡①❝❧✉sã♦ ❞❡ ✈✐③✐♥❤♦s✱ q✉❡ é ✉♠ ❡❢❡✐t♦ ❝♦♠✉♠❡♥t❡ ❛ss♦❝✐❛❞♦ ❛ ❡ss❡ t✐♣♦

❞❡ ✐♥t❡r❛çã♦ ❬✽✾❪✳ ❆ ✐s♦t❡r♠❛ ❞❡ ▼❝●❤❡❡ ❡ ✈♦♥ ❍✐♣♣❡❧ é ❞❛❞❛ ♣❡❧❛ ❡q✉❛çã♦

r

Cf

= Ki(1− nr)

[
1− nr

1− (n− 1)r

]n−1

, ✭✹✳✺✮

✺✽
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♦♥❞❡ r é ❛ r❛③ã♦ ❡♥tr❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❝♦♠♣♦st♦ ❧✐❣❛❞♦✱ Cb✱ ♣❡❧❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡

♣❛r❡s ❞❡ ❜❛s❡ ❞♦ ❉◆❆✱ Cbp❀ Cf ✭❞♦ t❡r♠♦ ✐♥❣❧ês ✏❢r❡❡✑✮ é ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❝♦♠♣♦st♦

❧✐✈r❡ ❡♠ s♦❧✉çã♦✱ Ki é ❛ ❝♦♥st❛♥t❡ ❞❛ ✐♥t❡r❛çã♦ ✭♥♦ ❡q✉✐❧í❜r✐♦✮ ❡ n é ♦ ♥ú♠❡r♦ ❞❡ ❡①✲

❝❧✉sã♦ ✭♥ú♠❡r♦ ❞❡ sít✐♦s ❧✐✈r❡s ♥❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ q✉❡ ✉♠❛ ♠♦❧é❝✉❧❛ ❞♦ ✐♥t❡r❝❛❧❛♥t❡

❡❢❡t✐✈❛♠❡♥t❡ ♦❝✉♣❛✮✳ ❆ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❝♦♠♣♦st♦ ❧✐✈r❡ ❡♠ s♦❧✉çã♦✱ Cf ✱ ❡ ❛ ❝♦♥❝❡♥✲

tr❛çã♦ ❞❡ ❝♦♠♣♦st♦ ❧✐❣❛❞♦✱ Cb✱ s❡ r❡❧❛❝✐♦♥❛♠ ❝♦♠ ❛ ❝♦♥❝❡♥tr❛çã♦ t♦t❛❧ ❞❡ ❧✐❣❛♥t❡✱ CT ✱

❛tr❛✈és ❞❛ ❡q✉❛çã♦ ✭✸✳✶✷✮✳

❙✉❜st✐t✉✐♥❞♦ ❛ ❡q✉❛çã♦ ✭✸✳✶✷✮ ♥❛ ❡q✉❛çã♦ ✭✹✳✺✮ ❡ ✉s❛♥❞♦ ❛ r❡❧❛çã♦ r = Θ✴γ✱ é

♣♦ssí✈❡❧ ❡s❝r❡✈❡r ❛ s❡❣✉✐♥t❡ ❡q✉❛çã♦

CT =
Cbp

γ
Θ+

Θ(γ − nΘ+Θ)n−1

Ki(γ − nΘ)n
· ✭✹✳✻✮

❆ ❡q✉❛çã♦ ✭✹✳✻✮ ❢♦✐✱ ❡♥tã♦✱ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛❥✉st❛r ✭❧✐♥❤❛ ✈❡r♠❡❧❤❛✮ ♦s ❞❛❞♦s ❡①♣❡r✐✲

♠❡♥t❛✐s ♥❛ ❋✐❣✉r❛ ✹✳✺✳ ❖ ❛❥✉st❡ ❢♦✐ ❢❡✐t♦ ✉t✐❧✐③❛♥❞♦✲s❡ ♦ ♣r♦❣r❛♠❛▼❆❚▲❆❇ ❘©✱ ❛tr❛✈és

❞❛ ❢✉♥çã♦ ❞♦s ♠í♥✐♠♦s q✉❛❞r❛❞♦s✳ ➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ♦ ♠♦❞❡❧♦ s❡ ❛❥✉st❛ ❞❡

♠❛♥❡✐r❛ ❜❛st❛♥t❡ s❛t✐s❢❛tór✐❛ ❛♦s ❞❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✳ ❉❡ss❡ ❛❥✉st❡ ♦❜t✐✈❡♠♦s ♦s s❡✲

❣✉✐♥t❡s ✈❛❧♦r❡s✿ n = 3, 7 ± 0, 4✱ Ki = (1, 8 ± 0, 3) × 107 ▼−1 ❡ γ = 1, 9 ± 0, 1✳ ❊ss❡s

r❡s✉❧t❛❞♦s s✉❣❡r❡♠ ❢♦rt❡♠❡♥t❡ q✉❡ ♦ ●❡❧❘❡❞ é ✉♠ ❜✐s✲✐♥t❡r❝❛❧❛♥t❡✳ ❉❡ ❢❛t♦✱ ♦ ♥ú♠❡r♦

❞❡ ❡①❝❧✉sã♦✱ n✱ ✐♥❞✐❝❛ q✉❡ ❝❛❞❛ ♠♦❧é❝✉❧❛ ❧✐❣❛❞❛ ❞♦ ●❡❧❘❡❞ ♦❝✉♣❛ ❡❢❡t✐✈❛♠❡♥t❡ ✸✱✼ ♣❛✲

r❡s ❞❡ ❜❛s❡ ❞♦ ❉◆❆✱ ✉♠ ✈❛❧♦r s✉❜st❛♥❝✐❛❧♠❡♥t❡ ♠❛✐♦r ❞♦ q✉❡ ♦ ♦❜t✐❞♦ ♣❛r❛ ❛ ♠❛✐♦r✐❛

❞♦s ♠♦♥♦✐♥t❡r❝❛❧❛♥t❡s ❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❞✉❛s ✈❡③❡s ♠❛✐♦r q✉❡ ♦ ❞♦ ❊t❇r ❬✻✽✱✼✹✱✾✵❪✳

❆ ❝♦♥st❛♥t❡ ❞❛ ✐♥t❡r❛çã♦ ✭♥♦ ❡q✉✐❧í❜r✐♦✮✱ Ki✱ ♣♦ss✉✐ ✉♠ ✈❛❧♦r ♠❛✐♦r ❞♦ q✉❡ ♦ ✈❛❧♦r

♦❜t✐❞♦ ♣❛r❛ ♦s ♠♦♥♦✐♥t❡r❝❛❧❛♥t❡s tí♣✐❝♦s ✭∼ 105 ▼−1✮ ❬✻✽✱✼✹✱✽✵✱✾✵❪ ❡ s❡✉ ✈❛❧♦r ❡stá

❞❡♥tr♦ ❞❛ ❢❛✐①❛ ❞❡ ✈❛❧♦r❡s ♣❛r❛ ❜✐s✲✐♥t❡r❝❛❧❛♥t❡s r❡♣♦rt❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ✭107 ❛ 109

▼−1✮ ❬✽✺✱✾✶✕✾✹❪✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ ❝♦♠♣❛r❛♠♦s ❛ ❝♦♥st❛♥t❡ ❞❡ ✐♥t❡r❛çã♦✱ Ki✱

♣❛r❛ ♦ ●❡❧❘❡❞ ❡ ♣❛r❛ ♦ ❊t❇r✱ ✈❡r✐✜❝❛♠♦s q✉❡ ♦ s❡✉ ✈❛❧♦r ♣❛r❛ ♦ ●❡❧❘❡❞ sã♦ ❞✉❛s

♦r❞❡♥s ❞❡ ♠❛❣♥✐t✉❞❡ ♠❛✐♦r ❞♦ q✉❡ ♣❛r❛ ♦ ❊t❇r✳ ❙✐t✉❛çã♦ ♠✉✐t♦ s❡♠❡❧❤❛♥t❡ ♣♦❞❡ s❡r

❡♥❝♦♥tr❛❞❛ ♥❛ ❧✐t❡r❛t✉r❛ q✉❛♥❞♦ ❝♦♠♣❛r❛♠♦s ♦ ❜✐s✲✐♥t❡r❝❛❧❛♥t❡ ❨❖❨❖ ❝♦♠ ♦ s❡✉ ♣r❡✲

❝✉rs♦r ❨❖ q✉❡✱ ❛ss✐♠ ❝♦♠♦ ♦ ❊t❇r✱ é t❛♠❜é♠ ✉♠ ♠♦♥♦✐♥t❡r❝❛❧❛♥t❡ ❬✽✺❪✳ P♦r ú❧t✐♠♦✱

♦ ✈❛❧♦r γ = 1, 9 ± 0, 1 q✉❡ é ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❞✉❛s ✈❡③❡s ♠❛✐♦r ❞♦ q✉❡ ♦s ✈❛❧♦r❡s

♦❜t✐❞♦s ♣❛r❛ ♠♦♥♦✐♥t❡r❝❛❧❛♥t❡s tí♣✐❝♦s✱ s✉❣❡r❡ q✉❡ ❝❛❞❛ ♠♦❧é❝✉❧❛ ❞❡ ●❡❧❘❡❞ q✉❡ s❡

✺✾
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❧✐❣❛ ❛♦ ❉◆❆ ❛✉♠❡♥t❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ♣♦r ✉♠ ❢❛t♦r ∼ 0, 65 ♥♠✱ q✉❡

t❛♠❜é♠ é ✉♠ ✈❛❧♦r tí♣✐❝♦ ♣❛r❛ ❜✐s✲✐♥t❡r❝❛❧❛♥t❡s ❬✾✶✱✾✸❪✳ ➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❜✐s ✲

✐♥t❡r❝❛❧❛♥t❡s ❞❡✈❡♠ ❛✉♠❡♥t❛r✱ ♣♦r ✉♠ ❢❛t♦r ❞❡ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❞♦✐s✱ ♦ ❝♦♠♣r✐♠❡♥t♦

❞❡ ❝♦♥t♦r♥♦ ❞♦ ❉◆❆ ♣♦r ♠♦❧é❝✉❧❛ ❧✐❣❛❞❛✱ ♣♦r q✉❡ ❝❛❞❛ ♠♦❧é❝✉❧❛ ❧✐❣❛❞❛ ❝♦♥té♠ ❞✉❛s

♣♦rçõ❡s ✐♥t❡r❝❛❧❛❞♦r❛s✳

❚♦❞♦s ❡ss❡s r❡s✉❧t❛❞♦s ✉♥✐❞♦s ❢♦r♠❛♠ ✉♠❛ ❢♦rt❡ ❡✈✐❞ê♥❝✐❛ ❞❡ q✉❡ ♦ ●❡❧✲

❘❡❞ é✱ ❞❡ ❢❛t♦✱ ✉♠ ❜✐s✲✐♥t❡r❝❛❧❛♥t❡ ❡ q✉❡✱ ♣r♦✈❛✈❡❧♠❡♥t❡✱ é ❢♦r♠❛❞♦ ♣❡❧❛ ✉♥✐ã♦

❞❡ ❞✉❛s ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r✱ ❝♦♠♦ ❞❡❝❧❛r❛❞♦ ❞❡ ♠❛♥❡✐r❛ ♥ã♦ ♦✜❝✐❛❧ ♥♦ s✐t❡

❤tt♣✿✴✴❡♥✳✇✐❦✐♣❡❞✐❛✳♦r❣✴✇✐❦✐✴●❡❧❘❡❞✳ ❉❡ ❢❛t♦✱ s❡ ♥ós ❝♦♥s✐❞❡r❛r♠♦s ❝♦♠♦ ✈❡r❞❛❞❡✐r❛

❛ s✉♣♦s✐çã♦ q✉❡ ♦ ●❡❧❘❡❞ é ✉♠ ❜✐s✲✐♥t❡r❝❛❧❛♥t❡✱ ❝♦♥s✐st✐♥❞♦ ❞❡ ❞✉❛s ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r

✉♥✐❞❛s✱ é ❢á❝✐❧ ❡♥t❡♥❞❡r ♣♦r q✉❡ ♦ s❡✉ ❢❛❜r✐❝❛♥t❡ ❞❡❝❧❛r❛ q✉❡ ♦ ●❡❧❘❡❞ é ♠❛✐s s❡♥sí✲

✈❡❧ q✉❡ ♦ ❊t❇r ♥♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡❧❡tr♦❢♦r❡s❡ ❬✼✽❪✳ ❙❡ ❞✉❛s ❛♠♦str❛s ✉t✐❧✐③❛❞❛s ❡♠

❡①♣❡r✐♠❡♥t♦s ❞❡ ❡❧❡tr♦❢♦r❡s❡ ❢♦r❡♠ ♣r❡♣❛r❛❞❛s✱ ✉♠❛ ❝♦♥t❡♥❞♦ ●❡❧❘❡❞ ❡ ❛ ♦✉tr❛ ❝♦♥✲

t❡♥❞♦ ❊t❇r ❝♦♠ ✉♠❛ ♠❡s♠❛ ❝♦♥❝❡♥tr❛çã♦ ♠♦❧❛r✱ ♥❛ ❛♠♦str❛ q✉❡ ♣♦ss✉✐ ●❡❧❘❡❞ ❛s

♠♦❧é❝✉❧❛s ❞❡ ❉◆❆ t❡rã♦✱ ❛♣r♦①✐♠❛❞❛♠❡♥t❡✱ ♦ ❞♦❜r♦ ❞❡ ♣❛r❡s ❞❡ ❜❛s❡ ♦❝✉♣❛❞♦s ✭♣❡❧♦

♠❡♥♦s ♣❛r❛ ✈❛❧♦r❡s ❞❡ ❝♦♥❝❡♥tr❛çõ❡s ❧♦♥❣❡ ❞❛ s❛t✉r❛çã♦✮✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ❡♠ ✉♠❛ ♠❛✐♦r

✢✉♦r❡s❝ê♥❝✐❛ ❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉♠ ♠❛✐♦r ❝♦♥tr❛st❡✳ ❆❧é♠ ❞✐ss♦✱ ♦ ❢❛t♦ ❞♦ ❡s♣❡❝tr♦

❞❡ ❛❜s♦rçã♦ ❡ ❡♠✐ssã♦ ❞♦s ❞♦✐s ❝♦♠♣♦st♦s s❡r❡♠ ♦s ♠❡s♠♦s ♣♦❞❡ s❡r ❡①♣❧✐❝❛❞♦ ♣❡❧♦

❢❛t♦ ❞♦ ●❡❧❘❡❞ s❡r ❢♦r♠❛❞♦ ♣❡❧❛ ✉♥✐ã♦ ❞❡ ❞✉❛s ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r✳

❊♠❜♦r❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❛❧✐t❛t✐✈♦ ❡✱ ❞❡ ❝❡rt❛ ♠❛♥❡✐r❛✱ q✉❛♥t✐t❛t✐✈♦ ❡♥tr❡

♦s ❞♦✐s ❝♦♠♣♦st♦s s❡❥❛♠ s✐♠✐❧❛r❡s✱ ❝♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛s ❋✐❣✉r❛s ✹✳✷ ❡ ✹✳✸✱ ❡①✐st❡♠

❛❧❣✉♠❛s ❞✐❢❡r❡♥ç❛s q✉❡✱ ♥❛ ♥♦ss❛ ♦♣✐♥✐ã♦✱ ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ✐♥t❡r❛çã♦ ❡❧❡tr♦s✲

tát✐❝❛✳ ❈♦♠♦ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✹✳✻✱ ♦ ❊t❇r é ✉♠❛ ♠♦❧é❝✉❧❛ ♠♦♥♦❝❛t✐ô♥✐❝❛ ❡✱

s❡♥❞♦ ♦ ●❡❧❘❡❞ ♣♦ss✐✈❡❧♠❡♥t❡ ❝♦♠♣♦st♦ ♣♦r ❞✉❛s ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r✱ ❝♦♠♦ ♣♦❞❡ s❡r

✈✐st♦ ♥❛ ❋✐❣✉r❛ ✹✳✶✱ é ❡s♣❡r❛❞♦ q✉❡ ♦ ●❡❧❘❡❞ t❡♥❤❛ ❞✉❛s ❝❛r❣❛s ♣♦s✐t✐✈❛s ❡♠ ❝❛❞❛

♣♦rçã♦ ✐♥t❡r❝❛❧❛♥t❡ ❞❡ s✉❛ ♠♦❧é❝✉❧❛✳

❊♠ ♣r✐♥❝í♣✐♦✱ é ❡s♣❡r❛❞♦ q✉❡ ❛ ✐♥t❡r❛çã♦ ❡❧❡tr♦stát✐❝❛✱ ❞❡ ❛❧❝❛♥❝❡ ♠❛✐s ❧♦♥❣♦✱

t❡♥❤❛ ❡❢❡✐t♦s ❢ís✐❝♦s r❡❧❡✈❛♥t❡s✳ ❖ ♣r✐♠❡✐r♦ ❞❡ss❡s ❡❢❡✐t♦s é ❛ ❡st❛❜✐❧✐③❛çã♦ ❞❛ ❡str✉t✉r❛

❞❡ ❞✉♣❧❛ ❤é❧✐❝❡✱ ♣♦r ❝♦♥t❛ ❞❛ ❜❧✐♥❞❛❣❡♠ ❞❛ ❢♦rt❡ ✐♥t❡r❛çã♦ ❡❧❡tr♦stát✐❝❛ ❡①✐st❡♥t❡ ❡♥tr❡

❛s ❝❛r❣❛s ♥❡❣❛t✐✈❛s ❡①✐st❡♥t❡s ♥♦ ❣r✉♣♦ ❢♦s❢❛t♦ ❬✾✺❪✱ ♦ q✉❡ ❞❡✈❡ r❡✢❡t✐r ♥♦ ❢❛t♦ ❞❛
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❋✐❣✉r❛ ✹✳✻✿ ❊str✉t✉r❛ ♠♦❧❡❝✉❧❛r ❞♦ ❊t❇r✳ ➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ♦ ❊t❇r é ✉♠ ❧✐❣❛♥t❡
♠♦♥♦❝❛t✐ô♥✐❝♦✳

tr❛♥s✐çã♦ ❛❜r✉♣t❛ ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❡❧❘❡❞ ♦❝♦rr❡r ❡♠ ✉♠❛ ❝♦♥❝❡♥tr❛çã♦ ♠❛✐♦r

q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦ ❛♦s ❝♦♠♣❧❡①♦s ❉◆❆✲❊t❇r✳ ❖ s❡❣✉♥❞♦ ❡❢❡✐t♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛♦

❢❛t♦ ❞❛s ❞✉❛s ❝❛r❣❛s ♣♦s✐t✐✈❛s ♥❛ ♠♦❧é❝✉❧❛ ❞❡ ●❡❧❘❡❞ ❡st❛r❡♠ ❞✐st❛♥t❡s ❞❡ ✉♠ ✈❛❧♦r

✜①♦✱ ❞❡✜♥✐❞♦ ♣❡❧♦ ❡s♣❛ç❛❞♦r ❧✐♥❡❛r ✉s❛❞♦ ♣❛r❛ ❝♦♥❡❝t❛r ❛s ❞✉❛s ♣♦rçõ❡s ✐♥t❡r❝❛❧❛♥t❡s

❞❛ ♠♦❧é❝✉❧❛✱ ♦ q✉❡ r❡s✉❧t❛ ❡♠ ✉♠❛ ❝♦rr❡❧❛çã♦ ♣♦s✐❝✐♦♥❛❧ ❞❛s ❝❛r❣❛s ♣♦s✐t✐✈❛s ❛♦ ❧♦♥❣♦

❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳ ❊ss❛ ❝♦rr❡❧❛çã♦ ♣♦s✐❝✐♦♥❛❧✱ ♣r♦✈❛✈❡❧♠❡♥t❡✱ r❡✢❡t❡ ♥♦ ❢❛t♦ ❞♦s

✈❛❧♦r❡s ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❡❧❘❡❞ s❡r❡♠ ♠❡♥♦r❡s ❞♦

q✉❡ ♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲❊t❇r✱ ♣❛r❛ ❛s ♠❡s♠❛s ❝♦♥❝❡♥tr❛çõ❡s ❞♦s ❧✐❣❛♥t❡s✳

✹✳✸✳✷ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③

❯t✐❧✐③❛♥❞♦ ❛ té❝♥✐❝❛ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✱ ❢♦✐ ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r ♦ r❛✐♦ ❤✐✲

❞r♦❞✐♥â♠✐❝♦† ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❡❧❘❡❞✱ q✉❡ é ✉♠❛ ❡st✐♠❛t✐✈❛ ❞♦ t❛♠❛♥❤♦ ❞❡ss❡s

❝♦♠♣❧❡①♦s ❬✽✶❪✳ ❆tr❛✈és ❞♦ ♠♦♥✐t♦r❛♠❡♥t♦ ❞♦ r❛✐♦ ❤✐❞r♦❞✐♥â♠✐❝♦✱ é ♣♦ssí✈❡❧ ❞❡s❝♦❜r✐r

♦ ❡❢❡✐t♦ ❞♦ ❝♦♠♣♦st♦ ♥♦ t❛♠❛♥❤♦ ❡❢❡t✐✈♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ✉♠❛ ✈❡③ q✉❡ ❡ss❛ ❣r❛♥✲

❞❡③❛ ❞❡✈❡ ❡①✐❜✐r ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❛❧✐t❛t✐✈♦ ❞♦ r❛✐♦ ❞❡ ❣✐r♦‡✱ q✉❡ ❞❡♣❡♥❞❡ ❞♦s

❝♦♠♣r✐♠❡♥t♦s ❞❡ ❝♦♥t♦r♥♦ ❡ ❞❡ ♣❡rs✐stê♥❝✐❛✳ ❉❡ss❛ ❢♦r♠❛✱ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠

†❖ r❛✐♦ ❤✐❞r♦❞✐♥â♠✐❝♦✱ RH ✱ é ♦ r❛✐♦ ❞❛ ❡s❢❡r❛ ❝♦♠ ♦ ♠❡s♠♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✱ D✱ ❞❛ ♠♦❧é❝✉❧❛
❞❡ ❉◆❆✳ ❊ss❛ ❣r❛♥❞❡③❛ é t❛♠❜é♠ ❝♦♥❤❡❝✐❞❛ ❝♦♠♦ r❛✐♦ ❞❡ ❙t♦❦❡s✳

‡❖ r❛✐♦ ❞❡ ❣✐r♦✱ Rg✱ é ✉♠❛ ❡s♣é❝✐❡ ❞❡ ♠❡❞✐❞❛ ❡❢❡t✐✈❛ ❞♦ r❛✐♦ ❞❛ ❡s❢❡r❛ q✉❡ r❡♣r❡s❡♥t❛ ♦ ✈♦❧✉♠❡
❡s❢ér✐❝♦ ♦❝✉♣❛❞♦ ♣❡❧♦ ♣♦❧í♠❡r♦ ❡♠ s♦❧✉çã♦✳
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❛ ♣✐♥ç❛ ó♣t✐❝❛ ❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③ ♣♦❞❡♠ s❡r ❝♦♠♣❛r❛❞♦s✱ ♠❡s♠♦ q✉❡ ❞❡ ♠❛♥❡✐r❛

✐♥❞✐r❡t❛✳

❆ ❋✐❣✉r❛ ✹✳✼ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ r❛✐♦ ❤✐❞r♦❞✐♥â♠✐❝♦ RH ❡ ❞♦ r❛✐♦ ❞❡

❣✐r♦ Rg✱ ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❡❧❘❡❞ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦✱ CT ✱ ❞❡ ●❡❧❘❡❞✳

❋✐❣✉r❛ ✹✳✼✿ ❈ír❝✉❧♦s✿ ❘❛✐♦ ❤✐❞r♦❞✐♥â♠✐❝♦✱ RH ✱ ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❡❧❘❡❞✱ ♦❜t✐❞♦s ❛
♣❛rt✐r ❞♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✱ ❡♠ ❢✉♥çã♦ ❞❛s ❝♦♥❝❡♥tr❛çõ❡s ❞❡ ●❡❧❘❡❞✱
CT ✳ ◗✉❛❞r❛❞♦s✿ ❡st✐♠❛t✐✈❛ ❞♦ r❛✐♦ ❞❡ ❣✐r♦✱ Rg✱ ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❡❧❘❡❞✱ ♦❜t✐❞♦s ❛ ♣❛rt✐r
❞♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡st✐r❛♠❡♥t♦✱ ❡♠ ❢✉♥çã♦ ❞❛s ❝♦♥❝❡♥tr❛çõ❡s ❞❡ ●❡❧❘❡❞✱ CT ✳

❆ ✐♥t❡♥s✐❞❛❞❡ ❞❛ ❢✉♥çã♦ ❞❡ ❛✉t♦❝♦rr❡❧❛çã♦ ❞❛ ❧✉③ ❡s♣❛❧❤❛❞❛ ❢♦✐ ❛❥✉st❛❞❛ ❝♦♠

♦ ❛❧❣♦r✐t♠♦ ◆◆▲❙✱ ♣❡r♠✐t✐♥❞♦ ❛ss✐♠✱ ❞❡t❡r♠✐♥❛r ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦ ♣❛r❛ ❝❛❞❛

❝♦♥❝❡♥tr❛çã♦ ❞❡ ●❡❧❘❡❞✳ ❖ r❛✐♦ ❤✐❞r♦❞✐♥â♠✐❝♦✱ ♦❜t✐❞♦ ♣❛r❛ ❝❛❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡

●❡❧❘❡❞✱ ❢♦r♥❡❝❡ ♦ t❛♠❛♥❤♦ ❡❢❡t✐✈♦ ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❡❧❘❡❞✳ ❖ r❛✐♦ ❤✐❞r♦❞✐♥â♠✐❝♦✱

RH ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐❢✉sã♦✱ D✱ s❡ r❡❧❛❝✐♦♥❛♠ ❛tr❛✈és ❞❛ ❡q✉❛çã♦ ✭✷✳✷✵✮✳

❆ ❋✐❣✉r❛ ✹✳✼ ♠♦str❛ q✉❡ ♦ r❛✐♦ ❤✐❞r♦❞✐♥â♠✐❝♦✱ RH ✱ ❝r❡s❝❡ ♠♦♥♦t♦♠✐❝❛♠❡♥t❡

❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ●❡❧❘❡❞✱ ♣❛rt✐♥❞♦ ❞❡ ∼ ✽✼ ♥♠ ❡ ❝❤❡❣❛♥❞♦ ❡♠

✻✷
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∼ ✷✵✼ ♥♠ ♣❛r❛ ✉♠❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ 6 µ▼✳ ◆❛ ♠❡s♠❛ ✜❣✉r❛✱ é ♣♦ssí✈❡❧ ♣❡r❝❡❜❡r ♦

❝♦♠♣♦rt❛♠❡♥t♦ ❛♣r❡s❡♥t❛❞♦ ♣❡❧♦ r❛✐♦ ❞❡ ❣✐r♦✱ Rg✱ ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❡❧❘❡❞ ♣❛r❛

❝❛❞❛ ❝♦♥❝❡♥tr❛çã♦ ❡s♣❡❝í✜❝❛ ❞❡ ●❡❧❘❡❞✳ ❖ r❛✐♦ ❞❡ ❣✐r♦ s❡ r❡❧❛❝✐♦♥❛ ❝♦♠ ♦s ♣❛râ♠❡tr♦s

♠❡❝â♥✐❝♦s✱ q✉❡ sã♦ ♦❜t✐❞♦s ❝♦♠ ♦s ❡①♣❡r✐♠❡♥t♦s ♥❛ ♣✐♥ç❛ ó♣t✐❝❛✱ ❛tr❛✈és ❞❛ ❡q✉❛çã♦

❬✻✻❪✱

Rg =

√

1

3
AL

(

1− 3A

L
+ ...

)

, ✭✹✳✼✮

♦♥❞❡ A é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❡ L é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✳

P❛r❛ ♦ ❝á❧❝✉❧♦ ❞♦ r❛✐♦ ❞❡ ❣✐r♦✱ Rg✱ ♥❛ ❡q✉❛çã♦ ✭✹✳✼✮✱ ♥ós ✉s❛♠♦s ♦s ✈❛❧♦r❡s ❞♦

❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ♠♦str❛❞♦s ♥❛ ❋✐❣✉r❛ ✹✳✷ ❡ ❛ss✉♠✐♠♦s q✉❡ ♦ ❝♦♠✲

♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ♣❛r❛ ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆ ❝♦♠ ∼ ✸✵✵✵ ♣❛r❡s ❞❡ ❜❛s❡✱ s♦❢r❡ ♦

♠❡s♠♦ ❛✉♠❡♥t♦ r❡❧❛t✐✈♦ ❡♥❝♦♥tr❛❞♦ ♥❛ ❋✐❣✉r❛ ✹✳✺✱ ♣❛r❛ ♦ λ✲❉◆❆✱ q✉❡ ♣♦ss✉✐ ∼ ✹✽✳✺✵✵

♣❛r❡s ❞❡ ❜❛s❡✳

❖ ❢❛t♦ ❞♦ r❛✐♦ ❞❡ ❣✐r♦ ❞❡♣❡♥❞❡r ❞♦s ♣❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s✱ A ❡ L✱ ❡①♣❧✐❝❛ ♦

❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❛ ❣r❛♥❞❡③❛✱ ❛♦ s♦❢r❡r ✉♠ ❞❡❝rés❝✐♠♦ ❛❜r✉♣t♦ ♣❛r❛ ❛s ❞✉❛s ú❧t✐♠❛s

❝♦♥❝❡♥tr❛çõ❡s ❞❡ ●❡❧❘❡❞ ✉t✐❧✐③❛❞❛s✳ ❖❜s❡r✈❡ q✉❡ ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦ é ✈❡r✐✜❝❛❞♦

♥❛ ❋✐❣✉r❛ ✹✳✷✳ ❖ ❢❛t♦ ❞♦ r❛✐♦ ❤✐❞r♦❞✐♥â♠✐❝♦ ♥ã♦ s♦❢r❡r ♦ ♠❡s♠♦ ❞❡❝rés❝✐♠♦✱ ✐♥❞✐❝❛

q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ♥ã♦ s♦❢r❡ ❡ss❛ tr❛♥s✐çã♦ ❛❜r✉♣t❛ ♥❛s ❛♠♦str❛s ✉t✐❧✐✲

③❛❞❛s ♥♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✳ ❯♠ ❝♦♠♣♦rt❛♠❡♥t♦ ❜❛st❛♥t❡ s✐♠✐❧❛r

♣♦❞❡ s❡r ❡♥❝♦♥tr❛❞♦ ❡♠ ✉♠ ♦✉tr♦ ❝♦♠♣♦st♦ ✐♥t❡r❝❛❧❛♥t❡✱ ❛ ❉✐❛♠✐♥♦❜❡♥③✐❞✐♥❛ ✭❉❆❇✮✳

▼❛✐♦r❡s ❞❡t❛❧❤❡s s♦❜r❡ ❡ss❡ ❝♦♠♣♦st♦ ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞♦s ♥❛ r❡❢❡rê♥❝✐❛ ❬✽✶❪✳ ❊ss❛

tr❛♥s✐çã♦ ❛❜r✉♣t❛ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛ ❡stá ❧✐❣❛❞❛ ❛♦ ❢❛t♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡

❉◆❆ ❡st❛r s❡♠♣r❡ s❡♥❞♦ ❡st✐❝❛❞❛ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛✱ ♦ q✉❡ ❞❡✈❡ ♣r♦✲

♠♦✈❡r ✉♠❛ ❞❡s♥❛t✉r❛çã♦ ❧♦❝❛❧ ♥❛s ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆ q✉❡ ❥á s♦❢r❡♠✱ ♣r❡✈✐❛♠❡♥t❡✱ ✉♠❛

❞❡❢♦r♠❛çã♦ ♥❛ s✉❛ ❡str✉t✉r❛ ❞❡ ❞✉♣❧❛ ❤é❧✐❝❡✱ ❛♦ ✐♥t❡r❛❣✐r❡♠ ❝♦♠ ♦ ❝♦♠♣♦st♦ ✐♥t❡r❝❛✲

❧❛♥t❡ ❬✻✼✱✻✽❪✳ ❉❡ss❛ ❢♦r♠❛✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♥♦s ❡①♣❡r✐♠❡♥t♦s

❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✱ ❛tr❛✈és ❞❛ ♦❜t❡♥çã♦ ❞♦ r❛✐♦ ❤✐❞r♦❞✐♥â♠✐❝♦✱ RH ✱ ❝♦♥❝♦r❞❛♠

q✉❛❧✐t❛t✐✈❛♠❡♥t❡ ❝♦♠ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ ❢♦rç❛✱ ❛tr❛✈és ❞♦

r❛✐♦ ❞❡ ❣✐r♦✱ Rg✳

❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❛tr❛✈és ❞❛ té❝♥✐❝❛ ❞❡ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✱ ❝♦♥❝♦r❞❛♠
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❝♦♠ ❛ ♠❛✐♦r✐❛ ❞♦s r❡s✉❧t❛❞♦s r❡♣♦rt❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛✱ ♣❛r❛ ❛ ♠❡❞✐❞❛ ❞♦ ❝♦♠♣r✐♠❡♥t♦

❞❡ ♣❡rs✐stê♥❝✐❛ ❞❡ ❝♦♠♣❧❡①♦s ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s✱ ❛tr❛✈és ❞♦ ✉s♦ ❞❡ té❝♥✐❝❛s q✉❡ ♥ã♦

❡①✐❥❛♠ ❛♣❧✐❝❛çã♦ ❞❡ ❢♦rç❛ ♥❛s ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆✱ t❛✐s ❝♦♠♦✿ ♠✐❝r♦s❝♦♣✐❛ ❞❡ ✢✉♦r❡s✲

❝ê♥❝✐❛✱ ♠✐❝r♦s❝♦♣✐❛ ❡❧❡trô♥✐❝❛✱ ✈✐s❝♦♠❡tr✐❛✱ ❡♥tr❡ ♦✉tr❛s ❬✾✻✱✾✼❪✳ ◆❡ss❡s tr❛❜❛❧❤♦s✱ ♦s

❛✉t♦r❡s r❡♣♦rt❛♠ q✉❡ ♦s ✐♥t❡r❝❛❧❛♥t❡s ❝❛✉s❛♠✱ ❛❧é♠ ❞♦ ❛✉♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

❝♦♥t♦r♥♦✱ L✱ ✉♠ ❛✉♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❞❡♥tr♦ ❞❡ss❛s ❝♦♥❞✐çõ❡s

❡①♣❡r✐♠❡♥t❛✐s✱ ❞❡♠♦♥str❛♥❞♦ ❛ss✐♠ ✉♠ ❛✉♠❡♥t♦ ❞♦ t❛♠❛♥❤♦ ❡❢❡t✐✈♦ ❞♦s ❝♦♠♣❧❡①♦s

❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s✳

✻✹



❈❛♣ít✉❧♦ ✺

❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠

s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮

✽✵✵✵

◆❡st❡ ❝❛♣ít✉❧♦ ❢❛r❡♠♦s ✉♠❛ ❜r❡✈❡ ❞❡s❝r✐çã♦ ❞♦ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮ ✭P❊●✮✱ ❞✐s✲

❝✉t✐r❡♠♦s t♦❞❛ ❛ ♠❡t♦❞♦❧♦❣✐❛ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛

♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ♦s ❝♦♠♣♦st♦s ✐♥t❡r❝❛❧❛♥t❡s ✭●❡❧❘❡❞ ❡ ❊t❇r✮ ❡ ♦ P❊● ❡✱ ♣♦r ú❧t✐♠♦✱

❞✐s❝✉t✐r❡♠♦s t♦❞♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳

✺✳✶ ❖ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮

❖ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮ ✭P❊●✮✱ t❛♠❜é♠ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ P♦❧✐✭♦①✐❡t✐❧❡♥♦✮ ♦✉ P♦❧✐

✭ó①✐❞♦ ❞❡ ❡t✐❧❡♥♦✮ ✭P❊❖✮ é ✉♠ ♣♦❧í♠❡r♦ ♥❡✉tr♦ s✐♥tét✐❝♦ q✉❡ ♣♦ss✉✐ ✉♠❛ ♠❛ss❛ ♠♦❧❛r

q✉❡ ♣♦❞❡ s❡r ❛♠♣❧❛♠❡♥t❡ ✈❛r✐❛❞❛✳ ❙❡ ♦ ♣♦❧í♠❡r♦ ❛♣r❡s❡♥t❛ ✉♠❛ ♠❛ss❛ ♠♦❧❛r < 20.000

❣✴♠♦❧✱ ❡❧❡ ❣❡r❛❧♠❡♥t❡ é ❞❡♥♦♠✐♥❛❞♦ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮ ✭P❊●✮✱ ❡♥q✉❛♥t♦ q✉❡ s❡ ❛

♠❛ss❛ ♠♦❧❛r ❢♦r > 20.000 ❣✴♠♦❧✱ ❡❧❡ ❣❡r❛❧♠❡♥t❡ é ❞❡♥♦♠✐♥❛❞♦ ❞❡ P♦❧✐ ✭ó①✐❞♦ ❞❡ ❡t✐❧❡♥♦✮

✭P❊❖✮ ❬✾✽❪✳ ❖ P❊● é s♦❧ú✈❡❧ ❡♠ á❣✉❛ ❡ ♥❛ ♠❛✐♦r✐❛ ❞♦s s♦❧✈❡♥t❡s ♦r❣â♥✐❝♦s✱ t❛✐s ❝♦♠♦✿

❝❧♦r♦❢ór♠✐♦✱ t♦❧✉❡♥♦✱ ❛❝❡t♦♥❛✱ ❡t❝✳ P♦r ❡ss❛ ❝❛r❛❝t❡ríst✐❝❛✱ ♦ P❊● é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦

✉♠ ♣♦❧í♠❡r♦ ❛♥✜❢í❧✐❝♦✱ ♣♦ss✉✐♥❞♦ ✉♠❛ ♣❛rt❡ ❤✐❞r♦❢í❧✐❝❛ ❡ ✉♠❛ ♣❛rt❡ ❤✐❞r♦❢ó❜✐❝❛✱ ♠❛s

q✉❡ é ❧✐♣♦ss♦❧ú✈❡❧✳ ❆ ❋✐❣✉r❛ ✺✳✶ ♠♦str❛ ❛ ❡str✉t✉r❛ ♠♦❧❡❝✉❧❛r ❞♦ P❊●✳

❖ P❊● é ♠✉✐t♦ ✉t✐❧✐③❛❞♦ ❡♠ ♣r♦❝❡ss♦s ❞❡ r❡❣✉❧❛çã♦ ♦s♠ót✐❝❛✱ ♥♦ ❡st✉❞♦ ❞❛

✻✺



✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

❋✐❣✉r❛ ✺✳✶✿ ❊str✉t✉r❛ ♠♦❧❡❝✉❧❛r ❞♦ P❊●✱ ❝✉❥❛ ❢ór♠✉❧❛ ♠♦❧❡❝✉❧❛r é ❍❖✲✭❈❍2❈❍2❖✮n✲❍✳

❞❡s✐❞r❛t❛çã♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ♥❛ ❝♦♥❞❡♥s❛çã♦ ψ ❞♦ ❉◆❆ ✐♥ ✈✐tr♦ ❡ ♥♦ ❡st✉❞♦ ❞❛s

♠✉❞❛♥ç❛s ❝♦♥❢♦r♠❛❝✐♦♥❛✐s s♦❢r✐❞❛s ♣♦r ♠❛❝r♦♠♦❧é❝✉❧❛s ❡♠ s♦❧✉çã♦ ❬✾✾✕✶✵✹❪✳ ◆❡st❡

tr❛❜❛❧❤♦✱ ♥ós ✉t✐❧✐③❛♠♦s ♦ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮ ❝✉❥❛ ♠❛ss❛ ♠♦❧❛r é ✽✵✵✵ ❣✴♠♦❧ ❡✱ ♣♦r

❝♦♥t❛ ❞✐ss♦✱ ✈❛♠♦s ♥♦s r❡❢❡r✐r ❛♦ ♣♦❧í♠❡r♦ ❝♦♠♦ P❊●✱ s❡❣✉♥❞♦ ❛ ❞❡✜♥✐çã♦ ❞❛❞❛ ♥❛

r❡❢❡rê♥❝✐❛ ❬✾✽❪✳ ❈♦♠♦ ❞✐t♦ ♥♦ ❈❛♣ít✉❧♦ ✶✱ ♦ P❊● ❢♦✐ ✉t✐❧✐③❛❞♦ ♥❡ss❡ tr❛❜❛❧❤♦ ❝♦♠♦ ✉♠

♦s♠ó❧✐t♦✱ ❞❡ ❢♦r♠❛ ❛ ❡♥t❡♥❞❡r ❛s ✐♥t❡r❛çõ❡s ❉◆❆✲❧✐❣❛♥t❡s ❡♠ ✉♠ ❝♦♥t❡①t♦ ❜❡♠ ♠❛✐s

r❡❛❧✐st❛ ❞♦ q✉❡ ❛ ♠❛✐♦r✐❛ ❞♦s tr❛❜❛❧❤♦s ❡♥❝♦♥tr❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛✱ ♥♦s q✉❛✐s ❛ ♠♦❧é❝✉❧❛

❞❡ ❉◆❆ s❡ ❡♥❝♦♥tr❛ ❞✐s♣❡rs❛ ❡♠ s♦❧✉çã♦✳

✺✳✷ ❖ ♣r♦❝❡❞✐♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧

✺✳✷✳✶ P✐♥ç❛ ó♣t✐❝❛

❈♦♥❢♦r♠❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❡①♣❡r✐♠❡♥t❛❧ ❛♣r❡s❡♥t❛❞♦ ❞❡t❛❧❤❛❞❛♠❡♥t❡ ♥❛ s❡çã♦

✸✳✸✱ ♥ós ✉t✐❧✐③❛♠♦s ❛ ♣✐♥ç❛ ó♣t✐❝❛ ♣❛r❛ ❝❛r❛❝t❡r✐③❛r✱ ✐♥✐❝✐❛❧♠❡♥t❡✱ ❛ ✐♥t❡r❛çã♦ ❞❛ ♠♦✲

❧é❝✉❧❛ ❞❡ ❉◆❆ ♣✉r♦ ❝♦♠ ♦ P❊● ✽✵✵✵✱ ✈❛r✐❛♥❞♦ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ P❊● ♥❛ ❛♠♦str❛✳

❯♠❛ ✈❡③ r❡❛❧✐③❛❞❛ ❡ss❛ ❝❛r❛❝t❡r✐③❛çã♦✱ ♥ós ❛❝r❡s❝❡♥t❛♠♦s ♦s ✐♥t❡r❝❛❧❛♥t❡s ♥❛ ❛♠♦str❛✱

❛ ✜♠ ❞❡ ♠♦♥✐t♦r❛r ❛s ♠✉❞❛♥ç❛s ♥♦s ♣❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s ❞♦ ❉◆❆ ✐♥tr♦❞✉③✐❞❛s ♣❡❧♦s

✐♥t❡r❝❛❧❛♥t❡s ♥❛ s♦❧✉çã♦✱ ❝♦♥t❡♥❞♦ ✉♠❛ ❝♦♥❝❡♥tr❛çã♦ ❡s♣❡❝í✜❝❛ ❞❡ P❊● ✽✵✵✵✳ ❚♦❞♦s

♦s ❡①♣❡r✐♠❡♥t♦s ❢♦r❛♠ r❡❛❧✐③❛❞♦s ❡♠ ❝♦♥❞✐çõ❡s ❜❡♠ ♣ró①✐♠❛s ❞❛ ✜s✐♦❧ó❣✐❝❛ ✭❬◆❛❈❧ ❂

✶✹✵ ♠▼❪ ❡ ♣❍ ❂ ✼✱✹✮✱ ❡①❝❡t♦ ♣❡❧❛ ♣r❡s❡♥ç❛ ❞♦ P❊● ✽✵✵✵✳ ❖s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠

❡ss❡s ♣r♦❝❡❞✐♠❡♥t♦s s❡rã♦ ❞✐s❝✉t✐❞♦s ❞❡t❛❧❤❛❞❛♠❡♥t❡ ♥❛ s❡çã♦ ✺✳✸✳✶✳

✻✻



✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

✺✳✷✳✷ ❈❛❧♦r✐♠❡tr✐❛ ✐s♦tér♠✐❝❛ ❞❡ t✐t✉❧❛çã♦

❆ ❝❛❧♦r✐♠❡tr✐❛ ✐s♦tér♠✐❝❛ ❞❡ t✐t✉❧❛çã♦ ✭■❚❈✮ ❢♦✐ ✉t✐❧✐③❛❞❛ ♣❛r❛ ❢♦r♥❡❝❡r ❛s ✐♥❢♦r✲

♠❛çõ❡s t❡r♠♦❞✐♥â♠✐❝❛s s♦❜r❡ ♦s ❝♦♠♣❧❡①♦s P❊●✲❊t❇r ❡ ❉◆❆✲❊t❇r✱ ❛ ✜♠ ❞❡ ❞❡s❝♦❜r✐r✲

♠♦s s❡ ❛ ❛✜♥✐❞❛❞❡ ❞♦s ❝♦♠♣❧❡①♦s P❊●✲❊t❇r ♣♦❞❡ ♠✉❞❛r✱ ❡❢❡t✐✈❛♠❡♥t❡✱ ❛ q✉❛♥t✐❞❛❞❡

❞❡ ❊t❇r ❧✐❣❛❞♦ ❛♦ ❉◆❆ ♥♦s ❡①♣❡r✐♠❡♥t♦s r❡❛❧✐③❛❞♦s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛✳ ❆ ■❚❈ ♠❡❞❡

❛ ♠✉❞❛♥ç❛ ❞❡ ❡♥t❛❧♣✐❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ❞❡ ❉◆❆✰P❇❙ ✼✱✹ ♦✉ P❊●✰P❇❙ ✼✱✹✱ ❛♣ós ❛

❛❞✐çã♦ ❞❡ ✺✵ µ▲ ❞❡ ❊t❇r✰P❇❙ ✼✱✹✳ ❆ ❡♥t❛❧♣✐❛ ❛♣❛r❡♥t❡ ❞❡ ✐♥t❡r❛çã♦✱ ∆Hap−int✱ ♣❛r❛

♦s ❝♦♠♣❧❡①♦s P❊●✲❊t❇r ❡ ❉◆❆✲❊t❇r ❢♦r❛♠ ♠❡❞✐❞❛s ✈❛r✐❛♥❞♦ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❊t❇r

♥❛ ❝é❧✉❧❛ ❞♦ ❝❛❧♦rí♠❡tr♦✱ q✉❡ ♣♦ss✉✐❛ ✉♠❛ ❝♦♥❝❡♥tr❛çã♦ ✜①❛ ❞❡ ❉◆❆ ✭✷✶✱✸ µ▼✮ ♦✉ ❞❡

P❊● ✭✶✪ ❡♠ ♠❛ss❛✮✳ ❆ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❉◆❆ ✉t✐❧✐③❛❞❛ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ■❚❈ ❢♦✐

❝♦♥s✐❞❡r❛✈❡❧♠❡♥t❡ ♠❛✐♦r ❞♦ q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ✉t✐❧✐③❛❞❛ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠ ❛ ♣✐♥ç❛

ó♣t✐❝❛✱ ♣❛r❛ q✉❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ■❚❈ t✐✈❡ss❡♠ ✉♠❛ ♠❛✐♦r ♣r❡❝✐sã♦✳ P❛r❛

♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ■❚❈✱ ♥ós ❝♦♥s✐❞❡r❛♠♦s ❛ ♠✉❞❛♥ç❛ ❞❡ ❡♥t❛❧♣✐❛ ♦❜s❡r✈❛❞❛✱ ∆Hobs✱

❝♦♠♦ s❡♥❞♦ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❝❛❧♦r ♠❡❞✐❞❛ ❛♣ós ❛ t✐t✉❧❛çã♦ ❞❡ ❊t❇r ♥❛ s♦❧✉çã♦ ❞❡ ❉◆❆ ♦✉

❞❡ P❊●✱ ♣r❡♣❛r❛❞❛s ♥♦ ♠❡s♠♦ s♦❧✈❡♥t❡ ✉t✐❧✐③❛❞♦ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛✱

♦ P❇❙ ✼✱✹✳ ◆❡ss❡ ❝❛s♦✱ ❛ ❡♥t❛❧♣✐❛ ❛♣❛r❡♥t❡ ❞❡ ❧✐❣❛çã♦✱ ∆Hap−int✱ ❢♦✐ ♦❜t✐❞❛ ❞✐✈✐❞✐♥❞♦

∆Hobs ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ♠♦❧s ❞❡ ❊t❇r ❛❞✐❝✐♦♥❛❞♦ ❡♠ ❝❛❞❛ ✐♥❥❡çã♦✳ ❈♦♠♦ ♦ ♥ú♠❡r♦ ❞❡

♠♦❧s ❞❡ ❊t❇r q✉❡ é ❧✐❣❛❞♦ ❛♦ ❉◆❆ ♥ã♦ é ❝♦♥❤❡❝✐❞♦✱ ❡♥tã♦ ♥ã♦ é ♣♦ssí✈❡❧ ❝❛❧❝✉❧❛r ❛

♠✉❞❛♥ç❛ ❡①❛t❛ ❞❡ ❡♥t❛❧♣✐❛ ♠♦❧❛r✱ ♠❛s s♦♠❡♥t❡ ❛ ♠✉❞❛♥ç❛ ♥❛ ❡♥t❛❧♣✐❛ ♠♦❧❛r ❛♣❛r❡♥t❡✳

❉❡ss❛ ❢♦r♠❛✱ ∆Hap−int✱ r❡♣r❡s❡♥t❛ ❛ ❡♥t❛❧♣✐❛ ♥❛ ❢♦r♠❛çã♦ ❞♦s ❝♦♠♣❧❡①♦s✱ ❞❡s❞❡ q✉❡

s❡❥❛ ❞❡s❝♦♥s✐❞❡r❛❞❛ ❛ ❡♥❡r❣✐❛ ❞❡ ❞✐❧✉✐çã♦ ❞♦ ❊t❇r✳ ❙❡ ❛ ❢♦r♠❛çã♦ ❞♦ ❝♦♠♣❧❡①♦ ❛♣r❡✲

s❡♥t❛ ∆H > 0✱ ❡♥tã♦ ♦ ♣r♦❝❡ss♦ é ❞✐t♦ ❡♥❞♦tér♠✐❝♦ ❡✱ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❡♥tá❧♣✐❝♦✱ ♥ã♦

❢❛✈♦rá✈❡❧ q✉❡ ❛ ✐♥t❡r❛çã♦ ♦❝♦rr❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ❛ ❢♦r♠❛çã♦ ❞♦ ❝♦♠♣❧❡①♦ ❛♣r❡s❡♥t❛

∆H < 0✱ ❡♥tã♦ ♦ ♣r♦❝❡ss♦ é ❞✐t♦ ❡①♦tér♠✐❝♦ ❡✱ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❡♥tá❧♣✐❝♦✱ ❢❛✈♦rá✈❡❧

♣❛r❛ q✉❡ ❛ ✐♥t❡r❛çã♦ ♦❝♦rr❛✳

❖s ❡①♣❡r✐♠❡♥t♦s ❞❡ ■❚❈ ❢♦r❛♠ r❡❛❧✐③❛❞♦s ♥♦ ❝❛❧♦rí♠❡tr♦ ♠♦❞❡❧♦ ❈❙❈✲✹✷✵✵ ✭❈❛✲

❧♦r✐♠❡t❡r ❙❝✐❡♥❝❡ ❈♦r♣✳✮✱ ♦♥❞❡ ♦ ✈♦❧✉♠❡ ♠á①✐♠♦ ❞❛s ❝é❧✉❧❛s ❞❡ r❡❢❡rê♥❝✐❛ ❡ ❞❡ ♠❡❞✐❞❛

é ❞❡ ✶✱✸✵ ♠▲✳ ❆♣ós ❛ t✐t✉❧❛çã♦ ❞♦ ❊t❇r✱ ♥❛ ❝é❧✉❧❛ ❞❡ ♠❡❞✐❞❛s✱ ❛ s♦❧✉çã♦ ❢♦✐ ❤♦♠♦✲

❣❡♥❡✐③❛❞❛ ♣♦r ✉♠ ❛❣✐t❛❞♦r q✉❡ ❣✐r❛ ❝♦♠ ✉♠❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ✸✵✵ r♣♠ ❡ ♦ t❡♠♣♦ ❞❡

❡s♣❡r❛ ❡♥tr❡ ❛s ✐♥❥❡çõ❡s ❢♦✐ ∼ ✶✸ ♠✐♥✉t♦s✱ ♦ s✉✜❝✐❡♥t❡ ♣❛r❛ q✉❡ ♦ s✐♥❛❧ r❡❣✐str❛❞♦ ♣❡❧❛s

✻✼



✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

t❡r♠♦♣✐❧❤❛s r❡t♦r♥❛ss❡ à ❧✐♥❤❛ ❜❛s❡✳ ❆ t❡♠♣❡r❛t✉r❛ ❞❡ r❡❛❧✐③❛çã♦ ❞♦s ❡①♣❡r✐♠❡♥t♦s ❢♦✐

❞❡ ✭✷✺✱✵✵✵ ± ✵✱✵✵✶✮◦❈ ❡ ❛ ✐♥❝❡rt❡③❛ ❛ss♦❝✐❛❞❛ ❛♦ t✐♣♦ ❞❡ ❡q✉✐♣❛♠❡♥t♦ ✉t✐❧✐③❛❞♦ ♣❛r❛ ❛

r❡❛❧✐③❛çã♦ ❞♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ■❚❈ é < 0, 05 ❦❏✴♠♦❧✳

✺✳✸ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛ ✐♥t❡r❛çã♦ ❉◆❆✲

✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦

❣❧✐❝♦❧✮ ✽✵✵✵

✺✳✸✳✶ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛

■♥✐❝✐❛❧♠❡♥t❡✱ ❛♥t❡s ❞❛ ❛❞✐çã♦ ❞♦s ✐♥t❡r❝❛❧❛♥t❡s ♥❛ ❛♠♦str❛✱ ♥ós ✜③❡♠♦s ❛ ❝❛✲

r❛❝t❡r✐③❛çã♦ ❞♦ ❉◆❆ ♣✉r♦ ❡♠ ✉♠❛ s♦❧✉çã♦ ❝♦♥t❡♥❞♦ ❛♣❡♥❛s P❊● ✽✵✵✵✱ ❝♦♠ ❛❧❣✉♠❛s

❝♦♥❝❡♥tr❛çõ❡s ✈❛r✐❛❞❛s ❞❡ P❊●✱ ❞❡✈✐❞♦ à ♣♦ss✐❜✐❧✐❞❛❞❡ ❞♦ s✉r❣✐♠❡♥t♦ ❞❡ ✐♥t❡r❛çõ❡s ❞❡

❞❡♣❧❡çã♦ ❡✴♦✉ ♠✉❞❛♥ç❛s t❡r♠♦❞✐♥â♠✐❝❛s ♥❛ ❛t✐✈✐❞❛❞❡ ❞♦ s♦❧✈❡♥t❡ ❬✶✵✺❪✳ ◆❛ ❋✐❣✉r❛

✺✳✷✱ sã♦ ♠♦str❛❞❛s ❛❧❣✉♠❛s ❝✉r✈❛s ❞❡ ❢♦rç❛ × ❡①t❡♥sã♦ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ♣✉r♦ ♣❛r❛

❝♦♥❝❡♥tr❛çõ❡s ❝r❡s❝❡♥t❡s ❞❡ P❊●✱ ♠❡❞✐❞❛s ♥♦ r❡❣✐♠❡ ❡♥tró♣✐❝♦ ✭❋ ≤ 2 ♣◆✮✳ ➱ ♣♦ssí✈❡❧

♦❜s❡r✈❛r q✉❡ ❛s ❝✉r✈❛s s❡ t♦r♥❛♠ ❧✐❣❡✐r❛♠❡♥t❡ ❞✐❢❡r❡♥t❡s✱ ❛ ♠❡❞✐❞❛ q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦

❞❡ P❊● ❛✉♠❡♥t❛✱ ♠♦str❛♥❞♦ ✉♠ ❡♥❝✉rt❛♠❡♥t♦ ❛♣❛r❡♥t❡ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ q✉❡ é

✉♠ s✐♥❛❧ ❞♦ s✉r❣✐♠❡♥t♦ ❞❛ ❢♦rç❛ ❞❡ ❞❡♣❧❡çã♦ q✉❡ ♦❝❛s✐♦♥❛ ❡♠ ✉♠❛ ✐♥t❡r❛çã♦ ❞❡ ❛tr❛✲

çã♦ ❡♥tr❡ ♦s ♣ró♣r✐♦s s❡❣♠❡♥t♦s ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ s✉❣❡r❡♠ ♦s

❞❛❞♦s ❞❛ ❋✐❣✉r❛ ✺✳✷✱ ❛ ♠❡❞✐❞❛ q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ P❊● ❛✉♠❡♥t❛✱ ❤á ✉♠ ❛✉♠❡♥t♦

♥♦ ❡❢❡✐t♦ ❞❡ ❡①❝❧✉sã♦ ❞❡ ✈♦❧✉♠❡✱ ❞❡ ❢♦r♠❛ q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ♦ P❊● ❝♦♠♦ ✉♠

♣♦❧í♠❡r♦ ♥❡✉tr♦✱ ✉♠❛ ✈❡③ q✉❡ ❛ ✐♥t❡r❛çã♦ ❞❡ ❞❡♣❧❡çã♦ ✐♥❞✉③✐❞❛ ♣♦r ❡❧❡ t❡♠ ♦r✐❣❡♠ ♣✉✲

r❛♠❡♥t❡ ❡♥tró♣✐❝❛ ❬✶✵✻❪✳ ❯♠ ❛✉♠❡♥t♦ ♥❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ P❊● ♥❛ s♦❧✉çã♦✱ r❡s✉❧t❛rá

♥♦ ❢❡♥ô♠❡♥♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ❝♦♥❞❡♥s❛çã♦ ψ ❞♦ ❉◆❆ ❬✶✵✷❪✳

❆ ❋✐❣✉r❛ ✺✳✸ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❞♦

❉◆❆ ♣✉r♦ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ P❊● ✽✵✵✵ ♥❛ ❛♠♦str❛ ✭CPEG é ❡①♣r❡ss❛ ♣❡❧❛

❢r❛çã♦ ❞❛ ♠❛ss❛ ❞❡ P❊● ❝♦♥t✐❞❛ ♥❛ s♦❧✉çã♦✮✳

❈♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✸✱ ❛ ♣r❡s❡♥ç❛ ❞♦ P❊● ♥❛ s♦❧✉çã♦ ♥ã♦

❛❧t❡r❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❞♦ ❉◆❆ ♣✉r♦✱ ✉♠❛ ✈❡③ q✉❡ s❡✉ ✈❛❧♦r ✜❝❛

✻✽



✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

❋✐❣✉r❛ ✺✳✷✿ ❈✉r✈❛s tí♣✐❝❛s ❞❡ ❢♦rç❛ × ❡①t❡♥sã♦ ♣❛r❛ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ♣✉r♦ ❝♦♠ ❝♦♥✲
❝❡♥tr❛çõ❡s ❝r❡s❝❡♥t❡s ❞❡ P❊● ✽✵✵✵✱ r❡❛❧✐③❛❞❛s ♥♦ r❡❣✐♠❡ ❡♥tró♣✐❝♦ ✭❋ ≤ 2 ♣◆✮✳ ➱ ♣♦ssí✈❡❧
♦❜s❡r✈❛r q✉❡ ❛s ❝✉r✈❛s s❡ t♦r♥❛♠ ❧✐❣❡✐r❛♠❡♥t❡ ❞✐❢❡r❡♥t❡s✱ ❛ ♠❡❞✐❞❛ q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡
P❊● ❛✉♠❡♥t❛ ♥❛ s♦❧✉çã♦✱ ♠♦str❛♥❞♦ ❛ ❡①✐stê♥❝✐❛ ❞❛ ✐♥t❡r❛çã♦ ❞❡ ❞❡♣❧❡çã♦✳

❝♦♥st❛♥t❡ ❞❡♥tr♦ ❞❛s ❜❛rr❛s ❞❡ ❡rr♦ ❞♦ ❡①♣❡r✐♠❡♥t♦✳

❆ ❋✐❣✉r❛ ✺✳✹ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❞♦

❉◆❆ ♣✉r♦ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦ P❊● ✽✵✵✵ ♥❛ ❛♠♦str❛ ✭CPEG é ❡①♣r❡ss❛ ♣❡❧❛

❢r❛çã♦ ❞❛ ♠❛ss❛ ❞❡ P❊● ❝♦♥t✐❞❛ ♥❛ s♦❧✉çã♦✮ ♥♦r♠❛❧✐③❛❞♦ ♣❡❧♦ ✈❛❧♦r ❞♦ ❝♦♠♣r✐♠❡♥t♦

❞❡ ❝♦♥t♦r♥♦✱ L0✱ ❞♦ ❉◆❆ ♣✉r♦ ✭s❡♠ P❊● ♥❛ s♦❧✉çã♦✮✳ P❛r❛ ♦ ❝❛s♦ ❞♦ λ✲❉◆❆✱ ✉t✐❧✐③❛❞♦

❡♠ ♥♦ss♦s ❡①♣❡r✐♠❡♥t♦s✱ t❡♠♦s L0 ∼ 16, 5 µ♠✳

❈♦♠♦ ♣♦❞❡ s❡r ♦❜s❡r✈❛❞♦ ♥❛ ❋✐❣✉r❛ ✺✳✹✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❝♦✲

♠❡ç❛ ❛ s♦❢r❡r ✉♠ ❧✐❣❡✐r♦ ❞❡❝rés❝✐♠♦ ♥♦ s❡✉ ✈❛❧♦r ❛ ♠❡❞✐❞❛ q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ P❊●

❛✉♠❡♥t❛✳ ❯♠❛ ✈❡③ q✉❡ ♦ P❊● é ✉♠ ♣♦❧í♠❡r♦ ♥❡✉tr♦ q✉❡ ♥ã♦ ✐♥t❡r❛❣❡ ❞✐r❡t❛♠❡♥t❡

❝♦♠ ♦ ❉◆❆✱ ♦ ❧✐❣❡✐r♦ ❞❡❝rés❝✐♠♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❞♦ ❉◆❆ ♣✉r♦ ❞❡✈❡

s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠ ❜❛st❛♥t❡ ❝✉✐❞❛❞♦✳ ❉❡ ❢❛t♦✱ ♦ q✉❡ ♥ós r❡❛❧♠❡♥t❡ ♠❡❞✐♠♦s ❝♦♠

❛ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ ❢♦rç❛ é ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡✱ q✉❡ ❛♣r❡s❡♥t❛✱ ❡♠

❣❡r❛❧✱ ✉♠ ✈❛❧♦r ❞✐❢❡r❡♥t❡ ❞♦ ♠❡❞✐❞♦ ♣❛r❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❞♦ ❉◆❆
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✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

❋✐❣✉r❛ ✺✳✸✿ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❞♦ ❉◆❆ ♣✉r♦ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦
P❊● ✽✵✵✵ ♥❛ s♦❧✉çã♦✳

s❡ ❛❧❣✉♠ ❛❣❡♥t❡ ❝♦♥❞❡♥s❛♥t❡ ❡stá ♣r❡s❡♥t❡ ♥❛ s♦❧✉çã♦ ❬✼✺✱✽✽❪✳ ❊ss❡ é ♦ ❝❛s♦ ❞♦ P❊●

✽✵✵✵✱ q✉❡ é ❝❛♣❛③ ❞❡ ❝♦♥❞❡♥s❛r ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆ ♣❛r❛ ❛❧t❛s ❝♦♥❝❡♥tr❛çõ❡s ✭> ✶✽✪ ❡♠

♠❛ss❛✮ ❡♠ s♦❧✉çõ❡s ❝♦♠ ❬◆❛❈❧❪ ❂ ✶✺✵ ♠▼ ❬✶✵✶✱✶✵✷❪✳ P❛r❛ ❝♦♥❝❡♥tr❛çõ❡s ♠❛✐s ❜❛✐①❛s✱

❝♦♠♦ ♠♦str❛❞❛s ♥❛s ❋✐❣✉r❛s ✺✳✸ ❡ ✺✳✹✱ ❡♠❜♦r❛ ♥ã♦ ♦❝♦rr❛✱ ❞❡ ❢❛t♦✱ ✉♠❛ ❝♦♥❞❡♥s❛✲

çã♦ ❞❛s ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆✱ ♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❡st✐r❛♠❡♥t♦ ❢♦r❛♠ r❡❛❧✐③❛❞♦s ❡♠ ✉♠❛

s♦❧✉çã♦ ♦♥❞❡ ❤á ♦✉tr❛s ♠♦❧é❝✉❧❛s✱ ❞❡ ❢♦r♠❛ q✉❡ ❛ ✐♥t❡r❛çã♦ ❞❡ ❞❡♣❧❡çã♦ ❡stá ♣r♦♥t❛

♣❛r❛ ❞❡s❡♠♣❡♥❤❛r ♦ s❡✉ ♣❛♣❡❧ ❡✱ ♣♦rt❛♥t♦✱ é ♥❡❝❡ssár✐♦ ✉♠❛ ❢♦rç❛ ❞❡ ♠ó❞✉❧♦ ♠❛✐♦r

♣❛r❛ ❡st✐❝❛r ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✳ ❯♠❛ ✈❡③ q✉❡ ♦s ❡①♣❡r✐♠❡♥t♦s ❢♦r❛♠

r❡❛❧✐③❛❞♦s ❝♦♠ ❢♦rç❛s ♠á①✐♠❛s ❞❡ ∼ 2 ♣◆ ✭r❡❣✐♠❡ ❡♥tró♣✐❝♦✮✱ ❡♥tã♦ é ❡s♣❡r❛❞♦ q✉❡

♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡✱ ♦❜t✐❞♦ ❛tr❛✈és ❞♦ ❛❥✉st❡ ❝♦♠ ♦ ♠♦❞❡❧♦ ❲▲❈✱

❛♣r❡s❡♥t❡ ✈❛❧♦r❡s ❝❛❞❛ ✈❡③ ♠❡♥♦r❡s ❛ ♠❡❞✐❞❛ q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ P❊● ❛✉♠❡♥t❛ ♥❛

s♦❧✉çã♦✳
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✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

❋✐❣✉r❛ ✺✳✹✿ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❞♦ ❉◆❆ ♣✉r♦ ♥♦r♠❛❧✐③❛❞♦ ♣❡❧♦ ✈❛❧♦r ❞♦ ❝♦♠♣r✐✲
♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L0✱ ❞♦ ❉◆❆ ♣✉r♦ ✭s❡♠ P❊● ♥❛ s♦❧✉çã♦✮ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞♦
P❊● ✽✵✵✵ ♥❛ s♦❧✉çã♦✳

❯♠❛ ✈❡③ r❡❛❧✐③❛❞❛ ❛ ❝❛r❛❝t❡r✐③❛çã♦ ❞♦ ❉◆❆ ♣✉r♦ ❡♠ s♦❧✉çõ❡s ❝♦♠ ❝♦♥❝❡♥tr❛✲

çõ❡s ✈❛r✐❛❞❛s ❞❡ P❊● ✽✵✵✵✱ ❛ s❡❣✉♥❞❛ ❡t❛♣❛ ❞♦ tr❛❜❛❧❤♦ ❢♦✐ ❛ ✐♥❝❧✉sã♦ ❞♦s ❝♦♠♣♦st♦s

✐♥t❡r❝❛❧❛♥t❡s ♥❛ s♦❧✉çã♦ ❝♦♥t❡♥❞♦ ♦ ❉◆❆ ❡ ♦ P❊● ✽✵✵✵✱ ❛ ✜♠ ❞❡ ✈❡r✐✜❝❛r♠♦s ❛ ✐♥✲

✢✉ê♥❝✐❛ ❞❡ ♦s♠ó❧✐t♦s ♥❛ ✐♥t❡r❛çã♦ ❞♦ ❉◆❆ ❝♦♠ ❝♦♠♣♦st♦s ✐♥t❡r❝❛❧❛♥t❡s✳ ❖s ❝♦♠♣♦st♦s

✐♥t❡r❝❛❧❛♥t❡s ✉t✐❧✐③❛❞♦s ♥❡ss❡ tr❛❜❛❧❤♦ ❢♦r❛♠✿ ❇r♦♠❡t♦ ❞❡ ❊tí❞✐♦ ✭❊t❇r✮ ❡ ♦ ●❡❧❘❡❞

✭●❘✮✳

❆ ❋✐❣✉r❛ ✺✳✺ ✭❝ír❝✉❧♦s ♣r❡t♦s✮ ♠♦str❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡r✲

s✐stê♥❝✐❛✱ A✱ ❡ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲❊t❇r q✉❛♥❞♦

♥ã♦ ❤á P❊● ♥❛ s♦❧✉çã♦✳ ❏á ♥❛ ❋✐❣✉r❛ ✺✳✻ ✭❝ír❝✉❧♦s ♣r❡t♦s✮ sã♦ ♠♦str❛❞♦s ♦s ❝♦♠♣♦r✲

t❛♠❡♥t♦s ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ♣❛r❛

♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❘ q✉❛♥❞♦ ♥ã♦ ❤á P❊● ♥❛ s♦❧✉çã♦✳

P♦❞❡♠♦s ♥♦t❛r q✉❡✱ ♣❛r❛ ❛s ♥♦ss❛s ❝♦♥❞✐çõ❡s ❡①♣❡r✐♠❡♥t❛✐s✱ ♦ ❡❢❡✐t♦ q✉❛❧✐t❛t✐✈♦
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✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

❋✐❣✉r❛ ✺✳✺✿ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ r❡❧❛t✐✈♦✱ L/L0✱
♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲❊t❇r ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❊t❇r✳ ❈ír❝✉❧♦s ♣r❡t♦s✿ s♦❧✉çã♦
s❡♠ P❊●❀ ❧♦s❛♥❣♦s ✈❡r♠❡❧❤♦s✿ P❊● ✶✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦❀ tr✐â♥❣✉❧♦s ❛③✉✐s✿ P❊● ✺✪ ❡♠
♠❛ss❛ ♥❛ s♦❧✉çã♦✳

❞♦ ❞♦✐s ✐♥t❡r❝❛❧❛♥t❡s é ♦ ♠❡s♠♦✿ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❝r❡s❝❡ ❛té ❛t✐♥❣✐r

✉♠ ❝❡rt♦ ✈❛❧♦r ♣❛r❛ ✉♠❛ ❝♦♥❝❡♥tr❛çã♦ ❝rít✐❝❛ ❡ ❞❡♣♦✐s ❞❡❝❛✐ ❛❜r✉♣t❛♠❡♥t❡❀ ♦ ❝♦♠♣r✐✲

♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ♣♦r s✉❛ ✈❡③✱ ❝r❡s❝❡ ♠♦♥♦t♦♥✐❝❛♠❡♥t❡ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦

❞❡ ✐♥t❡r❝❛❧❛♥t❡✱ ❛té q✉❡ ♦ ✈❛❧♦r ❞❡ s❛t✉r❛çã♦ s❡❥❛ ❛t✐♥❣✐❞♦✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡ss❡s

♣❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s ❥á ❤❛✈✐❛ s✐❞♦ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦ ♥♦ss♦ ❣r✉♣♦ ❞❡ ♣❡sq✉✐s❛ ♣❛r❛ ♦

❊t❇r ❡ ♣❛r❛ ♦ ●❘✱ ❡♠ s♦❧✉çõ❡s s❡♠ P❊● ❬✽✵✱✶✵✼❪✱ ❡ t❛♠❜é♠ ♣❛r❛ ♦✉tr♦s ✐♥t❡r❝❛❧❛♥✲

t❡s✱ ❡♠ ❝♦♥❞✐çõ❡s ❡①♣❡r✐♠❡♥t❛✐s ❜❛st❛♥t❡ s✐♠✐❧❛r❡s às ✉t✐❧✐③❛❞❛s ♥❡ss❡ tr❛❜❛❧❤♦ ❬✽✵✱✽✶❪✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ é ♠✉✐t♦ ❜❡♠ ❡s✲

t❛❜❡❧❡❝✐❞♦ ♥❛ ❧✐t❡r❛t✉r❛ ❡ ❢♦✐ r❡♣♦rt❛❞♦ ❡♠ ❞✐✈❡rs♦s tr❛❜❛❧❤♦s ❬✺✺✱✺✼✱✼✹✱✶✵✽✱✶✵✾❪✳ ❖

❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ♣♦r ♦✉tr♦ ❧❛❞♦✱ é ❡♠ ❣❡r❛❧✱ ❞❡✲

♣❡♥❞❡♥t❡ ❞❛s ❝♦♥❞✐çõ❡s ❡①♣❡r✐♠❡♥t❛✐s ❡ ♠❡s♠♦ ❞❛ té❝♥✐❝❛ ✉t✐❧✐③❛❞❛ ♣❛r❛ r❡❛❧✐③❛r ♦s

❡①♣❡r✐♠❡♥t♦s✱ ✉♠❛ ✈❡③ q✉❡ ♦ s❡✉ ❞❡❝❛✐♠❡♥t♦ ❛❜r✉♣t♦ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❛ ✉♠❛ ❞❡s♥❛✲

t✉r❛çã♦ ♣❛r❝✐❛❧ ❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ❞❡✈✐❞♦ ❛♦ s✉r❣✐♠❡♥t♦ ❞❡ ❜♦❧❤❛s ❞❡ ❞❡s♥❛t✉r❛çã♦

♣♦r ❝♦♥t❛ ❞❛ ❢♦rç❛ ❛♣❧✐❝❛❞❛ ♣❡❧❛ ♣✐♥ç❛ ó♣t✐❝❛ ❬✻✼✱✻✽❪✳

◆❛ ❋✐❣✉r❛ ✺✳✺ ✭❧♦s❛♥❣♦s ✈❡r♠❡❧❤♦s✮ é ♠♦str❛❞♦ t❛♠❜é♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦s

✼✷



✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

❋✐❣✉r❛ ✺✳✻✿ ❈♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ r❡❧❛t✐✈♦✱ L/L0✱
♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❘ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ●❘✳ ❈ír❝✉❧♦s ♣r❡t♦s✿ s♦❧✉çã♦ s❡♠
P❊●❀ ❧♦s❛♥❣♦s ✈❡r♠❡❧❤♦s✿ P❊● ✶✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦❀ tr✐â♥❣✉❧♦s ❛③✉✐s✿ P❊● ✺✪ ❡♠
♠❛ss❛ ♥❛ s♦❧✉çã♦✳

❝♦♠♣❧❡①♦s ❉◆❆✲❊t❇r ❛♣ós ❛ ❛❞✐çã♦ ❞❡ P❊● ✶✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦✳ ❊ss❛ ❝♦♥❝❡♥✲

tr❛çã♦ ❞❡ P❊● ❢♦✐ ♠❛♥t✐❞❛ ❝♦♥st❛♥t❡ ❞✉r❛♥t❡ t♦❞♦ ♦ ❡①♣❡r✐♠❡♥t♦✱ ❡♥q✉❛♥t♦ ❛ ❝♦♥✲

❝❡♥tr❛çã♦ ❞❡ ❊t❇r ❡r❛ ✈❛r✐❛❞❛✳ ❆ ❋✐❣✉r❛ ✺✳✻ ✭❧♦s❛♥❣♦s ✈❡r♠❡❧❤♦s✮ ♠♦str❛ ♦ r❡s✉❧t❛❞♦

❡q✉✐✈❛❧❡♥t❡ ♣❛r❛ ♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❘✳ ➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ❛ ❛❞✐çã♦ ❞❡ P❊●

✶✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦✱ ♠✉❞❛ q✉❛♥t✐t❛t✐✈❛♠❡♥t❡ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s

♠❡❝â♥✐❝❛s ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s✳ ❆♠❜♦s ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❡rs✐stê♥❝✐❛✱

A✱ ❡ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ✈❛r✐❛♠ ♠✉✐t♦ ♠❡♥♦s q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦s ❛ s✐t✉❛çã♦ ❡♠ q✉❡ ♥ã♦

❤á P❊● ♥❛ s♦❧✉çã♦ ✭❝ír❝✉❧♦s ♣r❡t♦s✮✱ ❡♠❜♦r❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❛❧✐t❛t✐✈♦ ❛♣❛r❡♥t❛

s❡r ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ♦ ♠❡s♠♦✱ ❡s♣❡❝✐❛❧♠❡♥t❡ ♥♦ ❝❛s♦ ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲●❘✳

❋✐♥❛❧♠❡♥t❡✱ t❛♠❜é♠ ♥❛s ❋✐❣✉r❛s ✺✳✺ ❡ ✺✳✻ ✭tr✐â♥❣✉❧♦s ❛③✉✐s✮✱ sã♦ ♠♦str❛❞♦s

♦s ❝♦♠♣♦rt❛♠❡♥t♦s ❞♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❡ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥✲

t♦r♥♦✱ L✱ ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲❊t❇r ❡ ❉◆❆✲●❘✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❛♥❞♦ ♦ P❊● ✺✪

❡♠ ♠❛ss❛ é ❛❞✐❝✐♦♥❛❞♦ ❛ s♦❧✉çã♦✳ ◆❡ss❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ P❊● ✽✵✵✵✱ ♦s ❝♦♠♣r✐♠❡♥t♦s

❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❞❡ ❛♠❜♦s ♦s ❝♦♠♣❧❡①♦s ♣❡r♠❛♥❡❝❡♠ ❝♦♥st❛♥t❡s ❞❡♥tr♦ ❞❛s ❜❛r✲

r❛s ❞❡ ❡rr♦ ❡ ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❞❡ ❛♠❜♦s ♦s ❝♦♠♣❧❡①♦s ✈❛r✐❛♠ ♠❡♥♦s
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✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

❛✐♥❞❛ q✉❛♥❞♦ ❝♦♠♣❛r❛❞♦s à s✐t✉❛çã♦ ❡♠ q✉❡ ❤á P❊● ✶✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦✱ ♦ q✉❡

s✐❣♥✐✜❝❛ q✉❡ ♦ ❛❝rés❝✐♠♦ ♥❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ P❊● s✉♣r✐♠❡ ❛s ♠✉❞❛♥ç❛s ♥♦ ♣❛râ♠❡✲

tr♦s ♠❡❝â♥✐❝♦s ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ♠❡❞✐❞♦s ❛tr❛✈és ❞❛ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡

❢♦rç❛✳

➱ ✐♠♣♦rt❛♥t❡ ♠❡♥❝✐♦♥❛r q✉❡ ♥ós t❛♠❜é♠ ✈❡r✐✜❝❛♠♦s ❛ ✐♥✢✉ê♥❝✐❛ ❞❛ ♦r❞❡♠ ❞❡

❛♣❧✐❝❛çã♦ ❞♦s ✐♥t❡r❝❛❧❛♥t❡s s♦❜r❡ ♦s ♥♦ss♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✳ P❛r❛ r❡❛❧✐③❛r ❡ss❛

t❛r❡❢❛✱ ♥ós r❡♣❡t✐♠♦s ♦ ♣r♦❝❡❞✐♠❡♥t♦ ❡♠♣r❡❣❛❞♦ ♣❛r❛ ♦❜t❡r ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s

♠♦str❛❞♦s ♥❛s ❋✐❣✉r❛s ✺✳✺ ❡ ✺✳✻✱ ♣❛r❛ ❛❧❣✉♠❛s ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆ ❡ ✉t✐❧✐③❛♥❞♦ ❛❧❣✉✲

♠❛s ❝♦♥❝❡♥tr❛çõ❡s ❡s♣❡❝í✜❝❛s ❞♦s ✐♥t❡r❝❛❧❛♥t❡s✱ ♠❛s ❛❣♦r❛ ❛♣❧✐❝❛♥❞♦ ♣r✐♠❡✐r❛♠❡♥t❡ ♦

✐♥t❡r❝❛❧❛♥t❡ ❡ ❞❡♣♦✐s ♦ P❊● ✶✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦✳ ❆ ♣r♦♣♦st❛ ❞❡ t❛✐s ♠❡❞✐❞❛s

❢♦✐ ✈❡r✐✜❝❛r ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ P❊● ❡♠ ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆ ♣r❡✈✐❛♠❡♥t❡ ✐♥t❡r❝❛❧❛❞❛s✳ ■♥✐✲

❝✐❛❧♠❡♥t❡✱ ♥ós ♠❡❞✐♠♦s ❛s ♣r♦♣r✐❡❞❛❞❡s ♠❡❝â♥✐❝❛s ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s

❛♥t❡s ❞❡ ❛❞✐❝✐♦♥❛r ♦ P❊● ♥❛ s♦❧✉çã♦ ❡✱ ❝♦♠ ✐ss♦✱ ♦❜t✐✈❡♠♦s ♦ ♠❡s♠♦ ❝♦♠♣♦rt❛♠❡♥t♦

♠♦str❛❞♦ ♥❛s ❋✐❣✉r❛s ✺✳✺ ❡ ✺✳✻✳ P❛r❛ ❝♦♥❝❡♥tr❛çõ❡s ❜❛✐①❛s✱ ♥ós ✈❡r✐✜❝❛♠♦s ✉♠ ❝r❡s❝✐✲

♠❡♥t♦ ❞❡ ❛♠❜♦s ♦s ❝♦♠♣r✐♠❡♥t♦s ❞❡ ♣❡rs✐stê♥❝✐❛✱ A ❡ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❛♣ós ❛ ❛❞✐çã♦

❞♦s ✐♥t❡r❝❛❧❛♥t❡s ❡ ✉♠ ❞❡❝rés❝✐♠♦ ❞❡ss❡s ♠❡s♠♦s ♣❛râ♠❡tr♦s ❛♣ós ❛ ✐♥❝❧✉sã♦ ❞♦ P❊●

✶✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦✳ P❛r❛ CEtBr = 1, 2 µ▼✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡

♣❡rs✐stê♥❝✐❛✱ A✱ ❞❡ ✉♠ ❞♦s ❝♦♠♣❧❡①♦s ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s t❡st❛❞♦s t❡✈❡ ✉♠ ❛❝rés❝✐♠♦✱

❛ ♣❛rt✐r ❞♦ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛r❛ ♦ ❉◆❆ ♣✉r♦ ✭∼ 49 ♥♠✮✱ ❛té ❛❧❝❛♥ç❛r ✉♠ ✈❛❧♦r ∼ 65, 3 ♥♠

q✉❛♥❞♦ ❛❞✐❝✐♦♥❛❞♦ ♦ ❊t❇r ❡ ❞❡♣♦✐s ❞❡❝r❡s❝❡✉ ♣❛r❛ ✉♠ ✈❛❧♦r ∼ 55 ♥♠ ❛♣ós ❛ ❛❞✐çã♦ ❞♦

P❊● ✶✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦ ✭♠❛♥t❡♥❞♦ ❛ ♠❡s♠❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❊t❇r ♥❛ s♦❧✉çã♦✮✳

P❛r❛ ❛ ♠❡s♠❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ t❡✈❡ ✉♠ ❛❝rés❝✐♠♦✱ ❛

♣❛rt✐r ❞♦ ✈❛❧♦r ✐♥✐❝✐❛❧ ♣❛r❛ ♦ ❉◆❆ ♣✉r♦ ✭∼ 16, 4 µ♠✮✱ ❛té ❛❧❝❛♥ç❛r ✉♠ ✈❛❧♦r ∼ 18, 5 µ♠

q✉❛♥❞♦ ❛❞✐❝✐♦♥❛❞♦ ♦ ❊t❇r ❡ ❞❡♣♦✐s ❞❡❝r❡s❝❡✉ ♣❛r❛ ✉♠ ✈❛❧♦r ∼ 16, 2 µ♠ ❛♣ós ❛ ❛❞✐✲

çã♦ ❞♦ P❊● ✶✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦✳ P❛r❛ ✉♠❛ ♦✉tr❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ t❡st❛❞❛✱

♠❛s ❛❣♦r❛ ✉t✐❧✐③❛♥❞♦ CEtBr = 2, 4 µ▼ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ q✉❛❧✐t❛t✐✈♦ é ❡①❛t❛♠❡♥t❡ ♦

♠❡s♠♦✿ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ♣❡rs✐stê♥❝✐❛✱ A✱ ❛✉♠❡♥t❛ ❞❡ ∼ 50, 3 ♥♠ ❛té ❛❧❝❛♥ç❛r ✉♠

✈❛❧♦r ∼ 70, 6 ♥♠ q✉❛♥❞♦ ❛❞✐❝✐♦♥❛❞♦ ♦ ❊t❇r ❡ ❞❡♣♦✐s ❞❡❝r❡s❝❡✉ ♣❛r❛ ✉♠ ✈❛❧♦r ∼ 49, 6

♥♠ ❛♣ós ❛ ❛❞✐çã♦ ❞♦ P❊● ✶✪ ❡♠ ♠❛ss❛ ♥❛ s♦❧✉çã♦ ✭♠❛♥t❡♥❞♦ ❛ ♠❡s♠❛ ❝♦♥❝❡♥tr❛çã♦

❞❡ ❊t❇r ♥❛ s♦❧✉çã♦✮✳ P❛r❛ ❛ ♠❡s♠❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✱ ♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱
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✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

❛✉♠❡♥t♦✉ ❞❡ ∼ 16, 8 µ♠✱ ❛té ❛❧❝❛♥ç❛r ✉♠ ✈❛❧♦r ∼ 18, 9 µ♠ q✉❛♥❞♦ ❛❞✐❝✐♦♥❛❞♦ ♦ ❊t❇r

❡ ❞❡♣♦✐s ❞❡❝r❡s❝❡✉ ♣❛r❛ ✉♠ ✈❛❧♦r ∼ 16, 9 µ♠ ❛♣ós ❛ ❛❞✐çã♦ ❞♦ P❊● ✶✪ ❡♠ ♠❛ss❛ ♥❛

s♦❧✉çã♦✳ ❊ss❡s r❡s✉❧t❛❞♦s s✉❣❡r❡♠ ❢♦rt❡♠❡♥t❡ q✉❡ ❛ ♦r❞❡♠ ❞❡ ❛♣❧✐❝❛çã♦ ❞♦s ❝♦♠♣♦st♦s

✭✐♥t❡r❝❛❧❛♥t❡s ❡ P❊●✮ ♥ã♦ ♠✉❞❛♠ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❣❡r❛❧ ❞♦s ♣❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s

♠♦str❛❞♦s ♥❛s ❋✐❣✉r❛s ✺✳✺ ❡ ✺✳✻✳

❖s r❡s✉❧t❛❞♦s s✐♥t❡t✐③❛❞♦s ♥❛s ❋✐❣✉r❛s ✺✳✺ ❡ ✺✳✻✱ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ ❞✐s❝✉ssã♦ ❞♦

ú❧t✐♠♦ ♣❛rá❣r❛❢♦✱ ♣♦❞❡♠ s❡r ♣r♦♥t❛♠❡♥t❡ ❡①♣❧✐❝❛❞♦s ❝♦♠♦ ❜❛s❡ ❡♠ ✉♠❛ ✐♥t❡r❛çã♦ ❡♥tr❡

♦ P❊● ❡ ♦s ❝♦♠♣♦st♦s ✐♥t❡r❝❛❧❛♥t❡s✳ ❉❡ ❢❛t♦✱ ♦s ❡❢❡✐t♦s ❢ís✐❝♦s ✐♥tr♦❞✉③✐❞♦s ♣❡❧♦ P❊● ♥❛

s♦❧✉çã♦ ❞❡ ❉◆❆ ✭❛✉♠❡♥t♦ ❞❛ ✈✐s❝♦s✐❞❛❞❡✱ ❛✉♠❡♥t♦ ❞❛ ♣r❡ssã♦ ♦s♠ót✐❝❛ ❡ ❞❡s✐❞r❛t❛çã♦

❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆✮✱ ♥ã♦ sã♦ r❡❧❡✈❛♥t❡s ♣❛r❛ ❛s ❝♦♥❝❡♥tr❛çõ❡s ❞❡ P❊● ✉t✐❧✐③❛❞❛s ♥❡ss❡

tr❛❜❛❧❤♦ ✭≤ 5% ❡♠ ♠❛ss❛✮ ❬✶✵✺✱✶✶✵❪✱ ❞❡ ❢♦r♠❛ q✉❡ s♦♠❡♥t❡ ✉♠❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦ P❊●

❡ ♦s ❝♦♠♣♦st♦s ✐♥t❡r❝❛❧❛♥t❡s ♣♦❞❡ ❡①♣❧✐❝❛r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ❡s♣❡❝tr♦s❝♦♣✐❛

❞❡ ❢♦rç❛✳ ➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡✱ ❡♠ ♥♦ss♦s ❡①♣❡r✐♠❡♥t♦s✱ ❛ ❝♦♥❝❡♥tr❛çã♦ ♠♦❧❛r ❞♦

P❊● ✽✵✵✵ ✭✶✪ ❡♠ ♠❛ss❛✮ é ∼ 1, 25 ♠▼✱ q✉❡ é ∼ 500 ✈❡③❡s ♠❛✐♦r q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦

❞❡ ♣❛r❡s ❞❡ ❜❛s❡ ❞♦ ❉◆❆ ♥❛ ❛♠♦str❛ ✭∼ 2, 43 µ▼✮✳ P♦rt❛♥t♦✱ ♠❡s♠♦ q✉❡ ❛ ❛✜♥✐❞❛❞❡

❞❛ ✐♥t❡r❛çã♦ P❊●✲✐♥t❡r❝❛❧❛♥t❡s s❡❥❛ ♠✉✐t♦ ♠❡♥♦r q✉❡ ❛ ❛✜♥✐❞❛❞❡ ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲

✐♥t❡r❝❛❧❛♥t❡s✱ ♦ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ♠♦❧é❝✉❧❛s ❞❡ P❊● ❡♠ s♦❧✉çã♦ é s✉✜❝✐❡♥t❡ ♣❛r❛

✐♥t❡r❛❣✐r s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❝♦♠ ♦s ❝♦♠♣♦st♦s ✐♥t❡r❝❛❧❛♥t❡s✱ q✉❡ é ❡①❛t❛♠❡♥t❡ ♦ q✉❡

s✉❣❡r❡ ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛✳

✺✳✸✳✷ ❘❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ❝❛❧♦r✐♠❡tr✐❛ ✐s♦tér♠✐❝❛ ❞❡ t✐✲

t✉❧❛çã♦

❉❡ ❢♦r♠❛ ❛ ❝♦♠♣❧❡♠❡♥t❛r ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❝♦♠ ❛ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ ❢♦rç❛✱

♥ós r❡❛❧✐③❛♠♦s ❛❧❣✉♥s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❝❛❧♦r✐♠❡tr✐❛✱ ❛ ✜♠ ❞❡ ✈❡r✐✜❝❛r♠♦s ❛s ✐♥t❡r❛✲

çõ❡s P❊●✲❊t❇r ❡ ❉◆❆✲❊t❇r✱ ❜❡♠ ❝♦♠♦ ❞❡t❡r♠✐♥❛r♠♦s ❛ ❝♦♠♣❡t✐çã♦ r❡❧❛t✐✈❛ ❡♥tr❡

♦ ❉◆❆ ❡ ♦ P❊● ♣❡❧❛s ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r ❞✐s♣♦♥í✈❡✐s ❡♠ s♦❧✉çã♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛s

♥♦ss❛s ❝♦♥❞✐çõ❡s ❡①♣❡r✐♠❡♥t❛✐s✳ ❯♠❛ ✈❡③ q✉❡ ❤á ✉♠ ❢♦rt❡ ✐♥❞í❝✐♦ ❡①♣❡r✐♠❡♥t❛❧ q✉❡ ♦

●❡❧❘❡❞ s❡❥❛ ❝♦♠♣♦st♦ ❜❛s✐❝❛♠❡♥t❡ ♣♦r ❞✉❛s ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r ❬✶✵✼❪✱ é ❡s♣❡r❛❞♦ q✉❡

❡❧❡ t❛♠❜é♠ ✐♥t❡r❛❥❛ ❝♦♠♦ ♦ P❊●✳

❆ ❋✐❣✉r❛ ✺✳✼ ♠♦str❛ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♣❛r❛ ❛ ❡♥t❛❧♣✐❛ ❛♣❛r❡♥t❡ ❞❡ ✐♥t❡r❛çã♦✱

✼✺



✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

∆Hap−int✱ ♣❛r❛ ♦s ❝♦♠♣❧❡①♦s P❊●✲❊t❇r ❢♦r♠❛❞♦s ♥❛ ❛✉sê♥❝✐❛ ✭q✉❛❞r❛❞♦s✮ ❡ ♥❛ ♣r❡✲

s❡♥ç❛ ✭❝ír❝✉❧♦s✮ ❞❡ ❉◆❆ ❝✉❥❛ ❝♦♥❝❡♥tr❛çã♦ é 21, 3 µ▼✱ ❡♠ ❢✉♥çã♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡

❊t❇r ♥❛ ❝é❧✉❧❛ ❝❛❧♦r✐♠étr✐❝❛✳

❋✐❣✉r❛ ✺✳✼✿ ❊♥t❛❧♣✐❛ ❛♣❛r❡♥t❡ ❞❡ ✐♥t❡r❛çã♦✱ ∆Hap−int✱ ♣❛r❛ ♦s ❝♦♠♣❧❡①♦s P❊● ✲ ❊t❇r
❢♦r♠❛❞♦s ♥❛ ❛✉sê♥❝✐❛ ✭q✉❛❞r❛❞♦s✱ ❡✐①♦ ✈❡rt✐❝❛❧ à ❞✐r❡✐t❛✮ ❡ ♥❛ ♣r❡s❡♥ç❛ ✭❝ír❝✉❧♦s✱ ❡✐①♦ ✈❡rt✐❝❛❧
à ❡sq✉❡r❞❛✮ ❞❡ ❉◆❆ ❝✉❥❛ ❝♦♥❝❡♥tr❛çã♦ é 21, 3 µ▼✳

■♥❢❡❧✐③♠❡♥t❡ ♥ã♦ ❢♦✐ ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r ♦ ∆Hap−int ♣❛r❛ ❛ ✐♥t❡r❛çã♦ ❉◆❆✲

❊t❇r✱ ✉♠❛ ✈❡③ q✉❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝❛❧♦r ♠❡❞✐❞❛ ♣❛r❛ ❡ss❛ ✐♥t❡r❛çã♦ ❡st❛✈❛ ♥❛ ❢❛✐①❛

❞❛ ✐♥❝❡rt❡③❛ ❞♦ ❝❛❧♦rí♠❡tr♦✱ ♦ q✉❡ ♠♦str❛ q✉❛ ❛ ✐♥t❡r❛çã♦ ❉◆❆✲❊t❇r✱ ♦❜s❡r✈❛❞❛ ♥♦s

❡①♣❡r✐♠❡♥t♦s ❝♦♠ ❛ ♣✐♥ç❛ ó♣t✐❝❛✱ é ♣✉r❛♠❡♥t❡ ❡♥tró♣✐❝❛✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❛r❛ ❛

❢❛✐①❛ ❞❡ ❝♦♥❝❡♥tr❛çõ❡s ❞❡ ❊t❇r ✉t✐❧✐③❛❞❛s✱ ❛ ✐♥t❡r❛çã♦ P❊●✲❊t❇r ❢♦✐ ❡①♦tér♠✐❝❛✱ ❝♦♠

♦ ∆Hap−int ❛ss✉♠✐♥❞♦ ✈❛❧♦r❡s ❝❛❞❛ ✈❡③ ♠❛✐♦r❡s ✭♠❡♥♦s ♥❡❣❛t✐✈♦s✮✱ ❛ ♠❡❞✐❞❛ q✉❡ ❛

❝♦♥❝❡♥tr❛çã♦ ❞❡ ❊t❇r ❢♦✐ ❛✉♠❡♥t❛♥❞♦✱ ❞❡✈✐❞♦ ❛ ❞✐♠✐♥✉✐çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ sít✐♦s ❧✐✈r❡s

❞❡ P❊● ♥❛ s♦❧✉çã♦✱ ♣♦r ❝♦♥t❛ ❞♦ ❛✉♠❡♥t♦ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❊t❇r✳ ❖ ∆Hap−int

♣❛r❛ ❛ ❢♦r♠❛çã♦ ❞♦s ❝♦♠♣❧❡①♦s P❊●✲❊t❇r ✭♥❛ ❛✉sê♥❝✐❛ ❞❡ ❉◆❆✮ ♠✉❞❛ ❞❡ ✲✹✵ ❦❏✴♠♦❧

❡♠ ✉♠❛ ❜❛✐①❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❊t❇r ♣❛r❛ ✲✷✽ ❦❏✴♠♦❧ ❡♠ ❝♦♥❝❡♥tr❛çõ❡s ♠❛✐s ❛❧t❛s ❞❡

✼✻



✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

❊t❇r✱ s✉❣❡r✐♥❞♦ q✉❡ ❛s ✐♥t❡r❛çõ❡s ♠♦❧❡❝✉❧❛r❡s ❞✐s♣❡rs✐✈❛s∗ ✭❡ ♥ã♦ s♦♠❡♥t❡ ✐♥t❡r❛çõ❡s

❤✐❞r♦❢ó❜✐❝❛s✮ ❡st❡❥❛♠ ❝♦♥❞✉③✐♥❞♦ ❛ ✐♥t❡r❛çã♦ P❊●✲❊t❇r✳

❆ ✜♠ ❞❡ ❞❡t❡r♠✐♥❛r♠♦s ❛ ❝♦♠♣❡t✐çã♦ ❡♥tr❡ ♦ ❉◆❆ ❡ ♦ P❊●✱ ♣❡❧❛s ♠♦❧é❝✉❧❛s ❞❡

❊t❇r ❞✐s♣♦♥í✈❡✐s ♥❛ s♦❧✉çã♦✱ ❢♦✐ r❡❛❧✐③❛❞❛ ❛ ♠❡❞✐❞❛ ❞♦ ∆Hap−int ♣❛r❛ ❛ ❢♦r♠❛çã♦ ❞♦s

❝♦♠♣❧❡①♦s P❊●✲❊t❇r ♥❛ ♣r❡s❡♥ç❛ ❞❡ ❉◆❆✱ ❝♦♠ ✉♠❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ 21, 3 µ▼✳ ❉❡ss❛

❢♦r♠❛✱ ❢♦✐ ♣♦ssí✈❡❧ ❝♦♠♣❛r❛r ♦s ✈❛❧♦r❡s ❞♦ ∆Hap−int ♥❛ ❛✉sê♥❝✐❛ ❡ ♥❛ ♣r❡s❡♥ç❛ ❞♦ ❉◆❆

♥❛ s♦❧✉çã♦✳ ❆ ✐❞❡✐❛ é q✉❡ ❛ ❛❞✐çã♦ ❞❡ ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r ♥❛ s♦❧✉çã♦ ❞❡ ❉◆❆✲P❊● ❢❛rá

❝♦♠ q✉❡ ♠❡♥♦s ♠♦❧é❝✉❧❛s ❞♦ ❝♦♠♣♦st♦ ✐♥t❡r❝❛❧❛♥t❡ ❡st❡❥❛♠ ❞✐s♣♦♥í✈❡✐s ♣❛r❛ ✐♥t❡r❛❣✐r

❝♦♠ ♦ P❊●✱ ✉♠❛ ✈❡③ q✉❡ ✉♠❛ ♣❛rt❡ ❞❛s ♠♦❧é❝✉❧❛s ❞♦ ❊t❇r ❡st❛rã♦ ✐♥t❡r❝❛❧❛❞❛s ♥❛s

♠♦❧é❝✉❧❛s ❞❡ ❉◆❆✳ ❯♠❛ ✈❡③ q✉❡ ❛ ✐♥t❡r❛çã♦ ❉◆❆✲❊t❇r ❢♦✐ ❛tér♠✐❝❛ ✭∆Hap−int = 0✮✱

é ♣♦ssí✈❡❧ ♣r♦♣♦r q✉❡ ❛ ❢r❛çã♦ f ❞❛❞❛ ♣♦r

f =
∆Hap−int ✭♣r❡s❡♥ç❛ ❉◆❆✮
∆Hap−int ✭❛✉sê♥❝✐❛ ❉◆❆✮

, ✭✺✳✶✮

❡①♣r❡ss❛ ❛ ❢r❛çã♦ ❞❡ ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r q✉❡ ♣❡r♠❛♥❡❝❡♠ ✐♥t❡r❛❣✐♥❞♦ ❝♦♠ ♦ P❊●

q✉❛♥❞♦ ♦ ❉◆❆ ❡stá ♣r❡s❡♥t❡ ♥❛ s♦❧✉çã♦✳ ■♥❞❡♣❡♥❞❡♥t❡ ❞❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ❊t❇r✱

♥ós ❡♥❝♦♥tr❛♠♦s q✉❡ f ∼ 0, 16✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ∼ ✽✹✪ ❞❛s ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r q✉❡✱

✐♥✐❝✐❛❧♠❡♥t❡✱ ❡st❛✈❛♠ ✐♥t❡r❛❣✐♥❞♦ ❝♦♠ ♦ P❊● ♥❛ ❛✉sê♥❝✐❛ ❞❡ ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆ sã♦

❧✐❜❡r❛❞❛s ♣❛r❛ ✐♥t❡r❝❛❧❛r❡♠ ♥♦s sít✐♦s ❞✐s♣♦♥í✈❡✐s ❞❛s ♠♦❧é❝✉❧❛s ❞❡ ❉◆❆✱ q✉❛♥❞♦ ❡❧❡

s❡ ❡♥❝♦♥tr❛ ♥❛ s♦❧✉çã♦✳ ❆❧é♠ ❞✐ss♦✱ ❛ ❢r❛çã♦ f ♦❜t✐❞❛ ❝♦♠ ❛ ❡q✉❛çã♦ ✭✺✳✶✮✱ ♣♦❞❡ s❡r

❝♦♠♣❛r❛❞❛ ❞✐r❡t❛♠❡♥t❡ ❝♦♠ ♦ r❡s✉❧t❛❞♦ ♦❜t✐❞♦ ♥❛ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ ❢♦rç❛✱ ✉♠❛ ✈❡③

q✉❡ ❛ r❛③ã♦ ❡♥tr❡ ♦s ✈❛❧♦r❡s ❞❡ s❛t✉r❛çã♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦ ♥♦r♠❛❧✐③❛❞♦

✭L/L0✮ ❞❡✈❡♠ ❢♦r♥❡❝❡r ❛ ♠❡s♠❛ ❢r❛çã♦ f ✳ ❉❡ ❢❛t♦✱ ♥❛ s❛t✉r❛çã♦✱ ♦ ❊t❇r ❛✉♠❡♥t❛ ♦

❝♦♠♣r✐♠❡♥t♦ ❞❡ ❝♦♥t♦r♥♦✱ L✱ ❞♦ λ✲❉◆❆ ❡♠ ∼ ✸✾✪ s❡❣✉♥❞♦ ♥♦ss❛s ❝♦♥❞✐çõ❡s ❡①♣❡✲

r✐♠❡♥t❛✐s ❬✽✵❪✳ ◆♦ ❡♥t❛♥t♦✱ q✉❛♥❞♦ ♦ P❊● ✶✪ ❡♠ ♠❛ss❛ ❡stá ♣r❡s❡♥t❡ ♥❛ s♦❧✉çã♦✱

❛ ❋✐❣✉r❛ ✺✳✺ ♠♦str❛ q✉❡ t❛❧ ❛✉♠❡♥t♦ é s♦♠❡♥t❡ ❞❡ ∼ ✷✵✪ ♥❛ s❛t✉r❛çã♦✳ P♦rt❛♥t♦✱

♥❛ s❛t✉r❛çã♦✱ ♥ós t❡♠♦s ❬L✴L0❪✭P❊● ✶✱✵✪✮/❬L✴L0❪✭P❊● ✵✱✵✪✮ ∼ ✶✱✷✵✴✶✱✸✾ ∼ ✽✻✪✱ ♦

q✉❡ s✐❣♥✐✜❝❛ q✉❡ ∼ ✶✹✪ ❞❛s ♠♦❧é❝✉❧❛s ❞❡ ❊t❇r ♣r❡✈✐❛♠❡♥t❡ ✐♥t❡r❝❛❧❛❞❛s ❛♦ ❉◆❆✱ sã♦

❧✐❜❡r❛❞❛s ♣❛r❛ ✐♥t❡r❛❣✐r❡♠ ❝♦♠ ♦ P❊● ✶✪ ❡♠ ♠❛ss❛ ♣r❡s❡♥t❡ ♥❛ s♦❧✉çã♦✳ ❚❛❧ ❡st✐♠❛✲

∗■♥t❡r❛çõ❡s ♠♦❧❡❝✉❧❛r❡s ❞✐s♣❡rs✐✈❛s sã♦ ✐♥t❡r❛çõ❡s ❞❡ ✈❛♥ ❞❡r ❲❛❛❧s q✉❡ ❡♥✈♦❧✈❡♠ ✉♠❛ ❡♥❡r❣✐❛ ♥❛
❢❛✐①❛ ❞❡ ✵✲✹✵ ❦❏✴♠♦❧✳
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✺✳ ❆ ✐♥t❡r❛çã♦ ❉◆❆✲✐♥t❡r❝❛❧❛♥t❡s ❡♠ s♦❧✉çõ❡s ❝♦♥t❡♥❞♦ P♦❧✐✭❡t✐❧❡♥♦
❣❧✐❝♦❧✮ ✽✵✵✵

t✐✈❛ ❡stá ❡♠ ❡①❝❡❧❡♥t❡ ❛❝♦r❞♦ ❝♦♠ ♦ ✈❛❧♦r ♦❜t✐❞♦ ❝♦♠ ♦s ❡①♣❡r✐♠❡♥t♦s ❞❡ ❝❛❧♦r✐♠❡tr✐❛

✭f ∼ 16%✮✳

P♦r ú❧t✐♠♦✱ é ✐♠♣♦rt❛♥t❡ ❧❡✈❛r ❡♠ ❝♦♥t❛ ❛ ❞✐❢❡r❡♥ç❛ ❞❡ ❡♥tr♦♣✐❛ ❡♠ s✐st❡♠❛s

♦♥❞❡ ❤á ❣r❛♥❞❡s ♠♦❧é❝✉❧❛s ❞❡ P❊● ❡♠ s♦❧✉çã♦ ✭♦♥❞❡ ♦s ♠♦♥ô♠❡r♦s ❡stã♦ ✉♥✐❞♦s✱ ❢♦r✲

♠❛♥❞♦ ❛ ♠♦❧é❝✉❧❛ ❞❡ P❊●✮ ❡ ♠♦♥ô♠❡r♦s ❞❡ P❊● ❧✐✈r❡s ❡♠ s♦❧✉çã♦✳ ◆♦ ♣r✐♠❡✐r♦✱

❛ ❡♥tr♦♣✐❛ é ♠❡♥♦r ❡✱ ♣♦r ✐ss♦✱ ❡ss❡ ❡❢❡✐t♦ ❞❡✈❡ ❞❡s❡♠♣❡♥❤❛r ✉♠ ♣❛♣❡❧ ✐♠♣♦rt❛♥t❡

♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞♦ ♣♦❧í♠❡r♦ ❡♠ s♦❧✉çã♦ ❬✶✶✶❪✱ ✉♠❛ ✈❡③ q✉❡ ♦ ❞❡❝rés❝✐♠♦ ❞❡ ❡♥✲

tr♦♣✐❛✱ ❛ss♦❝✐❛❞❛ à ❝♦♥❡❝t✐✈✐❞❛❞❡ ❡♥tr❡ ♦s ♠♦♥ô♠❡r♦s✱ ❞❡✈❡ ❛✉♠❡♥t❛r✱ ❧♦❝❛❧♠❡♥t❡✱ ❛

✐♥t❡r❛çã♦ ❡♥tr❡ ♦ ❧✐❣❛♥t❡ ❡ ♦s ♠♦♥ô♠❡r♦s ❞❡ P❊●✳ ❉❡ss❛ ❢♦r♠❛✱ ❡♠❜♦r❛ ♦❧✐❣ô♠❡r♦s

❞❡ ❡t✐❧❡♥♦✲❣❧✐❝♦❧ t❡♥❤❛♠ ✉♠❛ ♣❡q✉❡♥❛ ✭♦✉ q✉❛s❡ ❞❡s♣r❡③í✈❡❧✮ ✐♥t❡r❛çã♦ ❝♦♠ ✐♥t❡r❝❛❧❛♥✲

t❡s✱ ♦ ♠❡s♠♦ ❝♦♥❥✉♥t♦ ❞❡ ♠♦♥ô♠❡r♦s✱ ❛❣♦r❛ r❡✉♥✐❞♦s ❢♦r♠❛♥❞♦ ✉♠❛ ❣r❛♥❞❡ ♠♦❧é❝✉❧❛

❞❡ P❊●✱ ♣♦❞❡ ✐♥t❡r❛❣✐r s✐❣♥✐✜❝❛t✐✈❛♠❡♥t❡ ❝♦♠ ♦ ❧✐❣❛♥t❡✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ♥ós

♣♦❞❡♠♦s ❧❡✈❛r ❡♠ ❝♦♥t❛ ❛ ❢r❛çã♦ ❞♦ ✈♦❧✉♠❡ ❞❡ ♠♦♥ô♠❡r♦s✱ φ✱ ❞❡♥tr♦ ❞❡ ✉♠❛ ♠♦❧é✲

❝✉❧❛ ✐s♦❧❛❞❛ ❞♦ ♣♦❧í♠❡r♦ ❡♠ ✉♠ s♦❧✈❡♥t❡ q✉❛❧q✉❡r✱ ♦♥❞❡ φ é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ♥ú♠❡r♦

❞❡ ♠♦♥ô♠❡r♦s✱ N ✱ ♦✉ s❡❥❛✱ φ ∼ 1/N1/2 ❬✶✶✷❪✳ P♦rt❛♥t♦✱ ❡♠❜♦r❛ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡

♠♦♥ô♠❡r♦s ❞❡ P❊● ♥❛ s♦❧✉çã♦ s❡❥❛ ♠✉✐t♦ ♣❡q✉❡♥❛✱ ❛ ❝♦♥❝❡♥tr❛çã♦ ❧♦❝❛❧ ❞❡ ♠♦♥ô♠❡✲

r♦s ❞❡♥tr♦ ❞❡ ✉♠❛ ♠♦❧é❝✉❧❛ ✐s♦❧❛❞❛ é ♠✉✐t♦ ♠❛✐♦r✱ ❞❡✈✐❞♦ ❛♦ t❛♠❛♥❤♦ ❞❛ ♠♦❧é❝✉❧❛✳

◆♦ ♥♦ss♦ ❝❛s♦✱ ♣❛r❛ ✉♠❛ ♠♦❧é❝✉❧❛ ❞❡ P❊● ✽✵✵✵✱ N = 181 ❡✱ ♣♦rt❛♥t♦✱ φ ∼ 7 ✈❡③❡s

♠❛✐♦r ❞♦ q✉❡ ❛ ❝♦♥❝❡♥tr❛çã♦ ❞❡ ♠♦♥ô♠❡r♦s ♥❛ s♦❧✉çã♦✳ ❉❡ss❛ ❢♦r♠❛✱ ✉♠❛ ❛tr❛çã♦

q✉❛s❡ ❞❡s♣r❡③í✈❡❧ ♣❛r❛ ♦❧✐❣ô♠❡r♦s✱ t♦r♥❛✲s❡ ✉♠❛ ✐♥t❡r❛çã♦ ❢♦rt❡ ❛ ♥í✈❡❧ ♣♦❧✐♠ér✐❝♦ ❡✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✉♠❛ ♠♦❧é❝✉❧❛ ♣❡q✉❡♥❛ ❞❡ ✉♠ ❧✐❣❛♥t❡ ❤✐❞r♦❢ó❜✐❝♦ ✭❝♦♠♦ é ♦ ❝❛s♦

❞♦ ❊t❇r✮ ❞❡✈❡ ♣❡r♠❛♥❡❝❡r ✏♣r❡s❛✑ ❞❡♥tr♦ ❞❛ ❝❛❞❡✐❛ ♣♦❧✐♠ér✐❝❛✳
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❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s

◆❡st❡ tr❛❜❛❧❤♦✱ ✉t✐❧✐③❛♥❞♦ ♦ ♠♦❞❡❧♦ ❲♦r♠ ▲✐❦❡✲❈❤❛✐♥ ✭❲▲❈✮ ❡❧❛❜♦r❛❞♦ ♣♦r

▼❛r❦♦ ❡ ❙✐❣❣✐❛ ❬✷✻❪✱ ❢♦✐ ♣♦ssí✈❡❧ ♠♦♥✐t♦r❛r ❛s ♠✉❞❛♥ç❛s ♥❛s ♣r♦♣r✐❡❞❛❞❡s ♠❡❝â♥✐❝❛s

❞❛ ♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❛♦ ✐♥t❡r❛❣✐r ❝♦♠ ❛ ❆❝t✐♥♦♠✐❝✐♥❛ ❉ ❡ ♦ ●❡❧❘❡❞✱ ❛❧é♠ ❞❡ ✈❡r✐✜✲

❝❛r ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮ ✽✵✵✵ ♥❛ ✐♥t❡r❛çã♦ ❞♦ ❉◆❆ ❝♦♠ ♦s ❝♦♠♣♦st♦s

✐♥t❡r❝❛❧❛♥t❡s ✭❇r♦♠❡t♦ ❞❡ ❊tí❞✐♦ ❡ ●❡❧❘❡❞✮✳

▼♦str❛♠♦s q✉❡ ❛ ✉t✐❧✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ ❡st❛tíst✐❝♦ ❞❡ ❞♦✐s sít✐♦s✱ ♣❡r♠✐t❡ ❛ ❡①✲

tr❛çã♦ ❞♦s ♣❛râ♠❡tr♦s ❢ís✐❝♦✲q✉í♠✐❝♦s ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲❆❝t✐♥♦♠✐❝✐♥❛ ❉ ❬✶✶✸❪ ❡ q✉❡

♦s ✈❛❧♦r❡s ❡♥❝♦♥tr❛❞♦s ❝♦♥❝♦r❞❛♠ ❞❡ ♠❛♥❡✐r❛ ❜❛st❛♥t❡ s❛t✐s❢❛tór✐❛ ❝♦♠ ♦s r❡s✉❧t❛❞♦s

♦❜t✐❞♦s ❝♦♠ ♦✉tr❛s té❝♥✐❝❛s ❡①♣❡r✐♠❡♥t❛✐s ❬✻✾✕✼✷❪✳

❯t✐❧✐③❛♥❞♦ ❞✉❛s té❝♥✐❝❛s ❡①♣❡r✐♠❡♥t❛✐s ❞✐❢❡r❡♥t❡s✱ ❛ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ ❢♦rç❛ ❡

♦ ❡s♣❛❧❤❛♠❡♥t♦ ❞❡ ❧✉③✱ ♥ós r❡❛❧✐③❛♠♦s ❛ ♣r✐♠❡✐r❛ ❝❛r❛❝t❡r✐③❛çã♦ ♣❛r❛ ✐♥t❡r❛çã♦ ❉◆❆✲

●❡❧❘❡❞✱ q✉❡ é ✉♠ ❝♦♠♣♦st♦ q✉❡ ♣♦ss✉✐ ❛ s✉❛ ❡str✉t✉r❛ q✉í♠✐❝❛ ♣❛t❡♥t❡❛❞❛ ❡ ❛✐♥❞❛

♥ã♦ ❢♦✐ ♦✜❝✐❛❧♠❡♥t❡ ❞✐✈✉❧❣❛❞❛ ♣❡❧♦ s❡✉ ❢❛❜r✐❝❛♥t❡✳ ❯t✐❧✐③❛♥❞♦ ♦ ♠♦❞❡❧♦ ❞❡ ❡①❧✉sã♦

❞❡ ✈✐③✐♥❤♦s✱ ❞❡t❡r♠✐♥❛♠♦s ♦s ♣❛râ♠❡tr♦s ❢ís✐❝♦✲q✉í♠✐❝♦s ❞❛ ✐♥t❡r❛çã♦ ❉◆❆✲●❡❧❘❡❞ ❡

♠♦str❛♠♦s q✉❡ ♦ ●❡❧❘❡❞ s❡ ❧✐❣❛ ❢♦rt❡♠❡♥t❡ ❛♦ ❉◆❆✳ ❆❧é♠ ❞✐ss♦✱ ♥♦ss♦s ❞❛❞♦s ♦❜t✐❞♦s

s✉❣❡r❡♠ ❢♦rt❡♠❡♥t❡ q✉❡ ♦ ●❡❧❘❡❞ é ✉♠ ❜✐s✲✐♥t❡r❝❛❧❛♥t❡ ❬✶✵✼❪✳

P♦r ú❧t✐♠♦✱ ✉t✐❧✐③❛♥❞♦ ❛ ❡s♣❡❝tr♦s❝♦♣✐❛ ❞❡ ❢♦rç❛ ❡ ❛ ❝❛❧♦r✐♠❡tr✐❛ ✐s♦tér♠✐❝❛ ❞❡

t✐t✉❧❛çã♦✱ ❡st✉❞❛♠♦s ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ P♦❧✐✭❡t✐❧❡♥♦ ❣❧✐❝♦❧✮ ✭P❊●✮ ✽✵✵✵ ♥❛ ✐♥t❡r❛çã♦ ❞❛

♠♦❧é❝✉❧❛ ❞❡ ❉◆❆ ❝♦♠ ❝♦♠♣♦st♦s ✐♥t❡r❝❛❧❛♥t❡s✳ ❱✐♠♦s q✉❡✱ ♣❛r❛ ❝♦♥❝❡♥tr❛çõ❡s ❞❡

P❊● ≤ ✶✵✪ ❡♠ ♠❛ss❛✱ ❤á ✉♠❛ ❧✐❣❡✐r❛ ❛❧t❡r❛çã♦ ♥♦s ♣❛râ♠❡tr♦s ♠❡❝â♥✐❝♦s ❞♦ ❉◆❆
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✻✳ ❈♦♥❝❧✉sõ❡s ❡ P❡rs♣❡❝t✐✈❛s

♣✉r♦ ♠❡❞✐❞♦s ♥♦ r❡❣✐♠❡ ❡♥tró♣✐❝♦✳ ❖ ❣rá✜❝♦ ❞❡ ❢♦rç❛ × ❡①t❡♥sã♦ ✭❋✐❣✉r❛ ✺✳✷✮ r❡✈❡❧❛

❛ ♦❝♦rrê♥❝✐❛ ❞❡ ✉♠❛ ❢r❛❝❛✱ ♣♦ré♠ ♠❡♥s✉rá✈❡❧✱ ❢♦rç❛ ❞❡ ❞❡♣❧❡çã♦ q✉❡ ♦❝❛s✐♦♥❛ ❡♠
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DNA interaction with Actinomycin D: mechanical

measurements reveal the details of the binding data

E. C. Cesconetto,a F. S. A. Junior,a F. A. P. Crisafuli,a O. N. Mesquita,b E. B. Ramosa

and M. S. Rocha*a

We have studied the interaction between the anticancer drug Actinomycin D (ActD) and the DNA

molecule by performing single molecule stretching experiments and atomic force microscopy (AFM)

imaging. From the stretching experiments, we determine how the mechanical properties of the DNA–

ActD complexes vary as a function of drug concentration, for a fixed DNA concentration. We have

found that the persistence lengths of the complexes formed behave non-monotonically: at low concen-

trations of ActD they are more flexible than the bare DNA molecule and become stiffer at higher con-

centrations. On the other hand, the contour length increases monotonically as a function of ActD

concentration. Using a two-sites quenched disorder statistical model recently developed by us, we

were able to extract chemical parameters such as the intrinsic binding constant and the degree of

cooperativity from these pure mechanical measurements, thus performing a robust characterization of

the interaction. The AFM images, otherwise, were used to measure the bending angle size distribution

that ActD introduces on the double-helix structure and the average number of bendings per DNA mole-

cule as a function of drug concentration, two quantities that cannot be determined from the stretching

experiments.

Introduction

The characterization of DNA interactions with ligands such as

proteins and drugs is important to many areas of knowledge, from

the comprehension of basic intracellular processes to the applica-

tion in medical sciences, especially in cancer chemotherapy. In fact,

some drugs such as the anthracycline antibiotics and the platinum-

based compounds exhibit a strong affinity to the DNA of cancer

cells. When bound, these drugs usually inhibit DNA replication,

thus stopping the tumor growth. Therefore, characterizing such

interactions may allow the improvement of current therapies and

the development of more efficient therapeutic drugs.

Actinomycin D (ActD) is a DNA ligand clinically used as an

antibiotic and to treat some highly malignant cancers, such as

gestational trophoblastic disease,1 Wilms’ tumor2 and rhabdo-

myosarcoma.3 The drug exhibits a complex interaction with

double-stranded (ds) DNA, presenting two distinct parts which

bind to DNA in different modes: while the phenoxazone ring

intercalates, preferentially at the G–C base pairs, the cyclic

pentapeptide chains bind to the minor groove, usually forming

hydrogen bonds with the guanine bases.4–7

It is well known that these types of interaction can strongly

disturb the double-helix structure depending on the drug

concentration. In fact, intercalation in general produces an

effective increase of the DNA contour length by increasing the

axial distance between consecutive base pairs in each inter-

calated site, which is usually accompanied by a double-helix

unwinding.8–10 Groove binding, otherwise, can induce signifi-

cant bending, unwinding and even base flipping11,12 on the

double-helix structure. These structural perturbations are

usually reflected in changes in the mechanical properties of

the DNA molecule, such that the mechanism of action of the

drug can be usually deduced by monitoring the changes in

mechanical parameters such as the contour and persistence

lengths, the radius of gyration, the equilibrium end-to-end

distance, etc.

In this work we use single molecule stretching experiments

performed by optical tweezers to study the DNA–ActD inter-

action, determining how the mechanical properties of the

DNA–ActD complexes vary as a function of drug concentration,

for a fixed DNA concentration. In particular, we have found that

the persistence length of the DNA–ActD complexes exhibits an
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unusual non-monotonic behavior: the complexes formed are more

flexible than the bare DNAmolecule for low concentrations of ActD

and stiffer for higher concentrations. Themeasured contour length

of the complexes, otherwise, increases monotonically as a function

of drug concentration. Previous works that have used optical

tweezers to study DNA–ActD interaction have focused on large

forces (tens of picoNewtons) to determine the influence of the drug

on the DNA overstretching transition.13 The present study, however,

focuses on stretching DNA–ActD complexes by using typical forces

on the order of a few picoNewtons, thus within the entropic

regime. It is also the first report on how the mechanical

properties of DNA–ActD complexes vary as a function of the

drug concentration in the sample.

In addition, we have used atomic force microscopy (AFM)

to obtain some images of the DNA–ActD complexes deposited

on mica substrates, with the purpose of characterizing the

morphology of these complexes. The images obtained allowed us

tomeasure the bending angle distribution that ActD introduces on

the double-helix structure. Furthermore, by analyzing the average

number of bendings per molecule as a function of drug

concentration, we recovered qualitatively the non-monotonic

behavior of the persistence length as a function of drug

concentration, previously obtained in the stretching experi-

ments. In previous works, the AFM technique was used to

investigate the ActD interaction with single-stranded (ss) DNA

at very low salt concentrations.14

Finally, using a methodology of data analysis recently

developed by us,15–17 we show how the chemical parameters

of the interaction, and consequently the binding data, can be

extracted from the pure mechanical measurements performed

using the optical tweezers. Therefore, such an approach allows

one to extract information about the physical chemistry of the

system by knowing only its mechanical properties. In this work

we have applied this methodology to both the persistence and

contour length data of the DNA–ActD complexes, obtaining

nearly similar results and conclusions about the mechanism of

action of ActD. In particular, we have confirmed the power of

our theoretical model17 to determine the cooperativity of a

drug–DNA binding reaction, by letting the degree of coopera-

tivity be a free parameter in the fitting of the persistence length

data. In addition, this is the first work which explicitly shows

that our theoretical approach can be successfully applied to

other mechanical properties besides the persistence length.

Methods

Stretching experiments

To study the DNA–ActD interaction, we have used optical tweezers to

perform single molecule stretching experiments of these complexes.

In particular, we are interested in determining the changes in the

mechanical properties while varying the drug concentration in the

sample, for a fixed DNA concentration.

The samples consist of a Phosphate Buffered Saline (PBS)

solution with pH = 7.4 and [NaCl] = 150 mM containing l-DNA

molecules (at a base-pair concentration Cbp = 10.6 mM) attached

by the ends to a microscope coverslip and to a polystyrene bead

with 3 mm diameter (Polysciences Inc.), such that one can easily

manipulate the DNA molecule by trapping the polystyrene

bead using the optical tweezers. Details about the sample

preparation can be found in ref. 18, and the l-DNA molecules

were purchased from Promega Corp.

The optical tweezers consist of a 1064 nm ytterbium-doped

fiber laser with a maximum output power of 5.8 W (IPG

Photonics) mounted on a Nikon Ti–S inverted microscope

with a 100� N.A. 1.4 objective. The apparatus is previously

calibrated by two independent methods using free beads (with-

out attached DNA) in solution: indirect Stokes force calibration

and by analyzing the Brownian fluctuations of the bead in the

potential well of the tweezers,19 from which we determine its

trap stiffness k. Once calibrated, the optical tweezers are used to

trap the polystyrene bead attached to a DNA molecule. By

moving the microscope stage, and consequently the coverslip

(in the horizontal x-direction) with controlled velocity, we stretch

the DNA while monitoring the change in the bead position in the

potential well of the tweezers, x(t), by videomicroscopy.

Therefore, the stretching force can be determined by F(t) =

kx(t), and t is converted to the DNA extension xDNA by multi-

plying by the velocity of the coverslip. The details about this

procedure can be found in ref. 16. Finally, we plot the force �

extension curve of a bare DNA molecule in Fig. 1 (circles). The

solid line shown in this figure is a fitting to the Marko–Siggia

Worm-Like Chain (WLC) model.20 From this fitting, we extract

the persistence length A and the contour length L of the DNA

molecule. Observe that the WLC model fits well to our experi-

mental data, which has allowed us to determine the mechanical

parameters A and L with accuracy. For the bare l-DNA mole-

cule, in fact, we find the average values A = 50 � 3 nm and L =

16.5 � 1 mm. These results correspond to well-known values

reported in the literature.21,22 The method therefore can be

Fig. 1 Force � extension curve of a bare DNA molecule obtained with our

experimental procedure. Circles: experimental data; solid line: a fitting to the

Marko–Siggia Worm-Like Chain (WLC) model.20
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used to study the variation of these parameters for DNA–ActD

complexes as a function of the drug concentration in the

sample.

Observe that we have limited the maximum stretching forces to

B2 pN. There are some advantages of working in this regime.

Firstly, the Marko–Siggia WLC model works only in the entropic

regime, where the forces applied to the DNA molecule are low

enough.20 Therefore, it is expected that the model describes better

experiments performed under low forces. Secondly, we do not

disturb significantly the chemical equilibrium between the DNA

and the drug in this force regime.23 It is well established now that

higher applied forces may change the chemical equilibrium

between the DNA and the drug molecules in solution. In fact,

recently Vladescu et al. have shown that important interaction

parameters such as the intrinsic binding constant and the binding

site size depend strongly on the applied force on the DNA–drug

complexes,23 and therefore it is expected that mechanical properties

such as the persistence and the contour lengths of these complexes

are also force-dependent, since they usually depend on the quantity

of drug bound to the DNA. Finally, although the DNA is tightly

bound to the histone proteins inside the crowded cell’s environ-

ment, there is theoretical and experimental evidence that the net

forces acting on the DNA are on the order of a few picoNewtons.24

Atomic force microscopy (AFM) experiments

To perform the AFM experiments we have used the EcoRI-

linearized plasmid pUC118-DNA, since its contour length is

about 1/16 of the l-DNA, thus improving the visualization of

various different molecules in the scanned images and avoiding

confusion with the large number of natural bendings present in

the l-DNA. This DNA was purified with phenol–chloroform

extraction twice, and the ratio A260/A280 was equal to 1.81,

indicating an excellent sample purity.

The samples here consist of a Tris–HCl buffer solution with

10 mM of MgCl2 containing the drug and DNA at chosen

concentrations. The mixture was allowed to equilibrate for

B20 min. An aliquot of 20 ml was deposited on a mica substrate

and completely dried out with nitrogen at ambient temperature

(B25 1C). To compare the morphologies observed with

the results obtained in the stretching experiments, we have

used similar ratios of drug concentration per DNA base-pair

concentration (CT/Cbp).

The mica substrates were scanned with the AFM (model

NTEGRA, NT-MDT-Russia) operating in the conventional

semicontact mode at a scan rate in the range of 1.5–3.0 Hz.

We have used NanoWorld tips with a radius equal to 9 nm and

a force constant equal to 7.4 N m�1. The experiments were

performed in air, at ambient temperature and controlled

humidity (B30–35%). This experimental procedure has been

shown suitable to visualize the deposited DNA and DNA–ActD

complexes in a reproducible and reliable way.

Theory

We have recently developed a new methodology to analyze the

changes in the mechanical properties of DNA–ligand complexes

as a function of drug concentration. This methodology was

applied to study the interaction of the DNA molecule with

the chemotherapeutic drug cisplatin15,16 and with the ligand

b-cyclodextrin.17 In its more sophisticated version, which we

discuss below, the methodology is based on a quenched

disorder statistical model to calculate the effective persistence

length of a DNA molecule partially bound to a ligand.

The model assumes that the ligands can bind to DNA with

positive cooperativity, forming bound clusters. The bound

clusters have a narrow size distribution with n molecules in

average. These bound clusters are randomly distributed along

the DNA. If there is no cooperativity, as we will show in the case

of ActD, n = 1 and each molecule is located randomly along the

DNA. When a bound cluster is formed it changes the local

persistence length of the bare DNA (A0) to the value A1. If two

bound clusters happen to be nearest-neighbors, the complex

changes again the local persistence length to the value A2.

Let us call CT, Cf and Cb as the total, the free and the bound

drug concentrations, respectively, such that CT = Cf + Cb. We

consider one linkable site of the DNA molecule the place

occupied by one binding event, such that the bound site

fraction is r = Cb/Cbp, and the maximum bound fraction will

be denoted by rmax. Therefore, the probability for one site to be

occupied is just r/rmax, and the probability for one unoccupied

site is 1 � r/rmax. Let us assume a random distribution for the

location of the bound sites. There are therefore three distinct

probabilities related to two nearest neighbor sites: (a) two

nearest sites unoccupied have local persistence length A0 and

probability P0 = (1� r/rmax)
2. (b) Two nearest sites simultaneous

occupied have local persistence length A2 and probability P2 =

(r/rmax)
2. (c) Finally, one site unoccupied and the neighbor

occupied have local persistence length A1 and probability P1 =

1 � P0 � P2 = (2r/rmax)(1 � r/rmax). As discussed in ref. 17, this

probability distribution for the bound ligands can be used even

when the interaction between the DNA and the ligand presents

cooperativity.

From the quenched disorder model the effective persistence

length is given by ref. 17,

1

A
¼

P0

A0

þ
P1

A1

þ
P2

A2

: (1)

Substituting the expressions of P0, P1 and P2 and rearranging

the terms, one easily gets

1

A
¼

1

A0

þ
2

A1

�
2

A0

� �

r

rmax

� �

þ
1

A0

�
2

A1

þ
1

A2

� �

r

rmax

� �2

:

(2)

The relation between the bound site fraction r and the free drug

concentration Cf in solution can be approximately described by

the Hill binding isotherm,25

r ¼
rmax KiCfð Þn

1þ KiCfð Þn
; (3)

where Ki is the equilibrium intrinsic association constant and n

is the Hill exponent, a parameter usually used to measure the

degree of cooperativity in chemical reactions. If n > 1, the
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interaction is positively cooperative, i.e., a bound ligand

molecule increases the affinity of DNA for subsequent ligand

binding. If n o 1, otherwise, the interaction is negatively

cooperative and a bound ligand molecule decreases the affinity

of DNA for subsequent ligand binding. If n = 1, the interaction

is non-cooperative and the affinity is independent of the

number of bound ligand molecules. The Hill exponent is also

a lower bound for the number of cooperating sites involved in

the reaction,25 and consequently, a measure of the average

number of bound molecules that form a bound cluster.17

Observe that neighbor-exclusion effects were computed in this

binding isotherm via the parameter rmax.

The free drug concentration can be written as Cf = CT � rCbp

such that eqn (3) can be rewritten as

r

rmax

¼
KiðCT � rCbpÞ
� �n

1þ Ki CT � rCbp

� �� �n: (4)

In ref. 17 we demonstrated that eqn (4) has a single-fixed point

solution. This single solution can then be determined from any

initial condition, which is appropriate for a fitting procedure.

We therefore have used this equation iteratively in order to fit

the experimental data of the persistence length, by plugging

eqn (4) into eqn (2). In this paper we present a more general

method to perform this fitting. Firstly call r/rmax = x. Eqn (4) can

be rewritten as

x ¼
KiðCT � rmaxCbpxÞ
� �n

1þ Ki CT � rmaxCbpx
� �� �n: (5)

Observe that this equation can be solved numerically for known

values of the constants, returning x for each value of CT.

We therefore have written a simple algorithm that uses a

subroutine to solve eqn (5) for initial guessed values of the

constants, and uses the results returned for x plugged into

eqn (2) to fit the experimental data of the persistence length A

as a function of CT/Cbp, by using least squares fitting. The

algorithm was written in MatLab and uses the built-in least

squares fitting routine of the program. This procedure allows

one to extract information about the binding data (rmax, Ki, n)

from pure mechanical measurements.

Results and discussion

Stretching experiments

Persistence length data analysis. In Fig. 2 we show the

behavior of the persistence length A of DNA–ActD complexes

as a function of drug total concentration normalized by the

DNA base-pair concentration in the sample (CT/Cbp, expressed

in M/M). Observe that the persistence length exhibits a non-

monotonic behavior. It firstly decreases from the bare DNA

value (B50 nm) down to B23 nm at CT/Cbp = 0.09. Then, it

increases up to B43 nm measured at CT/Cbp = 0.66. Finally, for

CT/Cbp > 0.66 it abruptly decreases down to B25 nm.

To achieve these results, the experiments were performed as

follows. Firstly, we choose a particular bare DNA molecule and

stretch it seven times. Then, we change the drug concentration

in the sample using a micropipette. After changing the concen-

tration, we wait B25 minutes for the drug to equilibrate

with DNA. This time scale was shown sufficient for ActD to

equilibrate with DNA,13 and it was verified for our experimental

conditions by analyzing the reversibility of the stretching

curves. We then perform again seven stretching experiments,

obtaining the new values for the persistence and contour

lengths for the chosen ActD concentration. This procedure

is then repeated sequentially for each drug concentration.

We have also repeated the entire procedure, scanning all

the concentrations, for other DNA molecules using different

samples. The error bars presented in Fig. 2 for each concen-

tration are the standard deviations obtained from this set of

measurements.

The non-monotonic behavior exhibited for CT/Cbp o 0.66,

can be understood with the two-sites quenched disorder

statistical model discussed in the previous section. This model

can be used to determine the local persistence lengths and

the chemical parameters of the interaction from these pure

mechanical measurements.

The abrupt decrease of the persistence length at high drug

concentrations (CT/Cbp > 0.66) is probably related to partial

DNA denaturation due to the formation of denaturing bubbles,

as discussed in ref. 26 and 27 using a simple phenomenological

model and using ab initio calculations, respectively. In principle,

this effect could be modeled by adding another local persistence

length in eqn (2), associated with the formation of denaturing

bubbles. Nevertheless, the number of adjustable parameters

Fig. 2 Persistence length A as a function of concentration ratio CT/Cbp for DNA–

ActD complexes. Observe that it exhibits a non-monotonic behavior. It firstly

decreases from the bare DNA value (B50 nm) down toB23 nm at CT/Cbp = 0.09.

Then, it increases up toB43 nmmeasured at CT/Cbp = 0.66. Finally, for CT > 0.66 it

abruptly decreases down to B25 nm. The error bars for each concentration are

the standard deviations obtained from different DNA molecules used to perform

the experiments.
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would increase accordingly, making the fitting procedure

difficult. In addition, we are interested in the properties of

the interaction when double-stranded DNA is not partially

denatured, such that the points corresponding to CT/Cbp > 0.66

will not be included in the fitting analysis.

Firstly we have fitted the experimental data of Fig. 2 to

eqn (2) with the adjustable parameters A1, A2, Ki, n and rmax

using the Hill binding isotherm, as described in the previous

section. We have used the measured value A0 = 48 nm in the fit,

the well-known persistence length of a bare DNA molecule. This

fitting is shown in Fig. 3, in which we have plotted the inverse

of the persistence length (1/A) as a function of CT/Cbp, for

convenience. Observe that the model fits well to the experi-

mental data. The fitting returns the results A1 = (15.2 � 0.6) nm,

A2 = (64.1 � 24.8) nm, Ki = (1.5 � 0.4) � 106 M�1, rmax = 0.11 �

0.01, and n = 1.1 � 0.2.

As stated earlier, A1 and A2 are the local persistence lengths

associated with the binding of one and two nearest neighbor

ActD molecules, respectively. Therefore, the result A1 o A0
indicates that the binding of one single ActD molecule

decreases the effective persistence length of the complex

formed, while the result A2 > A1 indicates that the binding of

two nearest ActD molecules increases the effective persistence

length. The relatively large error bar obtained for the parameter

A2 is due to the number of adjustable parameters used in

the fitting. When applying the presented methodology for a

particular DNA–ligand system, one can obtain lower error bars

if some of the parameters are previously known by other means,

therefore reducing the number of adjustable parameters in the

fitting process.

The fact that n B 1 indicates that the interaction is non-

cooperative, in agreement with previous experiments per-

formed with different techniques.13,28 In addition, the value

determined for the maximum bound fraction (rmax) can be used

to estimate the number of base-pairs excluded by an ActD

molecule in the l-DNA molecule, which is N = 1/rmax = 9 � 1

base pairs. For comparison, Ruggiero Neto and Colombo have

reported that the number of base-pairs excluded by an ActD

molecule is 11 for calf thymus DNA.29 It should be emphasized

that this is not the number of base pairs that an ActD molecule

spans along the double-helix, which is only B4 base pairs.13

There are also naked base pairs effectively excluded by each

ActD molecule, due to the gaps formed between bound drug

molecules.

Finally, the value obtained for the intrinsic equilibrium

binding constant Ki is close to those obtained by using other

experimental techniques and/or approaches,13,30,31 albeit for

different DNA sequences. Major anticancer drugs have equili-

brium binding constants from 104 to 107 M�1 when interacting

with DNA. As examples, we cite the anthracycline antibiotic

daunomycin (7 � 105 M�1), which is used to treat leukemia and

other cancers;32 the intercalator and covalent binder psoralen

(9 � 104 M�1), which is used to treat various skin diseases;27

and the platinum-based compound cisplatin (1.5 � 104 M�1),

which is used to treat head, neck, testicular, ovarian and non-

small cell lung cancers.16 While the binding constant indicates

which drug binds stronger to DNA, the Hill exponent plays an

important role in understanding the mechanism of action of the

drug, since it is directly correlated to cooperativity and to the size

of the drug cluster bound to DNA. The first two previous

examples (daunomycin, psoralen) are typical non-cooperative

ligands, while the last one (cisplatin) is positively cooperative,

an aspect correlated to DNA compaction by the action of the

drug.15,16 In real chemotherapy treatments, usually two or more

drugs are complementarily used to improve the results. There-

fore, understanding the differences in the molecular aspects of

the interactions can improve the efficacy of such treatments.

Nevertheless, it is out of the scope of this work to assort the

efficiency of ActD as compared to other chemotherapeutic drugs,

since this aspect strongly depends on the natural selectivity of

each drug for a certain type of cancer cell.

Contour length data analysis. In Fig. 4 (circles) we shown the

relative increase of the contour length DL/L0 of the DNA–ActD

complexes, as a function of CT/Cbp. Observe that the contour

length increases monotonically as ActD binds to DNA, resembling

the behavior observed for typical intercalators.27 Let us assume that

the contour length increases as two nearest linkable sites become

simultaneously occupied, i.e.,

DL

L0

¼ gP2 ¼ g
r

rmax

� �2

; (6)

where g is the saturation value of DL/L0, and r/rmax = x is given by

eqn (5). This assumption is reasonable since two nearest bound

molecules also increase the persistence length (with a local value

A2), an effect also manifested by intercalators.27

Fig. 3 Circles: inverse of the persistence length (1/A) as a function of concen-

tration ratio CT/Cbp obtained from the experimental data of Fig. 2. Solid line: a

fitting to the two-sites quenched disorder model, eqn (2). Observe that the

model fits well to the experimental data, allowing us to extract the local

persistence lengths A1 = (15.2 � 0.6) nm, A2 = (64.1 � 24.8) nm, and the chemical

parameters Ki = (1.5 � 0.4) � 106 M�1, rmax = 0.11 � 0.01 and n = 1.1 � 0.2.
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The solid line shown in Fig. 4 is a fitting of eqn (6) to the

experimental data, using the numerical method previously

described. Observe that eqn (6) explains well the behavior of

the contour length. The fitting gives the chemical parameters

rmax = 0.10 � 0.01, n = 1.0 � 0.2 and Ki = (1.6 � 0.2) � 106 M�1.

These results agree very well with those provided by the

persistence length data, within the error bars. Also, we found

g = 0.31 � 0.02, which indicates that ActD binding increases the

DNA contour length by B30% at saturation.

We have also tried to fit the data of contour length using a

single molecule-event such that DL/L0 would be proportional to

r/rmax. However, this assumption returns a worse fit, with the

values of Ki and n approximately twice the values obtained for

these parameters from the persistence length data analysis.

Since the binding occurs with the minor-groove and intercalation

as a single binding mode, we would expect a single binding

isotherm. With the assumption of two molecules, as in eqn (6),

the fit is much better and the values of Ki, n and rmax obtained are

now very close to their respective values obtained from the

persistence length data analysis.

AFM experiments

In Fig. 5 we show the typical images of (a) bare DNA and of (b) a

DNA–ActD complex (CT/Cbp = 0.09) obtained with the AFM by

using the procedure previously detailed. Observe that the images

are clear and well defined, thus allowing a robust measurement

of the bending angles introduced by ActD on the double-helix

structure. These bending angles were measured using the appro-

priate tool of the Ntegra software, and one of them is illustrated

in Fig. 5(b). In this same figure, we have pointed by arrows two

typical bendings introduced by ActD in the DNA molecule.

We have analyzed the angle size distribution, as well as the

frequency of occurrence of these bending angles in an ensemble

of different DNA–ActD complexes (B140 complexes for each

different drug concentration). In Fig. 6 we shown the angle size

distribution for CT/Cbp = 0.37. We have found an average value of

(84 � 22)1. As expected, this angle size distribution is about the

same for all concentration ratios used, only the number of

bendings per DNA molecule varies significantly from one

concentration ratio to another. It is worth emphasizing, however,

that the angles measured in the AFM experiments may be

dependent on the bivalent ions present in the buffer used

(Mg2+) and/or surface effects.

In Fig. 7 we show the frequency of occurrence of at least

three bendings per DNA molecule, f (Nb Z 3), as a function of

the concentration ratio CT/Cbp. Observe that this frequency

reaches its maximum value at CT/Cbp = 0.09, but then decreases

for larger concentration ratios. This result is in qualitative

Fig. 4 Circles: relative increase of the contour length DL/L0 as a function of

concentration ratio CT/Cbp (experimental data). Solid line: a fitting to eqn (6).

From this fitting we extract the chemical parameters rmax = 0.10 � 0.01, n = 1.0 �

0.2 and Ki = (1.6 � 0.2) � 106 M�1.

Fig. 5 Typical images of (a) bare DNA and of (b) a DNA–ActD complex (CT/Cbp =

0.09) obtained with the AFM. In (b), we have pointed by arrows two bending

angles introduced by ActD in the DNA molecule.

Fig. 6 Angle size distribution for CT/Cbp = 0.37.We have found an average value

of (84 � 22)1. Such distribution is about the same for all concentration ratios

used, only the number of bendings per DNA molecule varies significantly from

one concentration ratio to another.
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agreement with the non-monotonic behavior of the persistence

length shown in Fig. 2, since the persistence length is proportional

to the inverse of the number of bendings per molecule. In fact,

observe that the minimum of the persistence length coincides

with the maximum of f (Nb Z 3), as expected. The threshold

number of bendings (three) that we have used to plot the

frequency of occurrence was chosen because the number of

DNA molecules with four or more bendings is very small

(o0.5%) for the ActD–pUC118-DNA complexes.

Measuring the number of bendings per molecule is a reliable

way to compare qualitatively the results from the stretching

experiments to the AFM experiments. Some authors use a

different approach to measure the persistence length of the

DNA by analyzing AFM images, determining this quantity from

the square-averaged end-to-end distance of the molecule.33 This

procedure is reliable for measuring the persistence length of

bare DNA molecules. Nevertheless, it can lead to equivocated

results depending on the drug used, because a DNA molecule

partially deposited on the substrate may be constrained and not

allowed to relax the conformational changes introduced by the

drug as the substrate is dried out, thus increasing the effective

drug concentration.

Conclusions

We have studied the interaction between double-stranded DNA

and the drug Actinomycin D (ActD) both by single molecule

stretching experiments and by analyzing AFM images of

the complexes formed. We have monitored the mechanical

properties of these complexes as a function of drug concen-

tration, for a fixed DNA concentration. Using a methodology of

data analysis recently developed by us, we were able to extract

the chemical parameters (intrinsic binding constant, occupancy,

cooperativity degree), and consequently the binding data

from pure mechanical measurements, thus performing a robust

characterization of the interaction. The results obtained for the

chemical parameters agree well with those obtained by other

techniques.13,28–31 In addition, the methodology presented here

can be straightforwardly applied to other ligands which interact

with DNA by changing the mechanical properties, therefore

being a new powerful tool in the field.
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Introduction

Rational drug design is a process in which a new compound 

is conceived and synthesized to attack a specific biologi-

cal target and/or to perform specific functions. In the health 

sciences, for example, there is much interest in develop-

ing new drugs to treat human diseases such as cancer. In 

biochemistry and molecular biology, new compounds have 

been developed to stain DNA and proteins, enabling visu-

alization by fluorescence microscopy and the possibility of 

following the routes of biological processes.

GelRed is a fluorescent nucleic acid stain designed 

with the purpose of replacing highly toxic ethidium 

bromide (EtBr) in gel electrophoresis and other experi-

mental techniques which depend on the fluorescence of 

stained DNA. When bound to DNA, GelRed has the same 

absorption and emission spectra as EtBr and, according 

to its manufacturer (Biotium, Hayward, CA, USA), the 

compound can be used in electrophoresis with greater 

sensitivity than EtBr, with the advantage of being much 

less toxic and mutagenic (Biotium 2013; Huang et al. 

2010). This last property, according to the manufac-

turer, is because the chemical structure of the dye was 

designed such that the dye is incapable of crossing cell 

membranes  (Biotium 2013). The chemical structure of 

GelRed is proprietary and has not been officially reported 

by the manufacturer. Nevertheless, one can find unoffi-

cial information on the internet claiming that GelRed is 

synthesized by linking two EtBr molecules with a linear 

spacer (Wikipedia 2014), which suggests the dye may be 

a bis-intercalator.

Although the manufacturer states that GelRed binds to 

DNA by a combination of intercalation and electrostatic 

binding (Biotium 2013), most details of the interaction 

have not yet been reported in the literature. In this work 

Abstract We have performed single-molecule stretching 
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fluorescent stain GelRed. The results from single-molecule 

stretching show that the persistence length of DNA–GelRed 
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von Hippel binding isotherm to extract physicochemical 

data for the interaction from the contour length data. Such 
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fact, a bis-intercalator. In addition, DLS experiments were 
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DNA–GelRed complexes, measured as the hydrodynamic 
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two techniques by comparing the behavior of the hydrody-

namics radius and the radius of gyration, because the lat-

ter quantity can be expressed as a function of mechanical 
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we performed single-molecule stretching and dynamic 

light scattering experiments to gain insight into this inter-

action. We recently developed a method that enables 

easy extraction of physicochemical data for DNA–ligand 

interactions from pure mechanical properties of DNA, 

which are readily obtained from single-molecule stretch-

ing. This method enables clarification of specific binding 

mechanism(s) (Siman et al. 2012; Cesconetto et al. 2013; 

Silva et al. 2013). The purpose of this work was to per-

form robust characterization of the DNA–GelRed inter-

action, by determining changes of the basic mechanical 

properties of the DNA molecule as GelRed binds, phys-

icochemical data for the interaction, and the nature of the 

binding mechanism.

Materials and methods

Stretching experiments

In these experiments the samples were �-DNA molecules 

end-labeled with biotin in phosphate-buffered saline (PBS) 

solution with [NaCl] = 140 mM. One end of the DNA mol-

ecule was attached to a streptavidin-coated glass coverslip 

by use of the procedure reported by Amitani et al. (2010). 

The other end of the molecule was attached to a strepta-

vidin-coated polystyrene bead of diameter 3 µm (Bangs 

Laboratories). As reported by Crisafuli et al. (2012) and 

Cesconetto et al. (2013), in this configuration one can eas-

ily trap the polystyrene bead with the optical tweezers and 

stretch the DNA molecule by moving the microscope stage 

by use of a piezoelectric actuator. The sample chamber con-

sisted of an o-ring glued in the coverslip, such that one can 

exchange the buffer and consequently change the ligand 

concentration, without affecting the trapped DNA molecule, 

by use of micropipettes. The DNA base-pair concentration 

used in all stretching experiments was Cbp = 2.4 µM.

The optical tweezers consisted of a 1,064-nm ytter-

bium-doped fiber laser with a maximum output power of 

5.8 W (IPG Photonics) mounted on a Nikon Ti-S inverted 

microscope with a 100 × N.A. 1.4 objective. The appara-

tus had previously been calibrated by use of two independ-

ent methods as described by Crisafuli et al. (2012). Once 

calibrated, the optical tweezers were used to trap the poly-

styrene bead attached to a DNA molecule, enabling DNA 

stretching to be performed with high resolution and con-

sequently enabling force × extension curves of the DNA–

ligand| complexes to be obtained for each situation studied. 

These curves were fitted to the Marko–Siggia worm-like 

chain (WLC) model (Marko and Siggia 1995). One can, 

therefore, study how the persistence and contour lengths of 

the DNA molecule vary as a function of ligand concentra-

tion. Representative data for the force × extension curves 

with the corresponding fitting can be found in Online 

Resource 1. To avoid enthalpic contributions to the values 

of the mechanical data, all stretching experiments were per-

formed in the entropic low-force region (≤2 pN) (Crisafuli 

et al. 2012; Cesconetto et al. 2013). All other experimen-

tal details can be found elsewhere (Crisafuli et al. 2012; 

Cesconetto et al. 2013; Silva et al. 2013; Reis et al. 2013).

Dynamic light scattering (DLS)

To confirm the results obtained from the stretching experi-

ments by use of a second technique, we also performed 

DLS on the DNA–GelRed complexes. DLS performed at 

a fixed scattering angle enables evaluation of the hydrody-

namic radius of the complexes, which is an estimate of the 

size of the complexes (Reis et al. 2013). The hydrodynamic 

radius was measured to enable investigation of the effect 

of the ligand on the effective size of the DNA molecule, 

which depends on its persistence and contour length. Thus, 

the results obtained from two very different experimental 

techniques can be compared (at least indirectly).

The DLS apparatus used was a ZetaSizer Nano-S (Mal-

vern Instruments) with a low-volume cuvette (ZEN2112, 

Hellma Analytics). The backscattering angle used was 173° 

in all experiments. Particle size was determined using the 

non-negative least squares (NNLS) algorithm. Representa-

tive data of the intensity autocorrelation function of the 

scattered light can be found in Online Resource 1.

The DNA used in these experiments was a 3,000 bp 

molecule (Thermo Scientific) in the same buffer as used for 

the optical tweezers samples (it is difficult to use �-DNA in 

DLS because of the long contour length). The DNA mol-

ecules are equilibrated with a specific concentration of Gel-

Red directly in the cuvette used in the DLS apparatus. The 

DNA concentration used in all DLS experiments was the 

same as that used in the optical tweezers experiments (2.4 

µM of base-pairs). This concentration is sufficiently low to 

avoid entanglements and relevant interactions between dif-

ferent DNA molecules (Hur and Shaqfeh 2001).

Results

Stretching experiments

In Fig. 1 (red circles) we show the behavior of the persis-

tence length A of DNA–GelRed complexes as a function of 

ligand total concentration in the sample CT. Observe that 

it initially increases from the bare DNA value (∼46 nm) 

until it reaches a maximum value of ∼86 nm at CT = 4.0 

µM. For higher concentrations, it abruptly decays to ∼43 

nm. For comparison purposes, we also show in Fig. 1 (blue 

squares) the persistence length of DNA–EtBr complexes. 
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Observe that the behavior of this mechanical property for 

the two drugs is quite similar, even quantitatively, which is 

the first evidence that the chemical structure and binding 

mode of the two compounds are somewhat similar.

In Fig. 2 (red circles) we show the behavior of the con-

tour length L of DNA–GelRed complexes as a function 

of total ligand concentration in the sample CT. Observe 

that L increases monotonically from the bare DNA value 

(∼16.5 µm) to a saturation value of ∼24µm. For compari-

son purposes, we also show in Fig. 2 (blue squares) the 

same data for the DNA–EtBr complexes. Observe that the 

qualitative behavior is, again, similar but here there is a 

major difference: the contour length of the DNA–GelRed 

complexes saturates at a very low concentration (∼1 µM) 

compared with results for the DNA–EtBr complexes, 

which saturate only at ∼10  µM with a saturation value of 

∼23  µm, as shown by Rocha et al. (2007).

To obtain these results, the experiments were performed 

as follows. First, we chose a specific bare DNA molecule 

and stretched it five times, determining the mean values 

of the persistence and contour lengths. We then changed 

the ligand concentration in the sample by use of a micro-

pipette. After changing the concentration, we waited ∼20 

minutes for the ligand to equilibrate with DNA. This time 

scale is sufficient for both GelRed and EtBr to equilibrate 

with DNA under our experimental conditions, as was veri-

fied by analyzing the reversibility of the stretching curves 

and by performing some experiments after waiting longer, 

which resulted in no significant difference. We then per-

formed another five stretching experiments, obtaining 

new values for the persistence and contour lengths for 

the chosen ligand concentration. This procedure was then 

repeated sequentially for each ligand concentration. We 

also repeated the entire procedure, scanning all the concen-

trations, for other DNA molecules using different samples. 

The error bars presented in Figs. 1 and 2 for each concen-

tration are the standard errors obtained from this set of 

measurements.

The behavior of both persistence and contour lengths 

strongly suggests that the dominant mechanism of inter-

action between DNA and GelRed is intercalative binding, 

because the behavior is qualitatively identical to that shown 

in Figs. 1 and 2 for the well-known monointercalator EtBr. 

In fact, the general behavior of the persistence length A 

shown in Fig. 1 has previously been verified by our group 

for the intercalators daunomycin, psoralen, diaminobenzi-

dine, and even EtBr under nearly similar experimental con-

ditions (Rocha et al. 2007, 2009; Rocha 2009; Reis et al. 

2013), by using optical tweezers in the low-force region 

(≤2 pN). Some authors have also reported the same quali-

tative behavior of the persistence length for intercalators, 

finding that the value increases for low ligand concentra-

tions and decreases for higher concentrations (Tessmer 

et al. 2003; Cassina et al. 2010; Kaji et al. 2001). Rocha 

(2009) and Rocha et al. (2009) have proposed that the 

Fig. 1  Persistence length A as a function of ligand total concentra-

tion in the sample CT for DNA–GelRed complexes (red circles) and 

DNA–EtBr complexes (blue squares). Observe that for both types 

of complex A initially increases from the bare DNA value (∼46 nm) 

until it reaches a maximum value, then abruptly decreases

Fig. 2  Contour length L of DNA–GelRed complexes (red circles) 

and DNA–EtBr complexes (blue squares) as a function of ligand total 

concentration in the sample CT. Observe that L increases monotoni-

cally from the bare DNA value (∼16.5  µm) to a saturation value
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abrupt decrease of the persistence length shown in Fig. 1 

for CT > 4 µM is related to partial DNA denaturation, with 

the formation of denaturing bubbles, probably because of 

the pulling force.

It is also well established that intercalators always 

increase the DNA contour length when binding, by increas-

ing the axial distance between two adjacent base-pairs in 

the intercalative site (Sischka et al. 2005; Fritzsche et al. 

1982; Chaires et al. 1982). The other common types of 

interaction between DNA and ligands, for example groove 

binding, electrostatic interaction, or covalent binding, do 

not increase the DNA contour length. On the contrary, in 

some cases these types of interaction can cause compac-

tion of the DNA with a decrease of the “apparent contour 

length” measured by force spectroscopy in the low-force 

region used in our experiments (Crisafuli et al. 2012; Silva 

et al. 2013). Therefore at least for CT ≤ 1 µM (the con-

centration range in which the contour length L increases 

strongly) intercalation is the dominant binding mode in the 

DNA–GelRed complexes.

The physicochemical properties of the DNA–GelRed 

interaction can be extracted from the contour length data. 

First, we used the data of Fig. 2 to determine the fractional 

increase of the contour length, � = (L − L0)/L0, where L0 is 

the bare DNA contour length, as a function of ligand con-

centration CT. These data were plotted in Fig. 3 (circles). 

For intercalators this fractional increase is proportional to 

the fraction of bound ligand r = Cb/Cbp, where Cb is the 

concentration of bound ligand and Cbp is the DNA base-

pair concentration. In other words, � = γ r, where γ is the 

ratio of the increase of the contour length because of a sin-

gle intercalating molecule (δ) to the mean distance between 

two consecutive base pairs in the bare DNA (� ∼ 0.34 nm) 

(Rocha et al. 2007; Rocha 2009; Daune 1999). For typical 

monointercalating molecules one has δ ∼ 0.34 nm and, con-

sequently, γ ∼ 1 (Sischka et al. 2005; Fritzsche et al. 1982). 

The bound fraction r (and consequently the mechanical var-

iable �) can be linked to the physicochemical properties by 

use of a binding isotherm. The McGhee–von Hippel binding 

isotherm usually describes the physical chemistry of DNA 

interactions with intercalators very well, because it com-

putes in detail the neighbor-exclusion effects which are usu-

ally associated with this type of interaction (McGhee and 

von Hippel 1974; Rocha 2010). The binding isotherm is:

where n is the exclusion number (a measure of the effective 

number of base-pairs occupied by a single ligand molecule 

(McGhee and von Hippel 1974)), Ki is the intrinsic equi-

librium association constant, and Cf = CT − Cb is the free 

(not bound) concentration of ligand in solution.

(1)
r

Cf

= Ki(1 − nr)

[
1 − nr

1 − (n − 1)r

]n−1

,

Figure 3 shows the fit of this binding isotherm to the 

experimental data (solid line), obtained by use of the com-

putational method described in detail by Cesconetto et al. 

(2013). Observe that the model describes the experimen-

tal data well. Fitting returns the values n = 3.7 ± 0.4, Ki 

= (1.8 ± 0.3) × 107 M−1, and γ = 1.9 ± 0.1. The same 

kind of analysis was performed by Rocha et al. (2007) for 

the DNA–EtBr complexes, and will not be repeated here. 

The results obtained from the fit shown in Fig. 3 strongly 

suggest that the GelRed dye is a DNA bis-intercalator. 

In fact, the exclusion number n indicates that each bound 

GelRed molecule effectively occupies 3.7 DNA base-

pairs, a value substantially higher than the values obtained 

for most monointercalators, and approximately twice the 

value for EtBr (Rocha 2009; Chaires et al. 1982; Gaugain 

et al. 1978). The equilibrium constant is also higher than 

the result obtained for typical monointercalators (∼105 

M−1) (Rocha et al. 2007; Rocha 2009; Chaires et al. 1982; 

Gaugain et al. 1978), and within the range found for most 

bis-intercalators (107 to 109 M−1 M) (Günther et al. 2010; 

Berge et al. 2002; Murade et al. 2009; Maaloum et al. 

2013; Garbay-Jaureguiberry et al. 1987). In particular, it is 

two orders of magnitude higher than the equilibrium con-

stant for EtBr, a situation very similar to that for the bis-

intercalator YOYO when compared with its precursor YO, 

a monointercalator, as is EtBr (Murade et al. 2009). Finally, 

the result γ = 1.9 ± 0.1 is approximately twice the value 

obtained for typical monointercalators, suggesting that 

each bound GelRed molecule increases the DNA contour 

Fig. 3  Fractional increase of the contour length, � = (L − L0)/L0 as 

a function of GelRed concentration CT. Circles: experimental data. 

Solid line: a fitting to the McGhee–von Hippel binding isotherm. The 

fitting returns the physicochemical values n = 3.7 ± 0.4, Ki = (1.8 ± 

0.3) × 107 M−1, and γ = 1.9 ± 0.1
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length by ∼0.65 nm, a result also typical of that for bis-

intercalators (Günther et al. 2010; Maaloum et al. 2013). 

Observe that bis-intercalators should increase by a factor 

of approximately two the DNA contour length per bound 

molecule, because each ligand molecule contains two inter-

calating portions.

These results together are strong evidence that GelRed 

is, in fact, a bis-intercalator probably consisting of two 

EtBr molecules, as already claimed (Wikipedia 2014). In 

fact, if one supposes that GelRed is really a bis-intercalator 

formed by linking two EtBr molecules, it is straightforward 

to understand the statement of the dye manufacturer which 

claims that GelRed is more sensitive than EtBr in electro-

phoresis experiments (Biotium 2013). If one prepares two 

electrophoresis assays staining one with EtBr and the other 

with GelRed at the same molar concentrations, the GelRed 

assay will have approximately twice as many DNA-bound 

sites (at least for concentrations far from saturation), which 

implies in more fluorescence signal and consequently more 

contrast. In addition, the fact that the absorption and emis-

sion spectra of the two compounds are the same (Biotium 

2013) is easily understood on the basis of the discussion 

above.

Finally, one can ask about the possibility of another 

binding mode for the DNA–GelRed interaction, in addi-

tion to intercalation. We believe electrostatic interactions 

may also be relevant in this system. Because EtBr is a 

monocationic ligand, GelRed is expected to have two posi-

tive charges, one in each intercalating portion. In princi-

ple it is expected that long-range electrostatic  interactions 

may have two relevant physical effects. The first is stabi-

lization of the double-helix structure because of screen-

ing of the strong electrostatic repulsion between the nega-

tively charged phosphate groups (Fu et al. 2009), which is 

reflected by the abrupt transition of the persistence length 

of the DNA–GelRed complexes which occurs at high con-

centration compared with the DNA–EtBr complexes. The 

second effect is because the two positive charges of the 

GelRed molecule are distant by a fixed value, defined by 

the linear spacer used to link the two EtBr molecules; this 

results in positional correlation of the positive charges 

along the double helix. This positional correlation is prob-

ably reflected in the fact that the persistence length of the 

DNA–GelRed complexes is lower than the corresponding 

value for the DNA–EtBr complexes for the same ligand 

concentration.

DLS experiments

In Fig. 4 (circles) we show the behavior of the hydrody-

namic radius RH of DNA–GelRed complexes, obtained 

from DLS experiments, as a function of GelRed concen-

tration. Observe that RH increases monotonically with 

GelRed concentration, from ∼87 nm measured for bare 

DNA to ∼207 nm obtained for CT = 6 µM. Each experi-

mental point is the mean value calculated from a set of ∼
100 measurements each 15 s long, and the error bars are 

the standard deviations. In the same figure, we show esti-

mates of the radius of gyration Rg for the DNA–GelRed 

complexes (squares). Rg was calculated as a function of the 

mechanical properties obtained from the tweezers experi-

ments as Rg =

√

1
3
AL

(

1 −
3A
L

+ · · ·

)

 (Daune 1999). We 

used the values of the persistence length A shown in Fig. 1 

and assumed that the contour length L of the 3000-bp DNA 

will increase with ligand concentration in the same ratio 

as shown in Fig. 3 for the �-DNA. As remarked elsewhere 

(Reis et al. 2013), because the 3,000 bp DNA is sufficiently 

long (it contains ∼20 persistence lengths), it is reasonable 

to expect base-pair sequence and other molecular details 

not to interfere with large-scale mechanical properties, for 

example persistence and contour lengths.

The radius of gyration Rg increases with both A and L. 

Thus, as shown in Fig. 4, Rg decreases for the two larg-

est concentrations used, because of the abrupt decrease of 

the persistence length, shown in Fig. 1. A similar decrease 

was not verified for the hydrodynamic radius RH, indicat-

ing that the abrupt transition of the persistence length does 

Fig. 4  Circles: hydrodynamic radius RH of DNA–GelRed com-

plexes, obtained from the DLS experiments, as a function of Gel-

Red concentration CT. Squares: estimates of the radius of gyration 

Rg for the DNA–GelRed complexes, obtained from the data from 

the stretching experiments. The fact that RH increases monotonically 

with ligand concentration indicates that the abrupt transition of the 

persistence length does not occur for the samples used for the DLS 

experiments
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not occur for the samples used for the DLS experiments. 

The same result was previously verified by our group for 

the intercalator diaminobenzidine (Reis et al. 2013). As 

discussed in this previous work, this result was expected 

because the abrupt transition of the persistence length is 

probably related to the pulling force exerted in the stretch-

ing experiments, which may locally denature the previ-

ously deformed double-helix structure of the DNA–inter-

calator complex (Rocha 2009; Rocha et al. 2009). In this 

way, one can say that the behavior of RH obtained in DLS 

experiments agrees qualitatively with the results from the 

optical tweezers experiments. Our DLS results also agree 

with the results obtained by most authors who have meas-

ured the persistence length of DNA–intercalator complexes 

with non-stretching techniques (fluorescence microscopy, 

electron microscopy, viscosimetry, among others; Yoshi-

kawa et al. 1992; Quake et al. 1997). These authors found 

that intercalators, in addition to increasing the DNA con-

tour length, usually also increase DNA persistence length 

under these conditions, thus increasing the effective size of 

the DNA–ligand complexes. Nevertheless, it is important to 

mention that some of the work performed by use of typi-

cal DNA-stretching techniques (optical or magnetic twee-

zers) have found a monotonic decrease of DNA persistence 

length as a function of intercalator concentration (Murade 

et al. 2009; Sischka et al. 2005; Lipfert et al. 2010). In our 

opinion such results are because of the range of forces used 

to perform the measurements, because, as the force used 

to stretch the DNA is increased, the probability of forming 

denaturation bubbles in the highly distorted double helix 

of the DNA–intercalator complexes increases accordingly, 

thus leading to a reduction in persistence length. Other fac-

tors which can certainly affect the results of such measure-

ments are the salt concentration used in the buffers, the 

model used to fit force–extension data (which may include 

DNA stretch modulus if forces are ≥10 pN), and the ratio 

of ligand concentration to DNA base pair concentration 

(Rocha et al. 2007).

Conclusion

By using two very different experimental techniques (sin-

gle-molecule stretching and dynamic light scattering) we 

have characterized the interaction of the DNA molecule 

with the fluorescent stain GelRed, by determining changes 

of the mechanical properties of DNA–GelRed complexes 

as a function of ligand concentration and extracting the 

physical chemistry of the interaction from these data. It 

was found that GelRed binds strongly to DNA (Ki ∼ 107 

M−1). We also found that each bound GelRed molecule 

effectively occupies ∼3.7 DNA base-pairs and increases 

the contour length by ∼0.65 nm. These values, which are 

compatible with results expected for bis-intercalating mole-

cules, enabled us to determine the main binding mechanism 

of the GelRed dye and to understand the higher sensitivity 

of this compound than ethidium bromide in electrophoresis 

experiments.
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ABSTRACT:

In this work we have investigated the role of high molecu-

lar weight poly(ethylene-glycol) 8000 (PEG 8000) in

modulating the interactions of the DNA molecule with

two hydrophobic compounds: Ethidium Bromide (EtBr)

and GelRed (GR). Both compounds are DNA intercala-

tors and are used here to mimic the behavior of more

complex DNA ligands such as chemotherapeutic drugs

and proteins whose domains intercalate DNA. By means

of single-molecule stretching experiments, we have been

able to show that PEG 8000 strongly shifts the binding

equilibrium between the intercalators and the DNA even

at very low concentrations (1% in mass). Additionally,

microcalorimetry experiments were performed to estimate

the strength of the interaction between PEG and the DNA

ligands. Our results suggest that PEG, depending on the

system under study, may act as an “inert polymer” with

no enthalpic contribution in some processes but, on the

other hand, it may as well be an active (non-neutral)

osmolyte in the context of modulating the activity of the

reactants and products involved in DNA-ligand interac-

tions.VC 2015 Wiley Periodicals, Inc. Biopolymers 105:

227–233, 2016.

Keywords: polyethylene-glycol (PEG); depletion interac-

tions; intercalation; optical tweezers; microcalorimetry
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INTRODUCTION

T
he investigation of DNA interactions with drugs is an

important topic to many areas of knowledge and, in

particular, to health sciences, since there is much

interest in the efficiency of such drugs for treating

human diseases. The most common examples are the

cancer chemotherapies, in which the drug administered to

the patient can, for instance, interact with DNA of the cancer

cells, inhibiting its replication and thus stopping tumor

growth. Despite the importance of the topic, the majority of

work done in the field is performed with DNA molecules dis-

perse in ordinary buffer solutions, a situation far from that

found in vivo, in which the DNA molecules are always, to

some extent, compacted/complexed with basic proteins

inside cell nucleus, and the surrounding medium contains

many other macromolecules such as proteins, sugars, small

charged molecules and others.1 These macromolecules act

changing the volume occupancy (up to �30%),2 e.g., impos-

ing both steric constraints on each other and changes on the

thermodynamic activity of all other molecules, including the

solvent itself.3 Therefore, an intriguing question arises from

the above discussion: how added osmolytes affect the chemo-

therapeutic drugs-DNA interactions? In this work, we inves-

tigate this question by using the “neutral polymer”
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poly(ethylene-glycol) 8000 (PEG 8000) as osmolyte (or

crowding agent) and the intercalators Ethidium Bromide

(EtBr) and GelRed (GR) as the DNA binding drugs.

Poly(ethylene-glycol) (PEG) of several different molecular

weights is often used in vitro as an osmolyte to modulate the

binding of small ligands and proteins to DNA. It is also used

to produce conformational changes on macromolecules either

as a crowder (depletion interactions) or by changing the ther-

modynamic activity of all solutes in solution.4 EtBr and GR,

on the other hand, are well known intercalators and the physi-

cal chemistry of their interactions with disperse DNA mole-

cules was recently characterized.5,6

Here we use high molecular weight PEG 8000 at low con-

centrations in mass (up to �10%) to study the changes on the

mechanical behavior of bare DNA molecules. Next, we study

the effects of this neutral polymer on the DNA interactions

with the two intercalators used, by monitoring the changes of

the mechanical parameters of the DNA-drug complexes. To

perform such measurements, we have used optical tweezers to

stretch DNA, determining the mechanical quantities for each

situation studied. All experiments were performed in nearly

physiological conditions ([NaCl]5 140 mM, pH5 7.4). We

have found that PEG concentrations as low as 10% in mass

(so, much below the crowding occupancy inside the cell) only

slightly change the mechanical parameters of bare DNA mole-

cules, measured in the low-force entropic regime (F < 2 pN),

due to depletion interactions.7,8 Depletion interactions take

place in mixtures containing asymmetric molecules such as

DNA segments and flexible polymer coils such as PEG and

arise when there is an overlap between the flexible polymer

exclusion zones.9 In a first approximation, its range scales with

the polymer radius of gyration (Rg � N 1=2 in a h solvent,

being N the number of monomers comprising the polymer

chain) and its strength is proportional to the solution osmotic

pressure.

For DNA complexes formed with the two intercalators, we

have found that the presence of PEG even at lower concentra-

tions (� 1% in mass) is sufficient to strongly shift the DNA-

drug equilibrium. Microcalorimetric experiments were per-

formed to confirm and estimate the interaction strength

between PEG and intercalators. An average attractive interac-

tion of at most 0.08 KBT was found between an intercalator

molecule and an ethylene-glycol group. Although it is know

that low molecular weight PEG (e.g., triethylene glycol) does

not interact with EtBr,10 our results suggest that caution is

needed when using high molecular weight PEG to study DNA-

ligand binding equilibria, or biochemical experiments in gen-

eral, since the entropy loss due to monomer connectivity may

increase locally the number of contacts among the ligand and

the osmolyte units (monomers), and thus, the interaction

between them.

MATERIALS AND METHODS

Optical Tweezers Experiments
The samples used in this work consist of k-DNA molecules (New Eng-

land Biolabs) end-labeled with biotin in a Phosphate Buffered Saline

(PBS) solution with pH5 7.4 and [NaCl]5 140 mM. One end of the

DNA molecules is attached to a streptavidin coated glass coverslip,

while the other end of the molecule is attached to a streptavidin-

coated polystyrene bead with 3 lm diameter (Bangs Labs). In this

configuration, one can easily trap the polystyrene bead with the opti-

cal tweezers and stretch the DNA molecule by moving the microscope

stage with an attached piezoelectric actuator.

The sample chamber consists of an O-ring glued in the coverslip

surface, and the buffer solution can be exchanged by using micropip-

ettes. We have used PEG 8000 (Sigma-Aldrich Cat. 89510) without

any further purification in all experiments. Various solutions contain-

ing the PBS buffer and chosen concentrations of PEG and the interca-

lators were previously prepared such that one can exchange the

solution in the sample chamber to obtain the required concentrations

of PEG and intercalator. We have used two intercalators to perform

the stretching experiments: Ethidium Bromide (EtBr) (Sigma-Aldrich

Cat. E8751) and GelRed (GR) (Biotium Cat. 41003), which are

nucleic acids stains commonly used in electrophoresis experiments.

The DNA base-pair concentration used in all stretching experiments

was Cbp5 2.43 lM.

By fitting the experimental force-extension curves obtained from

the stretching experiments to the Marko-Siggia WormLike Chain

(WLC) model,11 we can extract the mechanical parameters that char-

acterize the DNA molecule: the persistence length A and the contour

length L. The average values and the error bars of these parameters

were determined by repeating 5 to 7 stretching experiments for each

different situation. The error bars of the mechanical properties pre-

sented in the results are the standard deviations obtained from these

sets of measurements. All the technical details about the sample prep-

aration and the stretching procedure were discussed previously.12,13

Microcalorimetry Experiments
Isothermal Titration Calorimetry (ITC) was used for providing ther-

modynamic information about the PEG-EtBr and DNA-EtBr systems,

in order to evaluate if the PEG-EtBr affinity can change the quantity

of EtBr bound to DNA for our experimental conditions. ITC meas-

ures the enthalpy change of the mixture upon addition of EtBr1PBS

aqueous aliquots (50 lL) in the DNA1PBS (or PEG1PBS) solutions.

The apparent enthalpy of interaction DHap – int for PEG-EtBr or for

DNA-EtBr complexes formation was measured as a function of the

EtBr concentration at a microcalorimetric cell containing a fixed con-

centration of DNA (21.3 lM) or PEG (1% in mass). The DNA con-

centration used in the microcalorimetry was considerably higher than

the one used in the tweezers’ experiments in order to obtain accurate

results with this technique. The fact that PEG is in much excess as

compared to DNA (1% in mass corresponds to 1.5 mM of PEG 8000

coils) justifies the use of the different DNA concentrations in the two

experimental techniques. For ITC analysis, we considered the enthalpy
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change observed (DHobs) as the difference between the measured heat

of EtBr titration in the DNA (or PEG) solution and in PBS solution.

DHap – int was obtained by dividing DHobs by the mole number of

EtBr added in each injection. As the exact EtBr mole number binding

to DNA or PEG is not known, we cannot calculate the exact molar

enthalpy change of interaction, but only an apparent molar enthalpy

change. Thus, DHap – int represents the enthalpy of complex forma-

tion, since the effect of EtBr dilution is excluded. If DH> 0 for a com-

plex formation, the process is endothermic and an enthalpically

unfavorable interaction occur. On the other hand, DH< 0, exother-

mic interaction, means that the complex formation is enthalpically

favorable. The ITC experiments were performed with a CSC-4200 cal-

orimeter (Calorimeter Science Corp.), and further instrumental

details can be found in Ref. 14. The typical uncertainty in DH is � 0.2

KBT= molecule.

Results and Discussion
In this section we present and discuss the results obtained for bare

DNA and DNA-intercalator complexes.

Single Bare DNA Molecules
Before adding any intercalator, it is fundamental to study the mechan-

ical behavior of bare DNA when stretched in diluted PEG solutions,

due to possible depletion-induced interactions and/or solvent thermo-

dynamic activities changes.2 We have performed measurements in the

low force entropic regime in order to verify the influence of PEG on

the contour and persistence lengths of the DNA molecule, as

explained before.

In Figure 1 we show some force-extension curves for the bare

DNA molecule under increasing PEG concentrations, measured in the

entropic regime (F� 2 pN), along with the fittings to the WLC model

(solid lines).11 Observe that the curves are slightly different as the PEG

concentrations increases. This is evidenced by the apparent slight

shortening of the DNA molecule, produced by the depletion-induced

attractive DNA segment-segment interaction. This is of particular

importance in our context since, so far, few works have focused on

the early stages of polymer and salt induced (psi or w) DNA conden-

sation,15,16 which usually happens in a mixture containing DNA, low

amounts of a high molecular weight flexible polymer and high ionic

strength (simple salt): the DNA molecule undergoes a drastic reduc-

tion of its segment-spanned volume and turns into a dense, liquid-

crystalline ordered structure. Moreover and mainly, this result suggests

that, as far as volume exclusion interactions are concerned, PEG may

be regarded as a neutral polymer, since depletion-induced attraction

has an entropic origin.8 Further increase in the PEG amount in solu-

tion results in DNA w condensation.17 Since intercalation on mono-

molecular condensed DNA has already been reported,18 the

experiments performed here are restricted to uncondensed DNA.

Figure 2 shows the typical behavior of the persistence (A) and con-

tour (L) lengths as a function of PEG concentration (CPEG, expressed

by the mass fraction of PEG in the buffer solution), obtained for the

same DNA molecule by changing the PEG concentration in the buffer

solution. For convenience, the contour length data was normalized by

the value obtained in the PBS buffer without any PEG (L0 � 16.5 lm

for k-DNA). The persistence length A is constant within the experi-

mental error bars, and the contour length L appears to exhibit a slight

decrease as the PEG concentration increases. Since PEG is a neutral

polymer that does not directly interact with DNA (as discussed

above), the slight decrease of the contour length should be carefully

interpreted. In fact, what we measure in DNA stretching experiments

is the apparent value of the contour length, which in general, is differ-

ent from the full contour length of the DNA chain if condensing

agents are not present in solution.12,19 This is the case of PEG 8000,

which strongly condenses the DNA molecules for sufficiently high

concentrations (>18%) in solutions with [NaCl]5 150 mM.17,20 For

lower concentrations, such as those shown in Figure 2, albeit DNA

condensation does not in fact occur, the stretching of the single mole-

cule is performed in a crowded environment, where depletion interac-

tions already started to play a role an therefore, higher forces are

needed to fully stretch the DNA chain. Since we have used maximum

forces of � 2 pN in the entropic regime, it is expected that the appa-

rent contour length obtained by fitting our force curves decreases as

the PEG concentration increases.

DNA-Intercalator Complexes
We have also investigated the interaction of the DNA molecule with

two intercalators, Ethidium Bromide (EtBr) and GelRed (GR) in PEG

solutions. Both compounds are largely used in molecular biology,

especially in gel electrophoresis. Nevertheless, while most of the EtBr

properties are well studied, the chemical structure of the GR dye is

proprietary and has not officially been reported by the manufacturer

yet. There are, however, strong experimental evidences that GR is a

bis-intercalator synthesized by linking two EtBr molecules together.4

Investigating DNA interactions with intercalators in osmolyte-rich

solutions in principle can give insights on how intercalators interact

with DNA in the crowded intracellular environment. More important

in our case, the results presented here show that intercalators can

FIGURE 1 Typical force-extension curves for single bare DNA

molecules for various PEG concentrations, obtained in the entropic

regime (F � 2 pN), along with the fittings to the WLC model (solid

lines). Observe that the curves are slightly different as PEG concen-

tration increases, indicating that weak attractive DNA segment-

segment interaction are present even before the onset of DNA w

condensation 7.
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significantly interact with high molecular weight PEG, which interfere

with the intercalation process.

The mechanical parameters of the DNA complexes formed with

both EtBr and GR as a function of intercalator concentration in the

PBS buffer without PEG were recently obtained.4 Figure 3 (black

circles) shows the results for the DNA-EtBr complexes, while Figure 4

(black circles) shows the results for the DNA-GR complexes. Observe

that, for our experimental conditions, the qualitative effect of the two

intercalators is the same: the persistence length increases until a cer-

tain critical concentration of the ligand is reached and then, decays

abruptly, whereas the contour length increases monotonically as a

function of the ligand concentration until a saturation value is

reached. This behavior of the mechanical parameters were previously

verified by us for other intercalators under similar experimental con-

ditions.5,21 In particular, the behavior of the contour length is very

well established and was reported by many different authors.22–25 The

FIGURE 3 Persistence length A and relative contour length L/L0
of DNA-EtBr complexes as a function of ligand concentration in the

sample. Black circles: PBS buffer without PEG; red diamonds: PBS

buffer with PEG at 1% in mass; blue triangles: PBS buffer with PEG

at 5% in mass.

FIGURE 2 Persistence length A and relative contour length L/L0
of a bare DNA molecule as a function of PEG 8000 concentration in

the buffer. The persistence length is constant within the experimen-

tal error bars, and the measured apparent contour length appears to

exhibit a slight decrease as the PEG concentration increases.
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behavior of the persistence length, otherwise, is in general dependent

on the experimental conditions and even on the technique used to

perform the experiments, since the abrupt decrease of this parameter

is related to partial DNA melting due to the pulling force.26 In the

present work, however, our aim is nothing but to use the changes in

the DNA mechanical parameters obtained in the low force (entropic)

regime once low amounts of high molecular weight PEG are added to

the buffer solution and then, infer changes in the biochemical equilib-

rium under study.

Figure 3 (red diamonds) also shows the results for DNA-EtBr

complexes when adding a PEG concentration of 1% in mass in the

buffer solution. This PEG concentration was maintained constant

during the entire experiment, while changing the EtBr concentration.

Figure 4 (red diamonds) shows the equivalent results for DNA-GR

complexes. Observe that the addition of tiny amounts of PEG (1% in

mass) to the buffer changes quantitatively the mechanical behavior of

the DNA-intercalator complexes: both the persistence and contour

lengths vary much less as compared to the situation without PEG

(black circles), although the qualitative behavior appears to remain

approximately the same one, especially in the case of GR. At such low

concentration (1% in mass), we should not expect, in principle, PEG

to have any direct or indirect effect on the intercalator binding, pro-

vided that this polymer is really a neutral one. In fact, volume exclu-

sion and water effects are, in practice, negligible at such low

concentration.2,27

Finally, it is also shown in Figure 3 (blue triangles) and Figure 4

(blue triangles) the equivalent results for DNA-EtBr and DNA-GR

complexes, respectively, when adding a PEG concentration of 5% in

mass in the buffer solution. Observe now that the persistence length

of both complexes remain constant within the error bars, and the con-

tour lengths vary even less as compared to the situation when we had

1% of PEG in the buffer solution.

All these results were obtained by the following procedure. We

start the experiments with bare DNA molecules in the PBS buffer. The

first step is then to choose a particular bare DNA and stretch it a few

times (5 to 7 times) in order to determine the mean values of the per-

sistence and contour length by fitting the stretching curves to the

WLC model, as detailed in Refs. 12 and 13. Then, we change the

buffer solution in the sample, adding simultaneously the desired con-

centrations of both PEG and intercalator. After waiting the time nec-

essary for the system to equilibrate (� 20 minutes),4,18 we stretch

again the same DNA molecule, obtaining the new values of the

mechanical parameters which are presented in Figures 3 and 4.

We have also investigated the role of the order of addition of the

ligands and co-solute in the results. To perform this task, we have

repeated the same procedure used to obtain the results shown in Fig-

ures 3 and 4 for some DNA molecules under a few intercalator con-

centrations, but now adding firstly the intercalator and then PEG at

1% in mass in the sample. The purpose of such measurements was to

investigate the effects of PEG on previously intercalated DNA. We

have measured the mechanical properties of the DNA-intercalator

complexes in this intermediate step before adding PEG, finding the

same behavior suggested in Figures 3 and 4. For low concentrations,

in fact, we found an increase of both persistence and contour lengths

after adding the intercalator, and then a decrease of these parameters

after adding PEG. For CEtBr5 1.2 lM, for example, the persistence

length of one of the complexes tested has increased from the bare

DNA value (49 nm) to 65.3 nmwhen adding EtBr, and then decreased

to 55 nm after adding PEG (maintaining the EtBr concentration in

the buffer). For the same DNA molecule, the contour length has

increased from 16.4 lm to 18.5 lm when adding EtBr, and then has

decreased to 16.2 lm after the addition of PEG. For another DNA

molecule tested and CEtBr5 2.4 lM the qualitative behavior is exactly

the same: the persistence length has increased from 50.3 nm to

FIGURE 4 Persistence length A and relative contour length L/L0
of DNA-GR complexes as a function of ligand concentration in the

sample. Black circles: PBS buffer without PEG; red diamonds: PBS

buffer with PEG at 1% in mass; blue triangles: PBS buffer with PEG

at 5% in mass.
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70.6 nm after adding EtBr, and then has decreased to 49.6 nm after

adding PEG (at 1% in mass). The contour length of this molecule has

increased from 16.8 lm to 18.9 lm when adding EtBr, and then has

decreased to 16.9 lm after the addition of PEG. These results strongly

suggest that the order of mixing of the two compounds (intercalator

and PEG) does not change the general behavior of the mechanical

properties shown in Figures 3 and 4.

The results synthesized in Figures 3 and 4, together with the dis-

cussion exposed in the above paragraph, can be readily explained on

the basis of a significant interaction between PEG and the two inter-

calators. In fact, the physicochemical changes introduced by PEG in

the DNA solution (macromolecular crowding and lowered water

activity compared to diluted solutions) are not relevant for the PEG

concentrations used in this work (�5%),3,27 and on the other hand,

PEG notoriously enhances the solubility of hydrophobic amino-

acids.27 These results, taken together, leave no room to exclude the

interaction between high molecular weight PEG and intercalator as

the origin of the results observed in the stretching experiments. In

order to clarify this issue we have performed microcalorimetry

experiments to verify the PEG-EtBr and DNA-EtBr interactions as

well as to determine the relative competition between DNA and PEG

for the EtBr molecules under our experimental conditions. Since GR

is composed basically by two EtBr molecules,4 it is expected that it

interacts with PEG as well.

Figure 5 shows the apparent enthalpy of interaction DHap – int for

the PEG-EtBr complexes formed in the absence (squares) and in the

presence of DNA at 21.3 lM (circles). DHap – int is plotted against the

total EtBr concentration in the microcalorimetric cell.

It was not possible to determine DHap – int for DNA-EtBr interac-

tion because the heat measured was in the order of the microcalori-

metric noise (0.2 KBT/molecule). On the other hand, for the EtBr

concentration range studied here, the PEG-EtBr interaction was exo-

thermic, becoming less negative as the EtBr concentration increases,

due to a decrease in the number of free PEG interaction sites. DHap –

int for the PEG-EtBr complex formation process (without DNA pres-

ence) changes from 240 kJ/mol (20.08 KBT/monomer in average) at

low EtBr concentrations to 228 kJ/mol (20.05 KBT/monomer in

average) for higher EtBr concentrations, suggesting that molecular

dispersive interactions (and not only hydrophobic interactions) are

the driving power for PEG-EtBr interaction.

In order to determine quantitatively the competition between DNA

and PEG for EtBr molecules, DHap – int for the PEG-EtBr interaction

was also determined in the presence of DNA at 21.3 lM and compared

with the result obtained in the absence of the biopolymer (see Figure

5). The idea is that the addition of EtBr molecules in the DNA/PEG

mixture will make less intercalator molecules disposable to interact

with PEG because some of them will intercalate in the DNA molecules.

As the heat released in the DNA-EtBr binding at the concentrations

used in the experiment is negligible (DHap – int5 0) we can propose

that the ratio f5DHap – int(DNA presence)/DHap – int(DNA absence)

express the fraction of EtBr molecules that remains interacting with

PEG when DNA is present. Independent of the EtBr concentration, we

found that f � 0.16, which shows that around 84% of the EtBr mole-

cules which were interacting with PEG in DNA absence are released to

bind DNAwhen this biopolymer is present in solution.

In addition, the fraction f5DHap – int(DNA presence)/DHap –

int(DNA absence) can be directly compared to the optical tweezers

data, since the ratio between the saturation values of the normalized

contour length should give the same fraction. In fact, at saturation

EtBr increases the contour length of k-DNA by 39% for our experi-

mental conditions.5 When PEG 1% is present, however, the data of

Figure 3 shows that such increase is only � 20% at saturation. There-

fore, at saturation we have [L/L0](PEG 1,0%)/[L/L0](PEG 0.0%) �

1.20/1.395 86%, which means that � 14% of the EtBr molecules pre-

viously bound to DNA are released to bind PEG when this polymer is

added at a concentration of 1% in mass in the solution. Such estima-

tion is in excellent agreement with the result obtained from the micro-

calorimetry (f � 16%).

Finally, we wish to suggest the following physical picture for

the interaction of hydrophobic molecules such as the intercalators

used in this work and high molecular weight PEG: the entropy of

the monomers comprising the PEG coil is lower than the entropy

of the unconnected (free) monomers in solution and so, interac-

tions dominate the phase behavior of polymer solution.28 Thus,

notwithstanding ethylene-glycol oligomers have little or negligible

interaction with the intercalators, the same collection of mono-

mers now gathered together in a bigger polymer coil can interact

significantly. We can also reformulate what was said above taking

into account that the monomers volume fraction / inside an iso-

lated polymer coil in a h solvent scales with the number of mono-

mers (N) as / � 1 /N 1=2
.
29

Therefore, although the average concentration of PEG monomers

in solution may be as low as 1%, the (local) monomers volume frac-

tion inside an isolate coil may be much higher than the global average

concentration due to chain connectivity. In our case, N5 181 and /

FIGURE 5 Apparent enthalpy of interaction DHap – int for the

PEG-EtBr complexes formed in the absence (squares, vertical axis at

right position) and in the presence of DNA at 21.3 lM (circles, ver-

tical axis at left position). The ratio f5DHap – int(DNA presence)/

DHap – int(DNA absence) express the fraction of EtBr molecules that

remains interacting with PEG when DNA is present. Independent

of the EtBr concentration, we found that f � 0.16, which shows

that around 84% of EtBr molecules which were initially interacting

with PEG in DNA absence are released to intercalate into DNA

when the biopolymer is present in the solution.
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is roughly one order of magnitude higher than the overall average

monomers concentration in solution. Furthermore, taking into

account the nondirectional and near-additive30 behavior of dispersion

forces, a very weak attraction at the single monomer level may appear

much stronger at the polymer level and, to a certain extent, the small

hydrophobic ligands may remain “trapped inside the polymer coil”.

This hypothesis would fully explain our experimental results.

CONCLUSIONS

We have investigated the mechanical behavior of single bare

DNA molecules and single DNA-intercalator complexes in

PEG solutions. For bare DNA, it was found that PEG concen-

trations as high as 10% in mass just slightly change the basic

mechanical properties (persistence and contour lengths) meas-

ured in the low-force entropic regime. Such data reveals the

occurrence of weak (but measurable) depletion interactions

among the DNA segments induced by the flexible polymer,

whose behavior concerning the polyelectrolyte may be assumed

as “neutral”, since depletion interactions are essentially

entropic. On the other hand, as long as the DNA-intercalator

binding equilibrium is concerned, we have found both by opti-

cal tweezers and microcalorimetry experiments that high

molecular weight PEG 8000 significantly interacts with EtBr

even at concentrations as low as 1% in mass and, therefore, its

usage as a “neutral osmolyte” to modulate DNA-intercalators

binding through the activity of solution components must be

done with caution.
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